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ABSTRACT

ADAPTIVE AMBULANCE REDEPLOYMENT VIA
MULTI-ARMED BANDITS

Ümitcan Şahin

M.S. in Electrical and Electronics Engineering

Advisor: Cem Tekin

September 2019

Emergency Medical Services (EMS) provide the necessary resources when there

is a need for immediate medical attention and play a significant role in saving

lives in the case of a life-threatening event. Therefore, it is necessary to design an

EMS system where the arrival times to calls are as short as possible. This task

includes the ambulance redeployment problem that consists of the methods of de-

ploying ambulances to certain locations in order to minimize the arrival time and

increase the coverage of the demand points. As opposed to many conventional

redeployment methods where the optimization is primary concern, we propose

a learning-based approach in which ambulances are redeployed without any a

priori knowledge on the call distributions and the travel times, and these uncer-

tainties are learned on the way. We cast the ambulance redeployment problem

as a multi-armed bandit (MAB) problem, and propose various context-free and

contextual MAB algorithms that learn to optimize redeployment locations via

exploration and exploitation. We investigate the concept of risk aversion in am-

bulance redeployment and propose a risk-averse MAB algorithm. We construct a

data-driven simulator that consists of a graph-based redeployment network and

Markov traffic model and compare the performances of the algorithms on this

simulator. Furthermore, we also conduct more realistic simulations by modeling

the city of Ankara, Turkey and running the algorithms in this new model. Our

results show that given the same conditions the presented MAB algorithms per-

form favorably against a method based on dynamic redeployment and similarly

to a static allocation method which knows the true dynamics of the simulation

setup beforehand.

Keywords: Ambulance redeployment, online learning, multi-armed bandit prob-

lem, contextual multi-armed bandit problem, risk-aversion.
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ÖZET

ÇOK KOLLU HAYDUTLAR İLE UYARLANABİLİR
AMBULANS KONUMLANDIRMA

Ümitcan Şahin

Elektrik ve Elektronik Mühendisliği, Yüksek Lisans

Tez Danışmanı: Cem Tekin

Eylül 2019

Acil Yardım Servisleri (AYS), acil tıbbi müdahaleye ihtiyaç duyulduğunda gerekli

kaynakları sağlar ve yaşamı tehdit edici bir olay durumunda hayat kurtarmada

önemli bir rol oynar. Bu nedenle, çağrılara varış sürelerinin mümkün olduğu kadar

kısa olduğu bir AYS sistemi tasarlamak gereklidir. Bu görev, varış zamanını en

aza indirmek ve talep noktalarının kapsamını arttırmak için ambulansları belirli

yerlere yerleştirme yöntemlerinden oluşan ambulans konumlandırma problemini

içermektedir. Bu çalışmada, eniyilemenin birincil öneme sahip olduğu birçok ge-

leneksel konumlandırma yönteminin aksine, çağrı dağılımları ve seyahat süreleri

hakkında önceden hiçbir bilgi olmadan ambulansların konumlandırıldığı ve bu be-

lirsizliklerin zamanla öğrenildiği, öğrenmeye dayalı bir yaklaşım önerilmiştir. Am-

bulans konumlandırma problemi çok kollu haydut (ÇKH) problemi olarak mod-

ellenmiş, keşif ve istifade yoluyla konumlandırma yerlerini eniyilemeyi öğrenen

bağlamsız ve bağlamsal ÇKH algoritmaları önerilmiştir. Ambulans konum-

landırmada riskten kaçınma kavramı incelenmiş ve riskten kaçınan bir ÇKH al-

goritması önerilmiştir. Grafik tabanlı bir konumlandırma ağından ve Markov

trafik modelinden oluşan veri odaklı bir simülatör oluşturulmuş ve bu simülatör

üzerinde yürütülen algoritmaların performansları karşılaştırılmıştır. Ayrıca,

Ankara şehrini modelleyerek ve algoritmaları bu yeni model üzerinde çalıştırarak

daha gerçekçi konumlandırma simülasyonları elde edilmiştir. Elde ettiğimiz

sonuçlar, aynı koşullar göz önüne alındığında, sunulan ÇKH algoritmalarının,

dinamik konumlandırma temelli bir yöntemden daha iyi ve önceden simülasyon

kurulumunun gerçek dinamiklerini bilen statik bir tahsis yönteme benzer şekilde

çalıştığını göstermektedir.

Anahtar sözcükler : Ambulans konumlandırma, online öğrenme, çok kollu haydut

problemleri, bağlamsal çok kollu haydut problemleri, riskten kaçınma.
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Chapter 1

Introduction

Emergency Medical Services (EMS) are an integral part of the public services

and responsible for the provision of scarce resources in times of critical events.

Ambulance redeployment, which is an important topic in the design of an EMS

system, comprises the problem of deploying ambulances to certain locations in

order to

1. minimize the average arrival time to calls, and

2. increase the coverage of the demand points.

The first objective is related to overall reduction in the arrival times. Although

this objective improves the overall quality of the EMS system, it can leave some

individual calls not responded within a reasonable time in favor of the overall

reduction in the arrival times of the majority of the calls. However, in a typical

EMS system, reducing the average arrival time at the expense of some calls being

not responded on time jeopardizes the reliability of such an EMS system in real

life. Therefore, redeploying ambulances closer only to the demand points from

where the most of the calls originate might be an ineffective method since it

decreases the coverage of all demand points. This concern is represented by the

second objective. Furthermore, in an EMS system, a call has a high chance of
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coming from a life-threatening event and requires an immediate response; thus, it

is very important to increase the coverage of all demand points so that as many

calls as possible are responded within a reasonable time. Solving the redeployment

problem by taking into account both objectives requires numerous challenges to

be addressed.

One of these challenges is the limit on the number of ambulances that are

idle to respond to any call. Since an ambulance is busy when responding to a

call, the designed model should redeploy remaining idle ambulances in a way to

cover the area that is now uncovered by the dispatched ambulance. Furthermore,

fixed ambulance locations, which result in static allocation of the idle ambulances,

also restrict the design of an efficient method in a sense that the ambulances are

dispatched from the same stations even though the locations of these fixed stations

might not effectively cover the time-varying demand points. Therefore, instead

of the static allocation techniques, it is shown that a dynamic redeployment

approach, i.e., adjusting the positions of the ambulances with respect to the

demand points as the statistics of the calls change over time, results in both the

reduction of the arrival times and the increase in the coverage of the demand

points [1–19].

On the other hand, the dynamic redeployment models present some new chal-

lenges due to their dynamic nature. These challenges include the curse of di-

mensionality due to the increase in the number of ambulance locations and the

computational complexity of the dynamic models. To overcome these problems,

prior works focus on the approximate dynamic methods and near-optimal solu-

tions with strong performance guarantees. [4, 6, 14].

The region specific parameters such as the expected number of calls from the

demand points, i.e., call distributions and travel times on the roads might not

be completely known before the optimal redeployment locations are computed

for the ambulances. Furthermore, these parameters can dynamically change in

a given day or from one day to another. Therefore, it is a vital task to learn

these parameters in order to efficiently redeploy ambulances to the locations that

result in the maximum coverage and the minimum arrival times. For this reason,
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in this thesis we present a new learning-based approach in which the ambulances

are redeployed without prior knowledge on the call distributions and travel times.

Since our method learns where to redeploy ambulances in an online manner, it

does not require any region specific information, which makes it easily applicable

to real-life EMS systems.

We cast the ambulance redeployment problem (ARP) as a multi-armed bandit

(MAB) problem. MAB problems investigate the trade-off between exploration

and exploitation [20, 21]. This trade-off is best explained with the following ex-

ample: a gambler (i.e., the agent) facing a number of slot machines (i.e., arms)

has to decide which machines to select and in what order so as to maximize his

gain. Since he does not know the probability distributions that generate the re-

wards of the machines, he has to spend some of his money and time to learn the

expected rewards of the machines. This corresponds to exploration. At the same

time, he also needs to select the machines that are found to be generating good

rewards to maximize his total reward. This corresponds to exploitation. These

two need to be carefully balanced, because by exploring too much the gambler

might never get a chance to maximize his total reward, while by exploiting too

much he might get stuck at a sub-optimal machine.

In ambulance redeployment, the MAB agent sequentially learns where to re-

deploy ambulances by taking into account the arrival times of the previously

deployed ambulances. The location in which an ambulance can be redeployed

correspond to a bandit arm. The rewards of such arms are determined according

to the arrival times of ambulances to calls. Initially, the MAB agent redeploys

ambulances to different locations in order to explore the arrival times from these

locations to calls. Then, as the number of past calls increases, it redeploys ambu-

lances to the locations with the estimated best arrival time and coverage based

on the history of the previous calls and their arrival times, while still occasionally

exploring new locations.

A crucial aspect of the ambulance redeployment problem is that parameters

such as travel times that depend on external factors also affect the arrival time of

ambulances to calls; hence, this side information should be used by the learning
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agent to make better decisions. This side-information can be utilized through

a variant of the MAB problem: the contextual multi-armed bandit problem

(CMABP). In the contextual MAB, the agent observes a context (side informa-

tion) at the beginning of each time slot that gives a hint about the arm rewards.

Then, the agent decides on which arm to select both based on its history and the

current context. The contextual MAB problem finds applications in many fields

including recommender systems [22], medical diagnosis [23] and cognitive radio

networks [24]. In short, the MAB agent learns optimum redeployment locations

(that result in minimum arrival times and maximum coverage) based on fixed

travel times, while the contextual MAB agent learns the optimal redeployment

locations for time-dependent travel times.

Furthermore, in order to make sure that each call is responded within a rea-

sonable time, the variance in the arrival times should be minimized as well as

the expected arrival times. In the thesis, we investigate this effect in the ARP

through the concept of risk-aversion in the MABP [25,26]. By using a risk-averse

MAB algorithm, that is, by designing a MAB algorithm that takes less risks when

redeploying ambulances, a reduction in the worst-case arrival times is achieved.

We also show that minimizing the variance in the arrival times leads to increase

the expected arrival times. Therefore, this trade-off between worst-case arrival

times and the overall expected arrival times is also investigated in the thesis.

To the best of our knowledge, both the MAB, the CMAB, and the risk-averse

MAB problems have not been used in the context of ambulance redeployment

prior to this study.

MAB algorithms are preferred over other learning methods in ambulance rede-

ployment for two important reasons. First, MAB algorithms provide scalability

over large data sets since they do not need to store every instance of the history

(e.g., past calls, travel times, traffic status etc.). Second, MAB algorithms learn

where to redeploy ambulances through a feedback mechanism called partial or

bandit feedback, i.e., they can learn without actually observing the arrival time of

every ambulance had they been placed at every possible location. Bandit feed-

back is inherent in the ARP since the feedback about arrival time and coverage
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can only be observed for the selected deployment.

1.1 Our Contribution

The contributions of this thesis can be summarized as follows:

1. a new learning-based method to solve the dynamic ambulance redeployment

problem in which problem characterizing parameters such as call distribu-

tions and travel times do not need to be known beforehand and learned on

the way,

2. design of a new discrete time data-driven redeployment simulator on which

the redeployment algorithms run,

3. empirical regret analysis of the proposed algorithms in the context of am-

bulance redeployment,

4. a detailed comparison of the new method with an existing static allocation

and dynamic redeployment models in the literature, and

5. a new risk-averse MAB algorithm that redeploys ambulances in a way not

only to minimize the expected arrival times, but also to minimize the vari-

ance in the arrival times.

1.2 Organization of the Thesis

The rest of the thesis is organized as follows: Next chapter includes the related

work on ambulance redeployment. We include the literature on the static al-

location and dynamic redeployment models, and how our method differs from

them. In Chapter 3, we define the classical MAB and contextual MAB problems

and propose our own adapted algorithms that are used in ambulance redeploy-

ment. In Chapter 4, we describe the graph-based redeployment network and the

5



Markov traffic model that we use in our simulations. In Chapter 5, we contruct

a discrete-time data-driven redeployment simulator on which the proposed algo-

rithms are run. In Chapter 6, we conduct simulations on a 15× 15 redeployment

network and compare the performances of the proposed algorithms against the

static (SMEXCLP) and dynamic MEXCLP (DMEXCLP) models from the lit-

erature. In Chapter 7, we investigate risk aversion in ambulance redeployment,

model the city of Ankara in Turkey for more realistic simulations, and compare

the performance of the algorithms on this model. In Chapter 8, we conclude the

thesis and share our research direction on future work.
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Chapter 2

Related Work

The existing work on ambulance redeployment can be categorized into two: static

allocation and dynamic redeployment problems.

2.1 Static Allocation Problem

The static allocation problem is solved once before all ambulances are deployed

and the locations of idle ambulances are not adjusted as the other ambulances that

are dispatched to calls become temporarily unavailable for future calls. Hence,

this type of allocation problem is called the static allocation problem. The static

allocation problem consists of deterministic and stochastic methods.

2.1.1 Deterministic Ambulance Redeployment

In the deterministic case, uncertainties in the availability of the ambulances are

ignored. That is, all ambulances are assumed to be able to respond to any call at

any given time. Most of the prior research on this case depends on the location set

covering model (LSCM) proposed by Toregas et al. [27] and the maximal covering
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location problem (MCLP) proposed by Church and ReVelle [28]. The LSCM aims

to minimize the number of ambulances needed to cover all demand points and

provides a lower bound on the number of ambulances. On the other hand, the

MCLP aims to maximize the coverage given a limited number of ambulances.

Both models, however, do not consider the case of busy ambulances once they

are dispatched to calls. Therefore, they do not take precautions against the areas

that are presently uncovered by the dispatched ambulances. Furthermore, they

do not consider the case where multiple simultaneous calls originating from the

same demand points. To address these issues, several variants of the LSCM and

MCLP have been proposed (see e.g., [29–32]).

2.1.2 Stochastic Ambulance Redeployment

For the stochastic case, an important example of the stochastic location problem

is the maximum expected covering location problem (MEXCLP) [33]. In this prob-

lem, the availability of the ambulances is modeled using independent Bernoulli

random variables, and it is assumed that more than one ambulance can be present

at the same location. Numerous variants of the MEXCLP model are proposed,

including the model where the travel time and speed of the ambulances are as-

sumed to be stochastic [34, 35] as well as the model in which the availability of

the ambulances depends on each other [33, 36].

2.2 Dynamic Redeployment Problems

With the advances in the current technologies such as the Geographical Infor-

mation System (GIS) and Geographical Positioning System (GPS), the dynamic

ambulance redeployment problem can be solved in real-time, and hence, the po-

sitions of the ambulances can be readjusted based on ambulance availability and

the expected calls from the demand points. The previous work includes the dy-

namic double standard model (DDSM) by Gendreau et al. [1], and the advanced

integer programming model [2] where the cost of redeploying ambulances and the

8



coverage of future calls are incorporated into the objective function. Further-

more, the ambulance redeployment problem is cast as a Markov Decision Process

(MDP) and solved via dynamic programming in order to capture the real-life

complexity of the problem (i.e., the randomness in the system due to its dynamic

nature) [3,37]. Since high-dimensional state space makes it computationally very

hard to compute the optimal solution, approximate dynamic programming meth-

ods are proposed in [4,5,14], which use value function approximations for MDPs.

Furthermore, some studies also use heuristics in their redeployment models in

order to arrive at a reasonable redeployment strategy which is not guaranteed

to be optimal [8, 10, 11]. In addition, [6] uses a data-driven simulator and a

greedy allocation approach with submodularity to achieve near-optimal solutions

in ambulance redeployment.

Some models also consider the relocation cost so as to penalize number of

relocations made among ambulance waiting stations. One such study [7] uses

a time-dependent MEXCLP model and aims to maximize the time-dependent

coverage of the demand points while minimizing the number of relocations made

among stations and the number of ambulances waiting in the same stations. In

contrast, we do not directly introduce a penalty term in our model, but we restrict

the number of relocations by allowing only idle ambulances to be redeployed at

a given time instance. Redeploying only idle ambulances is also used by [15]

to introduce an ambulance crew-friendly approach. Similarly, [8] also uses a

mixed integer programming model with variable neighborhood search heuristic

and aims to maximize the coverage of the demand points under time-dependent

travel times. Similar to their study, we have also considered the case of time-

dependent travel times by introducing time-dependent traffic states on the roads

which are determined by a Markov traffic model. Instead of a black-and-white

coverage consideration (i.e., ambulances respond under a given time or not), [9]

measures the performance as the survival rates of the call by introducing a penalty

function which is non-decreasing and depends on the arrival time.

Apart from these works, a detailed empirical comparison of the relocation

strategies in real-time ambulance redeployment is made in [10]. [19] formulates the
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redeployment problem as an integer linear program and proposes a dynamic rede-

ployment model called maximal expected coverage relocation problem (MECRP)

that maximizes the expected covered demand points. They conduct their anal-

ysis with real-life EMS data from Montreal. [18] uses the same MECRP model

but formulates a generalized assignment model that aims to minimize the total

times traveled by the ambulances. Similar to [19], we conduct sensitivity analysis

with varying number of ambulances in our simulations. Furthermore, similar to

the combinatorial assignment model in [18], we use the Hungarian method in our

model to compute the optimal assignment that results in the least travel times

when assigning idle ambulances to the waiting locations.

Online redeployment methods are proposed in [11], [12], [16]. [11] uses a penalty

function that puts restrictions on the number of relocations using heuristics. [12]

proposes a model called the minimum expected penalty relocation problem (MEX-

PREP), which uses compliance table policies where each compliance table level

indicates the desired waiting site locations for the idle ambulances. Further-

more, [16] studies the impact of the frequency of redeployments, crew workload,

presence of busy ambulances, and selection of performance criterion on ambulance

redeployment.

In addition, [13] proposes a two-stage stochastic program where the optimal

placement of the ambulances is determined in the first stage and in the second

stage the uncertainty in the location of emergency calls is represented by a fi-

nite set of scenarios, each containing a random outcome for the location of the

calls, and [15] considers a dynamic version of the MEXCLP model called DMEX-

CLP and uses heuristics to solve the dynamic redeployment problem in real-time.

Their DMEXCLP model assumes that the travel times on the roads are fixed.

On the other hand, [17] considers the DMEXCLP model with uncertain driv-

ing times. Both models assume that the fraction of demands from each demand

point is to be known in advance and that it is proportional to the population that

comprise this demand point. Although these assumptions are necessary for the

DMEXCLP model to compute a near-optimal solution, there are other factors

affecting the fraction of demand points such as age and gender distributions in

a population. Therefore, in our simulations, we compare the performance of the

10



MAB algorithms with the DMEXCLP model under the parameter settings where

the algorithms do not have the knowledge of the fraction of demand points (i.e.,

call distributions) and estimate these fractions using average sampling technique.

More details are provided in Chapter 6.

The previous works discussed so far focus on the optimization aspect of the

allocation and redeployment problems and require full or partial knowledge of

the system dynamics such as call distributions and travel times.

On the other hand, in this work, we propose a new reinforcement learning-

based approach for real-life EMS services where call distributions and travel times

are stochastic and not known a priori.
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Chapter 3

Multi-armed Bandits in

Ambulance Redeployment

In this chapter, we first describe the MAB problem with single and multiple arm

selections. Then, we describe how numerous MAB algorithms can be adapted

for ambulance redeployment. Finally, we propose our own MAB algorithms for

ambulance redeployment at the end of each section. The algorithms that we

consider are either deterministic (use the principle of optimism under the face of

uncertainty, and select arms based on upper confidence bounds [38]) or random-

ized (explore with a certain probability like εn-greedy [38] or sample from the

posterior distribution [20] to decide on which arms to select).

3.1 The MAB Problem

In the MAB problem, there is a set of K arms, denoted by A, where each a ∈ A
denotes a possible ambulance location. At each round t, arm a generates a

random reward rt,a ∈ [0, 1] that comes from a fixed but unknown distribution,

12



whose unknown expected value is µa.
1

Single-arm selection: In the classical setting, the MAB algorithm π selects

arm πt in each round based on the history of its selections and observations,

and gets to know only the reward rt,πt of arm πt at round t. The objective is

to maximize the expected total reward over T rounds, i.e., max E
{∑T

t=1 rt,πt

}
.

This is equivalent to minimizing the regret, which is given as

R(T ) := E

{
T∑
t=1

rt,π∗
t

}
− E

{
T∑
t=1

rt,πt

}
(3.1)

where π∗ is the benchmark single-arm selection strategy. The benchmark is usu-

ally taken to be an oracle which knows the expected rewards of all arms in advance

and always selects the arm with the highest expected reward. Since the reward

distributions are fixed, the optimal arm is time-independent, and its expected

reward is given as µ∗ := maxa∈A µa. Thus, when the benchmark is this oracle,

the regret of an MAB algorithm π in T rounds can be rewritten as:

R(T ) = µ∗T − E

{
T∑
t=1

rt,πt

}
. (3.2)

In the context of ambulance redeployment, (3.2) measures the loss of the MAB

algorithm that deploys a single ambulance in each round with respect to the oracle

which knows the expected arrival times for all locations perfectly, and deploys a

single ambulance to the best location in each round.

Multiple-arm selection: In this setting, instead of selecting a single arm,

the MAB algorithm selects Nt arms at round t where Nt ≤ K. Even if the distri-

butions of the calls are known for all locations, this is in general a combinatorial

optimization problem which is NP-hard [39], [40]. Thus, it is intractable to com-

pete against an optimal oracle that knows the best deployment of Nt ambulances.

Therefore, for the multiple-arm selection setting, we consider the following opti-

mization oracle as the benchmark: static MEXCLP (SMEXCLP) [41]. SMEX-

CLP is an NP-complete static allocation method which knows all the call distribu-

tions; hence, the rewards of the ambulance locations beforehand and computes the

1These definitions are used in the following subsections. Furthermore, the terms bandit arm
and ambulance location are used interchangeably throughout the text.
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optimal N (i.e. Nt = N when t = 1) locations π∗1, ..., π
∗
N via integer programming

when t = 1. It assigns the ambulances to these locations starting from π∗1 up to

π∗N . Then, it dispatches the closest ambulance π∗t,n ∈ {π∗1, ..., π∗N}, n ∈ {1, ..., Nt}
to the call at round t and receives the reward rt,π∗

n
. When the dispatched am-

bulance becomes idle after delivering the patient to the hospital, it returns to its

pre-assigned location if there are no active calls. The multiple-arm regret with

respect to the SMEXCLP algorithm is defined as follows:

Rm(T ) := E

{
T∑
t=1

rt,π∗
t,n

}
− E

{
T∑
t=1

rt,πt,n

}
(3.3)

where πt,n, n ∈ {1, ..., Nt} is the reward of the closest ambulance dispatched to

a call at round t by the MAB algorithm.

From this point on, we only consider the multiple-arm selection problem and

the corresponding regret definition in (3.3). Therefore, the learning methods

described below aim to maximize the reward (i.e., minimize the regret) for the

the MAB problem with multiple-arm selection.

3.1.1 Multiple-Arm UCB1 (MaUCB1)

The original UCB1 algorithm which selects a single arm at each round can be

found in [38]. For this setting, for all K > 1, if policy UCB1 is run on K arms

having arbitrary reward distributions P1, ..., PK with support in [0, 1] then its

expected regret E [R(T )] after any number of rounds T is at most[
8
∑

i:µi<µ∗

(
lnT

∆i

)]
+

(
1 +

π2

3

)( K∑
j=1

∆j

)
(3.4)

where µ1, ..., µK are the expected values of P1, ..., PK , µ∗ is as defined earlier, and

∆i := µ∗ − µi, i ∈ {1, ..., K}.

We modify the original UCB1 algorithm to allow for multiple-arm selection

and call it the MaUCB1 algorithm.

14



At round t, MaUCB1 computes an index for each ambulance location a based

on the observations from that location as follows:

gt,a := r̄t,a +

√
2 log t

nt,a
(3.5)

where r̄t,a is the sample mean reward of location a and computed by averaging

the reciprocals of the arrival times of the ambulances that are located at a and

dispatched to a call up to round t, t is the current round, nt,a is the number

of times an ambulance has been placed at location a and dispatched to a call

up to round t. At each round, MaUCB1 redeploys Nt (i.e. the number of idle

ambulances) ambulances. These redeployments are made to the locations with

the Nt highest indices, denoted by πt,1, πt,2, ..., πt,Nt :

πt,1 = arg max
a∈A

gt,a,

πt,2 = arg max
a∈A\{πt,1}

gt,a,

...

πt,Nt = arg max
a∈A\{πt,i}

Nt−1
i=1

gt,a. (3.6)

In other words, we sequentially compute the single best location that has the

highest index gt,a among the locations in A, which is πt,1, exclude this location

from A, and then compute again the best location that has the highest index

among the locations in A\ {πt,1}. We proceed this way until all Nt locations are

selected for ambulance redeployment.

As a call arrives at a location, the closest ambulance πt,n, n ∈ {1, ..., Nt} is

dispatched to the call and its reward rt,πt,n is observed at round t. rt,πt,n is

used in calculating the regret in (3.3). Then, the sample mean reward r̄t,πt,n

and nπt,n are updated for the next round in which (3.5) is computed again for

each location. The last term on the right-hand side of (3.5) is the exploration

term. The exploration term measures the uncertainty in ambulance redeployment

and has greater values when t is small and shrinks when t increases. It enables

MaUCB1 to occasionally select locations that are rarely selected before, discover

locations with high rewards, and avoid getting stuck at sub-optimal locations.
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The computational complexity of the UCB1 algorithm for single-arm selection

is given in [38]. In MaUCB1, the multiple-arm selection step in (3.6) over T

rounds incurs the computational complexity of O(TK log(K)) in big O notation.

3.1.2 Multiple-arm εt-greedy

The original εt-greedy algorithm proposed in [38] selects a single arm at each

round. For this setting, for all K > 1, if policy εt-greedy is run with input

parameter

0 < d ≤ min
i:µi<µ∗

∆i, (3.7)

then the probability that after any number T ≥ cK/d of rounds, εt-greedy chooses

a suboptimal arm j is at most

c

d2T
+ 2

(
c

d2
ln

(T − 1)d2e1/2

cK

)(
cK

(T − 1)d2e1/2

)c/(5d2)
+

4e

d2

(
cK

(T − 1)d2e1/2

)c/2
.

(3.8)

where for c large enough (e.g. c > 5), the above bound is of order c/(d2T )+o(1/n)

for n → ∞ as the second and third terms in the bound are O(1/n1+ε) for some

ε > 0 in big O notation.

[
8
∑

i:µi<µ∗

(
lnT

∆i

)]
+

(
1 +

π2

3

)( K∑
j=1

∆j

)
(3.9)

where µ1, ..., µK are the expected values of P1, ..., PK , µ∗ is as defined earlier,

and ∆i := µ∗ − µi. Here εt can be considered as the probability of uncertainty

in our redeployments. We modify this algorithm such that Nt ambulances are

redeployed at each round, and call the modified algorithm multiple-arm εt-greedy.

εt is taken to be
1

t
so that it is a decreasing function of t. The flow of the algorithm

is given as follows:

1. First perform Nt independent Bernoulli trials with success probability 1−εt
(a Bernoulli trial is a coin toss experiment where the probability of heads

coming up is 1 − εt and considered as success, and the probability of tails

coming up is εt and considered as failure.)
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2. If there are St ≤ Nt number of successes in these trials (i.e., the num-

ber of times heads come up is St out of Nt coin tosses), then redeploy St

ambulances to the locations with the highest sample mean rewards:

πt,1 = arg max
a∈A

r̄t,a,

πt,2 = arg max
a∈A\{πt,1}

r̄t,a,

...

πt,St = arg max
a∈A\{πt,i}

St−1
i=1

r̄t,a. (3.10)

In other words, we sequentially select the location πt,1 with the highest

sample mean reward r̄t,a which is computed by averaging the reciprocals of

the arrival times of the ambulances that are dispatched to a call from a.

Then we exclude a from the location set A and select the location with the

second highest mean reward and continue in this manner until we select all

Nt locations with the highest sample sample mean rewards for ambulance

redeployment.

3. Choose uniformly at random Nt−St locations from the remaining locations

and redeploy the remaining ambulances to these locations.

Here, εt controls the trade-off between exploration and exploitation. It de-

creases as t increases so as to allow for more exploration at the beginning and

more exploitation as the round number increases. This means that as εt decreases

we are able to select good ambulance locations with higher probability. After the

ambulances are redeployed, similar to MaUCB1, the closest ambulance πt is dis-

patched to the call and its reward rt,πt,n is observed and used in computing the

regret in (3.3). Similar to the computational complexity analysis of MaUCB1,

the multiple-arm selection step in (3.10) over T rounds incurs the computational

complexity of O(TK log(K)).
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3.1.3 Multiple-Arm Thompson Sampling (MaTS)

Thompson sampling [20] is a Bayesian approach that assumes prior probability

distributions on the arms, and then, selects the arm whose probability of being

the best arm (i.e., leading to the maximum reward) is the highest at each round.

Then, it updates the posterior based on the observed reward of the selected arm.

For the classical setting, Thompson Sampling algorithm has expected regret

E [R(T )] ≤ O

( ∑
i:µi<µ∗

1

∆2
i

)2

lnT

 (3.11)

in rounds T in big O notation. For the ambulance redeployment problem, we

modify the Bernoulli Thompson sampling algorithm for the general stochastic

bandit problem proposed in [42]. The flow of the modified algorithm at round t

is given as follows:

1. For each ambulance location a, set success St,a and failure Ft,a rates of the

beta distributions, based on the history of observations. Start with zero

success and failure rates.

2. For each ambulance location a, draw a sample θa(t) from the posterior

distribution Beta(St,a + 1, Ft,a + 1).

3. Redeploy ambulances to Nt locations as follows:

πt,1 = arg max
a∈A

θa(t)

...

πt,Nt = arg max
a∈A\{πt,i}

Nt−1
i=1

θa(t). (3.12)

4. Dispatch the closest ambulance πt,n to the call and receive the reward rt,πt,n .

5. Perform a Bernoulli trial with success probability rt,πt,n : If success, then

Sπt,n = Sπt,n + 1, else Fπt,n = Fπt,n + 1.
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The regret is again computed according to (3.3) and the multiple-arm se-

lection step in (3.12) over T rounds incurs the computational complexity of

O(TK log(K)).

3.2 The Contextual MAB Problem

As mentioned in Chapter 1, a useful variant of the MAB problem is the contextual

MAB problem in which the agent is provided with a side information called con-

text at the beginning of each round. In the ambulance redeployment, the context

represents the traffic status between each ambulance location, which determines

the travel time between these locations. For this task, we modify the following

MAB algorithms: LinUCB [43] and the contextual Thompson sampling [44] in

order to account for multiple ambulance redeployment.

In this setting, the rewards of the arms are assumed to be the linear combina-

tions of the K-dimensional context associated with them.2 That is,

E[rt,a|φa(t)] = φa(t)
Ty∗ (3.13)

where rt,a is the reward of the arm a at round t, φa(t) is its K-dimensional context

vector, and y∗ is the unknown K-dimensional linear coefficient.

3.2.1 Multiple-arm LinUCB (MaLinUCB)

The LinUCB algorithm which selects a single arm is described in [43]. For this

setting, if the arm set A is fixed and contains K arms, and the context of each arm

is of K dimension and satisfies (3.13), then the expected regret of the LinUCB

algorithm is at most

E [R(T )] ≤ Õ
(√

K2T
)

(3.14)

in rounds T where Õ(.) is the same as O(.) but suppresses logarithmic factors.

2This assumption holds for ambulance redeployment. The details are given in Chapter 4.
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Algorithm 1 Multiple-arm LinUCB

1: A← IK (IK is the K ×K identity matrix)
2: b← 0K (0K is the K × 1 zero vector)
3: for t = 1, ..., T do
4: Observe the context matrix for all arms at round t: Φt (Φt is of dimension
K ×K; in other words, every arm has K-dimensional context vector)

5: θ̂ = A−1b

6: ht = ΦT
t θ̂ + diag(α

√
ΦT
t A−1Φt)

7: Select Nt locations with the highest ht terms (ht is of dimension K × 1;
therefore, we first order it in a decreasing fashion and select the first Nt arms
that has the highest ht)

8: Observe a new call and the arrival time of the dispatched ambulance from
πt,n out of the Nt selected locations in Step 7, construct the reward rt,πt,n as
the reciprocal of the arrival time

9: A = A+XT
t,πt,nΦt,πt,n (Φt,πt,n is the context of arm πt,n in round t. In Step

4, we observe the context for all arms)
10: b = b+ Φt,πt,nrt,πt,n
11: end for

We extend LinUCB to account for multiple arm selections and call the new

algorithm MaLinUCB. At round t, MaLinUCB operates as follows:

1. Observe the K-dimensional context φa(t) for each ambulance location a.

2. Based on the history H (i.e. previously observed contexts and the rewards

of the dispatched ambulances), choose Nt ambulance locations {πt,i}Nti=1 for

redeployment using the Nt of the highest indices given in (3.15).

3. Dispatch the closest ambulance πt,n out of Nt ambulances to the call and

receive the reward rt,πt,n whose expected value is given by (3.13).

4. Update the history H with the new observation
(
{φa(t)}a∈A, πt,n, rt,πt,n

)
.

For step (2), similar to MaUCB1, MaLinUCB constructs an index term for

each location a:

ht,a := φa(t)
Tŷ + α

√
φa(t)

TA−1t φa(t) (3.15)

where At := (DT
t Dt + IK), Dt is the design matrix whose rows are the con-

text vectors of the locations from which an ambulance is dispatched up to
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round t: {φπτ ,n(τ)}τ∈{1,...,t−1}, IK is the K × K identity matrix. We set

α = 1 +
√

(log2/δ)/2 for any δ > 0. Furthermore, ŷ = A−1t bt is an estimate of y∗

where bt is the summation of the previously observed rewards of the dispatched

ambulances {rτ,πτ,n}τ={1,...,t−1} multiplied by the context vector of the locations

that the ambulances are dispatched from. Then, Nt ambulances are redeployed

to the locations with the highest ht,a indices. The computational complexity of

O(K3T ) is incurred in big O notation due to the matrix inversions in Step 5 and

6 and the for loop over T rounds (instead of using Gauss-Jordan elimination in

matrix inversion, iterative matrix multiplication can be used in solving Step 5

and 6, which leads to the computational complexity of O(TK log(K))).

The regret definition for MaLinUCB is given by (3.3) and again computed

with respect to the rewards of the closest ambulances that are dispatched to the

calls. The pseudo-code of the MaLinUCB algorithm is given in Algorithm 1. In

Step 6, diag(X) returns the elements on the main diagonal of matrix X.

3.2.2 Multiple-arm Contextual Thompson Sampling

The multiple-arm contextual Thompson Sampling model combines the arm se-

lection strategy of multiple-arm context-free Thompson Sampling with the linear

contextual model given in (3.13). For this, we modify the contextual Thompson

Sampling algorithm presented in [44] to allow for multiple-arm selection. For the

single-arm selection setting where there are K arms that have K-dimensional con-

text vectors, the total regret in rounds T for the contextual Thompson Sampling

algorithm under the linear payoff function model in (3.13) is bounded by

E [R(T )] ≤ Õ
(
K2
√
T
)

(3.16)

where Õ(.) is the same as O(.) but suppresses logarithmic factors.

The flow of the modified algorithm at round t is described as follows:

1. Let A and b have the same definitions as in the previous section for MaL-

inUCB.
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Algorithm 2 Multiple-arm Contextual Thompson Sampling

1: A← IK (IK is the K ×K identity matrix)
2: v ←

√
9KlogT

3: b← 0K (0K is the K × 1 zero vector)
4: µ̂← 0K (0K is the K × 1 zero vector)
5: for t = 1, ..., T do
6: Observe the context matrix for all arms at round t: Φt

7: Compute the mean vector of the joint Gaussian distribution: µ̂ = A−1b
8: Compute the covariance matrix of the joint Gaussian distribution:

Σ = v2A−1

9: Σ = (Σ + ΣT)/2
10: Sample an instance µ̃ from the joint Gaussian distribution N (µ̂,Σ)
11: Compute the Thompson sampling terms for all arms: pt = ΦT

t µ̃
12: Select the Nt locations with the highest pt terms
13: Observe a new call and the arrival time of the dispatched ambulance from

πt,n out of the Nt selected locations in Step 12, construct the reward rt,πt,n as
the reciprocal of the arrival time

14: A = A + ΦT
t,πt,nΦt,πt,n

15: b = b+ Φt,πt,nrt,πt,n
16: end for

2. Compute the mean of the prior distribution µ̂t,a = A−1t b for each ambulance

location a.

3. Form a priori distribution on the ambulance locations using multi-

variate Gaussian distribution N (µ̂t, v
2A−1t ) where µ̂t := {µ̂t,a}a∈A,

v =
√

9K log(T ), K is the dimension of the context, and T is the total

number of rounds.

4. Draw a sample µ̃t from N (µ̂t, v
2A−1t ).

5. Redeploy ambulances to Nt locations as follows:

πt,1 = arg max
a∈A

φa(t)
Tµ̃t

...

πt,Nt = arg max
a∈A\{πt,i}

Nt−1
i=1

φa(t)
Tµ̃t. (3.17)

6. Dispatch the closest ambulance πt,n to the call and observe the reward rt,πt,n

whose expected value is given by (3.13).
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The regret is again computed as given in (3.3). Similarly to the MaLinUCB,

the computational complexity of O(K3T ) is incurred in big O notation due to

the matrix inversions in Step 7 and 8 and the for loop over T rounds. The

pseudo-code of the MaCTS algorithm is given in Algorithm 2.
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Chapter 4

Ambulance Redeployment Setup

and The Traffic Model

In this section, we describe the network that we use in the ambulance redeploy-

ment problem and the traffic model that generates the context for the contextual

MAB algorithms.

4.1 Redeployment Network

A sample network with K = 9 nodes is shown in Fig. 4.1. Each node a in

the graph is a demand point to which an ambulance can be redeployed and

from which calls originate. The adjacent nodes including the diagonal ones are

connected to each other. The edges between each node can be considered as a

two-way road that is represented with traffic indices xi,j(t) and xj,i(t)
1 that are

real-valued numbers in [0, 1] indicating the intensity of the traffic from the node

i to j and j to i at round t, respectively. For example, if the intensity xi,j(t) is

1, then the edge is blocked and node i and node j are disconnected at round t

1For notational simplicity we use xi,j(t) instead of xai,aj (t) when indicating the traffic index
from node ai to node aj . Therefore, we refer to node ai when we say node i throughout the
text.
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Figure 4.1: The ambulance redeployment network with K = 9 nodes: a directed
graph that consists of ambulance location a and the traffic index xi,j(t) on the
edge (i, j) which indicates the intensity of the traffic going from node ai to node
aj at round t.

although the edge from node j to i might be connected at round t. The traffic

indices determine the travel times at the edges. Since they are time-dependent,

travel times are also time-dependent and used as context by the contextual MAB

algorithms.

We assume that at round t a call can occur at one of the nodes c(t) ∈ {1, ..., K}
and our task is to redeploy ambulances in such a way that the average arrival

time to all calls over T rounds is minimized. It is also assumed that before the

call at node c(t) takes place, the traffic indices xi,j(t), i, j ∈ {1, ..., K} at round

t along with previously observed call nodes up to round t, i.e., {c(τ)}τ∈{1,...,t−1},
are available to the learning algorithm. The length of the edge between node i

and j is denoted by di,j. Furthermore, ambulances can move at different speeds

which are determined by whether they are idle or busy and the traffic indices

xi,j(t), i, j ∈ {1, ..., K}, i 6= j at the edges. Similar to the assumption in [15], if

an ambulance is returning to its waiting location after it becomes idle, its travel
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Figure 4.2: Traffic status modeled with three Markov states s0, s1, and s2 that
correspond to moving, light, and heavily congested traffic, respectively.

speed is 0.9 times the travel speed when it is responding to a call or going to

the hospital. Therefore, the arrival time of an ambulance to c(t) is computed

using the traffic indices xi,j(t), i, j ∈ {1, ..., K}, i 6= j at round t, the speed of

the ambulance, and the edge lengths di,j, i, j ∈ {1, ..., K}, which is described in

detail in the following section.

4.2 Traffic Model

In addition to considering fixed travel times as in [15], we also consider time-

dependent travel times similar to [8]. To generate time-dependent travel times,

the traffic intensity xi,j(t) at edge (i,j) is modeled as a Markov chain with state

space S = {s0, s1, s2} and state transition probabilities psk,sl(t), k, l ∈ {0, 1, 2}
as shown in Fig. 4.2. Traffic index xi,j(t) depends on the state of edge (i, j) at

round t. Since xi,j(t) = 0 corresponds to no traffic congestion on the edge (i, j)

and xi,j(t) = 1 corresponds to a disconnected edge at round t, the states s0, s1,

and s2 represent moving, light and heavily congested traffic states, respectively,

and they are controlled by the transition probabilities given in Figure 4.2.
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There are two reasons why a Markov model is used in determining the traffic

states. The first one is to make the transitions between traffic states smoother.

This stems from the fact that in reality we cannot expect edges to be connected

and disconnected at consecutive rounds unless there is an accident which is also

represented with the transition probabilities ps0,s2(t) and ps2,s0(t) in the Markov

traffic model. The second reason is mainly due to introducing randomness into

the system and to show how the performances of the MAB algorithms are affected

by the randomness in the traffic states.

The speed of an ambulance that is traveling from node i to j at round t is

calculated as Vi,j(t) = (1−xi,j(t))Vmax where Vmax is the maximum speed attained

by the ambulances if xi,j(t) = 0, i.e., there is no traffic congestion on edge (i, j)

at round t and the ambulance is responding to a call or going to the hospital.

We also note that there might be multiple paths (infinite number of paths if the

loops are allowed) that goes from node i to node j. Therefore, letting Pi,j be the

set of loop-free paths that goes from node i to j and Mi,j be the number of such

distinct paths, the time it takes to go from node i to j following a path pmij ∈ Pi,j
from these Mi,j distinct paths is computed as follows:

τmi,j(t) =
1

Vmax

∑
(k,l)∈pmij

dk,l
1− xk,l(t)

, m ∈ {1, ...,Mi,j} (4.1)

where k and l are two consecutive nodes in the path pmij and the superscript m

denotes the mth path in Pi,j that goes from node i to j. For example, from

Fig. 4.1, let P1,5 be the set of all loop-free paths going from node 1 to 5 and

pm15, m = 1 denote the path that consists of the nodes 1, 6, and 5, then (4.1) can

be computed as

τ 11,5(t) =
1

Vmax

(
d1,6

1− x1,6(t)
+

d6,5
1− x6,5(t)

)
.

Furthermore, Mi,j-dimensional vector τ i,j(t) denotes the traveling time of all the

paths going from node i to j, i.e., τmi,j(t) ∈ τ i,j(t), m ∈ {1, ...,Mi,j} and we also

note that τ i,j(t) = 0, i = j.

Using (4.1), we compute the arrival time of an ambulance at node i to a call

at node j as the minimum time it takes to go from node i to j. For this, the
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shortest path is defined as m∗ := arg minm∈{1,...,Mi,j} τ
m
i,j(t), and the arrival time

of the ambulance at node i to the call at node j is calculated as

γi,j(t) := τm
∗

i,j (t). (4.2)

Next, we define the context that is used in the MAB algorithms. The context

between node i and node j is computed as

φi,j(t) =
1

γi,j(t)
, j ∈ {1, ..., K}, j 6= i

φi,j(t) = 1, j = i (4.3)

where it is assumed that φi,j(t) is between 0 and 1. That is, we assume that the

arrival time from a node to an adjacent node is at least 1, i.e., γi,j(t) ≥ 1, i 6= j

and γi,j(t) = 0, i = j (i.e., if an ambulance is in the same node as the call, then

the arrival time is 0). The redeployment network is selected in the simulations in

such a way that this assumption holds.

K-dimensional context vector of node i is denoted by φi(t), whose elements

are given by (4.3) for all j ∈ {1, ..., K}. In other words, the context associated

with node i is the inverse of the arrival time on the path to node j, if followed,

leads to the minimum arrival time in (4.2) and the context vector is the collection

of all such contexts computed from node i to all other nodes j ∈ {1, ..., K}. In

a real life EMS system, the current GIS and GPS technologies can provide the

EMS responders with (4.2). To compute (4.2), we use the Dijkstra’s algorithm

in our simulations.

Following the redeployment network and traffic model definitions, we now show

that the linearity assumption in (3.13) holds for the ambulance redeployment

problem: The reward of an ambulance at node a that responds to a call at node

c(t) in round t is the inverse of the arrival time, i.e., rt,a = 1/(γa,c(t)(t)) , γa,c(t)(t) 6=
0 and rt,a = 1 if γa,c(t)(t) = 0 due to the assumption γa,c(t)(t) ≥ 1, a 6= c(t) and

γa,c(t)(t) = 0, a = c(t) made previously.

Furthermore, the context of location a in round t is given by a K-dimensional

vector φa(t), whose elements are the inverse of the arrival times to calls that
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originate from the nodes, which is computed in (4.3).

When the call distribution is independent and identical over rounds, denoting

the probability that node i generates a call by pi (where it holds that 0 ≤ pi ≤ 1

and
∑K

i=1 pi = 1), we have by the definition of expectation

E[rt,a|φa(t)] = p1φa,1(t) + p2φa,2(t) + ...+ pKφa,K(t)

where φa,c(t)(t) = rt,a, c(t) ∈ {1, ..., K} and φa,a(t) = 1, a ∈ {1, ..., K}. Thus, we

have y∗ = [p1, ..., pK ]T in (3.13). In other words, the unknown coefficient y∗ is

the nodes’ likelihood of generating a call.

29



Chapter 5

Data-driven Ambulance

Redeployment Simulator

In order to evaluate the performance of the algorithms, we designed a discrete-

time data driven redeployment simulator. The simulator is given in Algorithm 3.

The inputs of the simulator are defined as follows:

• K: the number of nodes in the redeployment network in Fig. 4.1.

• N : the number of idle ambulances at t = 1.

• T : the number of rounds.

• π: a function which takes the number of idle ambulances and the history H,

i.e., all the previous traffic information and arrival times of the ambulances

up to round t, as input and outputs the new location of the ambulances. As

described in Chapter 3, π is the redeployment strategy used by the MAB

algorithms.

• C: the call distribution from which the calls at different rounds are sampled.

• tr: the number of rounds between two consecutive redeployment events.
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Algorithm 3 Data-driven Redeployment Simulator

1: Input: K, N , T , π, R, tr, tc, X
2: Nt = N, t = 1 //number of idle ambulances
3: H ← ∅ //history set
4: Q ← ∅ //queue set
5: E ← c(t) ∼ C, t = 1, 2, ..., T //set of call events
6: insert redeployment events in every tr rounds to E
7: for t = 1, 2, ..., T do //discrete rounds
8: remove arriving event list et from E
9: observe the traffic indices xi,j(t) ∼ X

10: for c(i) ∈ Q //starting from the top of Q do
11: Ntemp = Nt

12: if Ntemp 6= 0 then
13: dispatch the closest ambulance πi to c(i)
14: observe the arrival time of πi: γπi,c(i) in (4.2)
15: Nt+1 = Ntemp − 1
16: Ntemp = Ntemp − 1
17: H ← H∪ {xi,j(t), γπi,c(i)}
18: insert call completion event at t+ tc in E
19: end if
20: end for
21: if c(t) ∈ et then //call arrival event
22: if Nt 6= 0 then //if there are idle ambulances
23: dispatch the closest ambulance πt to c(t)
24: observe the arrival time of πt: γπt,c(t) in (4.2)
25: Nt+1 = Nt − 1
26: H ← H∪ {xi,j(t), γπt,c(t)}
27: insert call completion event at t+ tc in E
28: else // If all ambulances are busy
29: put c(t) at the bottom of Q //first-come first-serve
30: end if
31: end if
32: if call completion event ∈ et then
33: Nt+1 = Nt + 1
34: end if
35: if redeployment event ∈ et then
36: redeploy the idle ambulances using π(Nt,H)
37: end if
38: end for
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• tc: the number of rounds needed for an ambulance to serve a call and be

idle again.

• X: the traffic distribution from which the traffic indices xi,j(t), i, j ∈
{1, ..., K}, i 6= j at different rounds are sampled.

We make the following assumptions on the calls originating from the demand

points: Only a single call is allowed to take place at round t, and the sampled

call c(t) at round t is independent from the calls in the previous rounds up to

round t and only depends on the external factors (e.g., time of day, location

demographics and geographies, road conditions etc.). Therefore, we take C to be

a Poisson binomial distribution with the parameters {λC(t)}Tt=1.

The simulator keeps track of the idle ambulances, i.e., the ones that are not

currently responding to any calls, and the events. The number of idle ambulances

at round t is denoted by Nt. The event list et ∈ E at round t consists of call arrival,

call completion, and redeployment events.

The operation of the simulator can be summarized as follows: In every round,

we first observe the event list et and the traffic indices xi,j(t), i, j ∈ {1, ..., K}, i 6=
j. Then, if et includes a call event c(t), the following steps take place:

1. If there are call events in the queue list Q, the idle ambulances are dis-

patched to the calls in this list starting from the top (i.e., the ‘first-come-

first-serve’ strategy).

2. If a call event takes place, there is an idle ambulance (i.e., Nt > 0), and

no call in Q, then dispatch the closest ambulance πt = arg mina γa,c(t)(t) to

the call according to (4.2). If all ambulances are busy, then the event c(t)

is put at the bottom of Q.

3. Observe the arrival time γπt,c(t)(t) of πt.

4. Update the history with the traffic indices and the observed arrival time

γπt,c(t)(t) at round t.

32



5. Add the call completion event at round t+ tc to the event set E .

If et also includes a call completion event of some previous call, we add the

responding ambulance to the list of idle ambulances and redeploy it to its former

location before the call. If et also includes a redeployment event, we redeploy

the idle ambulances using the redeployment strategy π which takes Nt and H as

inputs and outputs the new locations of the ambulances.

As it can be seen from Algorithm 3, we restrict the number of redeployments

made per each round by allowing only idle ambulances, which could be returning

to waiting locations or at the hospital, to be redeployed periodically at consecutive

time intervals determined by tr. It is known that allowing only idle ambulances

to redeploy is both ambulance crew and fuel friendly [15].

Furthermore, when a redeployment event occurs the ambulances are assigned

to new waiting locations using the Hungarian method, which is a combinatorial

optimization algorithm. The idle ambulances are assigned to new base stations as

follows: if the travel times are fixed, the shortest travel times between the current

locations of the idle ambulances and new waiting locations are computed. Then,

each idle ambulance is redeployed to the new location in a way that total travel

time of all ambulances is minimized. Furthermore, if the travel times are time-

dependent, then the traffic indices might change while the ambulances travel on

the roads; therefore, the estimated travel times are used in ambulance assignment

according to the current state of the system (i.e., traffic states on the roads and

idle ambulance locations).
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Chapter 6

Illustrative Simulation 1: 15 x 15

Redeployment Network

In the simulations, we model a hypothetical city by using the set of parameters

given in Table 6.1. As well as the fixed travel times on the roads, we also consider

the case with time-dependent travel times as described in [8] where τ i,j(t) depends

on the Markov traffic state in round t, which is described in Chapter 4.

In the simulations, we use a larger version of the ambulance redeployment net-

work in Fig. 4.1 in order to model the city according to the parameter settings

given in Table 6.1. We consider two cases: the first one is the context-free case

where there is no traffic, i.e., fixed travel times with xi,j(t) = 0, ∀i, j ∈ {1, ..., K}.
In this case, the reward distribution depends only on the call distribution. The

Table 6.1: AMBULANCE REDEPLOYMENT PARAMETERS IN THE CITY
Parameter Magnitude Choice

λ 1/9.5 min Call distribution parameter on a week day
K 225 Number of nodes
H 10 Number of hospitals in the region

γij(t) Travel time from node i to node j
di Call fraction from node i

d̂i(t) Estimation of di in round t
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(a) Time interval (00 : 00− 06 : 00)
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(d) Time interval (18 : 00− 24 : 00)

Figure 6.1: A redeployment scenario that consists of four different node likeli-
hoods corresponding to the different time intervals in a day. Each node on the
15 by 15 redeployment network has a different likelihood of generating a call at
a given round. The colors on the nodes indicate the number of calls generated
from these nodes during the simulation.
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second is the contextual case, where there are time-dependent traffic states and

the reward distribution depends on both the call distribution and the travel times.

We run the MAB algorithms in the context-free and the contextual cases, respec-

tively. For comparison, we use the oracle optimization algorithm static MEXCLP

(SMEXCLP) described in Chapter 3 and a dynamic extension of SMEXCLP that

is introduced in [15] called the Dynamic MEXCLP (DMEXCLP) model.

In [15], the idle ambulances are dispatched to certain locations which results

in the largest future marginal coverage according to the MEXCLP model. The

call fraction di from each demand point is assumed to be known in advance

and taken as the fraction of inhabitants that comprises this demand point. In

practice, although it may be reasonable to approximate the call distributions with

the number of inhabitants, we assume that di is not known for our city by the

algorithms in the simulations. Therefore, we use the average of the previously

observed samples up to and not including time t to estimate d̂i(t). That is, d̂i(t)

is the sample mean estimate of di computed using t − 1 samples using average

sampling technique.

Similar to [15], we consider two performance metrics: the average arrival time

and the level of coverage of the demand points (over T rounds). In a typical EMS

system the success of a response is usually measured using a threshold for the

ambulance arrival times. For instance, a particular redeployment is considered as

successful only if a call is responded in no more than κ minutes. This threshold is

set by the system operator, and is usually chosen based on various factors such as

the road conditions, number of idle ambulances and traffic states [28]. We consider

success rate under two different thresholds: 10 and 15 minutes. Therefore, the

second performance metric is taken as the ratio of calls responded under 10 and

15 minutes to the total number of calls.

We use a 15 by 15 square network that consists of K = 225 nodes, whose

structure is similar to the ambulance redeployment network given in Fig. 4.1

for K = 9. In this network, the nodes are equidistant to their neighbors, and

the distance between two consecutive nodes (i.e., the node to the left, right,

up, and down) is 2.5 kilometers, which covers a total area of 1225 km2. The
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maximum speed Vmax of an ambulance on each edge is taken as 100 km/h when

it is responding to a call or going to the hospital. The number of hospitals in

the region is 10 and the nodes of the hospitals are chosen uniformly at random

in each simulation run whose details are given below.

The calls are sampled according to 4 different Poisson binomial distributions

C1, C2, C3, and C4 with the parameters λC1(t) = 0.10λ, λC2(t) = 0.20λ, λC3(t) =

0.35λ, λC4(t) = 0.35λ, respectively where λ = 1/9.5 min is given in Table 6.1.

This is because a day is divided into 4 equal time intervals, i.e. (00 : 00−06 : 00),

(06 : 00−12 : 00), (12 : 00−18 : 00), and (18 : 00−24 : 00), and the calls in these

time intervals are sampled from the distributions C1, C2, C3, and C4, respectively.

Whether there is a call at round t in a given time interval of a day is deter-

mined according to the parameter of the call distribution of that time interval.

We run the algorithms for 4 weeks of simulation time and the time intervals are

assigned 300 rounds each for a given week so that there are in total 1200 rounds

in a week. We perform a total of 100 simulation runs, each contains 4 weeks

of simulation time. In each run, the call distributions change for each scenario

and the location of hospitals are selected uniformly at random from the K = 225

nodes. The SMEXCLP algorithm knows C1, C2, C3 and C4 beforehand and rede-

ploys ambulances to the optimal Nt locations as decribed in Chapter 3. On the

other hand, the MAB and DMEXCLP algorithms do not know C1, C2, C3 and C4,
and further they do not know when the distributions change from one to another,

and how many rounds each time interval has. For example, if there are 40 calls

sampled from C3 in time interval (12 : 00 − 18 : 00), the SMEXCLP algorithm

starts to compute the new optimal redeployment locations according to C4 after

it observes these 40 calls from C3; whereas, the MAB and DMEXCLP algorithms

do not know the call distribution changes after they observe the calls; hence, they

continue their operation as if the calls are coming from the same distribution.

If a call arrives in a given round, then the node in which the call takes place is

determined according to the nodes’ likelihoods of generating a call. Four examples

of different node likelihoods on the redeployment network are shown in Fig. 6.1

for the time intervals defined earlier. We call these four redeployment networks
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with different node likelihoods a redeployment scenario. As mentioned earlier,

we run the simulations for 4 weeks (i.e., a month) over 4 different redeployment

scenarios and average the results of the algorithms over the weeks, and perform

in total 100 4-week simulation runs.

The call completion time tc is computed starting from the time the ambulance

takes the patient and ending when the patient is delivered to the hospital. When

travel times are time-dependent, tc is also time-dependent. The redeployment

event time tr is taken to be 120 rounds so that the ambulances are redeployed in

every 120 rounds which restricts the number of relocations made in a day.

As stated at the end of Chapter 4, the reward of an ambulance at node πt

that responds to a call c(t) at round t is the inverse of the arrival time, i.e.,

rt,πt = 1/(γπt,c(t)(t)), γπt,c(t)(t) 6= 0, and rt,πt = 1, γπt,c(t)(t) = 0. For instance,

if an ambulance at node i responds to a call at node j in 5 minutes, then the

reward of the ambulance is computed as 1/5. Note that since the adjacent nodes

are 2.5 kilometers apart and the maximum speed of an ambulance on an edge

is 100 km/h, the minimum value of γπt,c(t)(t) when πt 6= c(t) is 1.5 minutes and

it holds that rt,πt < 1 for all such πt at round t, hence, the assumption made in

Chapter 4 is satisfied. Furthermore, if the call originates from a node that has a

deployed ambulance, i.e., πt = c(t) and γπt,c(t)(t) = 0, then the algorithm achieves

the maximum reward of 1.

6.1 Simulations for Fixed Travel Times (Context-

free)

The simulation results with fixed travel times are given in Table 6.2, Fig. 6.2,

Fig. 6.3, and Fig.6.4. Fig. 6.2 shows the average arrival times of the algorithms

over 4 different redeployment scenarios, each consists of 4 weeks of simulation

time, with respect to the ambulance number N = 5, 10, 15, 20, 25, 30. As seen in

Fig. 6.2, the average arrival times of the MAB algorithms are lower than that of
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the DMEXCLP algorithm.

Furthermore, the regrets of the algorithms with respect to the optimization

oracle SMEXCLP over 4 weeks of simulation time when the ambulance number

is N = 20 in four different scenarios are given in Fig. 6.3. This figure shows that

the MAB algorithms rate of increase of the regret decreases over time; whereas

the DMEXCLP algorithm has regret that linearly increases over time. This indi-

cates that as there are more calls originating from the demand points, the MAB

algorithms learn where to redeploy ambulances to minimize the arrival times;

hence, start to perform similarly to the oracle SMEXCLP. In addition, the varia-

tions in the arrival times of the algorithms over 4 weeks of simulation time in four

different scenarios when the ambulance number is N = 20 are shown in Fig. 6.4.

The edges of the lines on the figure shows the maximum and minimum arrival

times of the ambulances using the corresponding algorithm, and the red lines on

the boxes indicate the average arrival times.

The algorithms are compared with each other according to the second perfor-

mance metric (level of coverage of the demand points) in Table 6.2. The level of

coverage percentage is computed for various number of ambulances N and the

arrival time threshold κ.

The coverage percentage represents the percentage of the number of calls that

are responded under 10 and 15 minutes, respectively. From Fig. 6.4 and the

results in Table 6.2, it can be concluded that as the variance in the arrival

times of the algorithms increases, their coverage percentage decreases. There-

fore, multiple-arm Thompson Sampling (MaTS in the figure) and multiple-arm

UCB1 (MaUCB1) perform similarly and achieve the best coverage percentages

since they have the lowest variances and average arrival times, and the DMEX-

CLP has the lowest coverage percentages since its variance is relatively high when

compared to the MAB algorithms.
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Figure 6.2: Average arrival times of the context-free MAB algorithms over 4
weeks of simulation time in 4 different redeployment scenarios with tr = 120 for
fixed travel times.

6.2 Simulations for Time-dependent Travel

Times (Contextual)

The simulation results with time-dependent travel times are given in Table 6.3,

Fig. 6.5, Fig. 6.6, and Fig. 6.7. Similar to the setup under fixed travel times,

we run 4 different scenarios, each consists of 4 weeks of simulation time. For

the traffic model, we use the Markov model given in Fig. 4.2 with the following
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Figure 6.3: The regret of the MAB algorithms over a week of simulation time in
4 different redeployment scenarios rounds with N = 20 and tr = 120 for fixed
travel times.

transition probability matrix:

T =


s0 s1 s2

s0 0.62 0.30 0.08

s1 0.18 0.64 0.18

s2 0.12 0.18 0.70

 (6.1)

where si is the traffic state shown in Fig. 4.2. For instance, if the state is s0

for edge (i, j), then ps0,s0(t) = 0.62 and the next state for edge (i, j) will remain

the same in the next round with probability 0.62 and go the states of light and

heavily congested traffic with probabilities ps0,s1(t) = 0.30 and ps0,s2(t) = 0.08,

respectively. Furthermore, once the traffic status is set, the speed of an ambulance

on the roads is determined as follows:

• Scenario 1 (00 : 00 - 06 : 00): The traffic index xi,j, i, j ∈ {1, ..., K} is
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Figure 6.4: The variations in the arrival times of the MAB algorithms over 4
weeks of simulation time in 4 different redeployment scenarios with N = 20 and
tr = 120 for fixed travel times.

sampled from the uniform distribution [0, 0.7) in state s0, from [0.7, 0.9] in

state s1, and from (0.9, 1.0] in state s2.

• Scenario 2 (06 : 00 - 12 : 00): The traffic index xi,j, i, j ∈ {1, ..., K} is

sampled from the uniform distribution [0, 0.4) in state s0, from [0.4, 0.75] in

state s1, and from (0.75, 1.0] in state s2.

• Scenario 3 (12 : 00 - 18 : 00): The traffic index xi,j, i, j ∈ {1, ..., K} is

sampled from the uniform distribution [0, 0.2) in state s0, from [0.2, 0.6] in

state s1, and from (0.6, 1.0] in state s2.

• Scenario 4 (18 : 00 - 24 : 00): The traffic index xi,j, i, j ∈ {1, ..., K} is

sampled from the uniform distribution [0, 0.3) in state s0, from [0.3, 0.7] in

state s1, and from (0.7, 1.0] in state s2.
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Figure 6.5: Average arrival times of the contextual MAB algorithms over 4 weeks
of simulation time in 4 different redeployment scenarios with tr = 120 for time-
dependent travel times.

For instance, if the time of the day t is in Scenario 2, and the traffic intensity

xi,j(t) on the road belongs to state s0, the speed of the ambulance Vamb is sampled

uniformly random from the interval (0.6Vmax, Vmax]. After the traffic indices are

generated, the context and the arrival times on the paths are computed using

(4.1) and (4.3).

Fig. 6.5 shows the average arrival times of the algorithms over 4 weeks of

simulation time in 4 different redeployment scenarios. As seen from the figure,

the contextual MAB algorithms have lower average arrival times than that of the

DMEXCLP algorithm.

Fig. 6.6 shows the regrets of the contextual MAB and DMEXCLP algorithms

with respect to the optimization oracle SMEXCLP over 4 weeks of simulation

time when the ambulance number is N = 20 in four different scenarios. The
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Figure 6.6: The regret of the contextual MAB algorithms over a week of simula-
tion time in 4 different scenarios with N = 20 and tr = 120 for time-dependent
travel times.

regrets of the contextual MAB algorithms are again sublinear in the number of

rounds; whereas the regret of DMEXCLP is linear. Furthermore, Fig. 6.7 shows

the variations in the arrival times of the algorithms when the ambulance number

is N = 20. The variance of the DMEXCLP algorithm is again greater than those

of the contextual MAB algorithms. Furthermore, Table 6.3 shows the coverage

percentage of the demand points in the cases of various ambulance numbersN and

arrival time threshold κ. As seen, the contextual MAB algorithms perform better

than the DMEXCLP algorithm in terms of the second performance criterion.
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Figure 6.7: The variations in the arrival times of the contextual MAB algorithms
over 4 weeks of simulation time in 4 different redeployment scenarios with N = 20
and tr = 120 for time-dependent travel times.

45



Table 6.2: The coverage percentage of the demand points with re-
spect to various ambulance numbers N and arrival time threshold
κ over 4 weeks of simulation time in 4 different redeployment sce-
narios with fixed travel times

Ambulance number N → 5 10 15

Arrival time threshold κ→
10 (min) 15 (min) 10 (min) 15 (min) 10 (min) 15 (min)

Policy π ↓

MaUCB1 18.1% 32.5% 27.6% 48.4% 42.2% 66.3%

Multiple-arm ε-greedy 12.2% 24.1% 16.5% 39.2% 30.1% 52.4%

Multiple-arm Thomp. Samp. 21.5% 35.1% 26.7% 52.2% 44.2% 68.0%

Dynamic MEXCLP 16.2% 28.8% 18.4% 40.5% 30.2% 51.8%

Oracle (SMEXCLP) 24.0% 40.6% 32.5% 60.2% 52.8% 77.4%

Ambulance number N → 20 25 30

Arrival time threshold κ→
10 (min) 15 (min) 10 (min) 15 (min) 10 (min) 15 (min)

Policy π ↓

MaUCB1 60.3% 81.9% 69.3% 87.0% 74.9% 89.6%

Multiple-arm ε-greedy 46.8% 78.2% 57.4% 86.9% 65.9% 92.1%

Multiple-arm Thomp. Samp. 59.7% 83.7% 69.9% 89.6% 76.5% 92.6%

Dynamic MEXCLP 46.5% 74.4% 56.3% 83.9% 67.0% 90.0%

Oracle (SMEXCLP) 74.9% 84.4% 83.2% 89.7% 88.2% 93.3%
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Table 6.3: The coverage percentage of the demand points with re-
spect to various ambulance numbers N and arrival time threshold
κ over 4 weeks of simulation time in 4 different redeployment sce-
narios under time-dependent travel times

Ambulance number N → 5 10 15

Arrival time threshold κ→
10 (min) 15 (min) 10 (min) 15 (min) 10 (min) 15 (min)

Policy π ↓

MaLinUCB 17.5% 32.1% 25.8% 47.6% 42.5% 66.5%

Multiple-arm Con. Thomp. Samp. 15.8% 30.2% 23.9% 46.2% 42.4% 65.0%

Dynamic MEXCLP 11.8% 22.6% 18.1% 39.5% 32.5% 56.2%

Oracle 19.2% 36.0% 32.4% 58.7% 52.3% 78.4%

Ambulance number N → 20 25 30

Arrival time threshold κ→
10 (min) 15 (min) 10 (min) 15 (min) 10 (min) 15 (min)

Policy π ↓

MaLinUCB 59.5% 80.9% 68.1% 85.5% 72.6% 88.6%

Multiple-arm Con. Thomp. Samp. 59.1% 78.5% 66.0% 85.0% 71.5% 87.0%

Dynamic MEXCLP 47.5% 74.2% 57.2% 81.0% 64.2% 86.7%

Oracle 72.2% 82.0% 83.0% 88.6% 86.7% 92.0%
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Chapter 7

Risk-averse Multi-armed Bandits

in Ambulance Redeployment

In this chapter, we investigate the concept of risk aversion in ambulance rede-

ployment. The proposed MAB and CMAB algorithms in Chapter 3 focus only on

minimizing the arrival times of the ambulances. However, this approach can leave

some calls not responded within a reasonable time in favor of overall reduction in

arrival times. In a typical EMS system, it is vital to respond to any call as soon

as possible since every call has a high chance of being mortal and requires im-

mediate response. Therefore, we propose a risk-averse MAB algorithm in which

the worst-case scenarios (i.e., the calls that are not responded on time by the

classical MAB algorithms) are also taken care of. Following the same convention

in Chapter 3, we first define the new risk-averse MAB algorithm.

7.1 Multiple-arm Risk-Averse MVLCB

(MaMVLCB)

The original Mean-Variance LCB (MVLCB) algorithm which selects a single arm

at each round can be found in [25, 26]. Instead of constructing upper confidence
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bounds on the expected rewards of the arms as UCB1 does (see Chapter 3),

MVLCB constructs lower confidence bounds on the expected mean-variance of

the arms. The mean-variance metric for arm a is defined as follows:

MVa := σ2
a − ρµa (7.1)

where σa is the standard deviation of the rewards when arm a is played, ρ is

the risk coefficient, and µa is again the expected reward of arm a. We note that

by adjusting the risk coefficient ρ we can place more importance on whether to

minimize the variance in the rewards or to maximize the expected reward. In a

sense, by combining the standard deviation and the expected rewards of arm a,

we are able to both maximize the expected reward of arm a and minimize the

variance in the rewards. In other words, we reduce the risk of playing an arm that

has a high chance of generating a lower reward although the expected reward of

the arm might be larger. In the context of ambulance redeployment, we minimize

the risk of redeploying ambulances to the locations that are found to be close to

most of the calls but far away from some calls. Instead, we redeploy ambulances

to the locations that are relatively close to most of the calls but also not far away

from the other calls by taking into account the variance in the arrival times.

We modify the original algorithm to allow for multiple-arm selection and call

it the Multiple-arm MVLCB (MaMVLCB) algorithm. At round t, MaMVLCB

computes an index for each ambulance location a based on the observations from

that location as follows:

gt,a := M̂V t,a + (ρ/10)

√
2 log t

nt,a
(7.2)

where

M̂V t,a = σ̄2
t,a − ρµ̄t,a (7.3)

is the sample mean-variance of location a and computed by averaging the variance

and mean of the reciprocals of the arrival times of the ambulances that are located

at a and dispatched to a call up to round t. t is the current round, nt,a is the

number of times an ambulance has been placed at location a and dispatched

to a call up to round t. At each round, MaMVLCB redeploys Nt (i.e., the

number of idle ambulances) ambulances. These redeployments are made to the
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locations with the Nt lowest indices (the reason of choosing the lowest indices is

because we want to minimize the variance and maximize the mean), denoted by

πt,1, πt,2, ..., πt,Nt :

πt,1 = arg min
a∈A

gt,a,

πt,2 = arg min
a∈A\{πt,1}

gt,a,

...

πt,Nt = arg min
a∈A\{πt,i}

Nt−1
i=1

gt,a. (7.4)

In other words, we sequentially compute the single best location that has the

lowest index gt,a among the locations in A, which is πt,1, exclude this location

from A, and then compute again the best location that has the lowest index

among the locations in A\ {πt,1}. We proceed this way until all Nt locations are

selected for ambulance redeployment.

As a call originates from a location, the closest ambulance πt,n, n ∈ {1, ..., Nt}
is dispatched to the call and its reward rt,πt,n is observed at round t. rt,πt,n is

used in calculating the regret in (3.3). Then, the sample mean reward r̄t,πt,n , the

sample variance σ̄2
t,a, and nπt,n are updated for the next round in which (7.2) is

computed again for each location. The last term on the right-hand side of (7.2)

is again the exploration term. The exploration term measures the uncertainty in

ambulance redeployment and has greater values when t is small and shrinks when

t increases. It enables MaMVLCB to occasionally select locations that are rarely

selected before, discover locations with high rewards, and avoid getting stuck at

sub-optimal locations. The term ρ/10 is used for scaling the exploration term.

The computational complexity of the MVLCB algorithm for single-arm se-

lection is given in [26]. In addition to the single-arm complexity, sorting and

selecting Nt locations out of K locations in (7.4) also introduce in big O notation

a complexity of O(NtK log(K)).
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7.2 Illustrative Example: A Realistic Ambu-

lance Redeployment in Ankara

In this section, we describe the simulation setup that we use to evaluate the

performance of the MaMVLCB algorithm as well as the other MAB and CMAB

algorithms in terms of the expected arrival times and the coverage of the demand

points (i.e., the percentage of calls responded under a certain time to the total

number of calls). Instead of using a hypothetical city as we do in Chapter 6, we

conduct more realistic simulations by modeling the city of Ankara in Turkey. For

this purpose, we use the third-party OpenStreetMap (OSM) application. OSM

allows users to download a piece of map that is in XML format. After parsing

this format, we get the information on nodes, their connectivity to each other,

and the number of roads that consist of these nodes. When it is compared with

the redeployment network in Chapter 6, we increase the size of the network and

use K = 2400 nodes to model the city of Ankara, Turkey. These nodes are again

connected to each other as shown in Fig. 4.1. Table 7.1 shows the parameter

settings for the city. As we do in Chapter 6, we consider both the fixed (i.e.,

context-free) and time-dependent (i.e., contextual) travel times on the roads. In

the first case, there is no traffic, i.e., xi,j(t) = 0, ∀i, j ∈ 1, ..., K. In this case, the

reward distribution depends only on the call distribution. However, in the second

case where the travel times are time-dependent and determined according to the

Markov traffic model described in Chapter 4, the reward distribution depends on

both the call distributions and travel times. The details of the Markov traffic

model is given in the following section. We run the MAB and risk-averse MAB

(i.e., MaMVLCB) algorithms in the context-free case, and the contextual MAB

algorithms in the contextual case, respectively. Similar to Chapter 6, we use

the oracle optimization algorithm SMEXCLP and the dynamic redeployment

model DMEXCLP for comparison. Instead of using the true di values for the

DMEXCLP, we use their estimates d̂i(t) in our simulations (e.g., see the discussion

in Chapter 6).

We again consider two performance metrics: the average arrival time and the
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(a) Redeployment Setup: Ankara, Turkey (b) Hospital Locations

(c) Example Ambulance Locations (N = 15) (d) Nodes on Redeployment Network

Figure 7.1: The city of Ankara, Turkey modeled using the OpenStreetMap (OSM)
application: (a) shows the redeployment setup, (b) shows the 4 hospital locations
used in the simulations, (c) shows the example ambulance locations that are
deployed on 15 different nodes, and (d) shows the locations of 2400 nodes that
are connected to each other as shown in Fig. 4.1 where K = 2400. The map is
divided into 9 different regions (numbered from left to right and top to bottom)
such that each region i generates calls according to its own binomial Poisson
distribution Ci (e.g., C1 is the top left and C9 is the bottom right region) and is
independent from the other regions. The nodes that have different colors belong
to different regions.
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level of coverage of the demand points (over T rounds). In a typical EMS system

the success of a response is usually measured using a threshold for the ambulance

arrival times. For instance, a particular redeployment is considered as successful

only if a call is responded in no more than κ minutes. This threshold is set by

the system operator, and is usually chosen based on various factors such as the

road conditions, number of idle ambulances and traffic states [28]. We consider

success rate under two different thresholds: 10 and 15 minutes. Therefore, the

second performance metric is taken as the ratio of calls responded under 10 and

15 minutes to the total number of calls.

As opposed to the 15 × 15 square redeployment network in Chapter 6, the

nodes in the new map are now not equidistant to each other. Instead, the real

locations and road connections from Ankara are used in the new simulations.

Our Ankara map covers a total area of 2200 km2. The maximum speed of Vmax

of an ambulance on each road is taken as 100 km/h when xi,j(t) = 0, ∀i, j =

{1, ..., 2400} and when the ambulance is responding to a call or going to the

hospital. The number of hospitals in the region is 4 as shown in Fig. 7.1, and

unlike the random hospital locations in Chapter 6, their locations are fixed and

do not change throughout the simulation runs.

To simplify the simulations, instead of dividing a day into four different time

intervals as we do in Chapter 6, we now consider only a single time interval so

that the call distributions are stationary from one day to another. But instead,

we partition to map into 9 different regions as shown in Fig. 7.1.d numbered

from left to right and top to bottom. Each region now has their own Poisson

binomial distribution Ci, i = {1, ..., 9} with their parameter λCi , i = {1, ..., 9}. It

is assumed that each region generates a call independently from each other and

its distribution parameter is proportional to the number of nodes that belong to

this region, i.e., λC1 = 0.0111, λC2 = 0.0136, λC3 = 0.0103, λC4 = 0.0103, λC5 =

0.0137, λC6 = 0.0182, λC7 = 0.0068, λC8 = 0.0109, λC9 = 0.0052. Therefore,

λC1 + ...+λC9 = 1/10 since the call distribution parameter λ is 1/10 min in a day.

Whether there is a call at round t in a given region is determined according to

the parameter of the call distribution of that region. We run the algorithms for
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Table 7.1: AMBULANCE REDEPLOYMENT PARAMETERS IN ANKARA,
TURKEY

Parameter Magnitude Choice

λ 1/10 min Call distribution parameter on a week day
K 2400 Number of nodes
H 4 Number of hospitals in the region

γij(t) Travel time from node i to node j
di Call fraction from node i

d̂i(t) Estimation of di in round t

12 weeks of simulation time and 144 calls are generated in each day; thus, there

are a total of 720 calls in a week (we only consider week days in our simulations)

and a total of 8640 calls during a single simulation run. We perform a total of

100 simulation runs, each contains 12 weeks of simulation time. In each run, N

nodes are selected uniformly at random from the K = 2400 nodes and ambulances

are deployed initially at these nodes. The SMEXCLP algorithm knows C1, ..., C9
beforehand and redeploys ambulances to the optimal Nt locations as decribed

in Chapter 3. On the other hand, the MAB and DMEXCLP algorithms do not

know C1, ..., C9 as before.

If a call arrives in a given region, then the node in which the call originates

is selected uniformly at random from the nodes in this region. For example, the

first region with Poisson binomial distribution C1 has 266 nodes so that when a

call is generated in this region, a given node out of these 266 nodes is selected

with probability 1/266.

The call completion time tc is computed starting from the time the ambulance

takes the patient and ending when the patient is delivered to the hospital. When

travel times are time-dependent, tc is also time-dependent. The redeployment

event time tr is taken to be 120 rounds so that the ambulances are redeployed

in every 120 rounds which restricts the number of relocations made in a day as

before.
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7.2.1 Simulations for Fixed Travel Times (Context-free)

The simulation results with fixed travel times are given in Table 7.2, Fig. 7.2,

and Fig.7.3. Fig. 7.2 shows the average arrival times of the algorithms for 12

weeks of simulation time over 100 simulation runs, with respect to the ambulance

number N = 5, 10, 15, 20, 25, 30. The risk coefficient ρ is selected as 0.6. As seen

in Fig. 7.2, the average arrival times of the MAB algorithms are lower than that

of the DMEXCLP algorithm.

In addition, the variations in the arrival times of the algorithms over 12 weeks of

simulation time over 100 simulation runs when the ambulance number is N = 20

are shown in Fig. 7.3. The edges of the lines on the figure shows the maximum

and minimum arrival times of the ambulances using the corresponding algorithm,

and the red lines indicate the average arrival times.

The algorithms are compared with each other according to the second perfor-

mance metric (level of coverage of the demand points) in Table 7.2. The level of

coverage percentage is computed for various number of ambulances N and the

arrival time threshold κ.

The coverage percentage represents the percentage of the number of calls that

are responded under 10 and 15 minutes, respectively. From Fig. 7.3 and the

results in Table 7.2, it can be concluded that as the variance in the arrival

times of the algorithms increases, their coverage percentage decreases. Therefore,

multiple-arm Thompson Sampling (MaTS in the figure) and multiple-arm UCB1

(MaUCB1) perform similarly and multiple-arm MVLCB (MaMVLCB) achieves

the best coverage percentages since it has the lowest variance, and the DMEX-

CLP has the lowest coverage percentages since its variance is relatively high when

compared to the MAB algorithms.

One important thing we note here is that from Fig. 7.2, Fig. 7.3, and Table

7.2, it is clear that although MaMVLCB performs worst than MaUCB1 and

MaTS in terms of the average arrival times, it performs better than in terms of

the coverage of the demand points. It is because by selecting the risk coefficient
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Figure 7.2: Average arrival times of the context-free and risk-averse MAB algo-
rithms over 12 weeks of simulation time with tr = 120 and ρ = 0.6 for fixed travel
times.

ρ = 0.6 we put more emphasis on the variance minimization in arrival times over

the expected arrival time minimization; hence, more calls are responded under 10

and 15 minutes. For this reason, by changing the risk coefficient accordingly, we

can decide between whether to minimize the average arrival times or to respond

to more calls on time. This trade-off between the two objectives allows us to

design our algorithms according to what the EMS system requires.

7.2.2 Simulations for Time-dependent Travel Times (Con-

textual)

The simulation results with time-dependent travel times are given in Table 7.3,

Fig. 7.4, and Fig. 7.5. Similar to the setup under fixed travel times, we run 12
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Figure 7.3: The variations in the arrival times of the context-free and risk-averse
MAB algorithms over 12 weeks of simulation time with N = 20, tr = 120, and
ρ = 0.6 for fixed travel times.

weeks of simulation over 100 simulation runs. For the traffic model, we use the

Markov model given in Fig. 4.2 with the following transition probability matrix:

T =


s0 s1 s2

s0 0.62 0.30 0.08

s1 0.18 0.64 0.18

s2 0.12 0.18 0.70

 (7.5)

where si is the traffic state shown in Fig. 4.2. For instance, if the state is s0

for edge (i, j), then ps0,s0(t) = 0.62 and the next state for edge (i, j) will remain

the same in the next round with probability 0.62 and go the states of light and

heavily congested traffic with probabilities ps0,s1(t) = 0.30 and ps0,s2(t) = 0.08,

respectively. Furthermore, once the traffic status is set, the speed of an ambulance

on the roads is determined as follows: The traffic index xi,j, i, j ∈ {1, ..., K} is
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Figure 7.4: Average arrival times of the contextual MAB algorithms over 12 weeks
of simulation time with tr = 120 for time-dependent travel times.

sampled from the uniform distribution [0, 0.6) in state s0, from [0.6, 0.9] in state

s1, and from (0.9, 1.0] in state s2. For instance, if the traffic intensity xi,j(t) on the

road belongs to state s2, the speed of the ambulance Vamb is sampled uniformly

random from the interval [0, 0.1Vmax). After the traffic indices are generated, the

context and the arrival times on the paths are computed using (4.1) and (4.3).

Fig. 7.4 shows the average arrival times of the algorithms over 100 simulation

runs, each consisting of 12 weeks of simulation time. As seen from the figure,

the contextual MAB algorithms have lower average arrival times than that of the

DMEXCLP algorithm.

Furthermore, Fig. 7.5 shows the variations in the arrival times of the algo-

rithms when the ambulance number is N = 20. The variance of the DMEXCLP
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Figure 7.5: The variations in the arrival times of the contextual MAB algorithms
over 12 weeks of simulation time with N = 20 and tr = 120 for time-dependent
travel times.

algorithm is again greater than those of the contextual MAB algorithms. Fur-

thermore, Table 7.3 shows the coverage percentage of the demand points in the

cases of various ambulance numbers N and arrival time threshold κ. As seen,

the contextual MAB algorithms perform better than the DMEXCLP algorithm

in terms of the second performance criterion.
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Table 7.2: The coverage percentage of the demand points with re-
spect to various ambulance numbers N and arrival time threshold
κ over 12 weeks of simulation time for the city of Ankara with
fixed travel times

Ambulance number N → 5 10 15

Arrival time threshold κ→
10 (min) 15 (min) 10 (min) 15 (min) 10 (min) 15 (min)

Policy π ↓

MaUCB1 6.5% 14.5% 12.6% 26.6% 23.1% 43.8%

MaMVLCB 7.5% 16.8% 15.3% 29.4% 25.1% 46.8%

Multiple-arm ε-greedy 3.8% 10.2% 8.2% 22.5% 18.8% 38.3%

Multiple-arm Thomp. Samp. 5.6% 12.2% 10.8% 24.2% 22.2% 42.2%

Dynamic MEXCLP 2.5% 6.8% 5.1% 18.1% 14.2% 34.6%

Oracle (SMEXCLP) 10.4% 24.5% 22.6% 42.8% 42.1% 53.4%

Ambulance number N → 20 25 30

Arrival time threshold κ→
10 (min) 15 (min) 10 (min) 15 (min) 10 (min) 15 (min)

Policy π ↓

MaUCB1 41.5% 52.9% 47.3% 65.4% 56.8% 72.6%

MaMVLCB 44.2% 55.3% 49.2% 69.7% 59.5% 76.2%

Multiple-arm ε-greedy 35.0% 46.1% 40.2% 58.6% 48.6% 65.9%

Multiple-arm Thomp. Samp. 40.2% 51.8% 46.5% 64.6% 55.2% 71.8%

Dynamic MEXCLP 22.6% 38.8% 32.3% 44.2% 40.1% 48.1%

Oracle (SMEXCLP) 48.6% 66.8% 59.0% 78.5% 67.2% 84.7%
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Table 7.3: The coverage percentage of the demand points with re-
spect to various ambulance numbers N and arrival time threshold
κ over 12 weeks of simulation time under time-dependent travel
times

Ambulance number N → 5 10 15

Arrival time threshold κ→
10 (min) 15 (min) 10 (min) 15 (min) 10 (min) 15 (min)

Policy π ↓

MaLinUCB 5.4% 11.8% 10.2% 23.6% 21.7% 41.5%

Multiple-arm Con. Thomp. Samp. 4.8% 10.9% 9.6% 23.0% 20.8% 40.8%

Dynamic MEXCLP 2.0% 5.4% 4.2% 15.8% 12.1% 31.8%

Oracle 9.2% 18.2% 16.4% 42.8% 36.1% 48.4%

Ambulance number N → 20 25 30

Arrival time threshold κ→
10 (min) 15 (min) 10 (min) 15 (min) 10 (min) 15 (min)

Policy π ↓

MaLinUCB 40.0% 51.5% 46.2% 64.2% 54.9% 71.5%

Multiple-arm Con. Thomp. Samp. 38.4% 50.2% 45.0% 61.9% 52.5% 69.4%

Dynamic MEXCLP 20.8% 36.4% 30.1% 41.8% 38.2% 46.8%

Oracle 45.8% 58.9% 53.5% 72.6% 63.8% 81.8%

61



Chapter 8

Conclusion and Future Works

In this thesis, we presented a new learning-based approach for the ambulance

redeployment problem. First, we cast the problem as a MAB problem, and then,

considered the cases in which the travel-times are fixed (i.e., context-free case)

and time-dependent with a Markov time-dependent model (i.e., contextual case),

and used a graph-based network for ambulance redeployment. Furthermore, we

developed a discrete-time data-driven simulator to evaluate the performances of

the algorithms.

In terms of minimizing the average arrival time (i.e., the first objective) and

maximizing the coverage of the demand points (i.e., the second objective), we

showed that the MAB algorithms perform better than the dynamic redeploy-

ment method DMEXCLP introduced in [15] under fixed and time-dependent

travel times. We also showed that they perform close to the static allocation

method SMEXCLP which is an optimization oracle that knows all call and traffic

distributions and when these distributions change beforehand. The importance

of using MAB based methods stems from the fact that in real-world, it is impos-

sible to have such an oracle who knows all of the uncertainties beforehand. These

unpredictable factors can easily make the solution of the redeployment problem

intractable, and make the conventional optimization based methods inadequate,

as justified by our simulations.
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Furthermore, we investigated risk aversion in ambulance redeployment and

proposed a rik-averse MAB algorithm. We modeled the city of Ankara, Turkey

and conducted realistic simulations on this model. We showed that taking less

risk by adjusting the risk coefficient resulted in serving more calls on time (i.e.,

increasing the coverage of demand points), but also resulted in increase in the

average arrival times. By utilizing this trade-off between the two objectives, a

more reliable EMS system can be designed in real life.

For future work, we plan to work on combinatorial multi-armed bandit

(CMAB) problems in ambulance redeployment. As opposed to the one-arm se-

lection setting in the classical MAB problem, multiple ambulances are selected

for redeployment in our problem. Therefore, a need for combinatorial approach

is inherent in the ambulance redeployment problem. Instead of using the greedy

redeployment approach we propose in Chapter 3, combinatorial MABs can be

utilized in the solution of the problem. In [45, 46], they propose a combinato-

rial multi-armed bandit approach where when a subset of arms is selected, other

arms are probabilistically triggered. In the context of ambulance redeployment,

when an ambulance is dispatched from a node (i.e., a bandit arm), it also travels

to other nodes on route to the call. These nodes are selected according to the

traffic states at time of the dispatch, hence in a sense they are probabilistically

triggered. Therefore, in addition to observing the arrival time of the ambulance

from the node from which it is dispatched, it is also possible to observe the arrival

times from the nodes on route to the call. Therefore, although the ambulance is

dispatched from a single node, other nodes are also explored in the process. This

property of the CMAB problem with probabilistically triggered arms can make

the learning in ambulance redeployment faster and more accurate.
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