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ABSTRACT

ON SOME BEST PROXIMITY POINT RESULTS FOR
MULTIVALUED MAPPINGS

Ali Abdulkareem Nasir NASIR
Master of Science in Mathematics
Advisor: Assoc. Prof. Dr. Mustafa ASLANTAS
May 2023

This thesis is divided into four chapters. The first chapter discusses the motivation for
the thesis and provides some background information on fixed point theory and best
proximity point theory. In the second chapter, we recall the fundamentals definitions
and notations, and some theorems related to our results about fixed point and best
proximity point. We obtain our theorems in chapter three. The concepts of KW -type ¥-
contraction mapping inspired by the approaches of Wardowski and Klim-Wardowski
have been presented. Then, we investigate the existence of a best proximity point for
such mappings by considering a new family which is larger than the family of functions
that is often used in fixed point results for multivalued mappings. Also, to demonstrate
to effectiveness of our result we give a comparative example in which similar results in
the literature cannot be applied. We provide our findings and suggestions in the fourth

chapter.

2023, 38 pages

Keywords: Fixed point, Best proximity point, Multivalued mapping, ¥ -contraction,
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OZET

KUME DEGERLI DONUSUMLER ICIN BAZI EN 1YI YAKINLIK
NOKTASI SONUCLARI UZERINE

Ali Kareem NASIR NASIR
Matematik, Yiiksek Lisans
Tez Danismani: Dog. Dr. Mustafa ASLANTAS
May1s 2023

Bu tez dort boliime ayrilmistir. ilk béliimde, tezin motivasyonunu ve sabit nokta teorisi
ve en iyi yakinlik noktasi teorisi hakkinda bazi arka plan bilgileri verildi. ikinci
boliimde, sabit nokta ve en i1yi yakinlik noktasi ile ilgili temel tanimlar1 ve notasyonlari
ve sonuglarimizla ilgili bazi teoremleri hatirliyoruz. Sonuglarimizi ii¢lincli boliimde
sunuyoruz. ik dnce Wardowski ve Klim-Wardowski'nin yaklasimlarindan ilham alarak
KW tipi W-biiziilme esleme kavramlarini tanitiyoruz. Ardindan, ¢ok degerli eslemeler
icin sabit nokta sonuglarinda siklikla kullanilan fonksiyon ailesinden daha biiyiik yeni
bir aileyi dikkate alarak bu tiir eslemeler i¢cin en i1yi yakinlik noktasinin varligini
aragtirtyoruz. Ayrica, sonuglarimizin etkinliini gostermek icin literatiirdeki benzer
sonuglarin uygulanamadigi karsilastirmali bir 6rnek veriyoruz. Bulgu ve oOnerilerimizi

dordiincii boliimde sunuyoruz.
2023, 38 sayfa

Anahtar Kelimeler: Sabit nokta, En iyi yakinlik noktasi, Kiime degerli doniigiim, ¥-

biiziilme, Tam metrik uzay
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1. INTRODUCTION

The area of mathematics known as fixed point theory is fascinating. It combines
geometry and analysis topology. One of the most active fields of nonlinear analytic
research is fixed point theory. It can be used in a variety of disciplines, including
computer science, economics, and many more. The Banach contraction principle,
commonly recognized as the most significant in this direction, was proposed by the

Polish mathematician Banach (1922) as follows:

Let ¢: (J,p) — (J,p) be a mapping where (3, p) is a complete metric space. If there
is k in [0,1) satisfying

p(@s, o) < kp(S, 1)

for all $,1 € 3, then ¢ has a unique fixed point in .

This theory not only provides a method to find the fixed points of these mappings but
also ensures the existence and uniqueness of the fixed points of self-mappings. With the
help of this method, one may effectively address a wide range of issues in the fields of
dynamic programming, game theory, ordinary differential equations, partial differential
equations, and integral equations. The Banach contraction principle is later applied to
many different ways (Abbas et al. 2019, Cosentin et al. 2015, Feng and Liu 2006, Klim
and Wardowski 2007, Mizoguchi and Takahashi 1989, Muhammed and Kumam 2019,
Nadler 1969, O’Regan 2019, Reich 1972a, Reich 1972b, Vetro 2015). One of them has
been obtained by Wardowski (2012). He presented a new class of functions, denoted by

F, and proved the following result:

Let ¢: (3,p) = (T,p) be a mapping where (S, p) is a complete metric space and ¥ €

F. If there is T > 0 satisfying

T+ ¥ (p(@3, pl)) < ¥ (p(3 1))



for all §,u € 3, then ¢ has a unique fixed point in 3.

There are other findings in the literature that are connected to Wardowski's result (Altun
et al. 2015, Altun et al. 2016, Aydi et al. 2017, Durmaz et al. 2016, Piri and Kumam
2014, Sahin et al. 2019, Secelean 2013).

Nadler (1969) has obtained one of the generalizations of Banach’s result via Pompei-
Hausdorff metric. Hence, first, he has presented the following result for multivalued

mappings.

Let : (3, p) — CA(S) be a multivalued mapping where (3, p) is a complete metric

space. If there is k in [0,1) satisfying

H (s, o) < kp($,1)

for all $,u € 3, then ¢ has a unique fixed point in 3.

Then, Feng and Liu (2006) proved a fixed point result which is a generalization of
Nadler’s result without Pompei-Hausdorff metric. After that, Klim and Wardowski

(2007) presented a result by inspring Feng-Liu and Mizoguichi-Takahashi.

Recently, the idea of the best proximity point was introduced by Basha and Veeramani
(1977). The best proximity point theory investigates the circumstances under which the
optimization problem represented by the expression itficrp (8, @$) has a solution.
Assume that I" and A are non-empty subsets of 3, ¢: I' = A is a mapping, and (3, p) is
a metric space. The best proximity point of the mapping ¢ is a € I if the statement
p(a, pa) = p(I', A) holds. Numerous writers have studied this problem since every best
proximity point result becomes a fixed point result when I' = A (Abkar and Gabeleh
2013, Ahmadi et al. 2021, Altun et al. 2020, Aslantas et al. 2021, Aslantas 2021,
Aslantas 2022, Sahin et al. 2020, Sahin 2021, Sahin 2022).



This thesis is divided into four chapters. The first chapter discusses the motivation for
the thesis and provides some background information on fixed point theory and best
proximity point theory. In the second chapter, we recall the fundamentals definitions
and notations, and some theorems related to our results about fixed point theory and
best proximity point. We obtain our theorems in chapter three. The concepts of KW -
type ¥ -contraction mapping inspired by the approaches of Wardowski and Klim-
Wardowski have been presented. Then, we investigate the existence of a best proximity
point for such mappings by considering a new family which is larger than the family of
functions that is often used in fixed point results for multivalued mappings. Also, to
demonstrate to effectiveness of our result we give a comparative example in which
similar results in the literature cannot be applied. We provide our findings and

suggestions in the fourth chapter.



2. PRELIMINARIES

In this section, we recall some definitions and theorems related to our main section.

2.1 Metric Spaces

Definition 2.1. Let 3 be a nonempty set and p: 3 X3 — R a mapping with the

following properties:

(i) p(s, ) =0 ifand only if i = s.

(ii) p(5 1) = p(i1, ) forall §, i € 3 .

(iii) p(3 1) + p(lh, 2) > p(& 2) forall &1,z € .

Thus, we called p is a metric on J and (3, p) is a metric space.

Example 2.2. i) The function p: R X R — R given by, forall §,i € R

pG,1) =[5 -l

is a metric on R. This metric is known as usual metric.

i) The function p: R? x R? - R given by

p((31,82), (g, 12)) = v/ (B1-1p)? + (8- 12)?

is a metric on IR? called the euclidean metric on R2.

iii) Let 3 be a non-empty set and p the function from 3 X J into R defined by
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Then p is a metric on J and is called the discrete metric.

Definition 2.3. The set

A (8) = {8 €3:p(8,50) <7}

in a metric space (S, p) is an open ball in 3 with radius r > 0 centered §, and the set

A:(30) =8 €JpB.3) <7}

is a closed ball in 3 with radius r > 0 centered §,

Definition 2.4. Let (S, p) be a metric space and U € .

i) If for every $ € U there is a number & > 0 such that A,.($) € U, then the set

U is called open set.

i) If the set I — U is open, the set U is called a closed set.

Theorem 2.5. Let (S, p) be a metric space. Then, A,.($,) is an open set.

Theorem 2.6. Let (S, p) be a metric space. Then, A,-(3,)is a closed set.

Definition 2.7. Let {$;} be a sequence in a metric space (3, p). We say that

i) the sequence {S;} converges to § € J (denoted by §; — $) if, forany € >

0, there is natural number K such that p(8,8;) < e forall t > K.



i) the sequence {3,} is a Cauchy sequence if, for any € > 0, there is a natural number K

such that p(8,,,8;) < e forall m,t > K.

iii) the sequence {s,} is bounded if there exists M > 0 such that p(S,, $;) < M for all
s,t € N.

Theorem 2.8. i) The limit of a convergent sequence in any metric space (3, p) is

unique.

ii) Every convergent sequence in a metric space (3, p) is a Cauchy sequence.

Example 2.9. 1) Let (R, p) be a usual metric space. Then, (R, p) is complete metric

space.

i) Let (5, p) be a discrete metric space. Then, (S, p) is complete metric space.

iii) Let C([a, &]) be the set of all continuous function and p: C([a, 6]) X C([a,5]) » R
be a function defined by

p(f,9) = sup {|(8) —g(®)I:8 € [0,1]}.

Then, (C([a, 6]),p) is a complete metric space.

iv) Let (Q, p) be a usual metric space. Then, (Q, p) is not complete metric space.

Definition 2.10. Let (3, p5) and (Y, py) be two metric spaces and v € J. We say that a

function h: 3 — Y is continuous at v if for all € > 0, there exists & > 0 such that

py (hS, hv) < & whenever px(8,v) < 6



Equivalently, a function h: 3 — Y is continuous at v if for all € > 0, there exists § > 0
such that

h (/1103 (v, 8)) c A, (hv,e).

Theorem 2.11. Let (T, px) and (Y, py) be two metric spaces and v € 3. A function
h:J3 — Y is said to continuous at € 3, if and only if f(§;) — f(u) inY, whenever §; —

u in 3, for every sequence {8} in 3.

Definition 2.12. Let h: 3 — Y be a function and §, € I where (S, p) is a metric space.

If for all € > 0, there exists & > 0 such that
h($y) — & < h(8)

for all § € A($, §) N W, then the function h is called lower semicontinuous function.

Similarly, if for all € > 0, there exists § > 0 such that
h(8y) < h(8) + ¢
forall $ € A(8,,6) N W, then the function h is called upper semi-continuous function.

Theorem 2.13. Let (3, p) be a metric space, h: 3 — Y be a function and §, € 3. For

every sequence {§;} converging to $,,
liminf h(8;) = h(3,)
S—>00

if and only if the function h is lower semi-continuous function. Similary, if for every

sequence {$;} converging to $,,



liminf h(8;) < h(3,)
S—00
if and only if the function h is upper semi-continuous function.

2.2 Fixed Point Theory

In this section, we provide some fundamental definitions and theorems about fixed
points of the mapping H on a metric space (5, p), together with the prerequisites for

their existence and uniqueness.

Definition 2.14. Let H: 3 — 3 be a mapping. Then, a point § is said to be a fixed point

of H if it satisfies HS = §.
Now, we give the following example

Example 2.15. i) Let H: R — [0,1] be a mapping given as HS = sits. Then, it has a
fixed point which is 0, but (z/2) is not fixed of ¢.

i) Let H: (T, p) — (T, p) be a mapping given as HS = $ + a where 0 # a € R. Then,

H does not have a fixed point.

i) Let H: (J,p) = (J,p) be a mapping given as HS = §. The mapping has infinite

fixed points.
Fixed point theory in full metric spaces was first studied by Banach in 1922.

Definition 2.16. Let (T, p) be a metric space and H: 3 — J be a mapping. The mapping

is called contraction mapping if there exists g in [0,1] such that

p(HS, HU) < qp(8, 1)



forall s,4 € 3.

Theorem 2.17. Let H: (3,p) - (T,p) be a mapping where (3, p) is a complete

metric space. Then, if H is a contraction mapping, then H has a unique fixed point.

The Banach fixed point theorem is an existence and uniqueness theorem for the fixed
points of particular mappings. The proof will show us that it also gives us a useful
method for steadily improving fixed point approximations. We begin by choosing an

arbitrary $, from a given set, and then compute a sequence recusively by letting

St+1 = @S, forall t e N

We call this process an iteration. Such iteration methods are widely employed in applied
mathematics, and Banach's Fixed Point Theorem is frequently applied to ensure the
convergence of the scheme and the uniqueness of the solution. Basics of Banach
contraction mapping is one of the unique analysis findings. It is commonly used as the
basis for metric fixed point theory. The broad variety of mathematics and fields it.

Nadler (1969) derived one of the generalizations of Banach's findings using the
Hausdorff metric. First, it has been found that multivalued mappings have a fixed point
result. We will now go through a few terms and concepts related to multivalued
mappings.

P(3) = {U € 3:U is totempti sudset}

C(JI) ={U < J3: U is totempti ulosep sudset}

CA(I) = {U € 3:U is totemptii ulosep atp Soutpep sudset}

Definition 2.18. Let (J,p) be a metric space and U,V € CA(I) . A function
H:CA(I) X CA(I) — R defined by



H(Ur V) = max{supéEUp (§! V)! SupﬁeVP(U' ﬁ)}

where p(8,V) = itfieyp(S, 1) is called Pompeiu-Hausdorff metric on CA(S).

Theorem 2.19. Let (3, p) be a complete metric space and ¢: 3 = CA(J) be a mapping.

If @ is a multivalued contraction mapping, that is, there exists k € [0,1) such that

H(p3, p1) < kp(3,1)

for all $,1 € 3, then ¢ has a unique fixed point.

Later, taking C (J)instead of CA(J) in Theorem 2 Feng and Liu (2006) obtained a

generalization of Nadler’s result as follows:

Theorem 2.20. Let ¢ : § — C (I)be a multivalued mapping where (3, p) is a complete

metric space. Assume that § — p (S, ¢3) is lower semicontinuous and for all § € J there

existii € I3={i €p§:8p (1) <p & %) }such that

p(U, l) < pp(3, 1)

for some §,u € [0,1 ] with u < §. Then, ¢ has a fixed point in .

Then, Klim and Wardowski (2007) introduced a new contraction for multivalued
mappings by considering the ideas of Feng—Liu and Mizoguchi—Takahashi. Hence, they

proved the following nice result for such contractive mappings.

Theorem 2.21. Let (S, p) be a complete metric space and ¢ : I — € (J)be
multivalued mapping. Assume that § — p(8, @3$) is lower semicontinuous and there exist
d€(0,1)and ¢ : [0,0) —[0,5) such that forall s >0

10



tlirsr;r sup ¢ (t) <6 (1.2)
and for all § €  there exists ii € I§ satisfying
p(d, o) < ¢ (p(3,W)p (8, ).
Then, ¢ has a fixed pointin 3.

On the other hand, Wardowski (2012) presented the following concept called ¥ -
contraction, which includes many contractions in the literature, including the Banach

contraction principle.
Definition 2.22. Let ¥ : (0,00) — R be a mapping with the below axioms :

(¥,) is strictly increasing,

(¥,) for each sequence {s;} with the positive real numbers,

lims, =0& gimfF(st) = —00,

t—>oo

(W3) there is k € (0,1) with ltirgztkf]-"(t) =0.

We will denote the class of functions ¥ satisfying the conditions in Definition 2.31 with
F. Then, Wardowski (2012) presented the definition of ¥-contraction mapping and

proved the following result.

Definition 2.23. Let (S, p) be a complete metric space, ¢: 3 — J be a mapping and¥ €

F. If there exists T > 0 such that
T+ ¥ (p(@s, o)) < ¥(p(3,1))

11



for all $,1d € 3 with p(¢s, @) > 0, then ¢ is called a ¥-contraction mapping.

Theorem 2.24. Let (S, p) is a complete metric space. ¢ has a unique fixed point in J if

®:(3,p) = (J,p) isaW-contraction mapping.

Recently, Secelean (2013) presented the following conditions which are equivalent to

the (¥,), but easy condition.

() inf¥ = —o

or

(') there exists the sequence {A;} € (0, o) such that lim;_,,¥(4,) = —co.

Then, Secelean (2013) proved the following important lemma.

Lemma 2.25. Let ¥: (0,) — R be an increasing function and {A;} < (0, «) be a

sequence. Then, the following statements are true.

We will denote the set of all functions ¥: (0, ) — R satisfying (¥;), (¥,) and (¥5) by
F'

Recently, taking into account the idea of F-contraction for multivalued mappings,

mutlivalued F-contraction mappings were presented by Altun et al. (2015).

Definition 2.26. Let ¢ : § — CA (3 ) be a multivalued mapping on a metric space
(3, p) ifthereist > 0and W € F, such that

12



T+ W(H (@3, 1)) < P(p(5,0))

For all §,i €y with H(@s,@ti) > 0, then is called a multivalued F-contraction

mappings.

Then, they proved that a compact valued (K (J)) multivalued F-contraction mapping ¢
on al complete metric space (3, p) has a fixed point 3 In addition , they investigated
whether the same result is valid if the mapping ¢ is €A () valued and proved a fixed-
point result for the new type of mappings by assuming the following property in
addition to (¥;) — (¥5).

(¥,) Forall T € (0, o) with infT" > 0, we have W(infI") = inf¥ (I").

We denote the class of functions ¥ € F having (¥,) by F. throughout this study.

2.3 Best Proximity Point Theory

It has become quite popular recently since each result in the best proximity point theory

converts a result in fixed point theory into a specific example.

Let o : I' — A be a mapping where (J,p) is a metric spcae and @ =, A< 3. If
p(I’, A) > 0, then the mapping ¢ cannot have fixed point. In this sense, it makes sense
to investigate the presence of a point § € I' such that p(8, S) = p(I', A) which is
called best proximity point of ¢ (Basha and Veeramani 1977).

Now, we present some notations, definitions and theorems about best proximity point

theory. Consider the following sets

Up={Se€eU:pS0) =p(UV) for someu €V}

and

13



Vo ={3€V:p(§ 1) =p(U,V)for sometii € U}.

The following definition is a version of contraction mapping in the best proximity point

theory.

Definition 2.27. Let (3, p) be a metric space and @ # U,V € 3. A mapping H:U - V

is said to be proximal contraction if there exists g in [0,1) such that

P(él,Hul) = p(U’ V)} -
v = p(S4,S,) < U, u
p(8y,Huy) = p(U,V) p(31,32) < qp(uy, uy)

forall $4,8,,u;,u, €.

After that, Raj (2013) gave the concept of P-Property and proved a best proximity point

result.

Definition 2.28. Let (J, p) be a metric space and I', A be nonempty subsets of 3. The

pair (I, A) is said to have the P-Property if and only if

p(81,1;) = p(F,A)} o o
v v = S4,S = U4, u
p(8,, 1) = p(I', A) p(31,32) = p(liy, 03)

forall §,,8, € I' and 1y, 1, € A.

Sahin (2022) introduced the following definition which is a generalization of P-

Property.

Definition 2.29. Let I" and /A be non-empty subsets of a metric space (5, p) . Then, if it
holds

14



p(31, 1) = p(T,A)
p(31,32) = p(ily, Uy)
p(g'ZlaZ) = p(r; A)

for all $4,5, € I withs; # $, and iy, i, € Awith i, # ii,, then the pair (T, A) is said to

have a modified P-Property.

The pair (I', A) has the modified P-property if the pair (I", A) possesses the P-property.
The opposite, though, might not always be true. Let 3 = R have the standard metric d,
in fact. Take into account the subsets I' = {0,4} and A = {2} respectively. The result
is p(I', A) = 1. Despite having the modified P-Property, the pair does not have the P-
Property, as can be shown. If we take $; = 0,3, =4 and U; = 2 = U,, then even

though p(8,,0;) = p(I',A) and p(8, ,U,) = p(I',A), we have

pB1,32) =2 #0=p((1,ly).
Very recently, Sahin (2022) introduced generalized mulivalued F-contraction mapping

inspired by the ideas of Feng-Liu and Wardowski, and then proved the following result

for such mappings.

Theorem 2.30. Let u, A © J be closed, having a modified P-Property , where (S, p) is
a complete metric space and I, # @. suppose that @:T' X A - C(A) is a multivalued
mapping and f (3, @) = p(i, ¢s) is lower semi-continuous on T x A. If there are 7 > 0
and ¥ € F, such that for all § € T, with p($,@3) > p(T',A) and ti € @3 there exsists
z € T, satisfying

p(i,z) = p(T,A)

and

T+ ‘P(p(ﬁ, (pz)) < ‘P(p(§, z)).

15



Thus, the main result for CB(J) valued mappings in (Altun et al. 2015) has been
generalized in an interesting way. Note that one needs the family F, to show the
esixtence of al fixed point for CB(J) valued mappings. However, Aslantas (2021)

presented another approach by a new family, which includes F, .

Now, let ¢ : T = p(A) be a mapping defined on a metric space (5, p), where @ #
I, A € . Define a family by

PF.={¥eF" ‘Pjg + @ for all (3,%) € pj and o = 0},

where

LP;:Z ={zeps: ¥(p(,2)) < ¥(p(&, 93)) + o}
and
pk ={(31) €T xA:p($,ii) = p(T,A) and p(ii, s) > 0}.
Then, it can be shown that F, is a proper subset of gf]-“**. Indeed, let 3 = {0} U [1, o0)
and (S, p) be usual metric space. Consider the subsets A = [1, ) and I' = {0}. Let

consider the mappings ¢:I' = C(A) and ¥: (0,0) = R by ¢0 = [1, o) and

na , a<l

Ya =
20, a>1

respectively. Then, we have ¥ & F,. But, ¥ € £ F,,, to see this, let$ € I', i € ¢$ and

o = 0. Then, we have

16



woe = {z € [1,0):¥(p(4,2)) < ¥(p(0,90)) + o}
={ze[l,0):¥(ui—2z]) <¥PQ)+o0}
In this case, if we choose z = 1 + % thenz € le,’;}:‘,, andso ¥ € OF...

We recall the next lemma, which is crucial for proving the connection between the prior

results proven and our results.
Lemma 2.31. Let (I',p) and (4, p) be two metric spaces and ¢ : I' — P(A) be an

upper semicontinuous mapping. f : I' X A — R defined by f(s,1) = p(4, ¢s) is lower

semicontinuous.
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3. SOME RESULTS RELATED TO BEST PROXIMITY POINT THEORY
In this section, we obtain some best proximity point results for multivalued mappings
on complete metric spaces. Now, we introduce the definition of KW -type ¥-contraction

mapping.

Definition 3.1. Let (3, p)be a metric space and @ # I',A S 3. Assume that ¢ : I' —
C(A) is a mapping and ¥ € F.Then, ¢ is called KW -type ¥-contraction mapping if

there exist ¢ = 0and 7 : (0,00) = (o, ) such that forall s > 0

lim inf 7(t) > o (3.1)
tost

and for all s € I, with p(S, S) > p(I', A) and i € s there exists z € [ satisfying
p(i,2) = p(I, 1),

and

(p(3,2)) + ¥ (p(l, 92)) < ¥(p(3,2)).
Theorem 3.2. Let (T, p)be a complete metric space, ¢ : I' = C(A)be a KW -type ¥-
contraction mapping where I', A are closed non-empty subsets closed having modified
P-propert, I, # @ and ¥ € 5,:7—"**. Then, ¢ has a best proximity in I" provided that
f(8,1) = p(1, @s) is lower semi-continuous on A where

A= {(8,0) €T xA:pB0) =p(,A)}

Proof. Let $, be an arbitary point in I;and choose U, € @S$,. If p(Sy, 9S) = p(I', A),
then the proof is completed.
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Now, suppose that p(8y, @$,) > p(I', A). Since ¢ is a KW -type ¥-contraction mapping,
there exists $; € [} such that

p(Ug,81y =p(I,4)
and
T(p(§0'§1)) + 'P(p(ﬁo, §0§1)) < W(p(§01§1)) (32)

From Inequality (3.2), we have p(liy ®3;) > 0and p(503;) > 0.Since ¥ € 57-"** we

get Wj},’,ﬁ“ # 0. So, there exists i; € ¢$; such that

W(P(ﬁo' ﬁl)) =< W(P(ﬁo' §0§1)) + 0.

Again, if p(81, ¢3,) = p(I’, A), then $; is abest proximity point of ¢, and so the proof is
completed. Now, assume p(8,, 9$,) > p(I', A). Since, ¢ is a KW -type ¥-Contraction

mapping, there exists §, € I} such that

p(iy,3;) = p(I', A)

and

T(P(§1:§2)) + ‘I’(p(ﬁl,go§2)) < W(P(ép §2)) (3.3)

From Inequality (3.3) we have p(li;, ¢$,) > 0 and p(84,8,) > 0.Since ¥ € F,,, we

get ‘Pjﬁfl # . So, there exists U, € s, such that

¥ (p(liy, 1)) < ¥(p (i, 932)) + 0.
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By continuing in this manner, we may demonstrate that {$;} in I and {ii;} in A with §;
# $44q1and U, # U4 Such that (we can suppose p(3; @3,) > p(I',A) for all t € N,

Otherwise the proof is complete)

p (U, Se41) = p(I, 4), (3.4)
T(pBe 8e1) + ¥ (p(Ue, @3041)) S W (PGt 841)) (3.5)

and
P (p(li, Ugsr ) < ¥ (p(ly, 98041)) + 0. (3.6)

for all t > 0. Further, since the pair (I, A) has the modified P-property, then from
Inequality (3.4) we get

P8¢, 8e41) = p(Up_q,U¢) (3.7)

forall t > 1. Thus, using Inequalities (3.5) and (3.6) we obtain

P(pGe8e1)) = P(p(U_y,0p) (3.8)
<y (p(ﬁt_l, (pét)) +o0
<y (p(ﬁt_l,ét)) + 0 — T(p(ét_l,ét))
<% (pGe_1,50)

for all t > 1. Hence, the sequence {p(8;,8:+1) } is decreasing. Then, {p($;, $¢+1) }
converges to for some u € [0, ). Assueme that u > 0. Then, from hypothesis we

obtain

gl_)rg itft((3,5.41)) > o,
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and so there is y > o and t, € N such that
T((ét’§t+1)) >y
forall t > t,. Therefore, forall t > t,,
Y(p(3e,8e41)) = ¥ (p(lie—y, 1ip)) (3.9)
S¥ (PG, 30) + 0 — 7 (p(e-1,5))
< ¥ (P(ét—pgt)) +(0—-vy)

S lzu(p(ét_z, ét—l)) +0— T(p(§t—2ﬁ§t—1)) + (0 - )/)
< ¥ (pG-2,5t-1)) +2(c — ¥)

<% (p(3ty8t941) ) + (£ = t0) (@ = ).

Taking limit as t — oo in Inequality (3.9)

tll_)rg lI’(P(§t:§t+1)) = —%,
and so from (¥;) and Lemma 2.25 we get

u= tliT’c}oP(gt: St41) =0
which is a contradiction. Therefore, we get

tlinolop(ét' St+1) = 0.

From the condition (¥5), there exists k € (0,1) such that

nli_r)noopﬁt' §t+1)k(1U(P(§t' §t+1)) = 0.
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From Inequality (3.9) we have

{,0 Gt §t+1)k'ly(,0 Gt §t+1))
—p(3e, §t+1)k ‘}’(p(§0,§1))

} < pGe, 8 t(c—y) <0
for all t > t,. Hence, we get
t[p(3n8es1) ¥ > 0ast » oo

Therefore, there exists t; € N satisfying

t[pGe )] <1

forall t > t;, which implies that
v v < 1
pPBe Se41) < Tk
forall t > t;. Now, lett,m € Nwithm >t > t, Hence, we get

P8t Sm) < p(Se8e1) + PBes1, Sea2) T+ p(Bm=1,5m)

1 1 1
< —+—+-+ —_—
otk @+ kT (m-1) Wk

m-1

1
< )

i=t
(0]
< 1
< )
i=t

Since Z{ﬁlﬁ < oo, {§; } is a Cauchy sequence in I'. From (2.7) {t;, } is also a Cauchy

sequence in A. since I' and A are closed subsets of the complete metric space (S, p),

22



there exist $* € I' and 4" € A such that §, - §* and iy, » 0" ast — oo. Taking the

limitsast — oo in (2.4) we have

p(", ") = p(I, 1), (3.10)

and so we get (8*,0*) € A. Moreover, from (2.8), (¥,) and lemma ???, we get
Jim ¥ (p(l,, p3ci1)) = —oo,
and so
Lim pQli, @3¢41) =0 (3.11)

Now, since the function f(8,1) = p(4, @$) is lower semi-continuous on A, §;,; = $*

and i, » U*ast — oo, from Equation (3.11) we obtain

p(0™, @x) = f(87,0") < tli”olo itff(§t+1,ﬁt) = tlgrolo itf P(ﬁt,%tﬂ) =0,

and so i* € @s$* = @s*. Therefore, from Equation (3.10) we have

p(,A) < p(E",98") < p(8°,07) = p(I, 4).

So, we get

d(x*,Tx*) = d(A,B),

that is, x* is a best promixity point of T.

We obtain the generalized result below by using Theorem 3.2. The result generalizes the
main result of Sahin (2022).
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Corollary 3.3. Let ¢ : I' — C(A) be a mapping where (S, p)is a complete metric space
and I', A are closed non-empty subsets closed having modified P-property. Assume that
I+ @, t>0and ¥ € fp’}"**. Assume that for all § € I}, with p(8, p$) > p(I', A) and

U € s, there exist z € I} such that
p(4,z) = p(I', A),
and
T+ %(p(1,92) < ¥P(pG, z)).

If £(8,0) = p(1, @s) is lower semi-continuous on A, then ¢ has a best proximity point
inrl.

Proof. To show the existence by Theorem 3.2, it is enough to demonstrate that the
contraction condition of Theorom 3.2 is satisfied. Now, let § € I with p(§, s) >

p(I',A) and G € s be arbitrary points. Then, we say that there exists z € I} such that

p(,z) =p(T,4),
and
T+ ‘I’(p(ﬁ, 9z)) <¥(pG 2)). (3.16)

On the other hand, since T > 0, there exist a realy number ¢ such that0 <o < 7.
Now, if we define the mapping t': (0,0) — (g, 0)by t'(t) = 7 forall t > 0. Then the
Inequality (3.1) is satisfied. Also, from Inequality (3.16) we have

T'(p(3,2)) + ¥ (p (i, 92)) < ¥(p(3,2)),
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and so form Theorem 3.2, the mapping ¢ has a best proximity point in I".

Theorem 3.2 is a proper generalization of Corollary 3.3, as demonstrated by the

example that follows.

Example 3.4. Let I = R? and the function p: 3 X I — R be the taxi-cab metric; that

is; forall § = (84,8,),0 = (i, 1,) €T

If we take the subsets

and

r

{O,%:t € N} x {1}

then, I and A are closed subsets. Moreover, p(I',A) =1, I, =T, A, = A, and the pair
(I',A) has the modified P -Property. Consider ¥ : R* - R and ¢ : ' - C(A) as
Y(a) =Inaand

Choose ¢ = 0 and define the function 7 : (0,) — (0, ) by
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( t+1 1
ln(t—) ) t = t EN

tt+1)’

1 , otherwise

Then, we have ¥ € /F,, and lim itf 7(t) =1 > 0= oforalls > 0.We aslo have
-S
f(8,1) = p(1, s) is lower semi-contiuous on A. Now we want to shout that ¢ isa KW -

type ¥ -contracion mapping. Let § = (%0) for arbitray t € N and choose U €

{(i 1)} = @S. Then, it has to be z = (ﬁo ) and so ¢z = {(ﬁl)} In this

t+1’

case it is satisfied

T(ﬁ>+w<m>= ln(#)-'_ ln((t+1)1(t+2)>

for all t € N. Hence, all conditions of Theorem 3.2 hold; so, Hence, ¢ has a best
proximity point in I". However, Theorem 2.24 is not applied to this example because of
the fact that the contraction condition of Corollary 3.3 is not satisfied. Assume the
contrary, that is , there exist t > 0 such that for all § € I, with p(§, p$) > p(I', A)

and i € ¢s there exists z € [}, such that

p(W,z) = p(I', 1)

and

T+ ¥(p(i,92) < ¥(p(§ 2)).
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In this case, for s = (%0 ) t € Nand choose i € {io } = @S, Then, it is has to

1 1 . .. . .
bez = (m ) and so @z = {E 0 } In this case, it is satistfied

+¥ (ernars ) < Y@ )

which implies that

t+2
T Sln(t—)

forall t € N. Taking the limitast — oo, we have

which is a contraction.

If we define function ¢ : [0, ) — [0,1) by

o) =
T >0

via the function t in Theorem 3.2, then we have flim+ sup ¢(£) <1forall s < 0. Taking
)

into account the function ¥: R* - R by W(a) = Ina in theorem 6, we alos get, for all

s €Iy and i € @S, there exists z € T, satisfying

p(@,z) = p(T,A)

and
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p(i,2) < @(p(3,2))p(3, 2).

Therefore, we can obtain the following best proximity point version of the fixed-point
result of Klim and Wardowski with the help of Theorem 3.2.

Corollary 3.5. Let (T, p) be a complete metric space, ¢: I' —» C(A) be mapping where
I, A are closed non-empty supsets having a modified p-property and I, # @. if there

exist ¢: [0,00) = [0,1), such that, all s > 0

flim+ sup p(¥) <1 (3.17)
)

and there exists z € T, for all $ € I}, and i € ¢s satisfying
p(t, z) = p(T,A)
and
p(1, @2) < ¢(p(3,2))p(3, 2),

and f(s,u) = p(i, ¢s3) is lower semi-continuous on A, then ¢ has a best proximity

pointinT.

The following theorem generalizing the finding of Altun et al. (2016) is reached when

['=A=23 inTheorem 3.2.
Corollary 3.6. Let ¢: 3 — C(3J) be a multivalued mapping on a complete metric space

(S,p) and ¥ € f;j-"**. Assume that f($,$) = p($,s) is lower semi-continuous and

there exist o > 0 and 7: (0, ) — (o, 1), such that, forall s > 0
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{)li_)r?Jr inft () >0

and, for all $ € 3 with p(s,ps) > 0and i € ¢S, it is satisfied

(pGE W) + ¥ (p(, ¢i1) < ¥ (p(,1).

Then, ¢ has a fixed point in 3.
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4. AN APPLICATION TO HOMOTOPY THEORY

Because homotopy theory and other disciplines of mathematics are closely related, there
has been a recent upsurge in interest in this field. In light of this, numerous
mathematicians have applied homotopy by drawing upon their fixed point findings
(Abbas et al. 2019, Muhammed and Kumam 2019, O’Regan 2019). Taking into account
this approach, We demonstrate how our top proximity point result applies to homotopy

mappings. Now, we recall some basic concepts of this theory:

Definition 4.1. Let (J,,7,)and (32_12) be topological spaces, @, ¥ : 3, —» J, be
continuous mappings. If there exists continuous function H : J; x [0.1] = J, such
that H (5,0) = ¢S and H(S,1) = ¥s for all $ € J;, then the mapping H is said to be
homotopy.

The following definition was givern in (Vetro 2015).

Definition 4.2. Let I' be non-empty subset of a metric space (J,p) and H :

I' x [0.1] = C(I') be a mapping. H is called closed multivalued mapping,

if G(H) is a closed subset of (I x [0.1] X TI',p*), then

We modified Definition 4.2 as follows.

Definition 4.3. Let @ # I', A € J where (3, p) is a metric space, and H : I' x [0,1] —
C(A) be a multivalued mapping. Then, H is said to be a p-closed multivalued mapping
if

G,(H) = {8, 0):8€T,B € [0.1]and p(&, HG, B)) = p(T, A)}.

is a closed subset of (I" x [0,1] X A, p*) where
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GH) = {5,pB0):5€3,p € [0,1] andl € H(§,B)}

and
p* ((§1 By, 1), (32, B2, ﬁz)) = p(5,8;) + 1By — Bal + p(iiy, ip)
forall (8, By Uy) + (32 B2, Uy) €T x [0,1] X T.

Notice, if we take I' = A in Definition 4.3, then Definition 4.3 turns to Definition 4.2.
The following result is the main result of this section

Theorem 4.4. Let® # I', A, S 3 where(S, p) is a complete metric space and I', A are
closed, @ #U < T and I, # @. Suppose that the pair (I', A) has the modified P -

Property. H : I' X [0,1] = C(A) is a closed multivalued mapping and ¥ € H(qy‘;};* for

all y € [0,1]. Assume that the following conditions are satisfied:

i) p(3 HE,B)) > p(I',A) forallse r\Uand g € [0,1],

ii) there exixt o > 0 and 7 : (0,0) — (0, ) such that forall s > 0
tlirs“qr inft(t) > o

andforall§ € "and B € [0.1] with p(§, H(&,B)) > p(I', A) and i € H (8, B)

there exist z € U satisfying
p(W,z) = p(I', 1)
and 7 (p(8,2)) + ¥ (p(1, H(z B))) < ¥(p(3,2),

(iii) for all g € (0,1) the function f : I' X A — [0, o) defined by f(§,10) =
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p(Ui, H(3,B)) is lower somecontinuous on A, where
A= {GH) ET X A:p(& i) = p(I'A) ).

(iv) if p(3HG,B))=p(I,A) for some § €T and B € [0,1] then H(3B) is

singleton.
If H(.,0) has a best proximity pointin I", then H (.,1) has a best proximity pointin I".

Proof. Consider the following set
K= {B3:p(8HEPR)=al, A)}c[01]3U.

Since there is a point § in U such that p($,%(3,,0)) = p(T,A), we get H # @. Now,

consider the following partial order on H

) s wi) esy<pandp@u) <u-vy.

Assume that K is a totally ordered subset of H and y* = sup{y: (y, $) € K}. Consider
{(ye, $0)} € Kwith (v, 1) < (V41 8e41) forallt e Nand y, — y* ast — oo. So, we

get

P36 3m) < Vm — Vo

for all t, m € N with m > t. Therefore, we have {s,} € U is a Cauchy sequence. There

exists $* € T, such that §; — $* as t — oo, since I' is a closed subset of complete metric

space (A, p). In addition, we have (3¢, v, $¢) € G,(¥) and (3¢, v, S¢) 5 (8%, 7", 8%) as

t — oo. Since ¥ is a closed multvalued mapping, we get
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p(3%, 9%, y)) = p(T,A).

From (i), we have $* € U, and so (y*, $*) € H. We have (y,$) = (y*,s*) forall

(v,$) € K, since Kiis totally ordered. Hence, K has an upper bound (y*, $*). Therefore,
we conclude H has a maximal element (y,,S,) € H using the Zorn Lemma. We claim
that y, = 1. If we suppose the contrary, then there isy withy, <y < 1l.LetR =y —
Yo > 0. Hence, considering (it) and (iii), we say that f: A (8, M) X A — [0,0) defined
by f($,1) = p(u,¥(s,y)) is lower semi-continuous on A and the mapping
Y(.,y): A ($g, M) > C(A) is a KW-type W-contraction mapping. Therefore, we obtain
that (., ¥) has a best proximity point 3, in A (35, M) using Theorem 6. From (i), $, €
U, and so, (y, §y) € H, which contradicts that (y,, S,) is a maximal element of H. So,

¥o = 1and ¥ (., 1) has a best proximity point §, inT.
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5. CONCLUSIONS

In this thesis, we sought to combine the approaches ofWardowski and Klim—
Wardowski. Hence, we first introduced a new type of F-contraction, named KW-type F-
contraction mapping. Then, we investigated the conditions of presence of a best
proximity point for these mappings by considering a new family £., which was larger
than the family of functions F,. Moreover, we provided an example where our results
can be applied, but to which the results in the literature cannot be applied. Finally,
considering a new trend towards homotopy theory, we present an application for

homotopic mappings.
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