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ABSTRACT 

Almost all engineering systems have nonlinear characteristics to some extent. 

However, they are generally approached as linear systems by making assumptions 

when they are being analysed or designed. This is because of the easiness of dealing 

with linear systems. Still, the nonlinearity in systems becomes dominant when the 

systems are getting lighter and more flexible. In this case, the linear theory cannot 

be applied to understand the systems since the linear properties, which make 

possible the linear theory, start to break down and some new nonlinear phenomena 

might occur. This paper offers a novel approach to remove superharmonics, which 

is one of the nonlinear phenomena, in a nonlinear system.  The motivation of the 

study can be stated as expressing a nonlinear response which has superharmonics 

with a new superharmonic-free from. 

The novelty in the study is to seek a transformation which transforms a nonlinear 

response with superharmonics into a new form without superharmonics. The 

transformation is in a polynomial expansion form and the coefficients of the 

transformation are defined by using Self-Adaptive Differential Evolution so as to 

cancel superharmonics. A single degree-of-freedom Duffing’s equation is used to 

create a nonlinear response with superharmonics. The superharmonics which exist 

in the response are tried to remove by using the transformation and Self-Adaptive 

Differential Evolution. Also, the Monte Carlo simulation is conducted to see the 

possible scenarios and all results are presented. 

Next, the Gaussian process is employed to obtain the initial signal from the 

transformed signal as a pattern recognition application. The general pattern of the 

initial signal is obtained in this way. 

The results show that this approach proposed in this paper can be utilised to remove 

superharmonics in a nonlinear system. Thus, this novel method provides an easiness 

of analysis of the nonlinear system, especially for modal analyses and system 

identification problems. 
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NOMENCLATURE 

 Greek Symbols 

𝛷 

𝜔𝑛 

𝜀 

𝜱 

𝜀𝑛𝑜𝑖𝑠𝑒 

𝜎0 

𝜆 

𝜉 

Phase angle (radian) 

Natural frequency (rad/s) 

Small parameter  

Eigenvectors of A 

Noise term 

Signal standard deviation 

Length scale 

Damping ratio 

 Other Symbols 

𝑚 

𝑐 

𝑘 

𝑓𝑛(𝑥̇, 𝑥) 

𝑤 

𝑥(𝑡) 

𝐹(𝑡) 

𝑘′ 

𝑋𝑙 

x0 

𝑀 

𝐶 

𝐾 

𝐹𝑓 

Mass (kg) 

Viscous damping (Ns/m) 

Linear stiffness (N/m) 

Velocity-displacement-dependent nonlinear term 

Forcing frequency (rad/s) 

Time-dependent displacement (m) 

Time-dependent force (N) 

Cubic stiffness (N/m3) 

Amplitude of the displacement (m) 

Linear response 

Mass matrix (kg) 

Damping matrix (Ns/m) 

Stiffness matrix (N/m) 

Amplitude matrix of force (N)  
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𝒓 

𝐴 

𝑓𝑛(𝒙) 

𝑿𝑖,𝐺  

𝑽𝑖,𝐺 

𝑿𝑟,𝐺 

𝑿𝑏𝑒𝑠𝑡,𝐺  

𝐹 

CR 

𝑦 

𝑁 

 𝜎2 

𝑓(𝒙) 

𝐾𝒙,𝒙 

𝒙∗ 

𝒇∗ 

𝑝(𝒚|𝒙) 

𝒇∗|𝒚, 𝑥, 𝑥∗ 

𝑘2 

𝑘3 

𝑎 

𝑧 

𝑎𝑛 

Time-dependent forcing vector  

System matrix 

Nonlinear term 

Parameter vector 

Mutant vector 

Randomly chosen parameter vector 

Best vector to fit the cost function 

Scaling Factor 

Crossover constant 

Observed noisy output 

Gaussian distribution 

Variance of the noise 

Prior 

Covariance function 

Future input 

Output which is desired to find 

Likelihood 

Posterior distribution 

Quadratic stiffness(N/m2) 

Cubic stiffness (N/m3) 

Nonlinearity parameter 

Transformed signal 

Coefficients of the transformation 
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1 INTRODUCTION 

Engineering applications are essential parts of the modern world. They have been 

improved continuously and consequently, they differ from the earliest forms with 

the help of the knowledge which has been obtained. Therefore, it is crucial to 

understand theories behind the systems to create safer, more efficient and low-cost 

applications. One of the significant subjects for mechanical systems which work 

under dynamical loads is vibration.  In the vibration theory, the linear approach is 

well established and it is sufficient to explain the behaviour of the most systems by 

making some assumptions such as small deformation and ignoring friction. However, 

as the systems become lighter and more flexible, the linear theory starts to break 

down and the real outputs of the systems differentiate from the analytical or 

numerical results. Some new phenomena which are not expected in the linear 

systems occur such as superharmonics, subharmonics, jumps, bifurcation, 

saturation[1]. They make the analysis of the nonlinear system more complicated and 

difficult.  

The focus of the paper is mechanical systems rather than chemical or electrical 

systems. The study is concerned with the cancellation of the superharmonics in a 

nonlinear system. Superharmonics can be defined as higher harmonics of the 

forcing frequency which do not appear in a linear system. The elimination of the 

superharmonics in a system provides easiness for especially areas of nonlinear 

system identification and nonlinear modal analysis. Moreover, it can be used in the 

modal analysis as a part of the modal analysis of a nonlinear system. Consequently, 

it gives a quick picture of the system which is easier to understand the overall 

behaviour of the system. The importance of the study can be defined that it offers a 

simple approach, which does not contain any complex analytical analysis, to simplify 

the analyse of a nonlinear system which contains superharmonics. The motivation 

of the study is to find an expression of the nonlinear response in a new form by 

transforming it in a similar way as in normal form transformation which transforms 

the nonlinear equations into a simple form. 

One approach to cancel superharmonics in a nonlinear system can be self-adaptive 

differential evolution (SADE) algorithm which is an optimisation method. The 

cancellation process functions as a simplified transformation. The output signal of a 

nonlinear system which contains superharmonics can be transformed and cleanse 

from the superharmonics by using SADE. This method is not required complex 

analysis so it is relatively straightforward to apply.  

Only one result may not be enough to decide the success of SADE in terms of 

superharmonics cancellation so the Monte Carlo simulation must be run. For this, 
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SADE parameters and settings are adjusted until obtaining effectual results. After 

that, the algorithm is run as many as possible by changing some parameter in the 

equation of motion to see the possible outputs. In that way, it is possible to have a 

sufficient data set to evaluate the algorithm in terms of cancellation of 

superharmonics and the robustness of the algorithm becomes tested. In general, 

the Monte Carlo simulation provides to see the best and worst scenarios by 

randomly changing the parameters. This simulation is also presented in this paper. 

Another study which is given in this paper is a pattern recognition application. After 

obtained the transformed signal in which superharmonics are not included, 

acquisition of the original signal from the transformed signal might be desired. 

Hence, a pattern recognition algorithm can be applied to obtain the original signal. 

The Gaussian process can be a reasonable choice to succeed this objective. It is 

processed with matrix manipulations and gives the results with a confidence region. 

Therefore, any validation is not required as a difference from the other pattern 

recognition methods such as Neural networks. 

As briefly explained above, this paper mainly investigates a transformation to cancel 

superharmonics in a nonlinear system by using SADE. Also, it seeks an application of 

a reverse process to obtain the original signal from the transformed signal by using 

Gaussian process. The motivation of this study is to reduce the degree of the 

difficulty of the analysis of a nonlinear system which stems from superharmonics 

with a simple transformation. It investigates an expression of the nonlinear response 

in a new form by transforming it in a similar way as in normal form transformation 

which transforms the nonlinear equations into a simple form. The study is based on 

[2] and it seeks a cancellation which is mentioned above. The objectives of the study 

can be stated as: 

 Remove or reduce the amplitudes of the second, third and more 

superharmonics as many as possible, 

 An inverse process which gives the original signal from the transformed signal. 

Thus, the aim of the study is to provide a novel approach which can be used in the 

modal analysis and nonlinear system identification in the analysis of nonlinear 

systems. The novelty is to transform the response of the system into a new form 

without superharmonics by using a transformation, whose parameter can be found 

by SADE.  

This current study is built upon the findings of previous studies as all studies are. 

Therefore, the next chapter will give the literature review about the nonlinear 

analysis, solution methods of the nonlinear equations, self-adaptive differential 

evolution algorithm and the Gaussian process. The basic concepts underlying the 
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study are provided, besides the previous works. Chapter 3 will present the 

methodology and explain some critical points and adjustments in the processes. It 

presents how the decision of the transformation and the cost function were made. 

Moreover, it gives some details about the Monte Carlo simulation and the Gaussian 

process. Chapter 4 will demonstrate the results of the study. These results, their 

robustness and the study as an overall will be discussed in Chapter 5. In addition, 

the future works related to this study will be evaluated in the same chapter. Finally, 

Chapter 6 will draw a conclusion of the study. 
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2 LITERATURE REVIEW 

This chapter introduces the previous works and the basic concepts underlying the 

study in this paper. The study presented in this paper is an application of SADE to a 

nonlinear system’s response and a pattern recognition application. Thus, the study 

can be seen as a combination of three subjects: nonlinear vibration, SADE and the 

Gaussian process. Though numerous studies can be found in each individual subject, 

a study by Dervilis et al. [2] is directly related to this study in terms of the application 

of SADE to a nonlinear system’s response. Also, a statistical analysis of [2] was 

conducted in [3]. Each subject is reviewed individually in regard to the roles in the 

study and therefore, the chapter consists of three sections. In the first section, the 

general properties of the linear and nonlinear systems are given. Because of the 

analysis of the nonlinear system is required different methods from the linear theory, 

the analysis methods are presented at the end of the first section. Understanding 

the solution methods gives an idea about how complicated the nonlinear analyses 

are. The second section mentions about SADE starting from differential evolution 

algorithm. Finally, the third section is about the Gaussian process. 

2.1 General Properties of the Systems 

2.1.1 Linear Systems 

Vibration analysis can be used for different purposes such as the decision of critical 

parameters in a design project, condition monitoring, and system identification 

problem to estimate the parameters. Modal analysis is frequently used to define 

critical parameters of a system such as the natural frequencies, mode shapes, 

damping ratios and frequency response function (FRF) [1], [4], [5]. The analysis of a 

linear system is easier than the analysis of a nonlinear system. Furthermore, the 

linear vibration theory has been studied for many and thus, it is a settled theory [1]. 

Therefore, although it is difficult to find a purely linear system in nature, engineers 

tend to use linear system theory by making some assumptions. 

Linear systems have some properties such as superposition, homogeneity and 

reciprocity which make the linear analysis easier. If superposition can be said to exist 

in a system, the output of that system for the sum of the different inputs can also be 

expressed the sum of the outputs of the same system for each input. Homogeneity 

shows that the ratio of the output to the input in the frequency domain, which gives 

the frequency response function, is independent of the level of excitation. Finally, 

reciprocity can be defined as that the ratio of the output of a system at a point to 

the input of the system at another point is the same as the case where the points 

are exchanged. These all three properties can be also used to detect nonlinearity in 
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a system [6]. The detection of the nonlinearity in a system is crucial because the 

nonlinearity causes the differences in the results between the real output and the 

output which is obtained from the linear theory.  

2.1.2 Nonlinear Systems 

Nonlinearity can cause deviation in the output of a system so it must be taken into 

consideration in the cases of that nonlinear terms are dominant in a system. It is 

important to be able to detect nonlinearity. Otherwise, the mathematics applied will 

be invalid owing to the nonlinear behaviour of the equations of motion of the 

corresponding system. The detection of the nonlinearity can be made by 

investigating harmonic distortion in results (displacement, velocity or acceleration) 

of the system, distortion in FRF, the Hilbert transform and Nyquist plots due to the 

loss of homogeneity [1], [4], [6]. Different types of nonlinearities such as cubic 

stiffness, nonlinear damping and Coulomb friction might show different distortions 

from the linear system. A book by Worden and Tomlinson [6] comprehensively 

introduces  the detection, identification and modelling methods for the nonlinear 

structures. Figure 2.1 is a good example for both the detection of nonlinearity and 

the dependency on the level of excitation [7]. It illustrates the first frequency in an 

FRF of a forced nonlinear system due to cubic stiffness and nonlinearity causes 

distortion in FRF. Moreover, the increase in the amplitude of the force increases the 

distortion from the linear one. 

 

Figure 2.1 An example of FRF showing effects of nonlinearity [7]. 
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In a real structural system, different factors can lead to nonlinearity. These might 

result from geometric nonlinearity due to large deformation, nonlinear material 

behaviour, boundary conditions such as loose joints and clearance, polynomial 

stiffness and damping, and friction [1], [6], [8]. Nonlinearity comes with its own 

difficulties which stem from the nature of the equations of motion when looked from 

a mathematical perspective. It can be possible to find different approaches to solve 

nonlinear equations and estimate the behaviour of the nonlinear structural system.  

The equation of motion for a single-degree of freedom mass-damper-spring model 

with nonlinear terms can be expressed as 

𝑚𝑥̈(𝑡) + 𝑐𝑥̇(𝑡) + 𝑘𝑥(𝑡) + 𝑓𝑛(𝑥̇, 𝑥) = 𝐹(𝑡) 

   Equation 2.1 

where 𝑚, 𝑐 and 𝑘 are mass, damping and stiffness, and  𝑓𝑛(𝑥̇, 𝑥) is the term which 

causes nonlinearity. If 𝑓𝑛(𝑥̇, 𝑥) is zero, the system becomes linear.  𝐹(𝑡) is a time-

dependent force and 𝑥(𝑡) , 𝑥̇(𝑡)  and 𝑥̈(𝑡)  in the equation are time-dependent 

displacement, velocity and acceleration, respectively.  The solution of the nonlinear 

differential equations (Equation 2.1), which are used to describe the mathematical 

model of the nonlinear system, is difficult when compared linear differential 

equations. Some methods have been developed which are taken the nonlinearity of 

the system into consideration to estimate the solution or some critical parameters 

such as natural frequencies. 

2.1.3 Solution Methods for Nonlinear Systems 

2.1.3.1 Harmonic Balance Method 

Harmonic balance method is one of the solution methods for nonlinear problems. It 

is possible to find the proof of that the method can be used for the steady-state 

solution of the nonlinear systems [8]–[13]. This method also has some advantages 

and disadvantages as all nonlinear solution methods have. The major benefit is that 

Harmonic balance method can be used for not only weakly nonlinear systems but 

also highly nonlinear systems [8], [10], [13]. This gives a general applicability to the 

method. Most of the methods are restricted to weakly nonlinear systems. Harmonic 

balance method gives a fast approximated view about the behaviour of the system. 

However, it might be concluded with an inconsistent result because of the higher 

harmonics which are not balanced [8]. The method is simple to apply and it has 

general applicability whether the nonlinearity is weak or not. Hence, Harmonic 

balance method is a useful approach to obtain the steady-state solution. 
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To show the implementation of Harmonic balance method, Equation 2.1 can be 

modified as a nonlinear equation with a cubic stiffness term by taking 𝑓𝑛(𝑥̇, 𝑥) =

𝑘′𝑥3(𝑡) and 𝐹(𝑡) = 𝐹𝑓𝑠𝑖𝑛(𝑤𝑡 − 𝛷). Therefore, 

𝑚𝑥̈(𝑡) + 𝑐𝑥̇(𝑡) + 𝑘𝑥(𝑡) + 𝑘′𝑥3(𝑡)  = 𝐹𝑓𝑠𝑖𝑛(𝑤𝑡 − 𝛷) 

Equation 2.2 

where 𝑤  is the forcing frequency, 𝛷  is the phase difference and 𝑘′  is nonlinear 

stiffness. A trial solution can be assumed to have the form 

𝑥(𝑡) = ∑ 𝑋𝑙sin (𝑙𝑤𝑡)    𝑙 = 1,2, … 

Equation 2.3 

If Equation 2.3 for 𝑙 = 1 is substituted into Equation 2.2, the new equation becomes 

−𝑚𝑤2𝑋1sin (𝑤𝑡) + 𝑐𝑤𝑋1cos (𝑤𝑡) + 𝑘𝑋1sin (𝑤𝑡) + 𝑘′𝑋1
3𝑠𝑖𝑛3(wt)  = 𝐹𝑓𝑠𝑖𝑛(𝑤𝑡 − 𝛷) 

Equation 2.4 

After trigonometric transformations, the equation yields 

−𝑚𝑤2𝑋1 sin(𝑤𝑡) + 𝑐𝑤𝑋1 cos(𝑤𝑡) + 𝑘𝑋1 sin(𝑤𝑡) + 𝑘′𝑋1
3 [

3

4
sin(𝑤𝑡) −

1

4
sin(3𝑤𝑡)]

= 𝐹𝑓𝑠𝑖𝑛(𝑤𝑡) cos(𝛷) − 𝐹𝑓𝑐𝑜𝑠(𝑤𝑡)sin (𝛷) 

Equation 2.5 

As it can be seen in Equation 2.5, there is a harmonic term sin(3𝑤𝑡), which is not 

balanced. To obtain an exact solution, what it has to be done is to update the initial 

solution assumption and increase the value of 𝑙 in Equation 2.3. Yet, the higher 𝑙 is 

taken, the higher harmonics will appear in Equation 2.5. Thus, some higher 

harmonics are neglected and the balance is provided. The approximated gain of the 

system, phase and FRF can be found in that way. 

2.1.3.2 Averaging and Perturbation Methods 

Averaging and perturbation method are two techniques which can be applied to 

weakly nonlinear systems to obtain the response of the system [8]. Averaging and 

perturbation method might give an erroneous result if the nonlinearity is high. This 

is basically because of the small nonlinearity assumption in the methods. However, 

it can be seen in the literature that perturbation method can provide a good 

approximation for highly nonlinear problems in some cases [14], [15]. Both methods 

have different approaches to approximate the response. 

In averaging method, the equation of motion of the system can be expressed as [8] 
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𝑥̈ + 𝜔𝑛
2𝑥 = 𝜀𝐹𝑛(𝑥, 𝑥̇) 

 Equation 2.6 

where 𝜔𝑛  is natural frequency, 𝐹𝑛(𝑥, 𝑥̇)  includes nonlinear terms and 𝜀  is a small 

parameter which means that the right-hand side of the equation is small. Thus, the 

nonlinear term, force and damping must be small. The method offers a trial solution 

for Equation 2.6 in the form 

𝑥 = 𝑥𝑐(𝑡) cos(𝜔𝑛𝑡) + 𝑥𝑠(𝑡)sin (𝜔𝑛𝑡) 

Equation 2.7 

where 𝑥𝑐(𝑡) and 𝑥𝑠(𝑡) are calculated by being averaged over a cycle [8]. If Equation 

2.7 is substituted into Equation 2.8, the transient response of the system can be 

obtained. 

In perturbation method, it is considered that the solution can be expressed as a 

power series in 𝜀 

𝑥 = 𝑥0 + 𝜀𝑥1 + 𝜀2𝑥2 + ⋯ 

Equation 2.8 

In the form of Equation 2.8, the response can be considered as the sum of the linear 

response (x0) and perturbations around the linear response [8]. Although there is a 

method called regular perturbation theory, it will not be mentioned here. This is 

because it does not work well for a large time. Multiple scales method approximates 

well by using an approach which includes different time-scales (fast and slow time-

scales). In light of this information, the solution can be assumed as [8] 

𝑥 = 𝑋𝑐(ε𝑡) cos(𝜔𝑡) + 𝑋𝑠(ε𝑡)sin (𝜔𝑡) 

Equation 2.9 

As it can be seen in Equation 2.9, ε leads to a slow evolution of the amplitude. In that 

way, an accurate response of the system can be provided. 

Both averaging and multiple scales techniques have been explained briefly as the 

focus of this paper is the cancellation of the superharmonics rather than solution 

techniques of nonlinear problems. A book by Wagg and Neild [8] covers a 

comprehensive explanation of both techniques.   

2.1.3.3 Normal Form Transformation 

Another approximation technique to estimate the response of a nonlinear system is 

normal form transformation. It can be said that this method has a higher importance 

than other methods in terms of this study since this study is based on the idea 
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underlying normal form transformation. Normal form transformation provides a 

simpler form by transforming the nonlinear system’s equations of motion [8], [16]–

[18]. A journal article by Neild et al. [19] and a book by Wagg and Neild [8] present an 

introduction and the use of the normal form transformation.  The initial approach 

for normal form transformations includes the conversion of the second-order form 

(Equation 2.1) to first-order state-space form. Basically, the method of normal form 

uses a transformation of the form of the equations which cannot be decoupled 

because of the nonlinear terms. First, linear decomposition is applied to the 

equations but it is not possible to decouple all terms due to nonlinearity. Hence, a 

second nonlinear decomposition is applied. Eventually, the method provides an 

approximate response of the nonlinear system.  

If the implementation of the method can be showed, the equation of motion of a 

second-order multi-degree of freedom nonlinear system can be expressed as 

𝑀𝒙̈ + 𝐶𝒙̇ + 𝐾𝒙 + 𝑓𝑛(𝒙, 𝒙̇) = 𝐹𝑓𝒓 

Equation 2.10 

where  𝑀 , 𝐶  and 𝐾  are mass, damping and stiffness matrix, 𝐹𝑓  is the amplitude 

matrix of force, 𝒓 is time-dependent forcing vector and 𝑓𝑛(𝒙, 𝒙̇) includes nonlinear 

terms in the corresponding system. For free vibration (𝐹𝑓 = 0), first-order state-

space form can be written [8] 

𝒙̇ = 𝐴𝒙 + 𝑓𝑛(𝒙) 

Equation 2.11 

where 𝒙 is the state vector, 𝐴 = [
0 𝐼

−𝑀−1𝐾 −𝑀−1𝐶
] and 𝑓𝑛(𝒙) = {

0
−𝑀−1𝑓𝑛(𝒙)}. The 

first transformation, linear modal transformation, is applied at this point by 

substituting 𝒙 = 𝜱𝒒  into Equation 2.11 and multiplying by 𝜱−1 , where 𝜱  is 

eigenvectors of 𝐴. Thus, Equation 2.11 is transformed into [8] 

𝒒̇ = 𝜦𝒒 + 𝒇(𝒒) 

Equation 2.12 

where 𝒇(𝒒) contains the nonlinear terms. It can be said that Equation 2.12 consists 

of two parts as linear and nonlinear part. If the system of interest is linear, 𝒇(𝒒) will 

be zero. One more transformation, nonlinear transformation, is required for 

nonlinear systems to try to convert Equation 2.12 into 𝒖̇ = 𝜦𝒖 which is linear form. 

However, this is not possible in most cases. Hence, instead of directly seeking a 

transform in the form of 𝒖̇ = 𝜦𝒖, the form as [8] 
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𝒖̇ = 𝜦𝒖 + 𝒈(𝒖) 

Equation 2.13 

 is looked for by using nonlinear transformation as [8] 

 

𝒒 = 𝒖 + 𝒉(𝒖) 

Equation 2.14 

Note that the terms which stand for nonlinearity in Equation 2.12, 2.13 and 2.14, 𝒇(𝒒), 

𝒈(𝒖), and 𝒉(𝒖) can be expressed in a series of function similar to Equation 2.8. Even 

though the analysis was made for free vibration response, the forced vibration 

analysis is also achievable. The basic idea of normal form analysis in the first-order 

form has been given above. Neild and Wagg [16] demonstrated that a second-order 

approach of a normal form analysis is also possible for vibration problems.  

The idea in normal forms transformation is to create a simplified form from a 

second-order equation. The form is simplified as much as possible in an analytical 

way. Similarly, this study investigates a transformation which delivers a simplified 

version of the response without superharmonics.  

2.1.3.4 Nonlinear Normal Modes 

Nonlinear systems have a different characteristic from linear systems which makes 

the analysis difficult. For instance, FRF is dependent on the level of excitation in a 

nonlinear system. Similarly, the mode shapes in a nonlinear system vary with the 

change of the energy or amplitude and nonlinear normal modes relies on this change 

[1], [20], [21]. A common definition for nonlinear normal modes is the nonlinear 

extension of the normal mode in classical vibration theory [19], [21], [22]. The first 

development of the method is the article by Rosenberg [23] and many studies have 

been conducted to analyse of nonlinear systems [10], [14], [18], [20], [22], [24]–[28]. An 

article by Vakakis [21] presents an overview of the method and its application. Most 

of the literature about the nonlinear normal modes is related to low-order systems 

so it has not tested with complex engineering structures and highly nonlinear 

systems. Therefore, Kerschen et al. [22] encourage the implementation of the 

method numerically.  

It is important to highlight the importance of modal analysis in vibration problem. 

Nonlinear normal modes makes possible modal analysis and also, it is beneficial for 

system identification problems. Though nonlinear normal modes is crucial, this 

paper will not go further in the method as the scope of the paper is cancellation of 

the superharmonics. 
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2.2 Self-Adaptive Differential Evolution 

The idea of this study to eliminate superharmonics is to transform the result which 

contains superharmonics into a simple form which does not have superharmonics 

by using SADE. The transformation can be in the form of a polynomial expansion and 

the problem turns an optimisation problem in terms of finding the parameters. 

Therefore, differential evolution (DE) algorithm can be used to remove the higher 

harmonics components from the result. Differential evolution, proposed by Storn 

and Price, is an optimisation method with advantages such as easiness to use and 

the capability to deal with non-differentiable, nonlinear and multimodal function 

[29]. The major benefits of the algorithm are its rapidness and simplicity [30], [31]. 

Complex analyses are not required to apply. The optimisation problem of the 

interest turns into a simple form and it can keep being a powerful method, despite 

the simplicity. Moreover, the space complexity of the algorithm and the number of 

control parameters are low [31]. These increase the capability of dealing with 

demanding optimisation problem and support the easiness of the algorithm. Owing 

to all these advantages of DE, it has been used as an optimisation method in many 

engineering applications in the literature. Worden and Manson [32] used DE to 

improve the parameter estimates in a hysteretic system. Dervilis et al. [2] found the 

parameters of the polynomial expansion to remove the first superharmonic. 

Rogalsky et al. [33] employed the algorithm as an aerodynamic design optimizer. It 

has been utilised in not only mechanical engineering applications but also a wide 

range of areas such as chemical engineering, pattern recognition, bioinformatics and 

electrical power systems [31], [34], [35]. DE has demonstrated that it can be served 

as a powerful optimisation method in many disciplines where optimisation is 

required.  

The concept of DE is given in numerous articles [29], [30], [36]–[39]. More detailed 

information and the progress of DE are given in two surveys [31], [40]. 

DE is a population-based optimisation method. Thus, the algorithm creates new 

populations from the initial population until the stopping criterion is satisfied. Figure 

2.2 illustrates the schematic of the algorithm and processes to create a new 

population (called new generation) from the current population. The whole process 

consists of three operations: mutation, crossover and selection. First, a population 

is created randomly and in the manner that it covers all parameter space by using 

initial parameters. The parameter vectors are chosen 

𝑿𝑖,𝐺 = [𝑥1,𝐺 , 𝑥2,𝐺 , … , 𝑥𝑛,𝐺], 𝑖 = 1,2, … , 𝑛 

Equation 2.15 
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where index 𝐺 shows generation number and 𝑛 is the number of parameter vectors.  

Next step is mutation where the mutant vector is created by using the parameter 

vectors. Though there are different rules to generate a mutant vector, only one 

known as DE/rand/1 is given below to make the description of the operation simple. 

Other rules will be touched on later in this and next chapter. The mutant vector can 

be expressed as 

𝑽𝑖,𝐺+1 = 𝑿𝑟1
𝑖 ,𝐺 + 𝐹. (𝑿𝑟2

𝑖 ,𝐺 − 𝑿𝑟3
𝑖 ,𝐺) , 𝑖 = 1,2, … , 𝑛 

Equation 2.16 

where 𝑟1, 𝑟2, … are indexes chosen randomly and  𝐹 is the scaling factor which is a 

constant between 0 and 2. 

 

 

Figure 2.2 The schematic of DE and its processes [32] 

 

In crossover operation, a trial vector is generated from the mutant vector and target 

vector which is chosen from the initial population. For this, a random value ∈ [0, 1], 

which is generated for each parameter, is compared with the crossover constant 

(CR) ∈ [0, 1]. The comparison is made for each parameter between the mutant and 
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target vectors. If crossover constant is smaller than the random value, the 

parameter of the target vector is kept for the trial vector. Otherwise, the parameter 

of the mutant target vector is kept. It is assured that at least one parameter from 

the mutual vector is chosen for the trial vector to sustain the diversity [29]. At the 

end of the crossover process, a trial vector is obtained for the selection operation. 

Selection is the last step of the algorithm where the members of the new generation 

are chosen. The one which has the smallest cost function value is transferred to the 

new generation population. These processes are repeated until the stopping 

criterion is satisfied. It can be seen that all procedure is straightforward. There is no 

need challenging analysis. It must be noted that the choice of the mutation rule (or 

strategy), scaling factor, crossover constant and size of the initial population are 

decided by the user in the standard differential evolution algorithm. These 

parameters are called control parameters in literature. 

The mutant vector can be generated by different mutation strategies. Each strategy 

bears different properties. For instance, the strategy in Equation 2.16 has a high 

capacity of detection but low converge speed. Another one is named DE/best/1 is 

formulated as 

𝑽𝑖,𝐺+1 = 𝑿𝑏𝑒𝑠𝑡,𝐺 + 𝐹. (𝑿𝑟1
𝑖 ,𝐺 − 𝑿𝑟2

𝑖 ,𝐺) , 𝑖 = 1,2, … , 𝑛 

Equation 2.17 

where  𝑿𝑏𝑒𝑠𝑡,𝐺  is the best vector to fit the cost function of the problem in the 

corresponding population. Even though its converge speed is fast, it is inclined to be 

trapped at a local optimum [37]. Hence, building an appropriate strategy pool is vital 

to obtain the best result from the algorithm.   

Even though DE can successfully deal with a numerical optimisation problem, the 

success of the standard differential evolution algorithm is highly dependent on the 

strategies and control parameters settings [36], [37]. Therefore, different parameter 

studies for DE have been conducted to use the algorithm more efficiently [41]–[44]. 

It is possible to find a good mutation strategy and parameter settings. However, this 

can be time-consuming and it might not end up with a result which belongs to a 

global minimum. Thus, the decision of mutation strategy and control parameters can 

be seen as the main drawback of DE.  

Self-adaptive differential evolution algorithm, which can adjust the control 

parameters and the strategy during evolution, is first proposed by Qin and 

Suganthan [36]. SADE reduces the effects of users’ decisions on the output of the 

process. It adapts the strategy to generate the mutant vector among mutation 

strategies defined, as well as adapting scaling factor and crossover constant. It 
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adapts the strategy and parameters according to the previous results observed in a 

learning period. The size of the population is defined by users as it is in standard DE. 

This is because it is related to the structure of the problem of interest. Together 

with this, the crossover constant has a higher effect on the output and the scaling 

factor affects the speed of converging [37].  

A detailed description of SADE also contains the analysis of strategies of trial vector 

generation, is given in [37]. It is obvious that the mutation strategy and two control 

parameters, the scaling factor and crossover constant, are adapted in the algorithm. 

To update the strategy, first, a strategy pool where all strategies are included is 

created. The choice of one of the strategies happens according to the probabilities 

which are defined depending on the success of that strategy in the previous learning 

period. Initially, all choosing probabilities are taken equal to each other and they are 

updated as regards success of the strategies.  

In parameter adaptation, the scaling factor and crossover constant are assigned 

randomly by a normal distribution with a mean and standard deviation. The mean 

value of crossover constant is updated using a set of crossover constants of the 

vectors which are transferred the next generation in the previous learning period. 

The updated mean value is used in the current learning period [37]. In that way, SADE 

decides the possible optimum control parameters during evolution. 

SADE algorithm offers a strong and fast tool to solve a numerical optimisation 

problem with a minimum user effect which makes the algorithm more effective. It 

can be said that, with these all properties, SADE is ideally suited to this study. 

2.3 Gaussian Process 

One of the objectives of this study is to obtain the original signal which contains 

superharmonics from the transformed signal. This problem can be approached as a 

pattern recognition application. Hence, the Gaussian process for regression can be 

practised to reach the original signal. When considered neural networks 

applications, the Gaussian process does not have problems like overfitting and the 

decisions of architecture, activation functions and learning rate [45]. Therefore, a 

validation is not required in the Gaussian process. The Gaussian process relies on 

the prior distribution over functions rather than the prior distribution over 

parameters[46]. Hence, in order to practice Bayesian approach, a set of functions 

are taken as a prior and the likelihood is built by using data observed [46]. The 

posterior probability can be expressed 

𝑃𝑜𝑠𝑡𝑒𝑟𝑖𝑜𝑟  𝛼  𝑝𝑟𝑖𝑜𝑟 𝑥 𝑙𝑖𝑘𝑒𝑙𝑖ℎ𝑜𝑜𝑑 

Equation 2.17 
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The estimation for unknown inputs is defined with that posterior probability. It can 

be found analytically in the Gaussian process with matrix manipulations.  

Although the key points of the Gaussian process for regression are given below, one 

of the main references for the Gaussian process can be found in [45] for those who 

go in further detail. Furthermore, different studies for the Gaussian process for 

regression exist in the literature [46]–[49]. In Gaussian process, observed noisy 

output can be expressed as 

 𝑦 = 𝑓(𝒙) + 𝜀𝑛𝑜𝑖𝑠𝑒 

Equation 2.18 

where 𝒙 is input vector, f is the function value and 𝜀𝑛𝑜𝑖𝑠𝑒 is the noise which has a 

Gaussian distribution 𝑁~(0,  𝜎2)  where  𝜎2  is variance. The Gaussian process 

provides a distribution over the function. Thus, prior 𝑓(𝒙) can be expressed with the 

mean and variance in Gaussian process 

𝑓(𝒙)~𝐺𝑃(𝑚𝒇, 𝐾𝒇,𝒇) 

Equation 2.19 

where  𝑚𝒇  and 𝐾𝒇,𝒇  are mean and covariance function, respectively. The mean 

function can be taken zero for the simplicity. The covariance function can be chosen 

as squared exponential so that it becomes an expression which shows distances 

between the random variables. Therefore, the covariance function 

𝐾𝒙,𝒙 = 𝑘(𝒙, 𝒙′) = 𝜎0
2exp (−

1

2𝜆2
|𝒙 − 𝒙′|2) 

 Equation 2.20 

where 𝒙  and 𝒙′  are different points, and 𝜎0  and 𝜆  are hyperparameters called 

amplitude (signal standard deviation) and length scale, respectively. The covariance 

represents how related two points are: the value of the covariance which closes to 

1 shows a high relation between corresponding points and the value of the 

covariance which closes to 0 means low relation. If the noise is taken into account in 

the observations, then the covariance function becomes 

𝑐𝑜𝑣(𝒚) = 𝐾𝒙,𝒙 +  𝜎2𝐼  

Equation 2.21 

where 𝐼 is the identity matrix. A training set can be specified 𝐷1(𝒙, 𝒚) where 𝒙 and 𝒚 

are input and output data observed, and a test set can be described 𝐷2(𝒙∗, 𝒇∗)  

where 𝒙∗ is future input and 𝒇∗ is the value which is desired to find. The joint prior 

distribution becomes 



16 
 

[
𝒚
𝒇∗

] ~𝑁 (0, [
𝐾𝒙,𝒙 +  𝜎2𝐼 𝐾𝒙,𝒙∗

𝐾𝒙∗,𝒙 𝐾𝒙∗,𝒙∗

]) 

Equation 2.22 

The likelihood is written 

 

𝑝(𝒚|𝒙)~𝑁(𝒙,  𝜎2𝐼) 

Equation 2.23 

Finally, the posterior (predictive) distribution from Bayes’ theorem, which provides 

the Gaussian distribution of 𝒇∗, is found 

 

𝒇∗|𝒚, 𝑥, 𝑥∗~𝑁(𝒇̅∗, 𝑐𝑜𝑣(𝒇∗)) 

Equation 2.24 

where   𝒇̅∗ = 𝐾𝒙∗,𝒙[𝐾𝒙,𝒙 +  𝜎2𝐼]
−1

𝒚 and 𝑐𝑜𝑣(𝒇∗) = 𝐾𝒙∗,𝒙∗
− 𝐾𝒙∗,𝒙[𝐾𝒙,𝒙 +  𝜎2𝐼]

−1
𝐾𝒙,𝒙∗

 [45], 

[48]. The mean and covariance of the posterior provide the estimation with an error 

bar. 

Another explanation of the Gaussian process can be done graphically. Figure 2.3 

shows graphical expression of the prior and the posterior. Figure 2.3(a) represents 

a huge number of function which is considered that one of them is the one is sought. 

This is the prior which can be built as it is in Equation 2.19. There is no knowledge 

about the data in the prior. The crosses on the figure indicate the data observed. 

They are known and consequently, shape the posterior. The functions fit the crosses 

are kept as shown in Figure 2.3(b) and the posterior is created. 

 

 
Figure 2.3 Graphical representation of the prior and the posterior [50] 
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The key point is that the reduction in the number of functions from the prior to the 

posterior happens in an analytical way rather than a computational way [50]. It uses 

matrix manipulations as it was stated above. This also saves computation time. It is 

obvious that a more specific prediction can be possible with the increase in the 

number of observations (the crosses in the figure). What it obtains at the end of the 

process is the posterior means and standard deviations. These provide a prediction 

of the model with a confidence region. The function predicted passes over the 

posterior mean and the borders of the region are created by the standard deviation. 
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3 METHODOLOGY 

The chapter gives the details about how the study is conducted. First of all, a 

definition of the superharmonic is given and secondly, the application of SADE is 

explained comprehensively. The role of the transformation and the cost function are 

defined. How the mutation strategies and the parameters are adapted is clarified. 

Finally, the Gaussian process is detailed. One thing must be borne in mind is that this 

chapter is built over the information in Chapter 2. 

3.1 Superharmonic 

Superharmonic is one of the nonlinear phenomena which leads to the presence of 

the energy (amplitude) at the higher harmonics of the forcing frequency in vibration 

response. This is because of the nature of the nonlinear equations of the motion. 

Although the system of interest is forced at a single forcing frequency, the higher 

harmonics of that forcing frequency appears in the response due to nonlinear terms 

in the equation. To show this phenomenon, an equation of motion can be written 

𝑚𝑥̈(𝑡) + 𝑐𝑥̇(𝑡) + 𝑘1𝑥(𝑡) + 𝑘2𝑥2(𝑡) + 𝑘3𝑥3(𝑡)  = 𝐹𝑓𝑠𝑖𝑛(𝑤𝑡 − 𝛷) 

Equation 3.1 

where 𝑚, 𝑐, 𝑘, 𝑘2 and 𝑘3 are mass, damping, linear stiffness, quadratic stiffness and 

cubic stiffness, respectively. The system is forced at a single forcing frequency 𝑤 

with an amplitude 𝐹𝑓 and a phase 𝛷. If a trial solution 𝑥(𝑡) = 𝑋sin (𝑤𝑡) is substituted 

into Equation 3.1, the equation turns by using trigonometric transformation 

                −𝑚𝑤2𝑋𝑠𝑖𝑛(𝑤𝑡) + 𝑐𝑤𝑋𝑐𝑜𝑠(𝑤𝑡) + 𝑘1𝑋𝑠𝑖𝑛(𝑤𝑡) +
1

2
𝑋2𝑘2(1 − cos(2𝑤𝑡))   

+ 𝑘3𝑋3 (
3

4
sin(𝑤𝑡) −

1

4
sin(3𝑤𝑡))  = 𝐹′𝑠𝑖𝑛(𝑤𝑡)𝑐𝑜𝑠𝛷 − 𝐹′𝑠𝑖𝑛𝛷cos (𝑤𝑡) 

Equation 3.2 

Equation 3.2 contains (2𝑤𝑡)  and (3𝑤𝑡)  which are the higher harmonics of the 

forcing frequency (𝑤𝑡). This situation compels the initial trial solution to be updated. 

However, even if the higher harmonics are included by the trial solution, far higher 

harmonics appear in the response. This is the explanation of where superharmonics 

come. Therefore, the response of Equation 3.2 is expected in a similar form to 

Equation 2.3. To obtain an accurate result, the trial solution must contain all 

harmonics of the forcing frequency. 
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Figure 3.1 A nonlinear single degree-of-freedom system with a cubic stiffness 

 

A similar expression can be derived from an equation with only cubic stiffness term 

as it was derived to explain Harmonic balance method in section 2.1.3.1. Therefore, a 

nonlinear single degree-of-freedom system with a cubic stiffness was taken as the 

system of interest as shown in Figure 3.1. The equation of motion can be written as 

𝑚𝑥̈(𝑡) + 𝑐𝑥̇(𝑡) + 𝑘𝑥(𝑡) + 𝑘3𝑥3(𝑡)  = 𝐹𝑓𝑐𝑜𝑠(𝑤𝑡) 

Equation 3.3 

or the equation can be expressed as the natural frequency and damping ratio 

𝑥̈(𝑡) + 2𝜉𝑤𝑛𝑥̇(𝑡) + 𝑤𝑛
2𝑥(𝑡) + 𝑎𝑥3(𝑡)  = 𝑓𝑐𝑜𝑠(𝑤𝑡) 

Equation 3.4 

where 𝜉  is the damping ratio, 𝑤𝑛  is the natural frequency, 𝑎  is the nonlinearity 

parameter, 𝑤 is the forcing frequency and 𝑓 is the force parameter. This equation is 

named Duffing’s equation in the literature. It is one of the most common single 

degree-of-freedom equations which is studied on since it reflects most of the 

behaviour of general nonlinear systems [6]. In the Duffing’s equation case, only odd 

harmonics appear in the response as superharmonics as derived in Equation 2.5. 

The coefficients of the equation were defined as 𝑚 = 1, 𝜉 = [0.001, 1], 𝑤𝑛 = 1, 𝑎 =

[1000 100000] , 𝑤 = 1  and 𝑓 = 100  . To test the robustness of the findings, the 

algorithm was run many times and the damping ratio and the nonlinearity 

parameters were chosen randomly between the values defined above in each time. 

The solution of Equation 3.4 was obtained numerically using a Runge-Kutta formula 

[51] and the displacement 𝑥(𝑡) was evaluated in the following processes.  
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The displacement results were investigated in the frequency domain rather than in 

the time domain. In this way, the amplitudes in each harmonic could be seen clearly.  

Power spectral density estimation was obtained using Welch’s method. The method 

provides the obtainment of the power of the signal at frequencies defined. 

Figure 3.2 illustrates an example of the displacement response of Equation 3.4 in the 

time domain. It can be easily observed that the form of the response is different 

from a single harmonic response. Higher harmonics can be detected even in the 

time domain response. This is also one of the nonlinearity detection methods as 

mentioned about in Chapter 2 since the response is not in single harmonic form for 

a single harmonic force. More convenient way to see the amplitude at each 

frequency is power spectral density estimation. Figure 3.3 shows the power spectral 

density estimation of the signal in Figure 3.2. The higher harmonics, superharmonics, 

in the response can be easily observed. The peaks at around 1, 3, 5 and 7 Hz, only odd 

harmonics as expected, exist since the forcing frequency is 1 Hz. Furthermore, the 

natural frequency of the system is 1 Hz and this causes higher peak at that frequency 

due to resonance. 

 

 

Figure 3.2 Displacement response of the forced Duffing’s equation. 
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Figure 3.3 Power spectral density of the displacement response of the forced Duffing’s 
equation. 

 

Until this point, what it has been done is that the response of a nonlinear system 

which contains superharmonics has been captured with a numerical method. The 

removal of these superharmonics happens with the application of SADE. 

3.2 Application of SADE 

The response of a nonlinear system might contain superharmonics as it is in Figure 

3.3. The idea of this study is to remove or reduce the amplitude of these 

superharmonics by using a transformation. The transformation can be formed in a 

polynomial expansion and thus, the coefficients of the transformation can be found 

using SADE. SADE is a self-adaptive algorithm which means that the algorithm can 

adapt its own parameters. Still, there are some crucial parameters have to be 

decided by users as it was stated before. The mutation strategies, cost function, 

population size and initial range for coefficients of the transformation are 

considered by users. Also, the transformation itself is an important role to remove 

harmonics. 

 The transformation can be written 

𝑧(𝑡) = 𝑎0 + 𝑎1𝑥(𝑡) + 𝑎2𝑥(𝑡)3 + ⋯ + 𝑎𝑛𝑥(𝑡)2𝑛−1,    𝑛: 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 

Equation 3.5 
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where  𝑥(𝑡) is the original displacement signal, 𝑧(𝑡) is the transformed signal, 𝑎𝑛 is 

the coefficients of the transformation. SADE seeks a set of parameters [𝑎0 𝑎1  … 𝑎𝑛]  

which provides a transformed signal with the amplitudes of higher harmonics 

reduced or without higher harmonics.  

3.2.1 Mathematical Expression 

A mathematical approach to the transformation is helpful to show the duty of the 

transformation and SADE in the cancellation of superharmonics, as well as to give an 

idea about the structure of the cost function. The mathematical approach can be 

made by assuming a response with only one superharmonic. If the response 𝑥(𝑡) =

𝑋1 cos(𝑤𝑡) + 𝑋2cos (3𝑤𝑡)  is substituted into Equation 3.5 for 𝑛 = 3 , the 

transformation becomes 

𝑧(𝑡) = 𝑎0 + 𝑎1[𝑋1 cos(𝑤𝑡) + 𝑋2cos (3𝑤𝑡)] + 𝑎2[𝑋1 cos(𝑤𝑡) + 𝑋2cos (3𝑤𝑡)]3 

Equation 3.6 

After expansion of the cubic term and trigonometric transformations, the equation 

can be expressed as 

𝑧(𝑡) = 𝑎0 + [𝑎1𝑋1 + 𝑎2 (
3𝑋1

3

4
+

3𝑋1
2𝑋2

4
+

3𝑋1𝑋2
2

2
)] cos(𝑤𝑡)

+ [𝑎1𝑋2 + 𝑎2 (
𝑋1

3

4
+

3𝑋2
3

4
+

3𝑋1
2𝑋2

2
)] cos(3𝑤𝑡)

+ 𝑎2 (
3𝑋1

2𝑋2

4
+

3𝑋1𝑋2
2

4
) cos(5𝑤𝑡) + 𝑎2 (

3𝑋1𝑋2
2

4
) cos(7𝑤𝑡)

+ 𝑎2

𝑋2
3

4
cos (9𝑤𝑡) 

Equation 3.7 

Or 

𝑧(𝑡) = 𝑎0 + [𝑎1𝐶1 + 𝑎2𝐶2] cos(𝑤𝑡) + [𝑎1𝐶3 + 𝑎2𝐶4] cos(3𝑤𝑡) + 𝑎2𝐶5 cos(5𝑤𝑡)

+ 𝑎2𝐶6 cos(7𝑤𝑡) + 𝑎2𝐶7cos (9𝑤𝑡) 

Equation 3.8 

where 𝐶1, 𝐶2, … , 𝐶7 are constants which depend on the original response signal and, 

𝑎0, 𝑎1 and 𝑎2 are the coefficients of the transformation. What the transformation 

does here is to provide a polynomial expansion and in that way, the coefficients of 

the transformations are set to reduce or remove the amplitude of superharmonics. 

In other words, what is tried to do is to set zero to the coefficients of the higher 

harmonics, cos(3𝑤𝑡) , cos(5𝑤𝑡), cos(7𝑤𝑡) and cos (9𝑤𝑡), in Equation 3.8. It is obvious 

that setting zero to the coefficients of the higher harmonics is not possible without 
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zeroing first harmonic in this example. This is because 𝑎2 must be zero to cancel the 

fifth, seventh and ninth harmonics and consequently, 𝑎1 must be zero to cancel the 

third harmonics but the first harmonic also becomes zero in this case. The point is 

that this is just an example to explain the duty of the transformation in terms of 

mathematics. In a real situation, it is highly likely that the original signal has more 

than one superharmonic. Moreover, the transformation might have higher order 

terms, instead of third-order transformation. This means the increase the number 

of terms and harmonics in Equation 3.8 so it becomes possible to have zero in the 

amplitude of the superharmonics while the first harmonic is not zero. However, the 

choice of the appropriate set of the parameters becomes more complicated and 

demanding. Differential evolution algorithm can be made use of to find the optimum 

parameters. 

3.2.2 Cost Function 

The expression in Equation 3.8 also gives an indication about how the cost or 

objective function must be built. The focus of the cost function must be the 

amplitudes of the superharmonics. Hence, the cost function can be chosen as the 

sum of the amplitudes in a frequency range around superharmonics frequencies. 

For instance, the frequency range can be from 2 Hz to 8 Hz in a case which is similar 

to Figure 3.3 because superharmonics appear between these frequencies. The 

peaks are not like delta functions, which are very sharp. They have the width so ±1 

Hz can be added to the frequency of the first and last superharmonics. Therefore, 

the cost function can be taken as the sum of the amplitudes from 2 Hz to 8Hz. The 

aim is to find a set of parameters of the transformation which provides the minimum 

sum by using SADE algorithm. That is why the problem can be described as an 

optimization problem or more specifically, a minimization problem.  

There is no doubt that one of the best ways to calculate the sum of the amplitudes 

at corresponding frequencies is to use power spectral density. This provides the 

amplitude values at the frequencies depending on the sensitivity. The sensitivity also 

refers to the resolution of the power spectral density. The frequency sensitivity for 

power spectral density was 0.0488 Hz during the study. This is an adequate 

sensitivity when the natural frequency of the system and the forcing frequency are 

considered. One of the methods to obtain amplitudes in the frequency domain is 

power spectral density as stated before. Hence, each amplitude is obtained by using 

power spectral density and the amplitudes from 2 Hz to 8 Hz are added to calculate 

the cost function value. The cost function can be formulated as 
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𝑓𝑐𝑜𝑠𝑡 = ∑ 𝐴𝑛

8 𝐻𝑧

𝑛=2 𝐻𝑧

 

Equation 3.9 

where  𝑓𝑐𝑜𝑠𝑡 is the cost function or objective function and 𝐴𝑛 is the amplitude at each 

frequency. 𝑛 starts from 2 Hz and increases by the sensitivity, 0.0488 Hz. 

The parameters of the transformation define the result of the cost function. This 

means the configurations of SADE are crucial to have a valid transformed result. The 

configurations of SADE are consisted of mutation strategies, population size and 

initial range. 

3.2.3 Mutation Strategy and Parameter Adaptation 

The mutation strategy has a key role to define the mutant vector and different 

strategies have different characteristics. Therefore, a mutation strategy pool is 

created in SADE by using different strategies and the algorithm adapts its strategy 

according to previous results. It is important to eliminate the ineffective strategies 

and use a limited number of strategies for the mutation strategy pool [37]. In this 

way, the algorithm does not use these ineffective algorithms and it can be less time-

consuming. Four different strategies, whose success were stated in [37], were used 

in this study. These are: 

 DE/rand/1: 

𝑽𝑖,𝐺+1 = 𝑿𝑟1
𝑖 ,𝐺 + 𝐹. (𝑿𝑟2

𝑖 ,𝐺 − 𝑿𝑟3
𝑖 ,𝐺) 

Equation 3.10 

 DE/rand-to-best/2: 

𝑽𝑖,𝐺+1 = 𝑿𝑖,𝐺 + 𝐹. (𝑿𝑏𝑒𝑠𝑡,𝐺 − 𝑿𝑖,𝐺) + 𝐹. (𝑿𝑟1
𝑖 ,𝐺 − 𝑿𝑟2

𝑖 ,𝐺) + 𝐹. (𝑿𝑟3
𝑖 ,𝐺 − 𝑿𝑟4

𝑖 ,𝐺) 

Equation 3.11 

 DE/rand/2: 

𝑽𝑖,𝐺+1 = 𝑿𝑟1
𝑖 ,𝐺 + 𝐹. (𝑿𝑟2

𝑖 ,𝐺 − 𝑿𝑟3
𝑖 ,𝐺) + 𝐹. (𝑿𝑟4

𝑖 ,𝐺 − 𝑿𝑟5
𝑖 ,𝐺) 

Equation 3.12 

 DE/current-to-rand/1: 

𝑽𝑖,𝐺+1 = 𝑿𝑖,𝐺 + 𝐾. (𝑿𝑟1
𝑖 ,𝐺 − 𝑿𝑖,𝐺) + 𝐹. (𝑿𝑟2

𝑖 ,𝐺 − 𝑿𝑟3
𝑖 ,𝐺) 

Equation 3.13 
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where 𝑿 is the parameter vector, 𝑽 is the mutant vector, 𝐹 is the scaling factor, 𝐾 is 

a random control parameter ∈ [0,1], 𝑿𝑏𝑒𝑠𝑡 is the parameter vector which gives the 

minimum cost value and 𝑿𝑖  is the corresponding target vector as explained in 

Section 2.2. Indexes 𝑟1, 𝑟2, … mean that those vectors are chosen randomly and 𝐺 

represents the generation. The mutant vector generated via one of the strategies 

above goes to crossover operation and then, selection operation happens. The 

processes for these operations occur as stated in Section 2.2. 

Both the scaling factor (F) and crossover constant (CR) is defined by a normal 

distribution. Even though their mean values are adapted by the algorithm, an initial 

mean value is required to define. Initially, the scaling factor and crossover constants 

were created according to the normal distribution 𝑁(0.5,0.3)  and 𝑁(0.5,0.1) , 

respectively. The means were 0.5, and the standard deviations were 0.3 and 0.1 for 

the scaling factor and crossover constant, respectively. The standard deviations 

were kept constant during the evaluation while the means were adjusted according 

to a set of the previous vectors which succeeded to be chosen for next process. The 

mean of scaling vector was forced to take a value ∈ [0,2]. Therefore, if the mean of 

the scaling factor was adapted as smaller than 0, it was taken 0. Similarly, in case 

that it exceeded 2, it was taken 2.  The length of the set of the previous vectors is 

depended on the learning period. It was 10 runs which means that the mutation 

strategy, the scaling factor and crossover constant were updated according to last 

10 generations. As an instance, Figure 3.4 illustrates the change in scaling factor 

during evolution. The scaling factor took the same value during the consecutive 10 

generations and then, it was updated. The crossover constant and the mutation 

strategy also follow the rule. 

 

 
Figure 3.4 The change in the scaling factor during the evolution 
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The initial population, where all the next generations come from, is randomly built 

by uniformly distributed numbers with a range. The boundary of this initial range is 

set before the run of the algorithm. The algorithm also checks for whether the 

mutated solutions are inside the range or outside the range. If one of them is larger 

than the upper boundary of the range, that parameter is assumed the upper 

boundary value of the range. If it is smaller than the lower boundary of the range, it 

is taken the lower boundary value of the range. At the end of the evolution, 

parameters are checked and if any of the parameters of the transformation equal 

to one of the boundaries of the range, the initial range can be expanded. A favourable 

initial range can be provided with the help of this trial-and-error method. By 

following similar way, the initial range was taken ±500. 

The population size is another user defined parameter. It is reasonable to expect 

that the population size increases with the number of the parameters of the 

transformation. Hence, the size of the population matrix was taken 10 times the 

number of parameters by the number of parameters. It was a 60 by 6 matrix for 6 

parameters. 

The differential evolution algorithm is normally run until the stopping criteria are 

reached. The stopping criterion for this specific problem could be considered that 

all amplitudes from 2 Hz to 8 Hz must be zero. However, this would be a criterion 

which is very difficult to be satisfied. Even small values of the sum of the amplitudes 

might be a problem for the stopping criterion. It would still be troublesome due to 

the difficulty of the decision how small it must be. It would be a time-consuming 

process. Hence, instead of choosing a cost value as a stopping criterion, a stopping 

generation number was decided. The evolution was stopped when that generation 

number was reached. It was considered that the generation number is enough large 

to deal with the local minimum.  

Figure 3.5 demonstrates the change in the minimum cost value with the generation. 

In each attempt, the algorithm started from the beginning during 1000 generations.  

As it can be clearly seen in the 3 attempts, there is no change in the cost value after 

around 600th generation. Hence, 1000 generations were taken as the stopping 

criterion with a safety distance. 
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Figure 3.5 The minimum cost value for different attempts 

 

SADE can be seen as a partly random method to use for optimization problems. It is 

random because the initial population and decisions in the mutation and crossover 

operations are made randomly. It is partly since the algorithm is guided by the 

strategy and the control parameters. This partly random method might be required 

to run more than once because the solution may stick around a local minimum or 

another initial population may perform a better result. Therefore, SADE ran three 

times for the same 𝑚 , 𝜉 , 𝑤𝑛 , 𝑎 , 𝑤  and 𝑓  in Equation 3.4. The parameters were 

decided among the three results. 

3.2.4 Decision of the Number of Parameters of the Transformation. 

Although it was stated that the transformation is in a polynomial expansion form, the 

exact transformation has not been given yet. There are different options to decide 

the exact transformation. One option is Equation 3.5, whose form can be named as 

Transformation A with the number of the coefficients in this study. Therefore, 

Transformation A6 refers to a transformation with 6 coefficients from 𝑎0 to 𝑎5 in the 

form of Equation 3.5 

𝑧(𝑖) = 𝑎0 + 𝑎1𝑥(𝑖) + 𝑎2𝑥(𝑡)3 + 𝑎3𝑥(𝑖)5 + 𝑎4𝑥(𝑖)7 + 𝑎5𝑥(𝑖)9  

Equation 3.14 

where  𝑖  represents for the sample, instead of time in Equation 3.5. Likewise, 

Transformation A10 refers to a transformation with 10 coefficients from 𝑎0 to 𝑎9 in 
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the same form. It is possible to increase the number of coefficients with the same 

logic. Another option can be written as 

𝑧(𝑖) = 𝑎0 + 𝑎1𝑥(𝑖) + 𝑎2𝑥(𝑡)2 + 𝑎3𝑥(𝑖)3 + 𝑎4𝑥(𝑖)4 + 𝑎5𝑥(𝑖)5  

Equation 3.15 

and can be named Transformation B6 with a similar approach. This form was also 

tested to see whether it causes a big difference in terms of removal of the 

superharmonics. To decide the exact transformation, some selected possible 

transformations were tested and the power spectral density of the result of the 

transformations are given in Figure3.6. 

 

 
Figure 3.6 Comparison of the power spectral density of the results of the different 

transformations 

 

All transformations tested in Figure 3.6 could successfully remove the first three 

harmonics but Transformation A6 (Equation 3.14) showed a slightly better 

performance for the rest. This is not the only reason why Transformation A6 was 

chosen as the transformation. The differential evolution can be processed less time 

with the less number of coefficients. When the number of coefficients increases, the 

size of the population and the number of the operations increase and as a result, the 

evolution takes longer time. The solution of the differential evolution algorithm 

might take serious time depending on the number of generation and coefficients of 

the transformation. The computation time is specifically one of the important 
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factors to decide transformation in this study as a Monte Carlo simulation would be 

conducted as a part of the study. When these all are considered, the choice of 

Equation 3.14 as the transformation might be reasonable. Thus, the results related 

to SADE in the next chapter were generated by using Equation 3.14 as the 

transformation. 

3.2.5 Summary of the Procedure 

The application of SADE is the most significant part of this study. Therefore, it might 

be beneficial to summarize the procedure with the light of the information 

discussed above. It can be summarized as follows: 

 An initial population is created with randomly chosen numbers which are 

uniformly distributed by using the initial range, from -500 to 500. It is a 60 by 

6 matrix can be shown: 

𝐼𝑛𝑖𝑡𝑖𝑎𝑙 𝑝𝑜𝑝𝑢𝑙𝑎𝑡𝑖𝑜𝑛 = [

𝑎1,0 𝑎1,1 𝑎1,2

𝑎2,0 𝑎2,1 𝑎2,2

𝑎1,3 𝑎1,4 𝑎1,5

𝑎2,3 𝑎2,4 𝑎2,5

⋮ ⋮ ⋮
𝑎𝑛,0 𝑎𝑛,1 𝑎𝑛,2

⋮ ⋮ ⋮
𝑎𝑛,3 𝑎𝑛,4 𝑎𝑛,5

] 

Equation 3.16 

 where 𝑛 equals to the number of the coefficients of the transformation times 

10 so 𝑛 = 60. 

 [𝑎𝑖,0, 𝑎𝑖,1, 𝑎𝑖,2, 𝑎𝑖,3, 𝑎𝑖,4, 𝑎𝑖,5];  𝑖 = 1,2, … , 𝑛 is a set of coefficients. Each set in the 

initial population is substituted into Equation 3.14 and the cost value of each of 

them is calculated by using Equation 3.9. 

 Mutation operation is operated by using the strategies from Equation 3.10 to 

Equation 3.13. The same strategy is applied to all coefficients in the same set. 

The probability of choosing strategy is initially 0.25 for each strategy since 

there are 4 strategies in the strategy pool. The scaling factors, which initially 

obey the normal distribution 𝑁(0.5,0.3) , randomly are generated and a 

mutation pool (60 by 6 matrix) is created. 

 Crossover operation is conducted by using the mutation pool. For this, a 

binomial matrix (60 by 6 matrix) whose all elements ∈ [0,1]  are randomly 

chosen is generated. Each element in the binomial matrix is compared with the 

crossover constant. The initial crossover constants are also randomly 

generated with the normal distribution 𝑁(0.5,0.1) and each set has the same 

crossover constant. 

 If the crossover constant is higher than the binomial value in the comparison, 

the parameter in the mutation pool is chosen. If the crossover constant is 
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smaller than the binomial value, then the corresponding parameter in the initial 

population is taken. Together with this, it is made sure that at least one 

parameter in each set comes from the mutation pool. Therefore, a new matrix 

(60 by 6 matrix) which contains 60 trial sets/vectors is obtained. 

 The next is the selection operation where the next generation population is 

built. The cost values of these trial sets are calculated and compared with the 

corresponding cost values in the previous population (in this case, the initial 

population). The sets/vectors are transferred to next generation. In that way, 

a second-generation population is created. 

 The probability of choosing strategy, the means of the normal distribution of 

the scaling factor and the crossover constant are updated in each learning 

period according to success of the parameters in the previous generations. 

The learning period is chosen 10 generations. 

 The same steps are repeated until the 1000th generation is reached. 

 The set of parameters which gives the minimum cost value is chosen as the 

coefficients of the transformation. 

The aim is to find the parameters which provide the minimum sum of the amplitudes 

at frequencies from 2 Hz to 8 Hz. 

3.3 Monte Carlo Simulation 

The differential evolution method is not an analytical method and it contains random 

processes, though a framework is drawn. Thus, the Monte Carlo simulation is 

required to evaluate the reliability and robustness of the algorithm. The 

performance of the algorithm is tested for the different cases of Equation 3.4 rather 

than one case. The results were obtained by randomly taking 𝜉 = [0.001, 1] and 𝑎 =

[1000 100000] in Equation 3.4. 

The algorithm was run 540 times to see the scenarios as many as possible. The gains 

at the frequencies of from the first superharmonic to the fifth superharmonic are 

the interest of Monte Carlo simulation. The gain is calculated in the following form 

𝐺𝑎𝑖𝑛 =
𝑇ℎ𝑒 𝑎𝑚𝑝𝑙𝑖𝑡𝑢𝑑𝑒 𝑎𝑓𝑡𝑒𝑟 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛

𝑇ℎ𝑒 𝑎𝑚𝑝𝑙𝑖𝑡𝑢𝑑𝑒 𝑏𝑒𝑓𝑜𝑟𝑒 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛
 

Equation 3.17 

The ratio of the amplitude after transformation to the amplitude before 

transformation at the same harmonic gives the gain at that harmonic. To evaluate 

the Monte Carlo simulation result, the gain can be used because it shows the 

changes in the amplitude at the corresponding harmonic after transformation. Each 
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amplitude at the corresponding frequency was defined with a range. Although the 

range was different for each harmonic, it was around 1.5 Hz. For instance, to 

calculate the total amplitude at the third harmonic, the sum of the amplitude was 

taken from 2.34 Hz to 3.9 Hz at intervals which were the sensitivity of the power 

spectral density. The gains at the corresponding frequencies will be given in the next 

chapter. 

The Monte Carlo simulation provides a set of data which contain different possible 

results of a system. In this study’s case, the results differ because of the random 

choice of the damping ratio and the nonlinearity parameter. Also, SADE might give 

different results in some cases due to the initial population which is created 

randomly. 

3.4 Gaussian Process 

The next step is to find the original signal from the transformed signal after 

successful application of SADE. The Gaussian process was performed for this 

purpose as the next step in this study. The Gaussian process estimates the future 

output of a system. It gives a Gaussian distribution of the output at each future point. 

This is basically done by creating a covariance function and Bayes’ theorem as stated 

in Section 2.3. The code to operate the Gaussian process algorithm has been built 

by Matlab software in [52]. This code was used to perform the Gaussian process to 

obtain the original signal in the study. Different sets of data such as input vector, 

target vector and test vector were used for this purpose. These all three vectors 

were generated from the transformed signal. Figure 3.7 demonstrates a 

transformed signal. It contains high-order superharmonics (from fourth order to 

eleventh order), as it can be seen. 

The original signal is normally in the time domain but it can be considered that the 

values in the transformed signal become dependent on the sample rather than the 

time. The time domain losses its meaning after the transformation. Therefore, x-axis 

in Figure 3.7 represents samples. The value for each sample in the transformed 

signal (y-axis in Figure 3.7) coincides with a value for the corresponding sample in 

the original signal (y-axis in Figure 3.2). Therefore, it can be said that the Gaussian 

process gives a normal distribution of the original signal value for each unknown 

future transformed signal values. 
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Figure 3.7 An example of the transformed signal 

 

The Gaussian process was applied by creating vector following: 

The training data were created. The inputs were entered as 

𝒙 = [𝑥1 𝑥3 … 𝑥𝑛] 

Equation 3.18 

where 𝑥  is the amplitude of the transformed signal. 𝑛  index is the odd integers 

sample. Each input in the input vector coincides with an output or a target value and 

the target vector was built as 

𝒚 = [𝑦1 𝑦3 … 𝑦𝑛] 

Equation 3.19 

where 𝑦 is the amplitude of the original signal. Finally, the test vector, whose each 

element shows the future input which is desired to predict, was created as 

𝒙𝒔 = [𝑥1 𝑥2 … 𝑥𝑚] 

Equation 3.20 

where 𝑥 is again the amplitude of the transformed signal. This time, 𝑚 index also 

takes the even integers.  

The original signal and transformed signal contain 10001 samples. As the signals 

consist of harmonics, taking only a part of the signal is sufficient to investigate. The 

rest of the signal is the repetitive form of the part of the signal taken. Therefore, 

3001 samples were taken into consideration during the Gaussian process. In other 
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words, 𝑚  index in Equation 3.19 was taken 3001 and only the odd indexes were 

considered in training. 

The Gaussian process uses Bayes’ theorem and consequently, the matrix operations 

in Section 2.3. The covariance function was created by using squared exponential 

(Equation 2.20) so the length-scale 𝜆  and the signal standard deviation 𝜎0  in 

Equation 2.20, and the noise standard deviation 𝜎 must be initialized. As they are 

generally unknown parameters, it is common to optimise them using the marginal 

likelihood. The hyperparameters were determined with this method as it is shown 

in [45]. The mean of the noise was taken zero as it was stated in Section 2.3.  

With all these stated above, the prediction was plotted with 95% confidence by using 

the mean and the standard deviation of the posterior distribution. The results will 

be given in Chapter 4.  
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4 RESULTS 

Self-adaptive differential evolution algorithm run to remove superharmonics in the 

response of the nonlinear system. The procedure which was followed has been given 

in the previous chapter. Moreover, the Monte Carlo simulation conducted to see the 

success of the algorithm to remove superharmonics. Transformation A6 was used 

for the analysis as the transformation. As the final step, the Gaussian process was 

applied to obtain the original signal from the signal transformed. This chapter 

presents all results have obtained during the study. It can be divided into three 

sections and in the first section, results of the SADE algorithm is given. The second 

section demonstrates results of the Monte Carlo simulation. Finally, the last section 

introduces result of the Gaussian process. 

4.1 Result of SADE Algorithm 

The model was created contains superharmonics, as seen Figure 3.3. After applied 

Self-Adaptive Differential Evolution algorithm as stated in Section 3.2. Figure 4.1 gives 

the power spectral densities of the response of the system and the output of the 

algorithm together. The blue line in the figure shows the original signal, which 

contains superharmonics. The red line is the transformed signal, which is the output 

of the algorithm. 

 

 

Figure 4.1 The power spectral density of the output of SADE 
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In the figures, the first, second and third superharmonics are removed in the 

transformed signal while the first harmonic is preserved. However, there is an 

increase in the amplitude at the harmonics after the third superharmonics. Figure 

4.2 illustrates the first, second, third, fourth and fifth superharmonics zoomed.  

Another power spectral density of the output of SADE is given in Figure 4.3. In this 

figure, the peak of the first harmonics of the original and transformed signals are 

the same after transformation. Furthermore, the higher harmonics of the 

transformed signal have smaller harmonics. 

 

 

Figure 4.2 The zoomed view of the superharmonics from first order to fifth order 

 

 
Figure 4.3 Another power spectral density of the output of SADE 
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The two different results have been given here are examples of the good results have 

been obtained. They are good examples to see that the algorithm really works. 

However, the algorithm does not always give results in such quality. The Monte Carlo 

simulation helps to see a set of results so a better perspective is obtained to evaluate 

the success of the algorithm. The next section will give the Monte Carlo simulation 

results. The further discussion about the results in this section will be drawn in the 

next chapter. 

4.2 Result of Monte Carlo Simulation 

These two figures above are separate outputs of the algorithm. The Monte Carlo 

simulation was also conducted to test the robustness of the algorithm and to see 

possible scenarios as many as possible. The higher number of runs is provided, the 

better inference about the success of the algorithm can be reached. Hence, the 

algorithm was run 540 times. The gain of each run at each corresponding harmonic 

was saved and then, they were classified to observe the frequencies of the gains. 

The interest of the Monte Carlo simulation were the gains at the frequencies of from 

the first superharmonic to the fifth superharmonic. This is because, in the most 

cases, the first three superharmonics were seen in the original signal and also, an 

increase was observed at the frequencies after the harmonics have been removed 

or reduced. Therefore, fourth and fifth superharmonics were also investigated. 

The results for each harmonic are given here with two figures. The former 

demonstrates the gains after transformation for each run, respectively. The latter 

figure classifies the gains in terms of the magnitude so it gives the frequencies at the 

gains as a histogram. Figure 4.4 and Figure 4.5 present the gains of the first 

superharmonic (third harmonic) given in order of run and according to the 

frequency of the gains as a histogram, respectively.  

 



37 
 

 

Figure 4.4 The gains at the third harmonic given in order of run 

 

 

Figure 4.5 The frequency of the gains at the third harmonic 

 

Similar figures for the second and third superharmonics are provided. Figure 4.6 

and Figure 4.7 demonstrate the gains at the second superharmonic in order of run 

and as a histogram, respectively. 
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Figure 4.6 The gains at the fifth harmonic given in order of run 

 

 

Figure 4.7 The frequency of the gains at fifth harmonic 

 

Figure 4.8 and Figure 4.9 illustrate the gains at the third superharmonic in order of 

run and as a histogram, respectively. There are some high values of the gain in Figure 

4.8. However, it can be seen in Figure 4.9 that the percentage of these high values 

are very small. Figure 4.9 focuses on the gains between 0 and 5. More specifically, 

the percentage of the gains which are smaller than 0.2 is around 85%. It is almost 
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93% for the gains which are smaller than 1. Also, these high values of the gain do not 

mean high values of the amplitude after transformation since the amplitudes of the 

original signal at the frequency of third superharmonics are already quite small. 

 

 
Figure 4.8 The gains at seventh harmonic given in order of run 

 

 

Figure 4.9 The frequency of the gains at seventh harmonic 

 

The next results are about the ninth harmonic (the fourth superharmonic). This 

harmonic was not included to remove by the algorithm because there was no peak 
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at the harmonic exists in the original signal. However, after transformation, the signal 

had a peak at the corresponding frequency so the Monte Carlo simulation was 

conducted for this harmonic. Figure 4.10 shows the gains at the frequency of the 

fourth superharmonic in order of run. It can be said that after transformation, there 

is an increase in the amplitude at the fourth superharmonics when compared with 

the original signal. Some very high gains can be seen in the figure. This is because the 

amplitudes at corresponding harmonic were close to zero. Figure 4.10 demonstrates 

the frequency of the gains between 0 and 50 as a histogram. The percentage of the 

gains which are between 0 and 50 is almost 83%. 

 

 
Figure 4.10 The gains at the ninth harmonic given in order of run 
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Figure 4.11 The frequency of the gains at the ninth harmonic 

 

The final results in the Monte Carlo simulation are about the eleventh harmonic (the 

fifth superharmonic). Similarly, Figure 4.12 presents the gains at the fifth 

superharmonics in order of run. Figure 4.13 gives the frequency of the gains between 

0 and 200. This corresponds 75% of the all gains. Same explanation as it is for fourth 

superharmonics can be given for the high gains at the fifth superharmonics. 

 

 

Figure 4.12 The gains at the eleventh harmonic given in order of run 
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Figure 4.13 The frequency of the gains at the ninth harmonic 

 

4.3 Result of Gaussian Process 

The aim to employ the Gaussian process in this study is to obtain the original signal 

from the transformed signal.  The Gaussian process was applied to the transformed 

signal in the time (sample) domain and the original signal in the time (sample) 

domain was tried to obtain. 

Figure 4.14 shows the output of the Gaussian process. The red line in the figure is 

the original signal and the blue line is the predictive result which has been given by 

the Gaussian process. The grey zone gives the 95% confidence area. Only two cycles 

are presented in the figure to be see the result clearer and the rest of them is 

repeated itself. 

The blue line (the output of the Gaussian process) was created by following the 

mean value of the posterior which is obtained as the output of the process. The 95% 

confidence region (the grey zone) was built by using the standard deviation of the 

posterior. The expectation was that the mean value would follow the original signal 

throughout the data in an ideal result or it would have some little deviation in the 

confidence region. However, the result shows that there are some parts of the 

output which are not in the confidence region.  Nevertheless, the result gives the 

general pattern of the output signal. 

All results including the Gaussian process (Figure 4.14) have been given in this 

chapter will be evaluated in the next chapter. 
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Figure 4.14 The result of the Gaussian process 
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5 DISCUSSION 

5.1 Cancellation of the Superharmonics 

The study in this paper offers SADE to eliminate superharmonics in the response of 

a nonlinear system. For this, a single degree-of-freedom Duffing’s equation was 

employed to create a response which contains superharmonics. It was chosen as 

Duffing’s equation as discussed in Section 3.1. Thus, the response had only the odd 

order harmonics. After getting the results, the next step was to cancel or reduce the 

harmonics except first one. 

The study offered SADE to eliminate the superharmonics by using a transformation 

in the form of a polynomial expansion.  The transformation was chosen as it is 

Equation 3.14 and it succeeded to remove the harmonics of the interest. However, it 

is possible to decide a different form of transformation which would probably work, 

as well. One of the crucial criteria must be the effect of the transformation on the 

computation time. In this study, the Monte Carlo simulation was also conducted so 

the algorithm was run 540 times to observe all scenarios as many as possible. Hence, 

the computation time had to be considered primarily. Otherwise, the completion of 

540 runs of the algorithm would take massive time. The higher number of 

parameters of the transformation means that the algorithm has to deal with larger 

matrices and more operations. This costs more computation time. That is why the 

number of parameters of the transformation was chosen 6. It has provided a good 

output of the algorithm with a small number of parameters.  

The number of generations defined as the stopping criterion is another factor to 

describe the computation time. It was chosen as 1000 generations. It would be taken 

further and it would end up with a low-cost value as a final outcome. Still, 1000 

generations gave stable results in several tries so it was taken 1000 generations to 

keep the number of generations small. 

To develop new mutation strategies and parameters adaptation are required a 

different and comprehensive study. Hence, the mutation strategies and parameters 

adaptation were set according to reference articles as stated in Section 2.2 and 

Section 3.2.3. 

When the power spectral density of the result of SADE is looked in Figure 4.1, it can 

be seen that the superharmonics which exist in the original signal are removed after 

the transformation. In the original signal, the third, fifth and seventh harmonics 

appear as superharmonics. Even though these harmonics are removed in the 

transformed signal, the higher harmonics such as ninth, eleventh and thirteenth 
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ones emerge. This situation can be commented as that the energy at relatively lower 

harmonics transfers to the higher harmonics. Nevertheless, the elimination of all 

superharmonics in the original signal can be succeeded. As for the first harmonic, it 

is significant to preserve an obvious peak at the first harmonic of the power spectral 

density of the response. Although it seems slightly decreased in Figure 4.1, it is still 

obvious as most of the power spectral densities of the transformed signals are.  

The decision of the cost or objective function guided the algorithm during the 

evolution. Therefore, the build of the cost function had a vital role. It was built as it 

is Equation 3.9 in this study. The scope of the cost function was chosen from 2 Hz to 

8 Hz. It covered the superharmonics which appeared in the original signal in initial 

trials. The results showed that the algorithm with this cost function causes other 

superharmonics. One solution of this might be to increase the scope of the cost 

function in terms of the harmonics be covered. It would be enhanced to 10 Hz or 

further. The algorithm would seek the minimum cost value by including the 

superharmonics such as fifth and sixth ones which appear later on. In this case, even 

though the algorithm might be able to reduce the amplitudes of the superharmonics, 

it would be difficult to cancel the superharmonics. This might be improved by 

increasing the number of generations and parameters of the transformation but this 

needs a further investigation. The time limitation of this study did not allow to 

enhance the scope of the study. This can be the subject of a future study.  

It can be stated that SADE has been achieved to find the parameters which remove 

the superharmonics in the original signal, as an overall assessment of this part of the 

study. However, Figure 4.1 shows only one result given by the algorithm and also, 

extra superharmonics which do not exist in the original signal appear in the 

transformed signal. Accordingly, the Monte Carlo simulation was conducted to 

evaluate possible results at the corresponding harmonics as a whole. 

The SADE was run 540 times and at each time, the damping ratio 𝜉  and the 

nonlinearity parameter 𝑎 were randomly chosen. The results of the Monte Carlo 

simulation were given in Section 4.2. In Monte Carlo simulation, the gain, which is 

the ratio of the amplitude after transformation to the amplitude before the 

transformation, was considered.  The figures which give the frequency of the gains 

at the corresponding harmonics provide a better view of the overall results. Figure 

4.5, Figure 4.7 and Figure 4.9 display that most of the gains at the first, second and 

third superharmonics are under 0.2. This can be clearly understood from the 

density of the line between 0 and 0.2. This means that SADE has managed to cancel 

or reduce the superharmonics in the most cases.  
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The data in Figure 4.5, Figure 4.7 and Figure 4.9 can be expressed in Table 5.1. The 

table gives the percentages of the gains under specific values at the first, second and 

third superharmonics. The ideal condition can be accepted that all gains are under 

0.2. Therefore, it can be said that all superharmonics in the original signal have been 

removed in the half of the total run. In the almost quarter of the runs, important 

reductions have been succeeded.  

 

Superharmonics/Gains 0.2 0.4 0.6 0.8 1 

First (%) 67.59 73.89 84.81 89.81 95.00 

Second (%) 49.63 64.63 75.56 91.85 95.19 

Third (%) 84.63 88.15 91.30 91.85 93.15 

Table 5.1 The percentages of the gains at superhamonics frequencies 

 

Owing to the random changes of the damping ratio and the nonlinearity parameter, 

the natural frequencies (the peaks in the power spectral density of the original 

signal) might differ from run to run. In some cases, the maximum points of the peaks 

might remain out of the range which was used to calculate the total amplitude to 

find the gain. Though this situation is not valid in the most cases, it causes a higher 

gain value than the real gain value. Therefore, it can be expected that the real 

percentages for especially small gains are slightly higher than the percentages 

presented in Table 5.1.  

The same investigation was carried out for ninth and eleventh harmonics, as well. 

Figure 4.11 and Figure 4.13 show that the gains at these harmonics are higher than 1. 

This indicates the increase in the amplitudes. There are some extreme values of the 

gains in the figure but these can be explained as a result of the very small values at 

the harmonics in the original signal.  

The approach in this paper to remove superharmonics by using SADE provides good 

results in the most cases. For the results which any removal or reduction was not 

provided, the solution might be to set a new parameter adaptation or increase the 

number of generations to stop the algorithm. As it was stated before, these all 

parameter adaptation and the number of generations were set for some initial trials 

which gave good results. As an overall, the performance of the method was fulfilling. 

5.2 Gaussian Process 

The next operation was to obtain the original signal from the transformed signal by 

using the Gaussian process. Basically, it can be said that the process can be applied 
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by matrix manipulations. Although it is a straightforward method to apply, the result 

obtained is not as satisfied as expected. The Gaussian process results in Figure 4.14 

predicts the lower harmonics properly and thus, it gives the general pattern of the 

original signal. However, it does not reflect the high harmonics and that is why the 

original signal goes out of the confidence region at some points. For that reason, the 

result is required to improve. Nonetheless, the result of the Gaussian process 

provides the general pattern of the original signal. 

5.3 Future Works 

It is possible to widen the current study in terms of improving SADE to eliminate 

superharmonics and getting a better Gaussian process result. The removal of more 

superharmonics is obviously desired so one further study can be about the 

cancellation of the superharmonics which appear later on. This might be achieved 

with a larger number of parameters and generations so it seems to take larger time. 

Therefore, another study which focuses on the performance of the algorithm in 

terms of the computation time can be recommended. Finally, an investigation is 

required to improve the result of the Gaussian process. 

Apart from the further investigations stated above, a conference paper from the 

study as it stands is projected to join International Conference on Noise and 

Vibration Engineering, ISMA2018 in Belgium. After a satisfying result has been 

obtained in the Gaussian process, a journal article is planned to write as another 

future work. 
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6 CONCLUSION 

Nonlinear systems have different phenomena as distinct from the linear system. One 

of them is that superharmonics might occur in the response of a nonlinear system. 

The study offered a novel approach to deal with these superharmonics. A single 

degree-of-freedom Duffing’s equation was used to create the response with 

superharmonics. After that, a transformation was sought to express the response in 

a new form which does not contain superharmonics. This appeared as a polynomial 

expansion with unknown coefficients. Self-Adaptive Differential Evolution was made 

use of to find these coefficients which provide superharmonics-free form.  

To set the transformation, the cost function, and user-defined parameters, the 

algorithm was run several times by changing the settings. The algorithm managed to 

remove superharmonics in the original signal. However, some extra superharmonics 

which did not exist in the original signal appeared. 

The Monte Carlo simulation was also made to test the robustness of the algorithm 

in terms of superharmonics removal. For this, the algorithm was run 540 times by 

randomly changing the damping ratio and the nonlinearity parameter in the 

equation of the motion. In that way, a set of data which included different cases was 

created. The mutation strategies and parameter settings were kept same as them 

in the initial trials. All results were presented and discussed.  

The results showed that the approach in this paper provides removal or reduction 

of the superharmonics in the most cases. Thus, it can be said that one of the 

objectives of this paper has been achieved. 

The other objective of the study was to obtain the original signal from the 

transformed signal. The Gaussian process was employed for this pattern recognition 

problem. The result obtained from the Gaussian process gave the general pattern of 

the original signal but it cannot be said that it managed to predict high harmonics. In 

some points, the predicted curve by the Gaussian process stays out of the 

confidence region. Thus, the second objective has been partly completed. It needs 

more improvements. 

The importance of the study is to show that a nonlinear response with 

superharmonics can be expressed in a new form without superharmonics. 

Moreover, this can be done with a transformation and by using SADE which does not 

contain any complicated analyis when compared with solution of the nonlinear 

differential equations. This is a novel approach to the analysis of nonlinear systems 

with superharmonics. 
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One of the major limitations was the time restraint because the solution of the 

algorithm takes serious time due to the size of the matrices and the number of 

operations and generations. Also, because of the Monte Carlo simulation, the 

algorithm was run 540 times. After improvement of the Gaussian process result, one 

recommendation as a future work can be a study which focuses on increasing the 

number of the superharmonics removed. This will make possible the removal of the 

superharmonics which appear later in the transformed signal.  
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