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ABSTRACT

NOISE-TOLERANT WAVEFRONT SHAPING FOR
FOCUSING LIGHT THROUGH MULTIMODE FIBERS

Amna Ammar
M.S. in MATERIALS SCIENCE AND NANOTECHNOLOGY
Advisor: Hasan Yilmaz
July 2025

Multimode optical fibers (MMFs) offer unique advantages for high-resolution
imaging, optical communication, and power delivery. However, their complex
modal structure poses significant challenges for the precise prediction of light
propagation. This thesis explores the upper bounds of intensity enhancement
achievable in light focusing through multimode fibers (MMFs) using phase-only

wavefront shaping techniques designed to be robust against noise.

We begin with a theoretical analysis of modal propagation and introduce the
transmission matrix (TM) formalism as a foundation for describing input-output
field relationships in MMFs. We then explore digital optical phase conjugation
(DOPC) and feedback-based wavefront shaping strategies, emphasizing their per-

formance limitations under realistic experimental constraints.

A central contribution of this thesis is the introduction of a generalized expres-
sion for the enhancement factor, incorporating both the input participation ratio
and the phase error coefficient. We demonstrate that enhancement is strongly
influenced by the choice of input basis and the presence of experimental noise.
Using common-path interferometric transmission matrix (TM) measurements,
we demonstrate that the Dual Reference Algorithm (DRA) implemented in the
Hadamard basis outperforms the widely used Stepwise Sequential Algorithm
(SSA) operating in the canonical (SLM pixel) basis. Our experimental results
confirm that Hadamard-based wavefront shaping offers superior noise resilience,
yielding intensity enhancement factors approaching the theoretical upper bound.

We further conduct a detailed analysis of experimentally measured transmis-
sion matrices (TMs), revealing that the segment size on the SLM significantly
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influences modal coupling and focusing performance.

Finally, we introduce an operator-based framework that encodes the radial
memory effect for a focused beam, extending beyond the conventional rotational
memory effect in multimode fibers (MMFs). This approach enables beam scan-
ning via controlled shifts of the input SLM pattern, paving the way for advanced
applications in fiber-optic imaging and beam steering.

Overall, this thesis presents a unified framework that bridges theory and ex-
periment to optimize wavefront shaping in multimode fibers (MMFs), with direct
implications for endoscopic imaging, clean-beam fiber amplification, and pro-

grammable fiber-based optical systems.

Keywords: Wavefront shaping, Multimode fiber, Transmission matrix, Spatial
light modulator, Enhancement factor, Participation ratio, Phase error, canonical
basis, Hadamard basis, Optical memory effect.



OZET

COK MODLU FIBERLERDE ISIK ODAKLAMA ICIN

GURULTUYE DAYANIKLI DALGACEPHESI
SEKILLENDIRME

Amna Ammar
Malzeme Bilimi ve Nanoteknoloji, Yiiksek Lisans
Tez Danigmani: Hasan Yilmaz
Temmuz 2025

(Cok modlu optik fiberler (MMFE’ler), yiiksek ¢oziiniirlikli goriintiileme, optik
haberlesme ve gii¢ iletimi gibi uygulamalarda benzersiz avantajlar sunar. Ancak,
karmagik mod yapilari nedeniyle 15181n bu fiberler igerisindeki yayilimini hassas
bigimde 6ngdrmek oldukga zordur. Bu tez, yalnizca faz kontroliiyle yapilan dalga
cephe gekillendirme teknikleri kullanilarak MMF’ler {izerinden 11k odaklamada
elde edilebilecek 151k siddeti artiriminin teorik iist sinirlarini, deneysel giiriiltiiye
kars1 dayanikli olacak sekilde aragtirmaktadir.

Bu tezde ilk olarak, mod yayilimini teorik olarak analiz ediyor ve girig-cikis
alan iligkilerini tanmimlamak ig¢in iletim matrisi (TM) formalizmini temel aliy-
oruz. Ardindan, sayisal optik faz konjiigasyonu (DOPC) ve geri-beslemeye dayali
dalga cephe sekillendirme stratejilerini inceliyor, bu tekniklerin gercek¢i deneysel
kosullar altindaki performans sinirlamalarina odaklaniyoruz.

Bu tezin temel katkilarindan biri, hem girig katilim oranin1 hem de faz hata
katsayisini iceren genellestirilmis bir 151k siddeti artirim faktori ifadesi sunmak-
tir.  Artirmmin, kullanilan girig dalgalarinin bazina ve deneysel giiriiltiiniin var-
ligina son derece duyarli oldugunu gosteriyoruz. Ortak-yol interferometrik TM
6lgiimleri kullanarak, Hadamard tabaninda ¢aligsan Cift Referansh Algoritma’nin
(DRA), yaygin olarak kullanilan Adim Adim Sirali Algoritma’ya (SSA) kiyasla
daha yiiksek performans sundugunu ortaya koyuyoruz. Deneysel sonuglarimiz,
Hadamard tabanli dalga cephe sekillendirmenin daha giiclii giiriiltii dayaniklilig:
sagladigin1 ve teorik iist siira yakin igik siddeti artirimlari elde edilebildigini
dogrulamaktadir.
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Ayrica, deneysel olarak 6lgiilmiis iletim matrislerini ayrintili sekilde analiz ed-
erek, SLM {izerindeki segment boyutunun, optik fiber mod baglagim verimi ve
odaklama performansini ciddi 6lgiide etkiledigini gosteriyoruz.

Son olarak, ¢cok modlu fiberlerde (MMF’ler) odaklanmig 1g1¢1n radyal hafiza
etkisini kodlayan ve geleneksel donel bellek etkisinin Otesine gegen operator ta-
banli bir ¢er¢eve sunuyoruz. Bu yaklagim, giristeki SLM deseninin kontrolli
kaydirilmasi yoluyla 11k huzmesinin taranmasina olanak taniyarak, fiber optik

goriintiileme ve 1g1n yonlendirme uygulamalar: i¢in yeni olanaklar agmaktadir.

Genel olarak, bu tez, cok modlu fiberlerde dalga cephe sekillendirmeyi optimize
etmek tizere kuramsal ve deneysel yaklagimlar: birlestiren biitiincil bir cerceve
sunmaktadir. Sonuglar, endoskopik goriintiileme, temiz 1ginh fiber amplifikasy-
onu ve programlanabilir fiber tabanli optik sistemler gibi alanlarda dogrudan
uygulamalara sahiptir.

Anahtar sozciikler: Dalga cephesi sekillendirme, Cok modlu fiber, Iletim matrisi,
Artig faktorii, Yalnizca faz giris modiilasyonu, Katilim orani, Girig faz hatalari,
Kanonik bazda SSA algoritmasi, Hadamard bazinda Dual Reference algoritmasi.
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memory-encoded operator, maintaining high enhancement across

multiple shifted target positions without recalibration. . . . . . .
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Chapter 1

Introduction & Motivation

Multimode fibers (MMFs) play a pivotal role across a wide range of optical tech-
nologies, including high-resolution single-fiber endoscopy [1-8|, optical manip-
ulation |9, 10], short-distance high-bandwidth communication [11], laser-based
material processing [12], spectroscopy [13-15|, and high-power fiber amplifica-
tion [16-22).

The ability of MMFs to support multiple spatial modes enables high-
throughput data transmission and efficient energy delivery. However, this same
multimodal nature introduces challenges: modal dispersion [23,24], intermodal
interference [25,26], and sensitivity to external perturbations [27] can lead to

severe distortions in the transmitted light field.

These limitations have motivated a growing interest in developing wavefront
shaping methods for controlling light propagation through MMFs. Wavefront
shaping counteracts the effects of modal interference by carefully tailoring the in-
put field to achieve a desired intensity distribution at the output [28-39]. While
this thesis focuses on MMFs; it is worth noting that similar wavefront shaping
principles have been successfully applied to integrated multimode waveguides,
where they enable reconfigurable beam steering and programmable photonic cir-

cuits for on-chip applications [40,41].



At the core of most wavefront shaping techniques is the transmission matrix
(TM) [9,42-44], which describes the linear relationship between the input and
output optical fields. By measuring the TM, one can determine the optimal input
field necessary to achieve a specific output pattern [2,9,11,44-47|. This principle
underlies various experimental approaches for controlling light through MMFs, in-
cluding digital optical phase conjugation (DOPC) within feedback-based shaping
using a spatial light modulator (SLM) [3,42,48-54]. While traditional methods
focus on modulating the incident field with liquid crystal-based SLMs or digital
micromirror devices (DMDs), an alternative strategy modifies the TM itself by
applying controlled perturbations along the fiber’s length, offering an all-fiber
solution [55]. In this dissertation, the effectiveness of SLM-based wavefront shap-
ing methods is evaluated using the enhancement factor as a central metric, which
quantifies the increase in intensity at the target location relative to the intensity

at the same target position for an unshaped input wavefront [31,42,50,56].

Building on these foundational concepts, the remainder of this chapter presents
a comprehensive theoretical framework that underpins the experimental and nu-
merical work discussed throughout this thesis. Section 1.1 provides an overview of
the structure and modal characteristics of MMFs. Section 1.2 introduces the TM
formalism and its essential role in describing light propagation through MMFs.
Section 1.3 outlines various wavefront shaping strategies, along with their exper-
imental realization using spatial light modulators (SLMs). Finally, section 1.4
discusses the intensity enhancement factor n and the theoretical limits to the

maximum 7 achievable through phase-only wavefront shaping in MMFs.

1.1 Step-Index Multimode Fibers (MMFs)

Optical fibers have become essential in numerous technological applications. One
of the most well-known uses is in high-speed intercontinental communication.
Beyond that, optical fibers are increasingly being employed in short-haul data
transmission, particularly in data centers where high bandwidth and low latency

are critical. In these settings, different types of fibers are used depending on the
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required performance, including single-mode and multimode fibers [11].

In recent years, multimode fibers (MMFs) have gained significant attention,
particularly in emerging fields such as biomedical imaging. A prominent exam-
ple is single-fiber endoscopic imaging [1-7,57|, where MMFs are used to deliver
and collect light deep within biological tissue using only a single flexible strand.
Research into controlling light through MMFs is enabling the development of

compact, high-resolution imaging systems.

Another area of interest is in broad-area fiber lasers [16-21|. For high-power
laser applications, fibers with large core diameters, often multimode, are used
to increase gain and avoid nonlinear effects. However, controlling the spatial
properties of light in such fibers remains a challenge, making wavefront shaping
techniques especially valuable [58,59]. More recently, multimode fibers have also
been explored as platforms for implementing programmable linear quantum op-
tical networks, offering a scalable and compact alternative for photonic quantum

information processing [60].

air
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>
>
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Figure 1.1: Illustration of a step-index multimode fiber showing the refractive
index profile of the core, cladding, and surrounding air. Light is guided within
the core through total internal reflection at the core—cladding interface.

To understand how light propagates in such systems, it is helpful to examine
the structure of the fibers themselves. The fibers used in our experiments are
step-index multimode fibers, as illustrated in Fig. 1.1. These consist of a core

with a higher refractive index surrounded by a cladding with a slightly lower
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index, guiding light via total internal reflection. The type of light propagation

that occurs within such a fiber depends heavily on its modal structure.

To characterize the modal structure of a step-index fiber, we solve the scalar
wave equation in cylindrical coordinates. Each guided mode corresponds to a
solution with a unique propagation constant (3, determined by matching boundary
conditions at the core—cladding interface. This results in an equation involving
Bessel functions that must be solved numerically to determine the allowed modes.
In our numerical modeling of light propagation through MMFs, we adopt a mode
decomposition approach, where the transmission matrix is constructed from the
set of guided modes. Each column of this matrix represents a distinct mode [61],
calculated based on the fiber’'s geometric and refractive index profile. Using
the weakly-guiding approximation, the supported modes are treated as linearly
polarized (LP) solutions to the scalar wave equation. To describe these modes
mathematically, we define the radial components of the wavevector inside the

core h,(x) and in the cladding g,(x), which are given by the following equations:

hll(J;) = a\/(ncorek0>2 - IZ, (11)
th(x) = a\/x2 - (ncladk0)27 (12>

where:

a is the core radius of the fiber,

® Ncore and Ngaq denote the refractive indices of the core and cladding, respec-

tively,

e ko = 2w/ is the wavenumber in vacuum,

x is a potential propagation constant () value.

The propagation constants 5 of the supported LP modes are found by solving
the transcendental equation:
Jl+1(ha(=75))) (Klﬂ(%(x)))
ho(@) | == ) = (@) | 77 ) 1.3
@ (et) — oo (e 3
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where J; is the Bessel function of the first kind (describing the field inside the
core) and K is the modified Bessel function of the second kind (describing the
field in the cladding), both of order [. This equation comes from matching the
transverse field and its derivative at the core—cladding boundary and is solved

numerically for each azimuthal index [ to obtain the allowed discrete values of 3.

Alternatively, full-vector modes can be calculated by solving the vector wave
equation [61]. In our simulations, we use linearly polarized (LP) mode solutions of
the vector wave equation, as polarization mixing is negligible in our experimental
system, as confirmed in Chapter 2. Given that the propagation modes are treated
as linearly polarized (LP) solutions, the focus is on a single polarization state for

both the simulations and the experiment.

This polarization consideration becomes particularly important when compar-
ing different types of optical fibers. In single-mode fibers, only the fundamental
mode propagates, typically resembling a Gaussian-like profile. While these fibers
are highly effective for long-distance transmission, they cannot transmit spatial
patterns or images. On the other hand, multimode fibers (MMFs) support the si-
multaneous propagation of multiple transverse modes, each with its own distinct
spatial profile and propagation constant. This increased modal capacity signif-
icantly enhances the fiber’s capacity to carry more information, making MMFs

ideal for applications requiring high data bandwidth.

This enhanced capability is due to the way the light propagates through these
transverse modes. These modes are structured solutions of the wave equation that
maintain their spatial profiles as they travel through the fiber [62-65]. When the
fiber is excited with a single mode, the output field preserves the structure of
that mode, but it is scaled by an amplitude and shifted in phase according to
its propagation constant $. However, when an arbitrary input pattern, such as
a star shape (as seen in Fig. 1.2), is launched into the fiber, it typically excites a

superposition of multiple modes, resulting in a more complex output field.

This superposition leads to interference between the modes at the output,

producing a seemingly random intensity distribution known as a speckle pattern.



The speckle pattern is spatially granular, with regions of high and low intensity
due to constructive and destructive interference between the modes. While it
may appear random, the speckle pattern is deterministic and encodes valuable

information about the input field.

Cladding

>/ \*/ QO o
0 8 8 D0 HEREO

Figure 1.2: Light propagation through a step-index multimode fiber. A struc-
tured input field (left) excites multiple guided modes (bottom), which travel
through the fiber at different velocities and interfere upon reaching the output.
This modal interference produces a seemingly random speckle pattern (right).

The speckle formation illustrated in Fig. 1.2 can be described more formally
as the coherent superposition of the fiber’s guided modes. If the n'" mode is
denoted by ¥, (x,y), then the total complex output field at the output takes the

form:

E(Z‘,y) = ZaanL(x:y)eiﬁnL' (1'4)

Here, a,, denotes the excitation amplitude of the n'® mode (determined by input
coupling), /3, is its propagation constant, and L is the fiber length. The observed
intensity |F(z,y)|* is governed by both the relative amplitudes and the accu-
mulated phase differences among modes. These phase terms encode the modal
delays and are key to understanding the complex, yet deterministic, interference

pattern observed at the output.

Physically, this accumulated phase arises because each guided mode travels at a
different angle within the core, resulting in a unique longitudinal wavevector com-

ponent and propagation constant [3,. The superposition of these phase-shifted
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modes produces the intricate speckle field seen at the output.

Despite its seemingly random appearance, the speckle pattern is entirely deter-
ministic. It reflects a fixed mapping between input and output fields, determined
by the fiber’s stable structure and the coherent nature of light propagation. In
the absence of external perturbations [66], such as mechanical vibration, thermal
drift, or other external perturbation sources, the same input field will always
generate the same speckle pattern. There is no intrinsic randomness or phase

decoherence in the system.

This inherent predictability naturally raises the question of controllability: if
the input—output relationship is fixed, can one design an input field that pro-
duces a desired output pattern? In principle, the answer is yes. Because modal
superposition is linear and each mode contributes a well-defined phase and am-
plitude, the input wavefront can be shaped to induce constructive interference
at specific output locations. This concept forms the foundation of wavefront
shaping, a technique that enables precise control over light propagation through
complex or disordered media. The following section introduces this idea through

the framework of the transmission matrix for a multimode fiber.

1.2 Transmission Matrix for MMFs

The transmission matrix (TM) offers a compact and quantitative framework for
describing how input fields evolve as they propagate through a multimode fiber.
It maps the complex input fields to the resulting output fields, fully characterizing

the linear input—output behavior of the system.

In the ideal case of a short, straight MMF with no intermodal coupling and
loss, the TM is unitary and diagonal: each input mode and its amplitude emerge
unchanged at the output, apart from a mode-dependent phase shift determined
by its propagation constant. This corresponds to a one-to-one mapping between

input and output modes. In such a scenario, the TM’s amplitude reduces to the



identity matrix, and predicting the output from a given input is straightforward.

In contrast, for longer fibers, on the order of several meters or more, imper-
fections such as bends, twists, or refractive index variations introduce significant
coupling between modes [67]. As a result, light launched into a single input
mode generally excites a superposition of modes at the output. This mode-
mixing appears as non-zero off-diagonal elements in the TM. When expressed in
the mode basis, the resulting matrix often appears statistically random [68-70].
Nonetheless, the system remains linear, and the underlying input-output relation
still holds. Importantly, this linearity preserves time-reversal symmetry [71,72],
which enables the use of phase-conjugation techniques to refocus an output field

back to its original input distribution.

To describe this input-output behavior more explicitly, we use the TM formal-
ism ‘B, = tFy,’ where By, € CV is the complex input field vector, Ey, € CM
is the output field vector, and ¢t € CM*V is the transmission matrix of the fiber
as seen in Fig. 1.3. Each element t,,, describes the complex amplitude and phase
coefficients from input segment n to output segment m. This relationship can be

written more explicitly as:

N
ESY =) "t BN (1.5)
n=1

The TM can be defined in any orthogonal basis, such as the basis of plane
waves [73], the basis of guided modes [74], and the basis of foci [43], depending

on the intended application.

While the TM fully characterizes the input-output field profile relationship
through an MMF, it becomes practically useful only when it can be experimen-
tally measured and used for wavefront control. One widely used method for
doing so is digital optical phase conjugation (DOPC) [42,43,75,76], which en-
ables the reversal of light propagation through the fiber by reconstructing the
phase-conjugated input field. The next section introduces DOPC as a core tool

in feedback-based wavefront shaping methods.
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Figure 1.3: Transmission matrix (TM) acquisition through a multimode fiber
(MMF). Each SLM pixel corresponds to a plane wave at a specific incident angle
on the input facet of the fiber. The output field is measured on a CCD camera
placed at the distal end. FEach column of the TM corresponds to the complex
output field distribution recorded when a single SLM pixel is addressed.

1.3 Digital Optical Phase Conjugation (DOPC) &
Feedback - Based Wavefront Shaping

In our experiments, DOPC is used to generate the input wavefront that produces
a diffraction-limited focus at a desired position at the fiber’s output end. Unlike
iterative methods that optimize over many input configurations, DOPC offers a
direct solution once the TM has been measured. Focusing on arbitrary distal po-
sitions is achieved by selecting the corresponding row of the TM, which represents
the output field response for all inputs at the desired focus point. For imaging
applications, this focus is scanned sequentially across the field of view by using

successive TM rows.

To clarify the structure of the TM in this context, each column represents the
output field distribution resulting from a single input mode or SLM segment.
Conversely, each row captures the field response at a specific output position. To
focus light at the output position m at the distal end of the fiber, we use the

complex conjugate of the corresponding row,

nm-—m

M
B = "t BOW, (1.6)
m=1
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where t* represents the complex conjugate of the transmission matrix, and ES{““

corresponds to the desired field at the output. In case one wishes to focus light
onto a single diffraction-limited spot—corresponding to the mth output chan-
nel—the desired output field EQ" s represented by a column vector of size

M x 1 containing a one at the mth position and zeros elsewhere:

This vector specifies that all energy is to be concentrated at the mth output chan-
nel, with no intensity at the others. When E™ is displayed on the spatial light
modulator (SLM), this input retraces the original propagation path in reverse, re-
sulting in constructive interference at the target and forming a diffraction-limited

focus.

(a) (b) Shaped wave

Random speckles

.l MMF
.l Focused spot

N M
Er(r(z)m) = z tmnEr(zm) E1(1m) = Z t;;mEr(;l)m)
n=1 m=1

Figure 1.4: Schematic representation of speckle formation and wavefront shap-
ing through a multimode fiber using digital optical phase conjugation is shown.
(a) A random input wavefront produces a speckle pattern at the output. (b)
Wavefront shaping with the conjugated transmission matrix phase produces a
focused spot.

Experimentally, DOPC is implemented using a spatial light modulator
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(SLM) [42] positioned at the fiber’s proximal end. When a single segment on the
SLM is activated, the resulting output appears as a speckle pattern, as described
earlier. By scanning across all input segments and recording the corresponding
complex output fields, typically using interferometric techniques [31,43, 75,77,
the full TM can be measured. Once the TM is acquired, any desired output field
can be reconstructed by applying the appropriate input composed of the linear
superposition of the input segments. This is accomplished by programming the
phase-only SLM with the corresponding phase profile. These SLMs, typically
based on liquid crystal on silicon (LCoS) technology, allow precise pixel-wise

phase modulation by electronically adjusting the voltage applied to each pixel.

However, measuring the complex output fields accurately presents several ex-
perimental challenges, especially in multimode fiber systems. Off-axis holography
method uses a plane wave as a reference beam, which follows a different optical
path than the signal beam’s optical path. Therefore off-axis holographic method
is highly sensitive to laser phase and frequency noise or environmental instabilities
such as vibration and air currents [78|. Common-path interferometric method,
in contrast, uses a portion of the signal as a reference that propagates along the
same optical path, mitigating many of these instabilities [43]. In MMFs, however,
this reference itself is a speckle pattern, requiring additional steps to isolate and
subtract it. Structural perturbations, such as bending, twisting, or temperature
fluctuations, can also dynamically alter the TM, complicating its measurement.
In such scenarios, numerical modeling provides a practical alternative, enabling
TM generation without relying on experimental stability [66,79,80]. Another ap-
proach is referenceless TM measurements, which use phase retrieval algorithms,

but typically incur high computational costs [81].

Although this section has focused on DOPC in the context of multimode fibers,
it is important to note that the technique was originally developed in the domain
of disordered scattering media [3,29,42,43,75,77,82-84|, where light propagation
is highly random and diffusive. In such wavefront shaping experiments, perfor-
mance is often quantified by the enhancement factor n, defined as the ratio of
the optical intensity at the target position after wavefront shaping to the mean

intensity at the same target position over random ensembles of many different
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disorder realizations. In pioneering work [42|, this metric was demonstrated to
exceed 1,000, highlighting the remarkable focusing capabilities achievable even in

strongly scattering environments.

1.4 Enhancement Factor

Building on the transmission matrix formalism and the concept of digital optical
phase conjugation, we now turn to a central performance metric: the enhancement

factor, n. It is formally defined as

I(foc)

m

e (1.8)

N =
where I is the intensity at the output position m after wavefront shaping, and
(]T(éand)> is the mean intensity at the same position averaged over a large number
of uncorrelated, random input wavefronts. This ratio captures the ability of wave-
front shaping to direct and concentrate light energy at a desired spatial location,
and serves as a quantitative benchmark for comparing different wavefront shaping
strategies and system configurations [3,31,42]. The enhancement factor depends
on several parameters, including the number of input degrees of freedom [53], the

basis in which modulation is performed, and the level of experimental noise [85].

In practical implementations, wavefront optimization is typically carried out
using algorithms that operate based on either feedback or a measured transmis-
sion matrix (TM) of the system [42,86]. These algorithms aim to determine
the ideal input field configuration that leads to constructive interference at the
selected output location. In the ideal scenario where full control over both the
amplitude and phase of all input channels is possible [53], the maximum enhance-

ment factor corresponds to the number of input degrees of freedom, i.e.,

n=N. (1.9)

However, in experimental systems, such complete control is rarely achievable.
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Most spatial light modulators (SLMs), which are widely used for wavefront shap-
ing, are limited to phase-only modulation [29]. Amplitude modulation is often
avoided as it inherently reduces the total input power, making it inefficient for
applications where high optical intensity is required. This includes scenarios such
as high-power laser delivery, fiber amplifiers, and laser ablation through large-core
MMFs [12,20,21,87].

Under phase-only modulation, the achievable enhancement is fundamentally
lower than in the full-field modulation case. The theoretical upper bound in this
regime is given by

n=R(N—-1)+1, (1.10)

where R is the participation ratio, a statistical measure of how many input chan-
nels effectively contribute to the interference at a given output point. For disor-
dered scattering media, it is well established that R = 7/4 under uniform random
coupling conditions [31,42,56,76,85,88]. However, the assumption that the par-
ticipation ratio remains constant at R = 7 /4 in the context of MMFs has not been
thoroughly scrutinized, prompting the question of whether MMFs exhibit similar

statistical behavior to that of random media under phase-only modulation.

In this thesis, a comprehensive theoretical and experimental investigation is
carried out to determine the upper bound of intensity enhancement achievable
through phase-only wavefront shaping in MMFs. The study systematically ex-
plores how the participation ratio R depends on the choice of input basis used for
phase modulation. Specifically, it is shown through both numerical simulations
and experimental measurements that when the input modulation is performed
in the Fourier basis, corresponding to placing the SLM in the Fourier plane of
the fiber’s proximal facet, the participation ratio remains constant at R = 7/4
across the entire fiber output. This mirrors the behavior observed in disordered
media, confirming that the theoretical bound remains applicable when modula-
tion is performed in the Fourier basis. In contrast, modulation in the mode basis
introduces a spatial dependence in R, due to the structured nature of the fiber

modes.

To approach this upper bound in practice, this work adopts a noise-tolerant
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wavefront shaping strategy based on Hadamard basis transmission matrix mea-
surements. We also develop a predictive framework that incorporates phase error
statistics into the expected enhancement, allowing us to quantify the gap between

ideal and realistic focusing performance.

By linking theoretical predictions with experimental observations and explic-
itly modeling the effects of phase errors, this work establishes a robust framework
for understanding and approaching the upper limits of phase-only wavefront shap-
ing in MMFs. The findings hold direct relevance for high-resolution, ultra-thin
endoscopes, optical communication, nonlinear fiber optics, and high-power laser

delivery systems.

1.5 This Thesis

The chapters that follow introduce the physical and mathematical background
of multimode fiber optics and wavefront shaping, describe the experimental and
computational methods used for transmission matrix acquisition, analyze the role
of phase errors and modulation basis on focusing performance, and conclude with

an exploration of spatial memory effects using operator-based techniques.

Chapter 2 details the experimental procedure for transmission matrix (TM)
acquisition and presents theoretical formulations for the enhancement factor n,
with an emphasis on polarization mixing and the role of input participation ra-
tio. Building on this, Chapter 3 quantifies the impact of phase noise and photon
budget on 7, comparing canonical and Hadamard modulation strategies. Extend-
ing beyond focusing, Chapter 4 explores the spatial memory effect in multimode
fibers, introducing the radial-memory-encoded focusing operator that enables fo-
cusing with the radial memory effect. Finally, Chapter 5 summarizes key findings

and discusses future research directions.
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Chapter 2

Wayvefront Shaping and
Transmission Matrix in Multimode
Fibers

Building on the foundational principles outlined earlier, this chapter introduces
the theoretical and experimental framework of wavefront shaping to control light
propagation through multimode fibers (MMFs). It begins with a detailed account
of how the transmission matrix (TM) is experimentally measured. Key technical
considerations, such as the basis in which the SLM is modulated (e.g, canonical
pixel basis vs. Hadamard basis), the experimental geometry (e.g, placing the
SLM in the Fourier plane), and polarization mixing, are critically examined as
they fundamentally influence the measured transmission matrix, and ultimately

the achievable enhancement factor in phase-only wavefront shaping.

2.1 Experimental TM measurement

Accurate measurement of the transmission matrix (TM) is essential for focusing

light at specific positions at the distal end of a multimode fiber using digital
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optical phase conjugation or other model-based wavefront shaping techniques.
This section outlines the experimental setup, alignment procedure, and reflection-
based validation techniques employed to ensure accurate and reproducible TM

measurement for effective distal-end focusing.

The experimental setup used for TM measurement and wavefront shaping
is illustrated in Fig. 2.1. A continuous-wave (CW) laser (Coherent OBIS LS,
A = 561 nm, 120 mW, fiber-coupled with FC connector) is collimated and linearly
polarized in the horizontal direction using a half-wave plate (HWP) and polarizer
(P). A beam splitter (BS) directs the horizontally polarized beam onto a reflective
phase-only spatial light modulator (SLM; Meadowlark Optics, 1920 x 1152 pixels),
which modulates the phase of the wavefront before coupling into the MMF'.

Beam block
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Figure 2.1: Schematic of the experimental setup for wavefront shaping through
a multimode fiber (MMF). A linearly polarized beam at A = 561 nm is modulated
by a spatial light modulator (SLM) after polarization control using a half-wave
plate (HWP) and polarizer (P). A blazed grating pattern is displayed on the
SLM, and the modulated beam is filtered and focused into the proximal facet
of the MMF using a 10x objective (MO;). The output speckle is imaged using
another 10x objective (MO3) and recorded by CCD1, while CCD2 monitors back-
reflection from the input facet.

C—1m®

The SLM provides a phase modulation range of 0 to 27 in discrete steps of
27 /160, corresponding to the device’s dynamic range. A binary phase grating
with values (0, 7) and a period of 6 pixels is superimposed on the input patterns
to suppress zeroth-order reflection and direct only modulated light into the first
diffraction order. Each input pattern is composed of 6 x 6 pixel segments. For

TM acquisition, a fixed random phase pattern is applied over these segments to
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ensure uniform coupling across fiber modes, resulting in fully developed speckle

at the output.

The modulated beam is reflected off the SLM, passes back through the BS,
and is Fourier transformed by a lens (f; = 150 mm). A diaphragm in the Fourier
plane blocks the residual unmodulated zeroth-order light. The beam is then
relayed through a second lens (f; = 150 mm), Fourier transformed onto the back
aperture of MO1, Fourier transformed, and coupled into the MMF (Olympus
Plan 10x, NA = 0.25). The fiber is a 6-cm-long step-index MMF with a 200 pm
core diameter and numerical aperture of 0.22, supporting approximately 15,178

modes per polarization at 561 nm.

The output pattern is imaged using another 10x objective (MOz) and a lens,
and recorded by CCD1, while CCD2 monitors back-reflection from the input facet
at the proximal end. To ensure environmental stability during measurements, the
setup is enclosed in a protective box and room temperature is maintained within
+1°C.

Maximizing the overlap between the modulated input field and the fiber’s
guided modes is crucial for efficient light coupling and accurate TM measurement.
In real space, the input patterns must be centered on the fiber core, and their
diameter must be less than or equal to the core size. In Fourier space, the angular
spread of the input field must not exceed the fiber’s numerical aperture, NA
= 0.22. To ensure optimal coupling, we configured the SLM with 6 x 6 pixel-sized
segments, resulting in a modulated field whose effective NA remained consistently
below 0.22. This approach enabled near-perfect spatial and angular matching
with the fiber’s acceptance cone, ensuring efficient coupling of all modulated

components.

To investigate the effect of different spatial phase modulations on the reflected
intensity, we measured the back-reflection at the proximal end of the MMF un-
der various input patterns applied to the SLM. The reflections in the top row of
Fig. 2.2 exhibit bright, well-confined spots near the edge of the fiber core, signi-
fying strong spatial overlap between the modulated input fields and the guided
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Figure 2.2: Experimental images of the reflected light intensity patterns at
the proximal facet of the MMF. (a—c) Reflections for horizontal grating, vertical
grating, and random phase patterns using 6 x 6 segments. (d—f) Corresponding
reflection patterns for 12 x 12 segments. Confined reflection confirms proper
alignment between SLM pattern and fiber core.

modes of the MMF. This confinement confirms that the chosen 6 x 6 segment reso-
lution is well matched to the fiber core dimensions, ensuring effective angular and
spatial coupling. In contrast, the bottom row of Fig. 2.2 ( 12 x 12 segments) shows
coupled spots farther from the edge of the fiber core. This confinement suggests a
mismatch between the coarser SLM segmentation and the fiber’s core area. These
observations highlight the importance of selecting an appropriate segment resolu-
tion to ensure optimal alignment between the SLM-modulated wavefront and the
fiber’s core. The confined reflections in the 6 x 6 case serve as an experimental

validation of this spatial matching.

To enable unbiased comparison of intensity enhancement performance across
bases, we maintained consistent output intensities by adjusting neutral density
filters and verifying the mean intensity (/) under random inputs. So in all trans-
mission matrix experiments, we recorded fiber output intensity images I,Si“““d)
corresponding to 1,000 random input wavefronts, using the same number of seg-
ments N as in each case. Figure 2.3 shows the mean transmitted intensity (I)

recorded on CCD2 as a function of the number of controlled degrees of freedom N,
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for both the canonical and Hadamard bases. Neutral density filters were adjusted

throughout to ensure comparable intensity levels across all measurements.
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Figure 2.3: Mean intensity (/) recorded on the CCD camera as a function of
the number of controlled degrees of freedom N in wavefront shaping experiments,
measured using the Hadamard (red) and canonical (blue) bases. Neutral density
(ND) filters were used during transmission matrix acquisition to maintain com-
parable intensity levels across both measurement bases.

After achieving precise alignment between the modulated input field and the
MMF core and ensuring a comparable photon budget across our transmission
matrix (TM) measurements, we proceed with the acquisition of the fiber’s TM.
Using the spatial light modulator (SLM) in our setup (Fig. 2.1), we select an input
basis indexed by n, which can either be the canonical basis (where each SLM
segment is independently addressed) or the Hadamard basis (where orthogonal
superpositions of segments are used). The TM is measured using a common-path
phase-shifting interferometry technique [15,43,89,90], wherein the incident field
is divided into a signal and a reference component, and the signal is modulated
through four equally spaced phase steps between 0 and 27. Both the signal and
reference fields are then coupled into the MMF.

Having established the measurement method, we now describe the specific al-

gorithms used. Depending on the choice of input basis, either the canonical basis
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or the Hadamard basis, we employ two distinct retrieval strategies: the Stepwise
Sequential Algorithm (SSA) and the Dual Reference Algorithm (DRA). The de-
tailed principles and implementation steps for these TM acquisition methods are

presented in the following section.

2.2 Transmission Matrix Acquisition Algorithms

One of the earliest and simplest approaches developed for wavefront shaping is a
class of feedback-based optimization algorithms [56,76,85,86]. In these methods, a
wavefront synthesizer—comprising a light source, spatial light modulator (SLM),
and associated optics—iteratively adjusts the input field incident on a sample
to maximize the output intensity, typically measured by a bucket detector or
camera. A computer-executed control loop monitors the output and updates the

input wavefront to converge toward an optimal configuration.

2.2.1 The Stepwise Sequential Algorithm (SSA) on the

canonical basis

The first and most basic realization of this idea is the Stepwise Sequential Al-
gorithm (SSA) [42]. Here, the SLM is divided into N segments, and four-phase
shifting interferometry is performed individually on each segment. In each cy-
cle, the relative phase between the selected segment and the remaining N — 1
segments, acting as the reference signal, is swept from 0 to 27. Repeating this
process for all N segments enables the full reconstruction of the transmission

matrix elements.

A main limitation of this approach is that the signal-to-noise ratio (SNR)
deteriorates as the number of controlled degrees of freedom N increases [85]. This
decline arises because the optical power contributed by a single segment becomes
increasingly small relative to the combined reference field from the remaining

segments.
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During each optimization cycle, a single segment (highlighted in blue in
Fig. 2.4) is selected and modulated while the other segments remain fixed. The
phase of the modulated segment, denoted as ¢,, is varied continuously from 0 to

27, and the corresponding target intensity [, is recorded at each step.

The resulting intensity [,(¢,) can be expressed as:
Iy(¢a) = | By + Evol” = | Eyal” + | Evo|” + 2| Eval | Eyo| 08 (¢pa + ¢a),  (21)

where Ej, is the field contribution from the modulated segment, Fy is the ref-
erence field from the unmodulated segments, and ¢, denotes the intrinsic phase
difference between the modulated field Ej, and the reference field Ejy.

Owing to the cosine dependence, the optimal phase ¢;** that maximizes I, can

be determined by measuring the output intensity at four phase steps—0, 7, m,

and 37’r—and applying the expression provided in Ref. [43];

L(7/2) — I,(37/2)
1,(0) — Iy(m) ) | (22)

Alternatively, one can perform a least-squares fitting [42, 76, 85|, or use

¢Opt = tan_l (

a general expression applicable when the number of sampled data points
Iy(¢q)—corresponding to equally spaced phase values ¢, between 0 and 2r—is

equal to or greater than three [91,92], which is given by

~ tanl >t Lo(@a)sin(a)
Popt = b (Z i Ib(%)cos(%)) : (2.3)

As the phase of a single segment is varied, its contribution interferes with
the static field contributions from all other segments, resulting in a measurable
change in the output intensity. By sequentially optimizing each segment in this
manner, a fully optimized phase pattern can be constructed, enabling efficient

coherent focusing onto the desired target position.
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Figure 2.4: Comparison between the canonical (top) and Hadamard (bottom)
bases used in wavefront shaping. The canonical basis modulates one segment at a
time, while the Hadamard basis modulates many segments simultaneously using
orthogonal patterns, improving signal-to-noise ratio in noisy conditions.

2.2.2 Dual Reference Algorithm (DRA) on the Hadamard

Basis

To address the signal-to-noise ratio (SNR) limitations inherent in the Stepwise
Sequential Algorithm (SSA), the Dual Reference Algorithm (DRA) adopts the
Hadamard basis to enable simultaneous modulation of many segments. The
Hadamard basis comprises a set of orthogonal binary patterns that are well-suited
for implementation on phase-only spatial light modulators (SLMs). By modulat-
ing a large fraction of the input pixels in each pattern, this basis significantly
enhances interferometric visibility at the output, leading to improved SNR dur-
ing transmission matrix acquisition. Alternatively, this algorithm can be adapted

to a different phase-only orthogonal basis set [93], instead of the Hadamard basis.

The Dual Reference Algorithm (DRA), introduced by Mastiani and
Vellekoop [86], extends earlier Hadamard-based algorithms by integrating princi-
ples from both Popoff et al. [43] and Tao et al. [94]. In this approach, the spatial
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light modulator (SLM) is divided into two equal groups of segments with a small
overlapping region of size O. Each group is sequentially used as the modulated
set while the other serves as a static reference. The overlapping region provides a
stable phase reference, enabling the relative phase between the two measurements
to be calibrated. This design allows the full complex transmission matrix to be

reconstructed with greater resilience to noise.

The Hadamard basis is used for input modulation, and the total number of seg-
ments N must satisfy N = 2P, where p is an integer (e.g., N = 128,256,512, ... ).
In the first step of the algorithm, a Hadamard pattern is applied to Group 1
(segments 1 to N7), while the remaining segments N; + 1 to N serve as a static
reference field £

¢ - Four-phase shifting interferometry is used to vary the relative

phase between the modulated and reference fields across four values from 0 to
2. The complex output field is then retrieved via a Hadamard transform on the
full-field patterns, yielding a partial transmission matrix ¢t(!) whose elements are

relative to the Elfelf) phase.

In the second step, the roles are reversed: Group 2 (segments N—N;+1 to N) is
modulated using the Hadamard basis, while Group 1 serves as the static reference
field ng) . Again, four-phase interferometry is applied to retrieve another partial

transmission matrix ¢, this time relative to the Er(ff) phase.

Because each group shares a subset of overlapping segments O, the phase dif-
ference between Ef;f) and Efjf) at each camera pixel m can be calculated from
the measured phase of the overlapping region in both steps. This relative phase
offset is then used to adjust the phases of t() and ¢®), and the final full-field
transmission matrix is obtained by this phase correction. This correction en-
ables seamless combination of the two measurements into a single, full-complex

optimized wavefront.

Compared to SSA, DRA offers significantly improved signal-to-noise ratio,
particularly in photon-budget-limited regimes, since a large fraction of the in-
put segments are modulated simultaneously in each Hadamard pattern. Unlike

Tao’s pre-optimization scheme, DRA supports transmission matrix acquisition
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alongside target-specific wavefront shaping, making it more flexible and scalable
for advanced optical applications. A conceptual comparison between the canoni-
cal and Hadamard bases is shown in Fig. 2.4, illustrating the difference between
segment-by-segment modulation and structured global modulation using orthog-

onal patterns.

2.3 Singular Value Decomposition (SVD) Analy-

Sis

L
)
X
o 0.5
< !
N
X
<
N 0
1
05

12 x 12 pixels

Horizontal grating  Vertical grating Random pattern

Figure 2.5: Reflected light intensity at the proximal end of a 50 pm core MMF
for different phase patterns displayed on the SLM using 24 x 24 (top row) and
12 x 12 (bottom row) pixel-sized segments. (a,d) Horizontal grating, (b,e) vertical
grating, (c,f) random phase pattern. The dashed circle indicates the fiber core.

To understand how light propagates through a multimode fiber (MMF), we
performed a statistical analysis of the experimentally measured transmission ma-
trix ¢, which maps complex input fields to output fields. A powerful way to study
the structure of ¢ is by applying the singular value decomposition (SVD) [95,96]:
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Figure 2.6: Normalized singular value spectra are shown for two TMs measured
from a 50 pm core MMF at A = 561 nm with N = 740 input segments. Results
are shown for segment sizes of 12 x 12 pixels (red) and 24 x 24 (blue) pixels.
The 24 x 24 segmentation yields a slower decay, indicating a relatively higher TM
rank. In contrast, the 12 x 12 segmentation overfills the fiber core, causing rapid
singular value decay and a reduction in effective TM rank.

t=UxV (2.4)

Here, V € CV*¥ is a unitary matrix whose columns are called the right singular

CM*M is another unitary

vectors, representing orthonormal input patterns. U €
matrix whose columns are the left singular vectors, representing output field
patterns. The matrix ¥ € RM*¥ is diagonal and contains the singular values
o; > 0, which quantify the transmission strength of each corresponding singular
channel [97-100]. This decomposition provides insight into the modal content

and effective degrees of freedom supported by the fiber system.

Before analyzing the singular values and vectors of the transmission matrix
(TM), it is critical to ensure proper spatial coupling between the SLM patterns

and the MMF core. To this end, we performed reflection measurements at the
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proximal end of the fiber under different input modulations.

Fig. 2.5 shows the reflected intensity distributions for various phase patterns
applied using 24 x 24 (top row) and 12 x 12 (bottom row) pixel-sized segments.
When 24 x 24 segments are used, the modulated input beam remains well confined
within the fiber core, leading to efficient coupling and minimal overfill. In con-
trast, the 12 x 12 case results in a larger modulated area, causing the input beam
to exceed the fiber’s proximal core diameter. This overfilling reduces coupling
efficiency and introduces higher spatial frequencies, as evident from the broader

angular distribution seen in the reflection patterns.

These differences in coupling behavior directly affect the structure of the mea-
sured TM, which we analyze using singular value decomposition (SVD). In an
ideal case, if all the fiber modes transmitted light perfectly and equally, every
singular value would be exactly 1 (assuming normalization). This would indicate
that all input patterns are transmitted to the output with the same efficiency.
In such a scenario, light can be delivered through any input mode without dis-
tortion or attenuation. However, in real experimental conditions, the singular
values are not all equal. Instead, they exhibit a broad distribution, reflecting the
unequal transmission efficiencies of different input-output mode pairs. Singular
values close to one (0; ~ 1) indicate channels through which light is transmit-
ted efficiently and coherently, while significantly smaller singular values (o; < 1)
correspond to channels that are either poorly coupled, lossy, or dominated by

experimental noise.

This uneven distribution arises from a combination of physical and technical
limitations. First, mode-dependent losses in the multimode fiber can attenuate
certain spatial modes more than others, reducing their contribution to the out-
put field. Second, limited coupling efficiency, especially for high spatial frequency
components, can result from the fiber’s finite numerical aperture (NA), which re-
stricts the range of angular components that can be injected or collected. Finally,
measurement noise and phase retrieval errors, inherent to the process of trans-

mission matrix acquisition (particularly in low-light (photon budget) or high-N
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regimes), further distort the singular value spectrum, lowering the apparent trans-

mission strength of some channels.

The singular vectors associated with large singular values define the most effec-
tive input wavefronts for delivering light through the fiber. We can optimize tasks
like focusing, imaging, and beam delivery by targeting these high-transmission
channels. Moreover, the number of significantly large singular values provides a
measure of the system’s effective degrees of freedom, i.e., how many independent
modes meaningfully contribute to the transmitted light. This becomes crucial
when assessing the limits of spatial resolution and enhancement in focusing ex-

periments.

2.3.1 SVD of TMs from a 50-pm-diameter Core MMF

We performed SVD of a step-index MMF’s two TMs with a segment size of
24 x 24 pixels and 12 x 12 pixels. The fiber has a length of about 6 cm, a core
diameter of 50 pm, and a numerical aperture (NA) of 0.22. At an operating
wavelength of A = 561 nm, the fiber supports approximately 1,000 guided modes
per polarization. Both TMs were acquired using N = 740 number of input degrees

of freedom.

Fig. 2.6 shows the normalized singular value spectra for each case, plotted on
a semilog scale. The singular value spectra show that the singular values drop at
different rates with the channel index, indicating that the strength distribution
of channels varies with segment size. For the 24 x 24 segment size, the singular

values decay gradually, indicating efficient excitation of transmission channels.

In contrast, the TM measured with 12 x 12 pixel-sized segments exhibits a
much steeper singular value decay. This finer segmentation overfills the fiber core
at the proximal end, leading to lower coupling efficiencies. As a result, fewer
input channels transmit significant power, leading to a reduced effective rank of
the TM.
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Figure 2.7: Representative left (U) and right (V') singular vectors obtained from
the SVD of transmission matrices, expressed as t = ULV T. Results are shown for
measurements with 12 x 12 (top) and 24 x 24 (bottom) SLM pixel-sized segments.
Columns correspond to singular vector indices 7,57 = 1, 100, 300, and 700, with

amplitude and phase shown.
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We denote the singular vectors of the transmission matrix ¢ as U; and Vj,
corresponding to the output and input channels, respectively. In Fig. 2.7, we
display selected left (U) and right (V') singular vectors for representative indices
1,7 =1, 100, 300, 700.

2.3.2 Comparison of Input Phase Structure and Focusing

Across Segment Sizes

To investigate how the pixel segmentation affects spatial structure and focusing,
we compared phase-conjugated input fields derived from transmission matrices
measured using 12 x 12 and 24 x 24 pixel-sized SLM segments. Each config-
uration modulates N = 740 spatial input channels, arranged within a circular
aperture of radius 16 pixels, corresponding to a 740-element input phase vector.
For displaying on the SLM, these 740 values are mapped onto the active region
by reshaping them into a circular phase mask and then expanding each segment
using a Kronecker product with either a 12 x 12 or 24 x 24 pixel block, defining
the physical phase modulation pattern.

Importantly, the input phase maps shown in Figures 2.8 and 2.9 correspond to
the original un-kronned 740-element circular masks used to define the input phase
vector, not the final segment-expanded SLM patterns. This ensures consistent

visualization of spatial structure across segment sizes.

The output intensity distributions are computed on a 540 x 540 pixel grid,
representing the full imaging area at the distal facet of the multimode fiber,

whose core diameter also spans 540 pixels in this representation.

In the 24 x 24 case, the input phase maps are spatially smoother, leading to
narrower ACFs and smaller full-width-at-half-maximum (FWHM) values. This
indicates reduced spatial frequency content and a more confined angular spec-
trum, which better matches the fiber’s numerical aperture and results in intense,

sharply localized focusing.
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Conversely, the 12 x 12 case input phase patterns exhibit finer spatial features,
producing broader ACFs with larger FWHM values. This reflects higher spatial
frequency content that extends beyond the fiber’s acceptance cone, leading to
overfilling and reduced coupling efficiency. The resulting focused spots are less

intense and more diffuse.

These observations highlight that while smaller segments increase the number
of controllable spatial degrees of freedom, this does not necessarily translate to
better focusing. Instead, efficient modal coupling, enabled by proper angular
matching between the modulated input field and the fiber modes, is essential for

optimal performance.
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Figure 2.8: Spatial structure and focusing characteristics for phase-conjugated
inputs computed using a TM measured with 12 x 12 pixel-sized SLM segments.
Each column corresponds to a different target position. Top: Input phase pat-
terns within the circular aperture. Middle: Autocorrelation functions (ACFs) of
the input fields with corresponding full width at half maximum (FWHM) values.
Bottom: Simulated focused intensity distributions at the fiber output facet.
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Figure 2.9: Spatial structure and focusing characteristics for phase-conjugated
inputs computed using a TM measured with 24 x 24 pixel-sized SLM segments.
Each column corresponds to a different target position. Top: Input phase pat-
terns within the circular aperture. Middle: Autocorrelation functions (ACFs) of
the input fields with corresponding full width at half maximum (FWHM) values.
Bottom: Simulated focused intensity distributions at the fiber output facet.

2.3.3 Statistical Analysis of Focused Spot Profiles

To evaluate how segment size influences correlations between segments on the
spatial light modulator, we analyzed the SLM phase profiles obtained by digital
optical phase conjugation using experimentally measured transmission matrices
(TMs) with 12 x 12 and 24 x 24 pixels per segment. In each case, the number
of input degrees of freedom is N = 740. The input phase patterns on the SLM
analyzed in this section have the unit of one segment, i.e., one phase value per data
point, and the autocorrelation functions (ACFs) are computed over this domain.
Therefore, the full width at half maximum (FWHM) values are reported in units

of segments.
The left panel of Fig. 2.10 shows the azimuthally averaged full width at half

31



maximum (FWHM) of the autocorrelation function of the SLM field as a function
of radial distance r of the focus position from the fiber core center. Each curve
represents the mean FWHM over azimuthal positions at each radial distance, with
error bars indicating the standard deviation. The dashed horizontal line shows the
average FWHM obtained using random phase patterns, serving as a baseline for
comparison. Across the radial range, the 24 x 24 segmentation consistently yields
lower FWHM values than the 12 x 12 case, indicating the absence of correlation
between the neighboring segments on the SLM. In contrast, the coarser 12 x 12
segmentation leads to broader FWHM values, indicating correlations between
neighboring SLM segments. This correlation causes the input light to couple more
strongly into the fiber core, as the resulting patterns with 12 x 12 segmentation

typically exceed the core size in our setup.
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Figure 2.10: Statistical characterization of focusing performance us-
ing phase conjugation. a Azimuthally averaged full width at half maximum
(FWHM) of the autocorrelation function of input phase maps, shown in units of
segments: each representing a 12 x 12 (red) or 24 x 24 (blue) pixel block on the
SLM. Error bars represent the standard deviation across focus realizations at the
same radial distances. The dashed line shows the FWHM baseline for random
input phases. Larger pixel-sized segments result in the absence of significant cor-
relations among the neighboring segments.b Probability density functions (PDFs)
of the correlation length on the SLM, /5. The random input (black) has the short-
est £; due to fully uncorrelated phase values. The 24 x 24 segmentation (blue)
yields intermediate correlation lengths, while the 12 x 12 case (red) produces the
largest ¢, reflecting smoother, longer-range phase variations.
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The right panel displays the probability density functions (PDFs) of the cor-
relation length ¢, on the SLM, extracted from the input phase patterns used for
focusing. Shorter correlation lengths correspond to input fields with shorter range
correlations between the neighboring segments, while longer ¢/, indicate smoother,
more slowly varying phase variations among the neighboring segments. As ex-
pected, the random input (black) exhibits the shortest correlation length. The
input fields with 24 x 24 pixel-sized segments (blue) yield intermediate ¢ values,
while the input fields with 12 x 12 pixel-sized segments (red) show the longest

correlation lengths.

These results underscore a trade-off: although smaller segments allow finer
control, they also introduce more high-angle components that fall outside the
fiber’s core. This leads to degraded input power coupling, as seen in the FWHM
analysis. In contrast, larger segments yield input fields with sizes better matched

to the fiber core size at the proximal end.

2.4 General Form of the Enhancement Factor (7)

and its Theoretical Upper Limit

The enhancement factor, 7, serves as a fundamental figure of merit in wavefront
shaping experiments, characterizing the ability to concentrate light at a specific
output position. It is defined as the ratio of the intensity at the optimized focal
position to the average intensity at the same location under random input wave-
fronts. In the case of fully developed speckle patterns produced by scattering
media, the theoretical upper bound for 7 under ideal phase-only modulation is

given by [76]:

T = %(N —1)+1 (2.5)

where N is the number of independently controlled input degrees of freedom.

The prefactor 7/4 arises from the statistical properties of interference in fully
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developed speckle fields and will be discussed in the following section.

In practical settings, however, this ideal limit is seldom achieved due to ex-
perimental imperfections. One of the dominant factors limiting performance is
phase errors [85] induced by experimental noise. A more realistic form of the

enhancement factor that incorporates phase errors is:

2
n:% —1] +1, (2.6)

Z cos(Aoy,)

where A¢, denotes the phase error associated with input segment n. In the
complex plane, the field contribution from each input segment can be represented
as a phasor, i.e., a vector with fixed amplitude and controllable phase. When
these phasors are perfectly aligned, they interfere constructively to produce a
sharp focus. Phase errors introduce angular deviations, leading to destructive
interference and lowering the output intensity. The cosine term quantifies this

misalignment.

In recent work, Ammar et al. [101] developed a predictive framework for es-
timating phase errors prior to experimentation, providing new insights into how

these errors scale with system parameters and measurement conditions.

To account for experimental non-idealities, we express the enhancement factor

at the output pixel m as:

where:

o o= (A,)2/(A2), captures the spatial homogeneity of the input amplitude
profile,

o Ry = (tmnl)2/{|tmn|?)n is the participation ratio at the output pixel m,

e &, = (cos(éqﬁmn))i quantifies the degradation due to phase errors, d¢,,,,
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e N is the number of independently controlled SLM input segments.

In our experiments, the SLM is illuminated with a flat-top beam expanded
from a single-mode fiber, ensuring @ = 1. The input index n corresponds to an
SLM segment (in the Fourier plane), and the output index m corresponds to a
pixel on the CCD camera at the fiber’s distal end. The coefficient ®,, captures
how closely the measured phases of the transmission matrix match their true
values. It ranges from ®,, = 1 in the absence of phase errors to ®,, = 0 under
completely random phase noise. This term plays a central role in quantifying how

phase errors degrade focusing performance.

It should be noted that the enhancement factor is not universally defined across
the literature [53,102]. In this work, we adopt a widely used convention [3,31,42,
50,56, 75,76,85,103], where the enhancement factor reaches a well-defined upper
limit of 7 = Nyode under ideal full-field (amplitude and phase) input modulation
with N = Nyode, Where Npoqe denotes the total number of modes supported by

a closed optical system, such as a multimode fiber.

To illustrate the impact of different wavefront shaping algorithms on enhance-
ment, we present experimental results of two approaches. Figure 2.11 shows the
output intensity distributions under three conditions: (a) a random input wave-
front, (b) phase-only focusing using the Stepwise Sequential Algorithm (SSA) on
the canonical basis, and (c) focusing using the Dual Reference Algorithm (DRA)
on the Hadamard basis. In both focusing cases, the input fields were optimized
to focus at the same radial and azimuthal positions (r,6). The DRA produces a
visibly stronger and more concentrated focus, owing to its higher accuracy in the

transmission matrix measurement.

This figure illustrates the critical influence of both the input basis and the
wavefront shaping algorithm on focusing performance. While localized focusing
is achieved in both cases, the Dual Reference Algorithm (DRA) implemented in
the Hadamard basis yields significantly higher peak intensity and better contrast.
This improvement stems from its simultaneous modulation of multiple segments,

which enhances interferometric visibility and reduces sensitivity to experimental
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Figure 2.11: (a) Output speckle pattern at the distal end of the MMF resulting
from a random input wavefront. (b) Focused intensity distributions obtained via
wavefront shaping on two different bases: the canonical basis with the Stepwise
Sequential Algorithm (left) and the Hadamard basis with the Dual Reference
Algorithm (right). In both cases, the focus is directed to the same radial and
azimuthal output positions (7, ), marked by white guide lines. The Hadamard-
based WFS method yields higher peak intensity and better contrast, reflecting
improved noise resilience and phase accuracy.

noise in the intensity signal.

As shown in Eq. 2.7, the achievable enhancement is determined both by phase
alignment (®,,) and by the effective number of input channels that contribute to
the output, quantified by the participation ratio R,,. Our numerical calculations

show that R,, is strongly influenced by the choice of input basis.

Building on these insights, the remainder of this chapter focuses on how the
enhancement factor 1 depends on two key parameters: the participation ratio R,,
and polarization mixing. The impact of phase errors, represented by 0o, will

be addressed separately in Chapter 3.
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2.5 Participation Ratio (R) Dependence of En-

chancement Factor(n)

An important limitation in wavefront shaping arises when phase-only modulation
is applied at the input, as is the case in many practical implementations. The
participation ratio, denoted by R, captures the extent to which input degrees
of freedom contribute to the output field. In phase-only modulation, R cannot
reach unity because the spatial light modulator (SLM) controls only the phase
and not the amplitude of the input field.

Despite this limitation, phase-only modulation is commonly used in high-power
applications because it avoids the inherent power losses of amplitude modula-
tion. When both phase and amplitude are controlled, many SLM pixels must be
dimmed or turned off entirely, resulting in reduced power throughput. This is
impractical for systems that require high optical power, such as fiber amplifiers,
laser ablation setups, or nonlinear imaging techniques. In such cases, phase-only
modulation offers a power-efficient alternative, and understanding the upper limit

of performance achievable under this constraint becomes essential.

We determine R,, both numerically and experimentally. For the numerical
analysis, we compute the transmission matrix using mode decomposition (see
subsection 2.5.1) and apply a basis transformation to evaluate R, in different
input representations. Experimentally, we complement the phase measurements
obtained from the dual-reference algorithm (Hadamard basis) by also measur-
ing the amplitude contributions, which allows reconstruction of the full complex
transmission matrix t,,,,. The matrix is then converted to the canonical (SLM

pixel) basis using the Hadamard transform:

tin = Z tmn’Hn’na

where H,., is the unitary Hadamard matrix. Since phase-only modulation is

implemented in the canonical basis, we compute the participation ratio in the
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canonical basis.

Fig.2.12(a) illustrates the participation ratio R, obtained from both simula-
tions and experiments, as a function of the normalized radial position 7/a. When
the spatial light modulator (SLM) is placed in the Fourier plane of the multimode
fiber’s (MMF) proximal end and phase-only input modulation is applied, the
measured R remains nearly uniform across the fiber core at the distal end. This
consistency holds for all focal positions and yields an average value of R = 7/4,
which is in close agreement with predictions from wavefront shaping studies in
disordered media [88]. The strong agreement between simulation and experiment

validates this behavior in the context of MMFs.

In our measurements, the fiber supports Nyoqe = 15,178 spatial modes per
polarization, corresponding to a step-index profile with core radius a = 100 pm
and numerical aperture NA = 0.22. To complement this, we also simulate light
propagation through MMFs with core radii of @ = 15 pm, 22 pm, 28 pm, and
38 nm, all using the same numerical aperture. These configurations result in
respective mode counts of 180, 374, 606, and 1,114. All calculations assume a

monochromatic wavelength of A = 561 nm, matching the experimental conditions.

Although performing phase-only modulation directly in the fiber mode basis
is not experimentally feasible, analyzing the participation ratio R in this repre-
sentation provides important insight into the spatial structure of mode contribu-
tions at the output. Our numerical simulations show that when the modulation
is conceptually performed in the mode basis, the value of R exhibits a strong
dependence on the radial location of the target focus at the distal end of the
MMEF. In particular, near the center of the core, the participation ratio drops
significantly, often b