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Abstract

The recently discovered Polar Codes (PC), draw lots of attention as a family of error correction codes
in nodsy channels because they can achieve the channel capacity. A number of decoding methods have
been proposed for polar codes sinee their introduction, among these, successive cancellation st (SCL)
decoding and belief propagation (BP) decoding, which will be called as Original BP in this paper, are
the two most popular methods. The novel contribution of this thesis is that proposed different belief
propagation (BP) decoding schedules for Polar Codes. In result section, we provide BLER (Block Error
Rate) performances as numerical evidence with using MATLAB software to show that performance of
each decoding schedules as well as comparing the results with performances of successive cancellation
(SC) and SCL decoding methods. In addition. we have also reviewed the proposed new schedules
in temms of complexity, According to that results, we observed proposed schedule 1 and 2 inerease
reguired steps to complete each iteration bt doing less computing, and they present same BLER
performance with Original BFP. However, we conld not ohserve considerable reducing in terms of the
decoding time although they required less computing for each step. Furthermore, we olserved proposed
schedule 3 which is called as proposed SCAN (=oft-cancellation) with the same schedule of SC. has better
performance than Original BP and we suecead the reduced the complexity and requived space in the
memory according to original SCAN by not computing frozen bits LLEs when we updating right-to-left

propagation Imessages,

11
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1 Introduction

This section presents why the title of the thesis is selected and what is the contribution of the thesis
in Subsection 1.1 and 1.2, respectively . Moreover, Subsection 1.3, presents previous attempts in the
literature for BEP. The gap in the literature and our approach will be presented in Subsection L4 and as

final, Subsection 1.5 introduces thesis organization.

1.1  Importance of Polar Codes

In a globalized world. effective communication is almost a bare necessity. We nesd communication
svatems which are more reliable, faster and serve more users at the same time becanse of the increasing
communication demand, rising wsing of social media, continuously uplink and downlink and due to
many more reasons.  However, because of the hostile mobile channel characterize it s not easv to
maintain the required communication integrity. We know that for 5th (5G) and future generations we
will need significant data rate, coverage, and service gain to provide effective wireless communication.
Forward Error Correction (FEC) coding methods such as Turbo codes and low-density parity-check
(LDPC) eodes is needed because of the transmission errors in noisy channels. They can provide very
high data rates and integrity for gualificd communication by making error correction. At this point,
recently introduced Polar Codes (PC) by Ankan (1] attract attention becanse they may provide superior
performance than Turbo Code and LDPC [5.6] owing to their capacity-achieving performance, excellent
error correction performance and fine rate fexibility [3], Moreover, it can provide lower encoding and
decoding complexity than others. Partly due to the many reasons mentioned above, polar codes have
been adoptid as a candidate of Forward Error Correetion (FEC) coding method in control channels of
enhanced Mobile Broad Band (eMBEB) scenario which is a possible choiee of 5th generation (506G ) mobile

comnminication [3.4].

13



1.2 Importance of BP Decoding

After the discovery of Polar Codes, a number of decoding methods have been proposed, among these,
suceessive cancellation {SC)[1] decoding and belief propagation (BP)[16] provide the basis for other de-
coding methods [14]. However. SC suffers from long latency to achieve a high throughput, although it
requires less computation [14,20,23], Hence, several methods have been proposed such as list successive
cancellation decoding (SCL) to improve the error-correcting performance for short and moderate code
lengths [14]. Omn the other hand, BP decoders have some advantage due 1o its paralle]l processing na-
ture14,18,20.23]. Therefore, compared with SC | polar BP decoders are more attractive for low-latency
applications. Another advantage of BP decoding is that it provides soft ontputs that are necessary for

joint detection and decoding|15].

1.3  Previous Attempts for Improving BP Decoding

BF decoding is an iterative decoding algorithm where information changes iteratively between nodes
according to a particnlar schedule, which defines which node will be activated in which step [18]. Due to
iterative nature of BP decoding, the required latency and energy dissipation increases the reqguirement
computation complexity and required memory space] 1418, 20,23, Many stucies have been done in the
literature to get over these disadvantages of BP. In this subsection, we look briefly at the some of the

important studies which are done for the last 4 vears, starting with 2003,

In 2013, to reduce requirement computation complexity in [18] scaled-min sum approximation(ShIS)-
BF decoding is proposed and it is elaimed that SMS-BP achieves error performance as original BP with
low complexity. In [16], Fayvae and Barry are introduced soft-cancellation decoding which is called
SUAN decoding which achieves performance gain with lower complexity compared to BP, and also in

(17}, they propose a memory-efficient version of SCAN decoder.



In 2004, to improve the performance of original BP |, in [19] check nodes are added to each node of
BP. Moreover, in [20] a simplified BP decoder is proposed, according to this study to achieve the sane
performance as B with the significantly low complexity they give the priority to the frozen nodes during

the procedure of BP decoding.

In 2015, express-journey (XJ1)-BPF decoding method which simplifies SMS-BP decoding with almost
samme error performance is proposed in [21]. In [22], efficient early termination schemes for BP decoding
are proposed which called as a low-complexity LLR- magnitude-aided (LMA) scheme also for the better

semsitivity and lower complexity they proposed eyvelie redundaney check (CRO)- abded {CA) scheme.

In 2016, a stage-combined BP decoder s proposed in [23], which is considerably reduced the message
memory requirement of BP and also which is increased the speed of BP decoding. In 20017, reduced
complexity soft cancellation (RCSC) method is proposed which is achieved comparable or even bet-
ter performance than SCAN with reduced memory. in [24]. An improved BP decoding by adopting
parity-check matrices is proposed in [25] which have remarkable performance gain over original BP with

relatively low decoding as well as even can compete with CRO-SCL decoder.

1.4 Summary of Thesis Contributions

As vou ean see in the above subsection although many studies carried out in literature there is still a
gap for BP decoding, especially the area of examining different BP decoding schedules. This papers aim
that to provide a contribution about that point. We have proposed three different belief propagation
(BP) decoding schedules for Polar Codes, also comparing these schedules with SC, SCL and Original BP
decoding in terms of BLER performances. Moreover, we also have examined their complexity, Aceording
to the results we have observed, Original BP has slightly better performance than 5C for moderate

and longer code lengths, although reqguired more memory space amd more computation complexity.



Moreover, we observed proposed schedule 1 and 2 increase required steps to complete each iteration
but doing less computing, and they present same BLER performance with Original BP. However, we
conild not olserved considerable reducing in the decoding time although they required less computing for
each step. Furthermore, we observed proposed schedule 3 which is called as proposed SCAN with same
schedule of SC, has better performanee than Original BP and we succeed the redueced the complexity
and required space in the memory according to original SCAN by not computing froeen bits LLRs when

we updating right-to-left propagation messages.

1.5 Thesis Organization

The rest of this paper is organized as follows. In section 2, which s called background section, we
briefly review the polar encoding and decoding processes and we deseribe common decoding algorithms
which are SC, S8CL, amd BP. In seetion 3, we present all planning details about the project sueh as
top level objectives, tasks, and risks, also by showing time How of the workload on the Gantt chart.
In next section, which iz called implementation section, explanations about propoged BP schedules are
presented. In section 5, we analyze the obtained simulation BLER results considering coding rate, block
length and list size as well as considering different decoding methods, In section 6, is a critical evaluation
section, which reflects on the work that has been carried out, also contains ideas on what ean be done

for further studies, And finally, section 7 is the conclusion section.
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2 Background

In this section, which is divided into two main parts as 2.1 and 2.2, we briefly review the Polar Codes
also giving some examples. In subsection 2.1, will be mentioned about polar encoding and decoding
processes, and in subsection 2.2, common decoding algorithms which are 5C, 5CL, and BP will be

dleseribed brieflyv.

2.1 Polar Codes

Polar codex take information bits with lemgth K and add (M — K redundaney bitg to generate code
block with length M, based on the following channel polarization principles(see Appendix A): polar
codes divide channel into sub-channels with some of them have good guality while some of them have
poor quality, then sending required information bits at “good” positions those are strongly guaranteed
the reliability of transmission and sending fixed “07 at “bad” positions which are highly unreliable [8],
henee, these positions cannot be used for sending requared information hits. In [l: tlecose =07 Deits are
called “frozen™ bits and their positions are known by both the encoder and the decoder. Polar encoding
is applied before modulation in transmitter, and polar decoding is applicd afier demodulation in receiver,

as it can be seen in the Fig. 1.

Code rate of polar code can be described as @ = K/M and N is mother code block length which

A}

can be compute with 207008 Fig.2 shows that both polar encoder and decoder include three main

components which will be detailed in the next sections.

i
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2.1.1 Polar Encoder

As we mention before. polar encoder includes three main components which are information Mock
conditioning, polar encoder kernal and encoded bock condifioning, respectively. All process can be seen

from the Fig.3.

Information bock condifioning [I; takes a row vector such that a = [nJ!!i'['ll as input where a; € 0, 1 and
K s the block size of information bits. Information block conditioning generates V-8 redundant hits
with using different methods such as frozen bits, eyelical redundaney check (CRC) bits or parity check
{PC)- froeen bits and obtain a row vector o = ]I.rJ];'“] which is callsd s kermal information Mock with
block size N, which should be a power of 2 and greater than K. If Information block conditioning use
frozen bits method, it may alwavs adopt fixed “07 bits to generate redundam bits and also it have to
interlace them into positions using various methods such as rate matching method. These positions of

redundant bits, which 15 also called as frozen bits, should know by the polar decoder.

After this process pelar encoder kernal takes kernal information block as an input and generate @ =

j.e'j]_""'_“ which called kernal encoded Wock. The relationship between them can be given with following

equation where F# is deseribed as (n = log, V)" Kronecker power of kernal matrix.
x = W (1)

Kronecker power of kernal matrix can be obtain recursively, for examle to obtain F®" each 1 should be

replace with FEO-U while each 0 replace with 2 x 2 zero matrix as it can be seen in the below;

Feo-n g
Fon =

Fain-1)  pain-1]

1 0
F =
11
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Polar kernal operation can be represented by the recursive graph representation of the generator matrix
F5® as it can be seen from the Figd, Figh and Figh. The input of this representation is kernal
information bits and it is represented by u row matrix and output i2 the kernal encoded bits which is
represented by x Here, each modulo—2 addition & can compute with e Xlesive — QR [ XOR Joperation

and this gives totally (V,/2}log, ¥ XORs.

N=1
Lot

After polar encoder kernal, encoded block conditioning takes & = [r] as input and generate b =
I MY row vector with block size of M where b € 0,1, Here A should be greater than K but it can
be greater or smaller than N Encoded block conditioning can use different methods to obtain encoeded
block & such as repetition, shortening or puncturing methods, Although. repetition repeats some of the
bits in the kernal encoded block, shortening and puncturing removes some bits, Encoded block b can

be provided to a modulator after this process to get the some advantages of modulation in the hostile

coanmunication environment before its transitions in the channel.
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2.1.1.1 Example 1

Example 1: Polar Encoding with Using Rate Matching Method

Rale Matching Methed is the one of the encoder methods. In [9] Quasi-uniform Puncturing (QUP)
based rate matching methods have boen discussed to construet polar code. For this method reliability of
each synthesized sub-channel are computed uging Density Evolution baged on Gawsgian approximation
(DE/GA)[9], then high reliable sub-channels chosen for transmit the information bits while unreliable
ones set to to zero which are called as frozen bits, Moreover, both encoder and decoder have to compute
this uniqueness set before encoding and decoding. However, because of the complexity of this method
in [10] the positions of the frozen bits are computing in a simple way for any coding rate considering
mother code length N as nested combination of two polar codes of length ]"ul,-"Z Henee, it constrnets a
ordered sequence of bits positions (index sequence) for N using subset of ordered sequences of NJ/2 polar
eodes. As a result. rate matching method can be performed at low complexity and with fine gramualarity.
Consequently, we will follow the structure of [10] as polar encoding scheme to obtain encoded word for

this example. The following notations are used thronghont this example and also thronghout this paper:

K Information bits length

M; Code block length

N: Mother code block length Zoiles: AT
R: Code rate i = K/M

W: Weight sequence

() Ordered bits positions sequence

FP; Puncture set

F; Frozen bit set

L7; Frozen bit position sequence



We will consider an example for encoding (M = 8 K = 4, R = 1/2) and information bits a=[1011] and

we will get encoded bits h=[10100101] with length M=8.

Step 1: Compute weight sequence W™=~ where N, = N = 2o M),

Here, N = 8 and it is equal the M. Hence, IIT,'“"““" = W, We can compute weight sequence with

following equations where i = B, B, s..8y and B, € 0,1 and j = [0,1,..n — 1] [10];

n—|
W; =" B;+28 @
=i
Here n = log, N and n = 3. Hence;
=1
W, = Z B+ ai*lf4 _ By+ P4 L B w0 L B & 21/ )

a=d}

(i =000) <= Wy=0+2"14 L 02114 L 214 -0

(i=001) & W;=12004 L 02 21°11 | 314 =]

(i=010) = W =022"44 L 12109 4 2214 = | 1802
(i=011) e=> Wy=1200 5 ] 421511 4 04214 = 2 1802
(f=100) == W, =0«2M L Qa2 £ 1224 = 1 4141
(i=101) &= W5=1a3010. L )g21/d .20/ = 24142
(i=110) <= Wy =0&2M0 4§21 4102201 = 25004

(i=111) <= Wy =1s2%04 L 14200104 42204 = 36084
Step 2 Compute ordered bitg positions sequence Q;':'"'"". To obtain ordered bits pogitions sequence

2y~ we should sort W =~ such that

“:[.'H:I %= II"\'."H 4 ”-r:"r'; = i S ”'r.:.'l,'-.'"h“_1

and we will save the corresponding index sequence as E}‘,}"“" L

Wos Wi s Wos Wog Wa s s £ Wo g Wh



Step 3: Geoerate a (N — M)—entry puncture position set as row vector

Ff'-'--'lr—l

Here N=M=8, so there is no need to do puncturing hence 5, will be an empty matrix

e [:ﬂ ]

Step 4: Generate a (M — K)—entry frogen set as a row vector Fﬁ" k=1

To obtain frozen set we will select the first (M — K) = 4 entries from the G5 whose values are smaller

. o M7= . y o i - g
than N and do not exist in B "~ here P is the empty matrix so all values not exist in P,

ﬁ”"=ﬁlh|24]

Step 5: Generate a (N — K)—entry frozen positions as row vector {701

Ter clbstain E":" ~K-1 e will use following equations;

Lr{:-:—ll'i—l a I::-'-.Ir—L u F;iu-!-.‘—r (4}
Here:
I}Ii"'.'—li'—l A [H ]
W*“=ﬁ=[n124]
Henes:

Etﬂp G: Initinlize the input hinary vector .rﬁ by the setting the zero onto the positions defined by

f-‘:,‘:' K1 fromen bits) and putting K = 4 information block a = [1011] onto the remaining entries. Here,



we tsed red colour to represent frozen bits and black color to represent information bits.

S=lo0 010011

Step T: Polar Encoder step to obtain encoded block f.rﬂ’[,’ iz bazgically modulo-2 computing
AL = =1 4 pom (5)

here;

oo I 1 1 1 4000

1 0001000

As a result, encoded block bl
by = 1{I|[|'E]1[:Il]
Step 8: Shortening

Here we did not do puncturing so there is no need to do shortening, becanse length of N and M equals
each other . However, if there is a need to do shortening, we should generate b, = hiif_},’ when & & F:i"'"“"

to ohtain encoded block.

Yl
in

s



2.1.1.2 Example 2

Example 2: Using Graph Hepresentation Method to Obtain Encoded Block

Graph representation method also can be used to explain encoding process more clearly. We mentioned
before how polar kernal operation can be represented by the recursive graph representation of the
generator matrix F%, Similarly we can compute encoded bits using graph methods, Hepe F&° = F52
and as input frozen bit pattern can be taken, as it can be seen from the Fig. 7 each step can be computed
with modulo—2 addition & sach that each of them an eXlusive — QR (XOR) operation and this gives

totally (N/2)log, N = 12 XORs operation. At the end of the operations we got the encoded bits

!-il"i!'lll"l]ﬂ‘!"'.
Frozen Bit Encoded
Pattern Bits
Ty © B T 1 1 1 1Ty
frozen bit 0 9 U AP, 1
0 /TH 1 1 1 1 /T™0
frozen bit 0 Ty 1 1 1 1T 1
L/ L/
Info. bit 1 1 1 1 Ty @ 0 0 0
" uw
Yy O 0 /Ty O 0 | o | o 0
frozen bit 0 . 7
0 /Ty 1 1 SESE 1
Info. hit O N )
info. bit 1 (0 0 0 D | 0 0 0
L
info. bit 1 1 1 1 1 1 1 1

Figure 7: Using Graph Representation Method to Convert the K = 4 Information Bits a=[1011] into

the M = 8 Encoded Bits b=[10100101].

X



2.1.2 Polar Decoder

POLAR DECODER
T Recovered T T T
Recovered | Kerial Soft Kernal ! Soft
Information! Information Encoded ! Encoded
Block 1| Information Block Polar Block Encoded |1 %o
——r  Block - Decoder - Block  p—-—o
“N-!l: HH' 1 : Hﬂ-l ki ::a—F: i
=4 ]iy | '[ﬁJ];-u T= a-r.i],.n ,: i

e - =it e = =

Figure 8: Block Diagram of Polar Decoder

As we mentioned before communication channel has a hostile environment which eanses distortions on
the transmpitted signal such as adding noise. As a result of this, generally demodulator do not have
the absolute confidence about the value of the recovered information bits 4], To express the confidence
about enceded blocks, demodulator can generate solt encoded block [4] sucl that each soft bit represents
=1

with form of Logarithmic Likelihood Ratio (LLR). For example, assume soft encoded block s b = |.!.-,..]ﬂ

and we can express LLR value like that:

A Prily, =10) i
b, = LN [—Prl:{l,l,- - “] (G)

where Pribe = 0) is the probability of the real value of J'i-;,. is zero and Pr(fby, = 1) is the probability of

the real value of by, is one, and their som mist be one.

Prib, =0) + Prib,=1) =1 (7)

Here the sign of the LLR express the value of the bits [4]. For example if by = 0 demodulator decide
the value of by = 0 while by < 0 demodulator decide the value of b = 1 with greater confidence, Also,
magnitude of LLR express the confidence level of demodulator [4], hence recoversd bits with higher

magnitndes will be more reliable.

It
=1



As we mention before, polar decoder includes three main components which are encoded Mok condi-

tioning, polar decoder kernal and information Mook condittoning, respectively. They have showed in
Fig.8.

Encoded block conditioning [4] takes a row vector of soft encoded block b= :Eu],:,” 1 as input, where M

is the block size and it can be any value bigger than K, to obtain a row vector & = [y ~', which is
called as  soft kernal encoded block with block size N which must be power of 2. In order to convert
the M encoded LLRs into the N kernal encoded LLRs infinite- valued LLRs and 0- valued LLRs can be
interlaced with the soft encoded block to occupy the positions which were removed by shortening and
puncturing, respectively, Moreover, i interleaving was employed into the encoded block conditioning
component of the polar encoder, deinterleaving can emploved by encoded block conditioning component

of the polar decoder [4].

After this process polar decoder kernal 4] takes soft kernal encoded block & as an input and generate
i = [u'le';'":‘n' which called recovered bernal information block, Here, polar decoder kernal can use different
algorithms for decoding, most common ones Dsted in below.

o Surcessive Cancellation (SC)

# Successive Cancellation List (SCL)

#» Belief Propagation (BP)
The last component of polar decoder is imformation Mock condilioning [4] which takes recoversd kernal

information block as an input and generates recovered information block which is & = [a;[% ;" with K

block size. To obtain @ from the o all redundant bits can be removed.

In mext three sections we will explain devoding algorithos which have mentioned before.
& R



2.2 Polar Decoding Algorithms

2.2.1 Successive Cancellation (SC)

In [1] 15 provided that Polar codes achieve the capacity of symmetrie binary - inpot discrete memoryless
channels (B-DMCs) with suecessive cancellation (SC) decoding with complexity ({N log N) when the

code length N and this paper won the 2010 7 Information Theory Society Best Paper Award™.

To operate SC decoding [4], similar graph structure with basic computations units can be used which
have explained before in the polar encoding chapter. However, this time computations will not be
performed only from left to right, also right to left operations will be computed. The starting point
of computations units will be from right to left side. Here, we should highlighted that there is data

dependencies.

In [4] basic computation units of SC decoding have been separated into three group, Order of this three
basic computation units depend on two important input, First one is the available LLRs which are
provided from right- hand conmections and similarly second one available bits which are provided from
lefi-hand connections. In Fig9, Fig. 10 and Fig.11, these three types of basic computation units are

showed.

The first step is the caleulate left- hand edge LLEs value when both right- hand edge LLRs values
available [4]. For this caleulation we will use Eq.8 and Eq.9. Here, this two equations are approximated
of each other and Fig.9 represent their function graph. Here, 7,, 7, and 7. are all LLRs value and

signl.) returns —1 if the LLRs value negative, while return +1 if it is positive,



Xe=F (Xas x8) Xa

Figure 9: Basic Computation Unit: f Function Graph Representation [4]

I = f(£5,2) (8)

= Manh~(tanhiz, [2htanh(xy/2))
(9]

=2 gianlF, Jstgnl Fy Jmin( | £, |F])
This [ function should be computed until get a LLR value at lefi- band odge, then according to sign
of LLR which we will ealled it second step, a bit f, will be available. If 2. < 0 the bit value will be
1 while #. = 0 the bit value will be (. Here , the important thing is that if connection corresponding
to a redundant bit such as a frozen bit within the kernal information block, it should be take as it is
know, regardless of the sign of obtained LLR. In that point we can said again the positions of frozen
bits should know hoth encoder and decoder. Hence, with provided hit {7, and LLRs values £, and £,
we can compute another LLR value for different left- hand edge connection with using Eq.10 and Eeq.11,

also their graph representation have been showed in Fig. 10
£ = gl 5, U,) (10)
= —1!';'4:-.,+.I=.l, [“}

After second step i= computed until get a LLR value at left- hand edge | a new bit U, will be available
according to sign of LLR, which we will called it third step, and this enables the partial sum computations

of bits U7 and 7y as 1t can be shown from the Fig .11, We used following equations for calenlate these



hits:

i, Xa

Xa=8 [Xas X, Ug) | X
| & |

Figure 1k Basic Computation Unit: g Function Graph Representation [

.= XOR(,. )

= U,

i =xor (11, 0)

3

ﬂh ﬂd = ﬂll

Figure 11: Basie Computation Unit: Partial sson Calenlation Graph Hepresentation [I|

(12)

(13)

Now we will give an example to explain more clearly how the polar decoder making decoding with using

B0 decoding method.

2.2.1.1 Example 3

Example 3: Using Graph Representation Method to Obtain Decoded Block with Using

SC Decoding

Step 0: We should highlighted that frozen bhits sequence are know by decoder. It means that decoder

knows that exactly positions of froeen bits before starting decoding process, And we also assumed that

31



| Frozen Bit | Decoded Encoded LLR
| Pattern | Bit Values
¥ i 0.99

frozenbit | 0 G 1?:} o5 “'{:} 1 {::} 4,52
homenbt! 0 __ /TN 0.99 1) T 7.78
] | L/ L/

Info. bit -4.0.3 1) {} 6.46
':i‘l-ntn».tll'nl:rﬂE 0 T Fall s BE.B5
': l L/ p

Cinfo. bit {} el
! infa. Bt T 0.99
! : L/

‘ Info. bt | -4.03

Figure 12: Step 1.2 and 3 Graph Representation of Polar Decoding for 5C Decoder

we will know channel output LLRs before starting the decoding. Ouwr information block is a = [1011]

and we will use (M=8, K=4) polar code for decoding because of the its simplicity.

Step 1.2 and 3: We will compute left-hand edge LLRs values using right- hand edge LLR values with

the aid of f fanction which is given in Eg.10.

Firstly, we will compute first step LLRs which is represented in Fig.13 as (1), then wsing this new LLRs
we will compute second step (2) LLRs values and finally vsing these LLRs of (2) we will compute LLR
of (3). After that, we should decide encoded value considering sign of (3), in our example, it is positive
s0 the value of encoded bit should be 0. However, we should emphasis that even the LLR value of (3) is
negative we should encoded it as positive becase we already know that this position belong the frozen

hat.

Using the following equation, we can obtain first step LLRs (1), and similarly LLRs of step (2) and step
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{3)
&, r2 stgn( L, Jsignl Ly min( |7, ], |£))
—4.52yy = sign{—4.52)sign{8.85 min{| — 4.52|, |8.55])
—2.07,1y = sign{2.36)sign(—2.07min{|2.36], | = 2.07|)
— 01y = sign| —T.78)sign{0.98 bmin{| — 7.78), [0.99])

=408y =2 sign( 646 signl —4.03 pmin(|6.46], | — 4.03])

Step 4: Now after step 3, a bit {, will be available as U7, = 0. Henee, we can compute another LLR
value for different lefi- hand edge connection with using g function which is given in Eq.10. As a result,
from the following caleulations we can get new LLR value as 306, and we know that it is positive and
we can obtain new encoded bit as 0, but a2 we said before, here is the frozen bit positions and we already

expected that we will get zevo.
'F-'-I' = ﬂif.,. 'El’r' Erq} {l'l}
Ty = —1°0.99 + 2.07

Ty = 3.06

Step 5: After step 4 we obtain two bit which are represented with £, and U in the left-side edge and
this enables the partial sum computations of bits using Eg.12 and 13. As a result, we have obtained

new bits as . = 0 and Uy =0,

Step 6: Now alter step 5, we have a bit U, again, so we can compute another LLR value for different

leeFi- hancl odge connection with using g Funet ion again as it can be seen from Fig 13 and Fig. 14,

After that by repeating the same steps we can complete all graph and we can obtain decoded word as
it can be seen from the Fig 15, After step (11) von can see that actually how decoded process can be
done as N /2 code length which are represented different colours. Moreover, if we remove all frozen hits
from the decoded bits we can obtain our decoded word a = [1011].

&3



Decoded Encoded LLR
Bit Values
0.99 341~ 0.99 11y /T 452 /T
T ﬂ:bFl{..ﬁ" CE | e
3.06 [4) 207 7T 207 (1 T
’ o4 LI L/ e
0 T 5,54 (4] -0.99 1) T -7.78
LS A
-4.0.3 1] ¢ T 6,46
L
0 I [l 8.85
L/ ‘\l.--’
d -2.07
L/
rT™ 0.99
LS
-4.03

Decoded Encoded LLR
Bit Values
059 M 0.99 iz /T 45210 /T
o =D11a"-..-'r 0w ""-..J .a-"r A
3.06 ja) 2.07 2/ Ty -2.07 (1) /T,
A 0 j4) Oi5] L/ "q.._r_.i" s
] T -5.54 (6} -0.89 (1) /T -7.78
w1/ L/
-6.1 | =4.0.3 I:I.LII.I-"""".,L 646
\
o ) T 8.85
WL/ L/
il -2.07
w1/
T 0.99
w1/
-4,03

Figure 14: Step 6 Graph Representation of Polar Decoding for S5O decoder (Other)
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| Frozen Bit | Decaded Encoded LLR
i Pattern : Bit Values
PR S E“"}" ™ 0.99 11 /T 45200 TN L es
i : CTETAS ETT ais) Il'h.l.} 1 famp 1 (a6 1 juog | |||;||1"-.J

| frorenbit | o S8 | 207 m/TH 207 1 Ty _—
| ! 014 ofs) ML 1) ™ A

I ]

| frozenbit | 0 5.54 /T, -5.54 [s) -0.99 (11T 7.78
| | < nm‘"-..-"r 19} 1% 1) 1 SLA

| i

|info. bit| 1 116408 Bl -4.0.3 1 /T 6.46
l | 1im 1im 1% 1 LS

I

| frozenbit | 0% TN Ty TN p3.37 (12| B85
: ! :i"11-’31"--J 0 s 0 j16) p LTRE Qi) @ ) o)

| i 182 35) | 44809 ST 443 11 -2.07
| o bk | " o o !"'n..-"'i 1 [»0] 1 {20 1 ) 1[ra

i i {18} (2o) [a)
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: : 115 1 {14y 1w 119y

Figure 15: Graph Representation of Polar Decoding for SO Decoder

2.2.2  Successive Cancellation List {ECL]

Successive Cancellation List (SCL) decoding method was mtroduced by Tal and Vardy [11] to improve
performance of 5C decoding becanse empirical studies indicate that for short and moderate block lengths.
SO decoding does not perform as well as turbo codes or low density parity check (LDPC) eodes. As
we mentioned before (SC) decoding complexity is ()N log N} when the code length N [1], however the
complexity of SCL is ({LN log N} [11] where the L denotes the list size. L can be any number but it

should be integer, in general it is taken as power of 2, and as mentioned in [11] larger values of L ocoupy

more memory space and inereazes running time althongh causes lower error rates,

We have mentioned that in the 5C decoding section each recoversd information bits depends on two
main things || the first one is the sign of the corresponding LLIRY and the other one dependency with
previous recovered bits, hence, SC eanses eageading errors if an error happens for a particnlar bits. To

prevent this SCL decoding process considers a list of alternative values for the preceding information



hits.

SCL process start with L include only a single kernal information block with length zevo bits [4]. If
decoding process reaches a frozen hit, a bit value of zero is added at the end of the list, while the process
reaches a information bits two replicas of the list of candidate bits are generated which are called as
candidate paths [12]. Here, the first replica adds bit valoe as zero at the end of the list while the second
one adds bit value as one. The number of decoding paths is doubled until the list size reaches decided L
size [12] after that, in the next step. 2L paths are generated and the best L paths are selected hased on
their path metrics (PMs). Moreover, to decide which path will be pruned following equations can be
usexd[4], here to select the best path, lowest metric should be chosen where 7 represent corresponding

LLR, ¢y is the metric and & ; bit value which will be added to the list with position j € [0 N = 1j;
O ilit) = drgoa + Infl + e 11~ ilh) (16)

fpis 1 R e
-1 if 4y = E{l — signlE ) an
Y ]

iy + || otherwise

Also we can represent PM caleulation as a function in Eq.18 which uses Eq. 16 and Eq.17 where PA,_,

last path PM value, L; is the candidate LLR value and w; is the candidate bit value ;

PM, = philPM,_y, L, u;) (18)



2.2.2.1 Example 4

Example 4: Using Graph Representation Method to Obtain Decoded DBlock with Using

SCL Decoding when L=2

Step 0: We should highlighted that frozen bits sequence are know by decoder, It means that decoder
knows that exactly positions of frozen bitg before starting decoding process, Also it is important that
initial path metric (PM;) should set up zero. And we also assumed that we will know channel output
LLRs before starting the decoding. Our information block is @ = [1011] and we will use (M=8, K=4)

polar code for decoding becanse of the its simplicity.

Step 1 We will compute left-hand edge LLRs values using right- hand edge LLR values with the aid of
f function which is given in Eg.10, as in the 8C decoding. After a bit [T, is available we can compute
FPM; nsing Eg.19 as following:

PM; = philPM,_;, L. w;)
PM; = phi( P M. 0.5748,0)
'G‘!_J{r}r__r} ='|::';‘I_.| o~ frr[] +r_l_|—:.'!ﬁr._l-|f'l_|:|

PM, = PMy+ In(l + exp{—{1 — 2= 0) * 0.5748) ) = 0.4465

We know that when we reached the frozen bit there is no need to replicate the paths, so as vou can see

from the Fig.17 we can continue with one path.

Step 2: After a bit {:’,1 = available as L?u = [} we can compute another LLR value for different left- hand
edge connection with using g function which is given in Eq.12, as in the 3C decoding. Following this we
can get new LLR value as 2.4221, and we know that it is positive and we can obiain new encaoded bit

as (0, becanse here i3 the frozen bit positions and we already expected that we will get zero. Moreover



we should continue to caleulate PMy, using PM, and new U, as following;
FPM; = phi( PMy, 24221, 0) = 0.5315

And =till no need to replicate paths becanse we reached frozen bits posiiions.

Step 3: Until reaching an information bit position we should continne to do the same steps of 5C
decoding, only difference we also caleulate PAs values. When we reached the information bhit position
we should consider two situation, for fimst situation we will except the value of information bit as 0,
while in the second situation we will except the value of information bit as 1. Hence, as it showed in
the Fig.17 we should replicate paths and also we should start to eonsider both values on the graph
representation which is given in Fig. 16 with {8.1) and (8.2} with blue and orange colors, Now, we have
two path and when we reach 2L paths we should prune it to get best path, Most importantly, because
of the duplication we should calculate two different PA value which are represented with PA and
FPM;s in Fig.18.

PM,, = phi(0.5397, —10.97.0) = 11.5180

PMya = phi(0.5397, —10.97.1) = 0.5397

Step 4: After partial sum computation of both candidate using ¢ function as in SC decoding .we will
got two different LLR values as 4.34 (12.1) and 13.38 (12.2) which are belong to bit value 0 and 1.
respectively, as it can be seen in the Fig.18. Then we will repeat same steps with SC decoding until

reaching a new position.

Step H: Now we have reached the frosen bit prositions and we will compate two PAL which are eommpited
for dilferent LLERs. Here, onr final decision for the salue of bit & 0 beeaose as owe mentioned before (s
pogition belong the frozen bit, but we have different PAls becanse of the duplicated paths, Fig.18 and

19 represent this process,

Step 6: Using new bit value, we will continue to compute g function for both candidates and when we
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Figure 16: Graph Representation of SCL Decoding for L = 2

reached position of an information bit, we shonld duplicate our paths considering two different bit value
for each LLIE as shown in the Fig. 20 and as it can be seen from the Fig 20 we reached L=4 paths. so we

should prune it because L boundary is given as 2. Here, to choose best path we will choose the smallest
M.

PMy, = phi{12.3446, —4.0005.0) = 16.3721
PMga = phi{12.3446, —1.0095, 1) = 12.3626
P Mgy = phi(0.5516, 13.2190,0) = 0.5516
P Mgy = phi{0.5516,13.2190, 1) = 13.7706

We should prune PAM; and P Mg because they have highest PM values,

Step T: After that repeating same steps we can reach another information bit positions with new LLRs
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Figure 17: Paths Representation of SCL Decoding for L =2

candidates, hence PMs caleulations can done as following;
PAM:, = phi{12.3626, —2.1406,0) = 14.6144
PAfy; = phi{12.3626, —2.1406, 1) = 12.4738
PM: 5 = phi{0.5516, —14.9393.0) = 15.4900
PMsq = phi(0.5516, —14.9393, 1) = 0.5516
We should prune PM;, and PM; 5 becanse they have highest PMs. This process is represented in

Fig.21,

Step 8: After that similarly step 7, with new LLEs candidates, we will compute last PMs values for

last pogition of information bit as following:
PMsq = phi(12.3626, 13.2627,0) = 12.4738

PMsa = phi(12.3626, 13.2627, 1) = 25.7365
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Figure 18: Graph Representation of SCL Decoding for L = 2
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Figure 20: Paths Representation of SCL Decoding for L =2

PMy 3 = phi{0.5516, —37.1070,0) = 37.6586
P Mg = phill.5516, =37.1070, 1) = 0.5516
We should prune P My and PMy s becanse they have highest PAMs. This process is represented in

Fig 22,

As final, we have two paths as candidates, to choose the best path we will choose the smallest PM and
for last decision. we will follow that path for decoding, as shown in Fig.23., According to this, we have

obtained [00010011] and when we remove the frozen bits, we can get decoded word as a = [1011],
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Figure 23: Final Path Representation of SCL Decoding for L= 2

2.2.3 Belief Propagation (BP)

2.2.3.1 Original-BP Algorithm

The belief propagation( BP) decoding algorithm for polar codes is based on the factor graph representa-
tion of the code [20,23]. For moderate length polar codes, it achieves the error correction performance
similar to the suceessive cancellation algorithm at the cost of high storage and computation require-
ments, due to its parallel nature [23]. In the BP decoder, each node (1j) is associated two types of
likelihood message which are called R and L messages [18.23]. We should highlighted that, according
the graph representation of encoding scheme starting point of L and B matix can be changed. In this
paper, right-to-left messages are represented by Ly, o and left-to-right messages are represented by Ry, ;.

1 ) are initiated according to Eq.19, where information bits set is A and frozen bits set is A, [18,23],



and m = logs[ M) represents number of stages in factor graph for (K, M) polar eode.

D iceA
Ry = (14}

s i€ A

In order to initialize right-to-left messages, we set up L 00 with chanpel output LLRs (logarithmic
likelihood ratio). And other nodes set up 2ero for initinl. A Factor graph includes totally (m 4+ 1)V
noddes, and each stage consists N/2 processing element{PEs) for (K, M) polar code. This processing
elements is used for updating the propagation messages iteratively for both L and £ ; [18.23]. The
computations for updating the propagation messages can efficiently be earried ont by using a factor

graph as proposed in Fig.24 with using Eq.20.

L':’-J, — I{LII.\_I;+”'-{Ln:n}:.!':*'”.j--I] + Hl:“-:-!':t'”.j]:l}
f-r_,.glt- = L|.1.:t*- 1 j41) T Il Ir~'I;--J|-Hr + wa]]'
Ry gany = JBg (ipam-n oy + Hiigaman i)

Riisate-n jony = Biigao-n g+ Flliigey + Bug) (20)
Here k = myop., and fla, b) is given in Eq.21
. 1 it fi
flab) =2=tanh™" = {fumh[ij tmuﬁtﬁ]; (21)

Fig.24 shows an example factor graph for BP for the case of (K = 4. M = 8) polar code is given in
Fig.24. Here, factor graph has m = loga(8) = 3 stages with totally (3 4+ 1) # 8 = 32 nodes, and each

stage will consist of 8/2 = J processing elements(PEs), also an example PE is given in Fig.25.

Belief propagation algorithm needs a maximum iteration number { mar.on0n ) 10 obtain stable LLRs.
In general, meryation = 30 can be enough for all block lengths, Based on equations in (20), after the

decoder reaches maximum iteration number mae; i i, mode (i.1) will output the decoded bits based



om hard decision of messages acconding to Fog.22.
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Figure 21: Factor Graph of (8, 4) Polar Code
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Figure 25: Diagram of Processing Element (PE) for BP

2.2.3.2 Min- Sum{MS5)-BF Algorithm

Min-sum approximation method (MS-BP)[158] uses for decreasing complexity of original BP decoding,
According to this approximation processing elements are updating based on the Eq.23. However, error-

16



correcting performance is degraded due to the approximation, as it showed in results (Section 5.3.2).
Y, i, b,
fla.b) = 2 = lanh L w “nuh[;} *.fmnfifi]:l
ean be approximated as
fla, b) = signia) = sign(l) « min(|al. |5 ) (23)

stgn(.) returns -1 if the LLRs value negative, while returns +1 if it is positive, as it is mentioned before,

According to Eq.23 PE equations can be written as below

f..-.:._” —_ .liflyril:f.-[,.ﬁ.”:l . Hiy'il:r"'[:ilﬂ'k"l._r-l-l:l + H[..rgllr-lld:]} x HJJ-HI:“'.{,J{.“,L |-L.||+2|:i-l_|d_|_'|||]
Liisaie-n jy = Lpigsin- vy jny + 8ign{ Ly any) sign( Ry ) * mind| Ly il [Bupl)
Ryijen = -"'iﬂﬂ{ﬁl-.;ﬂ w angne Lo '"J+|:I} ‘ "'f”[“f:-.;ﬂ- |[ff[ar;zl'r ng4ny) + Mo II.;||]'

ﬁi‘“—'ﬂ"'“.\Ji-j:l = I.rl:-l'i'ﬂ'“"'”..;il b =‘”§“{LI'|.;I ”} L] .?i!-ﬁ“{ff:l_.ﬂ} L] Ti'”.”ill'i'“._l‘l‘l:ll" |ﬁ',;|_.|:||::| {E—I}

2.2.3.3 Scaled- Min- Sum(SMS)-BP Algorithm

MS- BP algorithm has some disadvantages due to the approximation. In order to avoid performance loss
in [18] scaled-min -sum (SMS)- BP algorithm is proposed, They introduced a "s" scaling parameter in
order to offset the approximation error. Thi i}nm:}m:] ShS H]gurilhut with 5 = 0.9375 can obtain extra
0.5 dB decoding gain over MS-BP. In that ease, the SAS algorithm can achieve a similar error-correcting

performance with the original BP and SC algorithm, as it can be seen in the resnlt section.

L['-\Jb — ,ﬂ'*-ﬁfﬂ'-"[i.i._}'“:l ] ﬁfﬂ"r{L“{_zll -|.|d+”' + er+3”"”4:l} ® ‘"“i"E|L*IJ+|:I|"1L|:|+2':*'“J--]]I]
Liioan-n g = Lygau-n joqy + 5 # sign{ Ly jon ) * sign{ By g, ) = min(| L ionl [/ g))
H[i__,+|| = 5 *-"H'_I]H{R.h"j]::l *ﬁf!’_,l‘lr{L-l.-+3|J.---|:|_J+” 4 +R|"|-1'J""""-Jf'} = ﬂif"“ﬁ[.ﬂl. |L1,+-_p_|:t-|:-u;+-|| = +H1,424:r-:|:-1“‘|]

H,:.-,ilr--ul_ﬂ_” = HI;H!“"'”.}I + R & -‘Fl'-ﬂnlll:f.-.;ld+;:.]' ® -‘ﬂﬂﬂ:.ﬁ‘q,d;] ® ﬂiiil'f[IL[4L|+|p|. I.ﬁ'.:.'dpl} {25}



2.2.3.4 Example 5

Example 5: Using MS-BP Decoding Method to Obtain Decoded Block

Step 0: We should highlighted that froeen bits sequence are know by decoder. It means that decoder
knows that exactly positions of frozen bits before starting decoding process,  And we also assume that
we will know channel output LLRs before starting the BP decoding.  Decoded information block is

a = [1011] and we will use (K = 4, M = 8) polar code for decoding, According to these;
Frozen Bits Sequence = (Fm:i'rr Frozen Frozen Info. Frozen Info. Info. Infﬂ.)
Encoded LLRs= Channel Outputs = (—-I.r:-i' 236 —7.78 6.46 883 -2.07 0.99 —-l.n.’i)
Step 1: Factor graph of BP is created for the case of (K = 4. M = 8) polar code. Here, N = M and

factor graph has m = logs(8) = 3 stages with totally (3 + 1} =8 = 32 nodes, and each stage will consist

of 8/2 = 4 processing elements{ PEs).

Step 2: R, are initiated according to Eq.19 and L e = Ligy are initiated with channel owtput
LLRs . According to these, we obtain following matrices. And other nodes set up zero. For the casze of

(K = 4. M = 8) polar code maz;,oion = 2 will be enough for correct decoding.

oo O 00

Rz =

0 000
0 o g

0 000




000 —-4.52

00 0 236
000 =778
00 0 646
L'Ii.li'l —
o0 0 &85
0 0 0 =207
00 0 0,099
0 ¢ 0 —4.03

Step 3: Firstly, we will update the dght-to-left messages for f.r:u”- Based on the first eqguation in Eq.24

we can start to calealate Ly 4.

Liijy = stgnl Ly jon) = sign{ Ly que-n 00y + Rigpgnen g )& min{| L geon s | L ge-ngenl)

Livay = sign( Ly ) = sign{Lysay + Risa) * "’””“1‘:'1 I.-L:||~ L + R-:r.:::ll:'

Liya) = sign{ —4.52) * sign(8.85 + 0) * min{| — 4.52|, |8.85 + 0]}

Lia = ~4.52

A for Lis 5, we should use second equation in Eq.24;

L[.- e I Lqr.rzﬂ—n.ﬂu + sign( Ly jon ) * sign( By g ) = mind| L ol [Bigl)

Ligay =L + .-:r'yH[L,I”J] * .liiyn[fl'“_.,:l}l w i | Lol 1R aml)

Lisa = B.85 + sign(—4.52) = sign(0) = min(|0], | — 4.52])

L':-_I-H-J =R B854



And new matrix will be as followed;

- 0 0 =450 —4.5200 "
0 0 0 2. 3600
0 0 ] —7.7800
0o 0 G, A G00

Liigy =

0 0 88300 B85
o0 0 =2.00700
o0 0 (G000
0 0 ] = 405300 |

Step 4: After that by repeating the similar steps we can complete all graph, 'We must be careful abont
fi; 1) values when we come to the stage 1 which showed in Fig.24 because of the initial values of R

matriz. Henee, final graph will be as follows and we will call it as first iteration for L matrix;

- 000 09900 —4.5NK  —4.5200 |
30600 20700 20700 2.360{
0.9900  —0.9900 —0.99%00 —7.7800
e —5.0200 —4.0300 —4.000 64600
o 09900 0.9900  8.8500  B.EHN
0600 20700 2070 —2.0700
=0.9900  0.9900 09900 0.9
=4.0300 —=4.0300 —4.030) —4.0300

Step 5: Now we can start to compute [ ;, matrix. using last two equation in Eg.24.
Riijeny = stgn{ R ) # stgn( Ly can-n o + +Rigan-n ) # mim( Ryl [ Egon-v g + R )
Riyay = sign{ Ry 0y) » sign{Liaay + + Ry} » min(| Ry ). [Lagy + + )

M)



Riyoy = sign{Inf) * sign(2.0700 + Inf) + min(|Inf)], |2.0700 + Inf])
Ropay=Inf =00

And for Rizq we should use the last equation in Eq.20;

B gty = Rnn-!* -1 4) + #;y"{LJrJrI]} " Hi—#““ﬁ.._.;} . r”‘;”[”‘ﬂl..h nls |H.:,,_,:,|}
Rizzy = By + sign( Lo g) * sign{ Ry )« min(| Lozl [ 8o )

Rizay = Inf+ sign(0.9900) * sign{0) = mini [0.9900], |0f)

Biggy = Inf = oo

And new matrix will be as you can see below;

Inf Inf 0 0

Inf Inf 0 0

Inf 0 00
i 0 00
Ry =
Inf 0 00
il 0 on
§] TR I
f 0nonon

Step 6: After that by repeating the similar steps we can complete all graph for Ry ;. Hence, final

graph will be as follows and we will eall it as first eration for B matrix:;



fnf Inf —5.0200 —5.0200
Inf Inf  —50200 30600
Inf —4.0300 —8.5500 —3.0600

. 0 =090 =3.0600 30600
- L

{i.g)

Inf 20700 0.990 55100
il 0.9000 09900 -3.3500
il il 207K 9.850K)

0 i —0.94900  —4.0500

Step T: Now we can said that one iteration completed. For the second iteration, we will use .ﬁ'i'J_JJI to
calenlate L?ul which is the second iteration of L matriz, If we follow similar step with we done before,

new ealealate L?Lii will b as yon can see below;

452400 L5200 =450 —4.5200

iR 23600 —2.3600 23600

Ta800  —T7.5800 —3.0600 —7.7800
. —14.9600 —7.3800 —5.0200 G460
I"I'_J..u]:l =
AA300 BTT000 133700 BN
1532000 44300 —44300  <=2.0700

=8.0800 108400  ST7700 09K

=5.0800 =B.0800 70N 408500

Step 8: Similarly for ﬁ‘?’ ;) we follow similar step with we done before, and new matrix will be as

i |
F



followed and also we reached masicrmm = 23

fnf fnf = L4400 —=10.4400
Inf Inf —12.6000  9.1600
fnf —7.3800 —119000 —5.4200

0 —7.5800 995400  5.4600

]

Inf 44300 44300  8.9500
0 &TT00  —T.0000 —D.4500

0 0 4. 4300 122100

1] 0 =4.4300  —=10.8900

Step 9: After the decoder reaches maximum iteration number maz;,.. = 2, node (i, 1) will output the

decoded bits based on hard decision of messages according to Eq.22, Henee decoded bits will be ;

"'..=(n 0501000 1)

if we remove the frozen bits we can get the decoded bit sequence which is equal the information bit

f‘1=(1 01 I)

Also we want to highlighted that although second and first iteration can give the same decoded word,

LR I HLE e i

LLRs values of Ly in the second iteration has higher magnitude then first one as you can see below,



and this increases the reliability of decoding.

First Iteration  Secowd Dleration  Hand Decision

0.9500 4.5200 0

ERLELL G 88000 0

(.90 73800 0

Lig=| —50200 = 19600 1
0.9 44300 0

30600 133 206000 0

~(LIEI) =8.0800 1

| —4.0300 —8.0800 1 |

2.2.3.5 Soft Cancellation (SCAN) Algorithm

The soft-cancellation {SCAN) decoder is introduced by Fayyaz and Barry in [16], which achieves perfor-
mance gain with lower complexity compared to original BP and converges much faster than the original
BP algorithms [24]. The SCAN decoding can be seen as a mixture of the SC and Original BP decoding
23] becanse the operation scheduling is similar to the SC one while propagation messages are updating
ieratively in both ways as soft information for both Ly ;; and H,;,-_J;,[?:':]. Initializing of Ly and Ry 4
are same as given in Original BP, and for updating propagation messages Eo.20 can be nsed which is
given in original BP section. Moreover, same factor graph in Fig.24 can be used. In [25], it is claimed
that only few iteration with the SCAN decoding algorithm can give beiter performance than 50 iteration

of the Original BP algorithm.

i |
pe



2.2.3.06 Example 6

Example G: Using SCAN Decoding Method to Obtain Decoded Block Step 0: We should
highlighted that frozen bits sequence are know by decoder. It means that decoder knows that exactly
positions of froeen bits before starting decoding process. And we also assume that we will know channel
output LLRs before starting the SCAN decoding.  Decoded information block is a = [1011] and we
will use (& = 4, M = 8) polar code for decoding, Moreover, same factor graph in Fig.24 will be nsed.

According to these:

Frozen Bits Sequence = (Fi'nzrrr Frozen Frozen Info. Frozen Infe. I'nfo. Fr:,.lr-:r.)

Encoded LLRs= Channel Outputs = (_-I.E‘l 236 -7.78 6.46 885 —2.07 0.99 —.l-ﬂﬂ)

Step 1: K, are initiated according to Eq. 19 and Ly 05y = Li 4y are initiated with channel output
LLRs . According to these, we obtain following matrices, And other nodes set up zero, For the case of

(K =4, M = 8) polar code mar; onee = 1 will be enough for correct decoding for SCAN decoding.

!'rlil‘_r'l=
oo U 0 0

0 0040

o



L=

0 o0

o o

i)

il

0

—4.52

2.30

—~7.78

4G

8.85

=2.07

(.59

—4.03

Etep 2: To update propagation messages, we will follow schedule which is presented in table Table 1.

Every column should be followed from top to bottom and then should be pass other column.

Table 1 Scheduling for SCAN to Update LLRs Values in One Iteration for (K = 4, M = 8) and

STCG=stage
1 2 3 4 ) i T 8 0 10 11 12 13
5TG3 | STG2 | STGL | §TG2 | STG1 | 8TG2 | STG3 | STG?2 | STG1 | §TG2 | 3TG1 | 5TG2 | 5TG1
Loaw | Loa | Bos | Loy | Bas | Pox | Liss | Lea | Bes | Loo | Bes | Bea | Lo
Lﬂ.ﬁ:l L’I?-.'.i:l -H-I"E.E:I LH.E'F lq.H.EI H’I".i.".ﬂ:l L11.'|.:I:| LI'I,’-,_‘.E] R‘I‘.i-.'.i:l LIHJ:I HEH.IF RITI.J] IE"'IE".I:I
Lﬁ.:ﬂl I{I_-'ﬂ-.i'!] LIT.SEI HI’T.:]] L’-Iﬂ.l:l
Liam Ry | L Riss | Ly
Lisay
Liga)
Lz
Lisy

il




Step 3: According to Table 1 if we follow columns 1 and 2 for updating the right-to-left messages for

Lii gy based on the st equation in Eg.24, we obtained followed matrix.

= =

0 0.9900 —4.5200 —4.5200

0 20700 =2.0700  2.3600

1] { —(.9900 —T. T8

1] 1) =050 G600
Liig =

(b ( 0 H.8500

{0 L ) —2.0700

1) L 0 (L9500

0 0 (0 — 4. 05300

Step 4: According to Table 1 6 we follow column 3 for updating the lefi-to-right messages for Ry

based on the thivd equation in Eq.24, we obtained followed matrix.

Inf Inf 0 0
Inf Inf 0 0

Inf D 00

i 0o
ﬁ"[]_\-':. =
funf 0 00
0 0 o0nn
0 L I
[ 0 oo

Step 5: According to Table 1 if we follow column 4 for updating the right-to-left messages for Ly

based on the secomd equation in Eq.24, we obtained followed matrix.

&n
=1



0 09900 —4.5200 —4,5200

0 20700  —20700 23600

0 =5.5100 —0.9900 -=7.7800

0 =G 1000 —=4.0300 GAGIN

Llub =
0 0 0 5.8500
0 0 ] - 2.0700
i { 0 LR
i L 0 —4. e300

Step 6: According to Table 1 if we follow columns 5 and 6 for updating the lefi-to-right messages for

Ry based on equation in Eq.24, we obtained followed matrix,

Inf Inf ~7.0800 O

inf Inf —09.5400 [
Inf —6G.1000 —10.6200 O

0 =33100 =7.5800 0O

R-:u] -
i i ] i ]
] il i ]
] il i i
] i i ]

Step T: Now, we finished the first half of the both Ly, and K ) matrix. To caleulate second half,

according to Table 1 we will do step 7 and 8 for updating the right-to-left messages for Ly, ;, based on



the second equation in Eq.24, we obtained followed matrix.

- -

0 04 —4.530  —4.5206)
0 20700 =20700 23600
0 —55100 —0.9N0 —7.7800
0 —6.1000 —4.0300 G460
'rvlfu:l =
0 57700 133700 B85}
0 44300 —=4.4300 <=2.0700

0 1] 87700 (. HEMN)

0 1] = 104NN —4.0500

L -

Step 8: After that by repeating the steps which are given in Table 1 we can complete all graphs.

IALLLL (149900 —4.5200 —4.5200
30600 20700 —=20700 23600
55100 55100 —0.9900 —7.7800

p L6100 —6.1000  —4.0300  6.1600

gy =

LA 87700 133700 88500
13. 2040 44300 —4.4300  =2.0700
= 132000 13.2000 B.TT00 (IRLLTIE

=14.9200 —14.9200 —10.4900 —4.0500




Inf Inf —T7.0800 0
Inf Inf —0.5400 0
Inf —G.1000 —10.6200 0O

j 0 -55100 -7.5800 O
R':

il =
Inf 4.4300 44300 0

] i =BT70 0
] 0 44300 0

1] 1] —4.4300 DO

Step 9: After the decoder reaches maximum iteration number max, = 1, node {i. 1) will output the

decoded bits based on hard decision of messages according to Eq.22, Henee decoded hits will be ;

ﬂ}=(n 001001 1)

if we remove the frozen bits, we can get the decoded bit sequence which is equal the information bit

(00)

Also we want to highlighted that although SCAN has only first iteration, magnitudes of LLREs values

SN i | e Lo

Gl



considerably higher than the first iteration of BP decoding, as it shown in the below

l'-u.-l.] -
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3 Planning

Time is used effectively and efficiently thanks to planning, so that the project can be completed sue-
cessfully and on time. Hence, in this section planning details of this project will be presented. We
divided planning steps into five main part, Section 3.1 introduees top-level project objectives. Section
3.2 presents project tasks., Suecess eriteria and available resourees are explained in Section 3.3, The
problems that may be encountered and possible solutions are given in seetion 3.4 and finally Gantt

Chart to overview of workflow of the project is presented in Section 3.5.

3.1 Top- level Project Objectives

This project aims to achieve the following top- level objectives, First of all, this thesis is intended to
provide detailed information on the subject of Polar Codes (PC) encoding and decoding process for
anyvone interested in learning about it. Especially for PC decoding, this project aims that providing
information in the form of a background knowledge for each common decoding technigue such as 50,
SCL and BP, with examples and simulation results, also considering different combinations such as
different coding rates and list sizes. Another and most important top- level objective of this project is
that implement BP decoder with different schedules to find optimized BP schedule and comparing this

schedules with provided BLER curves of SC and SCL decoding methods,

3.2  Project Tasks

The above-mentioned top- level objectives can be divided into the following sub-tasks. First of all, search
background information for Polar Codes (PC) to understand encoder and decoder process. Secondly,

do an example using hand caleulation for Polar Encoding. After that, use graph representation method
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for Polar Encoding example.  After creating the detailed background knowledge for encoding, give
background information for common three decoding methods which are 3C, S3CL and BP. Alter each
decoding method explanation, do an example using hand caleulation to make them more nnderstandable.
After eveating a basic idea about the operation of commeon decoding methods, give detailed explanation
of each proposed beliel propagation (BP) decoding schedules for Polar Codes. Then, simulate to get
BLER curve of SC with different combinations such as using differem coding rate and block lengths.
Similarly. siomlate to get BLER curve of SCL with different combinations such as using different coding
rate, block lengths and list sizes. Sinmlate proposed schedules to find best BF schedule, After obtain all
resilts for decoding methods compare them to show pros and cons of proposed BP decoding schedules,

Al !i]IH.HI\-'. complete 15.000-word report.

3.3 Success Criteria and Available Resources

In thiz sil-zection, sueeess eriteria which are should be met for this project to b ziieceszful, will be
prosent, as well as resources which are provided by the university of Sonthampton to met needs of the

project,

In order for this project to be suceessful the following criteria shonld be met; We should obtain same
resitlts using both hand ealenlation and MATLAB software for Polar Encoding example.  Similarly,
we should obtain same resulis using both hand caleulation and MATLAB software for cach decoding
method example which are belong to 5C, SCL and BP. For proposed BP schedules we should achieve
BP decoding omtputs a2 LLR values, Moreover, we should manage to create self consisted LLRs as
output of BP. And as final, we should create 15,000-word report before final deadline which is Tth of

September in 2007,

The following resources have boen provided by the University of Southampton for the suceess of the
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project; R2017a MATLAR software program which will be used to obtain BLER curves.  Also the
University of Southampton Supercomputing facility which is called " Lyeenm”™ can be used to obtain
simulation results in order to prevent time wasting herause of the complexity of algorithms. Above all,
WebChat and DelphiS which are interfaces to allows vou to discover electronic and print items in the
library's collection are the resources which are provided by the University of Southampton.  Finally,

template codes of SC and SCL encoding and decoding are provided by Prof. Rob Maunder.

3.4 Risks and Solutions

The following risk were outlined together with their impact, probability and solution. Firstlv, we can
sabd that giving an example using hand ealenlation to show all steps of encoding and decoding for Polar
Codes may constitute an obstacle for our project becanse sometimes calenlations can be complex and
difficult to follow decoding order for lnmans, especially for long block length. As a solution of this, we
will choose very basic example with small block lengths, also using approximations for some equations.
Another rigk is that failing to produce BP schedules (some of them or all of them) will ereate significantly
negative effect on the project and we can said that it has very high probability, to reduce effect or to
remove completely we should research past dissertation papers on the same topic and actively work with
supervisor in order to debug all arising problems. Also complexity can be very high to run the simulations
in individual computers for decoding algorithms, this risk have high probability and high negative effect
om project, but we can redoee of this effect using the University of Southampton Supercompating facility
which is called "Lyecum”. Anoiher high probability risk is that failing to obtain sell consisted LLRs
values as BP outputs. to solve this problem we should check onr algorithms using small block length
as an example also we should decide enough max iteration number for each decoding schedule,. Above
all, being ill can have a negative impact on the project, however, taking care of vourself and following

the plan will reduce this effect. Another risk is that computer can be damaged although this situation
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has low probability, but it has very negative impact on the project, as a solution, we recommend that
copies of studies, should always store also in safe aren. Moreover, failing to meet deadlines is another
risk which alse have significantly negative eflect on project, to connbat this we should carefully manage

tione with the aid of Gantt charts.

3.5 Gantt Chart

The final deadline for this master thesis is the Tth of September, which means that to complete all
project suceessfully we only need almost 13 weeks, We have used a Gantt Chart to overview of how
the workHow of the project was carried out. In order to use this limited time effectively and efficiently

Gantt Chart should be design carefully, the Gantt Chart is given in Fig.26.

According to Fig.26. to scarch resourees for background information of PC, 1 week is appointed. After
this process, we have appointed 1 week for encoding and 1 week for decoding process in order to create
the detailed background knowledge for project. For SC decoding method and SCL decoding method 2
and 2.5 weeks are appointed, respectively, Becanse SC decoding is the basis for all decoding technigques,
we will first study this method and we can not pass it on to other technigues without understanding
it completely. The reason why we are going to share 2.5 weeks for SCL is that the SCL technique is
more complicated than the SC technigue. After finishing these two basic decoding technigues, we were
able to separate 2 weeks for the BP technigque, which is very important for us to complete the project.
The reason of that, BP decoding which will be called as Original BP, will be the basis for our proposed

methods, Hence, we will spent titne on it as much as SC decoding after finished SCL decoding method.

We also separated the last dayvs of the duration for 3C decoding to get BLER simulation resalts of 5C
at the same time, which will take 1 week. We will use these results as a reference for other decoding

technigques, because we first do 3C simulations. Similarly, we also separated the last days of the duration
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for SCL decoding to get BLER simulation results of SCL at the same time, which will take 1.5 weeks.
The reason why we are going to share 1.5 weeks for simulations of SCL is that as we mentioned before,
the SCL technigue is more complicated than the 5C technigque and according to the list size, to obtain
results ean take much more time. As already mentioned, template codes of SC and SCL encoding and
decoding are provided by Prof. Rob Maunder. Henee, there is no need to appoint a time for writing
code for them, although there is a need for appointing a time for original BP algorithm which will take
1 week, Also, we are going to share 1.5 weeks for sinmlations of original BP because we should be sure

that original BP results are correct to make comparison with proposed scheduoles.

Alter completed understanding BP decoding method prooss, we should start to write proposed BP
schedule algorithms. Hence, we will start to work on the algorithms of proposed methods from the
middle of in August, and we plan to spend about 3 weeks for it. During the almost same time, we will
also obtain BLER resalts for proposed algorithms, We should highlighted that last month is crocial to
complete project successfully. Any problem that may arise during this month, may have a very negative
impact on the completed suecessfully of the project. We can not specify it in the Gantt chart becanse of
the time limit, if we want to define additional time to solve the problems that may arse. It is therefore
recommencled that the Gantt chart be followed closely. In addition to all these, we will write our thesis

as report thronghont the whole process, which is abont 11 weeks apart.
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Figure 26: A Gantt Chart to Show WorkHow of the Project

4 Implementation

In this section, implementation details of this project will be presented. In the first subsection, we
will implement original BP decoding method to use as reference BLER curve for proposed schedules.
In next subsections, we will present proposed schedules 1. 2 and 3, respectively. All algorithms are
generated with nsing MATLAB software, and also are used QPSK (OQuadrature Phase Shift Keving )
modulation. The reasons of choosing QPSK modulation are that it can be easily applied and also in
practice it is one of the common modulation technigues. Thanks to the MATLABR program, the desined
maodulation technique can be easily applied only by modifving the modulation and demodulation part.
For this project, all simulation results obtained using University of Southampton supercomputing facility

* Lyoram”.

67



4.1 Original BP Decoding Method

Az it mentioned before in Section 2.2.3., to implement Original BP decoding method we will follow

equations which are given in Eq.20 as well as similar factor graph in Fig. 24 with same PE in Fig.25.

4.1.1 Generate Random Input bits

The first step to establishing the polar encoder i to generate random bits which are 0 or 1. The random
bits are generated by using some funetions available in MATLAB, which contimnously generate random
bits in the form of an array, and array size depends only K information bitg length, We will generate
hits as frame. The reason of generating hits as frame is that it makes easy and fast to compute BLER.

This generated bits will be input of the polar encoder,

Listing 1: MATLAB eode for Generating Random Input bits

P Generate a random [fame of bits

a = round{rand{1l . K)):

4.1.2  Apply Polar Encoder and Generate LLRs

As it mentioned before in Section 2.1.1., Polar Encoder takes information bits with length & and turn
into encoded block with length M by adding frozen bits. The steps to be followed at this stage are quite
similar to the Example 1. The inputs of the polar encoder are that generated bits a and encoded block

length M.

Firstly, generate (N — W )—entry puncture position set as a row vector which is called P, Then, generate

(M — K)—entry frozen set as a row vector fA-4%-1

. To abtain frozen set, we will select the first (M - K)
entries from the € whose values are smaller than ¥ and do not exist in PYY -1 After that, generate
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(N — K)—entry frozen positions as a row vector UV %=1 Initialize the input binary vector by the

setting the zero onto the positions defined by UY %! {frozen bits) and putting & information block

A= Lo use Eq.5 which is given in I".'xmu]hbu

onto the remaining entries. To obtain encoded block By = (r
1. And finally with shortening, we should generate b = Iliinj when £ g PY Y1 o abtain encoded

block. We should highlighted that this encoding steps are also same for other decoding technigues.

After completed polar encoder, QPSK modulation will take encoded block as input.  Moreover, to
simulate a real transmission we will add channel noise onto QPSK signal, then we will do QPSK
demaodulation. We should highlighted that we will generate LLRs values of the channel output from the

demodulated signal. These LLRs values will be input of the polar decoder.

4.1.3  Apply Polar Decoder

We will take LLRs values of the channel output and information bits length K as input of the polar
decoder, As it mentioned before, decoder alwavs knows exact positions of the frozen bits before decoding
process. Henee, firstly we should start with same steps in encoder to teach frozen bit sequence to the

decoder,

After this, we should decide the moarppee tumber to get stable LLRs. After some exporiment, we
have decided mor;pnee = 30 will be enough for all Bock lengths, Although small code lengihs reaches
target BLER with small number of iterations, we need to decide on a fixed nomber of max iteration to

make a fair comparison between BLER performances,

Then we should intialize left to right messages Ly, j, and right to left messages K, ;) as it showed in
Example 5. According to Fig 24, we will compute processing element. (PE) which is given in Fig.25 lor
each stages, In that point. similarly Fig.25, Fig. 27 represents functions names and aims which are called

to compute nodes, The stages will start for L from mgege, = log2{ M) = k and it will end in stage
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1, and vice versa for 5y .

CN-g-out =Ly 4 VN-a-ouf =L 001 5
CN-c-out =Ry, 44y VN-v-oul =R a0 500 (26)
(]] CN_c_in CN_a_out li, j+1)
@ eN &
CN_c_out CN ain
VN _c_out WiV _a_imn
.' VN .
ﬁ*_'zh—i' il VN c_in VYN _a_out [i+2%1, 1)

Figure 27: Functions of Processing Element for BP

After reach max iteration number, according to Eg.22 we will decide value of each hit, We called this
decision step as hard decision. Finally, we can remove frozen bit sequence from the decoded block and

we can obtain decoded information block.

We must emphasize that, as a result of the hirst decoding operation, our BLER performance was very
poor, we notice that the reason of this, after the recommendation of our supervisor, the factor graphs
for encoding and decoding were not the same. I we elarify more clearly, yon should follow the encoding

graph in reverse for decoding,

To make it more understandable, followed schedule for original BP when (K=4 A=8) is given in Table
2 as an example. Every column should be followed from top to bottom and then should be pass other

cidiimmn.,



Table 2: Scheduling for Original BP to Update LLEs Values in One Iteration for (K =4, M = 8)

Staged | Stage2 | Stagel | Stagel | Stage2 | Stageld

LI;I.H-I LH.H L”,” HEI.E’J lFI-"E?I.?I-I Rﬂ,.;;

Il'I;:l.l:l-l Lﬁ.ﬂ IElII{E.I:l Rtﬂ'.?l Rﬂ.ﬂ-i Rﬂ.wl-:l

L[:F..“I-l LH.E":- LF‘I.I:I Ri;l.:.."l Rﬂ.‘!.fl-i H-h‘.'l.-l.:l

Ir-1'[-I-.i-I.| lr--'i-l.!.'.‘l Li-l.l: lﬁllH..'.’] l‘-'rﬂ-l.i{r R{I.-I.}

L[ﬁ-.'-:lnl Lﬂ-ﬁ.ﬂ Li.’l.lil IﬁIf:'l.i"l Hl:-’l.'-ﬂ Rﬂ-‘l.-l}l

LIE-.:'I-] Ll{l].i":l Llil].i:l RI:E-.TI -H'I'I-.-’F:I Rﬁd.-l:l

Lizay | Lizwy | Lizy | By | Bom | Fea

Eixay | Ligm | Ly | By | Ray | Beey

4.1.4 Preparing "Job" File for Supercomputer

Although, small block lengths such as & = 4,8 or 16 can give results on individual computers after
few hours, moderate and longer block lengths take much more times, like days, In order to take more
smoather results in less time we should use supercomputer, University of Southampton supercomputing
facility " Lyceum”™ consists of 16 powerful computers and each one can be ran 24 hours, As an example,
to obtain BLER of (K = 5312, M = 1024), from 0 to 5 E,/N,, job divided into 6 powerful computers

and each one run 24 hours. After simulation completed, results are combined to draw enrve,

il



4.2 Proposed BP Decoding Schedule 1

The steps to be followed are exactly the same exeept for the polar decoder part in the original BP
decoding steps, so in this section only the proposed polar decoder will be presented in detail. Moreover,
similar stages will not be repeated in original BP decoder such as determine exact positions of the frozen
bits before decoding process, decide mar;epion mumber to get stable LLRs | initialize Ly and By, .
and as final hard decision step. If we clarify more clearly, proposed BF decoding schedule can be easily

applied only by modifving the computing part of LLRs of L and B Matrices.

We should emphasize that in original BP decoding schedule, after the completion of each node in one
stage, the other stage 18 passed, as it can be seen in the Table 2. According to our proposed schedule,
we first calculate the odd nodes in one stage, which are represent by (i = odd, ), then the other stage

15 passed, after all the odd nodes ends in each stage, we caleunlate the only even nodes for each stage.

We can summarize the proposed schedule as follows
1) Compute odd nodes in each stage for L matrix
2) Compute odd nodes in each stage for R matrix
3) Compute even nodes in each stage for L matrix
4) Compute even nodes in each stage for R matrix

3] Repeat above stages until reach mad, o mumber

To make it more understandable, followed schedule when {K=4.M=8} is given in Table 3 as an example.

Every column ghould be followed from top to bottom and then should be pass other column,



Table 3: Proposed BP 1 Scheduling to Update LLRs Values in One Iteration for (K =4, M = 8)

1 ' 3 4 o fi T & L 10 11 12
Staged | Stage2 | Stagel | Stagel | Stage? | Staged | Staged | Stage2 | Stagel | Stagel | Stage2 | Staged
Lom | Loa | Loy | Bos | Ras | Roa | Los | Los | Lo | Res | Ras | Roew
Lan | Loa | Loy | Ban | Bes | Row | Lus | Loz | Loy | Ban | Bas | Rae
Lpw | Loy | Lony | Ben | Ben | Row | Ly | Lien | Leny | Ben | fen | e
Leay | Lo | Low | Ban | Bea | Bew | Lew | L | Len | Ben | Fes | Bea

4.3 Proposed BP Decoding Schedule 2

Similar to the proposed BP decoding schedule 1, similar stages will not be repeated for proposed schedule

2, we only explain the computing part of LLRs of L and R matrices. For this schedule we will followed

viee versa of the schedule 1. By expressing it more clearly we will compute even nodes first, and then

we will compute odd nodes. We can summarize the proposed schedule as follows

1) Compute even nodes in each stage for L matrix

2) Compute even nodes in each stage for R matrix

3) Compute odd nodes in each stage for L matrix

4) Compute odd nodes in each stage for B matrix

3] Repeat above stages until reach mar;, oo, number

And in Table 4 followed schedule is given in as an example, when (k=4 M=8). Everv column should

be followed from top to bottom and then shonld be pass other column.
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Table 4: Proposed BP 2 Scheduling to Update LLRs Values in One Iteration for (K =4, M = 8)

1 2 3 4 0 i T 8 b 10 11 12

Staged | Stage2 | Stagel | Stagel | Stage2 | Staged | Staged | Stage2 | Stagel | Stagel | Stage2? | Staged

Lﬂi.!ﬂ Lﬂ.!! Ll!-.l:l Rﬁ.ﬂ- RW.H::I RI,E.-I:I LH.H-F LH.E:I L‘I,'l A Hﬂl.ﬂ Rﬂ.:l:l HI 1.4)

Lﬂ-lu.!]-li LH.?J LH.IJ Rﬂ-l.ﬂ RH.TH Rll.-i:l LESJ‘H Ll{ﬂ.:l!l L’[."LI'I Rl:-'ﬁ.ﬂ R!:'I.iﬂl R[H-.-F]

Lil:i.:ﬂl Liﬁ.:ﬂ L’H‘L]] Hiﬁ.i"!l H-:l.i.‘t:l -HI'H. ] LH.:H Lﬂn.::.-:- -L'I'!u.:l] ﬁlﬂ&.ﬂ Hﬁ.:ii -H[.'L-I:]

Li:?i.i{:l L{H-.!..":I I—{H-]:I Rh‘l.!.!i RIH.H:I ;'EI_-H.-i] Li?.iﬂ Ll e | L’IT,!I] RI:T.!H ﬁrﬂ?.i!: RI'T.-I.:I

4.4 Proposed BP Decoding Schedule 3

As proposed BP decoding schedule 3, we will apply SCAN decoding, only difference than SCAN decoding
which mentioned in Subsection 2.2.3.5, is that we will not compute LLRs for frozen hits, and this will
reduce the complexity and required space in memory. As an example, in Fig.28, red nodes are not
cornprted becanse rlur:,.- belong the frozen bits, and this influence complexity. Depends on the frozen
hit pattern an froeen bit positions, if information bits length inereases, the momber of nodes which are
not computed will inerease. The numbers of reduced nodes are presented in Table 5 for different coding
rates and lengths, Moreover.in Fig. 29, comparison of node numbers to be caleulated for SCAN and
proposed SCAN is presented for longer block lengths as graph. Above all, we should highlighted that we
applied SC schedule for proposed SCAN with updating propagation messages iteratively in both ways

as soft mformation for both Ly, and Ry ;.
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Table 5 Comparison of Node Numbers of L; ;) To Be Caleulated for SCAN and Proposed SCAN

Code Lengths

SCAN Node Num.

Proposed SCAN Node Num,

Reduced Node Nuam.

(K=8M=16.I=1/2) S0 64 16
(K=16.M=32,R=1/2) 192 152 40
(K=32M=04,R=1/2) 445 34 B4
(K=64 M=128 R=1/2) 1024 828 1463
(K=128M=216.R=1/2) 2304 1852 452
(K=216,M=512,R=1/2) a0 4064 1056
(K=512.M=1024,R=1/2) 11264 M52 2212
(K=1024, M=248,R=1/2) 24576 19528 5048
(K=128 M=384 R=1/3) 5120 G 1656
(K=216.M=0(48,R=1/3) 11264 7812 3452
(K=512,M=1536R=1/3) 24576 17480 709G
(K=1024,M=3072, R=1/3) S3248 FRGED) 14588

4.5 Complexity Analysis of Decoding Methods

I this subsection, we will evaluate complexities of all decoding methods which mentioned in this paper.

We know that SC decoding has the smallest complexity, where V is the block length with O NlogN).

And as it can be seen in the result section SCL has bhetter performance than SC with higher complex-

ity which is C{LNlogN'). Although required more memory space and more computation complexity,

Original BP has slightly better performance than 5C for moderate and longer code lengths, And we

can said that proposed schedule 1 and 2 increase required steps to complete each iteration but doing




less computing, and they present same BLER performance with Original BP. However, we could not
observed considerable reducing in the decoding time although they reguired less computing for each step.
Furthermore, we observed proposed schedule 3 which called as pmpmuﬂ SOAN with ame schedile of
SC. has better performance than Original BP and we sueeeed the reduesd the complexity and reqguired
space in the memory according to original SCAN by not computing frozen bits LLRs when we updating
right-to-left propagation messages, However, in terms of performances there will be no difference as it

can be seen in the the result section.
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5 Results

This section, presents BLER vs. E, /A, performances obtained from the MATLAB software by basing
om implementation section,and using Lyveeum sapercomputer. In Subsection 5.1, 5C decoding perfor-
mance presents considering different coding rates and block lengths. Similarly, in Subsection 5.2, SCL
decoding performance presents also considering different list sizes. In Subsection 5.3, proposed schedules
performances present with comparing Original BP decoding. We should highlighted that all decoding
methods will use SC decoding performance as reference to investigate improvement on BLER. In order

to draw BLER curves target frame ervors are taken as 10000 with simulating 10000 frames.

5.1 BLER Performances of SC Decoding Method

5.1.1 BLER Performances Considering Coding Rate for SC

As it can be goeen the Fig.30, when the information block length K is fixed and encoded block length
M iz increased, performance of block error rate increases. It can be easily seen that, at the point of
1072, there is 2 dB improvement between coding rates B = 1/3 and B = 1/2. The reason of this, when
we increase the encoded block length, we increase the number of frozen bits, hence channel divided
smaller pieces and this makes positions to send informations bits more reliable. However, for longer and
moderate block lengths this advantage can be turn into disadvantages becanse of the complexity and

requiring of more memory space. Moreover, they take more time and occupy more bandwidth.
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SC Decoding with Different Coding Rates for PC
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Figure 31: 5C Decoding for Different Block Length When R=1/2



5.1.2 BLER Performances Considering Block Length for SC

Fig.31 represents BLER performance under SC decoding for different block lengths when the code rate
fixed and B = 1/2. It can be easily seen that although longer block lengths giving worse performance
under 1.5 dB. they have better performances after 1.5 dB. Also smaller code lengths such as & = 8
cannot reached the even the point of 10-7 for 3.5 dB, while longer code lengths such as K = 1024 reaches

easily the point of 1079,

5.2 BLER Performances of SCL Decoding Method

5.2.1 BLER Performances Considering Coding Rate for SCL

SCL Decoding with Different Coding Rates for PC, L= 4

10? |-
4 | - R K=12. M=
e . e B=218 K=32, M=80
b . R=1/3 K=32, M=0e
1 -~ S + R=1/4 K=12, M=128
(i B T
i . x
8 -
L .H‘-q. -,
E 2 b ™
u_:: 10 :' . “‘x.__ . ™ i
'\-\._“..H
—
107 "
10 ' ' '
0 0.5 1 1.5 2 25 3 35
Eamﬂ {in dB)

Figure 32; 5CL Decoding for Different Coding Rates When K=32 and L=4

Similarly 3C decoding, when the information block length K and list size L are fixed and encoded block

B}



length M is increased for SCL decoding, performance of block error rate increases. It can be easily seen
that in Fig.32, at the point of 1072, there is samne 2 dB improvement between coding rate /£ = 1/3 and

i = 1/2 with sane reasons as 3C decoding.

5.2.2 BLER Performances Considering Block Length for SCL
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Figure 33: SCL Decoding for Different Block Length When “=f,|"'2 amd L=1G

Similarly to the SC decoding, Fig.33 shows that BLER performance of SCL decoding for different block
lengths when the code rate # = 1/2 and L = 16 ave fixed although longer block lengths giving worse
performance under 1 dB, they have better performances after 1 dB. Henee, we can say that there is 0.5

dB improvement between SC and SCL in terms of block lengths.
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5.2.3 BLER Performances Considering List Size for SCL

Fig.34 presents SCL decoding for different list size when polar code (K = 512, M = 1024). In this figure
L = 1 represents SC decoding, The increase in performance as you grow list size can easilv be seen.
At the point of 10°%, there is almost 1.5 dB improvement between list size L = 32 and SC decoding.
Similarly. for Fig.35 for (1024, 2048) shows that increasing list size increases BLER performance. Also
we should emphasis that there is big improvement between L = | and L = 2, although after one point

there is no big improvement between list size such as £ = 8 and L = 32,

SCL Polar Decoding for K= 512 M = 1024
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Figure 34: SCL Decoding with Different List Size for (312, 1024) Polar Code



CL Polar Decoding K = 1024 M = 2048
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Figure 35: SCL Decoding with Different List Size for (1024, 2048) Polar Code

53 BLER Performances of Original BP and Proposed BP Schedules

H.3.1 BLER Performances Considering Max Iteration Number

As it mentioned before, for BP decoder we need mar;,. o mimber to get stable LLRs. As it can be
seen the Fig.36 for Original BP, mar . eiee = 30 will be enough for all block lengths, Although small
codde lengths reaches target BLER with small number of iterations,(it can be seen for (K=32.M=06d)
even T iteration will be enough) we need to decide on a fixed number of max iteration to make a fair

comparison between BLER performances. Henee, we decidoed maa e gpio, = 3.
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K =32 M = &4 BP polar code

10%% —2
-t-____‘____
| . --1-._____
107 |
‘
= |
o 1 &
m |
|
103
104 ' . ' .
0 1 2 3 4 5

E, /N, (in dB)

Figure 36: [teration effect on BLER Performanee for Original BP Deeoding for (K=32, M=04)

5.3.2 Comparison of BLER Performance of MS/ SMS/ Original-BP Algorithms

From the Fig.37 we can said that for small block lengths there is no difference in tenins of performance
among MS-BP, SMS-BIP and Original BP, although MS-BP and SMS-BP have less computational com-
plexity. However, when we increase the block lengths like in Fig.38 and Fig.39 | we can observe that
MS-BP cannot achieve same performance with SMS5-BP and Original BP. Henee, we can recommend
that for all block lengths SMS-BFP can be nsed instead of Original BP with less complexity but almiost
same performance. As we mentioned before, we used scaling parameter "s = 09375 which proposed in

¥
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Figure 37: Comparison of BLER Performance of MS-BF, SMS-BF and Original-BF Algorithms, When

{l=4.M =8) with marieraion = 30 and scaling parameter "5 = 0.9375" for SM5-BP
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Figure 38: Comparison of BLER Performance of MS-BP, SMS5-BF and Original-BP Algorithms, When

{K=128.M =256) with mar;uio = 30 and scaling parameter "z = (L93757 for SM5-BP
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Figure 3%: Comparison of BLER Performance of MS-BP, SMS-BF and Original-BP Alporithms. When

(K=512.M =1024) with maz, miie = 3. and scaling parameter “s = 0.9375" for SAS-BP

5.3.3 Comparison of BLER Performances of SC and Original BP

In FigAD, we have compared Original BP with S5C decoding performances, we can see that BP can
have slightly better performanee than SC for moderate and longer block lengths, while it has worse

performance for small block lengths.

534 Comparison of BLER Performances of Proposed SCAN and Original BP

From the Fig.dl we ecan observed that even 5 iteration for proposed SCAN has better performance
than Original BP which obtained with 30 iteration. Furthermore, we can see that there is no huge
difference between 30 and 5 iteration of proposed SCAN. Hence, we can obtain better performance with

less complexity according to BP by using SCAN decoding.
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1078~

—
T '-'-"-?‘.-’-‘.':::—x“‘*

1w

BLER
S,
4

-3 L
15 —+— Orignal BP (K=16 M=32)
o - BC (K=16M=32)
—+— Original BP (K=128M=256)
- - - SC (K=128.M=256)
10 : : ' : : ;
0 0.5 1 1.5 2 2.5 3 3.5

E/N, (in dB)

Figure 40: BLER Performance of SC and Clr'tg'mu] BP for Different Block Size
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Figure 41: BLER Performance of Proposed SCAN and Original BP for (K = 512, M = 1024)
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5.3.5 BLER Performances of Proposed Schedules

Fig. 42 shows, proposed schedule 1 and 2 have the same performances with Original BP, althongh SC
decoding has better performance than all of them for small code lengths (K = 16, M = 32), while SCAN
has better performance than BP, When we look at the moderate code lengths with (K = 128, M = 206)
in Fig.43. SCAN has the better performance like for longer code lengths which is given in Fig.44 with

(K = 1024, M = 2048).
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Figure 42: BLER Pedormances of Proposed Schedules for {Ii.' = 16, M = 32), when mazierapion = 30
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6 Reflection

This section comuments on how well the planning section has been followed and reflects on what has
been learned from completing the project as well as present some ideas for the future development of

the project.

The project sneeessfully meets top- level objectives in section 3.1 and project tasks in section 3.2 toget her
with all of the suceess eriteria listed in section 3.3, Although the planning section was followed up well,
there was a waste of time to complete some tasks becanse of some obstacles such as finding detailed
resoatrees, problems in algorithms and simmlations which take days to run on individual computer. If
we specify problems in more detail, firstly, writing an example for SCL took much more time than our
expectation becanse we conld not reach a source which hias the detailed explanation of S0 decoding
for each step, also because of the complexity of SCL, preparing path and graph representation higures
for each step ook much more time than onr expeetation. The second problem we enconntered was the
MATLAB code of BP algorithm, becanse in the beginning we used different factor graphs for encoding
and decoding. Hence, we obtained wrong results before debug the problem. Another problem we are
facing 18 that the simulations took days on the personal computer since we start using the super computer
late and we did not send enongh frames and target frame errors to simulate them so we could not get
smooth curves. 5o we had to resume all simmlations again but this time using super computer. As a

result of this, we spent more time on simulations than what we had on Gantt Chart.

During the this process we learned to use time efficiently and detailed knowledge about PC. Conse-
gquently, some aspects of the developed project could have gone better, if the Gantt Chart was prepared
mich more carefully considering all risks but we should consider that time was very limited for this
project. For any future project, checking process time can be allocated for revising the work between

tasks on Gantt Chart,



7T Conclusion

In order to provide effective mobile communication, FEC codes are needed in noisy channels. Recently
introduced Polar Codes attract attention owing to their capacity achieving performance, excellent error
corredction IH‘]":ITII]HJL{'[' and Ane rate Hexibility and they have been adopted as a candidate of forwand
error correction codes for Sth generation mobile communication due to many reasons mentioned above,
In Section 2.1, background knowledge for polar encoding and decoding process have been presented. In
Section 2.2, common decoding algorithms which are SC. SCL, BP have been introduced with detailed

hand caleulation examples to make them more understandable for readers.

This paper provides a contribution to investigate different BP decoding schedules impact on BLER per-
formances. These schedules are introduced in Section 4 with their complexity analvsis and results have
been presented in Section 5. According to these resalts, Original BP has slightly better performance
than SC for moderate and longer code lengths, although required more memory space and more compu-
tation complexity. And we can said that proposed schedule 1 and 2 increase reguired steps to complete
cach iteration but doing less computing, and they present same BLER performance with Original B
However, we could not observed considerable reducing in the decoding time although they required less
computing for each step. Furthermore, we observed proposed scheduale 3 which called as proposed SCAN
with same schedule of SC, has better performance than Original BP and we suceeed the reduced the

complexity and required space in the memory according to original SCAN by not computing frozen bits

LLRs when we updating right-to-left propagation messages.

Consequently, this project can be nged as a souree for anyone who undergraduate or postegraduate level
and interested in learning about Polar Codes and who want to learn impacts of different BP schedules on
BLER performance. For the future development of the project, early stopping criteria can be studying

for proposed schedules to decrease complexity and increase speed.
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Appendix A
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Figure 45 Channels Have Input-Output Symmetry and Discrete Memoryless [7]

In (1] the idea of polar code is deseribed as constrnet a code sequence based on capacities of N channels
which are independent copies of a given B-DMC where W polarized channels as it can be seen from
Fig-43:

Wy=1£ig N) (27)

The important thing is that only send data at rate 1 through those channels which are F{WW}) near 1
and send data at rate O through the remaining. And in the Fig. 46 redistributing of channel to generate

polarized channels are showed,

25



Original channels New channels
(uniform) (polarized)

W

5

Figure 46: A Scheme of Redistribute of N Channels to Generate Polarized Channels W, [7]



