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SOME EIGENVALUES AND TRACE INEQUALITIES FOR MATRICES

ABSTRACT

In matrix theory, the more information about the spectrum gives the power of
understanding matrices better. The spectrum can be identified by the knowledge of
the spectral radius and the minimum eigenvalue of a matrix. In this thesis, the studies
about the lower and upper bounds for the spectral radius and the lower bounds for the
minimum eigenvalue of a matrix are investigated. In these studies, the Hadamard, the
Kronecker and the Fan product of matrices are widely used to establish new types of
matrices. Then several existing results are improved for these products and their
algebraic characterizations. Furthermore, the lower bounds for the minimum
eigenvalue of the Hadamard product of an M-matrix and its inverse are examined and

some new lower bounds are computed.

Keywords: Spectral radius, minimum eigenvalue, inverse of a matrix, Hadamard

product, M-matrix.



MATRISLER iCiN OZDEGER VE iZ ESIiTSiZLIKLERI
0z
Matris Teori’de spectrum hakkinda sahip olunulan her bilgi bize matrisleri daha
iyi anlama giicii verir. Spektrumu, spectral yarigap ve en kiiclik 6zdeger hakkinda
edinilen bilgilerle tanimlayabiliriz. Bu tezde, bir matrisin spectral yarigcapi i¢in alt ve
ist sinirlar belirleme ile en kii¢iik yaricapi i¢in alt smir belirleme konularindaki
calismalar arastirilmistir. Bu c¢alismalarda Hadamard, Kronecker ve Fan
carpimlarinin yeni tip matrisler olusturmak ic¢in sik¢a kullanildigir goriilmistiir.
Ayrica, mevcut bir¢ok sonuglar da bu carpimlar ve onlarin cebirsel 6zellikleri i¢in

gelistirilmistir. Bunlara ek olarak, bir M-matris ve tersinin Hadamard ¢arpimlarinin

en kiigiik 6zdegeri i¢in alt sinirlar incelenmis ve yeni alt sinirlar bulunmustur.

Anahtar sozciikler: Spektral yarigcap, en kiigiik 6zdeger, matris tersi, Hadamard

Carpim,M-matris.
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CHAPTER ONE

INTRODUCTION

Nowadays, matrices are frequently used not only in mathematics but also in the
most of areas of sciences since they are quite helpful to understand, to classify and to
solve the problems in these areas. However, in each area people can need different
types of matrices and different properties of these matrices. Therefore, the main goal
in Matrix Theory is to classify matrices, to determine the elements of matrices that
will be helpful and to be able to generate new types of matrices in the sense of
necessity. The widest information about matrices can be found in the books which
are written by Horn and Johnson in 1985 and 1991. There is a great deal of types of
matrices and there are plenty of significant elements of these matrices. In this thesis,
we especially focus on the eigenvalues, the norms and the trace of a matrix.
Moreover, we concentrate on the positive definite, positive semidefinite, irreducible
matrices and M-matrices. Furthermore, we investigate the matrices obtained by the
special products of matrices which are Hadamard, Fan, Kronecker, Khatri-Rao and

Tracy-Singh products.

There are studies for bounding the trace (which is the sum of the diagonal entries
of a matrix) of product of two matrices. Yang (1988) has proved a bound for product
of two positive definite matrices and Neudecker (1990), Coope (1993) and Yang
(2000) have stated and proved bounds for the product of two positive semidefinite
matrices. Moreover, Horn and Johnson (1991) proposed an upper bound for the
spectral radius of the Hadamard product of two nonnegative matrices. Almost after
one decade, Audenaert (2010) has stated a theorem giving a better upper bound for
the spectral radius of the Hadamard product of two non-negative matrices. For proof
of this theorem, Audenaert has proposed a new definition of the spectal radius by use
of the trace of a matrix. Contemporaneously, Horn and Zhang (2010) have also
demonstrated a new inequality involving the spectral radius of the Hadamard product
of two nonnegative matrices. Furthermore, not only he has given the relation
between the spectral radius of the Hadamard product and the usual product of a

positive definite matrix and a positive semidefinite matrix, but also he has



established nice results for the principal submatrices of nonnegative and positive
semidefinite matrices. Furthermore, Du (2010) has come up with inequalities
involving the Hadamard product and the norms of matrices such as the spectral
norm, the trace norm and the Frobenius norm. These studies have inspired us to have
results on both the spectral radius and the norms of the Fan product of two

nonnegative matrices.

In recent years, one of the most popular topics in Matrix Theory is to have a lower
bound for the minimum eigenvalue of the Hadamard product of an M-matrix and its
inverse. The first opinion for this topic has come from Fiedler and Markham (1988)
only by use of the dimension of the matrix. In the process of time, there have been
significant improvements for this lower bound. Most recently, Li et. al. (2007) and Li
et. al. (2009) have developed new lower bounds for the minimum eigenvalue of the
Hadamard product of an M-matrix and its inverse including the condition for the
matrix to have a doubly stochastic inverse. Furthermore, Li et. al. (2011) have had an
important result in finding the lower bound by letting the M-matrix with a doubly
stochastic inverse to be also irreducible. In this thesis, we have achieved to establish
and to prove the results for the new lower bounds for the minimum e eigenvalue of

the Hadamard product of an M-matrix and its inverse.
Now, we will look at brief information about how this thesis has been organized:

In Chapter 2, the definitions of the basic elements of a matrix which will be
commonly used in each chapter of this thesis such as the spectral radius, the
minimum eigenvalue, the singular values and the norms will be given. In addition,
the special products such as Hadamard, Fan, Kronecker, Khatri-Rao and Tracy-Singh
products will be introduced to be able to understand the lemmas, theorems and
corollaries in this thesis more efficiently. The second chapter will come to the end

with the lemmas and theorems in inequalities involving the trace of a matrix.

In Chapter 3, our focus mostly will be on the well-known products of matrices
such as the Hadamard product, the Fan product and the Kronecker product which are
briefly introduced in Chapter 2. Thereafter, we will analyze the inequalities for the

spectral radius and the norm of the Hadamard product of two matrices. After



examining these inequalities, we will try to construct bounds for the spectral radius
and the norm of the Fan product of two matrices in consideration of the results for
the Hadamard product. Furthermore, we will present the definitions of Khatri-Rao
and Tracy-Singh products and we will try to figure out the relations between these

products and the Kronecker product.

In Chapter 4, we will be specifically focused on the inequalities involving M-
matrices. In the former section, we will define M-matrices and we will mention the
basic properties of M-matrices. Furthermore, we will mention the inequalities
involving Jacobi iterative matrix and we will try to construct new bounds for the
spectral radius of the Jacobi iterative matrix of a nonsingular M-matrix. In the last
section, we will more particularly pay attention to the lower bounds for the minimum
eigenvalue of the Hadamard product of an M-matrix and its inverse. For the
beginning, we will present the results which have been studied so far, after that we
will put emphasis on the new lower bounds that we tried to build for the minimum

eigenvalue of the Hadamard product of an M-matrix and its inverse.



CHAPTER TWO

PRELIMINARIES

This chapter provides fundamental facts for us in matrix theory to introduce our
definitions and main theorems. For the proofs, we refer to the books and articles

being in references.

Let M,, , denote an m X n matrix and let M,, denote an n X n matrix. Also, let an
m X n complex matrix be denoted by C™*™ and let an n X n complex matrix be
denoted by C™*™. Furthermore, let an m x n real matrix be denoted by R™" and let

an n X n complex matrix be denoted by R™",
2.1 Definitions for Spectrum and Types of Matrices

Since the thesis is based on inequalities involving eigenvalues of a matrix, it will
be very useful to give basic definitions which are spectral radius and minimum

eigenvalue and singular values of a matrix:

Definition 2.1.1 (Horn & Johnson, 1985) The spectral radius p(A4) of a matrix
A€ M,is

p(A) = max { |A|: Ais an eigenvalue of A }.

Definition 2.1.2 (Li, Liu, Yang & Li, 2011) For A = [a;;] € R™", the minimum

eigenvalue of the matrix A is defined by
7(A) = min{|A|: 1 € o(4)}
where o (A) denotes the spectrum of A.

Definition 2.1.3 (Meyer, 2004) The nonzero singular values s;(4) of an m X n
matrix A are the positive square roots of the nonzero eigenvalues of A*A and AA™,

where A" is the conjugate transpose of the matrix A



Although we are interested in all matrices, in most this thesis we will be dealing
with positive, non-negative, positive definite and positive semidefinite matrices
which can be defined as:

Definition 2.1.4 (Horn & Johnson, 1985) Let A = [a;;] € My, and B = [b;;] €

M, ,. We write
B >0 ifall b;; =0
B >0 ifall b;; >0
A =B ifall a;; = b;;
A > B ifall a;; > b;;

The reverse relations < and < are defined similarly. We define |4| = [|a;;|]. If

A >0, we say A is a nonnegative matrix, and if A > 0, we say that 4 is a positive

matrix.

Definition 2.1.5 (Horn & Johnson, 1991) An n X n Hermitian matrix A is said to be

positive definite if
x*Ax > 0 for all nonzero x € C™".
Itis denotedby A > 0.Also A > BmeansthatA—B > 0.

Definition 2.1.6 (Horn & Johnson, 1991) An n X n Hermitian matrix A is said to be

positive semidefinite if
x*Ax = 0 forall nonzero x € C™*™.

It is denoted by A > 0. Also, A = B means that A — B > 0.



2.2 Definitions for Products of Matrices and Norms of Matrices

Now, we can give the definitions of some special products of matrices which are

mentioned above:

Definition 2.2.1 (Horn & Johnson, 1985) If 4 = [a;;] € My, and B = [b;;] €

M,, , are given, then the Hadamard product of A and B is the matrix
AoB = [aijbij ] € Mm’n .

Definition 2.2.2 (Horn & Johnson, 1991) The Kronecker product of an m x n matrix
A = [a;j]and p X g matrix B = [ by, ] is an mp X qn matrix denoted by A ® B
and defined to be the block matrix

A®B = [a;B]

Definition 2.2.3 (Huang, 2008) Let A =[a;;] € My, and B =[b;j] € My, .
The Fan product of A and B is denoted by A x B = C = [¢;j] € My, and is
defined by

Y agb; ifi=j.

Definition 2.2.4 (Liu & Trenkler, 2008) The Khatri-Rao product of an m X n matrix
A = [a;j]and p X gmatrix B = [ by, ] is an (X m;p;) X (X n;q;) matrix denoted
by A = B and defined to be the matrix

A *x B = (Aij®Bij)ij
where Aij®Bij is order of m;p; X n;q; .

Definition 2.2.5 (Liu & Trenkler, 2008) The Tracy-Singh product of an m xn
matrix A = [a;; ] and an p X g matrix B = [ by, ] is an mp X nq matrix denoted

by A »x B and defined to be the matrix
A ™ B = (A;; @ B);j = ((A;j®Br) k) ij

where A;;®By, is of order m;p, X n;q; , and A;; > B is of order m;p X n;q .



In matrix theory, norm of a matrix is one of the most important and useful tools
while trying to identify and to understand the behavior of the matrix. There are
several ways and formulas to define a norm, but in this thesis we will look at some of
them. For the following two definitions we will use the singular values of a matrix

which are defined in Section 2.1 and denoted by
s1(4) = s,(4) = -+ = 5,,(4)
in decreasing order.

Definition 2.2.6 (Du, 2010) The Fan k-normof A € M,, is

k

lAlly = ) 554

j=1
where k = 1,2, ..., n.
Thus, ||All 1y is the spectral norm and ||Al| ) is the trace norm.

Definition 2.2.7 (Du, 2010; Huang, 2008) The Frobenius norm or the Euclidean

norm of A € M,, is defined as and denoted by
n
lAll, = ) s?A)E.
i=1

2.3 Basic Lemmas and Theorems in Trace Inequalities

In each main chapter, mostly we will be dealing with inequalities involving the
spectral radius and the minimum eigenvalue of some special matrices. However,
before introducing these main chapters, we will give some theorems and lemmas

about the trace of a matrix:

Theorem 2.3.1 (Yang, 1988) If A and B are two n X n positive definite matrices,

then
(1) tr(AB) > 0 and (2.1)
(2) Jtr(AB) < (tr A+tr B)/2. (2.2)



Theorem 2.3.2 (Neudecker, 1990) If A and B are positive semidefinite matrices of

the same order, then

(1) tr(AB) = 0 and (2.3)
(2) \Jtr(AB) < (trA+trB)/2 . (2.4)

Theorem 2.3.3 (Coope, 1993) If A and B are positive semidefinite then AB has

positive eigenvalues.

Theorem 2.3.4 (Coope, 1993) The trace of a product of two Hermitian matrices of

the same order is real.

Theorem 2.3.5 (Coope, 1993) For positive semidefinite matrices, 4, B of the same

order
0 <tr(4AB) < tr(A)tr(B). (2.5)

Lemma 2.3.1 (Coope, 1993; Yang, 2000) If A and B are positive semidefinite

matrices of the same order, then
0 <tr(AB)<trAtrB (2.6)

Theorem 2.3.6 (Yang, 2000) Let A and B be positive semidefinite matrices of the

same order; thenforn = 1,2, ...
0 < tr(AB)*" < (tr A)?(tr A>)™ 1(¢tr BH)™, (2.7)
0 < tr(AB)*™*1 < (tr A)(tr B)(tr A®)™(tr B)™. (2.8)
Corollary 2.3.1 (Yang, 2000) If A and B are defined in Theorem 2.3.6, then
0 <tr(AB)" < (trA)"(trB)™. (2.9)

Lemma 2.3.2 (Yang, 2000) If A and B are positive semidefinite matrices of the same

order, then (AB)"B and (BA)"B are positive semidefinite matrices.



CHAPTER THREE

INEQUALITIES IN HADAMARD, FAN AND KRONECKER PRODUCTS

In this chapter of this thesis, we focused on the inequalities involving special
products of matrices. Firstly, we investigated the relations between these products.
After that we studied the inequalities of the spectral radius and the norm for the
Hadamard product in detail and we tried to apply the analogous of them to Fan

product of matrices.
3.1 Spectral Radius and Norm Inequalities Involving Hadamard Product

While we were searching the articles written about the spectral radius of the
Hadamard product of two matrices to investigate a bound for the spectral radius, first
theorems we encountered gave us the inequalities for nonnegative matrices. These

theorems can be introduced as in below:

Theorem 3.1.1 (Horn & Johnson, 1985) If A,B € M, ,A > 0,and B = 0, then

p (AB) < p (A)p(B). (3.1)

Theorem 3.1.2 (Audenaert, 2010) For n X n non-negative matrices A and B,

p(AoB) < p((AeA)(BB))"* < p (4B). (3.2)

Theorem 3.1.3 (Horn & Zhang, 2010) Let A,B € M,,. Suppose that A > 0 and
B = 0.Then

p (A°B) < pY?2( AB°BA) < p (AB). (3.3)

However, if we want to focus on positive matrices for the same bound searched in

the first three theorems above, Theorem 3.1.3 can be changed slightly as follows:

Corollary 3.1.1 (Horn & Zhang, 2010) Let A,B € M,,. Suppose that A > 0 and
B > 0. Then

p (4oB) < p (4B). (3.4)



By the next theorem, it can be seen that the upper bound for the spectral radius of
the Hadamard product of a positive definite matrix and a positive semidefinite matrix
will have a more concrete result involving the spectral radius of the Hadamard

product of the positive definite matrix and its inverse:

Theorem 3.1.4 (Horn & Zhang, 2010) Let A,B € M,,. Suppose that A > 0 and
B > 0. Then

p(A° B) < Bp(AB), B =p(B " B) = 1. (3.5)

To understand the relation between the Hadamard product and the Kronecker

product, we should acknowledge the following definition:

Definition 3.1.1 (Horn & Johnson, 1985) Let A be an m X n matrix. For index sets
a €{1,..,m}and B € {1, ...,n}, we denote the submatrix that lies in the rows of A
indexed by a and in the columns indexed by g as A[a, B]. If m = nand a = 3, the

submatrix A[a, a] is called the principal submatrix of A and is abbreviated A[a].

Due to the fact that we are now familiar with the definition of principal submatrix,
we can present the following proposition which is the key of the relation between the
Hadamard product and the Kronecker product:

Proposition 3.1.1 (Horn & Zhang, 2010) The Hadamard product is a submatrix of
the Kronecker product: if A,B € M,,, , then

A°B = (A®B) [a,p] (3.6)

in which a ={1,m+2,2m+3,..,m?} and f={1,n+2,2n+3,..,n%}. In

particular, if m =n, A o B is principal submatrix of (A ® B).

From now on, we will be interested in some theorems and lemmas issuing
inequalities related to the spectral radius of principal submatrices of some special
matrices such as nonnegative matrices, irreducible matrices and positive semidefinite

matrices:

10



Lemma 3.1.1 (Horn & Zhang, 2010) Let A,B € My. be nonnegative and let
a € {1,...,N }be given and nonempty.

(1) If A= B,then p(4) = p(B). (3.7)
(2) p(Ala]) < p(4). (3.8)
(3) A[a]B[a] < (AB)[«a]. 3.9
(4) p (Ala]B[a]) < p((AB)[a]) < p(4B). (3.10)

Lemma 3.1.2 (Horn & Zhang, 2010) Let A=[a;;] € M,, withn = 2, and

suppose that A is nonnegative and irreducible. Let ¢ < {1, ..., n} be nonempty. Then

p (Ala]) < p (4). (3.11)

Lemma 3.1.3 (Horn & Zhang, 2010) Let A, B,C € My be positive semidefinite and

let @« & {1, ..., N} be given and nonempty.

() If A = B,then p(4) = p(B). (3.12)
(2) p(Ala]) < p(A). (3.13)
(B)If B > 0,thenp (A[a]B[a]™t) < p (AB™Y). (3.14)
(4)If A = B,thenp (BC) < p (AC). (3.15)

Lemma 3.1.4 (Horn & Johnson, 1985; Du, 2010) Let A,B € M,,. If |A| < B, then

p(A) < p(l4]) < p(B). (3.16)

Lemma 3.1.5 (Du, 2010) Forany A € M,,,

n

tr(4) < ) s;(4). (3.17)
2,
Theorem 3.1.5 (Du, 2010) The inequality
— —\T
I(AeB)A=B)ll < (A< A)(BB) || for 4B em, (3.18)

is true when || . || is the spectral norm, the trace norm or the Frobenius norm where 4

is the conjugate of the matrix A.

11



Theorem 3.1.6 (Horn & Johnson, 1991; Du, 2010) For any A € M,, and B € M,,,
we have

4+ Bl < 14+ A, 18 B (3.19

@® @®

Theorem 3.1.7 (Horn & Johnson, 1991) Let A € M,,and B € M,,,. If A € a(A) and
x € C™ is a corresponding eigenvector of A, and if u€o(B) and y e C™ is a
corresponding eigenvector of B, then Ay € 6(A® B) and x®y € C"™ is a
corresponding eigenvector of A @ B. Every eigenvalue of A @ B arises as such a
product of eigenvalue of A and B. If a(A) = {41, 4;,...,4,} and o(B) =

{us, Uz, st} , then o(AQ B) = {Aj:i=1,..,n;j=1,..,m} (including
algebraic multiplicities in all three cases). In particular, (A ® B) = d(B @ A).
Lemma 3.1.6 (Audenaert, 2010) For A € M,, suchthat A > 0

p(A) = lim (TrA™)V/m, (3.20)
m-—oo

3.2 Results on the Spectral Radius and the Norm of the Fan product

In this section, we will construct and prove three theorems for some upper bounds
for the Fan product of two nonnegative matrices and an upper bound for the square
of the norm of the Fan product of two matrices. Both in writing and proving these
theorems, the lemmas and the theorems in section 3.1 with their proofs will be very

useful.
Theorem 3.2.11f A,B € M,,; A>0and B = 0, then

p(AxB) < p(A)p(B). (3.21)
Proof. SinceA>0and B > 0; Ao B > 0and therefore |AxB| = A~ B.

Using Lemma 3.1.4, p(A*B) < p(JA*B|) = p(A~ B). On the other hand, by
theorem 3.1.1, p(A o B) < p(A)p(B), since A o B is principal submatrix of A ® B
and p(A°eB) < p(A®B) by Lemma 3.1.2 and p(A ® B) = p(A)p(B). Thus,
p(AxB) < p(A)p(B).

12



Theorem 3.2.2 Let A, B € M,,. Suppose that A > 0 and B is an M-matrix. Then
p(AxB) < p(I(A*A)(B*B))'? (3.22)

While trying to prove this theorem, firstly, we tried to understand the proof of
Theorem 3.1.2 (Theorem 1 of Audenaert) and we recognized that it will be very easy

to prove the above theorem by using the facts that for the nonnegative matrix A and
M-matrix B, Tr((AoB)* =Tr((A+B)* and Tr(((4°A)(Bo B))k) =

Tr((I(A * A)(B * B)¥) .

Proof. LetA > 0and B be an M-matrix. Firstly, it will be very useful to prove the

following inequalities for any positive integer k:

Tr((A* B))** < Tr((I(A* A)(B » B)))

n n n
Tr((A *B))Zk = Z z z (ai1i2bi1i2)(ai2i3bi2i3) (aizki1bi2ki1)

i1=1i2=1 i2k=1

= Z (aiyi,bi16,) iy Biyiy) o (Qigpiy Digyiy)

il,iz,...,izk

= Z (ailizbi2i3 "'aizk—1i2kbi2ki1) X (bilizai2i3 bizk—1i2kai2ki1)

il,iz,...,izk

It can be easily seen that this expression is an inner product between two vectors one

with  entries  a; ;b b and the other with entries

igiz = Qigg_qizpPiskis

bi,i, @iy by, iy, iy IF We perform a cyclic permutation on the indices it is
obvious that these vectors have the same sets of entries. Therefore, both vectors have
the same Euclidean norm, so we can apply Cauchy-Schwarz Inequality and then we

get:

2
< E (i1 D105 - Vg iz Digiy)

il,iz,...,izk

— § 2 2 2 2
- Aiyi, blzl3 "'alzk—llzk blzkll

il,iz,...,izk

13



=Tr((|(Ax A)(B * B)DF) .

Finally, taking the (2k)*" root, taking the limit k — oo and applying the lemma 3.1.6

the theorem follows from the inequality
Tr((A* B))?* < Tr((I(A » A)(B * B)DX).

Theorem 3.2.3 Forany A € M,, and B € M,,, we have

IAx Bz, < ||A<A4] . |[BeB (3.23)

(1)| ’

We tried to prove the above result using the proof of the Theorem 3.1.6:
Proof. The spectral norm ||. [[ 4y is induced by the Euclidean norm || || on C™. Let
x = [x;] € C"* be such that |lx|l; =1 and [|[A * Bl = II(A * B)xll, . Also, let

A =la;;]and B = [b;;]. Then,

2
I(A * B)x||5 = Z z a;jb;jx;
i J
= Z|ai1bi1x1 — Qjpbipx, — o — ainbinxnlz

i

< D Haallbulbal + laglbillxal + -+ lag| bl a1

L

1 1 1 1 1 1\ 12
= > [(laaliali lapllxF, . lag ). (bl bl . bl ) |
i

< D WiaaPbal + =+ 1@l bl + -+ b Plal 1

- Z I:Z|ai,-|2|xj|: [Zwmm]
<> :Z|ai,-|2|xj|: E IZ [Z|bij|2|xj|2

=[I(a = a)1xl]l, -[|(B - B)Ixll,

1
2 2

s ”(A ° Z)ll(l)”x”(l) . ”(B ° E)”(l)”x”(l)

14



= =Dl BB, -

3.3 Inequalities involving Kronecker, Khatri-Rao and Tracy-Singh Products

Observation 3.3.1 The Khatri-Rao product is a submatrix of the Tracy-Singh
product: if A,B € M,,, , then

A*B = (A~ B)[a,p] (3.24)
In particular, if m = n, A = B is principal submatrix of (A x B).

Observation 3.3.2 The Khatri-Rao product is a submatrix of the Kronecker product:
if A,B € M, ,then

A*B = (A®B) [, B] (3.25)

In particular, if m = n, A * B is principal submatrix of (A ® B).

For instance, let an m X n matrix A is partitioned as

A A
a= [t Aa]
A21 A22

and let an m X n matrix B is partitioned as

Now, the Tracy-Singh product of these two matrices A and B is defined to be:

A11®B11 A11®B1;  A1,@B1; A1,@Bi;
A1 @B A, ™ B _ A11®By1 A11QBy; A1,@By A1,@By;
Ay B Ay, X B A21®B11 A218B1; A®B11 A®Bqof|

A1®By1 A21@By; A2Q@B31 A®B;;

ANXB =

and the Khatri-Rao product of these matrices can be defined as:

A11®Bll A12®B12

AxB = [ .
A21QB,1 A2,QB;;
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It can be easily seen that the Khatri-Rao product is a submatrix of the Tracy-Singh

product.

In the light of observations 3.3.1 and 3.3.2 we can also observe some relationships
between the spectral radius of Tracy-Singh product of two matrices and the spectral

radius of the Khatri-Rao product of these given matrices:

Theorem 3.3.31If A,B € M, ,A>0,and B >0, then
p(A*B) <p(A~B). (3.26)

Proof. By Observation 3.3.1 it is obvious that A = B is a principal submatrix of

A ™ B. Therefore, by using Lemma 3.1.1 (2) the inequality above concludes.

Theorem 3.341f A,B € M, ,A>0,and B >0, then
p(A*B) <p (A®B). (3.27)

Proof. By Observation 3.3.2 it is obvious that A = B is a principal submatrix of

AQ®B. Therefore, by using Lemma 3.1.1 (2) the inequality above concludes.
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CHAPTER FOUR

INEQUALITIES FOR M-MATRICES

In this chapter, we will be interested in inequalities involving not only the spectral
radius but also the minimum eigenvalue of a matrix. Furthermore, the focus will be
on M -matrices. To be able to follow the lemmas and theorems given and
comprehend the results, we will study the definitions and basic properties of Z-

matrices and M-matrices.

4.1 General Information of M-matrices and Inequalities involving Jacobi

lIterative Matrix

Definition 4.1.1 (Horn & Johnson, 1991) The set Z,, € M,,(R) is defined by
Z,={A=|a;] e My(R):a;; <O ifi+j;i,j=1,..,n}

Definition 4.1.2 (Horn &Johnson, 1991) A matrix A is called an M-matrix if A € Z,,

and A positive stable.

Theorem 4.1.1 (Horn & Johnson, 1991) If A € Z,,, the following statements are

equivalent:

(1) A is positive stable, that is, A is an M-matrix.

(2)A= al —P,P =20,a > p(P).

(3) Every real eigenvalue of A is positive.

(4) A + tI is nonsingular for all t > 0.

(5) A + D is nonsingular for every nonnegative diagonal matrix D.

(6) All principal minors of A are positive.

(7) The sum of all k-by-k principal minors of A is positive fork = 1, ..., n.

(8) The leading principal minors of A are positive.

(9) The diagonal entries of A are positive and AD is strictly row diagonally

dominant for some positive diagonal matrix D.
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(10) Ais nonsingular and A= > 0.
(11) Ax = 0 implies x = 0.

Through the following corollary, we will acknowledge a very useful definition of the

spectral radius of a matrix in two different ways.

Corollary 4.1.1 (Horn & Johnson, 1985; Huang, 2008) If A € M,, and A > 0, then

p(A) = max min (A4%), .

x20,x#0 x;#0 X

or, equivalently

1 n
A) = max min— a;ixXi.
pA) x20,x20 X;#0 X; v
j=1

Rather than the above definitions of the spectral radius of a matrix, there is
another way to define it if the matrix is irreducible. Firstly, we need to define
irreducible matrices. Hence, to be able to understand the notion of irreducibility of

matrices we can look at the definition of reducible matrices:

Definition 4.1.3 (Horn & Johnson, 1985) A matrix A € M,, is said to be reducible if

either

@ n=1and A =0;or
(b) n = 2, there is a permutation matrix P € M,,, and there is some integer r with

1 <r <n-—1suchthat
B C
T —
PTAP = | oD
where B € M,,D € M,,_,,C € M, ,,_,,and 0 € M,,_,.,. is a zero matrix.

Definition 4.1.4 (Horn &Johnson, 1985) A matrix A € M,, is said to be irreducible

if it is not reducible.
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Corollary 4.1.2 (Horn &Johnson, 1985; Huang, 2008) If A is an irreducible

nonnegative matrix; then

p(A) = min max (A4x), .
x20,x#0 x;#0  X;

In 2008, Huang stated a significant theorem which gives an upper bound and a
lower bound for the spectral radius of Jacobi iterative matrix of a given matrix in
regard of the minimum eigenvalue and the entries of the given matrix. Before stating
that theorem, we should look at the way that the matrix J, defined. Hence if
A = [a;;] is an n X n M-matrix, we write N = D — A, where D = diag(a;;). Note
that a; > 0 for all i, if Ais an n xn M -matrix. Thus we define J, = D7IN.

Obviously, ], is nonnegative. (Huang, 2008)

Theorem 4.1.2 (Huang, 2008) Let A = [a;;] be an n X n nonsingular M-matrix.

Then

T @ _ (J)<1 7(4) a1
rn,in a;; =P ]A - max a;; ( ' )
1<isn 1<isn

In particular, p(J,) < 1.

Lemma 4.1.1 (Huang, 2008) If A is an irreducible M-matrix, and Az > kz for a

nonnegative nonzero vector z, thent (A) > k.

Lemma 4.1.2 (Horn &Johnson, 1985; Huang, 2008) If A is an irreducible

nonnegative matrix, and Az < kz for a nonnegative nonzero vector z, then
p(4) < k.

Lemma 4.1.3 (Huang, 2008; Berman & Plemmons, 1994) Let A be a nonnegative
matrix, and |B| < A.Then p(B) < p(A4).

Theorem 4.1.3 (Huang, 2008) Let A and B be n X n nonsingular M-matrices. Then

t(AxB) = (1 - p(Ja)pUs)) gliisf}l(aii bi;) . (4.2)
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Theorem 4.1.4 (Huang, 2008) Let A,B € M,, be two real nonnegative matrices.
Then

(1) If a;;b;; # 0 for all i, then

p(A°B) < (1+p(JDp(Jp)) max d;;bj;. (4-3)
(2) If a;,;, # 0 or b;;,, # 0 for some iy, but a;;b; = 0 for all i, then
p(A°B) < (p(UDp(Jp)) max {a;, by;}. (4.4)
(3) If a;; = 0 and b;; = 0 for all i, then
p(A°B) < (p(UnpUp))- (4.5)

(4) If a;;,b;,i, # 0 and a;j bj, ;, = 0 for some iyand jj, then the upper bound

on p(A o B) is the maximum value of the upper bounds of (1)-(3).

Before stating the following theorem, it will be very useful to give the notations
below: Let N = {1,2, ...n} and let A = [qa;;] be nonsingular with a;; # 0 for all i, and
AY = [by];

n n
R(A =maXZa--, r(A =minZa--
(4) ieN Y (4) iEN Y
j=1 j=1
and
n n
M=maXZbij , m=mianU
iEN iEN
j=1 j=1

Theorem 4.1.5 (Tian & Huang, 2010) Let A = [a;;] be a nonsingular M-matrix and
A_l = [bl]] . Then

r(4) < % <717(4) < % < R(A4). (4.6)

So far, in this section we have investigated the lemmas and theorems about the
bounds for the spectral radius of the Jacobi iterative matrix for an M-matrix, for the

minimum eigenvalue of the Fan product of two M- matrices and for the spectral
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radius of the Hadamard product of two nonnegative matrices. After we analyzed all
of them, we have concentrated on the Theorem 4.1.2 and Theorem 4.1.5; in the light
of these bounds we have tried to find new lower and upper bounds for the spectral
radius of the Jacobi iterative matrix of an M-matrix using the entries of the given M-
matrix and the entries of its inverse. These bounds can be formalized as in the

following theorems:

Theorem 4.1.6 Let A = [a;;] be an n X n nonsingular M-matrix and A™! = [b;;].

Then

1

— .
{Eg)r(l Zj=1 allbl]

1- - <p(Js)<1- (4.7)

: n
min Y.*_ . a;;b;;
1sisn21_1 ey

Proof Let A = [a;;] be an n X n nonsingular M-matrix and A" = [bl-j]. Firstly, we

will try to prove the left hand side of the inequality:

Since A is a nonsingular M-matrix, it follows from Theorem 4.1.2 that

T(4)

min a;;
1<isn

<p(Ja)

and it can be easily seen that 7(A) = min <;<p a;; (1 —p(Ja))-

Also, from Theorem 4.1.5 it can be seen that 7(4) < %Which is equal to the
inequality
T(4) <

. n -
min »"*_. b;;
1<isn 21_1 Y

By combining these two inequality and by removing 7(4) , it is obvious that
min a; (1—p(Js)) <

1<i=n min Y . b;;
1sisn21_1 Y

Since both a; > 0 and Y7 b;; > 0, the left hand side of the inequality in (4.7)

follows by simple calculations:

1

1— <p(Ja).

: n
ming<j<p Xj_q @iibij
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The right hand side of the inequality in (4.7) can be proved in the same way. By
Theorem 4.1.2, we know that

dA)Sgggmiﬂ-wﬂh))

and by Theorem 4.1.5, we have that

Therefore, by combining these two inequalities and applying simple calculations, it is

obviously seen that

1

- )
max ).+, a;;b;;
1sisnzf‘1 w-y

p(Ja)=1-

Thus, since we have proved both sides of the inequality, it is clear that

1

1
1-— spUJa)s1-
min Y7, by 4

Theorem 4.1.7 Let A = [a;;] be an n X n nonsingular M-matrix and A=* = [b;].

Then

max Y. _ d;; min Y, a;;
¢ j=1%ij . j=1%ij
1— 151511- < < 1— 1<isn i 4.8
min a;; PUa) max d;; *8)
1<isn 1<isn

Proof Let A = [a;;] be an n x n nonsingular M-matrix and A~ = [bij]. It follows

from Theorem 4.1.2 that

(4) =2 min a;, (1-=p(Ja))

and from Theorem 4.1.5

T(4) < R(4) = maxZaU .
=1

1<isn
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By combining these two inequalities and using simple calculations, it can be written
that

n
max )i, a;;

1si<
P min g =PU
1<isn

Moreover, the right hand side of the inequality in Theorem 4.1.7 can be easily proved
in the same way. The inequalities below can be written by using Theorem 4.1.2 and

Theorem 4.1.5 respectively:

(4) < max a;; (1-p(Ja))

and

n

rlrgz\rrlz a;j =7(4) < (4).

j=1
Therefore, it is clear that
min Y., a;;
; j=1"1
1<i<
p(Ja) <1- lrgaxa
1<isn
Thus the result of the theorem follows:
n : n
max 1 Aji min 1 Aiq
1— 1siSn.Z]‘1 Y <p(J)<1-— 151’5112]_1 H
min a;; max a;;
1<isn 1<isn
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4.2 On the Minimum Eigenvalue of the Hadamard Product of an M-Matrix and
Inverse M-matrix

In this section, we will be dealing with the lower bounds for the minimum
eigenvalue of the Hadamard product of an M- matrix and its inverse. For that
purpose, different from the first part of this chapter, our bounds will be based on only
the entries of the given matrix. Firstly, we will try to figure out some important
relations between the entries of the given matrix and the entries of the inverse of that

matrix.

For convenience, we will give some notations that will be used in lemmas and
theorems of this part. These notations are composed of some different sums of the
entries of a matrix.

Fori,j,k,l€EN;
R;
Rl=2|aik| ) dl=|a | )
k#i i
la;|
N = l#i; rn=max{r;}, i EN;
l |all| _Zkil,ilalkl ’ Tt 1#i L !

_ || + Dl ajie|m:

& |a,-j|

NERY mizr?glx{mij}, i €EN;

_ |aji| + B il ajie| i
ji =

|51 JEL M= rg,lgix{nij}, i €N;

agi] + T il el dic
ji =

Tji = min{mji, nji} ’ ] *1; T, = r?gX{T”} , LEN.
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From now on, we will continue this section by giving the useful definitions and
the convenient lemmas and theorems proved so far in various references that will

lead us to the main theorems of this section:

Definition 4.2.1 (Horn & Johnson, 1991) For A = [a;;] be an n X n matrix, we say

that A is strictly row diagonally dominant if

la;] >Z|aij| fori=1,..,n
Jj#L
and we say that A is strictly column diagonally dominant if AT is strictly row

diagonally dominant.

In following lemmas, we will be focused on the inequalities for the off-diagonal
entries of the inverse of the given matrix using the entries of the given matrix and the
diagonal entries of the given matrix. These lemmas are strategically important for the

proofs of the theorems in section 4.2.2.
Lemma4.2.1 (Li, Liu Yang & Li, 2011) Let A = [a;;] € R™™.

a) If A= [ay]isastrictly row diagonally dominant M-matrix, then

A™! = [b;;] satisfies

|+ a1
bﬁsla"l Z;‘i”laf"lr‘bﬁ, i,jEN, i#]. (4.9)
Jj

b) If A= [a;;] isastrictly column diagonally dominant M-matrix, then

A™! = [b;;] satisfies

A;:: + Z laL:lc:
bij < | Jll (llc:t],ll k}l lbii ’ LjEN, i %] (4.10)
J
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Lemma 4.2.2 (Li, Liu Yang & Li, 2011) Let A= [a;;] € R™™.

a) If A= [ay]isastrictly row diagonally dominant M-matrix, then
A™! = [b;;] satisfies
|| + Bl ajuc| i

bj; < bii, LjEN, i+j. (4.11)
ajj

b) If A= [a;;] isastrictly column diagonally dominant M-matrix, then

A™! = [b;;] satisfies

A;:: _.|_ 2 laL:lc
bij < | Jll Z:tj,ll k]| kbii ’ LjEN, i %] (4.12)
7J

Although we stated both part a) and part b) of the previous lemmas, since in this
section we will be dealing with not the column diagonally dominant matrices but the
row diagonally dominant matrices, part a) of Lemma 4.2.1 and part a) of Lemma
4.2.2 will be the focus in proofs of the theorems in this section. Therefore, the critical
point is to realize the fact that the inequality in Lemma 4.2.1a) is basically can be
rewritten by using the equalities in the notations section as b;; < m;;b; and the
inequality in Lemma 4.2.1.2 a) is basically can be rewritten as b;; < nj;b;; where
i,jEN, i#].

Lemma 4.2.3 (Li, Liu Yang & Li, 2011) If A= [a;;] € R™" is a strictly row

diagonally dominant M-matrix, then A= = [b;;] satisfies
bj; < Tjiby, i,jEN, i+#]j. (4.13)
Lemma 4.2.4 (Li, Liu Yang & Li, 2011) If A= [a;;] € R™" is an M-matrix and

A™! = [b;;] is a doubly stochastic matrix, then

b , i€N. (4.14)

T
+ X My
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Theorem 4.2.1 (Li, Liu Yang & Li, 2011) If A = [a;;] € R™" is an M-matriX, and
A™' = [b;;] is a doubly stochastic matrix, then

1
b , i€N; and by >—————, i€N.  (4.15)

2T N i 2 :
1+ Yz 1+ YTy

Proof. We first prove b; = , iEN. Since A =[b;] is doubly

1+Xj2i i
stochastic, we know that Ae = e, so A is strictly diagonally dominant matrix by row.
By Lemma 4.2.2a, fori € N;

1 = bii + Zlb]ll

J#i

< by + z |aji] + lefjl',i|ajk|rk by
7]

J#i

_ 1+z|aﬁ|+2k¢j,i|ajk|rk by

T, |51
=1+ ani bii ’

J#i
le.,

b >——— .

YT+ Yy
.. . 1

Similarly, it can be proved that b;; > Ty

Lemma 4.2.5 (Li, Liu Yang & Li, 2011) Let A= [a;;] € R™™".

a) If A= [ay] isastrictly row diagonally dominant M-matrix, then

A™! = [by;] satisfies

QA:: + - la: d
bj; sl i Z(’;*“l i “by, LjEN, i#]. (4.16)
JJ
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b) If A= [ay;] is astrictly column diagonally dominant M-matrix, then

A™! = [b;;] satisfies

a::| + A é
bij < | }ll ZZIJ,J k1| k by, LjEN, i #]. (4.17)
7J

Lemma 4.2.6 (Li, Liu Yang & Li, 2011) If A= [a;;] € R™" is a strictly row

diagonally dominant M-matrix, then A= = [b;;] satisfies
1
b; <—, i€eN. (4.18)
Lemma 4.2.7 (Li, Liu Yang & Li, 2011) If A~1is a doubly stochastic matrix, then
Ae =e, ATe =ewheree =[1,1,...,1]".

Lemma 4.2.8 (Li, Liu Yang & Li, 2011) Let A = [a;;] € C*™and x4, x5, ..., x,, be

positive real numbers. Then all the eigenvalues of A lie in the region
1 .
U z€C:|z—ay| < xizx—|aji|, i €N
i j=i

Lemma 4.2.9 (Li, Liu, Yang & Li, 2011) If P is an irreducible M -matrix, and

Pz > kz for a nonnegative vector z, then 7(P) > k.

Lemma 4.2.10 (Li, Liu, Yang & Li, 2011) LetA = [a;;] € R™" is an M-matrix,
then there exists a diagonal matrix D with positive diagonal entries such that D~1AD

is a strictly row diagonally dominant M-matrix.

Lemma 4.2.11 (Li, Liu, Yang & Li, 2011) Let A,B € R™", and suppose that

D € R™" and E € R™"™ are diagonal matrices. Then

D(A° B)E = (DAE) o B = (AE) o (DB) = A o (DBE)
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While we were investigating the studies for bounding the minimum eigenvalue of
the Hadamard product of an M-matrix and its inverse carried out so far we have
noticed that there were remarkable improvements in both developing the lower
bounds and in the numerical solutions. Now, we will state these theorems to be able
to see that improvement and to be close one more step to our main theorems. The
first idea of inventing a lower bound for the minimum eigenvalue of the Hadamard
product of an M-matrix and its inverse has been arisen from Fiedler and Markham in
1988 as in Theorem 4.2.2:

Theorem 4.2.2 (Fiedler & Markham, 1988) Let A be an n X n M-matrix. Then
1
T(AoA™) > - (4.19)

In years there have been various studies to prove the conjecture of Fiedler and
Markham which is

(Ao A1) > z (4.20)
n

and to improve these bounds to have a best approximation for 7(4 o A~1). However,
the most useful results have been achieved in the last few years. Now, we will state
the theorems in order to be able to comprehend the improvements which we

mentioned above:

Theorem 4.2.3 (Li, Huang, Shen & Li, 2007) If A = [qa;;] is an M-matrix and

A~ = [b;;] is a doubly stochastic matrix, then

(Ao A1) > m_in{ (4.21)

L

a;; — SiR; }
1+ XS

Theorem 4.2.4 (Li, Chen & Wang, 2009) Let A = [a;;] € R™" be an M-matrix and
let A= = [b;;] be doubly stochastic. Then

(Ao A™1) > min {a”_—mLRl} (4.22)
b1+ XMy
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Theorem 4.2.5 (Li, Liu, Yang & Li, 2011) Let A = [a;;] € R™™" be an irreducible

M-matrix and let A= = [b;;] be a doubly stochastic matrix. Then

(Ao A™Y) > min {#} 4.23
b (14 X T (423)

Theorem 4.2.6 (Li, Liu, Yang & Li, 2011) Let A = [a;;] € R™™ be an irreducible

M-matrix and let A= = [b;;] be a doubly stochastic matrix. Then

( |aji|nji\|

jaii — Si Lj=i 5; &

7(A o A™1) > min (4.24)
l

L T4+ Ymmu |

In this section, so far we have dealed with the lower bounds for the minimum
eigenvalue of the Hadamard product of an M-matrix and its inverse which are
studied before to assist us with composing the main theorems of this section and the
basic lemmas that will be very useful for us in proving these main theorems. We can
refer to these theorems as Theorem 4.2.7 and Theorem 4.2.8, thereafter we can state

and prove them as follows:

Theorem 4.2.7 Let A = [a;;] € R™" be an irreducible M-matrix, and let A™' =
[b;;] be a doubly stochastic matrix. Then

( e
!aii —TiZj;til J;}l_ = L
l 14+ X2 T J '

7(A o A™Y) > mjn (4.25)
l

Proof. Since A1 is a doubly stochastic, by Lemma 4.2.7, we have de = e, ATe =
e, SO A is a strictly diagonally dominant M-matrix, and

a;; = Zlaik|+1=2|aki|+1, a; >1 ieEN

k+i k+i

and

B |lay|
lay| — Zkil,ilalkl

1 <1, l#1i;
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Therefore r; = max;,;{r;} <1, i € N. Let
R; =Z|ajk|ri, j#i, I€N.
k+j

Then, for any j € N with j # i, we have

R = Z|ajk|n < ;| + Z || <R; = Zlajk| S @)

K% k#j,i k)

Therefore, there exists a real number a;; (0 < a;; < 1), such that

|ai| + z |aji|ri = ajiR; + (1 — a)R} .
K#),i

Thus

iR + (1 — )R]
ji = :

ajj

It can be easily seen that 0 < a; < 1 (if @; = 0, then A is reducible, which is a
contradiction). Since A is irreducible, then R; >0, R >0and 0 <my < 1.Inthe
same way, it can be proved that 0 <mn; < 1. So, from the definition of T;; =
min {mj;,n;}, j#i; we have also0 < Tj; <1 .Therefore, 0 < T; < 1, where

ji =
T:

j = max;;{T;;}, jEN.

Let 7(4 o A1) = 1. By Lemma 4.2.8, there exists i, € N, such that

|A alolo lolo - lo Z T |ajlo Jlo

J#io

|A‘| 2 a’iolo lolo Z T |a]1-0 ]1'0

J#io

2 |a]lo| + Yier oio| | T
|ay; b; i
T 0 a]} 0‘o

= alolo ol

J#io
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1
igio ~ Tig z = 1% i | Dioi,
J

J#io

1
Aigig = Tiy Xjiy T, |ajiy | 1,

(by Theorem 4.2.1)

N L+ Xjei Tiig
( il
a; —T; Zj:til ]}l L
= min .
L 1+ Zj:tiTji

| |
\ )

Theorem 4.2.8 Let A = [a;;] € R™" be an irreducible M-matrix, and let A™* =
[b;;] be a doubly stochastic matrix. Then

( |aji |nﬁ\!

Aji = Si; Vjzi S,
7(A°o A1) > min ]
l

YT, J . (4.26)

Proof. Since At is a doubly stochastic, by Lemma 4.2.7, we have de = e, ATe =
e, SO A is a strictly diagonally dominant M-matrix, and

a = Zlaikl +1= Z|aki| +1, g;>1

k+i k=+i

and

_ Lkilail

d; = <1, i €N.
|aii|

For convenience, we denote

R]’:Z|ajk|dk, ]EN
k+j

Then, for any j € N with j # i, we have
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Ry < [ay| + z |ajic|die < R; = Z|ajk| < 4jj.

k#Jj,i k%)

Therefore, there exists a real number a;; (0 < a;; < 1), such that

|aji] + Z |ajic|dic = ajiR; + (1 = ;i) R; -
k)i

Let a; = max;.;{a;;}. Then 0 < a; < 1, (if a; = 0, then A is reducible, which is a
contradiction). So, from the definition of s;;, we have

R +(1—a)R;
Sj =rgg.><{sﬁ}=a’ : (ajj DR e

Since0 <a; <1,weget0<s; <1.

Let t(4 o A1) = 1.By Lemma 4.2.8, there exists i, € N, such that

1
|4 — aiyi biyi,| < si, z S |ajiybji |
J#io
1
Al = a;yiybiyi, — Si, z S |ajiybji |

J#io

iplo

1 i |+ i |ai|n
= aioiobioio — Si, Z;lajioll Jlo' :f’t’]'%l ]kl kb
J#io 7J

1
= aioio_sioz ;lajioln}'io bioio

J#io

1
Aigiy = Siy Ljtiy 5 |ajiy | i,

1+ Zjeio Tiio

(by Theorem 4.2.1)

33



sl

JilTji

Aii — Si Xj=i S

= min . n
i 1+Zj¢iTji

Example 4.2.1

We will give the most known example of the irreducible M-matrix with a doubly
stochastic inverse and we will try to see the numerical results by applying the

theorems above in order:

4 -1 -1 -1

_ | —2 5 -1 -1
A= 0 -2 4 -1
-1 -1 -1 4

As a result of Theorem 4.2.2, we get

(Ao A7) > 0.25;
Applying Theorem 4.2.3, we have

(Ao A1) > 0.6624;
Applying Theorem 4.2.4, we have

7(Ao A1) > 0.7999;
If we apply Theorem 4.2.5, we have

(Ao A™1) > 0.85;

If we apply Theorem 4.2.6, we have

(Ao A™1) = 0.8602.
But, as a result of Theorem 4.2.7, we have

T(Ao A7) > 0.8622;
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and, finally, as a result of Theorem 4.2.8, we have
(Ao A1) = 0.9098.
In fact, T(4 o A™1) = 0.9755.

In conclusion, it can be easily seen that the results of Theorem 4.2.6 and Theorem
4.2.7 are better lower bounds than the results of theorems 4.2.2 and also Theorem 3.2

is the best approximation to the exact value of the minimum eigenvalue of 4 0 A™1,
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CHAPTER FIVE

CONCLUSION

In this thesis, we tried to characterize the eigenvalues of a given matrix. For this
purpose, we have studied the articles on the bounds for the spectral radius and the
minimum eigenvalue of some special matrices. Firstly, we have investigated the
bounds for the spectral radius of the Hadamard product of two matrices and then we
have tried to obtain bounds for the spectral radius and for the norm of the Fan
product of two matrices. Secondly, we have tried to find both lower and upper
bounds for the minimum eigenvalue of the Jacobi iterative matrix of an irreducible
M-matrix in the light of the bounds for the spectral radius of the Jacobi iterative
matrix. Finally, after examining the results for bounding the minimum eigenvalue of
the Hadamard product of an M-matrix and its inverse, we have achieved to produce
two new lower bounds for the minimum eigenvalue of the Hadamard product of an

M-matrix and its inverse by improving the existing results.
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