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ABSTRACT

APPROXIMATE METHODS FOR STATE ESTIMATION WITH
NONLINEAR MEASUREMENTS AND UNKNOWN NOISE COVARIANCES

Laz, Eray
Ph.D., Department of Electrical and Electronics Engineering

Supervisor: Prof. Dr. Umut Orguner

July 2023, 124 pages

Bayesian state estimation problems with nonlinear measurements and unknown noise

covariances are investigated in this thesis.

First, a Gaussian mixture/sum filter in the framework of assumed density filtering is
proposed for systems with nonlinear measurement equations. The filter minimizes the
Kullback-Leibler divergence from the assumed Gaussian mixture posterior to the true
posterior. Since the analytical minimization is not possible, an iterative procedure is
developed to obtain the optimal weights, means and covariances of the approximate
Gaussian mixture posterior. The resulting Gaussian mixture filter turns out to be
a generalization of the (damped) posterior linearization filter to Gaussian mixture
posteriors. The performance of the proposed filter is illustrated and compared to
alternatives on target tracking examples. The results show that the proposed filter can
outperform Gaussian filters as well as the Gaussian sum filter obtaining results very
close to a bootstrap particle filter when the number of components in the assumed

posterior is sufficiently large.

Second, Bayesian state estimation algorithms are proposed for linear Gaussian sys-



tems with the unknown process and measurement noise covariances. The unknown
time-varying noise covariances are assumed to be inverse Wishart distributed with
Beta-Bartlett transitions. The intractable joint filtered and smoothed posteriors for
the state and the noise covariances are calculated by using a scale Gaussian mix-
ture approximation of the Student’s z-distribution and moment matching. The result-
ing filters and smoothers are non-iterative unlike the existing solutions in the litera-
ture, which brings computational advantages. Furthermore, the proposed filters and
smoothers calculate explicit estimates of the noise covariances which might be useful
in downstream applications like clutter map formation and/or target classification in
radar target tracking. The simulation results show that the proposed algorithms have
similar performance as the state of the art solutions while requiring less computational

resources.

Keywords: Nonlinear filtering, target tracking, Gaussian mixture, Gaussian sum,
Kullback-Leibler divergence, Newton’s method, linear systems, Bayesian filtering,
Bayesian smoothing, unknown process and measurement noise covariances, inverse

Wishart distribution

vi



0z

DOGRUSAL OLMAYAN OLCUMLER VE BIiLINMEYEN GURULTU
KOVARYANSLARI ILE DURUM KESTIRIMI ICIN YAKLASIK
YONTEMLER

Laz, Eray
Doktora, Elektrik ve Elektronik Miihendisligi Bolimii

Tez Yoneticisi: Prof. Dr. Umut Orguner

Temmuz 2023 , 124 sayfa

Bu tezde, dogrusal olmayan oOlciimler ve bilinmeyen giiriiltii kovaryanslari ile Bayes

durum kestirim problemleri incelenmektedir.

Ik olarak, dogrusal olmayan olgiim denklemlerine sahip sistemler icin varsayilan
yogunluk siizgeclemesi cercevesinde Gauss karisim/toplam siizgeci Onerilmektedir.
Siizgeg, varsayilan ardil Gauss karisimindan dogru ardil dagilama olan Kullback-
Leibler uzakligini en aza indirmektedir. Analitik minimizasyon miimkiin olmadigin-
dan, yaklasik ardil Gauss karigiminin optimal agirliklarini, ortalamalarim ve kovar-
yanslarini elde etmek icin yinelemeli bir prosediir gelistirilmektedir. Ortaya ¢ikan Ga-
uss karigim filtresi, (sontimlenmis) ardil dogrusallagtirma siizgecinin ardil Gauss ka-
risimina genellestirilmesi olarak ortaya ¢ikmaktadir. Onerilen siizgecin performansi,
hedef izleme Ornekleri iizerinden gosterilmekte ve alternatifleriyle karsilagtirilmakta-
dir. Sonuclar, Onerilen siizgecin Gauss siizgec¢lerinin yani sira Gauss toplam siizge-
cinden daha iyi performans gosterebilecegini ve varsayilan ardil dagilimdaki bilesen

sayis1 yeterince biiyiik oldugunda bootstrap parcacik siizgecine ¢ok yakin sonuglar
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elde ettigini gostermektedir.

Ikinci olarak, bilinmeyen siire¢ ve 6lciim giiriiltiisii kovaryanslari ile dogrusal Ga-
uss sistemleri icin Bayes durum kestirim algoritmalar1 onerilmektedir. Bilinmeyen
zamanla degisen giiriiltii kovaryanslarinin, Beta-Bartlett gecisleriyle ters Wishart da-
gilima sahip oldugu varsayilmaktadir. Elde edilmesi zor olan durum ve giiriiltii ko-
varyanslarinin siizge¢lenmis ve yumusatilmig bilesik ardil dagilimlari, Student -
dagilimimin 6lgekli Gauss karigimi yaklagimi ve moment eglestirmesi kullanilarak he-
saplanmaktadir. Ortaya ¢ikan siizgegler ve yumusaticilar literatiirdeki mevcut ¢oziim-
lerin aksine yinelemeli degildir. Bu 6zellik hesaplama avantajlar1 getirmektedir. Ay-
rica, Onerilen siizgecler ve yumusaticilar giiriiltii kovaryanslarinin agik kestirimlerini
hesaplamaktadir. Bu 6zellik radar hedef izlemede kargasa haritas: olusumu ve/veya
hedef siniflandirma gibi uygulamalarda faydali olabilir. Benzetim sonuglari, oneri-
len algoritmalarin daha az hesaplama kaynagi gerektirirken, son teknoloji ¢oziimlerle

benzer performansa sahip oldugunu gostermektedir.

Anahtar Kelimeler: Dogrusal olmayan siizgecleme, hedef takibi, Gauss karisimi, Ga-
uss toplami, Kullback-Leibler uzakligi, Newton yontemi, dogrusal sistemler, Bayes
siizgecleme, Bayes yumusatma, bilinmeyen siire¢ ve Ol¢iim giiriiltii kovaryanslari,

ters Wishart dagilimi
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CHAPTER 1

INTRODUCTION

1.1 Motivation

Bayesian state estimation problems appear frequently in a variety of applications, in-
cluding radar target tracking, finance, and navigation. In Bayesian state estimation the
aim is to obtain posterior distribution of the states by using the models and the mea-
surements. Since the states change in time and the measurements arrive sequentially,
Bayesian state estimation is usually performed recursively in time. The state estima-
tion algorithms processing measurements sequentially as they arrive are called filters.
When the estimation problem is linear and Gaussian, the celebrated Kalman filter
provides the optimal estimates in the minimum mean square error sense. However,
in many practical applications like radar target tracking, the mathematical model of
the state and/or the measurements are nonlinear, which makes the estimation problem
nonlinear. Nonlinear Bayesian state estimation problems are usually intractable and
hence approximations are made to solve them. In the first part of this thesis (the non-
linear) Bayesian state estimation problem is investigated for systems with nonlinear

measurements.

In state estimation problems, the state model uncertainties are represented by the pro-
cess noise while the measurement/sensor uncertainties are modeled with measure-
ment noise. The standard filters/smoothers assume that the statistics of the process
and measurement noises are known. For example, in linear Gaussian estimation, a
standard assumption is that the covariances of the process and measurement noises
are known. On the other hand, in some common applications, such as target tracking,

process noise statistics might depend on various factors, like target type, and it might



also change in time. Similarly measurement noise characteristics might depend on en-
vironmental factors and might be time-varying. As a result a mismatch might appear
between the true noise statistics and the statistics used in the filter/smoother, which
might reduce the estimation performance. In the second part of this thesis, the prob-
lem of linear Gaussian filtering/smoothing with unknown process and measurement

noise covariances is studied.

1.2 Proposed Methods

The nonlinear filtering problem is solved by minimizing the forward Kullback-Leibler
divergence between an approximate distribution and the true posterior distribution. It
is assumed that the approximate distribution is a Gaussian mixture. The minimiza-
tion is performed to find the weights, means and covariances of the components of the
Gaussian mixture. When we take the derivatives of the forward KL divergence with
respect to the parameters of the unknown Gaussian mixture and equate them to zero,
we encounter with implicit equations from which the parameters cannot be obtained
explicitly. This problem is solved by using the resulting implicit expressions recur-
sively to converge at their fixed points. In order to speed up convergence, a Newton
type recursion is proposed for the mean parameters. The expectations required in the

recursions are calculated approximately using unscented transform.

We solve the problem of linear Gaussian filtering/smoothing in a Bayesian frame-
work by modeling the unknown process and measurement noise covariances as in-
verse Wishart distributed random matrices with Beta-Bartlett transition in time. The
filters and smoothers for unknown process noise and measurement noise covariances
are derived separately using standard Bayesian formulae, however, many analytical
challenges appear due to the intertwined nature of the noise covariances with the
states. We use scale Gaussian mixture approximation of Student’s #-distribution and

moment matching to overcome these challenges.
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1.3 Major Contributions

Below are listed the main contributions of this thesis:

e The solution proposed for nonlinear filtering fills the gap in the literature be-
tween the research on Gaussian sum filtering and nonlinear filtering with diver-

gence minimization.

e The solution proposed for nonlinear filtering is the generalization of the (damped)

posterior linearization filter to Gaussian mixtures.

e The solution proposed for nonlinear filtering does not use Monte Carlo approx-

imations making it suitable for high dimensional systems.

e The solution proposed for filtering/smoothing with unknown noise covariances
1s not iterative unlike most of the alternative solutions in the literature, which

makes it computationally less demanding with similar performance.

e The solution proposed for filtering/smoothing with unknown noise covariances
does not use marginalization and hence calculates the filtered/smoothed esti-
mates of the covariances which can be utilized downstream in data processing,
e.g., in target classification based on kinematic information and/or clutter map

formation.

1.4 The Outline of the Thesis

Chapter 2 presents the necessary background for the subsequent chapters. The Gaus-
sian mixture filtering problem with nonlinear measurements is investigated in Chap-
ter 3. Chapter 4 presents the novel filters/smoothers with unknown noise covariances.

The thesis is concluded in Chapter 5.






CHAPTER 2

BACKGROUND

In this chapter, we provide the background information necessary for the subsequent
chapters. Section 2.1 introduces Bayesian filtering and smoothing along with the
closed-form solutions for the linear and Gaussian cases, namely, Kalman filter and
Rauch-Tung-Striebel (RTS) smoother. Sections 2.2, 2.3, 2.4, 2.5 give background
information on unscented transform, Kullback-Leibler (KL) divergence, Newton’s

method, and Inverse Wishart (IW) distribution, respectively.

2.1 Bayesian Filtering and Smoothing

The general equations for filtering and smoothing are described in this section. In
addition, as special cases of the problems, we present the Kalman filter and RTS

smoother equations.

2.1.1 Bayesian Filtering

In the filtering, we aim to find the posterior distribution of the state x,, € R"* at
time index n given the measurements y;., where y,, € R"™, i.e., p(x,|y1.n). The
time index in y;., represents the measurements from time index 1 to time index n.
This means that in the filtering solution of the state x,,, we use all measurements up
to time index n. There are two important probability distributions to calculate the
filtering distributions. These distributions represent the state transition model and

measurement model which are given as

Xn Np<xn|xn—l)7 (213)



Yo ~ D(Yn|Xn). (2.1b)

It is assumed that the model is Markovian. For the Markov state model, the state at
time index n is independent of the states and measurements before time index n — 1

if x,,_1 is given. This statement can be expressed mathematically as follows:

p(xn‘xlsnfbyl:nfl) = p(xn‘xnfl)- (22)

In addition, the previous state is independent of the future states and measurements if

the current state is given. The mathematical expression is given as

p<Xn71|Xn:N>yn:N) = p(Xn71|Xn)~ (23)

The last Markov identity that is related to our work is conditional independence of
measurements. In this property, the measurement y,, is independent of the states

X1.,—1 and the measurements y;.,_; if the current state x,, is given.

p(Ynlxlzm}"l:nfl) = p(yn‘xn) (24)

To obtain the filtered distribution p(x,|y1.,), predicted posterior distribution and up-
dated posterior distribution are calculated iteratively. Predicted distribution is ob-
tained by using the Chapman-Kolmogorov equation. Bayes’ rule is used for update

part of the filtering. Predicted distribution is provided as

p(xnlylsn—l) = /p(xn|xn—1)p(xn—1’yl:n—l) an—l' (25)

This equation can be proven easily. To prove it, we write the joint distribution of

states x,, and x,,_; when y.,,_; is given. This distribution is written as follows:

p<xn7 Xn—1 |y1:n71> = p(Xn’anla Y1:n71)p(xn71 b’1;n71) (263)

= p(Xn’anl)p<Xn71|y1:n71)- (26b)

The second line of the equation is due to the Markov property. Integration is used
to obtain the marginal distribution from a joint distribution. If we integrate the joint

distribution with respect to x,,_;, we obtain predicted distribution in (2.5).

We can now look into the update step. In this step, Bayes’ rule is applied to determine
the posterior distribution of x,, as follows:

— p(yn|xn)p(xn|y1:n—1> .
f p(Yn|Xn>p<Xn|y1:n—l> an

P(Xnlyin) 2.7

6



To prove this formula, we write the distribution of x,, given y;.,_; and y,. Then

Bayes’ rule is applied as follows:

_ P(Ynl%n, Y1) P(%0]Y10-1)
fp(Yn|Xn7Y1:n—1)p(Xn|Y1:n—1) dx,
_ p(Yn|Xn)p(Xn|Y1:n—1)
S p(¥alxn)p(Xn|y1n-1) dxn’

p<Xn|Y1:n) (283)

(2.8b)

The second line above is written by using conditional independence of y,, and y1.,, 1
when x,, is given. As a result, filtering can be performed by recursive evaluation of

the following two equations, namely prediction and update equations.

p(Xn|y1:n—1) - /p(xn|xn—1)p(xn—1|y1:n—1) an_l, (293)

_ p(Yn|Xn>p(Xn|y1:n—1)
f p(Yn |Xn)p(xn|y1:n—1) an

P(Xn|Yim) (2.9b)

2.1.2 Kalman Filter

The Kalman filter is investigated in this section. As previously stated, this filter pro-
vides closed form solution for the problems including linear Gaussian measurement

and dynamic models. Consider the state space representation given as

Xn+1 = Anxn + Wht1, Wnt1 Y N<wn+1; 07 Qn—l—l); (2103)
Vo = C,X, + Vv, vV, ~ N(vy;0,R,), (2.10b)

where the matrices A,, and C,, are state transition and measurement matrices, respec-
tively. w,, and v,, show process and measurement noises, respectively. The noises
are assumed white and Gaussian distributed with zero mean and covariances Q,, and
R,,. We can represent the state transition model and measurement model for this state

space representation as

p(Xn’anl) = N(Xn; Anflxnfla Qn)> (2113)
P(yulxn) = N(yn; Cuxn, Ry). (2.11b)

First, we are going to derive Kalman filter equations analytically. Then, Kalman filter
equations will be presented in a concise form. Two important identities are provided

in order to obtain the filtering equations. The first identity is on the joint distribution
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of Gaussian random variables. Assume that random variables x and y are Gaussian

distributed as follows:
p(x) = N(x; %, %), (2.12a)
p(y[x) = N(y; Cx, R). (2.12b)
The joint distribution of x and y can be written as

p(x,y) = p(y[x)p(x) (2.13a)

X % > »CT
=N ; : : (2.13b)
v| |Ccx| |CcEZ CcZCT+R

From the joint distribution above, the marginal distribution of y can be obtained as
p(y) = N(y; C%x,CZC" +R). (2.14)

In the second identity, we show the conditional distributions for jointly Gaussian

random variables x and y. Assume that the joint distribution of x and y is given as

pexy) = A [ |5 1F]L |2 2 (2.15)
v ¥ |Zn Zw
The distributions p(x), p(y), p(x|y) and p(y|x) can be written as follows:
p(x) = N(x:X, Zao), (2.16a)
p(y) = N(y; ¥, Zy), (2.16b)
pxly) = N %+ 20, (y = §), Bow — B0y B, g, (2.16¢)
Py = N(yig + SLE (x - %), 5,, - SLEIS,,). @16d)

These two identities help us to derive Kalman filter equations easily. We need to find
prediction update and measurement update equations which are obtained by finding
the means and covariances of the predicted posterior distribution and updated poste-
rior distribution, respectively. While finding these equations, we assume that the prior
information for the state is p(xo) = N (Xo; X0, Po). We write the joint distribution
of the states x,,_; and x,, given the measurements y;., ; in order to find prediction

update equations.

p(Xna Xn—1 |y1:n—1) - p(Xn|Xn—1)p(Xn—1 |Y1;n_1) (2178)



= N<Xn7 Anflxnfla Qn)N(anl; )A(nfh Pnfl) (217b)

Xn—1

=N x P (2.17¢)
Xnp,
where x! and P' are defined as
Xy
%t = Lo (2.182)
An—l}zn—l
[ P,_ P, AT
P = ! 1t . (2.18b)
An—an—l An—1Pn—1AE—1 + Qn

Equation (2.13) is used to write this joint distribution. The conditional distribution of

X,, given measurements y.,_1 can be written by utilizing (2.14) as
p<xn|y1:n71) = N(Xn; )A(;fw Pz) (2193)
= N(Xn7 Anflfcnflv AnfanflAgfl + Qn) (2.19b)
which is the predicted posterior. Updated posterior can be found by using this pre-

dicted density. To obtain the updated posterior distribution, we first write the joint

distribution of x,, and y,, given the measurements yi.,,_1.

p(xn) Yn|y1:n—1) - p<Yn|Xn)p(Xn|y1:n—1) (2203)
= N (¥n; CnXn, Ry )N (x; X5, PT) (2.20b)

XTL
=N ;X PI | (2.20¢)

Yn

where the mean %' and covariance P are provided as

xP
%t = "o (2.21a)
C,x"
[ pr prct
PiT = " non . (2.21b)
C,P? C,P:CT'+R,

The last equation is written by using (2.13). Conditional distribution p(X, |y, Y1.n—1)
can be written by utilizing (2.16).

P(Xn|Yn, Yim—1) = p(Xn|Y1m) (2.22)



- N(Xn; &na Pn)> (223)
where

%, =%, + PLCY (C,PLCY + R,)) ™ (yn — C.%2), (2.242)
P, = P2 —P:CT (C,P:CT +R,)  C,PZ. (2.24b)

For the sake of brevity, we can write update equations using innovation covariance

S,, and Kalman gain K,,. These two parameters are defined as

S, =C,P’C! + R, (2.25a)
K, =PrClS * (2.25b)

By using these parameters, we can express Kalman filter equations compactly as fol-

lows:
XP = A, 1X,_1, (2.26a)
P2 =A, P, 1A} +Q,, (2.26b)
%, = %2 + K, (y, — C.%%), (2.26¢)
P, =P’ - K,S,K'. (2.26d)

The first two lines of (2.26) form the prediction update part. The remaining two lines
form the measurement update part. In order to run Kalman filter, we start with an
initial state whose distribution is given as p(x¢) = N (xo;Xg, Po). Then we evalu-

ate (2.26) recursively.

EXAMPLE: We perform a two-dimensional target tracking simulation. In this sim-
ulation, we have a four-dimensional state consisting of positions and velocities in z
and y directions. The state is represented as x = [z, &, y,9]T where = and y show po-
sitions while & and y show velocities. The state space representation of the problem

is provided as

Xnt+1 = Axn + Wiy, Wnp1 N(wn+1; 07 Q)a (2273)
v = Cx,, + vy, v, ~ N(v,;0,R). (2.27b)
The state transition matrix and process noise covariance matrix are defined as

A, O 1 At
A= , Ay = , (2.282)
0 Ay 0 1
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Q: O A3 /3 At?)2
Q = ) Qd =dq ) (228b)
0 Qg A?)2 At
where ¢ shows process noise’s spectral density. Measurements are taken with time

interval At. The matrices related to the measurement model, i.e. C and R, are given

as
1 000
C= , (2.29a)
00 10
o? 0
R = , (2.29b)
0 o3

where o7 and 03 show measurement noise variances in x and y directions, respec-
tively. The sensor, as shown in the measurement model, measures the target’s location

in both the = and y directions.

In the simulations, we choose the parameters 02 = 02 = 1 m? and ¢ = 2 m?/s>.
Additionally, the time interval is chosen as At = 0.2 s. The parameters of the initial
state distribution are chosen as xo = [0,0,0,0]T and Py = diag([4,1,4,1]). The

position estimates of the Kalman filter are shown in Figure 2.1.

10 w w
True Positions
[~ W O Measurements
0r (@.‘bo\n 59 Position Estimates | -
e

o)

107 E.‘Ecc&qo |
0%
\
> -20 y

0

o)
B
o
_30 = |
opo
4
40 e} y
_50 Il Il Il Il Il
-10 0 10 20 30 40 50

X

Figure 2.1: Kalman filter example for two-dimensional target tracking problem.
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When Figure 2.1 is examined, it is realized that state estimates are close to the true
trajectory. This indicates that the Kalman filter reduces position error when compared
to measurements. To support this expression numerically, we look at the position root
mean square error (RMSE) of estimates and measurements. Position RMSE values

are given as 0.83 m and 1.44 m for estimates and measurements, respectively.

2.1.3 Bayesian Smoothing

The posterior distribution that we need to find in smoothing is p(x,|y1.n) Where
n < N. In order to find smoothed distribution, we write the joint distribution of x,,. 1

and x,, given y1.y.

p(Xn7 Xn+1 |Y1:N) = p(Xn|Xn+1; Y1:N)p(Xn+1 |Y1:N) (2.30a)

=p Xn|Xn+1a yl:n)p(xn+1|y1:N) (230b)

XTLJ XTL m
_ PO XaaYum) o (2.30c)
p(XnJrl \}’m)

Xn4+1|Xn, Y10 )P\ Xn|Y1n

:p< 170, Y1) (Xl >P(Xn+1\Y1;N) (2.30d)
P(Xn+1]Yim)

— p(Xn+1|Xn)p(Xn|Y1:n)

p(xn—H |y1:n)

P(Xnt1|y1n)- (2.30e)

The Markov property is used to write the second and fifth lines of the equation. The
rest of the lines employ Bayes’ rule. In order to obtain the posterior distribution of

X, given yi.n, we need to integrate the joint distribution with respect to X, 1.

p(Xnly1n) = /p(XanHb’l:N) dx, 41 (2.31a)
— /p(xn‘l‘lyxn)p(xnb’l:n)

p(xn—H |y1:n)

P(Xp1|y1:nv) dXpn41- (2.31b)

The smoothed distribution can be written more compactly as

Xn Xp Xn :
P(Xn|y1:n) =p(xn|y1;n)/p< 1% )Pl 41y 1) A 1. (2.32)
p(Xn+1b’Y1:n)

We need to use (2.32) to obtain smoothed distribution. In this equation, we need state
transition distribution, filtered distribution, predicted distribution and lastly smoothed

distribution at the next time step.
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2.1.4 Rauch-Tung-Striebel Smoother

In this part, RTS smoother is derived for linear and Gaussian problems. Consider
the state space representation given in (2.10). In the derivation, we try to find the

parameters of the following smoothed distribution.
p(xn’ylsN) = N(Xn; fifw PZ) (2.33)

The first step that we perform is to obtain joint distribution of x,,; and x,, given

measurements yy.,.

p(Xn, Xn+1 |y1:n) = p(xn+1lxn)p(xn|y1:n) (2343)
= N (X415 AnXn, Qui1)N (Xn; X, Pry) (2.34b)
Xn R
=N %0, P, (2.34c)
Xn+1

where the mean ﬂ and covariance PI are given as

G| %
X, = , (2.35a)
A,x,
.| Pa P,AT
P, = ) (2.35b)

Note that this equation has been written by using (2.13). Now, we write the distribu-

tion of x,, given x,, ;1 and all measurements y.y.

p(xn|xn+17 yl:N) - p(Xn|Xn+17 y1:n) (2363)
= N (x,; %}, P}). (2.36b)

The Markov property is used in the first line above. The parameters f(; and P; are

found by using (2.16).

%} = %, + P,AT (AP, AT + Q1) (041 — AnRy), (2.37a)
P, =P,—P,AT (A,P,AT +Q,1)  A,P,. (2.37b)

A matrix G,, is defined to express the last equation compactly.
G,=P,AT (A,P,AT + Q1) . (2.38)
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fcg and P; are written by using G, as

X

Do —+ D —+
I

X + G (X1 — AnXy), (2.39a)
.—G

P =P, — G, (A.P,A} + Q1) G,. (2.39b)

We can obtain the distribution p(x,,,X,+1|y1.n) simply by multiplying the distribu-

tions p(X,|Xn+1, Y1.v) and p(X,41|y1.n)-

p(xn7 Xn+1 ’yl:N) = (Xn‘XnJrla y1'N)p(Xn+1 ‘y1:N) (2403)
= N (% %3, PHN (X155 41, P4y (2.40b)
Xn R
—N kb el (2.40¢)
Xn

where the quantities fc; and P;E, are given as

%) = S : (2.41a)
Xn+G (x; Xn+1 —Ax,)
[ ps GT

Pl = pr Po 4N (2.41b)
G.P;, G.P;, G +P)

The parameters of the smoothed distribution can be written by utilizing (2.16) as

%5 =%, + Gu(X3,, — A,%,), (2.42a)
P =G,P: Gl + P} (2.42b)
=P, +G, (P}, —AP,A} — Q1) G,. (2.42¢)

As a result, we can express smoothing equations compactly as follows:

Xy 1 = ApXp, (2.43a)
P’ = AP, AT + Quu1, (2.43b)
%5 =%, + Gp(X3,, —%°,1), (2.43¢)
P;=P,+G, (P, —P )G,. (2.43d)

EXAMPLE: In order to see the results of applying smoothing for a problem, we use
the same problem used in Section 2.1.2. Note that smoothing iterations start from the

end of the filtering. This means that X3, = Xx. The position estimates of the smoother

14



10 T T T T T
0r i
10 F 1
>0 True Positions o% |
O Measurements ,
Position Estimates (Smoother) off
30 - -
o
40 F o ]
_50 1 1 1 1 1
-10 0 10 20 30 40 50
X

Figure 2.2: Kalman smoother example for two-dimensional target tracking problem.

are shown in Figure 2.2.  We can see from Figure 2.2 that the smoother estimates
are very close to the true position. Position RMSE value for smoother is found as
0.52 m. This value was found as 0.83 m for the filtering solution. According to this
example, we can say that the smoother outperforms the filter. In addition, we need
to emphasize that there are oscillations in the filter estimates. These oscillations are
reduced by the smoother. To visualize this effect, both the Kalman filter and smoother

position estimates are plotted in Figure 2.3.

2.2 Unscented Transform

In this thesis, we will be interested in calculating E[g(x)] where g(+) is an arbitrary,
in general, nonlinear function. Suppose that y = g(x) and x ~ N(x;X,3,), the

mean of g(x), i.e., y = E[g(x)], is calculated as

y = /g(x)/\/'(x;&, 3,) dx. (2.44)

Analytically, taking the integration in (2.44) is not possible. We need to use numeri-
cal methods to evaluate the integral expressions. One of these numerical approaches

is to use sigma points [1]. The authors in [1] state that an arbitrary nonlinear func-
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Figure 2.3: Kalman filter and smoother example for two-dimensional target tracking

problem.

tion can be more difficult to approximate than a probability distribution. Extended
Kalman filter (EKF) can be given as an example for this statement. In EKF, the non-
linear function is linearized by using Taylor series expansion. This is an error-prone
process. Instead of this kind of approach, one can generate samples from the related

distribution and propagate these samples through the nonlinearities.

In unscented transform, sigma points are generated from a distribution having mean
x and covariance ¥,.. The sigma points are chosen such that their weighted mean and
covariance are the same as those of the original distribution. The placements of the
sigma points vary when the weights of the sigma points are changed. The weights
can be chosen such that higher order information of the original distribution can be

attained with the sigma points. The sigma points for the distribution NV(x; X, X,) are

chosen as
Xy = X, (2.45a)
A~ n:c
X, =X+ { DI I (2.45b)
1— 0 )
Xin, = % — L S (2.45¢)
1-— T i




fori =1, ..., n, where 7 is the weight that is assigned to the sigma point which is at
the mean. /- represents the square root of the matrix. In addition, [].; denotes the i*"
column of the matrix. As can be realized, we have 2n, 4 1 sigma points. The weights

of the sigma points are specified as

Ty = To, (2.46a)
1 _
M= =10 (2.46b)
2ng
1 _
Titn, = —5—, (2.46¢)

fori = 1,...,n,. Note that the summation of the weights is equal to 1. The weights
are chosen equal except for the sigma point at the mean. However, 7, can be chosen
such that all weights are equal. Examining both sigma points and weights formu-
lations reveals that the sigma points are chosen deterministically and the mean and

covariance of the sigma points are given as

2n,
D mixi =X, (2.47a)
1=0
2n,
D mixi— %) (x - %) =X, (2.47b)
1=0

The sigma points are propagated through the nonlinear function y = g(x).

yi = g(xi) (2.48)

fori =0, ..., 2n,. Then, we find mean y and covariance 3, of y as
2Ny

y=> myi (2.492)
=0

2Ny

2, =Y mlyi—9yi—9)" (2.49b)
=0

EXAMPLE: In order to make the concept of unscented transformation clearer, a
simple graphic illustration is provided. The vector x is taken such that it represents

the position in z and y directions, i.e. x = [z, y|T. The distribution of x is given as

10 4 2
x ~N | x; , ) (2.50)
10 2 8
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Figure 2.4: Particles and sigma points generated from the distribution given in equa-
tion (2.50). %99 confidence ellipses are formed by using particles and sigma points.

The weight 7y is taken as 0.75.

Sigma points are generated from this distribution by choosing 7y = 0.75. The out-
come is displayed in Figure 2.4. The particles in Figure 2.4 are generated randomly
from the distribution given in (2.50). Note that we have 5 sigma points because the
dimension of the vector x is 2. In addition, the covariances obtained by using particles
and sigma points are equal as expected. In this figure, we have chosen my = 0.75.
If we choose it different from 0.75, then the positions of the sigma points change.
However, the same mean and covariance are obtained again. When we set 7y = 0.5,
we get Figure 2.5. The sigma points given in (2.45) depend on 7. If the value of
o 1S increased, sigma points move away from the mean and vice versa as observed
in Figures 2.4 and 2.5. Now, we define the nonlinear function g(x) and propagate the
sigma points generated above by using the weight my = 0.75. The nonlinear function

we use is given as

/T

The propagated particles and sigma points with their %99 confidence ellipses are

g(x) = (2.51)

shown in Figure 2.6. Note that the mean and covariance obtained using sigma
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Figure 2.5: Particles and sigma points generated from the distribution given in equa-
tion (2.50). %99 confidence ellipses are formed by using particles and sigma points.

The weight 7 is taken as 0.5.

points are similar to those calculated using particles.

2.3 Kullback-Leibler Divergence

The aim of divergence metrics is to measure the similarity/dissimilarity between prob-
ability distributions. When two probability distributions are similar, the divergence
becomes low. There are different divergence measures defined in the literature. In this
thesis, we are interested in Kullback-Leibler divergence. Since the KL divergence is
not symmetric, there are two versions of KL divergence, namely forward and reverse
KL divergence. Complicated probability distributions can be approximated with a
proposed distribution by minimizing divergence metrics between them. We assume
that a true distribution p(x) is desired to be approximated with a proposed distribution
¢(x). To find the distribution ¢(x), we define divergence metrics then we minimize

them. We first define the forward KL divergence between the distributions p(x) and
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Figure 2.6: Particles and sigma points propagated through g(x) given in (2.51). %99

confidence ellipses are formed by using particles and sigma points.

q(x) as
KE((9lp0x) = [ ax)tog 2 ax. @.52)
p(x)
Note that the KL divergence is nonnegative and equals zero only when the two PDFs
are identical. While minimizing this divergence measure, if p(x) is small in some
regions, ¢(x) also becomes small in that regions. Note that when p(x) is zero, ¢(x)
also needs to be zero. Due to this property, this divergence measure is called zero

forcing [2].

The reverse KL divergence for the distributions p(x) and ¢(x) is given below:

= x) lo @ X
KL(60)l(x)) = [ oo lox 5 ax. .59

As it can be seen from the equations (2.52) and (2.53), the KL divergence is not
symmetric. This property prevents it from being a valid distance measure. While
minimizing the reverse KL divergence, ¢(x) tries to cover the whole support of p(x).
When p(x) is greater than zero, g(x) needs to be greater than zero. Due to this

behavior, the reverse KL divergence is an inclusive divergence measure [2].
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Minimization of the reverse KL divergence approximates the original probability den-
sity function (PDF) by covering the whole support where the PDF exists. In some
scenarios, this can cause a problem. For example, assume that we try to approximate
a bimodal Gaussian mixture distribution p(x) with a normal distribution ¢(x). In ad-
dition, suppose that one of the modes of p(x) has a small probability and the modes
are separated far from each other. Minimizing the reverse KL divergence results in
a normal distribution ¢(x) with a large variance in order to cover the mode having
low probability. In this situation, using forward KL divergence may be more useful

because of the zero forcing property.

Since a-divergence covers both forward and reverse KL divergences, we also mention

it. The formula for the a-divergence is given as

Dara) = o (1 [0t ax). @sh

When o — 0 and @« — 1, we obtain forward KL divergence and reverse KL di-
vergence, respectively. Another special case is & = 0.5. In this case, the divergence
measure is called Hellinger distance which is a valid distance metric [2,3]. To demon-
strate the relationship between these three divergence measures, we look at a simple
scenario in which we try to approximate a bimodal Gaussian mixture distribution with

a normal distribution. The distribution that we want to approximate is given below:

p(x) = mip1(x) + mapa(x), (2.55)

where m; = 0.2, 1, = 0.8 and both p;(x) and p2(x) are Gaussian PDFs. The mean
and standard deviation of p;(x) are 0 and 0.5, respectively. The mean and standard
deviation of po(x) are 3.3 and 1, respectively. As a result of minimizing related
divergence measures, we obtain approximate Gaussian distributions ¢(x) shown in

Figure 2.7.

When the Figure 2.7 is examined, it is realized that forward KL divergence and «
divergence for o = 0 case give the same result. Similar to that result, when o = 1, the
reverse KL divergence and « divergence provide same results. In addition, when the
value of « increases, the variance of the proposed distribution increases. Similarly,
the variance of ¢(x) determined by reverse KL divergence minimization is greater

than the variance of ¢(x) determined by forward KL divergence minimization.
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Figure 2.7: The distribution p(x) and its approximations found via minimization of

forward KL divergence, reverse KL divergence and a-divergence.

2.4 Newton’s Method

Newton-Raphson method is an iterative tool that is used to find the roots of a function.
Assume that we have a function g(z) and one of its root is a such that g(a) = 0. To
obtain the value of a, we start with an initial estimate xy. Then, our estimate is
improved to x; by using xy. We continue improving our estimates until reaching the
root a. Now, we let our estimate x to be a = z( + h. We assume that A is sufficiently

small such that the following linear approximation can be performed

g(a) = g(xo + h) = g(xo) + hg'(x). (2.56)
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The value of i can be obtained by equating the above equation to 0.

h o~ - 90) (2.57)
The value of a can be written by using i above as

0= 20+ h e zy — S0 (2.58)
g'(wo)

We can think the last expression as the improved estimate of a and we call it ;. Then,

T, can be written as

2y = 2o — I (2.59)
(o)
At the next step, x5 is obtained from x; similar to above equation.
1y =y — I (2.60)

g'(x1)
We continue this procedure until reaching the value a. So, the general expression for

Newton-Raphson method is given as

Tl = Ty — 9(xn) 2.61)
g/(xn)

It is worth noting that when we approach the value of a, g(x,) approaches 0 and
the difference between z,,; and x, gets extremely small. At convergence, g(x,,)
becomes 0 and we obtain the value of z,, as a. After this point, the value of x,, which

is equal to a does not change.

We present a geometric explanation of the Newton-Raphson technique in Figure 2.8.
We first start with the initial point xo. The function g(-) is approximated with a

tangent line at point x,. The slope of the tangent line at point xz is written as

(o) = L0 (2.62)
To — T1
When we solve for 21, we obtain the following.
1) =z — I (2.63)

g' (o)
By using the same procedure, x5 is calculated from x;. We continue this iteration until
reaching convergence. As stated previously, we want to minimize a cost function in

the nonlinear filtering problem in Chapter 3 of this thesis. To perform this, we take
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Figure 2.8: Geometrical representation of Newton-Raphson method.

the derivative of the cost function and equate it to zero. Hence, we try to find the
roots of the derivative of the cost function. However, this problem cannot be solved
analytically and Newton’s method is used. Assume that we try to minimize a function
g(x). To achieve this, we need to find the roots of function ¢’(x). The roots are
obtained by using Newton’s method given in (2.61) as follows:
g (@)

where ¢”(x) is the second derivative of the function g(x). As can be realized, the

(2.64)

Tp+l = Tp —

function that we investigate is one-dimensional. When the dimension is greater than

one, we can write the Newton update in (2.64) as
X1 = Xy — (Vi VTIg(x,)) " Vig(xn), (2.65)

where V,g(x,) is the gradient of g(x) evaluated at x,, and V, V1 g(x,,) is the Hessian
matrix of g(x) at x,,. Newton’s method can be modified by including a constant step

size o whose value is between 0 and 1 as follows [4]:
Xni1 = Xn — @ (V3 VIg(x,)) " Vig(xn). (2.66)

The inclusion of the step size allows for faster convergence. The value of « can be
changed by using some conditions such as the Wolfe conditions and the Goldstein
conditions [5]. These conditions prevent divergence while also allowing for fast con-

vergence.
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2.5 Inverse Wishart Distribution

Inverse Wishart distribution is the generalization of the inverse gamma distribution for
the positive definite matrices. There are different expressions for the IW distribution
in the literature. We use the following expression given in [6].

L(v—d-1 1y —1
[V[2md D etr (-1X71V)

IW(X;v,V) = 2
( ) 23(—d-Dap, [L(y — d — 1)] |X|

X>0,V>0v>2d,

(2.67)

where X is a d X d positive definite random matrix. The parameters v and V denote
degrees of freedom and scale matrix, respectively. X > 0 indicates that the matrix is
positive definite. etr is the exponential trace function and I'; is a multivariate Gamma
function. Lastly, the operator | - | represents the determinant. The mean of the random

matrix X is given as

\%

BX] =i

v > 2d+ 2. (2.68)

The cross covariance between matrix elements X;; and X is given as

200 —2d —2)"'Vi;Viu + Vi Vi + Vi Vi,

OO, ) = G T 2 - 2) (02— 4)

v > 2d+4,

(2.69)

where V;; is the element of matrix V at i"" row and j column. The variance of the
diagonal elements X;; is given as

2V2 ((v—2d —2)71 +1)

(v—2d—1)(v—2d—2)(v—2d —4)’ (2.70)

Var(Xii) =
fori=1,...,d.

IW distribution is the conjugate prior of the covariance parameter for multivari-
ate Gaussian distributed data. We assume that we have n observations Y =
[y1,¥2, - ,¥n) where y; ~ N(y;;0,X). The measurements y; are conditionally
independent given X. We assume that the covariance matrix is random and it has
inverse Wishart distribution, i.e., p(X) = ZW(X; v, V). To find the posterior distri-
bution of X, we use Bayes’ rule.
p(Y[X)p(X)

p(X[|Y) = oY)

(2.71a)
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p(Y[X)p(X) (2.71b)

(H’X| ?exp <— 5 X° y)) exp( ;tr(le)) X2

(2.71¢c)
v n 1
= |X|~ 3 exp (——tr ( ZyzyZ )) exp (—5 tr(X—lV)>
(2.71d)
v+n 1
2" exp (—5 tr (XH(V + nC))) (2.71e)
x IW(X;v+n,V +nC), (2.711)
where C is the sample covariance matrix, which is denoted as
1] cak -
£ Z Viyi - (2.72)
N

Hence, the prior distribution of X is IW and the posterior distribution is also IW. As a
result, the IW distribution is the conjugate prior for the covariance of the multivariate
Gaussian distribution. Finally, we investigate the mean of the posterior distribution

of X.

V +nC
E[X]Y] = DT —2d—2 (2.73a)
n n \'%
= C 1— 2.73b
v+n—2d—2 +( v+n—2d—2)v—2d—2 ( )
n n
= C 1— EX 2.73
v4+n—2d—2 +( v+n—2d—2) X (2.73¢)

As can be seen, the posterior mean is a weighted average of prior mean E[X] and the
sample covariance matrix C. Furthermore, if we let the number of observations n go

to infinity, the posterior mean equals the sample covariance matrix C.
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CHAPTER 3

GAUSSIAN MIXTURE FILTERING WITH NONLINEAR
MEASUREMENTS MINIMIZING FORWARD KULLBACK-LEIBLER
DIVERGENCE

In this chapter, a Gaussian mixture filter is proposed for the state estimation of dy-
namical systems with nonlinear measurements. The filter is derived by solving an
assumed density filtering problem where the Kullback-Leibler divergence from the
assumed posterior, which is a Gaussian mixture, to the true posterior (which we call
forward KL divergence) is minimized. The approximate solution to this problem
gives an iterative measurement update by which the weights, means and covariances
of the assumed posterior are optimized. The resulting Gaussian mixture filter is shown
to be a generalization of the (damped) posterior linearization filter to Gaussian mix-
ture posteriors. The performance of the proposed filter is illustrated and compared
to alternatives on a challenging example of target tracking in a sensor network. The
results show that the proposed filter can outperform Gaussian filters as well as the
Gaussian sum filter yielding results very close to a bootstrap particle filter when the

number of components in the assumed posterior is sufficiently large.

3.1 Introduction

Kalman filter is widely utilized for the state estimation of dynamical systems in many
different applications like audio signal processing [7], target tracking [8], naviga-
tion [9] and finance [10]. As a Bayesian estimator, Kalman filter estimates the pos-
terior density of the state as a Gaussian distribution whose mean is minimum mean

square error (MMSE) state estimate for linear Gaussian systems and linear MMSE
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state estimate for linear non-Gaussian systems. When the dynamical system of in-
terest is nonlinear, calculating the exact posterior is almost always analytically and

computationally intractable and hence one must resort to approximations.

The most common solution for the nonlinear state estimation problem is to lin-
earize the system of interest as in extended Kalman filter (EKF) [11], iterated ex-
tended Kalman filter (IEKF) [11], statistically linearized filter (SLF) [11, 12] and
(damped) posterior linearization filter (PLF) [13, 14]. The second type of approaches
is the so-called sigma-point approaches, where the expectations of nonlinear func-
tions (i.e., Gaussian integrals) appearing in nonlinear state estimation are approxi-
mated by weighted sums of the values of the corresponding functions at a finite set
of deterministically selected points in the state space, called sigma-points. Unscented
Kalman filter (UKF) [1], Gauss-Hermite Kalman filter (GHKF) [15] and cubature
Kalman filter (CKF) [16] are the common examples of the sigma-point approaches.
All of the aforementioned filters above result in approximate Gaussian posteriors.
The third approach to nonlinear state estimation approximates the intractable pos-
terior with a Gaussian mixture as in the Gaussian sum filter (GSF) [17, 18] where
multiple Gaussian filters (e.g., EKF, UKF) are run in parallel to obtain a better rep-
resentation of the posterior. The fourth and final type of approaches to deal with
nonlinear state estimation is the grid based approaches in which the intractable poste-
rior is approximated with a Dirac delta mixture. The components of the mixture are
located either on a fixed deterministic grid of points in the state-space as in the point
mass filter (PMF) [19-21] or on an adaptive stochastic grid of points as in the particle
filter (PF) [22]. Particle filters belong to a larger class of algorithms called sequential
Monte Carlo methods [23] and there is a vast related literature about them (See the

tutorials [24-28] and the references therein).

In this thesis, we propose a Gaussian mixture filter for the state estimation of dynam-
ical systems with nonlinear measurements. In order to derive the filter, we solve an
assumed density filtering problem approximately where we minimize the Kullback-
Leibler (KL) divergence from the assumed posterior, which is a Gaussian mixture, to
the true posterior (which we call forward KL divergence). The approximate solution
to this problem gives an iterative measurement update by which the weights, means

and covariances of the assumed posterior are optimized. The resulting Gaussian mix-
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ture filter is shown to be a generalization of the (damped) PLF to Gaussian mixture
posteriors. The performance of the proposed filter is illustrated and compared to al-
ternatives on a challenging example of target tracking in a sensor network [13]. The
results show that the proposed filter can outperform Gaussian filters as well as GSF
yielding results very close to a bootstrap particle filter when the number of compo-

nents in the assumed posterior is sufficiently large.

The remainder of the chapter is organized as follows. Section 3.2 places the current
work in the context of existing literature after presenting a brief survey of the related
work. In Section 3.3, the problem definition is given. The main contribution of the
chapter, the proposed iterative measurement update, is presented in Section 3.4. We
illustrate the characteristics of the proposed measurement update on a static Bayesian
estimation problem in Section 3.5. In Section 3.6, the performance of the proposed
Gaussian mixture filter, called forward Kullback-Leibler filter (FKLF), is compared
with alternatives on a challenging target tracking scenario. Conclusions are presented

in Section 3.7. Finally, the derivations are provided in Section 3.8.

3.2 Related Literature

The literature on improving the performance of GSF can be roughly divided into two
types of approaches. The first type of methods aims to decrease the Gaussian filter
errors appearing in the updates of the mixture components in GSF. This is done by
splitting the Gaussian components that would result in large Gaussian filter errors
(e.g., linearization errors) into multiple Gaussian components with smaller covari-
ances. Since a Gaussian component with a smaller covariance has a localized support
in the state space, its Gaussian filter update would be less susceptible to approxima-
tion errors. Hence splitting components is expected to improve the performance of
GSF at the expense of computation cost. The examples of splitting approaches can
be found in the studies [29-35]. The second type of approaches tries to improve the
update of the mixture weights in the time update [36] and measurement update [15]
of GSF. In all of the aforementioned work, the mean and covariance of components
in GSF are updated non-iteratively by Gaussian filters and the related approximations

are based on the prior mixture parameters. The mean and covariance updates of the
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proposed filter in this work, on the other hand, are iterative and the update approxi-
mations are based on the posterior mixture parameters. Hence the proposed Gaussian
mixture filter can be thought of the posterior version of GSF in the sense that PLF is

the posterior version of SLF.

KL divergence minimization is quite common in Bayesian estimation. Two well
known examples in this respect are variational methods [37] and expectation prop-
agation (EP) [38,39]. Variational methods make approximate Bayesian estimation
by minimizing the KL divergence from the assumed posterior density to true poste-
rior, i.e., by minimizing the forward KL divergence. EP, on the other hand, calculates
approximate posteriors by minimizing the KL divergence from the true posterior to

assumed posterior, i.e., by minimizing the reverse KL divergence.

There have been many attempts to apply KL divergence minimization to nonlinear
filtering problems in the past. Forward KL divergence is minimized in [40] to ob-
tain nonlinear filters which utilize Monte Carlo techniques to calculate the intractable
expectations. In [41], an iterative nonlinear filter, similar to PLF, is proposed by
minimizing forward KL divergence. Reverse KL divergence is minimized in [42] to
obtain a nonlinear filter which utilizes Gauss-Hermite quadrature to calculate the in-
tractable expectations. In [43] forward and reverse KL divergences and a-divergence
are minimized and intractable expectations are calculated using Monte Carlo methods
to obtain nonlinear filters. Another nonlinear filter based on a-divergence minimiza-
tion with Monte Carlo integration is given in [44]. An analysis of Gaussian filter ap-
proximations in terms of reverse KL divergences between true and approximate joint
distributions of state and the measurement is given in [45], which is later utilized in

designing a new nonlinear filter in [46].

In all of the aforementioned work related to KL divergence minimization, the as-
sumed posterior is a Gaussian distribution. In this respect, the current work, which
applies KL minimization with a Gaussian mixture assumed posterior, fills the gap in
the nonlinear filtering literature between Gaussian sum filtering and KL divergence

minimization.
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3.3 Problem Definition

We consider the Bayes update of the random vector x € R"™ having the Gaussian

mixture prior distribution p(x) given as

N
p(x) =Y o N (X; Ron, Son), (3.1)
n=1 S———

épOn (X)

with the noisy measurements y € R" given as
y = h(x) +v, (3.2)

where h(-) is, in general, a nonlinear function and v ~ AN(v;0,R) represents the
Gaussian measurement noise independent from x. The joint distribution p(y,x) is

given as

N
p(y7 X) — N(Ya h(X)7 R) Z 7T0n~/\/’(x; iOna EOn) (33)
n=1

The exact posterior p(x|y) is, most of the times, analytically intractable. Therefore
it is of interest to come up with approximations for the posterior. In assumed density
filtering, the posterior is assumed to have a known parametric form whose parameters

are estimated using an optimization problem.

In this work we assume that the approximate posterior ¢(x) is a Gaussian mixture,

1.e.,
J
g(x) =Y mNx%, ). (3.4)
7= 20, (x)
=q;(x

We would like to find the parameters 7. ;,X;1.5,21.; of the assumed posterior by min-
imizing the forward KL divergence between ¢(-) and the true posterior p(x|y).! The

KL divergence we are interested in can be written as

MpCly) 2 [ ) 108 -2 ax .
KL(¢()lp(y)) / 00 o5 5 (3.53)
i X ) 10 q<X) X

—/q( )1 gp(ij) d (3.5b)

:/q(x) log ¢(x) dx — /q(x) log p(x) dx — /q(x) logp(y|x) dx  (3.5¢)

! The notation ., denotes {z; }lj’-:a for any two integers a and b satisfying b > a.
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= Eq[log q(x)] — Eq[log p(x)] — Ey[log p(y[x)], (3.5d)

where the sign £ denotes equality up to an additive constant with respect to the vari-
ables 71.7,X1.7,21.7; the subscript of an expectation operator denotes the density with

respect to which the expectation has to be taken. As a result, we get

KL(q(-)llp(-y)) = Eqllog a(x)] — Eqflog p(x)] — E,[log p(y[x)].  (3.6)

In this work we would like to find a possibly approximate solution to the following

optimization problem.

71-T:J7§(>{:J7ZT{:J = arg minz KL(Q()Hp(b’))? (37)
T g X1:J,241:J
which is going to yield the approximate posterior ¢*(x) = Z}]:1 TN (x; %5, 57).

The difficulties associated with the optimization problem (3.7) can be listed as fol-

lows.
e The expectations on the right hand side of (3.6) are intractable and hence the
exact cost cannot be calculated analytically;

e Even when the expectations on the right hand side of (3.6) can be taken, it is
not possible to obtain analytical (argument of the) minimum for the resulting

cost function;

e The optimization problem is non-convex and it has many local minima.
In order to overcome these problems, we are going to

e make approximations to calculate the intractable expectations;
e use iterative methods to handle the optimization;

e search only for a local minimum instead of the global minimum.

3.4 Proposed Iterative Measurement Update

For the sake of brevity we first call the right hand side of (3.6) as the cost function
L(q), i.e.,

L(q) £ E,[log q(x)] — Ey[log p(x)] — E,[log p(yx)]. (3.8)
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In the following subsections, we will first obtain implicit expressions for the means
X1.7, the covariances ;. ; and the weights 7. ; and then use those implicit expressions

to form an iterative procedure to minimize L(q).

3.4.1 Implicit Expressions for the Means and Covariances

The gradients of the cost L(q) with respect to the mean X; and covariance ¥, are

approximately given as (See Section 3.8.1 for derivations)

J
Ve L(q) = = Y 7,55 (i — %))
=1

N
71 ) BinTon (i = Xon) = i By, [Vilogp(y)],  (3.92)
n=1
w Tl
Vs, L(g) = T Z%’,jzfl + i Z BinZon
j=1 n=1
1

=57 E,, [VxVi logp(y|x)] (3.9b)

where v, ; and 3; ,, are responsibilities defined as
J NS )
> i1 TN (%53 %0, )
Ton N (Xi5 Xon, Zon)
N A A )
> o1 oeN (X5 Xor, or)

fori,j € {1,...,J}andn € {1,...,N}. The symbol Vp denotes the gradient

lI>

(3.10a)

,yi 7.j

(1>

Bin (3.10b)

operator with respect to D € R™*™, whose elements are described by

[Vplij £ (3.11)

d[D]i;’
for1 <i <mn,1 < j < m, where the notation [-]; ; denotes the 7, jth element of the

argument matrix.

Remark 1. When N = 1 and J = 1, i.e., when we have the Gaussian case with
p(x) = N(x;Xq,X0) and q(x) = N(x;%X,X), the approximations in (3.9) becomes

exact giving the following expressions.

ViL(q) = 35! (% — %) — E, [V log p(y|x)] (3.12a)
1 1 1
VsL(q) = —52_1 + 5251 ~3 E, [VxVy logp(y[x)] - (3.12b)
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Moreover, when the measurements y are linear, i.e., the function h(x) satisfies

h(x) = Hx, the expressions in (3.12) turn into the following.

Vil(q) =~ I (x — %¢) — H'R™!(y — Hx), (3.13a)
1 1 1
VsL(q) ~ —52*1 1 5251 + 5HTR—1H. (3.13b)

When we equate the gradients in (3.13) to zero and solve for X and 3., we get the

Kalman filter update equations.

Remark 2. Let J = 1. Suppose that we find a solution xX*, X" to the equations

giving us a local optimum of the optimization problem (3.7). Now let J = 2. Then

the selection

XE =%, o =3 (3.15)

for j = 1,2, satisfies the equations
Vi, L(q) =0, Vs, L(q) =0, (3.16)

for 1 = 1,2, for any selection of the weights ... Hence a local optimum of (3.7)
for J = 1 with ¢*(x) = N(x;x*,X") is a local optimum of (3.7) for J = 2 with
7*(x) = 23:1 TN (x; X}, X7) where the parameters X 5, X1, are given as in (3.15).
Note that this is the general property of the local solutions of the optimization prob-
lem (3.7), i.e., the solution for some J = J; is also a solution for J = J, > J,. As a
result, when one looks for only a local optimum of (3.15), the Gaussian components
in the solution might be identical, effectively reducing the number of components of
the Gaussian mixture. When the ith and jth components in the solution are identical,
the corresponding term of the first summation on the right hand side of the gradient
V. L(q) in (3.9a), i.e., %,jEjfl(fq — X;) vanishes. In the following, we will denote
the indices of the Gaussian components which are identical to the ith component (in

the local optimum) as N, i.e.,
N 2{je{l,... J}x =%,%=%;}. (3.17)

Remark 3. We are going to propose a Newton-type iteration for the means X;.;.

This means that we are going to propagate the means X1.; in a direction that makes
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an angle 0 with the negative gradient satisfying cos() > 0.2 The negative gradient
—Vx,L(q) based on (3.9a) is composed of three terms with their corresponding effects

on the ith mean X; described below:

o Term-1: m; Z}]:1 Yi.j Ej_l (X; —X;). This term pushes the ith mean X; away from
the means of the non-identical components of the posterior mixture q(x), i.e.,
Xj, j € N, in a Newton-type iteration.® The responsibilities {~; ; }jzn; adjust
the amount of push based on the closeness of the ith mean to the means of the
other components, i.e., the push is stronger for close components to X;. Note
that since the non-identical components are pushed away from ith component,
we expect the non-identical components to be far away from the ith component
at the optimal solution. As a result the responsibility values of the identical
components (v; j, j € N;) are expected to be much larger than those of the

non-identical components (vy; j, j & N;).

o Term-2: —m; fo:l ﬁi,nEanl(f(i — Xoy, ). This term pulls the ith mean x; towards
the means Xo,, n € {1,..., N}, of the prior p(x) in a Newton-type iteration.
The responsibilities {3; ,}_, adjust the amount of pull based on the closeness
of the ith mean to the means of the prior components, i.e., the pull is stronger

for close components to X;.
o Term-3: m; E,, [Vxlogp(y|x)]. This term pulls the ith mean X; towards the

regions of the state space where the measurement y has a high likelihood.

Due to Term-1, we expect, at the optimal solution, that v; j, > v j, for j1 € N; and
jo & N;. Since we have Z}]=1 vi; = 1 by definition, the approximations jen; Yig R
Land~; j =0, j &€ N; are justified when necessary.

Equating the gradient Vx, L(q) in (3.9b) to zero and assuming that m; # 0, we get

J N
0= 7"+ BinZon — By, [V Vi logp(ylx)] (3.18a)
j=1 n=1

2 This is due to the positive definiteness of the approximate Hessian we will use.

3 This can be intuitively understood easily by considering a single quadratic (x—z)" £~ (x—z). Propagating
an initial vector X in the direction of the gradient 227! (X — z) increases the value of the quadratic by moving
X away from z and vice versa. Note that Term-1 resembles the gradient of the quadratic sum 7; Z‘;'le ~i,j(x —
ij)TE;l(x — X;). The related terms can be viewed as factors increasing the disagreement among the non-
identical components of the posterior mixture as they are the reverse of the factors used in distributed estimation
and control based on the idea of consensus [47].
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N
D DR SRS ST
n=1

JEN; FEN;
— E,, [VxVy log p(y|x)] (3.18b)
N
=-3; Z Vi — Z Vi 57+ Z BinZon
JEN; FEN; n=1
— E,, [VxVy log p(y|x)] (3.18¢)
N
~ =37 ) BinZar — By [VaVi logp(y[x)] (3.18d)
n=1

where we used the fact that 3; = X;, 7 € N;, and made the approximations
ZjeM vi; ~ land v;; =~ 0, j ¢ N;. Solving now for X;, we can write the fol-

lowing implicit expression for the covariances.

N —1
DI (Z BinZon — Eq; [V« Vi log p(y|x)] ) ; (3.19)
n=1

The implicit expression for the means {X;}7_, we propose is given as follows.
%, =% — (Vs Vi L(g)  Vs.L(q), (3.20)

where 0 < o < 1 denotes the constant step-size. Note that the implicit expression
in (3.20) would turn into a Newton-type update rule when used recursively. The
Hessian Vi, VgiL(q) is not positive definite in general, however, when we assume
that the covariances X;.; are close to their optimal values, i.e., when Vs, L(q) =~ 0,
1 = 1,...,J, the following approximation can be made (See Section 3.8.1 for a

derivation).
Ve, Vi Lig) = m%; " (3.21)

Substitution of (3.9a) and (3.21) into (3.20) would give the following implicit expres-

sion for the means

J
X; =%; + o By, [Vy log p(yx)] + o Y 7i,%5" (%i — ;)

j=1
N
— i) BinZon (i — Xon), (3.22)
n=1
fore=1,...,J.
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3.4.2 Implicit Expression for the Weights

In order to optimize the weights 7.7, we can perform constrained optimization using

Lagrange multipliers technique with the cost function below.

L(m.;) =L(g) + A (1 — Z wj> (3.23a)

= Ey[log ¢(x)] — Ey[log p(x)] — Eqy[log p(y[x)] + A (1 - Wj) :

Jj=1

(3.23b)

where A\ € R is a Lagrange multiplier. We can write (3.23b) in terms of the weights

m1.; approximately as follows (See Section 3.8.2 for a derivation).

L (m1.7) Zﬂ'] log (Zw/\/’ X5 Xgy Bj +Zg)>

7j=1

< ij log (Z TonN (X5 Xon, 35 + 20n)>
— Z m; By, [log p(y[x)] + A (1 - Z 7Tj> (3.24a)

7j=1

%Z?Tj IOg ( Z WgN(}A(j;}A(g, Zj + Eg))
j=1

LEN;

J N
— Z ¥ log (Z WonN@A(j; )A(On, Ej —+ ZOn))
- ij log p(y|x)] + A <1 - ij> (3.24b)

7=1

J
=Y mlog (N(ij;f(j, 25%) ) w)
j=1

LeN;

J N
— ij log (Z TonN (X Xon, 25 + 20n>>
J
- Z m; By, [log p(y[x)] + A (1 - Z 7T]> (3.24¢)

j=1

:__ijlogm |+Z7r310g(z )

LEN;
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J N
— Zﬂ'j log (Z WOnN()A(j; )A(on, Zj + EOn))
— ij log p(y[x)] + A (1 — Zw]> (3.24d)

7j=1

The derivative of the cost in (3.24d) with respect to the weight 7; is given as

VoL (m.y) =1—A+log ( > ﬂj) — Ey, [log p(y[x)]

JEN;
1 N
Solving the equation V. L (m.;) = 0 for Zje A, Tj5 enforcing the constraint

Z‘i]:l m; = 1 to find and substitute \; and then distributing the weights identically

for j € N; would result in the following expression.

{N} |E | exXp (qu logp Y|X Z 7T0n Xz; f((:lna Ez + EOn)a (326)

fori = 1,...,J, where the notation #{N;} denotes the cardinality of N, i.e., the

number of components identical to the ith component.

3.4.3 Approximation of the Expectations

In order to evaluate the right hand sides of the implicit expressions (3.22), (3.19), and
(3.26) we need to calculate the expectation E,, [log p(y|x)], E,,[Vx log p(y|x)] and
By [VxV log p(y|x)] where

loplylx) £ 3 log [R| — Sy ~h(x)) Ry ~h(x)).  (3.27)

There are different ways to evaluate such expectations in the literature, such as stan-
dard linearization, statistical linearization, sigma-point and Monte Carlo approaches.
In this work, we propose performing statistical linearization because we have ob-
served in our early trials that it has superior performance compared to standard lin-
earization and it is computationally cheaper than Monte Carlo methods. In order
to calculate the expectations E,,[-], we approximate the nonlinear function h(-) in

log p(y|x) in the support of the ith posterior mixture component ¢;(-) as follows [13].
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where H; and g; are the gain matrix and the bias vector and e; € R™ is a Gaussian
random vector, which is uncorrelated with x and the measurement noise v, with zero-
mean and covariance 2;. The quantities H; and g, are found by solving the following

optimization problem [12, Section 5.3].

7

{H}, g’} £ arg Ir{nin E, [Hh(x) —H,x — giHQ} , (3.29)
01,81
which has the solution

Hz’ - Eq.

k3

[(h(x) — E, [h<X)D (x — )A(Z)T] ¥t (3.30a)

]

gi = E,, [h(x)] — H;%X;. (3.30b)
The covariance €2, is selected as [13]
Q; = E,, [(h(x) — B, [h(x)]) (h(x) — E,[h(x)]) "] — H;ZHT. (3.31)
The expectations in (3.30) and (3.31) are taken using sigma-point approaches.

With the approximation (3.28), the measurement log-likelihood log p(y|x) in (3.27)

turns into the following expression.

1 1 _
logp(y|x) = 3 log |R + ;| — 5(}’ ~Hx—g)"(R+Q) (y —Hx—g).

(3.32)
We can then calculate
Ey flog p(y[x)] £ — log [R + 9
- %(Y ~Hx -g) (R+Q) ' (y-Hx, —g)
— %tr (H/(R+ Q) 'H;X)), (3.33a)
Ey [Vxlogp(y[x)] = Hf (R+ Q)7 (y — Hix, — g)) (3.33b)
B, [ViVilogp(y|x)] = —H (R+ ;) " H,. (3.33¢)

When we substitute the approximate expectations in (3.33) into (3.19), (3.22)
and (3.26), we get the following final implicit expressions for the covariance 3;,

the mean X; and the weight 7;, respectively.

N 71
¥ = ( > BinZo, +HI (R+Q;)7 H) , (3.34a)

n=1
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J

J=1

N
— %> BT, (Ri — Xon), (3.34b)
n=1
1 1 1
T X ————|23;|2 exp (— —tr (H)(R+ Q) 'H,;X%; )./\f yv;Hx; + g, R+ Q;
0 M}' | 5 tr (H ( ) ) JN( )
N
X > wonN (X3 Xon, Bi + Zon), (3.34c)
n=1

fori=1,...,J.

Note that the expectation E, [VXVE log p(y|x)] has connections to the concept of

observed information matrix (OIM) described in [48] given as

JO = — [V Vi logp(y, x)] | (3.35)

X=Xmap’

where X,,,;, is the maximum a posteriori (MAP) estimate of x. An alternative calcu-
lation/approximation for E;, [V« VI log p(y|x)] and hence for 3; can be developed
by writing log p(y, x) as follows:

log p(y, x) = log p(y|x) + log p(x). (3.36)
Taking the Hessian and the expected value of both sides with respect to x we get
E, [VxVilogp(y,x)| = E,, [VxVy logp(y|x)] + Eq [V<Vy logp(x)], (3.37)
which gives
E,, [VxVi logp(y|x)] = Ey, [VxVy logp(y,x)] — Eq [V« Vi logp(x)] . (3.38)
We can now approximate E, [VXV,T( log p(y, x)] as

E, [VxVy logp(y,x)] V<V, logp(y,x)| (3.392)

X=Xmap

=—J°, (3.39b)

which is the so-called Laplace approximation [49, Chapter 27]. Substituting approx-
imation (3.39) into (3.38) we get

N
By [VaVilogp(yx)] ~ 3%+ > .5, (3.40)
n=1
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where we used (3.73). When we substitute (3.40) into (3.19), we get
=i~ (397 (3.41)

As aresult, an alternative update rule for the covariance 3; is to equate it to inverse of
the OIM. Note that OIM calculation requires another optimization to find X,,,,, Which
would increase the computational load significantly. As a result, we will not follow

this methodology and continue to use (3.34a) in the following.

3.4.4 Iterative Measurement Update

We can use the implicit expressions in (3.34) to form an iterative procedure to

minimize L(q) in (3.8). In order to do this, we can first set the unknown poste-

rior ¢(x) to an initial mixture ¢ (x) = ijl 7rj(-0)./\f (x; )25.0), E;O)). Now, given
the last posterior estimate ¢™ 1) (x) = ijl W](-m_l)/\/'(x; &Em_l), Zém_l)), we can

use the implicit expressions in (3.34) to find the next posterior estimate ¢ (x) =

Z;}:l ﬂ§m)N (x; )“cg-m), Eg.m)), for m > 1 until convergence. For this purpose, we can

substitute the quantities W%T]_l) , )“(5’3—1), E%_l) (and the corresponding derived quan-

tities Hy. 7, g1.7, 21.7) on the right hand sides of the implicit expressions in (3.34) to
calculate the quantities 7\, %{™ x{™),

The pseudo-code of the iterative measurement update we propose is given in Algo-
rithm 1. The main difference of the proposed algorithm from the description above

is that when a quantity is updated to its current version, its updated version is used

for updating the subsequent quantities. For example, when we update fcgm_l) to its

current iterate fcgm), we use the updated iterate fcgm) (instead of the previous iterate

%™} in the update of X».; from )ESZ_I) to &én}) We have seen that this type of up-
date structure significantly reduces the time required for the convergence compared
to the description in the first paragraph above where the previous iterates of the quan-

tities W&T]_l), )2%_1), E%_l) are used in the update of all quantities 7.7, X1.7, 1.7

into their current iterates 7."y, %™, £"). The structure and the faster converge of
the proposed update structure compared to the description in the first paragraph above
is, in a sense, similar to the structure and faster convergence of Gauss-Seidel method

compared to the Jacobi method for solving linear systems of equations.
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Algorithm 1 Iterative Measurement Update

1: Inputs: y, R, {7on, Xon, Zon } 21, @, 7oy N, M
2: Initialize %\°), =\ using y, R, {0, Kon, Son 1.

3 Setn” =1/J,i=1,...,J.

4: Setm = 0.

5. repeat

6: m+—m+1

7 x=x"V =1,

(2

8: for: =1to J do

9: Generate sigma points sy.;, and their weights w;.,
from %™~V (=1,

10: Calculate H;, g;, €; using wy.7, sp.p, X" Y,
"=V via (3.30) and (3.31).

. , . (m=1) o(m) o (m-1)

11: Calculate ; 1.y using ., 7, X121, X s
™ 2" via (3.10a).

12: Calculate 3; 1.y using X\ " via (3.10b).

13: Calculate the covariance ng) using 3;1.n, H,

2; via (3.34a).

14: Calculate the mean fcl(.m) using H;, g;, Q;,
~(m ~(m—1 m m—1
Bi,l:N’ ’yi,l:J’ Xg:ill’ XEJ )’ Egl)9 EZ(—‘,-IJ)
via (3.34Db).
15: end for

16: for: =1to J do

7 #{Ni} =0 > Number of Identical Components
18: for j = 1to J do
o )
x (%™ — %)
20: if n < n) then
2t #{Ni} = #{Ni} +1
22: end if
23: end for
24: Calculate the weight 7ri(m) using #{N;}, H;, g,
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Q,;, %™, 5™ via (3.34c).

25: end for

2. Normalize m\".

7 7 =maxicrr, X — %

28: until 7 < 7 orm > M > Convergence

2: Outputs: 7.7, %™ ™)

3.4.5 Special Case N =J =1

When we set the number of mixture components N and J as N = J = 1, the prior
and posterior mixtures turn into Gaussian distributions, i.e., p(x) = N (x; X, X¢)

and ¢(x) = N (x;%, X). In this case the implicit expressions in (3.34a) and (3.34b)

reduce to
S=('+HT(R+9Q)'H), (3.42a)
x=%x+aXH' R+ Q) (y - Hx — g) — X7 (% — %), (3.42b)

where H, g and 2 are calculated using statistical linearization based on (3.30)
and (3.31) using the posterior mean X and covariance 3. We can write the iterative
update corresponding to the implicit expressions in (3.42) by following the update

structure of Algorithm 1 as follows.

1

> =2+ HY R+ Q) 'H) (3.43a)
™ =% 4 o¥"HT (R+ Q)7 (y — HX™ Y — g)
—aXMy (xmY — %), (3.43b)

where H, g and 2 are calculated using statistical linearization based on (3.30)

m=1) and covariance iterate

and (3.31) using the previous posterior mean iterate x'
>(m=1 The expressions in (3.43) are the update equations for the posterior lineariza-
tion filter (PLF) [13] when o = 1 and the damped PLF [14] when o < 1. Hence we
see that our iterative update reduces to PLF when N = J = 1 and, in a sense, PLF

minimizes forward Kullback-Leibler divergence as well.
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3.5 [Illustration on a Static Bayesian Estimation Problem

In this section we illustrate the characteristics of the measurement update we propose
on a common static Bayesian estimation problem. For this purpose we consider a
2D target localization problem based on the noisy range-bearing data collected from
a single sensor. The unknown 2D target location to be estimated is denoted as x =

[p« py]" and it has the following Gaussian prior.
p(x) = N(x; %0, Po) (3.44)

where Xo = [5 0] and Py = 10°I,. The sensor is located at the origin and it collects
range and bearing measurement y described by the measurement function h(x) and

covariance R given as

2 . 2\1/2
+ 4 0
he = | BRI R = . (3.45)
arctan £ 0 (30m/180)*

We assume that we collect the single measurement y = [20 7/2]T from the sensor

and would like to estimate the posterior distribution p(x|y) of the target location x.

We implemented the following algorithms to obtain the posterior.

PF: Bootstrap particle filter [24] with the number of particles 10°> whose result

is going to serve as the true posterior.
e EKF: Extended Kalman filter [50].

e UKEF: Unscented Kalman filter [1]. 5 sigma-points are used. The weight of the

sigma-point at the mean is taken to be 0.5.
o IEKF: Iterated extended Kalman filter [8].
e PLF: Posterior linearization filter [13].
e FKLF-J: The proposed algorithm with the step size & = 0.1 and the number
of components J =1, ...,6.
The corresponding estimated posteriors are illustrated in Figure 3.1. EKF and UKF,

which apply linearization and statistical linearization, respectively, based on the prior,
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yield quite poor results considering the true posterior. The iterative nature of IEKF
seems to have fixed the result of EKF to some extent. It is seen that PLF and FKLF-1
indeed give the same Gaussian posterior which has closer mean and covariance to

those of the true posterior than the other methods providing Gaussian posteriors.

When the number of components ./ in FKLF is increased, the Gaussian components
are observed to spread to cover a larger part of the support of the true posterior. In
Figures 3.1d, 3.1e and 3.1f, we see that although FKLF is run with 4, 5 and 6 compo-
nents, respectively, some components turned out to be the same, effectively reducing
the number of components of the resulting posterior to 3, 4 and 4, respectively. When
we compare the results of Figures 3.1c and 3.1d we see that both posteriors provided
by FKLF have 3 distinct components and the three components obtained by FKLF are
slightly different from each other since the support of the posterior in Figure 3.1d has
marginally shifted to the left. This shows that even when we constrain the result to
have .J distinct components, there might be multiple local optima of the optimization
problem. In Figures 3.1e and 3.1f we see that the same mixtures have been obtained
with different sets of identical components. It is seen in the figures that the overall
means and covariances of the posteriors obtained by FKLF-J, J = 2, ... 6, are very

close to those of the true posterior.

Table 3.1: Average simulation times of the algorithms in milliseconds.

FKLF-1 | FKLF-2 | FKLF-3 | FKLF-4 | FKLF-5 | FKLF-6 | PF
2.6 17 64.2 124.2 208.1 379.1 36.9

To investigate the simulation times of the proposed solution and the particle filter, we
make 1000 Monte Carlo runs with different measurements. These measurements are
obtained by adding Gaussian noise having zero mean and the covariance matrix R to
the vector y. The simulations are carried out on a computer with a CPU speed of 2.1

GHz. Average simulation times for a single run are provided in Table 3.1.

Table 3.1 indicates that increasing the number of components in the suggested solu-
tion increases the simulation times. When the number of components in the FKLF

solution exceeds two, the simulation time for the FKLF exceeds the simulation time
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Figure 3.1: The estimated posterior densities for the static Bayesian estimation prob-
lem. The light blue dots represent the resampled particles of the PF. Gaussian den-
sities are illustrated with 95% confidence ellipses (solid lines) of their covariances
centered around their means. Ellipses in dashed lines represent the mean and co-
variance of the posteriors obtained by PF and FKLF. The weights of the Gaussian
components of the posterior obtained by FKLF are written at the left vertex along the
semi-major axis of the confidence ellipse of each component. The sensor position is

shown with a plus sign in red.

46



for the particle filter. We should note that we have two dimensional state in the exper-
iment. When this dimension is high, the PF would require a large number of particles,

which would increase its simulation time significantly.

3.6 Numerical Results

3.6.1 Scenario

We test the performance of the proposed filter on the 2D target tracking problem given
in [13], where there is a single target moving with nearly constant velocity in a sensor
network. The state x £ [ x x y y |T of the target is composed of 2D position and
velocity of the target and it evolves according to the nearly constant velocity model

given below.

X, = Fx_1 + Wy, (3.46)
fork=1,...,19, where
1 At
F=IL,® , At =0.5s, (3.47)
0 1

and wy is white Gaussian process noise with zero mean and covariance matrix Q

defined as
A3 /3 At?/2
Q=¢LL® / / , q=1m*/s". (3.48)
A?)2 At
The initial state X of the target is distributed as xo ~ N (Xo; Xo, 2¢) Where

) . R 25 0
%o =[50 0 50 0], S 2L ® . (3.49)
0 4

We show 1000 random sample trajectories generated from this mathematical model

in Figure 3.2.

The sensor network, shown in Figure 3.2, is composed of 25 sensors placed on a grid
of separation 25 m. Each of the sensors measure the acoustic signal strength emitted

by the target which is modeled as

yp = he(xx) + vy, (3.50)

47



140

120

100

80

20

0 50 100

Figure 3.2: Sensor positions (red plus signs) and 1000 random sample target trajec-

tories used in the simulations.

where s = 1, ..., 25, denotes the sensor index; v; is the white Gaussian measurement

noise with zero mean and variance 02 = 0.1 W; and h,(x},) is defined as

Dl R (x) > d

V P07 dz(x) S d%

where Py = 1000 W is the saturation power received at the fixed distance dy = 1m

(3.51)

and ds(x) denotes the Euclidean distance between the sth sensor and the target. Defin-
ing the overall measurement vector yj, the measurement noise vector v, and the

measurement function h(x) as

ye =l v - ] (3.52a)
vi 2[vp vp o o]t (3.52b)
h(x) £ [hi(x) ho(x) -+ has(x)]", (3.52¢)

we can write the measurement model given below.
yr = h(xy) + vi, (3.53)

where v;, ~ N (vy; 0, 02I55) assuming that the measurement noises v, s = 1,...,25,

are independent.
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3.6.2 Implemented Methods

A total of 10000 Monte Carlo runs, with a different realization of the state and mea-

surements in each run, have been made by running following algorithms.

PF: Bootstrap particle filter [24] with 10° particles.
EKF': Extended Kalman filter [50].
UKF: Unscented Kalman filter [1].

IEKEF: Iterated extended Kalman filter [51] with step-size a = 0.1. The stan-
dard IEKF (i.e., with step-size @« = 1 [52]) diverged in many of the Monte-
Carlo runs and hence, it is not included in the comparisons. The iterations are

assumed to have converged if the £, norm || %™ — %" ~||, of the difference

between two consecutive mean estimates is below the threshold 7o = 1073.

PLF: Damped posterior linearization filter [13, 14] with step-size o = 0.1.
The standard PLF with step-size & = 1 diverged in many of the Monte-Carlo
runs and hence, it is not included in the comparisons. At each time step, PLF it-
erations are initialized with the mean and covariance generated by updating the
predicted mean and covariance with UKF using the current measurement yy.
The iterations are assumed to have converged if the ¢, norm ||§<§€m) —fc,(gm_l) ||2 of
the difference between two consecutive mean estimates is below the threshold

TC = 1073.

GSF-J: Gaussian sum filter [18] with the number of components J = 2,4, 8.
The component updates were performed using UKF. GSF performance was
sensitive to the initial prior mixture. Since we have the Gaussian prior
N (x0; %o, Xp), an idea is to start GSF with a mixture with identical compo-

nents, i.e., with the mixture

1 o
plxo) = SN (03 %5, ). (3.54)

j=1
where ig = X, Eg = 3 for j = 1,...,J. However, in this case, all GSF

components remain the same at all time instants and GSF-J turns into UKF.

Another idea is to approximate the initial Gaussian prior N (xg; Xg, X¢) with a
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moment-matched Gaussian mixture with smaller covariances, i.e., with a mix-

ture in the form

J

p(xo) = > wilN (x0; %), T7). (3.55)

J=1

where the parameters wy.;, X/, 24/ are selected deterministically such that
the mean of the mixture is X and the covariance is ;. The last idea we tried
was to initialize GSF with a random mixture in the form (3.55) where the pa-
rameters w;.y, Xp7, E(l)“] are selected randomly such that the expected mean of
the mixture is X, and the expected covariance is Y. In our experiments we
have seen that initialization with the random mixture approach worked signifi-
cantly better than initialization with the deterministic mixture approach. Con-
sequently, in each Monte Carlo run we initialized GSF-J with a new realiza-
tion of the Gaussian mixture p(xg) in the form (3.55) where the parameters

wy., %57, 257 are selected as follows.

1 . _ JX 3
A XONN<X°’ 2J—1)’ =551 (3.56)
for j = 1,...,J. Note that with this selection, the expected mean and co-

variance of the random mixture p(x,) becomes X, and X, respectively, whose

proof is given in Appendix 3.8.3.

FKLF-J: The proposed algorithm with step-size « = 0.1 and with the num-
ber of components J = 2,4,8. After each time update, the components in

the iterative measurement update are initialized with the means f(gO} and co-

variances zﬁ?}, generated by updating the components of the predicted mixture
P(Xk|yo:x—1) with UKF using the current measurement y. The mixture compo-
nents at each iteration are considered to be identical if the Mahalanobis distance
given in line 19 of Algorithm 1 is smaller than the threshold 7y = n,/1000
where n, = 4. The convergence threshold and the maximum number of itera-

tions are selected as 7 = 1072 and M = 2000.
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3.6.3 Results

We compare the filters in terms of their root mean square (RMS) position errors, RMS
velocity errors, and normalized estimation error squared (NEES) values.* In addition,

we examine the average number of iterations that filters perform at each time step.

RMS position and velocity errors of the filters are shown in Figures 3.3 and 3.4, re-
spectively. In both figures, PF obtains the best performance. The worst performances
are obtained by EKF and UKEF, the former being worse than the latter. PLF and IEKF
are the best and the second best methods among the filters providing a Gaussian pos-
terior. The performance of GSF is poor for J = 2 and 4 while its performance can
barely reach the performance of PLF when J = 8. FKLF provides the closest results
to those of PF. It is seen that increasing the number of components in FKLF reduces

RMSE and FKLF-8 asymptotically reaches the performance of PF.

1

RMS Position Error (m)

Figure 3.3: Position RMSE performance of the filters.

NEES values of the filters are shown in Figure 3.5. We see that all filters except PF are

4 NEES for a filter is calculated by taking the average of the normalized estimation error (xj —

fch)TE;l}c (xx — Xk ) over all Monte Carlo runs, where X is the true state and Xy, and Xy, are the mean and
the covariance of the posterior calculated by the filter, respectively, in the Monte Carlo run. The filter is deemed
to have better consistency characteristics if its NEES values are close to n, = 4, i.e., the dimension of the state
vector.
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Figure 3.4: Velocity RMSE performance of the filters.

overconfident, i.e., they provide smaller covariances than the true covariance of the
estimation error. The overconfidence is especially pronounced for filters providing a
Gaussian posterior. GSF can obtain acceptable NEES values only for high number of
components. We observe that FKLF results in lower NEES values as the number of

components is increased and FKLF-8 asymptotically reaches the NEES values of PF.

The average numbers of iterations required for the convergence of iterative algorithms
are illustrated in Figure 3.6. The figure shows that increasing the number of com-
ponents in FKLF increases the required number of iterations for convergence. The
average number of iterations for convergence in FKLF is approximately linear in
J, the number of components, which makes the computational complexity of FKLF

O(n3J?).

3.7 Conclusions

A Gaussian mixture/sum filter, named FKLF, has been proposed for the filtering prob-
lem with nonlinear measurements. The proposed filter, which is derived by minimiz-

ing forward KL divergence approximately, turns out to be a generalization of PLF to
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Figure 3.5: NEES values of the filters.

Gaussian mixture posteriors. FKLF fills the gap in the literature between the research
on Gaussian sum filtering and nonlinear filtering with divergence minimization. The
results show the advantages of FKLF compared to Gaussian filters as well as the

standard GSF.

FKLF has so far been tested mostly on scenarios involving unimodal posteriors with
non-ellipsoidal support. We believe that the filter can successfully be used in scenar-
ios with multi-modal posteriors if suitable mechanisms are devised to distribute the

Gaussian components into different modes.

It is seen in the simulations that FKLF can reach the performance of a PF with mod-
erately low number of components and hence it can be preferable to PF if analytical
posterior approximations are desired as opposed to Monte Carlo approximations. It
is also our belief that FKLF can be of interest especially for the state estimation of

high dimensional systems where PFs suffer from curse of dimensionality.
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Figure 3.6: Average number of iterations made by the iterative filters.

3.8 Derivations

3.8.1 Derivations of (3.9) and (3.21)

We provide derivations for the approximate expressions in (3.9) and (3.21) in separate

subsections.

3.8.1.1 Derivation of the Gradient V4, L(q) in (3.9a)

We can write the gradient of the first term on the right hand side of (3.8) with respect

to an arbitrary parameter vector @ as

Vo Eylloga(x)] = [ (Vag(x) loga(x) dx. (3.57)

which gives
Vi Eyfloga(x)] = [ (V) loga(x) dx (3.58)
= / Vi, 4i(x)log g(x) dx (3.58b)
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:Wi/qi(x)vx log ¢(x) dx (3.58¢)

=; By, [Vx log ¢(x)], (3.58d)

where we used Lemma 1 in Section 3.8.4. We can now approximate the gradient

Vx log g(x) in the expectation as

S mN(x %, 52 (x — %)

Vilogq(x) = — == : (3.59)
ZZ:I T‘-EN(X; Xy, 25)
J
~ -1 )
~ DS (- %), (3.59)
j=1
where
N (%is %5, 5
Vi 7y ;TJN(X ica - i) _ (3.60)
> iy meN (%5 %, 3y)
The approximation above amounts to assuming that
T4 (X Tiq;(X;
)y o T (3.61)

> i1 Tege(X) > meqe(Xs)
Substituting (3.59b) into (3.58d), we can write the following approximation for
Vs, Egllog q(x)].

J
Vs, Bgllog g(x)] & —m; Y 7,57 (%i — ;). (3.62)
j=1

We can calculate the gradient of the second term on the right hand side of (3.8) with

respect to X; as

Vs, Eyllogp(x)] = / Vx,q(x) log p(x) dx (3.63a)
- / Vs, 0i(x) log p(x) dx (3.63b)
) / 4:(X)V log p(x) dx (3.63¢)
By [V log p(x)], (3.63d)

where we used Lemma 1 in Section 3.8.4. We can now approximate the gradient
Vi log p(x) in the expectation as

27]:[:1 TonN (% Xon, Zon) S (X — Xop)
Sy moeN (% Xoe, Zoe)

Vxlogp(x) = — (3.64a)
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N
A=Y BinZon (X — Xon), (3.64b)
n=1

where
n Ai; X 3 by n
B & TonN (i Kon Bon) (3.65)
Zgzl WOZN(Xi; X0, 2oe)
Note that the approximation above amounts to assuming that
> i—1 ToePoe(X) > =1 ToePoe(X;)
Substituting (3.64b) into (3.63d), we get
N
Vs, Bgllog p(x)] & —m; Y BinZg (Xi — Xon). (3.67)
n=1

We can finally easily calculate the gradient of the third term on the right hand side

of (3.8) with respect to x; as

Vi, Eqllog p(y[x)] = m Eq, [V log p(y[x)], (3.68)

where we used Lemma 1 in Section 3.8.4. We can now combine the results (3.62),

(3.67) and (3.68) to approximate the gradient V¢, L(q) as in (3.9a).

3.8.1.2 Derivation of the Gradient Vs, L(q) in (3.9b)

We can write the gradient of the first term on the right hand side of (3.8) with respect

to X; as
Vs, Eqllog q(x)] = / Vs,q(x)log q(x) dx (3.69a)
= / Vs, qi(x) log ¢(x) dx (3.69b)
— 57 [ 6V E o g(x) dx (3.69¢)
= %m E, [V« V3 log q(x)], (3.69d)

where we used Lemma 2 in Section 3.8.4. We can now approximate the Hessian

Vi« V15logq(x) in the expectation as

J
ViVilogg(x) ~ =Y 7,57, (3.70)
j=1
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which was written by taking the gradient of the approximation in (3.59b) with respect

to x. Substituting (3.70) into (3.69d), we get

J
1
Jj=1

We can write the gradient of the second term on the right hand side of (3.8) with

respect to 3J; as

Vs, Eyllogp(x)] = [ V() g p(x) dx (3.722)
= / Vs, qi(x) log p(x) dx (3.72b)
= %wi / ¢:(x) V4 Vs log p(x) dx (3.72¢)
= %m E, [VxVylogp(x)], (3.72d)

where we used Lemma 2 in Section 3.8.4. We can approximate the Hessian

V.« V1logp(x) in the expectation as

N
Vi Vi logp(x) ~ = > Bin %), (3.73)
n=1

which was written by taking the gradient of the approximation in (3.64b) with respect

to x. Substituting (3.73) into (3.72d), we get

N
1
Vs, Egllogp(x)] = —5mi > BinZon- (3.74)
n=1

We can finally easily calculate the gradient of the third term on the right hand side
of (3.8) with respect to 3J; as

1
Vs, Byllog p(y[x)] = 57 By, [V Vi log p(y|x)], (3.75)

where we used Lemma 2 in Section 3.8.4. We can now combine the results (3.71),

(3.74) and (3.75) to approximate the gradient Vs, L(q) as in (3.9b).
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3.8.1.3 Derivation of the Hessian Vy, V} L(q) in (3.21)

Taking the gradient Vg, L(g) in (3.9a) with respect to x;, we can approximate the
Hessian Vi, V3 L(q) as

V VT _szf}/zyz +7T7,Zﬁzn20nl
JEN
— 1 Ey, [V Vi logp(y[x)] | (3.76)

where we used Lemma 1 in Section 3.8.4 and we assumed that Vy,v;; ~ 0 and

Vi, Bin =~ 0. Using (3.9b) on the right hand side of (3.76), we get

Vi, VaL(g) #2Vs L(g) + 1 Y 7,57 (3.77a)
JEN;
=2Vs, L(g) + mE' ) vy (3.77b)
JEN;
~2Vs,L(q) + mX; ", (3.77¢)

where we used the approximation » jen; Vi ~ 1, which is justified in Remark 3.
Assuming also that the covariance ¥J; is close to its optimal value would mean that

we have V. L(q) =~ 0, which gives the Hessian approximation in (3.21).

3.8.2 Derivation of (3.24a)

The first term on the right hand side of (3.23b) is given as follows.

E,[log ¢(x Z 7By, [log q(x)]. (3.78a)

Since the expectation E,, [log q(x)] above is analytically intractable, we are going
to replace it with its best variational upper bound as follows. Using the concavity
property of logarithm, we can bound log ¢(x) by its first order Taylor series expansion

around an arbitrary positive constant ¢; > 0 to write

E,, [logq(x)] < E,; |log q; + m (3.79a)
J
E,
=logq; + M — 1. (3.79b)
qj
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We can minimize the upper bound above with respect to g; > 0 to find

q; = Eq;la(x)]. (3.80)

Substituting ¢; into the right hand side of (3.79b) gives the following approximation
of g, [log q(x)].

E,, [log q(x)] =log Ey, [q(x)] (3.81a)
J

=log (Z TN (X3 %e, 5 + Eg)) : (3.81b)
=1

Based on the approximation above, we can write the final expression for E,[log ¢(x)]

as follows.

E,[log ¢(x ij log (Z TN (%55 %0, 2 + 2@) (3.82)

7=1

The second term on the right hand side of (3.23b) is given as

E,[log p(x ZWJ ;llog p(x)]. (3.83)

We can again replace the analytically intractable expectation B, [log p(x)] with its
best variational upper bound, as was done above for E,, [log ¢(x)], to end up with the

final expression for E,[log p(x)] as follows.

E,[log p(x Zﬂ'] log (Z TonN (X3 Xon, 2 + EOn)) . (3.84)

We can now obtain (3.24a) by combining the results (3.82) and (3.84).

3.8.3 Derivation of (3.56)

In this subsection, we provide the derivation of equation (3.56). The form of the
Gaussian mixture prior is provided in equation (3.55). We can write the proposed

Gaussian mixture prior as

N (x0; %), %), (3.85)

=

J
J=1



where X} ~ N(X);Xo,X). This means that we select the means of the mixture’s
components at random. Furthermore, the covariances of the Gaussian mixture com-

ponents are set to be identical. We first show that the expected mean of x is equal to

X0-.
I
E[E[x)] = E [Z jxg] (3.86a)
j=1

1
=5 > %o (3.86b)

j=1
= Xp. (3.86¢)
Note that we first take expectation with respect to x(, then )"(é forj =1,...,J.

Now, we need to determine the covariance 3 such that the expected covariance of the

random mixture p(xy) becomes 3. We can write the covariance of p(xg) as

J J g T
Cov(xo) = 3 % (=+=i=") - (Z %x@) (Z %xg) (3.87a)
)= 1

7j=1

J
1 V. T
:E+jjz:;><€)xf)’ —(

(3.87b)

S
E
el
os.
~
/N
<l
-
24
~_
H

where )‘(é’T represents the transpose of )‘(6. We take the expectation of this covariance

expression as

j=1 j=1 j=1
1
— Cov (7 > —g) (3.88b)
j=1
27 — 1
= JJ >, (3.88¢)

We can equate expected covariance of p(xg) to X and find the covariance X as

J
2] -1

> (3.89)
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3.8.4 Lemmas Used in the Derivations

In this part, we present the lemmas utilized in the previous subsections’ derivations.

Lemma 1. Ler q(x) denote the Gaussian distribution N (x;X,X). The following
identity holds.

/ (Va(x)) F(x, %, 5) dx = E,[Vof (x, %, 5], (3.90)

where f(-,-) is an arbitrary continuously differentiable function of X, X and 3 satis-

fring lim x| -e0 (%, %X, 3)q(x) = 0 for all x and 3.

Proof. Since we have Vq(x) = —Vq(x), we can write the left hand side of (3.90)

as
[ Fsa) fx 2.2y ax = = [ (Vaao) fxx Dy e @9
We can now apply integration by parts on the right hand side by choosing u £
f(x,%,%) and dv £ V,q(x) to get
[ (Vs sx.2.3) dx = [a0Vufxx Db G2
=E,[Vxf(x,%,3)], (3.92b)
which completes the proof. 0

Lemma 2. Ler q(x) denote the Gaussian distribution N (x;X,X). The following
identity holds.

[ (Fs0x)) £ x. %) dx = B, [VVE (x.%,3) (3.93)

where f(-,-,-) is an arbitrary continuously differentiable function of x, X, and X
satisfying lim x| oo ¢(X) Vi f(x,X,3) = 0 and lim x| f(%, %X, X)Vxq(x) = 0
for all x and X..

Proof. Since we have Vxq(x) = 3ViVig(x), we can write the left hand side
of (3.93) as
1
/ (Veq(x))f(x,%, %) dx = 5 / (VxVyia(x))f(x, %, ) dx. (3.94)

The rest of the proof follows by applying integration by parts twice on the integral on
the right hand side above. [
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Note that although Lemma 1 and Lemma 2 resemble Bonnet [53] and Price [54]
identities, respectively [55, Appendix B], they are different since in Bonnet and Price

identities, the functions f(-) do not depend on mean and covariance.
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CHAPTER 4

BAYESIAN FILTERING/SMOOTHING WITH UNKNOWN NOISE
COVARIANCES

In this chapter, Bayesian filtering and smoothing problems with unknown process and
measurement noise covariances are investigated for linear Gaussian systems, sepa-
rately. The process and measurement noise covariances are assumed to be inverse
Wishart distributed. Bayesian filters and smoothers calculating the joint posteriors
for the state and the unknown noise covariances are derived by using a scale Gaus-
sian approximation of t-distribution and moment matching. The proposed filters and
smoothers are non-iterative unlike the existing Bayesian solutions in the literature.
The performance of the proposed algorithms is illustrated on a two-dimensional target
tracking scenario. The simulation results show that the proposed filters and smoothers
have similar performance as the state of the art solutions with lower computational

load.

4.1 Introduction

Kalman filter and smoother are the optimal state estimators for linear Gaussian sys-
tems [56] in the minimum mean square error (MMSE) sense when all of the model
parameters are perfectly known. On the other hand, in many real-life applications,
there exist unknown or uncertain model parameters which might affect the estimation
performance. One such example is the measurement noise covariance (MNC), which
quantifies the imperfections of the sensor. The classical Kalman filter/smoother lit-
erature assumes that the MNC is perfectly known. However, in applications like

radar target tracking, the MNC might depend on several factors like environmental
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conditions, clutter properties, target SNR etc. which makes it difficult or impossible
to know the exact value of the covariance. Furthermore, since these factors can be
time/space varying, the true MNC can be time/space varying. Another example of
unknown or uncertain model parameters for Kalman filter/smoother can be process
noise covariance (PNC), which represents uncertainties in the state model. In appli-
cations like radar target tracking, the PNC models the target maneuvers, which are
impossible to know. When the tracker uses a wrong MNC or PNC, the consequences
can range from minor performance degradation to filter divergence [57,58]. A so-
lution to avoid these consequences is to estimate the unknown covariances together

with the states, which is main topic of this chapter.

The following categorization can be made about the literature related to state estima-

tion with unknown noise covariances.

o Non-random noise covariances estimation: In this literature, the unknown

noise covariances are modeled as non-random parameters:

In [59, 60], the authors formulate the problem of smoothing with unknown
noise covariances by using maximum likelihood method. Innovation based
approaches are used in [61-65]. Correlation, covariance matching and max-
imum likelihood based methods are investigated in [66]. In [67], noise scale
is estimated instead of the full noise covariances based on Kullback-Leibler

divergence minimization.

e Bayesian (random) noise covariances estimation: In this literature the un-
known noise covariances are modeled as random parameters and Bayesian es-
timation is used. The Bayesian noise covariance estimation methods can be di-
vided into two classes: implicit (marginalization based) and explicit Bayesian

noise covariance estimation approaches.

— Implicit (marginalization based) Bayesian noise covariance estima-
tion: In these methods the unknown noise covariances are marginal-
ized out from the problem. This approach is also equivalent to replac-
ing the Gaussian noises with unknown noise covariances into Student’s ¢
distributed noises and also known as state estimation under heavy-tailed

noises [66,68-71]. In implicit approaches, the main aim is to come up
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with state estimation algorithms which are robust to unknown noise co-
variances and no explicit estimates or posteriors for the noise covariances

are calculated, i.e., noise covariances are only implicitly estimated.

Explicit Bayesian noise covariance estimation: In these methods,
marginalization is not used and explicit estimates can be calculated for
the unknown noise covariances. In [72] and [73], variational Bayes (VB)
approach [37,74] is used and the problem is solved by using variational
Bayes expectation maximization and fixed point iteration techniques, re-
spectively. The authors in [73] assume that the PNC is known and the
unknown MNC is diagonal with inverse gamma distributed entries. The
work in [73] is extended to jump Markov linear and nonlinear systems
in [75] and [76], respectively. Moreover, the work in [73] has been im-
proved in [77] to estimate non-diagonal noise covariances for nonlinear
systems. In [78—84], inverse Wishart (IW) distribution is assumed on the
noise covariances and the problem is solved using VB technique. Some
other works dealing with unknown noise statistics and solving the prob-
lem using VB are given in [85-87]. In [88], noise covariances are found
recursively by using maximum a posteriori (MAP) estimation. The au-
thors in [89] investigate adaptive state estimation with unknown process
noise statistics by using a modified version of the algorithm in [88], which
introduces a forgetting factor between previous and current PNC esti-
mates. In [90], noise adaptive filtering is studied using approximations
and the properties of the Student’s ¢ and IW distributions. The filter uti-
lizes a fixed point approach to find the filtered distribution of the state and

the estimates of noise covariances used in the filter.

In this chapter, we propose explicit Bayesian algorithms for linear Gaussian filtering

and smoothing problems with unknown PNC and MNC, separately. The joint poste-

riors of the states and the noise covariances are calculated by utilizing a 7-distribution

approximation based on its the scale mixture property and moment-matching approx-

imations. Although most of the algorithms in the literature require iterations to con-

verge to a posterior, the proposed algorithms are non-iterative, which makes them

rather efficient.
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The remainder of the chapter is organized as follows: In Section 4.2, the problem
definition is provided. Filtering with unknown process and measurement covariances
are investigated in Sections 4.3 and 4.4, respectively. Corresponding smoothing so-
lutions for unknown process and measurement noise covariances are given in Sec-
tions 4.5 and 4.6, respectively. In Section 4.7, numerical examples that illustrate the
obtained results are presented. In Section 4.8, the case where both noise covariances
are unknown is investigated. Conclusions are presented in Section 4.9. Finally, the

derivations are provided in Section 4.10.

4.2 Problem Definition

We consider the linear Gaussian system

Xnt1 = AXp + Wy, Wni1 ~ N(wWni1;0, Quy1), (4.1a)
Yn = Cx, + Vi, Vi ™~ N(Vn; 0, Rn>7 (4.1b)
forn = 0,..., N where x,, € R" shows the state vector of dimension 7, and

yn € R"™ is the n,-dimensional measurement. The matrices A and C are state
transition and measurement matrices, respectively. w,, and v,, show the Gaussian
distributed zero-mean and white process and measurement noises, respectively. The

time-dependent PNC Q,, and MNC R,, are unknown and random with models

Qn+1|Qn Np(Qn+1|Qn)> QO Np(QO)a (423)
Rn+1’Rn Np<Rn+1‘Rn)7 RO Np(RO)> (42b)

where p(Q,+1|Q,) and p(R,41|R,,) denote the beta-Bartlett transition model for
inverse Wishart (IW) distributed PNC and MNC [79] with discount factors v and
YR, respectively. Moreover, we have p(Qo) = ZW(Qo;vo, Vo) and p(Ry) =
IW(Ry; wo, Wy) where IW distribution is given as [6]

[V]2(=d=D ety (—1X1V)

v

25(=d=0dp, [L(y —d — 1)] |X|2

IW(X;v, V) = (4.3)

for a random matrix X € R%9, In this definition, v and V represent degrees of
freedom and scale matrix, respectively; the operation etr represents the exponential

trace function; I'; is the multivariate gamma function.
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The aim of this chapter is to calculate/approximate the filtered posteri-

ors p<Xn7 Qn’yO:n)’ p(xna Rnb’O:n) and smoothed posteriors p(Xm Qn‘yO:N)a
p(Xn, Rnlyo.n) for n = 0,..., N. These distributions are analytically intractable

and hence approximations are necessary. We consider the filtering and smoothing

problems in the subsequent sections separately.

4.3 Bayesian Filtering with Unknown PNC

In this part, we provide the details of Bayesian filtering with an unknown PNC when

the MNCs are known. We approximate the filtered posterior p(x,,, Q,|yo.n) as
p(X’m Qn|y0:n> ~ N(XTH )A(n|na Pn|n)IW(Qn; Un|n, Vn\n) (44)

Now, we assume the following joint transition density.

p(xm inxn—la Qn—l) - N<Xn; AXn—h Qn)p(inQn—1)7 (45)

We can use Chapman-Kolmogorov equation [12] to calculate the distribution

p(xm Xn—1, Qn|y0:n—1) as
p(Xm Xn—1; Qn|y0:n—1) = /p(Xm Qn|Xn—1a Qn—l)p(xn—la Qn—1|y0:n—1) dQn—l
(4.6a)
— [ i A%, QP QuI Q)

X N(Xn—l; )A(nfl|nfla Pn71|n71)IW(Qn—1; 'Un71|n717 Vn71|n71) dQn—l (46b)

:N(er Axn—la Qn)N(XTL—la )A(n71|n71a Pn71|n71)IW(Qn7 Un|n717 Vn|n71)7
(4.6¢)

where

Unln—1 =7QUn—-1jn—-1 + (1 - 7@)(2”!1 + 2), Vn|n71 :’YQanlmfl' (47)

The updated posterior distribution p(x,,, X,_1, Q. |yo.») is found using Bayes’ rule as

follows:

p(xnaxn—la Qn|y0n) X P(Yn|Xn)p(Xm Xn—1, Qn|y0:n—1) (483)
:N(Yna Cx’m Rn)N(XTL—la }A(n—l\n—la Pn—l\n—l)
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X N(Xn7 Aanl, Qn)IW(Qna Un\n—la Vn\n—l)- (48b)

As can be seen, the term Q, exists in both Gaussian and inverse Wishart terms.
Due to these terms, we cannot derive the posterior distributions of the state x,, and
covariance QQ,, independently by marginalizing the joint posterior distribution. To
solve this problem, we write the multiplication of the terms N (x,,; Ax,_1,Q,) and
IW(Qn; Vnn—1, Vnjn—1) as the multiplication of Student’s ¢ and IW distributions as

follows.

N(Xn;AXn—ly Qn)IW(Qn; vn|n—17 Vn|n—1) X

Vn]n—l
» Un|ln—1 — 2n,

St (Xn; AXn—la - a5
Unjn—1 — an
X IW(Qn; Un|n—1 + 17 Vn|n71 + (Xn - AXn—l)(')T)a (49)

which is proven in Section 4.10.1. The distribution p(X,,X,—1, Qn|¥0.») can now be

written by using (4.9) as

p(x’m Xn-1, QnIyO:n) X N (Yna CX’m Rn) N(Xn—h )A(n71|n71; Pn71|n71)

Vn\n—l
» Unln—1 — 2n,

Unjn—1 — 2n,

x St (Xn; Ax,_q,

X IW(QTL; Un|n—1 S 17 Vn|n—1 + (Xn - Aanl)<')T)a (410)

where the covariance Q,, only appears in IW distribution, as desired. It is well known
that we can write #-distribution as a scale Gaussian mixture [91].

St(x; pu, X, v) = //\f (x,u, %) g ()\; g, g) dA, 4.11)
where G(\; «, 5) denotes Gamma distribution with a shape and rate parameter «
and f3, respectively. Based on this result, we can rewrite the joint posterior distri-

bution (4.10) by approximating the #-distribution with a Gaussian mixture as follows

J
p(Xna Xn—1, Qn|y0:n) X Z O-/jN (Yna CX’m Rn)
j=1

U

x N(Xn_l; )A(n_””_l’ Pn—1|n—1)N <Xn7 Axn—la Qn|n_1)

X IW(QTL? Un|n—1 + 17 Vn\n—l + (Xn - AXn—l)(')T>7 (412)

where {u;}7_; denote the uniformly spaced grid points in the interval [max (0, yg —

30g), pg—+ 30g| where ug and og are the mean and standard deviation of the density
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G(A\;v/2,v/2) with v = v,y — 2n,, respectively, and the weights {a;}7_; satisfy
a; < G(u;;v/2,v/2). The parameter Qnmq in (4.12) is defined as

Y A Vn\n—l

R 4.13
njn—1 Unjn—1 — on, ( )
The second line of (4.12) can be written as
A QTL n—
N (Xn-1; Xp—1|n—1, Pn—un—l)N (Xn; Axp -1, u‘ :
J
Xn in n— Pj APN— n—
=N ST nin-t =t (4.14a)
Xn—1 Xp—1jn—1 Pn—1|n—1AT Pn—1|n—1
=N (2,;2,Z;) . (4.14b)
where
)A(n|n—1 = A)A(n—1|n—1u (4153)
P/ 2AP, AT + % (4.15b)
j
22| ] (4.15¢)
Xn—1
Xoln—
N e (4.15d)
Xp—1ln—1
[ pi AP, .
Z,; 2 nin-1 =t (4.15¢)
Pnfl\nflAT Pn71|n71
Now, we multiply this term with N (y,; Cx,, R,,) and obtain the following.
N(¥n; Cxn, RN (2152, Z5)
N (y0:C2,CZC" + Ro) N (2573,7) | (4.16)
where
c2 [c 0] , (4.172)
7, =7, (2;'3+C'R;'y,). (4.17b)
_ — N1
7, — (zj—l n CTRglc) . 4.17¢)



The right hand side of (4.12) can be written by using (4.16) as follows:

p(Xn, Xn—1, inyO:n) X

J
Z aN <yn; EZ,EZ]-ET + Rn> N (zn: 2, Z;)
j=1
X IW(Q’M 'Un|n—l + ]-7 Vn\n—l + (Xn - AXn—l)(')T)- (418)

To simplify the above expression, @; is defined as follows:

a;N (v,:C2CZ,C" +R,)

@ — S . (4.19)
ijl OZjN (ym CZ, CZ]C + Rn)
When we insert a; into (4.18), we obtain
J
p(x’m Xn—1, inyO:n) X Zaj'/\/’ (Zn; zja Z])
j=1
X IW(Qn; Un|n—1 + ]-7 Vn|n—1 + (Xn - Axn—l)(')T)' (420)

By defining the vector w,, = x, — Ax,_;, we can write p(W,, Q,|yo.,) based
on (4.20) as

J
P(Wa, Qulyon) = ZEJN(WMWWWJ')
j=1

X IW(Qui Unjn—1 + 1, Vypno1 + wyw,h ), 4.21)
where
W, = [z —A] Z, (4.222)
W, =1 -A|Z, o (4.22b)
_AT

The marginal posterior p(Q,|yo.,) can now be obtained by marginalizing

P(Wr, Qu|yo.n) with respect to w,, as

J
p(an’O:n) = /ZajN<Wn;Wj7Wj)
j=1

X IW(Qn; Vnjn—1 + 1, Voot + wow,y ) dw, (4.23)

_ / P (W) IW(Qu; Vnps + 1, V(W) dw,, (4.24)
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where
J
r(wy) 2> TN (W W5, W), (4.25a)

V(W) Vot + Waw,. (4.25b)

Using the moment matching based approximation given in Section 4.10.2 on (4.24),

the marginal distribution p(Q,,|yo.,) is given as

where

2(Vpjp—1 — 2ny, — 1)

Unl Mo+ 2+ 200+ (1 — ) (Vppp—1 — 21y — 1) (4.272)
Un|n = 2nx -2
vV, = E, [V(w,)], 427b
= e B [V(wa) @21y
- E2 me n

2 et Br [V (wa)]
The expectations required in (4.27) are given in the following equations. The expec-

tation of V(w,,) is found as

E,[V(Wn)] = E; [Vajn1 + Wy w, | (4.28a)
= V1 +E, [w,w, | (4.28b)

J
= Vi1 + 0 [W; +W,w) ] (4.28¢)

7j=1

The m'" diagonal element of E,[V (w,,)], i.e., E.[V,um (W, )], is given as
J
ET[me(Wn)] = (Vn\nfl)mm + Zaj [(Wj)mm + (W])?n} : (4.29)
j=1

The last expectation E,.[V?2 (w,,)] is calculated as

E Vi (W)l = B [(Van-1)im + 2(Vain- (W), + (Wa )] (4.302)

:(VN\N—l)Enm + 2<Vn\n—1)mm E. [(Wnﬁn} + E, [(Wn);ln] (4.30b)
J
(Vn\’fl—l)mm + 2(Vn\n—1)mm Zaj ((WJ)m + (W]>mm)
J
+ Zaj (%)) + 6(F3)7 (W )i + 3(W)2,,) - (4.30c)



The filtered distribution of the state N(x,; X, P,,,) is found by integrating (4.12)

first with respect to Q,, then with respect to x,,_; as follows:
J
p(xn‘YO:n> X / Z ajN (Yn; CXn7 Rn)
j=1

X N(Xn—la )A(n71|n71a Pn71|n71)~/\/’ <Xn; Axn—h %> dxn—l (4313)

U

B

O‘/jN (Yn; CXna Rn) N <Xn; )A(n\nfla Pzz\n—l) (431b)
1

<.
Il

A e

J
=Y TN (xi %, P, (4.31c¢)
j=1
where the parameters 7;, fcil in and f’i |y, are given as
7 o AN (yo; O 1, CPY, ,CT + Ry, ), (4.322)
. N . —1
sz\n - Piﬂn ((PZL|n1> )A(”*anl + CTRglyn) ) (4.32b)
. . A -1
P = <(le o)+ CTRnlC) . (4.32¢)

Finally we can get p(X,|yon) =~ N (Xn; Xpjn, Pnjn) where the mean X,,),, and the

covariance P,,, are found by moment matching as

J

Kopn = > _ %0, (4.33a)
j=1
J

P =) (pfm + (X = Xain) (X, — ﬁnm)T) : (4.33b)
7j=1

The pseudo-code of a single step of the resulting filter is provided in Algorithm 2.

4.4 Bayesian Filtering with Unknown MNC

In this section, we investigate Bayesian filtering with unknown MNC when PNCs are
known. Similar to the solution of unknown PNC case, we first write the joint posterior
distribution of state and measurement noise covariance. We approximate the filtered

pOSt@I‘iOI‘ p(Xm Rn|Y0:n> as
p(Xn7 Rn|y0:n) ~ N(Xn; ﬁn\ny Pn\n>IW(Rn7 Wnn, Wn\n) (434)
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Algorithm 2 Filtering with Unknown PNC

1:

2:

3:

Inputs: A, C,R,,,y,,J,70: Xn—1jn—1: Pn—1jn—1, Vn—1jn—1, Va—1jn—1

Calculate vy,,—1 and V,,_; using (4.7).

Calculate the grid-points {u;}7_, and their weights {a;}7_, from Gamma distri-
bution with parameters o = 5 = (Up—1 — 2n4)/2.

Calculate X,,—; and {]'Sidnfl}}]:l using (4.15).

. Use (4.32) to calculate {x/  P7 17
. Merge {x/ P

nln’ = nlntj=1*

iV
nln’ = n|ntj=

1 using (4.33) to obtain X,,,, Py .

. Calculate moments E,.[V(w,)], E.[V,um(w,)] and E,.[V2 (w,)] using equa-

tions (4.28), (4.29), and (4.30), respectively

: Calculate vy, and V,,, using (4.27).

Outp]'ItS: )A(n|n7 Pn|n7 Un|n;s Vn|n

To obtain the parameters of the joint posterior distribution, we first write

p(Xn, Ryn|Y0.n—1) by using Chapman-Kolmogorov equation as follows:

p(XmRn‘yO:nfl) - //p(XmRn|Xn1>Rnl)
X p(Xn—la Rn—1|y01n—1) dxn—l an—l (4353)
://N(Xna AXn—17 Qn)N(Xn—l;f(n—l\n—lyPn—l\n—l)

X p(Rn’Rn—1>IW(Rn—17 wn—l\n—la Wn—1|n—1) dxn—l an—l (435b)

where

:N<Xn7 fcn|n—17 Pn|n—1)ZW(Rna wn|n—17 Wn|n—1)u (4350)
)A(n|n71 = A)A(n71|n717 (4363)

Pn|n—1 = APn—1|n—1AT + Qn7 (436b)

Wojn-1 = YRWn-1jn—1 + (1 — Yr) (20, + 2), (4.36¢)

Wn|n—1 £ ’YRWn—Hn—l' (4.36d)

The updated posterior distribution p(x,,, R,|yo.») is found by using Bayes’ rule as

follows:

p(XmRn|YO:n) X p(Yn|Xn7 Rn)p(xm Rn’y&n—l) (4373)

:N(YTU an7 Rn)IW(Rn7 wn\n—ly Wn|n—1)N(Xn; &n\n—ly Pn\n—l)‘ (437b)
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The posterior distributions of x,, and R,,, cannot be found separately since the R,,, term
appears in both Gaussian and IW distributions. To solve this problem, we write the

first two terms given in (4.37b) as the multiplication of Student’s # and IW distribution.
N(Ynycxna Rn)IW(Rna Wnln—1, Wn|n—1>

Wn|n—1
y Wnln—1 — 2ny

xSt <Yn; CXna 5
Wpln—-1 — 2ny
X IW (R Wapn—1 + 1, Wyt + (¥n — Cx,)(yn — Cx,)").  (4.38)

By using (4.11), the r-distribution can be approximated as

Wn\n—l ! En\n—l
St (Yn§ Cx,, —_%,wnmfl — 2ny) ~ ; N | yn; Cx,, » )

Wn|n—-1 j

(4.39)

where {u;}/_; denote the uniformly spaced grid points in the interval (max (0, yg —
30g), g+ 30g| where ug and og are the mean and standard deviation of the density
G(A\;v/2,v/2) with v = wppp—1 — 2n,, respectively, and the weights {o;}7_; satisfy
a; o< G(uj;v/2,v/2). The parameter R,,,,—; in (4.39) is defined as

o Wn n—
R, 2——L (4.40)

Wplpn—1 — 2ny

We can now write the updated posterior as

J _
R,
P(Xn, Ru|yon) o< E aN (yn;me 1|L 1)
Jj=1

J

X IW(RTM wn\n 1 + 1 Wn\n 1 + ( - CXTL)( ) )N(Xna )A(n\nfla Pn\nfl)
(4.41a)

J
Za Xm n|n’ lem)IW(Rm Wnln—-1 +1 Wn|n 1+ ( an)( ) )7

(4.41D)
where
a; o< oy (yn; CXpjn-1, CPyjn1CT + %) : (4.42a)
i
o = Py, (P 1 Xaln—1 +1;C* R, 1yn), (4.42D)
Pi;,\ (PnﬁL Tl CTRn\n 1C> - . (4.42¢)
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Integrating p(x,, R, |yo.,) with respect to R,,, the marginal posterior p(x,|yo.,) can

be calculated as

J
(Xn|yo m) = Z a Xna n|n’ Pim) (4.43a)
Jj=
z'/\/’(Xn; )A(n\ny Pn|n)a (443b)
where
J .
Ko = D WXy, (4.44)
j=1
J . .
j=1

The marginal posterior p(R,,|yo.,) can be obtained by integrating p(x,,, R,,|yo.») with

respect to x,, as

p(Rn’yOn :/Za] Xna n]n7P7]1\n)

X IW (R Wopn—1 + 1, Wy1 + (v, — Cx,)(-)") dx, (4.452)
= / (%) IW(Ryp; Wyp—1 + 1, W(x,)) dx,, (4.45b)
where
(%) £ AN (x; %, P, (4.46a)
W(x,) EW, 1 + (¥ — Cx,)(yn — Cx,) " (4.46b)

Using the moment matching based approximation used in Section 4.10.2, the

marginal distribution p(R.,|yo.,) is given as

where

2(Wpjp—1 — 2ny — 1)

e =2n, + 2 , 4.48
Wnpn =2y + 2 57 + (1 — a)(wnjp—1 — 2n, — 1) (4.482)
W Woln =20 =2 b o ()] (4.48b)
= (s Xn 9 .
nin Wpin—1 — 21y — 1
" B2 W (Xs,

_ZmlE (W (30)]
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The expectations required in (4.48) are given as

E, [W(x,)] = Wy 1+Za]( Cx),)()"+CP CT), (449

Er[wmm(xn)] = (WNIn—l)mm + Zaj ((yn - C}A{Zu )m (CPiLmCT)mm) )

(4.49b)
Er[Wrznm(Xn)] = (Wnln—l)?nm + Q(Wn\n—1>mm
J
x a0 ((vo = €)% + (CPLCT) )
=1
]J
#3190 = O )t + 600 — )
j=1
X (CPJ C)pm + 3(CP?, nCT)fnm). (4.49¢)

The pseudo-code of a single step of the resulting filter is provided in Algorithm 3.

Algorithm 3 Filtering with Unknown Measurement Noise Covariance
I: InPUtS: A; C; Qna Yn, J7 TR }A{n—l|n—1> Pn—1|n—1> Wp—1|n—15 Wn—1|n—1
2. Caleulate X1, Pojn1, Wajn_1, W1 using (4.36).

3: Calculate the grid-points {u;}7_, and their weights {a;}7_; from Gamma distri-

bution with parameters o = 5 = (Wy—1 — 21y)/2.
PJ, 1, using (4.42).

P’
nln’ n|n j=1

6: Calculate moments E,.[W (x,)], E,[W,..(x,)] and E,[W?2_ (x,)] using equa-
tions (4.49).
7. Calculate wy,,, and W,,,, using (4.48).

4: Calculate {x/

n?

5: Merge {x using (4.44) to obtain X, Pyy,.

8: Outputs: X,,,,, Pn|n, Whn, Wn‘n

4.5 Bayesian Smoothing with Unknown PNC

In this section, smoothing with unknown PNC problem is investigated when MNCs

are known. The smoothed distribution p(x,,, Q,|yo.n) can be written as follows:

P(Xn, Qulyon) = // Xn+17Qn+1|Xann) (%, Qu|yom)

P(Xn+1, Qni1lyon)

76



X p(xn+17 Qn+1‘y0:N> dxn+1 dQnJrl' (450)

We can write the terms of the integrand above as follows:

p(Xn+17 QnJrl‘Xna Qn) = N(XnJrl; AXm QnJrl)p(QnJrl‘Qn); (4-513)

p(Xn7 Qn|y0n> = N(Xn; }A(n|n7 Pn|n)IW(Qm Un|n, Vn\n)a (451b)

p(Xn+17 Qn+1|y01n) - N(Xn+1; &n—l—l\n’ Pn-i—l\n)IW(Qn—l-ly Un+1|n7 Vn+1|n)7
(4.51¢)

p(Xn+1, Qn+1|yO;N) = N(Xn+1; ﬁn+1\N7 Pn+1\N)IW(Qn+1; Un+1|N, Vn+1|N)7

(4.51d)
where
f(n+1[n = A)A(n|na (4.52a)
Pn+1\n = APn\nAT + QTL+1' (452b)
Substituting the terms in (4.51) into (4.50) would give
p(xna Qn’yO:N) - //N(XnJrl; AXm Qn+1)p(Qn+1‘Qn)
% N(Xn; )A(n|n> Pn\n)IW(an Un|n, Vn|n)N(Xn+1; }A(n+1\N> Pn+1|N)
N(Xn-l—l; }A(n—l—l\n, Pn—i—l\n)IW(Qn-l—l; vn+1|na Vn+1|n)
X IW(Qn1; Un+1\N,Vn+1\N) dx, 41 dQpq1- (4.53)

Unfortunately, the integral cannot be evaluated analytically due to the form of the
exact predicted density p(x,11, Qni1]Yo.n). Hence, the following factorized approx-

imation is found for p(x,+1, Qn+1|Yo.n) instead of the exact density.

p(Xn+17 QnJrl‘yO:n) %p(xn+1’y0:n)p(Qn+l‘yO:n) (4543)
:N(XnJrl; )A(n—l—l\n; APn\nAT + Qn—l—l\n)
X IW(QH+17 Un+1|n7 Vn+1|n)7 (454b)
where Qnﬂ‘n = Voiijn/(Vng1jn — 2n, — 2), a derivation of which is given in

Section 4.10.3. Substituting the approximation (4.54b) into the smoothed distribu-
tion (4.53) we get

N Xn+17 AXn, Qn+1) (Qn+1 ’Qn)
IW Qn+1; Un+1jns Vn+1|n)

P(Xn, Qulyo:n) = /
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N<Xn+1; fcn—i-1|nu APn|nAT + Qn+1|n)

X IW(Qun+1; Un+1\N>Vn+1\N) dx,q1 dQpy1- (4.55)

N (Xns1; Xpg1 vy Prgav)

To make the Gaussian distribution N(x,.1;AX,,Q,:+1) independent of
the term Q,.1, the multiplication of the terms N(x,,1;AX,,Q,;1) and
IW(Qn+1;Un+1\N,Vn+1\N) are rewritten as the multiplication of Student’s ¢
and inverse Wishart distribution. In addition, we collect all terms related to process

noise covariance together to obtain the following.

p(X'm Qn|YO:N> = N(Xn; Xn\n; Pn|n)

Vv
X /St (Xn+1; AXm n—,vn+1|N —2n,

Un41|N — 2n,
X /IW(Qn+1; Vpg N + 1, Vv + (X1 — AXp ) (Xng1 — Ax,)")

x p(QnJrl‘Qn)ZW(Qny Un|ns Vn|n)
IW(Qn1; Un+1n; Vn+1\n)
N (Xnt1; Xty P
o Nt g, Prvai) g (4.56)
N(XnJrl; Xn+1|n) Pn—l—l\n)

dQn+1

The integral with respect to QQ,,+; can be evaluated by using Beta-Bartlett smoothing
expressions [79] as ZW(Q; Vns, Vis(Xn, Xnt1)) Where

-1

Vns(xnu XnJrl) = ((1 - VQ)V;ﬁz + 7 (V”+1|N + (X"+1 - AX”)(')T)_I) )
(4.57a)

Uns = (1 = 70)Vnjn + Y0 (Vi1 v + 1). (4.57b)

Hence, we can express the distribution p(x,,, Q,|yo.n) as

p<xn7 Qn’yO:N) = N(Xn; )A(n\ny Pn\n)

X /St (Xn+1; AXQO-‘,—l\Nv Upg1|N — 27%:)

N (Xni1; Xpp1iv, Pr
X IW (Qu; Vnss Vs (X, Xpp1)) (1 X1y, Poag) dxni1,  (4.58)

N(Xn+1; )A(n+1|n7 Pn+1\n)

where

ray N VnJrl\N
Qn+1|N -

(4.59)

Un+1|N — 2”3:
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As in the filtering part, we now approximate the z-distribution as a scale Gaussian

mixture as follows:

! Q
. n+1|N
St (Xn+1; Ax,, Qn+1\N>Un+1|N - 27%) ~ Zoési/v (Xn+1; Ax,, B > )
i=1 5

(4.60)

where {3,;}._, denote the uniformly spaced grid points in the interval [max(0, g —
30g), pg+ 30g| where g and og are the mean and standard deviation of the density
G(X\;v/2,v/2) with v = v, 1y — 2n,, Tespectively, and the weights {a; }/_, satisfy
asi < G(Bsi;v/2,v/2). Replacing the z-distribution in (4.58) with the approximate

Gaussian mixture in (4.60) we get

7 _
X Q,
p(Xny inyO:N) - N(Xn; Xn\ny Pn\n) / Z asiN (Xn+1; Ax’m HUN
i=1

ﬁsi
N (Xn115 Xng1 v, P
X IW (Qui Vns, Vins Xy Xng1)) (1 X1y, Prvay) dx,1  (4.61a)

N(Xn+1; &n—l—l\n) Pn—l—l\n)

I ~ =1

N Xn 7 Xn ny Pn n
:Zasz/zw (Qn;vnsavns(xnuanrl)) ( i il ~ 1 )
=1

N(Xn+1; )A(n+1|n; Pn+1|n)

X N (s )A(izlnﬂ(xnﬂ)v Piz|n+1)N(Xn+1; Xn 11N> Pn+1\N) dxp 11, (4.61b)
where
F'i A AP AT Qn+1|N
ntijn — AFppA" + 5, (4.62a)
X1 (Xn1) = Xnjn + Pn\"AT(ﬁz-&-lln)_l(Xn-i-l — Xni1jn), (4.62b)
Pt = P — Pup AT(PL L) AP, (4.62¢)

. . N Xn 1;5( ) 7L7ﬁ:.L n)
We now approximate the ratio ~or X nttinPriiin) 4o (4 61b) as
N(Xn+1;xn+l\nvpn+l\n)

=i =i

N(Xn-‘rl; )A(n+1\n> Pn+1\n) ~ N(XHJFHN; )A("+1|n7 Pn+1|”l) (4.63)
A ~ A~ ) .

N(Xn+1; &n—&-l\ny Pn—i—l\n) N()A(n-‘rl\N; )A(n+1|n7 Pn+1|n)

which gives
I
p(xm Qn|y0:N) - Z (07 /IW (Qm Unsy Vns(xn7 Xn+1))
i=1
X N(Xn; f<2|n+1(xn+1), P;|n+1)N(Xn+1; fin+1|N, Pn+1|N) dx,41, (4.64)
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where

N (13 Xns 1), P,
o XQlg; ( LN Pt AnHln). (4.65)

Xn+1|N7 Xn+1|n; Pn+1|n)

We now approximate p(X,, Qn|Yo:n) as p(Xn, QulYon) = p(Xn|yo:n)P(Qulyon)
where p(x,|yo.n) and p(Q,|yo.n) are found by marginalization of (4.64).

p(xn‘YO:N> = /p(xm Qn‘YO:N) dQn (4663)

1
- Zal/N Xn; n|n+1<xn+1) Pn|n+1)N(Xn+17XTL+1|N7Pn-‘rl\N) dx 11

=1

(4.66b)
1

= 3 QN (s K Ply) (4.660)
=1

~ N(Xn; )A(n|N7 Pn|N)> (466(1)

Xl v :x;‘n 1 (Rngrw) = Kop + Pn|nAT(§; 1) Rng1 v = Xngapn),  (4.67a)

=

by =Pan AT (P ) Pran (P, +1‘n) "APn + Pl (4.67b)
_anAT(Pn 1) 1Pn+1|N( i +1‘n) 'AP,,

+ Prp = Poyp AT (P yy,) AP, (4.67¢)

Py = Pup A" () (P — Prsan) Pryyy) APy, (467d)

Koy =D Xy, (4.67¢)
K

Pyn = Z @ (P;W + (XZ\N - ﬁn\N)@;W - }A(nIN>T> . (4.671)
=1

We can calculate p(Q,|yo.n) by marginalizing p(x,,, Q,|yo.n) in (4.64) with respect

to x,, as

I
(Qn| :): 7 IW(QTL? nsavns( ny Xn ))
p Yo:n ;Oz// v Xn, Xnt1

X N (%3 X 1 (K1) Pl )N (15 Xnagns Prgav) dxpgn dx,. (4.68)

We now represent the multiplication of the Gaussian distributions in (4.68) as a joint

distribution as follows:
N (%n; &;\m—l(xn-&l% Pib\n-s-l)/\/’(XnH? Xn+1|N; Pn—i—lIN)
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o T
N Xn+1 Xn41|N Pn+1\N Pn+1|NKi

ol : , (4.692)
Xn X;|n+1(xn+1|N) KiP1n Py
= N (2n; 21, Zi) , (4.69b)
where K; is
K; =P, ,AT(P, )" (4.70)

Defining the random vector w,, = X,,,; — AX,, we can express p(Q,|yo.x) as fol-

lows:
] A
P(Qn’}’o:N) = Zai/N(Wn;Wi7Wi>
i=1
1
X IW (Qn; VUns, ((1 —1Q) Vo + 70 (Vayyn + wnw,f)‘l) ) dw, (4.71a)

I
i=1
-1
x IW (Qn, Unss ((1 — F}/Q)V;‘]ﬁ T P)/Q(Vn+1|N + an;l;)_l> ) de (471b)
%IW<QH;UTL‘N7V7‘L‘N>7 4.71¢c)
where w; and Wi are given as
wi= [T Az (4.722)

W, = [z _A} Z: . (4.72b)

In (4.71), we use moment matching as in Section 4.10.2. The smoothed parameters

vp v and V| are given as

2(Vps — 21y — 2)

=2 2 4.7
Up|N = 2Ng + +2a+(1—a)(vns—2nz—2)’ (4.73a)

B ’Un\N — 2”90 -2
Van = T E[V(w,)], (4.73b)

where

o = Zpzml Vomn)] (4.74a)

Zm:l E [me(wn)]

-1

Viw,) = ((1 =) Vo +90(Varyy + wyw, )*1) : (4.74b)
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The expectations E[V,,,,(w,,)] and E[VZ, (w,,)] required above are to be taken with

respect to the Gaussian mixture
I
p(Wa) 2> @il (wa; Wi, W), (4.75)
=1

Approximate analytical expressions to calculate E[V,,,,,(w,)] and E[V2 (w,)] are

given in Section 4.10.4. The algorithm related to this part is given in Algorithm 4.

Algorithm 4 Smoothing with Unknown PNC

L: Inputs: Aa [7 YQs Xn|ns Pn\n; Xn+1|n> Xn+1|N> Pn+1|Na Un|ns Vn|na Un+1|N> Vn—l—l\N

2: Calculate the grid-points {3,;}/_, and their weights {a,;}/_, from Gamma dis-
tribution with parameters o = 8 = (V1) n — 2n5) /2.

3. Calculate {f(ﬁll N PiZI ~ }1_; using (4.67a) and (4.67d), respectively.

4: Merge {fcﬁl‘N, PiﬂN}zl:l using (4.67¢) and (4.67f) to obtain x,,; and Py, re-
spectively.

5. Calculate moments E[V(w,)], E[V,m(w,)] and E[VZ (w,)] us-
ing (4.121), (4.123) and (4.124), respectively.

6: Calculate v,y and V |y using (4.73).

7. Outputs: X, v, Pon, v, Vo

4.6 Bayesian Smoothing with Unknown MNC

The smoothed posterior p(x,, R,|yo.n) is given as

p(xn-‘rla Rn+1 |Xn7 Rn)p(xna Rn|y0:n)
p XmRn Yon) = /
( | ° ) p(Xn+17Rn+1|yO:n)

X p(Xnt1; Rng1|yon) dxpi1 dRyq1, (4.76a)
_/N(XnH;Axn,Q)./\/'(Xn;fcnn,Pnn)
a N(Xn-i-l; f(nJrl\m Pn+1\n)

" /p(Rn+1|Rn)IW(Rn;wn|n,Wnn)

IW(Roq1; Wn41|ns Wn—i-lln)

N(Xn+1; )A(n+1|N7 Pn+1|N) dx;, 11

IW(Roy1; Wn+1|N, Wn+1|N) dRyp 41,

(4.76b)

=N (X X s Prv) IW(Ryy; wypv, Wi ), (4.76¢)
where

Xn|N = Xnjn + Ga[Xnt1 v — Xnt1jn); (4.77a)
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Pn\N = Pn\n + Gn[Pn+1|N - Pn+1|n]GnT, (477b)

Gn=P,, AP, (4.77¢)
Wp|N = (1 - rYR)wn\n + YRWn41|N, (477d)
_ _ —1
Wy = (1= ym)W, o + %W, 1) (4.77¢)

4.7 Simulation Results

We consider the two-dimensional target tracking problem given in [79] where a

single target with its state composed of z,y positions and velocities, i.e., x, =

[T, Ty Y, U] T, moves with nearly constant velocity. The state space model pa-

rameters are given as [8]

A 0 - 1 At
A = il 3 = )
0 A 0 1
1 00 0
C = : (4.78)
0 010

where At = 1s. The initial state is chosen as Gaussian with mean x, = [0, 5, 0, 5]T

and covariance Xy = diag([302, 30%, 30%, 30?]).

4.7.1 Bayesian Filtering and Smoothing with Unknown PNC

In this section, we investigate the case of unknown PNC. We assume that MNC is

exactly known and it is given as

L[5 1
R, =0 , 4.79)
1 5
forn =0,1,..., N where 02 = 2m?. For the PNC we consider two cases:

e Constant PNC: In this case the PNC is constant in time and given as

Q 0 _ At /3 At?)2
Q. = @ _|> Q=0 / / (4.80)
0 Q At?)2 At
forn =0,1,..., N where 02 = 27Tm?/s3.
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e Time-varying PNC: The PNC Q,, changes in time as follows.

~ 3 9
Q, = (g + E oS <47r_n)) Q (_) , Q=07 AP[3 AL[2 4.81)
3 3 0 Q At2)2 At

forn =0,1,..., N where 02 = 27m?/s3.

The scenario length is chosen as N = 4000. For the purpose of comparison, the

following smoothers are implemented.

e Kalman smoother (RTS): A clairvoyant Rauch-Tung-Striebel (RTS) smoother
using the true PNCs.

e VB: The explicit variational Bayes smoother proposed in [79]. The number of
iterations is set to 50 as in [79]. The covariance discount factors are chosen as
Yo = 0.98 and ¢ = 1 for time-varying and constant process noise covariance

scenarios, respectively.

e Proposed: The proposed smoother in this work. The number of components
used to represent Student’s z-distribution is set to 10. The covariance discount
factors are chosen as 7o = 0.98 and 7o = 1 for time-varying and constant
process noise covariance scenarios, respectively. The initial PNC distribution
parameters are selected as vg = 2n, + 3 and Vy = (vg — 2n, — 2)Qo, which

results in the initial mean (of the PNC) being equal to its true value.

Note that the smoothers mentioned above perform filtering as well. Thus, we com-
pare the performances of both filters and smoothers. A total of 100 Monte Carlo (MC)
runs are made by changing the state and measurement realizations in each run. We
investigate the performance in terms of root mean square error (RMSE) of position
and velocity estimates (over the MC runs). While comparing the performances, the
average RMSEs (ARMSE) over time are used. We also investigate the biases in the
covariance estimates. To get the bias information for each time index, we first com-
pute the average of covariance estimates over Monte Carlo runs. The true covariance
values are then subtracted from the averaged covariance estimates. We use the mean

of absolute bias values obtained at each time index to compare the bias information.
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When we run our algorithm and the VB algorithm for the time-varying PNC scenario,
we obtain the results of filtered and smoothed PNC estimates as shown in Figures 4.1
and 4.2, respectively. These figures include mean estimates and uncertainties of the
estimates. The mean estimates for the filtered and smoothed estimates are found as
Vopn/Wnpn — 21y — 2) and Vv / (Vv — 21, — 2), respectively. The results show
that the variances of the covariance estimates are higher for the proposed filtering and

smoothing solutions.

Average RMSE values for the filtering and smoothing solutions for the time-varying
PNC scenario are given in Table 4.1.  The results for the constant PNC is given in
Table 4.2. Table 4.1 and 4.2 show that the proposed algorithm and the VB method

provide similar performance and their performance is close to that of RTS.

There is bias in the covariance estimates as seen in Figures 4.1 and 4.2. The bias
values Q°(1, 1), Q*(1,2) and Q®(2, 2) for the filtered and smoothed PNC estimates
are given in Table 4.3. The bias of the proposed smoothing method is greater
than the bias of the VB method for the time-varying noise covariance simulation. In
addition, the proposed method yields less bias than the VB method for the constant

noise covariance case. These bias values affect the accuracy of the state estimates as
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Table 4.1: Position and velocity ARMSE of the filters and smoothers for the time-

varying PNC scenario.

Filter/ Filt. Pos. | Filt. Vel. | Smoo. Pos. | Smoo. Vel.
Smoother ARMSE (m) | ARMSE (m/s) | ARMSE (m) | ARMSE (m/s)
RTS 3.992 5.469 2.831 3.281
VB 4.000 5.470 2.863 3.293
Proposed 4.005 5.507 2.886 3.419

Table 4.2: Position and velocity ARMSE of the filters and smoothers for the constant

PNC scenario.

Filter/ Filt. Pos. | Filt. Vel. | Smoo. Pos. | Smoo. Vel.
Smoother ARMSE (m) | ARMSE (m/s) | ARMSE (m) | ARMSE (m/s)
RTS 4.085 6.387 2.997 3.892
VB 4.086 6.393 3.002 3.901
Proposed 4.087 6.393 3.000 3.897
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Figure 4.1: Filtered mean estimates and uncertainties of some entries of the PNC
for the proposed method and VB in the time-varying PNC scenario. The estimate
uncertainties are shown by the shaded regions representing the interval between the

5th and 95th percentiles over the MC runs.
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seen in Tables 4.1 and 4.2. Finally, the bias values for time-varying noise covariance

cases are greater than those for constant noise covariance cases.

The results in this part show that the VB and the proposed solution provide similar

results. The superiority of the proposed algorithm is the computation time. The

computation times per MC run of the smoothers are given in Table 4.4.
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Figure 4.2: Smoothed mean estimates and uncertainties of some entries of the PNC
for the proposed method and VB in the time-varying PNC scenario. The estimate
uncertainties are shown by the shaded regions representing the interval between the

5th and 95th percentiles over the MC runs.

4.7.2 Bayesian Filtering and Smoothing with Unknown MNC

In this section, we investigate the case of unknown MNC. We assume that PNC is

exactly known and it is given as

Q O _ At3/3 At?/2
Q. = @ _ | Q=o, / / (4.82)
0 Q At?/2 At
forn =0,1,..., N where 02 = 27m?/s>. For the MNC we consider two cases:

e Constant MNC: In this case the MNC is constant in time and given as

R, = o2 o1 forn=0,1,....N (4.83)
e 1 5 ) b M .

where 02 = 2m?.
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Table 4.3: Bias values for the filtered and smoothed PNC estimates for the time-

varying (TV) and constant (C) PNC scenarios.

Filter/ Filter Filter Filter Smoother | Smoother | Smoother

Smoother | Q°(1,1) | Q*(1,2) | Q(2,2) | Q*(1,1) | Q(1,2) | Q*(2,2)
(m?) (m?/s) | (m*/s*) | (m?) (m?/s) | (m*/s?)

VB (TV) 2.290 1.596 3.191 2.337 1.686 3.372

Proposed || 1.791 2.687 3.014 3.357 4.464 5.672

(TV)

VB (O) 1.561 0.577 1.157 1.561 0.581 1.165

Proposed 0.113 0.169 0.489 0.328 0.391 0.220

©

Table 4.4: Computation times (per MC run) of the smoothers for the time-varying

PNC scenario.

Smoother || Computation Times (s)
RTS 0.91
VB 30.39
Proposed 14.93

e Time-varying MNC: The MNC R, changes in time as follows.

4 5 1
R, =0’ (2—008 (ﬂ)> )
N 15

.., N where 02 = 2m?,

(4.84)

forn=0,1,.

The scenario length is chosen as N = 4000. For the purpose of comparison, the

following smoothers are implemented.

e Kalman smoother (RTS): A clairvoyant Rauch-Tung-Striebel (RTS) smoother
using the true MNCs.
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e RS-IID: The implicit smoother proposed by Agamennoni et al. in [78]. The
number of iterations is set to 50. The covariance discount factor is chosen as

vr = 0.98 for both time-varying and constant measurement noise covariances.

e VB: The explicit variational Bayes smoother proposed in [79]. The number of
iterations is set to 50 as in [79]. The covariance discount factors are chosen
as g = 0.98 and 7z = 1 for time-varying and constant measurement noise

covariance scenarios, respectively.

e Proposed: The proposed smoother in this work. The number of components
used to represent Student’s ¢-distribution is set to 10. The covariance discount
factors are chosen as vz = 0.98 and vz = 1 for time-varying and constant
measurement noise covariance scenarios, respectively. The initial MNC distri-
bution parameters are selected as wy = 2n, + 3 and Wy = (wo — 2n, — 2)R,y,

which results in the initial mean (of the MNC) being equal to its true value.

A total of 100 Monte Carlo (MC) runs are made by changing the state and measure-
ment realizations in each run. When we run our algorithm and the VB algorithm, we
obtain the results of filtered MNC estimates and smoothed MNC estimates as shown
in Figures 4.3 and 4.4. These figures include mean estimates and uncertainties of the
estimates. The mean estimates for the filtered and smoothed estimates are found as
W/ (Wnpn — 20y — 2) and W,/ (wnn — 2n,, — 2), respectively. The VB and the
proposed method provide similar mean estimates while the variances of the estimates

are slightly greater for the proposed method.

The average RMSE values for time-varying noise covariance are given in Table 4.5.
In the last simulation, we investigate constant MNC. The ARMSE performances of
the filters and smoothers are given in Table 4.6. Similar to the unknown PNC
simulations, Table 4.5 and 4.6 reveal that the proposed algorithm and the VB method
show similar performance. Proposed algorithm outperforms the RS-IID method. Fur-
thermore, the performance of the proposed algorithm is close to the performance of

the RTS algorithm which knows the noise covariances exactly.

There is bias in the covariance estimates as seen in Figures 4.3 and 4.4. In the figures,

it is seen that MNC is estimated with less bias compared to PNC estimations in pre-
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Table 4.5: Position and velocity ARMSE of the filters and smoothers for the time-

varying MNC scenario.

Filter/ Filt. Pos. | Filt. Vel. | Smoo. Pos. | Smoo. Vel.
Smoother ARMSE (m) | ARMSE (m/s) | ARMSE (m) | ARMSE (m/s)
RTS 5.490 7.040 3.833 4.194
VB 5.485 7.043 3.839 4.201
RS-IID 5.526 7.182 3.882 4.254
Proposed 5.506 7.085 3.856 4.211

Table 4.6: Position and velocity ARMSE of the filters and smoothers for the constant

MNC scenario.

Filter/ Filt. Pos. | Filt. Vel. | Smoo. Pos. | Smoo. Vel.
Smoother ARMSE (m) | ARMSE (m/s) | ARMSE (m) | ARMSE (m/s)
RTS 4.080 6.387 2.991 3.890
VB 4.086 6.388 2.997 3.892
RS-IID 4.103 6.468 3.024 3.928
Proposed 4.087 6.391 2.999 3.894
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Figure 4.3: Filtered mean estimates and uncertainties of some entries of the MNC
for the proposed method and VB in the time-varying MNC scenario. The estimate
uncertainties are shown by the shaded regions representing the interval between the

5th and 95th percentiles over the MC runs.
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Figure 4.4: Smoothed mean estimates and uncertainties of some entries of the MNC
for the proposed method and VB in the time-varying MNC scenario. The estimate
uncertainties are shown by the shaded regions representing the interval between the

5th and 95th percentiles over the MC runs.
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Table 4.7: Bias values for the filtered and smoothed MNC estimates for the time-

varying (TV) and constant (C) MNC scenarios.

Filter/ Filter Filter Smoother Smoother

Smoother RY(1,1) R(1,2) RY(1,1) R(1,2)
(m?) (m?) (m?) (m?)

VB (TV) 1.347 0.313 1.389 0.163

RS-IID (TV) 6.293 1.029 6.292 1.028

Proposed (TV) || 1.053 0.261 1.349 0.243

VB (C) 0.032 0.022 0.015 0.037

RS-IID (C) 2.529 0.214 2.529 0.214

Proposed (C) 0.128 0.054 0.133 0.116

vious subsection. The bias values R(1, 1) and R?(1, 2) for the filtered and smoothed
MNC estimates are given in Table 4.7. This table reveals that the bias values of the
VB method and the proposed method are similar and lower than the bias values of the
RS-IID method for the time-varying MNC. In the constant MNC case, the VB method
achieves the lowest bias values, whereas the RS-IID method has the highest bias val-
ues. This high bias in the covariance estimates results in low performance as seen in
Tables 4.5 and 4.6. Furthermore, we again see that the time-varying covariance case

has higher bias than the constant covariance case.

The results in this part show that the VB and the proposed solution provide similar
results. The superiority of the proposed algorithm is the computation time. The

computation times per MC run of the smoothers are given in Table 4.8.

4.8 Bayesian Filtering and Smoothing when both MNC and PNC are Unknown

When both noise covariances are unknown, it may be possible to obtain the filter-
ing and smoothing solution by using the fixed point iteration (FPI) technique. We can

first estimate the state and MNC. Then, we can estimate the state and PNC with found
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Table 4.8: Computation times (per MC run) of the smoothers for the time-varying

MNC scenario.

Smoother || Computation Times (s)
RTS 0.91

RS-IID 29.02

VB 27.85
Proposed 7.43

MNC. This iteration continues until convergence. At the end of iterations, we obtain
the estimates for the state, PNC and MNC. However, the convergence of the men-
tioned FPI technique can be problematic. Although we just examine the smoothing
problems with unknown PNC or unknown MNC, we have done several simulations
with unknown PNC and MNC to check if the solutions converge or not. We observe
from the simulations that the solutions converge. However, it is known that the FPI
may fail to converge even when solving a simple equation like ¢(x) = = where ¢(z)
is an arbitrary function and z is just a scalar. Both the starting point of = and the
form of function ¢(x) have an impact on convergence. Similar to this, we can en-
counter scenarios which may not produce convergent results. In that cases, we can
set an iteration number at which we stop the iteration and provide the results. Another
alternative can be to assign a covariance matrix to PNC or MNC, then find another
covariance matrix with a single iteration. We should note that the performance of
these two possible approaches will be worse than the case where both covariances are
estimated with convergence. In cases where convergence is achieved, we can stop the

iteration if the change in covariances is less than a certain threshold.

According to the discussions given above, we provide the pseudo-code of an algo-
rithm solving the problem of Bayesian filtering and smoothing with unknown MNC
and PNC. In order to show the convergence of the Algorithm 5, we use the same
simulation setup as in Section 4.7 and we use time-varying MNC and PNC. In the
simulations, we provide filtered and smoothed estimates for the first diagonal entries

of the MNC and PNC. To demonstrate the convergence, the results are provided for
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Algorithm 5 Filtering and Smoothing with Unknown MNC and PNC

1:

2:

InputS: Aa C7 Yo:nN, Jv YR VQ> ii) Piv Uiv Viv wia Wl

Initialization: V,,y = V', v,y =v' forn =0,1,..., N, wo_; = w', Wq_; =

W' w1 = 0", Vo1 = V', Xg-1 = X', Pg1 = P

: repeat
Q. = Vun/(pn —2n, —2) forn =0,1,..., N.
Run Algorithm 3 to obtain X,|,,, Ppjn, Wyjpn, Wy, forn =0,1,..., N.
Calculate X, v, Py, Wy v, Wy v forn =N —1, N —2,...,0 using (4.77).
R, = Wy n/(wyn —2ny —2) forn =0,1,...,N.
Run Algorithm 2 to obtain X,,,,, Ppjn, Unjn, Vi forn =0,1,..., N.
Run Algorithm 4 to obtain X, Py, Vpn, Voy forn = N — 1, N —

2,...,0.
. until convergence

: OUtputS: Xn|n, Pn\nv Un|n, Vn\nv Wn|n, Wn|n7 Xn|N Pn|N7 Un|N, Vn\Na Wn|N, Wn\N

forn=0,1,...,N.

the iteration numbers 1,2,4,7,9 and 10.

Figures 4.5 and 4.6 show that unknown MNC and PNC can be found iteratively and

the convergence of the algorithm is fast.

4.9 Conclusions

In this chapter, we have worked on filtering and smoothing problems. In the problem,

we have used a linear state space representation and have assumed that the process

and measurement noise covariances are unknown separately. The simulation results

show the similar performance of the proposed methods with the existing alternatives.

The methods are non-iterative unlike the existing approaches, which make them more

efficient computationally. The proposed approaches are explicit in that they calculate

explicit estimates of the unknown PNCs and MNCs, which might be useful in down-

stream applications in the data processing chain like clutter map formation (unknown

MNC case) and/or target classification (unknown PNC case).
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Figure 4.5: Filtered and smoothed estimates of ﬁn(l, 1).
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Figure 4.6: Filtered and smoothed estimates of Qn(l, 1).
4.10 Derivations

4.10.1 Derivation of (4.9)

We can write the product NV (x,,; Ax,,_1, 86)IW(Q"; Unjn—1, Vnjn—1) a8
N(Xn; Aanla Qn)IW(Qm Un|n—1, Vn|n—1)



- IW(Qm Un|n—1 + 17Vn\n—1 + (Xn - Axn—l)(')T>

3 —ng) (4853)
}Vn|n—1 + (Xn — Axn_1)<.)T’ 3 (Unjn—1—"Na
A%Y ns Un|n— 17Vnn— Y — A - AT
x (Q j/|2 1+ -1+ (x — ZC(U 1)( )_n)) 4.85b)
‘Inz _'_ Vn|n71(xn — AX"*1>(')TVn|n,1 2 \Un|n-1 x
AZY ns Un|n— 17Vnn— n — A 1) (- T
oc DV Qi Onpuor 1y Vi 1 (0 — Axa1)()7) (4.85¢)

(1+ (0 = Ax) TV, ()0
where we utilize the identity |Z + AB| = |Z + BA| for any two matrices A and
B for which the products AB and BA are well-defined. We use the expressions
(x)(-)T and (x)TA(-) for (x)(x)T and (x)T A(x), respectively. We can represent the
denominator of equation (4.85¢) as multivariate Student’s z-distribution. The general
expression for this distribution is given as follows:

[+ 3= ™S - )]
(T [(v +p)/2)) " T(v/2)vr/2mv/?| |12

where u, 3, v and p represent location vector, scale matrix, degrees of freedom and

St(x; p, X, v) = (4.86)

the dimension of the vector x, respectively. So, the final expression for the product

can be written as

N(Xn;Axn—lu Qn)IW(Qna Un\n—la Vn|n—1>
Vn|n—1

Unln—1 — 2n,

oSt (Xna AXn—h y Unln—1 — Qna:)

X IW(Qui Unfn—1 + 1, Vo + (%0 — Axpp1) (x5, — Ax,m1)7). (4.87)

4.10.2 Moment Matching for an Infinite Mixture of IW Distributions

Let X € R%*4 be distributed with the density p(X) given as
p0 = [ rODV (X0, V) i (@.88)

where r(-) is an arbitrary probability density function for the random vector x and
V(-) is an arbitrary positive definite function of x. Suppose that we would like to
approximate the density p(X) with an IW distribution ¢(X) = IW(X;7, V) by
using moment matching. The moments we would like to match are the mean E[X]
and the sum of the variances of the diagonal elements, i.e., >.% _ Var(X,,). Notice
that this selection is equivalent to matching the mean E[X] and the expected sum of

squared diagonal elements, i.e., E[>% | X2 .
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We can calculate the means of the distributions p(X) and ¢(X) as

B,(X) =4 Z(}i);iz(i);x _ ET[VU(X)L (4.892)
\% A%
BX) =———5 == (4.89b)

where u = v — 2d — 2 and u = U — 2d — 2. Solving the equation E,(X) = E,(X) for

V gives
vo2d=2 E, [V(x)]. (4.90)

v —2d—2
In [6, Theorem 3.4.3], the variance of the mth diagonal element, i.e., Var(X,,,), of

X ~IW(X;v, V) is given as

2 2
( +2)V
X — v—2d—2 mm 4 1
VarXmm) = 50— (v — 24— (v — 24— ) (491a)
2 2 2
=4+2)V 2V
_ G4 VE, 2V, : (4.91b)
(u+ Du(u—2)  u?(u—2)
where u = v — 2d — 2. Based on this, we can find E(X2, ) as follows.
2V?2 \'% V2

which is written by using the identity Var(X,,,,) = E(X2,) — E*(X,.). Hence,

the expectation of sum of squared diagonal elements can be given as
(4.93)

d d
1
E1D Xom|=——5 2 Vo
]
We can now write the expectations of the sum of squared diagonal elements with

respect to p(X) and ¢(X) as follows.

[ d ] d
1
E X2 | =— E, [V? 4.94
(S g Sl
[ 4 ] 1 A
E X2 | = A% 4.94b
q -mzz:l mm- ﬂ(ﬂ o 2) mZ::l mm ( )
Equating (4.94a) to (4.94b) and solving for v gives
_ 2(v—2d —2)
=2d+2 4.95
e S T A —a)(v—2d—2) (4.99)
where
d 2
EZ [ Vim
o= Zgzzl al i Ga)] (4.96)
Zm:l ET [me(X)]

Note that due to Jensen’s inequality [92], we have o < 1.
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4.10.3 Approximation of Joint Predicted Distribution

In this section, we find an approximation for the joint predicted density

p(Xn+1aQn+1|YO:n)- We write p(Xn+17Qn+1|y01n) by U—Sing the Chapman_

Kolmogorov equation as follows:

p(Xn+17 Qn—l—l‘yO:n) - //p(xn—i-h Qn+1|xn7 Qn)p(xna Qn|y0n) dxn dQn

(4.97)

The terms on the right hand side of (4.97) can be written as
p<xn+17 Qn+1 ’Xm Qn) = p<xn+1 |Xn7 Qn+1)p<Qn+1 ’Qn)a (4983)
p(xm an"(]n) ~ p(Xn|y0:n)p(Qn|y0:n)' (498b)

P(Xn+1, Qni1|yon) can be rewritten by substituting the expressions in (4.98)

into (4.97) as follows:
5t Quialyin) = [ [p6usibxs Qo )p(Qun Q)

X P(Xn|¥0:n)P(Qnlyo:n) dx, dQs. (4.99)

The equation (4.99) shows that analytical evaluation of p(x,.1, Q+1|yo.n) 1S not

possible. Therefore, we perform the following approximation.

p<Xn+1> Qn+1 |YO:n)- ~ p(XnJrl ’yO:n>p(Qn+1 |y0:n)- (4 100)

The terms p(X,+1|Yo.n) and p(Q,+1|yo.) can be found by marginalizing the joint
predicted density p(x,41, Qni1|Yo:n). We first find the density p(Q,,+1|yo.n) as

p(Qn+1|y0:n) - /p(xn+17 Qn+1|y0:n) an+1 (41013-)

:///p(xn+1yxn7QnJrl)p(QnJrl‘Qn)p(xn‘yO:n)p<Qn’y0:n> an dQn anJrl

(4.101b)
= [ [ #(@Quesi@upels 6 @Qulyon) dx, dQ, (4.101¢)
= [ #QulQp(Qulyi) dQ (4.101d)
= [ PQualQIW(Qui i Vi) dQ, (4.101¢)
—IW(Qui1; Unstfms Vi), (4.101f)
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where
Unt1jn =YQUnin + (1 = 70) (204 + 2), Vot £90 Vil (4.102)
The predicted state density p(x,+1|yo.n) can be written as
P(Xn+1lyom) = /p(Xn+1,Qn+1|yo:n) dQyt1 (4.103a)

:///p(xn+1yxn7QnJrl)p(QnJrl‘Qn)p<xn|y0:n)p<Qn|yO:n> an dQn dQn+1

(4.103b)
= [ [ [ Wi A @upl@unlQ)
X N(Xn; f{n‘n, Pn|n)IW(Qn; Unjn, Vn|n) dx, dQ, dQ, i1 (4.103¢)
[ [ N Ax RueN G o P
X IW(Qui1; Vnsiins Vi) A% dQpas (4.103d)

//an,xn|n, n|n)

" w (Qn+1, Vptijn + 1, Vit + (Xng1 — Axn)(_)T)
o —
(1 + (Xn+1 — AXn) Vn-|1—1|n( )) 7 (Vnt1n )

(1+(

i U, n Nz
X1 =A%) TV, ()2

dx, dQ,.1 (4.103¢)

Vn n
= /N(Xn; Xnjns Pnjn) St (Xn+1; Ax,, —H‘, Untijn — 2nx) dx,,.

Un+ijn — 2n,

(4.103g)

We can now approximate p(X,1|yo.,) using moment matching as p(X,11|Yo.n) =~

N (X413 Xnt1jns Prs1jn) wWhere X,,11), and P,, 1), can be calculated as follows:

)A(n+1|n _/N(Xn;knnyPnM)/XnJrl

V'Vl n
x St (an; Ax,, ;1', Untijn — 2nx) dx,1 dx, (4.104a)

Un+1jn — 2n,

:/Axn./\/'(xn;f(nm,Pnn) dx,, (4.104b)
Ak, (4.104c¢)
pn+1|n = / /(XnJrl - Af{n\n)(xn+1 - A)A(n|n)T

Vn+1|n

X St (Xn-‘rl; Axn7 y Unt1n — 2”1}) dxn+1

Un+1jn — 2n,
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X N (%0 Knjns Prjn) dX (4.104d)

:/ ( Vn+1|n + A( Xn|n)()TAT> N(Xn, }Ain\na Pn\n) dx,,

Un+1jn — 2n, — 2

(4.104e)
:APn|nAT + Qn_i'_l‘n’ (4.104f)
where
A Vn+1|n
Q . Un+1jn — 2”1‘ -2 ( )
As a result, the predicted joint density p(X,+1, Qni1|Yon) is given as
P(Xns1, Quit [Youn) AN (K13 K 1jn, AP AT + Qi)
X IW(QTLJrla Un+1jns Vn-l—l\n)‘ (4106)

4.10.4 Calculation of E[V(w,,)] and E[V2,  (w,)] for Smoothing with Unknown
PNC

In this part, we derive approximate analytical expressions for E[V(w,)|] and

E[VZ,.(w,)]. We first use the matrix inversion lemma two times for V(w,,).

—1
V(w,) = [(1 —1) Vo + 0 (Vagyn +waw, )—1] (4.107a)
- -1
V! 1NV W, Ty -1
_ n+1|N " n+1|N
= (1 =)Vl +99 | V] + (4.107b)
I | +1|N ].+W V 11|NWTL
_ —1
VQVn+1|NWnW Vn+1|N
= (1 =7%) Vo + 7%V — (4.107¢)
_ +1] 1+w Vn+1|NWn
- -1
-1 Q
=|V - IV T Vo WaW, Vni”N] (4.107d)
L n+1 n
_ VV.  W,wiv- YV
—V + it N (4.107¢)
T M+ wi Vn+1|NWn) w Vn+1\NVVn+1|NWn
_ vv! W, W, Vn Vv
=V + g 2 N (4.107)
I+w V +1|N<Vn+1|N 'YQV)Vn+1|NWn
where V is defined as
— —1
V=(1-9V,h +9%Valyn) - (4.108)
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We would like to find the expected value of V(w,,) with respect to w,, which has
a Gaussian mixture distribution p(w,,) given in (4.75). For the sake of brevity, we
take expectation with respect to a Gaussian distribution as it is easy to find the fi-
nal expected value with a weighted sum of the expected values of V(w,,) with re-

spect to components of p(w,,). Hence, we take expectation with respect to w,, ~

N(w,; W, W) To get a simpler form for (4.107f), we define u = VV;}FH NWn.
Then, we write V (u) as
— uu’
V(u) =V +7, — (4.109)

Q — —
14+u™V (Vo —10V)V

Now, we define U £ V_I(Vnﬂ‘ N —7oV)V ', and V(u) can be expressed as

V(u) = V 4 7g— 2L (4.110)
u) = —_ .
e 1+ uTUu’
where u has a Gaussian distribution
u~ N(u;1, U), 4.111)
where
T2 VV W, (4.112a)
USVV L WV LWV (4.112b)
We first start with the calculation of E[V (u)].
E[V(u)] =V +7FE uu_ (4.113)
u)| = e )
e 1 +uTUu
In order to calculate the expectation, we use the following theorem.
Theorem 1.
uu’ 0
E|—————| = = E[log(1 + u'Uu)]. 4.114
[1+uTUu] oy Pllos(l +u Uu)) (4.114)

Hence, if we can find E[log(1 + uTUu)], we get the desired expected value by tak-
ing the derivative of the result with respect to matrix U. Since we cannot calculate
E[log(1 4+ uTUu)] analytically, we approximate the term inside the expectation op-

eration as follows:

log(1 + ) ~log(1 + E[z]) + z — Elz])

1 —I-E[x}<
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1

- (z — E[z])% 4.11
The expectation of this expression is provided as
Var(x)
Ellog(1 ~ log(l+ E[z|) - ————. 4.116
log(1 + )] ~ log(1 + Ela]) — 55 (4.116)

By using this approximation, we can write E[log(1 + uTUu)] as

Var(u"Uu)
2(1 + E[u™Uu))?

E[log(1 4+ u'Uu)| ~ log(1 + E[u’Uu]) — (4.117)

The expectation and variance expressions given in the above equation can be calcu-

lated as follows:

E[u'Uu] = a' Ut + tr(UU),
Var[u'Uu] = 2tr(UUUU) +4u' UUUu. (4.118)

We can now write the derivative of E[log(1 + uTUu)| with respect to U as follows:

9 rrry 35 EWTUW 1 s VaruUu)
U Eflog(1 + u"Uu)] "1+ EuT0u 2(1+E[uTUu])?

Var[u"Uu|-2 E[u"Uu]

4.119
1+ B (+119)
where
9 E[u'Uu] = U +au*
ouU ’
0 —
30 Var[u'Uu] = 4UUU + 8UUuu". (4.120)
The final expression for E(V (u)) can be expressed as
— U+ ua” 14UUU +8UUua”
E[V =V -
VW=V 49| 1 5u™oa ~ 2 (15 B U2
T T - 65T
Var[u' Uu|(U + uu ) @.121)
(1+ E[uT™0Uu])3
It should be clear that
2
Vim (@) = Vi —n__ 4.122
We take the expectation of this expression as
BV (0)] =V + 70 | B |2 (4.1232)
u = _— . a
mm mm YQ 1+ uTUu .
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v . [ U, +w2, 2U0.,UU.,, +4U,, Ui,
—Vmm T T EuTUy] (1+ E[uTUu))?
Var[uTUu)(U,, + ﬁfn)}

(14 E[uTUu])’

(4.123b)
where U. ,,, is the m*" column of matrix U.

The last identity that we need to find is E[V?2,(u)].
u
{(1 + uTUu)J )
(4.124)

—2 — u?
BV 0] = Vi + 210V B [ 4

Since we have found the second term given on the right-hand side of (4.124), the only
expression that we need to calculate is the third term. For this purpose, we use the

following theorem.

Theorem 2.

ut 0 u?
E {—(1 - uTUu)Q} - 55— E L - uTUu} . (4.125)

We calculate the right hand side in (4.125) as follows:
5, . [ u?, } 0 [ (25 Eu™Uu]]

OUpm  |1+uTUu| 0Upm| 1+ ETUU]
1 [5% Var[u™Uu]] ~ Var[u"Uu] [;% Eu"Uu]| 4126
"2 (1+EuTUu))y? (1 + EuTUu))? (-1202)
2
B (BU(?nm E[UTUU]> 1 ag;m Var[uT Uu]
N (1 + E[uTUu])’ 2 (1 + E[uTUu])’
o 50— Var[u"Uu] 77— E[u" U]
(14 E[uTUu))’
2
Var[uTUuy] < T E[uTUu]>
-3 1 , (4.126b)
(14 E[uTUu])
where
0 Eu'Uu] = U,,, + (4.127a)
(9Umm mm ms .
S Varlu"Uu) = 4U.,UT.,, +8U., Ui, (4.127b)
2
Tl — ATT T2
g0 Var[u' Uu| =4U, . + 8U,,,,1,,. (4.127¢)
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CHAPTER 5

CONCLUSIONS AND FUTURE WORK

In this thesis, we have worked on the problem of Bayesian state estimation. We have
looked for an answer to the question of whether it is possible to develop a measure-
ment update rule that performs almost as well as a particle filter without using Monte
Carlo techniques. Another issue we have looked at was whether recursive filtering/s-
moothing could be achieved while simultaneously attempting to estimate measure-
ment or process noise covariance in the scenario where one of these covariances is

unknown.

We have first examined the filtering problem with nonlinear measurements. We have
solved the problem by minimizing the Kullback-Leibler divergence between a pro-
posed distribution and the true posterior distribution. We have assumed that the ap-
proximate posterior distribution is a Gaussian mixture. As a special case, we have
found that when we choose the number of components in the Gaussian mixture as
one, our solution reduces to the posterior linearization filter. Additionally, we have
demonstrated that if we choose the number of components as one and assume that
the measurements are linear, we obtain the Kalman filter update equations. In other
words, we have proved that the Kalman filter also minimizes the Kullback-Leibler
divergence. We have shown that the proposed solution is better than Gaussian filters
and the standard Gaussian sum filter. In addition, we have also demonstrated that the
proposed solution with a moderately low number of components performs similarly

to the particle filter.

Our solution to the nonlinear filtering problem is preferable when the use of Monte
Carlo methods is not desired. In order to eliminate the necessity of using Monte Carlo

methods, we have used some approximations in the solution. The computational time
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of the suggested solution is low compared to PF if we have a high dimensional prob-
lem. The NEES values of the proposed method have shown that the method provides
consistent estimates. Our method fills the gap in the literature between the research
on Gaussian sum filtering and nonlinear filtering with divergence minimization. The
only disadvantage of the method is that when we use a high number of components
for the assumed Gaussian mixture, the computation time of the algorithm is larger

than the PF especially when the problem is low dimensional.

We have focused on the Bayesian filtering/smoothing problem with unknown noise
covariances after solving the nonlinear filtering problem. We have solved the problem
for unknown process noise covariance and unknown measurement noise covariance
separately. We know that running a filtering or smoothing algorithm with unknown
covariances results in poor performance and even divergence in the solution. Our
proposed methods solve this problem by estimating unknown covariances and using
the estimation results in the algorithm. Simulation results have shown that the per-
formance of our solutions is similar to the performance of the Rauch-Tung-Striebel

smoother which knows the noise covariances exactly.

In the nonlinear filtering part, the measurement model is nonlinear. We can extend
this nonlinearity to the system model as a future work. We use Newton’s method
to solve the optimization part of the problem for which we use constant step size.
One can change this step size adaptively to decrease the number of iterations required
for the convergence. In the solution, we have proposed an update algorithm for the
weights, means and covariance of the assumed posterior. The covariance update can
be performed by using the observed information matrix and the remaining parameters
can be updated according to the proposed update algorithm. Instead of minimizing
forward KL divergence, future work may focus on minimizing the J-divergence be-
tween the proposed distribution and the posterior distribution particularly for multi-
modal distributions. Furthermore, a solution can also be derived by minimizing the
a-divergence. Once if the solution is found, one can consider adjusting the value of

« to switch between different divergences to optimize the performance.

The work on smoothing with unknown noise covariances examines linear systems.

This work can be extended such that it covers nonlinear systems in a future study. In
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addition, instead of concentrating on the process noise covariance and measurement
noise covariance separately, one can try to calculate/approximate the joint posterior
for the state and both noise covariances simultaneously. In the solution of the prob-
lem, we have approximated the z-distribution with a scale Gaussian mixture with a
constant number of components. To decrease the computational cost of the algo-
rithm, one can consider adjusting the number of components based on the degrees
of freedom parameter of the ¢-distribution. The number of components in the Gaus-
sian mixture can be decreased if the degrees of freedom of the ¢-distribution is large

lowering the computational load of the algorithm.
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