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ABSTRACT

A NON-PARAMETRIC CIRCULAR NETWORK CONSTRUCTION VIA
SIMULATIONS AND A HIDDEN MARKOV MODEL FOR THE HIV-1

PROTEASE CLEAVAGE SITE DETECTION

DOĞAN DAR, ELİF
Ph.D., Department of Statistics

Supervisor: Prof. Dr. Vilda Purutçuoğlu

Co-Supervisor: Prof. Dr. Ashis SenGupta

January 2023, 74 pages

In this thesis, problems regarding network structures are investigated. In the first part,

a circular network model is built. In the literature, methods used to detect network

structures of circular variables either have strong distributional assumptions or strict

structural assumptions. To address these issues, a novel circular regression-based,

non-parametric circular network model is proposed. The performance of the proposed

method is examined in an extensive simulation study. In the second part, a method

to utilize known network structures for further analyses is exemplified. An HMM

model is built for the detection of the HIV-1 protease cleavage sites. By using feature

selection and fuzzy clustering methods, a clever starting point is given to the Baum-

Welch EM algorithm and the performance of earlier proposed methods is increased.

Keywords: circular data, circadian gene interactions, circular networks, circular net-

work simulation, wrapped Cauchy distribution, hidden Markov models, fuzzy clus-

tering, feature selection
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ÖZ

SİMULASYONLAR ÜZERİNDE PARAMETRİC OLMAYAN BİR
DAİRESEL AĞ İNŞAASI VE HIV-1 PROTEAZ KESİM NOKTALARININ

HIDDEN MARKOV MODELİYLE TESPİTİ

DOĞAN DAR, ELİF

Doktora, İstatistik Bölümü

Tez Yöneticisi: Prof. Dr. Vilda Purutçuoğlu

Ortak Tez Yöneticisi: Prof. Dr. Ashis SenGupta

Ocak 2023 , 74 sayfa

Bu tezde, ağ yapıları üzerinde çalışılmıştır. İlk aşamada, dairesel bir ağ yapısı inşa

edilmiştir. Literatürde önerilen metodlar ya güçlü dağılım ya da katı ağ yapısı varsa-

yımlarını gerektirmektedir. Bu çalışmada ise özgün bir parametrik olmayan dairesel

ağ modeli geliştirilmiştir. Modelin performansı kapsamlı bir simulasyon çalışması ile

incelenmiştir. Tezin ikinci bölümünde ise, önceden bilinen bir ağ yapısının karmaşık

problemleri çözmede nasıl kullanılabileceği örneklendirilmektedir. HIV-1 proteaz ke-

sim bölgelerinin belirlenmesi için bir Hidden Markov modeli geliştirilmiştir. Özellik

seçimi ve bulanık kümeleme yöntemleriyle, Baum-Welch EM algoritmasına güçlü bir

başlangıç noktası verip önceki metodların performansı iyileştirilmiştir.

Anahtar Kelimeler: dairesel veri, sirkadiyen gen ilişkileri, dairesel ağ yapıları, da-

iresel ağ simulasyonu, wrapped Cauchy dağılımı, hidden Markov modeli, bulanık

kümeleme, değişken seçimi
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CHAPTER 1

INTRODUCTION

Networks are a big part of scientific literature in multiple disciplines -from social to

biological networks- to uncover hidden interactions among different entities on large

scale. In this dissertation, we focus on tackling two major problems by leveraging

network structures and their applications comprising independent albeit complemen-

tary chapters.

First, if we are given the data, but have little to no information about the structure,

how can we deduce the structure with the data at hand? The first part of the thesis

tries to answer this question with a novel circular network model where we have nei-

ther distributional nor structural information beforehand. Although the network field

is a highly attractive research area, to date, networks of circular variables have re-

ceived less attention from researchers. Earlier models in the circular field either have

strong distributional assumptions or strict structural assumptions of the network. To

address these issues, we propose a non-parametric network model which works in a

more general setting. Additionally, we introduce our novel circular network simula-

tion strategy, which we believe will be a useful contribution to the field.

In the second part of this dissertation, we try to answer the following question: Once

we know the underlying structure, how can we apply this knowledge to further anal-

yses? As a use case, we try to detect HIV-1 protease cleavage sites. To solve this

classification problem, we exploit the chain-like network structure of the amino acid

sequences by implementing a hidden Markov model. To improve model performance,

we integrated data obtained from the physio-chemical properties of amino acids with

a fuzzy clustering method. Now we will explain the problem definitions and contri-

butions of each part in detail.
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1.1 Circular-Circular Networks

1.1.1 Motivation and Problem Definition

Circular data contains directional information and is represented with angles. It can

be observed in various fields such as geology (Roberts et al., 2019), ecology (Otieno

and Anderson-Cook, 2006), biology (Mardia et al., 2008) or psychology (Kubiak and

Jonas, 2007). We are particularly interested in interactions among circular variables

which can be seen as a network. Many experimental and computational methods are

constructed up to date to solve problems in the network field (Wallach et al. 2013,

Meinshausen and Bühlmann 2006, Friedman, Hastie and Tibshirani 2008). However,

networks constituting circular random variables are relatively under-explored.

One of the earlier methods which examine circular interactions is the application

of correlation measures (Fisher 1993, Jupp and Mardia 1981, Fisher and Lee 1982).

These measures quantify pairwise interactions among variables whilst not considering

the joint effects of all variables at once. However, while considering networks, there

needs to be a more holistic view where combined effects are taken into account. In ad-

dition to correlation measures, some model-based methods such as regression models

are utilized to approach the problem (Sarma and Jammalamadaka 1993, Lund 2002,

Rueda et al. 2016, Kato, Shimizu and Shieh 2008, Downs and Mardia 2002). In re-

gression models, interactions of one dependent variable/variables with other variables

are studied. Although these traditional model-based approaches hold great promise,

they do not examine the system of circular random variables as a network.

To investigate interactions between circular variables, multivariate circular distribu-

tions are also proposed (Mardia and Sutton 1978). In these methods, the data are fitted

to various distributions and the independence is tested via parametric tests such as the

likelihood ratio test (Mardia, 1978) or the Wald test (Kim, SenGupta, and Arnold

2016). However, there are certain drawbacks to these approaches. First of all, many

of these distributions are bi-variate or tri-variate (Singh, Hnizdo, and Demchuk 2002),

(Shieh and Johnson 2005), and therefore, are not applicable to larger systems. In rare

cases with multivariate distributions with a higher number of variables (Mardia et al.

2008), strict parametric assumptions are made, which can be sub-optimal.

There are also some network models built for circular data in specific. In a recent
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paper, Gottard and Panzera (2021) build three separate graphical models based on

different multivariate circular distributions. Their approach works under strict dis-

tributional assumptions. Similarly, Razavian, Kamisetty and Langmead (2011) build

a graphical model where their network structure is assumed to follow multivariate

von Mises distribution. In Boomsma et al. (2008), authors build mixed (linear and

directional data) probabilistic Hidden Markov Models (HMMs). In their model, the

underlying mechanism has to be chain-like since they use HMMs. Leguey et al.

(2019) build a tree-structured Bayesian network model cleverly utilizing bi-variate

wrapped Cauchy distributions. Here, the network needs to have a tree shape and all

node couples should follow bi-variate wrapped Cauchy distribution. To date, no non-

parametric network model has been proposed that does not require a specific graph

structure. In this study, we aim to fill this gap in the field.

In specific, we are interested in circadian gene interaction networks. Circadian genes

are expressed in the cells in a recurrent manner with a period of approximately 24

hours (Czeisler et al., 1999). Therefore, interactions among these genes naturally

produce a circular network. Earlier, some experimental and computational models

have been built for these networks (Wallach et al. 2013, McDonald and Roshbash

2001). However, there is no model-based network construction which takes circadian

gene interaction data as circular. Hence, in our study, the proposed method is used af-

ter the transformation of the linear microarray data to the circular data. Accordingly,

the circadian nature of the data is exploited.

1.1.2 Proposed Methods and Models

To address the issues with the earlier models, we propose the construction of a net-

work model which does not have any distributional assumption and works in a more

general setting. We regress each node on others (Kim and SenGupta, 2016) via circu-

lar least squares estimation where regression coefficients quantify the strength of the

interactions among nodes. We infer the variance-covariance matrix of the resulting

estimators with bootstrapping. Finally, we decide which interactions are statistically

significant via the backward elimination technique utilizing the fact that the estima-

tors are asymptotically normal. Unlike correlation measures and regression-based

methods, the proposed model is taking combined effects into account and builds a

3



system where each node affects the others. Moreover, in the estimation step, we use

circular least square estimation which doesn’t require any distributional assumptions.

Therefore, our model is more flexible and can be used for data coming from any dis-

tribution as well as for the cases where underlying distribution is not known. Finally,

unlike tree-structured and HMM methods, our model can be applied in a more gen-

eral setting where the underlying structure of the network is not known.

1.1.3 Contributions and Novelties

• Proposed network model is non-parametric, therefore can be used for networks

coming from any distribution.

• Proposed network model does not assume a network structure at the beginning.

Therefore, it can be applied in a more general setting.

• We propose a novel simulated data generation for circular networks which can

be used to compare the efficiencies of different network models in the circular

field, which was not available to date.

1.2 HIV-1 Protease Cleavage Site Detection

1.2.1 Motivation and Problem Definition

AIDS (acquired immunodeficiency syndrome) is a disease that weakens the immune

system by reducing the T-cells in the body which fight off infections (Schroff et al.

1983). In 2021, around 38 million people globally were living with HIV. Furthermore,

approximately 650 thousand people died from AIDS-related illnesses in 2021 making

a total of 40 million people since the start of the epidemic (UNAIDS, 2021). HIV-1

(human immunodeficiency virus-1) is the virus which causes AIDS gradually (Gallo

et al. 1984). However, the HIV-1 protease enzyme is needed for HIV-1 to be active.

It cleaves newly synthesized polyproteins of the host cell to create the mature protein

components that an HIV virion requires (Kohl et al. 1988). Usually, this enzyme

extends to 8 amino acids long octamer sites on the polyprotein to cleave between the
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4th and 5th amino acids (Miller et al. 1989). Occasionally, these cleavage sites can

also be heptamers or nonamers. HIV-1 protease inhibitors are good candidates for

AIDS treatment. Therefore, learning the key and the lock relationship between the

enzyme and cleavage sites is crucial to finding the proper inhibitor key which locks

the enzyme and prohibits it to create new active proteins for the virion. On the other

hand, it is impossible to experimentally test all possible cleavage sites. Because there

are 20 amino acids possible at each position, resulting in 208 = 2.56× 1010 cleavage

sides. Hence, several methods have been used in the literature to predict the cleavage

sites given earlier experimentally checked data.

The detection of the cleavage site in Chip-seq data is one of the main interests to

find the lock-and-key relationship between enzymes and prohibits in certain diseases

such as AIDS and producing the proper inhibitors for these illnesses. For this detec-

tion, different approaches like support vector machines and artificial neural networks

have been suggested. In this study, we use the hidden Markov model (HMM) for

cleavage site detection. In our application, initially, we comprehensively explain the

mathematical details of HMM and the inference of the model parameters, and then

we discuss the effect of various clustering approaches both in feature selection and

state formation. We demonstrate the calculation of each step in a toy and bench-mark

dataset and evaluate the accuracy of estimates with other approaches in the literature.

1.2.2 Proposed Methods and Models

We build a Hidden Markov model to classify the amino acid chains as cleaved or

non-cleaved. During the inference, we use the Baum-Welch EM (expectation- max-

imization) algorithm, which can converge to a local maximum instead of the global

maximum. Hence, we propose a method to give a clever starting point to the al-

gorithm in order to increase the probability of reaching a global maximum instead.

For this purpose, first, we utilized 544 features for each amino acid in the AAIndex

database. Since many machine learning algorithms suffer from the high dimension-

ality of the feature set, we implement a clustering-based feature selection approach

in our analyses (Mitra, Murthy and Pal 2002, Chormunge and Jenab 2018). Here, we

apply different strategies. Initially, we examine the k-means clustering and the hier-

archical clustering methods based on the correlation measures and then, we randomly
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choose a representative from each cluster. Also, we perform the k-medoids cluster-

ing and select medoids as the cluster representatives. Later, we create hidden states

including amino acids using these reduced number of features. An amino acid can be

grouped in multiple ways according to common features. Due to this fact, the nature

of the problem can be considered under a fuzzy clustering (Bezdek 1981, Gustafson

and Kessel 1978, Krishnapuram et al. 2001) and in this study, we use these fuzzy

methods to build the hidden states. After giving the HMM algorithm a clever starting

point using the aforementioned methods, we decide whether a given amino acid chain

is cleavable or not. By using the proposed approaches, we show that the states which

we create give better results than the earlier states suggested by Zhang et al. (2006).

1.2.3 Contributions and Novelties

Our contributions and novelties in this work can be summarized as follows:

• We propose the application of fuzzy clustering instead of hard clustering. It

shows an alternative way to utilize the physio-chemical features of amino acids,

which is more reliable when applicable.

• We present a toy example in detail. It clarifies how the model works for inex-

perienced researchers or practitioners. Following this example, they can easily

adapt the HMM model to their use cases.

• The proposed model gives better results for classifying octamers as cleaved or

non-cleaved because of the clever starting point that we create. This model can

be used to narrow down the search grid in experiments investigating cleavage

sites of amino acid chains regarding any illness.

1.3 The Outline of the Thesis

All in all, organization of this thesis is as follows. We give a comprehensive literature

review of the subjects in Chapter 2. In Chapter 3, we explain circular networks. In

Section 3.1, we present our model. We explain the estimation and inference steps in
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detail in Section 3.2. Afterwards, we present a way to simulate data for the inter-

actions of the circular variables in Section 3.3. We apply our model and show the

results for this simulated dataset. Finally, in Section 3.4, we apply our method to cir-

cadian gene interaction networks. In Chapter 4, we present Hidden Markov Models.

We explain the model in Section 4.1. We introduce a toy dataset in Section 4.2 and

show the likelihood calculations, inference and estimation procedures on this dataset

in Sections 4.3, 4.4 and 4.5 respectively. In Section 4.6, we present the application

of HMMs in HIV-1 protease cleavage dataset and discuss the outputs. Finally, in

Chapter 5, we give final remarks and future directions for the subjects discussed.
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CHAPTER 2

LITERATURE REVIEW

2.1 Interactions of Circular Variables

Circular data contains directional information which represents a recurrent phenomenon

that repeats in fixed time intervals. It can be observed in various fields such as ge-

ology (Roberts et al., 2019), ecology (Otieno and Anderson-Cook, 2006), biology

(Mardia et al., 2008) or psychology (Kubiak and Jonas, 2007). The traditional sta-

tistical theory does not take into account the circular nature of such data. Therefore,

all statistical theory has to be built from the ground up according to the topology of

the circular data which is inherently different from linear data. Our aim in this work

is to build network models for circular data. We are interested in interactions among

circular variables which can be seen as a network structure. Nodes represent variables

and edges represent interactions among them. Networks are a big part of scientific

literature in various fields where interactions among different entities are examined.

However, networks constituting circular random variables are not received much at-

tention from researchers. There are only a few works done on network building in a

circular setting. We aim to fill this gap in circular theory by building a novel model

based on circular regression.

Relations between circular variables are examined earlier via different approaches.

Circular correlation coefficients are used to determine whether there is a relation/in-

teraction between variables or not (Jupp and Mardia 1981, Fisher and Lee 1982, Jam-

malamadaka and Sarma 1988, Fisher 1993). Some of the measures in the related field

consist of some rank-based coefficients as suggested by Fisher (1993), and Fisher

and Lee (1982), correlations related to sine and cosine components of the variables

as proposed by Jupp and Mardia (1981), and a correlation coefficient is used by Jam-
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malamadaka and Sarma (1988) which is an analogue of the Pearson’s correlation in

the circular setting. Unlike our model, these approaches take only the pairwise in-

teractions into account, instead of looking at the cumulative effect of all variables

at once. While considering networks, there needs to be a more holistic view where

combined effects are taken into account. Unlike these previous studies, here, the ef-

fects of all variables in a network are inferred simultaneously by using a model-based

method.

To investigate interactions between circular variables, multivariate circular distribu-

tions are also proposed. In these methods, the data are fitted to various distributions

and the independence is tested via parametric tests such as the likelihood ratio test

and the Wald test (Mardia and Sutton 1978, Kim et al. 2016), whereas, there are

certain drawbacks of these approaches. First of all, many of these distributions are bi-

variate or tri-variate, and therefore, are not applicable to larger systems. For example,

Singh et al. (2002) propose a bi-variate circular distribution to explore the relation

between dihedral angles of peptides. Similarly, Shieh and Johnson (2005) apply the

bi-variate von Mises distribution to model the relation between wind directions at two

different times of the day at the same place. Here, we can only investigate the rela-

tionship between two circular entities. In rare cases, multivariate distributions with

a higher number of variables are utilized. For example, Mardia et al. (2008) con-

struct a multivariate von Mises distribution and apply it to dihedral angles of gamma

turns on peptides. Here, their model can also be performed for models with more

than two variables. However, strict parametric assumptions are made, which can be

sub-optimal. Unlike these methods, we apply a non-parametric estimation method

without any distributional assumptions, rendering the model more flexible.

We also see various circular regression models for the investigation of the interactions

among circular variables. Earlier models consist of mixed models, i.e. regression of

circular variables on linear variables and vice versa. Gould (1969) regress circular

variable on linear variables and uses the von-Mises distribution for the errors with

a maximum likelihood approach. Laycock (1975) implements trigonometric regres-

sion to regress a linear variable on a circular variable. Mardia and Sutton (1978)

define an angular-linear joint distribution and use the conditional distribution of a lin-

ear variable on the circular variable for the regression. Johnson and Wehrly (1978)

also define various angular-linear distributions and use conditional distributions and
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maximum likelihood estimation (MLE) for regression. They have also built some

parametric tests for these models. However, they regress only one circular variable

on one linear variable or they regress a linear variable on other linear and angular

variables. Lund (1999) applies the least circular distance (LCD) which is a circular

alternative to the Euclidean least squares for the regression of a circular variable on

linear variables and one circular variable. He also shows that LCD estimation gives

the same results as the maximum likelihood estimation by assuming von Mises errors

for the regression. He assumes additive effect of linear covariates with a link function

which maps the real line to the circle and Fourier series approximation for the cir-

cular regressor. He uses Akaike Information Criteria (AIC) for model selection and

numerical methods for MLE estimation. He also says squaring circular correlation

measures applied to predicted and observed values gives a circular analogue of the

R2. When specific distributions are assumed for the errors, the goodness of fit tests

has to be applied to verify that the assumption is valid. Some goodness of fit statistics

for von Mises distribution can be found in Lund (1998) and Lockhart and Stevens

(1985). Fisher and Lee (1992) generalize their model by using a link function that

sends the real line to the circle in a monotone way and they solve the identifiability

problem of earlier models.

There are also models where both dependent and independent variables are circular.

Sarma and Jammamaladaka (1993) build a circular regression model with one de-

pendent and one independent circular variable, using polynomial models for the sine

and cosine of the dependent variable. Since they estimate sine and cosine separately,

they use the usual least squares estimation. Rivest (1997) builds a regression of cir-

cular variable on another but his model only takes some type of rotation into account.

Lund (2002) proposes a tree-based method for circular-circular regression with one

regressor using binary trees. Downs and Mardia (2002) regress one circular variable

on another by mapping centralized half angles to the real line by tangent function,

multiplying by a coefficient and pulling it back to the circle using arc-tangent. They

use a maximum likelihood estimation approach assuming errors following von Mises

distribution. Rueda et al. (2015) generalized this model by constructing a circu-

lar piece-wise regression model where each piece is established using the model of

Downs and Mardia. They applied their method to cell-cycle biology where modelling

of multiple phases of the cell cycle cannot be done by one single form. They also
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construct a generalized Akaike Information Criteria (GAIC) which can be seen as an

analogue of AIC on the linear case. SenGupta et al. (2013) also generalize Downs

and Mardia model by adding an intercept parameter into the link function. They also

used Asymmetric generalized von Mises distribution to model the error which is a

more flexible distribution compared to earlier distributions used. They also suggested

three new distance-based methods where no parametric assumptions need to be done.

They define a new criterion, relative circular prediction bias (RCPB), to select the

best estimator among the suggested ones. Kato et al. (2008) use Möbius transfor-

mations to model circular-circular regression, Möbius transformations are mappings

from the complex plane to itself, with some restrictions it maps unit circle to itself

in a one-to-one fashion. Their model resembles Downs and Mardia model, however,

they assume the Wrapped Cauchy distribution for the error instead of the von Mises

distribution which results in some desired properties. Kato and Jones (2010) gener-

alize their method by introducing a family of distributions which corresponds to the

Möbius transformations on the circle, They use the Bayesian information criterion

(BIC) as well as AIC for the model selection. Di Marzio et al. (2013), however,

apply non-parametric methods for the regression. Moreover, they perform a local

smoothing and therefore, avoid forcing a specific shape as a general link function.

Alonso-Penaa (2021) suggested some non-parametric tests for many models in the

literature. However, all these aforementioned models consider only one regressor.

Therefore, they cannot be used for large systems.

Additionally, there are multiple circular circular regression models. The model which

we consider using in this study is a multiple circular-circular regression model by Kim

and SenGupta (2016). In this model, they generalize the model in SenGupta’s ear-

lier model (SenGupta et al. 2013) by including multiple regressors. They implement

the circular version of the mean square error where they minimize the mean of the

circular distances between estimated values and observations. Then, they prove the

asymptotic normality of the suggested estimators for inference purposes.

Experimental methods are also used for network building (Wallach et al. 2013, Baggs

et al. 2009). However, these methods are computationally demanding and require a

high amount of resources. Furthermore, false positive and false negatives rates are

high for many of them. Cheaper, holistic and computational methods might guide

experimental work for further validation and result in increased efficiency. For exam-
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ple, McDonald and Roshbash used microarray data for this purpose (2001). Yet, their

method only accounts for fold change instead of a model-based approach. Our model

is a novel approach which constructs this circular network using a model-based ap-

proach utilizing its circular nature. We will apply a circular version of the Gaussian

Graphical Network (GGM) model (Dempster, 1972). In GGM, the nodes are assumed

to be following a Gaussian distribution for the inference (Edwards, 2000) and zeros in

the precision matrix correspond to the conditional independence of two nodes given

others (Wermuth, 1976). This problem can equivalently be formulated with all nodes

regressed on others one by one, and coefficients of regressors give the strength of

the conditional dependence between nodes. Many methods have been established for

the underlying inference problem including the coordinate descent for the maximiza-

tion of the L1-penalized log-likelihood (Yuan and Lin 2007), lasso (Meinshausen and

Bühlmann 2006), blockwise coordinate descent (Banerjee et al. 2008) and graphical

lasso (Friedman et al. 2008). However, all these models are built for linear data.

There are also some network models built for circular data too. In a recent paper,

Gottard and Panzera (2021) build three separate graphical models based on different

multivariate circular distributions. Their approach works under strict distributional

assumptions. Similarly, Razavian, Kamisetty and Langmead (2011) build a graphi-

cal model where their network structure is assumed to follow multivariate von Mises

distribution. In Boomsma et al. (2008), authors build mixed (linear and directional

data) probabilistic Hidden Markov Models (HMMs). In their model, the underly-

ing mechanism has to be chain-like since they use HMMs. Leguey et al. (2019)

build a tree-structured Bayesian network model cleverly utilizing bi-variate wrapped

Cauchy distributions. Here, the network needs to have a tree shape and all node cou-

ples should follow bi-variate wrapped Cauchy distribution. Unlike these models, our

model does not assume any underlying distribution or network shape. Therefore, it is

applicable to a wider range of problems.

2.2 Circular Network Simulation

We also apply our method to general cases via simulations using wrapped normal

distribution and various graphs with different topologies. This way, we aim to show
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the applicability of our model to various fields where graphs of circular data emerge.

The effects of underlying network structures on the model’s performance are exam-

ined using simulated data. Simulation data is produced on which model performance

for different network parameters is assessed. Data is generated from the multivariate

normal distribution with pre-determined symmetric precision matrices which gives a

conditional dependence measure between variables given others where zeros corre-

spond to conditional independence. This data is transformed into circular wrapped

normal distribution. This way, circular data with a known network structure is de-

signed for model evaluation. The estimated networks are compared with the ground

truth networks using multiple model performance criteria such as accuracy, precision,

sensitivity, specificity, F1 score and Matthews correlation coefficient. Here, the main

objective is to observe the effect of network parameters on model performance.

Simulation data can be produced via multivariate normal distribution. If vertices are

multivariate normally distributed, then conditional independence corresponds to zero

entries in the inverse covariance matrix. Therefore, we can start with a graph and

generate multivariate normally distributed data given an inverse variance-covariance

matrix with zeros if there is no edge between corresponding nodes.

In literature, it has been done in multiple ways. First of all, the variance-covariance

matrix has to be symmetric. Therefore, the precision matrix which is the inverse of

the variance-covariance matrix has to be symmetric too. Also, the precision matrix

has to be positive definite to be invertible. In many of the applications in the literature,

to be able to produce a positive definite matrix, authors use the fact that a symmetric

matrix which is diagonally dominant and has all diagonals positive, is positive defi-

nite. Here, diagonally dominant means the absolute value of the diagonal entries is

greater than or equal to the sum of the corresponding rows.

Schafer and Strimmer (2005) start with an empty symmetric matrix with zero diag-

onals. They decide the number of nodes, edges and sample size. Then they choose

off-diagonal elements which correspond to existing edges randomly according to the

number of edges chosen at the beginning. They set these non-zero entries from the

uniform distribution between −1 and 1. Afterwards, they set diagonal elements to

the sum of the absolute values of the columns plus a small constant (e.g. 0.0001) so

that the matrix becomes positive definite. Then they standardize the matrix so that all

diagonal entries are 1.
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In Meinshausen and Bühlmann (2006), they locate all nodes on two-dimensional

square [0, 1]2 uniformly and randomly. Then, they declare an edge between them with

a probability proportional to their distance and inversely proportional to the number

of nodes. Since they work on sparse graphs, they put a condition that each node can

have at most 4 edges. Therefore, they remove edges which don’t satisfy this constraint

randomly until all nodes have a maximum 4 number of edges. They declare diagonal

elements of the precision matrix as 1 and entries corresponding to edges as 0.245, this

way since each row has at most 4 entries of 0.245, sum of them will be less than 1

and diagonal dominance will be satisfied. Finally, they rescale all variables such that

diagonal elements are 1 in the covariance matrix. They don’t explain this procedure

in detail, but rescaling causes problems with symmetricity. A possible meaning for

the normalization of the matrices can be as follows. If we take a symmetric matrix

and multiply it from both sides with the inverse of the diagonal matrix whose non-

zero entries are the same as the square root of the diagonals of the original matrix, we

get a symmetric matrix whose diagonals are 1. In mathematical notation, if we have

a symmetric matrix Σ, then D−1ΣD−1 with diagonals as 1, where D =
√

diag(Σ).

Li and Gui (2006) are generating networks with different sparsities by setting a dif-

ferent number of neighbours for each node, but in their graphs, each node has the

same number of edges. They uniformly and randomly distribute nodes on the two-

dimensional square and add an edge with k-nearest neighbours of each node. For each

entry in the precision matrix corresponding to the edges, they put a random number

from [−1,−0.5] ∪ [0.5, 1]. Each diagonal entry was added as a factor of the sum of

the absolute values of the rows. The factors they used are 2, 1, 0.8 and 0.5. Then each

row is divided by the diagonal entry to make it 1. Here, positive definiteness is not

guaranteed for factors 0.8 and 0.5. And since each row is divided by a different num-

ber symmetry is lost. In Fan, Feng and Wu (2009), they applied the same procedure

pointing out that using a factor of 2 will guarantee positive definiteness.

Following Schafer and Strimmer (2005) and Li and Gui (2006) with some modifi-

cations, we can set the number of nodes, p. We randomly and uniformly choose

p positions from the lower triangle of an empty symmetric matrix with dimensions

p × p. We randomly assign a number to those entries from [−1, 0.5] ∪ [0.5, 1]. We

choose from both positive and negative values since all positive values in the preci-

sion matrix will result in most of the values in the inverse matrix, variance-covariance
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matrix as negative, where we don’t need that kind of restriction. Also, instead of us-

ing [−1, 1], we use [−1, 0.5] ∪ [0.5, 1], so that the association is strong and does not

become negligible. Then we fill the upper triangle so that matrix becomes symmetric.

We set diagonal entries to the sum of the absolute values of the corresponding rows

plus a small term, 0.005 to ensure diagonal dominance, hence positive definiteness.

We divide the row by the diagonal entry to make it 1. Since we divide each row with

a different number, symmetry is lost, therefore, we added another step. We set both

Σ−1(i, j) and Σ−1(j, i) to the value whose absolute value is minimum. This way,

symmetry and diagonal dominance are retained. We take the inverse of this precision

matrix we produced and generate multivariate normal data with mean 0 and variance-

covariance matrix Σ−1. Then we wrap this data around [−π, π] to produce wrapped

normal data.

Another way to simulate data following Meinshausen and Bühlmann (2006) with

some modifications can be as follows. We set the number of nodes, p. We randomly

and uniformly choose p positions from the lower triangle of an empty symmetric ma-

trix with dimensions p × p. We check the number of non-zero entries for each row.

Let’s say the maximum number of this value is x. We set non-zero entries to either
1
x
− 0.005 or − 1

x
+0.005 randomly. This way diagonal dominance is ensured. We fill

the upper triangle so that it becomes symmetric. We fill diagonals with 1’s. And the

rest is the same as earlier data generation steps.

In our study, we used a data generator from R-package Huge for different types of

graphs. In their implementation, the adjacency matrix theta has all diagonal elements

equal to 0. Also, each pair of off-diagonal elements of the adjacency matrix are ran-

domly set Θ[i, j] = Θ[j, i] = v for i ̸= j with a given probability, and 0 otherwise.

Instead of giving a random number to each non-zero value, they give the same num-

ber, default 0.3, to the magnitude of partial correlations. To obtain a positive definite

precision matrix, the smallest eigenvalue of Θ is computed. Then, they set the preci-

sion matrix equal to Θ + (|Θ| + 0.1 + u)I . The covariance matrix is then computed

to generate multivariate normal data.
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2.3 Circadian Gene Networks

There are different methods used by researchers to reveal interactions among cir-

cadian genes. Earlier work on this subject mostly consists of experimental meth-

ods. Wallach et al. (2013) use a yeast-two-hybrid approach where the interaction of

each pair of proteins is tested in a yeast medium. However, this approach results in

high quantities of false negatives and false positives. Two genes interacting in yeast

medium might not interact in human cells or two proteins artificially put together

might not encounter in the cell due to spatial limitations. Therefore, they try to vali-

date co-immunoprecipitation experiments in human cells as well as the enrichment of

the network from the literature. Baggs et al. (2009) use a perturbation-based model

where they knock down certain genes and analyze the expression of clock genes after

the knockdown. But this method is also not immune to false negatives, because, usu-

ally in biological networks there are alternative paths which result in undetected in-

teractions. These methods are computationally demanding and require a high amount

of resources. False positive and false negatives rates are high for many of them.

Therefore, computational methods and high-throughput data sets are also suggested

in the literature to make a grid search smaller for experimental validation. Since ex-

perimental approaches are computationally demanding and expensive, there should

be alternative approaches for building interactions by using high-throughput datasets.

For example, McDonald and Roshbash (2001) use microarray data for this purpose.

They fit cosine curves and apply the cross-correlation coefficients and fold changes

for the analysis. Yet, their method only accounts for the fold change instead of a

model-based approach. Moreover, they treat data as linear although data is inherently

circular in nature. We propose transformations of this linear data to circular data to

utilize the circular nature of the data.

To detect circadian genes and reveal their periodic patterns, sine waves have been

used (Hickey et al. 1984), however, circadian patterns do not always follow sinu-

soidal waveforms. Luan and Li (2004) used cubic B-splines instead, which give a

more flexible fit compared to the sine waves. However, they need guide genes which

are known as circadian for the implementation of their method. For non-sinusoidal

form detection, also, Lomb–Scargle periodograms have been used by Glynn et al.

(2006), the Laplace periodogram has been used by Liang et al. (2009) and bayesian
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methods have been suggested by Chudova et al. (2009). Unfortunately, it is not quite

obvious how to transform microarray data to angular data by using these methods,

unlike traditional sinewave forms. Therefore, we proceed with the sinewave forms.

2.4 HIV-1 Protease Cleavage Site Detection

In the literature, some well-known approaches are used to predict HIV-1 cleavage

sites including support vector machines (SVMs) (Cai et al. 2002), artificial neural net-

works (ANNs) (Cai and Chou 1998, Thompson, Chou and Zheng 1995) and different

encoding techniques (Turhal, Gök and Durgut 2014), such as orthonormal encoding

(OE) (Nanni 2006, Cai and Chou 1998). In addition, the physicochemical properties

of amino acids are being used in many papers. For instance, Jaeger and Chen (2010)

use 4 biophysical properties, namely, hydropathy index, molecular mass, polarity

and occurrence percentage, and Kim et al. (2010) suggest a feature subset selection

method using multi-layered perceptron (MLP) learning. Also, some researchers per-

form a subset of physicochemical properties from the AAIndex database (Niu 2013,

Turhal, Gök and Durgut 2014). For a comprehensive review of the HIV-1 cleavage

site detection, Rögnvaldsson (2015) can be also seen.

Hereby, the present study proposes a hidden Markov model to capture the sequential

nature of the problem. The hidden Markov model (HMM) is a model which utilizes

the sequential relationship of the data unlike many other methods above. HMM is suc-

cessfully applied to speech (Juang and Rabiner 1991), handwriting (Jianying, Brown

and Turin 1996) and gesture recognition (Starner and Pentland 1995) as well as bi-

ological applications such as the sequence alignment (Durbin et al. 1998, Pachter,

Alexandersson and Cawley 2002), gene prediction (Munch and Krogh 2006) and the

protein modelling (Stultz 1993, White 1994). HMM is also implemented to the HIV-1

cleavage site detection problem (Jayavardhana, Rama and Palaniswami 2005). How-

ever, in this model, random starting parameters are given to HMM instead of a guided

choice. In the present study, guided starting parameters using physicochemical prop-

erties of the amino acids from the AAIndex database (Nakai, Kidera and Kanehisa

1988) are proposed inspired by the work of Zhang et al. (2006).
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CHAPTER 3

CIRCULAR NETWORKS

In this chapter, we propose a novel non-parametric circular network model. Ear-

lier models built for circular networks either had strong distributional assumptions or

strict structural assumptions. Here, we build the network for the cases when we have

no distributional or structural information beforehand. We explain estimation and

inference steps in detail. Afterwards, we generate simulated data by using wrapped

normal distributions with a novel strategy, and show our model’s performance on this

data set. This is a novel strategy which we believe that circular network field will ben-

efit from. Furthermore, we apply our model to circadian gene interaction networks

which are circular in nature.

3.1 Model

In this work, we propose to apply the multiple circular regression model defined by

Kim and SenGupta (2016) for describing the interactions. For each node, we build

a separate regression model where that node, which is a gene or protein in the bio-

logical networks, is the dependent variable and the remaining nodes are independent

variables. In this network, the regression coefficients which are statistically zero in-

dicate that there is no edge among associated nodes. That is there is no interaction

among the related genes or proteins. Other coefficients represent an edge between

the dependent variable and the corresponding independent variable, i.e., support the

existence of functional/physical interactions.

Considering that ϕ1, ..., ϕp−1 are independent variables and θ is the dependent vari-
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able, our model can be represented as below:

θi = µθ + 2arctan

(
α + β1 sin

(
(ϕ1,i − µϕ1)

2

)
+ . . .

+ βp−1 sin

((
ϕp−1,i − µϕp−1

)
2

))
+ ϵi,

where ϵi follows a circular distribution with a mean 0, α ∈ R and, β1, ...βp−1 ∈ R

denote the intercept and slope parameters, respectively. Furthermore, µϕ stands for

the centering constant of ϕ for i = 1, 2, ..., n and µθ refers to the centering constant

of θ. Moreover, arctan(.) and sin(.) represent the arctangent and sinus of the given

values, respectively. Additionally here, n denotes the number of data points and p

describes the number of nodes in our system. Finally, the values of circular ran-

dom variables ϕ1, ...ϕp−1 and θ are in [−π, π). As a result, by dividing values by 2,

we get unique values for sin. α in the model is put because otherwise, whenever

ϕ1 = µϕ1 , ..., ϕk = µϕk
, we would get θ = µθ. Using this regression model, we build

p regressions where the dependent variable is one of the nodes at each time. In this

expression, β1, ..., βp−1 give the strength of the interactions among the corresponding

node θ and the remaining nodes ϕ1, ...ϕp−1 in the network.

3.2 Estimation and Inference

For the estimation of these parameters, we use the circular mean-square error (CMSE),

which is the circular version of the traditional least squares estimation. This specific

approach does not require any distributional assumptions. The circular mean square

error of an estimator µ̂0 of a circular parameter µ0 is defined as follows.

CMSE = E (1− cos (µ̂0 − µ0)) .

In the above equation, CMSE is 0 when µ̂0−µ = 0 and it equals to 2 when µ̂0−µ =

±π. For other values, it takes values in between. E(.) denotes the expectation of the

given term and cos(.) implies the cosine value. In our model, we aim to minimize

sample CMSE via

Q
(
α, β1,...,βp−1, µθ, µϕ1,...,, µϕp−1

)
=

1

n

n∑
i=1

[
1− cos

(
θi − θ̂i

)]
,

20



where

θ̂i = µθ+2arctan

(
α + β1 sin

(
(ϕ1,i − µϕ1)

2

)
+ . . . + βp−1 sin

((
ϕk,i − µϕp−1

)
2

))
.

These resulting estimators are called the least circular mean square estimators (LCMSE)

and for large n, they are asymptotically normal (Kim and SenGupta 2016). Min-

imizing this CMSE function is a numerical optimization problem since it does not

have a closed-form solution. Therefore, for the optimization problem, we apply a

Newton-type algorithm which is performed by nlm() function in the base R pro-

gramming language. In many optimization problems, we encounter problems such

as non-convergence, being stuck at a local minimum etc. Therefore, we check codes

after each estimation which indicates why the optimization process terminated, i.e.

whether it was successful or it failed. Since we use CMSE which is a non-parametric

approach, there is no need to specify the distribution of the error except for the mean

being zero. Also, by using the large sample theory, µϕi
’s can be taken as the mean of

the sample ϕi’s.

For the inference, we utilize the fact that the Least Circular Mean Square Estima-

tors (LCMSE) are asymptotically normal. Kim and SenGupta (2016) prove that these

estimators are asymptotically normal, however, their proof is existential instead of

constructive. Therefore, we propose to implement the bootstrap method in order to

estimate the variance-covariance matrix. Hereby, we resample with replacement, fit

the model with new data and find the regression coefficients. Then, we repeat this pro-

cess m times. The resulting distribution of βi’s gives the sampling distribution and

the variance-covariance matrix of regression coefficients. Finally, to decide which

coefficients are statistically different than zero, we consider performing a backward

elimination method which is described below.

Let’s assume that we try to decide whether the correlation coefficients are signif-

icantly different than 0 or not while regressing the node i on other nodes where

i = 1, 2, ..., p. First, we can test if any of these (p−1) coefficients are 0 given all other

genes exist in the model, namely, H0 : βj = 0 where j ∈ {1, 2, . . . , p} − {i}. Since

LCMSE are asymptotically normal, we have β̂j

se(β̂j)
∼ N(0, 1) while se() shows the

standard error of the given random variable. By computing the bootstrap standard de-

viation as the standard error of the coefficients, we apply the z-test. Then, we choose

the coefficient with the largest p-value among the ones which are more than the se-
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lected significance level α = 0.05 and declare this coefficient as zero, say βx = 0.

Later, we can calculate the Wald-test to check the hypothesis H0 : βx = βj = 0

where j ∈ {1, 2, . . . , p} − {i, x} given all other coefficients significant. Here, we use

the fact that
[
β̂x, β̂j

]
[Cov(β̂)]−1

[
β̂x, β̂j

]′
∼ χ2

2 where Cov(.) and (.)′ indicate the

variance-covariance matrix of the coefficients and the transpose of the given vector

respectively. Again among βj’s, we can select the one which gives the largest p-value

which is more than α. We can declare this coefficient to be statistically zero together

with βx. Continuing this way, until none of the p-values is larger than α, we aim to

find all coefficients which are statistically zero. We repeat the same process for each

node in the network. Accordingly, all coefficients which are statistically different

than zero will correspond to edges and others as non-edges in the adjacency matrix A

of the network.

Here, the adjacency matrix is a binary matrix composed of 0 and 1 values. Edges are

represented by 1 which shows that the pairwise regression coefficients are statistically

significant and 0 entries show the conditional independence between the associated

pair of elements as their regression coefficient is not significantly different than 0 at

given α. Hence, A represents the neighbourhood matrix of the network and should

be symmetric and square. Accordingly, as the last step, we transform our adjacency

matrix to make it symmetric. Here, there is no bound in our model which forces

Aij = Aji. Therefore, we apply an "AND Rule" in such a way that we set the edge

between the ith and the jth gene existent if both Aij and Aji are nonzero. Similarly,

an "OR Rule" could have been applied. "OR Rule" produces denser graphs.

In order to evaluate the performance of the estimated network, we consider comput-

ing the accuracy, precision, specificity, recall and Matthew’s Correlation Coefficient

(MCC) values. In the calculation, accuracy, precision, specificity and recall can help

us to evaluate the model performance from different standpoints whereas MCC gives

a more general view which can be used alone for the evaluation of the performance

as an average of the earlier metrics.

Hereby, to summarize, our algorithm can be described as follows:

1. (Initialization) Number of bootstraps (m: default 50) and alpha value(α: default

0.05) is set.

2. (Model) For each node, we build a circular regression model where the chosen
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node is the dependent variable and other nodes are independent variables.

3. (Estimation) We estimate regression coefficients with nlm() function by mini-

mizing CMSE.

4. (Bootstrapping) To estimate the variance-covariance matrix of the regression

coefficients, we resample with replacement and repeat Step 3 with the new

data. We repeat this m times.

5. (Inference with backward elimination) We utilize the variance-covariance ma-

trix inferred in Step 4 and apply the z-test and Wald-tests to deduce insignificant

coefficients.

6. We repeat Steps 2-5 for each node.

7. We apply the "AND Rule" to make the adjacency matrix symmetric.

8. (Output) Output circular network with accuracy measures.

3.3 Simulations

3.3.1 Generating data

This project can be applied to data from different fields where a network structure of

circular data exists. Therefore, to implement in a more general setting, we simulate

the circular data with given network structures to show the performance of the sug-

gested model. For this purpose, we will use the wrapped distributions which are pro-

duced by wrapping a distribution around the n-variate torus component-wise (Kurz,

Gilitschenski and Hanebeck, 2014). In this representation, let f(.) be the probability

distribution function of a multivariate distribution in Euclidean space. The wrapped

circular distribution function g(.) is defined as below.

g(x , x2 , ..., xp) =
∑

ki∈Z:i=1,2,...,p

f(y1 + 2πk1, ..., yp + 2πkp).

After producing data with a known network structure, we will wrap this data around

the torus component-wise. This way, we have circular data with a known network

structure.
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First, we simulate the data from the multivariate normal distribution with a given

variance-covariance matrix. In this calculation, the zeros in the covariance matrix im-

ply the independence between corresponding random variables, whereas, the zeros in

the inverse of the covariance matrix, namely, the precision matrix, imply conditional

independence. In our network structure, we need conditional independence where

interactions among variables given all other variables are investigated. Accordingly,

we give a precision matrix with zeros for non-edges between random variables and

generate the simulated data by using the inverse of this matrix as a covariance matrix

(Zhao et al. 2012).

First of all, the variance-covariance matrix has to be symmetric. Therefore, the preci-

sion matrix which is the inverse of the variance-covariance matrix has to be symmetric

too. Also, the precision matrix has to be positive definite to be invertible. In many

of the applications in the literature, to be able to produce a positive definite matrix,

authors use the fact that a symmetric matrix which is diagonally dominant and has all

diagonals positive, is positive definite. Here, diagonally dominant means the absolute

value of the diagonal entries is greater than or equal to the sum of the corresponding

rows.

We generate data, using huge.generator() function of the "Huge" R-package, with ran-

dom graph structure where the probability that a pair of nodes has an edge is constant.

In their implementation, the adjacency matrix theta has all diagonal elements equal to

0. Also, each pair of off-diagonal elements of the adjacency matrix are randomly set

Θ[i, j] = Θ[j, i] = v for i ̸= j with a given probability, and 0 otherwise. Instead of

giving a random number to each non-zero value, they give the same number, default

0.3, to the magnitude of partial correlations. To obtain a positive definite precision

matrix, the smallest eigenvalue of Θ is computed. Then, they set the precision matrix

equal to Θ + (|Θ| + 0.1 + u)I . The covariance matrix is then computed to generate

multivariate normal data.

After generating data from the multivariate normal distribution, say Yj = (yj1 , ..., yjp)

for j = 1, ..., n, we wrap data around p-torus component-wise in order to transform

into the multivariate wrapped normal sample as follows.

(xj1 , ..., xjp) = (yj1 (mod 2π), ..., yjp (mod 2π)).
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We rebuild the network structure by using this circular dataset and the proposed

method. Later, the performance of the model is compared for different sample sizes

(denoted by n), network sparsities (i.e., the ratio of the number of zeros in the preci-

sion matrix, denoted by s) and network sizes (denoted by p).

3.3.2 Results

To examine the strengths and weaknesses of the proposed method, we applied our

model to various simulated data coming from the wrapped normal distribution. We

generated simulated networks with 10 and 20 nodes to examine the effect of the size

of the network on the performance of our model. Furthermore, since our model is

based on a regression technique, we expect our model to work only when the sample

size is sufficiently large and work better as the sample size increases. To test this

hypothesis, we generated data with 10 nodes with sample size 25, 50, 75, 100 and a

dataset with 20 nodes with sample size 50, 100 and 200. Finally, to inspect how the

density of the networks affects the model performance, we generated datasets with

varying densities of 0.15, 0.3 and 0.5. For each network, we did 500 Monte Carlo

Runs. As can be seen in Figure 3.1, mean accuracy measures stabilize after 125

runs. In our work, we took 500 runs for more reliable results. The mean performance

measures for 500 Monte Carlo runs for all the aforementioned networks can be found

in Table 3.1.

In Figure 3.2, you can see an example network with 10 nodes and a sample size

of 100 inferred by our method. Our model captured the network with an accuracy of

0.84 and an MCC of 0.613. The model captured 9 out of 12 edges correctly, i.e., has

a recall of 0.75, while mistakenly claims 4 edges.

3.3.2.1 Effect of the network size

Sizes of the circular networks vary between fields. For example, Leguey et al. (2019)

try to infer the network structure of 7 meteorological stations around Europe using

wind directions. Recently, Gottard and Panzera (2021) tried to capture the depen-

dence structure of proteins using dihedral angles where example networks had 8,
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Figure 3.1: Mean performance measures of increasing Monte Carlo runs for random

networks of 10 nodes with sample size 100.

Figure 3.2: A simulated network predicted by the proposed method. Blue edges are

false positives and dashed edges are false negatives. Here, the number of nodes is

10 and the sample size is 100. The model predicted with an accuracy of 0.84 and an

MCC value of 0.613.
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Table 3.1: Mean performance measures for 500 Monte Carlo runs. p represents the

number of the nodes, n sample size and s network density.

p n s accuracy precision recall specificity MCC

10 25 0.15 0.847 0.626 0.184 0.969 0.301

10 50 0.15 0.854 0.615 0.690 0.884 0.553

10 75 0.15 0.805 0.512 0.884 0.790 0.562

10 100 0.15 0.747 0.446 0.967 0.707 0.534

10 25 0.3 0.711 0.662 0.157 0.952 0.214

10 50 0.3 0.762 0.672 0.594 0.836 0.457

10 75 0.3 0.759 0.611 0.832 0.726 0.537

10 100 0.3 0.717 0.549 0.930 0.621 0.522

10 25 0.5 0.541 0.759 0.151 0.935 0.154

10 50 0.5 0.671 0.731 0.589 0.755 0.362

10 75 0.5 0.718 0.703 0.821 0.605 0.448

10 100 0.5 0.708 0.659 0.918 0.489 0.456

20 50 0.15 0.853 0.581 0.212 0.965 0.274

20 100 0.15 0.871 0.570 0.742 0.893 0.573

20 200 0.15 0.819 0.477 0.972 0.792 0.598
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Figure 3.3: Mean performance measures of 500 Monte Carlo runs for random net-

works with 10 and 20 nodes with density 0.15. The number of samples is taken as 50

and 100, respectively.

9 and 40 nodes. To compare the performance of our model with varying network

sizes, we compared networks with number of nodes 10 and 20. To have a meaning-

ful comparison we kept the ratio of the sample size to the number of nodes constant.

Therefore, sample sizes are taken as 50 and 100 respectively. As can be seen in Fig-

ure 3.3, mean accuracy, recall, specificity and MCC values are similar. However, as

the network size gets bigger, the number of parameters in the search space of the

optimization algorithm gets higher. This results in convergence problems and time

exceeding in the optimization step.

3.3.2.2 Effect of the sample size

Since our model is based on a regression model, we expect the algorithm to work only

if the sample size is higher than the number of parameters, and we expect the perfor-

mance to get better as the sample size increases. To test this claim, we generated
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Figure 3.4: Mean performance measures of 500 Monte Carlo runs for random net-

works with 10 nodes and density 0.3. The number of samples is taken as 25, 50, 75

and 100.

Figure 3.5: Mean performance measures of 500 Monte Carlo runs for random net-

works with 20 nodes and density 0.15. The number of samples is taken as 50, 100

and 200.

29



simulated networks with 10 nodes and varying sample sizes of 25, 50, 75 and 100.

Additionally, we generated simulated networks with 20 nodes and varying sample

sizes of 50, 100 and 200. Figure 3.4 shows that accuracy and MCC values are similar

for sample sizes 50, 75 and 100. Although the accuracy value is similar for the case

of sample size 25, MCC value is significantly lower, this stems from the highly low

recall value. When the sample size is too small, models produce sparser graphs than

expected. It seems like recovering when the number of samples is 5 times or higher

than the number of nodes. A similar trend can be seen in Figure 3.5 for the networks

with 20 nodes.

Another important observation is that recall values get higher and specificity values

get lower as the sample size increases. This stems from the fact that an increased

sample size will produce extra sensitivity in the hypothesis-testing step. As put by

Faber and Fonseca (2014), as the sample size gets too large, "What is insignificant

becomes significant.". Therefore, the model has an exaggerated tendency to reject

null hypotheses resulting in finding more edges than expected. Thus, we suggest

keeping the sample size higher than at least 5 times the network size and less than

10 times to keep the balance of recall and specificity if the underlying distribution is

known to be wrapped normal. Accordingly, if the nature of the work requires more

importance to be given to the recall value, we can keep the sample size small. On the

other hand, if the work requires more importance to be given to the specificity, then

we can keep the sample size large.

3.3.2.3 Effect of the network density

We define the density of a network as the probability of having an edge in the net-

work. We wanted to examine if our method is as powerful for the networks while

density changes. Figure 3.6 shows the performance measures of networks with size

10 and sample size 50 while sparsity takes values of 0.15, 0.3 and 0.5. Although

the model gives reasonable accuracy and MCC values for all networks, performance

values decrease as the density increases. We can conclude that model works better

for sparse networks than dense ones. In other words, the model has better accuracy

in scale-free networks than the random networks.
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Figure 3.6: Mean performance measures of 500 Monte Carlo runs for random net-

works with 10 nodes and sample size 50. The density, probability of an edge existing

in the graph is taken as 0.15, 0.3 and 0.5.

3.4 Circadian Gene interactions

In specific, apart from the simulations on wrapped normal data, we will implement the

proposed method on real data which is circadian gene interaction networks. Circadian

genes are expressed in the cells in a recurrent manner with a period of approximately

24 hours (Czeisler et al. 1999, Sukumaran et al. 2010). Therefore, interactions among

these genes naturally produce a circular network. Hence, in our study, the proposed

method is used after the transformation of the linear microarray data to the circular

data. Accordingly, the circadian nature of the data is exploited. Additionally, such an

investigation of circadian gene interactions using a model-based approach with the

circadian data is the first in this field up to date to the best of our knowledge.
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3.4.1 Data

We used microarray data of the gene expressions taken on a 24 or more hours time

course with 2-3 hours intervals. The full network of circadian genes is large. For this

reason, we pick subsets of the circadian genes and explore interactions within these

sub-networks. We estimate the network structure by using this data with the proposed

method and compare it with the real network from the literature.

Microarray technology allows us to observe gene expressions of the whole genome at

once. Microarray chips consist of microscopic DNA spots, namely probes, each rep-

resenting a gene, attached to a solid surface. When we put mRNAs taken from a cell

on this microchip, they will bind to their complementary parts on the chip. We attach

a fluorescent dye to mRNAs before. By measuring the amount of colour emitted by

the array we deduct the amount of mRNA in the cell. A more intense signal means

a more active gene. This way, at any given time and condition, we can observe high

throughput gene expressions in a cell.

There are many public databases including GEO (Edgar et al., 2002) from NCBI (Na-

tional Center for Biotechnology Information) or ArrayExpress (Athar et al., 2019)

from EBI (European Bioinformatics Institute) which store microarray data from dif-

ferent experiments. The organ or tissue this data is obtained from has crucial impor-

tance on the upcoming steps of the investigations since circadian rhythms are highly

organ-specific. We only model a subset of genes which are circadian in nature for

the organ/tissue under investigation. We used CGDB (Circadian Gene DataBase) to

detect these genes. CGDB (Li et al., 2016) is an online source containing circadian

genes from different organisms including humans with the information of the organ-

ism, tissue/cell and PubMed ID as well as the source of the evidence whether it is

experimentally identified or predicted. We gather circadian genes by choosing the

specific tissue/cell type the data is coming from and experimentally identified evi-

dence sources. Since all variables are circular in our model, we choose only circadian

genes of corresponding tissue/cell type from microarray data, to begin with.

After determining the nodes of the network, we need to extract the interactions among

them too. However, there are no databases which specifically give interactions among

circadian genes only. For that reason, we use the STRING (Szklarczyk 2019) database

which is a database of known and predicted protein interactions. We look only at in-
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teraction sources of curated databases, co-occurrence and co-expression and use this

network as the true network to compare with our model results.

Although circadian gene expressions are circular, microarray data is linear. To reveal

circular structure, we transform these periodic expressions into circular data by using

sinusoidal waves: expression levels taken at 2-3 hours time intervals can be fit by a

sine wave (Hickey 1984) with a period of 24 hours and angles in the sine can be used

as the corresponding angle at this point. After doing this for each gene and sample,

we slice a time point and use these angles as our circular data.

Since circadian genes are organ-specific, data should come from one organ/tissue. To

capture the circadian nature, we need consecutive time points, i.e. measurements ev-

ery 2 hours and we need data for at least one day. We searched databases GEO from

NCBI and ArrayExpress from EBI for this purpose. We found data set "GSE113883"

from GEO-NCBI from work titled "TimeSignature: A Universal Method for Robust

Detection of Circadian State from Gene Expression" (Braun et al., 2018). Whole

blood transcriptional profiles of 11 individuals with intermediate circadian pheno-

type, were generated by RNA sequencing, using Illumina NextGen 500. Whole blood

was collected every 2 hours over 28 hours (15 time-points), yielding a total of 165

samples, of which 153 passed the quality assurance and underwent further analysis.

This data contains the whole profile but we need only circadian genes expressed in

that specific cell. Hence, afterwards, we gather known circadian genes from the lit-

erature. We gather circadian genes from CGDB by choosing blood tissue/cell type

from humans with experimentally identified evidence. There are 55 genes in total in

this database on this search. After gathering circadian gene information, we need to

gather interaction information. For this purpose, we used the STRING (Search Tool

for Recurring Instances of Neighbouring Genes) database (Szklarczyk 2019) which

is a database of protein interactions. We look only at interaction sources of databases,

experiments, co-occurrence and co-expression. We ended up with a network of 55

genes shown in Figure 3.7.

We have sinusoidal fits for each gene and we slice data at a given time point. We used

lm() function in R which uses least squares estimation for linear models. Then after

pulling points to the sine wave, we use arcsin of the values to transfer them to the
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Figure 3.7: Network structure with all circadian proteins from STRING database.

circle. An example of this transforming procedure can be seen in Figure 3.8 and an

example of circular gene expression values after transformation can be seen in Table

3.2. We check the p-values for the fits. There can be many reasons that there is no

good fit. There can be biological reasons, for that particular time, genes might not

be expressed in a circular manner. There can be problems with the data collection.

Also, we use sine waves which have a very specific symmetric shape, however, not

all circadian genes follow that specific shape. After checking the p-values of the fits,

we excluded the samples in which multiple genes gave high p-values.

As can be seen in Table 3.2, some of the genes have multiple repeated entries. This

stems from the fact that expressions of these genes are tightly controlled. Some of

them are having a peak at a similar time of the day. Therefore, when we make this

circular transformation, we end up with some repeated measures. An example of this

can be seen in Figure 3.9. Therefore, this transformation results in losing information.

This is a general problem with circadian genes. One possible direction to compensate

for this information loss can be utilizing the height of the expression together with the
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sine-wave forms. Methods with real data and circular data integration can be utilized

here.

Nevertheless, for illustration purposes, we applied our method to a sub-network of

circadian genes. After extracting 3 samples, we end up with genes with reasonable

sine wave fits. Also, these genes have varying expression patterns, therefore, our

method is applicable. As can be seen in Figure 3.10, our algorithm caught the existent

edge while mistakenly claiming one additional edge.

Figure 3.8: Sine wave fitting for the gene PER1.

sample1 sample2 sample3 sample5 sample7 sample8 sample9 sample10 sample11

F12 43.178 51.128 13.007 65.247 1.828 -68.116 74.816 -72.993 -16.830

SERPING1 37.146 75.000 75.000 75.000 75.000 75.000 75.000 75.000 70.157

ORM1 -25.924 75.000 34.881 75.000 -5.284 75.000 -105.000 53.123 75.000

ORM2 51.277 -55.572 4.142 44.096 23.785 88.484 36.998 47.176 33.505

HPSE 75.000 -3.368 -47.186 56.621 13.157 -5.631 -105.000 75.000 13.009

TGFB1 -4.703 75.000 75.000 75.000 75.000 75.000 75.000 75.000 75.000

C1QC -60.627 75.000 75.000 75.000 25.213 66.438 -9.486 -38.032 -36.225

PER1 -105.000 -105.000 32.872 -24.309 -105.000 -105.000 55.373 -105.000 3.439

PER2 -34.371 72.032 14.747 75.000 6.711 -22.940 75.000 12.928 -26.055

PER3 40.602 -42.646 -56.661 -97.019 -64.938 -1.422 81.331 -10.272 -61.368

ARNTL 75.000 61.619 51.283 70.619 30.103 75.000 75.000 -43.379 75.000

NPAS2 74.496 -105.000 45.167 75.000 74.048 75.000 75.000 74.979 75.000

Table 3.2: Circular gene expressions after transformation.
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Figure 3.9: Sine wave fitting of the gene EPHX2 for samples 8, 9 and 10.
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Figure 3.10: An example of circadian sub-network. Our method detected the existent

edge correctly while mistakenly claiming one additional edge.
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CHAPTER 4

HIDDEN MARKOV MODELS

In this chapter, we will show how can we utilize known network structures for the bet-

terment of the data analyses. To classify HIV-1 protease cleavage sites, we will model

amino acid chains with a hidden Markov model. Structure of the network can be seen

in Figure 4.1. The hidden Markov model (HMM) is a special case of the probabilistic

graphical models where entities are represented by nodes and dependencies by edges

between them. In general, the probabilistic graphical models are intractable. How-

ever, in HMMs, most of the dependencies are replaced with independence relations.

These assumptions help to make the problem tractable while keeping the necessary

spatial dependencies. In this chapter, we present HMM model in 4.1 and a toy dataset

in 4.2. Afterwards, in 4.3, we show the calculation of likelihood. In section 4.4, we

explain the inference procedure and in Section 4.5, we explain the estimation pro-

cedure. All these calculations are applied to the toy dataset throughout. Lastly, in

Section 4.6, we present the application in the HIV-1 Protease Cleavage dataset and

discuss the outputs. This work has been published as a book chapter in "Numeri-

cal Solutions of Realistic Nonlinear Phenomena" (Dar, Purutçuoğlu and Purutçuoğlu

2020).

4.1 Model

HMM has a sequence of observations and a sequence of states which produces them.

We denote the observation sequence as O = (O1, O2, . . . , OT ) where each observa-

tion is an object from the set o = {o1, o2, . . . , oM}. Here, T represents the length

of the observation and state sequences, and M denotes the number of possible ob-
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servations. The hidden states which produce these observations are shown by S =

(S1, S2, . . . , ST ) where each state is an object from a set of states s = {s1, s2, . . . , sN}.

Here, N represents the number of possible states. We also define the following con-

ditional independence assumptions:

• P (Ok|S1, . . . , ST , O1, . . . , OT ) = P (Ok|Sk) for any 1 ≤ k ≤ T .

• P (Oi, Oj|Si, Sj) = P (Oi|Si, Sj)P (Oj|Si, Sj) = P (Oi|Si)P (Oj|Sj) for 1 ≤
i, j ≤ T .

• P (Sk|S1, . . . , Sk−1) = P (Sk|Sk−1) for any 2 ≤ k ≤ T , i.e., states form a

Markov Chain.

Because of these assumptions, the joint probability of the system can be written as

P (O1, ..., OT , S1, ..., ST ) = P (O1, ..., OT |S1, ..., ST )P (S1, ..., ST )

= P (O1|S1)P (O2|S2)...P (OT |ST )P (S1)P (S2|S1)

P (S3|S2)...P (ST |ST−1)

=

(
T∏
i=1

P (Oi|Si)

)
P (S1)

(
T∏
i=2

P (Si|Si−1)

)
. (4.1)

Therefore, to define an HMM we only need the probabilities below.

• Transition probabilities: aij = P (St = j|St−1 = i) for 1 ≤ i, j ≤ N .

• Emission probabilities: bij = P (Ot = j|St = i) for 1 ≤ i ≤ N and 1 ≤ j ≤
M .

• Initial probabilities: πi = P (S1 = si) for 1 ≤ i ≤ N .

Furthermore, we can write transition and emission probabilities in a matrix form,

say A and B and initial probabilities as a vector Π. Hereby, we denote parameters

for HMM as λ = (A,B,Π). In modelling via HMM, we are interested in basically

solving three problems:

• Finding likelihood of an observation sequence given an HMM with parameters

λ,
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• Finding the most probable state sequence given the model parameters and the

observation sequence,

• Estimating the model parameters given sequences of states and observations.

In the following part, we represent each step with detail by using a toy example whose

description is also presented.

Figure 4.1: Hidden Markov model; nodes represent hidden states and observations

while edges indicate the dependencies among them.

4.2 Toy example

For illustrative purposes, we use the following example which is modified from Eis-

ner’s paper (Eisner 2002). Let’s say the number of ice creams that a person eats

every day depends on the weather, which will be taken as either cold or hot. Also, let

the number of ice creams she/he eats be from the set {1, 2, 3}. Here, the weather is

the hidden variable where the number of ice creams is observed. Therefore, we have

S = {H,C} and O = {1, 2, 3}. Accordingly, the parameters of the model are defined

below:

A =

P (St = H|St−1 = H) P (St = C|St−1 = H)

P (St = H|St−1 = C) P (St = C|St−1 = C)

 =

0.6 0.3

0.4 0.5

 ,

B =

P (Ot = 1|St = H) P (Ot = 2|St = H) P (Ot = 3|St = H)

P (Ot = 1|St = C) P (Ot = 2|St = C) P (Ot = 3|St = C)


=

0.2 0.4 0.4

0.5 0.4 0.1

 ,
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Π =

P (S1 = H)

P (S1 = C)

 =

0.8
0.2

 .

We use this example to elaborate on the calculations of the HMM steps.

4.3 Calculation of likelihood

In some problems, we might be interested in finding the likelihood of an observation

sequence given the model parameters while the state sequence is hidden. There are

three major approaches to this calculation. We first describe the most natural way to

solve this problem, which is the naive approach, and continue with faster counterparts:

forward and backward algorithms.

4.3.1 Naive approach

In this computation, we initially find the likelihood given a specific state as shown

earlier and then, we sum over all possible states as below.

P (O|λ) =
∑
S

P (O, S|λ), (4.2)

where λ is the model parameter. In Equation (4.2) there are NT possible states.

Therefore, when N and T are large, this approach becomes computationally demand-

ing in the order of O(NT ) to calculate the likelihood. If we apply this to our toy

example, assuming the observations for 3 days to be O = (2, 1, 3), the likelihood of

this observation sequence is found by:

P (O = (2, 1, 3)|λ) =
∑
S

P (O = (2, 1, 3), S = (s1, s2, s3)|λ). (4.3)

To find the sum in Equation (4.3), let’s first calculate one specific element in the sum,

such as S = (H,H,C), by using Equation (4.1). Here, we obtain

P (O = (2, 1, 3), S = (H,H,C)|λ)

= P (O1|S1)P (O2|S2)P (O3|S3)P (S1)P (S2|S1)P (S3|S2)

= P (2|H)P (1|H)P (3|C)P (H)P (H|H)P (C|H)

= 0.4× 0.2× 0.1× 0.8× 0.6× 0.3.
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We have to repeat this calculation 23 = 8 times for different state sequences. Then,

we need to compute their sum in order to obtain the likelihood. But, in real-life

examples, the number of state sequences can be very high. Thereby, another method

which is faster than this naive approach is necessary.

4.3.2 Forward algorithm

The forward algorithm (Kouemou 2011) is a dynamic programming example where

we break the problem into sub-problems and use the earlier results in a recursion. In

this way, we can solve the inference problem faster than the naive approach. Hereby,

the likelihood of the observation sequence and a specific state at the last position of the

state sequence given model parameters summed over all possible states are presented

as below.

P (O|λ) = Pλ(O) =
N∑
i=1

P (ST = si, O|λ).

Thus, in order to find the term in the summation conditional on the model parameters

λ, we define

αk(Sk) = Pλ(Sk = si, O1, . . . , Ok). (4.4)

The value in the sum is simply equal to αT (si). To be able to find this term in Equation

(4.4), we can write it recursively via:

αk(Sk) =

sN∑
Sk−1=s1

Pλ(Sk, Sk−1, O1, . . . , Ok)

=

sN∑
Sk−1=s1

Pλ(Ok|Sk, Sk−1, O1, . . . , Ok−1)

Pλ(Sk|Sk−1, O1, . . . , Ok−1)Pλ(Sk−1, O1, . . . , Ok−1)

=

sN∑
Sk−1=s1

Pλ(Ok|Sk)Pλ(Sk|Sk−1)Pλ(Sk−1, O1, . . . , Ok−1)

=

sN∑
Sk−1=s1

bsk,okask−1,skαk−1(Sk−1)

for 2 ≤ k ≤ T , and for k = 1 we have

α1(S1) = Pλ(S1, O1) = Pλ(S1)Pλ(O1|S1) = Π(S1)bS1,O1 .
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Here, we recursively find α1(S1),. . . ,αT (ST ) and sum αT (ST ) over all possible values

of ST to get the likelihood of interest. We complete the forward algorithm with the

complexity O(N2T ). For large values of N and T , this complexity is lower than the

complexity of the naive approach. Accordingly, let’s see how the algorithm works on

our toy example for O = (2, 1, 3):

α1(S1) = Pλ(S1)Pλ(O1|S1) =

Pλ(H)Pλ(2|H) for s1 = H

Pλ(C)Pλ(2|C) for s1 = C
,

α2(S2) =

sN∑
S1=s1

Pλ(O2|S2)Pλ(S2|S1)α1(S1)

= Pλ(1|S2)Pλ(S2|H)α1(H) + Pλ(1|S2)Pλ(S2|C)α1(C)

=

Pλ(1|H)Pλ(H|H)α1(H) + Pλ(1|H)Pλ(H|C)α1(C) for s2 = H

Pλ(1|C)Pλ(C|H)α1(H) + Pλ(1|C)Pλ(C|C)α1(C) for s2 = C
,

α3(S3) =

sN∑
S2=s1

Pλ(O3|S3)Pλ(S3|S2)α2(S2)

= Pλ(3|S3)Pλ(S3|H)α2(H) + Pλ(3|S3)Pλ(S3|C)α2(C)

=

Pλ(3|H)Pλ(H|H)α2(H) + Pλ(3|H)Pλ(H|C)α2(C) for s3 = H

Pλ(3|C)Pλ(C|H)α2(H) + Pλ(3|C)Pλ(C|C)α2(C) for s3 = C
.

Thus, finally we can obtain

Pλ(O = (2, 1, 3)) = α3(H) + α3(C).

4.3.3 Backward algorithm

The Backward algorithm (Kouemou 2011) is similar to the forward algorithm, ex-

cept for the starting point of the calculation. Hereby, we find the likelihood by the
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following expression.

Pλ(O) =
N∑
i=1

Pλ(S1 = si, O)

=
N∑
i=1

Pλ(S1 = si)Pλ(O1|O2, . . . , OT , S1 = si)Pλ(O2, . . . , OT |S1 = si)

=
N∑
i=1

Pλ(S1 = si)Pλ(O1|S1 = si)Pλ(O2, . . . , OT |S1 = si)

=
N∑
i=1

Π(si)bsi,O1Pλ(O2, . . . , OT |S1 = si).

To obtain the solution, we need to obtain the last term in the sum and we compute it

by recursively using the following definition.

βk(Sk) = Pλ(Ok+1, . . . , ON |Sk)

=

sN∑
Sk+1=s1

Pλ(Ok+1, . . . , OT , Sk+1|Sk)

=

sN∑
Sk+1=s1

Pλ(Ok+2, . . . , OT |Sk+1, Sk, OK+1)Pλ(Ok+1|Sk+1, Sk)Pλ(Sk+1|Sk)

=

sN∑
Sk+1=s1

Pλ(Ok+2, . . . , OT |Sk+1)Pλ(Ok+1|Sk+1)Pλ(Sk+1|Sk)

=

sN∑
Sk+1=s1

βk+1(Sk+1)bSk+1,Ok+1
aSk,Sk+1

for 1 ≤ k ≤ N − 1. For βT (ST ), we cannot use the above definition since it involves

ON+1 which does not exist. So, if we use our recursion formula for k = T − 1,

βT−1(ST−1) =

sN∑
ST=s1

Pλ(OT , ST |ST−1)

=

sN∑
ST=s1

βT (ST )Pλ(OT |ST )Pλ(ST |ST−1).

But Pλ(OT , ST |ST−1) can be also written as,

Pλ(OT , ST |ST−1) = Pλ(OT |ST , ST−1)Pλ(ST |ST−1)

= Pλ(OT |ST )Pλ(ST |ST−1). (4.5)
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Therefore, for Equation (4.5) to hold, βT (ST ) = 1. Now by using Equation (4.1) and

the definition of β, we can get

Pλ(O) =
N∑
i=1

Π(si)bsi,O1β1(S1 = si).

4.4 Viterbi algorithm: Inference of the most probable path

The Viterbi algorithm (Kouemou 2011) is a recursive algorithm that is used to find

the most probable sequence, also called path, given the observation sequence and

parameters. In the calculation, after initialization of the state, at each step, we use the

earlier paths which we find. More formally, our aim is to find

S∗ = argmax
S

P (S|O).

Note that;

If f(a) ≥ 0 for all a and g(a, b) ≥ 0 for all a, b, we have,

max
a,b

f(a)g(a, b) = max
a

{
f(a)max

b
g(a, b)

}
, (4.6)

and we have

argmax
S

P (S|O) = argmax
S

P (S,O)

since P (O) does not contain any element from hidden states. Now let us define the

function µ and the recursion by using Equation (4.6) as below.

µk(Sk) = max
S1,...,Sk−1

P (S1, . . . , Sk, O1, . . . , Ok)

= max
S1,...,Sk−1

P (Ok|Sk)P (Sk|Sk−1)P (S1, . . . , Sk−1, O1, . . . , Ok−1)

= max
Sk−1

P (Ok|Sk)P (Sk|Sk−1) max
S1,...,Sk−2

P (S1, . . . , Sk−1, O1, . . . , Ok−1)

= max
Sk−1

P (Ok|Sk)P (Sk|Sk−1)µk−1(Sk−1)

for 2 ≤ k ≤ T , and by definition µ1(S1) = P (S1, O1) = P (S1)P (O1|S1). So, we

find the sequence of the state which leads to

max
ST

µT (ST ) = max
S1,...,ST

P (S1, . . . , ST , O1, . . . , OT ).

For this purpose, at each iteration, we note the most probable state and the path which

satisfies these conditions. We can explain the application of this search process via
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our toy example. Let O = (2, 1, 3), then,

µ1S1 = P (S1)P (O1|S1) =

P (H)P (2|H) for s1 = H

P (C)P (2|C) for s1 = C
=

0.32 for s1 = H

0.08 for s1 = C
.

(4.7)

Since the maximum is achieved when S1 = H , we have argmaxP (S1|O1) = H . By

using Equation (4.7), we calculate µ as follows.

µ2(S2) = max
S1

P (O2|S2)P (S2|S1)µ1(S1) (4.8)

=



P (1|H)P (H|H)µ1(H) for s1 = H, s2 = H

P (1|H)P (H|C)µ1(C) for s1 = C, s2 = H

P (1|C)P (C|H)µ1(H) for s1 = H, s2 = C

P (1|C)P (C|C)µ1(C) for s1 = C, s2 = C

=



0.0384 for s1 = H, s2 = H

0.0016 for s1 = C, s2 = H

0.0480 for s1 = H, s2 = C

0.0050 for s1 = C, s2 = C

.

Therefore, we obtain the most probable paths as S1 = H,S2 = H and S1 = H,S2 =

C. If we continue the iteration in the same way via Equation (4.8),

µ3(S3) = max
S2

P (O3|S3)P (S3|S2)µ2(S2) (4.9)

=



P (3|H)P (H|H)µ2(H) for s2 = H, s3 = H

P (3|H)P (H|C)µ2(C) for s2 = C, s3 = H

P (3|C)P (C|H)µ2(H) for s2 = H, s3 = C

P (3|C)P (C|C)µ2(C) for s2 = C, s3 = C

=



0.009216 for s1 = H, s2 = H

0.007680 for s1 = C, s2 = H

0.001152 for s1 = H, s2 = C

0.002400 for s1 = C, s2 = C
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Hence, we get the most probable paths as S1 = H,S2 = H,S3 = C and S1 =

H,S2 = H,S3 = H . Finally, by using the results in Equation (4.9), we reach

max
S3

µ3(S3) = max
S3

{µ3(H), µ3(C)} = max {0.009216, 0.002400} = 0.009216.

As a result, we conclude that the path, which presents S1 = H,S2 = H,S3 = H , is

the most probable path if the sequence of observations is O = (2, 1, 3).

4.5 Baum-Welch algorithm: Estimating the model parameters

The Baum-Welch forward-backward method (Durbin et al. 1998) is an iterative algo-

rithm which is also a special case of the expectation-maximization approach. Here,

we start the calculation with an initial guess of the parameters and by using data in

hand, we aim to make better estimates for the model parameters λ iteratively until λ

converges. In these computations, we use the following expression for the estimator

of the transition probability between the ith and the jth variables, i.e., states.

âij =
Expected number of transitions from i to j

Expected number of transitions from i
.

To find these expectations, we apply the following equation.

ξt(i, j) = P (St = i, St+1 = j|O, λ), (4.10)

=
P (St = i, St+1 = j, O|λ)

P (O|λ)
,

=
αt(St = si)aijbSt+1=sj ,ot+1βt+1(St+1 = sj)∑N

j=1 αt(St = sj)βt(St = sj)
.

In Equation (4.10), we can find the denominator by using only the forward or only

the backward algorithm too. Then, by computing the function ξ, we can write the

estimator for aij as

âij =

∑T−1
t=1 ξt(i, j)∑T−1

t=1

∑N
k=1 ξt(i, k)

.

Similarly, to estimate the emission probability matrix B we can use,

b̂j(ok) =
Expected number of times being in state sj and observing ok

Expected number of times being in state sj
.

Accordingly, the meaning of γt is

γt(j) = P (St = j|O, λ) =
P (St = j, O|λ)

P (O|λ)
=

αt(St = sj)βt(St = sj)∑N
j=1 αt(St = sj)βtSt = sj

.

48



Finally, we can write our estimate for bj as follows.

b̂j(ok) =

∑T
t=1 st Ok = ok

γt(j)∑T
t=1 γt(j)

.

Also, we can state the estimate of the initial probability π as

π̂i = γ1(i).

4.6 Application on HIV-1 Protease Cleavage Sites

4.6.1 Data description

In our work, we use the HIV-1 protease cleavage 746 dataset (Rögnvaldsson, You

and Garwicz 2015). The data contain the lists of octamers (8 amino acids) and a flag

depending on whether the HIV-1 protease will cleave in the central position (between

amino acids 4 and 5). There are 401 cleaved and 345 non-cleaved octamers. We

also use the physicochemical properties of amino acids from the AAIndex database

(Nakai, Kidera and Kanehisa 1988). In this database, there are 544 properties taken as

continuous variables for each amino acid. We discard 14 of them since they contain

null values.

4.6.2 Creation of states

In modelling our data via HMM, there are 8-bit observation sequences where each

observation is from a set of 20 standard amino acids, namely, A, R, N, D, C, Q, E,

G, H, I, L, K, M, F, P, S, T, W, Y and V. Each observation has a hidden state behind

it, which we form by using physicochemical properties of amino acids. Furthermore,

we accept that if we replace an amino acid of a cleaved sequence with another amino

acid having similar properties, it is more likely that the new sequence will also be

a cleaved sequence. Therefore, we group amino acids according to the similarities

based on physicochemical properties and use that information as their hidden states

in the model.

After discarding features with null values, we have 530 features that can be taken for

the analyses. On the other hand, when a clustering algorithm is used with a large
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number of features, typically, it can perform poorly due to outliers or highly corre-

lated variables. Therefore, in our calculation, we implement some feature selection

methods to decrease the number of features. For this purpose, initially, we group the

features via the same AAIndex data by treating features as instances. Here, we use the

k-means (Hartigan and Wong 1979), k-medoids (Park and Jun 2009) and hierarchi-

cal clustering (Murtagh 1985) techniques. In the k-means and hierarchical clustering

approaches, we form a subset of features by choosing a variable randomly from each

cluster. On the other side, in the k-medoids, we select the cluster medoids as the

cluster representatives. Furthermore, we try different numbers of feature subsets that

change from 30 to 60 with an increment of 5 in order to detect the optimal number of

subsets. Additionally, we construct the model without performing any feature selec-

tion and compare it with the models with the feature selection in order to observe the

effect of these clusterings in modelling.

Thereby, by using the underlying subsets of features, we group amino acids to create

the states. Here, we accept that an amino acid can share many different properties with

multiple groups. Thus, we prefer fuzzy clustering (Bezdek 1981), rather than clas-

sical clustering approaches, in our analyses. In this way, an amino acid can belong

to more than one cluster with a membership degree between 0 and 1, and the sum of

the membership degrees adding to 1. Among alternative fuzzy approaches, we select

the most well-known ones, namely, the fuzzy k-means (Bezdek 1981), Gustafson and

Kessel-like fuzzy k-means (Gustafson and Kessel 1978) and the fuzzy k-medoids (Kr-

ishnapuram et al. 2001). The fuzzy k-means is similar to usual the k-means method,

where the Gustafson Kessel-like fuzzy k-means considers non-spherical clusters too.

In the fuzzy k-medoids, the medoids are taken as cluster representatives instead of

artificial means. Finally, we assign amino acids to a state if the membership degree is

greater than 0.1.

On the other hand, in our calculations, since there are 20 amino acids to cluster, the

number of clusters cannot be more than 10. Whereas, we see that when the number

of clusters is less than 5, too much information is lost. Therefore, we try and compare

the number of states from 5 to 10 in order to detect the optimal number. Also, we

standardize the features before clustering to avoid any bias caused by the variance of

the features. In Table 4.1, we present 9 states created by the fuzzy k-medoids method

using 60 features chosen by the hierarchical clustering.
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Table 4.1: States created by the fuzzy k-medoids approach with 9 number of states

using 60 features which are determined via the hierarchical clustering.

States Amino acids

1 R, N, D, C, Q, M, P, W, Y

2 C, I, M, F, P, W, Y

3 R, N, D, C, G, P, S, T, Y

4 A, N, C, G, M, P, S

5 I, L, M, W

6 C, G, I, M, V

7 R, N, K

8 D, E, P

9 N, C, H, W, Y

4.6.3 Initialization of the EM algorithm

On the other side, while doing the inference on emission, starting and transition prob-

abilities, we use the Baum-Welch EM algorithm, which can converge to a local max-

imum instead of the global maximum (Durbin et al. 1998). Therefore, we give a

clever starting point to the algorithm in order to increase the probability of reaching

the global maximum in our calculation. Hence, we use the data in hand to make a

good prediction in the following way:

1. Calculation of initial probabilities: To calculate the starting probability of a

state, we count all the sequences in the training data which start with amino

acids that this state includes. Then, for all states, we divide them into the sum

of these counts to turn these counts into probabilities. For example, let’s say

we have 15 sequences in the training data where 5 of them starting with A, 2

starting with S and 8 starting with V. State 3 contains A, therefore its count is

counted by 2, State 4 contains both A and S, therefore its count is set to 2 + 5,

State 6 contains V, hence, its count equals to 8. Thus, the probability of the first

state being State 3 is found as 2/17, the first state being State 4 is equated to

7/17 and the first state being State 6 is computed as 8/17 while all other values
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in the vector Π being 0.

2. Calculation of emission probabilities: To estimate the probability of observing

an amino acid given a state, we apply the following procedure. With the 0.9

probability, we observe one of the amino acids that this state includes, and with

the 0.1 probability, other amino acids that this state does not include. As an ex-

ample, State 1 includes 9 amino acids where the probability 0.9 is equally dis-

tributed among them, each having probability 0.9/9, and the rest of the amino

acids have the 0.1 probability equally distributed among them, each having the

probability 0.1/11.

3. Calculation of transition probabilities: We know the corresponding states for

each amino acid of our sequences in the data. For example, Table 4.2 shows

the corresponding states for amino acids of the sequence AIMALKMR. For

example, as seen in Table 4.2, there are 2 transitions from State 5 to State

5 and there is a 1 transition from State 5 to State 2 given only the sequence

AIMALKMR. In this way, we count all transitions coming from all sequences

in the training set. Afterwards, for each state, we sum all transitions from this

state to all states including itself and divide counts of all transitions from this

state to this number. Accordingly, we can turn it into a probability distribution.

In the case of the sum is 0, the probability of this row is taken equally distributed

as 1/N for each state.

Sequence A I M A L K M R

States 4 2 1 4 5 7 1 1

5 2 2 3

6 4 4 7

5 5

6 6

Table 4.2: Corresponding states of the amino acids in the sequence AIMALKMR.

Figures 4.2 and 4.3 show the count matrix and the transition matrix produced by using

only the sequence AIMALKMR.
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

State1 State2 State3 State4 State5 State6 State7 State8 State9

State1 1 0 1 1 0 0 1 0 0

State2 2 1 1 1 1 1 1 0 0

State3 0 0 0 0 0 0 0 0 0

State4 1 1 1 1 2 1 1 0 0

State5 2 1 1 2 1 1 2 0 0

State6 2 1 1 2 1 1 1 0 0

State7 1 1 0 1 1 1 0 0 0

State8 0 0 0 0 0 0 0 0 0

State9 0 0 0 0 0 0 0 0 0


Figure 4.2: Counts of the transitions between states produced from the sequence

AIMALKMR.



State1 State2 State3 State4 State5 State6 State7 State8 State9

State1 1/4 0 1/4 1/4 0 0 1/4 0 0

State2 2/8 1/8 1/8 1/8 1/8 1/8 1/8 0 0

State3 1/9 1/9 1/9 1/9 1/9 1/9 1/9 1/9 1/9

State4 1/8 1/8 1/8 1/8 2/8 1/8 1/8 0 0

State5 2/10 1/10 1/10 2/10 1/10 1/10 2/10 0 0

State6 2/9 1/9 1/9 2/9 1/9 1/9 1/9 0 0

State7 1/5 1/5 0 1/5 1/5 1/5 0 0 0

State8 1/9 1/9 1/9 1/9 1/9 1/9 1/9 1/9 1/9

State9 1/9 1/9 1/9 1/9 1/9 1/9 1/9 1/9 1/9


Figure 4.3: Transition matrix produced from the sequence AIMALKMR.
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4.6.4 Modeling the data via HMM

In our calculation, we initially split cleaved and non-cleaved data into 90% of train-

ing and 10% of the test data. Then, we only use the test data after finding the optimal

model parameters through training. Using initializations for the model parameters,

we apply the Baum-Welch EM algorithm with the 1000 maximum numbers of itera-

tions, and the convergence criteria for the change of the log-likelihood equal to 0.001.

Furthermore, in all analyses, we conduct the R programming language and we utilize

the aphid R package for the calculation.

Moreover, the optimum values of the hyper-parameters are selected by using the 10-

fold cross-validation on the training data. Cross-validation is used to reduce the bias

that stems from the random selection of data. Accordingly, the training data are di-

vided into 10 folds and 9 of them are used for the training data as well as the last one

is used for the validation data. Finally, we repeat this process 10 times until we utilize

all 10 folds as the validation data.

To classify the sequence as cleaved or non-cleaved, two separate HMMs are trained

on the cleaved and non-cleaved datasets, respectively. We declare these sequences as

cleaved if the likelihood of belonging to cleaved HMM is greater than the non-cleaved

HMM and vice versa. This way, we calculate the false positive (FP), false negative

(FN), true positive (TP) and true negative (TN) values. To measure the quality of our

classification, we compute the precision(pre), recall (rec), accuracy (acc), Matthews

correlation coefficient (MCC) and the F-measure (F). The formulas of these measures

are also represented below:

Precision =
TP

TP+FP
,

Recall =
TP

TP+FN
,

Accuracy =
TP+TN

TP+TN+FP+FN
,

MCC =
(TP × TN)− (FP × FN)√

(TP+FP)× (TP+FN)× (TN+FP)× (TN+FN)
,

F-measure = 2× Precision × Recall
Precision+Recall

.

Lastly, after deciding on the final model, to avoid over-optimism caused by overfit-

ting, we declare results by using the test data whose final model has not been seen

yet.
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4.6.5 Results

In this section, for brevity, we refer to the fuzzy k-means method as fkm, Gustafson-

Kessel like fuzzy k-means as GKfkm and the fuzzy k-medoids approach as fkmed.

1. Effect of the number of states when other hyperparameters are fixed: The num-

ber of states do not have a linear effect on the accuracy values when other

parameters are fixed. Figure 4.4 shows the accuracy as a function of the num-

ber of states and the feature selection methods with the number of features used

as 60 (Figure 4.4 (a-c)) or no feature selection used (Figure 4.4 (d)). As seen

in Figure 4.4, when GKfkm is used, the accuracy increases with the number of

states except in the case when the number of states changes from 5 to 6. In that

case, there is a slight decrease. On the other hand, there is no common pattern

when other techniques are used. In our analyses, in total, we perform 3 fea-

ture selection techniques, 7 different number of features and 3 state selection

techniques, which makes a total of 3 × 7 × 3 = 63 possible cases. This num-

ber becomes 66 when we include cases when we do not implement any feature

selection. Out of these 66 cases, 40 of them give the best accuracy when the

number of states is 10, 14 of them give the best accuracy when the number of

states is 9, 5 of them give the optimal accuracy when the number of states is 8,

followed by the number of states 5, 6 and 7, respectively. Hence, we conclude

that the large numbers of states produce more accurate results.

2. Effect of the number of features on the accuracy: Figure 4.5, 4.6 and 4.7 show

the accuracy as a function of the number of features for different feature se-

lection and state selection methods. As seen in the figures, the effect of the

number of features highly depends on the methods used. Moreover, the change

in the number of features does not have an effect on the accuracy when GKfkm

is applied. Also, fkm is very robust to the changes in the number of features

only when the hierarchical feature selection method is performed. Finally, we

observe that there is no common pattern for the other methods in the analyses.

3. Effect of the feature selection methods on the accuracy: As seen in Figure 4.8,

when the fkm state selection method is implemented, the k-medoids method

gives the best results almost all the time except in a few cases. Whereas the
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Figure 4.4: Effect of the number of states on the accuracy values.

Figure 4.5: Accuracy values for the hierarchical feature selection.
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Figure 4.6: Accuracy values for the k-means feature selection.

Figure 4.7: Accuracy values for the k-medoids feature selection.
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hierarchical method gives poor results and this result does not change with the

number of features. The k-means method, however, doesn’t follow a common

pattern, being worse than the k-medoids approach most of the time, but having

higher accuracy for a few cases. As seen in Figure 4.9, the feature selection

methods are more robust and none of them is particularly better than the other

when the fkmed method is applied. Additionally, the change in the feature se-

lection method does not have an effect on the accuracy when GKfkm is used.

The only exception is seen when the number of states is 5 in such a way that the

accuracy values for this method do not change within our range for the number

of features, but change when we do not implement any feature selection. Lastly,

when the hierarchical feature selection method is used with the fkm state selec-

tion, the number of features affects the accuracy slightly and the accuracy value

is very poor.

Figure 4.8: Accuracy values for the fuzzy k-means state selection.

4. Effect of the state selection methods on the accuracy: When we compare the

state selection methods, we see that GKfkm is very robust to the number of

features and the feature selection methods, but the accuracy changes when the

number of states changes. fkm is also very robust to the changes in the number

of features when the hierarchical feature selection method is performed. As

seen in Figure 4.5, when the hierarchical feature selection method is applied,

fkmed always gives the best results, GKfkm produces worse results and fkm
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Figure 4.9: Accuracy values for the fuzzy k-medoids state selection.

shows the worst outcomes. This is an expected finding since the fkmed method

is more robust to outliers in the data and the GKfkm method captures non-

spherical patterns, unlike fkm. As seen in Figure 4.6, a similar pattern appears

when the k-means feature selection is implemented, except in some cases fkm

surpasses fkmed and GKfkm. Moreover, fkm works more efficiently when it

is used with the k-medoids feature selection method. As seen in Figure 4.7,

in some cases fkm gives better results than fkmed and in many cases, it shows

better results than GKfkm. Overall, there are 132 different cases when all other

hyperparameters are fixed except state selection methods. The fkmed method

is the best among state selection methods 118 times out of 132 cases, followed

by fkm which is the best 14 times and GKfkm is never the best among other

methods.

5. Effect of the feature selection on the accuracy: When fkm is implemented for

the state selection, only the k-medoids and sometimes the k-means feature se-

lection give higher accuracy compared to no feature selection. When the GK-

fkm state selection method is used, we observe that there is no difference be-

tween the feature selection and the feature selection findings. On the other

hand, when fkmed is applied as the state selection, using all the dataset without

any feature selection show either the best or comparable results to the models

with the feature selection approach.
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As a result, at the end of the training process, we select the hierarchical feature selec-

tion method with 60 features and the fuzzy k-medoids state selection with 9 numbers

of states as the optimal choices for our analyses. The associated states can be seen in

Table 4.1. In the paper of Zhang et al. (2006), a method, called the multiple property

grouping, is suggested. In that paper, they built a graph using the number of common

features that amino acids share and declare the cliques of this graph as states. We

apply this method to our dataset and compare the results on both the 10-fold cross-

validation values on the training data and on the test data. The measures taken for the

comparison are smaller on the test data than the training data since the model does not

see the test data throughout the training process. As presented in Table 4.3, from the

outcomes, it is observed that the proposed model gives better results than the multiple

property grouping on both training and the test data on almost all measures except a

slightly smaller value of the precision on the test data.

Model Precision Recall F-score MCC Accuracy

Proposed model training values 0.908 0.945 0.924 0.837 0.917

Multi property model training values 0.886 0.917 0.900 0.777 0.888

Proposed model test values 0.864 0.950 0.905 0.789 0.893

Multi property model test values 0.875 0.875 0.875 0.732 0.867

Table 4.3: Comparison of the proposed model with the multiple property grouping

the state selection method.
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CHAPTER 5

CONCLUSIONS AND FUTURE WORK

In conclusion, there are various fields where networks based on circular data emerge.

The first part of this thesis deals with the problem of constructing a network model

with as little information as possible. Up to date, circular network models have either

been parametric and therefore, work under strict distributional assumptions or they

have been built only for certain network structures such as trees or HMMs. Unlike

these methods, the proposed model is working without distributional assumptions in

a more general setting. Hence, we consider that our model can be promising in this

field and hopefully will lead to more complicated models for specific applications in

each field where circular network structures emerge. Furthermore, we constructed

a novel simulation setting for circular networks which can be used to compare the

efficiencies of different network models in the circular field, which was not available

to date.

Although the model can be used on various applications as it is, there exist issues that

should be addressed in future work to improve. First, the model needs a large sample

size. Second, as the network size gets bigger, the search space for the optimal regres-

sion coefficients gets intractable. Therefore, for larger networks, we need to consider

refinements of the optimization algorithm used or applications of more powerful new

algorithms. However, intensive simulations showed that our model can be safely de-

ployed when the sample size is at least 5 times bigger than the number of nodes and

when the network size is not above 20, given the underlying distribution follows a

wrapped normal distribution. For the circadian gene networks, utilizing only the cir-

cular nature of the data causes a loss of information. To avoid this, the height of the

data points can be added to the models together with the waveforms. Models, where

circular and real data are integrated, can be created for this purpose. Additionally,
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finding circadian gene data is difficult in public databases, we will keep searching for

this data type.

Furthermore, in the second part of this thesis, we tried to utilize known network struc-

tures for the betterment of the models. We tried to solve a classification problem

with the help of the known network structure behind. Here, different from the first

part, we already know the structure. When the structure or the distribution behind is

known, this information can be used to provide additional leverage to the methods

applied. We used the hidden Markov model (HMM) in order to detect the lock-and-

key relationship in the Chip-seq data. In the application, we have initially explained

the mathematical details of HMM in different stages of the estimation of the model

parameters via the expectation-maximization method. Furthermore, we have inves-

tigated the effect of the clustering approaches in different aspects of the selection of

the observations which are the sequence of amino acids, and the states which are

biophysical features of amino acids. In these analyses, we have conducted various

methods from k-means and hierarchical techniques to fuzzy clustering. The applica-

tion of fuzzy clustering instead of hard clustering shows an alternative way to utilize

the physio-chemical features of amino acids, which is more reliable when applica-

ble. From the findings, we have observed that HMM is promising to describe the

selected benchmark Chiq-seq dataset and the proposed clustering approaches have

improved its accuracy. The proposed model gives better results for classifying oc-

tamers as cleaved or non-cleaved because of the clever starting point that we create.

This model can be used to narrow down the search grid in experiments investigating

cleavage sites of amino acid chains regarding any illness. Additionally, we presented

a toy example in detail. It clarifies how the HMM model works for inexperienced

researchers or practitioners. Following this example, they can easily adapt the HMM

model to their use cases. In the future, same strategy can be adapted for a range of

bioinformatics problems including amino acids. When we work with the amino acids,

instead of hard clustering methods fuzzy clustering can be used to extract more infor-

mation. Furthermore, in the future, we will keep looking for opportunities to leverage

the integration of data coming from different sources for further analyses.
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