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ABSTRACT

Decision making under uncertainty has always been important among the research com-
munity in industrial engineering. Many models which try to explain the attitude of decision
maker under uncertainty have been proposed until today. The expected utility model is
one of the most widely used models in this research area. However, some surveys show
that people do not behave as stated in utility theory. So, non-expected utility models have
recently become popular and the prospect model is one of them.

The prospect model contradicts the expected utility model in a number of ways. Main
theme of our research is to investigate the choices of prospect investors in a market that
contains one risky and one risk-free asset. Exhibiting the differences between structures of
the value functions, we get some indications about the portfolio choices of prospect investors.

Firstly, we constructed a general model for the portfolio optimization problem within the
frame of the prospect theory. Then, we analyzed it with the different types of value functions:
piecewise linear, exponential and piecewise exponential, sequentially. Using different return
distributions, each value function is investigated in more details. We derived the solution of
the portfolio optimization problem and we obtained some interesting properties of optimal
prospect portfolios. Looking at the relationship between the optimal portfolios and asset
means, we show that there is a mean interval for a portfolio where it is optimal not to buy
or shortsell the risky asset.

Finally, we presented numerical examples to illustrate the shapes of the objective func-
tion. Moreover, comparing piecewise exponential and exponential optimal solutions, we

analyzed the effects of the prospect value functions.
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OZETCE

Belirsizlik altinda karar verme uzun zamandir endiistri mithendisligi aragtirma diinyasinda
onemli bir yer edinmigtir. Giiniimiize kadar, karar vericinin belirsizlik altindaki davranigim
aciklayan birgok model ortaya atilmigtir. Beklenen fayda modeli yazinda en yaygin kul-
lanima sahip olan modellerden bir tanesidir. Fakat bazi aragtirmalar géstermistir ki insanlar
beklenen fayda modelinde bahsedildigi gibi davranmamaktadirlar. Bu yiizden son zaman-
larda beklenen fayda harici modeller yayginlagsmaya baglamig ve timit teorisi bunlardan bir
tanesi olmustur.

Umit modeli baz1 agilardan beklenen fayda modeli ile ters diigsmektedir. Arastirmamizin
ana temasini ise bir riskli ve bir risksiz yatirim araglarini iceren bir markette iimit modeli
yatirimcisinin segimlerini incelemek olugturmaktadir. Deger fonksiyonlarinin yapilar: arasin-
daki farklar incelenerek iimit modeli yatirimcisi hakkinda birtakim bulgular elde edilmistir.

Ik olarak, portfdy eniyilemesi problemi icin timit modeli ¢ercevesinde bir genel model
olusturulmustur. Sonrasinda, bu model farkhi tiplerdeki deger fonksiyonlar1 olan parcal
dogrusal, iissel ve parcali iissel fonksiyonlar: ile analiz edilmistir. Farkli dagilimlar ile her
bir deger fonksiyonu daha detayl bir bicimde incelenmistir. Ilgili portfoy eniyilemesi prob-
lemi i¢in ¢oziimler elde edilmis ve en iyi portfoylerin baz enteresan yapilari bulunmusgtur.
Eniyi portfoyler ve beklenen degerler arasindaki iligkiye bakildiginda, bir portfoy icin en iyi
¢oziimiin riskli yatirim aracindan alip veya satmamanin oldugu bir beklenen deger araliginin
var oldugu gosterilmistir.

Son olarak, birtakim 6rnekler yardimiyla amag fonksiyonunun yapis1 gosterilmistir. Da-
has1 pargali iissel ve iissel fonksiyonlarin eniyi ¢oziimleri kargilagtirilarak deger fonksiy-

onunun parcali olusunun etkileri aragtirilmigtir.
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Chapter 1

INTRODUCTION

In today’s financial markets, there are many types of financial instruments that investors
buy in order to make some profit. In general, stocks, bonds, commodities are the primary
instruments. When we look at these instruments, we can see that they show varieties even in
themselves. For instance, there are more than 400 stocks traded in Istanbul Stock Exchange
(BIST). Imagine an investor who tries to make any investment in BIST. Which stocks or
stock must he choose for this aim? This is a question that we are frequently faced with.
Portfolio optimization deals with this type of problems. In this respect, we can describe
portfolio optimization as the determination of the best proportions of assets that optimize
a given objective under some restrictions.

Markowitz (1952) provided the fundamental model in portfolio optimization. Since
portfolios have a stochastic nature, he uses both expected return and risk of a portfolio
as evaluation criteria. In this model, risk of a portfolio is measured by the variance of
the portfolio’s rate of return. As stated by Markowitz, an investor wants to maximize
expected return of a portfolio for a given amount of portfolio risk, or minimize risk for a
given expected return level. Deriving all efficient expected return-risk pairs, one obtains the
efficient frontier. The main assumption is that investors are risk-averse and they prefer a
certain portfolio to a risky portfolio whose expected return equals the certain return.

Another common approach in portfolio optimization is expected utility theory. Every
investor has a utility function which is defined over the final portfolio wealth. Here, utility
is a measure of satisfaction and the aim is to maximize the investor’s satisfaction which
is the expected value of utility. This utility function is concave increasing in wealth. The
structure of utility function reflects a preference that attempts higher rather than lower
returns by avoiding risky alternatives.

In the literature of portfolio optimization, Markowitz’s mean-variance portfolio theory
and utility theory are dominant models. However, non-utility models has become more
popular recently. Among these non-utility models, the prospect model of Kahneman and
Twerksky (1979) is the most familiar. They make a survey and investigate how people

react when they are faced with uncertainty. Their works led the field of behavioral finance.
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However, their findings contradict modern utility theory.

Firstly, they show that investors do not evaluate their portfolios according to the their
final wealth. Instead, investors have a reference wealth point and they evaluate their satis-
faction by the difference between these two points. Furthermore , the behavior of investors
indicates that they do not simply have risk-averse attitude and their risk sensitivity changes
with respect to the reference point. If the level of wealth is less than the reference point so
that there is a loss, then an investor takes more risks and tries to rise up to the reference
level; or equivalently he exhibits risk-seeking behavior. If the level of wealth is greater than
the reference point so that there is a gain, then the investor’s attitude turns into risk-averse
behavior. Secondly, investors are more sensitive to losses than gains. Empirical results
shows that dissatisfaction of losses is as double as likeness of gains for the same amount.

To represent the behavior of an investor, Kahneman and Tversky (1979) suggested a
piecewise power value function kinked at zero. This value function is convex increasing up
to zero. This part of function is the loss part and the investor is risk-seeking. After zero,
the value function is concave increasing since this part of the function is the gain part and
the investor is risk-averse.

Rather than the piecewise power function as in the original prospect model, the piecewise
exponential function is also used as a value function in the literature. De Giorgi and Hens
(2006) examine these two types of value functions and find that there are some benefits in
using piecewise exponential value functions. They state that there is a CAPM equilibria for
the piecewise exponential value function while there is no equilibria for the piecewise power
value function. CAPM equilibrium specifies a relation for the expected rates of return of
financial assets.

The motivation of this thesis is to follow the prospect theory approach for the portfolio
optimization problem in a market which consists of a single risky asset and one risk-free
asset. This study consists of three main parts. In the first part, we take the piecewise linear
function as the value function. After analyzing this model with different distributions, we
change the value function to the piecewise exponential value function in the second part.
Similarly, we analyze this value function with the same distributions. In the final part, we
compare expected utility models and prospect models. We try to answer the question of
how the prospect model differs from the expected utility model.

This thesis is organized as follows. In Chapter 2, we review the literature on relevant
portfolio optimization problems. In Chapter 3, we introduce the prospect model and for-
mulate the portfolio optimization problem using the prospect perspective. In Chapter 4,
we characterize optimal prospect portfolios for the single asset model with various distri-

butions. In Chapter 5, we illustrate the models discussed in Chapter 3 and Chapter 4 by
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some numerical examples. Finally, we make concluding remarks in Chapter 6.
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Chapter 2

LITERATURE REVIEW

For decision-making under uncertainty, expected utility theory is perhaps the most
widely used approach. In the expected utility model, investors have uniformly risk-averse be-
havior and they evaluate their wealth according to final absolute outcomes. However, some
experimental results show that peoples behaviors violate the expected utility hypothesis in a
number of ways. Kahneman and Tversky (1979) introduced a new theory (prospect theory)
for dealing with these violations. Prospect theory differs from expected utility theory with

some significant differences as explained below:

e Investors evaluate outcomes according to deviations (losses and gains) from certain

benchmarks rather than final wealth positions.

e Investors have asymmetric risk averse behavior. The value function is concave for

gains and convex for losses.

e Investors are more sensitive for losses and it is empirically shown that investors dislike

losses by a factor of 2.25 when compared to likeness of gains.

e Probability assessments of investors are not objective. They tend to overweight small

probabilities and underweight large probabilities.

Prospect theory is later extended by Tversky and Kahneman (1992) who employ cu-
mulative decision weights. The difference from prospect theory is that the new version,
cumulative prospect theory, basically transforms cumulative probabilities using weighting
functions rather than individual probabilities. Moreover, different weighting functions are
used for losses and gains.

There is limited literature about portfolio choice under prospect theory, though it is well-
known model of decision-making. Benartzi and Thaler(1995) make an explanation for the
“equity premium puzzle” with loss-aversion. Actually, the term is brought into the literature
by Mehra and Prescott (1985). They observed that real returns of U.S. government bonds
have been estimated at one percent per year, while real returns of stock in U.S. have been

estimated at seven percent per year. The difference is too large to explain as a result of
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investor risk aversion. According to the standard economics models, the premium should
be much lower. While Benartzi and Thaler(1995) settle to explain “equity premium puzzle”
with only loss-aversion, Barberis et al. (2001) combine loss-aversion with the effect of
prior outcomes of investment. As another difference from Benartzi and Thaler (1995), they
consider models in a multiperiod context. However, in both articles probability weights are
not used.

Gomes (2005) represented a new value function for loss-aversion. With piecewise power
functions, value function is concave for gains, convex for small losses and concave again for
large losses. Gomes (2005) claimed that decreasing marginal utility dominates psychological
effect of the loss. In a market which consists of two assets, one risk free bond and one risky
asset, Gomes (2005) provides an exact solution with the specified value function. To evaluate
this result, he uses the result of power utility function as a benchmark. However, risky asset
return is binomial and the probability distortation or weighting function is dismissed for
simplicity.

De Giorgi and Hens (2006) modeled the portfolio selection problem with piecewise ex-
ponential value function rather than piecewise power function as in Tversky and Kahneman
(1992). But, they choose appropriate parameters to satisfy the main features of prospect
theory. Their value function is also convex for loses and concave for gains, but more risk-
averse than the piecewise power function. They claim that, the marginal utility of wealth
does not decrease sufficiently fast with piecewise power functions and, for almost all asset
prices, optimal portfolios are unbounded. Since the marginal utility of wealth decreases
sufficiently fast with piecewise exponential functions, there is a unique bounded solution.
For normally distributed risky asset returns and the risk-free return as the reference point,
De Giorgi and Hens (2006) show that CAPM equilibria exists for the piecewise exponential
value function. However, this equilibria does not exist for prospect theory models with
piecewise power value function.

Berkelaar et al. (2004) derived closed-form solutions to loss-averse preferences and inves-
tigated the impact of loss-averse behaviors on portfolio choices. They deal with the kinked
concave function and the piecewise power function. Similar to Barberis et al. (2001) and
Gomes (2005), they prefer to use dynamic reference point in their model. Since Berkelaar
et al. (2004) is interested in the impact of loss-aversion, the probability weights are ignored.

Jin and Zhou (2008) is based on continuous-time portfolio selection under cumulative
prospect theory. As in original prospect theory, they use piecewise power value function
and probability weights. Because of the shape of the value function and probability weights,
they claimed that the model could have an unbounded solution. When the model has a

finite unique solution, they solved the portfolio selection problem in a market consisting of
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log-normal asset returns. However, they assumed that the reference point at terminal time
is 0. As the crucial point in their research, they decompose the original portfolio selection
problem into 2 parts; gain part and loss part. Then, the two problems are solved separately.
At the last step, the solution to the original portfolio selection problem is derived.

Bernard and Ghossoub (2010) and He and Zhou (2011) consider single-period portfolio
selection under cumulative prospect theory. They find the optimal portfolios for the one
risky asset case. However, Bernard and Ghossoub (2010) does not use probability weights.
While He and Zhou (2011) consider the cases when the reference point is the risk-free return
and when it is not, Bernard and Ghossoub (2010) is based on only the risk-free return
reference point. Also, He and Zhou (2011) introduces a new term, “large-loss aversion
degree”, which measures the ratio between the pain of a substantial loss and the pleasure of
a gain of the same magnitude. They uses this term for determining whether the model has a
bounded or unbounded solution. Furthermore, He and Zhou (2011) makes some evaluations
for different reference point cases using linear (not power) value functions.

Pirvu and Schulze (2012) also consider the single-period portfolio selection problem.
They represent optimal portfolios for multiple risky assets which have multivariate ellipti-
cal distributions. They use the term “large-loss aversion degree” based on He and Zhou
(2011) to determine whether the model has a finite unique solution or not. For different
value functions, if there is a unique finite solution, they create semi-closed solutions directly.
When the model has an infinite solution, they have to add a regularity constraint for lim-
iting investors’ risk-lover behavior. Then, they find a semi-closed solution. Some different
reference points are discussed in their study and they examine models with multivariate

normal distributed and t-distributed asset returns for the risk-free return reference case.
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Chapter 3

PROSPECT MODEL

Consider the single-period portfolio optimization problem under cumulative prospect
theory where the market consists of one risk-free asset and n risky assets. Risk-free rate of
return is ¢ and risky assets have a stochastic rate of return vector R = (Ry, Ra,- - -, Ry)
over the period. An investor allocates vector u = (uy,ug, - - -, uy) from his initial wealth wq
to the risky assets, and remaining amount wg — u’ 1 to the risk free asset. At the end of the

period, the investor’s wealth is given by
W = (wo —u'1)(1 +7p) +u’ (1 + R)

or

W =wo(1+rg) +u’ R (3.1)

where R® = R — 7y is the vector of excess returns over the risk-free asset. Our notation
is such that any vector x is a column vector unless stated otherwise and we will use its
transpose 2T to denote a row vector.

The investor has a reference point in evaluating the final wealth denoted by w™/. He
makes assessments with respect to the reference point and distinguishes losses from gains.

We suppose that the reference point has the form

W = Gwg + (1 — 0)(1 + 7f)wo (3.2)

for some 0 < 6§ < 1. Actually, we can say 6 is relevance factor of initial wealth for the
reference point. When # = 1 or # = 0, these are special cases and we call them as “initial
wealth reference” and “risk-free” reference, respectively.

It follows from (3.2) that gains or losses with respect to the reference point is

W —w™ = ul'R® + Qwor. (3.3)

When 6 = 0, (3.3) takes the simpler form u? R and gains/losses become independent of
the initial wealth. In other words, gains/losses only depend on the portfolio. When 6 > 0,
gains/losses depend on the initial wealth since the reference wealth depends on wy.

In cumulative prospect theory, gains and losses are evaluated in a different way using

different valuation functions and event probabilities. Let v+ denote the value function for
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gains and v~ denote the value function for losses. Two additional functions: T : [0,1] —
[0,1] and T~ : [0,1] — [0, 1] are used to describe the probability distortion for gains and
losses, respectively. Tversky and Kahnemann (1992) suggest the functional forms

P

T*(p) = CENEOLE (3.4)

and . o
() = IETESY, (3.5)

for 0 < p < 1. They propose the median values of v and ¢ as 0.61, 0.69 respectively. With

these parameters, shapes of 7" (p) and T~ (p) are shown in Figure 3.1.

09 . Py
08 - —
07 . - 4
06 . -~ —
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03l . ——=T) !
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01 7 =

Figure 3.1: Probability distortion functions for gains and losses

In this thesis, we will use various value functions. Tversky and Kahneman (1992) model
the decision-making problem with piecewise power value functions. However, we will analyze
piecewise linear and piecewise exponential forms. Also, standard linear and exponential
utility functions are used for comparisons as a benchmark.

Since behavior of investors have different pattern for gains and losses, value functions
have different forms for both parts. So, they are stated as a partial function with respect

to the reference point. Firstly, piecewise linear function has the form

fet@) =Xz >0
o) = { v (z)=A"x <0 (36)
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for any gain z > 0 or loss & < 0. Similarly, the piecewise exponential function has the form

o(z) = { vi(m) = )ﬁ'(} —exp(—az)) x>0 ‘ (3.7)
v (x) ==-A"(1 —exp(az)) =<0

The shape of the piecewise linear and exponential value functions are also shown graph-
ically as below,

100

2(z)

Figure 3.2: Piecewise linear value function

Figure 3.3: Piecewise exponential value function
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For stated value functions in (3.6) and (3.7), the expected prospect value of the portfolio

is

0 “+00
V(u) = / v~ (@)d[T (Fu(a))] + / ot (@)d[-T* (1 - Fy(a))]

where F,(z) = P{uT R® + Qwor; < z}.
We try to solve the optimization problem of maximizing the prospect value

max V(u) = E[v(u’ R® + Ow,ry)]

U

where the value function v is given by (3.6), (3.7).

Tversky and Kahnemann (1992) provide evidence that A~ > AT and extended their re-
search based on this assumption. Like them, we assume A~ > A" in our main research. But,
we also take A\~ < AT for some models and analyzed the effects of this assumption. Tver-
sky and Kahnemann (1992) used the piecewise power function in their behavioral model.
However, De Giorgi and Hens (2006) stated that the piecewise exponential value function is
more suitable than the piecewise power value function for portfolio optimization problem.
So, we concentrated on the models with the piecewise exponential value function. Moreover,
as in Berkelaar et al. (2004), we analyzed the effect of the value function rather than the

probability weights. Therefore, we assumed T (p) = T~ (p) = p throughout this thesis.
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Chapter 4

SINGLE ASSET MODEL

In this chapter, we analyze the portfolio selection problem where the market consists
of the risk-free asset and only one risky asset. For the single period setting, we generate

closed-form solutions for a number of value functions.

4.1 Piecewise Linear Value Function

Using (3.6), optimal choices of prospect investors is analyzed. The structure of value func-
tion is specified by A and A™. More precisely, when AT < A~ the value function is concave
and when AT > A~ the value function is convex. According to the structure of the value

function, characterizations of the optimal portfolio differ.

4.1.1  Risk-free Reference Point

Taking 6 = 0, (3.3) has a simpler form and the term reduces to W —w"®f = wR®. So, optimal
portfolios are independent from the initial wealth. We now consider a number of cases with

different asset returns.

General Return Model

Portfolio optimization problem with the piecewise linear value function and risk-free refer-
ence point can be stated as
max V(u) = Elv(uR®)]

u

where v has the form denoted by (3.6).
The objective function is V' (u) = Elv(uR¢)] which we want to maximize by choosing u.

Note that we can also write

V() = El~ (uR)lupe<oy] + BT (R ures0]
= XN E[uRlgpe<oy] + ATE[uR 1, pe>03]
_ { A UE[R L pecqy] + ATuB[R L (pesqy] w20 1)
AUE[RL gesgy] + ATuB[R L (pe<y)  u <0

It follows trivially that V(0) = 0 and V(u) is continuos on (—oo,+00). Moreover, it is

piecewise linear with a possible kink at u = 0.
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Taking the derivative of V' with respect to u, we obtain

dV(U) N AiE[Rel{Re<0}] + )\JFE[Rel{Rezo}] u 2 0
du A"E[R1(gesoy] + ATE[R L {gecgy]  u <0
- )\_E[Re] _ ()\_ — )\+)E[R61{Re20}] u > 0 (4 2)
ANE[R] — (AT = ADER L pecqy]  u<0 '

If we take the second derivative of V', then it is obvious that it is equal to 0 for u #
0. Note also that E[R°1{geso1}] > 0 and E[R°1{ge<oy}] < 0. Moreover, the derivative
of V is constant on v > 0 and u < 0, and it depends on E[R¢], E[Rl{ge>0}}], and
E[R1{ge<oy}] as well as AT and A™. According to the superiority relation between A~ E[R],
(AT = AT)E[R1{ge>0} }], and (A~ — )\+)E[R61{Re§0}}]; optimal portfolio is equal to —oo, 0
or +o0. This follows from the fact that the objective function V' (u) is piecewise linear with
a possible kink at w = 0 and the optimal portfolio u* depend on the following cases. We let

A= A1T/)\" to simplify the notation.

Case I : \<1.

1. If E[R°] > 0, then

0 E[Re] < (1 — )\)E[Rel{ReZO}]
wt =3 [0,400)  E[R]= (1 NE[R gesgy] - (4.3)
+o00 E[R] > (1 — \)E[R {pesoy]

0 E[R] > (1 = NE[R1 e -gy]
ut = (—00,0] E[R]=(1—- )\)E[Rel{Re<O}] . (4.4)
—00 E[R] < (1 = A)E[R1{ge<o}}]

Case II : A\ =1.

1. If E[R°] > 0, then

2. If B[R] =0, then
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3. If E[R°] <0, then

Case IIT : X\ > 1.

1. If E[R?] > 0, then

. { +o0,—00  E[R] < (1 - A)E[Rl{ge<qy] (4.8)
+o0 E[R?] > (1 — \)E[R°1ge<qy]
2. If E[R®] = 0, then
u* = —00, 00. (4.9)
3. If E[R°] <0, then
_ E[R®] < (1= \)E[R%1pe
b 00 [B] < (1 = N E[RE Lipe>0y] (4.10)
—00,+00 B[R] > (1 - N\)E[R1{gesq)]

We demonstrate all possible optimal portfolios under the piecewise linear value function
and the risk-free reference point. However, for limited cases portfolio selection problem is
bounded and the optimal portfolio is u* = 0 and the portfolio does not include the risky
asset. Since the objective function is piecewise linear with a kink at v = 0, the optimal
solution will be unbounded with u* = +00 or ©u* = —oco depending on the slopes for u > 0
and u < 0. Clearly, u* = 400 or ©u* = —o0 is not realistic since it is not possible to invest or
short-sell on infinite amount because of resource limitations. Therefore, one should interpret
such solutions so that u* = +o0o implies that one should invest “all he could” in the risky
asset, and u* = —oo implies that one should short-sell “all he could” the risky asset in favor
of the risky asset. When X\ < 1, there are some levels of the expected excess return beyond
which investors start buying or selling. It follows that for E[R] > 0, (1 — A\) E[R®1{ges0y]
is a level to buy and if E[R®| exceeds or is equal to this level then the investor buys the
risky asset. Similarly, (1 — A\) E[R®1{re<qy] is a level to sell, if E[R®] drops under this level
investor start to sell. If E[R€] is between the two levels, then the investor sells or buys
nothing and optimal portfolio becomes zero.

Note that the case when A = 1 corresponds to the risk-neutral model. In this case,
u* = 400 if B[R] > 0, u* = —oo if E[R?] < 0 and any —oo < u < +00 is optimal when
E[R¢] =0.

Finally, take A > 1. We check the possible cases for E[R°] > 0 using (4.2). Since
ATE[R] — (AT = AT)E[R1lge>qy) > 0, V(u) is a linear increasing function for u > 0.
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However, A\™ B[R] — (A~ — A") E[R°1ge<py] can take positive or negative values. If it takes
a positive value, then V(u) is a linear increasing function for u < 0. Clearly, V(u) is an
increasing function for all v and V(u) has the different slopes for u > 0 and u < 0. In that
case, the optimal portfolio is u* = +oo. If \™ E[R?]— (A~ —=AT) E[R°1{ge<0}] takes a negative
value, then V'(u) is a linear decreasing function for u < 0. In other words, V' (u) is a V-shaped
function and optimal portfolios are u* = —o0, +00. However, V (u) has the different absolute
slopes for u > 0 and u < 0. Since [\ E[R¢] — (A~ — )\+)E[R61{Re§0}]| < |ATE[R?]— (A —
AT)E[R1{ge>0y]], V(1) goes to infinity faster in the positive region. Due to the limitations
of investor’s resource, only 400 can be applied as an optimal portfolio practically. For
E[R?] <0, it is obvious that A™ E[R] — (A™ — AT) E[R°1{ge<py] < 0. Therefore, V (u) is an
increasing function for v < 0. For u > 0, dV (u)/du can be negative or positive. If dV (u)/du
is negative then V'(u) is decreasing for all v and u* = —oo. If dV(u)/du is positive then
V(u) is increasing for u > 0 and V(u) is a V-shaped function where the relation between
slopes is [A\" B[R] — (A~ = AT)E[R1(ge<py]| > [N E[RY] — (A~ — AT)E[R°1 e~y In this
case, there are two optimal portfolios u* = —oo, +o00. But, V(u) goes to infinity faster for
negative region and the optimal portfolio u* becomes —oo practically. When E[R¢] = 0,
dV (u)/du = —(A~ = A1) E[R1{ge>qy] for u > 0 and dV (u)/du = —(A~ — AT)E[R1{ge<oy]
for u < 0. Also, we know that |E[R°1{ge>0}]| = |E[R1{ge<y]| for E[R] = 0. Then, V(u)
is again a V-shaped function but it has same absolute slope and there are two optimal
portfolios u* = —o0, 400.

In more detail, we now make some observations using different distributions for the
excess return in the following subsections. Since, when A > 1 the optimal portfolios are

trivial, we concentrate on the case A < 1.

Binomaial Return Model

Suppose that excess return R° comes from the binomial distribution. With probability p1,
R equals 61 > 0 and with probability ps, R® equals —63 < 0 where A~, A" > 0. Expected

excess return is

E[R?] = p161 — p202
and the value function becomes

(ATp161 — A" ped2)u u>0
V(u) = .
(A" p161 — AT pado)u u <0

Clearly, the value function is linear and the optimal solution can be —o0, 0, +00 depend-

ing on the sign of (\Tp1d1 — A" pada) and (A" p1d1 — AT pada), using the results in (4.3)-(4.10).
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To simplify the notation, let p and §, denote p;/p2 and §1/02 respectively. Optimal

portfolios are classified below.

1. If E[R] > 0, then

0 Apd < 1
u* =4 [0,+00) Apd=1
400 Apd > 1
2. If E[R°] <0, then
0 A < pd
u* =4¢ (—00,0] A=pd
—00 A > pd

Ezxponential Return Model

In this chapter, we assume that the risky asset returns R is exponentially distributed with
rate p so that B[R] = 1/p. Let g =1—-X (0<¢<1)and Rf =1+rs. If E[R] > Ry or
pRy <1, by (4.3), the optimal portfolio is u* = 0 provided that

E[R?] < qE[Rl{ges0y]

< qE[R*L{r R;>0}]
+o0

< q/(x—Rf)ue“’”da;
Ry
+o0

< g / e PR gy

0
+oo

< qe_H/Rf / y’ue_uydy
0
e P

I

< 4 (4.11)

Noting that E[R°] = E[R — R¢] = 1/ — Ry, we can rewrite (4.11) as
1 —uR
Rf>;(1fqe HELEY

or

pRy>1— qe
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or
AN
ﬁ >1—gqe™*
where //l = uRy.
Let hi(z) = 1 — ge=®. Then, dhy(x)/dz = ge=® > 0 and d?h(z)/dx? = —ge™® < 0 so
that hj is a concave increasing function with h;(0) =1 —qgand h1(1) =1—¢ge ! < 1. As a

result, on [0, 1], there is only one solution /2\1 which satisfies

A A
fg =1—qe M. (4.12)

Thus, we can say that there is a level /2\1 such that if ,1/) is greater than /2\1, optimal portfolio

is 0, otherwise it is unbounded. In other words,

A ] o =i
0 pRy > iy or B[R] < =
AN
u* =14 [0,+00)  pR;=py or B[R] =M . (4.13)
AN
+o0 pRy < ﬁl or E[R¢] > 1_/;“

If B[R] < Ry or pRy > 1, by (4.4), the optimal portfolio is ©* = 0 provided that
E[RT] = qE[R*1{ge<oy]

> qE[R°1{r R,<0}]
Ry

q/(a: — Ry)pe " dx

0
1 — e Ky
¢(—— —R
(—, 7)
—puRs
> _(‘i‘f n (4.14)
—q)u

Noting that E[R — R¢] =1/ — Ry, we can rewrite (4.14) as

A\

v

ge s

fiy = (1-1q)

(1+ )

1
I
or

q —uR
pRf <1+ ———e My
d (1-4q)

or

A q _A
<1+ e H.
(1-4q)
Let ha(w) = 1+qe~*/(1—q). Then, dhy(z)/dx = —ge*/(1—q) < 0 and d?hy(x)/dz? =
ge /(1 —¢q) > 0 so that hy is convex decreasing function with ho(1) = 1+ge~!/(1—¢q) and

ha(4+00) = 1. As a result, on [1,+00), there is only one solution ,12\2 which satisfies

e i, (4.15)
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Thus, we can say that there is a level such that if ﬁ is less than /fQ, optimal portfolio is 0,

otherwise unbounded. In other words,

0 pRy < fizor E[RY] > 17%

w'=1 (00,00  pRy=fiyor B[R] = (4.16)
A
—00 pRy > ,ﬁzor E[R] < 1;“2

Normal Return Model

We now suppose that the excess return has the normal distribution. First, we will define
some notations to simplify the expressions for the standard normal distribution. After
introducing the new notations, we will mention about some properties of the standard
normal distribution. Later on, we use these properties for our inferences.

The standard normal density function is

[a—
(S

x

plz) = =e

and the standard normal cumulative function is represented by the integral

i 1 o2
@(y):/me_ﬂim.

Noting that p(x) = ¢(—z), ¢ is a symmetric function with respect to zero. Moreover, ® is

the cumulative function of ¢ and

lim & =
y—+o0 (y) V2T

Due to the symmetry of ¢, ®(—y) =1 — ®(y). We, also define ¥ so that

o

N
vy = [ Nerd

2
_z
2 dx.

or n
oo
B(y) = — /tdt
y)=——[¢
\/27r£
2
or
1 2
¥ = (~ e 7 ) 5
or ] y2

U(y) = 7=e =
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or
U(y) = ¢(y)-
Suppose that the excess return R® is normally distributed with mean g and stan-

dard deviation o. To use our results in Chapter 4.1.1, we must determine E[R®l{pe0y],

E[R1{ge>0y] for the normal distribution. In that case,

+o0
X 1ixz—py\2
E[Re].{Re>0}] = 6_5( o ) d.’L’
= 2
/ V2mo
—+o00

= K _Zoo 17T6_éz2dz—_4\/12?e_222dz +UT/LM\/22?6_222dz
s () on()
— b (§>+ag0<g> (4.17)
and
0
: _ [ ey
E[R1{gecoy] = me 2o ) dx

z 1.2

3 3
1 1.2
= e 2”7 dz+a/ e 2% dz
M/ V2T V2T
—Oo —00
w

o0

—& 1 + —+oco
1.2 z 1.2 z 2
= e 27 dz + o / e 2% dz — /6 2% dz
g Vor Var , V2r
—00 — 00 =2

_ _Py el
= ,LMI)( 0) m,p(a) . (4.18)
Then, for p > 0, it follows from (4.3) that u* = 0 if

B[R] < (1 = N)E[R1{ge>0]
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< @=N@eE) +o0()
oy < ¥+ e (4.19)

Let z = p/o and hi(x) = ®(z) 4+ p(z)/x for z > 0. Note that, hy is a decreasing function

with respect to x since

dh;iﬂf) . +<p’(w)f; . p(x)
— T £U2 — T
— @)+ o( ):U2 ()
G (4.20)

Moreover, limy o+ hi(z) = 400 and lim,—, o hi(z) = 1. Also, 1/(1 —X) > 1 for A < 1
and it is a constant level. So, there is a unique z1 > 0 which satisfies h1(z1) = 1/(1 — \).
Consequently, it is a critical level such that if 2 < x1 or g < oy then v* = 0, and if z > x

or > ox then u* = +o0.

Now, suppose that p < 0, then it follows from (4.4) that u* = 0 provided that

E[R?] > (1 = \)E[R1{ge<0}]

p> (1= N@e(-2) - oY)
=5 > oD - 2ol (4:21)

Let = p/o and hg(z) = ®(—x)—p(x))/z for < 0. Note that, he is an increasing function

with respect to x since

dho(x "(x)x — o(x
) Ly el el
—p(z)z? — p(x
gty o

- “Og)zo. (4.22)

Moreover, lim;_,_o ho(xz) = 1 and limgpo— ha(x) = 400. Since 1/(1 — ) > 1 and hy is
an increasing function, there is a unique xo < 0 which satisfies ha(z2) = 1/(1 — \). It is a
critical level such that if > 29 or p > oxy then u* = 0, and if © < x5 or 4 < oxy then
u* = —00.

To sum up, optimal portfolios stated by (4.3)-(4.4) can be rewritten as follows:
Case I : A< 1.
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1. If >0, then

0 /L<O’£1
u* = 0<u*<+oco u:o:c_l
+00 p> ory
2. If p <0, then
0 /L>O’:C_2
=19 —co<u*<0 p=o0xs
—0o0 /,L<O'.T,TQ

4.1.2  General Reference Point

In this part, we take 8 > 0 to analyze the effect of the initial wealth on the optimal portfolio.
Also, we assume that the initial wealth of investor wy is greater than 0. Unlike the risk-free

reference point model optimal portfolios now vary with the initial wealth.

General Return Model

If we take any point above the initial wealth as a reference point, the portfolio optimization

problem gets more difficult. Using (3.3), our problem now becomes

max V(u) = max Flv(uR® + Owory)]

u

where 0 < 0 < 1.

The objective function is V(u) = E[v(uR® + fwory)] which we want to maximize by

choosing u. Note that we can also write,

V(u) = Elv (uR + 0wors)liure<—gwors3] + Elvt ((uR + Owor )L fure>—0wor;})
= AiE[(uRe + Qworf)l{uRe<,gworf}] + )\JrE[(uRe + eworf)l{uRezfﬁworf}]
_ )\_E[(’LLRE -+ ew()rf)l{Re<_9w2Tf }] + )\+E[(’LLR6 —+ Gwo'r’f)l{Rez_awgrf }] u Z 0
)\_E[(’LLRe + Qonf)l{Re>_9wSrf }] + )\+E[(’LLR€ + 0w0rf)1{Re§_6w3rf }] u <0
A" E[uR® + Qwor] — (A~ — AT)E[(uR® + 0w0rf)1{R8> ouwor s }] u>0
= - - =T e . (4.23)
A" E[uR® + Qwors] — (A~ — AT)E[(uR® + 0worf)1{R6S_9w2rf }] u<0

In short form, derivatives of V' with respect to u can be written as
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dV (u)

Ty = E[R° (uRe + Gwory)] (4.24)
and 2V ()
Vi(u e
R E[(R°)*v (uRe 4+ Owory)]

whenever the derivatives exists. Also, V" = 0 since the value function is piecewise linear.
Depending on the structure of the function v, the second derivative of V' will be non-
positive or nonnegative and the structure of V' will change. If A < 1, the second derivative
of V is nonpositive and V is concave. If A > 1, the second derivative of V' is nonnegative
and V is convex. Apparently, V is linear when A = 1.
When V is concave, optimal portfolio u* must satisfy the optimality condition

dV(u)

= E[R (uRe + wor )] = 0. (4.25)

When V is convex, we must investigate the optimal portfolio at a boundary since our
problem involves maximization.
The derivative of V' helps us to characterize the optimal portfolio. Suppose f is a

probability density function of excess return R°. Then, we can rewrite (4.23) as

+oo
A" (WE[R] 4 Owors) — (A~ — AT) / (ux 4 Owory) f(x)de  w >0
79w0rf
V(“’) - _HZOTf
A" (uE[RE] 4 Qwory) — (A~ — A1) / (ux 4+ Owory) f(z)de  w <0
) (4.26)
Using (4.26), we obtain the derivative
+oo
VB[R] — (A= — ) / of(@)de w0
dVi(u) _ -
du - _ Owory
A"E[R]— (A~ =) / zf(z)de uw<0
- ()t
_ A E[Re] ()\ A )E[Rel{Rez_Gwsrf }] u Z 0 (4 27)
- el - _ )\t e ’ ’
A E[R ] ()\ A )E[R 1{RE<_0w2rf}] u <0

Therefore, the derivative of V' is the difference of two parts. The first component A~ E[R¢]

is constant and the second component is a function of u. The second derivative of V with
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respect to u is

iy— vy (Bworp)® o Buwor
T :{ et ) 2 (4.28)

u3
du? (A~ — Ay more)” g fworyy gy < g

u
Firstly, consider the case where A < 1 or V(u) is concave. In (4.28), f is a probability
density function and it only takes positive values. Then, it is clear that d*V (u)/du? < 0.
So, dV(u)/du is a decreasing function with respect to w. It has maximum value at
lim dV(u)/du = A" E[R°] — (A~ — A")E[R 1{Rge <q}]
U——00
and minimum value at

lim dV(u)/du= A E[R"] — (A" — A")E[RL{pe>qy].

U——+00

Also, we know that dV (u)/du = AT E[R®] when u = 0. This information gives us a clue
about optimal portfolios.

If there is a finite optimal portfolio, it must satisfy the optimality condition (4.25). Using
(4.27), the optimality condition can be updated as

A"E[R]] — (A — )‘+)E[R61{Rez—0”’%”‘}] u>0 »
A"E[RY] — (A — A+)E[Re1{Re<_9w%W}] u <0
or
E[Rel{Rez,W%rf}]/E{Re] u>0 _ L (429)
E[Rﬂ{ReGM%Tf}]/E[Re] u<0 1-A

Surely, if ATE[R] — (AT — AT)E[R°1{pe 3] < 0 then dV(u)/du < 0 for all u. This
implies that V(u) is a decreasing function and the optimal portfolio is u* = —oo. When
ATE[RY] — (A" — AN)E[R°1{pe>0y] > 0, V(u) is a increasing function and the optimal
portfolio is u* = 4+00. As mentioned previously, u* = —oo and u* = 400 are not realistic
solutions. So, we use them to state that the investor should short-sell “all he could” the
risky asset in favor of the risky asset and he should invest “all he could” in the risky asset,
respectively.

However, if A~ E[R¢|—(A™=AT) E[R1{ge<oy] > 0 and A™ E[R*]—(A™ =AT)E[R1(gespy] <
0 then there is a finite solution u* that satisfies the optimality condition (4.29). Clearly, when
E[R?] = 0 since dV (u)/du = 0 at u = 0, the optimal solution is u* = 0. When E[R¢] < 0,
there is a solution such that the optimality condition holds in the region (—o00,0). That
also make sense intuitively. It is obvious that if there is negative expected return in the
risky asset, investor wants to short-sell the risky asset. When E[R¢] > 0, optimal portfolio

u* lays in the region (0, +00) and investor wants to invest his money in the risky asset.
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To summarize, in some cases there is an infinite optimal solution and in some cases there
is a finite optimal solution. Moreover, that finite optimal solution u* satisfies the optimality

condition (4.29). All solutions are gathered in the following summary.

Case I. \ < 1.

1. If B[R] > 0, then

0<u* < E[R?] < (1 = A)E[R1¢ge
oo BIRY) > (1 - B[R] o))
where u* satisfies E[R°l{re>_guor,/u})/E[R] = 1/(1 — A). Here, note that

E[R°1(Re>6uwor;/up)/E[R?] is increasing in u for u > 0. It takes its minimum value
at 0 which is 1 and maximum value at +oo which is E[R°l{ge>qy]/E[R] > 0. If
E[R1{ge>0y]/ B[R] < 1/(1-2), then the objective function is continuously increasing
in v and there is an unbounded solution. However, if E[R1{ge>0y]/E[R] > 1/(1-)),

then there is a unique bounded portfolio that maximizes the objective function.

2. If E[R°] <0, then

(1

> )\)E[Rel{ReSO}]
<(1

. { —co<u*<0 B[R (431)
A E[R®1{Rre<q)]

€ —
—00 E[R*] -
for u* satisfies E[R1{pe< puqr;/uyl/E[R°] = 1/(1 — A). Now, one can observe that
E[R*1{Rre< guor; /u})/ B[R] is decreasing in u for u < 0. It takes its minimum value at 0
and maximum value at —co which is E[R1{ge -}/ E[R°] > 0. If E[R1{ge 0]/ E[R°] <
1/(1 — A), then the objective function is continuously decreasing in u and there is an

unbounded solution. However, if E[R°1{geooy]/E[R] > 1/(1 — A), then there is a

unique bounded portfolio that maximizes the objective function.

Consider A = 1. Due to dV(u)/du = A" E[R¢], dV(u)/du is a constant function. By
the sign of dV(u)/du, we can obtain the optimal portfolios. If EF[R] < 0, then V is an

decreasing function and optimal portfolio u* = —oo. However, if E[R¢] > 0, then V is
a increasing function and optimal portfolio u* = 4+00. When E[R¢] = 0, it is clear that

V(u) =0 for all u and all u’s are optimal. Consequently,

Case Il : A =1.
1. If E[R?] > 0, then u* = +o0.

2. If B[R] =0, then u* = (—o0, +00).
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3. If E[R°] <0, then u* = —oc.

Now, consider the case where A > 1 or V(u) is convex. Since our problem is maximizing
the value function in (4.26), we can collect the optimal solutions by investigating the value
of the objective function at the boundaries. From (4.28), we obtain that dV (u)/du is an
increasing function since d?V (u)/du? > 0. Also, we know that dV (u)/du = AT E[R] at
u = 0.

When E[R¢] > 0, it is clear that dV (u)/du > 0 for w > 0 and V(u) is an increasing
function in the positive region. However, for u < 0, dV (u)/du takes its minimum value at
—oo and it can be negative. If dV (u)/du is positive for v = —oo, then V is an increasing
function for all u and the optimal portfolio u* is +oc0. If dV(u)/du is negative for u = —oo,
then V' decreases up to the point u that satisfies dV (u)/du = 0. Additionally, V is increasing
function for v > w. Therefore, the optimal portfolios u* are —oo, +o0.

When E[R¢] < 0, dV(u)/du < 0 for u < 0 and V'(u) is an increasing function in the
positive region. dV(u)/du takes its maximum value at +oo and it can be positive. If
dV (u)/du is negative for u = +oo, then V is a decreasing function for all u and the optimal
portfolio u* is —oo. If dV(u)/du is positive for u = 400, then V' decreases up to the point
u that satisfies dV (u)/du = 0. Similarly, V is increasing function for u > u and the optimal
portfolios u* are —oo, +o00.

When E[R¢] = 0, since dV (u)/du = AT E[R®] = 0 at u = 0, V is decreasing function for

u < 0 and increasing for v > 0. The optimal portfolios u* are —oo, +00. In brief,

Case III: )\ > 1.

1. If E[R?] > 0, then
\ { —00, +oo B[R] < (1 - NE[R1pe0y)
400 E[Re] > (1 — )\)E[Rel{Re<0}]

2. If B[R] =0, then u* = —oco0 and +o0.

3. If E[R°] < 0, then

. { — 0 B[R] < (1 — \)E[R1{pe>q)]

e < _
—00, + 00 E[R] > (1— A)E[Rlesy]

In the following subsections, since the optimal portfolios are trivial when A > 1 | we

make some observations only for the case A < 1.
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Binomial Return Model

Up to this point, we consider the case where excess return has any distribution. Now, we
assume that excess return has the binomial distribution specifically. All parameters stated
in Chapter (4.1.1) are again valid. But, we analyze the effect of the initial wealth on the
optimal portfolio in this chapter. To determine the optimal portfolios, we must update
dV (u)/du. It follows from (4.27) that

dv(u) _ A7 (p101 — pada) — (A — )\+)E[R61{R€Z_9w+rf}] w0
du A7 (p101 — p2da) — (A — )\+)E[R61{Re<_9w%*f}] u<0
A" (p161 = p2d2) — (A = A)pady u> 20
- A7 (p161 — pada) — (AT — AT)(p161 — pada) _(%%f <u< 0%”

[ A7 (P101 = p2da) = (A7 = AF)(=p2d2) u< s

( wor
ATp161 — A pade u > 95%
)\_p161 — >\+p252 u S _Gu%v‘f

Note that dV (u)/du is a piecewise constant function and it takes different values in three
regions. From (4.32), there are two critical points that dV (u)/du changes and these points
are candidates to be optimal. As mentioned, optimal portfolios are trivial when A > 1. So,
we just remark on the case when A <1 or A~ > A™.

Suppose E[R¢] > 0 or p1d1 > pada. Since A" p161 — AT pada > 0 and AT (p1d1 — pada) > 0,

. . : : : 0
V(u) is an increasing function on the interval (—oo, —5-L]

. However, we cannot make a
certain observation for u > Owogry/d2. If ATp1d1 — A peday > 0, then V(u) is an increasing
function for u > Owory/d2. If ATp1d1 — A pada < 0, then V(u) is an decreasing function
for w > Gwory/d2. When ATp161 — A pada = 0, V(u) is a constant function for the same
interval. Moreover, optimal portfolio v* depends on the structure of V'(u) for u > Gwory/do.
Increasing in this interval implies that optimal portfolio is ©* = 400 and decreasing implies
that optimal portfolio u* = Owory/d2. If V(u) is a constant function for the same interval,
there are alternative optimal portfolios and u*€e[fwor /02, +00).

Similar reviews can be obtained for E[R¢] < 0 or p1d1 < p2d2. Since ATp1d;— A" pady < 0
and AT (p161 — p2da) < 0,V (u) is a decreasing function on the interval [—6wqrs/d1, +00). If
A"p1d1 — ATpady > 0, then V(u) is an increasing function for u < —Owory /01 and optimal
portfolio is u* = —Owory/o1 . If A p161 — ATpada < 0, then V(u) is an decreasing function
for u < —Owory/01 and optimal portfolio u* is —oco. We can summarize the conclusion as

follows.
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1. If E[R?] > 0, then

Owor /o2 p101 — p202 < (1 — A)p101
ut = [Qwory/d9,+00)  p101 — p2d2 = (1 — N)p101
{ +o00 p161 — p202 > (1 — A)p1d1
Owor s /52 Ap101 < p2d2
= [Qwory /02, +00)  Ap161 = p20a
+00 Ap161 > p202
Owor /02 Apd < 1
= [Owors/d2,+00)  Apd =1
{ 400 Apd > 1
2. If E[R] < 0, then
—Bwory /61 P161 — p2d2 > (1 — A)(—p202)
ut o= (oo, —Owory/01]  p101 — p2de = (1 — A)(—p2d2)
{ —00 p101 — p262 < (1 — A)(—p2d2)
( —Owory /o1 Ap2d2 < p161
= (—00, —fwory/01]  Ap202 = p101
{ —00 Ap202 > p1d1
—Owory /61 A< pd
= (—o0, —OQwory/01]  A=pd .
—0 A > pé

Ezxponential Return Model

In this chapter, we assume that risky asset returns are exponentially distributed with rate
p so that E[R] = 1/p as in Chapter(4.1.1).
We concentrate on the case when A < 1 as usual. To update (4.30)-(4.31), we must

determine E[R1(re> gugr,/uy) and E[R1(ge < guqr, /3] for exponentially distributed risky
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asset returns. Then,

E[Rel{ReZ*eworf/u}] = E[(R - Rf)l{RzRfwaorf/u}]
+oo
/ (x — Rp)pe *dx Ry > Qwory/u
_ Ry—Owory/u
+oo
/(w — Ry)pe M dx Ry < Owory/u
0
( +o00
_ /(y — Qwor Ju)pe MR =0wors /gy R > Qwory fu
0
1/pw— Ry Ry < Owory/u
_ e~ MUy =0wors /u)(1 [y — Quwory/u) > Owory/Ry (4.33)
1/pw— Ry u < Qwory/Ry
and
BIR Y pec—puor ] = BB = Bp)] = BI(R =Bl ovory )]
' Vp—Ry—
u > Owors/R
— e—u(Rf—Gworf/u)(l/u o ew(ﬂ"f/u) 0 f/ f
| 0 u < Qwory/Ry
( 1/p— Rp—
" G/M ! u > Owory/Ry
= e—H(Ry— wOTf/u)(]_/N _ me‘f/U) (4.34)
0 u < Qwory/Ry

\

Using (4.33) for v > 0, and (4.34) for u < 0, we can determine the optimality condition
(4.29) for the exponentially distributed returns as

e—u(Rf—Gworf/u)(

1/pu—0wor s /u)
1/u—RfM L uZ@worf/Rf

1 0 <u < Owors/Rs =1 %

1 e_“(Rf_eonf/“)(1/M—0worf/u) 0
— /iRy u <

Note that E[R1{re>_puwor/uyl/E[R] =1 for 0 < u < fwory/Ry. So, there is not any u
such that E[R1{ge>_guor;/u}l/E[R°] = 1/(1 — A) in the interval [0, Owory/Ry).

In (4.30), for E[R°] > 0, we stated that if E[R] < (1 — A)E[R°1{ge~0y], then there is
a finite optimal portfolio. We can rewrite this condition for exponentially distributed asset
returns. Actually, we made the same adaptation in Chapter (4.1.1). We can get similar

results as in Chapter (4.1.1). Differently, there is a level ;1\1 satisfying (4.12) that if uR;
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is greater than p;, the optimal portfolio is u* is a finite positive number, otherwise it is

unbounded. In other words,

AN

0 <u* <400 uRf>ﬁ1 or E[R®] < 1=

ut = .
00 pRy < iy or B[R] > 1

where u* satisfies e #(r=0wors /W) (1 /1) — Qwory/u)/ (1/p) — Ry) = 1/(1 — \).

In (4.31), for E[R°] < 0, we stated that if E[R°] > (1 — \)E[R®1{ge<qy], then there is
a finite optimal portfolio. We again get similar results with Chapter (4.1.1). Differently,
there is a level ,uA2 satisfying (4.15) that if uRy is less than /1\2, the optimal portfolio is u* is

a finite negative number, otherwise it is unbounded. In other words,

AN

. —oo<u* <0 pRp< ;%or E[R?] > =t
u = A
~00 pRy > figor B[R] < -k

where u* satisfies 1 — e =0wors /W) (1 /1) — Qwory /u)/((1/p) — Ry) = 1/(1 = N).

Normal Return Model

Like in Chapter (4.1.1), excess return R is normally distributed with x4 and standard
deviation o. However, the effect of the reference point on the optimal portfolio is analyzed

here. To use general inferences that we obtained at chapter (4.1.2), we must update both
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E[R°1 | and E[R1 So,

0 6 .
(Re>—""0sy (Rec s

“+o00

] o X %(zfu)Qd
{Rez_ewg'r‘f} - We XL

E[R1

Qworf w
- uo 7U
—+00 —+00
1 1,0 z
= U / e 2°dz+o e 2% dz
T V2T
(9w07‘f u 9w07‘f u
Oworf u

“+o0o 1 T T ue o 1
1.2 1.2
57 57

= U / e 2% dz — / e 2%dz | +
V2T V2T
-0 —Oo
—+o00
Z 1.2

o / e 2%dz

v 2
Gwo'rf u
- uo 7;
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and
Gworf
e X _l(I;M)Z
E[R 1{Re<79w2rf }] \/W 2 dm
—0o0
_Gwo'rf m
_ / o £ 72 g,
9’w07'f m 79w07'f o
1 1 1,2
= e 2°dz+o / e 2% dz
K V2T V2T
—o0 —0o0
_fwory
= u / e 2% dz +
V2
+oo +o0o
z 1.2 z 1.2
o e 2% dz — ——e 2% dz
/ V2T / V2T
—00 Owo'rf n
- (qu) - <9wo""fu>
uo o uo o
6 0
_ 0 (_wm“f_u) _(,@( wor'y M>‘
uo o uo o
Using (4.29), the optimality condition can be stated as
@(Uprrt) rge (M) wzo ! (4.35)
(-t _t)_zp(Mrit) <o 1-N '

From Chapter (4.1.2), we know that if EF[R] = p > 0, the optimal portfolio u* must

be greater than zero. Furthermore, the optimal portfolio u* can be finite or infinite. If it

is finite, it must satisfy the first optimality condition (4.35) that is available for u > 0. To

derive optimal portfolios, we must check the optimality condition (4.35) in more detail. Lets

define hyi(u) = @ (Qwory/(uo) + (u/0)) + op (Owors/(uo) + (/o)) /i on the set uw > 0. It

follows that h; is an increasing function since

dhy(u) _ <9w0rf N ,u) N gg@, (0w07“f u)
du uo o W uo o
Owor Owor Owor
_ _¢<0f+ﬂ) ;fﬂ[_@(wyé)(
uo o) u’c ,u, uo o

o (Owery 0 w%r]%

= P\ T5) Bz 2V

1 uo o) udo

Owory |

Owor s

)| (%)

uo o ulo
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Moreover, h1(0) = 1 and limy,— 4o h1(u) = ®(u/0) + op(p/o)/p. Obviously, if ®(u/o) +
op(pu/o)/pw < 1/(1 —X), there is not any finite u > 0 that satisfies the optimality condition
(4.35). In other words, dV (u)/d(u) > 0 for u > 0 and the optimal portfolio is u* = +oo.
However, if ®(u/0) + op(p/o)/i > 1/(1 — X), then there is a unique u* > 0 such that it
satisfies the optimality condition. In that case, the optimal portfolio is finite.

Also, we know that if E[R] = u < 0, the optimal portfolio u* must be less than
zero. Similarly, the optimal portfolio u* can be finite or infinite. If it is finite, it must
satisfy the second optimality condition (4.35). Let ho(u) = @ (—Owory/(uo) — (u/o)) —
oo (Qwory/(uo) + (1/0)) /i on the set w < 0. Then, hs is an decreasing function since

dha(u) o <_0w07“f B u) 7 <9w07°f )
du uo
o {—80 (Oworf N > <9w07°f N ,uﬂ <_0w207“f>
M uo o uo o uc

uo o
Owor Owor
- ofti)
uo o) u
0 0% w2r?
_ _aw( WOTf+N> 30 I <
1 uo o) u

o
I
f

Moreover, lim,—, o ho(u) = ® (—p/0) — op (/o) /u and lim,,_,o- he(u) = 1. Obviously, if
O(—p/o)—op(pu/o)/p < 1/(1—N) there is not any finite v < 0 that satisfies the optimality
condition (4.35). In other words, dV (u)/d(u) < 0 for w < 0 and the optimal portfolio
u* = —oo. If ®(—p/o) —op(u/o)/w > 1/(1 — N), then there is a unique u* < 0 such that
it satisfies the optimality condition. In that case, the optimal portfolio is finite.

To sum up, the optimal portfolio is characterized below.

1. If 4 >0, then

yro )OS U< oo oy < @5+ 79(8)
+00 (1i>\) > (I)(%) + %\Il(g)

where u* satisfies ® (Qwory/(uo) + p/o) + o (Qwors/(uo) + p/o) /p=1/(1 = X).

2. If p <0, then

=

—~
|
~—
|
—~
~—
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|

where u* satisfies ® (—Owory/(uo) — p/o) — o (Qwors/(uo) + p/o) /p=1/(1—X).

The ratio p/o is the Sharpe ratio of the risky asset. When p >0, ®(u/0) + oW (u/o)/u
is a critical level that determines the structure of the optimal portfolio. As mentioned

in Chapter (4.1.1), ®(u/0) + o¥(p/o)/p is a decreasing function with respect to p/o.
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Increases in the Sharpe ratio causes decreases in ®(u/o)+oW¥(u/o)/pu. So, ®(Owory/(uo) +
p/o) + oW (Qwors/(uo) + /o) /p intersects with the line 1/(1 — ) at a higher v and u*
gets bigger. If /o > x1 where 1 holds the equality that 1/(1 — A) = ®(x1) + o U(z1) /21,
then optimal portfolio is u* = +00. When p < 0, ®(—p/0) — o¥(p/0)/p is a critical level
that it determines the structure of the optimal portfolio. Now, ®(—pu/0) —oW(u/o)/p is an
increasing function with respect to p/o. So, increases in the Sharpe ratio causes increases
in ®(—p/o)—o¥(pu/o)/p. In that case, ®(—Owors/(uo) — /o) — oW (Qwory/(uo) +p/o)/u
intersects with the line 1/(1 — \) at a smaller v where v < 0. Consequently, the optimal
portfolio u* gets smaller. If /o < xa where z2 holds the equality that 1/(1 — \) =

O(—xz2) — 0W(x2)/x2, then optimal portfolio is u* = —o0.

4.2 Exponential Value Function

4.2.1 General Reference Point

In this chapter, we analyzed the effect of the exponential value function and the initial
wealth on optimal portfolio u*. The objective function V' (u) which we want to maximize

by choosing u is

V(u) = Elv(uR® + Qwory] (4.36)

where v(z) = AT(1 — exp(—az)) with AT, a > 0.

General Return Model

Suppose that the excess return R® comes from any distribution. Then, taking derivative of
(4.36),
v (u)

o — a)\-l-E[Ree—a(uRe—l—Gworf)]

_ Ot)\-i—e@worfE[Ree—auRe]

and the second derivative is
d?V (u)
du?

Since d?V (u)/du? < 0, V is a concave function. So, setting dV (u)/du to zero gives the

— —Oz2)\+66w0rfE[(Re)26_QURe].

optimality condition. The optimality condition is
a\Telwors B[Ree ) =

or

E[R¢e™ ] = 0. (4.37)



Chapter 4: Single Asset Model 33

Lemma 4.2.1 a) If E[R®] > 0, then u* > 0,
b) If E[R] <0, then u* < 0.
Proof. Firstly, E[R¢e~*"E"] is decreasing in u, since the derivative is —aE[(R®)2e ] <
0.
Also, it is obvious that E[R°e~““F"] = E[R®] for u = 0.
a) If E[R] > 0, then the optimality condition (4.37) holds only for u > 0.
b) If E[R¢] < 0, then the optimality condition (4.37) holds only for u < 0. m

In the following cases, we derive the optimal portfolios using different distributions.

Binomial Return Model

Suppose that the excess return R® has the binomial distribution. With probability p1, R®
equals to d; and with probability ps, R® equals to —do where p; + po = 1 and 41,2 > 0.

The optimality condition (4.37) can be rewritten as
pléle—aucsl _ p252€au62 —0.

Therefore, the optimal solution is

a(1 +02)  p2d2

1
= ) In(pd).

Ezxponential Return Model

In this chapter, we assume that risky asset returns are exponentially distributed with rate

p as before. The optimality condition is
BI(R - Ry)e="("=R1)] = 0

or

+oo
/ (x — Rf)e_a“(””_Rf),ue_“wdx =0
0
or
+oo
el / (x — Rf)ye*(a“Jr“)‘”da: =0
0
or
+oo

e”&aﬁ@h/@—Rpmu+mawwm%x—o
0
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or
1
ks L —Ry) =0
au+ poau 4+ p

or

1

-Ry=0
au + (i

Then, the optimal portfolio is

* 1— ,LLRf

aRy

Normal Return Model

As before, the excess return R® is normally distributed with p and standard deviation o.

The optimality condition (4.37) can be updated as

+o00
/ T eoure 3 (T gy —
2ro
—00
or
+oo
/ (UZ + :U') e—au(az—l—u)e—%ZQdZ -0
V2T
—00
or
+oo
QUi / (UZ + H) 67%(z2+2au0z)dz -0
ous
—o0
or
+oo
efau,u+7°‘2“22”2 / (02 + M) 67%(z+auo')2dz =0
V2r
—00
or
+o00o
2.2 2 _
e—au,u—i-% / (U(y OéUO‘) + N) e—%dey -0
V2rm
—00
or
e T (1 — auo?) = 0
or

Then, the optimal portfolio is
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4.3 Piecewise Exponential Value Function

In this chapter, the optimal choices of prospect investors are analyzed for the piecewise
exponential model in (3.7). We assumed A < 1 as in Tversky and Kahnemann (1992). Since
the value function is neither convex nor concave, some difficulties arise. So, we examine the
objective function in two parts for v > 0 and u < 0. Then, we derive the optimal solution

and make our analysis.

4.8.1 Risk-free Reference Point

Portfolio optimization problem with piecewise exponential value function and risk-free ref-

erence point can be stated as

max Viu) = max Elv(uRe)]

where v(z) has the form shown as (3.7) with AT, A7, a > 0.

Binomial Return Model
Suppose that excess return R¢ comes from the binomial distribution. Then,
E[R?] = p101 — p262
and
ATpr(1— e @u01) — A7po(1 —e™@%02) 4 >0
V(u) =
Apo(1 — eo‘“52) —Ap(l— ea“51) u <0

Note that V' is continuos at zero with V' (0) = 0.

Taking the derivative of v with respect to u, we obtain

dV(u) alt o pre M1 — g AT Japge 102 u>0

du { a)\+52pgea“52 — 04)\_51])160‘“51 u <0
It is clearly seen that the derivative of V' changes its sign at most once for each positive
and negative part of u, separately. If there is an extreme point at the relevant region of w,
setting the derivative of V' to zero gives us that point. This point can be optimal, if some

conditions are satisfied. For the positive region of u, the extreme point u satisfies

—aud —audy __

altoipie — aX dopee

AtS1pre” ™01 = A" 6yppe ¥ 02
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p-ou(d1-02) _ A 02p2

ATo1p1
_ A" 02p2
01— 0g) =—1
{0 = 02) n()\+61p1
which yields the explicit solution
u = L In Ao
04(51 — 52) A" dopo
or
i= —  n(ép)
04(51 — 52) )

For the negative region of u, the extreme point u satisfies

AT 89ppe®™2 — a7 3§ p1e®™t =0

At Bapae®™ = A7 61py e

eaﬂ(52751) — A_(S:[pl
AT Gap2
_ A" 01p1
dg—0d1) =1
o0z = 01) n(>\+52p2
which yields the explicit solution
u= hﬂ(xr(bp2 !
A0 1p1 a(61 — (52)
or
1
u = In( A

" %)0(51 — d2)

In summary,

1

gl
I

mln(p%) pé > A, 01 > dg or pd < A, d1 < d9

mln(pé)\) p(g > %, 5]_ > 52 or p(g < %, 5]_ < 52

(4.38)

Using the extreme points @ given by (4.38), we can identify the optimal portfolio u* as

follows for A < 1:

Case I. E[R¢] > 0.
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1. If p > A, then

0 p < 3 min{l, }
u* = mln(pé)\) p > %, 0>1
1
+00 pP>550<1
2. If p < A, then
1 n(peN) pAHL— () Fm] - AL — (L)F ] > At — pA-
ut = a(d1—55) MP p POX 5 pOX 5 p
1 2
—oo PATIL = () 7] = AL = ()] < AT = pA”
Case I1. E[R?] < 0.
1. If Ap < 1, then
0 % < +min{1, 6}
* 1 A 1 é
u = 01(51752) ln(ﬁ) 5 > X, (5 > 1
—00 ;>3 0<1
2. If Ap > 1, then
do é
. sy nGy) AT (Z%)agé—sl] —pAT[1— (]%)525-51] > pAt — A~
2 1
o0 L= (2)75] - pA[1 - (3)2751] < pAT — A~
Case I11. E[R°] = 0.
Then,
—00 D<A
w'={ 0 A<p<y
+oo  p> 3

Normal Return Model

Suppose that excess return R¢ is normally distributed with mean p and standard deviation

o. Then,
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V(u) = B~ (uR)lupe<0y] + E[vT (uR)1ype0})
= N E[(1— e ) ypecoy] + ATE[(L — e )1y pesy)

_ { —AE[(1 = e ) pecy] + ATE[(1 — e ) 1 pesgy] uw >0
-\ E[(1- 6a“Re)1{Re>0}] + /\+E[(1 — echRe)l{ReSO}] u <0

0 +oo
e / (1 — e20)) f(a)da + A+ / (1— e f(a)dz u> 0
_ o 0 (4.39)
A7 [ (1—e®)f(z)dr + AT [ (1 —e @) f(x)dr u <0
) /

where f(z) is the probability density function of normal distribution with mean p and

variance 02. We consider the value function stated in (4.39) under the assumption \ < 1.

Lemma 4.3.1 a) If 4 > 0, then u* > 0.

b) If u < 0, then u* < 0.
Proof. a) When u > 0, f(z) > f(—z) for x > 0. Ouwing to the symmetry between
1 —exp(auz) for x < 0 and 1 — exp(—auzx) for x >0,

+o0 0
/ (1= ™) f(2)dz > / (1 =) (z)da
0 —00
and +00 0
e / (1— ™) f(z)dz + A* / (1 — ¢ f(2)dz < 0
0 —00
V(u) <0

for uw < 0. Consequently, V(0) > V(u) for all u <0 and u* > 0.
b) When u < 0, f(—z) > f(x) for x > 0. QOuwing to the symmetry between
1 —exp(auz) for x <0 and 1 — exp(—aux) for z > 0,

+o0 0

/ (1= ™) f(2)da < / (1= =) f(z)da
0 —00

and
0 +o00

e / (1— =) () + A* / (1 — e™) f()da < 0

—00 0
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or

V(u) <0

for uw> 0. Consequently, V(0) > V(u) for allu >0 and u* < 0. m

Lemma 4.3.1 also implies that «* = 0 when p = 0 and it is optimal not to invest in the
risky asset when its expected excess return is zero.
Let V_(u) denote the loss part and V, (u) denote the gain part of the objective function.

Firstly we analyze the loss part. We can now write

Vo(u) = Ev (uR)lure<oy]
= -\ E[(1- QURE)l{uR%o}]
B { “ATE[(1 - €)1 pecgy] u>0
—A"E[(1 = "B )1 gpesgy] u <0
_ { A\ E[ligecoy] + A E[e“F Ligecy] u >0
N E[ligesqy) + A B[ Lipesqy] u<0

Note that both E[l¢regy] and E[lge~oy] are constant terms and these terms do not effect
the optimal solution. So, we will continue to analyze Elexp(uR®)1{geq] for u > 0 and

Elexp(uR®)1ges0y] for u < 0. Taking R® = p+ 0Z where Z ~ N(0, 1), we obtain

E[e"® 1ipecy] = E[“ 71,1 07<0)]

)
K
o
_ euu+102u2 1 6_%('2_”0)261
\V2r
—00
M+u02

) (4.40)

for uw > 0 where ® is the standard normal cumulative distribution function.
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Similarly,

E[e"® 1gesoy] E[e"" 7101 57503

6,qu[euch1{Z>_%}]

+o0 1
1.2
= et / ——e"%%eT 27 dz
V2T
_k
+oo
1 1 2
_ e,uu+%02u2 / efﬁ(zfuo) dz
A V2T
+oo 1
= eputaotu? / e 2" da
V2r
7;L+u(72
2
= oty g (BETY)
2
_ e#“+%02“2<1>(“+0ﬂ). (4.41)
Taking the derivative of (4.40), we obtain
d(e““+%U2“2¢>(—L‘72“)) 9 12,2 w4+ o?u 1 2.2 w4 olu
B I L TRl R L i
u o o
1,22 o+ o?u W+ o?u
= o g (LT T,
1,2,2 M—l—o'Zu ,u—|—02u u—|—02u
= T o|(— ) B(————) — ()] (4.42)
for u > 0 where ¢ is the standard normal density function.
Similarly, the derivative of (4.41) is
d(e““*égzuztb(m)) 9 L 20+ o%u L 02+ o
g = (p+ ou)e! T W P(E—) + gt TIT W p(—)
du o
1 + o%u +o0%u
e 27 (04 ) (=) + o)
1,2,2 M—i—azu u+02u u+02u
= T [(F——)d(——) + o). (443)

To simplify our notation, we define

and
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Then (4.42) and (4.43) can be written as

1.2, 2

d(eﬂu-i- oy q)( (M‘f‘g’QU))) uu+10'2u2 12 —+ 0'2U

: = a1
U o
and sy
d(et 27 <I>(”+§ “) _ ot (,u + 02u)
du g o ’
For the gain part, we can write
Vi(u) = E"(uR )1{uRe>0}]
= MNE[(1- )1{uRezo}]

AE[(1—e " )1 {pesqy] u>0
TE[(1— e ) pecqy] u<0

[
[
[1{Re>0}} — )\+E[6_UR61{ReZO}] u>0
[1{Re<0}} — >\+E[€_UR81{R5§0}] u <0

(4.44)

(4.45)

Both E[l{ge>0y] and E[l{re<qy] are constant terms and these terms do not effect the optimal

solution. Now, we analyze Elexp(—uR®)1{ge>qy] for u > 0 and Elexp(—uR®)1{pe<py] for

u < 0. Taking R° = pu+ o2,

Ele™"" peza)] = Bl " 1yui0z50)]
_ e—,u,uE[efuaZl{ZZ_g}]
2

_ _1
uoz =52 1,

[

w;

12,2
— —put50°u e

/m

400
1 2 2 1 1,2
= e Mutzou /e 2" dx
us?—p
(o8

2

o) g

2
— 1.2,2 uo L
e pu+50°u (I)(

)

g

% (z4uoc)? d

(4.46)
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for « > 0. Similarly,

Ele™ " 1ipecoy] = Ele "1, 57<0)]

= e_MuE[e_uo—Zl{ZS_g}]

—Uoz —1,2

B
= e_““/\/;e e 2% dz
T

—00

_K
!
1 2.2 1 2
— e—,uu—l-zou/ ; 6—§(z+uo) dz
Y4
oo

11,(7'2—;1.
o1 1.2
— hutyoty? ——e 2% dx
ous
— o0
2
L LAL Yfeii y (4.47)
o
for u < 0. Taking derivative of (4.46) and (4.47), we obtain
d(e~Hu+307u’ (_uo’—p uo? —
( - ( o )) _ (_,u_’_o_2u)ef,uu+%02u2(b(_ - ,LL) .
2
—Mu+%0'2u2 _UU — /,l/
e o171y,
2 _
= e (p g o) (— )
uo? — p
op(—T Ly
2 2
_—putiou? —,u—}-au(I)_ua — My
‘ AT g
2
U — [
p(———)] (4.48)
o
and
et ot (a0 .
2
—Mu+%02u2 uoc- — ,u
oe (LT k)
2 _
— e*Mqu%UZuz[(_M_i_o_Zu)q)(uaa HJ)_’_
2
uo — p
oo (" 2y
— 2 2 _
— e—ﬂu+%a2u2a[( p+o 'LL)(I)('LLO' :U’)_'_
o o
2
uor® — p
p(——)I- (4.49)
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Using f and g, we can rewrite (4.48) and (4.49) as

1.2, 2 2

d(e Hutao u (Y1) L 2.2, — L+ 0
o _ /J,qu o“u == 4.50
I =e =) (4.50)
and d( _#u+%02u2¢.(u02_u)) n 9
e o —pu 102u2 —HToTU
y pauct g(———). (4.51)
U g

From (4.44), (4.45), (4.50) and (4.51), dV (u)/du can be rewritten as

dV(u) e,uu+1<72u2o_ )\*f /H-;Qu _ >\+e—2uuf (—u—ga2u> u Z 0

N B e P e e e el G | IR

g

(4.52)

In (4.52), since ehutzotu? g positive for all u, it has no effect on the sign of dV (u)/du.
Firstly, to investigate the sign of dV (u)/du we must examine the structure of f(x) and g(z).

Taking derivatives of both function,
fll) = @(-2) —zp(—2) + vo(—2)
= ()
and
g(@) = @(x)+zp(x) - 2p(—2)
= ().
Since f'(z) = ®(—z) > 0 and f"(z) = —p(x) < 0, f < 0 is strictly increasing concave
function where limg,_ 1 f(z) = 0. Also, since ¢'(z) = ¢(z) > 0 and ¢"(x) = ¢(z) > 0,
g > 0 is strictly increasing convex function where lim,_,_ g(z) = 0.

Let f(x) = —f(x), then f > 0 is a strictly decreasing convex function. Then, the sign
of dV'(u)/du becomes

o AV (@) sign (7o AT () - xFerug () ) w0
g du sign (e,uu—l-%cr u20_ )\—g ptodul )\+e—2uug (—M‘ZUQU) ) uw<0

sz’gn()\*f protu) _ A\te 2”“f<w>> u>0
g

ptou — Ate—2mug ( u+a u)) w<0

A
e
a sign ()\_g (@> — ATe2nug ( “+U “)) u<0

( f(ﬂ+02u>e2pu N
—sign = A u >0

- pto”u 2pu
. 9 g € )\+ 0
stgn W - )\T u <
9 -
\

(4.53)
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Theorem 4.3.2 If 4 > 0, V(u) is quasi-concave for u > 0. Moreover, the optimal solution

15

o L) ot
= =) =2 4.54
S R (NPT, (4.54)
u - < =
() A
where 4 is the unique positive value that satisfies
I (u+o2u) i 4
i = (4.55)

f <7u+a2ﬁ> T
Proof. Consider the case for uw > 0. We will first show that V is quasi-concave for any
w > 0. It suffices to show that f((u+02u)/a) e/ f ((—p+ o%u) /o) is an increasing
function in u when p > 0.

For simplicity, let z = ou and i1 = p/o. Firstly, we will show that

hi(z, ) = W

s an increasing function in z. Taking the partial derivative of hy, we will show

O (1) _ <f<z T m)’ew S i) ()
7 -

9z flz=p) — 1)
or
F(z4i) SN
(&2 )) o ()
fetpn) = e
Fz—p)
or A . X X
(/' G+ f =)= F z+) f' (z— 1)) )
(fe-m)” L 2pe?
J€(2+ﬂ) - e2iz
fz—p)
or ) .
!/ ~ ~
Fie +fi) e fb) > —2ju. (4.56)
fe+p)  flz—p)
Define
£
Ko = L2 (4.57)
f(z)
_ —0(—2)
p(z) — z[1 — @(z)]
B 1
qu(—zi) -z
1
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where r(z) = ¢(2)/(1—®(2)) is the failure rate function of the standard normal distribution.

Using k, we rewrite (4.56) as

Bz + ) — k(2 — ) > —2p. (4.58)
For (4.58) to hold, it suffices to show that
K'(2) > —1.

Now, we will use some properties of failure rate function summarized, for example, in
Bar-Isaac et al. (2014) to complete the analysis. The failure rate function is positive and

convezx increasing so that

a)

r(z) >0
b)

r(z) >0
¢

r(z) >0

for all z.
Furthermore, we use the boundary condition
d)

2 <r(z) <

1
- 4.
z+ z‘ (4.59)

gwen in Gordon (1941) where z* = max{0, z}.
We continue with some analysis on r and k, it is clear that

_ oy
r(z) = (1= () > 0.

Taking the derivative of r, we get

ey — 0= 2@) + i)
)
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since () > 0 and f(z) > 0. Also, r'(x) can be rewritten as

r'(z) = —zr(x)+r(z)
= r(x)(r(z) — z) (4.60)
after some simple manipulations. Then, (4.60) implies that r(x) > x or k(x) < 0, since
r'(x) > 0.
Taking the second derivative of T, we get
(@) = 2r(@)r’(z) —r(z) —ar'(z)
= 2r(@)r(z)(r(z) —2) —r(x) — 2r(z)(r(z) - o)
= 2r(z)® — 2zr(x)? — r(z) — zr(z)? + 2°r(z)
= 2r(2)® - 3ar(x)® + 2%r(x) — r(z)
= r(2)(2r(z)? = 3zr(z) + 22 —1) >0 (4.61)

by ¢). Then (4.61) implies that
2r(x)? — 3ar(z) + 22 — 1> 0. (4.62)

Now, taking the derivative of k, we obtain

“0 = (=)

We are investigating whether k'(x) > —1. It is indeed true if

1—r(z)(r(z) —z) < (z —r(z))?

1— 7“(.%‘)2 —r(x)r < z? - 2zr(x) + r(a:)2

or

2r(z)? = 3ar(z) + 22 —1>0

which is true by (4.62). Therefore, k'(x) > —1 and V(u) is quasi-concave for u > 0 Since
the objective function V(u) is quasi-concave for u > 0, the optimal solution u* is obtained
by setting (4.53) equal to zero. noting that hy(z, 1) is increasing in z = ou, this leads to
the optimal solution given by (4.54) and (4.55). m
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Now, we analyze how the optimal portfolio changes when p increases for p > 0. The
general expectation is that the optimal portfolio should be increasing in p. From (4.53), it
suffices to show that h, (z, 1) is decreasing in i for z = ou > 0. Note that this will be true
if

~ ! ~
Oh(z 1) _ (Ji(z + u)) 20 M (e%)' <0
Of flz— ) fz—p)
or
flz+i) N
(f(z—ﬂ)) (e272)
fetn) = e
Fz—p)
or A . X R
(f'(z+i) f(z— )+ f (z+00) f' (z— ) ) )
(fe—m)” o2z
Jf(z*ﬂl) - e2iz
F—p)
or . .
fA A fL) + fA - fl) < —2z. (4.63)
fle+i)  flz—0)

Using the definition of k in (4.57), (4.63) can be rewritten as

k(= + i) + k(= — ) < —22

or
1 1
- — + " — < —2z.
2+ p—r(z+p)  z—p—r(z—p)
Now, it is sufficient to show that
1 n 1 >
- - - — > 2z
r(z+p) = (+p)  rlz—p) —(z—0)
for fn > 0.
This is true for 1 = 0, since
1
— Y >
r(z) —z :

from (4.59). Therefore, it suffices to show that
—k(z 4+ 1) = k(z — 1)
is increasing in fi. In other words,

—K'(z+p) + K (z—f) >0
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or
K(z— 1) > K (2 + fr).

Although we are unable to prove that k< 0, we conjecture that it is true. Under this

conjecture, u* increases as j increases.

Theorem 4.3.3 If 1 < 0, V(u) is quasi-concave for u < 0. Moreover, the optimal solution

18 )
No At
* 0 g j,ﬂ) 2 )‘T
u = B g(ﬁ) A+ (464)
u — < =
o(ZF) T A
where U is the unique negative value that satisfies
g (M+§2ﬂ> 62’“1 A+
(4.65)

Proof. Consider the case for w < 0. We will first show that V is quasi-concave for
any p < 0. It suffices to show that g ((u+ o®u)/o) e /g ((—p + o*u)/0) is a decreasing
function in u when p < 0. Now, we will show that

g(z + p)e?

h-(ef) = 9(z — i)

1s decreasing function in z. Taking the partial derivative of h_, we will show

8h_6(j,[1,) _ <g(z+l})>/ezgz+gézjgg (62;12)/ <0

9(z — r) 9(z
or
gz+i) ) N
(55) _ ()
glztp) — e2iz
g(z—0)
or
(9" (z+i)g(z—f1)—g(2+1)g’ (z—1)) . onn
(9(z—)? < _2pe™
g(z+i1) - e2hz
g(z—ft)
or

D AT DY (4.66)
z
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Define

_ (4.67)

where r(z) = p(2)/ [1 — ®(2)]. Actually, 1 is similar to k. The relation between k and | can

be shown as
I(z) = —k(—=2). (4.68)

Using I, we rewrite (4.66) as
e+ ) — Uz — ) < —2p (4.69)
where i < 0. Then, it suffices to show that
I'(z) > —1.

But, (4.68) trivially implies that I (z) = k' (—z) > —1 and V(u) is quasi-concave for u < 0.
The quasi-concavity of V (u) implies that the optimal solution u* is obtained by setting (4.53)
equal to zero. Noting that h_(z, 1) is decreasing in z = ou, this leads to the optimal solution

given by (4.64) and (4.65). m

Now, we analyze how the optimal portfolio changes when p increases for u < 0. The
general expectation is that the optimal portfolio should be increasing in p. From (4.53), it

suffices to show that h_(z, 1) is increasing in i for z = ocu < 0. Note that this will be true
if

- (g ) =

or

(z+) ) X
(E5) (@)
glztp) = e2iz
g(z—i)
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o (¢'(z+p)g(z—)+9(z+)g' (z—11)) .
(9(z—)’ S 2ee”
9(1i) = T 2hz
g(z—f)
or ) X ) X
getp) gE=l) ., (4.70)
glz+i)  glz—p)

Using [, (4.70) can be rewritten as

Wz+p)+i(z—p) = -2z

or
1 1
= — + - — > =2z
z+ia+r(—z—p) z—p+r(—z+p)
for o1 < 0.
This is true for 1 = 0, since
1
—_— > —Z.
z+1r(—2) :
for z < 0 by (4.59). Therefore, it suffices to show that
Wz+p)+1(z—f)
is decreasing in fi. In other words,
V(z+p)—1(z—f) <0
or
Uz +p) <1'(z— ).
where f1 < 0. This is true since I"(z) = —k"(—z) > 0 by our conjecture.

From Theorem 4.3.2 and Theorem 4.3.3, there are some mean levels such that if the
expected return p is between these levels, the optimal solution equals to 0. To obtain both
critical means, we can investigate the derivative of objective function around 0. From (4.52),

we obtain

T ey
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and
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Chapter 5

NUMERICAL ILLUSTRATIONS

Up to this point, we discuss the portfolio optimization problem within the prospect
framework. This chapter demonstrates the results of Chapter 4 by some illustrative nu-
merical examples. We construct some examples to investigate the effects of parameters on
the optimal portfolios. Then, we comment on the effect of the prospect approach. We
take @ = 1, A~ = 14.7, AT = 6.52 in our analyses throughout this chapter unless stated
otherwise.

Our illustrations concentrate on the normal distribution model. We will show the shape
of some value functions that we discussed before. We will use normally distributed excess
returns with different means. Moreover, we will fix the standard deviation o = 0.25 for all
illustrations. Then, we will show the graph of the optimal portfolios versus means with the

same variance.

5.1 Piecewise Linear Value Function

In this subsection, we present some examples for the piecewise linear value function. As
done in Chapter 4.1.1, we obtain the solutions. Recall that there are some mean levels such
that if the expected return is between these levels, there is a trivial solution and it is u* = 0.
If not, the solution is infinite. For these illustrations, the critical mean levels can be found

easily. Using (4.19), the first critical point px; must satisfy the equation

Uy U‘P(ﬂ) 1
(L o’ —
( o )+ 1 1—A
or
4
o(4py) + PE) _ | 797 (5.1)
Apuy

where p; > 0. We know there is only one i, that satisfies (5.1) and it is p; = 0.081. The

second critical point po must satisfy

25) U‘P(%) 1
a(-12) 20— 1
o Lo 1—-A
or
4
B(—dpy) — LA _ 797 (5.2)



Chapter 5: Numerical Illustrations
53

where py < 0. The two equations (5.1) and (5.2) have symmetric functions around 0 and

te = —0.081. Then, we can characterize the solution by using these two critical points so
that )
—00 p < —0.081
(—00,0) p = —0.081
u* = 0 —0.081 < p < 0.081 (5.3)
[0, 4+00) @ =0.081
+00 w > 0.081

Now, the shapes of the objective functions that we try to maximize for different expected
rates of return are provided in Figure 5.1. Note that all objective functions are also piecewise

linear and the optimal solution depends on the value of i as given in (5.3).

p=-01 j = 0.05
100 a
u =0
W =—00
0 -50
z )
- o
-100 -1ao
=200 : : : -150 - : :
-100 -50 a 50 100 -100 -50 a 50 100
w ©
1= 0.081 p=101
100 100
w =0, +co) w =400
0 S a
) )
o o
-100 1 -100
=200 : : : -200 . . L
-100 -50 a 50 100 -100 -50 a 50 100
© ©

Figure 5.1: Objective functions for piecewise linear function

The optimal portfolios are depicted in Figure 5.2 as a function of the mean p. As you
see in Figure 5.2, there are three optimal solutions. Two of them are unbounded solutions
(u* = —o0 or +00). They require selling or buying the risky asset as much as you can. The
other optimal solution is do not buy any risky asset (u* = 0) and invest all money in the
risk-free asset. Here, the ratio A specifies the interval where the optimal portfolio is u* = 0.
In (5.1) and (5.2), 1/(1 — \) is increasing in A where A < 1. Also, from (4.20) and (4.22),

we know that hi(z) = ®(z) + ¢(z)/x is a decreasing function for z > 0 and its symmetric
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Figure 5.2: Optimal portfolios as a function of mean p

function ha(x) = ®(—z) — ¢(x)/z is an increasing function for z < 0. While A increases,
1/(1 — X) increases and (5.1) holds for a smaller mean ;. By symmetry, (5.2) holds for a
greater mean py. In the other words, the interval that the optimal portfolio is not to buy
any risky asset gets smaller. Also, the effect of the changing the interval with A is shown in
Figure 5.3. As you see, when A increases to 1, the length of the interval goes to 0 and, if

A =1 all optimal solutions are unbounded.

a iz Fey 4
4+ 4
3k i
A= 0.54
2F A=044 =
1 1 1 A= 1 1
0.1 -0.05 u] 0.05 0.1 015

Figure 5.3: Critical points as a function of A
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5.2 Piecewise Exponential Value Function

Here, our aim is to show how the piecewise exponential value function effects the optimal
portfolios. To make this analysis, we will examine the exponential value function first.
The examination of the exponential value function helps us to understand the differences
between the utility model and the prospect model.
In Chapter 4.2.1 we derived the optimal solutions as
* H

=" _16
Y ao? a

where the excess return is normally distributed with mean p and variance o2 = 0.252. It
is easily seen that optimal portfolios have a linear relation with the expected returns. In
other words, the ratio between optimal portfolios and the standard normal distribution is
constant. The linearity between optimal portfolios and the expected return p is illustrated

in Figure 5.4.

R 04 03 -0.2 01 u] 0.1 02 03 04 0a

Figure 5.4: Optimal portfolios as a function of mean p

We will now show some illustrations for the piecewise exponential function using the
results in Chapter 4.3.1. As we proved before, the value function is quasi-concave for
normally distributed excess return. Quasi-concavity of the objective function can be seen

in Figures 5.5, 5.6, and 5.7 for different means.

When we gather the optimal portfolios for the different means in Figure 5.8, we see the

interval that the optimal portfolio is not to buy any risky asset.
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T T
w =—2.56

Vi

Figure 5.5: Objective function for piecewise exponential function (u = —0.1)

Figure 5.6: Objective function for piecewise exponential function (= 0.081)

In Figure 5.8, there are two mean levels p; and pq such that v* = 0 for p; < p < po.
By (4.71) and (4.72), the endpoints of the interval [u, 5] can be obtained by solving.

e+ e () -1

o (5) (D) -

Actually these conditions are the same as (5.1) and (5.2). So, p; = 0.081 and py =
—0.081.

In the exponential value function, the set of optimal solutions has a linear form given

and

by u* = u/ao?. Using this closed form solution, we can determine the relation between
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Figure 5.7: Objective function for piecewise exponential function (u = 0.1)
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bz =—0.081

g = 0081

Figure 5.8: Optimal portfolios as a function of mean p

the exponential and piecewise exponential solutions. If u/ac? is optimal for piecewise

exponential value function, then the derivative of objective function must be equal to 0 at
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p/ao?. From (4.53), we get

f_<ﬂ+o2(:‘2)>e2u(;'2)
. 7 +
—sign T (B) — i*_ uw=>0
dV (u) | f( " >
sign =
g d uf% g<u+a2(:‘2) 62;1,(0—“2)
oo . o +
o\ ) s ooeso
g e
2;1,2
)
—sign ( ( J):O) — i—_ ©w>0
= 2
sign (g("zeo) — f\‘—, w<0
and letting 1 = /o, we obtain
A 9n2
4V (u) —sign (f e T) 50
sign < y ) | = £(0) ,
u —u 51020
u=_z sign (9(25()5) ro_ f\\f) w<0
B T ) B
N sign (g (2/1) 2" — @) p<0

Here, f (0) A" /A~ is a constant term and ¢;(71) = f (2/) 2”is a decreasing function in f

or equally in u. To show this, it is sufficient to show that

Ci(i) = 2f (20) 2 + 4pf (20) 2 <0

or
29 (' 2) + 20f (24)) <0
or
f 20 +2uf (20) <0
or N
fem 1
~F 2 2
or
p(2p) — 2p@(=241) _ 1
®(—2f1) T 20
or
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which is always true by (4.59) where r(z) is hazard function of the standard normal distri-
bution. It is also clear that, (,(i) = g (21) 2*is an increasing function. To sum up there
is only one positive and only one negative mean level such that solutions of exponential and
piecewise exponential cases are equal. The comparison between the model is graphically

demonstrated in Figure 5.9.

40

301

20

w Ur
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20k
30 Piecewise Exponetial
— - — - Exponential
40 1 L L L 1 I 1 I 1
-0.5 -0.4 -0.3 02 -0.1 u] 0.1 0z 03 0.4 045

Figure 5.9: Optimal solutions for piecewise exponential and exponential functions
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Chapter 6

CONCLUSIONS

Decision making under uncertainty has always been one of the important research areas
in industrial engineering. In the research community, expected utility theory is perhaps
the most widely used approach. However, non-utility theories have become more popular
recently. The prospect theory of Daniel Kahneman and Amos Tversky is the most familiar
one of non-utility theories. According to their theory, people are more sensitive to losses.
This claim is quite different from the classical arguments. They supported their model with
some empirical experiments.

Although utility based portfolio selection models make up the majority of the literature
in portfolio optimization, non-utility based models are becoming more and more popular in
this research area. We followed this new line of research in this thesis and used the prospect
model approach in our analysis. However, we also referred to expected utility model for
comparison. We tested preferences of prospect investors with the expected utility investors.

In the thesis, we focus on the single period, single risky asset portfolio selection problem.
Although the prospect model is used, the distortation of the probability measure is omitted.
Rather, studying the effect of the value functions is in the center of this thesis. Motivated
with this idea, we deal with piecewise linear and piecewise exponential value functions.
Also, we use exponential value function as a benchmark.

In the Chapter 3, we discussed the main features of prospect theory and formulated the
portfolio optimization problem within the prospect theory framework. In Chapter 4, we
derived the optimal solutions for piecewise linear value function and tested it with different
distributions. We showed that there is a mean interval such that it is optimal not to make
any investment on the risky asset for the prospect investor. This is a totally different
attitude from the expected utility investors. In the next, we analyzed the case where the
value function is exponential. In this case, there is a linear relation between the mean and
the optimal portfolio. In other words, the more expected return gets the more optimal
portfolio gets. For the piecewise exponential value function, we get similar results with
the piecewise linear value function. There is a mean interval such that not to make any
investment on the risky asset is optimal for the piecewise exponential value function.

In the numerical part, we provide some illustrative examples. The effects of the structure

of the value function are examined using the normally distributed excess return. Also,
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we compared preferences of piecewise exponential and exponential investors. There is an
interval for the mean such that exponential investors are more risk seeking than the prospect
investors and out of this interval, the prospect investors are more risk seeking.

This research can be extended in several directions. Here, our analysis constructed on
a single risky asset. Our analysis can be extended to multiple risky assets. Long-term
behavior of a prospect investor is another issue. So, our setting of single period can be
extended by considering multiple periods. Since the probability distortation of outcomes
is a part of the prospect theory, another idea might be distorting the probabilities of the

returns. Another extension may be the continuous time setting.
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