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DYNAMICAL SYSTEMS ANALYSIS
IN COSMOLOGY

SUMMARY

High precision observations in cosmology today reveal that the universe is going
through an accelerated expansion that may not be attributed to any conventional energy
source in the context of general relativity. Moreover, based on evidences like the
shapes of galaxy rotation curves and gravitational lensing data, cosmologists claim
the existence of some non-baryonic pressureless dark matter which interacts only
gravitationally and makes up about 27 % of the universe.

The hot Big Bang scenario gives an account of the evolution up to late-time
acceleration; however, needs to be supported by inflation-like theories due to the
so-called flatness and horizon problems. The ACDM model, as the standard model
of Big Bang cosmology, provides a fairly sound theoretical ground for current
observations and introduces the cosmological constant as the source of negative
pressure (wp = —1) capable of driving acceleration (again, in the context of GR).
Physically, the cosmological constant can be attributed to the vacuum energy density
of matter fields but sadly, the measured energy density associated with dark energy
in the universe (pp ~ 1074'GeV*) does not satisfy the theoretically allowed values
(pa =~ 10"*GeV*) on any grounds.

Given the shortcomings of the standard model, cosmologists have been working
on alternative approaches that may come in various ways. Some models propose
modifications to the matter sector of the field equations whereas others propose
theories beyond GR to model the universe. Due to the ever increasing number of
available models in the literature, one may wish to test whether they are in agreement
with fundamental observations and relevant measurements. A very practical way
of evaluation follows from sketching the global behavior of solutions for the target
set-ups. Dynamical system analysis of cosmological models, in this sense, is very
useful to indicate whether the system will move towards a stable attractor, and if
the parameters are chosen properly, the process allows also for comparison with
predictions of modern cosmology.

The thesis presents the study of a five dimensional cosmological model by means of
dynamical systems approach. Higher dimensional cosmology has long been studied
in the context of alternative theories and the idea originates from the initial attempt of
unification by Kaluza and Klein that combined the information of electromagnetism
and gravity in five dimensional vacuum. Today, brane world scenarios with
non-compactified extra dimensions and universal extra dimensions offering dark
matter candidates through compactification are the most common versions of higher
dimensional applications in cosmology.
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The metric is taken as

dr?

2 2 2
ds® = —dt “+a (t) |:]——kr2

+r*(d6? + sin*6 d¢2)] +b% (1) dy?
and the resulting field equations are then cast into the autonomous form
Q. =20, [QC+ os5(1+Qc + Q) + 1}

p= 1= QR4 Q14+ Q) + (14 Q + Q) | 2+ Q)5 — 30

The evolution of curvature density €., and that of higher dimensional scale factor
in Q = (b/b)/(a/a) are investigated for different combinations of equation of state
parameters (®,®s). Due to the constraints on the four dimensional gravitational
constant that get as tight as |k/k| = 107! yr~! and the necessity of recovering four
dimensional cosmology in the final picture, only attractors with ; = 0 are favored.
The first group of trajectories satisfying this condition require a negatively curved
space in three dimensions for the combination ® = ws = 1/4, and therefore may only
be considered for the earlier epochs. The second group does allow for a flat space
in stable equilibrium; however, requires ®s < —1 and @ < —1/3 and points at some
exotic perfect fluid in the universe.
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DINAMIK SISTEM ANALIZININ
KOZMOLOJIDEKI UYGUMALARI

OZET

Modern kozmoloji, giincel gozlemlerin de destekledigi iizere evrenin yeterince biiyiik
Olcekte homojen ve izotropik oldugu prensibi iizerine kuruludur. Dort boyutlu
uzay-zamanda calisilan standart modelde fiziksel mesafeler, bu prensiple uyumlu ve
ayn1 zamanda gravitasyonel alanin da bilgisini iceren Freidmann-Robertson-Walker
metrigi kullanilarak ifade edilir. Bu metrik, evrenin ii¢ boyuttaki dinamiginin bilgisini
zamana bagli 6lgekleme katsayisi a(t) ile vermektedir. Genel gorelilik kapsaminda s6z
konusu metrikten yola ¢ikilarak elde edilen Einstein alan denklemleri, bu dl¢gekleme
katsayisinin ve dolayisiyla evrenin geometrisinin zamana baglh de§isiminin ve aslinda
en temel olarak gravitasyonel alanin kaynaginin evrendeki enerji yogunlugu oldugunu
gostermektedir. Evreni meydana getiren birimler, yine kozmolojik prensiple uyumlu
olacak sekilde ideal akigskanlar olarak degerlendirilir. Bunun bir sonucu olarak enerji
momentum tensoril yalnizca enerji yogunluklarini ve bunlara karsilik gelen izotropik
basing degerlerini igerir.

Biiyiik patlamay: takip eden 10~3* saniyenin ardindan, evrenin enerji yogunlugu

bakimindan sirasiyla 1smmimin ve maddenin baskin oldugu evrelerden gecti8i
diisiiniilmektedir. Bu evrelerin her ikisi de evrenin genisleme teorisi ile uyum iginde
olsa da, evrenin ivmelenerek genisledigi yoniindeki giincel gozlemleri (d > 0) alan
denklemleri ¢ercevesinde yalnizca varligi teorik olarak one siiriilmiis negatif basingh
karanlik enerji acgiklayabilmektedir. Astrofiziksel gozlemler giiniimiizde evrenin
enerji yogunlugu bakimindan yaklasik %70’lik boliimiinii olusturan karanlik enerjinin
ACDM modelinde taniml1 olan kozmolojik sabite ait barotropik denklemi (pp = —pa)
sagladigin1 ortaya koymaktadir. Bu sabitin varlig1 her ne kadar ivmelenmeyi agiklasa
da, beraberinde teori temelli sorunlar getirir. Gozlemsel olarak enerji yogunlugu
oldukea kiiciik bir degerle (|pa| ~ 10~%" GeV* ) smirhdir ve bu deger, kozmolojik
sabitin fiziksel olarak karsilik gelmesi beklenen kuantum alanlarinin vakum enerji
yogunluguyla (pp ~ 1074GeV*) uyusmaz.

Gokyliziinii tarayan COBE, WMAP ve PLANCK uydularindan elde edilen veriler
evrenin 2.7 K sicakliginda ve 1/10~* hassasiyetinde izotropik arka alan 1s1mmiyla
cevrili oldugunu ortaya koymustur. Sozkonusu 1sinimin, biiyiik patlamay: izleyen
380,000 yilin sonunda yiiksiiz atomlarin olugsmasi ve 1518 yiiklii parcaciklar
ile etkilesme mecburiyetinin ortadan kalkmasi, yani bir nevi serbest kalmasiyla
bugiine ulastig1 diisiiniilmektedir; dolayisiyla bu 1sinim evrenin o anki goriintiisiinii
tagir. Kozmik arka alan 1siniminin incelenmesiyle elde edilen veriler, giiniimiizde
kozmolojinin standart modeli olarak kabul edilen ve ACDM’nin de kaynagi olan
biiyiik patlama senaryosuna iligkin bir takim problemler oldugunu ortaya koymaktadir.
Evrenin ii¢ boyutta neredeyse diiz (2, = —0.052Jj8:8‘5‘2) geometriye sahip olmasi
ve son sacilma yiizeyinde birbirleriyle haberlesmeleri imkansiz goriinen noktalarin
aymi sicaklikta olmalari, 1981 yilinda Alan Guth tarafindan enflasyon teorisinin
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ortaya atilmasina yol agmistir. Daha sonra Linde, Albrecht ve Steinhardt tarafindan
gelistirilen enflasyon teorisi, biiyiik patlamayi takip eden 1073° — 10733 saniyeleri
araliginda evrenin yaklasik €% kat genisledigini 6ne siirmekte ve modern kozmolojide
biiyiik patlamanin tamamlayici bir parcasi olarak diisiiniilmektedir.

Giiniimiizde kozmoloji alaninda yapilan ¢caligmalar, gézlemler ve parcacik fiziginden
gelen deneysel verilerle uyumlu, standart model ve kozmolojik sabitin barindirdigi
problemlere ¢oziim getiren ve kendi igerisinde fiziksel celigkiler barindirmayan
bir evren modeli gelistirme motivasyonunu tasimaktadir. Evrenin erken ve gec
evrelerindeki dinamikleri dogru modellemek adina yapilan calismalardan bazilari,
alan denklemlerinin sag tarafina enflasyon teorisinde One siiriilen skaler alanlar gibi
alternatif enerji kaynaklari eklemeyi Ongoriirken, bir bolimii de kozmik o6lgegin
modellenmesinde genel rolativiteye alternatif teorilere yonelmektedir.  Bu tez
kapsaminda beg boyutlu bir evren modeli dinamik sistemler yaklagimiyla incelenecek
ve sonuclarin giincel gozlemlerle uyumu tartigilacaktir.

Yiiksek boyutlu modellerin temeli, 1920°li yillarda Kaluza ve Klein tarafindan
elektromanyetik ve gravitasyonel alanlara ait bilginin bes boyutlu bos uzay-zamanda
birlestirilmesiyle atilmistir. Bunu izleyen donemlerde, biiyiik birlesik teori arayisinda
one cikan sicim teorisi ve benzeri ¢alismalarda yiiksek boyutlar fikri sik¢a kullanilmis
ve elbette bu fikir kozmolojide de ilgili modellerde yer bulmustur. Bu tiirden
yaklagimlarin kozmolojideki karsiliklarini iki grup altinda incelemek miimkiin olabilir.
Bunlardan ilki, ekstra boyutlarin saptanamayacak biiyiikliikte enerji seviyelerine ve
dolayisiyla, yine saptanamayacak olcekteki uzunluklara atfedildigi evrensel ekstra
boyutlardir. Bir tiir kompaktlagtirma siireci iceren ve bunun sonucunda karanlik madde
olmaya aday zayif etkilesen kiitleli parcaciklar iireten bu modeller, gbzlemlerle uyum
saglanabilmesi acisindan beraberinde ekstra boyutlarin erken evrelerde stabilize olmasi
gerekliligini getirir. On bir boyutta tanimli olan sicim ve M-kuramlarindan gelen zar
evrenler modeli ise ekstra boyutlarin madde alanlarina kapali olarak tanimlanmasi
sayesinde kompaktifikasyon siirecleri gerektirmez. Bunlarin yaninda, ekstra boyutlarin
dinamiginden faydalanarak ivmelenmeyi ve karanlik enerjinin dogasini aciklamay1
hedefleyen kozmolojik modeller de literatiirde mevcuttur.

Alan denklemlerinin isaret ettigi kozmolojik modelleri dinamik sistem analizinden
faydalanarak incelemek oldukga pratik bir yaklasim gibi goziikmektedir. Bunun igin,
oncelikle anlamli de8iskenler tanimlanir ve dinamik siirecleri modelleyen denklemler
otonom diferansiyel denklem seti haline getirilir. Denge durumlarina ait ¢oziimler
bulunduktan sonra faz uzayinin bu ¢oziimler etrafindaki topolojik yapisini incelemek
miimkiin olur ve elde edilen yoriingeler sayesinde sistemin global davraniginin
bilgisine hizlica ulagilabilir. Coziimlerin asimptotik olarak varacagi kararli denge
durumu (eger var ise) tayin edilebilir ve modelin gecerliligi bu baglamda test edilmis
olur.

Tez kapsaminda ele alinan model

dr?

2_ 42 2
ds® = —dt” +a"(t) -

+1r2(d6? +sin*0 d9>) | + b* (1) dy*

metriginden yola c¢ikilarak kurulmus ve ardindan ilgili alan denklemleri, ekstra
boyutun ve uzay egriliginin dinamigini igeren degiskenler cinsinden otonom
diferansiyel denklem setine doniistiiriilmiistiir. Onceden belirtilen adimlar izlenerek
kararl1 denge ¢oziimlerine giden yoriingeler elde edilmis ve bunlarin arasindan standart
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kozmolojideki verilerle uyum gozetilerek sadece b = 0 durumunu saglayan, yani
asimptotik olarak stabilize ekstra boyuta gidenler arastirilmistir. Bu y0riingelerden
ilki, yiiksek boyutlu 1gmim tipindeki izotropik bir enerji kaynagi (p = p/4), ve
daha genel olarak 3w + @ws = 1 iligkisini saglayan dort boyutta anizotropik de
olabilecek rolativistik kaynaklar i¢in bulunmustur. Asimptotik olarak » = 0 durumunu
saglayan coziimler beraberinde negatif egrilige sahip bir uzay getirmis, dolayisiyla
model bu kapsamda ancak erken evreni incelemek i¢in anlamli bulunmustur.
Ikinci tip yoriingeler stabilize boyutun yaninda diiz evren kosulunu da saglamus,
ancak barotropik denklem katsayilart @s < —1 ve @ < —1/3 kisitlamalarina tabi
bulunmustur.
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1. INTRODUCTION

Cosmology is an extensive field of study in physics that aims to reveal the mechanisms
governing the dynamics of the universe. Understanding the earlier patterns of its
structure, and ultimately, obtaining a complete picture for the entire evolution of
the universe requires a careful analysis of its geometry, past and current energy
compositions including the dark sector, and a comprehensive study of various theories
modeling interactions that may have occurred earlier at energy scales yet unreachable
at the ground-based accelerators. The hot Big Bang model developed in this sense
stands as the backbone of most cosmological studies today and is also referred to as
the standard model of cosmology in the literature. The ACDM model, with its roots in
the Big Bang theory, matches the high-precision observations to a very good extent, but
at the same time, inspires many other theories in search of alternatives for A-attributed

late-time acceleration and the very mysterious early characteristics of the universe.

1.1 Fundamental Observations in Modern Cosmology

As first realized by Edwin Hubble in 1929, galaxies recede away from each other at
speeds proportional to the respective distances in between. The linear relation obeys
[2,3]

v=Hd, (1.1)

where H is referred to as the Hubble constant.

Consistently, current observational evidence coming from standard candles like type
Ia supernovae adds up to the fact that the universe is expanding. Moreover, deviations

from Hubble law indicate that it is, in fact, accelerating [4-8].

Neglecting peculiar velocities of astrophysical objects, distances in cosmology may,
therefore, be represented in terms of the comoving distance x and the time dependent
scale factor a(t) such that [9]

d=a(t)x, (1.2)



where, with reference to equation 1.1, H(t) = d/a.

Examining the large scale structure of the universe [10-12], one also realizes that
the distribution of matter over scales of the order of few Mpc has a uniform pattern.
Namely, clusters and superclusters of galaxies appear to be positioned evenly over the
space. The same information comes from the cosmic background radiation [1, 13, 14]
that reaches the observer from when the universe was about 380,000 years old. Big
Bang cosmology assumes a hot and dense early universe that has gone through
radiation and matter dominated epochs as it cooled and expanded in a decelerating
(d < 0) manner. An important moment within the history of cosmic evolution is that of
decoupling at which neutral atoms were formed and radiation was set free to propagate
without scattering from free electrons. It appears to the observer in the late-times as
the highly isotropic CMB that carries the information of the last scattering surface that
follows the period of matter-radiation equality. The relic radiation is of remarkably
uniform temperature [15]

To = 2.7255 £ 0.0006K (1.3)

emphasizing homogeneity and isotropy also in the early universe. The tiny fluctuations
of one part in 10* are those of density in the young universe, which are considered
to be the origin of structure formation driven later by gravitational attraction. Shapes
of galaxy rotation curves are expected to obey Kepler’s law that indicates v o< r1/2
i.e., rotational velocity should decrease with r%; however, astrophysical observations
reveal that moving away from the visible mass, velocity vs. radius curve for galaxies
abnormally increases or at least, remains flat [16]. Gravitational lensing effects,
associated with bending of photon trajectories due to mass distributions, again imply
that there must be some non-visible matter in the universe interacting solely by
gravitational means. Gravitational potential responsible for structure formation and

CMB anisotropies also supports the argument and the energy denisty of dark matter

from PLANCK data [1] greatly exceeds that of visible matter as can be seen in Table
(1.1).

1.2 General Relativity as the Tool for Cosmology

High precision observations bring the question of which theory fits the data best, and

Einstein’s theory of general relativity appears as a perfectly convenient framework for

2



working on the large-scale dynamics of the universe. Revealing the relation between

energy and gravity in the remarkably simple and elegant form
Guv — KTHV 5 (1.4)

it allows to express the energy constituents of the universe in terms of their effects
on the structure of the curved space-time and relevantly, dynamical size of the spatial

sector.

1.2.1 Gravity

In cosmology, the four dimensional Einstein tensor Gy arises generically from the

maximally spatially symmetric Friedmann-Robertson-Walker metric

ds® = —di* +a*(1) =t r2(d6? + sin*0d¢?) (1.5)
—kr
or, equivalently,
-1 0 0 0
2
o < ¢ 0
r 1—kr? (1.6)
g 0 0 a*(t)r? 0
0 0 0 a?(t)r’sin’0
for equation 1.5 may also be expressed as
ds* = guydxtdx" . (1.7)

Not surprisingly, the above choice follows from the cosmological principle i.e., from
the fact that the universe appears homogeneous and isotropic as one extends the scope

of his observations up to a few hundred Mpc in space.

The theory of general relativity requires that the effects of gravity be embedded in
the geometry of space-time, or more precisely, in the metric gy and its derivatives.
The LHS of equation 1.4, namely the gravitational sector of the field equations reads
[17,18]

Guv =Rpv — %Rguv (1.8)

where R, and R are the Ricci (curvature) tensor and the Ricci scalar, respectively.

Defining first the tensor-like affine connection as

8py(augvy+ dvguy — Hguv) (L.9)

| —

uv

3



one may obtain the Riemann tensor
Rpucrv = aarpuv - avrppo + Fy/,wrpcy - ryucrpvy (1.10)

which is, indeed, the measure of intrinsic curvature responsible for geodesic deviations
on a manifold. Applying o — p to equation 1.10, contraction with the upper index

yields the rank-two Ricci tensor
Rp,upv =Ruv, (1.11)
and making use of the inverse metric g"V, the Ricci scalar can then be derived through

Ruvg"V =R. (1.12)

1.2.2 Energy-momentum tensor

Matter in the universe is regarded as a perfect fluid for which the energy-momentum

tensor T, takes the form
T, = (p + p)utuy + pdy (1.13)

with p as the matter energy density and p, the isotropic pressure. The four velocity
ut = dx* /dt is regarded as that of the observer in a frame comoving with the fluid so

that u* = (—1,0,0,0) and eventually,

—-p 0 0 O
0 00

uo_ p

T, = 0 0 p o0 (1.14)
0O 0 0 p

The above tensor above carries the contribution of all forms of energy except gravity
[19] and the basic requirement of the conservation of total energy-momentum in the

universe translates into the continuity equation as
v, T =0. (1.15)

It is assumed that energy density and pressure are related to each other in the simplest

case via the barotropic equation of state

p=wp, (1.16)

in which the constant @ factor, called the Equation of State parameter, helps distinguish
between different types of energy forms in the universe. For non-relativistic matter, the

relation yields p,, = 0 and for radiation, one gets p, = p,/3.

4



In the absence of interactions, equation 1.15 applies to dust and radiation separately,
giving
Pm+3Hpy =0,
(1.17)
pr+4Hp, =0.

1.3 A Glimpse at the Late-Time Behavior

Given the maximally spatially symmetric FRW metric and the energy momentum
tensor with vanishing off-diagonal elements, the only independent equations following

from the field equations in 1.4 appear as

k
3H2+3a—2:1<p (1.18)

coming from Gy = k7o and
i ,  k
2H+3H"+ — = —Kkp (1.19)
a
from the spatial elements G;; = KT;;.

For practical purposes that will appear clear in the following sections, the Friedmann
equation in 1.18 may also be expressed in terms of the dimensionless energy density

parameters €2; and Q., so that it reads
1+QC:ZQi (1.20)
i

where Q. = k/a’H? and Q; = kp;/3H>.

The ongoing accelerated (i > 0) expansion of the universe in the late-time bears the
necessity of going beyond the standard model on theoretical grounds. From equations
1.18 and 1.19, it appears evident that such behavior requires some unconventional
energy source with negative pressure. Otherwise, one should turn to modified versions

of GR or as well, alternative theories for modeling the late-time behavior.

Moving on with the option of assuming some dark energy component (of unknown
origin), the associated energy density parameter announced by the Planck collaboration
reads [1]

Q0 =0.692+0.012 (1.21)

(68% CL, from PLANCK TT+lowP-+lensing) to reveal that it makes up about 70% of
the total density as it uniformly fills the universe and all the regions otherwise empty

of matter [19] .



Table 1.1 : Cosmological parameters from recent Planck data [1].

Parameters TT+low P-+lensing Parameters Constraints
Quh? 0.02226 + 0.00023
Qpuh? 0.1186 = 0.0020 Q. —0.05275:042
Q,h? 0.1415 £+ 0.0019
Qn 0.308 + 0.012
Qp 0.692 + 0.012 ® —1.0067008
Hy 67.81 + 0.092

Back in the field equations, equation 1.19 produces deceleration for matter (@,, = 0)
and radiation (@, = 1/3) components from WEC i.e., Tuvutu¥ > 0. In attempt to meet

the observational constraints, one rewrites the field equations in the form

in which A denotes the cosmological constant capable of providing negative pressure
with wpy = —1. Proposed initially by Perlmutter et al. [20] and Riess et al. [4], it is

probably the strongest dark energy candidate as the observations today yield [1]
® = —1.006008 (1.23)
(from PLANCK TT+lensing+-ext) in a spatially flat universe.

The particle physics counterpart of cosmological constant is the vacuum energy density
and the reason for the cosmological constant problem lies exactly in this explanation.
The current value of A is deduced from the Hubble constant Hy and the associated
energy density reads

A
pr=_w 1074 Gev*, (1.24)

whereas the vacuum energy density calculated for quantum fields with mass m yields

[21]

= dk
pm:/o Gy V. (1.25)

For kjnqx = mp,, the finite numerical value of the above integral turns out to be Py ~

1074GeV*.

The huge inconsistency in the orders of magnitude of p, and p,, makes room for many
alternative approaches in modern cosmology ranging from quintessence (canonical
scalar field) models to modified gravity theories (see [21] and references therein), all

with the purpose of justifying the late-time acceleration.



1.4 Inflation

Big Bang cosmology does not come without its problems. The comoving horizon in
standard cosmology is a particular measure of distance that defines a constraint for the
causally connected regions in the universe. It corresponds to the maximum distance

light may travel within some cosmic time t as in

0 E/Ot ;Z:) :/Oad(lna) (%) (1.26)

The comoving Hubble radius (aH)~! may also be expressed in the form [22]

(aH)™" = Hy 'q2(1130) (1.27)

which appears to be monotonically growing for (1 4+ 3®) > 0, and therefore, is an
indicator of increase in the fraction of the universe that is in causal contact over time.
The highly isotropic CMB radiation reaching the observer from the last scattering
surface (a;; ~ 0.001) presents a puzzling case because the patches that could not have
been in causal contact back at a;; exhibit uniform temperature up to O(10~4). This is

called the horizon problem.

The second issue, referred to as the flatness problem, is associated with the fine-tuning
of initial conditions. Setting Q = ¥, Q; in equation 1.20, one immediately sees that in
order to produce a flat space in the generic setup, the total energy density in the universe
must be equal to some critical density defined as p., = 3H?/k, so that Q —1 = 0.
Currently, the numerical value of the . parameter, as indicated in table 1.1, is very
close to zero and equivalently, Q diverges from unity by a very small amount. During
the matter dominated and radiation dominated epochs, (aH )_1 increases to cause
deviations from flatness, therefore the values observed today may only be reached
if Q was much closer to unity, i.e. subject to extreme fine-tuning at earlier epochs as

in the conditions below [22]

1Q(ay)—1] <0(107°%), (1.28)

1Q(appy)— 1] < 0(10719). (1.29)

The theory of inflation, as a solution to the above mentioned problems, was proposed

initially by Guth [23] in 1981 and assumed a period of exponential expansion in the
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early universe. Later by Linde [24], and Albrecht and Steinhardt [25], it was revised
and became foundation of many models offering mechanisms capable of producing
such rapid expansion (> 60 e-folds between #; = 1073°s and ty = 107335 after the
Big Bang) in the early universe. A delicate point in the theory is that the accelerated
expansion must be brought to an end to allow for a radiation dominated epoch through

the reheating process.

Homogeneous scalar fields are the most prevalent mechanisms that may drive the
accelerated expansion of the universe and therefore, are studied extensively in the

context of both early and late-time dynamics.



2. DYNAMICAL SYSTEMS

In the vast field of physics, it is very common to encounter systems subject to time
evolution, in which the set of variables describing the problem move from one state to
another as part of a dynamical process. In order to see the overall pattern, or technically
speaking, the asymptotic behavior in such systems, one usually makes use of methods
from the theory of dynamical systems for practical purposes. Given the possibility of
treating the universe in such context, this chapter is intended to provide the most basic

information on the theory along with means of its proper implementation in cosmology.

2.1 Methods and General Concepts in Dynamical Analysis

Dynamical systems are expressed mathematically in the form of differential (or as
well, difference) equations. Written in autonomous from, as they will be throughout
this work, these equations reveal at first the steady states i.e., equilibrium solutions
accessible to the system under analysis. Topological structure of the phase space
around stationary points then yield the trajectories of existent solution curves, so that
once the desired initial conditions are set, one may easily trace the behavior of the

system at any moment in terms of the associated variables.

The rest of this section covers the step-by-step implementation of the above mentioned
process as means of dynamical analysis with an exemplary application to ACDM

model.

2.1.1 Determination of fixed points and linearization

In the simplest case, nonlinear systems of autonomous ODE’s or identically, vector

fields have the form [26]
x=f(x), 2.1
withx € U C R"and f: U — U where U is an open subset in R". The overdot represents

the first order time derivatives of the dependent variables with ¢ € R!.



A fixed point of equation 2.1 satisfies

f(x0) =0 2.2

due to the vanishing tangent vector at x = xg.

In order to properly analyze the time evolution of a dynamical system, it is crucial
to define the appropriate phase space accommodating each accessible state that is
physically relevant to the given configuration. A phase space — excluding the more
general cases — may be as large as the entire R" or as well, be subject to constraints

depending on the choice of variables and of course, their physical interpretations.

Considering the difficulties in solving systems of the form equation 2.1, one usually
seeks instead to reveal their local behavior near equilibrium points via topological
analysis [27]. For x = (x,x2,....,x,) and f(x) = (f1(x), f2(x)...., fu(x)) , the Taylor

expansion about an equilibrium point yields

dfi
fl'(xtha'-“?xn)% Z_f (xj_xjo) 2.3)

and the n X n stability matrix (Jacobian) of the system follows as

% %
a : X1 Xn

Df = a—fl = e, 2.4)
i\ o 3

Calculating the eigenvalues of the stability matrix at x = xp, one may obtain all the

necessary information for classifying the topology of the neighboring vector fields.

Parallel to the generic terminology, an unstable node or source refers to a fixed
point that repels all the nearby trajectories. At such points, the Jacobian produces
eigenvalues of the form A; = {o; +if;: @ > 0, o, B; € R}. In two dimensional systems,
existence of non-zero imaginary parts, i.e. eigenvalues with 3; # 0 turns the trajectories
into unstable spirals. The opposite case, with A; = {a; +if;: o <0, 0, B € R} applies
to stable nodes or sinks that attract the neighboring solution curves. Again, non-zero
imaginary parts in the eigenvalues creates spirals in two dimensions, only this time of
stable character. Topological sinks possess the characteristics of asymptotically stable
points such that any nearby solution y(r) obeys

lim y(1) = xp. (2.5)

f—o0
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The third category of equilibrium solutions, saddles, entail the existence of eigenvalues

with both positive and negative real parts.

A common property of the above defined fixed points is that they are all associated
with eigenvalues including non-zero real parts. Such points, in a more general context,
are categorized as hyperbolic fixed points for which, the local characteristics of the
non-linear system in equation.2.1 appears topologically equivalent to that of its linear

part.

An equilibrium solution may as well be of non-hyperbolic type entailing at least one
zero eigenvalue. For the special case of 4; = {o; +if;: a; =0, € R\ {0}}, the point
becomes a center. While investigating the stability properties of non-hyperbolic points,
one refers in general to rather extensive techniques discussed thoroughly in textbooks

on dynamical systems and chaos [26-28].

2.1.2 Bifurcations

In some systems, the autonomous equations contain additional control parameters that

may affect the stability properties of fixed points. Such systems appear in the form [27]

= f(x, ) (2.6)

that differs from the definition in equation 2.1 only by the additional argument € R™.

Assuming a one-dimensional system for which u € R!, the set of conditions [27]

f(xo,t0) =0 (2.7)
af B
20,00 =0 2.8)

reveal xo as a non-hyperbolic fixed point and y = Uy, as a bifurcation value for the
system. In higher dimensions,i.e x € R" and y € R™, the second condition translates

into the requirement that the Jacobian D f(xo, llo) have at least one zero eigenvalue.

The simplest bifurcations of equilibra are categorized as saddle-node, transcritical,
pitchfork and Hopf-type bifurcations, the properties of which are covered extensively
in [28]. Exchange of stability properties is associated with transcritical bifurcation

which may be studied on the sample one dimesional system

X = ,ux—xz. (2.9)
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According to conditions in 2.7 and 2.8, u = 0 is a bifurcation value for the above
equation. The fixed point located at x = 0 is independent of u; however, the second
one at x = 1 does depend on the control parameter and thus, its stability characteristics

are expected to differ for 4 > 0 and u < 0.

The very interesting case of Hopf-type bifurcations occur when D f(xg, t) yields a
pair of purely imaginary eigenvalues whereas the remainder necessarily obeys A; =
{oi +iBi: a; € R\ {0}, B; € R}. If the eigenvalues of the Jacobian cross the imaginary

axis at L = U, one obtains periodic orbits.

2.2 Cosmology Through Dynamical System Analysis

Dynamical systems approach to cosmology may easiest be demonstrated on ACDM
model (as in [29, 30]) with matter and radiation components on the RHS of equation
1.22. Since the gravitational sector is built upon the usual FRW metric in Eq. (1.5),

field equations read

3H? = Kk(pm+pr)+A, (2.10)
2H+3H*=  —Ep,+A (2.11)

where the curvature parameter is set to k = 0 and as usual, the first relation may be cast
into the form

1=Q,+Q,+Q,. (2.12)

In attempt to track the evolution of energy densities in such setup, it appears convenient
to set the dimensionless parameters on the RHS as the variables in the associated

dynamical system.

Using equations 2.10 and 2.11 together with the fluid equations of the form 1.17 for

non-interacting matter and radiation components, one obtains [29]

(2.13)
QL =Q,(3Q, +4Q,—4)
where prime denotes differentiation with respect to N = loga. The autonomous set
above does not include a third equation for Q5 because the constraint in equation 2.12

essentially reduces the system to a two-dimensional problem.

Physically, the energy density parameters of matter and radiation are confined to

the intervals 0 < Q; < 1 from WEC and additionally, the definition of cosmological

12



Table 2.1 : Critical points of the autonomous set in equation 2.13 with their
eigenvalue dependent stability properties

# Qn Q, Eigenvalues Character
A 0 1 M=1A=4 Unstable node
B 0 0 M=—41=-3 Stable node
C 1 0 M=—-1A4=3 Saddle node

0.0

Figure 2.1 : Phase portrait of the system inQ mequation 2.13 under the constraint 2.12.

constant that suggests A > 1. The phase space for the system, then, reduces to the

triangular plane in figure 2.1.

Obtaining the fixed points via equation 2.2 and analyzing their stability characteristics
by linear approximation (see table 2.1), one may sketch the phase portrait in figure
2.1, in which the corresponding trajectories are illustrated by blue curves on the
triangular domain. All the solutions in the phase plane set out from a radiation
dominated universe and eventually reach a cosmological constant-dominated state as
n — oo, which is in perfect agreement with the ACDM model regardless of the initial
conditions. In order to include a matter dominated epoch along the natural evolution of
the universe, the trajectories close to the Q, = 1 —Q,, line must be favored over others.
Considering the very small numerical value of the cosmological constant today, the

trajectories of this type reveal the observed evolution pattern to a very good extent.
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3. FIVE DIMENSIONAL COSMOLOGY

It has long been considered possible in cosmology that the universe may consist of
more than the perceivable four dimensions demonstrated in the form of three spatial
coordinates and time. Within the framework of general relativity, relevant studies go
back to Kaluza-Klein theory (see [31] for a review) that was developed in 1920’s as
an attempt to unify gravity and electromagnetism in five dimensional empty universe
[32]. It served, at the time, as a milestone along the development of unified theories
for bringing into the picture the highly appreciated notion of compactification that
imposed constraints on the topology of the extra dimension(s) and required the size
of the fifth (extra) dimension(s) to remain at non-observable scales [33]. Embracing
the idea of higher dimensional unification, the succeeding theories have had their
respective impacts on cosmological studies [34—49] where the possible existence of

(4+d) dimensions became subject to various interpretations.

Brane world scenarios [50-54], with their roots in string/M theory, propose the
existence of a higher dimensional space-time (bulk) in which the propagation
of standard model particles is only allowed through the three spatial dimensions
(brane). The constraints on the particle propagation here are not only aimed to
recover the fundamental observations but also considered to endorse the viability of
non-compactified extra dimensions. On the opposite corner, the model of universal
extra dimensions [55] allow SM particle propagation through all dimensions and
suggest that the generic Kaluze-Klein dimensional reduction would yield Light
Kaluz-Klein Particles as strong dark matter candidates in the form of weakly
interacting massive particles (WIMPs). Evidently, this approach incorporates the
necessity of compactification and stabilization of extra dimensions as would be
enforced by the functioning of fundamental interactions. Additionally, the dynamical
reduction process is also available in alternative interpretations in the literature

[35,36,56] as the essence of the accelerated expansion of the universe.
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3.1 The Need for Stabilization

The observable universe consists of four dimensions, hence in a viable 3+ 1 +
n dimensional scenario, one should eventually be able to recover the current

cosmological structure regardless of the initial set-up.

The four dimensional relation

1+Q.=Qp5, 3.1

with now ;5 as the energy density parameter of the perfect fluid, can be derived from
the FRW metric of the homogeneous and isotropic space through G5 = K Ty, 5 where
o, =0,1,2,3 and ¥ = 87/m?,,. In a higher dimensional theory, Planck mass as a

fundamental scale relates to its four dimensional counterpart through [52]

M piga) = Vi M pa4) (3.2)

where V(n), the extra-dimensional volume, appears as a time-dependent variable
consistent also with the dynamical reduction processes mentioned earlier. Straight-

forwardly, equation 3.2 translates into

(3.3)

and due the dynamically varying size of V(n), the four dimensional gravitational

coupling constant, i.e. the effective strength of gravity obeys the relation [57]
K
2 —_pn2 3.4
= (3.4)

in which, b(r) appears as the extra-dimensional scale factor as in A.12. Given the
observational and experimental constraints on the time-variation of the gravitational
constant [58], one may estimate a rough upper bound for equation3.4 as |k/k| <
10~ !yr=1. Considering the difficulties of constructing a model in which the
expansion/contraction rate of extra dimensions is subject to such tight limit, models
built upon dynamical reduction require that extra dimensions be stabilized i.e., b =

b = 0 before the Big Bang nucleosynthesis.

In order to ensure consistency with observations, it is also important to recover the
standard form of field equations that produce the time evolution of three dimensional

energy density. Again, static extra dimensions translate into vanishing » and b terms
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in the higher dimensional field equations (see A.12) that, in this case, safely reduce to

equations 1.18 and 1.19 for
p) = Vi p - (3.5)

3.2 Dynamical Analysis of a Toy Model
In the presence of a single extra dimension in space, the metric of the consequent 5D
space-time could be chosen as

dr?
1 —kr?

ds? = —di* +d*(t) +r2(d6> +s5in*0 d9>) | +b* (1) dy* (3.6)

where y denotes the additional space-like coordinate and b(t), the corresponding scale

factor. The field equations then read
Gap = Ks51aB (3.7)

with k5 as the five dimensional gravitational coupling constant and Tp, the
energy-momentum tensor of the higher dimensional perfect fluid. Noted that A,B =

0,1,2,3,5; the non vanishing diagonal elements in

T’ = diag(—p,p, p, p:ps) (3.8)

once again confirm that isotropy is preserved in the conventional three spatial
dimensions along which pressure is defined identically as p = wp. The EoS parameter
along the newly introduced coordinate may be allowed to differ from ® in the most

general case to yield ps = wsp. Parallel to the steps in section 1.2.1 with

as the five dimensional expression for the Riemann tensor now, non-zero Christoffel

symbols (see A.2-A.6) yield

Roo = — {3‘_1 + —}
a

b
) . (3.10)
a _a- ab 2k
Rij = gij 5—1—2;—}-554—?
together with the additional element (see A.7)
b _ba
Rss =b*|=+3-—|. 3.11
55 [b-l- ba} (3.11)
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Contraction of equations 3.10 and 3.11 with the inverse metric tensor g45 gives the

i b a\? a\ (b k

and the non-zero components of the field equations take the form (A.9-A.15)

Ricci scalar as

k
3H2+3Hh+3a—2 = Ksp
: : k
—2H—31L12—2Hh—h—112—C7 = ks(wp) (3.13)
. » Lk
—3H —6H —3; = Ks(a)5p)

where d/a = H stands for the Hubble parameter of the observed space and b/b = h,

for that of the extra dimension.

As mentioned earlier, most studies in extra dimensional cosmology require that
stabilization of newly introduced dimensions take place before the Big Bang
Nucleosynthesis. In attempt to test the toy model described in equation 3.13
in that sense, one should best trace the behavior of A(z) in the field equations.
Applying dynamical system analysis with proper choice of variables helps see, without
demanding any exact solutions, whether it is possible to lose the /(z) term along the

natural evolution of the universe.

To begin with, the first expression in equation 3.13 may be cast into the form
1+Q,+Q.=Qp (3.14)

where the dimensionless cosmological parameters are defined as

h k
Q=20 o=p, Q=

=3 o T (3.15)

Calculating their derivatives with respect to N = loga and making proper substitutions
via field equations in equations 3.13 (see A.22-A.26), one obtains the autonomous

equations
Q=0 [(1 —30)+205Q) — (1+w5)9h] ,
Q) =1-Q 4+ Q.+ (205 — 30)Q) + 05 Qp Q) + Q. O, (3.16)
Q’C:zgc[QCersQPH
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Figure 3.1 : Stability properties of the fixed points with respects to EoS parameters,
from left to right: Point A, Point B, Point C and Point D. Red: Unstable

node, Blue: Saddle, Green: Stable node, Gray: Saddle for Q. > 0,
Purple: Stable spiral. White curves indicate bifurcations. Three solution

categories are shown in lines for combinations ® = ws (dashed),

3w+ ws = 1 (dotted), 1 +2ws — 3w = 0 (straight).

to be used in the dynamical analysis. As a final step in the set-up, it is convenient to
reduce the number of independent variables and eliminate €2, to track explicitly the
time evolution of Q. and €, instead, where the latter is of prior interest for carrying

the information of the extra dimensional scale factor. The autonomous set now takes

the form

Q. =20, [Qc+w5(1+Qc+Qh)+1] :
3.17)
h= 1= QR Q14 Q) + (14 Qe+ Q)| (24 Q) s — 30|

and governs alone the dynamics of the newly introduced cosmological model.

3.2.1 Stability analysis of the fixed points

The two dimensional system defined in 3.17 has four critical points listed in table 3.1.
The stability properties they may possess depend explicitly on the control parameters

o and ws.

Point A represents a flat universe and a state at which the fifth dimension contracts at
a rate equal to that of three dimensional expansion, i.e., (Q.,Q;) = (0,—1). The state
appears in [42] in one of the Kasner-type solutions (K1) to a similar set of differential
equations, with H(¢) and h(t) as the variables which are related to each other via the
ansatz h(t) = c¢;H(t). The constant ¢; described in the mentioned work obeys ¢; = —1
for a five dimensional flat universe in the corresponding solution and safely coincides

with Q; = —1 at Point A.

The curves obeying @ws = 3@® — 2 on the ®w — @5 planes in figure 3.1 indicate an

interchange of stability between points A and C. The former, therefore, can either
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be an unstable node (repeller) or a saddle node on the phase plane depending on the

nature of the perfect fluid.

Point B corresponds to a negatively curved (open) universe where the extra dimension
appears stabilized with (Q.,Q;) = (—1,0) . For @ > —1/3 the state comes forth as the
attractor of the system, and in order to instead obtain a flat universe in the final picture,

it becomes inevitable to impose the opposite constraint @ < —1/3.

Point C, like Point A, represents a "flat universe state" over the entire ® — w5 plane.
Exact stabilization line 2@ws — 3@ + 1 = 0O that is defined to achieve Q; = 0 at this
point never crosses the attractor zone within —1 < w,ws < 1. Along the line the
point exhibits solely saddle properties unless one allows for @s < —1 and ® < —1/3
simultaneously. At (@, ®s) = (—1/3,—1), it crosses the bifurctaion curve with Point D
and thereafter, Point C as an attractor finally allows for stabilization in a flat universe
as in figure 3.1. The above mentioned stabilization condition coming directly from
dynamical analysis in this case appears in [37] while solving higher dimensional field
equations for a(t) and p(¢) for static (b = 0) extra dimensions. The second -and last-
Kasner-type solution (K3) obtained in [42] for n = 1 also makes use of the expression
2ws — 3@+ 1 = 0 while solving again for the Hubble parameters H(¢) and A(f) in a

set-up identical to 3.13.

There exists two possible bifurcations at Point C; one with Point D across the curve

ws(ws —3w+ 1) + 1 = 0 and the other with Point A across @s = 3w — 2.

Point D, though physically irrelevant to the analysis, is also very rich in bifurcations as
can be seen from table 3.1 where both eigenvalues are found to be fully dependent on
Eos parameters @ and ®s. In addition to the previously explored ones, the system
manifests Hopf-type bifurcation at this point where periodic solutions arise as the

associated eigenvalues cross the imaginary axis.

Mathematically, the point is allowed to exhibit attractor properties for certain
combinations of EoS parameters. Physically, however, such states appear to be of
no interest because the attractor of the system in equation 3.13 is expected to satisfy
Qj, = 0, and at Point D, the corresponding states lie on the bifurcation line @ = —1/3

(seen in figure 3.1) and not within the zone where the point acts as an attractor.
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Figure 3.2 : Phase portraits of the system in 3.17 for three sample sets of EoS
parameters. Green lines represent solutions in a flat universe. In all
diagrams, solution curves below the line Q;, 4+ Q. = —1 are forbidden to
ensure Q, > 0.

3.2.2 Cosmologically viable solutions

Once all the steady states available to the system are located on the phase plane and
their accessible stability characters are determined, it becomes possible to distinguish

the physically viable scenarios among the resulting trajectories.

Table 3.2 presents a list of cosmologically interesting solutions that include the cases
of isotropic (higher dimensional) perfect fluid, stabilization of extra dimension and

highly relativistic fluid with the relation w5 +3® = 1 in five dimensions.

3.2.2.1 Non-zero curvature

The most interesting solutions appearing in the toy model are, of course, the ones
that allow the stabilization of the fifth dimension. The blue trajectories in the left
panel of figure 3.2 set a sample for solutions of this kind as they reach Q; = 0 (Point
B) asymptotically in an open universe model with k = —1. The specific example of
® = s = 1/4 here corresponds to fully isotropic space filled with highly relativistic
fluid only. The EoS parameters associated with such higher dimensional fluid are
bound by the relation [37]

3o+ws=1 (3.18)

that intersects the line @ = @s for the combination in question.

In the light of current observations, the (Q.,Q;) = (—1,0) state as an asymptotic
solution may only be allowed during the pre-inflationary epoch because it produces
negative curvature against stabilization. Simulating the case with a highly relativistic

fluid, then appears to be an appropriate choice for the period of interest is not expected
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to allow for energy in non-relativistic form. One must be careful in analyzing the
solution categories here, because as shown in the middle panel of figure 3.2, an
isotropic fluid in general will not satisfy the stabilization condition; however, an

unisotropic one will always do the work as long as it obeys the relation in 3.18.

It is also important to note that solutions below the line Qj + Q. = —1 in figure 3.2
would violate the WEC due to , < 0, and thus should be discarded from further
consideration. Red curves on the right represent the closed universe solutions that

appear irrelevant to the analysis because trajectories simply diverge as t — oo.

3.2.2.2 Stabilized fifth dimension and vanishing curvature

Moving beyond the —1 < @, @ws < 1 plane, trajectories may be attracted towards the
solution (Q., ;) = (0,0) for combinations that obey 1 +2ws —30 =0and ® < —1/3

simultaneously.

The right panel of figure 3.2 demonstrates how the solution curves behave for the
sample set of ® = —1 and ws = —2. Trajectories in both open and closed universe
models here emerge from the (Q.,Q;) = (0,—1) state, where the fifth dimension
contracts at a rate given by |h| = H in an almost flat universe. For k = —1, solutions
converge only within the triangular region where they move towards (Q., Q) = (0,0).
Same behavior applies for any set of EoS parameters in the above category and the
only constraint on the states appears to be Q.+ € > 1, which follows again from

WEC with Q, > 0.

In a closed universe, the saddle alters dramatically for small changes in the
EoS parameters and initial conditions become important in determining convergent

trajectories.

3.2.2.3 Flat universe as an invariant manifold

The phase plane associated with the system in equation 3.17 has an invariant manifold
that is congruent with the line Q. = 0. Representing spatial curvature in three
dimensions, . may initially appear to be greater or less than zero for closed and
open universe models, respectively. In either case, the preferred curvature applies
to the entire evolution of the system for the sign of . is determined solely by the

constant k term coming from the FRW-type metric in 3.6. Mathematically speaking,
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no solution curve (Q.(N),Q;(N)) may intersect with the above defined line of zero

curvature unless originated from a state lying on it.

A flat universe model with Q. = 0 produces trajectories that evolve within the invariant
manifold and the general problem reduces to that of finding an exact expression for

Qp(N) using
as,

oy = (L) [1+205 - 30+ (05— Q)] (3.19)

Defining m = @ws — 1 and n = (1 + 205 — 3w)/(ws — 1), one may rewrite the

autonomous equation as

a, _

oy =M+ Qu)(n+ Q) (3.20)

and obtain at once the exact solution in the form

m(n—1)
A (ai) . (3.21)

Here a, appears as an integration constant assigning, in the more general case, a

14+ €y
n—i—Qh

physically allowed value to a(t) which is — parallel to the formulation of standard

cosmology — considered to be an increasing function of time.

Going back to the definition of €, in 3.15, it is also possible to express the solution in
terms of the relation between time dependent scale factors a(r) and b(r) as
b ¢ —(1—(1)5) ¢ 1+2m5—-3w 1/(1—(1)5)
b(t)=— ( {ﬂ} + {@} ) (3.22)
ag \ | ao o
for Q; € (—1,1). Similar to the previous step, b, appears as another constant of

integration subject to physical limits coming from stabilization.

Considering the special case of a fully isotropic fluid with @ = w5, equation 3.22

b(t) = bya, ( {a(t)} e + {@} o )1/(1_w5) . (3.23)

a() a()

becomes

As t — oo, the first term in brackets vanishes and the contribution from the second term
yields a function of the form b(¢) ~ b,a(t) under the reasonable condition @s < 1. The
asymptotic behavior of b(r), contrary to the initial contraction implied by equation
3.23, points at an epoch where both scale factors expand at identical rates violating the

conditions required for stabilization.
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On the other hand, imposing the exact stabilization relation on equation 3.22, one

obtains the solution

—(1—ws) 1/(1-ws)
b(t) = by, ( {a(ﬂ n 1) (3.24)

do

which, straightforwardly leads to the asymptotic behavior

lim b(t) = b, . (3.25)

f—roco
The above result agrees with particular solutions discussed in [35, 37] for static extra
dimensions. For the inverse limiting case, equation 3.24 yields

limb(t) = 1/a, (3.26)

t—0

as does the solutions of type 1/a? in [35] for ¢ = 1.

Trajectories on the invariant manifold appear in the form of straight lines, directions
of which are determined by the stability characteristics of the two fixed points, —1 and
—n, obtained directly from equation 3.21. Green lines in left and middle panels of
figure 3.2 correspond to sample paths in a fully isotropic universe. They are seen to
emerge from the state QQ;, = —1 and reach Q; = +1 in the long time limit. Clearly, one
dimensional system defined for an exactly flat universe cannot achieve stabilization
with a fully isotropic fluid, and nor may it do so with a highly relativistic one. Under
the constraint 1 +2®@s — 3w = 0, the green lines in the right panel of figure 3.2 now
move towards Qj = 0 and trajectories exhibit the same behavior as long as @, w5 >
1. Namely, in a flat universe, stabilization may only be reached for EoS parameters

smaller than one, obeying the relation above.
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4. CONCLUSIONS AND FUTURE PROSPECTS

In this work we have tested the viability of a five dimensional cosmological model via
dynamical analysis of the autonomous system in 3.17. Assuming a higher dimensional
arrangement and following the time-evolution of the appropriate variables, we have
sought the possibility of finding attractors that would imply the existence of stable

solutions to our problem.

The three meaningful results discussed thoroughly in the previous section bring along
certain complications like non-zero spatial curvature, or negative equation of state
parameters subject to ws < —1 that contradicts the WEC applied to FRW metric. More
precisely, the first case of highly isotropic fluid reaches stable equilibrium where the
fifth dimension eventually becomes stabilized. The problem here is that due to the
term Q. = —1, one either has to turn to pre-inflationary epoch — for which there exits
no source of information — or, an additional mechanism is required to recover the
flat universe as it is today. The fully isotropic case, subject to same type of evolution,
also makes it harder to obtain the three dimensional radiation that is known to obey
pr = pr/3. Finally, the conditions required for exact stabilization and flatness together
points at some exotic fluid that is anisotropic and for which the EoS parameters are, or

at least, one is, outside the conventional interval w; > —1.

In search of the yet unknown source that is responsible for the late time acceleration,
cosmologists have been proposing various models over the last decade and dynamical
systems theory seems to offer a very practical approach for testing the global behavior
of cosmological variables in those set-ups. As for the specific category of higher
dimensional cosmology, acceleration through dynamical reduction, or as well, the
possible nature of dark matter through compactification may be tested ina 143 +n
or 1 +m+ n set-up and again, making use of dynamical systems theory one may test

whether such universe can evolve to an effective 1 + 3 dimensional one.
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APPENDIX A.1

—1
(1)
1—kr?
8AB = a?(t)r? (A.1)
a?(t)rsin’0
b (1)
Non-zero Christoffel Symbols:
a b
l—Oij = 8 55 = 5855
; ' id s b
[y =T =8—,  Tsp=Tos=7
k
'y 1_—’;“2 Iy, = r(kr* 1), Iy = rsin®0(kr* — 1) (A2)
1
r 12:F221:;, %, = —sinBcosH
1
[P =T%, =7 [Py; =TI, = cotd

Diagonal elements of the Riemann tensor for A,B,C =0,1,2,3,5and i, j =1,2,3:
Rap =(T%45),c —(T4c) 8 +T 46T cp = T apT e

Roo = — [(FlOi)ao +(T 05)»0] —To;T0 =T osTos (A.3)

i b
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APPENDIX A.2

Defining % = H and % = h, and also, p = wp and p’ = wsp, field equations may be
rearranged as

k
3H®+3Hh+3— = Kksp (A.13)
a
—2H —3H?>—-2Hh—h—h*+ 52 = K5(0wp) (A.14)
a
. k
—3111—61%2—3&—2 = Ks(wsp) (A.15)
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Differentiating A.13 wrt t,
. . . k _
6HH +3Hh+3Hh—6H— = K5p
a
multiplying A.14 with 3H,
. . k
—6HH —9H> —6H*h—3Hh—3Hh* — 3H— = 3HKs(wp)
a

again, A.13 with 3H,
k
9H? +9H*h+9H — = 3HKsp
a

now with h,
k
3H?h+3Hh —3h— = hisp
a

and finally, A.15 with A,

—3Hh—6H*h — 3ha52 = his(@'p)

one obtains the continuity equation through the addition of A.16-A.20:

p+3H(p+wp)+h(p+awsp)=0
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