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DISTRIBUTED BIPARTITE GRAPH CLUSTERING

SUMMARY

Bipartite graphs are graphs whose vertices can be divided into two independent sets
(X and Y) such that no two graph vertices within the same set are adjacent. There
are many real-world examples which display natural bipartite structure. For instance,
a bipartite graph where the distinct set of vertices are people and books and edges
represent buying relationship between them. Another prominent example is a bipartite
graph where the vertex sets are candidates and jobs and if a candidate applies to job,
there is an edge between the corresponding vertices.

In this thesis, we implement a distributed bipartite clustering method for large and
sparse data. There are several approaches to cluster data which is bipartite in nature.
For example k-means clustering method can be applied to the both sides of the graph
separately. But bipartite clustering requires a clustering method that clusters data
simultaneously. Spectral clustering is a way to cluster bipartite data simultaneously
which means assigning vertices from both sides into the same coherent cluster. We use
multi bipartitioning clustering algorithm which is based on spectral clustering in this
thesis along with some other bipartite partitioning algorithms such as Bifennel, Aweto
and etc.

There are some steps that need to be done before bipartite graph is clustered. Firstly,
bipartite graph is converted into adjacency matrix where rows represent one set of
vertices of bipartite graph and columns represent the other set of vertices. If there is an
edge between two vertices, then the value of the corresponding cell of the adjacency
matrix is assigned to 1, otherwise it is assigned to 0. After having the adjacency
matrix, the Laplace form of the adjacency matrix is created. This matrix is also known
as degree matrix. Degree matrices namely D and D, are constructed for X and Y
respectively. Then adjacency matrix is multiplied with Dy and D;. Lastly, the spectral
algorithm runs Singular Value Decomposition (SVD) on the formed adjacency matrix
and finds second singular left and right vectors. After finding second singular right
and left vectors, k-means clustering algorithm is run on these vectors to cluster data.
This method only partitions the data into two cluster. But finding other singular vectors
(2.,3.,...) other than only the second one, more clusters can be obtained.

In this thesis, we used distributed SVD algorithm to find singular left and right vectors
of adjacency matrix when the matrix is large and sparse. Distributed SVD algorithm
divides the matrix into column-wise sub matrices and calculates SVD on these sub
matrices independently. It is capable of finding the singular values, left and right
vectors when the matrix is rectangular (number of rows are much more smaller than
number of columns or vice versa) and dense. In other words, the rank of the sub
matrices must be equal to the rank of the adjacency matrix itself. Because of the
sparsity of the data, the rank that is less in sub matrices than the adjacency matrix
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causes to find singular values and vectors with high error. We proposed an algorithm,
called Ranky, to handle this problem. Ranky algorithm detects the rows which cause
the rank of the sub matrices less then the rank of the adjacency matrix and fills
accordingly in order to make them equal. Despite the Ranky algorithm can handle this
problem, balanced clusters can not be obtained because of the sparse matrix. After that,
we used partitioning algorithms to compress the adjacency matrix into dense matrix
and then applied spectral clustering. There are several partitioning algorithms such as
Hash, Grid, Aweto, Bifennel etc. But only Aweto and Bifennel take the advantage of
bipartite graphs as we know. We use Bifennel partitioning algorithm and Distributed
Bifennel algorithm to compress the data due to their efficiency and less replication
factor. Lastly, we decompress the partitions to get final clusters.

The evaluation criteria is the replication factor that measures partitioning algorithm
performance in terms of the number of replicated vertices. The experimental results
on a real world data set show that Distributed Bifennel algorithm has outperformed
Bifennel algorithm in terms of execution time, while both algorithms produce equally
likely replication factor, using different datasets. Each algorithm is run on the same
datasets with different partitioning numbers (500 and 1000). Distributed Bifennel
algorithm has partitioned the data 10 times faster than Bifennel using at most 28
threads. The algorithm was implemented in C++ and run on a 28 cores and 128 GB
RAM machine running Linux. More experimental results with different settings are
given in chapter 5.
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DAGITIK iKi PARCALI CiZGE DEMETLEME

OZET

Bu tez kapsaminda iki parcali biiyiik veriler i¢in sunucu-istemci mimarisi kullanilarak
cizge demetleme yapilmustir. iki parcal ¢izgede iki farkli diigiimler kiimesi (X ve
Y) vardir. Ayni kiimedeki diigiimler arasinda ayrit bulunmazken, farkli kiimelerdeki
diigiimler arasindaki iligkileri ifade etmek iizere ayritlar vardir. Ornegin satin alinan
kitap, film, miizik ya da bagvurulan is ilanlar1 iki pargali ¢izgenin bir diigiimler
kiimesini olustururken bunlar1 satin alan veya bagvuru yapan kisiler ¢izgenin diger
diigiimler kiimesini olusturur. ~ Giiniimiizde artan Internet kullamimu ile Internet
ortamindaki veriler de bir hayli artmistir. Bu verileri de8isik amaclar icin tek bir
makinede islemek zor bir hal almistir. Bu tez calismasindaki amac da iki pargali cizge
demetleme problemini paralel yaklasimlarla ¢cozmektir.

Iki pargal1 cizge demetleme aralarinda diger gruplara gore daha yogun iliskiler bulunan
farkli kiimelerdeki diigiimleri gruplamaktir. Bdylece 6rnegin benzer tiirde miizikleri
tercih eden kullanici grubunu bulmak ya da benzer is ilanlarina bagvuran adaylar
bulmak miimkiin olabilmektedir. Diigiimler kiimesi ¢ok biiylidiigiinde literatiirde var
olan yontemlerle iki parcali ¢izge demetleme problemini standart donanimlar {izerinde
c¢ozmek miimkiin olmamaktadir. Bu tez ile biiyiik veride iki parcali ¢cizge demetleme
problemini ¢6zmek icin sunucu-istemci mimarisi ile paralel calisan yaklasimlar
onerilmis ve biiyiik iki parcali cizge demetleme yapabilen bir yazilim gelistirilmistir.

Oncelikle iki parcali verinin béliitlenmesi icin literatiirde spektral demetleme
ad1 verilen bir algoritmadan yararlanilmigtir.  Algoritmanin birka¢ varyasyonu
olmakla birlikte, bu tezde simetrik olmayan komsuluk matrisi iizerinde Tekil Deger
Ayristirmast (SVD) uygulanarak bulunan demetlemeden yararlanilmistir.  Diger
varyasyonlar komguluk matrisinin simetrik oldugu durumlarda calisabildiginden ve
elimizdeki komgsuluk matrisinin dikdértgen olmasindan dolayi1 bu tez kapsaminda diger
varyasyonlar kullanilmamigtir. Algoritma temel olarak iki pargali veriyi satirlari bir
kiime siitiinlar1 ise diger kiime ve degerleri aralarindaki iligki olan komsuluk matrisi
olarak tamimlar. Komsuluk matrisinin degerleri basit olarak eger bir kiimedeki bir
elemanin diger kiimedeki diger elemanla iliskisi varsa "1" yoksa "0" olarak belirlenir.

Iki parcali ¢izgeden A komsuluk matrisi olusturulduktan sonra, algoritma asagidaki
gibi devam eder.

1. A komsuluk matrisinden agagidaki gibi K matrisi elde edilir: K = Dl_l/ ZADZ_ 12

2. K matrisinin ikinci sag (up) ve sol (v,) tekil degerlerini hesaplanir ve asagidaki Z

-1/2
1 / uz

Dl_l/ 2y

matrisi formuna getirilir: Z =

2

3. Z matrisi iizerinde k-ortalama demetleme algoritmasi kosularak demetler bulunur.
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Burada bahsedilen D; ve D, matrisleri iki parcali ¢izgenin sirasiyla ilk ve ikinci
kiimelerinin derece matrisleridir. Eger algoritma birden fazla boyutta demetlenmek
istenirse, 2. adimda bulunan sag ve sol tekil vektorler sadece ikinci vektorler degil,
sirastyla 3., 4., .. sag ve sol tekil vektorlerden olugsmalidir. Bu sekilde Z matrisi tek
boyutlu degil birden fazla boyutlu olur ve k-ortalama demetleme algoritmast bu ¢ok
boyutlu matris iizerinde kosturularak demetleme yapilir.

Bazi veri kiimeleri i¢in iki parcali ¢izgede X in eleman sayist Y 'nin eleman sayisindan
bir hayli fazladir, bu da elde edilen A komgsuluk matrisinin dikdortgen yapida olmasina
sebep olur. Literatiirde bu tip dikdortgen matrisler iizerinde caligsabilen dagittk SVD
algoritmasi Onerilmistir. Algoritma sunucu-istemci modeli ile calismaktadir. Verilen
matriste satir sayisinin kolon sayisindan oldukg¢a az oldugu diisiiniiliirse, sunucu A
komsuluk matrisini kolon-temelli bolerek herbiri ayni sayida satira sahip olan kiiciik
matrisleri (A1,A»,..) istemci makinalara gonderir. Istemci makinalar bagimsiz olarak
SVD algoritmasini bu kiiciik matrisler tizerinde kosar ve elde ettigi tekil degerleri, sol
ve sag vektorleri sunucu makineye geri gonderir. Sunucu, istemcilerin elde ettikleri
tekil degerleri ve tekil vektorleri toplayarak birlestirir ve A matrisinin tekil deger ve
vektorlerini bulur. Daha sonra spektral algoritma k-ortalama demetleme algoritmasiyla
birlikte veriyi boliitler. Fakat bu algoritma sadece yogun karesel matrisler iizerinde
dogru sonuglar vermektedir. Ciinkii boliinen matrisler ile A matrisinin kertelerinin
(rank) esit olmasi gerekmektedir, Fakat elde ettigimiz iki parcali ¢izge bir hayli
seyrektir ve matris boliiniirken kiiciik matrislerin kerteleri komguluk matrisinin A
kertelerinden diisiik olabilmektedir.

Bu tez c¢alismasinda yukarida bahsedilen problemi c¢ozmeye yonelik yontemler
onerilmistir. Onerilen Ranky isimli algoritma 3 farkli yaklastmdan olusmaktadr.
Oncelikle A komsuluk matrisi béliiniirken kiiciik matrislerde (Ag,A»,..) kertenin
daha diisiik olmasina sebebiyet veren satirlar bulunur ve bu satirlarin kolonlarindan
birisine rastgele "1" eklenerek bu satirin diisiik kerteye sebep olmasi Onlenir. Bu
islemde satirlarin bulunmasinin nedeni komguluk matrisinin kertesini belirleyen, sayisi
kolonlarin sayisindan ¢ok ¢ok az olan satir sayisidir. Ikinci olarak iki pargali cizge
demetleme yaptigimiz icin, rastgele "1" ya da X’teki elemanlar ile Y’de elemanlar
arasina rastgele iligki eklemek yerine, bu satirlarin diger kii¢iik matrislerdeki komsulari
(diger satirlar) bulunur ve bu komsularin iligkisi bulunan kolonlardan rastgele bir kolon
secilir. Fakat elimizdeki veride kertenin diisiik olmasina sebep veren birden fazla satir
olabilir, ve bu satirlarin komgular1 benzer olabilir, bu sekilde rastgele atanan "1" ya
da iligki ayn1 kolona denk gelebilir ki yaptigimiz deneylerde bu sonuclarla kargilastik.
Bu yiizden 3. yontem olarak 6ncelikle 2. yontem olan komgsuluk yontemini uygulayip
daha sonra ilk yontem olan rastgelelik yontemini uygulayarak bu problemi ¢oziiyoruz.

Onerilen bu yontem kerte problemini ¢oziime kavusturmustur, fakat elde ettigimiz
demetleme sonuglarinda veri biiyiik ve seyrek oldugundan tutarsizlik gézlemlenmistir.
Bundan dolay1 veriyi seyrek halden daha yogun bir hale getirdikten sonra dagitik
SVD algoritmas: uygulanmistir. Bu yontem ile daha tutarl: iki parcali demetler elde
edilmistir. Veri seyrek halden daha yogun bir hale boliitleme algoritmalar1 kullanilarak
getirilmigtir. Basit olarak ayni diigiimler kiimesindeki benzer olan bazi diigiimler
birlestirilerek tek bir diigiim olarak temsil edilmistir. Daha yogun hale getirilen bu
veriye SVD algoritmas1 uygulandiktan sonra birlesik olarak temsil edilen diigiimler
tekrardan ayrigtirilirak boliitleme tamamlanmaktadir. Ornegin elimizdeki iki pargali
cizgede ornegin X kiimesinde 1.000.000 ve Y kiimesinde 100.000 diigiim var ise, bu
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yontemden sonra elimizdeki matriste toplam X kiimesinden 10.000 Y kiimesinde ise
1000 diigiim olabilmektedir. Bu sayilar parametre olarak degisebilmektedir. Birkag
diigiim tek bir diiglim ile gosterildikten sonra A komsuluk matrisi yeni baglantilar
gosterecek sekilde yeniden olusturulur. Ornegin X kiimesindeki i1, i2, i3 diigiimlerinin
sirastyla Y kiimesindeki al, a2, a3 diigiimleri ile iliskisi olsun. Eger algoritma bu
ic diigtimii (71, i2 ve i3) birlesik diigiim (yenidiigiim1) olarak temsil etmis ise yeni
matriste bu yenidiigiim1’in di8er ii¢ (al, a2, a3) diigiim ile baglantis1 olacaktir. Bu
sekilde Onceki matris seyrek olmaktan ¢ikip daha yogun bir hale gelebilmektedir.
Literatiirde bir¢ok cizge boliitleme algoritmasi olmakla birlikte biz bu tez kapsaminda
diigiim-bolmeli (vertex-cut) iki parcali ¢izge boliitleme algoritmalart olan Hash,Grid,
Bicut, Aweto ve Bifennel algoritmalarini kullandik.

Bu algoritmalarin basarimi tekrarlama faktorii (replication factor ) denilen ve toplam
tekrarlanan diigtimlerle ile toplam diigiim sayisinin, toplam dii§iim sayisina orani ile
hesaplanmaktadir. Hash tabanli algoritma iki parcali demetin en fazla diigiim iceren
kiimesindeki diigtimlerin numaralarini belirlenen bir hash fonksiyonundan gegirerek
boliitleme saglar. Ornegin X kiimesinde 4 eleman (i1,i2,i3,i4) ve Y kiimesinde 9
eleman (al,a2,a3,...,a9) var ise, algoritma bu 9 elemanin numaralarim1 alir ve hash
fonksiyonuna parametre olarak verir. Hash fonksiyonu bdliitleme sayisina gore
degisebilmektedir. Varsayalim ki burada 3 tane boliit olsun. Hash fonksiyonu
H(x) = x%?3 olur, fonksiyonda belirtilen x diigiim numarasidir. Bu sekilde i1,i4,i7
nolu diigiimler bir boliite 2,5,8 nolu diigiimler diger boliite ve son olarak i3,i6,i9 nolu
digtimler ise diger boliite atanir. Daha sonra her kiime sanki yeni bir diigiimmiis gibi
davranilir ve komguluk matrisi yeniden olusturulur. Fakat goriildiigii gibi bu yontem
hicbir sekilde diigiimlerin komsuluk iligkilerini gdz ©Oniinde bulundurmamaktadir.
Hatta eger diiglim numaralar1 ¢cok farkli ise boliitler de dengesiz olabilmektedir.
Diger algoritmalar bu temel bdliitleme algoritmasinin géz Oniinde bulundurmadig:
komsuluk iligkilerini ve boliitlerin dengesini gdz Oniinde bulundururak boliitleme
yapar. Bu algoritmalar arasinda Bifennel algoritmasinin, Onerildigi makalede en
diisiik tekrarlama faktoriine sahip oldugu deneylerle ispat edilmistir. Bu algoritma
hem komsuluk iligkilerini g6z oniinde bulundurmus hemde bdliitlerdeki dengenin
(diiglim sayisinin) yaklasik esit olmasini saglamistir. Bu tez kapsaminda da Bifennel
algoritmasi gerceklenerek cift parcali cizge demetleme sonuglart sunulmustur.
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1. INTRODUCTION

There are many types of graphs including simple, weighted, cyclic and acyclic, labeled
etc. in literature. A special type of graph is called bipartite graph (G = (X,Y)) that
is used in many applications from dating website to book selling e-commerce site. It
consists of a set of vertices which decomposed into two disjoint sets (X and Y) such
that no two vertices within the same set are adjacent. For example people and books
are two different independent sets that only have links between them and they represent
buying relationship between books and customers. Customers can only buy books or
books can be bought by only customers. This type of relationship can be represented
with a (0,1) adjacency matrix A of size |X| x |Y| where each row of the matrix is a
vertex of the first set and each column is a vertex of the second set. In this matrix, the
cell A;; where i corresponds to a person and k corresponds to a book is 1 if there is an

edge between vertex i and k, otherwise it is 0.

In this thesis, we focused on a distributed bipartite graph clustering method which
copes with the big bipartite graph that can not be effectively clustered on a single
machine. Though, we implemented a server-client architecture to cluster the given
bipartite graph. There are spectral clustering methods based on distributed SVD
algorithm to cluster big bipartite graphs. However, these methods are not successful to
deal with sparse matrices since distributed SVD algorithm can not compute singular

values and singular left and right vectors correctly for this kind of matrices.

We proposed three different methods to address the problem. Although we have solved
this problem, the bipartite clustering result has become unbalanced due to sparsity of
the data matrix. Then we have applied bipartite partitioning algorithms before applying
distributed SVD on the matrix. We achieved compressed and dense matrix by applying
the partitioning algorithms on the data matrix and applied distributed SVD algorithms.
We get balanced clusters with this strategy. There are many partitioning algorithms
such as Hash, Grid, Bicut, Aweto, Bifennel etc. Replication factor which is ratio of

replicated vertices with all vertices to all vertices and execution time are evaluation



criteria of partitioning algorithms. Bifennel algorithm has the best performance
according to the paper [1] in terms of partitioning processing time and replication
factor. We applied distributed version of Bifennel bipartite partitioning algorithm and

had balanced cluster as well as less replication factor.

The rest of the thesis is structured as follows: In Section 2 we present background
and in Section 3 we give details about Ranky algorithm. Section 4 shows partitioning
algorithms and 5 shows our analysis and results. Finally, Section 6 concludes the

thesis.



2. BACKGROUND

In this chapter, we will give background of thesis which is based on distributed bipartite
clustering. We will first explain bipartite clustering in detail, then give the methods
used to cluster bipartite graphs such as spectral clustering. We will also discuss other
partitioning algorithms such as Bifennel, Aweto, Random and Grid in chapter 4. We

will use following definitions through this thesis :

e G(V,E) represents a graph G where V is the vertex set and E is the edge set of the

graph.

X and Y represent independent sets of the bipartite graph.

e A represents adjacency matrix of the bipartite graph.

w; j denotes the weight of the edge between vertex in X and vertex in Y.

C1 and C; are subgraphs after bipartite partitioning

2.1 Bipartite Clustering

Data clustering is the method of identifying a group of samples in such a way that
samples in the same group are more and more similar to each other rather than
others in different groups. There are two different kinds of objects to be clustered
simultaneously in bipartite clustering. Formally, assume that G(V, E) is a graph where
V is the vertex set and E is the edge set of the graph. A graph is bipartite graph if and
only if whose vertices can be divided into two disjoint sets X and ¥ and each edge has
one endpoint in X and one endpoint in Y. This type of graph can be seen in Figure 2.1.
Bipartite graphs require different algorithms to be clustered because of their structure.

Next we will discuss spectral clustering which is used to cluster bipartite graphs.



Figure 2.1 : Bipartite Graph Example.

2.1.1 Min-max cut and spectral clustering

Min-max cut algorithm partitions bipartite graphs into two subgraphs C; and C, such
that sum of edge weights connecting vertices in Cj to vertices in C is minimum and
the sum of edge weights within C; and C; is maximum. Thus, this algorithm tries to
minimize similarity between clusters and maximize the similarity within a cluster [2].

The similarity between C; and C; is as follows:
cut(Cy,Cy) = W(Cy,(Cr) 2.1)

where W(C},C5) is the sum of all edges weights between subgraph C; and subgraph
C,. Min-max cut algorithm minimizes W (C,C,) while maximizing both W (Cj) and
W(C,) where W(C)) is the sum of all edge weights in W(Cj) such that W(C;) =
W (Cy,C). In the light of these, min-max cut objective function is defined as below:

Cut(Cl,Cz) Cut(Cl,Cz)

Mcut(Cy,C2) = w(C) W(G)

(2.2)

The objective function in Equation 2.2 is called normalized objective function.
Spectral clustering is a relaxation of these objective functions. Let DM be the diagonal
degree matrix of symmetric adjacency matrix (W). If the graph is undirected, the

adjacency matrix (A) is symmetric. Otherwise symmetric adjacency matrix (W) can be

W= ( AOT ‘8‘ ) (2.3)

Laplacian (L) matrix is defined as L = DM — W where DM is diagonal degree matrix

found as follows:

and W symmetric adjacency matrix. Lete = (1,1,1..1) be a vector, then Le = 0, hence
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0 is an eigenvalue and e is the corresponding eigenvector of L. Min-max cut can be
represented with DM and W. For any partitioning vector x = (1,1,1,.. —1,—1,—1)
andy=(—1,—1,—1,..1,1,1) partitioned with C; and C, respectively, the cut(C;,C>)

can be re-defined as follows:
cut(C,C) = xT (DM —W)x =y (DM —W)y (2.4)
xT (DM — W)x or yI' (DM — W)y in Equation 2.4 leads to find eigenvalues and

eigenvectors of Laplacian form of symmetric adjacency matrix. Thus, spectral

clustering algorithm can be defined as follows:

Algorithm 1 Spectral Clustering Algorithm

Require: Symmetric adjacency matrix W
1. Compute Laplacian L (DM-W) form of adjacency matrix.
2. Compute eigenvalues and eigenvectors of laplacian matrix L.
3. Take the second smallest eigenvalue and its related eigenvector

4. Partition vertices into two partition by separating the values in the vector as
negative and positive values

Spectral clustering divides the graphs into two subgraphs by minimizing the objective
function. However, this algorithm can be used to recursively bisection the subgraphs.
On the other hand, Dhillon [3] proposed another algorithm called multipartitioning
that is based on spectral clustering which can partition graph into more than two
subgraphs which is k. He also used singular value decomposition of Laplacian form
of symmetric adjacency matrix instead of finding eigenvalues and eigenvectors. By
doing so, there is no longer need to keep the symmetric matrix of adjacency matrix. In
this thesis, we are using multipartitioning algorithm instead of using recursive spectral
clustering algorithm. Multipartition algorithm is using k-means clustering algorithm
when separating the values of second smallest eigenvector known as Fiedler vector.

The algorithm is given in Algorithm 2.

In multipartitioning algorithm, SVD is used instead of eigenvalue decomposition to
find the Fiedler vector that is related to second smallest singular value of laplacian
form of adjacency matrix. Because of its importance next section we will explain

Singular Value Decomposition (SVD) in detail.



Algorithm 2 Multipartitioning(k) Algorithm
Require: Adjacent matrix A

1. Compute D;l/ 2AD; 12 \Where D, is the degree matrix of X and D, is degree
matrix of Y

2. Compute [ = log’§ singular vectors of Dl_l/ ZWD; 12 Where k is the number of
cluster

~1/2
3. form the matrix Dfl/ ZWD; 12 toZ= ZD)1—1 /zl‘j Where U and V are the left and
1

right singular vectors of the matrix Dl_l/ 2WD2_ 12

4. Run k-means algorithm on the /- dimensional data Z to get the desired clusters.

2.2 Singular Value Decomposition

The Singular Value Decomposition (SVD) of a matrix F' can be defined as factorization
or decomposition of the matrix into the product of three different matrices. Formally,
the singular value decomposition of a matrix ' with M rows and N columns can be
represented as follows:

F=Uxv* 2.5)

In Equation 2.5, U is a unitary matrix (U r—y _') with dimensions MxM, V*
(conjugate transpose of V) is also a unitary matrix having NxN dimension and X
is MxN diagonal matrix with non-negative real diagonal numbers where ¥;; = o;
fori=1,...,min(M,N). If the matrix F is real, then U and V are real and orthogonal.
The vectors u; (i =1,...,M) and v; (j =1,...,N) are called the left and right singular
vectors respectively and oy (k = 1,...,min(M,N)) are the singular vectors. In this
thesis we assume that the matrix F is "short and fat" where the number of columns
are much more than the number of rows. But the matrix can also be "tall and skinny"

matrix where number of rows are much more than number of columns.

It is possible to get singular components of F' by finding eigenvalues and eigenvectors
of cross product matrices (F*F and FF*). The left and right singular vectors are
the eigenvectors of the matrices respectively and singular values are the nonnegative
square roots of the eigenvalues of one of the cross product matrices. Besides, singular
components can be found by finding eigenvalues and eigenvectors of a symmetric

matrix called cyclic matrix that is constructed as a matrix ([F|F*]) from F and F*.



But these two approaches are not recommended to compute singular components
because of both high cost of the computation of cyclic matrix, especially in the case
of sparse matrix. Besides, these methods cause loss of accuracy when computing
FF* [4]. Generally SVD algorithms focused on bidiagonalization step in order to get
cross product matrix without computing it explicitly [5]. Householder method is one
approach for computation of the bidiagonal form of a given matrix F and Golub-Kahan

bidiagonalization or Lanczos bidiagonalization [6] is another approach for this step.

On top of these core algorithms to solve SVD, there are several distributed algorithms
which can run simultaneously on both in different or same machines. The complexity
of computing the SVD is O(M?N) or O(MN?) where M < N or M > N respectively
for a matrix of size MxN. These algorithms try to solve the SVD problem with less
complexity by using distributed incremental or hierarchical algorithms. Recently, Iwen
and Ong [4] also proposed an algorithm to construct SVD of a matrix in a distributed
and incremental way. They proved to recover singular components of large, dense
and highly rectangular matrices, but not sparse matrices because of rank of the matrix.
The algorithm can recover the singular components of the input matrix if its rank is
known. When the dimension of a matrix with the size of MxN is considered, rank of
the matrix will be at most min(M,N), which is number of rows in their assumption.
Although, Vasudevan and Ramakrishna proposed a hierarchical SVD algorithm for

low-rank matrices, matrices were large, dense and inherently low-rank they used [7].

SVD has many useful applications in many fields from data mining to signal processing
including dimension reduction [8] , data clustering [3] , PCA [9], image restoration
[10] [11]. Although the history of the SVD dates back to 1900, it was first established
for general rectangular matrices by Eckart and Young [12] in 1939. Then it has become

more and more popular after that year.

The SVD of a matrix can be formulated as an eigenvalue problem. Compared with
an eigenvalue problem, it only works on some of square matrices, but SVD can be
applied to all types of (square, rectangular) matrices. Input matrix must be transformed
to square matrix before the SVD problem is considered as eigenvalue problem. There

are two possible ways to achieve this:

e The cross product matrix, either F*F or FF*



e The cyclic matrix H(F) = [ I9* Ig}
Roman et. al stated that these two approaches are not feasible to get singular
components of non-square input matrix due to their drawbacks detailed in chapter 4
in [13]. Then Golub and Kahan [6] proposed bidiagonalization algorithm to solve the
SVD problem. This algorithm produces the partial bidiagonal reduction of input matrix
with increasing dimension in each iteration. There are several implementation of this
algorithm in literature. Golub et al. [14] implemented block version of this method. A
good low rank approximation algorithm, a version of lanczos bidiagonalization called
one-sided SVD, was proposed by Simon and Zha [15]. Once bidiagonal form of
input matrix is calculated, then the singular values of bidiagonal matrix form can be

calculated using QR algorithm [16]. There is also stable divide and conquer algorithm

proposed by Gu and Eisenstat [17] to compute the SVD of lower bidiagonal matrix.

In some big data applications, the input data is represented as a short and fat matrix
with a small number of samples having a large set of features or vice-versa. For
instance, there are only ten thousands of terms in Wikipedia, while the number of
articles has more than 5,5 millions. There are several studies in literature attempted
to solve distribute SVD for non square matrices [18-21,21,22]. Qu et al. proposed
a distributed SVD algorithm for tall and skinny matrices and reported the results on
synthetic data. Although they have a good accuracy, their algorithm works efficiently
when the local matrices have low ranks [18]. Another algorithm proposed in [19]
that is based on the algorithm proposed in [18] is using hierarchical QR algorithm
to solve Principal Component Analysis (PCA) and inherently the SVD problem. This
distributed algorithm uses tree-based merge technique to collect and merge R matrices.
Iwen and Ong proposed an algorithm called a distributed and incremental algorithm
for short and fat matrices. The algorithm is based on server-client architecture. First
of all, server splits the adjacency matrix column-wise into sub matrices called as block
matrices and distributes them to clients, then each client calculates SVD of its own
block matrix separately and sends back the calculated singular values and singular left
vector. After that, server merges all received singular values and singular left vectors in
such a way to create a matrix called as proxy matrix (P) and recovers SVD of adjacency

matrix by calculating SVD of the proxy matrix. Dimension of proxy matrix is much



more smaller than the original input matrix because of highly rectangular matrix. More
recently, Vasudevan and Ramakrishna proposed a hierarchical SVD algorithm which
can recover only singular values and left or right singular vectors like in the algorithm
proposed in [7]. This algorithm is not working with only short and fat or tall and
skinny matrices also all types of other matrices. Further, they split the matrix into
block matrices, both row-wise and column-wise unlike the Iwen and Ong algorithm.
But this algorithm is suitable for the dense and low rank matrices. We will give more

details about distributed and incremental algorithm in the section 3.






3. RANKY ALGORITHMS

3.1 Incremental and Hierarchical SVD Algorithm

There are several algorithms such as householder reflection, Golub-Lanczos algorithm
to solve the problem of singular value decomposition. With the help of the today’s
social media or giant Internet websites, the size of data produced is enormous. For
instance, there are hundreds of millions tweets per day, more than this number is
produced in facebook and instagram posts by the billions of users. SVD plays a critical
role for this type of huge data produced by such sites. SVD can be used in many
applications as mentioned before. However, the run time of the SVD can sometimes
be really long depending upon the size of the matrix. Incremental and hierarchical
algorithms compute huge matrices in a distributed and incremental way. It is a top
layer above the SVD algorithms for highly rectangular matrices. The idea is relatively
simple, it first splits the matrix into the independent blocks, column-wise if the number
of rows is much more smaller than the number of columns in the matrix, row-wise if
vice versa, then applies a SVD algorithm on each block, lastly combines the partial
results from each block. All these steps can be seen in Figure 3.1.  Firstly, the fat
and short matrix (as known as highly rectangular) F € CM*V is divided into separate
blocks where F = [F!|F?|...|FP] as shown in Figure 3.1. Since F' has a rank at most

d € {1,...,M}, each block has a reduced SVD representation,
. d . . . ACAL AL
F'= _Zlu;-o;(v’j)* = U 3.1)
Jj=

Let P = [U'£!|0?£2|...|UPLP] be the proxy matrix of F. If F has the reduced SVD
decomposition, F = ULV* and P has the reduced SVD decomposition, P = U'S'V1,

then £ = 3", and U = U'W B where WB is a unitary block diagonal matrix. the singular
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Figure 3.1 : Distributed SVD And Ranky Algorithm.

values of F are also the (non-negative) square root of the eigenvalues of FF*. Then,

FF' = Y UV (/) (E) )W’
z;l (3.2)
_ ;Uizi((zi)*)(Ui)*

Similarly, the singular values of P are the (non-negative) square root of the eigenvalues
of PP*.
D D ,
PP =Y UL (U'E) =Y UT(E))U) (3.3)
i=1 i=1

Iwen and Ong proposed the formulas in eq. 3.2 and 3.3 respectively [4]. It was proved
that SVD of proxy matrix P must be the same as SVD of the matrix F if and only
if each block (F') of the matrix F has rank d. The distributed and incremental SVD
algorithm proposed by Iwen and Ong [4] was proven based on the equations (3.2)
and (3.3) to compute singular values and left singular vectors of the matrix F by

computing the singular values and singular left vectors of the proxy matrix P. But
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there is a problem such that when the rank (d) of the block matrices of matrix F is
smaller than the rank of the matrix F itself, the distributed and incremental algorithm
can not compute singular values and singular left vectors with high accuracy (actually
computes incorrectly). There might be some rows of some blocks that is completely
zero because of the sparsity of F' and this leads to the rank of block matrices smaller

than d in that case.

3.2 Proposed Methods For Large and Sparse Matrices

INPUT MATRIX A 170897(N)
170896
(\ 170?95 J' J

123 «e N/D N/D +1 ese

-

10 1. 1 100
N 2/000. 2 101
000

M QNl 3|o01.. 3
Mlt’/ h” ‘XNZ . BLOCK 1 BLOCK 2 see BLOCK D
N\ AN H H
N\ (N4
m2( ) ;\{NS
>< = 539(M) 539(M)
w3 ) (N6
_/
- \ON170895
() >< \ 4 . 4 . \/
M539( ) (ON170896 —
(ON170897 Ranky fany e Ranky
\_'7
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UL U2 B8] U0

SVD

v
Uz

Figure 3.2 : General Schema, One Level Distributed and Incremental SVD with
Ranky algorithm.

As aforementioned in the previous section distributed and incremental algorithm can
not compute singular left values and singular left vectors correctly even if one of the
block of the matrix has smaller rank than the matrix itself. This problem causes
inconsistency when computing SVD of the matrix. It is worth to keep in mind that

we encounter this problem owing to large sparse matrix. Firstly the bipartite data
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is converted to large sparse rectangular matrix F© whose rows correspond to X and
columns to Y. Then, the matrix is split up to blocks column-wise and a general SVD
algorithm is run on each block. After calculating SVD on each block matrix, partial
results are combined together to get the SVD of whole matrix F'. But there is a problem
arising from block matrices. After the representation of bipartite graph as the matrix,
the matrix becomes sparse and some nodes will not have any link in some blocks. This
problem leads to have less rank of corresponding block than the matrix F'. Incremental
and distributed SVD algorithm is not able to calculate SVD of the matrix F if the rank
is unknown or less for block matrices. We solve this problem using a set algorithms

called Ranky. All of the process can be seen in general schema in Figure 3.2.

3.2.1 Ranky algorithm

A set of algorithms, Ranky, namely Random checker, Neighbor checker and Neighbor
Random checker. These three algorithms are applied before calculating SVD of each
block matrix of the matrix F'. Sometimes we will refer to the rows and columns of the
matrix F' as nodes to be more descriptive. Each row that has no entry or contains zero
in a block matrix will be called lonely node, for instance second node is a lonely node
as shown in block matrix 1 in Figure 3.2. We give the steps of the Ranky algorithm,
then we will explain how other algorithms work with this algorithm. Because other
algorithms are just one step of Ranky algorithm. Ranky: The steps of Ranky are

described as follows:

1. Load matrix F

2. Call one of the Random checker, Neighbor checker or Neighbor Random checker

methods.
3. Compute singular values and singular left vectors in parallel for each block matrix.

4. Generate proxy matrix P by getting singular values and singular left vectors from

all block matrices.

5. Compute singular values and singular left vectors of proxy matrix P.

Other methods such as Random checker and Neighbor checker can be integrated easily

in the second step of the algorithm to solve rank problem of the matrix. As mentioned
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earlier, bipartite graph is represented a matrix F having dimension of MxN where M
and N represents node in X and Y respectively. After that, the matrix is divided in to
D blocks and each block is checked in order to equalize the rank. If there is a lonely

node in any block, then other algorithms are being called.

Algorithm 3 Ranky Algorithm

Require: matrix F' having dimension MxN
Split the matrix F into D blocks based on column-wise
ford=0to D do
for m=0to M do
Checker = true
forn=(N/D)xdto (N/D)*(d+1) do
if F, , # 0 then
Checker = false
break
end if
end for
if Checker then
call one of the Random checker,Neighbor checker or Neighbor Random
checker methods
end if
end for
end for
Compute singular values and singular left vectors in parallel for each block matrix.
Generate proxy matrix P by getting singular values and singular left vectors from all
block matrices.
Compute singular values and singular left vectors of proxy matrix P.

3.2.2 Random checker method

This method is the simplest method among others. We assume that the number of rows
are smaller than the number of columns in each block matrix. It can be inferred that
the rank of each block matrix is equal to the rank of matrix F* with the approximate

probability formula as below:
Pr=(1 ! NO (3.4)
re (1 —— % .
NC

Ineq. 3.4, NC represents the number of columns in the block matrix and NO represents
the number of rows which have only one column filled and others are zero. Assume

that we have the following block matrix F’ having dimension of 5 x 500 and only the
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last row has no entry in any column.

0101..0
0100..0

Fi=11 000 ... 0 (3.5)
0001 ..0
0000 ..0

The second, third and forth rows have only one entry in the second, first and forth
column respectively in the block matrix shown in equation 3.5. Hence number of
columns for this block matrix is NC = 500 and number of rows which have only one
entry is NO = 3. If the last row is filled randomly with Random checker method, the
approximate probability of having same rank with matrix F in terms of row-wise will
be as follows:

1
Pr= (1 —%*3) =0.994 = %99.4 (3.6)

As shown in Equation 3.6, the approximate probability that the block matrix has
the same rank as the matrix F' is %99.4 when using Random checker method in
the previous example. If the number of columns gets bigger, then the approximate
probability will be higher. Although the Random checker method has a high
approximate probability, it does not consider the neighborhood information of nodes

in the graph. The method is as follows: We use the term "approximate" with the

Algorithm 4 Random checker method

col = find a random column in block d
F m,col — 1

probability, because there is no way to calculate certain probability of matrix having
rank d as far as we know. We propose another method called Neighbor checker that is

checking neighbors of each node, then adding an edge.

3.2.3 Neighbor checker method

The second method is the neighbor checker method. This method is adding an edge to
the lonely node by checking the neighbors of the lonely nodes in other blocks rather

than adding randomly. The steps of this method are as follows :

e Check each node of each block matrix, if there is a lonely node, then continue,

otherwise go to the next step
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e Check other block matrices to determine neighbors of the corresponding node.

e Add the candidate neighbors found in other block matrices to NeighborCandi-

dateList

e Find all nonzero columns of the nodes in the NeighborCandidateList and add these

columns to NeighborList

e Select a column from the NeighborList list and add an edge between the lonely

node and the column in the corresponding block matrix.

Algorithm 5 Neighbor checker method

create an empty list NeighborCandidateList
for d1 =0to D do

if d1 == d then
continue
end if

for nl =(N/D)*dl1 to (N/D)*(d1+1) do
if F}, o1 # 0 then
for m1 =0 to in M do
if le,nl 7é 0 then
add m1 to NeighborCandidateList
end if
end for
end if
end for
end for
create an empty list NeighborList
for m2 = 0 to size(NeighborCandidateList) do
forn2=0toin (N/D)x(d+1) do
if F0 00 # 0 then
add n2 to NeighborList
end if
end for
end for
col = choose a random column from NeighborList
Fi,col =1

Each block matrix is controlled by Neighbor checker method as shown in Figure 3.2.
For instance, there are edges between M1 and N1, N3 and N170895. However, there is
no edge between M2 and others in the first block matrix. But there are edges between
M2 and N170895,N170897 in the last block matrix. Neighbor checker is checking the

first block matrix and identifies that the second row (M?2) is fully zero, meaning that
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there is no edge between M2 and any other nodes in the first block matrix. Then other
blocks rather that the first one are being checked one by one to determine neighbors of
M2 and if there is a neighbor, it is added to the NeighborList. In our example, M1 is
one of the neighbors of M2 because of the neighborhood of N170895. Then a common
edge between M1 and M2 is put to the second row of the first block matrix to get the
rank of the this block matrix as same as the rank of the matrix F. But this method has
some disadvantages when adding an edge to lonely node. For instance, if there is only
one neighbor which has only one column filled (entry) of lonely node, choosing that
column causes the rank less than d. Even if there are more than one neighbor, choosing
a node which has one column filled randomly causes same problem. Therefore, we use

another method, Neighbor Random checker method.

3.2.4 Neighbor random checker method

The rank of the block matrix might be less than the matrix F because of two rows
having the same entries in same column. Neighbor checker method does not only
consider this problem when adding a new edge to a lonely node also takes the
advantage of Random checker method. Thus, we use Random checker and Neighbor

checker algorithms together to overcome this issue.

Neighbor Random checker: We use this method to increase the probability that
the block matrix and matrix F' have the same rank by taking advantage of Neighbor

checker and Random checker methods in step 3 instead of Random checker.

e Check each row of each block matrix, if there is a row which is completely zero in

a block matrix, then continue, otherwise go to the next step
e Check other block matrices to determine Neighbors of the corresponding node.

e Add the candidate Neighbors found in other block matrices to NeighborCandi-

dateList

e Find all nonzero columns of the nodes in the NeighborCandidateList and add these

columns to NeighborList

e if NeighborList is empty, then add an edge to a column of corresponding lonely

node randomly.
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e if NeighborList contains 1 element, find a common edge between the lonely node
and the the column in the NeighborList and add this edge to the corresponding

block matrix.

e if NeighborList contains more than one element, then select a node from the
NeighborList list and find a common edge between the lonely node and the selected

column and add this edge to the corresponding block matrix.

e Add an edge to a column of corresponding lonely node randomly.

Algorithm 6 Neighbor Random checker Method

Firstly call Neighbor checker method
Then call Random checker method

It is relatively simple that it call firstly Neighbor checker then Random checker

algorithm.
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4. PARTITIONING ALGORITHMS

Graph dataset has very large size with more than billions of vertices and trillions of
edges nowadays. Data scientists need a powerful tool, framework or a programming
paradigm to analyze these huge datasets. There are many directly graph related
frameworks in literature such as Pregel [23] or its open source alternative Giraph
[24], GraphLab [25], GRAPE [26] etc. All of these frameworks use either Bulk
Synchronous Parallel model or Map Reduce parallel model. In these frameworks,
the first step before analyzing the data is graph partitioning. Because graph algorithms
that work on huge graph dataset require efficient partitioning strategy to minimize
communication among machines and maintaining the load balance. Graph partitioning
is an NP-hard problem and it has been studied for decades. There two types
of partitioning: online and offline graph partitioning in literature. Offline graph
partitioning algorithms such as METIS and spectral clustering needs to know whole
graph information to perform offline partitioning. But high computation and memory
consumption occur due to the size of the graph. On the other hand, online graph
partitioning does not require full graph information. There are two main types of online
partitioning either edge-cut or vertex-cut. Edge-cut divides the graph into subgraphs
by cutting edges among them, whereas vertex-cut partitions vertices among subgraphs.
There is a criteria called as replication factor that measures vertex-cut algorithm in

terms of number of replicated vertices. It can be measured as follows:

#replicated vertices + # of all vertices @.1)

Replicati tor =
eplicationfactor # of all vertices

Graph partitioning achieves the best score when the replication factor is 1, because it
shows there is no replicated vertices and graph has been partitioned without replication.
In this chapter, we will discuss different vertex-cut online graph partitioning algorithms
starting from the simple one, hash based or random vertex-cut graph partitioning to

complex algorithms such as Bicut, Aweto etc.
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4.1 Hash Based

Hash based graph partitioning is the simplest partitioning algorithm among others.
Firstly, it defines a hash function and distribute vertices by using this function. For
instance, assume that there are 3 workers to be distributed the graph, hash function can
be as follows:

Hash(x) = x%3 4.2)

Figure 4.1 : Graph Partitioning General Example.

In Equation 4.2 x is the id of the vertex. There is no need to use all vertices for hash
function, only one side of the bipartite graph either X or Y is sufficient. Assume that
we have a bipartite graph shown in Figure 4.1. This partitioning strategy is using hash
function as in Equation 4.2. For example, we use only the right side (Y') of the bipartite
graph. The algorithm starts with the first vertex of the Y side which is 5. Hash function
is calculated as F(5) = 5%3 and F(5) = 2, then the vertex number 5 will be assigned
to 2.worker with its all corresponding edges and vertices which are 1 and 4. This result
can be seen in Figure 4.2. Replication factor for this small graph is 1.5 . Number of
replicated vertices are 1, 2, 3 and 4 and vertex 1 is replicated twice. Thus replication

factor can be calculated as follows:

(124 14141)4+10 15
RF = ” =5 =15
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Worker 0 Worker 1 Worker 2

3 6 |1 7 1 5
1 9 |4 10 2 8
2 3 4

Figure 4.2 : Hash Based Partitioning.

In this equation total number of vertices is 10, but after partitioning we have 15
vertices in total, we can calculate the replication factor by dividing total number
of vertices after partitioning by total number of vertices before partitioning directly.
Hash-based partitioning does not consider neighbors and distribute randomly vertices
among workers. This may cause high replication factor. However, other algorithms

such as Grid, Bifennel, Aweto do.

4.2 Grid

4.2.1 Grid-based random vertex-cut

Grid-based partitioning has two different approaches such as grid-based random or
grid-based greedy vertex-cut. We will first discuss the grid-based random vertex cut.
This approach places the workers into a grid-shaped matrix, then assigns vertices to
workers with some constraints. Let u and v be two vertices which have an edge between
them and §; and §; be the constrained set of u and v respectively. In order to achieve a

good partitioning, following conditions must be held.

1. Constrained sets must intersect with S;NS; # 0
2. Two constrained sets must have same size |S;| = [S}]

3. One constrained set does not be a superset of another. S; Z S;
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The question is how to find the constrained sets that hold the requirements above.
Firstly, vertex v and u having a common edge (u,v) are mapped using a hash function
into workers i, j in the grid-shaped matrix G. Then the intersection worker set of S;
and §; which are of all horizontal and vertical neighbors of vertex u and v are chosen.
Lastly, a worker is chosen randomly from the intersection worker set. By doing so,
the replication factor is 2\/|7| — 1 at most in this approach, where n is the number of

workers in the cluster [27]. Assume that we have 9 workers and we create a matrix

Figure 4.3 : Grid Partitioning Example.

having size 3x3 as shown in Figure 4.3. If a vertex v is mapped to worker 1 according
to the hash function, the constrained set of v will be S; = {2,3,4,7} where 2 and 3 are
horizontal neighbors of v and 4 and 7 are the vertical neighbors of v. In the same way, if
the another vertex u from edge (u,v) is mapped to 6th worker, then the constrained set
of u will be S; = {3,4,5,9}. The intersection worker set will be the common workers
which are 3 and 7 between vertex u and v. Lastly a random worker is chosen from this

set to assign vertex u and v.

4.2.2 Grid-based greedy vertex-cut

This approach is used to assign vertices from the intersection worker set in the step of
machine selection. Greedy approach is used instead of random approach. For instance,
choosing a machine which has less vertices than others is an option. Load balance

problem is solved as well as minimizing the replication factor by using this approach.

24



4.3 BiCut

Bicut bipartite partitioning algorithm is the first algorithm that can be used specially on
bipartite graphs. When the bipartite graph has skewed distribution which is one side
(X or Y) has more nodes than opposite side (Y or X) of bipartite graph, it is useful to
use. The partitioning is done using the side that has more vertices [28]. This side is

called as favorite subset. This algorithm has also greedy and random approaches.

4.3.1 Randomized bipartite-cut

By default, favorite subset is used to assign vertices to machines. This approach is
quite straightforward, it takes the vertices from the favorite subset and assigns vertices
with all edges to machines using a hash function. For example, in Figure 4.1 there are
only 4 vertices in X and 6 vertices in Y. Y is chosen as a favorite subset because of its
has more number of vertex. Assume that our hash function is /(x) = x%3, then vertices
6 and 9 will be assigned to worker 0, vertices numbered 7 and 10 will be assigned to

worker 1 and others to worker 2.

4.3.2 Greedy bipartite-cut (Aweto)

Randomized Bipartite-cut algorithm does not provide a good balance because of hash
function. There is no any mechanism to adjustment the balance of the workers, or
neighborhood of the vertices. Aweto takes the advantage of checking similarity of
neighbors between vertices in the favorite subset as well as balancing load of machines.
Aweto takes one more additional round of edge exchange to use the similarity of
neighbors among vertices in the favorite subset and the balance of edges in partitions.
The first step is always same that is using a hash function and randomly assignment.
After this step, Aweto re-assign all vertices in the favorite subset using the formulas

below:

e re-assign a vertex to partition i if 8,(v,S;) > 8,(v,S;) forj € (1,2,..p)

e S, is the current vertex set of the vertex
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o 5;(vS;) = |N(v)NS;| — B(|S;|) where B(x) = |S;|'/?B(x) and N(v) is the set of

neighbors of vertex v

In this thesis we also use this algorithm in addition to Bifennel graph partitioning
algorithm which is based on this algorithm. Because of the similarity of the algorithm

Aweto and Bifennel, we will give an example of Bifennel algorithm next.

4.4 Bifennel

Bifennel is based on the Fennel [29] algorithm which is an vertex cut graph partitioning
algorithm. Unlike Bicut and Aweto algorithms, This algorithm is trying to balance of
size of partitions and checking the similarities between vertices. Steps of this algorithm
are similar to the steps of the Aweto algorithm. This algorithm is also working with

the favorite subset. The steps can be defined as follows:

1. Create adjacency matrix of favorite subset of bipartite graph.

2. Use the formula 8, (v,S;) = |[N(v) N Si| — +/|Si| +|N(v)| to assign vertex v in the

favorite subset to partition i where &, (v, S;) > 8,(v,S;) forall j € j = {1,2,3, ..k}

The first part of the formula is same with Aweto algorithm, however, second part which
is handling edge balance of partitions is different. Results that are reported in [29] show
that Bifennel algorithm has better performance than Aweto and Bicut in terms of the
replication factor and computation cost. Also runtime of Bifennel has almost doubled

the runtime of Aweto and Bicut. The algorithm is as follows:

4.5 Distributed Bifennel

Bifennel partitioning is a sequential bipartite partitioning algorithm which means there
is no any parallel execution. However this algorithm can be implemented as a parallel
algorithm by applying some differences on it. This algorithm is working by taking a
vertex from favorite set , assigns it to a partition and skips to another vertex in the set.
Partitioning results are changing when the order of vertices are changed. If we start
with a random vertex from the favorite set, the partitioning result would change, but

replication factor would become fairly constant.
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Algorithm 7 Bifennel Algorithm

Require: Create a k-bit bitmap to save vertices’ location in U, named as
neighbor_map. Save metadata into adjacent list, named as ad j_map
if the graph is finalized then

return
end if
proc_num_edgelk| < 0
for eachvinV M do
create a k-element vector proc_degree to keep |[N(v) NS
best_proc + 1
best_score < INT_MIN
for eachV € |[N(v)| do
for i=1tokdo
proc_degreeli] < neighbor_map[V'][i] //compute |N(v) NS;|
end for
end for
for i=1tokdo
proc_score < proc_degreeli] - 3/ proc_num_edgeli] + N (v)|
if proc_score > best_score then
best_score < proc_score
best_proc <=1
end if
end for
for eachV € |[N(v)| do
neighbor_map|v'|[best,roc] < 1
send(best_proc,edge(v,v')) //send all edges to v’s edges to appointed machine
end for
proc_num_edgelk| < proc_num_edgelk] + [N(v)|
end for
delete neighbor_map, ad j_map. //save memory for local graph

The formula that decides which vertex must be assigned to which partition can
be calculated separately. S; represents in this equation 8 (v,S;) = |[N(v) N S| —
v/ |Si| + |N(v)| the edge number of partition i. The number of neighbors of vertex
v |[N(v)| does not change, thus we can calculate it independently for each node in the
favorite set. Keeping the number of edge of partitions global helps us to assign vertices
balanced. In this thesis, we used a threaded version of Bifennel algorithm named
Distributed Bifennel in order to get equally likely balanced partitions in addition to less
replication factor. Experimental results show that the replication factor of Distributed
Bifennel algorithm is almost the replication factor of Bifennel. The advantage of
Distributed Bifennel algorithm does not only have approximate replication factor with

Bifennel algorithm also has fast execution time.
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5. EXPERIMENTAL RESULTS

In this chapter, we will give results of Ranky algorithm in detail and discuss results of
Bifennel and Distributed Bifennel algorithm. Lasly, clustering results will be given in

terms of edge cut ratio.

5.1 Ranky Algorithm Results

Data used in the experiments is obtained from kariyer.net, one of the most popular
job-site companies in Turkey. Data can be defined with a bipartite graph that has
539 jobs and 170,897 candidates with 269,650 edges representing job applications.
This bipartite graph is converted into a job-candidate adjacency matrix whose rows

represent jobs and columns represent candidates.

LAPACK SVD algorithm, dgesvd function located in threaded Intel MKL library is
used to find SVD of each block matrix. The code was written in C++ and run on
8 cores and 10 GB RAM machine running Linux operating system. This algorithm
currently runs on one machine but can run on distributed machines in a cluster and
transfer data between the machines via sockets. Execution time of these results is
not reported here as these are ultimately dependent on the number of processors and
number of machines used in a distributed situation. Criteria is sum of total error which
is an evaluation metric between the true singular values (o;) and obtained singular
values ((6;)). Similarly, we used the same evaluation metric for the singular left vectors
between true (e;) and obtained (é,;) as shown below. We compare there different
algorithms the Random checker, Neighbor checker and Neighbor Random checker.

N N

ec = Z |6;—0;] and ¢, = Z |éui — eil

i=1 i=1
The sum of total error for singular values and singular left vectors is shown in Table 5.1
and Table 5.2 with Random Checker and Neighbor Checker methods respectively as
rank controller. Errors are negligible as shown in Table 5.1 and Table 5.2. But, it is an

undeniable fact that there is no relationship between the errors and number of blocks
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due to randomness. Although using more number of blocks is an advantage as speed
of execution time, it might cause a problem in terms of rank of the block matrices.
Because having more block matrices leads to have less rank of the block matrices.
Hence the Random Checker method might change the structure of adjacency matrix in
case of using more blocks because of its nature. Other method, Neighbor checker, is
using the similarity of neighborhood of nodes when solving the rank problem. Even
distributing more block matrices does not change the structure of adjacency matrix.
On the other hand, this method can not find singular values and singular left vectors
with negligible error as much as Random Checker method does. Because lonely nodes
that the same of the other nodes cause the less rank of the block matrices than the rank

of adjacency matrix.

Table 5.1 : Random Checker.

# Blocks  Block Size s ey
2 539 x 85448 2.502443e — 13  4.052329¢ — 10
3 539 x 56965 2.067235¢ —13 3.030222¢ — 10
4 539 x 42724 3.258505e¢ — 14 6.044171e¢ — 10
8 539 x 21362 4.130030e — 14 1.867252¢ — 10
10 539 x 17089 4.263256e¢ — 13 4.604847¢ — 10
16 539 x 10681 4.501954e — 14 6.100364¢ — 10
32 539 x 5340 2.554623e¢—13 9.281878e — 10
64 539 x 2670 8.620882¢ — 14 3.095248e — 10
128 539 x 1335  3.600453e¢ — 13 1.665984¢ — 10

For all these reason mentioned, we use Random Checker and Neighbor Checker

methods together as neighbor Random Checker to solve this problem.

Table 5.3 shows the results of neighbor Random Checker method. Similar results we
obtained with the Random Checker method. Calculation of singular values and left
singular vectors in terms of sum of total error when using three different methods are
same as shown in Table 5.1 and 5.3. However, it might be useful to use neighbor
Random Checker method especially in solving clustering problems. Because the
purpose of graph partitioning approaches is finding similar and coherent groups of

nodes.
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Table 5.2 :

Neighbor Checker.

# Blocks

Block Size

€c

€y

128

539 x 85448
539 x 56965
539 x 42724
539 x 21362
539 x 17089
539 x 10681
539 x 5340
539 x 2670
539 x 1335

2.522729e — 14
4.903300e — 13
2.416956e — 13
3.885781e — 14
3.480549¢ — 13
2.601808e — 13
3.574918e — 14
2.621237e¢—13
1.404987e — 13

1.502954e — 01
1.069363e — 02
4.489185e — 01
4.402455e — 01
5.048745e — 01
2.820104e — 02
6.011384¢ — 01
4.517198e — 01
7.113150e — 10

Table 5.3 : Neighbor Random Checker.

# Blocks

Block Size

o

€y

2

128

539 x 85448
539 x 56965
539 x 42724
539 x 21362
539 x 17089
539 x 10681
539 x 5340
539 x 2670
539 x 1335

2.298162¢ — 14
1.432188e — 13
2.468581e — 13
2.033373e —13
1.565414e — 14
9.953149¢ — 14
2.702838e — 13
1.625922¢ — 13
1.404987e — 13

6.175930e — 10
7.913495e — 10
6.211098e — 10
8.652412¢ — 11
1.504255¢ — 10
1.138005e — 10
4.859414e — 10
1.827257e — 10
7.113150e — 10

5.1.1 Partitioning algorithms results

Bifennel bipartite partitioning algorithm has the minimum replication factor compared
with other bipartite partitioning algorithms according to the result reported in [1]. In
this section we only compare the results of Distributed Bifennel algorithm and Bifennel
algorithm in terms of replication factor and execution times. All experiments for
bipartite graph partitioning algorithms were performed on two different datasets. The
first one contains 48,138 jobs in X and 195,845 candidates in Y with 1,934,005 edges
and the second one has 95,973 jobs in X and 941,604 candidates in Y with 34,781,273

edges. First dataset, called DS1, is run on a machine that has 8 cores and 10 GB RAM
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running Linux operating system due to its small size and the latter larger one, called

DS2, is run on 28 cores and 128 GB RAM machine running Linux operating system.

Distributed Bifennel vs. Bifennel
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Figure 5.1 : Replication Factor vs. Number of threads (1000 partitions for DS1).
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Figure 5.2 : Execution Time vs. Number of threads (1000 partitions for DS1).

The Figure 5.1 and Figure 5.3 clearly show that the replication factor is approximately

equal for Distributed Bifennel and Bifennel algorithm. The replication factor is at most
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Figure 5.3 : Replication Factor vs. Number of threads (500 partitions for DS1).
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Figure 5.4 : Execution Time vs. Number of threads (500 partitions for DS1).

5.84 with 8 threads and 5.1 with only 2 threads for partitioning 195,845 jobs in X and
48,135 candidates in Y into 1000 partition using Distributed Bifennel. This number
is 4.85 for Bifennel algorithm. On the other hand, the execution time of Distributed

Bifennel algorithm with 8 threads is almost 4 times faster than Bifennel algorithm as
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shown in Figure 5.2 and 5.4. Even Distributed Bifennel algoritm is 1.44 times faster

than Bifennel when using only 2 threads.

Nodes in X set have been partitioned into 1000 partitions using distributed Bifennel
algorithm only in 608 seconds and 10.48 replication factor with 28 threads. This
results have declined to 442 seconds and 8.42 replication factor for only 500 partitions
under same conditions. But Bifennel algorithm has partitioned the same data in 6463
seconds with 7.3 replication factor and 3157 seconds with 5.82 replication factor for
1000 and 500 partitions respectively. Results show that Distributed Bifennel algorithm
has partitioned the data 10 times faster than Bifennel using at most 28 threads as shown
in Figure 5.7 and 5.8. On the other hand, replication factor has increased by 1.4 times

when using Distributed Bifennel algorithm as shown in Figure 5.5 and 5.6.
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Figure 5.5 : Replication Factor vs. Number of threads (1000 partitions for DS2).
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Figure 5.6 : Replication Factor vs. Number of threads (500 partitions for DS2).
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Figure 5.7 : Execution Time vs. Number of threads (1000 partitions for DS2).

5.1.2 Clustering results

Although the most important evaluation metric is execution times, there are different

metrics which can measure the quality of clustering / partitioning. Edge cut ratio can
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Figure 5.8 : Execution Time vs. Number of threads (500 partitions for DS2).

be used to measure the quality of clustering and it is calculated using formula shown

in Equation 5.1.

Number of Edges Cut
Number of Edges

Edge Cut Ratio = 5.1

For example, edge cut ratio for the graph shown in Figure 5.9 is 4/8 = 0.5 where 4 is

the number of edge cuts and 8 is the all number of edges.

Machine 1 Machine 2

x Edge-::ut E % é ;

Figure 5.9 : Edge Cut Example.

It is an undeniable fact that the edge cut ratio is small if the number of cluster is small.
On the other hand, it is going up with the increasing number of cluster. Edge cut ratio

is only around 0.2 with 2 clusters and around 0.8 with only 10 clusters for the dataset
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DS1. While it has changed sharply between the cluster number 3 and 6, it has not

changed that much between cluster 7 and 10.
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Figure 5.10 : Edge Cut.
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6. CONCLUSIONS AND DISCUSSIONS

In this thesis, we proposed new methods to cluster large sparse bipartite data. Firstly,
we converted the data into adjacency matrix and then attempted to cluster the matrix
by using spectral clustering along with incremental and hierarchical distributed SVD
algorithm. But we encountered a rank problem of the matrix. The rank problem has
arising from dividing the matrix into sub matrices with column-wise manner. The
incremental and hierarchical distributed SVD algorithm works only if the rank of the
sub matrices(a.k.a block matrices) is equal to the rank of the adjacency matrix. The
rank of the matrix becomes greater than the rank of sub matrices due to sparsity of the

matrix.

We propose a set of methods, namely Random checker, Neighbor checker and
Neighbor Random checker, called Ranky algorithms, to solve SVD of a large and
sparse rectangular matrices in a distributed manner. Ranky is inspired by incremental
and hierarchical distributed SVD algorithm. The experimental results proved that
Ranky algorithms recover singular values and left singular vectors of large-sparse
adjacency matrices with negligible error. Random checker applies random strategy to
handle rank problem of sparse adjacency matrix and Neighbor checker uses neighbors
of the nodes. Neighbor Random checker solves this problem by taking advantage of

both methods.

Although this methods solve the rank problem, clustering could not be solved due to
sparsity. After that we applied another algorithms called Bifennel bipartite partitioning
before the incremental and hierarchical SVD algorithm and compressed data. By
doing so, the clustering results became sensible and balanced. Then we propose a
Distributed Bifennel algorithm to make the application faster. The results showed
that the replication factor of Distributed Bifennel algorithm is almost same as the
replication factor of Bifennel itself and Execution time is much more smaller than
Bifennel. As for future work, some bipartite graph partitioning algorithms can be

developed to completely guarantee that replication factor is minimum. What is more,
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a framework containing both edge-cut and vertex-cut partitioning strategies can be

found to partition sparse bipartite data.
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