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ON THE HYPERSURFACES WITH NON-DIAGONALIZABLE
SHAPE OPERATOR IN MINKOWSKI SPACES

SUMMARY

Let M be an oriented hypersurface of the Minkowski space E'I’H. One of the most
important extrinsic object of M is its shape operator S defined by the Wiengarten
formula

SX = —VxN,

where N is the unit normal vector field to M whenever X € TM.

The shape operator can be used to determine how the tangent plane and its normal
move in all directions. Note that S is a self adjoint endomorphism in 7M. Therefore,
it is diagonalizable when M is Riemannian. However, if M is Lorentzian, then its
shape operator can be non-diagonalizable. In this case, the shape operator S has
four canonical forms. These canonical forms are written with respect to either an
orthonormal basis or a pseudo-orthonormal basis. If the basis is orthonormal, then
it is called a orthonormal frame field. An orthonormal frame of vector fields in a
neighborhood of any point in M is a basis {E},...,E,} such that

(E\,E1)=—1, (E,E)=0, (E,E;)=&;

for 2 <1i, j < n. On the other hand if the basis is pseudo-orthonormal, then it is called
a pseudo-orthonormal frame field. A pseudo-orthonormal frame of vector fields in a
neighborhood of any point in M is a basis {X,Y,Ey,...,E,_»} such that

(X,X)=(Y,Y)=0, (X,E)=(Y,E)=0, (X,Y)=-1

and
(Ei,Ej) = &;j

for1 <i, j<n-—2.

The eigenvalues and eigenvectors of S are called the principal curvatures and principal
directions of M, respectively. If the shape operator S is diagonalizable and M has
constant principal curvatures, then the hypersurface M is said to be isoparametric. If
S is non-diagonalizable and its minimal polynomial is constant, then M is said to be
isoparametric.

In this thesis, we study isoparametric hypersurfaces with non-diagonalizable shape
operator in Minkowski space ]E‘l‘. This thesis consists of five sections. First section is
introduction. In the second section, we give some basic concepts on Lorentzian inner
product and also some basic facts on hypersurfaces of Eﬁ‘“. In the third section, a
theorem about isoparametric hypersurfaces is given. We note that these theorems are
proved by Magid in 1985. We prove these theorems by using another method. In fact,
this theorem implies that there is only four classes of isoparametric hypersurface using

xXxi



the Codazzi and Gauss equations in IE‘f. Then, we give another theorem which proves
that there is no isoparametric hypersurface in ]E‘l1 with complex principal curvatures.

In the fourth section, we construct a family of hypersurfaces with non-diagonalizable
shape operator in E? We obtain the shape operator, the mean curvature,
Gauss-Kronecker curvature and Levi-Civita connection of this hypersurface. Then,
we give the necessary and sufficient condition for this hypersurface to be minimal with
a theorem.
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MINKOWSKI UZAYLARINDA KOSEGENLESTIRILEMEYEN
SEKIL OPERATORUNE SAHIP HIPERYUZEYLER UZERINE

OZET

Metrik tensori
g=dx}+dd+ - +dxi—dxl,,

ile verilen (n+ 1) boyutlu ]E,’I’Jrl Minkowski uzayinin bir M hiperyiizeyi goz Oniine
alisin ve N ile M hiperyiizeyinin birim normal vektorii gosterilsin. M alt manifoldu
tizerinde taniml1 en 6nemli digsal nesnelerden biri,

SX = —VxN

Wiengarten formiilii ile tanimlanan S sekil operatoriidiir. Burada, V ile Minkowski
uzaymnin Levi-Civita konneksiyonu gosterilmistir.

Sekil operatorii, teget diizlemin ve normalinin her yone nasil hareket ettigini belirlemek
icin kullamilir. § sekil operatoriiniin 7M’de kendine es bir endomorfizmdir. Bu
nedenle, M hiperyiizeyi Riemannian oldugunda kosegenlestirilebilir. ~Ancak, M
Lorentzian ise, sekil operatorii her zaman kosegenlestirilemez. Bu durumda, S sekil
operatoriiniin dort kanonik formu vardir. Bu kanonik formlar, ortonormal veya
sozde-ortonormal baza gore yazilabilir.

M hiperyiizeyinin teget uzayinin bir {E}, ..., E, } baz alanina 2 < i, j < n olmak iizere
(EI;E1)2_17 (ElaEi):()? (ElaE]):Sl

seklinde ise ortonormaldir denir. Diger taraftan, M hiperyiizeyinin teget uzayinin bir
{X,Y,Ey,...,E, >} cattalanina 1 <i, j <n—2 olmak iizere

(X,X)=(Y,Y)=0, (X,E)=(Y,E)=0, (X,Y)=-1

ve
(Ei,Ej) = ij
denklemlerinin saglanmas1 durumunda ise s6zde ortonormaldir denir.

S sekil operatoriiniin 6zdegerleri ve Ozvektorleri, sirasiyla asal egrilikler ve asal
dogrultular olarak adlandirilir. S sekil operatorii kosegenlestirilebilirse ve M
hiperyiizeyi sabit asal egriliklere sahipse, o zaman M hiperylizeyinin izoparametrik
oldugu soylenir. Ayrica, S sekil operatorii kdsegenlestirilemezse ve minimal polinomu
sabitse, o zaman M hiperylizeyine izoparametriktir denir.

Eger S sekil operatorii kosegenlestirilemez ise ii¢c kanonik durumdan birine
indirgenebilir. Eger S sekil operatoriiniin geometrik katlilig1 1, cebirsel katlilig1 ise
2 veya 3 olan bir 6zdegeri varsa, matris temsili, sirasiyla,
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veya

S O >
> o
> o -

D3

olacak sekilde sdzde ortonormal bir baz alan1 mevcuttur ki burada Dy ile k-boyutlu
diagonal bir matris gosterilmistir. Diger taraftan, eger S sekil operatdriiniin kompleks
eslenik bir 6zdeger cifti varsa, matris temsili

A —v
S=| v A
D>

olacak sekilde ortonormal bir baz alan1 mevcuttur.

Minkowski uzaylarindaki izoparametrik hiperyiizeyler, sekil operatorii kdsegenlestir-
ilebilir oldugu durumda 1981 yilinda Nomizu; kosegenlestirilemez oldugu durumda
ise 1985 yilinda Magid tarafindan incelenmigstir. Magid’in elde ettigi sonuglar
ozel olarak n = 3 durumu goz Oniine alindiginda IEl‘ll Minkowski uzayindaki bir M
izoparametrik hiperyiizeyinin dort hiperylizey ailesinden birinden oldugu goriiliir.
Eger M hiperyiizeyinin sekil operatoriiniin minimal polinomu P(1) = A2 veya P(A) =
(A —a)?A ise yerel parametrizasyonu uygun segilmis bir x(s) 1siksal egrisi icin

f(s,u,w) =x(s) +uY (s) +wW(s)

seklindedir. Diger taraftan, P(A) = A?(A —a) veya P(1) = (A —a)? olmasi durumunda
ise M hiperyiizeyinin yerel parametrizasyonu

a2

f(s,u,z) =x(s)+uY(s)+zZ(s) + (é VS —zz) C(s)

olur.

Yari-Riemann uzay formlarindaki bagka bir 6nemli hiperylizey ailesi de rotasyonel
hiperyiizeylerdir. Her rotasyonel hiperyiizeyin A ve v seklinde sadece iki tane ayrik
asal egriligi vardir ve bu asal egrilikler arasinda

A=f(v)
seklinde fonksiyonel bir iligki vardr.

Bu tez ¢calismasinda, IE‘,‘It Minkowski uzayinda kdsegenlestirilemeyen sekil operatoriine
sahip izoparametrik hiperyiizeyleri incelenmigtir. Bu tez bes boliimden olugmaktadir.
Tezin ilk boliimiinde, konunun tarihsel gelisimi anlatilmistir. Tezin ikinci boliimiinde,
diger boliimlerde kullanilacak olan notasyon ve Minkowski uzaylarinin hiperyiizeyleri
hakkinda temel bilgiler verilmistir.
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Tezin iiciincii boliimiinde, 1985 yilinda Magid tarafindan elde edilmis izoparametrik
hiperyiizeylere ait bazi teoremler farkli bir yontem kullanilarak yeniden ispat
edilmistir. Bu teoremlerden ilkinde minimal polinomu

P(A) = (A =M)*(A — 1)
olan bir izoparametrik hiperyiizey icin
MA =0

oldugu, Codazzi ve Gauss denklemleri kullanilarak gosterilmistir. Diger teoremde ise
E‘]‘ Minkowski uzayinda
AEir

kompleks 6zdegerlere sahip izoparametrik bir hiperyiizeyin olmadig1 gosterilmistir.

Tezin dordiincii boliimiinde, E? Minkowski uzayinda kosegenlestirilemeyen sekil
operatoriine sahip bir hiperyiizey ailesi olusturulmustur. Bu hiperyiizeyin asal
edrilikleri arasinda ayni rotasyonel hiperyiizeylerde oldugu gibi A = f(v) seklinde
fonksiyonel bir iliski bulunmaktadir. Bu hiperyiizeyin sekil operatorii, ortalama
egriligi, Gauss-Kronecker egriligi ve Levi-Civita konneksiyonu elde edilmistir. Daha
sonra bu hiperyiizeyin minimal olmas: icin gerek ve yeter kosul bir teorem ile
verilmigtir.
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1. INTRODUCTION

One of the most important intrinsic objects of a hypersurface of a pseudo-Riemannian
space form is its shape operator. The eigenvalues of the shape operator are called
principal curvatures of the hypersurface. A lot of notions have been presented by
considering the form of principal curvatures of hypersurfaces. Perhaps one of the

simplest classes of hypersurfaces are isoparametric.

By the definition of Cartan, a hypersurface of a Riemannian space form is said to be
1soparametric if all of its principal curvatures are constant. In [1], Cartan obtained
that the number r of distinct principal curvatures of a hypersurface of Euclidean space
E"*+! and hyperbolic space are at most two. Moreover, if 7 = 2, one of the principal

curvatures must be 0. He demonstrated that this is not true on the sphere S"*!.

Note that the shape operator of a Riemannian space form is always diagonalizable.
On the other hand, when hypersurfaces of Lorentzian space forms were considered,
it was proved that the shape operator is not always diagonalizable. Therefore,
geometers presented the definition of isoparametric hypersurfaces in a different way.
In [2], Nomizu described isoparametric hypersurfaces in Lorentzian space forms. He
extended the fundamental identity in Cartan’s theory regarding the constant principal
curvatures of the isoparametric hypersurface to a space-like hypersurface case in any
of the standard Lorentzian spaces. Nomizu proved a theorem about an isoparametric
hypersurface with more than two distinct constant principal curvatures and considered
hypersurfaces of Minkowski spaces with diagonalizable shape operator. In this
case, isoparametric hypersurface can be defined by exactly the same way did for
hypersurfaces of Riemannian space forms. However, in [3], Magid considered the
other classes of hypersurfaces. He defined the hypersurface as isoparametric if the
shape operator is non-diagonalizable and the minimal polynomial of the shape operator
is constant. Magid showed that if a hypersurface is isoparametric in the Minkowski
space E’f*l and there are two distinct principal curvatures, one of them must be zero.

Hereby, it was shown that in this case the hypersurface can have at most one non-zero



true principal curvature. In the same work, by classifying the four canonical forms of

the shape operator, Lorentzian isoparametric hypersurfaces were locally classified.

In [4], Liang Xiao use a result of Magid to conclude that there are four types of
local isoparametric hypersurfaces in the anti-de sitter space H’f“. He showed that
a Lorentzian isoparametric hypersurface has at most a pair of conjugate complex
and two real principal curvatures. He obtained the local classification of Lorentzian

isoparametric hypersurfaces in Hﬁ‘“ and their properties.

On the other hand, hypersurfaces with non-constant principal curvatures also have
caught interest of many geometers so far. Note that one of the important classes
of submanifolds is rotational hypersurfaces. It is well known that a rotational
hypersurface has only two principal curvatures A and v. They are related by a

functional equation, that is A = f(v). (See for example [5-7]).

This thesis consists of five section. In the second section of the thesis, concepts and
notations that will be used in the rest of the thesis will be shown. Also, some basic

calculations will be given in detail.

In Section 3, the isoparamteric hypersurfaces of E‘l‘ were considered. Some theorems
about isoparametric hypersurfaces with non-diagonalizable shape operator will be
proved. We show that there is only four classes of the hypersurface in IE?. We give
another theorem which proves that the hypersurface, given the shape operator, can not

be isoparametric in IE‘Il with complex principal curvatures.

In Section 4, a new family of hypersurfaces will be constructed. Some calculations
for this hypersurface and the curvatures of this hypersurface will be obtained. In
addition, a theorem will be given about the necessary condition for this hypersurface

to be minimal.

In the last section of the thesis, a brief summary of what has been done in the thesis

will be given and some problems that can be studied in the future will be mentioned.



2. PRELIMINARIES

In this section, some important notions and informations that we will use in the rest of

the thesis will be given. The definitions below are taken from [8].

Definition 2.1. The Lorentz-Minkowski space is the metric space E1+! = (R™1,(,)),

where the metric (,) is the canonical Lorentzian metric defined by

(u,v) =uvi +upvo+ -+ +upvy — Up 1Vt 1, (2.1)
and we put u = (uy,up,... . upi1), v= V1,v2, ..., Vyt1)-
The Lorentzian metric is a non-degenerate metric of index 1. We also use Minkowski
space and Minkowski metric terminology to denote space and metric, respectively.
Definition 2.2. A vector v € EY is said
(1) spacelike if (v,v) > 0 orv =0,
(2) timelike if (v,v) <0,

(3) lightlike if (v,v) =0 and v # 0.

We are going to use the following propositions later:

Proposition 2.3. Two lightlike vectors u,v € E} are linearly dependent if and only
(u,v) =0.

Proposition 2.4. Let U be a subspace of B, then U is Lorentzian if and only if U is

Riemannian.

2.1 Lorentzian Inner Product Spaces

In this subsection a brief summary of basic facts on inner product spaces are given.

Note that a non-degenerated inner product space is called Lorentzian if its index is 1.

Definition 2.5. Let (U, (,)) be a non-degenerate inner product space an endomorphism
L:U — U is said to be self-adjoint if (Lu,v) = (u,Lv).
3



If (U,(,)) is a Lorentzian inner product space and {€;,&,} is an orthonormal base of

U, then the matrix representation of L has the form

Ly L .
L= w.rt{ég,é 2.2
( —Li2 L > fer.e) (22)

for some Li1,L12,Lp € R.
Because of (2.2), A € R is an eigenvalue of L if and only if
A% — (Ly1 +Ly)A + Lyt Ly + Lip* = 0. (2.3)
First, we are going to prove the following proposition. Note that a base {X,Y } is said
to be pseudo-orthonormal if
(X,X)=(r,Y)=0, (X, Y)=-1. (2.4)

Proposition 2.6. Let U be Lorentzian, dimU =2 and L = U — U be self-adjoint.
Assume that L is not proportional to identity operator. If L has only one real eigenvalue,

then there exists a pseudo-orthonormal base {X,Y } such that

A1
L= ( 0 2 ) w.rt {X,Y}. (2.5)
Proof. Because of (2.3), if L has only one real eigenvalue, then we have
L1 —L
n-f2

Therefore, by replacing e, with —e,, one may assume that

2a a—>b U
L:(b—a b ) w.rt{é),é} (2.6)

for some a,b and we have A = a+ b. Note that we have a # b because of hypothesis.

In this case, because of (2.6) we have
Ley = 2aéi+ (b — a)éz, (2.7a)
Le, = (a — b)él +2bé;. (2.7b)

If we define a pseudo-orthonormal base X,¥ by X = \%(51 —&)and ¥ = \%(51 +é),

then (2.7) implies
N a+b a+b -
LX = &) — & = AX, 2.8a
7 1 NG 2 (2.8a)
- 3a—b —a+3b - -
p o= 22705 T, 4T, (2.8b)




where ¢ # 0 is a constant.

Now, if we define X,Y by X = ¢X and ¥ = %f/ , then (2.8) implies
LX = MAX,
CX 42
Ly = EX +AY.
Therefore, by choosing ¢ properly and replacing X,Y with —X, —Y if necessary, one
can obtain (2.5). ]

Proposition 2.7. Let U be Lorentzian, dimU =2 and L =U — U is self-adjoint. If L

has a complex eigenvalue, then there exists an orthonormal base {e,e,} such that

L= ( A —;LV ) w.rt{ej,er} (2.9)

1%

forsome A, v €R, v #£0.

Proof. Because of (2.3), if L has complex eigenvalue, then we have

Ly — Ly
1< —=<1.
2Ly

Now, for a 8 € R one may define an orthonormal base {ej,e,} by
e1 =coshBe| +sinhBey, e, = —sinhBe +coshbe;
to get
Ley = (cosh®@Lij —sinh®6@Ly, —sinh20L;;) e; — Ve, (2.10a)
Le; = vey+ (—sinh*6Li; +cosh® 0Ly +sinh20L12) e, (2.10b)

from (2.2), where v € R. Note that if § = tanh™! (LléL;é”) , then we have

A = cosh? OL{; — sinh?> OL,, — sinh20L, = — sinh? OL; + cosh? OLy, + sinh260L,5.
In this case, (2.10) gives (2.9). [

Proposition 2.8. Let U be Lorentzian, dimU =2 and L = U — U is self-adjoint. If L
has two distinct real eigenvalues, then there exists an orthonormal base {ey,e;} such

that
At O
L:( 01 o ) wrt {er,e2} @2.11)

for some Ay, A, € R.



Proof. Because of (2.3), if L has two distinct real eigenvalues, then we have

Lii—L
u—Ln
or
Lii—L
n—Il»y
2L

Now, for a & € R one may define an orthonormal base {e;, e, } by

e1 =coshB@e| +sinhBey, ey = —sinhBe|+ coshBe;

to get
Ley = (cosh®OLy; —sinh® 8Ly, —sinh20Ly) ey, (2.12a)
Le, = (—sinh®0Lyy +cosh®@Ly, +sinh20L;y) e, (2.12b)

from (2.2), where A, A, € R. Note that if 8 = coth™! (%) , then we have

l] = COSh2 9L11 — sinh2 9L22 —sinh 29L12,

A = — sinh? 6L+ cosh? 0L, +sinh20Lq5.
In this case, (2.12) gives (2.11). [l

Theorem 2.9. Let U be Lorentzian, dimU = n > 3. A self-adjoint operator L=U — U

can be put into one of the following four forms:
Case 1.

L= ) w.rt{ey,ez,... en}. (2.13)

Case 2.

o >
DO —

L= A wrt{X,Y,es,eq,...,en}. (2.14)




Case 3.

A —v
v A
M
L= A w.rt{ey,ez,...,en}. (2.15)
Aan
Case 4.
A 0 1
0O A O
0 -1 A
L= A wrt{X,Y,es,eq,...,e,}. (2.16)
A
)Ln—3

Proof. The theorem is going to be proved by induction.

Case n = 3. First assume that L has a time-like or space-like eigenvector e3 which
implies Le3 = Aze3 for some A3 € R. In this case by Proposition 2.4, V = (spanez )" is
either time-like or space-like subject to being space-like or time-like of e3, respectively.

Consider L = LJ,,.

If e3 is time-like, then V is space-like. Therefore Lis diagonalizable, i.e., there exist

e1,er € V C U such that
Zei:Lei:lie,-, i=1,2

for some Ay, A;. Therefore, we have the Case I of the theorem.

If e3 is space-like, then V is Lorentzian. Therefore, L has one of the matrix
representations given in Proposition 2.6, Proposition 2.7 and Proposition 2.8.

Consequently, we have Case I, II or III of the theorem.

Now, L is assumed to have only null eigenvectors. If L has two distinct eigenvalues
A1, A2, then, the corresponding eigenvectors e, e; are perpendicular to each other, i.e.,

(e1,e2) = 0. In this case, e; and e, are linearly dependent. However, this is impossible.

On the other hand, if L has two null eigenvectors vy, v, corresponding to an eigenvalue
A1, then vi+v; is also an eigenvalue corresponding to A;. However, in this case vi+v;

is not null and we have Case I, II or III of the theorem.



Finally, assume that L has only one distinct eigenvalue A with only one corresponding

linearly independent eigenvector uy, up, u3 such that

Luy = Auy, Lup =uj+Aup, Luz=up+ Aus.
Since L is self adjoint, we have
(Luy,up) = (Lup,uy)
(Luy,uz) = (Luz,uy)
(Lup,uz) = (Luz,up)

which give

(uy,uy) = (uy,up) =0, (uy,us) = (up,up).

Put

(ur,uz) = (up,up) = a, (up,uz)=>b, (uz,u3)=c.

We can choose A, By, B, B3, Ci, C,, C3 so that X = Auy, Y = Biu; + Byuy + B3us,

e3 = Ciuy +Coup +Csug satisfy LX = AX, LY = —e3 +AY, Le3 = X + Aes which gives
Case 4. of the theorem for n = 3.

Case n > 3. Assume that the theorem is true for the case n = k > 3.

If L has only one distinct eigenvalue A with only one corresponding linearly

independent eigenvector, then there exists a linearly independent set {uy,uz, ... ugy 1}
such that
Luy = Auy, Luy=uj+Auy, Lus=ur+Aus,..., Lup1=up+ Aupy;.

In this case, since L is self-adjoint, the equations
(Luj,uj) = (Luj,u;), Lj=12,...k+1 (2.17)
are satisfied. The equation (2.17) fori=1, j=2;i=1,j=3;i=1,j=4andi =2,
Jj =3 imply
(ur,u1) = (ur,up) = (uz,u2) =0.

However, because of Proposition 2.3, uj,u, are linearly dependent which yields a

contradiction.



Now, if L has at least two distinct eigenvalues A, 44| or only one distinct eigenvalue
with two linearly independent eigenvectors, then similar to the proof for case n = 3,
L has a space-like or time-like eigenvector u; ;. Put V = (spaneg,;)*. Then, V has
dimension k and it is either space-like or Lorentzian. By the assumption, L = L|,,
has one of the matrix representations given in the theorem. Consequently, proof is

completed for the case n = k+ 1. 0

2.2 Basic Facts on Hypersurfaces of IE’I”rl

In this subsection, we will give some basic informations about hypersurfaces of

Minkowski space. These informations will be written using [9], [10], and [11].

Definition 2.10. An n-dimensional manifold is a topological space with a
neighborhood of each point homeomorphic to an open subset of n-dimensional

Euclidean space R".
Definition 2.11. A manifold M is a submanifold of a manifold N provided:
(1) M is a topological subspace of N.

(2) The inclusion map j: M C N is smooth and at each point p € M its differential map
dj is one-to-one.
Definition 2.12. An n-dimensional submanifold M of an (n+ 1)-dimensional manifold

N is called as a hypersurface of N.

Let M be an oriented hypersurface in (n+ 1)-dimensional Minkowski Space ]E’]“rl . We
denote the Levi-Civita connections of M and M by V and V respectively. Then, the

Gauss and Weingarten formulas are given respectively by
VxY = VxY +h(X,Y), (2.18)

VxN = —S(X) (2.19)

for any vector fields X and Y tangent to M, where / and § are the second fundamental
form and the shape operator of M, respectively, and N is the unit normal vector field

associated with the orientation of M.
The Gauss and Codazzi equations are given, respectively, by

R(X,Y,Z,W) = (h(Y,Z),h(X,W)) — (h(X,Z),h(Y,W)), (2.20)
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(Vxh)(Y,Z) = (Vyh)(X,Z) (2.21)

for any X, Y, Z and W tangent to M where the curvature tensor R and V# are defined
by
R(X,Y)Z=VxVyZ—VyVxZ—-Vx yZ, (2.22)

(Vxh)(Y,Z) = Vxh(Y,Z) = h(VxY,Z) — h(Y,VxZ) (2.23)
for any X, Y and Z tangent to M, where V is the Van der Waerden-Bortolotti connection
and V+ is the normal connection of M.

Definition 2.13. Let M be a hypersurface of ]E’I’Jrl with the shape operator S for n > 3.

(a) S is diagonalizable. If Se; = A;e;, then A; and e; are called principal curvature and

principal direction of M.

(b) S is non-diagonalizable. The functions A,A1, Ay, ..., A, appearing on Theorem 2.9

are called principal curvatures of M.

Definition 2.14. The mean curvature of M is defined by
1
H = —tr(S). (2.24)
n
Definition 2.15. A hypersurface M of E’]’H is said to be minimal if its mean curvature

vanishes identically i.e.,

H=0.
Definition 2.16. The Gauss-Kronecker curvature of M is defined by
K = det(S). (2.25)

Let n = 3, i.e., M be a hypersurface of E‘l‘. A base field {e},ez,e3} is said to be

orthonormal if
<€lael>:_17 <€2,€2>:<€3,€3>:1, <€i,€j>=O
when i # j.

If we put w;j(ex) = (Ve.eie;), then we get

Veer =wia(ei)er +wiz(e;)es, (2.26a)
Vee2 =wia(ei)er +was(e;)es, (2.26b)
Ve,-eS = W13(€l‘)€1 — W23 (e,-)ez. (2.26C)
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On the other hand {e},e,e3} is said to be a pseudo-orthonormal base field if

<el,€2>:—1, <€3,€3>:1, (el,el):<ez,e2>:(e1,e3>:<e2,e3>:0.

In this case if we put w;;(ex) = (V,ei,e;), then we get

Vee1 = —wia(ei)er +wis(e)es, (2.27a)
Veea =wia(ei)ez +was(ei)es, (2.27b)
Veie3 = W3 (ei)el —|—W13(€i)82. (2.27¢)
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3. ISOPARAMETRIC HYPERSURFACES

3.1 Shape Operators of Isoparametric Hypersurfaces

In this section we are going to consider isoparametric hypersurfaces in the Minkowski
space E‘]‘.
Before we start to our summary, we would like to recall the definiton of isoparametric

hypersurfaces.

Definition 3.1. [3] If the shape operator S is diagonalizable and S has constant
principal curvatures, a hypersurface is said to be isoparametric. If § is not
diagonalizable and the minimal polynomial of the shape operator is constant, define

a hypersurface to be isoparametric.

In the following theorem which proves that there is only four classes of hypersurface

in Ef.

Theorem 3.2. Let M be a hypersurface in IET‘]t with the shape operator S given by

A 10
s=( 0 A o (3.1)
0 0 X

with respect to a pseudo-orthonormal base. If A1 and A3 are constants and (A} — A3) #

0, then 7L] 7L3 =0.

Proof. Let M be a hypersurface in E‘f with the shape operator S given by (3.1) for some

distinct constants A1, A3. Note that because of (3.1), we have

h(er,e1) =0, (3.2)
h(er,e2) = =, (3.3)
h(ez,er) = —1, (3.4)
h(es,e3) = A3. (3.5)
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First, we compute both sides of the Codazzi Equation (2.21) for X =Y = e and Z = e,.

ei(h(er,e1)) —h(Veer,ea) —h(e1, Ve e2)

Therefore, we have

el (h(el,el)) —h(Ve,el,ez) —

On the other hand, we also have

€2(h(€1,€1)) e 2h(Veze1,e1) -

= e;(—L)
+h(wia(e1)er —wiz(er)es; e2)
—h(e1,wiz(e1)ez +was(er)es)
= ei(—M) —wialern) (M) +wialer) (M)
= e;(—4)

/’l(el,velez) :el(—ll). (3.6)

e2(0) —2h(—wiz(ez)er +wiz(er)es,er)

= e(0)
= 0. (3.7)
By combining (3.6) and (3.7), we obtain
e1(A1) =0. (3.8)

Next, we deal with the Codazzi Equation (2.21) for Y =ej and X =Z = e5.

62(/’1(61,62)> — h(vezel,€2> — h(el,vezez) =

Thus, we have

ez(h(el,ez)) — h(Vezel,ez) —

On the other hand, we also have

e1(h(ez,e2)) —2h(Vee2,e2) =

= 2W12(€2).

14

62(—)Ll>

+h(wiz(ez2)er —wiz(e2)es, e2)

—h(er,wi2(ez2)ex +waz(er)e3)

= e(—A).

/’l(el,vezez) = 62(—),1). (3.9)

61(—1) — 2h(W12(62)€2 + w3 (62)63,62)

(3.10)



By combining (3.9) and (3.10), we obtain
ex(—A1) =2wia(er). (3.11)
Since A1, A3 are constants, we have

wiz(ez) = 0. (3.12)

We compute both sides of the Codazzi Equation (2.21) for X =Y =e¢; and Z = e3.

e1(h(er,e3)) —h(Veer,e3) —h(e1,Vee3) = e1(0) +h(wiz(er)er —wiz(er)es,e3)
—hler, (waz(er)er +wiz(er)er)]
= —wiz(er)(A3) —wiz(er)(—A1)

= wiz(er)[h — 3]
So, we have
ei(h(er,e3)) —h(Veer,e3) —h(e1,Vee3) = wizler)(M —2A3). (3.13)
On the other hand, we also have
e3(h(er,er)) —2h(Ve,er,e1) = e3(0) —2h(—wiz(e3)e; +wiz(es)es,er) = 0. (3.14)
By combining (3.13) and (3.14), we obtain
wiz(er) (A1 —A3) =0. (3.15)
Since A1, A3 are constants and A; # A3 than (A} — A3) # 0, it follows
wi3(er) =0. (3.16)

Now, consider the equation (2.21) forY = e and X =Z = e3.

Similar to (3.11) we obtain
wiz(er) (A1 — A3) = e1(A3). (3.17)
Because A, A3 are constants and A # A3, (3.17) implies

W13(€1) =0. (3.18)
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We also deal with the Codazzi Equation (2.21) for X =Y = e; and Z = e3.
ex(h(ez,e3)) —h(Ve,er,e3) —h(ez,Ve,e3) = e2(0) —h(wia(ea)er +waz(er)es,ez)
—h(ez,waz(e2)er +wiz(ez)ez)
= —wan(ea)(A3) —was(e2)(—A1)
—wiz(e2)(=1)
= was(e2) (M1 — A3) +wiz(e2)
Therefore, we get
ex(h(ez,e3)) —h(Ve,ea,e3) —h(ea,Ve,e3) =was(e2) (A — Az) +wiz(ez).  (3.19)
On the other hand, we also have
e3(h(ez,e2)) —2h(Veez,ea) = e3(—1)—2h(wiz(ez)es+waz(es)es,er)
= e3(—1) =2(wiz(e3)(—1))
= 2(wiz(e3z)).
Thus, we have
e3(h(ez,e2)) —2h(Veser,e0) = 2(wia(e3)). (3.20)

By combining (3.19) and (3.20), we obtain
woz(e2) (A1 — A3) +wiz(ez) = 2(wia(e3). (3.21)
Next, we consider the Codazzi Equation (2.21) for Y =e; and X = Z = e3.
e3(h(ez,e3)) —h(Ve,er,e3) —h(ez,Vee3) = e3(0) —h(wia(es)er +woasz(es)es,es)
—h(ex,waz(ez)er +wiz(esz)er)
= —was(e3)(A3) —was(es) (A1)
—wiz(e3)(—1)
= wpl(e3)(h —A3)
So, we have

63(/’1(62,63)) —h(Ve3e2,e3) —h(ez,ve363) = W23(e3)(),1 — 7(,3) (3.22)
16



On the other hand, we also have
ex(h(e3,e3)) —2h(Ve,ez,e3) = ea(A3) —2h(waz(er)er +wiz(er)ez,e3)
— (M), (3.23)
By combining (3.22) and (3.23), we obtain
waz(e3) (M — A3) = e2(A3). (3.24)
Because A, A3 are constants and A; # A3 than (A; — A3) # 0, we get
was(e3) = 0. (3.25)
Next, we evaluate each sides of the Codazzi Equation (2.21) for X = e, Y = e, and
Z =ej.
e1(h(ez,e3)) —h(Veer,e3) —h(ez,Ve,e3) = e1(0) —h(wiz(er)ez+waz(er)es, e3)
—h(ez, was(e1)er +wiz(er)er)
= wa(e1)(h —A3) +wiz(er)
= was(e1)(h —A3)
Therefore, we have
e1(h(ez,e3)) —h(Veea,e3) —h(ea,Vee3) = was(er)(A—A3).  (3.26)
On the other hand, we also have
ex(h(er,e3)) —h(Veer,e3) —h(e1,Ve,e3) = ea(0)+h(wiz(ez)er —wiz(ea)es,es)
—h(e,waz(er)er +wiz(er)er)
= wis(e2) (A — A3).
Thus, we have
ea(h(er,e3)) —h(Ve,er,e3) —h(e1,Ve,e3) = wiz(ea)(M —A3). (3.27)
On the other hand, we also have
e3(h(er,e2)) —h(Veser,e2) —h(e1,Veea) = e3(—A1)
+h(wia(esz)e; —wis(es)es,er)
—h(e1,wia(es)ez +was(es)es)

= 63(—;"1).
17



So, we have
e3(h(er,e2)) —h(Veser,ea) —h(er,Ve,en) =e3(—A1). (3.28)
By combining (3.26) and (3.27) and (3.28), we obtain
woz(er) (A1 —Az) = wiz(er) (A — A3) = e3(—Ay). (3.29)
Because A1, A3 are constants and A; # A3 than (A; — A3) # 0, we get

W23(€1) = W13(€2) =0. (3.30)

Because of le(ez) = W13(€1) = W13(€2) = W13(€3) = W23(€1) = W23(€3) = 0, the

equation (2.27) turns into
Vee1 = —wia(er)er, Ve,e1 =—wia(e2)er =0, Ve =—wia(es)er, (3.31a)
Ve eo=wiz(er)ez, Ve,ea =waz(er)ez, Veer =wia(e3)er, (3.31b)
Ve,e3=0, Vgez=wn(ez)er, Veez=0. (3.31c)
Next, we use the Gauss Equation (2.20) for X = e, Y =W = e3, Z = e, and substitute
(3.2)-(3.5) to get
R(ey,e3,e2,e3) = A1 3. (3.32)
First we compute the left hand side of (3.32)
R(ej,e3,e2,e3) = (V¢ Ve,e2 =V, Vo0 — V[e, 763}ez,e3>
= (V¢ [wi2(ez)ex +wasz(ez)e3] — Ve, [wina(er)ea +waz(er)es]
VY, 03-Veye1€2,€3)
= (—wiz(e1)Veer,e3)
= (—wia(er)[wiz(es)ea], e3)
— 0
which gives

R(el,e3,62,€3) = 0. (3.33)
18



By combining (3.32) with (3.33), we get
0=A113. (3.34)

Hence the proof is completed.

]

In the following theorem which proves that there is no isoparametric hypersurface in

E} with complex principal curvatures.

Theorem 3.3. Let M be a hypersurface in IE‘Il with the shape operator S given by

)ul v 0
S=1 -v 44 0 (3.35)
0 0 A3

with respect to an orthonormal base. Then, M can not be isoparametric.

Proof. Let M be a hypersurface in IE‘,‘It with the shape operator S given by (3.35) for

some constants Ay, A3, v. Note that because of (3.35), we have

v #£0, (3.36)
h(e,e1) = —A1, (3.37)
h(ey,e2) = —V, (3.38)
h(es,e2) = A1, (3.39)
h(es,e3) = As. (3.40)

First, we compute both sides of the Codazzi Equation (2.21) for X =Y = e and Z = e,.
e1(h(er,e2)) —h(Veer,e2) —h(e1,Vee2) = er(—Vv)
—h(wiz(er)ea +wiz(er)es,er)
—h(er,wiz(er)er +waz(er)es)
= e(—Vv)—wiler)(h) +wizler) (M)

= e1(—v)
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Therefore, we have
ei(h(er,e2)) —h(Veer,e2) —h(er,Ve,e2) = ei(—v). (3.41)
On the other hand, we also have
ex(h(er,e1)) —2h(Veer,e1) = ex(—A1) —2h(wiz(ez)er +wiz(er)es,er)
= ex(—M) —2wiz(e2)(—V)
= ey(—A1)+2wia(er)v.
So, we have
ex(h(er,er)) —2h(Veer,e1) =ex(—A1) +2wia(ea)v. (3.42)
By combining (3.41) and (3.42), we obtain
e1(—v) =ex(—A1) +2wia(er)v. (3.43)
Since A; and Vv are constants, we have

wiz(ex) =0. (3.44)

Next, we deal with the Codazzi Equation (2.21) for X =Z =e; and Y = e;.
ex(h(er,e2)) —h(Ve,er,e2) —h(e1,Ve,e2) = ex(—v)
—h(wia(ez)ex +wiz(ez)es,ez)
—h(e1,wia(ez)er +was(ez)es)
= ex(=v) —wiz(e2) (A1) +wiz(e2) (A1)
= ey(—v).
Thus, we have
ex(h(er,e2)) —h(Ve,er,e2) —h(e1,Ve,ea) = ex(—v). (3.45)
On the other hand, we also have
e1(h(ez,e2)) —2h(Vee2,e2) = e1(A1) —2h(wia(er)er +waz(er)es,er)

= €] (ll) — 2W12(€1)(—V).
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So, we get
e1(h(ez,e2)) —2h(V, e2,e2) = e1(A1) —2wia(er)(—V). (3.46)
By combining (3.45) and (3.46), we obtain
er(—v) =ei (A1) +2wia(er)Vv. (3.47)
Since A; and v are constants, we have

W12(€1) =0. (3.48)

We also compute both sides of the Codazzi Equation (2.21) for X =Y =e; and Z = e3.

ei(h(er,e3)) —h(Veer,e3) —h(e1,Ve,e3) = e1(0) —h(wia(er)ez+wiz(er)es,e3)
—h(er,wiz(er)er —was(er)er)
= —wiz(e1)(A3) —wiz(er) (A1)
+wa3(e1)(—V)
= wisz(e1)(h —A3) +was(er)(—V)
So, we have
ei(h(e1,e3)) —h(Veer,e3) —h(er,Ve,e3) = wiz(er)(M—2A3)  (3.49)
+was(er)(—V).
On the other hand, we also have
e3(h(er,e1)) —2h(Veser,e1) = e3(—A1) —2h(—wiz(e3z)er +wiz(es)es,eq)
= e3(—A1) —2wi(e3)(—v).
So, we get
e3(h(er,er)) —2h(Veser,e1) = e3(—A1) —2wiz(e3)(—V). (3.50)
By combining (3.49) and (3.50), we obtain

wiz(er) (A —A3) +waz(e1)(—V) = es(—A1) — 2wia(e3)(—V). (3.51)
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Since A1, A3 and v are constants, it follows

w13(e1)().1 — 7L3> +W23(€1)(—V> = 2W12(€3)V. (3.52)

Now, consider the equation (2.21) for X =Z =e3 and Y =e;.

Similar to (3.47) we obtain

W13(€3)(7Ll —)L3)—|—W23(€3)(—V) 261(13). (3.53)

Because A1,A3 and v are constants, (3.53) implies

wis(es) (A1 — A3) +was(es)(—v) =0. (3.54)

We also deal with the Codazzi Equation (2.21) for X =Y =e; and Z = e3.
ex(h(ez,e3)) —h(Ve,er,e3) —h(ez,Ve,e3) = ea(0) —h(wia(ea)er +waz(er)es,es)
—h(e2,wi13(e2)er —waz(ez)ez)
= —was(e2)(A3) —wiz(e2)(—V)
+wa3(e2) (A1)
= wy(e2)(A —A3) +wiz(er)Vv
Therefore, we get
ex(h(ez,e3)) —h(Ve,ea,e3) —h(ea,Ve,e3) =was(ez2) (A — A3) +wiz(ea)v. (3.55)
On the other hand, we also have
e3(h(ez,e2)) —2h(Veer,en) = e3(A1) —2h(wiz(es)er +waz(es)es, er)(3.56)
= e3(M) —2(wiz(e3)(=V)).

Thus, we have
€3 (h(ez,ez)) — Zh(ve3€2,€2) = €3 (ll) — 2(W12(€3)(—V)). (3.57)

Since 41,3 and v are constants, we get

e;3 (7[.1) — 2(W12(€3)(—V>) = 2(W12(€3)V). (3.58)
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By combining (3.55) and (3.58), we obtain

was(er) (A1 — A3) +wiz(er)v =2wia(e3)V (3.59)

Next, we consider the Codazzi Equation (2.21) for X =Z =e3 and Y = e,.
e3(h(ez,e3)) —h(Ve,er,e3) —h(ez,Vee3) = e3(0) —h(wia(es)er +waz(es)es, e3)
—h(ez, wi3(es)er —was(es)er)
= —was(e3)(A3) —wiz(e3)(—V)
+waz(e3) (A1)
= wys(e3)(h —A3) +wiz(es)v
So, we have
e3(h(ez,e3)) —h(Veser,e3) —h(ez, Ve,e3) =waz(e3) (A —Az) +wiz(e3)v. (3.60)
On the other hand, we also have
ex(h(es,e3)) —2h(Ve,e3,e3) = ea(A3) —2h(wiz(er)e; —waz(er)ez,e3)(3.61)
= ey(A3)
By combining (3.60) and (3.61), we obtain
was(es) (A1 —A3) +wis(es)v = ex(A3). (3.62)
Because A1,A3 and v are constants, then we get
wos(e3) (A1 — A3) +wiz(ez)v = 0. (3.63)
Next, we evaluate each sides of the Codazzi Equation (2.21) for X = e, ¥ = e, and
Z =ej.
e1(h(ez,e3)) —h(Veea,e3) —h(ez,Vee3) = e1(0) —h(wia(er)er +was(er)es,e3)
—h(ez, wiz(er)er —was(er)er)
= wax(e1)(h —A3) —wiz(er)(—V)

= W23(€1)(7L] — 13) +W13(€1)V
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Therefore, we have
ei1(h(ez,e3)) —h(Veer,e3) —h(ez, Ve e3) = waz(er) (A — Az) +wiz(er)v. (3.64)
On the other hand, we also have
ex(h(ey,e3)) —h(Ve,er,e3) —h(er,Ve,e3) = e2(0) —h(wiz(ez)er +wiz(er)es,ez)
—h(e1,wiz(ez2)er —was(ez)ea)
= wiz(e2)(h —A3) —was(e2)V
Thus, we have
ex(h(er,e3)) —h(Ve,er,e3) —h(e1,Ve,e3) =wiz(ez2) (A — A3) —waz(ez)v. (3.65)
On the other hand, we also have
e3(h(er,e2)) —h(Veser,ea) —h(e1,Ve,e2) = e3(—V)
—h(wia(e3z)ez +wis(es)es,ea)
—h(e1,wi2(e3)er +waz(es)es)
= e3(—v).
Since A1, A3 and Vv are constants, we have
e3(h(er,e2)) —h(Veser,ea) —h(e1,Ve,e2) =e3(—v) =0. (3.66)
By combining (3.64) and (3.65) and (3.66), we obtain

W23(€1)(7Ll — 13) +W13(€1)V = W13(€2)().1 — 7(«3) — W23(62)V =0. (3.67)

Since, wiz(e1) = wia(e2) = 0, the equation (2.26) turns into

Veer = wiz(er)es, Veer =wis(er)es, (3.68a)
Vee1 = wia(e3)er+wiz(es)es,
Veea = wasl(er)es, Ve,er =was(er)es, (3.68b)
Ve,er = wia(es)er +wps(es)es,
Vees = wiz(er)er —was(er)ea, Vees =wiz(ea)e; —was(ea)ez, (3.68c)
Ve,ez = wiz(ez)er —was(es)er.
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Furthermore, by combining (3.54), (3.59), (3.63) and (3.67), we get

A( M= 2 ) =0, (3.69)

1%

where we put
13(e1) —waz(er) —2wia(es)
A | wale2) wis(ea) =2wiz(es)
W23E€1§ wis(er)

wiz(e2 —wa3(e2)

s =

(3.70)

Since v # 0, we have rankA < 2. Therefore, there exists a function & such that

W13(€1) = é(—w23(e1) —2W12(e3)), (3.713)
waz(e2) = E(wiz(e2) —2wiz(es)), (3.71b)
wiz(er) = Ewizler), (3.71¢)
wiz(e) = —Ewas(er), (3.71d)
and we also have
wiz(er) —waz(er) —2wia(es) ) _
det( o O ton = o (3.72a)
was(e2) wiz(e2) —2wiz(es) _
det < w23(e1) W13(61) ) = 0. (3.72b)

Next, we use the Gauss Equation (2.20) for X =Z =e¢, Y = W = e, and substitute
(3.36)-(3.40) to get

R(el,ez,el,ez) = V2+7le. (3.73)

By considering (3.68), we compute the left hand side of (3.73)
R(ej,ex,e1,e2) = (Ve Ve,e1 =V, Ve e — V[eheﬂel,eﬁ
= (Ve,wiz(e2)es] = Ve, [wiz(er)es] = Vv, e)-v,,e €1, €2)
= (—wiz(e2)waz(er)ez +wiz(er)was(ez)ea —was(er)wiz(es)er
+wiz(e2)win(es)er, en)
= M[-wiz(e2)was(er) +wiz(er)was(e)]

—(A1)[(waz(er) —wiz(e2))wia(es)].
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So, we have
R(ej,ex,e1,e2) = A[—wiz(ea)was(er) +wiz(er)was(ez)] (3.74)

—(A1)[(was(er) —wiz(e2))wia(es)].

We are going to show that wi,(e3) = 0.

Assume that wyp(e3) # 0. In this case from (3.72), we get
2wia(ez)wiz(er) = 2wia(esz)was(er) (3.75)
which implies
wiz(e2) = wa(er). (3.76)
Therefore, (3.71c) and (3.71d) imply
wisz(er) +waz(ex) =0. (3.77)
However, if we sum (3.71a) with (3.71b) and use (3.76), (3.77), then we get
wiz(e3) =0
which is a contradiction. Thus, wiz(e3) = 0 and (3.72a) implies

wiz(e2)was(er) —wiz(er)was(e2) = 0. (3.78)

Therefore, (3.74) turns into

R(el,eg,el,ez) =0.

Consequently, (3.73) implies
v=20

which yields a contradiction. Hence, the proof is completed.

[]

As a result of Theorems 3.2 and 3.3, there are four classes of isoparametric

T4
hypersurfaces in [E7.
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3.2 Examples of Isoparametric Hypersurfaces

Example 3.4. Let x(s) be a null curve in IE‘I‘ on which a pseudo-orthonormal frame

field {X(s),Y (s),C(s),Z(s)} exists such that

X, X)=(r,Y)=0, (X,Y)=—1, (C,C)=(Z,Z) =1

and

2(s) = A(s)Y (s)
for some functions B(s) and A (s). Then, we have
X(5) = A1()X(s) — B(s)C(s) +An(s)Z(5),
V(s) = —Ai()Y (s).

Consider the hypersurface M defined by

a a?

f(s,u,z) =x(s)+uY (s)+zZ(s) + (l L —zz> C(s)

for a non-zero constant a. We obtain

)

Ey=+- =Y(s),

Ez:ais:X(s)JrY(s) <—é+ %—zz) B(S)—MAl(S)JrzAz(S)],
_d  ZC(s)

E3_8—Z_? Z(s).

By a direct computation, we observe that the vector fields
e; = Ey,
er = FE) + Es,
e3 =V 1—a?2Es

form a pseudo-orthonormal base for the tangent bundle at M, where

Fi— B(s) — V1 —a222B(s) + auA | (s) — azAs(s) |
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(3.79a)
(3.79b)

(3.79¢)

(3.80a)

(3.80b)

(3.81)

(3.82a)

(3.82b)

(3.82¢)

(3.83a)
(3.83b)

(3.83¢c)



By a further computation, we get

S =

o O O
O O Uw
Q OO

(3.84)

for a function . Hence, M is an isoparametric hypersurface and it’s shape operator S

has the minimal polynomial A%(A — a).

Example 3.5. Let x(s) be a null curve in IE‘Il on which a pseudo-orthonormal frame

field {X (s),Y (s),C(s),W(s)} exists such that
(X,X)=(Y,Y) =0, (X,¥)=—1, (C,C)=(W,W)=1

and

for a function B(s). Then, we have
X(s) = —A3(5)X(s) = B(s)C(s) + Az ()W (s),
Y(s) =Ai(s)W(s) +As3(s)Y (s),
W(s) =A1(s)X (s) +Az(s)Y (s).

Consider the hypersurface M defined by

fs,u,w) =x(s) +uY (s) +wW(s).

We obtain
Fi= 5= 1(5),
By = 5 = udi ()W (5) + X(5)[1 -+ wAs (5] +7 (5)wals) + ks (5],
Es = % —W(s).

By a direct computation, we observe that the vector fields
e = Ey,
er = FE\+ RLE, + F3E3,
e3=FE;3
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(3.85a)

(3.85b)

(3.86a)
(3.86b)

(3.86¢)

(3.87)

(3.88a)

(3.88b)

(3.88¢c)

(3.89a)
(3.89b)

(3.89¢)



form a pseudo-orthonormal base for the tangent bundle at M, where

—wA3(s) — uAs(s) B 1 _ —uAq(s)
1+wA(s) 2_1+WA1(S)’ 3_1—|—WA1(S)'

F =

By a further computation, we get

(3.90)

Hence, M is an isoparametric hypersurface and it’s shape operator S has the minimal

polynomial A2.

Example 3.6. Let x(s) be a null curve in E‘l‘ on which a pseudo-orthonormal frame

field {X(s),Y(s),C(s),W(s)} exists such that
(X, X)=(Y,Y)=0, X,Y)=—1, (C,C)=(W,W)=1

and

C(s) = —aX(s) = B(s)Y (s), B#0,
W(s) = Az ()Y (s)
for some functions B(s), A>(s) and a non-zero constant a. Then, we have
X(s) =A1(s)X(s) —B(s)C(s) — Az (s)W (s),
Y(s) = As(s)Y (s) —aC(s).
Consider the hypersurface M defined by

f(s,u,w) =x(s) +uY (s) +wW(s).

We obtain
d
E] = % = Y(S),
E, = (3% = —auC(s)+X(s) + Y (s)[wAa(s) + uAs(s)],
d
E3 = % = W(S)

29

(3.91a)
(3.91b)

(3.91c¢)

(3.92a)

(3.92b)

(3.93)

(3.94a)

(3.94b)

(3.94¢)



By a direct computation, we observe that the vector fields

€] :E17
e, =FHE +E,
es =FEj

form a pseudo-orthonormal base for the tangent bundle at M, where

F a’u? —2wAs(s) — 2uAs(s)
1 = .
2

By a further computation, we get

—a —B(s)+awAy(s) 0
S= 0 —a 0
0 0 0

(3.95a)
(3.95b)

(3.95¢)

(3.96)

for a non-zero constant a. Hence, M is an isoparametric hypersurface and it’s shape

operator S has the minimal polynomial (A —a)?A.

Example 3.7. Let x(s) be a null curve in IE‘I1 on which a pseudo-orthonormal frame

field {X(s),Y (s),C(s),Z(s)} exists such that
(X, X)=(,Y)=0, (X,Y)=—1, (C,C)=(Z,Z) =1

and

C(s) = —aX(s) —B(s)Y(s), B#0
for a function B(s) and a non-zero constant a. Then, we have
X(s) = A1 ()X (s) = B(s)C(s) +Aa(s)Z(s),
Y(s) =A3(s)Y (s) —aC(s) —Ax(s)Z(s),
Z(s) = Ag(s)X (s) + Az (s)Y (5).

Consider the hypersurface M defined by

f(s,u,z) =x(s)+uY(s)+zZ(s) + (1 VS —zz) C(s)

a a?
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(3.97a)

(3.97b)

(3.98a)
(3.98b)

(3.98¢)

(3.99)



for a non-zero constant a. We obtain

d
E| = 5= Y(s), (3.100a)
d 1 B
E, = e —auC(s) —uAy(s)Z(s) + Y (s) ( 2 —22B(s) — % + uAs3(s) —|—zA2(s)>
(3.100b)
+x05) (a5 = 24 244(5)
612 < 4 ’
d C
Ez=—= A +Z(s). (3.100c)
dz 1_ 2
a? 2
By a direct computation, we observe that the vector fields
el =E1, (3.1013)
F
e sE1+FREy + F3E3, (3.101b)

°" 24 (@272 +72A4(s5)2 = 1)

e3 =V 1—a’7?E; (3.101¢)

form a pseudo-orthonormal base for the tangent bundle at M, where
A = a (azuzzzAz(s)z (ZA4(S) (ZA4(S) 21— a2z2> —d*P 1)
~22a(s) (2Aa(s) (Aals) (2 1) V1 =22 +244(5))
+2a +1) (@ 1) ) + (@ +1) (1-a22) ) +u(@u (@2 - 1)
+2A5(s) (m - zA4(S)) (@®2 +22A4(s)> = 1) >)
_2B(s) (z ( 1 — 22— 1) Ag(s) + a2+ /1 — a2 — 1)

(aZZZ +22A4(S)2— 1) ’

1
_ V1 — 22 — 22 _ _
Fy = zA4(s) (2 1 —a%z ZA4(S)) +taz7 -1, F =2+ oA(s) and

o (azz (zmA4(s) +a*7? — 1) + (azzz — 1)A2(s) <m—zA4(s)>> |

=
3 a?7> +72A4(s)2 — 1

By a further computation, we get

Sit S12 813
S = 0 —a O (3.102)
0 §32 —a
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for some functions sy, 12, 513, $32 and a non-zero constant a. Hence, M is an
isoparametric hypersurface and it’s shape operator S has the minimal polynomial

(A —a)?.

Example 3.8. Let x(s) be a null curve in Ef on which a pseudo-orthonormal frame

field {X (s),Y (s),Z(s),C(s),U(s)} exists such that
(X, X)=(Y,Y)=0, X,Y)=-1, (C,C)=(2Z,Z)=(U,U) =1
and

x(s) =X(s), (3.103a)

C(s) =B(s)Z(s), B(s)#0 (3.103b)

for a function B(s). Then, we have

X(s) = A1 ()X (s) +Az(5)Z(5) +A3(s)U (s), (3.104a)
Y(s) = —A1(5)Y (s) +Aa(s)Z(s) +As(s)U(s), (3.104b)
Z(s) = Ag(5)X (s) + Az(s)Y (s) — B(s)C(s) + Ag(s)U (s), (3.104c)
U(s) = As(s)X(s) +A3(s)Y (s) — Ae(5)Z(s). (3.104d)

Consider the hypersurface M defined by

f(s,u,z,w) = x(s) +u¥ (s)+zZ(s) + wU (s). (3.105)
We obtain
)
Ei=5-=Y(s), (3.1062)
E; = % =U(s) (uAs(s) +zA6(s)) + Y (s) (—uA;(s) + wA3(s) +zA2(s))  (3.106b)
+2Z(s) (uAa(s) — wAq(s)) + X (s) (wAs(s) +244(s) + 1) — 2B(s)C(s),
d
E; = o = Z(s), (3.106¢)
Ey= % =U(s). (3.106d)
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By a direct computation, we observe that the vector fields

e =Ey, (3.107a)
¢y = FE; + FE; + F3E; + FyE,y, (3.107b)
e3 = E3, (3.107¢)
eqs=E4 (3.107d)

form a pseudo-orthonormal base for the tangent bundle at M, where

2 (WAs(s) +2A4(s) + 1) (uA; (s) — wA3(s) — zA2(s)) +2°B(s)?

F, =
! 2 (wAs(s) +zA4(s) +1)2 ’
—_ 1 _ WAg(s) — uA4(s) P uAs(s) + zA¢(s)
2T wAs(s) () T 1T wAS() T 2AL(s) F 1T WAs(s) FzAg(s) + 1
We assume that (1 + zA4(s) +wAs(s)) > 0. Then we get
B(s)(wAs(s)+1) . zAs(s)B(s)
0 S12 AT TR~ gy
S 2 0 . \ (3.108)
= __ B(s)(wAs(s)+1) .
0~ Gasts tes (o) 112 o 0
0 ZAS(S>B(S)
(wAs(s)+zA4(s)+1)2

for a function s12. Hence, M is an isoparametric hypersurface and it’s shape operator

S has the minimal polynomial A3.
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4. HYPERSURFACES IN E;

In this section, we construct a family of hypersurfaces with non-diagonalizable shape

operator in E? with principal curvatures A, A3, A4 satisfying
A3=01(M1), A =o(A1)

for some smooth functions ¢p, ¢,.

Here, x(s) is a light-like curve in IE? and assume that there exists a pseudo-orthonormal

frame field {X(s),Y (s),Z(s),C(s),U(s)} along x such that
(X, X)=(,Y)=0, (X,Y)=—1, (C,C)=(Z,Z)=(U,U) =1

and

X(s) = X(s), (4.12)
Z(s) = A1 (s)X (s), (4.1b)
U(s) = A2(s)X (s), (4.1¢)
C(s) = A3(s)X (s) +A4(s)Y (s). (4.1d)

for some smooth functions Aj (s), A2(s), A3(s) and A4(s). Then, we have

X(s) = As(s)X (s) +Aq(s)C(s), (4.2a)

Y(s) = —As(s)Y (s) +A1(s)Z(s) + A3(s)C(s) + Az (s)U (s). (4.2b)

for a smooth function As(s).

Consider the hypersurface M defined by
F(s,u,z,w) = x(s) +uX (s) + wZ(s) + a(w+2z)C(s) +zU (s) 4.3)

for a smooth function a.
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Note that we have

<az%zxm, (4.42)

By = 0 = X() (As(e)alov +)  uds(s) w1 (5) + SAals) £1) (4db)
+As(5)Y (s)alw+2) + uAs(5)C(),

E;= a% =C(s)d' (w+2)+U(s), (4.4¢)

Ey= % = C(s)d' (w+2) +Z(s). (4.4d)

By a direct computation, we observe that the vector fields

e1 =E, (4.5a)
e» = B1E| + ByEy, (4.5b)
e3 = CE| + G Ey + GE3, (4.5¢)
e4 = D1E| + DyE> + D3E3 + DyE;4 (4.5d)

form a pseudo-orthonormal base for the tangent bundle at M, where

Ag(s)u* —2a(w +72) (A3 (s)a(w +2) + uAs(s) + wA1 (s) +zA2(s) + 1)

! 2a(w+2z)2A4(s)
1 /
Ag(s)a(w+z) aw+z)\/d(w+z)?+1
1 /
C3:_ 7D1:_ ua(w+z> 7D2:07
ad(w+2)2+1 a(w—+2)y/2d (w+z)*+3d (w+z)2 +1
/ 2 / 2
D; adw+z) Dy — adw+z) +1

C V2d (w2 +3d (w221 2d (w2 +3d (w22 + 1

By a further computation, we get

Aosio 0 0
0 XA 0 0
_ _ d"(wtz)
5= 00 (@' (W+2)2+1)/2d (w+z)?+1 534 (4.6)
0 0 534 . a’(w+z) -

(@ (w+2)2+1) (24 (w+2)2+1 )3

where
1

a(w+z)\/2a/(w—|—z)2—|—1,

A =
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(A1(s) +As(s)) a(w +2)d' (w+2) +wA1(s) +242(s) + 1
Ag(s)a(w+2)2y/2d (w+z)2+1

S12 = —

)

V2d (w2 +3d (w+2)? + 1d" (w+2)
(@(wH+22+ 1) 2a'(w+z)2+ 1)

8§34 =

From (4.6), we have

_ —2a(w+2)d"(w+2z)+4d (w+z)>+2
alw+z)(2d (w+z)%+ 1)3/2

det (S) = 0. (4.8)

tr (S) 4.7)

By a further computation, from (4.7) we get

1" / 2
e d'(w+z) (2d' (w+z)*+2) 49)

(@(w+2241) (2a (w+2)2+1)7*

From (4.8), we have

Ay =0. (4.10)

Now, because of (4.8), M has zero Gauss-Kronecker curvature. On the other hand,

(4.7) yields that M is minimal if and only if a is a smooth function satisfying
—2a(t)d" (1) +4d (1)* +2 = 0. (4.11)

By multiplying both sides of this equation with — (1) we obtain

a(ty’
2d'(t)a"(t) 4d' () 24 (1)

_ =0. 4.12
a0 a@s  alp 12
By integrating this equation, we get
'(£)? 1
() te=0. (4.13)

an* T 20y
for a constant c.

We obtain the following theorem by summing up all of the results.

Theorem 4.1. The hypersurface M defined by (4.3) has non-diagonalizable shape

operator and zero Gauss-Kronecker curvature. Furthermore, it is minimal if and only

if (4.13) is satisfied.
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S. CONCLUSIONS AND RECOMMENDATIONS

In this thesis, hypersurfaces with non-diagonalizable shape operators in Minkowski
space were studied. In Section 3, some theorems about isoparametric hypersurfaces
were given. In Theorem 3.2, by using Codazzi and Gauss equations it was proved that
the product of the principal curvatures satisfying the specified properties is zero for the
isoparametric hypersurface with the shape operator given in (3.1). In this manner, we
showed that there is only four classes of isoparametric hypersurface in ]E‘l‘. In Theorem
3.3, it was shown that the hypersurface with the shape operator given in (3.35) can not

be isoparametric in Ef.

In Section 4, we constructed a family of hypersurfaces with the non-diagonalizable
shape operator in ]E? We obtained the shape operator and mean curvature of this
hypersurface by a further computation. Then, the Gauss-Kronecker curvature of this
hypersurface was obtained. In Theorem 4.1, the necessary and sufficient condition for

this hypersurface to be minimal was given.

In the future, several geometrical properties of family of hypersurfaces constructed
in Section 4 can be studied. In particular the goemetrical properties of their position

vectors and Gauss maps can be considered.

39






REFERENCES

[1] Cartan, E. (1938). Familles de surfaces isoparamétriques dans les espaces
a courbure constante, Annali di Matematica Pura ed Applicata, 17,
177-191.

[2] Nomizu, K. (1981). On isoparametric hypersurfaces in the Lorentzian space forms,
Japan J. Math., 7(1), 217-226.

[3] Magid, M.A. (1985). Lorentzian isoparametric hypersurfaces, Pacific Journal of
Mathematics, 118(1), 165-197.

[4] Xiao, L. (1999). Lorentzian isoparametric hypersurfaces in H{Hl , Pacific Journal
of Mathematics, 189(2), 377-397.

[5] Tojeiro, R. (2010). On a class of hypersurfaces in S” x R and H" x R, Bulletin of
the Brazilian Mathematical Society, New Series, 41(2), 199-209.

[6] Franki Dillen, J.F. and Veken, J.V.D. (2009). Rotation hypersurfaces in S” x R
and H" x R, Note di Matematica, 29(1), 41-54.

[7] Carmo, M.D. and Dajczer, M. (1983). Rotation hypersurfaces in spaces of
constant curvature, Transactions of the American Mathematical Society,
277(2), 685-709.

[8] Lopez, R. (2014). Differential geometry of curves and surfaces in
Lorentz-Minkowski space, International Electronic Journal of Geometry,
7(1), 44-107.

[9] O’Neill, B. (1983). Semi-Riemannian Geometry with Applications to Relativity,
Pure and Applied Mathematics, Academic Press Inc.

[10] Targay, N.C. (2016). A classification of biharmonic hypersurfaces in the
Minkowski spaces of arbitrary dimension, Hacettepe Journal of Mathe-
matics and Statistics, 45(4), 1125-1134.

[11] Burcu Bektas, J.V.D.V. and Vrancken, L. (2017). Surfaces in a pseudo-sphere
with harmonic or 1-type pseudo-spherical Gauss map, Annals of Global
Analysis and Geometry, 52, 45-55.

41






CURRICULUM VITAE

Name Surname: Nilgiin UNSAL

EDUCATION:

* B.Sc.: 2018, Yildiz Technical University, Faculty of Chemical and Metallurgical
Engineering, Department of Mathematical Engineering

* M.Sc.: 2022, Istanbul Technical University, Graduate School, Department of
Mathematical Engineering

43





