CUKUROVA UNIVERSITESI
FEN BILIMLERIi ENSTITUSU

YUKSEK LIiSANS TEZI

Melis MINISKER qq 0 ‘2,%

FINITE NILPOTENT AND SOLUBLE GROUPS
MATEMATIK ANABILIM DALI

ADANA, 1998 Y



CUKUROV A UNIVERSITESI
FEN BILIMLERI ENSTITUSU

L FINITE NILPOTENT AND SOLUBLE GROUPS

MELIS MINISKER
YUKSEK LiSANS TEZi
MATEMATIK ANABILIM DALI

Bu tez /1/9/98Tarihinde Asagidaki Jiiri Uyeleri Tarafindan Oybirligi/Oycoklugu
fle Kabul Edilmistir.

imza\‘,%.-.————r Imza/....... G827V Imzaw

Prof.Dr.Melih BORAL Prof Dr. Amirullah MAMEDOV Yrd.Dog.Dr.Bilal
VATANSEVER
DANISMAN UYE UYE

Bu tez Enstitimiiz.Matematik Anabilim Dahnda hazirlanmagtir

\"—Prof Dr.Aziz ERTUNC

Enstitii Miidiiri
imza ve Miihiir

Kobd po- (506

Not: Bu tezde kullanilan 5zgiin ve bagka kaynaktan yapilan bildiriglerin, gizelge, gekil, ve fotograflann kaynak
gosterilmeden kullanim, 5846 sayih Fikir ve Sanat Eserleri Kanunundaki hikumlere tabidir.



ABSTRACT ..ot aeisssesssssesassssassesassesasassesessssesassesesssssenaseneseseseesenens I
(@ /OO OO U OO i
TESEKKUR........cocviveueersrereseietessesesssssssssesssssasesassessssmsasassassasassssssssns I
INTRODUCTION.........ooieeesieeereeesesessessssesessesssssseessssssssssessessssanssanssssanes v
1. FINITE NILPOTENT AND SOLUBLE GROUPS.........c.coccoovrimrerrcinnnen 1
2. ANSWERS TO SELECTED PROBLEMS...........ccoriiimereenensensecesesennes 24
KAYNAKLAR ...t eeeestenesessesteessesssassssessesassssessssassasasassssasananss 44

OZGEGMIS......oveviviiiiiereieteeesieresssess s e seese e sestraesessssesaas s s saanesases 45



ABSTRACT
MSc THESIS
FINITE NILPOTENT AND SOLUBLE GROUPS
MELIS MINISKER
DEPARTMENT OF MATHEMATICS
INSTITUTE OF NATURAL AND APPLIED SCIENCES
UNIVERSITY OF CUKUROVA

Supervisor: MELIH BORAL
Year:1998, Pages: 45
Jury: Prof. Dr. Melih BORAL
: Prof. Dr. Amirullah MAMEDOV
:Yrd. Dog. Dr. Bilal VATANSEVER

Group theory is not only one of the basic studies of Mathematics, but is
practicaﬂy applied in Physics and other important parts of Science. Finite groups have
been studied for a long time and the classification of finite groups has been completed.
With the help of this Thesis there will be a both theoretical and applied referance about
finite nilpotent and soluble groups.
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SONLU NILPOTENT VE COZULEBILIR GRUPLAR
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Gruplar teorisi cebirin en temel gahigma alanlanndaﬁ biri olmakla kalmayip,
matematigin diger dallaninda ve matematik digindaki (fizik v.b.) gibi bilim dallannda da
onemli bir uygulama alant bulmugtur. Sonlu gruplar uzun siireden beri Gizerinde
calisilmig ve sonlu gruplann biyiik 6l¢iide simflandinlmasi tamamlanmigtir. Bu tezle
birlikte sonlu nilpotent ve ¢ozillebilir gruplar konusunda teorik ve uygulamah bir
kaynak ortaya ¢iknug olacaktur.

Anahtar Kelimeler: Grup, normal altgrup, grup seriler, ¢ozilebilir, nilpotent.
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INTRODUCTION MELIS MINiSKER

In the begining of this thesis we will try to give the basic definitions and theorems
about groups and also the proofs of some special theorems actually. Among the books
and articles about group theory we will clarify the ones which are rcleated with finite
nilpotent and soluble groups and we will specify the problems which have to be

especially solved in the same subject.

The first chapter will be composed of the basic definitions and theorems about
finite nilpotent and soluble groups and in the second chapter; the solutions of the

problems releated with the important results in the first chapter will be given.

Specifically knowledge is presupposed of the notions of normal subgroups of a
group, group series, soluble groups, derived subgroup of a group G, nilpotent groups,
p-groups and Hall subgroups of a group. Also the sclected problems about finite
nilpotent and soluble groups will be helpful to understand the subject better and it will
show how it’s used practically in applied Mathematics.

In some books and articles ‘Soluble Group’ is called as ‘Solvable Group’, but
they are the same in definition and properties. Thus it doesn’t mean that they are

different in their propertics and structure.



1. FINITE NILPOTENT AND SOLUBLE GROUPS: MELIS MINISKER

We start with basic definitions on normal subgroups, factor groups and group

series.

DEFINITION: Let G be a group. A subgroup K < G is a normal subgroup,
denoted by Ko G, if gKg ! =K for every g€ G.

DEFINITION: Let K be a subgroup of G. Kz = {kx:k€ K} is called a
right coset of K. If Ko (G, then the cosets of K in G form a group called the
factor group of G by K, denoted by G / K, of order |G: K].

DEFINITION: Let G be a group. A normal series of G is a sequence of
subgroups G =Gy > Gy > Gy > ... 2 G, =1 in which G;1;>G; for all i. The
factor groups of this series are the groups G;/G;y; for all :=0,1,...,n—1; the
length of the normal series is the number of strict inclusions; that is the length

is the number of nontrivial factor subgroups.

DEFINITION: A soluble series of a group G is a normal series all of whose
factor groups are abelian. (G; / Giy1 are abelian for all 7). A group G is

soluble if it has a soluble series.

THEOREM 1.1: Every subgroup of a soluble group is soluble.
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PROOF: Let H bea subgroup of G. f G =Gy > Gy > Gy > ..... >Gp=1 is
a soluble series, consider the series
H=Hy,> (HNGy) 2 (HNGy) > ... > (HNG,) = 1.
This is a normal series of H, for the second isomorphism theorem gives
HNGiy1=(HNG)NGi1 > HNG; for alli. Now
(HNG;)/(HNGi1) & Gi1(HNG:)/Giy1 < Gi/Giy1; as Gi/Gipr is abelian,

so is any of its subgroups. Therefore H has a soluble series.
THEOREM 1.2: Every quotient of a soluble group is soluble.

THEOREM 1.3: If H>G and if both H and G/H are soluble, then G is

soluble.

PROOF: Suppose that H and G/H are soluble. Let G/H > Kf > K; >
K, =1 be a soluble series. By the correspondence theorem, we can construct
a sequence looking like the beginning of a soluble series from G to H; there
are subgroups K; (with H < K; and Ki/Hg K;) such that G > K; > Ky >...>
K,=H, K;y1> K;, and K;/K;y1 (® K;/K[,,) is abelian. Since H is soluble, it
has a soluble series;

H>H >Hy>...> Hp=1.
If we combine these two sequences together at H, we obtain a soluble series

for G.

DEFINITION: If H and K are groups, then their direct product, denoted
by H x K is the group with elements all ordered pairs (h,k), where h € H and
k € K, and with operation
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(h,k)(W,K') = (hW, kK').
It’s easy to check that H X K is a group; the identity is (1,1); the inverse
of (h,k) is (A7}, k7).

COROLLARY: If H and K are soluble groups, then H x K is soluble.
PROOF: If G=H x K, then H>G and G/H = K.

DEFINITION: Let G be a group. G' is a subgroup of G defined as
G ={[z,y] =zyz 'y : 2,y € G}. G' is called the commutator subgroup of G.

DEFINITION: The higher commutator subgroups of G are defined inductively:
GO =@G; G+ = GO'; that is G+ is the commutator subgroup of G®. The
series G =GO >GcM > . is called the derived series of G.

LEMMA: Let G be a soluble group and G=Gq>G; >G> ...G, =1 be a
soluble series of G.Then G; > G® for all .

THEOREM 1.4: A group G is soluble if and only if G™ =1 for some n.

PROOF: Let G=Gy > Gy >...... > G, =1 be a soluble series. By the above
lemma, G; > G® for all i. In particular, 1 =G, > G™, and so G™ =1.

Conversely if G™ =1, then the derived series is a normal series; since it

has abelian factor groups, it is a soluble series for G.

DEFINITION: A normal subgroup H of G is a minimal normal subgroup of
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G if H#1 and there’s no normal subgroup K of G with 1< K < H.

DEFINITION: Let H<G. Cg(H)={ z€G: [z,h]=1 for all h€ H} is the
centralizer of H in G. We say that a group K centralizes H if K < Cg(H);
it’s easy to see that K centralizes H if and only if [H,K]=1.

If z,ye G and [z,y] € K, where K> G, then z and y commute mod K;
that is, zKyK =yKzK in G/K.

DEFINITION: We define characteristic subgroups ~(G) of G by induction:
N(G) = G; %+1(G) = [%(G), G]. Notice that 12(G) = [1(G),G] = [G,G] =G =GV

It’s easy to check that 7i41(G) < 7(G).

DEFINITION: The lower central series (or descending series) of G is the
series G = 71(G) 2 %(G) > ..... (this need not be a normal series because it may

not reach 1).

DEFINITION: The subgroups 7°(G) of G are the characteristic subgroups of
G defined by induction: 7°(G) = 1; 7YQ)/7(G) = Z(G/TH()); that is, if v
G — G/7°(G) is the natural map, then 7'!(G) is the inverse image of the

center. Of course 7}(G) = Z(G).
DEFINITION: The upper central series ( or ascending central series) of G
is 1=79%G) < 7Y(G) < }G) <..... When no confusion can occur, we may

abbreviate 7}(G) by 7° and v%(G) by 7.

THEOREM 1.5: If G is a group, then there is an integer ¢ with 7°(G) =G



FINITE_NILPOTENT AND_SOLUBLE GROUPS MELIS MINISKER,
if and only if Y.+1(G) =1. Moreover in this case, 7;41(G) < 7°¥G) for all i.

DEFINITION: A group G is nilpotent if there’s an integer ¢ such that
Ye+1(G) = 1; the least such ¢ is called the class of the nilpotent group G.

THEOREM 1.6: i—) Every nilpotent group G is solvable.
it—) If G#1 is nilpotent; then Z(G) # 1.

i4i—) S3 is a solvable group that is not nilpotent.

PROOF: i—) An easy induction shows that G® < ~(G) for all i. It follows
that if 741(G) =1, then G*Y =1; that is, if G is nilpotent (of class< c),
then G is solvable. (with derived length<c+ 1).

ii—) Assume that G # 1 is nilpotent of class ¢, so that 7.41(G) =1 and 7,(G) #
1. By theorem 1.5, 1# 7.(G) < 74QG) = Z(G).

iti—) The group G =53 is soluble and Z(S3) = 1.

THEOREM 1.7: Every subgroup H of a nilpotent group G is nilpotent.

Moreover if G is nilpotent of class ¢, then H is nilpotent of class< c.

PROOF: It is easily proved by induction that H < G implies v;(H) < v(G)
for all i. Therefore 7.41(G) =1 forces er1(H) =1.

THEOREM 1.8: Let G be a nilpotent group and let the class of G be c.
Then for every subgroup H of G, there’s a series of length ¢ from H to G.

In particular, every subgroup of G is subnormal in G.
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DEFINITION: Let G be a group and let K < G. K is called the maximal
subgroup of G if there’s no subgroup H of G such that K < H < G.

DEFINITION: Let G be a group and let H < G. Then Ng(H) —
{geqG: gHg“1 = H} is called the normalizer of H in G.

DEFINITION: Let G be a group. The intersection of all maximal subgroups
of G is a subgroup of G which is called the Frattini subgroup of G and is
shown as ®(G).

THEOREM 1.9: The following statements are equivalent:
i—) G is nilpotent.

#i—) Every subgroup of G is subnormal in G.

1i—) Whenever H < G, H < Ng(H).

iv—) Every maximal subgroup of G is normal in G.
v=) G < ®(G).

vi—) Every Sylow subgroup of G is normal in G.

vii—) G is a direct product of groups of prime power orders.
PROOF: (i) = (it): This is a special case of the theorem 1.8.
(i) = (iii): Let H < G. By (ii) there’s a series from H to G. Hence there’s

a proper series from H to G, say H = Hy> Hy> Hy> Hyp....> H, = G.  Since
H <G, n>0, then H< Hy < Ng(H).
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(46) = (iv): Let M be a maximal subgroup of G. By (iii) M < Ng(M) <
G. Now the maximality of M implies that Ng (M) =G. Thus M G. Before
the proof of (iv) = (v) we’ll give Theorem 1.10.

THEOREM 1.10: Let M be a maximal subgroup of G and let M1>G. Then
G / M has prime order.

(iv) = (v): Let M be a maximal subgroup of G. By (iv) M>G. Then by
the Theorem 1.10 G / M is cyclic of prime order. The rest of the proof is left

to the reader.
In the proofs of other equivalences we’ll use the following theorems.

THEOREM 1.11: For any group G, the derived group G’ is the unique
smallest normal subgroup K of G such that G/ K is abelian.

THEOREM 1.12: Let K be a normal subgroup of G. Then every subgroup of
G / K is of the form H / K, where K < H < G. Moreover —l> < HvG, and
if so, 55 ~G/ H.

THEOREM 1.13: Let G be a finite group and P a Sylow p—subgroup of
G. Then for every subgroup H of G which contains Ng(P), Ng(H) = H.

THEOREM 1.14: Let G be finite group and let p,ps,....ps be the distinct
prime divisors of |G|, where s is a positive integer. Suppose that, for each

1=1,2,3,...,s, G has a normal Sylow p;—subgroup P,. Then G =
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D,.(P,P,P;......P;) and G is nilpotent.

(v) = (v): Let M be a maximal subgroup of G. Then (v) implies
that G' < M. Hence M / G’ is a subgroup of the abelian group G /G’ and

S0 grbgr. Hence by the Theorem 1.12, M>G.

(iv) = (vi): Let P be a Sylow p-subgroup of G. Suppose that Ng(P) < G.
Then there’s a maximal subgroup M of G which contains Ng(P). But then by
the Theorem 1.13 Ng(P) =M. So as a result Ng(P)= M, this is a contradiction
to (iv). Hence (iv) implies that Ng(P) =G, that is, P>G.

(vi) = (vii): Let the distinct prime divisors of |G| be p;paps. ... ps, where s
is a positive integer. By (vi) G has a normal Sylow p;-subgroup P, for each

1=1,2,3,....,s. Then, by the Theorem 1.14, G = D,(P, P, P;......FPs).

(vii) = (i): This follows by the Theorem 1.15 (i), and repeated application
of Theorem 1.15 (ii).

THEOREM 1.15 i—): Let G be a finite p-group. Then G is nilpotent.
it—) Suppose that G=H x K. If H and K are both nilpotent then G is

nilpotent.
iii—)If H and K are both soluble then G is soluble.

DEFINITIONS: i—) A factor H / K of a series of G is said to be a central
factor of G if K is normal in G and H / K < Z(G / K).

it—) G is said to be nilpotent if it has a series all of whose factors are
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central factors of G. Such a series is called a central series.

i1i—) G is said to be soluble (or solvable) if it has a series all of whose
factors are abelian. We shall call such a series an abelian series. Groups which

are not soluble are said to be insoluble.

LEMMA 1.16: Let K>G. Then K < ®(G) < There’s no proper subgroup H
of G such that HK =G.

PROOF:= Suppose first that K < &(G). Let H < G. Then there’s a maximal
subgroup M of G such that H < M < G. Since K < ®(G), K < M. Hence
HK < M < G. Thus there’s no proper subgroup H of G such that HK =G.

< Suppose K is not a subgroup of ®(G). Then G #1 and, by definition
of ®(G), there’s a maximal subgroup M of G such that K is not a subgroup
of M. Then M < MK < G. The maximality of M implies that MK = G. Thus
in this case M is a proper subgroup of G such that MK = G. This is a
contradiction to the hypothesis. So K < ®(G).

THEOREM 1.17: ®(G) is nilpotent.
PROOF: Let P be any Sylow subgroup of ®(G). Since ®(G)b> G, Frattini’s
Lemma shows that G = Ng(P).®(G). Hence by Lemma 1.16 Ng(P)=G. Thus

P>@G, and so P>®(G). Now it follows from Theorem 1.9 that ®(G) is nilpotent.

LEMMA 1.18 (FRATTINI'S LEMMA): If K is a finite normal subgroup of
G and P is a sylow psubgroup of K then G = Ng(P).K.
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COROLLARY 1.19: ®(G) < F(G).

The nilpotent radical of a finite group G is denoted by F(G) and called the

Fitting subgroup of G.

LEMMA 1.20: Let H <G and KbG.
i-) If K <®(H) then K < ®(G).
ii—) ®(K) < &(G).

PROOF: i—) Suppose that K is not a subgroup of ®(G). Then by Lemma
1.16 there’s a proper subgroup J of G such that JK = G. Assume that
K < ®(H). Then K < H<G=JK so that, by Dedekind’s rule (In other words
let A, B, C' be subgroups of G such that B < A. Then AN (BC)= B(ANCQC))
H=(HnJ).K.

By Lemma 1.16 the assumption that K < ®(H) implies that HNJ = H.
Then K < H<J and therefore G=JK=J<G (a contradiction). Hence if K
is not a subgroup of ®(G), it follows that K is not a subgroup of ®(H).

The proof of the second part is left to the reader.

LEMMA 1.21: Let K>G. Then
i-) 22K < (g).
ii—) If K <®(G) then X&) = (§).

PROOF: It’s clear from the following theorem that every maximal subgroup
of G/ K is of the form, M / K, where M is a maximal subgroup of

10
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G containing K. Moreover, for every such M , M / K is a maximal subgroup
of G/ K. The statements (i) and (i) follow.

THEOREM 1.22: Let K>G. Then every subgroup of G/ K is of the form

H / K, where K < H<G. Moreover, £p £ & H> @, and if so, g-%%
K

LEMMA 1.23: Let H>G, K>G and G=H x K. And =,p are projections of
G onto H and K. Let L<G.

i~) (HNL)>Lr <H, (KNL)>Lp< K and {&& =~ Lo

it—) L=(HNL)x(KNL)& Lr=HNL. (Or if and only if Lp=KNL).

THEOREM 1.24: Let H and K be normal subgroups of G such that
G=H x K and let m be the projection of G onto H. Let L <G and let J =
(HNL)x (KNL), then J>L and %= =

DEFINITION: Let X be a set of generators of G. We say that X is a
minimal set of generators of G, if for every proper subset Y of X, (Y) is
a proper subgroup of G. However, even for a finite abelian group there can
be minimal sets of géhera.tors containing different numbers of elements. For
instance let G be a cyclic group of order 6, say G = (z). Then {z} is a
minimal set of generators of G. But also G = (z?/z3) and, because (z?) <G
and (r3) < G, {z% 7%} is a minimal set of generators: of G.

What we are going to prove is that if G is a p-group. then any ‘two minimal

sets of generators of G do contain the same number of elements.
THEOREM 1.25: (BURNSIDE'S BASIS THEOREM) Let G be a non-trivial

11
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p-group. G=G / ®(G) and lél =p% For each z € G, let z= z®(G) €@, and
for each non empty subset X of G, let X= {E:: zeX } CG. If X is a minimal
set of generators of G then X is a base of G and |X|=d.

Conversely, if X is a subset of G such that |X|=d and X is a base of

G then X is a minimal set of generators of G.

PROOF: Since G # 1, d > 0. (Le¢ G be a p-group. Then &(G)

is the unique smallest normal subgroup of G such that % is elemantary

abelian.) By the theorem in paranthesis (G is elemantary abelian and therefore

can be viewed as a vector space over Z, Since ,C_Jl =p¢

vector space is d. Let 0 C X CG. If (X) =G then ( X) =G. Then regarded as

, the dimension of this

a set of vectors of the vector space G’, X certainly spans G.

Suppose conversely that X is a set of vectors spanning (. Then by definition
of the vector space structure on G, X is a set of generators of elementary
abelian group G. Let (X)=H < G. Then G=(X)= %Cgl. Hence G = H®(G).

Now it follows by Lemma 1.16 that H = G.

COROLLARY 1.26: The only soluble simple groups are the groups of prime

power orders.

DEFINITION: Let G be a group. The largest normal p—subgroup of G is
called p—radical of G and is denoted by O,(G).

THEOREM 1.27: Suppose that O,(G) # 1. Let L = O,(G) and |L| = p™
Suppose also that G has a maximal subgroup M such that Mg = 1. Then

i—) L is elemantary abelian.

12
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i4—) M is a complement to L in G; in particular |G : M| =p™.

#4i—) L is minimal normal in G, and

iv—) Cg(L)=L; hence L is the unique minimal normal subgroup of G.

Suppose further that there’s a prime ¢ such that Oy(M)# 1. Then for any
such g¢:

v—) p"=1 (mod q); in particular, q # p, and

vi—) Every complement to L in G is conjugate to M.

PROOF: ¢—) Since M is a maximal subgroup of G, ®(G) < M, and since
®(G)>G it follows that &(G) < Mg=1. LvG, ®(G) < ®(L)=1. Thus (L) = 1.
As ®(G) £ M, and since ®(G)> G, a pgroup, and since ®(L) =1, it follows

that L is elemantary abelian.

#i—) Since 1# L>G and Mg =1, L is not a subgroup of M. Therefore
M < ML £ G so the maximality of M implies that ML = G. Since Lb G,
MnOLv>M and since, by (i), L is abelian, MNL> L. Hence MNL>ML =G,
so that MNL < Mg=1 Thus ML=G and MNL =1, that is, M is a
complement to L in G. In particular, |G: M| = |L| = p".

iti—) Let 1< K>G with K<L Then M < MK <G. Since Mg=1, K
is not a subgroup of M so MK # M. Therefore, by the maximality of
M, MK =G.

Moreover MNK < MNL=1, by (i4). Hence M is a complement to K in
G, and so |K|=|G:M|=|L|, by (i). Since K <L, it follows that K = L.

Thus L is minimal normal in G.

13
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iv—) By (z) and (i7), L < Cg(L) £ G = ML. Therefore, .by Dedekind’s rule,
Co(L) = (MNCo(L).L. (For every L < G, Ca(L)v Ng(L) and Ng(L) /
Co(L) can be embedded in AutH.). By this theorem Cg(L)> G. Therefore
MNCg(L)>M. So L centralizes and normalizes MNCg(L). Hence MNCq(L)>ML =
G. Since Mg =1, it follows that M NCg(L) =1. Thus Cg(L) = L.

Suppose that G has a minimal normal subgroup N # L. Then LN NbpG
and, by (#i), N is not a subgroup of L, so that LN N < N. Since N is
minimal normal in G, it follows that LN N =1. Then [L,N]=1. (This is for
the reason that [H,K]< HNK.) Hence N < Cg(L) = L. This is a contradiction.

Therefore L is the unique minimal n ormal subgroup of G.

v—) Since Q> M and L> G, QL> ML = G. (Suppose that Br A < G and
C <G. Then (BNC)>(ANC) and (ANC) / (BNC)= B(ANC) / B. If
also C>G then BCo»> AC). By the theorem given in paranthesis, also, by (i),
Q@NL=1 and so |QL|=|Q||L|. Since @ #1 and L = Oy(G), it follows that g # p.
Thus @ is a Sylow g¢-subgroup of QL.

Now 1 < @p>p M and, since Mg =1, @ is not a normal subgroup of G..
Therefore the maximality of M implies thaf Ne(Q) = M. Hence Ngp(M) =
(QLYNM =Q(LNM)=Q, by Dedekind’s rule and (i¢). Thus |L| =|QL: Q| =
|QL : Nor(Q)] =1 (mod q), by Sylow’s theorem; that is, p® =1 (mod g).

vi—) Let M* be any complement to L in G, and let Q* = O,(M*). The
natural homomorphism v of G onto G/L maps Q to QL/L and @Q* to Q*L/L.

Since, by (i), M is a complement to L in G, the restriction of v to M is
an isomorphism of M onto G/L. Therefore, v must map Q = Oy(M) to Og(%).
Similarly, v must map Q* to Oy(§). Thus 2% =0,(£) =<L, so

14
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that QL = @Q*L. Since by (v), g # p, it follows that Q and Q*are Sylow
g-subgroups of QL. Therefore, by Sylow’s theorem, Q* = Q® for some z € QL.
(We must define @ = {zgz™':q€Q}). As in (v), M = Ng(Q). Since Q*>M*;
it follows that M* < Ng(Q*) = Ng(@*) = M*. (If U is a non-empty subset of G
and g € G. Then Ng(U9) = Ng(U)?). Because M and M* are complements to L
in G, M =[g]= M| =M

Hence M* = M*. (Mg =The largest normal subgroup of G in M).

COROLLARY: Suppose that G is a finite group such that F(G) is abelian.
Then F(G) is the unique maximal abelian normal subgroup of G. Moreover, if

G is soluble then F(G) is a maximal abelian subgroup of G.

COROLLARY 1.28: Suppose that G is finite and that p is the smallest
prime divisor of |G|. If H is a subgroup of index p in G then HobG.

DEFINITION: For every m € N the groups S, are defined as the groups of

permuﬁations from the set {1,2,3,...,n} to itself.

DEFINITIONS: w always denotes a set of prime numbers.

i—) A positive integer n is said to be a w—number if every prime divisor
of n belongs to w. Note that we do not require that every prime in w divides
n; for instance 6 is a {2,3,5}-number. By convention, 1 is a w-number for
every set w of primes. (and if w =@, 1 is the only w-number). If w = {p},
the w-numbers are powers of p:1,p,p? p°,.......

@—) Let G be a finite group. We say that G is a w-group if |G| is
a w-number. Thus, for example, Ss,5;,S5 are all {2,3,5} groups. If w= {p}, a

15
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w- group is called a p-group.

COROLLARY: If G is a finite w-group then all subgroups and all quotient
groups of G are w-groups.

COROLLARY: Let G be a finite group. Then G has a unique largest
normal w-subgroup, which is denoted by O,(G) and called the w-radical of G.
(Here O,(QG) is largest in the sense that it contains every normal w-—subgroup

of G).

THEOREM 1.29: (P.HALL) Suppose for every maximal subgroup M of G, |

G: M| is either a prime or a square of a prime. Then G is soluble.

PROOF: We argue by induction on |G |. We may suppose G # 1. Let K
be a minimal normal subgroup of G. Any maximal subgroup of G/K is of
the form M/K, where M is a maximal subgroup of G. Hence every maximal
subgroup of G/K has index either a Iprime or the square of a prime. Therefore
by the induction hypothesis, G/K is soluble.

Let p.be the largest prime divisor of | K'| and let P be a Sylow p-subgroup
of K. If Ng(P)=G@ then, since K is minimal nermal in G, K =P. Thus K
is soluble. Now suppose that Ng(P) < G. Then there’s a maximal subgroup
M of G such that Ng(P) < M. G = Ng(P).K. Also MNKb>M and since
P<MNK<K, P is a Sylow psubgroup of MNK and M = Ny (P).(M NK).
Now it follows by the following theorem and Sylow’s theorem, that

| G: Ng(P) |=| K : Nxk(P) |=1 (mod p).............(3)
and | M : Ny(P) |=| M N K : Nyng(P) |=1 (mod p)............ ().

16
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(THEOREM: Let H< K and K>G. Then HNK>H and i o 2K )
Since Ng(P) < M <G = Ng(P).K, G=MK, and therefore
IG: M| =|K: MNK|eeenaen. (2i3).
Moreover Ny (P) = M N Ng(P) = Ng(P) and | G : Ng(P) |=| G : M |
| M : Ne(P) |-
Therefore we deduce from (¢) and (i%) that
|G: M |=1(modp)ececeerereenaenee. (iv).
By hypothesis there’s a prime g such that
|G: M| is either g or g*.............. (v).
Certainly ¢ # p and, by (4ii), .q divides | K |. Therefore, by the choice of
p, it follows that g < p. This implies from (iv) and (v) that |G: M |=¢*=1
(mod p). This last conqruence is possible with ¢ <p only if p=3 and ¢ =2.
Thus | G: M |=4. Now (i) shows that K has a proper subgroup of index 4.
Therefore K has a proper normal subgroup L such that K/L can be embedded
in S;, which is soluble. Then K/L is soluble and so K/L has a non-trivial
abelian quotient group. Hence K. has a non trivial abelian quotient group, so
that K’ < K. Since K' is characteristic in K, K'>G. Because K is minimal
normal in G, it follows that K’ =1. Thus K is abelian. Now in any case both
K and G/K are soluble. Therefore G is soluble. This completes the induction

argument.

DEFINITION: For any set w of prime numbers, we denote by w' the set of

all primes which do not belong to w.
Let H<G. Then H is said to be a Hall w-subgroup of G if |H| is

17



FINITE NILPOTENT AND SOLUBLE GROUPS MELIS MINISKER

a w-number and |G: H| is a w-number. Note also that if G has a Hall
w-subgroup H then | H | is determined by |G |; namely, | H | must be the

largest w-number which divides | G |.

THEOREM 1.30: Suppose that G is soluble and let w be any set of primes.
Then

i—) G has a Hall w-subgroup.

4i—) If H is a Hall w-subgroup of G and V is any w-subgroup of G
then V < HY9 for some g € G. In particular, the Hall w-subgroups of G form a

single conjugacy class of subgroups of G.

PROOF: The theorem is clear if | G |= 1. Suppose that | G |> 1. Since
all subgroups and quotient groups of G are soluble, the induction hypothesis
implies that the theorem is true for every proper subgroups of G and for
every quotient of G by a non-trivial normal subgroup. Let R = O,(G) and
suppose first that R # 1. Then by the induction hypothesis,G/R has a Hall
w-subgroup H/R, where H < G. Then | H |=| £ IIR |, which is a w-number,
and |G:H|=|%:Z| which is a w-number. Thus H is a Hall w-subgroup of
G. Now let V be any w-subgroup of G. Then VR/R is a w-subgroup of G/R
and so, by the induction hypothesis, KRE < (%)Rg = %’ for some g € G. Then
V< VR<HSI. This‘ completes the argument in this case. Case (i7) is left to.

the reader. ;

where s,my,ma,...,ms, are positive integers and p;,ps,....,ps distinct primes. Let

S =1{1,2,....,s}. Then the possible orders of non-trivial Hall subgroups of G are

18
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the 2°—1 distinct numbers [[;cr p;-n", where T" ranges over the 2°—1 distinct

non-empty subsets of S.

DEFINITION: Let G be a finite group. A complement to a Sylow p-
subgroup of G is called a p-complement of G. Note that a subgroup H of
G is a pcomplement of G <=| G : H| is a power of p and p does not
divide | H |. In particular a p-complement of G is a Hall subgroup of G. If
|G| = p7*p52.....pM then any set Q = {Hy, Ha,....., Hs}, with H; a p;—complement

of G for each i=1,2,...,s will be called a complement system of G.

THEOREM 1.31: i—) Let G=H x K. (H>G,K> Q).
w:HxKw+— H, p:HxKr— K are projections.
Let L<G. L is a subdirect product of H and K if Lt = H and Lp= K.
#—) Suppose that G is finite and that (l%l,l%l) = 1. Then no proper
normal subgroup of G is a subdirect product of H and K.

THEOREM 1.32: Let M be a maximal subgroup of G. Assume that P is
a Sylow p-subgroup of M and P is not a normal subgroup of G. Then
Ng(P)=M and P is a Sylow p-subgroup of G.

DEFINITION: Let P be a Sylow p-subgroup of G. If P < Z(Ng(P)) then
G is called p-nilpotent.

COROLLARY: For each non-empty subset U of G,
|the conjugacy class of U in G |=| G: Ng(U)|. (That is, | G : Ne(U) | is

the number of distinct conjugates of U in G.) Stabg(U)={g€ G:g Ug="U}is
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called the normalizer of U in G and is denoted by Ng(U).)

THEOREM 1.33: Let K be a normal Hall subgroup of the finite group G,
and suppose either K or G/K is soluble. Then the complements to X in G

form a single conjugacy class of subgroups of G.

COROLLARY: Let G be a finite group and let H,K < G with
(IG:H|,|G:K|)=1.
Then |G:HNK|=|G:H|.|G:K|and G = HK.

COROLLARY 1.34: Let G be a non-trivial soluble group. Then the system

normalizers of G form a single conjugacy class of nilpotent subgroups of G.

PROOF: Let p = {Hy,H,,....,H;} be a complement system of G. The
corresponding system normalizer of G is the subgroup L = Ng(p) =N, Ne(H;).
For any element g € G, L9 =N;_, Ng[H:]’ =N.; Nc((H®);) = Ng(p?), the system
normalizer corresponding to the complement system p?. This remark, shows that
the system normalizers of G form a single conjugacy class of subgroups of G.

Suppose that for each ¢ =1,2,..,s H; is a p;complement of G. If s=1
then G is a py-group, Hy =1 and L = Ng(H;) = G, which in this case is
nilpotent. Suppose now that s> 1 and for each i=1,2,..,s, let P = Hj.
P, is a Sylow p;-subgroup of G. Moreover L = N¢(p) < Ng(P,) for each i. Since
P> Ng(P), LNP,>L; and it’s easy to check that LN P, is a Sylow p;-subgroup
of L. This shows that every Sylow subgroup of L is normal in L, because

D1, P2, .....,Ps are the only prime divisors of | G|. Hence, L is nilpotent.
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LEMMA 1.35: Suppose that G has three soluble groups Hy, Hy, H3, and suppose
that (| G: H;|,| G: H;|) =1 whenever 4,5 € {1,2,3} with i # 5. Then G is

soluble.

PROOF: We argue by induction on |G |. Since (| G:H;|,| G:Hy|) =1 then
G = H{H,. Since H, is soluble, we may suppose H; #1. Let L; be a minimal
normal subgroup of H;. Then, since H; is soluble, L; is an elmantary abelian
p-group for some prime p. By hypothesis, p does not divide both | G:Hy | and
| G:H3 |. We suppose, without loss of generality, that p does not divide | G:H; |.
Let J = HiNH, Then | G:H, |= 8l —| H:J | Thus p does not divide
| Hi:J |. Since J < Hyand Ly>Hy, J<JL; < H;: Hence p does not divide
| JLy:J |=| Li:JN Ly | and since L;is a p-group | Li:JNL;|is a power of p.
Therefore | JL,:J |[=1 that is, Ly <J. Now let L = L{, the normal closure of
L in G. ThenL=(a9:2€L1,g€G) = (zM":z €Ly, hy € Hy, h26H2>. L=
(zhh2:3 € Ly, hy € Hy, hy € Hy) < H,. Since LipH; and L; < J < H,. Because H
is soluble, L is soluble. Moreover L < L; < L>G. We may now apply the induction
hypothesis to G/L. For each i= 1,2,3#1'% < % and EI’JA o H—flrli, this is soluble,
since H; is soluble. Whenever i #j (] $:2& || %Efél) = (| G:H;L |,| G:H;L |).
This number divides (| G:H; |,| G:H; |) and is equal to 1. Hence by the induction
hypothesis, G/L is soluble.

Finally, since L' and G/L are both soluble, it follows that G is soluble. This
completes the induction argument.

THEOREM 1.36: G has a normal subgroup of index p<= p divides l—gi,!

THEOREM 1.37: Suppose that | G |=p™¢", where p and ¢ are distinct primes
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and m and n are non-negative integers. Then G is soluble.

REMARK: The following three statements are - equivalent:
i—) G is soluble.
#—) G has a Hall w-subgroup for every set w of primes.

#i—) G has a p-complement for every prime divisor p of |G |.
COROLLARY: G acts on itself by conjugation.

COROLLARY (THE CLASS EQUATION): If G is a finite group with %
distinct conjugacy classes of elements, and if z,z,....,2; are elements of G, one

from each of these k classes, then |G|=3X%, |G: Ce(zi)|.

COROLLARY: G acts on ¢(G) by conjugation.

THEOREM 1.38: Let K be a normal Hall subgroup of the finite group G.
Then G splits over K.

THEOREM 1.39: F(G)/®(G) is abelian.

DEFINITION: The product of all minimal normal subgroups of a group G

is a group shown as S(G).

DEFINITION: Let A be an abelian subgroup of G. If there’s no abelian
subgroup M of G such that A <M < G then A is called maximal abelian
subgroup of G.
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THEOREM 1.40: Let A be an abelian subgroup of G. Then A is a maximal
abelian subgroup of G <= Cg(A) = A.

THEOREM 1.41: A simple group G can not be expressed in the form
G=HK with H<G, K<G, H abelian and HNK # {1}.
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In this section we solve certain selected problems on finite nilpotent and
soluble groups. The problems are chosen from referance [1] Rose J., A Course
On Group Theory. The lemmas and theorems of the previous section will be

referred to as needed.

PROBLEM 1: Suppose that A is an abelian minimal normal subgroup of G.
Then either A < ®(G) or G splits over A.

SOLUTION: If A < ®(G) then there’s nothing to prove. If A is not a
subgroup of ®(G) then must show that G splits over A. G # 1 and by definition
of ®(G), there’s a maximal subgroup M of G such that 'A is not a subgroup
of M. Then M < MA < G, the maximality of M implies that MA = G.Thus
in this case there’s a proper subgroup M of G such that MA=G. And since
A is an abelian minimal normal subgroup of G, we have M NA={1}. So G

splits over A.

PROBLEM 2: Let £ € G. Then z is said to be a non-generator of G, if
whenever X is a set of generators of G, X,/{z} is also a set of generators of

G. Prove that ®(G) is the set of generators of G.

SOLUTION: We can say that z is a non-generator of G if G = (z,X) then
G =(X). Now let z be a non-generator of G, and let M be a maximal subgroup
of G. If ¢ M then G = (z,M) = M, it’s a contradiction. Therefore =€ M,
for all M, so z € ®(G). Conversely, if z € ®(G), assume that G = (z,Y). If
(Y) # G, then there’s a maximal subgroup M with (V) <M. But z € M, and

so G=(z2,Y) < M, a contradiction. Therefore, z is a non-generator.
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PROBLEM 3: Let K>G. A subgroup H of G is said to be a supplement
to K in G if HK =G. In particular G itself is a supplement to X in G

Let H be a minimal supplement to K in G; that is let H be a supplement
to K in G such that no proper subgroup of H is a supplement to X in G.
Prove that then HN K < ®(H).

SOLUTION: K> G. HK = (@. Assume HN K is not a subgroup of ®(H).
Then we’ll now use Lemma 1.16. H=(HNK).M and M is a proper subgroup
of H. Then G=HK =(HNK).M and M is a proper subgroup of H. Thus
G=HK =(HNK).MK. Since M < H, we have (HNK).M < H. This is a

contradiction since H is a minimal supplement to in G.
PROBLEM 4: Suppose that G is nilpotent. If & £ is cyclic then G is cyclic.

SOLUTION: We'll use Lemma 1.8. and Lemma 1.16 .G = G'.H, and no such
proper subgroup H of G occurs. Since g is cyclic, & = (yG). (y € G).

Assume G is not cyclic, then (y) # G, (y) <G. We'll now show G = G'(y).
Let z€G. zG' € & = (yG'). 2G' = (yG)* =y"G'. So zy™" € G. z = {zy ™).y™

Since zy™ € G' and y" € (y), then z € G'(y). Thus G = G'(y). Therefore (y) =
PROBLEM 5: If (i is a w-group then G is a w-group.
SOLUTION: We have ‘#G)l =mn. So all the prime divisors of n belong to w.
Assume G is not a w-—group, then no prime divisors of |G| belong to w.
If we say |G| =k, (‘3%] , |<I>(G)]) = (n, %) = 1. So we'll apply Theorem 1.38.

Since (I%I,IQ(G)I) =1 then ®(G) is a Hall-subgroup of G. So by 1.38 G
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splits over ®(G). We have G =®(G).H and HN®(G)=1. H <G, ¥(G) <G.
But if we use Lemma 1.16, ®(G) < ®(G) so there’s no proper subgroup H of
G such that G = ®(G).H. We arrive a contradiction. Thus G is a w-group.

PROBLEM 6: If % is a nilpotent normal subgroup of %0) then K is
nilpotent. Thus F(%) = g((g)l. In particular, if % is nilpotent then G is

nilpotent.

SOLUTION: Let P be a Sylow p-subgroup of K, and P is also a Sylow
p-subgroup of P®(G). If we use Frattini’s Lemma 1.18 G = Ng(P).P.®(G). Then
Ng(P).P can’t be a proper subgroup of G. G = Ng(P).P. Now we’ll show P>G.
Let g€ G and p€ P,g=ap;. gpg~! = apippi’a' = apsa~!. Since a € Ng(P) we
have aPa™' = P. So apsa™* =ps € P. Then for all g€ G and p€ P we have
gpg~! € P. So PvG, therefore P>K. This can be done for all Sylow p-subgroups
of K. All Sylow p-subgroups of K are normal in K, therefore K is nilpotent.

If % is nilpotent, then % is a normal subgroup of g(%, so by the above

argument G is nilpotent.

PROBLEM T7: i—) If A is an abelian subgroup of G such that ANdG) =1
then G splits over A. A

#4—) Suppose that ®(G) = 1. If F(G) # 1 then every non-trivial normal
subgroup A of G contained in F(G) is a direct product of abelian minimal
normal subgroups of G and G splits over A. In particular, if G is a non-trivial
soluble group such that ®(G) =1 then F(G) = S(G), the socle of G and G
splits over F(G).
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SOLUTION: i—)Let H be a minimal complement to A in G then HNA <
®(H). AvG. If we use Lemma 120 (i), H <G and K> G. If K < ®(H)
then K < ®(G). We have G = AH. Since HNA < ®(H) then HNA < ®(G). So
HNANAL®(G)NA={1}. Then HNA= {1}, then G=AH and ANH = {1},
so G splits over A.

ii—) ®(G) =1. By Theorem 1.39 F(G)/®(G) is abelian. Here
g((% = E(]QZ = F(G) is abelian.
Since A C F(G), then A is abelian. A is normal in G. AN®(G) = An{1} =1.

By (i) G splits over A.

PROBLEM 8: Suppose that H and K are normal subgroups of G such that
G=HXxK.

i—) For any maximal subgroup L of K, H x L is a maximal subgroup of
G; every maximal subgroup of G containing H is of the form H x L, where L

is a maximal subgroup of K.

it—) If K #1 then the intersection of all maximal subgroups of G containing
H is H x ®(K).

6i—) Suppose that M is a subgroup of G which contains neither H nor K.
Then M is a maximal subgroup of G <= M is a subdirect product ‘Qf H and

K and & is simple.’
iv—) Suppose that either H or K is soluble. Then any maximal subgroup
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M of G which contains neither H nor K is necessarily normal in G. Moreover

)>1.

G has such a maximal subgroup M <= ([%I,I—%

SOLUTION: i—) Let HxL < MXxN<G=HxK. HxL<MxN,
therefore H <M and L<N. We'll show H< M. Let z,y€ H, (z,1)e Hx L
and (y,1) € H x L. Since H x L<MxN we have (z,1).(y,1)™' € H x L.
(z,1).(o7 1) = (zy {,1) e HX L, then zy '€ H. So H< M. And L<N. Let
z,y € L, then (1,z) € HX L and (l,y) € Hx L. Since HxL < M x N we
have (1,z).(1,y)"' € Hx L. (L,z).(1,y7 ) =(Lzy )€ Hx L, so zy~ ' € L. Thus
L<N.

HXL<MxN<HxK=G. So L<N<K and H<M<H, H=M.
Mx N =H x N. Since L<N<K and L is a maximal subgroup of K we
have N=K or N=L. If N=K we have M‘xszHxNszKzG.v If
N=L we have MXN=HXN=HxL. Thus MxN=G or MxN=HxL.
This shows that H x L is a maximal subgroup of G. Now let M be a maximal
subgroup of G containing H. We'll show M = H x L. where L is a maximal
subgroup of G. We'll now apply Dedekind’s rule. We have H < M < G. Then
M=Hx(MNK). Now we must show that M NK is a maximal subgroup of
K.

it—) If A is a maximal subgroup of G containing H, then we have shown in
i—) that A= H x L where L is a maximal subgroup of K. ®(K)=NB (B'is a
maximal subgroup of K). We’'ll look at A (H C A, A is a maximal subgroup of
G) NA (A is a maximal subgroup of G, H C A)=ﬂHx’L= HxNL=Hx®(K).

(L is a maximal subgroup of K).
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ii—) <= If M is a subdirect product of H and K, and if M < L < G,

we'll show L=G or M =L. Also we have +ZL- is simple. By Lemma 1.23 we

HnM
~ H Lol HNL||K
have 32 & 28 HnLI = IJHnlLl = IKrfLI |1mL| g H| = JT{H%TI If we use Theorem
124, G=HxK. mHxK —H and LLG. J=(HNL)x(KNL), JoL and
L~ L L o~ _Lm L — L= _ _|H]| - =
J = Hr;rL (HNL)x(KNL) — HNL" |(HnL)le(KnL)| - |Hr:rL| - |HnL|'lL| - |H|°|KOLI -
HOLIK] |\ g N L).|L| = |H N L] |K].

|KNL|

= Let M be a maximal subgroup of G. We’ll show Mm = H and Mp=K.
If we use Theorem 1.31, we must show HM =G = KM. We have M < HM < G.
We have M # HM because if HM = M then H C HM = M therefore H C M.
But by the hypothesis H isn’t a subset of M. So M # HM, M.<HM. Since
M is maximal in G, we have HM = G. By the same argument M < KM = G.
So HM =G =KM. Thus Mr=H and Mp=K. Now we'll show - is

simple. M >G. So if we apply the isomorphism theorem WHM = EMM = % We’ll
now show that —% is simple. Assume % is not simple, there’s a proper subgroup
ﬁ of % such that ﬁb%. Since f}-<% we have A<G. Mr A, M<A<G.
Since M is maximal in G, A=M or A=G. If A=M then' %=%=-M.
If A=G then % = ﬁ. Thus % is the only trivial subgroups of '1\% Hence %

is simple. Thus ﬁ is simple.

v—) => Assume G has such a maximal subgroup M. We've shown that
Mv>G. M#G. Well show (|&|,|£])>1. Assume (|£|,|£[) =1 then 1.31 (i4)
says no proper normal subgroup of G is a direct product of H and K. But
M is a direct product of H and K. (contradiction).

H| |K]\ - H| | K e |[HxK| _ |H| |K .
<= Let (|F”|FD > 1. (|"E7I7|F|) =a> 1. |3.-,-| = IH’:K’I = ffT’LI{IT'IT Since

a|l%| and a|l%|, a2||%||%l=|%| a>1 so a®?>1. Let us write a® as a
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product of primes.
a? = p1ps...pr. p1 | G2, a? | l%’ and so p; | |—GG—,| By Theorem 1.36 G has a

normal subgroup of index p;. |%’ =p. (M>G). So M is maximal in G.

PROBLEM 9: Suppose that there’s an insoluble finite group with an abelian
maximal subgroup and let G be such a group of least possible order.

Let M be an abelian maximal subgroup of G.

i—) Mg=1.

it—) G’ is the unique minimal normal subgroup of G.

i1i—) M is a Hall subgroup of G.

iwv—) M is a complement to G’ in G.

v—) Every complement to G' in G is conjugate to M.

vi—) Every subgroup of G isomorphic to M is conjugate to M.

vii—) G is p nilpotent for every prime p dividing |M|.

viti—) Let ¢ be a prime divisor of |G| and let Q be a sylow g-subgroup
of G'. Then Ng(Q) has a subgroup M* isomorphic to M.

iz—) M* is a maximal subgroup of G and Q>G.

SOLUTION: i—) Mg =Ng Mg (9 € G). Mg>G. And whenever K <M <G
with K> G, K < Mg. So Mg is the unique largest normal subgroup of G
contained in M. Assume Mg #1. We know Mgs> G and Mg < M. Since M is

abelian, then Mg is abelian. Thus all subgroups of Mg are normal in Mg.

- S My My My ;
Mg =My > M > M, > .. 21 (M < Mg) W Moo i are abelian. Mg
is soluble. T is also abelian. (Since M is abelian). Mic > HE 2 (-,;I}Lc)l 2
(1—3[%)2 >....> 1 A_AIIE is abelian, by the above argument Mic is soluble. Hence —A%

is soluble. Since Ms> G and Mg is soluble, by Theorem 1.3 G is soluble. But
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G must be insoluble. Mg = 1.

it—) Let A be a minimal normal subgroup of G, we have G'NA =G’ so
G CA G <A<G. Since A is a minimal normal subgroup of G, we have

G'=A. So G' is the unique minimal normal subgroup of G.

i1i—) Since P is a Sylow p-subgroup of G then |G]=p™r and |P|=p™. (p
‘doesn’t divide 7). Let n be the number of distinct Sylow p-subgroups of G. Then
n=|G: Ng(P)|, where P is any particular Sylow p-subgroup of G; n divides r
and n=1 (mod p). Now we'll show (|G: M|,|M|)=1. Since M = Ng(P);

(IG : M|, |M]) = (|G : No(P)|,INe(P)]). No(P)>G, |G: Ng(P)| = sy =n.

Since M = Ng(P) then M is a normal subgroup of G. Hence M is an
abelian maximal normal subgroup of G. (|G : M|,|M]) = (f—%, |M|) =1. (Because

M is maximal in G).

iv—) We must show G'NM ={1} and G= MG M < MG <G. Since M
is an abelian maximal subgroup of G, we have MG =M or MG =G. If
MG = M then G < MG' =M. So G is abelian. G'NM = G'. We know that
G'#1 since G is not abelian.

But we know that G'N M = {1} (contradiction), so MG’ =G.

v—) G is normal in G. We'll now show that G’ is ‘a Hall subgroui) of G.
And since & is abelian, it’s soluble. We can then apply 1.33. We’ll show
(IG: G116 =1.
(L 161) = (MU,16")) = (1M],]G]) = a. We know that (|M],|G: M]|) = 1.
And also G=G'.M and G'NM = {1}, so |G|=|G'|.|M|. (IM],|G: M|)=
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(M), S44) = 1. Hence (IM],|C)=1. (1G:,IG) =1, then G’ is a Hal
subgroup of G. If we apply 1.33, the complements to G’ in G form a single
conjugacy class of subgroups of G. Since M is a complement to G’ in G, every

complement to G’ in G is conjugate to M.

vi—) Let A be a subgroup of G isomorphic to M. Then A is a complement
to G’ in G. Since the complements to G’ in G form a single conjugacy class
of subgroups of G and M is conjugate to the complements to G' in G, M is

conjugate to A.

vii—) Since p|| M |, we can say M has a Sylow p-subgroup. Assume P is
a Sylow p-subgroup of M such that P is not a normal subgroup of G. And
then P is a Sylow p-subgroup of G and Ng(P) = M. For this P we'll show
that P < Z(Ng(P)).

Since Ng(P) = M, Z(Ng(P)) = Z(M) = {m € M : for all z € M mz = zm}.
Since M is abelian, Z(M) = M. Therefore Z(Ng(P)) = M. We know that
P <M, so P<Z(Ng(P)). Thus G ‘is p-nilpotent.

viti—) G'>G. And @ is a Sylow g-subgroup of G'. G’ = Ng(Q).G'. We also
know that G’ is a normal Hall subgroup of G. By Theorem 1.38 G splits
over G'.G=M*"G. (GNM={1}). M* is a complement to G’ in G. M* is
conjugate to M, therefore is isomorphic to M. M* < Ng(Q). M* = M.

ix—) Since M* = M, M* is a maximal subgroup of G. And M* < Ng(Q) <G.
M*is a maximal subgroup of G, Ng(Q)=G. Ng(Q)={g€G ;_gQ =Qg} =G.

So Qv G.
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PROBLEM 10: Suppose that G has a non-trivial abelian normal subgroup.
Then the following are equivalent:
i—) G has a maximal subgroup M such that Mg =1.

1i—) ®(G) =1 and G has a unique minimal normal subgroup.

SOLUTION: (i) = (i) Assume G has a maximal subgroup M such that
Mg=1 Mg=Ng 'Mg={1} and Mg < M. Mg is the unique largest normal
subgroup of G contained in M. ®(G)=NA (A is maximal in G)< M. ®(G)>G
then ®(G)> M. Mg is the largest normal subgroup of G contained in M,
®(G) < Mg = {1}. Thus ®(G) = 1.

PROBLEM 11: Suppose that G has an abelian minimal normal subgroup
L such that Oq(%) is non-trivial for some prime ¢. Then the following two
statements are equivalent:

i—) G has a maximal subgroup M such that Mg = {1}.

it—) Cg(L) = L.

SOLUTION: (i) = (ii) Assume G has a maximal subgroup M such that
Mg =1. Then G has a unique minimal -normal subgrouﬁ and it’s L. G=ML.
(MNL=1). Co(L) = (MNCg(L)).L. Ce(L)>G, then (MNCg(L))>M. Therefore
L centralizes and normalizes M N Cg(L).

Hence (M NCg(L))> ML =G. Since Mg=1, MNCg(L) =1 and therefore
Cs(L) = L.

PROBLEM 12: Suppose that O,(G) # 1, and that G has a maximal subgroupb
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M such that Mg =1. Then
i—) Op(G) = F(G).
#i—) Op(G) is the unique maximal abelian normal subgroup of G and

iti—) Op(G) is a maximal abelian subgroup of G.

SOLUTION: i—) We’ll use Theorem 1.27. We have L = O,(G) and .
Ca(L) = Ca(0p(G)) = Op(G).
S(G) = Op(G). F(G) < Ca(S(Q)) = Ce(Op(G)) = Op(G). And Op(G) < F(G).
F(G) = Gp(G).

i%—) Since F(G) = 0,(G) = L, and Cg(L) = L we have L is a maximal
abelian subgroup of G. (This is tfle answer of (#4) also). Here we used
Theorem 1.40. Here F(G) = O,(G) and O,(G) is abelian, so F(G) is abelian. By
the corollary after Theorem 1.27; O,(G) = F(G) is the unique maximal abelian

normal subgroup of G.

PROBLEM 13: If G has 3 nilpotent subgroups Hi, Hs, H3 such that
(|G : Hy|,|G: Hj|]) =1 whenever ¢,j € {1,2,3} with 7 # j, then G is nilpo-

tent. Moreover, if Hy,H, -and Hj are abelian. then G is abelian.

SOLUTION: We’ll use the corollary following Lemma 1.35. (|G : Hy|,|G : Hy|) =
1 then G = H;.H,. Since H; and H, are both- nilpotent we have H; x Hy is also
nilpotent. Let Hl,\/ H,; be the smallest subgroup of G containing H;.H; = G.
Then H;VHy; =G. Thus H N Hy = {1} and for all h; € Hy and hy € Hs
hiha = hohy. _

Let ®: Hy x Hy— G = H,Hy ®(hy,hs) = hihy. ¢ is an isomorphism.
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So HyxHy = H1H» =G. Since H; and H, are nilpotent, H; x H, is nilpotent,
thus G is nilpotent. If My, H,, H3 are abelian, then by the same argument

H, x Hy is abelian. Since H; x Hy, 2 G, G is also abelian.

PROBLEM 14: i—)Suppose that G satisfies the converse of Lagrange’s theorem,
that is G has a subgroup of order m for every divisor m of | G|. Then G is

soluble.

it—) Let G be a soluble group of order p{pj2...p™s, where s,m;,moy,...., M,
are positive integers and pj,ps,....,ps are distinct primes. Let A be an abelian
group of order pi"l_lpgnrl.'....pg‘s_l. Then the group G x A satisfies the converse

of Lagrange’s theorem.

SOLUTION: i—)If we make the prime factorization of |G|, |G| = pJ'p>....pn.
Since G satisfies the converse of Lagrange’s theorem, G has subgroups Hi, Hs, ...., H,
such that |Hy|=p{", |[Ha| =p2,....,|Hys| = pir. (piyp;) =1. So H;NH; = {1} for all
i,j € {1,2,.,n}. Let ®:H; X Hyx ... x Hy — G ®(h1, o, ooy ) = Bihgo . @ is
an isomorphism.

G=H x Hyx ... x H,. |Hy|=p7, Hyis a p;-group, so H;, is a nilpotent
group and therefore H; is soluble. By the same reason Hy, Hs,..., H, are also
soluble. Thus H; x Hy x ... x H, is soluble. Then G is soluble,

The second part of the problem is left to the reader.

PROBLEM 15: Let G be a non-trivial group such that every subgroup of
G satisfies the converse of Lagrange’s theorem. Then G has a normal Sylow

p-subgroup where p is the largest prime divisor of |G|.
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SOLUTION: If G is a p-group, then |G| =p". Then the largest prime  divisor
of |G| is p. The Sylow p-subgroup of G has degree p". So the sylow p-subgroup
of G is G and GbG. If G is not a p-group then |G|= pi'p3*..por

Let p; be the smallest prime divisor of [G|. Since pi'py*....p | |G| and G
satisfies the converse of Lagrange’s. theorem G has a subgroup H such that
|H| = pi*ps?...p0m. |G : H| = f% = % =p;. So H<G and it has index p;
in G, p; is the smallest prime divisor of G. By Corollary 1.28 HvoG. H <G,
so H also satisfies the converse of Lagrange’s theorem. Since pj» | [H|, H has a

subgroup K of degree pj». K is a Sylow pn-subgroup of G. (p, is the largest

prime divisor of |G].)

PROBLEM 16: The following three statements are equivalent:

i—) G is supersoluble.

“—) Whenever J < H < G, with J a maximal subgroup of H, |H:J| is a
prime number.

14i—) Each subgroup of G satisfies the converse of Lagrange’s theorem.

SOLUTION: (i) = (i): Each subgroup of G satisfies the converse of
Lagrange’s theorem. Let |G| = pi'p3...pk*. Let p; be the smallest prime
divisor of |G|. Since pii”'pi...p | |G|, G has a subgroup H such that
- |H| = p?"lpg"’....p;”, so |G:H|=p;. Then H>G. |G:H|= {%IL =p;. Then &£
is cyclic. By the same argument |H| = p* 'pP..pl» and the smallest prime
divisor of |H| is p;. Since p* 'pR....p™ | |H|, H has a subgroup H; such that
|Hy| = p7*p2..p. |H: Hy| =p;. Thus Hi> H and gl-Ls also cyclic. If we go

on the same argument we obtain a series such. that G> H > Hy > Hy > ... > 1.
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And % is cyclic, Hil is cyclic, %;- is cyclic. H_If;{ is cyclic. Hence G is
supersoluble.

(1) = (i) : Whenever J < H < G, with J a maximal subgroup of H, | H: J |
is a prime number. ‘We’ll show G is supersoluble. Let H < G and Hb>G and
let H be a maximal subgroup of G. Then by ¢—) |G: H|=p. |G: H|= f% =P,
SO % is cyclic. (H<G<G). Let HH<H and Hy> H, H; is maximal in H.
Hy < H<G, so |H:H|=p =| Hill Hil.is cyclic. G>H > Hy > Hy > ..... >1

and all factors are cyclic. G is supersoluble.

PROBLEM '17: Show by an example that an insoluble group ‘G can have a

subgroup of index p for every prime divisor p of |G|.

SOLUTION: We can take G = As x Zgy. As is a non-abelian simple group
and Zg is a cyclic group.
|G| = |As x Zgo| = |As| .| Zeo| = £.60 = 60.60 = 52.24.32.
Prime divisors of G are 5,2 and 3. 5| |G| and 5 || Zgo |. Since Zg is cyclic
and 52.3.2* | 60, Zs has a subgroup H such that |H|=52.2*3. So
|Zoo : H| = ool = £25 = 3. A x H < A5 x Zeo.
|As X Zgo : As x H| = |As : A5 .|Zgo : H| = 3.
As x H<G and |G: (45 x H)]=3. For p=2 we have again
52.23.3% | | Zgo| = 60.
Hence Zgo has a subgroup K such that |K|=52.2%.3%.
|ZGO;K|=J|%>1=%§=2. As x K < G.
|G : (As x K)| = |As X Zep : As x- K| = |As = As|. | Zgo : K| = 1.2 =2.
For p=2, A; x K < G such that |G:45x K|=2. For p=35, 5| |Zel| =
60. 5.2%.3% | [Zeo| = 60. Again by the same reason Zgo
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has a subgroup L such that |L|=5.2%3% |Zg:L| =228 =5 A, x L <G,
lGZAsXLI = |A5 XZ602A5‘X Ll = |A5:A5|.|Z601L| = 1.5 = 5. For p = 5,
As x L < G such that |G: A5 x L| =5. Thus for all prime divisors p of G =

As X Zgg, we can find a subgroup of index p.
PROBLEM 18: G'NZ(G) < ®(G) for every group G.

SOLUTION: Denote G'NZ(G) by D. If D is not a subgroup of ®(G),
there’s a maximal subgroup M of G with D is not a subgroup of M. Therefore,
G =MD, so that each g € G has a factorization G =md with m €M, de D.

Since d € Z(G), gMg~' = mdMd'm ! = mMm™' =M, and 'so M>G. £ has
prime order, hence is abelian. Therefore G' < M. But D < G’ < M, contradicting

D is not a subgroup of M.

In problem 19 we’ll try to give the answer to the question if G has 2 subgroups
A and B showing the same algebraic structure such that (|G : A|,|G: B|) =1 then
will G also contain the same property? In problem 19 A and B are abelian

subgroups of G as we mentioned above.

PROBLEM 19: If G has abelian subgroups such that (|G:A|,|G:B|) = 1.
Then G -is soluble. This can be proved by the following argument.
Suppose the result false, and let G be an. insoluble group of least possible

order with abelian subgroups A,B such that (|G:A|,|G: B|)=1. Then
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i—) A and B are proper subgroups of G, and G = AB.
i—) Let 1< Kb>G. Then < is soluble.

ii—) G is simple.

iv—) ANB=1.

v—) A is a maximal sﬁbgroup of G.

vi—) Derive a contradiction by applying 9.

SOLUTION: #%—) 1< KpG. If £ is insoluble, then I% = f% < |G|. Since

G is an insoluble group of least possible order and '%l < |G| we arrive a

contradiction. So % is soluble.

iti—) Let K>G and K < G. K is insoluble because if K is soluble then
£ is soluble by (ii). So then G will be soluble. But G is assumed insoluble.
Thus K is insoluble. But |K| < |G| and G is insoluble of least possible order.

Thus G has no non-trivial normal subgroup. G is simple.

iv—) We'll apply Theorem 1.41. G = AB. Since A is abelian, by Theorem 1.41
ANB # {1} is wrong. Because if ANB # {1}, A is abelian so ANB>A, ANB>B.
(B is also abelian.). Then ANBp>AB. Since AB = G is simple and ANB # {1},

this idea is not true.

v—) Assume A is not a maximal subgroup of G, then we can find a C <G
such that A< C <G = AB. Since A < C then G=AB<CB§G. So G =CB.
CB<G, CB=BC. G=BC and ANB={1} <BNC, so BNC # {1}. But
this is impossibe by Theorem 1.41. So there’s no proper ‘subgroup C of G such
that A< C < G. This shows A is a maximal subgroup of G.
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vi—) Well derive a contradiction by applying problem 9. Here A is an
abelian maximal subgroup of G' and G is an insoluble group of least possible
order. Since we have solved problem 9 before we can directly write the following
consequences:

i—) Ag=1

it—) G’ is the unique minimal normal subgroup of G.

iti—) A is a Hall subgroup of G.

iv—) G is p-nilpotent for every prime p dividing |A|.

v—) A is a complement to G’ in G.

vi—) Every complement to G’ in G is conjugate to A.

vii—) Every subgroup of G isomorphic to A is conjugate to A.

viii—) Let ¢ be a prime divsor of |G’| and let Q be a sylow g-subgroup of
G’. Then Ng(Q) has a subgroup A* isomorphic to A.

ix —) A* is a maximal subgroup of G and Qv G.

x—) It follows G is soluble.

So we arrive a contradiction by assuming G insoluble.

PROBLEM 20: Show by an example that an insoluble group G can have
soluble groups H; and H, such that (|G: H|,|G: Hy|) = 1.

SOLUTION: -G = As;. Since G is simple, for every H < G |G:H|>5 and
therefore |H| < 12. And since |G| = 60, the possible orders of subgroups are
6,10,12. G has subgroups of order 12. For if we consider the natural action of
G on the set {1,2,3,4,5} then clearly Stabg(5) = A;. Let H < G with H = Ay.

Then H has a normal subgroup T of order 4 and it’s unique. Because since
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H = A, and |A4 =12 = 223, the Sylow 2-subgroups of A, has degree 22
And the number of sylow 2-subgroups of A4 is 142k such that 1+ 2k [ 12. And
we know that the only subgroup of A, which has degree 4 is S = {I, 02,035,08}.
o2=0G4iis) os=0G331, cs=0G734) And o} =0y o =05 0} =o0s
Then S is abelian. So S is the unique Sylow 2-subgroup of A,. Since it’s
unique, S Ay We have H= Ay, so |T|=4 and T H.

Now H < Ng(T) < G, since G is simple, |H| =12 < |Ng(T)| < 12. Therefore
|Ng(T')| = 12 means Ng(T) = H. And the number of Sylow 2-subgroups of G is
equal to |G : H|=>5.

Since H = Ng(T), we have T Ng(T) = H. If we look at NGTT =
{ 2T : z € Ng(T)}; we can see easily that it’s abelian.

Let zT, yT € Ng(T), then (z7).(yT) = (Tz).(Ty) = Tzy. So NG—:]STZ is abelian.
And T is also abelian. 157> Ng(T). NGTT is abelian, £ =T is abelian. Thus
Ne(T) = H is soluble.

Let the numbers of Sylow 3-subgroups of and Sylow o-subgroups of G be
respectively m3 and ns. Then ny divides 22 x5 and ng =1 (mod 3), mns divides
22x3 and ns =1 (mod 5). Let U be any subgroup of G of order 3 V
any subgroup of G of order 5, and K = Ng(V). Then |G:J|=n3 =10 and
|G ' K|=mns =6. Hence [J|=6 and |K|=10. |V|=5, so V is cyclic since 5 is
prime. Therefore V is abelian. 1>V > Ng(V) = K.

EGV(KZ is abelian. % =V is abelian. Hence K is soluble. |G:K]| = 6,
IG:H| =5 so (|G:H|,|G:K|)=(5,6) =1 So H and K are subgroups of
As which are soluble. As is insoluble. (|G : H[,|G: K|) = (|45 : H|, |A5 1 K|)=1

This is an example of such a group G.
PROBLEM 21: Let G =GLy(Z3) and K = Z(G). Show that
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i—) K is the unique maximal abelian normal subgroup of G,
ii—) K < F(G), and

ii—) K is not a maximal abelian subgroup of G.

SOLUTION: (i) Let H={ (§¢): q, b, c€Z; with ac#0}.
CHHE={ (1 (¢8: ac#0}.

HED ={ (0 act0} = {(@® &) ac#0}. (1 ) e (A,
but 03¢ HGL). So A1)H#(G1H. Thus H is not a normal subgroup
of G. H is not abelian, because Z DN H=CGL) .-G HG1) =(%32). They are
not equal. Now assume that L is an abelian normal subgroup of G such that
K <L<G. Since K< H<(G and H is not abelian and normal in G we have
two cases.

Case i—) K<L<H<QG orCase ii—) K<H<L<G. But in case %i—)
since L is abelian, H must be abelian. But we have shown that H is not
abelian. Thus we have only one condition: K < L< H <G. |K|<|L| < |H|, so
2 < |L| <12. So |L|=4 or 6. But Hg = K, here in this case Hg = L. So we
arrive a contradiction. There’s no abelian normal subgroup L of G such that
K <L<(@. So K is the maximal abelian normal subgroup of G.

Solution of (ii) is left to the reader.

ti—) .We’ll show K is not a maximal abelian subgroup of G. If a =
G GD.GD=0Y=0d GHED=GD=0d GD-GN=0G=2"
Thus a* = 1.
(@={ (1, ¢9,G2.6N
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Since K=2Z(G)={ (39, & 9} <{a) < GLg(Zg) and (a) is abelian, hence

K is not a maximal abelian subgroup of G.
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