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LIE SYMMETRIES AND EXACT SOLUTIONS OF
BENNEY-ROSKES/ZAKHAROV-RUBENCHIK SYSTEM

SUMMARY

Many physical phenomena in our lives are modeled using ordinary differential
equations (ODE) and partial differential equations (PDE). Unlike PDEs, ODEs can
be solved using more familiar and straightforward techniques. Partial differential
equations are widely utilized in scientific fields that place on mathematics, such as
physics and engineering. A wide range of partial differential equation types has
been derived as a result of the diversity of the sources. Many methods have been
developed to deal with the resulting individual equations. One of these methods used
to solve PDEs is Lie symmetry analysis. Lie groups and Lie algebras are useful tools
for reducing the number of independent variables in a PDE by using the reduction
method. Lie’s method leads to group-invariant solutions and conservation laws for
partial differential equations. PDEs can be classified into equivalence classes and new
solutions can be derived from existing ones by taking advantage of their symmetry.
The first step in the method is finding the determining equations for the system’s
symmetries. By solving the determining equations, the vector field that generates
the transformation group of the equation is obtained, which is called the infinitesimal
generator of the symmetry group. In other words, we find the infinitesimal generators
of the transformation groups, which will leave the solution of the system invariant.
From this generator, the Lie algebra structure of the system emerges. However,
applying Lie group methods to systems of equations takes a lot of time and effort.
Even solving elementary differential equations is prone to mistakes if we do it with a
pen and paper. All of that has changed thanks to the accessibility of computer algebra
systems like Mathematica and Maple. Some of the calculations in this thesis were done
using these programs.

This thesis investigates the Lie symmetry algebra of the Benney—Roskes/
Zakharov—Rubenchik (BR/ZR) system and presents exact solutions to this system of
equations. BR/ZR system includes the well-known Davey-Stewartson (DS) system and
Zakharov system in the limiting case. Although the first appearance of the BR system
dates back a few decades, it is seen that the research on qualitative and numerical
analysis of the system finds place in the recent literature. As this literature lacks the
results on Lie symmetries and solitary-type analytic solutions of the system, it has been
this work’s main purpose to fulfill this gap.

In Chapter 1, the problem statement of the thesis and the literature review of the
problem are given.

In Chapter 2, the fundamental definitions and notations for the Lie symmetry analysis
of differential equations are provided .

In Chapter 3, (2+1)-dimensional BR/ZR system and in Chapter 4, (3+1) BR/ZR system
are investigated by the tools of Lie group analysis.
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The symmetry algebra of the (2+1)-dimensional BR/ZR system is obtained as an
infinite dimensional Lie algebra. We found that the symmetry algebra is as not rich
as the symmetry algebra of the DS system, which is one of the integrable equations in
(2+1) dimensions. We succeeded in finding solutions in the forms of a line soliton and
hyperbolic type.

We also discovered the Lie symmetry algebra of the (3+1) BR/ZR system. The
invariance algebra of the system turns out to be infinite-dimensional. Concentrating
on traveling solutions, we found wave components of sech — tanh type, which proceed
as line solitons and kinks in two-dimensional cross-sections in space.

With this thesis, we have added original results to the literature on group-theoretical
properties and exact solutions of the BR/ZR system. We believe that these results will
serve as a source for future numerical and qualitative studies on this system.

XX



BENNEY-ROSKES/ZAKHAROV-RUBENCHICK SISTEMININ
LIE SIMETRILERI VE TAM COZUMLERI

OZET

Bu tezde, Benney—Roskes/Zakharov— Rubenchik denklem sisteminin Lie simetri cebiri
belirlenmis ve denklem sisteminin tam ¢6ziimleri bulunmustur.

Hayatimizdaki bir¢ok fiziksel olayin matematiksel modellenmesi, adi diferansiyel
denklemler ve kismi diferansiyel denklemler (KDD) kullanilarak yapilir. Fizik ve
miihendislik gibi matematik odakli bilimsel disiplinlerde KDD’ler yaygin olarak
kullanilir. Adi diferansiyel denklemlere ¢6ziim bulmak daha bilindik ve sistematik
yontemlere dayanirken kismi diferansiyel denklemler i¢in durum farklidir. KDD’lere
¢Oziim bulmak icin bir¢cok yontem vardir ve bu yontemlerden birisi de ilk olarak
Sophus Lie’nin calismalariyla litaretiire kazandirilan Lie simetri metodudur. Lie
yontemi ile, diferansiyel denklemin tiirii ve simetrilerine bagh olarak, bir diferansiyel
denklemin mertebesi diisiiriilebilir veya bagimsiz degisken sayis1 azaltilabilir.
Yeterince zengin bir simetri cebiri varsa, belli kosullar altinda kismi bir diferansiyel
denklem bir adi diferansiyel denkleme doniisebilir. Lie yontemi sadece bir diferansiyel
denklemin ¢6ziim bulmamiza degil ayni zamanda bilinen bir ¢oziimden bagka bir
coziime ulasmamizi da saglar. KDD’lerin simetrilerinden yararlanarak KDD’ler
denklik siniflarina ayrilabilir. KDD’lere uygulanan Lie yontemi ile, grup degismez
cozlimlere ve koruma yasalarina ulasilabilir. Bu yOntemin temelinde etkileri bir
denklemin ¢oziim uzayim degismez birakan doniisim gruplar1 vardir. YOntemdeki
ilk adim, sistemin simetrileri i¢in belirleyici denklemleri bulmaktir.  Belirleyici
denklemler c¢oziilerek doniisiim gruplarinin olusturdugu vektor alanlar1 belirlenir. Bu
vektor alanlari, sistemin ¢oziimiinii degismez birakacak olan doniigsiim gruplarinin
sonsuz kiiciikliikteki iiretecleridir. Bu iiretecten sistemin Lie cebiri yapisi ortaya ¢ikar.
Ancak bu yontemi denklem sistemlerine uygulamak ¢ok zaman ve ¢aba gerektirir.
Mathematica ve Maple gibi bilgisayar paketlerinin erisilebilirligi sayesinde bu hesaplar
daha sistemli bir sekilde yapilabilmektedir. Bu tezdeki bazi hesaplamalarda da bu
programlardan yararlanilmistir.

Bu tezin konusunu, yercekimi etkisi altindaki su dalgalar1 baglaminda Benney
ve Roskes (1969) tarafindan tiiretilmis olan Benney-Roskes (BR) denklem sistemi
olusturmaktadir. Benney-Roskes denklem sistemi, bagimsiz olarak Zakharov ve
Rubenchik tarafindan diisiik frekansh akustik tip salinimlar ile spektral olarak dar
kiiciik genlikli yiiksek frekansli dalga paketlerinin etkilesimini tanimlayan bir sistem
olarak tiiretilen Zakharov-Rubenchik (ZR) sistemi ile denk bir denklem takimudir.
Bir¢ok fiziksel durumda kisa ve uzun dalgalarin etkilesimini modelleyen su dalgalari
teorisinde Benney-Roskes olarak bilinen Zakharov-Rubenchik sistemi igerisinde
zengin dinamik yapilar bulunmaktadir. Bu denklem sistemi ¢esitli limitlerde lineer
olmayan Schrodinger denklemi ile bir dalga denklemini birlestiren klasik (skaler)
Zakharov sistemini ve lineer olmayan Schrodinger denklemi ile bir eliptik denklemi
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birlestiren Davey-Stewartson (DS) sistemini igerir. Davey- Stewartson (1974) denklem
sistemi sonlu derinlikte suda dalga paketinin yayilimini modelleyen, asimptotik
yontemler sonucu elde edilen bir denklem sistemidir. Bu denklem takimi, daha
once tiiretilmis olan Benney-Roskes denklem sisteminin 6zel bir hali olarak karsimiza
cikar. BR sisteminin ilk ortaya ¢ikis1 ¢ok eskiye dayansa da sistem iizerinde nitel ve
sayisal analizler {izerine yapilan arastirmalarin son donem literatiiriinde yer buldugu
goriilmektedir. Literatiirde sistemin Lie simetrileri ve analitik ¢oziimleri ile ilgili
sonuglar bulunmadigindan, bu ¢alismanin asil amaci bu boslugu doldurmak olmustur.
Birinci boliimde, tezin konusu olan problem verilmis ve probleme ait literatiir taramasi
verilmistir.

Ikinci boliimde, diferansiyel denklemlerin Lie simetri analizi i¢in bilinmesi gereken
temel tanimlar ve gosterimler verilmistir.

Uciincii boliimde, (2+1)-boyutlu BR/ZR sisteminin simetri cebiri incelenmis ve simetri
cebirinin sonsuz boyutlu bir Lie cebirine sahip oldugu bulunmustur. Parametrelerden
birinin 6zel bir degeri i¢in sistem, (2+1)-boyutlu DS sistemi haline gelmektedir. DS
sisteminin simetri cebirine iligkin literatiirde mevcut olan sonuclar ile karsilagtirma
yapilmistir. (2+1)-boyutlu BR/ZR sistemine ¢izgi soliton, yumru tipi duragan (lump
type stationary) c¢Oziim ayrica eliptik, hiperbolik ve trigonometrik tip periyodik
¢Oziimler seklinde coziimler elde edildi.

Doérdiincii boliimde, (3+1)-boyutlu BR/ZR sisteminin Lie simetri cebiri bulundu.
Sistemin degismezlik cebirinin sonsuz boyutlu oldugu kesfedildi. Hareket eden dalga
coziimlerine odaklanarak, sech — tanh tipinde, uzayn iki boyutlu kesitlerinde ¢izgisel
soliton ve kink soliton seklinde ilerleyen dalga bilesenleri elde edilmistir.

Bu tez calismasi ile litaretiire, BR/ZR sisteminin grup-teorik ozellikleri ve tam
coziimlerine iligskin orjinal sonuglar ekledik. Bu sonuglarin bu sistemle ilgili ilerideki
niimerik ve niteliksel calismalara kaynaklik edecegine inaniyoruz.
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1. INTRODUCTION

1.1 Purpose of Thesis

The aim of this thesis is to determine the Lie symmetry algebra and find exact solutions

of the Benney—Roskes/Zakharov—Rubenchik system, considered in [1] in the form

iy = —ey —aA W+ blYPy+w(p +do.) v,

prt+cp; = _AJ_QD_(PZZ_dquz)Za (1.1.1)
1

@ +ep,=——p— |y
m

in two and three space dimensions.

In system (1.1.1), y(X,¢) denotes the complex-valued high frequency function, where
X = (x,z) if n =2 and X = (x,y,z) if n = 3, and @(X,7) denotes the real-valued
hydrodynamic potential function and p(X,?) is the density fluctuation. A, = 9?2 in
the casen=2o0rA| = 92+ ayz in the case n = 3. As for the parameters, m is the Mach
number [2], € is a dispersion constant, d is related to the Doppler shift and w measures
the strength of the coupling to acoustic waves. The constants a and ¢ depend on the
group velocity and the parameter b measures the self-interaction of the carrying wave.
We refer to [1,2] for the explicit expressions for these constants, and we consider them
to be nonzero real numbers in our analysis.

The analysis in two space dimensions is performed in Chapter 3, and Chapter 4 deals

with the three-dimensional case.

1.2 Literature Review

The Benney—Roskes system of equations (1.1.1) was derived in the context of gravity
waves by Benney and Roskes in 1969 [3]. Independently of Benney—Roskes system,
Zakharov and Rubenchik derived the Zakharov-Rubenchik system describing the
interaction of a spectrally narrow small amplitude high-frequency wave packet with a

low-frequency oscillation of acoustic type [4]. The Benney—Roskes system is identical



to the Zakharov—Rubenchik system (more details [5]), of which derivation and physical
background are in attendance in [6] with details.

The global well-posedness of the one-dimensional Zakharov—Rubenchik equation is
proven in the space H*(R) x H'(R) x H'(R) by Oliveira [7]. Also in [7], the
existence and the orbital stability of solitary wave solutions for the one-dimensional
ZR system are proven. To simulate the one-dimensional ZR equation, Zhao and
Li [8] suggested time-splitting Fourier pseudo-spectral (FP) approach, conservative
Crank—Nicolson(CN) finite difference method (FDM) and non-conservative FDM.
Martinez and Palacios investigated the decay properties for the solutions to the initial
value problem of the 1-D ZR/BR system [9].

Saut and Ponce [1] reduced the BR/ZR system to a nonlinear Schrédinger equation
with nonlinear terms involving nonlocal terms and derivatives of the unknown and
they studied the local well-posedness of the Cauchy problem. Luong et al. handle
the Cauchy problem again for the two and three-dimensional Zakharov—Rubenchik
system and they analyze its perturbation by a line soliton [10]. In [11], the

Zakharov-Rubenchik system has the form
Wi — O3 — 8 Yx — i01A LY +i0a|W[P + W (p + D)y =0,
P+ A9 +D(ly*)y =0, (1.2.1)
bt 3P+ Y2 =0

where y : RxR? = C, p, ¢ : R — R?, d = 2,3 decribe the fast oscillating and, resp.,

acoustic type waves. Eq. (1.2.1) has the two conserved quantities, the L> norm

JwesnP= [ 1wy 0P,

where y; =y or (y,z), and, after the change of variable x — (x + o3t,7), the

Hamiltonian

0, n O 2,00, 4 W o W _ 4 W 2
E0)= [ (GlweP+ IViwl+ Zlvl + 0+ 2Vl + 2 (p+DoolvF)

= E(0)
(1.2.2)

Quintero and Cordero studied the nonlinear orbital instability of ground state standing
waves for the Benney—Roskes/Zakharov—Rubenchik system in N =2 and N = 3 spatial

directions [12]. Quintero also analyzed the stability and instability of standing waves



for a generalized BR/ZR system in spatial dimensions N = 2,3 in another study [13].

A simplified version of the "universal’ model of the BR/ZR system of equations turns
into the Davey—Stewartson system [10]. Davey—Stewartson (DS) system was first
derived by Davey and Stewartson in [14]. The DS system describes the propagation
of two-dimensional water waves moving under the force of gravity in waters of finite
depth. Ref. [15] contains a brief summary of results on the BR/ZR system and a
detailed account of the limiting case DS systems. With similar simplification, the
Zakharov system can also be obtained. The Zakharov system is introduced in [16]
to describe the propagation of Langmuir waves in plasma. Ref. [17] includes a
rigorous justification of the Zakharov limit of the ZR system and [18] presents the
Schrédinger limit of the ZR system in one spatial dimension case for well-prepared
initial data [10]. Refs. [18] and [19] are to be mentioned for the well-posedness results

in the one-dimensional setting.

Djordjevic and Redekopp extended the study of Davey and Stewartson to include the
effects of capillarity [20]. In [21], Ghidaglia and Saut studied the well-posedness
of the Cauchy problem for the DS equation. In the elliptic-hyperbolic and
hyperbolic-hyperbolic cases of the DS system, Linares showed in [22] that the initial
value problem with small assumptions on the data is locally well-posed in weighted

Sobolev space.

The symmetry algebra of the Davey—Stewartson system is identified by Champagne
and Winternitz in [23] as an infinite-dimensional algebra of Kac—Moody—Virasoro
(KMV) type, in the case when the system is integrable. Admitting a KMV algebra
as the invariance algebra is a property that is seen in some other integrable equations

in (2+1)-dimensions [24].

1.3 Hypothesis

We focus on determining the Lie algebra of Benney—Roskes/Zakharov—Rubenchik
system of equations and find some exact solutions. The recent literature includes works
that have taken into consideration this system from several approaches. The system
has connections with the well-known widely studied Davey—Stewartson system of

equations. From the group-theoretical point of view, the DS system of equations admits



an infinite-dimensional Lie symmetry algebra of KMV type exactly in the integrable
case, which is a feature shared by some other integrable equations in (2+1)-dimensions.
Besides, for the DS system, there is also a vast amount of literature devoted to the
search for exact solutions. The fact that the BR/ZR system includes the DS system in
the limiting case motivated us to investigate the Lie invariance algebra of the BR/ZR
system and also search for any type of exact solutions that might contribute to the

available literature. Therefore in this thesis, we answer the following questions:

* What is the Lie symmetry algebra of the BR/ZR system in two and three space

dimensions?
* How does two-dimensional (2D) BR/ZR algebra compare to 2D DS algebra?

* Can we obtain exact solutions of traveling type for 2D and three-dimensional (3D)

BR/ZR system?



2. BASIC NOTATIONS AND DEFINITIONS OF LIE SYMMETRY
ANALYSIS

In this Chapter, we give basic notions and definitions of Lie groups which are available
in [25] and [26]. The content in this Chapter is not to be understood as original content

submitted by the author of this thesis in fulfillment of this degree.
2.1 Lie Groups of Transformations

Definition 2.1.1 (Symmetry) Symmetry can be defined as a transformation that leaves
an object invariant. If a transformation satisfies the following conditions it is a
symmetry .

(S1) The transformation preserves the structure.

(S2) The transformation is a diffeomorphism.

(S3) The transformation maps the object to itself.

Definition 2.1.2 (One-Parameter Lie Group of Transformation) Suppose that an

object occupying a subset of RN has an infinite set of symmetries.
Sk G xNe),  k=1,....,N (2.1.1)

where € is a real parameter, and that the following conditions are satisfied.

(LI) S is the trivial symmetry, so that #*=xKwhen e =0.

(L2) S is a symmetry for every € in some neighbourhood of zero.

(L3) S5.S¢ = L5, ¢ for every 0, sufficiently close to zero.

(L4) Each * may be represented as a Taylor series in € (in some neighbourhood of

€ =0), and therefore

ot N e) =k el N+ 0(eh), k=1,...N. (2.1.2)



Then the set of symmetries .%¢ is a one-parameter local Lie group. The term "local"
(which we will usually omit hereafter) refers to the fact that the conditions need only

apply in some neighborhood of € = 0.

2.2 One-Parameter Groups of Point Transformations and Their Infinitesimal

Generators in the Plane

Definition 2.2.1 (One-parameter group of point transformation) A point transforma-
tion in the plane, where x is the independent variable and y is the dependent variable

is defined as

F=x(xy), F=3xy). (2.2.1)

It maps points (x,y) into points (%,5). If we consider this in the frame of symmetries,
we have to consider point transformations that depend on (at least) one arbitrary

parameter €,
X=x(x,y;€), y=73(x,y;€). (2.2.2)

This transformation which also satisfies properties L1 — L3 is called a one-parameter

group of point transformations in the plane.

Rotations are a straightforward example of a one-parameter group
(%,5) = (xcos€ — ysin€, xsin€ + ycose) (2.2.3)
Another example is a translation

X =x, y=y+E€. (2.2.4)

Definition 2.2.2 (Infinitesimal Generators) We take an arbitrary point (x,y) and
write

¥(x,y;€) =x+€&(x,y)... =x+€Xx+ ..., (2.2.5)
y(x,y;€) =y+en(x,y)... =x+eXy+ ..., (2.2.6)

where the function & and 1 are defined by

o ~
Ey) =5 lem0.  My) =5 leo, 22.7)



and the operator X is given by

d d
X= — — 2.2.8
f?(x,y)aern(x,y)ay (2.2.8)
The operator X is called Infinitesimal Generator of the transformation.
Let’s illustrate it on (2.2.3). We have
ax ay
oy = — ) 229
ag|8—0 Y ag|8—0 X ( )

so that corresponding the infinitesimal generator is given by

0 d
X=—y—+4x— 2.2.10
Y ox +x8y ( )
For a translation (2.2.4) we obtain,
o0x ay d
— |y = ——|e—0 = X=—. 2.2.11
88 IS—O ’ ae |£—O ; 8)7 ( )

From this point of view, we can think that we can find the finite transformation by

integrating from a given generator. Let’s we have

0 0
S0,
_0x . 0y
E(x,y) = e 3X, n(x,y) = 96 4y (2.2.13)

then we can integrate X with respect to € = 0. The solution with initial condition
%(0) =0and y(0) =0 1is
F=e%x,  §=¢%y (2.2.14)

2.3 Extensions of Transformations and Their Generators in the Plane

Definition 2.3.1 (Prolongation of transformation) If

d d
is infinitesimal generators of transformation,then
d d d d
(n) _ e il r = (n)
X 58x+n8y+n ay,+...+n ENC) (2.3.2)



is its prolongation (extension) up to the nth derivative where 1\ (x,y,y', ...,y are

defined by

n

) — (n+1)
n S (M= &) 08 (2.3.3)

n

Notice that n(”) does not mean the nth derivative of N and here denotes the total

xl’l

derivative.

Definition 2.3.2 The nth order differential equation given in the following form
F(x,y,Yy") =0 (2.3.4)
is invariant under symmetry transformation X = %(x,y) and § = y(x,y) if

F(x3,5,..,7") =0. (2.3.5)

This definition means that the existence of symmetry is unaffected by the variables
chosen for the differential equation and its solutions. Also (2.3.5) has to be valid for

all values of €.

Definition 2.3.3 An ordinary differential equation
F(x,y,y, ...,y(")) =0 (2.3.6)
admits a group of symmetries with generator X if and only if
X"WF|,_,=0 (2.3.7)

holds.

Making use of (2.3.6), we can find X infinitesimal generator of a given differential

equation. We can give it step by step as follows.

« The prolongation X() is applied to the given differential equation F. We call the

equations resulting from this application as determining equations.

* The determining equations are solved.



e The solution of the determining equations gives us the coefficients of the

infinitesimal generator &, 7.

* Finally the infinitesimal generator X is found.

Definition 2.3.4 A Lie algebra is a real vector space L together with a binary bracket
operation

[ ]=LxL—L (2.3.8)
such that any X,Y,Z € L

(BI) (Linearity) [aX) +bX,Y] = a[X,,Y]|+b[X5,Y]
(B2) (Antisymmetry) [X,Y]| = —[Y,X]
(B3) (Jacobi identity) [X,[Y,Z]] +[Y,[Z,X]] + [Z[X, Y]] = 0

The bracket [-,-] is called the Lie bracket which is defined as

[X,Y]=XY -YX. (2.3.9)
2.4 Symmetries of PDEs
Suppose we have system
F (o u® uy upy, ) =0 (2.4.1)

of PDE in the N independent variables x", the M dependent variables u*(x"), and their

derivatives, denoted by

u® 82 a
o 20 e TRy (2.42)

u
ox"’ e dxhoxm

Definition 2.4.1 A one-parameter group of point transformation is a transformation

between independent and dependent variables,

)Z”:)Z"(xi,uﬁ;e), ﬁnzﬂn(xiauﬁ;s)a
(2.4.3)
ni=1,...,N, aB=1,.,M
The corresponding infinitesimal transformation
. ax"
=y el (P + o), &= leo
(2.4.4)



is generated by

X = & ib) 2

o i B
o %) (2.4.5)

due’

We have to expand the finite point transformation (2.4.3) and its generator (2.4.5) to
the derivatives in order to apply them to a partial differential equation. The generator

(2.4.5) the extended to derivatives of arbitrary order is given by the next definition.

Definition 2.4.2 [f (2.4.5) is the infinitesimal generator of the transformation (2.4.3),

then
X0 _ 5nain N "aaia L aig . "'?majgm b (2.4.6)
where .
ne, = DM agiDS (2.4.7)

Dx™ M2 Dxm

is its prolongation (extension).

Definition 2.4.3 The partial differential equation

F & u® u®u® ) =0 (2.4.8)

y U s U,
admits the symmetry transformation generated by (2.4.6) if and only if

XWF| ;=0 (2.4.9)

where X is prolongation of (2.4.5), that is, (2.4.6).

In this Chapter, the sources used were [25] and [26]. For further reference on Lie
group analysis of differential equations, we can mention the classical monographs [27]

and [28].
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3. 2D BENNEY-ROSKES/ZAKHAROV-RUBENCHIK SYSTEM

Benney—Roskes system was derived in the context of water waves [3]. Let us consider

the Benney—Roskes (BR) system of [3], also appearing in [1],
ob ¢ d%b d%b ) 1
1. { 1 1} tigh, { ao

et N it § — k—— 212 — )b I
3T 5 60118)(2 + 22 372 X + ( ") o}+l£| 11761

— b+ —(g°k” — bl =
S0 =S+ gby+ — (87K — )b
dby by 9 o2 2gk a 2
oT ~ 4 ox h(&x2+<9z2>a(“L ox bil"=

(3.0.1)
Let us replace by — vy, a0 — @, bo — p, T —t, X — z, Z — x, which gives
2 2,2 4
v+ = amv/xx+ wll‘/’zz elvl v+ — ( k" — o) py +eko.y,
pf_cng—J’_h((Dxx‘F(Pzz)"'F(‘W‘ )zzoa (3.0.2)

¢ — e8P + %(gzk2 — o)y’ =

Hence it is seen that the Benney—Roskes system is identical to the

Zakharov—Rubenchik (ZR) system, also given in [1], as
iy = —eW —al Y+ by y+w(p+do) v,
pitcp.=—AL9—¢.—d(ly), (3.0.3)
O+ o, = —n%p — |y,

in the spatial domain R”, n = 2,3, describing the interaction of a spectrally narrow

small amplitude high-frequency wave packet with a low-frequency oscillation of

acoustic type. For a detailed account of the system we can refer to [1]. Using the

third equation of (3.0.3), we substitute

p=—m(¢+co.+|y?) (3.0.4)

to the first and second equations. We get

. d d
Vi ah Ly ey = (b= wm)|[ Py —wy{m S+ (me—d) 5 Lo,

p 5 (3.0.5)
AL @+ (1—mc®) Q.. — m@y —2me@y = {m; + (mc—d)a—z}\w\z-
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For simplicity, we call the system of equations (3.0.5) 2D BR/ZR system if n = 2
while 3D BR/ZR system if n = 3 . In this Chapter, we deal with the case n = 2 only
and investigate the Lie symmetry algebra of the 2D BR/ZR system and present exact

solutions.

3.1 The Symmetry Algebra of 2D BR/ZR System

In order to determine the Lie symmetries of the BR/ZR system of equations (3.0.5), we
apply the well-known algorithm first introduced by Sophus Lie [29]-[31]. The analysis
we will do here is standard.

When we consider the system (3.0.5) for n = 2, replacing z — y and € — &, it becomes

| 9 P
Vi + Vi + €Wy = (b—wm) |y Py —wy{m=-+ (mc—d>a—y}<p,

2 P (3.1.1)
(pxx+ (1 _mcz)(pyy —m(ptt — szgDyt = {ma_t + (mc—d>a—y}|ll/|2

We would like to point out here that a, b, ¢ are considered as nonzero real numbers and

&,d,m,w as positive. Clearly, when m = 0, this system reduces to (2+1)-dimensional

Davey—Stewartson equations.

In the analysis below, we first find the symmetry algebra of the system (3.1.1). After
that, since the derivatives on the right hand sides of (3.1.1) are in the same direction,
we make a transformation which will put (3.1.1) to a somewhat simpler form and
determine the symmetry algebra in this second form. Lastly, we give the symmetry
algebra of the DS system in again two cases and we conclude this subsection with a

comparison of these results.

3.1.1 BR/ZR Symmetry Algebra
Separating ¥ = u+iv, we get
ty + vy, + €gvyy = (b —wm) (u* +v*)v —vw <m(p, + (mc—d) (py> )
—Vy + gy + Eottyy = (b —wm) (u® +v)u —uw <m(pt + (mc — d)goy> , (3.1.2)
O+ (1 — mcz)goyy —m@y — 2me @y = m(2uuy +2vvy) + (me — d) (2uuy + 2vvy).

the Lie symmetry algebra BR/ZR system (3.1.1) is generated by the infinitesimal

1
YV =100, + oo + nan —x(t)(vdy —ua,) + [WX(I) + P(x, C)} a(p (3.1.3)

12



where Ty, &, 19 and
{=my— (mc—d, (3.1.4)

with x(¢) and P(x, {) satisfying
1
Pec+m(m—d*)Pge = —X(0). (3.1.5)

The right hand side of this equation depends only on ¢, and its left hand side depends

on x and {. Therefore, it must be equal to a constant, say, cy.
2 L
Pxx—l—m(m—d )PCC:;X(I):CI (316)

Then, we have x(¢) = %tz + 51t + s0. For the solution to Py + m(m — dz)ng =cq,

let P(x,8) = P(x, &)+ %lxz. Then P satisfies
P +m(m—d*)Pgg =0. (3.1.7)

(A) Suppose m < d?. Set o = m(d*> —m). Then

P — P =0 (3.1.8)
is integrated to
P=F(opx—§)+G(ogx+ ) (3.1.9)
and hence
P(x,C)=F(aox—C)+G(aox+c)+%'x2. (3.1.10)

We see that the Lie algebra is spanned by
%:ah f%:am f%:aw
X4 = —vo, +ud, + L&p,
mw .
s =t(—vdy, +udy) + ma(pa

22 (3.1.11)

Zs = 1>(—vd, +ud,) + (— +— )8(,,,

F(\/m )x—my+ (mc— )t)8(p,
G(N/m m)x—+my — mc—d)t>8(p



where F(s) and G(s) are arbitrary single-variable functions. = The nonzero

commutations are

[3{170@%((;)] =(d—mc)Q£{(Gl), [%7’%] =225,
(21, Py (F)] = (mc—d) P o (F'), (21, Z5] = Za,
(22, Doy (F)] = 1 m(d? —m) P (F'), (253, Py (F)| = —mP o (F'),
(22, 2(G)] = \/m(d* —m) 2(G), (23,24 (G)] =mP(G),
1
X2, Xo) = —F———=x( s—s + 2 $)—s)-
(25, 2] " m(dz—m)( | F(s) G(s)=s)
(3.1.12)
(B) Suppose m > d?. P(x,{) satisfies
Pec+m(m—d*)Peg =0. (3.1.13)
Let us scale éj — ; Then we have
m(m —d?
Pxx-l—Péé =0. (3.1.14)
Then
P=H(x, ), (3.1.15)
where H is any harmonic function. Therefore we find that
¢ 12
Px,0)=H|x,—/———— | + =x 3.1.16
(50 =Hx ) +3 (3.1.16)
Similarly, we obtain the previous generators Z;, i = 1,...,6 and
Poy(H) = Hx,0)9y, o _me=d (3.1.17)
m(m—d?)

where H is an arbitrary harmonic function. The nonzero commutation relations are

(21, 25] = 24, (21, Z6] =225,
25, 24] = PaWlutcer-aope 1702 =L 2 (Hc;(x 9)),
53,700 = P (H5.0)) 153, P0(0)] =\ [ 2ol
(3.1.18)
(C) Suppose m = d*. Then solving Py (x,{) = c; yields
P(x,0) = %x2+R((§)x+S(C), (3.1.19)
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where R, S are arbitrary functions. In addition to 2;, i = 1,...,6, we obtain the

generators
P4 (R) = xR(dy — (cd — 1)t)dy,
(3.1.20)
24(S) =S(dy— (cd —1)t) 9y
where R(s) and S(s) are arbitrary functions of a single variable. We present the nonzero

commutation relations as follows.

(21, Z5] = 24, (21, 26| =225,

(21, 2% (R)] = (1-cd) P4 (R), (22, P%(R)] = 2¢(R), G2l
(23, Z¢(R)] = d P¢(R), (21, 24(8)] = (1 - cd) 24 (S')

(23, 2¢(S)] = d24(S'), (22, Z6] = P (R)|r(s)=2/w-

Proposition 3.1.1 The invariance algebra of the BR/ZR system (3.1.1) is

infinite-dimensional and has the following bases.
om<d?*: Ly ={2:,24(F),24(G)}, i=1,...,6,
o m>d*: Ly ={Zi,P5(H)}, i=1,...,6,

o m:d2: Zg:{%,@%(R%Qg(S)}, i:1,...,6.

3.1.2 BR/ZR in the Second Form

Notice that the directional derivatives on the right hand side of Eqs. (3.1.1) are in
the same direction. This gives us the chance to simplify the right hand sides of these
equations by a rotational transformation. We keep the variables (x, y, @) as they are

and do the transformation (y,z) — (&,n) with
t:klé—l—kzn, y:£1§—|—€2n. (3.1.22)

with the condition ky = k¢, — ¢1k; # 0. When we choose k; = m, | = mc —d, the

mentioned directional derivative becomes

d d d
— —d)=— = =—. 1.2
mo-+ (mc—d) 2y~ 9¢ (3.1.23)
With this transformation, we write (3.1.1) as
=¥ Sok% Sok% 2&0k1kn
l( K )‘lfn +aY + Koz Yee + Kg Ynn Kg Ven
A
an(;z)wé = (b—wm)|y?|y —wyee. (3.1.24)

15



This way, the term @, appearing on the left hand side of (3.1.1) is eliminated if we
choose ky = d+\/m, {; = \/m(cd — 1) and we obtain

1
Per+ 5 (feg — Pnn) = (lv)e (3.1.25)

with the condition k = \/m(d* —m) # 0. Differentiating (3.1.25) with respect to &
once and replacing @z = ¢, we consider (3.1.24) and (3.1.25) in the form

ia1 W + aW + az Yy + a3y +a4t/fty+iast/fy = (b—wm)|y*|ly —wye, (3.1.26)

Pex + W’yy o) = (ly )yy (3.1.27)
with
ap = —d — a) = —godz az = __tom
(d* —m)y/m’ (d? —m)?’ (d? —m)?’ (3.1.28)
2e0d/m de—1
a4 = — (dz—m)z’ a5:d2_m.

The symmetries are generated by the vector fields

cQf;l :ah t%7228)67 %:ay, %:_Vau—f—uav;

1
= (dt +/my)(—vdy +udy) + ma(p, (3.1.29)
To = (dt +~/my)*(—vd, +ud,) + (dtwj:/\[_y) o

with the nonzero commutations being
(21, 25) =d 2, [21, 2] =2d D5,

- o ] (3.1.30)
(23, 25] = VmZa, (23, Ze] =2VmZs.

Proposition 3.1.2 The BR/ZR system (3.1.26)-(3.1.27) admits a six-dimensional Lie
algebra with the basis { Z;}, i=1,...,6.

3.1.3 DS Symmetry Algebra

It is clear that in the case of m = 0 BR/ZR system (3.1.1) turns into (2+1) DS system.
Here, firstly, the Davey—Stewartson system of equations in the literature and its Lie
algebra is given for the reader to make comparisons. Then, the Lie algebra of the DS
system is obtained from the BR/ZR system is found and compared with the DS system

in the literature. Following the work [23], we consider the Davey—Stewartson system

16



in the form 5
W+ Vi + E1Wyy = &Y Y + v,

¢xx+61¢yy:62(‘l//‘2)yy‘
This system was first derived in [14], appearing as their equation (2.24a,b).

(3.1.31)

Considering ¥ = u-+1iv, & = F1, & = F1, the Lie symmetry algebra of the DS system
(3.1.31) is reported in [23] to be generated by

V=2 (f)+%(g)+Z(h)+W (m) (3.1.32)
with )
F() = 10000+ L (0,40, — ud, —va, - 200y)
> e F o
— (v, —ud,) - %(ﬁ + 1Y),
() = g(1)2:— 58(0)(vd, — udy) = S5(1)s. (139
Z(h) = h(1)3, = = h(0) (v, — udh) = V(1) 9y,
W (m) = m(t)(vo, — udy) +r(t)dy.
where g(t), h(t), m(t) are arbitrary functions and f(¢) is stated to satisfy
(f) = artz)ltrary, 0 = —& = FI, (3.1.34)
at“+bt+c, O 75 —&.
One of the main results of [23] is that, exactly in the integrable case 6; = —¢; of the

DS system, the symmetry algebra of the DS system (3.1.31) is an infinite-dimensional
Lie algebra of Kac—Moody—Virasoro type, generated by vector fields in (3.1.33)
depending on four arbitrary functions of time. The algebra has the Levi decomposition
Z(f)w{¥ (g),Z (h),# (m)} [23]. For the structural information on KMV algebras
and further examples of PDEs enjoying the KMV algebra as the invariance algebra we
can refer to [24].

Before deriving the system (3.1.31), the first set of equations Davey and Stewartson
derive in their work [14], which are the equations (2.14)-(2.15) of [14], is a system of

the form

iV Vet ey = elylvtye, (3.1.352)
(Pxx+51(Pyy = 52(‘1/42)) (3135b)

where 01,0,,€; and & are real constants. Transition from (3.1.35) to (3.1.31) is

straightforward by differentiating (3.1.35b) with respect to y and replacing @y, = ¢
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in both of the equations. Denoting ¥ = u + iv and assuming & = F1, & = F1, we
determined that the Lie symmetry algebra of (3.1.35) is generated by the vector field
V=Z)+¥(a)+ZB)+#(u)+Z(y)+-7(0) (3.1.36)
with
(1)
Z(t)=1(t)d + T(x8x +y0y —ud, —vo, — 9dy)
2 2 cee
XA 88” #(6) (0 — udy) — 2 é’ ) (P + %y3)a(,,,
V(@) = a(t)3— 56(1)(v, — ud,) — = &(r)dp.

. B 3.1.37)
=B(t)dy — zlﬁ(t)(vau—uav)—i—%(&xz—yz)&(p, (

h
3”/
co

)%

(t
where a(t), B(t), u(z), y(t), 6(¢) are arbitrary functions whereas the constants &, &;
)

and the function 7(¢) must satisfy

(e1+6)7(t)=0. (3.1.38)
Therefore we have
bitrary, 01 = —& =FI,
[ = O tCoasT (3.1.39)
Tt° + 71t + T, 0 7é —&1.

For the generators (3.1.37), the nonzero commutations are

(2 (11), Z (m)] = Z (1152 — T172), [Z(1), % (a)] =% (16— %1‘705),
(2°(2), Z(B)] = #(eh — 5B), (2 (0). /(W) = ¥ (i),
[2°(), 2(7)]) = F (e + 1), [2(1),7(8)] = 7 (24 525).

[ (1), % ()] = —%W(Oﬂl w—a0n), [Z(B1),Z(B)]= —%7/(131132 —BiBa),
Y (), Z(B)] = %%’(&ﬁ +oieaf), [¥(a),%(y)]=7(ay),

[Z(B), 7 (W)] = (BL).
(3.1.40)

We can summarize this finding as follows .
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Proposition 3.1.3 When 8 = —&; = F1, the symmetry algebra of the DS system
(3.1.35) is an infinite-dimensional Kac—Moody—-Virasoro algebra generated by the
vector fields given in (3.1.37), including 6 arbitrary functions of time. The algebra

has the Levi decomposition

{2 ()} w{Z(a), Z(B), 7 (1), Z(v), (8)} (3.1.41)

Remark 3.1.1 The Lie algebra of the DS system in (3.1.31) includes 4 arbitrary
functions of time if 8; = —¢&, and 3 arbitrary functions of time if 8; # —€;. The Lie
algebra of the DS system in (3.1.35) includes 6 arbitrary functions of time if 6; = —¢€,

and 5 arbitrary functions of time if 8, # —¢€;; hence richer than that of (3.1.31).

Remark 3.1.2 The symmetry algebra of DS system is richer than the symmetry
algebra of the BR/ZR system.

3.2 Exact Solutions

A solution of the form
Y= eie‘l’(v), @=®(v), v=vix+wvy+wvt, 0=0ix+6y+6u, (3.2.1)

where v;, 0;, i =0, 1,2 are real constants [32], reduces the BR/ZR system in (3.1.1) to

the system of nonlinear ordinary differential equations
(ClV12 + 8()V22)‘PH + i(261V1 0 +2 V20, + V())lP/ — (61912 + 80922 + 90)‘1’

+(mw — b)¥ +w(mvy +meva —dvy) PP =0, (3.2.2)

2(dva —mvy —meva )P + (Vi + Vi —m(Vo+cv2)?)@" =0 (3.2.3)
which requires
2av10; +2€v20, + vy = 0. (3.2.4)

Integration of second equation one time and taking the constant of integration to be
zero, we obtain

& — KV, K mvy+ (mc—d)v

= . 3.25
VZ+Vv:—m(vo+cvy)? 6:2:5)
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Substituting @’ into first equation we obtain

W' = 2493 + BY (3.2.6)
where
b—mw—wK —d 07 + €967 + 6,
Ao DT w <’2”"°+(2’"C Vo) g iTE% T 327
2(avi +&Vv3) avi +&v;
Multiplying both sides of (3.2.8) by ¥/, we obtain
(¥)* = A¥* + BY? +-C (3.2.8)

where C is an arbitrary constant.

Having obtained (3.2.8), we are going to produce several types of solutions. First of
all, by a scaling ¥ = oy p, v = B1g, (3.2.8) can be converted to a specific canonical
form that yields elliptic functions. We first assume A = B> —4AC > 0 and present three

different cases.

B+ /B2 —4AC
(i) When A >0, B<0,C >0, for a? = CB? and B} = — ks A , (3.2.8) is
transformed to )
ary (1-pH(1—x*p?) (3.2.9)
dq
with k? = ACB}. We obtain
1
P = (xlsn<ﬁ—(v+ &), x). (3.2.10)
1

To illustrate this elliptic periodic solution at # = 0, we choose all the parameters in

(3.1.1) and (3.2.1) equal to 1, except 8p = —5, vop = —4, C = 0.5. Thus Figure 3.1 is

the plot of
¥ =0.625953 x sn(l.12965(x—|—y),0.418871). (3.2.11)
B+ /B2 —4AC Ao?
(ii) IncaseA<O,C>0,withoc12:— + ,K2:+ and
2A 2A0{ +B
2
2 K :
= ———,(3.2.8) is transf dt
Bi Aalz ( ) is transformed to
dp 2
(d_q) = (1= p*) (&% +x*p?) (3.2.12)
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Figure 3.1 : The plot for ¥ of (3.2.10) for t = 0. The values of parameters are equal
to 1 except Op = —5, vo = —4,C=0.5.

with k2 = 1 — k2. Then we get

1
P alcn(B—(v+ &), x). (3.2.13)
1
B—VBZ_4A
(iii) When A, B,C > 0, for ch‘ = Cﬁlz and [312 = SAC C, (3.2.8) is transformed
to )
d
<d_5) — (14 ) (14 K2p?) (3.2.14)
with k2 = ACf}. We obtain
¥ — alm(i(v+ &), K). (3.2.15)
B

There are several possible types of elliptic solutions that can be obtained from (3.2.8)
through a similar treatment yet not to be included here. Furthermore, one can also
obtain trigonometric and hyperbolic type solutions, which can also be recovered as the
limiting cases of the elliptic solutions family. In special, when C = 0 and B # 0 in

(3.2.8), the equation reduces to

d¥
—— —¢&dv 3.2.16
Y\/AY?2 + B ( )
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where € = 1. We can evaluate this integral in the following three different cases.

(iv) Incase A > 0 and B > 0,we obtain

W(v) = —s\/§ esch(VB(v+)), (3.2.17)
D(v) = —K;‘/Ecoth (VB(v+&)) +®o. (3.2.18)

(v) When A > 0 and B < 0, we obtain

P(v) = \/_/l—i sec:(\/—_B(v—i—Bo)), (3.2.19)
d(v)= K\I/L‘__B tan <\/—_B(V+5o)> + ®y. (3.2.20)

(vi) If A < 0 and B > 0, we obtain

W(v) = \/g sech(\/E(v+ 50)), (3.221)
D(v) = —K;/E tanh <\/§(v + 50)> + . (3.2.22)

Remark 3.2.1 For the (1+1)-dimensional case, [10] and [I1] present an exact
solution of a similar form to (vi) and in [11], there are also numerical investigations
based on that solution. To the best of our knowledge, the solution (3.2.21)-(3.2.22),
plotted in Figure 3.2, appear the first time in the literature for the (2+1)-dimensional
BR/ZR system. We think this solution might also be useful for the kind of numerical

investigations done for a stability analysis appearing in Chapter 6 of [11].

To illustrate the solution in (3.2.21)-(3.2.22), we choose all the parameters in (3.1.1)

and (3.2.1) equal to 1, except w = 3 and 6, = —3/2. Therefore in Figure 3.2 we plot

¥ =17 sech(@(x—l—y)), ® = —/34tanh <\/g(x+y)>. (3.2.23)

If A = B2 — 4AC = 0, then (3.2.8) takes the form

¥ ¢
2AW2 +B  2/A

dv (3.2.24)

where € = F1.

(vii) If B > 0, we find

¥(v) :8\/§tan(\/§(v+&))) (3.2.25)
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(b)
Figure 3.2 : Plots for (a) (3.2.21), (b) (3.2.22) for t = 0. The values of parameters are
equal to 1 exceptw =3 and 6, = —3/2.
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where A and C are positive, dy is integration constant. We integrate (3.2.5) and find

d(v) = Ijg tan (\/g(v +8&)) - %( v+ @, (3.2.26)

(viii) If B < 0, we obtain that

"y B
W=/ 5 tanh [\/—§(v+50)}, (3.2.27)

KvV—B B BK
_ﬁtanh[ 2 +80)}—ﬁv+<130. (3.2.28)

%
5
3.2.1 A Lump Type Stationary Solution

Following the work [33], we suggest a solution of the form

1 AQ(x,y)
—_— Yt :k YT
ay TR e

to (3.1.1), where Q(x,y) = A;x> 4+ A»y? + 1. Under some restrictions for a and b, we

V(x,y,t) = (3.2.29)

determine 4,45, A3 as

mw—>b b—mw 4¢
A= A = Ma=——-— 3.2.30
- T 8y 7 (me—d)w (5230)
when
£ (?m? —d?> —2m +2med)w
= — b= 3.2.31
T 2(mc? —1) ( )

The solution (3.2.29) can be used as an initial condition to obtain the development of
a lump profile with numerical schemes. We plot this stationary solution for the values

of the parameters d = &g = w = 1 and ¢ = 1/4, m = 1/6; that is, explicitly,

1 0.4842y

_ £ =—
Ve ) = g o5 1005802 P T T T 005740 1 0.0580y2
(3:2.32)

is pictured in Figure 3.3.
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-50

(b)
Figure 3.3 : Plots of (3.2.32). The values of parameters are d = €y =w = 1 and
c=1/4,m=1/6.
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4. 3D BENNEY-ROSKES/ZAKHAROV-RUBENCHIK SYSTEM

In Chapter 3, we investigated the Lie algebraic structure of the 2D BR/ZR system
and presented some analytical solutions of periodic and (line) solitary type. A similar
analysis can be performed in the 3D case. Therefore, in this Chapter, we investigate the
Lie symmetry algebra of the 3D BR/ZR system and after that we employ the traveling
wave ansatz, which converts the nonlinear PDEs into nonlinear ordinary differential

equations to obtain exact solutions to the 3D BR/ZR system.

4.1 Lie Symmetry Algebra

When n = 3 in the system (3.0.5) becomes

. J %
i+ a(Ye+ Yay) + Y = (b —wm)\wlzw—ww{mg + (mc—d)8—z}<p,

B P 4.1.1)
Oxx + Pyy + (1 _mcz)(Pzz — Mm@y —2mcPy = {mg = (mC—d)a—Z}|l//|2.

Separating ¥ = u -+ iv, we get

ty 4 a(Vax + Vyy) + €V = (b —wm)(u? + v )y —vw (mq), + (mc — d)(pz> ,
vy Aty + tyy) + iy, = (b —wm) (4 + v )u—uw (m(p, + (mc — a’)(pz) , (4.1.2)

Orx + QO+ (1 — mcz)(pzz —m@y — 2mc @y = m2uu; +2vv;) + (me — d) (2uu, +2vv;).

The Lie symmetry algebra of the BR/ZR system (4.1.1) is generated by the

infinitesimal,
t
V =100+ (&o+Noy) I + (Vo — Mox) dy + Vo, + g (¢ ) (udy, —vay,) + % +J(x,y,K) | do
(4.1.3)
where Ty, &, M0, Wo, Vo, Vo are constants and
K =mz— (mc—d)t (4.1.4)
with g(7) and J(x,y, k) satisfying
1
Jex +Jyy +m(m —d?)J e = ;g'/(t). (4.1.5)
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It is clearly seen that the right hand side of this equation depends only on ¢, and its left
hand side depends on x, y and k. Therefore, the sides of this equation are equal to a
constant, say, ¢g.

1
Jex + Jyy +m(m—d*) e = ;g”(t) = ¢o. (4.1.6)

cow
Hence we have g(r) = OTIZ + g1t + go, where go, g1 are arbitrary constants. Setting

J(x,y,x) =T(x,y, k) + %xz we have
T+ Dy +m(m —d*)Ciee = 0. (4.1.7)

When m = d?, T'(x,y, k) satisfies T'y, +Iy,=0.Ifm— d? >0, (4.1.7) can be converted
to the three-dimensional Laplace equation I'y +1I'yy + 'tz = 0 by the scaling kK =
K/ \/m Incase m—d? <0, Eq. (4.1.7) is a (2+1)-dimensional wave equation
and by the scaling K = x/ \/m it becomes I'gg = [y +1T'yy.
We see that the Lie algebra is spanned by

Zi=a, %=% XH=0 K=o,

25 = yox — X0,

P = Uy — v+ —— 0,
mw

27 = 1(uBy —vy) + —— g, (+18)
" 2,2
P = £2(udy — ) + (% +29,,
() =T(x,y, k)0,

where I'(x, y, k) is an arbitrary function satisfying Eq. (4.1.7).
The nonzero commutation relations are
(21, 27] = Ze, (21, 28] =227, (23, Z5] = 22,
(22, 28] = L (D)lrzagp,  [22,7(D)] = F(I), (23,7 ()] = Z(Iy),
(24,7 ()] =m (L), (25, 28] = 7 () Ir=axyw (25, 25] = 23,
(25, ()] = Z (lx—aly), [21,7(1)] = (d —me).S (L) wio)

Let us mention that if I'(x, y, k) is an arbitrary function that satisfies (4.1.7), so are Iy,

I'y, T'x and yI'y — xI'y.
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Proposition 4.1.1 The Lie algebra of the (3+1)-dimensional
Benney—Roskes/Zakharov—Rubenchik system (4.1.1) is infinite-dimensional. It is

spanned by the vector fields (4.1.8).

4.2 Traveling Wave Solutions

In order to obtain traveling wave solutions, we consider the three dimensional Abelian

subalgebra
L=(Tr—e1 21, 23— 21, Zs—e3Z1) = (Or—e€10,,0y—e20;,0; —e39,) (4.2.1)

of the full symmetry algebra of the equation, where ej,e>,e3 € R. This subalgebra

generates the 3-parameter Lie group of transformations
(6, 2,2,8) = (x+ &1,y + &2,2+ &5, — €181 — €28 — €383) (4.2.2)

where €1,&,€& € R are the group parameters, with the identity transformation in the
dependent variables. The solutions of (4.1.1) which are invariant under this group will

have the following traveling wave form
l//:eiQ(é)‘I’(é), 0 =>(&), E=eixtey+esz+t, (4.2.3)

where W(&) and Q(&) are real functions. BR/ZR system reduces to the system of

nonlinear ordinary differential equations

AV — A¥(Q')? —¥Q' + wBYD' + (mw — b)¥* =0, (4.2.4)
APQ" +2¥'0)+ ¥ =0, (4.2.5)
2BPY —CP" =0 (4.2.6)

where
A=a(e3+e3)+ee3, B=m+(mc—d)e;, C=el+es+ei—m(l+ce3)?. (4.2.7)

Assuming A # 0, we multiply (4.2.5) by W and integrate to obtain

y_Q 1
0'=0 52 (4.2.8)

where Qg is an arbitrary constant and Eq. (4.2.6) readily gives

B
d:EW+% (4.2.9)
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with the arbitrary constant ®). When Q' and ® are substituted in (4.2.4), we see that

WY satisfies

%

- (4.2.10)

1 B2 1
g — ( )qﬁ ( o )lp
2 b—mw— WC 4A2+ owA + ==

Multiplying by ¥/, this can be integrated to

1 1 02

(W) = o (b—mw— wc>w4 <4A2+¢OWA)\P2 k@2

where K is an arbitrary constant of integration. If we change the dependent variable by

¥ = /H, H > 0, we obtain

(H')* = AH? + BH* + 4KH — 40} (4.2.12)
with
- 9 B? ; 1 B
A:Z<b—mw—w6), B=——5 — 4@ 4.2.13)

In general, the solutions of this equation can be obtained in terms of elliptic functions,
which reduce to elemantary functions for the special cases of the parameters. These
vast amount of solutions follow directly through the transformations available in [34].
However, we keep that analysis out of the scope of this thesis and concentrate on a

rather simplified reduction.

We proceed with a slightly different ansatz than the form (4.2.3) of the group-invariant

solutions and set

y=eCW(8), p=9(8), 0 =qix+qy+q3z+t, §=exterytesz+t
(4.2.14)
in (4.1.1), where ¢;, g;, i = 1,2,3 are real constants. BR/ZR system reduces to the

system of nonlinear ordinary differential equations

la(et +¢3) +e3] " — [alqi +43) + g5 + 1] W + (mw — b) P
+wim+ (mc—d)e;] PP =0,  (4.2.15)
[2a(e1q1 +exqp) +2¢€e3q3 + 1P =0,  (4.2.16)

2[m+ (mc—d)e3 | P — [e% +e3+e3—m(l —|—ce3)2] " =0 (4.2.17)
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which requires
2a(e1q1 +e2q2) +2¢€e3g3+1=0 (4.2.18)

so that ¥’ = 0. Integrating (4.2.17) once, we obtain

+ (mc —d)es
D = oW+ D, Dy= 42.19
2 : 2 el +e3+e3—m(l+ce3)? ( )
with the arbitrary constant ®;. Substituting @’ into (4.2.15) we obtain
P = 2MPP + LY (4.2.20)

where

b—mw—Dw(m+ (mc—d)es) ,  alqi+q3)+eq;+1—Pyw(m+ (me—d)es)

M= L=
2(ae? + ae3 + €€3) a(el +e3) + ee3
(4.2.21)
Multiplying both sides of the Eq. (4.2.20) by ¥/, we obtain
(P')2 = MY* + LY? + K (4.2.22)

where K is an arbitrary constant.

As we stated for the treatment of (4.2.12), this equation can be integrated in terms of
elliptic and elementary functions in various cases. Among them, we focus only on two

cases, which we think will be interesting for the readers.

(A) When K = 0 and L # 0 in (4.2.22), the equation reduces to

d¥
YvVMYP2 + L

where € = F1. One can evaluate this integral in three different cases. Concentrating

=ed& (4.2.23)

on the situation M < 0 and L > 0, upon integrating we get

Y(E) = /—% sech <\/Z(§ + 50)), (4.2.24)
(&) = —cpjw\/z tanh (\/Z(é + 60)) + @&+ P (4.2.25)

where @ and P are arbitrary.
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(B) When A = L2 —4MK = 0, Eq.(4.2.22) takes the form

d¥ R
IMY2 +L 2yM

where € = F1. If L < 0, we obtain

y— —e\/% tanh [\/j%(g + 50)] , 4.2.27)

P = —q);;/—_L tanh [\/g(g + 50)] + (cp1 - %> £+ ®,. (4.2.28)

2M

dE (4.2.26)

Let us remark that as @ is arbitrary, choosing ®; = 0 for (A) provides a sech-tanh
couple of solution, whereas the choice ®; = ®,L/(2M) gives a tanh-tanh couple
for case (B), which therefore are bounded overall the 3D physical domain. Let us
mention that we also obtained these hyperbolic profiles for the (2+1)-dimensional

BR/ZR system in [5].

In the case A = L2 — 4MK # 0, integration of (4.2.22) yields exact solutions of elliptic
type, which are periodic functions. Results in this direction can be found in [5]. Among
this family of analytical solutions to the (3+1)-dimensional BR/ZR system, we would
like to illustrate the couple (y, @) that is obtained through (4.2.24) and (4.2.25). We
choose the related constants asa=b=c=e=1,w=d=2,m=1/2, e = ey =
as=Lqg=qp=1,q=-5/2,8=Py=P; =0. We find P, = -1, M =—1/3,
L =37/12. Therefore, explicitly, we plot

V37 37
Y= - sech[w / 1—(x+y+z+t)], (4.2.29)
V111 37
®= - tanh[ E(x+y+z+t)]. (4.2.30)

In Figure 4.1(a), we plot the magnitude ¥ of the y component of the modulation in the
BR/ZR system (4.1.1); that is, we give the line soliton picture obtained when drawing
(4.2.29) on the plane z = 0 when t = 0. Figures 4.1(b,c,d) are the contour plots of
(4.2.29) on the plane z = 0 when ¢t = 0,5, 10, respectively, which well demonstrate the

propagation of the line soliton.

In Figure 4.2 we plot the ¢ component of the motion in the BR/ZR system. & of
(4.2.30) is pictured in Figure 4.2(a) on the plane z = 0 for = 0. Similarly, we provide
contour plots of (4.2.30) on z =0 for t = 0,5, 10 in Figures 4.2(a,b,c).
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Figure 4.1 : Solution (4.2.29) on the plane z=10; (a)t =0, (b)t =0, (c) t =5,
(d)t=10.
Clearly, Figures 4.1 and 4.2 illustrate the dynamics only on the plane z = 0. In the
3-dimensional spatial domain, to give a better illustration of the ongoing dynamics in
the two-component modulation (y, @) in the BR/ZR system, we picture the evolution
of the solutions in (4.2.29) and (4.2.30) on the planes x = —5, y= —5and z = —5 as
contour plots. In Figures 4.3(a,c,e), we see the planes x = —5, y = —5 and z = —5 each
of which contains a line soliton. Respectively, for the times # = 0,5, 10, the separate
figures in Figure 4.3(a,c,e) illustrate the propagation of the line soliton obtained by
plotting W of (4.2.29). The line solitons on the different planes are of the same shape
due to the choice e; = ey = e3 = 1. Similarly, on the same planes, the progress of ® of

(4.2.30) is seen as a kink profile in Figures 4.3(b,d,f).
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Figure 4.2 : Solution (4.2.30) on the plane z=0; (a) t =0, (b)t =0, (c) t =5, (d)
t = 10.
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(e) ()
Figure 4.3 : On the planes x = —5, y = —5 and z = —35, the solution (4.2.29) when (a)
t=0,(c)t =235, (e) t = 10 and the solution (4.2.30) when (b) t =0, (d) t = 5, (f)
t =10.
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S. CONCLUSIONS

5.1 Conclusions

Through our analysis, in Chapter 3, the symmetry algebra of the 2D BR/ZR system
is identified and compared with that of the Davey—Stewartson system. By a traveling
wave ansatz, we obtained several exact solutions in terms of trigonometric, hyperbolic
and elliptic functions. Besides the periodic the exact solutions, to our knowledge, we
have obtained the result of a line soliton for the first time in the literature. We also
obtained a lump-type stationary solution.

In Chapter 4, we determined the symmetry algebra of 3D BR/ZR system. It turns
out to be infinite-dimensional. We succeeded in finding solutions in line soliton and
hyperbolic type wave forms. We discovered wave components of the sech — tanh type
that move as kinks and line solitons in two-dimensional cross-sections of space by

focusing on traveling solutions.

We believe these solutions will draw the attentions of the community and they might

support and motivate further research on the BR/ZR system.

5.2 Future Discussions

In this thesis, the Lie algebra of the BR system has been defined, but no study has been
done on the reduction of the system. Group invariant solutions may provide further
room for the exploration of exact solutions. The analytical solutions we provide are
physically interesting. They can well serve as test solutions for numerical schemes
developed for this class of equations. Further, they provide analytical initial profiles
for numerical efforts that can be performed for the BR/ZR system. Therefore, further

works may be planned based on the respects in available this thesis.

37






REFERENCES

[1] Ponce, G. and Saut, J.C. (2005). Well-posedness for the
Benney-Roskes/Zakharov-Rubenchik  system, Discrete Continuous
Dynamical Systems, 13(3), 811.

[2] Passot, T., Sulem, C. and Sulem, P. (1996). Generation of acoustic fronts

by focusing wave packets, Physica D: Nonlinear Phenomena, 94(4),
168-187.

[3] Benney, D. and Roskes, G. (1969). Wave instabilities, Studies in Applied
Mathematics, 48(4), 377-385.

[4] Zakharov, V. and Rubenchik, A. (1972). Nonlinear interaction of high-frequency
and low-frequency waves, Journal of Applied Mechanics and Technical
Physics, 13(5), 669—-681.

[5] Géniil, S. and Ozemir, C. (2022). Benney—Roskes/Zakharov—Rubenchik system:
Lie symmetries and exact solutions, The European Physical Journal Plus,
137(10), 1-11.

[6] Zakharov, V.E. and Kuznetsov, E.A. (1997). Hamiltonian formalism for nonlinear
waves, Physics-Uspekhi, 40(11), 1087.

[7] Oliveira, F. (2003). Stability of the solitons for the one-dimensional
Zakharov—Rubenchik equation, Physica D: Nonlinear Phenomena,
175(3-4), 220-240.

[8] Zhao, X. and Li, Z. (2014). Numerical methods and simulations for the dynamics
of one-dimensional Zakharov—Rubenchik equations, Journal of Scientific
Computing, 59(2), 412-438.

[9] Martinez, M.E. and Palacios, J.M. (2021). On long-time behavior of solutions of
the Zakharov—Rubenchik/Benney—Roskes system, Nonlinearity, 34(11),
7750.

[10] Luong, H., Mauser, N.J. and Saut, J.C. (2018). On the Cauchy problem for the
Zakharov-Rubenchik/Benney-Roskes system., Communications on Pure
& Applied Analysis, 17(4).

[11] Luong, H. (2018). (In) stability and asymptotic analysis of the
Zakharov-Rubenchik system and related wave type equations.

39



[12] Quintero, J.R. and Cordero, J.C. (2020). Instability of the standing waves
for a Benney-Roskes/Zakharov-Rubenchik system and blow-up for the
Zakharov equations, Discrete & Continuous Dynamical Systems-B, 25(4),
1213.

[13] Quintero, J.R. (2022). Stability and instability analysis for the standing waves for
a generalized Zakharov-Rubenchik system, Proyecciones (Antofagasta),
41(3), 663-682.

[14] Davey, A. and Stewartson, K. (1974). On three-dimensional packets of surface
waves, Proceedings of the Royal Society of London. A. Mathematical and
Physical Sciences, 338(1613), 101-110.

[15] Klein, C. and Saut, J.C., (2021). Davey—Stewartson and Related Systems,
Nonlinear Dispersive Equations, Springer, pp.215-316.

[16] Zakharov, V.E. et al. (1972). Collapse of Langmuir waves, Sov. Phys. JETP, 35(5),
908-914.

[17] Ceballos, J.C.C. (2016). Supersonic limit for the Zakharov—Rubenchik system,
Journal of Differential Equations, 261(9), 5260-5288.

[18] Oliveira, F. (2008). Adiabatic limit of the Zakharov-Rubenchik equation, Reports
on Mathematical Physics, 61(1), 13-27.

[19] Linares, F. and Matheus, C. (2009). Well posedness for the 1D
Zakharov-Rubenchik system, Advances in Differential Equations,
14(3/4), 261-288.

[20] Djordjevic, V.D. and Redekopp, L.G. (1977). On two-dimensional packets of
capillary-gravity waves, Journal of Fluid Mechanics, 79(4), 703-714.

[21] Ghidaglia, J.M. and Saut, J.C. (1990). On the initial value problem for the
Davey-Stewartson systems, Nonlinearity, 3(2), 475.

[22] Linares, F. and Ponce, G. (1993). On the davey-stewartson systems, Annales de
I’Institut Henri Poincaré C, Analyse non linéaire, volume 10, Elsevier,

pp.523-548.

[23] Champagne, B. and Winternitz, P. (1988). On the infinite-dimensional symmetry
group of the Davey—Stewartson equations, Journal of mathematical
physics, 29(1), 1-8.

[24] Giingor, F. et al. (2006). On the Virasoro structure of symmetry algebras of
nonlinear partial differential equations, SIGMA. Symmetry, Integrability
and Geometry: Methods and Applications, 2, 014.

[25] Boseck, H. and Czichowski, G. (1992). Stephani, H., Differential Equations.
Their Solution Using Symmetries. Cambridge etc., Cambridge University
Press 1989. XII, 260 pp., £. 12.95 P/b. ISBN 0-521-36689-5, Zeitschrift
Angewandte Mathematik und Mechanik, 72(11), 590-590.

40



[26] Hydon, P.E. and Hydon, P.E. (2000). Symmetry methods for differential
equations: a beginner’s guide, 22, Cambridge University Press.

[27] Bluman, G.W. and Kumei, S. (2013). Symmetries and differential equations,
volume 81, Springer Science & Business Media.

[28] Olver, P.J. (1993). Applications of Lie groups to differential equations, volume107,
Springer Science & Business Media.

[29] Lie, S. (1880). Uber die Integration durch bestimmte Integrale von einer Classe
linearer partieller Differentialgleichungen, Cammermeyer.

[30] Lie, S. (1890). Theorie der Transformationsgruppen II (in German), Leipzig: BG
Teubner, Written with the help of Friedrich Engel.

[31] Lie, S. (1893). Theorie der Transformationsgruppen Abschn. 3, Teubner.

[32] Mhlanga, L.E. and Khalique, C.M. (2012). Exact solutions of generalized
Boussinesq-Burgers equations and (2+ 1)-dimensional Davey-Stewartson
equations, Journal of Applied Mathematics, 2012.

[33] Ozawa, T. (1992). Exact blow-up solutions to the Cauchy problem for the

Davey—Stewartson systems, Proceedings of the Royal Society of London.
Series A: Mathematical and Physical Sciences, 436(1897), 345-349.

[34] Byrd, P.F. and Friedman, M.D. (2013). Handbook of elliptic integrals for
engineers and physicists, volume 67, Springer.

41






CURRICULUM VITAE

Name SURNAME: Seyma GONUL

EDUCATION:

* B.Sc.: 2017, Marmara University, Faculty of Science and Letters, Mathematics

e M.Sc.: 2023, Istanbul Technical University, Graduate School, Mathematical
Engineering
PROFESSIONAL EXPERIENCE AND REWARDS:

* November 2022-Present: Research Assistant, Istanbul Technical University

PUBLICATIONS, PRESENTATIONS AND PATENTS ON THE THESIS:

e Goniil, S., Ozemir, C., (2022). Lie Symmetries and Exact Solutions of
Benney—Roskes/Zakharov—Rubenchik System [International Graduate Research
Symposium, IGRS’22, June 1-3, [stanbul, Turkey.

e Goniil, S., Ozemir, C., (2022). Benney—Roskes/Zakharov—Rubenchik system: Lie
symmetries and exact solutions, The European Physical Journal Plus, 137(10),
1-11.

* Goniil, S., Ozemir, C., (2022). Lie Symmetries and traveling wave solutions of
the 3D Benney—Roskes/Zakharov—Rubenchik system, Chaos, Solitons & Fractals,
165, 112807.

43


uluhatun
Rectangle


