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THE USE OF PARTIALLY DOUBLY STOCHASTIC PARAMETER
ESTIMATION METHOD FOR UNDERDETERMINED AND
OVERDETERMINED PROBLEMS OF RESERVOIR
CHARACTERIZATION

SUMMARY

To ascertain reservoir characterization and make a production plan, it is a necessity
to have a reservoir model representative of the actual reservoir system under
consideration. Such a reservoir model is typically constructed from and calibrated by
static (such core and log) data and dynamic (such as production and well test) data.
Reservoir characterization based on observed static data normally poses a linear
estimation problem, whereas reservoir characterization based on observed dynamic
data poses a nonlinear estimation problem. Furthermore, the linear or nonlinear
estimation problems can be classified as the underdetermined and overdetermined
problems. In the case of the underdetermined problems, the number of unknown
parameters (of the reservoir model) to be estimated is far more than the number of
observed data available, whereas the number of unknown parameters to be estimated
is far less than the number of observed data in the case of overdetermined problems.

As the observed (static and/or dynamic) data alone are usually not sufficient to
determine a well-defined reservoir model, it is always useful to incorporate a prior
model for the parameters to be estimated from observed data by linear or nonlinear
estimation methods. The prior model represents one’s prior knowledge of the prior
mean and uncertainties of the reservoir parameters (such as permeability, porosity,
distance to the fault, etc.). However, the use of prior model in estimation biases the
estimates of the model parameters. Hence, if the prior means of the reservoir
parameters given are incorrect or uncertain, then the estimates of the parameters
could be grossly in error.

In this work, we investigate the effect of errors in the means of the prior model
parameters on both underdetermined and overdetermined problems of reservoir
characterization by the use of partially doubly stochastic estimation methods with the
Bayesian framework, which has shown to be effective if the prior means of the
parameters are uncertain. For the case of underdetermined linear problems we
consider the use of static data with a prior geostatistical model, and for the case of
overdetermined nonlinear problems we consider the use of pressure transient data
with a given analytical reservoir model in our investigation. The appropriate
objective functions for these cases are derived from probability density functions
(pdf) for both linear and nonlinear parameter estimation cases. The results obtained
from the partially doubly stochastic parameter estimation methods within the theme
of this thesis are compared with those from the conventional methods such as the
least-squares (LS) and maximum likelihood methods which do not consider
uncertainty in prior means of the model parameters. The results show that if prior

XXi



means are incorrect, then the doubly stochastic parameter estimation methods
provide more accurate reservoir characterization than these conventional methods
that fail to account for uncertainty in prior means of the parameters.
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KISMi CIFTE OLASILIKLI PARAMETRE TAHMIN YONTEMININ AZ
TANIMLI VE ASIRI TANIMLI REZERVUAR KARAKTERIiZASYONU
PROBLEMLERINDE KULLANIMI

OZET

Yeralt1 rezerv tespitleri ve iiretim planlamalar1 yapmak icin, incelenmekte olan
gergek rezervuar sistemini yansitan bir rezervuar modeli yaratmak gerekmektedir. Bu
rezervuar modeli genellikle statik (log ve karot gibi) ve dinamik (tretim ve kuyu
testleri gibi) veriler ile olusturulup, diizenlenmektedir. Gozlenen statik dataya baglh
rezervuar karakterizasyonu genellikle lineer tahmin problemi iken, gézlenen dinamik
dataya bagl rezervuar karakterizasyonu lineer olmayan tahmin problemidir. Lineer
ve lineer olmayan tahmin yontemleri ileride az tanimli ve asir1 tanimli olarak
smiflandirilacaktir. Az tammli problemlerde, rezervuardaki tahmin edilen bilinmeyen
parametre sayisi gozlenen uygun data sayisindan fazladir. Halbuki asir1 tanimli
problemlerde, gozlenen uygun data sayist tahmin edilen bilinmeyen parametre
sayisindan fazladir.

Ancak, iyi bir rezervuar modeli olusturmada 6lgllen datalar (dinamik ve/yada statik)
tek basina yeterli olmamaktadir. Bu nedenle parametrelerin tahmin edilmesinde, bu
datalardan yararlanarak lineer ve lineer olmayan metodlara 6nsel model eklemek
yararl olmaktadir. Onsel model, kisinin dnsel ortalama ve rezervuar parametrelerinin
(gecirgenlik, gozeneklilik, faya olan uzaklik gibi) lizerindeki belirsizlik hakkindaki
bilgisini gostermektedir. Ama tahminlerde 0Onsel model kullanmak model
parametrelerinin yanli bulunmasma sebebiyet vermektedir. Eger verilen onsel
ortalama yanlis ya da belirsiz ise parametrelerin degerleri de oldukca yanlis tahmin
edilecektir.

Bu calismada, Bayes’ teoremi kapsaminda parcali ¢ifte olasilik parametre tahmin
yontemi ile Onsel model parametrelerinin {izerindeki hatanin az tanimli ve asir1
tammli rezervuar karakterizasyonu problemlerindeki etkisi arastirilmistir. Bu
yontemin, parametrelerin onsel ortalamalarinin belirsiz olmas1 durumunda etkin
oldugu gorilmiistiir. Arastrmamizda, az tamimli linear problemler igin statik
datalardan yararlanarak onsel bir jeoistatistik model, agir1 tanimli linear olmayan
problemler i¢in ise kararsiz basing testi verilerinden yararlanarak varolan analitik bir
rezervuar modeli g6z oniinde bulundurulmustur. Lineer ve lineer olmayan tahmin
problemleri i¢in olasilikli yogunluk fonksiyonlarindan (oyf) kullanilan uygun hedef
fonksiyonlar:1 tiiretilmistir. Bu tez kapsaminda kullanilan par¢ali ¢ifte olasilik
parametre tahmin yonteminden elde edilen sonuglar, yaygin olarak bilinen en kiigiik
kareler ve maksimum olasilik yontemleri ile karsilastirilmistir. Sonuglar Onsel
bilginin yanlis olmasi durumunda, parametrelerin Onsel ortalamalar1 tizerindeki
hatanin ne kadar oldugunu gosteremeyen yaygin metodlara nazaran, pargal cifte
olasilik parametre tahmin yonteminin daha dogru bir rezervuar karakterizasyonu
sagladig goriilmistiir.
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1. INTRODUCTION

1.1 Overview of Reservoir Characterization Problem

Most of the reservoir engineers and scientists in worldwide oil and gas industry deal
with solving inverse problems. The most common problem that they dealt with is to
figure out the reservoir characteristics from indirect measurements of reservoir
geometry and property. In the inverse problem, one attempts to define properties of
the system from available measurements/observations. Geoscientists mainly focus on
the reservoir shape, structure, porosity etc. Reservoir engineers are interested in
reservoir type and shape, well condition, production data, and both rock and fluid
properties. Both geoscientists and engineers have the same overall goal, which is to
reduce the uncertainty in reservoir parameters and achieve a correct, representative
reservoir model of the unknown actual reservoir system. Depending on this model,
they try to make reservoir performance predictions and most importantly assess the
uncertainty in future performance predictions. However, to construct such a
representative model all available data need to be integrated, which may consist of
geological, petro physical, geophysical and production data. Unfortunately,
integration of all these data is required in a multidisciplinary background and it is not
an easy task for an engineer or a scientist. The two main objectives of this study are
to generate realizations while minimizing the uncertainty that represent a correct
sampling of the a posteriori probability density function of reservoir descriptions
(rock property fields) and by using static permeability or pressure data, determining
the unknown reservoir model parameters. To generate realizations correctly, it is
essential to use all convenient data and information for generating a posteriori
probability density function. The approach for doing this is by the estimation of a
most probable mode. Once having formulated that, the realizations are appropriate
from the maximum a posteriori estimate by using information (He, 1997). To
estimate the properties of reservoir, pressure data are needful because it reflects in

situ dynamic properties of reservoir which are measured by gauges in active or/and



observation well during well testing process. Although the gauge technology is

improved, yet the measurement errors, particularly in rate data still exist.

1.2 Forward and Inverse Problems

Two main problems that engineers are faced to solve are forward and inverse
problems. Generally, making or calculating the model response from given input
values of all model parameters in a known mathematical model is called a forward
(or direct) problem. The solution of this kind of problem is unique. In an inverse
problem, the model and the model parameters are inferred from observed response
data alone. On the contrary, to the forward problem, the solution of the inverse

problem is normally not unique (Tarantola, 2005).

One of the examples for inverse problem is well test interpretation. If we use an
analytical model that can be defined by a few model parameters for the interpretation
and in addition, we have a number of observed pressure data larger than the model
parameters, then this type of well test interpretation is an example of an over-
determined inverse problem. Consequently, in this problem, the number of observed
data is more than number of unknown model parameters. As mentioned before, the
non-unique results are inherent in inverse problems, and there are several reasons for
non-unigqueness, such as noise in measurements, uncertainty in real system, nonlinear
relation between measured data and model parameters and no considerable effect of
some parameters on observed during the time ranges (Onur, 2010). To solve this
kind of an over-determined nonlinear problem, the well-known Least-Squares (LS)

method is used.

In many circumstances, unfortunately, the number of the unknown model parameters
is greater than observed data. This kind of inverse problem is called “ill-posed” or
generally underdetermined inverse problem. In which case, there is no unique
solution, but there exists multiple solutions. To solve such an inverse problem, we
typically formulate an objective function containing a regularization term that
incorporates our prior information on the model and the model parameters. The prior
information is usually obtained from our prior knowledge of the system from
geosciences data available, e.g., geology, geophysics, and geostatistics. This is

achieved within the framework of Bayesian estimation (Tarantola, 2005; He, 1997).



1.3 Reservoir Characterization

Reservoir characterization is an important technique to gain the knowledge of the
reservoir characteristics by use of all available data. The purpose is to estimate true
production features that influence the amount, position, and accessibility of reservoir
flowing fluids with minimum uncertainty. Reservoir characteristics include all
information about reservoir as porosity, permeability, the structure of reservoir, etc.
The available information generally comes from geological, geophysical and petro
physical knowledge (core and log) and specific observation of reservoir (well test,
production and tracer data) (Hegstad et al., 1998; Kelkar et al., 2002; Damsleth, E.,
1994). However, the basic problem is how to integrate effectively all available data
obtained from different sources and especially to quantify the existing major
uncertainty (Holden et al., 1992).

Recently, improvements of reservoir characterization methods, especially
geostatistical methods provide a realistic reservoir description. Geostatistical
methods are a decisive fact to estimate the distribution of reservoir parameters in the
reservoir. Although the relation between parameters is random, somehow, they are
appropriately related through a spatial correlation with each other (such as
permeability and porosity). Therefore, geostatistical methods help reservoir
engineers for the computation of hydrocarbon reserves, properly selecting production
or injection wells locations and for more accurate performance estimation (Ceyhan,
1997).

To quantify spatial relationships of reservoir characteristics miscellaneous modeling
techniques are used to estimate parameters’ values at unobserved locations. Kriging
is one of the conventional geostatistical technique to interpolate the value of a
random field and is more common to utilize (Journel and Huijbregts, 1978; Kelkar et
al., 2002; Url-1). It is based on the linear model-data theory and the goal in the
linear estimation procedure is to calculate a set of weights minimize the estimation
variances in individual neighboring points according to the geometry of the field.
These weights depend on the spatial relationship between the unsampled location and
the neighboring values, nearer samples are assigned higher weights than distant
samples (Brummbert et al., 1991). Kriging provides unbiased estimates with
minimum variance. It makes use of semivariogram models. Semivariogram is a

measure of dissimilarity for features that alter in space. Analysis of semivariogram is



useful in comparing such features and in designing their sufficient sampling (Olea,
1994).



2. PARTIALLY DOUBLY STOCHASTIC PARAMETER ESTIMATION
MODEL

In both over and under-determined problems, the prior information may be used to
reduce uncertainty on reservoir parameters. As mentioned before, the prior
information is given by engineers/scientists or obtained from log data and the core
data that may contain errors. The errors could be related to the mean of the reservoir
parameters that will be used as the prior mean of the reservoir parameters. To
account for errors in the prior mean of the reservoir parameters, one may use a
doubly stochastic estimation method within the framework of Bayesian statistics
(Tjelmeland et al., 1994). Tjelmeland and his team made a model, which both mean
and variance are allowed to be unknowns to account for uncertainty in the prior mean
and prior covariance (or variance) to be used in parameter estimation (Oliver et al.,
2008). In this work, it is assumed that only the prior mean can be in error, but the
covariance of prior model is known. This method is referred to as the partially
doubly stochastic model (Li et al., 2009; Reynolds et al., 1999; He et al., 2000;
Oliver et al., 2008). In this thesis, considering both under and over-determined
parameter estimation problems of reservoir characterization with prior information
and prior model, the use of partially doubly stochastic model is applied to both least-
squares and maximum likelihood estimation methods. As the mathematical
expression of fluid flow or future production prediction of a petroleum reservoir is a
nonlinear problem, it is usually unrealizable to calculate straightforwardly the
probability distribution (Oliver et al., 1997). Even if the problem is solved
straightforward, the results are not likely the original ones quite a bit. The main
problem is related with the numbers of parameters and the number of the
observations and generally, even so the number of data is higher than the unknowns
the solution can be non-unique (Gavalas et al. 1976; Shah et al.1978). Although the
measurements are not sensitive and generally the number of them is not enough, a

variant interpretation method which uses a prior probability density function (pdf) in



combination of all prior information or priori knowledge is developed by a 18"
century British mathematician and statistician Thomas Bayes and improved by
French mathematician Pierre-Simon Laplace (Url-1, Shah et al., 1978). The prior
distribution may be characterized by means of the prior density function P, (m). The
new composed function is called a posteriori probability density function (posteriori
pdf). Though the number of unknown variables or the number of measurements can
not be changed, the Bayesian estimation theory can reduce the roughness on data by
utilization of prior information and the problem transforms into a better — determined
problem (Gavalas et al., 1976). Besides, the theorem gives a chance for updating the

posteriori pdf according to new available information or data (Zhang et al., 2005).

Nowadays, it is conventional to make reservoir models by using geological and
geophysical data interpretation or statistical model for the outcomes and with
reference to these models, long term production performance predictions are
performed (Li et al., 2009). Due to this critical decision, the unknown reservoir
parameters must be estimated with minimum error. However, in many samples, the
values of all parameters of reservoir include errors on measurements such as log
data, cores, seismic, etc. Prior information is assisted to diminish the haziness of the
observation data and besides, if there is any faulty data comes from correlations, the
priori knowledge provides to reject these implausible values (Kuchuk et al., 2010).
This knowledge is represented by prior means in the sampling posteriori pdf and
even though the prior means reduce the roughness on unknown variables, yet, the

method does not account for the uncertainty on these prior means.

A new approach has been developed by Norwegian mathematicians Hakon
Tjelmeland and his advisor, Henning Omre. According to them, the uncertainty of
data is reducible by posteriori pdf and the uncertainty of prior means are quantifiable
by this new approached is called doubly stochastic model. In their model, both the
mean and the variance of the prior is allowed to be unknowns (Tjelmeland et al.,
1994; He, N., 1997; Reynolds et al., 1999; He et al., 2000; Oliver et al., 2008; Li et
al., 2009). Nevertheless, within this thesis framework, it is considered that only the
prior means is unknown and the uncertainty of the prior is allowed to be known.
Because it is simpler case of doubly stochastic model (DS), the name of the model is
called ‘partially doubly stochastic’ (PDS) model. The model is based on an

additional new term called correction vector, 0, of Bayesian framework and on the



authority of Oliver et al. (2008), the correction vector is used to adjust values of the
real model parameters up or down whereas it controls the prior means. The

correction vector have own prior mean, 8, , and covariance matrix, C,. This is a new

approach whereby wrong prior means cannot dominate the minimization procedure
of objective function anymore and so the determined model parameters are more
reliable and more accurate. The point to take into consideration is the dimension of
correction vector 0. As 0 is added in posterior pdf, it adjusts the model parameters
by roughing down the prior means; the dimension of it must be equal to unknown

model parameters and prior means.

2.1 Derivation of Partially Doubly Stochastic Parameter Estimation Method

This approach is used in generally accepted parameters estimation methods which
are least-squares (LS) and maximum likelihood (ML) estimation based on Bayes’
theory for the evaluation of reservoir model variables. Because LS estimation can be
directly applied in ad hoc manner to the deterministic model within any importance
of probability distribution of the observations, the usage of that is most widely for
curve fitting procedure without constructing confidence intervals. Contrary to this,
ML estimation is more appropriate to the matching statistically as it analyses the
observations such random variables with certain probability distributions and it can
be said that the LSE is a special implementation of ML estimation (Kuchuk et al.,
2010). The objective functions minimized of both linear and nonlinear problems are
derived for model parameters vector mand® from posterior probability density
functions. These estimation methods are applied to find the true values of reservoir
parameters. Here and throughout, the small letter bold faces denote vectors, whereas

the capital letter bold faces denote matrices.
From a statistical point of view, the unknown model parameter m is M — dimensional

.
vector to be estimated, m =[m,,m,,...m,,] and the superscript T denotes transpose

of a vector or a matrix and lower case letters in bold type refer to vectors, generally
column vectors, while capital case letters in bold type refer to matrices. The model is

given as,

y =f(m,t)+e. (2.1)



In Eq. 2.1, yrepresents Ng-dimensional observed-data vector with each entry
representing observation of the dependent variable as shown below,

T

Y=V Yarn Vi, | (2.2)

It is considered that the population is unknown and these observations are random

sample of this distribution. f(m,t)is the function that represents the relationship

between model parameter m and independent variable Ng-dimensional vector

;
t= [tl,tz,...,tNJ . The relationship between these vectors can be linear or nonlinear

according to the problem and due to this, f(m,t)is called deterministic part of the

.
equation. e,e = (el,ez,...,eNd) , is the stochastic part of this equation which is again

Ng-dimensional vector and it is also called error vector of unknown measurement. It
is assumed that the error vector is obtained from normal distribution with zero mean

and Ng x Ng covariance matrix (variogram) C,. The term provides to quantify the

noise in observed data, which includes both measurements and stochastic errors.

The objective of data analysis is to generate the most likely distribution from the
observation y and all distributions have a unique model parameter m, which indicates

probability of measuring data y. Because of this, the probability density function of

observation is defined as P(y|m). The most common distribution function is

Gaussian (Kuchuk et al., 2010). According to Bard (1974), there are many reasons to

use this distribution and the reasons are, respectively,

e The behavior of this distribution is seen often in the environment and it can
be shown in analytically.

e Itis needed least information in order to form the distribution function.

e Besides if the number of sample is increased through infinity in any
distribution, it approaches to the Gaussian distribution. It is called central
limit theorem (Feller, 1966).

If we assume that ycan be described by a Gaussian pdf with mean f (vector) and

covariance matrix C, than the conditional pdf is given by,

i Co) =t e Ly-fmo] Coly-tmy]| @)
(2m)"+'? (detC,)



In Eq. 2.3, C, is an NgxNgy positive definite and symmetric error covariance

(nonsingular) matrix that represents the correlation between errors in observed data

and det(C,) represents the determinant of C_. The superscript “-1” shows the
inverse of a square matrix. The diagonal elements of C_ are just the variances
distributed independently,af, j=1,2,...,Ng, that is described the variance of error at

each observed y;. In this thesis, it is assumed that all errors are distributed identically

so that o% = o*for all j, thenC,, = ®I, where I is Ny x Ng identity matrix.

Eq. 2.3 identifies the distribution function of observations and similarly, the
distribution of prior model is assumed to have a multivariate Gaussian probability

density function with mean, m ,, and M x M dimension prior covariance matrix, C,,

pr!
. Both these vectors are known as a priori for a Gaussian random field (Oliver et al.,
1997). The pdf is given by

Po(m): ! 1/2 exp|:_l(rn_rnpr)T CM_l(m_mpr)} (24)
(27)"" (detC,, ) 2

In Eq. 2.4, the dimension of model parameter and its dimension is M. If m is
modeled as stationary random functions, then m_is treated as a constant vector
(Reynolds et al., 1999). However, in doubly stochastic model, m , is corrected and

so, a new conditional pdf must be derived as:

P(m|0) = ! = exp[—l(m—mpr —e)T C, ' (m-m, —e)} (2.5)
(27)"" (detC,, ) 2

The random vector @ represents the correction to m — with  indicating specific
realizations of 6. The vectors m and 6 have M-dimension just like model

parameter m. The new pdf now, includes the uncertainty in the prior means vector

m,,, contrary Eq. 2.4. The conditional pdfs of data and prior means are defined,

respectively, Eq. 2.3 and Eq. 2.5 and if it is assumed that the correction vector must
be sampling, the correction probability density function, ® is given by

NOE : 12 exp{_l(g_go)T Ce_l (9_90)} (2.6)
(27)"" (detC,) 2



In Eq. 2.6, the pdf for ® is also assumed Gaussian with mean 0, and covariance
matrixC,. 0, is the mean of the random vector @ and C, is symmetric and positive
definite matrix. It is assumed that C, is a diagonal matrix, because of independent

error in the prior means (Reynolds, 1999). So, the joint pdf for mand 0 is shown

below,

~Z(m-m, -8) C,*(m-m, —0)
P.(m,0) = P,(m |0)P,(0) =aexp| 2 @.7)
—%(e—eo)T C,"(0-9,)

where m =[m e]Tand is a constant that normalize the pdf. The probability density

function is also called the likelihood function. The expectation of this equation is not

equal just prior mean m , it is equal the sum of m and 0,. As it is known by

pr?
standard applications of Bayes theorem, the combination of priori probability density
function and likelihood function gives a posteriori pdf (Url-1) and the posteriori pdf

of this model is defined as

_%[y—f(m,t)]T Cy [y -f(m,1)]

I1(M,0) =P (y |m,C,)P. (m,0) =bexp —%(m—m -0) ¢, " (m-m, -0)

pr

1 _
_E(B_BO)T Ca 1(9_90)

(2.8)

where b is a constant.

The extension of the likelihood function given by Eq. 2.8 for a K set of observed data
each having a Ny data and data error covariance matrix Cpj, for j = 1,2,...,K, can be
given as (Kuchuk et al., 2010):

520 =1y (m D) Sy (y =1 (m.1)
11(m,0,Cp;) =bexp —%(m -m,, —G)T Cy '(m-m, -90) (2.9)
—%(e—eo)T C,”(0-90,)

where b is a constant.
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It should be noted that depending on the treatment of the data error covariance matrix
Cp (or Cp) in Eg. 2.8 (in Eg. 2.9), we have two different parameter estimation
problems. If Cp (or Cp) is treated as unknown together with m and 6, then this is
called maximum likelihood estimation. On the other hand, if we assume that the data
error covariance matrix Cp (or Cp;) is known, i.e., the weights for observed data are
known, then to generate the most probable model, and then this is called least-
squares estimation. In the following sections, we treat each problem separately by
assuming that Cp (or each Cp; in Eq. 2.9) is a diagonal matrix, with the diagonal

elements representing the variance of error in observed data.

2.2 Likelihood Function and Maximum Likelihood Estimation

A likelihood function is a function of the parameters of a statistical model, defined as
follows: the likelihood of a set of parameter values given some observed data is equal
to the probability of those observed data given those parameter values (Url-1). Since
the probability density function depends on a model parameter and the distribution
parameter in given observed data, if the value of model parameter is changed, the
observed data of the distribution are no longer the same outcomes. In general, the
likelihood function of parameter indicates how likely a value of the parameter is, in

given observed data.

If we treat the error covariance matrix Cp; as unknown in Eq. 2.9, then the posterior

distribution function, also called the likelihood function, can be written as:

-« _
52, (M) & (y=F(m))
I1(m,0,C,; ) =bexp —%(m -m,, —G)T C, '(m-m, -0) (2.10)
1
—E(e—eo)T C,"(0-9,)
or can be written as:
I1(m,8,Cy; ) =bL(m,Cy,; ) P, (m)P, (6) (2.11)

Eq. 2.11 is called the posteriori pdf of maximum likelihood method for the partially
doubly stochastic model. In maximum likelihood function, we work with the natural

logarithm of the posterior pdf given by Eq. 2.11:
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In[11(m,8,C; ) |=In(b)+In[ L(m,Cq ) [+ In[R,(m)]+In [P, (8)] (2.12)

Eq. 2.12 can be written more explicitly as:

In[l‘l(m,@),CDj )J = —%[ZK: Ng J In(h)—%iln (detCDj)

j=1 j=1
1& L
_Ez;(yj ~f;(m.t)) Cy(y-f(m.t))
=
M 1 1 T
—7In(27r)—§|n(detCM)—E(m—mpr—e) CMl(m—mpr—G)
_%In(Zn)—%ln(detcg)—%(ﬁ—ﬁof C;}(0-6,)

(2.13)

For simplicity, we assune that each data error covariance matrix C, is diagonal and

all diagonal entries for the same data set is identical (but could be different for the

other data sets) and in addition, C,, and C, are also diagonal and their variances. If
the matrices C,, and C, are diagonal, then it is easy to show that their inverses are

also diagonal; i.e.,

— 0 0
o
1
0 — 0
C, = O, (2.14)
: 0 0
1
0 0 -
GmM )
and
-y _
— 0 - 0
o,
1
0 = 0
C,= o, (2.15)
0 0
1
0 0 -
L GQM -

Then, for this simplistic case, we can show that Eq. 2.13 can be written as:

12



(2.16)

_%m(zn)—%i'”("ezi)_%i[ﬁj

i=1 O-G,i

To maximize Eqg. 2.16, we can proceed by the stage-wise maximization method

(Bard, 1974) and this method includes uncovering the values of sz that maximize

Eqg. 2.16 for any value of model parameter, m. The values of sz will be some

function of m like 57(m). Substitution of &% (m)for o in Eq. 2.16 decreases O to

a function O of M alone (Kuchuk et al., 2010). By this way, it is searched for m

which maximizes Eq. 2.16.

Procedure of stage-wise maximization method :

Substitution of 6f(m) for sz in Eq. 2.16 and differentiation respect to sz

gives following equations

06t 2 +§Z Z[yi,j _fi,j(m)]2 =0 (217)

j =1 [ ~2 =1 _,\2 i
(Gi) (Gj)

ZKZL B 1 i[yu f”(m)]

:1 2|1
i O-J

(2.18)
Rearranging Eqg. 2.18 in following equation

Ng

& =—Z[Y.J f,m ] 2.19)
d i=1
The new variance obtained by using this method is biased, but also proper to
use.
Re-substitution of variances defined in Eqg. 2.19 in Eq. 2.16, a new equation

is obtained which is called concentrated likelihood (Kuchuk et al., 2010).
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I:(m,()) Zéi Ndj |:|n ([;l—:j—l:| —%i Ndj In |:%|:ylj _f|J (m)]2:|

1d (M-m_-0)° 1M (9-0)2
+M In(2n)+—z( = ) +—Z(9 ?")'
2 23 O

(2.20)

i=1 m,i 0,

iii. Maximizing Eq. 2.20 is equivalent to minimizing the following objective

function:

S N | 1d(m-m, -0)" 1X.(0-0)°

O:_ZNdj '”{Z[yi,j _fi,j(m)] }“_Z(m mzr ) +_Z( zu)l (2.21)
2 j=1 i1 20 O 20 O,i

In Eq. 2.21 can be generalized for the more general case of nondiagonal Cy and Cq
as:

O(m,e):%i Ny In{ [y, -, (m)]T [y, -, (m)]}
= 2.22)

Jr%(m—m'Dr -8) C;(m-m, —6)+%(6—00)T C,(0-9,)

It is important to note that we have considered a general formulation that each

observed data vector, y, may contain a different total number of observed data, Ng;, j
=1,2,...,K. Itis throughout that the total number of unknown model parameter is M,

and hence, m is an M-dimensional vector, and C'& is an MxM diagonal matrix.

Furthermore, we have considered that the total number of model parameters with

uncertain means is M and hence, 0 is an M-dimensional vector, and C;j is an MxM
diagonal matrix. m . denotes the M-dimensional prior vector with elements equal to

the prior means (m i=1,2,...,M) of the model parameters m,, i=1,2,...,M. 0,

pr,i?
denotes the mean correction vector with elements equal to the means (0,,, i =
1,2,...,M) of the unknown correction parameters 0., i=1,2,...,M.

The objective function Eq. 2.22 can be minimized by using the Levenberg-Marquardt

method. This method requires computing the gradient of the objective function and

the approximate Hessian matrix.

To obtained the gradient of the objective function, it is convenient to partition the

gradient as

14



vO(h) = [V,0(h) V,0(h)] (2.23)

Where Vv, represents the gradient vector with respect to mand Vv, represents the
gradient vector with respect to 0. Now, taking the gradient of Eq. 2.23 with respect

to mand 0 gives

_E K _2Ndj
- Zg[yj ~T (m)]T [yi - (m)]

+C, (m-m, -8)

A

V_.0(m)

Vo [ (m)] [y, -, (m)]

(2.24)

and

V,0(h)=—C,; (m-m_ -6)+C,' (6-6,) (2.25)
(Please see Appendix A.1 for the derivations of Egs. 2.24 and 2.25.)

At this point, it is convenient to introduce the matrix G, (referred to as the

sensitivity coefficient matrix for the model of the data set j) defined by:

| ofy(m) oy, (m) of(m)
om, om, omy,
ojo(m)  of,(m) o2 (m) (2.26)
G,= om, om, omy,
Ofiny (M) O, (M) Oy, (M)
| om om, omy, |
where G, j= 12,...,K, is an NgxM matrix. Hence, it can be shown that

V., [fJT (m)] in Eq. 2.24 can be expressed in terms of the transpose of the matrix G

as

15
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ofu(m) o, (m)  afy (M)

om, om, om,
) i of,,(m) of,(m) of v, (M)
G} =V,[f (m)]=| am, om, am, (2.28)

o, (m) of,(m) o, (M)
L amM amM amM

where GTJ. , 1=1,2,...,K, is an MxNg; matrix. Then, Eq. 2.24 can be expressed as

_Nd

va(m)=ZK: — Gj Ly;—f;(m)
j:1[yj_fj(m)] [yi_fj(m)] [ ] (2.29)

+C;,,1(m—mpr—6)
Using Egs. 2.28 and 2.29 in Eq. 2.23 gives the total gradient of the objective

function. Note that the total gradient vector of the objective function is a 2M-

dimensional vector.

Now, we derive the overall (or total) Hessian matrix H needed for Gauss-Newton
(G-N) or L-M method. Note that the overall Hessian matrix H will be 2Mx2M
matrix. It is important to note that using the vector-matrix calculus, the overall
Hessian matrix is to be obtained as

H(™) = V|(vom))' | (2.30)

More explicitly using Eq. 2.23, Eq. 2.29 can be expressed as

A v A T ANNT
HEw)=| " [(va(m)) (VQO(m))J (2.31)
or

V[0 ] v, [(v,06) ]
H@m)=| - (2.32)

_ve[(va(rﬁ))T} Ve[(VQO(rﬁ))TJ

Each “element” (actually a block matrix) of the Hessian matrix given by Eq. 2.32 is

derived as follows:
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First, it is noted the following equations which can be simply obtained by transpose

of the gradient vectors given by Eqgs. 2.24 and 2.29

T

[V..0Mm)] = ,ZK;‘ Ny Gj [y;-f;(m)]+Cy(m-m, —0)

=2 S_d’[ f,(m)] G,+(m-m,-6) (2.33)

j=1

where it is defined the term

S;=ly;-f, (m)]T Ly, —f;(m)] (2.34)
for simplification, and

(V,0()' =—(m-m,, -8) C; +(6-8,) C;’ (2.35)
Next, it is taken the gradients of Eqgs. 2.33 and 2.35 with respect to mand 0 to

obtain

v.[v.om] =v,|> y [y —f,( )]TGJ.+(m—mpr—e)Tc;A1
” o (2.36)

Nu.
=C, + ng‘GG Z d’G TG, +Z d‘Zr”VZr”
. . =1 J i=1

j=1

(Please see Appendix A.1 for the derivation of Eq. 2.36) where the vector r; is

defined as
T :[yj—fj(m)] (2.37)

And r; is the i™ component of the vector r. V?r; is the matrix of second derivatives

of the r;

V. [(V,060) |=V, [—(m ~m, -6) C;l+(6-8,) C;l} _ ¢ (2.38)

v, [(va(rﬁ))T] -V, {Z_[yj ~f,(m)] C3G, +(m-m, -6) Cﬂ (2.39)

=1

=-C,,

and
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Vo[ (VOW)' | =V, | ~(m-m,-8) Cii+(8-8,)' ;! |-Cif+C;t (240)

Using Eqgs. 2.36-2.40 in Eq. 2.32 yields the overall Hessian matrix for the Newton
method. However, it should be noted in Gauss-Newton and L-M methods, Eg. 2.36 is

approximated as:
N7 4N Ndj T
Va[V.0(M)] ~C, +Z;S—Gjej (2.41)
i1 9
Hence, the approximate Hessian (or G-N or L-M Hessian matrix) can be expressed

as

H(M)=| 5| s,
" C,+C,t

K| N.
>I-2GIG, |+C, -Cy
. i (2.42)

As considered cases where the total number of observed data (Ngj = Nai+Nao+...+
Ngk) is much larger than the unknown model parameters 2M, and most importantly,

C,, is a diagonal matrix in our applications (see Eq. 2.37), it can be worked directly

M
with the Hessian matrix given by Eq. 2.41. However, it may be tried to use a further

approximated Hessian matrix in the G-N or L-M method, where the off-block matrix
C,, in Eq. 2.41 is set to the MxM null matrix, O . Hence, we may consider using the

following modified Hessian matrix in the L-M method:
K| N.
. | D |=2GIG, |+Cy o)
Hm=|=|s, '’ (2.43)
o C,+C;t

The basic L-M algorithm for minimizing an arbitrary objective function (in this case

Eq. 2.21 or 2.22) can be given as

(A1+H,)om"™ = -vo(n'?) (2.44)
and
mit=m' +aomn'! (2.45)

It should be noted that it can be used either the Hessian matrix given by Eq. 2.42 or
2.43. However, if Eq. 2.43 is used, then it may be obtained a simpler computational

scheme which can be described as
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. N j T -1 +1 : N j T -1
[u +§L—‘:’Gjej +C, Dém' :_LS—”’GJ. ly,-f,(m)]+C}(m-m_ -6) (2.46)

i

and
[m +(cy +c;1)]3e'+1 = —[—c;ﬂl(m' -m, —8')+C;' (e’ —eo)] (2.47)
mit =m' +om'? (2.48)
and
0" =0'+050"" (2.49)

MLE is used for a simple case in Chapter 3.

2.3 Least-Squares Estimation Method

The basic principle of least-squares (LS) is developed by German mathematician and
scientist Carl F. Gauss around 1794, however, French mathematician Adrien M.
Legendre was the first to publish the method independently. Gauss did not publish
the method until 1809, when it appeared in volume two of his work on celestial
mechanics, Theoria Motus Corporum Coelestium in sectionibus conicis solem
ambientium (Theory of Celestial Bodies in the Section of Conicarum Surrounding the
Sun). In 1822, Gauss was able to state that the least-squares approach to regression
analysis is optimal in the sense that in a linear model where the errors have a mean of
zero, are uncorrelated, and have equal variances, the best linear unbiased estimator of
the coefficients is the least-squares estimator. This result is known as the Gauss—
Markov theorem (Url-1).

If we assume that the data error covariance matrix Cp is known in Eq. 2.8, i.e., the
weights for observed data are known, and then to generate the most probable model

is obtained by minimizing the argument of the exponential function given by Eq. 2.8:

om,0)=2[y-t(m)] c2[y-f(m)]
Jr%(m—mpr—e)T Cy(m-m, -9) (2.50)
1

+2(0-6,) C;(0-6,)

If we have K sets of observed data and assume that each Cp; is known in Eq. 2.9,
then the most probable model is obtained by minimizing the following objective

function:
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(9 9) C;(e_eo)

It should be noted that the least-squares is equivalent to the maximum likelihood if
the observed data or experimental errors have a Gaussian (normal) distribution (for

example see Kuchuk et al. 1990).

In the simple case where each Cp; is diagonal with all diagonal elements equal to the
same variance, but different for each data set, and the matrices Cy and Cy are

diagonal, then the objective function given by Eq. 2.51 is simply expressed as

o(m,0) = ;{Z Z fi(m)]z}

. em -0 (2.52)

1 —0)F 1¥,(0-0,)>
25000 1500

23 O i 20 Oy

m,i

where sz is diagonal entries of Cp;, j=1,2,..,Nq.

2.3.1 An application for a simple case

For simplicity, it will be assumed that the vector m contains the same single
parameter, m, and model, f is simply equal tom, f(m)zm. Further suppose that
y contains N observed (measured) value of m with noise having zero mean and a

standard deviation equal to oy. Then, assuming diagonal covariances, Eq. 2.51 can be

expressed as

y-m)  1(m-m,-0Y 1(6-9,Y
o(m, 0)_2;[ o j+2[ = J+2£ o J (2.53)

Taking the derivatives of the objective function given by Eq. 2.53 with respect to m

and 0 and equating them to zero gives, respectively,

aO(me) 1 y—m)(-1) 2(m-m, =63 1)
% o s Fe
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and

o0(m,0) 2 m-m, —0 -1 +g 0-6,| 1 0
00 2 o, o,) 2\ o, o,
Egs. 2.54 and 2.55 can be simplified and rearranged, respectively, as

N 1 1. 18 m,
[—2+—2jm——20=—2yi+ 3

2
oy On on oy ia o,
and
-1 1 1 0
— M| S+ — [0=——F+—
O-m O-m 0-9 O-m 0-9

Solving Eqgs. 56 and 57 for m and 6 gives, respectively,

REES

m=
cZ)| N 1 1
B = g
o/) 7 T a;[ufgj
0
or
2 N
o 1 m +90
. Oy )0y iz Oy
2
[1+O-fgj Eﬁ ! 5
%o /)| % a§[1+fgj
0
or
2 N
o 1 mr+90
R ) =
(e )i
m= 2
N No, 1
oy 050, O,
and

21

(2.55)

(2.56)

(2.57)

(2.58)

(2.59)

(2.60)



Note that if we take & = 0, then Egs. 2.57 and 2.61 become

2 1 N
> 72
[ “Hj o (2.62)

M =
2
o. || N 1 1
[1"‘2} ot 2
Op )| Oy On é[l_,_o-rgj
Oy
and
2 N m
{1+O'rgjj'22yi+ 5 m m-m
G- Oy )04 3 Oy _ P2 — zpr (2.63)
, [1+O-”2‘j [1+”2‘j
[1+O-§“j N +i_; % %
0'9

In Eqs. 2.57-2.63, m and 6 represent the posterior estimates (after conditioning the

data) of m and 6.

Next, we derive the estimates for some limiting cases:

Case (1) Suppose the variance of  approaches infinity, i.e., ¢, — o, then it can be

shown that Eqgs. 2.57 and 2.58(and also Egs. 2.62 and 2.63) reduce to

2

~_ Oy izt o

m= N =N (2.64)
o4

and

L1y

0 =ﬁ2yi -m,, (2.65)
i=1
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Case (2) Suppose the variances of m and 6 approaches infinity, simultaneously,

i.e., o2 — o and o2 — oo, then it can be shown that Egs. 2.57 and 2.58 reduce to

N
(1+1) ZZ L8
M = G4 h?l_:ﬁzyi (2.66)
(1+1) 2} =
d
and
~ m—(mr—Ho) 11 Q
0= P = = o 2] 2.67
(1+1) 2[N;yl mpr+ Oj ( )

Case (3) Suppose the variance of m approaches infinity, i.e., o, — oo, then it can

be shown that Egs. 2.57 and 2.58 reduce to

N
M= iz Y, (2.68)
N =
and
0 =0, (2.69)

Case (4) Suppose the variance of m approaches zero, i.e., c2 — 0, then it can be

shown that Egs. 2.57 and 2.58 reduce to

1 & m_ +6
O_ng:yi"'[ O_2 Oj
= d i= 0
m ﬁJri (2.70)
o, o,
and
1 m, +0
zzyi+[ : 2 oj
g=202 % ) m @2.71)
N 1 i '
o, O,

Case (5) Suppose the variance of @ approaches zero, i.e., o2 — 0, then it can be

shown that Egs. 2.57 and 2.58 reduce to
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M= = 4 o (2.72)
N, 1 (N, 1
ol o? "lo? of

and

0 =6, (2.73)

Case (6) Suppose the variances of m and 6 approach zero, simultaneously, i.e.,

o2 —0 and o — 0, then it can be shown that Egs. 2.57 and 2.58 reduce to

m=m_+0 74
pr 0 2

and

0=0, (2.75)

Now, it will be inspected some statistical properties of M and 6 . Specifically, it is

wanted to see what the expectations and variances of the estimates M and 4§ given
by Egs. 2.57 and 2.58. First, their expectations are derived. For this purpose, E will

be defined to be the expectation operator and hence

G; 1 mr+0 G; Nmrue mr+0
(1o 2 S| [ e
E(m)=E S el 0 (2.76)

Gd
Nop 1 N N 1
o

(e} (e}

N
st 2 2 2 2
6, 04,0, O, 0y 0 0

where m,, represents the true value of m. Note that the expectation of m will be

identical to m,, ifand only if m  +6,=m,,.

Similarly, the expectation of 6 is given by

E(m)—[mpr—"rgeoj

E(0)= ~ T @.77)
3
Oy

The inverse of the variance of M can be found by taking derivative of Eq. 2.53 with

respect to m and it will be obtained the variance of m as:
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e — 2.78
N1 (2.78)
ot 3
Oy On

which represents the posterior variance of the model parameter m, given the data

Q
E1lN

and the value of the 6.

The inverse of posterior variance of @ is not quite as simple of the posterior variance
of m, because it is wanted the posterior variance given the data, not the model and
the data. So, it is needed to calculate 9?0 /6% at the posterior estimate of m. Note

that the first derivative 60 /06 is given by

- m
O _ApflillesMe & (2.79)
00 o, o, O, o, O,

Now solving Eq. 2.56 for m in terms of 6 to obtain:

-1
N 1 1 13 m
Fra) (o g @0
Using Eqg. 2.80 in Eq. 2.79 gives
_ - N
@:—3 £2+i2 %9+%Zyi+m‘: + i2+i2 0+m‘;' —9—02 (2.81)
89 am ad Gm Gm Gd i=1 m m 69 Gm 69

Differentiating Eq. 2.81 with respect to 6 gives the inverse of the variance of

posterior variance

-1
So-i(N 1Y 1) (1 1
(02) Z?[?JF?J [?J+[?+?j (2.82)
d 0

m m

o?)= - (2.83)
1 1 1YN 1

s bl vl B

Gm 69 Gm Gd Gm

An Example Application:

Let’s consider 10 values of observed m, with Gaussian error with mean 0 and data
variance 6.25. The true value of m is 10. Tabulated in Table 2.1 are values of m

with error.
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Table 2.1: Noisy m values

Data values of m

7.885
6.259
13.143
12.187
10.057
9.995
9.139
6.551
7.858
12.839

It will be studied the following cases, and in all cases it will be considered WLS

minimization with known error variance, o-j.

Case 1: No prior term in the objective function, i.e.,

2

1&(y. -m

o(mo)==)> | —— 2.84
(n0) 2;[ _ j 284
Case 2: A prior term in the objective function, i.e.,
o(me)=13[¥=m S imom, ) (2.85)
240 o 2\ o, '

Case 3: An uncertain prior mean in the objective function

18y, —m ‘1 m-m, —0 ‘1 0 -0, i
omo)y=="> | —| +=| —— | += (2.86)

23 | 2 o, 2\ o,

Results:

Case 1. The estimate of m minimizing Eq. 2.84 is calculated from

N
2V o513
= P95 95913 2.87)
N 10

m=

The variance of this estimate is calculated from

2
5295 85 _ 605 (2.88)
N 10
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As it is expected, without prior the model parameter is arithmetic average of data. In
general, if the prior means are not considered, the value of model parameter goes to

the mean of data.

Case 2: The estimate of m minimizing Eq. 2.85 is calculated from

2, m, 95913 m,
+

i=1 pr

2 2 2
. Oy o, 625 o
m= N1 T T (2.89)
ol o? 25 o
The variance of this estimate is calculated from
1 1
2 _ _
INL 1T 1 5
c: o) 625 o

Table 2.2 presents twelve different prior models with their corresponding m and

o’ and the computed values of M and &2 from Eqns. 2.89 and 2.90 for each prior

model described in Table 2.2.

Table 2.2: Different Prior Models and The Estimation of M and o7 .

Prior Models m,, o m o2
Prior Model 1 10 0.01 9.99356 0.00984
Prior Model 2 10 1 9.74849 0.38462
Prior Model 3 10 10 9.61534 0.58824
Prior Model 4 10 100 9.59384 0.62112
Prior Model 5 0 0.01 0.15104 0.00984
Prior Model 6 0 1 5.90234 0.38462
Prior Model 7 0 10 9.02711 0.58824
Prior Model 8 0 100 9.53173 0.62112
Prior Model 9 100 0.01 98.5762 0.00984
Prior Model 10 100 1 44.3639 0.38462
Prior Model 11 100 10 14.9095 0.58824
Prior Model 12 100 100 10.1528 0.62112

Case 3: The estimates of m and 6 minimizing Eq. 2.86 is calculated from Eqgs. 2.57
and 2.58. The associated variances for these parameters can be computed from Eqgns.
2.95 and 2.100.

As the objective of using partially doubly stochastic model is to adjust the mean in

cases where prior mean is incorrect, it will be considered a few incorrect prior
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models given in Table 2.1. For the purpose of illustration, it will be considered Prior

Models 5-12. It will be set 6, =0 in applications to be given. We selected different
values of &. Table 2.3 presents the results obtained for the Prior Model 5 for six

different values of &/ .

Table 2.3: Estimates of m, 0, o and o for Prior Model 5 given in Table 2.1.

Variances m 0 o: ol
692 =0.01 0.2974 0.1487 0.0098 0.0098
o, =0.1 1.4354 1.3049 0.0098 0.0864
O'g =1 5.9249 5.8662 0.0098 0.3884
692 =10 9.0276 9.0186 0.0098 0.5971
692 =100 9.5317 9.5308 0.0098 0.6310
O-; =1000 9.5853 9.5852 0.0098 0.6346

Table 2.4: Estimates of i, 9, o and o for Prior Model 6 given in Table 2.1.

Variances m 0 o ol
O'g =0.01 5.9293 5.8662x107 0.3846 0.0099
692 =0.1 6.1162 0.5560 0.3846 0.0942
692 =1 7.3076 3.6538 0.3846 0.6190
O'g =10 9.0756 8.2506 0.3846 1.3978
692 =100 9.5323 9.4379 0.3846 1.5990
692 =1000 9.5853 9.5757 0.3846 1.6224

Table 2.5: Estimates of i, 6, o and o for Prior Model 7 given in Table 2.1.

Variances m 0 o ol
692 =0.01 9.0276 9.0186x10° 0.5882 0.0100
O'g =0.1 9.0323 8.9429x10° 0.5882 0.0991
692 =1 9.0756 0.8250 0.5882 0.9140
692 =10 9.3006 4.6503 0.5882 5.1515
O'g =100 9.5371 8.6701 0.5882 9.6045
692 =1000 9.5854 9.4905 0.5882 10.5133

Table 2.6: Estimates of i, 9, o and o for Prior Model 8 given in Table 2.1.
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Variances m 0 o ol
O'g =0.01 9.5317 9.5308x10* 0.6211 0.0100
692 =0.1 9.5318 9.5222x10* 0.6211 0.0999
692 =1 9.5323 9.4379x10° 0.6211 0.9902
692 =10 9.5371 0.8670 0.6211 9.0960
O'g =100 9.5614 4.7807 0.6211 50.1558
692 =1000 9.5858 8.7144 0.6211 91.4253

As it can be seen in Tables 2.3 and 2.4, when the prior mean is incorrect and variance

of prior is pretty small, the value of i is changing in a positive way. Even the value

o is small, the results are better than using just prior mean especially if the value of

a; is taken bigger i.e., 100 or 1000. In addition, Tables 2.5 and 2.6 show that, if it is

not trusted the prior mean then it must be taken the values of prior and correction

variances bigger. Thus, how so ever great the error in prior mean may be, the value

of m goes through the true value even if the value of variances are small.

Table 2.7: Estimates of m, 6, o and o2 for Prior Model 9 given in Table 2.1.

Variances M 0 os o;
692 =0.01 97.1966 -1.4016 0.0098 0.0098
692 =0.1 86.4694 -12.301 0.0098 0.0864
O'g =1 44,1512 -55.296 0.0098 0.3884
692 =10 14.9044 -85.011 0.0098 0.5971
692 =100 10.1528 -89.838 0.0098 0.6310
O'g =1000 9.6477 -90.351 0.0098 0.6346

Table 2.8: Estimates of i, 6, o and o for Prior Model 10 given in Table 2.1.

Variances M 0 on o;
O'g =0.01 44,1512 -0.5530 0.3846 0.0099
692 =0.1 42.3481 -5.2411 0.3846 0.0942
692 =1 31.1172 -34.4414 0.3846 0.6190
O'g =10 14.4520 -77.7709 0.3846 1.3978
692 =100 10.1473 -88.9631 0.3846 1.5990
692 =1000 9.6477 -90.2620 0.3846 1.6224
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Table 2.9: Estimates of i, 6, o2

and ag for Prior Model 11 given in Table 2.1.

Variances M 0 o: ol
692 =0.01 14.9045 -0.0850 0.5882 0.0100
692 =0.1 14.8599 -0.8430 0.5882 0.0991
O'g =1 14.4520 -1.7771 0.5882 0.9140
692 =10 12.3310 -43.8345 0.5882 5.1515
692 =100 10.1021 -81.7254 0.5882 9.6045
692 =1000 9.6472 -89.4582 0.5882 10.5133

As it is clearly seen in Tables 2.7 and 2.8, when the prior mean is quite incorrect and

variance of prior is small, the value of m goes to incorrect prior mean. However,

Tables 2.9 and 2.10 shows that while using wrong prior mean, if the values of o

andc? are assumed to be bigger the value of model parameter approaches the real

one.

Table 2.10: Estimates of i, 4, o2 and

o for Prior Model 12 given in Table 2.1.

Variances M 0 os o;
692 =0.01 10.1528 -0.0090 0.6211 0.0100
692 =0.1 10.1523 -0.0898 0.6211 0.0999
O'g =1 10.1473 -0.8896 0.6211 0.9902
692 =10 10.1021 -8.1725 0.6211 9.0960
692 =100 9.8729 -45.0635 0.6211 50.1558

2.3.2 Unweighted least-squares parameter estimation method

One of the methods for minimization of the objective function is unweighted least-

squares estimation method (UWLS). It is considered that each data point has the

same importance. Because there is no weight on error variances or the errors in the

original measurements are uncorrelated, the method does not need to covariance

matrix, C, . Itis assumed that all diagonal elements (variances) is equal to each other,

o} =0", j=12,...,Ng, then the covariance matrix, C,, = 1o and it is assumed that

the variance is known. Eq. 2.52 (objective of ML) is simplified form of least-squares.

It should be realized that the ML of m is identical to the unweighted least-squares

(UWLS) of mwhich in case the diagonal variances are equal each other, i.e.,
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2

sz = o for all j, notwithstanding consideration if o2 is known or unknown (Kuchuk

et al., 2010).

In this case, for a partially doubly stochastic model, it will be minimized the

following objective function for N observed data points,

om,0) =5y (m)] [y-f (m)]
+%(m—mpr—e)T Cy(m-m, -6) (2.91)
%(e—eo)T C;l(6-6,)

In Eq. 2.91, the constant in each term is not required for the minimization process, so

the equation is written again as

;
O(m,6)=[y~f(m)] [y-f(m)]
+(m-m, -0) ¢;}(m-m, -6) (2.92)
+(0-9,) C,'(6-6,)
Redefined, as is a general form of objective function for least-squares estimation
method. For simplicity, it is assumed that the M-dimensional vector m contains Ink
values over a uniformly spaced block centered mesh (M= Ny x Ny, where Ny represent
the number of grid blocks in the x-direction and Ny represent the number of grid

blocks in the y-direction). In Eq. 2.92, f is simply equal to Gm, f ., (m)=Gm
and G is the NxM sensitivity matrix. The covariance matrix C,, is MxM

dimensional and off-diagonal to be computed from given semivariogram. It is also

assumed that the correction vector covariance matrix C, is a MxM diagonal matrix.

It should be noted that Eqg. 2.109 is given in a general formulation that the mean of

each attribute varies from gridblock to gridblock and hence the vectors of m_, 0,

pr’

and @, are M-dimensional.

Taking the derivatives of the objective function given by Eq. 2.92 with respect to m

and 0, and equating them to zero gives, respectively,

v,0(m,8)=C,(m-m_ -6)-G"[y-Gm]=0 (2.93)

and
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V,0(m,8)=—-C,/(m-m_-6)+C;"(6-6,)=0 (2.94)

It is needed to simultaneously solve for m and @ to obtain the posterior estimates m

and @ and it can be shown that the solution of Egs. 2.93 and 2.94 is given by

G'G +C, -C, mi_ Cym, +G'y (2.95)
-C,; C, +C,l| |6 -Cym, +C,'8, '

It is obviously seen, solving Eq. 2.95 is a matrix problem. In this thesis, for solving
matrix equations such as equation above, LU decomposition method is used. It may
be noted that Eq. 2.95 can be solved by LU decomposition for small sized problems,
but will require that we need to use iterative or sparse matrix techniques for efficient

storage and solution for large size problems (Onur, 2009).

2.4 Minimization of the Objective Functions

In general, to minimize the objective functions derived previously for the maximum
likelihood and least-squares estimations, we can use a gradient-based method such as
Newton, Gauss Newton or Levenberg Marquardt. In this work, Levenberg—

Marquardt algorithm is used to minimize the objective functions.

The usage of gradient algorithms is efficient however; it is required to calculate
sensitivity matrix and depending on the cases, gradient of the objective function to
compute the sensitivities. In general, the capability of automatic history matching
leans on the parameterization of the model and the efficiency of the optimization
algorithm. The computational efficiency of the optimization process depends on the
number of iterations and the cost per iteration and most commonly, the cost per
iteration depends of computing the required sensitivity coefficients when gradient-
based algorithms are used (Onur, 2009). In this work, it is used to Levenberg-
Marquardt algorithm in order to minimize objective function. In addition, LU

decomposition is chosen to solve the matrix equations.

2.4.1 Levenberg-Marquardt method

The Levenberg—Marquardt method is a hybrid method based on the gradient descent
(steepest-descent) method and the Gauss—Newton method. In Steepest—descent

method, the parameters are updated with the direction of the enormous reduction of
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the objective function and so, the sum of squared errors is diminished by this
updating procedure. In the Gauss—Newton method, the least - squares function is
assumed locally quadratic and at the minimum of the quadratic is aimed in order to
diminish the sum of the squared errors. The Levenberg—Marquardt (L-M) method
behaves like a steepest—descent method when the model variables are far from their
finest value and behaves like the Gauss—Newton method when the parameters
approach to their best value (Marquardt, 1963; Gavin, 2010).

The idea of L-M method is to modify the direction and the steps length
simultaneously. Thus, the method involves solving at each iteration the following
system (Marquardt, 1963; Onur, 2009):

[H(™,) + 216, , =—VO(rh,) (2.96)

where A is a positive constant, | is 2Mx2M identity matrix, §m,_, is the search

k+1

direction for updating model parameter and it is stated as

A A A

om, 4 :(mk+1_mk) (2.97)

and vO(m, ) is M-dimensional gradient vector, elements are the first derivation of

O(m,8) with respectto mand 0. It is defined as

- VO(m
vO(m,) = (M) (2.98)
vO(8,)
and the transpose of gradient is as
.
vOo(m,) = 60 50 60 @ @ 60 (2.99)
om,  om, om, 096, o6, 00,

In Eq. 2.96, H(M, ) represents Hessian matrix which is a 2Mx2M symmetric matrix

and includes the second derivatives of O(m,0) with respect to m and@. The general

form is defined by

v, [(v,o) | v, [(v,00m) ]

(i) =
" v,[(v.oem)' ] v,[(v,00) ]

(2.100)

and expansion of the Hessian, according to the problem is stated by
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ko) 2’0 2’0 0 |

om? omom,  omo6, omo0,

0’0 0’0 0’0 0’0

om. om om.°>  om, 00 om . 00

H(m,0) = “; ' 2“” “2 ' M2 M (2.101)

0°0 0°0 0°0 0’0

26,om, 26,0m,, 06; 26,00,

0’0 0’0 0’0 0’0

| 96,,0m, a6,6m, 06,00, 00,° |

The basic L-M algorithm for minimizing an arbitrary objective function is given in

Egs. 2.96 and 2.97. The iterative procedure is given by Fletcher (1991) and Oliver et
al. (2008) as

Step 1: Set k=0, Ao =0.001 (it is referred to give a small value to 1), give an

initial value to the model parameter and the correction m, .

Step 2: Set k = k+1, compute O(m, ), VO(m, ) and H(m,)

Step 3: Compute the correction vector §m,,, given in Eq. 2.10 by using LU
decomposition method. Calculate Eq. 2.11 andO(m, ;) .

Step 4: IfO(r™) <O(m*), if it is satisfied, then set M“ =m**, A4, =4 /a,,
wherea, >1, and go to the next iteration. Otherwise, increase A, by some
factora,, where a,>1,4,,,=4a, and repeat the iteration. Choosing

a, =a, =10 is common, but optimal choice for these parameters is difficult

to determine a priori.
Step 5: Check your stopping criteria (In this thesis, the stopping criteria is
defined as abs(O (‘™) —O(m*)) <107'%), if the criteria is satisfied, then stop

iterating. Otherwise, go to Step 2 to start a new iteration level.

In L-M iterative method, it is needed to solve Eq. 2.10 by LU decomposition

(factorization) to find the values of model parameters m .

LU decomposition: To solve a general non-singular (have an inverse) linear system

like Ax=b, a direct technique is to devise an equivalent linear system in which the
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matrix is triangular (Gill et al., 1981). As it is stated by Press et al. (1992), Suppose

that matrix A is able to be written as a product of two triangular matrices,
A=LU (2.102)

where L is lower triangular and U is upper triangular matrix. The decomposition of

given linear equation can be made as

Ax = (LU)x=L(Ux)=b (2.103)
To solve this linear set, first the vector y must be solved such that

Ly=b (2.104)
and when vector Y is solved, then vector x can be solved by

Ux=y (2.105)

The advantage of separating the original equation in two parts is that the solution of a
triangular set of equation is very simple. Thus, Eq. 2.18 can be solved by forward

substitution and Eq. 2.19 can be solved by back substitution (Press et al., 1981).

In following sub-chapters, the objective functions are derivated for various
minimization methods such as weighted least-squares (WLS), unweighted least-
squares (UWLS) and maximum likelihood (ML) estimation methods considering
partially doubly stochastic model. Typically, this will be the case when it is
considered geostatistical models for rock properties such as permeability and
porosity. For this problem, it is convenient to write the objective function in terms
vectors and matrices. Suppose that it is tried to estimate log-permeability (Ink)
assuming that Ink is a Gaussian multivariate with a given mean and spatial

covariance matrix over a discretizated reservoir mesh either for a 1D or 2D problem.

2.4.2 A Synthetic example for maximum likelihood and least-squares estimation

methods

In this chapter, we demonstrate the application of the partially doubly stochastic
model for both ML and LS estimation methods for a linear model. A two-parameter
linear problem is considered and it is assumed that observed data consists of three

observed data sets as a function of time. The function of the linear model given by

f(mt)=m +m,Int (2.106)
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According to this model, each data set have N, =15,N, =10 andN, =15

observations and for each data set, the true values of variances are specified as

cl=4, 022 =0.25 and 032 =0.0001. So, this is an overdetermined problem.

It will be assumed that all matrices C,, ™, and C,™ are diagonal matrices; i.e.,

1
ER
O,
1
0 > 0
C;/II_ m,
2.107
o o ( )
1
0 0 >
L GmMJ
and
F _
— 0 0
C,
1
0 — 0
C, = Oy,
0 0
1 2.1
0 0 : (2.108)
Oy

The observed data and observation time are given in Table 3.1. The true values of

model parameters are m, =10and m,=5. A code in Fortran90 programming

language has been developed for solving the objective functions of these models. As
mentioned before, to minimizing these objective functions, Levenberg-Marquardt
algorithm is used. The value of stopping criteria or tolerance used is equal to 10™.
Besides, for LU decomposition method, the subroutines are provided from
Numerical Recipes (Press et al., 1992). The observed data and observation time are
given Table 2.11.
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Table 2.11: y and t values obtained from measurements.

t]_ yl t2 y2 t3 y3
0.2 2.84903 3.2 15.26713 5.2 18.24777
0.4 4.84396 3.4 16.23261 5.4 18.42912
0.6 8.20325 3.6 15.86329 5.6 18.61761
0.8 8.14101 3.8 16.64221 5.8 18.78557
1 8.12388 4 17.04152 6 18.94941
1.2 8.94669 4.2 16.95869 6.2 19.11292
14 11.91136 4.4 18.02271 6.4 19.28263
1.6 13.95758 4.6 17.67031 6.6 19.44338
1.8 9.93653 4.8 17.7389 6.8 19.5696
2 11.47588 5 19.18386 7 19.7196
2.2 15.30103 7.2 19.87719
24 17.17171 7.4 20.02137
2.6 14.38451 7.6 20.13877
2.8 17.73598 7.8 20.28355
3 19.45149 8 20.41699

2.5 Maximum Likelihood Estimation with Prior Information

The generalized objective function for MLE is in Eq. 2.22 as

O(m,9) =%12Ndj In{ [yi _fj (m)]T [yi _fj (m)]}

ﬁL%(m—mpr —G)T C;j(m—mpr—e)%(e—eof C,'(6-6,)

(2.109)

As it is seen in Eq. 2.109, although the problem is linear, the objective function to be
minimized is a nonlinear function. It is important to note it is considered a general

formulation that each observed data vector, y,; may contain a different total
number of observed data, Ny, 1=12,....K and for this example K=3. As the model

parameter mis a M-dimensional vector and hence, m , 6, and 6, are also M-

or
dimensional vectors. In addition, the diagonal matrix of prior C, and the diagonal
matrix of correction C;, are both MxM dimension matrices and the number of model
parameters are defined as M = 2.
The variances of data is calculated by given equation

Ng

5§(m)=NiZ[yi,j —fmt )] (2.110)

dj i=1
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However, the variance calculated from Eq. 2.110 is biased, it must be used Eq. 2.111

to perform unbiased variance as

<o _ Ng67(m)

T M)
(Ndi‘K)

The program is based on observed data and observation time given in Table 2.11. On

(2.111)

the other hand, the program converges the results iteratively. Based on this, the value
of model parameters and the corrections are initially defined in columns 2-5

according to Prior Models in column 1. The values of m ., 6, and the value of

pr’
variances afqvi and agzvi are also given for each case. The inputs and the outputs are
given Tables 2.12-2.13

Table 2.12: The initial values of model parameters and corrections, the values of
prior means, correction means, prior and correction variances.

Prior Models  my My 05 05 Mpn Mz 01 0o Omi®  Omd  Oo’ O

Prior Model 1 10 5 0 0 10 5 0 O 10000 10000 10000 10000
Prior Model 2 10 5 00 O 0 0 O 10000 10000 10000 10000
Prior Model 3 10 5 0 0 8 3 0 O 10000 10000 10000 10000
Prior Model 4 10 5 00 15 0 0 10000 10000 10000 10000

Table 2.13: The results are obtained from program, respectively, model parameters,
corrections, variances and minimized objective functions.

Prior Models  m, m, 0, 0, o’ o o3 Obj; Objs
True values 10 5 - - 4 0.25 0.0001 - -

Prior Model 1 9.9453 5.0298 -0.027 0.015 4.0108 0.2507 0.00008 -14.45 -15.93
Prior Model 2 9.9453 5.0298 4.973 2.515 4.0108 0.2507 0.00008 -14.44 -15.93
Prior Model 3 9.9453 5.0298 0.973 1.015 4.0108 0.2507 0.00008 -14.45 -15.93
Prior Model 4 9.9453 5.0298 4.473 -4.985 4.0108 0.2507 0.00008 -14.44 -15.93

According to Table 2.13, the variances of each data sets are computed almost same
as the true values. Besides, the model parameters are very close to real ones even if
the prior is very wrong (Prior Model 4). Thus, the table shows that the correction is
working when variances of prior and correction are assumed very high. In addition,

objective function is minimized.
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Table 2.14: The initial values of model parameters and corrections, the values of
prior means, correction means, prior and correction variances.

Prior Models my; My eli eli My My 901 902 Gmlz szz 0912 0922
PriorModel5 10 5 0 O 1 15 0 0 01 0.1 0.001 0.001
PriorModel6 10 5 0 O 1 15 0 0 10 10 0.001 0.001
PriorModel7 10 5 0 O 1 15 0 0 01 01 1 1
PriorModel8 10 5 0 O 1 15 0 0 1 1 1 1
PriorModel9 10 5 0 O 1 15 0 0 100 100 1 1
PriorModel 10 10 5 0 O 1 15 0 0 01 01 100 100
PriorModel11 10 5 0 O 1 15 0 0 1 1 100 100
PriorModel 12 10 5 0 O 1 15 0 0 100 100 100 100

It is obviously seen in Tables 2.14 and 2.15 that despite the prior mean is wrong, if
the prior variance is assumed to be small, the values of model parameters goes to
wrong means. However, if variances of prior and correction is chosen bigger the
values of model parameters goes to true values as it is expected, hence the number of
iteration is higher (4-5). In addition, the value of objective function is minimized
while this method is performing and the corrections are useful to find the true values.

Besides, the data variances are very close to real ones.

Table 2.15: The results are obtained from program, respectively, model parameters,
corrections, variances and minimized objective functions.

Prior Models  m, m, 0, 0, o1’ 0’ 04 Obj;  Obj;
Prior Model 5 0.664 14.222 -0.003 -0.008 103.04 14.5434 68.290 890.5 134.4
Prior Model 6 9.943 5.030 0.001 -0.001 4.0108 0.2507 0.00018 -5.4 -6.96
Prior Model 7 9.931 5.037 8.12 -9.057 4.0108 0.2507 0.00008 890.5 65.54
Prior Model 8 9.937 5.033 4.469 -4.983 4.0108 0.2507 0.00008 76.05 28.9
Prior Model 9 9.945 5.029 0.089 -0.099 4.0108 0.2507 0.00008 -13.54 -15.05
Prior Model 10 9.945 5.029 8.936 -9.96 4.010 0.2507 0.00008 890.5 -15.04
Prior Model 11 9.945 5.029 8.857 -9.871 4.010 0.2507 0.00008 76.05 -15.05
Prior Model 12 9.945 5.029 4.473 -4.985 4.0108 0.2507 0.00008 -13.54 -15.48

For these cases, the initial values of model parameters are also chosen wrong same as
prior model. As the results of program is not corresponding any different values, the

outputs are not given for this problem.

In the case of the value of prior mean contains less error, then doubly stochastic
model is effectively work, even if the variances of mean and correction are smaller.
Still, if the value of mean and correction variances is chosen bigger, again, the results
are close the real ones for each model parameter and variances. In addition, if the
variance of mean is chosen incorrect but small enough, then the iteration number

decreases and objective function is minimized.
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Table 2.16: The initial values of model parameters and corrections, the values of
prior means, correction means, prior and correction variances.

: 2 2 2 2
Prior Models  myi My 61 61 Mpn Mz Bon 6oy Om” Ome” Oor Co2

Prior Model 13 10 5 0 0 8 3 0 0 01 01 0.001 0.001
Prior Model 14 10 5 0 0 8 3 0 0 10 10 0.001 0.001
Prior Model 15 10 5 0 0 8 3 0 0 01 01 1 1
Prior Model 16 10 5 0 0 8 3 0 0 10 10 1 1
Prior Model 17 10 5 0 0 8 3 0 0 01 01 100 100

Table 2.17: The results are obtained from program, respectively, model parameters,
corrections, variances and minimized objective functions.

Prior Models  my m, 0, 0, o° o o Obj Obj
Prior Model 13 9.9364 5.0345 0.019 0.02 4.011 0.251 8E-05 25.55 23.16
Prior Model 14 9.9452 5.0298 0 0 4.011 0.251 8E-05 -14.05 -15.54
Prior Model 15 9.9445 5.0302 1.768 1.846 4.011 0.251 8E-05 25.55 -12.34
Prior Model 16 9.9453 5.0298 0.177 0.185 4.011 0.251 8E-05 -14.05 -15.57
Prior Model 17 9.9453 5.0298 1.943 2.028 4.011 0.251 8E-05 25,55 -15.89

In the case of the value of prior mean contains less error, then doubly stochastic
model is effectively work, even if the variances of mean and correction are smaller.
Still, if the value of mean and correction variances is chosen bigger, again, the results
are close the real ones for each model parameter and variances. In addition, if the
variance of mean is chosen incorrect but small enough, then the iteration number

decreases and objective function is minimized.

2.6 Weighted Least-Squares Parameter Estimation With Prior Information

The generalized objective function for WLSE is in Eq. 2.52 as

K T

om.&)=3 [y, ~f, (m)] 3 [y, ~f, (m)]
= (2.112)

1 ) 1 )
+E(m—mpr -0) C;i(m-m,, —e)+5(e—eo)T C,'(0-6,)

It is important to note it is considered a general formulation that each observed data
vector, y; may contain a different total number of observed data, Ny, j=12,....,K
and for this example K=3. The variances of each data are assumed to be true and
their values are, respectively, o’ =4, 0-22 =0.25 and 0-32 =0.0001. As the model

parameter mis a M-dimensional vector and hence, m ,, 0, and 6, are also M-

pr?

dimensional vectors. In addition, the diagonal matrix of prior C, and the diagonal
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matrix of correction C;' are both MxM dimension matrices and the number of model

parameters are defined as M = 2