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ABSTRACT .. 

In this study,. it is aimed to present a heuristic 

solution procedure· for the InventoryRou.tingProblem~ ;hich· 

is an imp6rtant extension of the Vehicle Routing Problem .. 

The Inventory Routing Problem has' the same basic structure , 

as the Vehicle Routing Problem. Howe"ver,·it leads to a very 

complex and large mathe~aticalpr~grammingformulatiorisince 

additionalconsider~tion is.gi~en to v~hi~l~t~a~e~ time 

constraints as well as to inventorYflu~t~ations and'stockouts~ 
. .~. 

A computer program is developed incbrder to obtain 

computational results for the suggeste~ heuristic solution -

procedure. 
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:-0 Z E T, 

Bu callsmada, Yol,Ataina Probleminin onemli bir uzantlsl 

olan Envanterli Yol Atama Probrem(icf~n-C-s-eigfse-l biryonte~in 

gelistirilmesi ,amaclanmlstir.· EnvanterliYolAtama Prbblemi, 

YorAtama Problemi ile temelde ayn~yaplya sahip olmaslna 

karSln daha karmaSlk vegenis matematiks~lprogr~mla~a formti­

l~syo~unu gerektirfr. Problemde arecyolculuk stiresi, envanter 

dalgalanmalarl ve yokluk durumu gozonUne allnml~tlr~ 

Unerilen sezgisel yontemin saYlsa~ sonuclarlnl elde et­

mek Uzere bir bilgisayar programlgelistirilmistir. 
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1. I NTRODUCT I ON 

"The provision of goods and servites from a supply 

point to a demand point" maybe defined as logistics. A 

compJete logistics system covers the entire process of moving 

raw materials and input requiremerits from supp]i~r~ to 

plants, the conversion of the inputs into products at certain .. · 

plants, the movement of th:eproducts to vario.us warehouses or 

depots, and the eventual delivery of these products to the 

final consumers. The distribution activities of this system 

include all movements and storage of goods "downstrea~" from 

the plants. The last step in' these movements. (from distributic 

centers t9 customers), which may be called local delivery~ is 

the most costly link of the distribution chain. These 

movements need an effective distribution man~gement which 

presents a variety of distribution problems~ 

The importance of distribution problems is evident from 

the magnit~de of thi associated distribution costs. Surveys 

by Kearny show that physical distribution costs account for 
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about 16% of the sales value of a product. Of this., about a 

fourth is ~ue to downstream distribution of the final product· 

from distribution centers to customers.A.detailed study'Of 

the dis t rib uti 0 n p ro b 1 em i n vol ves an ex p 1 i cit con sid era ti 0 n 

of vehicle 'routing and fleet size and mix issues. 

The original vehicle routing problem is a distribution 

management problem. ~ts application areas range from school 

bus routing, to blood banking, to delivery of consumer goods. 

In all cases, the basic c~mponents of the proble~ are a fleet 
. ." 

of vehicles withfixed~ap~cities an~ a set of demands for 

transporting certain products or objects ~~twe~n specified pick 

up and delivery points. The aimis to determine which nfthe 
. . " . . 

demands will be satisfied by each vehicle and which route each 

vehicle will follow in servicing its assigned demands. Of. 

course, cost mi~imization is the primary objective. Cost items 
" . 

include essentially fuel, personnelandcvehicle depretiation. 

The routes are desig~ed so that:" 

(i) each demand location is served by exactly one vehicle 

(demand constraint); 

(i i) the tota 1 . demandJ on each route is 1 essthan or equal 

to the capacity of the vehicle assigned to that route 

(vehicle capacity contraint); 

(iii) each route begins and ends at a central depot (routing 

. constraint). 

In this study, we will consider an extension of the above 

described vehicle routing problem. In this extended problem 

vehicle travel time constraints are i~corporated besides the 

vehicle capacity constraints, then "requirements at the delivery 

points are relaxed into random variables (rather than the 
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deterministic parameters assumed in the original vehicle routing 

problem) and furthe~more, store of ~orids (from one delivery 

period ~o thefie~t) is allowed. The new problem is called the 

Inventory Routing Problem. 

To summarize the remainder of the study, in sectfon2we 

state the problem. Section 3 introduces a heuristic 'solution 

procedure for inventory routing problem. Section 4 solves an 

example problem using the computer program of the procedure. 

r 
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11. PROBLEM STATEMENT' 

In this chapter~ we define and exp1iin the inventory 

routing problem, present application areas and make a 

literature survey. 

2.1 Problem Definition 

It is.a single dep~t problem. There are N nodes where the 

first one is the sup~ly nod~ (depot), and the remaining ones 
.. . 

are the demand ~odes; The storage capacity SCi is known for 

all demand nodes i =2, ••• ,N. The daily demand t~ of demand 

nod e i i n day q i sin d e pen den tan did en tic ally dis t rib ute d 

random variable over the planning horizon. Expected values 

Ri = E[~~] and yariancesa~ = VAR[~~] are given for all 

i = 2, •.. ,N. 

The locations of nodes are represented by coordinate points 
, 

in a plane. Then, the distances between all pairs nf nodes, 

which construct the road network connecting all nodes, can be 

determined. Products or objects are to be transported from the 
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supply node. to the demand nodes, using at- most K vehicles 

with £apacities VC. The term "trip" is used for any sequence 

of no~es that are serviced by one Vehicl~ in one loading 

(see Figure 2.1). It starts and end~ with the supply node~ 

The term "route" is used for-any collection of trips served 

by the same vehicle in the same delivery period (see Figure 

2 . 1 ) • 

A trip A route 

Figure 2.1 

Maximum length of each route i~ T time units which is the 
. . 

vehicle travel time constraint. -Also, additional vehicles may 

be hired, however, that alternative is highly undesi~able 

and costly. Cost of hiring additional vehicles is h TL, per 

unit time, unit capacity for a trip. ~'. 

Let the planning horizon be Q delivery periods (a day 

corresponds to a delivery period), and let I. be the amount 
1 ,q 

of goods left in inventory from day q to day q+l at node i, 

for q = 0, •.. ,Q-l. The amount in inventory just before the 

first day ofthe.planning horizon is I. 0 for the demand node 
1 , . 

1. Suppose that deliveries to the demand nodes replenish 

inventories up to their capacities, and that deliveries made 

to node i in day q may be used to meet the requi'riments of day 

q. Then, I. is a random variable dependent nrit only on daily 
1 ,q 
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-
demands, but also on the date of last delivery. Let t. be 

1 

the date of.last replenishment.t. is less than or equal to 
, 1 

zero where it implies last delivery being (-t+l) days before 

the start of the planning horizon. Then, I., can be defined 
1 ,q 

in terms of t. and distribution function of daily demand as: 
1 

i 
where ~r wi th. r < 0 denoti ng demand in the days before the, 

~tart of the planning horizon. The amount delivered, A. , 
1 ,q 

is a 1 so a random variable de pen den to n daily de man _d s and 

the date of last delivery. A delivery is made to node i on 

day q is; 

,q-l 'i 
A. {t.} = min[ I ~r' SC.] 
l,q 1 r=t·' , 1 

, 1 

A stockout is said to occur on day q if the amount of 

goo~available at node i on day q is not enough to satisfy 

the daily demand ~~. A stockout implies certain penalties and" 

an immediate emergency shipment to replenish the inventory 

up to its capacity. Assume that emergency shipments do not 

use the vehicles mentioned before and have relatively high 

costs. 

There are two types of costs in the abov~ system: 

l} Operatlng costs: These are the costs associated with 

deliveries to the demand nodes. Operating costs are direct 
, . 

delivery costs (cost of fuel, crew, wear and tear, etc.), 

capital cost and cost of hiring additi~nal vehi~les. Letting 

direct delivery costs and capital costs be the linear functions 
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of distance traveled, CK is the direct delivery plus capital 

cost per unit distance traveled for each vehicle. 

2) Stockout costs: These are the costs associated with not 

making deliveries to the dema.nd nodes. A stockout cost SL. is 
1 

incurred if there is a stockout at demand node i anytime 

. during the planning horizon. It will also be assu~ed that the 

date of last delivery to node i,t·, is known for all' nodes 
. .. . . 1 

i = 2, •.• ,N. 

Assume·that ; 

i 
E,: > SC.} ~ 0 

q 1 
i = 2, ... ,N. 

This quite realistic assumption means;, if any demand node i 

is replenished (thro~gh regular de1iveri~s or emergency 

shipments) at any time q during ~he planning horizon, a 

stockout at node' iis not possible in the_time interval 

\q, Q\. This important assumption has ~wo impHcations: 

i) with no loss of generality, the. problem may be restri~ted 

to at most one delivery to any demand node during the 

planning horizon; 

ii) the stockout cost will be incurred at most once during 

the planning horizon at any demand node. 
, 

Now, the expected stockout cost associated with any 
, -

decision policy can be determined. Suppose the decision policy 

is to make deliveries to node i on day q of the planning horizor 

Then, a stockout may occur on days 1, .•• , q-1 ~nd only if the 

event 

> SC. } 
1 
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occurs. Further-more " the way parameter t: is defined implies 
,1 

tha t event 

° i { L ~ < SC. } 
r=t. r 1 

1 

has occured~ ,( Otherwi se, the logic of the model would imply 

an emergency shipment to node iat some time t e: (t. ,0), however, 
,', 1 

this contradicts the assumption that- t.is the date of last 
, 1 

replenishment of node i1. Then, the expected stockout cost, is; 

,q':'l i' 0; 
SL. x P{ L ~ > SC.\ L -. ~ < SC.} 

1 0 r = ti r 1 r = t; . , r,o '-- 1 

Note that the cumtilati~e distribution 6f the random variable· 
i 

L ~ris necessary for the above cost term. We will assume that 

it is possible to estimate the cu~ulative distrjbution function, 

<j>~(b}, in terms of E[~~], ,0 VAR[~~].and om, which leads to 

m 
<j>i(b) 

m i 
= 0 P { 0 L ~ 0 < b} = f~' ( b , R . ,~ . ,m) : 

r= 1., r 0, 1 1 1 ' 

The objective is to'minimize total stockout and delivery 

costs of all demand nodes over a fixed planning horizon of Q 

delivery periods. 

2.2 Application Areas, Sources of Difficulty, Analysis of. 

Assumptions' 

The inventory routing problem can be applied mainly to 

distribution problems, where it is necessary to use inventory 

and random demands. An example is the delivery of the gasolim 

to automotive service stations. Also, it can beOsed in the 



industrial gas industry, where the gas pr~ducers themselves 

install tanks at customer locations and determine the 

replenishment frequency- and delivery size. Another pot~ntial 

application is the allocation of a p~~ishable product such 

9 

as blood, where the supply to -various locations in a part)cular 

region is coordinated by a regional ,center. 

The importance of the interrelatirinships between inventory 

and distribution planning is easily recognized from the above 

examples. However, the inventory routing problem described in 

2.1 leads to a very co~plex and large mathematical programming 

formulation. It is almost impossible to generate an exact' 

solution procedure for even relatively very small values of 

N.K. and Q. Also, the size of the problem grows exponentially 

- as the number of nodes, vehi~les and deli.very periods increa~e. 

Due to the complexity of the inventory routing problem, it 

can only be solved h~uristically. 

In the problem definition, some assumptinns are used. 

One of them, which has two important implicatioris, is: 

Q i 
P{ E s > SC.} ~ 0 

q=l q 1 . 
i = 2, ..• ,N. 

Assuming a very small value for the above ,probabil jty expression, 

it may be avoided to replenish any demand node more than once 

during the planning horizon. In other words, if any demand 

node i is replenished at any time q during the planning horizon, 

a stockout at node i, which ne~ds a repl~njshment again, is 

no_t possible in the time interval [q, Q]. Without any loss of 

generality, the delivery to any demand node and ~he occurrence 

of stockout at any demand node are limited by this assumption. 



10 

Otherwise, our problem becomes evenmore complex; since, all 

the demand nodes must be ch~cked for each day of the planning 

horizon whether it will be serviced or not. 

2.3 Literature Survey 

Th~ literature in this area is quite scarce, however, 

there have been some pioneer works in·the vehicle routing 

problem lite.rature. A 'simulationstudy for a determi,nistic 

inventory/routin~ system was, reported in Assad et al. (1982). 

Random demands have been treated in Stewart and Golden (1982) 
. .' . 

and Bodin et ale (1982)~ They ~escribed a "Stochastic Vehicle 

Routing Problem" where in,ventory cons'iderJations are 

incorporated bu~ planning horizon is limited to a single 

delivery period and. vehicle travel time constraints are put 

dn tri,ps (not on routes). Federgruen and Zipkin (1982) described 

"A Com bin e d Ve h i c 1 e R d uti n g an d ,1 n v en tor yA 11 0 cat ion Pro b 1 em II, 

where a more detailed inventory submodel is considered, however, 

vehicle travel time constraints are ignored and also, the 

planning horizon is limited to a Single delivery period. Also, 

Cook and Russell (1978) undertook so~e simulation studies of 

vehicle ro~ting probl~ms with random delivery sizes. 



III. A HEURISTIC SOLUTION PROCEDURE FOR 

INVENTORY ROUTING PROBLEN 

11 

Our problem is to decide which nodes to be visited in . 

delivery period q. As described in 2.1, there are two types 

of costs in the system; and, our heuristic solution procedure 

is based on a trade off between these two types of costs.­

Then, inventory routing problem denotes a tradeoff between 

"stockout cost$" and "delivery costs". Any given node i will 

be visited at the "proper" time d~ring the planning horizon 

if its 'stockout cost weighs more heavily than its'delivery 

cost, otherwise, it is not visited. Stockout costs of nodes 

are independent of each other since a delivery or a 

nondelivery to a demand node i does not ~ffect the stockout 

cost of node j (j ~ i). Therefore, these costs are relatively 

easy to determine. But delivery costs of nodes are st~ongly 

dependent and impossible te determine before the actual routes 

are generated. The difficulty in the determination-of delivery 

costs of nodes is a complicating factor for ou~ problem. -
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(These costs must be determined or appro~imated in some way 

in order t6 apply the trade off procedure.) The basic idea of 

our procedure. is to decompose the overall problem. into thre~ 

subproblems in such:a way that it will be possible to treat 

the delivery costs also as independent of each other. Then we 

will iterate ,among these subproblems until a satisfactory 

solution is generated. At every iteration, th~ previous routing 

is used" as a base for the current delivery.costs of nodes. 

The first step, in this procedure, is generation of Q 

sets of seed nodes (one set' for each day in the planning 

horizon), in order to construct an initial routing. These. 

seed nodes are determined with respect to sto~kout costs only. 

The second step is the subproblem one, where minimum cost 

trips are generated satisfying vehicl.e capacity constraints­

for each set of nodes. Packing the generated trips into routes 
" " . 

satisfying vehicle travel ·time constraints and minimizing the. 

use of additional hired vehicles is the third step. Therefrire, 

the second subpr06lem is a packing proble~. In subproblem 

three, new marginal delivery (operating) costs are approximated 

based on generated routes. Then ari assignment is done ~sing 

cost parameters. This is the last step where Q new sets of 

nodes are g~nerated. 

Now let us explain these steps with the details. 
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3.1 Generation of Seed Nodes 

An initial assignment of demand nodes is made to days 

and a set of seed nodes is generated for each day of the 

planning horizon. This assignment is based pn stockout costs 

only. Stockout probabilities must be determined in ord~t to 

generate stotkout costs of nod~s given a delivery on day q. 

As defined in 2.1, the expected stockout.cost is 

q-l i Q. i SL. x P{ I: i; > SC. I: i;r < SC. } 
1 r- t. r 1 r=ti 

- 1 
- 1 . 

Then, the probability of a stockout at node i , before 9ay q 

q-l i Q i 
P. = P { I: i; > SC. I: ~ < SC. } 

1 , q r=ti r 1 r-t . r - . 1 . 
. - 1 

Unfortunately a closed form or simple and accurate 

approximations for the above probability expression is not 

easy to determine. This is however beyond the scope of this 

st~dy. We will assume that stockout probabilities P .. will 
. . . 1 ,q 

somehow be made available. Then, .th~ assignment is .done in 

the following way: 

is 

Define set V , q= 1, ... ,:, where V is the set of. nodes q . q 
to be visited on the qth day of the planning horizon. Then, 

starting with q ~. 1 and i.ncrementingup to q = Q, execute the 

following: 

For every i = 2, ... ,N, not already assigned to a set, assigned 

node i to V if 
q 
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q i 
S L". x P {l: ~ > SC. } ~ 

1 r 1 r=ti 
SL. x P.· -> S 

1 lq 

where S is a predetermined constant. 

The above stockout costs are used fotinitial step and 

will be updated later in the procedure, as more information 

becomes available about delivery costs. 

3.2 Routing Subproblem 

In this step, a set of minimum cost trips, satisfying 

vehicle cap~city tonstraints, is generat~d for each of the 

sets V ~ q = l, .. -.,Q. Assume'that vehicle capacity constrainis 
q, - ' , 

in our problem are on total expected amo~nts to be delivered 

on any trip(rath~r than the actual amounts deli~ered). 

Hopefully this assumption will. not cause arty major problems­

in applications. Then, this step- is reduced to solving Q 

original vehicle routing p~oblems. 

Anyone of ~he existing routines can be used in order to 

solve these vehicle routirig problems. However, the speed of ; 

the routine is important fdr us, b~caus~ this subprobl~m will 

be executed over and over,'again (Q __ times for eac'h iteration).' 

The solutions generated ~t a, particulat iteration will not be 

the final routes but just a basiS for the determination of 

marginal delivery cost (see 3.4 for details). Then, a modified 

Clark and Wright algorithm (Golderi and Magnanti, 1977) is used 

which is a simple and _fast routine. 

A Modified Clarke-Wright Algorithm: 

This is a heuristic solution procedure based on Clarke 

and Wright's Savings Method (Clarke and Wright, '1964). Savings 
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method isan "exchange" procedure in the sense,that at each 

step one set of tours is exchanged for a better set of tours. 

Initially, we suppose that ever~ two demand no~es i and j 

are supplied individually from two vehicles (refer to Figure 

3.1 below). 

Figure 3.1 Initial Setup 

Now if instead of two 'vehicles, we used'only one, t~en we 

would experience a savings in travel distance of 

, "CD 

Figure 3.2 Nodes i and j have been linked 

For every possible pair of de~and nodesi and j there is a 

corresporiding saving s ..• We order these savin~s fro~-greatest 
lJ 
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to least and starting from the top of the Jist we link nodes 

i and j wheres .. represents the current maximum saving unless . lJ . 
the problem constraints are violated. Then,'at each step in 

the Clarke-Wright algorithm we seek the greatest saving s .. 
lJ 

subject to the following restrictions: 

(i) nodes i and j are not already on the same trip; 

(ii) neither i nor j are interior to an existing tour; 

(iii) vehicle caRacity is not ~xce~ded; 

(iv) maximum nu~ber of drops is not exceeded (in a sense, 

maximum trip time). 

Nodes i and j are linked together to form a new trip, arid 

the procedure i~ repeated until no further savings are possible. 

The basic Clarke-Wright algorithm is modified in thre~ 

ways: 

1 .. By using a route shape parameter 13 to define a modified· 

saving 

and placing greater emphasis on'the distance between nodes 

i and j rather than their p-osition reli3,tive to the supply 

node as the parameter increases from zero; 

2. by considering savings only between nodes that are "close" 

to each other; 

3. by storing savings S .. in a heap structure to redute 
lJ 

comparison operations and ease access. 

Let NT, be the number of trips generated, TO. be the total 
q Jq 

duration and TA. be the ,expected total amount delivered on 
. Jq . 

'trip j,j= 1, ... NT for each q:l, ... ,Q,at the end of this step. , q 
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3.3 Packing Subproblem 

NT trips generated in the routing subproblem s~tisfy q . 
vehicle capacity cohstraints only. In this step, these trips 

are packed intoK routes satisfying vehicle travel time 

constraints for ea~h of the sets V , q = 1,.~.,Q. The objective 
. . q 

of these packing subproblems is to minimize the use of 

additi6na1 hired vehicles for each, day of the planning horizon. 

The formu1ati6n is obtained as follows. 

Let NT , TO. , TA. be the parameters obtained from 3.2. 
q Jq Jq 

and let h, T be the parameters defined in 2.1. Now,'define 

va ria b 1 e s y i k q' Y j 0 qf 0 r k = 1, ... , K; ,j = 

as follows: 

1, •.. ,NT ,q = 1, .. ,Q .' q 

( 1 

Yikq = ~ 
l 0 

if trip j on day q is assigned to vehicle K 

otherwise 

if trip j on day q is assigned to a hired 
vehicle 

otherwise 



where -

y'k e: {O,l} 
J q. 

c. = h·TA. ·TD. 
Jq Jq Jq 

k = 1, .•• ,K, 
. ..;.-r 

j _ 1, ... , NT 
q 

. , 
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k = O, ... ,K 

Problem (Pl) is a Generalized Assignment Problem. Notice 

that a zero minimum value for (Pl) implies the-ability o~ 

serving all nodes in V with the available fleet, wh~reas a 
q . 

nonzero minimum value implies th~ insufficiency'of the fleet 

and thus a reduction in V • The above p~oblem can be 
q 

formulated in a general way. this formulation is: 

minimize 'l. = 

(P2) 

subject to : 

L L 
ie:I je:J 

c .. x .• '·· 
1J 1J 

L r .. x' .. < b~' for 
je:J 1J 1J - 1 

L x· .. = 1 for 
ie:I 1.J 

x .. e: 
1 J 

{O, l} for all 

all 

a.ll 

i E I ; 

( 1 ) 

ie:I, (2 ) 

jEI ( 3) 

jEJ ( 4) 

where I:::{O,l, ... ,K} , J::{l, ... ,NT}. It can be described as 
q 

the problem of optimally assigning NT trips tp K+l vehich~s: 
. , q , 

if trip j is assigned to vehicle i, a cost c .. is involved 1J 
and amount r .. of travel . 1 J . time is required for vehicle i; each 

vehicle has a total amount b. 
1 

of available travel time. We 

will as~ume, without any loss of generality, that c, r an~ b 

are positive integers. These positive integers ·can be defined 

for our purpose as follows: 



r. ~ 
lJ 

c .. 
1 J 

b. 
1 

= 

= 

TO. 
Jq 

{ 
c . 

Jq 

0 

for i = 

for i = 

otherwise 

for i = 

19 

O, •• ;,K , j = 1 , ... , NT 
q 

0 j = 1 , ... , NT q 

1, ... ,K 
__ { T 

a large number for i = 0 (hired vehicle) 

Let us first formulate (P2) asa ~aximization problem as 

. proposed by Martello and Toth (1981): define any vector (t.) 
. J 

of integer constants such that: 

t. > max { c ~ .. } for all j e: 
J ie: I lJ 

and set 

p .. = t . - c ... for all i e: I 
lJ J lJ 

from (1 ) we can write . . 

Z = E E (t. - p .. ) x .. = 
ie:I je:J J lJ lJ 

t. 
J 

because of (3), 

Z =t - E E 
ie:I je:J 

E 
ie:I 

p .. 
lJ 

x .. -
lJ 

x .. 
lJ 

E E 
ie:I je:J 

J 

, j e: J 

p .. x .. 
lJ lJ 

; 

., 



where t = E 
jeJ 

maximize 

(P3) 

subject 

t .. (P2) can thus be formu·lated as the 
J 

-maximization problem. 

W = E E . p .. x .. ( 5 ) 
i e I jeJ. lJ lJ 

to ( 2 ) , ' ( 3 ) , (4) 
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where p .. can be interpreted as the profit given by assigning 
lJ 

tripj to vehicl~ i. 

Martello and Toth propose a branch and bound algorithm 

where, at each node of the decision-tree, an upper bound is 

obtained by solving the relaxed problem (5), {2), (4); this 
. , 

relaxat~on ~ould have no mean~ng in formulation (P2) since 

the removal of condition'(3) would lead to a trivial problem 

( solution x .. = 0 for a.ll i£l , jeJ) with a useless lower 
, 1 ,J 

bound of value 0; in (P3) we obtain a nontfivial problem whose 

solution can be obtained by solving K+1 0-1 single Knapsack 

problems, one for each vehicle iel, of the form 

the 

maximize 

subject to 

corresponding 

u. = 
1 

upper 

E 
j£J 

p .. 
lJ 

r .. 
lJ 

x .. ' e 
lJ 

bound 

u = E u .. 
i ell 

x .. ' 
lJ 

x .. < b. 
~J - 1 

{O , 1 } for all j e J; 

is 
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Then,they use a branching stra-.tegy where ,K+l single Knapsack­

problems for the computation of the upper bound associated with 

the first node of the branch-decision tree, but only one single 

Knapsack problem forea~h of the other nodes according to the 

infea~ibility type (a trip j is not assigned or assigned to 

·more than one vehicle). 

However, it is not necessary to apply all the steps of 

the above algorjt~m.to our problem. Since taking t. = c. + 1 
J Jq 

{to = max {c .. } +1) , (P3) constitutes a special structure. 
J . I . J 1J 1.£ ,J£. . 

K single Kn~psack problems are generated for ~ehicles 1 to K 

~hich ar~equal to each other and one single Knapsa~k problem 

is generated for Vehicle 0 where all cost coefficie~ts are 

equal to 1. then, we use a simple procedure for this relaxed 

subproblem. The piocedure is as follows: 

(i) solve a single Knapsack problem for vehicle 1; 

(ii) solve a single Knapsack problem for vehicle i while 

nbi considering the assigned trips to vehicles 

,'1, ... , i-l in order to avoid assigning a trip to more 

than one vehicle: repeat this step for i = 2, ... ,K; 

(iii) check if trip j, j = 1, ... ,NT ,is not assigned to . q . 
vehicle i , ,i =1, ... ,K, then assign that trip to the 

hired vehicle (vehicle 0); 

where the cosf of hired vehicle is nearly minimized, satisfY,ing 

vehicle travel time constraints. In this procedure, K single 

Knapsack problems are solved for each day of the planning horizor 

Anyone of the existing routines for single Knapsack problem 

may be used to solve these problems. 
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In this study, a branch search algorithm is used which 

was proposed by G~e~nberg and Hegerich (1970). 

A branch search algorithm for the knap~ack problem: 

Our branch search algorithm first finds an obvious 

integer solution to the following problem; 

( P 1 ) 

maximize 
NTq 
• E 1 V • 
J= 

NTq subject to • E 1 J= 

x. e {O,l} 
. J 

J 
x. 

J 

w. x. < W· 
J J -

j = 1, ... , NT 
q 

where V. = c .. , x. = x .. , w. = r,.J. and ~~ = b,. , j = l; .. ,NT 
J .'J J 'J J . q 

for a vehicle i. We also assume that indices have been arranged 

sot hat v 1 / w 1 ~ V 2/ w 2 ~..... > v~ T q / w NT q. T h 1 s sol uti 0 n ; s a 

lower bound to the optimal solution. We develop a branch of a 

tree and explore each part of the branch until the lower bound. 

is reached or until a new feasible solution is found that 

represents a larger lower bound. We_the~ backtrack and develop 

new branches of the tree with possibly larger low~r bounds. 

Further branching is excluded when the lower bound is reached. 

The algorithm stops when all new branches are excluded. The 

lower bound solution is optimal. The only information that is 

stored is the curr~nt lower bound ~olution and the branch routin 

In this tree search procedure, the optimal fractional 

solution to 

maximize 
NTq 
LV. x. 

j=l J J 



(P2 ) 

with L 
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subject to 
NTq 
.I W. x. < W 
j=l J J -

-x. e: {O,l } j 
J = 1 , .... , NT 

q 

assigned variables is given by 

-

-x. = 0 
J 

-

if j < r 

if j > r 

j'~ R(k)(K = 1, ... ,L) 

j iR(K)(K = 1, ... ,L) 

XR(K) =0 or 1 (K = 1, .. ,l) depending on the 
assignment 

L _ 
x = {W ... 

r· J 
.. __ I 1 w R ( j) x R ( j) - I W . ) / w 

je:M(l)J r 

Z(l+l) 
l _ 

- j!l vR(j) xR(j) + I 
je:M{l) 

-v. + v x 
J r r-

where the M(l) is givenbi 

M(L)={j\j<r jI:R{K) (K = 1, ... ,L)} 

and r is the least integer (0 < r < NT ) for which - - q 

l -
I W. + W > W - . I wR(j) xR(j) 

je:M(l) J r j .1 

-If no r exists we have all x. - 1 for j I: R(K) (K-= l, ... ,l). 
J 

A lower bound to the solution of (~1) is given by 
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x (L) = v .. 
J 

The algorithm follows: 

l)SetL=l 

2) Solve (P2). If. the solution is all. integer we have the 

optimal solution. Stop. If notth~ solu~ion is x = 
1 X2 ' • •• = 

-
X 1= 1 and x is fractiorial. We calculate x = E v. 
r- r 0 j < r J 

and store the solution as a l~wer bound. 

Set R ( 1) = ;,.r and x = O. 
r 

3) a. Solve (P2) with the L assigned variables added as 

constraints. If Z(L+l) <'x 
- 0 

go to 4. If Z(L+l) > X 

and we h~ve an integer sblution, tak~ x 
o 

- Z(L+l), 
o 

form a new solution and go to 4. If Z(L+l) > X o 
and 

we do ntit have .an integer solution, go to 3.b. 

~. If x(l) > X ,take.X = X(L} and forma new solution 
. 0 0 

set. In any case, set L = L+l, take R(L) = rand 

x = O. Go to 3.a. r 

4}a. If xR(L) is equal to zero,change it to one and go to 

3.a·. If it is equal to one go to 4.b. 

b. If L = 1, the stored solution is optimal. Stop. If L~ 1 

use variable R(L) as an una~signed one, set L = L-l and 

go to 4.a. 
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3.4 Assignment Subproblem 

In this step first marginal delivery cost, CK x tikqi 

of serving node i by vehicle K on day q is generated for· 

i = 2, ... , N ; k : 1, ... ,K, q = 1 , ... ;Q, based on the existing 

route structure. Thi~ is done in the following way: 

Let 

Then 

for 

j = 

R· kq 

N . 
Jq 

set of trips contained on route 

k = 1 , •. , K ; q -.- 1 , .... , Q • 

set of nodes served by trip j 

j = 1, ... , NT ;q = 1, ... ,Q. 
q 

on 

K, on day q; 

day q; 

CV(N.) set of nodes on the boundary of the convex 
Jq 

hull of N. 

; i i. CV{N jq ) 

1 , ... , NT ; q = 
q 

Jq 

1 , •.. , Q 

Define 

t ikq = smallest insertion ti~e 

between node i and CV(N.) (1) 
. J q 

over all jeRk· 
.q 

q-=l, ... ,Q. 

,~~k = 1,.., K ; 

ieN; i eCV(N jl ,q,) for 

some j e R , k, ,ql 

\ kq. = sma 11 es t i nserti on ti me 

between node i and CV(N.) (2~ Jq 
over all jeR kq q = 1, ... ,Q; 

k = ', ... ,K 

excluding q = ql', k = k,. 

tOk = smallest insertion time 
1 1 ql· -

between node i and CV(N. ) over 
Jq 

all jeRk ' getting a (3) 
lql 

new CV(N .. q) by excluding 
J l' 1 

node i. 

BOGAI\(\ UM\vERSnlS~ KU1UPHANI 
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The term "insertion time" between node i and CV(N. ) refers Jq .. 

to the minimum additional travel tt~e necessary to insert node 

i into the circuit formed by 'the no~es in CV(N. ). The 
. Jq 

insertion time between a node which is on the boundary of a 

convex hull and the route w~ose includes that node has ,to be 

adjusted. B~cause these valties will be used in the generatio~ 
, . ' 

of new sets of nodes for the next iter~tion and we do not want 

a lot of changes on the bQundary of that convex hull. This 

can be done by using a multiplier for condition (3). This 

multiplier will be ~nalyzed tri section 4. 

The following example illustrates the determination of 

t.
k 

for the nodes and routes given inF1gure3.3 (Q ass~med 
1 q ~ 

to be unity). 

t~ , 
o 

~' 

- ----__ -.. 0 12-
~ """-'--.. ........ 

-.. 

Figure 3.3 Example for the determination of 
insertion times 
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In the above example, there are three trips. Let us pack 

these trips into two ro~tes. Assume trips 1 and 2 are assigned 

to vehicle 1 and trip 3 is assigned to vehicl~ 2. Then, the 

sets can be determined as follows: 

Rll = {l,2} and 

Nil = {2,8,4,5,7} 

CV(N I1) = {l,2,4,7} 

CV(N 31 ) = {1,11,9}. 

R21 = {3} 

N 2 I = {la, 1 4 } -and N 3 1= { 3 , 11 ,6 ,9 } 

CV(N 21 ) = {l, 10, 14}. and 

Using these sets, the determination of tOk ' which will be 
1 q 

used for ge~erating margi~al deJivery costs, is done in the 

following way: 

For condition (1), ·take demand nodes 5) 13, 12 : 

tSll = d4s +d s7 - d47 

tS21 = d1S +d s ll-d1 11 , , 

t13 1 1 = d2 ,13+ dI34 - d24 , 

t - d1 ,13 + d13 ,1l - d . 
13,2,1 - 1 ,11 

t12 , 1 , 1 = d1 12 + d12 7 - d 1 7 , , , 

t = dl,12+~12,l1 - d I,ll 12,2,1 

For condition (2), take demand nodes 4,11; 

4 £ CV(N 1l ) where.}.£ Rl1 ' then exclude k = 1 
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11 e: CV(N 31 ) where 3 e: R21 ' then exclude K = 2 

For ·condition (3), take demand nodes 4,11; 

new CV(N ll ) = {1,2,8,S,7} after excluding node 4, 

new CV(N 31 ) = {1,3,6,9} after excluding riode 11. 

Ttl"en, 

where m is a multiplier; 

Now it is possible to treat the delivery cbsts as 

independent rif each other. Then, variables x. ,x. . . . lXq lOq 

i = 2, ... ,N,· k = 1, ... ,K, q = 1, ... ,Q ~re defined for the 

last subproblem in the following way: 

if node i is serviced. by vehicle k on day q 

otherwise 

if node i is not serviced on or before day Q 

,--

otherwise 
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all costs involved in the problem are-expressed in terms 
these variables as . . 

K N Q. 
Total Delivery Costs E E E CK t· k x· k k=l i=2 q=l 1 q 1 q 

t· k is the incremental time necessary to visit node i 
1 q 

on route k in dayq, i = 2, ... ,N ; k = 1 , ... ,K; q = 1, .. ,Q 

Total Stockout Cos ts: 

Q N q-l i 0 i K 
E L > SC. E < SC. lSL. p{ E f. f. r J [ E Xi k ] q:l 1:2 1 r=ti r 1 r=ti - 1 k=l 

+ ~ ISl. p {~ ~i > SC. 
i = 2 1 . r-t. r 1 

~ . ~ i < SC.}] [x'. Q' ] 
r-t.r- 1 10. 

- 1 - , . 
where Sl. is the cost of a stockout at node i on any given day. 

1 

SC. is the storage ca~acity of node i; 
1 

p { SC. 
1 

o i 
E t; <. S C • } 

r - 1 r~ti 
is the probability 

of a stockout during the planning horizon given a 

delivery on day q, which is defined as P. in 3.1. 
lq 

At this stage, a penalty cost for exceeding the vehicle 

travel time constraint is taken into consideration. Because 

vehicle travel time constraints may be violated, if the 
-

assignment problem is based on stockout and delivery costs 

only. Also, an increase in the cost of additional hired vehicle 
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can be incurred. We went to discourage or encourage the 

assignment of demand nodes to a vehicle k in day q according 

to its total travel time. In our problem, vehicle travel time 

constraints are same for all vehicle~~ Then, the total travel 

time for a vehicle k in day q, which is generated in tne 

routing subproblem, m~y be used to reflect the penalty cost 

associated with (timewise) overloading vehicle k in day q. 

Also, a multiplier, which will be analyzed in Section ~, is 

necessary for these penalty cost. 

Total Penalty Costs 

K Q 
z: z: 

k=l q=l 

where v is the penalty costs .of exceeding the time 
kq 

constraint on vehicle k in day q; 

n is a multiplier; 

T is maximum length of any route on any day. 

Finally, based on the above costs, the assignment subproblem, 
; 

problem P~ below, is constructed. This is the subproblem that 

determines whether a node will be serviced during the. 

planning horizon and if ?o, on what day and by which vehicle: 

K N. Q K Q N 
min z: z: z: ckoto k oXo k 

+ z: z: nov ( z: tOk x ikq 
k=l i=2 q=l 

1 q 1 q k=lq=l 
. kq i=2 1 q 

(P~) N Q K 
+ z: SL ° I z: Piq z: xO k 

+ Pi, Q+ 1 x ° 
i=2 1 q= 1 k .. l 1 q 10q 

K Q 
i 2 , ... , N subject to z: z: xO k 

+ x ° = 1 = 
k .. lq-l 

1 q 10q 

-T) 
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-
0, 1 i x' k -. = 2, •.• , N k = 1 , ••• , K . q = 1 , .'. , Q 1 q , , 

X. = 0, 1 i = 2, ... ,N. 10q 

The above problem is equivalent to 

mi,n 
N K Q • 

• E [E E I (f K, + n v ) t. k + S L. P ,] x 
2 k 1 1 k q 1 q 1 " 

, l' q . ,1' 'k q 1= = q= ' 

+ SL. P x I ' 1 i , Q+1 i oQ 
.... 

(P4) 

subject to 
K 0 
E E X' k + k. Q = 1 

k=lq=l' 1 q, 10 
i _ 2, •• ,N 

X' k = 0, ,1 
1 q i = 2, ••• ,N " k = 1, •• '. ,K ; q = .. T" •• ,Q 

'\oQ = 0, 1 . ,i = 2, ••• , N 

Defining 
- (CK + n vk ) SL. c' k - t' k 

+ Piq 1 q , q 1 q 1 

C. 0 ,- SL. Pi,Q+1 10 . 1 

-
Problem (P4) becomes . . 

N K Q - ] min E [ k~l E c' k qikq + c. Q x. Q 
i=2 q=l 1 q 10 10 

-
(P4) 

K Q 
2 , •.. ,N subject to E E Xi'kq + x. Q = 1 i --

k~l q=l 10 

Xikq = 0,1 i = 2 , ••• ,N . , k = 1 , ••• ,K ; q = 1 , .. , Q 

xioQ = 0, 1 i = 2 , ••• ,N 

. , 



Furthermore, it is possible to decompose the above problem 

into N-l trivial problems as: 

For. i = 2 , ... , N solve 

K 
min E 

k=l 

subject to. 

x' k = 0,1 
1 q 

x. Q = 0,1 
10 

tJ 
E c' k xikq 

+ c. Q x. Q 
q=l 1 q 10 10 

K Q 
k~l q;l . X ikq .+ xioQ = 1-

k = 1,.· •. ,K·., q 1 . Q = , ••• , 

In which case determination of an optimal solution becomes 

very simple: 

( i ) 

(i i ) 

... 

For each i=2, •.. ,N, determine 

c' k* )( = min (C' k ) 
1 q 1 q 

set X. k)()( = 1 
1 q 

)( . * . 
~., q such that 

over k=O, ... ,K. 

q = 1, ... ,Q 

32 

k'k = ° 1 q 
k = 0,."" K; q =. 1 , • . • ,Q (k, q) ~ (k)(, q )( 

Note that parameters t' k used in the above problem are 
1 q 

only approximations to the actual marginal delivery costs. 

Real marginal d~livery costs are dependent on the current set 

of trips and not the previous set. However, basing the 

approximations ori the convex hull of th~ previous trips, rather 

than the trips themselves is hoped to be a compensating factor; 

while the actual trips may change considerably from one 

iteration to the next, their general structures and orientations 
r 

should not change as much, and c~nvex hull is usually a good 

proxy for general structure and orientation. 
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3.5 The Algorithm 

Initial step 

Step 1 

Step 2 

Step 3 

For every i = 2, ... ,N,q = 1, ... ,Q 1 generate 

estimations for e. , P .. lnitialize the sets 
1 ... 1 q 

V , q = 1,..., Q i n the f 011 0 win g manner,: q 
Startingwithq=l ahd incrementing up to 

q = Q,execute the following 

for every i = 2, ... ,N, not already assigned 

to a set, assign i to V if 
q 

SL. P. > S' 
.1 1q 

where s is a predetermined constant. 

Using a modified Clarke-Wright algorithm, 

generate a set of minim~m cost.t~ips 6n the'set 

Vq,while satisfying the vehicle cap~city 

constraints, for e. v e r y - q= 1,..., Q . 

Using the generalized assignment formulation, 

Vack the generate trips ~nto K vehicle routes.~ 

wh.ile satisfying -travel time constraints and 

minimizing the use of hired vehicles, for, every 

q = 1, ... ,Q. 

If the' solution obtained is satisfactory, stop; 

otherwise go to step 3. 

Update marginal operating costs using the rdutes 

generated in Step 2 and penalty costs found by 

vehicle travel time. Update sets V , q = 1, .. , Q, 
q 

by using the decision rules developed for 

problem (P4). 
If there is ·no change in V , q = 1, .. ,Q, stop; 

q 
otherwise go to step 1 .. 
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The heuristic algorithm,of Sectiori 3 was implemented in 

FORTRAN -IV. The program consists of a fortran deck of about 
I' 

100Q' cards, including 7 subroutines. The size of the computer 

needed depends on th~ number of nodes being considered. 

Present dimensions allow for as many as 100 nodes and 10 

days. (Appendix (gives the list of· computer program, Appendix 

I I 9 i v e s t'h e i n put d a t a f 11 e . ) 

A numerical ~xa~ple, which is generated randomly, is 
. . 

solved through the algorithm presented in this study by using 

the above computer program. In this computational experiment,­

the multipliers m and n, which are defined in section 3.4, 
.. 

are analyzed with this numerical' example. It is as follows: 

Let N = 50, K = 2, VC = 265, CK = 10, HK = 0,25, 

R = E [~q ] = 20 a n do 2 = V A R [~q] =. 3 (suppose the d a 11 y 

requirements of each demand node in day q have the same 

, probability distribution). Let the planni~g horizon be 3 
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3 delivery periods (3 days). Table 4.1 gives the x and y 

coordinates, storage capacity, stockout cost and the date of 

last delivery for eathnode. 

The computer program first generates the sets of seed 

noed~ (~= 500,. one set for each day). We use normal· 

di~tribution table,.Appendix III gives the available stockout 

probabilities. 

V1 : {1 ,2,3,4,5,8,11 ,12,13,15,16,20,22,24,25,27,28, 

32,33,39,40,41 ;42,43,45,48} 

V2 = {1,6,7,9,10;14,18,19,26;37,44,47,49,50} 

v~ : {1,17,23,30,31 ,35,38,46} 

Notice that demand nodes 21 ,29~34 and 36 are not assigned 

to any day. , . 

Then, routing subproblem generates minimum cbst trip~ 

for each set of nodes .while satisfying vehicle capacity 

constraints. Table 4.2 gives the number of trips generated_ 

for each day, the total distance (inst~ad of total dura£ion) 

and the expected total amount delivered for each trip. Also. 

Figure 4.1,4.2 and 4.3 show the positions of nodes and the 

network., which are formed by the trips generat~d in this 

subproblem, for the first, second, and the third day 

respectively. 

Now, the NT trips generated in the routing subproblem 
q 

are packed into two routes satisfyi~g vehi~le travel time 

constraints. We express the vehicle travel time constraints 
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STOflAGf LAst S-T~-G 01--
x-coeno. Y-CeORD. CAPACITY DELIVERY Cu ST 
----.- --~- • - ---- • - • " su PP L Y PClt'-tT . 1 * 85. <;(1. 9S9'1.t; u. C .. . 

DEfolAf1C PClhTS i 2 * 2. o. 1 r.. 1 • 1uCL. 
~ * 1. &. 38 .. 2. 1li5C. .. 
~ *- 7. 4. St. 2. 'irc .. 
5 * c. 15. ~ s. 1 • -1 t: r L! .i 
t. * 15. 15. ' 3~. "l 7 r:;~ OJ .... , 
7 * 2e. 4. 2<1. 3. ~j 7 L. 

C 1t 2E. ~4. ~ 5 .. £:. <) 5Li " 
<; .. 17. 4G. 5 r. .. 1 • ~tG .. 
1 (; • '57. u. :S9. 3. 7 ~i_ .. 

1,1 .. 34. tb. 45. 1 • 9CL .. 
1 t * ' 89. 34. £'5. 3. 11 ~: (" .. -
13* 90. 1 tJL. 67. 2. 12CC .. 

'14,· 35. i!6. 78. 2. ~C;IJ .. 

15 * 7r.. ' :J. ~9. 67. 3. ') "t"t 
'-J ., t. ... 

16 '* 23. e9. bS .. 2 .. 1UCi;. 
17 '*' 101. ')7. 89 .. 1. 125,0 .. 
Hi* 155. ,12(;. .39. 2. 11 cU • 
19·· 123. 153. ct. 2 .. 9jL .. 

21i * 107. 1 ~7. ~, .:.. 1 U (ilj .. oJ' • 

21 * 18~. 19c. es. 1 • t, :~l .. '" 
,?., lit ..... 104. 1 f.!7. l,5. 1 • 990 .. 
23· 10a. 119. 65 .. 1 .. 5 tc .. 
24 lit 114. 134. 44 .. . -- 7 (Co .. t:.. 

25 ". 128. 138. 47. 2. 9 C l: • 
20 .. 138 .. i 83. 6 -~ -. 1 • 9((; .. 

27'* 1[" c:: u .... 172. L.-1. 2 .. 1 G r l .. 
-2i),* 60. 140. ~ ."1 . 

'- c .. 1 • t )l:. 
29 • 173. 172. 71. c. .' f" :.> -"I.: /J 

3(; lit 104. 1 ~7. 84. 1. 15 r l_ .. 
31 -sr 147. 65. 97. '1 1:.f't". '-, .. 
3~ " 56. ,1 '16. :3 ~. 2. 6ft" 

J.3* 7-t .. 1-C7. (,7. 3" .;r c. 
, ~lj 'III 195" <;5. 'It. 1 .. 1 C: j:!" , 
35 lit 16C .. -~u. 67. 1 .. 77 i.. • 

36 * 16<;. 1. ~C. 1. ',- r. 
'J I w .. 

'~7 ... 17c. 43. i3. 7 .. " 1 •. i r (, . '- . 
~6 * 1 .~. ' 1A5. {; 7. 1 .. 'ICu,. 
39 .. 2S. ,178. 4C .. .; . ., ~ . 

I .... \,./,. 

4(; * • J:;: 156 • 45. ,'l :. t l: • bolo. ... 
41 ... 8S. 132. 31. "I • lc ,_ L: .. 

42 * 1/)0. 99. 33. 1 .. (, C C; tI 

_ 4:5 .. 9i:.. 1 !~9. t;'l . .. (:. 7 5l.., 

4't * 1'1 1 • 11. 51-~ .. 1. L: fL ~ 

45 ... 1') -... ~ .. (;7. 63. -; 

"'- ') 7L'., 
ttu· ' 47. 1 <;8. 7":' '-10 1 • 'iCiJ •• 
47 ... 1(jCJ. 1 ~7. 07. .. 1:,)C('w .: . 
45 ... 13C. 50. s:. ~, 5 it U. '--

49 * 3c .. 1(9. e coo "l 2uCC. c.. • 

SG ... 8S. (;5. 67. 1 • 1iCC .. 
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in terms of the unit of length, which is also used in the 

total distance values. 

Table 4.2 

q=1,2,3 j = 1, ... , NT . q 

I 
q NT j TO. TA .. q Jq . Jq 

I 
I 1 417.54 263 I 

I 
I I 2 248.40 228 

.. 

I 
I 

3 I 219.72 225 i 
1 I 6 I . I 

I 4 249.74 253 I 
I 

5 302.94 245 i 

6 . 95.47 "'160 
. .'. 

'-

1 297.27 236 

2 3 . 2 187.'39 107 
I , 

. 3 .... 443.51 246 
I 

3 1 1 493.03 265 

Let T = 700. Then, Table 4.3 gives the results of the 

packing subproblem. 

Table 4.3 

Trip number 

q Vehicle 1 Vehicle 2 

1 1 ,4 2,5,6 

2 2,3 1 
Is 

3 1 -
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Trip 3 uses addition'al hired vehicle in 'day 1. 

At this stage, the costs which are defined in settion 

2.1 can be calculated. These costs are as follows: 

Total Deliv~ryCost 

Total Stockout Cost 

. Cost of Hired Vehicle: 

Total Cost 

29550.3 

40301 .7 

12359.3 

82211 .3, 

Note that, 45 nodes are serv~d in the fir&t iteration. These 

costs do not change for different values of m,n. Because m 

and n do not have an effect until this stage. 

Then, assignment subproblem generates new sets of nodes 

which will be used in the second iteration. The multipliers" 

m, and nare used in this subproblem. Thjs means, the related 

costs change according to the v~lue~ of m and n. Table 4.4 

gives the chang~s in the cost-values 'for some values of n 

taking m = 1. For small values of n, the use of. hired vehicle: 

is ericouraged. For example~ ·when.n is e~ual to 0.n05, the cost 

of additional hired vehicles is piesent at each it~ration. 

As we increase the value of n, hired vehicle usage ends. 

Therefore, the cost of additional hired vehicle can be nearly 

minimized by adjusting the value of n. 

Table 4.5 gives the changes in the cost'values for some, 

values of m using two different values of n. It is seen that 

increasing the value of m does not change the results very 

much. Also, some total cost values are same for different 

values of m. Then, taking m = 1 is satisfactory in most cases 

for our purpose. But, it it is desired, total c6st may be 



No of served 
nodes 

I 

Iteration m n 1 2 3 L Delivery Cost Stockout Cost - Cost of Hired Vehicle Total Cost 

2 25 6 - 31 20452.0 24074.0 16990.9 61516.9 
3 25 6 I - 31 19677.2 23236.3- 22120.3 65033.8 
4 1 .005 24 6 I ,. 30 -22348.1 23498.4 25504.2 I 71350.7 
5 25 5- - -30 18259.8 24116.0 8522.2 I 50898.0 

------.. _ .. - ----
I 2 16 5 1 22 14511.9 -30198.7 - 44710.6 

3 1 . 1 12 3 - 15 7712.3 33656.7 - 41369.0 r 

4 18 - - 18 13631..0 -30658.3 - 44289.3 
5 13 - - 13 7155~7 34210.2 - 41365.9 

--- - - ------
2 10 7 1 18 12076.9 3.3822.9 - 45899.8 
3 12 4 - 16 8619.4 32414.4 - 41033.8 
4 1 .25 13 2 - 15 11148.4 32114.2 - 43262.6 
5 9 3 - 12 8116.7 35611. 9 - - 43728.6 

-
-2 10 -7 1 18 12076.9 33822.9 - 45899.8 

3 11 3 - 14 10205.0 32154.5 - 42359.5 
4 1 .5 8 3 - 11 7631 "1 36143.6 - 43774.7 

- 5 14 1 - 15 -11410.9 32114.2 - 43525.1 
- ------

2 7 7 1 -15 10682 36870.2 - 47552.2 
3 12 1 1 14 11809.6 33109.7 - 44919.3 
4 1 1 .4 4 1 9 7400.2 38043.4 - 45443.6 
5 13 1 1 15 13125.3 33069.4 - 46194.7 

Table 4.4 

I~ 



Iterati on 

2 
I 3 
I 4 I 5 
\ ---r 

2 
3 
4 
5 I 

.f 2 
3 
4 
5 

2 
3 
4 

I 
5 

·2 
3 
4 

,. 

5 

--,--.. -_ . -- -- .. ------ -r----' ---
. No of served Nodes 

; 

m n 1 2 3 l: 

I 16 5 1 . 22 I 
1 .5 I. 1 12 3 - 15 

18 18 - -
12 .:: - 12 

15 5 1 21 
10 5 - 15 2 . 1 15 2 17 -
10 3 - 13 

15 I 5 I 1 21 
10 I 5 - 15 3 . 1 16 1 17 -
12 1 - 1-13 

I 
---'--

10 7 1 18 

1.5 . 13 3 - 16 • 25 8 3· 11 -
13 2 - 15 

_.- --.---
10 7 1 18 
13 3 - 16 2 .25 8 3 11 -
13 2 - 15 

.-

Delivery Cost 

145; 1. 9 
'7712.3' 
13631.0 . 
7669.0 

------ .. 

13472.4 
9948.1 

StockoutC 

30198'.7 
33656.7 
30658.3 
35160.2 

------_ ... - -
30460.8 
35353.8 

ost Cost of Hired V.ehicle 

-J -----,---- - ----. 

Total Cost 

44710.6 
41369.0 
44289.3 
42829.2 

11209.4 
7464.6 

.~ 31550.4 
' 34495.6 

------1--- --.----

43933.2 
45301.9 
42759.8 
41960.2 

13472.4 
9948.1 

132,12.2 
7719.5 

---,._ .. -
12076.9 
10449.9 
7697.3 
9464.5 

-1----

12076.9 
10449.9 
7697.3 
9464.5 

Table '4.5 

30460.8 
35353.8 
31550.4 
33461.8 

43933.2 
45301. 9 
44762.6 
41181.3 ' 

-------t------------- --- .--- ------
33822. ! 
31646 .. 
36561 . ~ 
32726.: 

._--

33822. ~ 

31646. -
36561 . ~ 
32726.: 
._---

45899.8 
42096.0 
44259.2 
42190.8 

-.---. ----.-. I ._-

._-- -------

45899.8· 
42096.0 
44259.2 
42190.8 

-L __________ _ 

I~ 

Iw 
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minimized by"adjusting the value of m after decidi"ng ~ value 

for n. 

" Additional runs are done in o~der to see the effects 

of the multipliers when some cost coefficients are changed. 

We take m = 1 and multiply all the stockout cost coefficients 

by the sa~e constant. Table 4.6 gives the results of this 

experiment. If we multiply the coefficients by two, n =0.1 

is satisfactory for our purpose. But, as we continue to 

increase these coefficients, we need to increase the value 

of n in order to discourage the use of additional hi"red 

vehicle. T~erefore,by adjustihgthe values of m a~d n, a 

near optimal solution for the inventory routing problems can 

be obtained using the proposed heuristic solution procedure. 



m = 1 

No of served 
nodes 

Iteration SO 1 2 3 L Del ivery Cost· Stockout Cost Cost of·Hired Ve~ic1e Total Cost 
1 25 13 7 45 29550.3 . 80603.3 12359.3 122512.9 I 2 19 I 6 - 25 16057.9 55024.7 - 71082.6 I 

3 14 8 - 22 14891.0 .57955.1 - 72846.1 . I 4 n=.l 17 5 22 16115.8 . 56846.3 . . 6380.0 79342.1 - I 

I 5 . 
···_··1-·- --~ 17 8 - i 25 ".18024.3 . 53312.1 - 71336.4 

I 
--'-

1 
J I 25 ·13 . 7 ,! 45 80603.3 80'603.3 12359.3 122512.9 

2 23 6 - : 29 50879.5 50879.5' 22072.6 94405.1 . I n=. 05 I • > 

3 20 I 5 - i '25 52037.6 52037.6 1495.5 72525.0 
20 I I . 

-4 2 8 - i 28 49741.6. 49741.6 10766.7 81274.9 
5 18 6 - I 24 56828.3 56828.3 - 73309.1 -. -

7f45 I 201508.3 
__ . __ .0 __ --1 25 13 201508.3 12359.3 .. 243417.9 

2 
n=.l 24 .5 1 136 122101.6 ' .122101.6 16619.5 162768.0 

I 3 17 . 8 - 25 130222.7 130222.7 - 149323.4 

I 
4 5 17 6 -I 23" . 132343.9 132343.9 - '. 148728.0 
5 17 8 -I 25 ,130222.7 130222.7 . - 149323.4 I 1-- ~ 

-- '-'--
25 13 7 45 201508.3 201508.3 12359.3 243417.9 

n=.25 19 6 2 27 I 133281.8 133281.8 - 154131.9 
3 14 11 - 25 139869.0 '139869.0 - ,.157188.5 
4 5 18 5 2 125 133335.9 133335.9 \ - 153578.2 

·5 17 9 - 26 131416.9 '131416.9 - 149768.8 I .-r--' _. .. - ........ 
---~----.--..,...-- --- I . 1 25 13 7 ! 45 322413.3 .322413.3 12359.3 364322.9 ! 

I 2 19 6 . 2 27 . 213250.9 213250.9 - . 234100.5 

I 
3 n=.35 14 11 - 25 22379.0.4 223790.4 - 240929.9 
4 8 H~ 5 ' 2 25· 213337.4 213337.4 - 233579.7 

i 5 17 9 . - 26 210267.0 210267.0 - 228618.9 
'-- '-'-'--

I-J::> 

Table 4.6 
I t.T1 . 
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V, CONCLUSIONS 

The procedure as a whole .i~ a simple iterative procedure 

w h i c h s h 0 u 1 d P ro d u c e a n ear 0 p tim a 1 sol u t io n. Ins t e p 1, the 

sets of seed nodes are being generated. This generation is . 

based on stockout considerations onl~. Theses~eds are used. 

only to obtain some ihitial estimates for marginal deliv~ry 

costs and do not lock the final solution. In step 2, the sets 

of minimu~ time trips, satisfying vehicle capacity constraint~, 

·are being geDerated through the savings algorithm. These 

trips should make a rea~on~bly food basis ready for the 

computation of marginal delivery costs. In step 3, trips are 

packed into vehicle routes, satisfying vehicle travel time 

constraints. For this step, the procedure, which is defined 

in 3.3: is used. The main problem is to decide which nodes to 

visit and wh~ch nodes to skip. This problem is handled in 

step 4 and a decision rule, based on a tradeoff between 

"stockout costs" and "operating costs", is obtained. At this 

stage, good appro~imations for delivery costs, ckti~q are 

availabie. In a~dition, stockout probabiliti~s, Piq , which 
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are used to estimate expected stockout costs, are known: As 

a result, the suggested trad~off between "stockout costs" 

and "operating costs" is significant. 

From the computational results, we see tha~ an improvement 

at each iteration' is not ~uaranteed: Also, the convergence 

of-the procedure cannot be, promised. ~oweve~, it may be 
. . 

possible tn handle these handicaps~ In order ~o guarant~e 

improvement at eachiteriti~n, the ~est solution so far may 

be stored and .c6mpared with the new solution. To guarantee 

convergence th~ number offteration~ may be limited." Another 

modification for. the convergence may be terminating the 

procedure whenever there is no improvement from one iteration 

to the n~xt. Additional consideration shoul~alsobegiven to 

the multipliers discussed in section3.~. 
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( F ( I u (i'I Nli ,2. ) • E Q. 1 T R Ii> (I<, t: to.) ) I U $ f ( f!fi ~ ) = 1 
C GIH I NUE 
1 NuOto(K )=Nt.·d 
K:::~+:t. 

;;H. C Gr-~T l.t~uf. 
r<t<=K-l 
iH=KK " ". .. .. . .. 

C ,1 R 1 T c: (b ,~ ) ( (I T RI P t L 1, L 2 ) , L 2 '" 1 , 1 r-. G C i:J L.1 1 ) , L 1 :0 1 ,f, T ) 
C*¥.¥~~ •• *¥.**.*~¥ ••• *~.$+.* •• ~~ •••• Y~4*.~~.~~'~'*~***9*4~* •• ~~¥*~¥~*. 
C':' (CNVcx!-ULL >; 

~ ~*~~¥~~*44.* •• ~*.¥* •• *¥.~.~.~.*~.*~.~*~.*.~.o~.*~*~t.~~~.4~*.C*.~ .•• ¥+ 
C r.L L CrlULL (NT, X, Y, 1 Ti< J il, 1"0 Ct ,NCU/\ ,.1rUL L) 
uC 7'-1 l:::.L,!d 
j"~ Cu 1\ l ( 1 1,. ,I ) '" NC Old 1 ) 
IF(IHULl(T,l).EJvllGO TO E3 
J S=~ 
uG e~ JV:;?,i'lC01H1> 
1 F ( r H UL U I, J V ) • N [ • i ) G C HJ bit. 
J S"" 1 
JV:i=JV 

(itt C Ol~ T 1 NU J= 
IF(JS.Nf.n)GO TO d5 
:. CO N ( I ) =N.CUl~ (J ) + 1 
LrrFIP(I,l)=l 
DC I.J J[=2,1·;CuN(I) 

7~ irTRlp(I,Jt)~IHULL(I,Jt-l) 

·GC TU 19 
~j UC 71 JP=l,NCON(I) 
7L I!TRIP(I,JP)=IH~LL(I,JP) 

GO Tu 79 
d!J 16=1 

~C 72 J~=JV1,NCOH(1) 
lITRIP(J,I6)=IHULL[I,J~) 

7i.l 6= Jb-+l 
uG 73 JP.l=1,JV1~1 
1 IT kIP ( I , ! b ) = I H U L L ( T, J iU ) 

73 1f:=Io+l 
79 C Ol~ T 1.IWf 

LJ (] e J. I =1 ,I'H 
LJC 8J. J=l,INOO~(I)~l 
I I=IT~lP( I,J) 
r K=i1 
DO E2 K=l,~CON(I) 

u~ IF( Il.lC .. IlrRIP(I,t{» IK"'l 
IF(IK.EUwl)GU TO til 
lC=C 
C !J-.j S::: 99'1':199. 
00 q~ NN=l,hCON(l) 
1 C"'=l llRi P( 1 ,I,N) 
1 S 1:: 1 n RIP ( I ,.rm ... J.) 

,. 

I F ( I, N • c G .. NC C t, ( 1 ) ) I ~ 1 = J 1 T K J P ( I ,~ ) 
C L~S J.:: ( (x ( 1 U 1. ) -,( ( I 1 ) ) ., "i ? T (Y (1 (1 ) - Y ( Yl ) ) * '" "2 ) '* ~ • 5 
C TN') ~ :: t (x <I I ) -:" X (1 :51 ) ) >H 2 T (Y ( I J ) - Y ( 1 S 1 ) ) :h 2 ) 4 It • ~ 

CJ w5 j = ( (x ( I U 1 ) - X ( 1 S 1) ) ....... ~ ... ( Y( 1U 1 ) - Y ( 1 S 1 ) ) Hi) 'H • ~ 

C I 1·1 S " :s <. ! i~ ') 1. .. C It j S ~ - C T ,. 'n 
1 f ( C i!1$ If ~ c: • C 1 N S ) {j lJ· T [J '1:~ 



.L u= lLJ 1- _. -_. - - - -_ .. 

9u COtHlNU r 
UO 91 L=1,~CON(1) 
IF(r~.NE~IITRIP(I,L»GO Te Sl 
LL=L 
GO TO 92 

9.1. COlnH~UF 
9L NCU~(I)=NCON(I)+l 

ue So ti:ai'lCliiH I) ,LL~2,-1 
i IT RIP ( ! , !'l J = I IT K I ? ( I , '~~ I) 

l1 0 C C rtT H:U F 
lITRlP(I,LL+l)=II 

C ~~ll~(6,~)lQ,LL 

!):] ? I) (\ oj . i. = 1 , N T 
uC 2~~1 J=l,~CUN(I) 

I TI-~ I P ( 1 ,-J ) =.~ 1 Tf< I P <l ,J ) 
Zv- 11 CONTIIWr-: 

1 -rK It> (l,I.CON (I) -tll~ 1 
.?~:i,._. CGI~TlI\UF 

lH: 3-12 ;:K==l.,KK 
1-\T=INCLlf(~K) 

I'~ !\ U C ( T 1 II , -. K ) :: in 
u·J 4·tJ JJ=l,hT-l ... - . 
r L u (\ G ( h K ) == T UJI'lG (;1 K. ) .. $ t: f~ T{ ()( ( 1 T f.; T P U. t<, J J) } ..;. x ( 1 T P. I t> (I. :<, J J -t 

-!. 1 » ) -\' .~ 2. T ( Y ( IT" I i' ( i'1 K , J J ) ) - Y ( I T f~ 1 P ( ,.' K , J J .. 1) ) ) *" 2 ) 
~ '1 j G 01'1 T Hi U t= 

fD~(11A,~~)=lLO~G(~~) 

1 h ( i 1 1'" /I K ) =? TO U R ( I T R r P ( ;H(, 2) ,3 ) . 
342 Ci;r.,TltiUF 

dO 1\)('1 11=1,KK 
:JC 1\;-"'1 Jl=l,INOOE(Il) 

3v n l IlkTPl(llA,Il,Jl)=V(llA,llRTP(ll,Jl» 
JO 3~00 J22=1,NCON.L(11~~11)_ 

3u.lu lHULL1( l.1.t.,IJ.,JlZ)='d Il;.,IHlJLU Il,J2,=» 
ll,;i:'t't COf~TlNlJF 

~QIT~(6,1~Jo)11A 

11.1-\ b F C k i!!\ T ( / I / ' ..jo. .... * * :* • , I "}, • • 0 _! Y i ) 

;-j i\K (J. 1.;. ):: Kt<. 
00 10C5 l?=l,NK~(Il!) 

IG.l.=i-d~UD( Tl",rZ) 
DC0ST1=CK~T01(llA,I2) 

.H 1 T E ( b , It }l 2 , TO 1 ( 11 ~, ! 2 ) , T.t:. 1 ( Tl f. , T t. ) , C C C S11 
OCuST=UC0ST+DCOSTl 
I. i< 1 T i; ( 6 ,'" ) ( IT KIP 1 ( I 1,\ , 12, K) ," = 1 ,I G 1 ) 
~I i~ IlL .( 6 , ,) . -
10~=~CLN1(I1A,ll} 

~~lT~(b,.)(lhULL1(11~,1?,KG),KG=i,lC2) 

1., ... --;:) Cui.;Tlf~Ul: 

'I FGkll "T(/I,' T~IP·,r3,1:~X,'U-.f\G/-T CF TKIP::',Fi3.2, 
bl'X,'LUtu OF TRIP=',F5 .. f:,h,X,·UELT'vE~Y CGS1"'·,Fh,.2) 

j FOi{p,\ T( , COtiVcX HLLL') 
DC Iv]~ l=l,NAkC 
1 0 ( I , :1 ) "'" 

l~ 1.; 1 US F. ( 1) _=:.1 

uC lull l"'l,KK 
UO li.Jl~ J"'l,lO 

1012 ITKIP(I,J)=O 
TLu/,G(I}='I. 

1...11 [f-4UDl:(I)=1": 
l~j"\1 CCi~TU'lUr: 

~~'*¥I.t~.~~~~ ••• 9.0.~~i •• ~ ••• ~4~.i·~*~*¥~~O~.~~~4~~~.~.~,~~.~ •• ~ •• ~~I 
\.,~ PMCKII~( SlJi!PfH:!f;Lr::-- . I 
\.,.~~¥~~ ••• ~~4~ •• t •••• ~* •••• *4~9*.9.4~4~~~q~4¥*¥4~~¥C~C¥t~4.49~.¥¥.¥.~ 

.tl' 1 .')() 1 _. _1 .. 1\'/_"' 



_ifl:mO( rJ ~cL..l)Gn TC 1 .... 39 
IJ VI'; l=I~t<t«r) 
,nuK=r) 

. 1 ~=': 
uc ]-J3b 1 )=l,NVi-:l ' 
00, 1\)37 :n""l,NV 

lu)7 P(J3,I3)~~K*TA1(I,13).T01(1,13) 
UC 1~3~ Jq~l,Nv.l 

K(J4,I3)=T01(I,I) 
IF(f!(J'1,13).LE.fll(J4) )GO TO lr.38 
I~ Y U K = t~ Y 0 K + 1 
12:I2·1 
1 Yt) K ( D )= 1 
l~lRll(IJ=l 

IhIRl:(I,I2J=13 
11 CO ST =tiCu5T ... P (I tl3) 

1 .... 3d CaNT HWF 
lv3b C Cr~ T 1 tWE 

c UQ7~t~ 17=1,NV.l 
C il :< i T I:: (b ,'" J ( P ( 17,111) ,1 e = 1 , "" R 1 ) 
C7J~u Y~lT~(b,¥)(K(I7,I~),lq=1,~VR1) 

LJtJ 1,,3.!.. J::l,NV 
lK1S=J 
CftLL t<NAP(I~IS,~,~,~1,hYO~,IYOK,NVkl,X~1) 
lrN(I,J)=l . 
TOfld=d,,' 
DQ 1032 11=1,NV~1 
IF(XSl(Il).EQ.~.)GU TO ]~32 

rOPlu=TOP1~ ... R(NV ... 1,Il) 
i ~ I~ (1 ,J ) = r R N ( I , J) + 1 

.1 KG HI, J, r KN ( I, J) ) = Il· 
NYUK=rIYOK·l 
IYut«Il)=l 

Iv3l C Gin i Nur 
VO(J,I)=til(J)-TGPl~ 

IF(~YOK.tQ.~VR1)GU fO 1~3g 
Iv].i. CCr-iTiNUE 

tJC ).,33 jl:.l,NVRl 
IF(TVGk(J1J.Eu.l)GO TO 1~33 
lrll~t:.l(!J=l· 
1.?=il+i· 
IrU!L:2(1)=I~ 
! 1-11 P. t: . ( 1 ,I? ) = J 1 
HCUST=HCuST7hK*T~1(I,Jl)~TD)(J,Jl) 

103:3 CGhllNUF 
1~3~ uQ Ju8~ lU=l~~V . 

1 F( vo (IU, I) .t.:u.(\. )ve( Iu,i )=P':'fIL) 
·l ... d", CC;HI tlur:· 

i) t1 1 '.J 3lt J 2= 1 , IW IU 
10..3'1 IYt..lK(J~)=!~ 

LJ3,J C Ci'lT I NuE 
uC 11)35 I::l,NUAY 
DO tv3!) J=l,NV 
;; 111 TL ( 0, ti )l , i,r t<li ( 1 ,J ) , v 0 (J , U 
.l Kl T 1: (6 ,'" ) ( 1 ~ UT ( 1 ,J ,10 ; K = h I k I'd I ,J )) 

2.., J:) C C;-il ltW t 
iF(IhIKFl(I).NE.l)GC TO 1~35 

. ,'1 x 1 T t: (6 ,L r: 36 ) 
ti FC":I:.;1(/,'~"c~·,I2,·'. DAY',5X,'kCUTl 'tl2,5x,'11 CF TFIPS',yz, 

!>!:>x, '~tiACU\{ PkICE=·,F5.() 
2016 FOk~AT(/'THfSE TRIPS ~5E .~lRED ~E~lCkE') 

K R= 1.H JI<-[-2 (I ) 
.4 '!.1 Tf.: ("6 ,q ) ( 1 HIRE ( Itt< F ) , K F =1 ,K R ) 

1,,) 3~ C (I'IT 1 NuE 
uc 1~~~ I~l,NPTl 



\.J IJ . I U 't.j J:: l. , ;'II t' 1.1. .•. , . . .. , ' . . - . . - . 

1~4~ O(1,J)=«Xl(I)-Xl(J»~.29(Yl(I)-Yl(J) )~.2).~.5 

~*~.¥ •••• ~¥b.~.*.Y.¥.* •• *.* ••• ~4.t~.~ ••• ~~~~.~ •• 4~~.**.*.4'*.4 •• 4.~4.6 
C* ASSIGN."tf\T Sl:BPk(~U~ ~ 
C· •• ¥*¥*.·.·¥~¥*···*··~·~4¥~~~¥ •• ~**¥.¥~*~~* •• +4 •• ~.* ................ . 

DO lu4L l=l,NUAY 
OC lu41J:l,N~K(I) 
uc 1~41 K:l,NCO~l(l,J) 

Iv~~=IHUL~i(l,J,K) 
1~41 lTK~(IV~k)=l 

~ 141Ul c ( t> ,'i' ) ( IT k U ( I ) , 1::= 1 , fI, P T 1 ) 
00 1,.'f2 I=2,NPTl 
lFl IlKu(l )Di~t.l)GO T[Jl~'i3 

. { ~:\ =;; 

DC lu4b IG~l,NOAY 
de 1~lt9 J=l,NV 
K I"L :: IIH~ ( I G, J ) 
uo Iv5U JJ=~,KIl 
r\ J"L :: 1 ROT< I G , J , jJ ) 

i~CIi=NCOtH (LG,/un 
ur: h.~~ll l"=l,I',Ci'l 
1 F( J. Fll.l rULLl (IG ,KJl., II\) )l AA=l 

1-..,51 CO'in~Wr 

hi 5 .. 
1..;49 
l'J 4ti 
Iv4j 

1 F ( r r~ ~. N E .. 1 J GUT (J 1'~ :) ,; 
IG.I.=lG· 
.. ~ V"L =J 

IT I~ 1 = K J 1 
GO TU 1('1.,1 
C Oi't T I NU f. 
C8iillNUF 
C CI~ T lNU:: 
C OI'iT 1 SU r: 
DC 1u44 IG=l,NDAY 

·LJC l'J4~ J=l,NV 
iF{J~EU.NV1~AND~iG.EU.iGl)GG TO 1~45 
rU=T.kN(IG,J),' , 
IF{Kl~[Uu~)GO TO 3u~u 

i.) G 1 '. it 6 - K = 1 , KI 
K ~= IidJT ( .1 G, J, K) 
i~ eN = rt C fJ N 1 ( U; ,K J , 
IHUlLl(TG,KJ,NC~+l)=lHULLl(JG,K~,l) 
IFlK~N~.i)GG TU lO~7.· 
NC=THULLL(lG,KJ,l} 

1...~ 47 

jl S= !hULL.1. (J. G, KJ ,2' 
Tl!~ S 1. = 0 ( Ii 0, 1 ) ,',. 0 ( 1 ,N S ) - 0 (N C , t\S ) 
CfHTlNUr-
uO 1~4t> ~l=i,NCN , . 

,Hi= 1I-t UL Ll ( 1 G , K. J ,K 1 ) 
I~S=IHULL1(lG,KJ,Kl"'1) 

TINS=D(~il,l)+O(I,~~)-D(hJ,NS} 
{F( llUS.GF. TrI>JS1)GO TO }",'10 

Ttt-l$l=TTNS 
l'J It beG 1',11 NU r.: 

r (J. ,J,IG' =T INSl 
.; 0 1u 1,"4? 

3~5v T(1,J,IG)=U(1,1) 
1" It 5 C Oi',lll HU 1: 
104 .. CCi.Til\u r

; 

!f( I'fi!lJ(l ) •• 'il:.l.l1R. r/~/I.r(j,,·":)Gr. 
K .1K.: 1 
l) C 1 \, 'i 2 1 T 1 = 1 , N :-W G ( t G :\. , IT ~ J.. ) 
1 12 = 1 T k. 1P J.( I G 1, 1 T IU ,1 I 1 ) 

TO li~lt2 

1 F { T .• :: (J • r r.:: ) GUT fJ 1.'~ ? l 
'l~J~(l,K~~)~lT~lPl(lCl,lT~!,Tll) 
Kt3K:aKEr\9.1. 

l._~5~ COflll/'.ur 



.Ll~=I':LJ~Y~l 

113=N~00(IG1,ITK1)-1 

CALL CHULL(l,Xl,Yl,ITR!P;I13,~CC~,1~ULL) 
DO 1~57 JJ1=1,NCO~(1) 

lv~7 lH0LL1(Il?,11Rl,JJL)=IHULL(l,JJl) 
1 d= JkN ( JG 1, I\vl) 
[) 0 1", ')3 t\ r3= 1, I tl 
L~=tkDT(lGl,~Vl,Kd) 

i~CI~=l'ICuNl (l~l,Lti) 

IFlL6.1Ii .. JTt'1)GO Til 1054 
N eli =j\ co 14 ( !) 
1 G2 =I.I};\ y~ 1 
i. Hu LL l( I G ~ , l. 8 , N C i 11-1 ):: I h L L L 1 (1 G2 ,U~ , 1 ) 
IF(Kti.N~~')GO T~ l~~~. 

I'IC= IHUL U, (1 GZ, L 0,1 ) 
It s= IHVLLl (1 (il, Ltl, 2) 
T hi Sl = U ("j a, 1 r ... U( 1 , l'. S ) - U ( N G , I, ~ J. 
GOT U l. '1 'j ~ . ' . . . . . 

Iv5~ IhULL1(!Gl,L8,NCN+l)~t~LLll{'G1,L8,1) 
r F l I( 8 .I~ r .. 1 ) CO TO 1\.0 a; 5 
HC=IHULL!(l~l,Lb,l) 

~S=lhULL1(lGl,Ld,l) 

T I ('1 S J,. =:) (in), 1 ) .., [l ( 1 ,!'i S ) - 0 ( N C , '" S ) .. 
1~5~ 00 luio ~l=l,NCN 

IFlLd.lQuITkl)IGG=IG2 
~C=JHULL1(lGG,Ld,~9) 

!4 $::: IhULLl (l GG, Uh K'1:'l ) 
TTNS=O(NU,I)"'U{l,hS)-C(NU,H$} 
IF(T1NS~G~.TINS1)GU TO lU5b 
T ! Ii S 1 ::r T I i'l S 

lv~jb IGG=lGl 
lv '? ~ C 'Jd 11 Ml f 

T(I,hVl,lGl)=DE~1*T1HSl 
1 G 1. =i) 

IT"l=~ 
1)0 h:TJ ~T=l,lJ 

1~7v lTKIP(l,KT):::D 
113:\) 
l) C 1 :j "j Ij r<?.:..1, hl 

1~5tl IhULL(L,KP)=u 
!'l Cu t-; ( 1 ) =0 

1 \. It l C OJ", Tl tMi: 
~l R 1 T!:; (b ,-tl': Z) ) sea S T , C C CST, l-C CST 

4"i2J. FCKijAT(~)(,"rO"'AL STCCK-CuT Ct)ST:a',FS.l,/,5X,'TOTJ.:.L C["LI'vi:k'i 
1. C \J S T ::: , ,F II • 1 , I, ~ ;(, • COS T Q F H I R IN GH H C L £:; , , F ih 1 , I /I ) 

(; URI TI: (cJ ,'it liJ.llll . 
uc 3\112 I=L,~dTl 
C C 51 l. = 'J q'i 9 9lj 9 ') • 
o C 3'.) '~3 K = 1 , ~ v 
uc 3yf4 lJ=l,~DAY+l 
IF(IQ.tQ~NOAY+l)GG TO 3~05 
C CS T =( C K'" 0:'.: l'I2"" ( 7{i"- vlJ (K , IC ) ) ) ~ T Ll ,K ,Ie) ~ S L( I ) ~ p" R ( I , T Q ) 

c ~RIT~(b,.)~b,COST 
G C TOjfh, 1;) 

3~05 CCST=SL(I).~R(I,NDAY"'l) 
C J~iT~(~,~)q9,COST 

."1<.; :")6 r F ( C lJ S T .. ''; r " c () STU G (j T C :3;, (\ It 
CGSTl.=CllST 
ii t<S (l ) ::q( 

'4CS(l)",Tu 
'lJ''1 CCi'lTll\u[ 
3'.,;lj CGi'lTl/>jU:= 
'L"' i C o;~ T 11.U;: . 

1 F ( Iff ~~ .. ,': !'" • U G n TO 5 ~ 55 
i)C ;';.';'J l=l.,NtlTl ; 

- - - .... - .... ... -. -. . .. -. -.. 



~ .-->~ '< f IC-Cr, ... ··)!1l,; son ) ., I~I( Y\"l J 

;-j KIT E ( -, ,.;. ) ( P 1< ( 1 , J U ) ,J lJ ;0 1 , !t ) 
UC 2u5u J=l,r-.V 

2.·j'jv ,j in li: (7, .... , (T (1, J, 11 =),1 15=1 "hC~ 'Y) 

. 5~'5!J COllTu .. ur 
G iHU TI:: (b, ,;. ) 2 22 212 

UC 3u0H l=l,hOAY.l 
:'U\ D 1 ( ! ) = 1 

3v:)d'l](1,'-1=1 
C ~RITG(o,.)~33333 

c 

00 3v 0 7 1=2,hPTl 
I Gi;'(=I'NSl I) 
W~11~(o,~)~4~,IJhY 
N~Jl(I~~Y)=i~~Ul(lDpr)·l 

.1 :n T r.: (t:. ,.;0. Hit, iiN 01 ( 1 CA Y) 

1/ II llJ .. \ Y ,;1 "Ill 1 ( IDA Y » '2 1 .' 
, .~ L:. 

\ j I~ 1 It: ( 0 ,-¥ ) ~ , v). ( 1 0 A Y , I. "W II Ill,~ Y ) r 
3v i "/ 

C 
CO~TlhUF . . 
.If;! TL:(b,:;')~55j~:5 

o C 3./!9 ! =1 ,t~UA y 
\.~ ~ 1 i :.. (b ,j , 1 ,1\ r.; in ( 1 1 . 

) '.' : , y ... : 11 "{ L (tJ ,';' ) ( v 1 ( I , J ) ;J =1 , "I'i 1:1 ( 1) ) 

u,~ ~I;J.;;· 1 !-l::.1. ,: .. UI~Y. 
1 hll'"i; 1 (Iii )=,. 

UC 3013 LC=1,lHIR~2(l~). 
~~l] l~l~~(lW,LC)=u 

!)I: 3,.;1"1 K=1,1-I'I+1 
II C{ K, T l~ ) :: ,", .. 

00 3~1~ LD=l,IKN(I~~K) 

1 i~i'; ( 101, to :'.1 

DC 3\110 l=l,r-;PTI' 
I T"l.;( I) =\J 

'3 \J ). b T ( 1 ,K , 1 \./ ) = .. 1 • 

:1 v 1 <t C C 14 1 i [II U E 
UG 31J1.7 lY::;l',I~KI<'(I;;) 

\) G 3· J 1. ;$ 1 l::; 1 , /'.j N G 0 (} ~.' lY ) 
~ t, 1 0 I T R T ? 1 l ! ~'j , 1 Y , 1 l ) ::; U 

J C 3 \ j 1 'J 1 x::: 1 , N C a ta ( 111 , 1 Y ) 
"h.,),9 1 ruLLll T\I,1 '(, IX )=,) 

1'1 N Li C ( {Ii , 1 Y ) z:o f; 
N C u 1\:" ( I \.!, r Y ) = i' 

"J17 CC:"Jl1NUr 
rlKK (1 ~Il =lj 

") '.' 1 £: C C 1~ T 1 N IJ r­
it,,'!.) C Gin 1 NU!~ 

:) Til P 

. \ 

i: I'\U 
:) U i1 R U U T J '4 r c .. , v K P ( ,( , Y , "P T , '" v T , T K /I ,. Tr: C;, i' , r A r.:, • x c ~~ c. p , C, D J v , b E' I G H T , 

t " T u H T , 1 0, P r G u R, T D I 51 ,! S U ,\ , 1\ ." i' C , 11< U ) 
" fA L 0 ( 1.1~ I~ ) , ~ ( 2 5 \1 !I ) ,x <l (~i.. ) , Y n IJ n ) 
lSTEGrk Ip(eti0~,3),~OJA(1~U,5r),T~h(~),lkC~P(5),TRU(~),FTG~P(1~. 

"~;J , .. ), P(jT!~T( 11,.1'.1), lX( ?:;r"'lJ), JX(~Ij\il1),~ (l~~u) 
I~TfG~K ~X(1~U)t8Y(lL0),~ 

co, i ~ lH~ /,\ R!: /\;:U ~ , I x, JX 
rl~':\ (J. )::'N99'/99 
II tD~r=:i tLJr.T 101 V 
H:-1GrlT=-lk IGhl/DIV 
() C c.L 1 =2 ,~i Pl 
pel :-. 1 ( 1) = !1 
ILl( ( ! ) = x ( 1 )f i.I JH T + 1 

") ,;. 1\ Y ( T ) = v ( 1 ) I t1 i: 1 G 111 T 1. 



1'1 I = 1\" ,- J. 

1=1 
J a 1 u 7 J= Z, ~c P T 
l.JId~C=NAr:(."'l . 
I O( t\t\IlC ,.1. )=1 
UH"'M'C,2 )=J. 
OISTA~=(X(I)~X(J»~·2.(Y(r)-Y(J».*2 

107 U(J)=SQRT{DISTAN) 
DO 1\)1 I=?,r.T 
1111=1+1 
OG .J\.)2 J=lP1,NPT 
1 !I = I A t3 S ( l) X ( 1) -13;( ( J) ) • 

1 i3 = Ii, H:i (l) Y ( 1 ) - 8 Y ( J) ) 

;~;iKC=Ni\r:CT.1: 

1 !=!I or}. 

PC1~T (I )~PIjINT(J ) • .1 
POI~T(J)=P~JhT(J)Tl 

1 F ( P U r.-H ( r) .G T • l';~) • C k •. pel 1\ T ( J ) • (1 • 1 t;.y ) GeT (; . .:; <; t 
id~ J I'd I, PU T fir (I ) ) = II 
AGJA(J,PuTHY(J»=ll 
1 C ( t\.:~ P-C ,! ) = 1 
i 0 ( 1\ ~ R C , ::) :z J 

!} IS 1 A ;4= (,\ ( I ) - X( J) ) .... 4 -= • ( Y( I) - Y (J ) }.4 If 2 
:) ( 1 t J =!.H 1 ) T()( J) -P h" .. S CRT lC 1ST ".rO . 

1: ~ £: C ('N T 1 i~U f: 
1:1 1. C c:~ T 1 i~ur 

S L,'1 ='J .. 
D G 2 ? J = ~~ , n ;> T 

2; ~Ut,=SU;\+D(J) 

TeIST=l.:'-SUI\ 
I~ t\= r.,/~ r.C-li p r + 1. 
TrWL.>=NPT-l 
IF(~vT.rY.ljG~ TO 17 . 
(}O ·l~ l=LtdVT 

1 ~ T ;~U (l ) =!~ 
1 7 C Ol~ Tl NU [ 

D Q 2 I=?, ~ .. t> T 
j> TUUR (1 ~l .. )= I 
t> TOUf" i,2 );<.1. 

PTLlUK (1,) )=~ (1) 
i-> TUuR (l,il )= 1 

~ C ';i--l TlNuf 
uQ 21 1=1,:-0..­

~1. 1~(!,)=L 

.)C 2.!.. l=::PT,NAJ{C 
2l li~( I,):.; 

o 0 ] 11. 1=-1, tiN 
J)(J)=I 

J.1.1IX{T)=1 
c.~ L L 5T HI- ."p OciU 

9\. C C/'j T 1 f\IJ;: 
J (j: ," 

I< = J. 
IF(S(K)eL~.U)GO TO 16 
P=lX(lo"'n?T-l 
1~1"'rO(r>,1) 

IN=IU(tl,L) 
1 ?Tl=PTCUI« H"l j 
1 n 2 = p·C OlJ ~ ( J r .. , 1 ) 
1 F ( I iJ ( I I'f- 1 , 3) to t. ;.; • .1: • C I, • I 0 ( J ;.j - ~ , 3 ). f "" • l· } GeT C 1 t 
1 f l J j> T 1 0 .. : u. I P T 2. ) G C Hi 1 2 
lCAP=~fQU~(I~,3)+Pl(UR(J~,3) 
lJl"; ., l. L': = 1 , i. V T . 
L F l T K C ,.:\ P ( L"'i ) .. G t • 1 c,\ P • t. I"H~ .. T I\. li l L i' ) • l 1. 1 f' 1\ (L!< ) ) C C 10 .L r. 

.J', 1:r:1411NU:-



LJ L.. . - f \oJ' ~ •. ~.~.. .~ ... -'.'~ .... -.--- _ ...... ~- -.-- -----.----.---

lv dCAP:PTOur.(lN,4) ... PICU~(JN,4) 
IF(IIC"Pe()T.I·~XUIHjP)GC T.O 12 
T~U(L:\)=l RU(Lr-1h'l 
T ~ u ( P T tJ U i{ (l t, , ?) ).: T R U ( P 1tl U iH T Ii ; 2 ) )-1 
TRU(PTOUM(JN,2»=TRL(PTOUR(J~,~»-l 
0ISTAN=tU{1~) ... O(JN)-S(K»/P~R 
Tel Sl ::aTCl ST-(O(Hd ... CfJtd-Cl SlA~) 

------- .--_. -.-

uc 11J3 L=2,NPT 
IF(PTOUR(L,1).E~.IPl140P.PTOUR(L,1).tQvIP1~)(n 10 b t 

.L:)3 C GN 1.1. I'~U r: 
6 .. DQ 1..;5 1~=·?,t'PT 

I F( P T 0 U Pl" , 1) .N t.. I P T 1., A ~ 0 " P T (J lJ k (i~ ,i). M .• 1 P T :' ) GOT 0 H. 5 
PTO~K(n,l)=~TUU~(L,l) 

P TUI..,,{(;·l ,l )=LH 
P TJU!< (n d )=1 C,\P. 
r> TLI L:K (t"., ~ ) =j,:CAP 

.L) :J C Q In 1 N U r- . 
rCl,p,3)=.!. 
1 C l hl- 1. ,J ) = I G ( 1 N- 1 , "!) - 1 
1 C LJi'l-l ,:; ) = 1 0 ( J I~-l , 3)-1 
!FlIO(JN-\,).NE.J)GOTG 11 
1. e= Pu li-~ H J!.j ) 
JC=l 
US 97 l=.l.,I~ 

IC=Jx(ACJt(JN,I» 
iF(S(lC) .. Li;.('.)GII lC C;7 
S (l C) =\.;. 

C~LL nT~~tP(NN,IC) 

97 C r.1~ T 1 NU f 
1.1. IF(I~(1~-1,3).~t~0)GUTC \2 

1I3:PiJTi'IT( Itd 
UO (11) l=.1.,lb 
lC=J)(:.r.J~( IN,l),· 
1 F ( S ( Ie) 0 Lc. (;. }GO r C 9 d. 
:) ( 1 t) =.j • " 

C:\LL 11lHi.::"\j>lNihIC) 
'hJ C C;-~ T! I·:U F 

G a ill 9 r 
12 IF(JUnLQ.l)GO lJ 9u 

S(K)=t1. 

CftLL QTH~~PlNN,K' 
G n TO <jl' 

16 Ce.H :PW F 

U G :' ;~d I :: 1 , 1\ V T 
2. .~;:) 1 'j U; 1= ! S U,H T i< U II ) 

'H b ,./ iH T L (6 , i C; 9 ) 

. !! 

y.J<..J FOki-'ATl'-',jx,'POI"l(J)O FOR SUUi: 1 l.I<CELCS lOt,;',/) 
~.-,.!. CG.~liNUt 

fJ 0 2.)r. 1 = 1,11";(: 

D(l)::!) .. 

PGP:T(!)=-,A 
j Xl r ) =1.' 
o Y( T) =\) 

I)C ?lP; J=l,:1v 
'l'li,; A I) Jil ( I, J) =1.; 

r> "I., 
no t'11 I::l,I~.b.j{C 
)(1)=(' .. 

lX(J'=\j 
.:. ': 1 J)( ( J ) ='.1 



X. I:;,L'-')', l:J',\, I---.-~---------·-·--·· ... -.---.------"-.... - ... ---. 

INlfGEk lX(2~OU),Jx{250n) 
COli!'ON /!~Rf.I','t./S, IX, JX 
I F ( - ~ ) 5 0. , 6\,; , 1 

J.. CQrHINUE 
iHI'Z "'1'1/2 
U a 1\.J 1 =:L,NH 
lI=/lcH-t-l-.1 
CQPY=S(lI) 
I xC = I X ( Tl ) 
J XC:o:1 xc 

2' J=l I .. Jl 
I F ( J-I\N ) ~ ,7,9 

~ I F ( S ( J+ 1 ) .G T • S ( J ) ) J :I J + 1 
7 IF(S(J)~Lf.CUPY)G~ 10:9,' 

S(ll)=SIJ) 
IX(Il);J}(J) 
JX(lX(J»::lI 
r T=J 
GC TU 2 

q StlI)=cnpy 
1 ,qll}= IXC 
J xt J.X () :: 1 I 

1v CGIHumr: 
? ,J ,-{!:T Uk l'l 
6~ IF(S(1)~~T_S(2»GO TO ~n· 

CJ T= S( 1) 

5 (1 ) = S ( N;~ ) . 
s U )::CT 
lX(1)=2 
Jx(1)=2 
lx(2)::1 
JX(2)=i 
lill Tn jO 

:: ;'\0 '" 
SUbRUUT!N~ OTHEAP(N~,!C) 
\{[AL S(:'5(1;;) 

l~TFGFR lX(2500),JX(25~0) 
CGi"d:UN l;d~t;A't./S,rx, JX· 
1 1= Ie 
COPY=$( Ji) 
1 xc =1 X ( 11 ) 
Jxe=lXC 

t~ J=lI+TI 
IF(J-/lcN}15,17,19 

1:) IF(S(J+l)oGj'.S(J»J~J ... i 
17 If(S(J).L~~COPY)GO TU lq 

~dlt)=S(J) 

lx(IJ.)=T;{(J) 
JX(JX(J}}=Il 
i T= J 
GO TU 12 

l'i S(IJ)=COPY 
rx(Tl}=IXC 
JX(JxC)=lT 

:.>, K~.:TUkN 

l: r-;u 

.,if 

Sue R II U T Tr. r: t:S U L r-: j..: v ( 1\ Z , sse, T , 51(;." ft , F k V) 
u Ii-d:i~ 51 ON Nl (35·)) 
1 Il =I} 

))(;l=SSC 
FLu xl.= J II') · .. ·.i(l\,; (11';'-:; 1 

~ IF(SSCGLT~J.~)Ga Tu ~ 
() ll::()SC-T)/ (SIG.',:,';'SCFT<T» 

1 F ( Il • L '0 .. :1 to :: ) T HI": N . 

. IF(ll.G~.-l.~~)T~~~ 

',' 



. ···-·-··-········~-CL .. =-.L ·~I)." L [~·l •. - .------.... ---------.... ---.-•. ---.... ----.. - ........ 

FlUX=l.-NZ(LL)/l~~ur.~ 
l: I.,. S i; 

F LIJ X= ,1. ~lt ":(;,:11 

t:t-.OTF 
ELSE 

IF(ZL.L~.3.4q)lhEh 

LL::lv':.OIl-ZZ-t-l. 
t= l U X= N I (L l ) n. ,! t:. r.\,j .'J 

ELSr 
FLU X = i~. 9 q 999999 . 

~t-.LJIF 

c!'olD IF 
I 11 = 1 Ii +'1 
IF(TII~~U_1)flUX1=FLUX 

FLUXT~FLUXT+FLUX 
SSC=S$C-l • .., 
GO TO it 

~ ~T=(FLUXT-FLUA1)/fLLXl 

E I~V=$ st 1-!-1 
SSC=:iI)Cl 
x '71ul{N' . 
c i\D 

" 

~Ul1·Ri.lUT HIE LlULPK2 0.2,5C1 ,(:kV,C, 5J. G,.,.,?i<.2l· 
. .' '. l.t. o hi Fi~ S.1!1N l'il ( 35::i ) ,Z (3 5v ) 

J J J =',J 

SCi. = S C.!. - i: ~ " 
I Z = ( ') C l-IJ ) I ( S I G ,,: I,';' S C!<. T ( C) ) 
IF(ll.LF~0.~)TH~N 

1 F ( Z 1 .. G :: • - 3 ~ 4.11 ) II-.f t, . 
LL=-l':'U*ll+ 1. 
fLuX=l~-~I(Ll)/l~~Lr.G 

ELSr-
FLU X=i'1 .. 0·::; (:~;:~ 1 

1:. f\.u J F 
i.:LS r 

IF(ll~Lr.3.~q)Th£~ 

U .. = l'Jn. (Pill ~l. 
FLUX=NI(LL)/1Ju~u~u 

cLSF 
fLUX=1.'19CJ9<J99 

L"'u IF 
f !':[j If 
P R"; = 1·- F LU)( 
td:TU" N 
;: t\u 

.' 
SL~RUUTr~~ KNhP(I~lS,p;R,el,~YLK,IYCK,h~~1,XS1J 
u r j;;:: f'l S 1 CN HUb), tH! ( ':) ,p C}~ (~(. ) ,,,, 1;\ ( ~ r ) 
:J I I. F i~ S 1 Ol~ P. t ~v ) , ..< S (~(' ) ,Z n r·.j ) , )( 1 ( ~ I'! ), Ii. R ( 5 i; ) , )( X 0. ('I t: ) 

IJ T., r: r. S 1 ('i~ X S 1 ( 5 ) ) , 1 'nl!< ( ~j'.j ), IH 5 ) 
r 1\ T rG r- K P (j.c~,:) ,; ) , i~ ( h. , ,0) 
1 I=JKI~ 
U{iJ):~J.(H) 

DO 3.; .1 =.l ,i~ vlU 
I) C K ( i ) ;: ? ( r 1 , 1 ) /lU I 1 ,1 ) 
1 F( !Ynt< cr ) .. If •• l1PCji U ':i'., 

3v CCI,TINUF 
UG Lt·) !=.!.,I~'vkl 

'h, I~ 1; .. ( 1 ):; I 
uC 3.1. J::2ti~vRl 
i:aJ-.L 
tJ L:.=P :)1; (J ) 

tI G u ~ . .:: ;~ 1 'I! ( J). 

;".= 

.: ' .... 



K ljU r = I< \- I 1'.-, 'JJ-'--- ... _--

12 IFtGU~'.Li:.Pt;ldl)}GG TC 33 
P 0;<. ( 1 + 1 ) '" P tJ K ( I ) 
N ~ N ( 1 + 1 ) = N I ,.~ ( I ) 
? (1 T, J +1 ) =P (11 , I ) 
~(l!,I+l)~R(lI,l) , 
1=1-1 
IF(T~GT~~)Ga TO Jl 

33 ?::I<.(l+l}=f)UH 
NTN(l+U=NOUt~ 
P <l. T, I+J )·::zt>LJUI) 
K (l I tJ+ 1) =R~U;i 

31 C Cid I Nu r. 
I~VR=i\jVK1-NYLK 

S Ui'i 1=·1. 
:J(J 1!,1r r;:l,t~VK 

.I.. 1 v $ u II 1 :: S IJ ;. J. + i{( I 1 ,r ) 
IFtSUi:.,L.GT.!!(l!»GO TG,1,.il 
JC J.v? I=J.,liVr< 

1.') l X S U) =.L .. 

GrilJ .,n 
lJ\.L L =.1.. 

lHi 1 J = 1 , I .. ·It~ 

'I" 

1 ~ 1 ( 1 ) = l " >, 

:>L;-'=\J .. 
~8J=Jw Ii' 
IjTr=dtIT) 
l)l3 "2 I = ! , :'N K 

f~=T 
[F(CIF~ru.~~)lIIul 
If(CIF.LloRtlI,I})GC TO 3 
u e j =Ll R J +t> (11,1 ) 
SUIt=SUn"t'''~( 1 I, I) 
[) IF =Ii (1 I) -SU,,, 

2 CCI'lTINUr 
3 XC=C~J 

K f~ ( , ) = I R 
X II I K ) =1'" 
I.qTt<.)=l .. 
iFPK"j~r: ... 1JGU:rO 29 
,( ') ( I R ) = flu 
GO Tu it:? 

2-J IJrJ ~ J=l, IK-l 
'1 XS(t)=l 

!t i. ,) r. '5 r = I R ... 1 , N "R ' 
::> X S ( T) =v .. 

..( ::i ( J i, ) = " .. 
lFtTIT .. F·.J.].JGu TO 7" 

2· ... X~= .. • .. 
JHJ=\j .. 
tH!t II )=B( H) 
0') 7 LL~l.,L , 
LlrJ=JBJ+(P(Il,R~(LL»·jl~RR(Ll))) 

7 d~(11)=BB(11)-(K(Il,~~(LL).Xl(Pk(LL») 
IF(PU(lJ'.LT.(I .. )GlJ 10 9 
OC f; r=l,:-IVi~' 

£ I~= T 
lFtI~(l)~ca.l)G~ TU b 

IFl~b(lT)aLloK(ll,l)GG lC ~ 
l-j ~ ( J t ) = Ad ( 1 I ) - f;. ( 1 I , I ) 
1)fIJ=LlBJ+t> (11,1) 

b Ce;. .. 11 NUf: 
ti X i~= l!\i ( 1 J) /1-:'(11, llU 

L (L" 1. , = 0 b J +Jt h. '" i-' ( 1 I 'I {I, ) 

IFll{L.').L~.~U)GC lu g 
IF(X!~.j4r- .. '.)GO Tn i'" 



-~ - .. _._---- _ .. ~ A '.;=~L. rL:"'-.\ J . - -..... -

IF(!k.tQul)GU TU 7~ 

uCli. 1=1,11\-1 
I F ( r;\ ( 1 ) .. f 'J. 1 ) G II TO 1 2 
XS(T)=1 .. 
GG TU 11 

12 XSP)=X1(J) 
11 CC!~TINUf . 

IF(IK.~C~~V~)Gn TO 71 
7~ on J3 l=lR+l,I~VK . 

1 F ( I;d I ) .. !: U • 1 ) GO· T U lit 
X,)(T)=lIo 

GO li..i l~ 

l't XS( T>=xHI) 
13 t.:G,·.lINur 

,( S( T • .:) :,' ... 
GC ltJ °n' 

7 1 T C P L== ;' .. 
OC 4'1 l==l,jiVk-i 

~~ TQPL:TOPL+(R(II,Il*JS{ll) 
IF(TuPL.td.S(Il»GU TC43 
;<S(lk)=1.. 
'(;0 TU "1'-3. 

43 )( ~ ( J i;. ) == rt Q 

7j t:t1tITii~lIF 

GC Tli 9 
hj x x ( L ) = U 9 J 

IF(Xx{L)~LE.XU)GO Te 19 
XC=XX(L) 
1 F ( H: eo r; Q.p 1) G () TO 72 
LJ (1 ).:, I == i ,r j,-l 
r F ( 1,;.(.£ ) .. ;; Q. U GOT 0 1. 6' 
X5(1)=1. 
GO TiJ 1.5 

10 XS( I )=Xl( T> 
l? CGi~Tl!WF 

IF(I~4L~.NV~)GO Tn 201 
72 00 ]7 I=IQ+l,NV~ 

IF(IA(l)o~J.l)GU TO l~ 
xs( l)=<\I .. 

GCTU 17 
1.:.1 ;{S(!)==x1(I} 
11 C l!1 j T HIU I: 

x s ( li~) == . i .. 
G 8 . T IJ 2 ni , 

Z'1l. TOP1;;'1" 
1) 11 2 ',/ 2 K {} = ~ , :.: v k - 1 

.:. 1 LTC P 1 :: HJ P 1. + UUI I ,K D) ~ X.S ( l\ 1I ) ) 
1F( (u(IT)-TGP1).oLT.P.( II,hVid)GlJ .TG :?v? 
;<$( h,)=l .. 
G G TO .='1"1 

':':)j X$( liU={t .. 
~ 'I~ C Cii 1 1. IW f 
1~ L"'L+l. 

I'U!lL>=iR 
Xll!k)=:"'a 
I;'I( IK )::1 

:;C 1u lit 
'J IF(X:L(IH~(L)).!·~r:.r})GC Tu 21 

X 1. ( ~: 1< ( L ) ) "'1.. 
GO Td-l.<l. 

2L IF(LoEu.l)Gti TO 70. 
All ,,: I. (L ) J =.: • 
i. ,\ ( ~~, (L ) ) =.. • 

I 



v '-' "r '1 --,.-.-. -- '_. '.,.. • -~-''''- .. --.- .. -~ .... - ---.--,. - -. - . .... .. .... .. '" ' 

7J uO 1~3 r=l,hV~l 
1.'''13 'X <)1 (,-lINH » =XS (r) 

UO IvLt !=!,i'lVkl. 
l,.\( I) =IJ 

.L. :) it X S ( I ) ::l.i 
K Fl' UkN 
t.: NIJ. '.' , ...,', 
SUdWUUTTNf,CHULL(Nl,X,Y,11kJP,I~ODE,NCGh,I~~L~) 
REAL X(!~~},Y(lO~J , 
r~rFGEK ITRIP(10G,1~) ,1~UOE(1~0),~CCh(lr~},t~LLL(1~C,1~J 
uO '1 IT=l,NT '. 
L J:) 

1 t= IT P.l P lIT, 1) 

dES T=Xt Tl ) 
irrJC .. II 

XLAS1=Xll f} 
;\ ST i\t~:l I 

~ J J= I\-WuF( IT )-1 ' 
tJ!J ? JK=2,JJ 
J: 1 1 j< t P ( i. -r , J K ) , 
IF(XlJ}.~~.~LST)GO 103 
dST:i-~=J 
tit S 1 = X (J) 

3 IFU:(J).L'=~ALAST')GO TG,2 

XL~Sl=X(J) 

/, =:'i S T I.K, 

I hULL (1 T, T J )=~!S TAR 
1'1 eLi" ( IT)= IJ 

Lt d r:S T =-ll":(i~)\j • 
£ P= TfolOOf( IT )~1 
D G ~ IC=~ ,1 P 
i=IT~tP(lT,lC) . 
IF(X(J)-X{~»~,b~,7~ 

6;) .l.FlY(l).i:Q.Y(J,»GO III 5 
IF'Y{I).GT.~(~))SLOP[=Sq9~. 
1 F ( Y ( f). L T .. Y ( i"d ) SL 0 P L ::0_ <; <} g 9 • 
GO Tu 0 

7 u ~ L U P t:' = ( Y l T ) - y ( i~ ) ) I ( )C l {) - x (i' ) ) 
~ IF(SLGPFwL~.~ESTjGO Tri 5 

ti r-S 1 = SLOj>F 
f; I\t:: X T = 1 ' 

~ CCtH1NuF 
, 1 J= J J + 1 
IHULL (IT 7 IJ)=iH'IcXT 
NCU~(n)::!J 

" =i1 f\ f.'(T 
IF P'. Nt:.ll !:I-liH GO 1'0 4 

11 BE:> T:: - .tJh • . ~,.; • '. 
() I) 1 2 1 S= 1., 1 ~ 

",' 1:IT1dPCiT,IS) 
I F ( )< ( I ) - x(;\) ) 13 , 14 ,12 

1£1 IF(y{T).t:":.Y(il»GG HJ 12 
I FlY ( I ) • LT. Y tid) 5 l (j? i; = C; ~ '1 ~ • 
IF(Y(I •• GT.Y(/»SLOPl=-999Q. 
GG TO 15 

13 SLuP;:;::lY( t)-y(!:\) )/(;« I)-xc .... » 
15 IF(SLGPF.L~.blST)GG lC 12 

a E~ T:o$LOP'; 
;\ 1\:. X T·= 1 

lL CCr,ll:-Cu~= 
lFPI~t:xT .. :-:Q.~iST.'\I~)CG 1U 1 
I J:.: I J ... .:. 
r ... I I I I (I T • r J ):.:;. I'i E ;< T 

... .... 



I~ l.U I\T.er J = '1 J' 

1'1 ::iir,(; Xl 
GO Tul.l 

1 CC: .. TINUI: 
K FT Uk.I'~ 
I: i\O 

-...... _ ... --:- .... ~ ---..... -- --:-- .-_._.-

..... :" ~ 

,.-' 
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C.U>~CITY -(IF VttllCU; 

Sdf't")LY P ·11.fT .. 
.): : 

.1 I, 1'.~ lJ rofll,':rs' 
i T 

) ;, 
~ 

J ~.' 

-i ~. 

:> ... 
U -t-
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,j ... 
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j 1.~. 

j/"." 
j:'; \i 
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i Pi I P;2 Pi3 p· 1t .1 

2 .99 .99 .99 .99 ' . 

3 . . 99 .99 '. .99 ;99 
4 .99 .. 99 .99 '.99 
5 .63 .99 .99 .99 

, 

6 .5 .99 .99 .99 
7 .5 .99 .99 .99 
8 .99 .99 .99 .99 
9 .5 .99 .• 99 .99 

.10 .5 .99 .99 .99 
11 .63 .99 .99 .99 . 

. '. 12 .99 .99 .' .99. .99 
13 .63. ..99 .99 .99 
14 .02 .99 : .99 .99 
15 .99, .99 .99 ~99 
16 .53 .99 .99 .. .~9 
17 ~o 0 .5 .. ~99 
18 .- 0 .52 ~99 .99 

.19 . , .~. 0 ~64 .' .99 .' .99 
20 .99 .99 

.. 
.99 ~99 

21 ~ 0 0 .5 .99 , 

·22 .63 .99 .99 . ~99 
23 .. ~. 0 .59 .99 .99 
24 • 99 .. 99 .99 .99 . 
25 .99 .. 99 . .99 ' . '.99 
26 ~ 0 .• 77 .99, .• 99 
27 .. 99 .. 99 - .99 .99 
28 ' ..• 99 . .99 ~99 '.' .• 99 
29 .47 .99 .99 .99 
30 ~·O 0 ·.64 .99 
31 0 .13 .99 .99 
32 .99 .99 .99·· .99 
33 .71 .' .99 .99 .' .99 
34 ~ 0 0 .36'. .99 

'. 

35 : ~ 0 .52 .99 .99 
36 ~ 0 0 .53 ,.99' 
37 

, 
.99 .• 99 ~ 0 .59 

38 ~ 0 .52 .99 .99 
39 ·· ..• 99 ~99. .99 .99 
40 ;99 . 99 ·.99 " . .99 
41 .99 .99 .99 ' .. 99 
42 .99 .• 99 .99 .99 
43 .95 .99 .99 .99 
44 .. ~27 .99 " .99 .99 
45 .95 .99 .99 .99 
46 ~ 0 .11 .. 99 '.' .99 
47 ~ 0 .59 .99 .99 
48 .99_4 ~99 .99 .99 . 
49 4xlO .99 .99 .99 
50 ' ~ 0 .51 ~99 .99 
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