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ABSTRACT

OBLIQUE SURFACE CRACKING AND CRACK CLOSURE IN AN
ORTHOTROPIC MEDIUM UNDER CONTACT LOADING

Toktas, Selim Ercihan
M.S., Department of Mechanical Engineering
Supervisor: Prof. Dr. Serkan Dag
September 2018, 123 pages

In this study, inclined surface cracks in an elastic orthotropic half-plane exposed
to contact loading at the material surface are examined for both open and closed
crack assumptions. At first, mixed mode stress intensity factors are computed for
fully open crack assumption depending on the solution of singular integral
equations, obtained by Full Fourier Transform techniques. Unless fully open
crack assumption is valid, the suitable crack closure mode is determined. Both
crack tip and full length closure modes are examined. Singular integral equations
are solved with a suitable expansion-collocation technique depending on the
closure mode. Finally, the closed portions of the cracks, contact pressure
distributions between crack faces and modified mode Il stress intensity factors
are computed considering sliding crack face conditions. The main result of the
analyses is the influence of the material parameters, the crack orientation angle
and applied load on mixed mode stress intensity factors, closed portions of the

cracks and the contact pressure distributions in the closed parts.

Keywords: Inclined Edge Crack, Stress Intensity Factors, Crack Closure

Problems, Singular Integral Equations



0z

TEMAS YUKLEMESI ALTINDA ORTOTROPIK ORTAMDAKI EGIK
YUZEY CATLAGI VE CATLAK KAPANMASI

Toktas, Selim Ercihan
Yiiksek Lisans, Makine Miihendisligi Boliimii
Tez Yoneticisi: Prof. Dr. Serkan Dag
Eyliil 2018, 123 sayfa

Bu c¢alismada, malzeme yiizeyinden temas yiiklemesine maruz kalan elastik
ortotropik yar1 diizlemdeki egik yiizey ¢atlaklari, agik ve kapali catlak
varsayimlariyla incelenmistir. Ilk olarak karisitk mod gerilme siddet carpanlari
tamamen acik catlak varsayimiyla, Tam Fourier Doniistimii teknikleriyle elde
edilen tekil integral denklemlerinin ¢0ziimiine gore hesaplanmigtir. Tamamen
acik catlak varsayimi gecerli degilse, uygun olan catlak kapanma modu tespit
edilmistir. Hem ¢atlak ucu hem de ¢atlagin tiim uzunlugunda olusan kapanma
modlar1 incelenmistir. Tekil integral denklemleri ¢atlak kapanma moduna bagl
olarak uygun bir siralama-diizenleme teknigiyle ¢oziilmistir. Son olarak
catlaklarin kapanan boliimleri, catlak yiizeyleri arasindaki temas gerilme
dagilimlar1 ve modifiye edilmis ikinci mod gerilme siddet ¢arpanlari kayan yiizey
sartlarina gére hesaplanmistir. Analizlerin ana sonucu, malzeme parametrelerinin,
catlak agisinin ve uygulanan yiikiin gerilme siddet g¢arpanlarina, catlaklarin
kapanan kisimlarma ve c¢atlaklarin kapanan kisimlarindaki temas gerilme

dagilimlarina olan tesiridir.

Anahtar Kelimeler: Egik Yiizey Catlagi, Gerilme Siddet Carpanlari, Catlak
Kapanma Problemleri, Tekil Integral Denklemleri.

Vi



To my parents Zehra TOKTAS and Ali Kemal TOKTAS

vii



ACKNOWLEDGMENTS

The author owes a deep debt of gratitude to his supervisor Prof.Dr. Serkan DAG
for his precious advices, collegiality and mentorship throughout this study. It
would not have been possible to complete this thesis without the help, guidance

and expertise of him and it was also a pleasure to work with him.

viii


http://tureng.com/tr/turkce-ingilizce/collegiality

TABLE OF CONTENTS

ABSTRACT ettt a e Y

OZ oo vi

ACKNOWLEDGMENTS. ... Vil

TABLE OF CONTENTS ... s IX

LIST OF FIGURES. . ...ttt Xi

LIST OF SYMBOLS AND ABBREVIATIONS.........cooiiiiiei e XiX
CHAPTERS

1. INTRODUCTION. ...ttt 1

1.1 LITEIatUre SUIVRY ......oviiiiitiiiisiieiieieee ettt 1

1.2 Scope Of the STUAY ......oceiviiiiiiieice e 7

2. PROBLEM STATEMENT AND FORMULATION ......cccooiiiiiiiirne 11

2.1 Problem Definition...........ccoeiiiiiiiiiieeeee e 11

2.2 Formulation of the Problem ... 11

2.3 The Contact Loading Problem ... 16

2.4 Determination of Loading FUNction (o:(x2)) «wvvevveervreeecrerneninnen, 20

2.4.1 Pressure Distribution for Flat Stamp..........ccccceeveiiiieiieenen. 22

2.4.2 Pressure Distribution for Triangular Stamp............cccceevennee. 25

2.4.3 Pressure Distribution for Circular Stamp.........ccccoovevivinnnne 26

2.5 The Crack Problem ... 27

2.6 The Solution of Singular Integral Equations............ccccooevvniinrnnnee. 41



2.7 Implementation of Crack ClOSUIe ...........ccocvrviiiiiieee e 46

2.7.1 Full Length Closure Mode .........ccccovevveieiieieece e 50
2.7.2 Crack Tip Closure Mode.........ccccoevieiieie e 52
3. NUMERICAL RESULTS ..o S7

3.1 Figures for Orthotropic Half-Plane Indented by Flat Stamp (Fully
Open Crack ASSUMPLION) .....ccecveiieiecie e 66

3.2 Figures for Orthotropic Half-Plane Indented by Triangular Stamp
(Fully Open Crack ASSUMPLION) ......c.coveiieiieiieiie e 77

3.3 Figures for Orthotropic Half-Plane Indented by Circular Stamp
(Fully Open Crack ASSUMPLION) ....ccveiierieeieiieniieie e sieesie e 88

3.4 Figures for Orthotropic Half-Plane Indented by Flat Stamp (Crack

Tip and Full Closure MOUES) .......ccecveeieiieriecie et 99

4. CONCLUSIONS AND FUTURE WORK .....ccccoiiiiiiiiiiieniecesiee e 107

4.1 CONCIUSIONS ...ttt 107

4.2 FULUIE WOTK ... 111
REFERENCES ...t 115

APPENDIX A. EXPLICIT RELATIONS OF THE KERNELS OF CONTACT
PROBLEM ..ottt 121

APPENDIX B. CLOSED FORM EXPRESSIONS FOR CAUCHY PRINCIPAL
VALUE INTEGRALS ...t 123



LIST OF FIGURES

Figure 2.1 The General Description of Problem ...........c.ccooviiiiiniiiie 12
Figure 2.2 Solution Procedure of the Coupled Problem ..........cccccceeviveiveincnnnn, 15
Figure 2.3 Solution Procedure of the Crack Problem ..........ccccccovveiiiiiicincne, 16
Figure 2.4 Geometry of Contact Loading Problem...........c.cccoooiieiiiiciiciee, 17
Figure 2.5 Types of Stamp Profiles..........cccooiiiiiiiiiiieeec 22
Figure 2.6 Sample Pressure Distributions for Plane Stress Case, n; =0.6........... 27
Figure 2.7 Geometry of Crack Problem ...........cccccooiiiiininincecc e 28
Figure 2.8 Infinite Plane Problem with a CracK............ccccocevieviiieiiic e, 29
Figure 2.9 Half Plane Problem ... 36
Figure 2.10 The Contour for Evaluation of Integral ...........c.ccccooniviiiiicinnnne. 39
Figure 2.11 Crack Closure Mode SNapeS..........ccoeruerereniinineneiee e 47

Figure 2.12 Sample Contact Pressure Distributions for Fully Closed Cracks
Under Bending LOad ...........cooveiuiiiiiicie e 48

Figure 2.13 Sample Contact Pressure Distributions for Fully Closed Cracks
Loaded by Punch INdentation..............cooeiiiiiieiine s 48

Figure 3.1 Representation of the Problem by Beghini et al [42]...........cccccoveene 57

Figure 3.2 Comparison of SIF’s for Inclined Edge Cracks in a) Isotropic Material
b) Orthotropic Material under Uniform TenSion...........cccoevvviveveiiniveiesieeseeiens 59

Figure 3.3 Effect of Elastic Modulus Ratio E,/E; on Mixed Mode Stress Intensity
Factors for Inclined Edge Crack in Orthotropic Half-Plane under Uniform
Tension for Plane Strain Case. .........covviieiiiieiie e 59

Xi



Figure 3.4 Comparison of Mixed Mode Stress Intensity Factors for Straight Edge
Crack Provided by Sarikaya [2] (Markers) and Present Study (Lines) in
Orthotropic Half-Plane of Plasma Sprayed Alumina Loaded by Flat Punch for
Plane Strain Case and Fully Open Crack Assumption, (b —a)/d = 1................ 60

Figure 3.5 Comparison of Mixed Mode Stress Intensity Factors for Straight Edge
Crack Provided by Sarikaya [2] (Markers) and Present Study (Lines) in
Orthotropic Half-Plane of Plasma Sprayed Alumina Loaded by Triangular Punch
for Plane Strain Case and Fully Open Crack Assumption, (b —a)/d =1.......... 61

Figure 3.6 Comparison of Mixed Mode Stress Intensity Factors for Straight Edge
Crack Provided by Sarikaya [2] (Markers) and Present Study (Lines) in
Orthotropic Half-Plane of Plasma Sprayed Alumina Loaded by Circular Punch
for Plane Strain Case and Fully Open Crack Assumption, (b —a)/d =1.......... 61

Figure 3.7 Representation of the Problem by Beghini et al [43]. (Inclined Edge
Crack under Bending LOad) .........ccccoveieiiiiiciieiecsie e 62

Figure 3.8 Comparison of SIF’s by Beghini et al [43] (Markers) and Present
Study (Lines) for Inclined Edge Crack under Bending Load. (Orthotropic
Material Constants: E;=116.37GPa, E;=116.35GPa, 111,=46.54GPa, v =0.25)... 64

Figure 3.9 Comparison of Normal Contact Pressure Distributions by Beghini et al
[43] (Markers) and Present Study (Lines) for Frictionless Contact. (Orthotropic
Material Constants: E;=116.37GPa, E;=116.35GPa, 111,=46.54GPa, v =0.25)... 64

Figure 3.10 Mixed Mode Stress Intensity Factors for Inclined Edge Crack in
Orthotropic Half-Plane of Plasma Sprayed Alumina Loaded by Flat Punch for
Plane Strain Case and Fully Open Crack Assumption, (b —a)/d = 1, Crack
ANGIE O = TUL2. .o 66

Figure 3.11 Mixed Mode Stress Intensity Factors for Inclined Edge Crack in
Orthotropic Half-Plane of Plasma Sprayed Alumina Loaded by Flat Punch for
Plane Strain Case and Fully Open Crack Assumption, (b —a)/d =1,n, =0.2. 67

Xii



Figure 3.12 Mixed Mode Stress Intensity Factors for Inclined Edge Crack in
Orthotropic Half-Plane of Plasma Sprayed Alumina Loaded by Flat Punch for
Plane Strain Case and Fully Open Crack Assumption, (b —a)/d =1, n, =0.4. 68

Figure 3.13 Effect of (b —a)/d Variation on Mixed Mode Stress Intensity
Factors for Inclined Edge Crack in Orthotropic Half-Plane of Plasma Sprayed
Alumina Loaded by Flat Punch for Plane Strain Case and Fully Open Crack
Assumption, Crack Angle 8 = /12, 1 = 0.2, coooiiiiiiiieeee e 69

Figure 3.14 Effect of (b —a)/d Variation on Mixed Mode Stress Intensity
Factors for Inclined Edge Crack in Orthotropic Half-Plane of Plasma Sprayed
Alumina Loaded by Flat Punch for Plane Strain Case and Fully Open Crack
Assumption, Crack Angle 8 = /12, 11 = 0.4, cooiiiiiiiieeee s 70

Figure 3.15 Effect of Elastic Modulus Ratio E/E; on Mixed Mode Stress
Intensity Factors for Inclined Edge Crack in Orthotropic Half-Plane Loaded by
Flat Punch for Plane Strain Case and Fully Open Crack Assumption, (b —a)/d =
1, Crack Angle 8 = 27/9, 711 = 0.2, .eoui i 71

Figure 3.16 Effect of Elastic Modulus Ratio E/E; on Mixed Mode Stress
Intensity Factors for Inclined Edge Crack in Orthotropic Half-Plane Loaded by
Flat Punch for Plane Strain Case and Fully Open Crack Assumption, (b —a)/d =
1, Crack Angle 8 = 271/9, 111 = 0.4, oo 72

Figure 3.17 Effect of Elastic Modulus Ratio Es/E; on Mixed Mode Stress
Intensity Factors for Inclined Edge Crack in Orthotropic Half-Plane Loaded by
Flat Punch for Plane Strain Case and Fully Open Crack Assumption, (b —a)/d =
1, Crack Angle 8 = 271/9, 1711 = 0.2, c.eoui i 73

Figure 3.18 Effect of Elastic Modulus Ratio E3/E; on Mixed Mode Stress
Intensity Factors for Inclined Edge Crack in Orthotropic Half-Plane Loaded by
Flat Punch for Plane Strain Case and Fully Open Crack Assumption, (b —a)/d =
1, Crack Angle 8 =27/9, 111 = 0.4 .o 74

Xiii



Figure 3.19 Effect of Crack Angle Variation on Mixed Mode Stress Intensity
Factors for Inclined Edge Crack in Orthotropic Half-Plane of Plasma Sprayed
Alumina Loaded by Flat Punch for Plane Strain Case and Fully Open Crack
Assumption, (b —a)/d =1, a/d = 1. oo 75

Figure 3.20 Effect of Crack Angle Variation on Mixed Mode Stress Intensity
Factors for Inclined Edge Crack in Orthotropic Half-Plane of Plasma Sprayed
Alumina Loaded by Flat Punch for Plane Strain Case and Fully Open Crack
AssumMption, (b — a)/d =1, /A S 2. oot 76

Figure 3.21 Mixed Mode Stress Intensity Factors for Inclined Edge Crack in
Orthotropic Half-Plane of Plasma Sprayed Alumina Loaded by Triangular Punch
for Plane Strain Case and Fully Open Crack Assumption, (b — a)/d = 1, Crack
ANGIE 0 = TUL2. .o 77

Figure 3.22 Mixed Mode Stress Intensity Factors for Inclined Edge Crack in
Orthotropic Half-Plane of Plasma Sprayed Alumina Loaded by Triangular Punch
for Plane Strain Case and Fully Open Crack Assumption, (b —a)/d = 1, n,
=02 .G A AR AW 78

Figure 3.23 Mixed Mode Stress Intensity Factors for Inclined Edge Crack in
Orthotropic Half-Plane of Plasma Sprayed Alumina Loaded by Triangular Punch
for Plane Strain Case and Fully Open Crack Assumption, (b —a)/d = 1, n,
0. bbbt r ettt et t et rens 79

Figure 3.24 Effect of (b —a)/d Variation on Mixed Mode Stress Intensity
Factors for Inclined Edge Crack in Orthotropic Half-Plane of Plasma Sprayed
Alumina Loaded by Triangular Punch for Plane Strain Case and Fully Open
Crack Assumption, Crack Angle 0 = /12, 11 = 0.2, ccooviiiiiieeee e 80

Figure 3.25 Effect of (b —a)/d Variation on Mixed Mode Stress Intensity
Factors for Inclined Edge Crack in Orthotropic Half-Plane of Plasma Sprayed
Alumina Loaded by Triangular Punch for Plane Strain Case and Fully Open
Crack Assumption, Crack Angle 6 = /12,11 = 0.4, .ooeeiieiiieee e 81

Xiv



Figure 3.26 Effect of Elastic Modulus Ratio E/E; on Mixed Mode Stress
Intensity Factors for Inclined Edge Crack in Orthotropic Half-Plane Loaded by
Triangular Punch for Plane Strain Case and Fully Open Crack Assumption,
(b—a)/d =1, Crack Angle 6 =271/9, 1 = 0.2 c.eoeiiiiiiiiee e 82

Figure 3.27 Effect of Elastic Modulus Ratio E/E; on Mixed Mode Stress
Intensity Factors for Inclined Edge Crack in Orthotropic Half-Plane Loaded by
Triangular Punch for Plane Strain Case and Fully Open Crack Assumption,

(b—a)/d=1,Crack Angle 8 =21/9, 11 = 0.4. c.coeoiiiieeeeeeee e 83

Figure 3.28 Effect of Elastic Modulus Ratio E3/E; on Mixed Mode Stress
Intensity Factors for Inclined Edge Crack in Orthotropic Half-Plane Loaded by
Triangular Punch for Plane Strain Case and Fully Open Crack Assumption,

(b—a)/d =1, Crack Angle 8 =21/9, 1 = 0.2, cereiiiiiiiieeeee e 84

Figure 3.29 Effect of Elastic Modulus Ratio Es/E; on Mixed Mode Stress
Intensity Factors for Inclined Edge Crack in Orthotropic Half-Plane Loaded by
Triangular Punch for Plane Strain Case and Fully Open Crack Assumption,
(b—a)/d=1,Crack Angle 8 =21/9, 11 = 0.4. c.cooiiiiiieeece e 85

Figure 3.30 Effect of Crack Angle Variation on Mixed Mode Stress Intensity
Factors for Inclined Edge Crack in Orthotropic Half-Plane of Plasma Sprayed
Alumina Loaded by Triangular Punch for Plane Strain Case and Fully Open
Crack Assumption, (b —a)/d =1, a/d = L. 86

Figure 3.31 Effect of Crack Angle Variation on Mixed Mode Stress Intensity
Factors for Inclined Edge Crack in Orthotropic Half-Plane of Plasma Sprayed
Alumina Loaded by Triangular Punch for Plane Strain Case and Fully Open
Crack Assumption, (b — a)/d =1, @/d = 2..ccoevceiiieieeieeeeee e 87

Figure 3.32 Mixed Mode Stress Intensity Factors for Inclined Edge Crack in
Orthotropic Half-Plane of Plasma Sprayed Alumina Loaded by Circular Punch
for Plane Strain Case and Fully Open Crack Assumption, (b — a)/d = 1, Crack
ANQGIE O = TUL2. ..ot 88

XV



Figure 3.33 Mixed Mode Stress Intensity Factors for Inclined Edge Crack in
Orthotropic Half-Plane of Plasma Sprayed Alumina Loaded by Circular Punch
for Plane Strain Case and Fully Open Crack Assumption, (b —a)/d = 1, n,
02 ittt ettt et e Re Rt e Re e e et et et e tenreereeneans 89

Figure 3.34 Mixed Mode Stress Intensity Factors for Inclined Edge Crack in
Orthotropic Half-Plane of Plasma Sprayed Alumina Loaded by Circular Punch
for Plane Strain Case and Fully Open Crack Assumption, (b —a)/d = 1, n,
0. bbb bRt bttt ne et b 90

Figure 3.35 Effect of (b —a)/d Variation on Mixed Mode Stress Intensity
Factors for Inclined Edge Crack in Orthotropic Half-Plane of Plasma Sprayed
Alumina Loaded by Circular Punch for Plane Strain Case and Fully Open Crack
Assumption, Crack Angle 8 = /12, 1 = 0.2.ccueciiiiieiiice e 91

Figure 3.36 Effect of (b —a)/d Variation on Mixed Mode Stress Intensity
Factors for Inclined Edge Crack in Orthotropic Half-Plane of Plasma Sprayed
Alumina Loaded by Circular Punch for Plane Strain Case and Fully Open Crack
Assumption, Crack Angle 0 = /12, 11 = 0.4 92

Figure 3.37 Effect of Elastic Modulus Ratio E/E; on Mixed Mode Stress
Intensity Factors for Inclined Edge Crack in Orthotropic Half-Plane Loaded by
Circular Punch for Plane Strain Case and Fully Open Crack Assumption,
(b—a)/d =1, Crack Angle 8 = 21/9, 1= 0.2...ceiiiiieiieeeeeeee e 93

Figure 3.38 Effect of Elastic Modulus Ratio E,/E; on Mixed Mode Stress
Intensity Factors for Inclined Edge Crack in Orthotropic Half-Plane Loaded by
Circular Punch for Plane Strain Case and Fully Open Crack Assumption,
(b—a)/d=1,Crack Angle 8 =271/9, 1 = 0.4 .coeiiiieiiieeeee e 94

Figure 3.39 Effect of Elastic Modulus Ratio E3/E; on Mixed Mode Stress
Intensity Factors for Inclined Edge Crack in Orthotropic Half-Plane Loaded by
Circular Punch for Plane Strain Case and Fully Open Crack Assumption,

(b—a)/d=1,Crack Angle 0 =21/9, )1 = 0.2..cecceiiieireeeieeeee e 95

XVi



Figure 3.40 Effect of Elastic Modulus Ratio Es/E; on Mixed Mode Stress
Intensity Factors for Inclined Edge Crack in Orthotropic Half-Plane Loaded by
Circular Punch for Plane Strain Case and Fully Open Crack Assumption,
(b—a)/d=1,Crack Angle 6 =21/9,11 =0.4. .o 96

Figure 3.41 Effect of Crack Angle Variation on Mixed Mode Stress Intensity
Factors for Inclined Edge Crack in Orthotropic Half-Plane of Plasma Sprayed
Alumina Loaded by Circular Punch for Plane Strain Case and Fully Open Crack
Assumption, (b — a)/d =1, a/d = 1. i 97

Figure 3.42 Effect of Crack Angle Variation on Mixed Mode Stress Intensity
Factors for Inclined Edge Crack in Orthotropic Half-Plane of Plasma Sprayed
Alumina Loaded by Circular Punch for Plane Strain Case and Fully Open Crack
Assumption, (b — a)/d =1, /A S 2. coceeeeeieeee e 98

Figure 3.43 Effect of n, on Mode Il SIF for Inclined Edge Crack in Orthotropic
Half-Plane of Plasma Sprayed Alumina Loaded by Flat Punch for Plane Strain
Case, (b —a)/d =1,Crack Angle 0 = Tt/12........cccceiiiiiiiiiieiee e 99

Figure 3.44 Effect of n; on Mode Il SIF for Inclined Edge Crack in Orthotropic
Half-Plane of Plasma Sprayed Alumina Loaded by Flat Punch for Plane Strain
Case, (b —a)/d =1,Crack Angle 6 = Tt/18........ccccvviviiiieieeiese e 100

Figure 3.45 a) Effect of Elastic Modulus Ratio E,/E; for 6 =2n/9 b) Effect of
Crack Angle Variation on Mode Il SIF’s for Inclined Edge Crack in Orthotropic
Half-Plane Loaded by Flat Punch for Plane Strain Case, (b —a)/d = 1. ......... 101

Figure 3.46 a) Effect of n, on Mode Il SIF for (b —a)/d = 0.1, b) Effect of a/d
Variation on Contact Pressure Distributions Between Crack Faces for Inclined
Edge Crack in Orthotropic Half-Plane of Plasma Sprayed Alumina Loaded by
Flat Punch for Plane Strain Case, Crack Angle 6 = w/12........ccccovieiviinieene. 102

Figure 3.47 Effect of a/d Variation on Contact Pressure Distributions Between
Crack Faces for Straight Edge Crack in Orthotropic Half-Plane of Plasma
Sprayed Alumina Loaded by Flat Punch for Plane Strain Case.............ccccccv.. 103

Xvii



Figure 3.48 Effect of Elastic Modulus Ratios E,/E; and E3/E; on Contact Pressure
Distributions Between Crack Faces for Straight Edge Crack in Orthotropic Half-
Plane Loaded by Flat Punch for Plane Strain Case, a/d=1,1n, =0.2,n, =0...104

Figure 3.49 Effect of n, on Normalized Relative Crack Surface Displacements
for Inclined Edge Crack in Orthotropic Half-Plane of Plasma Sprayed Alumina
Loaded by Flat Punch for Plane Strain Case, Crack Angle 8 = /12, a/d = 0.25,

(b =a)/d = 1,11 T 0.0 105
Figure 4.1 General Solution AIgOrithm ..o 108
Figure 4.2 An Example of Other Closure Modes............cccoovreiiienenciinenen 112

Figure 4.3 Effect of n, on Sticking of Crack Faces for Inclined Edge Cracks
under Bending Load for Plane Strain Case. (Mode I SIF’S) ......ccooviiiieiiininnnns 112

Figure 4.4 Effect of n, on Sticking of Crack Faces for Inclined Edge Cracks
under Bending Load for Plane Strain Case. (Mode Il SIF’S) ......cccccevvrininnnnnns 113

XViii



LIST OF SYMBOLS AND ABBREVIATIONS

o(X2)
7(X2)

CoF

M
M2
Uq, uy, U,V
fi fa
@1, P,
P

lnbl ' lpZ
Pn(Il)zrl.UO' PIE1P21¢1)

ro
hi1, Rz, his
ha1, hzz, has

SIF

SIE

H(O)

€1, €3

Normal Loading Function

Shear Loading Function

Crack Angle

Crack Length

Coefficient of Friction

CoF Between Material Surface and Loading Punch
CoF Between Crack Faces

Displacement Components

Unknown Crack Surface Displacement Functions
Normalized Versions of f;, f,

Normalized Version of Contact Loading Function

Strength of Singularities at the End Points of the Contact
Jacobi Polynomials

Gamma Function
Kernels of Singular Integral Equations

Stress Intensity Factors
Singular Integral Equations
Heaviside Step Function

Closure Points

XiX






CHAPTER 1

INTRODUCTION

The main interest of this study is to evaluate SIF’s for inclined edge cracks in
orthotropic media with a solution method utilizing singular integral equations. A
method is developed using integral transform techniques for an arbitrarily angled
edge crack in orthotropic medium by considering the solution methods already
available in the literature for different crack and material types. As discussed in
the following sections, the conditions for fully open crack assumption cannot be
satisfied for every loading case. The method in the present study is able to deal
with the consequences of the crack closure on mixed mode stress intensity factors
as well. In the following pages in Chapter 1, a summary about the studies in the

literature related to this topic is given. Then, the scope of the study is specified.

1.1 Literature Survey

Conducted studies towards the investigation of fracture mechanics problems
under various loading cases generally deal with isotropic materials. However,
lastly developed materials in tribological applications need a comprehension of
the behavior of nonisotropic material systems. Due to the demand of usage of
different kind of orthotropic materials in tribological applications (some
composite structures, coatings and thin films) over the years, there is an extensive
volume of literature related on fracture mechanics of orthotropic materials. But,
the lack of information on contact-related fracture of orthotropic surfaces is

noticed in the literature.



The calculation of SIF’s for a closed crack is a non-linear problem in solid
mechanics due to variable contact zone between the crack faces. The applied load
and material parameters are the dominant factors for the determination of the
closed part of the crack. For this reason, it is needed to apply different loads to
work on all closure modes. Hence, related articles and dissertations concerning
open or partially closed cracks under the effect of wide range of loads are briefly

summarized in this section.

Several material type and loading cases for the coupled crack/contact problems
are considered by Dag [1]. Crack/contact problems in isotropic medium and
functionally graded isotropic medium are studied. Moreover, crack problems in
general loading conditions are taken into consideration. It is observed that the
singular behavior of the unknown crack functions are affected by the contact
loading, if the contact loading area is very close to the crack. The main goal of
the study is to investigate the mixed mode stress intensity factors at the crack tip
and contact stress distribution at the material surface for sliding contact case.
Numerical results are given for different combinations of friction coefficient,
material nonhomogeneity parameter and crack/contact length parameter for flat,

circular and triangular stamp profiles.

The study by Sarikaya [2] is related with the straight surface crack problem in an
elastic orthotropic half-plane subjected to contact loading. The solution procedure
developed only for crack problem in orthotropic strip by Delale and Erdogan [3]
is adapted for the crack problem in orthotropic semi-infinite medium associated
with the contact mechanics problem. Sample results are presented to detect the
effect of the material properties and friction coefficient on the mixed mode stress

intensity factors at the crack tip and the contact stresses.

Orthotropic materials related studies in fracture mechanics also provide stress
intensity factors under different types of loading conditions by applying various
methods. Li and Lee [4] work on a closed form solution for an orthotropic strip



with a perpendicular internal crack under the effect of shear loading for four
commonly encountered constraints. Ding and Zhou [5] deal with the interface
cracks in a multi-layered orthotropic material under thermo-mechanical loading.
Stress intensity factors evaluated by analytical and computational approaches are
also available in the literature for functionally graded orthotropic materials
[6].[7]. The enriched finite elements, specially located at the crack tip, enable the
direct calculation of mixed mode stress intensity factors from the solution of a
system of linear equations without any further process. In the study by Dag et al
[8], a numerical solution based on the enriched finite elements is formulated for
mixed mode fracture analysis of orthotropic functionally graded materials

subjected to thermal stresses.

The general concepts about indentation theory of orthotropic materials loaded by
a moving frictional punch are reported by Zhou et al [9]. In another study by
Guler [10], a closed-form solution is given for two-dimensional frictional contact
problem of an orthotropic medium. Dag et al [11] focus on evaluating Hertzian
contact pressure distribution beneath a rigid circular stamp by both analytical and

numerical procedures for orthotropic functionally graded materials.

The study by Dag et al [12] is an extension work of Dag [1]. The ideas have been
improved by adding the effect of crack tip closure to the problem. The main
emphasis is that partial closure of the crack faces takes place for small values of
the friction coefficient at the material surface. The surfaces of the crack are
assumed to be in frictionless contact for the closed portion of the crack. In the
end, a boundary value problem, highly nonlinear in terms of the unknown length
of the closed portion of the crack, is obtained. The length of the closed portion of
the crack and the modified mode Il stress intensity factors are evaluated with an

iterative method.

Beghini et al [13] examine the closure conditions of oblique edge cracks under

travelling loading case. The weight functions method, an analytical expression of



the Green functions, is used to obtain the crack opening displacements. The
sticking and sliding conditions of partial crack closure are studied using the crack
opening displacements. The effects of different friction conditions in the closure
region on mixed mode stress intensity factors during a typical loading cycle were

investigated.

Birinci and Cakiroglu [14] consider mode | problem of an internal crack parallel
to its surfaces in an infinite elastic isotropic layer. The system is loaded by a pair
of compressive concentrated forces and a pair of uniform compressive stress
along the crack surface. A normalized critical load factor, which starts the crack
closure, is calculated. It is proved that the stress intensity factor reaches to its
maximum value as the closure length approaches to zero. However, for fully
closed cracks, it is zero which is an expected result because of the disappearance
of the crack. The results show that the increase in the closure length decreases the
stress intensity factor and prevents the crack propagation. Similar calculations are
done by Kahya et al [15] for monoclinic, orthotropic and transversely isotropic

materials.

The scope of the study by Hills and Nowell [16] is to examine the plane cracks
under the effect of bulk stress field. At least some parts of the crack faces are
pressed together due to this stress field. This situation is mostly faced in problems
triggered by a contact stress field. However, the illustrative problems for simpler
cases are given for normal and slant cracks. In this study, the distributed
dislocation technique by Hills et al [17] is applied. This technique can be used in
a wide range of solid mechanics problems including fretting, rolling contact

fatigue, etc.

Porter and Hills [18] examine the problem of finding the mode II stress intensity
factor for only fully closed inclined edge crack under the effect of a compressive
stress field. The strategy is based on Bueckner’s Superposition Principle. This is a
corrective solution procedure. First, stress state in the uncracked body is found.



Then, dislocations are revealed to simulate the existence of the crack. Accurate
results are obtained for shallow cracks with friction present on the crack faces.
The results show that friction on the crack faces reduces mode Il stress intensity
factor. This reduction of the shear stress by friction between the crack faces is
strong enough to make K, equal to zero for low inclinations. Therefore, sticking

may occur for shallow cracks.

Choi [19] conducts parametric studies about two dissimilar half-planes bonded to
each other with a graded interfacial zone containing an inclined crack. For
external loading conditions, the uniform crack surface tractions and the remote
biaxial loading cases are considered separately. The estimation of probable
cleavage angles of the crack growth direction is done. Also, some hints about

how crack closure occurs are given.

Guo et al [20] investigate the arbitrarily oriented interface crossing crack problem
between two graded layers. The results prove that the mixed-mode SIF’s are
extremely affected by the crack angle. It is evidence that the oblique crack
problems should be examined in more details. In other words, the study indicates
that the consideration of merely horizontal and vertical cracks is not enough. In
most cases, the maximum levels for SIF’s are obtained when the crack is on the
intersection of two layers. In addition, this study gives the basic principles for

establishing a multi-layered model for the arbitrarily oriented crack problem.

Delale et al [21] describe an orthotropic strip problem with an inclined crack. The
crack is placed straight on an axis of orthotropy. However, the strip has a
different angular orientation compared to the orthogonal axes of material
orthotropy so that an inclined crack problem is obtained. The numerical results
for mixed mode stress intensity factors are given for both embedded and edge

cracks.



An arbitrarily oriented crack problem in a FGM layer is examined in the study by
Long and Delale [22]. Then, this problem is combined with a homogeneous half-
plane problem by the same authors ( Long and Delale [23] ). The system is
externally loaded by crack surface tractions. It is determined that as the crack
angle increases, K, decreases all the time while K;, increases until some point and
then it also decreases. Mode | fracture generally is dominant at the crack tips.
Lastly, the presence of homogeneous substrate has negligible effects on stress
intensity factors for small cracks away from the interface.

Multiple crack problems in nonhomogeneous orthotropic medium subjected to in-
plane loading is investigated by Monfared and Ayatollahi [24]. Combinations of
circular arc crack and straight crack arrangements are examined in details. Jin and
Keer [25] solve two types of multiple edge cracks problems in isotropic medium.
A half-plane containing up to 100 oblique edge cracks case and periodical
oblique edge cracks case are examined. Yildirim et al [26] also deal with
repeatedly located cracks in FGMs. A unit cell approach is taken into
consideration using periodicity. Then, the unit cell is treated as though it is a
strip. In all three studies, the results are compared with the finite element

implementations for verification.

Thermal stress intensity factors for a circumferential crack problem in a thin
walled cylinder made of FGMs are calculated by Dag [27]. Thermomechanical
properties of FGMs alter as exponential functions in the thickness direction. The
thin walled cylinder problem is reduced to a plate problem using the
axisymmetry. The fluctuation of thermal stress intensity factors is investigated by

changing the thermomechanical properties of the material.

El-Borgi et al [28] and Dag et al [29] work on surface crack problem in graded
coatings bonded to a homogeneous substrate. El-Borgi et al [28] choose to
examine this problem under general loading conditions. On the other hand, the
solution is done with a two-stage method for the sliding contact case by Dag et al



[29]. First, only the sliding frictional contact problem with a rigid punch is solved
for the contact stresses. Afterwards, these stresses are accepted as inputs for the
crack problem. This is an uncoupled solution. Because, the influence of the
presence of the crack on the contact stress distribution is ignored. However, the

solution still gives accurate results in certain cases.

Guo et al [30] answer the problem of which direction that the cracks will
propagate, for multiple embedded cracks in a strip by using the maximum
circumferential stress criterion. It states that the crack will propagate from its tip
with a critical cracking angle (6.), determined by using the fact that the
circumferential stress in the direction of crack propagation is a principal stress. It
is also found that if the distance between two cracks is ten times larger than the
half length of the cracks, the existence of multiple cracks can be ignored. Also,
the angular variations of the other cracks have inconsiderable effects on the

critical cracking angle.

In fretting problems, it is a common knowledge that at the first step, a slant crack
appears at the surface of the material. Then, this slant crack becomes rather
normal with crack propagation. In other words, two or more straight crack
segments with different crack angles exist in the material. Therefore, the resulting
geometry will be a kinked crack. This situation is examined by Yingzhi and Hills
[31] for a crack that remains open throughout its length. Variations of mixed
mode stress intensity factors for the crack segments with different crack sizes and

crack angles are given.

1.2 Scope of the Study

In certain engineering applications, the contact of two machine elements may be
encountered, which leads to surface crack formation and propagation near the
contact zone. In other words, contact between machine components is one of the

origins of surface crack initiation. Indentation fractures ( Lawn [32] ) and fretting



fractures ( Hills and Nowell [33] ) are the examples of these types of failures. The

surface cracks triggered by fretting fatigue, are within the scope of this study.

The structures exposed to fretting fatigue experience with severe loading
conditions caused by relative and repeated movement. This recurrent movement
in fretting fatigue induces a significant decrease in the fatigue strength of the
material. It also deteriorates the material surface. Hence, surface cracks initiate in
the long run. It is observed that at first, a number of micro-cracks appear at the
edge of the contact region, and then some of them merge in to one. Thus, the
main crack becomes oblique to the contact surface in the early stage of crack
growth in fretting fatigue problems. Kimura and Sato [34] state that the reduction
of life in fretting fatigue is related with the early crack initiation and propagation
in the short crack region. Therefore, a detailed investigation of the mixed mode
stress intensity factors for an inclined edge crack is essential to be able to predict
subcritical crack growth. This prediction is vital for safety and economic reasons

in aircraft structures, bearings, engines, and so-forth.

In addition, Elber [35] observed that the crack face closure occurs in some
loading conditions. This crucial phenomenon in fracture mechanics may
substantially alter the results for mixed mode stress intensity factors. Therefore,
the scope for this study is to examine the effects of crack angle and crack closure
phenomenon for an inclined edge crack in the orthotropic half-plane under the

effect of contact loading conditions.

As it is mentioned above, a model for contact-based fracture in an orthotropic
material is developed by Sarikaya [2] for straight and fully open cracks. Present
study provides compulsory and crucial extensions over the model developed by
Sarikaya [2]. The model is enhanced by the consideration of crack orientation
angle and modification of the solution with crack closure. Thus, crack growth

behavior is taken into account in a more precise way for more realistic cracks.



Therefore, the present study submits a procedure that embodies both crack angle

and crack closure modes into the solution.

In Chapter 2, the definition of problem is given. The boundary conditions in the
problem are identified. A brief overview about plane elasticity of orthotropic
materials is mentioned. Then, the formulation of the problem is expressed.
Overall problem is divided into 3 sub problems for simplification. These sub
problems are considered by using Fourier Transform for the suitable variable.
When the indentation of punches is selected as the load, the contact pressure
distribution on the material surface is obtained by solving the sliding contact
problem separately. Then, the stress field in the loading region of two bodies
becomes a known function for the crack problem. The displacement and the
stress fields are obtained in the integral form. Using the equilibrium equations,
the overall problem is degraded to the system of one or two singular integral
equations depending on the closure mode. In Chapter 3, several figures for the
mixed mode stress intensity factors for both open and closed cracks and contact
pressure distributions between crack faces are presented by changing material
properties, crack angle and load type. Finally, concluding remarks and future

work of this study are stated in Chapter 4.






CHAPTER 2

PROBLEM STATEMENT AND FORMULATION

2.1 Problem Definition

The configuration of the main problem is illustrated in Figure 2.1. An orthotropic
elastic half-plane is loaded by known functions o(x,) and t(x,) as a
representation of the contact of two solids. These loads are applied from x, =ato
X, = b at the material surface and the half-plane contains an inclined edge crack
of length d and crack angle & Clockwise direction is selected as positive
direction for crack angle. Dag [1] showed that depending on the surface loads,
negative values for mode | stress intensity factors may be obtained at the crack
tip. The physical meaning of these results is that the surfaces of the crack must
come into contact and take the shape of a cusp. Hence, at least some part of the
crack is closed. However, this unknown closed portion of the crack is not
designated until Section 2.7. Thus, the formulation continues with fully open
crack assumption (the closed portion of the crack is assumed to be zero) until
Section 2.7. In the formulation of the problem, two coordinate systems (X-Y and
X1-X2) are introduced. The stress transformation between these coordinate systems

can be applied whenever desired. Lastly, E;, Ez, py,and v;; represent the

Young’s moduli, shear modulus, and Poisson’s ratio of the material, respectively.

2.2 Formulation of the Problem

First of all, the mixed boundary conditions, needed to be verified, are determined.
At the material surface, there are no normal and shear stresses except for the ones

11



(o(x,) and 7(x,)) between x, = a and x, = b. Coulomb’s friction law is valid for
shear stress in the loading area. The crack angle can be selected between -90 and
90 degrees. At the crack plane (Y=0), tangential and normal displacements are
nonzero for the inside of the crack (X < d). Crack faces are stress free for the
open portion of the crack. In addition, it is compulsory to be bounded for all field
quantities (stresses and displacements) in the half-plane as (X% + Y?) or
(x? + x%) - . Note that the crack is loaded from the surface of the material as
illustrated in Figure 2.1. Yet, these loads can be replaced by any type of loading
as discussed in Section 2.7 and Chapter 3 for the verification of the present study

with the results in the literature.

2,
N
coecees *
'
'

1 N—

Figure 2.1 The General Description of Problem

To sum up, the main boundary conditions can be written as follows:

Oxx, (X1 = 0,%2) =0, x, <aandx, > b (2.1a)

Oxc, (X1 = 0,%) = 0, X, <aandx, >b (2.1b)

12



Oy, (X1 = 0,%2) = 0 (xp),

Oy, (X1 = 0,%2) = 7(x2),

7(xz) = Mo (x2),

oyy(X,Y =0) =0,

oxy(X,Y =0) =0,

Ox,x) Oxyxp0 Ox,x, — bDounded as
Oxx, Oxy, Oyy — bounded as

uy (%1, x3), Uz (X1, x;) > bounded as

UX,Y),V(X,Y) - bounded as

a< x, <b
a< x;, <b

a< x; <b
0<X<d

0<X<d

(xf + x5) > 0

(X?>+ Y?) >

(2.10)
(2.1d)
(2.1e)
(2.1f)
(2.19)

(2.1h,i,j,K)

where 1, in (2.1e) is the coefficient of friction. Note that, selected coordinate

system is specified in the subscript. For instance, o, ., represents the normal

stress in x; direction in x;-x, coordinate system while oy, represents the shear

stress in X-Y coordinate system. The derivatives of crack surface displacements

are used in the representation of the crack. In this way, the crack is defined with
two unknown functions f; (X) and £, (X).

Qec 0 + -)) =
=8 —aX(V(X,O )= V(X,07) = £i(X)
Qes 0 + 7)) =
=t —aX(U(X,O ) —U(X,07)) = £2,(X),

0<X<d

0<XxX<d

(2.2a)

(2.2b)

where Q¢ IS a material parameter. V in (2.2a) and U in (2.2b) represent the

displacement components in Y and X directions, respectively. By neglecting the

body forces, the equilibrium equations can be expressed as the following fashion.

do. do.
! or

0xy dx,

13
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0
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do. do. do do
X1X2 + X2X2 — 0 or XY YY

_ 2.3b
ox, | ox, ox oy 0 (2.30)

The constitutive relations of orthotropic materials can be represented for plane
stress and plane strain cases in the following form ( Sarikaya [2] ).

011 Ci1 Gz 0 7ré11
Oy | = C12 CZZ 0 €22 (24a)
012 0 0 Cgel LE12

Ci1, C12, Cyp and Cgg are stiffness terms and can be written in terms of material

parameters as the equation set below.

( ]51
| R Plane Stress
v
Ci1 = 4 v 2.4b
| (1— V3V32) Ef . ( )
k A Plane Strain
E\E
vlz 1-2 Plane Stress
C. = U12E2 24
12 (V12 + U13U32)E1Ez (24c)
Plane Strain
_ EE
J NN Plane Stress
C.r = 1 — VvHE,
22 (1 — 17317713)E1Ez . (2.4d)
Plane Strain
Cos = 212 For Both Cases (2.4e)
A= E1T1 - Esz (24f)
Ty = (1 — vp3V3; — V31V13 + V31V13Vp3V33) (2.49)
Ty = (v, + 2v1,V13V35 + Vi303,) (2.4h)

Now, the overall problem is divided into sub problems. First, crack and contact
loading problems are separated. Then, crack problem is split into two as the crack

problem in an infinite plane and the half-plane problem that satisfies the
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boundary conditions at the free surface. Thus, contact loading problem, infinite

plane problem and half-plane problem are superposed to fulfill the requirements

of the original problem. These subdivision methods are shown in Figure 2.2 and

Figure 2.3.

The governing partial differential equations of the half-plane are written in the

formulas below by utilizing equilibrium equations and constitutive relations of

orthotropic materials.

0%u; Cgg 0%u, Ces\ 0°%u,
Cug—=S+t—5 5 ( 12 —) =0
d0x, 2 0x, 2 ) 0x,0x,

Ces\ 0%u;  Ceq 02U, 0%u,
<C12 + _) — 3.7t C2——=5=0
2 axlaxZ 2 axl axZ

(2.4i)

(2.4))

Figure 2.2 Solution Procedure of the Coupled Problem
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Figure 2.3 Solution Procedure of the Crack Problem

2.3 The Contact Loading Problem

The necessary equations for the formulation of the contact loading problem are
derived in the dissertation by Sarikaya [2]. The stress and displacement fields in
the problem are found using Fourier Transform for x, variable in x;-x,
coordinate system in terms of known stress distributions ( a(x,) and t(x;) ). In
Figure 2.4, the configuration of the contact loading problem is given. The
formulation relies on the representation of displacement fields as Fourier

Integrals.

1 (00}
Uy (xq,x2) = o J- Uy (x1, p)exp(ipxz) dp (2.5a)

—00
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1 _
Uz (x1,%7) = o f Uz (x1, p)exp(ipx;) dp

ag(xy)

e o

(2.5h)

---->-\. ,

Figure 2.4 Geometry of Contact Loading Problem

This means two partial differential equations in (2.4i-j) can be transformed to

ordinary differential equations using Fourier Transform for x, variable. Then, the

solutions for U, and U, are searched in the form of exp(sx;) and the resulting

equations are written in the matrix form.

d2U C C
1_.02&[]1 + <C12 +£) ip=—

Cix 042 2 2 ox,

Cos\, OU;  Co60%U;
( ) —p?CU; =0

Cip +—)ip=—+—=
) ‘pax1 2 0x,?

17

oU; _

(2.6a)

(2.6b)



C C
(o= 52) (4 )

Uy
=0 (2.7a)
¢ ; v
(Clz + ﬁ) lpS (ﬁsz - szpz) 2
2 2
st+s%¢,+¢, =0 (2.7b)
2(=Cy1Cpp + C2 + C15Ce6)p? p*C
o = 11C22 ” 1Cz 12C66 2= 22 (2.7¢.d)
11~66 11
Forg; <0,¢2 —4¢, > 0,|¢;| > +/¢? —4¢,  Type 1 Material (2.7e)

A characteristic equation is found by equating the determinant of the matrix in
equation (2.7a) to zero. Now, the exact solutions for U; and U, can be obtained
by solving the characteristic equation in (2.7b). Delale and Erdogan [3] and
Sarikaya [2] classify the orthotropic materials in two groups depending on the
roots of this characteristic equation. If the condition related to material
parameters given by equation (2.7e) is satisfied, in other words, the characteristic
equation of the material gives four real roots; it is classified as type 1 orthotropic
material in practical engineering applications. Otherwise, if the roots are

complex, the material is called as type 2.

Orthotropic materials used in tribological applications such as composite
structures, coatings and thin films generally possess the characteristics of type 1
material. Hence, Sarikaya [2] worked on type 1 materials. In this study, the main
objective is to add the effects of crack orientation angle and crack closure to
Sarikaya [2]’s work. For this reason, type 1 materials are focused on. Thus, the

formulation from this point on is related to type 1 materials.

In the previous step, the solutions of U; and U, are found. Now, the displacement

components are updated and corresponding stresses are defined.
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1 [0/0)
wGx) =5 | Y Mexp(s + ipx) dp (2.82)
—0 j=3
1 (v
wCn) =5 | D MiNexp(sx + ipx,) dp (2:80)

|

8

~.
I

=)
\8
(N

1
Oz, (X1, X2) = P (C115j + C12iPNj)1VIjexP(5jx1 + ipx;) dp (2.8¢)
—00 ]=3
1 [(C
Gerrs i) = = | Y (5 + ip)Mpexp(sx, + ipx)dp (280)

|
8
-
1l
w

|-
\‘8
Ingt

Oy, (X1, %2) = (Ci25; + CozipN;)M;exp(sjx; + ipx,) dp (2.8¢)

|
8
~
I

w

Keep in mind that terms related ( j = 1,2 ) vanish in stress and displacement fields
given by equations (2.8a-e) due to the regularity conditions in equations (2.1h-k).
The unknown functions of the contact loading problem N;’s and M;’s are
obtained through equilibrium equations in (2.7a) and the boundary conditions in
(2.1a-e), respectively.

2, Cee
N;(p) = “Cusi t e (2.92)
itP Coo) -
(Cra+752) ips;
M C1153 + C12ipN3  Ci1S4 + Ci2ipN, - ¢
[ 3] = | Cee . Cos , 1] (2-9b)
M, - (s3N3 + ip) - (s4N, + ip) ¢
4 b
(Cllsj + ClzipNj)Mj = Ja(t)exp(—ipt)dt (2.9¢)
j=3 a
4 b
C
Z?(stj + ip)Mj = fa(t)nlexp(—ipt)dt (2.9d)
j=3 a
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b
4= fa(t)exp(—ipt)dt (2.9¢)

a
b

& =m f o ()exp(—ipt)dt (2.9f)

a

where the roots of the characteristic equation s;’s (j = 1,4 ) are noted as below:

s1 = q1lpl R(s1) >0 s, =q,lpl R(s,) > 0 (2.10a,b)

s3 = —qalpl R(s3) <0 Ss = —q2lpl R(s4) <O (2.10c,d)

\/ —261 + 2y¢1 — 45, J —261 = 261 — 4¢2 (2.10e,f)

q: = > q; = >

Then, M; and N; are substituted to equations (2.8c-€). The order of integration is
changed and infinite integrals are evaluated in MAPLE. Eventually, the stresses
and the displacement fields are obtained as the integral forms in terms of o (t).
By deriving the equations about normal and shear stresses acting along the crack
line, this section is completed. The explicit expressions of these stresses are given

in Appendix A.
b

oy (X, 0) = j hiz(X,t) o(t)dt 0<X<d (2.10g)
a
b

axy" (X, 0) = j hys (X, t) a(t)dt 0<X<d (2.10h)
a

2.4 Determination of Loading Function (a(x;))

Indentation of three rigid stamp profiles is used to represent the contact between

two solids in this study. It is assumed that the modulus of elasticity of the stamp
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is very large compared to the modulus of elasticity of the half-plane so that the
stamp preserves its shape in the contact region. Flat, triangular and circular
stamps are selected in this study. A two-step solution procedure is applied. First,
the stress distribution in the contact region is determined ignoring the impacts of
the presence of the crack. Then, this stress distribution is utilized in the
calculation of mixed mode stress intensity factors. Note that the crack and the
contact loading problems are considered as an uncoupled form with this two-step
solution case. However, the results are expected to be accurate when there is a

wide distance between the crack and the loading area [29].

Sarikaya [2] showed that the strengths of singularity at the end points of the
contact region (y; and y,) depend on the coefficient of friction, the parameters

of type 1 orthotropic material and stamp profile.

o(xy) = (x; — )V (b — x,)¥2F (x,) (2.11a)
or = 411(q1C1192 + 91C1192d12 — q1C12G2d11 — C12) (1 + dy2) (2.11b)
10 = — .
Ces€30

2(q, + q2)d11(1+d
ey = (g1 + q2)d14 ( 12)q192 (2.11c)

€30

e30 = q7C11q5d11d1; — q2Cy2d%195 + q1Cr1q5ds1 + C12q7dy,
— q1C1192d12 — q1C11q2d52+q1C12q2d11d12 (2.11d)
+ q1C12q2d11 + Ci2dqy + Ci2q5dy4

€10 €10
cot(my,) = o cot(my,) = o (2.11e,1)
20 20

Note that d,, d,, and d,, in equations (2.11b-d) are defined as follows:

2C4 2C;5 2C,,
di1 =—— di, = =

— = — 2.12a,b,c
Cos Cos 227 Cee ( )
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P p

O=y,P ﬁa O=n P

Figure 2.5 Types of Stamp Profiles

Two distinct solutions for both i,and i, are obtained for the equations in
(2.11e-f) between -1 and 1. The correct values for ¥, and y, are chosen by
bearing the physics of the problem in mind. If there is a smooth contact at the end
point, a positive value should be selected for the strength of singularity.
Otherwise, the strength of singularity at that point is negative in the case of sharp
contact as the contact stress approaches to infinity. For each stamp profiles, the

unknown stress distribution is obtained by expanding it with Jacobi polynomials.

2.4.1 Pressure Distribution for Flat Stamp

The solution of the pressure distribution is based on the displacement derivative

in the contact region. To begin with, it is observed that there exists a constant
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displacement in the half-plane. Therefore, the displacement derivative equals to

Zero.

U (x; =0,x) =8 a<x,<b (2.13a)

aul(xl = 0, xz) _

o 0 a<x,<b (2.13b)

Then, the total force (P), applied by the stamp is defined.

b
fa(xz) dx, = —P (2.13c)

a

The displacement derivative for this problem has already been shown by Sarikaya

[2].

b
el [ o(t) e
%;f P tdt + %a(xz) =0, a<x,<b (2.13d)

a

At this point, x, and t variables are normalized to s and r variables in order to
make the integration limits -1 and 1. Also, the normalized form of the contact

stress distribution @(s) is introduced.

:(b—a)s+(b+a)

% _ - (2.13¢)
(b—a) (b+a)
t=———T+—; (2.13f)
(b—a) ,(b+a)
(D()_"( TS+ 2a> (2.13g)
5= P/(b—a)

Equations (2.11a), (2.13c) and (2.13d) are rearranged as follows:
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o where P,fd’z'wl)(r)
o) = A -r)¥(1+ ) Z AP () ropresents Jacobi  (2:149)

n=0 .
Polynomials

1

fcb(s)ds =-2 (2.14b)
-1

1 (o)

e o(r e
20 f dr + ﬂa(s) =0, —1<s<1 (2.14c)
2m)s—r 2

-1

Using the orthogonality properties of Jacobi Polynomials, orthogonality relations
in Erdogan et al [36], and the expression in Appendix B, the pressure distribution

can be obtained.

1
f (1= )¥2(1 + r)¥r P2¥0 () pW2 D (1) = {ek v (2.15a)
0, n#k
-1
(2¥2tP1tip +1)r +1
(Yo + DI (Y, + 1) i k= 0and p, + s = —1
0, = r@, +,+2) (2.15b)
k — 1 .
V24t (k + 1, + DIk + Py + 1) Otherm
2k + 0, + P, + DRIT(k+ 95 + 9, + 1) erwise
Equation (2.14c) is updated as follows:
e — -
20 ___ 4, pl¥2mv) () = 0 Ap=0,forn=123,.. (2.16)

] 4sin(myp,)

It can be seen from equation (2.16) that all unknown coefficients of expansion
except for A, are zero. Therefore, the only remaining coefficient of expansion
that appears in the contact pressure distribution is A, and it is found using the
relation in (2.15b). Eventually, the normalized contact pressure distribution is

obtained.
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2

A= TG+ DI Gh + D) Vatvi= 2478
2(1 = s)¥2(1 + s)¥1 —1<y, <0

= — 2.17b

PO = T r @, T DI + D 1<y <0 (2:170)

2.4.2 Pressure Distribution for Triangular Stamp

The triangular stamp has a constant displacement derivative throughout the

loading region.

aul(xl == O,XZ) - _m a< x2 < b (2 18)
0, m is the slope of the stamp '

The governing equation then becomes as follows:

e 1j’ o ()
€0l

2 m) x,—t
a

e
dt + %a(xz) = -—m, a<x,<b (2.19)

Here, the similar procedures are applied to the governing equation in (2.19) and it

is observed that the unknown coefficients of expansions excluding A, are zero.

co

€20 (—2,-1) — _
A, P = —m A, =0forn=1273.. 2.20
OZSin(T[IIJZ) nn (s) n f (2.20)
n=

Note that A, can be defined in terms of m by using equation (2.20). However, it
is not desired to have the stamp parameters in the normalized contact stress

distribution. Instead of this, it is preferred to apply equation (2.15b) to find A4,.
1

f(D(s)ds =-2 (2.21a)

-1
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1

(1—35)Y2(1 + s5)¥1 0<y,<1
= — 2.2
() r@W,+0Dr@, +1) 1<y, <0 (2.21¢)

2.4.3 Pressure Distribution for Circular Stamp

The displacement derivative for the circular stamp problem is rather complex
than other two cases. The proof of the displacement derivative equation is
presented in details by Ozatag [37].

Juy(x; =0,x;) c—x,
9x, - R’

a<x,<b (2.22)

In equation (2.22), ¢ and R are the centerline and radius of the stamp,
respectively. Again, it is found that the coefficients of expansion starting from

A;vanish in the governing equation (2.23).

oo

e _ _
Z 204 pl-the ¢1)(S)

sin(mp,) " ™
n=0 A, =0,forn=1.23,.. (2.23)

_ —(b _ a)Pl(—ll’z»—ll)ﬂ(S)
2R

Once again, it is applied to the orthogonality relation of Jacobi Polynomials in
order to eliminate the stamp parameters (c and R) in the normalized contact stress

distribution.
1

j@(s)ds =-2 (2.24a)

-1
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1

A= T+ DI + D Y2ty =1 (2.240)
DD 0<y, <1
() = T, + DI, + 1) 0<y; <1 (2.24¢)

At this point, the loading functions for three different stamp profiles are
determined. Sample contact stress distributions are illustrated in Figure 2.6.

Flat Stamp
— — — Triangular Stamp
_____ Circular Stamp

Figure 2.6 Sample Pressure Distributions for Plane Stress Case, n; = 0.6

2.5 The Crack Problem

As shown in Figure 2.7, the crack faces are exposed to surface stresses,
originating from the stresses found from contact loading problem. Fully open
crack assumption states that crack faces are stress free. Thus, the main boundary

conditions of the crack problem read:
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Figure 2.7 Geometry of Crack Problem

b
oyy (X,0) = o5k (X, 0) + j hi;(X,)a(t)dt =0, 0<X<d (2.25a)
a
b
vy (X,0) = a4k (X, 0) + f hys(X,)o()dt =0, 0<X<d (2.25b)
a
O-xlxl(or xZ) = O-xlxz(ol xZ) = OF -0 < xz < 0 (2250,d)
Qos 0 (+0) + (i) -\) =
Ta—X(V (X,0%) = VED(X,07)) = £(X) 0<Xx<d (2.25€)
%i(U(”)(X 0t) — UCD(X 0—)) = £,(X) 0<X<d (2.25f)
2 0X ’ ’

where ok (X, 0) and o£h?“k(X,0) in equations (2.25a) and (2.25b) are the
stresses written in terms of unknown derivatives of crack surface displacement
functions (f; (X) and £, (X)), stemmed from the solution of crack problem. In this
section, the infinite plane-half plane superposition method in Figure 2.3 can be
applied to crack problem. Infinite plane problem and half plane problem are
depicted in Figure 2.8 and Figure 2.9, respectively. Infinite plane problem is

considered in X-Y coordinate system. Therefore, coordinate transformation is
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applied to obtain the stiffness matrix of the material in X-Y coordinate system.
Fourier Transforms of the equilibrium equations can be taken in X-direction. By
solving the resulting system of ordinary differential equations, the stress and
displacement expressions for both half-planes Y >0 and Y <0 can be obtained.
The superscripts (i) and (h) in displacements and stresses in this section

designate the solutions for infinite plane and half plane problems, respectively.

Figure 2.8 Infinite Plane Problem with a Crack

At this point, a simple stress transformation procedure is given for orthotropic

materials.
Ci1 G O

R = ClZ sz 0 (226&)
0 0 Cee
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[Oxx Oxy]| _ cos(0) —sin(0)7 (0x,x, Oxyx, cos(@) sin(0) 2 26b
loyy oyy]  Lsin(6) cos(@)] [lexz szle —sin(6) cos(0) (2.26D)
oxx1 | cos?(6) sin?(6) —sin(20)] [Ox,x,
oyy|=| sin?(6) cos?(0) sin(20) [zele (2.26¢)
Oxv]  [cos(8)sin(8) —cos(B)sin(8)  cos(20)] %xix,
cos?(0) sin?(6) —sin(20)

T=| sin?@) cos?(6) sin(26) (2.26d)

[ cos(8)sin(0) —cos(0)sin(0)  cos(26)
Oxx
[UYY =T*«Rx+T1 [SYY] (2.26¢)
Oxy |
Q =T*R*T™1 (226f)

After the transformation, the constitutive relations take the following form.

Oxx Q11 Q12 Qu6][Exx
[UYY‘=[Q21 Q22 Q26] ISYY] (2.269)

Oxy Q61 Qo2 Uss

The displacement components for infinite plane problem are in the form of
Fourier Integrals.

[00]

) 1 .
UOX,Y) =— j U® (w, Vexp(ioX) dw (2.27a)

— 00

. 1 v .
vO(X,Y) = j VO (w, Vexp(ioX) dw (2.27h)

The equilibrium equations are given as follows:

0 aZU(i)+Q66aZU() <Q16 ‘o )(3 2@ ‘o 92y ®
1 9x2 2 QY2 61) 9xay ' <% 9gy2

+ Q16 02V ® <Q66 )aZV(l) _
2 0X>2 Q12 axXoy —

(2.27¢)
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02UD Q6 02UD  /Qgs 92U® a2y ®
0612 4 (S Qo) o + Q2
0X 2 Y 2 X9y Y
Qg6 02V + (st )azv(i) —0
2 0X2 2 62) axoy

(2.27d)

Searching a solution for U, and V. in the form of exp(nY)and using the

Fourier Transform, the equilibrium equations can be updated as follows:

(_(A)ZQll + %nz + (% + Q61) lwn) Ul(l)
2 2
0 0 (2.28a)
+ (Q62n2 - %a)z + (% +Q12> iwn) Vl(l) =0
(—w2Q61 + %nz + (% + Q21) iwn) u,®
0 0 (2.28hb)
+ (sznz - %a)z + (% + Q62> L'a)n) Vl(l) =0
Equations (2.28a) and (2.28b) can be written in the matrix form.
@
b L {U1 }
h(=0 (2.28¢)
@
L3 L4 Vl 2
Ll = _(UZQll + %nz + (% + Q61> ion (228d)
LZ = Q62n2 - %wz + (% +Q12) lwn (ZZSE)
Ly = —w?Qgy + %nz + (% + Q21) ion (2.28f)
L4 = Q22n2 - %wz + (% + Q62) ion (2289)
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The determinant of the matrix in equation (2.28c) will give the solutions for Ul(i)

and Vl(i).
L1L4 - L2L3 == 0 (2.29)

Once the roots of the characteristic equation in (2.29) are obtained, the relations

for both half-planes Y > 0 and Y < 0 are noted as follows:

For the half-plane Y <0

1

U(_i)(X’ Y) = >

ciexp(n;Y +iwX) dw (2.30a)

)
é\:g
M~

.
Il
=

vED(X,Y) = cjAjexp(n;Y + iwX) dw (2.30b)

S|~
é%g
M~

~.
Il
[y

U;E}i)(X, Y) = Siicjexp(n;Y + iwX) dw (2.30c)

S|~
;3%8
Nl

~.
Il
=

1

o (XY = 5

Syicjexp(n;Y + iwX) dw (2.30d)

;3%8
NGl

~
Il
=

1

a0 (X,Y) = o

Sercjexp(n;Y + iwX) dw (2.30e)

8\8
Nl

~.
I
[

For the half-plane Y >0

© 4

. 1

UGD(X,Y) = oy f Z ciexp(n;Y + iwX) dw (2.31a)
“o j=3
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1

® 4
vED(X)Y) = % f z ciAjexp(n;Y + iwX) dw (2.31hb)
—o j=3
® 4
a)g;l)(x, Y) = % f z Siiciexp(nY + iwX) dw (2.31c)
o0 j=3
1 4
(“)(X Y) = > f ZSZlc]exp(n]Y + iwX) dw (2.31d)
“o0 j=3
© 4
a)g;l)(x, Y) = = f zsmcjexp(an + iwX) dw (2.31e)
—o0 j=3
S = <Q11iw + Qu24jm; + % (4jiw + nj)) (2.32a)
S21 = (Q21iw + Q2241 + %(Ajiw + nj)) (2.32h)
Se1 = (Q61iw + Qe2Ajm; Q“ =° (4jiw + nj)) (2.320)

where A;’s can be obtained using one of the equilibrium equations and index j is
selected based on the roots n;’s. Using the following system of linear equations,

¢;’s (j=1..4) can also be found.

s (wlel _ QT ]2 (Q216 + Q61> iwnj) (2.33)

' (Q62nj2 —QTa) + (%+Q12)ia)nj)

o,y = 0%) = 650X, Y = 07) 0<X<oo (2.34a)

(“)(X Y =0%) = nyl)(x Y =07) 0<X<oo (2.34b)
%aix(v(”)(x'm) —VEOK,07) = (D) 0<X<d (2340
ﬁiX(U(H)(X,Oﬂ _ U(-i)(X,O‘)) = (X) 0<X<d (2.34d)
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z Sy1c;(w) — z Sy16)(w) = 0 (2.34e)

4
Z Se1Cj(w) — Z Se1cj(w) =0 (2.34f)
Jj=

]:

QT wAic;(w) Z S iwA ;i (w) = f A exp(—iwt)dt  (2.349)

DI

-
1l
w

QT lwcj(w) — z_lwcj(w) = jfZ(t) exp(—iwt) dt (2.34h)

In practical engineering applications of type 1 materials, it is observed that the
solution of equation (2.29) gives four complex n values. Two of them are with

positive real parts and two of them are with negative real parts.

n, = qzlw| + qiw R(n,) >0 (2.35a)
n, = qs|w| — qggiw R(n,) >0 (2.35Db)
nsy = —qz|o| + q4iw R(nz) <0 (2.35¢)
Ny = —qs|w| — qgiw R(n,) <0 (2.35d)

where g3, q4, qs and q, are positive real numbers and lengthy functions of
material parameters and crack angle. Substituting c;’s into related equations, and
using MAPLE in the evaluation of infinite integrals, the stress and displacement

equations in (2.30a-e) and (2.31a-e) can be evaluated.

Now, stress fields obtained for the infinite plane problem are transformed to x;-
x, coordinate system. For the half plane problem, the equilibrium equations are
solved in x;-x, coordinate system using Fourier Transform of x, variable.
Eventually, the stress free material surface conditions in (2.25c-d) are satisfied
with the summation of stress fields for both infinite plane problem and half plane
problem.
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a(X,Y)
a,gfil(o,xz)+[cosz(9) sin?(6) sin(20)] a}gi,)(X,Y) =0 (2.35e)
o (X, Y)

a2 (X,Y)
ajgf,)cz(O,xz)+[—sin(29)/2 sin(20)/2  cos(26)] G}EQ(X'Y) =0 (2.35f)
o (X,Y)

The displacement components are in the form of Fourier Integrals.

1 (o]
UM (xy,x,) = — | UM (xy, )exp(iax,) da (2.36a)
2 1

1 [ee]
VM (xy,x,) = 78 f V" (x1, @)exp(iax,)da (2.36b)

The equilibrium equations in x;-x, coordinate system can be written as follows:

92UM™  Cye02UM Cee\ 02V
Les 097 (c _) ~0 2.37a
Cua 0x1° * 2 0x,? +( 12+ 2 /] 0x,0x, ( )
Cee\ 02U Cye 02V a2y
Cip +— —_—— =0 2.37b
( 12t >6x16x2 2 oxm? gy 2 (2:37b)

Searching a solution for Ul(h) and Vl(h) in the form of exp(px;) and using the

Fourier Transform, the equilibrium equations can be updated as follows:

C C
(Cnpz - %az) U, + (C12 + %) iale(h) =0 (2.38a)

C C
(Clz + %) iapU;, ™ + (? p? — szaz) ™M =0 (2.38b)
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Equations (2.38a) and (2.38b) can be rearranged in the matrix form.

K, K1(U0:")
& Kl { g | =0 (2.380)
C C
Kl = (C11p2 —_ %a2> KZ = (Clz + %) lap (238d,e)
C C
K3 = (612 + %) lap K, = ($p2 - sza’z) (2.38f,9)
---->-\°’

- ——— -]

Figure 2.9 Half Plane Problem

The determinant of matrix in (2.38c) will give the solution for Ul(h) and Vl(h).
K1K4 - K2K3 =0 (239)

Once the roots of the characteristic equation in (2.39) are obtained, all field

quantities are noted as follows:
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For the half-plane x; >0

1

4
UM (xy, %) = — f z bjexp(pjx, + iax,) da

o Jj=3

21

1 (o]
VM (xy,x,) = > f Z b;Djexp(p;x; + iax;) da

j=3

1 | |
a,g‘,)cl (x1,%x5) = > f (Cllpj + ClzlaDj)bjexp(pjxl +iax,) da

S

]:

w

© 4
1 . .
a,ggiz(xl,xz) =5 f Z(Clzpj + CyziaD;)bjexp(pjx; + iax,) da
—oo0 j=3
1 [(C
O-JETJ)CZ (x1,%2) = o f Z % (ia + Djpj)bjexp(pjxl +iax,)da
—oo0 j=3

(2.40a)

(2.40b)

(2.40c)

(2.40d)

(2.40e)

where D;’s ( j = 3,4) can be obtained using one of the equilibrium equations in

(2.38a-b) and index j is selected based on the roots p;’s. Keep in mind that terms

related ( j = 1,2 ) vanish in stress and displacement fields given by equations

(2.40a-e) due to the regularity conditions in equations (2.1h-k). Using the

following system of linear equations, b5 and b, can be found.

{bj} = _Y3_1Y1Y2, j=34

a(X,Y)
o) (= 0,x) + Wy [6@(x,v)| = 0

aD(X,Y)
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(X, Y)

o) (= 0,5) + W, [a@(x, )| = 0 (2.42b)
o (X,Y)

W; = [cos?(0) sin?(0) sin(26)] (2.42c)
W, = [—cos(8)sin(0) cos(8)sin(0) cos(26)] (2.424d)
X1y [ cos(@) sin(0)](Xx

{x; B [—sin(@) cos(8) {Y} (2.42€)
If x, = 0, then

X = —sin(8)x, Y = cos(8)x, (2.42f,9)

Note that, the relations in (2.42f) and (2.42g) are used instead of X and Y in

equation (2.41b). The equation in (2.41b) is rearranged in the matrix form.

cos?(6)

© 4
f Z Siicjex p(an + ia)X) exp(—iax,)dadw
0

sin?(0) sin(26)

|—cos(0)sin(0) cos(0)sin(6)  cos(20)
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C11p3 + CipiaD3  Ciips + CypiaD,

C C
% (i + D3p3) % (i + Dypy)

The solution of equation (2.39) gives four real p values. Two of them are with

positive real parts and two of them are with negative real parts.

p1 = dq1la| P2 = qz|a| R(p) >0 R(p,) >0 (243de)

ps = —ilal ps = —qzlal R(ps) <0 R(p,) <0 (243f0)

The inner integrals in equation (2.43b) are evaluated in MAPLE in the closed
form. Residue Theorem is applied in order to evaluate the outer integrals in
equation (2.43b) in the closed form. Detailed information about Residue Theorem
can be found in Greenberg [38], Kreyszig [39] and Hildebrand [40]. Firstly, an
integration contour I like the one in Figure 2.10 is selected in the complex plane.
Let a function F(w,a) be an analytical function except for finite number of
singular points inside this contour. Then, Residue Theorem states the equation
(2.44b).

N
N
v

\’

Figure 2.10 The Contour for Evaluation of Integral
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f F(w, o) exp(—iwt) dw = f F(w,a) exp(—iwt) dw

r I
_ (2.44a)
+ fF(a), a)exp(—iwt) dw
I,
f F(w,0)exp(—iwt) dw
r
n (2.44Db)
= 2mi Z(Residues of the integrand inI')
k=1
Taking the limits as R — oo jF(“" exp(—iwt) dw - 0 (2.44c)

I

For type 1 orthotropic material, the integral in (2.44c) always approach to zero as
R tends to infinity [2]. Lastly, the outer integrals in (2.43b) are evaluated by using
equation (2.44e).

oo

] F(w, o) exp(—iwt) dw
- (2.44d)

- (Residues of the integrand in the

= —2mi lower half complex plane)

k=1
)

f F(w,a) exp(—iwt) dw

— 00

(2.44e)
lim (w — w3) F(w, o) exp(—iwt)
= —2mi < @3 )

+ lim (w — w,) F(w,a) exp(—iwt)
WowWy

The denominators of the kernels of the outer integrals in (2.43b) give four

complex roots which make them singular in the following form.

w, = qsilal — qga J(wy) >0 (2.45a)
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wy = qoilal — gioa J(wy) >0 (2.45h)
w3 = —qila| — gga S(ws) <0 (2.45c)

wy = —qoilal — qqoa J(wy) <0 (2.45d)

where g, qs, qo and g, are positive real numbers and lengthy functions of
material parameters and crack angle. From those w,,’s, only the ones in the lower
complex half plane with negative imaginary parts (w5 and w,) are needed for
Residue Theorem. Now, b3 and b, are found from two linear equations in (2.41b)

and they are substituted to the related equations in (2.40a-e).

The infinite integrals in equations (2.40a-e) are evaluated in MAPLE. Stresses for
the half plane solution are transformed to X-Y coordinate system. In the end, the
solution of crack problem is completed with the summation of displacement and

stress equations.

U, Y)} _ {U@ (X, Y)} A [cos(e) —sin(6) {U“‘) (xl.xz)} (2.46a)
V(X,Y) VO, Y) sin(0)  cos(O)] (VP (xy, x,) '
ofER (X)) (o @ X, Y) Oy, (21, X2)
oGk (X, Y) ¢ = oy DX, Y) |+ TS Oy, ™ (21, X2) (2.46b)
O_)?;ack (X, Y) O'Xy(l) (X, Y) O-xlxz (h) (xl,xz)
cos?(0) sin?(6) —sin(26)
T = sin?(6) cos?(0) sin(20) (2.46¢)

cos(0)sin(@) —cos(8)sin(8) cos(20)

2.6 The Solution of Singular Integral Equations

Using the boundary conditions in (2.1f) and (2.1g) and the relation in (2.46b),
two singular integral equations are written after lengthy manipulations on the

stresses given for infinite and half plane problems.
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f2(t)

dt+fh11(X t)fi(t) dt+/12f
0<X<d (247a)

+fh12(X, t)f,(t)dt = —fh13(X, t)o(t) dt

L@

d
A3 f ())(dt+fh21(x t)f1(t) dt+/14f
0 0 0<X<d (247b)

+fh22(X' t)fa(t)dt = —fh23(X, t)o(t) dt
0 a

In these equations, the terms containing ‘t — X’ in the denominator are called as
Cauchy kernels and the others are called as Fredholm kernels. Cauchy kernels are
stemmed from infinite plane solution while Fredholm kernels are originated from
half plane solution. 4;, 4,, 43 and A, in equations (2.47a-b) are constants and
lengthy functions of material parameters and crack angle. Note that the
denominators of Cauchy kernels become zero in the given interval for t = X.
Thus, these terms should be evaluated in closed form with the relation in
Appendix B. On the other hand, singular points are not observed for Fredholm
kernels. Hence, they can be evaluated using any quadrature method with a
suitable weight function. Unfortunately, deriving parametric relations of the
constant numbers qs, 94, qs, ¢ In equations (2.35a-d), g7, g, 99, 10 IN €quations
(2.45a-d), A4,45,15,4, and the kernels of the crack problem hy;(X,t),
hy,(X,t), hy; (X, t) and h,, (X, t) in equations (2.47a-b) is not possible in terms
of material parameters and crack angle because of too many independent terms
involved in the problem. On the other hand, when numerical values are inserted
to the material parameters, mentioned values and kernels can be calculated easily

through asymptotic analysis in MAPLE.

The strengths of singularities of the unknown functions f; (t) and £, (t) at the end

points of a surface crack are found in many studies by using function-theoretic
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method (For instance, Dag [1] and Sarikaya [2]). When function-theoretic method
is applied to the singular integral equations, it is seen that they both have inverse
square root singularity at the crack tip X =d because of Cauchy kernels.
However, there is no singularity at the other end point X = 0. Hence, the

unknown functions can be written in the following form.

F(t) F,(t)

(d — t)05 () = (d — £)05 (2.48a,b)

f1(®) =

In order to solve this system of singular integral equations, an expansion-
collocation method is applied. The unknown crack surface displacement

derivative functions and the intervals of variables X and ¢ are normalized.

t=§r+§ t:b;af+b;a (2.49a,b)
P gsl +g (2.49¢)
Di(r) = @, i=12 (2.49d)
(P/(b—a))
®;(r) = (1—1)7°5 i A PEO500), =12 (2.49)
n=0

The normalized unknown functions are expanded as the series of Jacobi

Polynomials.
for) F0,(r)
r T
A f L dr + f Hy1 (s, )@, (r)dr + A, f 2 dr
r—51 r—51
- - - -1<s,; <1 (2.50a)
1 1
+ [ HaGunemydr == [ Hals, )o@ di
-1 -1
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s fﬁbl(r) . f b (o) Ao f@z(r)

dr
r—5; r—s;
- ) - ) - “1<s; <1 (2.50b)
n f Hyo(sy, 7)by (1) dr = — f Hys (51, F)®(F) dF
-1 -1

The integrals with Cauchy kernels in (2.50a-b) are calculated in closed form by
using the relation in Appendix B. On the other hand, the integrals with Fredholm

kernels are evaluated numerically with Gauss-Jacobi Quadrature Method.

N N

D Ru(sD) A+ ) Rip(s) gy = Rys(sy), ~1<s;<1  (251a)
n=0 n=0

N N

D Rar(5D) A+ ) Rop(s1) Agn = Rya(sy), ~1<s;<1  (251b)
n=0 n=0

m(2i — 1) 4

S1i = COS m , i=1...,N+1 (2510)

As the collocation points, the roots of the Chebyshev Polynomials of the first
kind in equation (2.51c) are used. By inserting the collocation points into
equations (2.51a-b), a linear system of equations is obtained and solved for the
unknown coefficients of expansion. N is selected as 15 in (2.51a-c) for accuracy.

Therefore, a system of 32 equations&unknowns are solved.

In order to link the coefficients of expansions of unknown functions to the stress
intensity factors, the following regulations are done. Since the denominator of
Cauchy kernels approaches to zero at X = d, the dominant stress terms near

X — d are written as follows:

d
f1(®) f2(t)
e dt + 1, Of dt (2.52a)

d
O-YY(X'Y:O)EA]'[{: F— X
0



I 2_(?( dt (2.52b)

t

d d

t
axy(X,Yz 0) 513‘]‘1{‘1_())((11:"'14‘]‘
0 0

The following equations are obtained by inserting equations given by (2.48a-b)
into (2.52a-b) and evaluating the integrals in MAPLE.

oyy(X,Y = 0) = 4, nF (d)(X — d)™%° + A,nF,(d)(X — d)~%° (2.53a)

oxy(X,Y = 0) = 3nF (d)(X — d)™ %5 + A,nF,(d)(X —d)™%5 (2.53b)

The definitions of mixed mode stress intensity factors at the crack tip are given as

follows:
k= Xli% V2(X —d) oyy(X,0) (2.54a)

The dominant stress terms are inserted to (2.54a-b) and the relations are

simplified to normalized mixed mode stress intensity factors.

ky = — Jim J2(d—X) <Fi/%" + F%”) (2.55a)

ke = — Jim J2(d—X) <Fi/(1r)TAi” + F%") (2.55b)

klpﬁ == (bd_na) -/11 i APy 30 (D) + 2 i AZnP,f_O'S'O)(l)- (2.55¢)
=" = _

kz,;/a == (bd_na) -/13 EN: AP0 (1) + 24 i AZnPn(_O'S'O)(l)- (2.55d)
L n=0 =0 ]
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For fully open crack assumption, equations (2.55c-d) give mode | and mode I
stress intensity factors in the normalized form. In Chapter 3, the results with fully

open crack assumption can be found.

2.7 Implementation of Crack Closure

In order to determine whether crack faces are in contact or not, the overall
problem should be solved by fully open crack assumption. If mode | stress
intensity factor obtained by the fully open crack assumption is positive, then fully
open crack assumption is valid. However, if the results show otherwise, crack

closure implementation is needed.

Unless the applied load is too complex, a single closure region between crack
faces is expected. This assumption results in 4 closure modes in Figure 2.11. In
order to determine correct closure mode shape, the problem is solved first using
fully closed crack assumption ( Liu et al [41] ). Depending on contact pressure
distribution between crack faces, the suitable closure mode can be selected easily.
If contact pressure distribution is negative (compression) for all points along the
crack line, then fully closed crack assumption is correct. On the other hand, the

crack parts with positive contact pressure are not in contact.

For instance, when the crack is under the effect of bending load, crack mouth
closure is observed for 8 = 10 degrees. On the other hand, middle part of the
crack is closed for a crack with 8 = 45 degrees under bending load as shown in
Figure 2.12. It is also found from further analyses that punch indentation always
results in crack tip or complete (full length) closure modes. (For sample results,
check Figure 2.13). Thus, crack tip and full length closure modes are examined
for cracks loaded by punch indentation, while the results about crack mouth and
middle part closure modes are presented for bending load only for the verification

of the study.
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Figure 2.11 Crack Closure Mode Shapes
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Figure 2.12 Sample Contact Pressure Distributions for Fully Closed Cracks

Under Bending Load
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Figure 2.13 Sample Contact Pressure Distributions for Fully Closed Cracks
Loaded by Punch Indentation
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In this section, sliding crack face contact boundary conditions are added to the
system of singular integral equations. First, some of the boundary conditions
given in the previous sections are updated. At the crack plane (Y=0), normal
displacements are zero in the closed region. Luckily, this boundary condition
causes changes only in the intervals of singular integral equations and stress
terms related to normal displacements while all kernels remain same. Normal and
shear stresses exist for the closed portion of the crack because of the contact of
the crack faces. The contact between crack faces is assumed to be flat. Coulomb’s
friction law is valid between normal and shear stresses at the closed crack faces.
In Figure 2.11, there may be two additional unknowns e, and e, depending on
the closure mode. Unlike the fully open crack assumption, additional boundary
condition(s) in Figure 2.11 should also be satisfied this time which results in the
iterative solution of system of singular integral equations. Therefore, e; and e,

are iterated until the additional boundary conditions are satisfied.

For full length closure,

Oyy (X, 0) = 1,0y (X, 0), 0<x<d (2.56a)
UX,Y =0") = U(X,Y = 0°), d< X (2.56b)
V(XY =0%) = V(X,Y = 07), 0< X (2.56¢)
UX,Y=0")#UX,Y =07), 0<X<d (2.56d)

For crack tip closure,

ayy (X,0) = axy (X,0) = 0, 0<X<e (2.573)
oxy (X, 0) = 41,0y, (X, 0), e, <X<d (2.57b)
UX,Y =0 =UX,Y =07), d< X (2.57¢)
VX, Y =0") =V(X,Y =07), e, < X (2.57d)
UX,Y =0") #UX,Y =07), 0<X<d (2.57¢)
VX,Y =0%) #V(X,Y =07), 0<X<e (2.57f)
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Note that normal stress at the closed crack face is multiplied by CoF between
crack faces ‘n,’ and equated to shear stress in order to represent slipping of crack
faces. The sign of friction between crack faces in (2.56a) and (2.57b) is applicable
for both forward and backward slipping of crack faces. However, the sign of the
friction between crack faces is arranged depending on the relative tangential

movement of the crack faces.
2.7.1 Full Length Closure Mode
Among four closure modes, full length closure is the easiest closure mode to

solve. Referring equations (2.56a-d), there is only one remaining singular integral

equation.

da d
Ay j fz_(t))(dm j hya (X, £) f(2) dt
0 0

tn,

d d
t
AZJ{Z—())(‘ZH f hi2(X, O)f, dt] 0<X<d (258a)
0 0

b b
__ j by (X, 0(0) dt + 1, j has (X, Do (6) dt

The unknown crack surface displacement derivative function and the intervals of

variables X and t are normalized.

b—a_ b+a d d d d
t = 5 r+ 5 t:Er-I_E XZESI-FE (258b,C,d)
d d
__RO_ A(5r+a) 258
fz(t) - (d _ t)0-5 CDZ(T') = m ( : e’f)
@,() = (1 =13 > 4, B0 (1) (2.580)
n=0
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Normalization of this equation and other terms are done using (2.58b-g).

1 1
D, (r

Ay ,fr 2(5) dr + szz(sl,r)qbz(r) dr
91

-1 -1

®
1, |12 f Z(r)d + lez(sl,r)cbz(r) dr 1<s, <1 (258h)

r—
1 1
- [t @ i £, [ Hia(s, 0@ dF
21 1
2i —1
S;; = COS <%>, i=1..N+1 (2.58i)
Z Ry2(81) Az = Ry3(sy), -1<s5, <1 (2.58))

After the normalization, the integrals are evaluated by the relation given in
Appendix B and suitable quadrature methods. A linear system of equations is
obtained by inserting the collocations points given by (2.58i) into equation
(2.58j). When the coefficients of expansion of the unknown function are found,
normalized stress intensity factors and normal pressure distribution between

crack faces can be obtained as follows:
kl\/z =0 (2.58k)
P

kZ\/H_ dm
P (b-a)

[14 Z AP0V (1) £ 022, Z Apn P ‘”(1)] (2581

d
Full Length
oyy(X,0) = lzf folt dt + f hi, (X, 0)f,(t) dt |
. Closure
(2.58m)
b
+fh13(X,t)a(t)dt 0<X<d

a
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2.7.2 Crack Tip Closure Mode

Referring equations (2.57a-f), two singular integral equations are written for

crack tip closure mode by using Heaviside step function.

fz(t)dt
t—X

e ey d
/’Llof [1_(t))(dt+0f i (X, O£, (0) dt+,120f

0<X<e (259)

d b
+f hi, (X, ) f,(t) dt = —th(X, t)o(t) dt
0 a

0 0
e d
+J hy1 (X, t) f1(t) dt+/14j[2_(t))(dt
0 0

d
+ J hyp (X, 0) f>(t) dt
0

0<X<d (2.59)

PP _
Alf tl_th+f hiy (X, OF (O dt
n,HX —eq) 0 0

d d
t

+/12j{i())(dwfhu(x,t)fz(t)dt

| 0 0 d

b b
= — f hyz;(X,t)o(t) dt £ n,H(X — eq) f hi3(X,t)a(t) dt

a

It should be noted that bold written terms containing Heaviside step function
become regular in equation (2.59b), although the kernels are same as Cauchy
kernel [17]. In the next step, the unknown crack surface displacement derivative

functions and the intervals of variables X and t are normalized. Similar
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expansion-collocation techniques are applied to two singular integral equations in
(2.59a) and (2.59b).

1
Alf_“)dw+anG;a¢AadF
T —5;
-1 -1
1

1
+/12 .f 2( )_ d + f le(ﬁ, T')(pz (T') dT' ‘1< § <1 (259C)
r—Vi(sy) 2

1

——fmdiﬂﬂﬂﬁ

-1

1
p
A3 H(V3(s1) —eq) ,I-#S‘()Sl)dF

D, £
+25 H(ey — V3(sy)) J V(?Sl) dr

1

+ J H,, (51, F)Dy () dF + 1, J 2.
_11 -1

dr

S

+ szz(sl,r)cDZ(r) dr

-1

n,HWV3(s1) —eq) -1< s; <1 (2.59d)

1 1
Q) o =
11 _[md?’ﬁ' lel(Sl,T')(Dl(T') dr

r —
-1 -1

+1, qu 2(r )d + lez(sl,r)CDZ(r) dr

= - jH23(sl,?)(D(f”) dr

-1

+ 1, H(V3(s1) — eq) f Hy3(s1, 7))@ (F) di
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nED =25 +3 -1
V,(s1) = —isl +i— 1
e, e
d d
V3(sy) = _551 + E]
x=25+2 X=c=s1+=
_b—a b+a
t = > r >
_e_ e d
t —?T+? t =—T‘+E
3 F;(t) y F,(t)
f1(0) P f2(t) T d=00s
e1— , e d d
o 2TE)  RGr+E)
(P/(b - ) T (P/(b - a)

@,() = (1 =75 ) 4, B0
n=0

@,(r) = (1 =170 Y 4, P50 (1)
n=0

_ 7(2i — 1 7(2i — 1

2(N + 1) 2(N+1)

(2.59)

(2.59f)

(2.599)

(2.59h, )

(2.59i)

(2.59K, 1)

(2.59m,n)

(2.590,p)

(2.590q)

(2.59r)

(2.59s,1)

Normalization of these equations and other terms are done using (2.59h-r).After

the normalization, the integrals are evaluated by the relation given in Appendix B

and suitable quadrature methods. A non-linear system of equations is obtained by

inserting the collocations points given by (2.59s) and (2.59t) into equations

(2.59c) and (2.59d). Lastly, the closure point e, is iterated until the cusp

condition given in Figure 2.11 is satisfied. (k;(X = e;) =0).
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N N
> RuGD A+ ) RiaGD Azn = RisGD, S1<s<1 (250)
n=0 n=0

N N
D Rar(5D) At + ) Raa(51) Aon = Roa(s1), —1<s <1 (2599)
n=0 n=0

When the coefficients of expansions of the unknown functions are found,
normalized SIF’s and normal pressure distribution between crack faces can be

obtained as follows:

kiVd _ (2.59w)
P
i N
e e r
n=0
k,Vd dm

N N
= - Ja ) APPSO 00, ) AP0 (259)
P (b—a) o]

n=0

oyy (X,0) = Ay j f_(t))( dt + J hay (X, O £ () dt
0 0
d d
+/12]{zft;dt+Jh12(X,t)f2(t)dt e; <X<d (2592)
0 0

b
+fh13(x, t)o(t) dt

Eventually, crack tip closure problem is completed with normalized relative crack

surface displacements by integrating equations (2.2a) and (2.2b).

S ol vere o
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%:(2—1)_fj¢z(gr—r+g>dr 0<X<d (2.60b)

Note that only crack tip and full length closure modes are within the scope of the
present study. However, investigations of other crack closure modes are also

presented by applying bending load for verification in the following sections.

For crack tip closure mode, e; is taken as d at the first attempt in the iterative
solution. If the solution gives negative mode | stress intensity factor, e; is
adjusted with bisection method. At the second attempt, e, is taken as d/2. If the
solution still gives negative mode | stress intensity factor, e; becomes d/4.
However, if positive mode | stress intensity factor is obtained, e; is equated to
3d/4. This procedure continues until e, is squeezed in a suitable range. A similar
algorithm is applied for crack mouth closure mode except for this time, e, is
adjusted according to single-valuedness condition in Figure 2.11. Unfortunately,
an algorithm cannot be developed for middle part closure problem since both e;
and e, affect both cusp and single-valuedness conditions in Figure 2.11.
Therefore, the values for e; and e, should be adjusted manually for middle part

closure mode.
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CHAPTER 3

NUMERICAL RESULTS

For the numerical calculations, plasma sprayed alumina (Al,O3) with the material
properties in equations (3.1a-g) ( Sarikaya [2] ) is chosen. Due to its hardness,
wear resistance and high temperature strength, plasma sprayed alumina is
preferred as coatings in many engineering applications. The usage of plasma
sprayed alumina as wear resistant coating can be encountered in textile
machinery parts, automobile parts, engines, aircraft parts, computer systems (hard
disk of a computer) and bioceramics (joint prosthetics). Besides, several elastic
modulus ratios (E»/E; and Es/E;) are considered in order to investigate the
influence of material properties on the results as long as Poisson’s ratios of the
material satisfy equations (3.1h-k). Figures, related to the effect of loading size —
crack length ratio ((b — a)/d) and crack angle (0) variation, have also been
presented. In addition to selecting punch indentation as loading, uniform tension
and bending loads are also examined for verification. Depending on the iterative
solution of singular integral equations, closed portions are calculated and
illustrated in the related figures. Lastly, mixed mode stress intensity factors and

normal pressure distributions at the closed crack faces are examined.

E; : 116.36 GPa E, :90.43 GPa Ui - 38.21 GPa (3.1a,b,c)
V1, 0.28 V13- 0.27 v31:0.21 v3,: 0.14 (3.1d,e,f,0)
1 —v,vy; >0, 1 —vy3v3; >0, 1—v,y3v3, >0 (3.1h,i}))
1 —V12Vy1 — Vi3V3q — VagVsy — 2V1Va3V31 > 0, (3.1Kk)

57



The inclined edge crack formulation in the present study is confirmed by Beghini
et al [42]. Finite element method is applied by Beghini et al [42] in order to
evaluate SIF’s for an inclined edge crack in isotropic medium under uniform
tension as illustrated in Figure 3.1. When orthotropic material constants are
arranged as though the material is isotropic, the results in both studies agree quite
well between 6 = 0-75 degrees as shown in Figure 3.2. Besides, finite element
results for SIF’s related to inclined cracks in orthotropic medium are provided
using Ansys by implementing pre-meshed crack analysis. A pre-meshed crack is
a fracture tool in Ansys based on a previously-generated mesh and utilizes a
node-based named selection to analyze SIF’s. In both comparisons, a
convergence trend is observed as shown in Figure 3.2. For those cases, singular
integral equations are modified by changing the last terms in equations (2.47a-b)
with uniform tension —cos?(8)o, and —sin(8)cos(8)a,, respectively. Thus,
SIF’s are given in the following form. Effect of E,/E; ratio on mixed mode stress

intensity factors for a crack under uniform tension is also given in Figure 3.3.

. N ]
ky, = FyogNmd, F, = -1t |14 Z A PEO50 (1) + 4, Z AP0 (1)| (3.2a)
L n=0 n=0 B

o N _
k, = FyooNmd, F, = —1 | 15 Z A PC50(1) + 2, Z AP0 (1)| (3.2b)
L n=0 n=0 i

Figure 3.1 Representation of the Problem by Beghini et al [42]
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Figure 3.2 Comparison of SIF’s for Inclined Edge Cracks in a) Isotropic Material

b) Orthotropic Material under Uniform Tension.
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Figure 3.3 Effect of Elastic Modulus Ratio E,/E; on Mixed Mode Stress Intensity
Factors for Inclined Edge Crack in Orthotropic Half-Plane under Uniform

Tension for Plane Strain Case.
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To verify the formulation of orthotropic material, the results with zero crack
angles (@ =0) have been compared with the ones given by Sarikaya [2] for
orthotropic half-plane of plasma sprayed alumina indented by flat, triangular and
circular punches in Figure 3.4, Figure 3.5 and Figure 3.6, respectively. Since the
coupled contact loading\crack problem is solved simultaneously by Sarikaya [2],
small deviations may be expected for the results having low a/d ratio (when the
crack is placed in the closed vicinity of the loading region). The reason for this
deviation is that the effect of the presence of the crack on the loading functions at
the material surface is neglected in the present study. Hence, the loading
functions alter in the results given by Sarikaya [2] when the starting point of the
contact of the punch is very close to the crack. Nevertheless, excellent agreement

has been observed between two studies for the results with high a/d ratio.

Figure 3.4 Comparison of Mixed Mode Stress Intensity Factors for Straight Edge

Crack Provided by Sarikaya [2] (Markers) and Present Study (Lines) in
Orthotropic Half-Plane of Plasma Sprayed Alumina Loaded by Flat Punch for
Plane Strain Case and Fully Open Crack Assumption, (b — a)/d = 1.
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Figure 3.5 Comparison of Mixed Mode Stress Intensity Factors for Straight Edge
Crack Provided by Sarikaya [2] (Markers) and Present Study (Lines) in
Orthotropic Half-Plane of Plasma Sprayed Alumina Loaded by Triangular Punch
for Plane Strain Case and Fully Open Crack Assumption, (b —a)/d = 1.

Mode I1
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0.15 |y M= 04
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Figure 3.6 Comparison of Mixed Mode Stress Intensity Factors for Straight Edge
Crack Provided by Sarikaya [2] (Markers) and Present Study (Lines) in
Orthotropic Half-Plane of Plasma Sprayed Alumina Loaded by Circular Punch
for Plane Strain Case and Fully Open Crack Assumption, (b — a)/d = 1.
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Figure 3.7 Representation of the Problem by Beghini et al [43]. (Inclined Edge
Crack under Bending Load)

Last verification in this study is related with closed cracks. Beghini et al [43]
examine SIF’s for closed cracks in isotropic medium under bending load. The
configuration of the problem is given in Figure 3.7. Stress intensity factors are
given considering both weight function method and finite element method by
both ignoring and adding the effects of crack closure. Beghini and co-workers
report that when crack angle is between 0 and = 35 degrees, crack mouth closure
is observed. Thus, transition to middle part closure mode starts about 35 degrees.
If crack angle is further increased, middle part closure mode is detected until
almost 52 degrees. If crack angle is taken greater than 52 degrees, crack tip
closure is noticed. When the proposed method in this study is modified
accordingly with the equations below, closure modes, mixed mode SIF’s and
contact pressure distributions seem consistent with the ones in Beghini et al [43]
(Check Figure 3.8 and Figure 3.9).

b

—fhm(X, t)o(t) dt —» —00<

a

(3.38)

Xcos(6) 1+ cos(26)
0.56d 1) ( 2 )
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b .
- f hys (X, )0 () dt » —0, <Xg"5—56(5) _ 1) (5”1(2;29)) (3.3b)

SIF’s for Fully Open Crack Assumption

N N i
k
= -t |2 ) APV + 4y ) A BT (1) (3.49)
ooVd L n=0 n=0 .
. - N N ;
= -7t 1, z AP0 @) + 4, z AP0 (1) (3.40)
oyVd L n=0 n=0 :

SIF’s for Crack Mouth and Middle Part Closure Modes

N
k 1-e -
n=0

va d

70 (3.4¢)
N
+ 4, z AZnPrf_O'S'O)(l)
n=0
k 1 u
2 _ 15 a2 (=0.5,0.5)
=T 2 ( )13 Z A1 Py (D)

ooV ‘ n=0 (3.4d)

N N
+ A4 Z AZnPrg_O'SJO)(l) T 124, Z AZnPn(_O'S'O)(l)
n=0 n=0

Numerical results for flat, triangular and circular punch profiles are respectively
provided for fully open crack assumption in Figure 3.10-Figure 3.20, Figure 3.21-
Figure 3.31 and Figure 3.32-Figure 3.42. The first notice about these results is
that changing the punch profile causes significant changes only for low values of
a/d. Because the pressure distribution between punch and material surface
affects SIF’s when the loading area is near the crack. Figure 3.10-Figure 3.12,
Figure 3.21-Figure 3.23 and Figure 3.32-Figure 3.34 illustrate the relations

between SIF’s and crack angle and CoF at the material surface.
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Figure 3.8 Comparison of SIF’s by Beghini et al [43] (Markers) and Present
Study (Lines) for Inclined Edge Crack under Bending Load. (Orthotropic
Material Constants: E;=116.37GPa, E;=116.35GPa, 111,5=46.54GPa, v =0.25)
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Figure 3.9 Comparison of Normal Contact Pressure Distributions by Beghini et
al [43] (Markers) and Present Study (Lines) for Frictionless Contact. (Orthotropic
Material Constants: E;=116.37GPa, E;=116.35GPa, p1,,=46.54GPa, v =0.25)
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The impact of (b — a)/d ratio on the results is shown in Figure 3.13-Figure 3.14,
Figure 3.24-Figure 3.25 and Figure 3.35-Figure 3.36 for crack angle 6 = n/12.

For small values of a/d, the influence of (b — a)/d ratio is more apparent.

Another set of results in Figure 3.15-Figure 3.18, Figure 3.26-Figure 3.29 and
Figure 3.37-Figure 3.40 are provided for three punch profiles to show the
influence of elastic modulus ratios on SIF’s for crack angle 8 = 2=/9. Similar
trends as stated by Sarikaya are found. As E,/E; ratio decreases, mode I SIF’s
increase while mode II SIF’s decrease. On the other hand, E3/E; ratio does not

lead to critical changes for both mode I and mode II SIF’s.

Figure 3.19-Figure 3.20, Figure 3.30-Figure 3.31 and Figure 3.41-Figure 3.42
present the results about SIF’s versus crack angle. In these figures, SIF’s fluctuate

with the change in crack angle.

Related figures concerning the parameters mentioned above are also given for
closed cracks loaded by flat punch indentation in Figure 3.43-Figure 3.49. In
those figures, both inclined and vertical edge cracks are examined. The direction
of friction between crack faces is taken as negative due to forward slipping of
crack faces as shown in Figure 3.49. That’s why a small drop is observed in mode
IT SIF’s for all cases. To avoid sticking, analyses are performed with low values
of n,. It is observed that full length closure mode occurs only for straight cracks
when n;= 0, while crack tip closure is detected in all other cases. In Figure 3.46b,
contact pressure distributions between crack faces are presented for an inclined
crack (0 =m/12). In this figure, contact stress at X = e; is found as zero as
expected since mode | stress intensity factor is zero at that point. Another set of
results in Figure 3.47 and Figure 3.48 are also given to show the influence of
other parameters in the problem on contact pressure distribution between crack

faces.
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3.1 Figures for Orthotropic Half-Plane Indented by Flat Stamp (Fully Open

Crack Assumption)

Figure 3.10 Mixed Mode Stress Intensity Factors for Inclined Edge Crack in
Orthotropic Half-Plane of Plasma Sprayed Alumina Loaded by Flat Punch for
Plane Strain Case and Fully Open Crack Assumption, (b —a)/d = 1, Crack

Angle 6 = /12,
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Figure 3.11 Mixed Mode Stress Intensity Factors for Inclined Edge Crack in

Orthotropic Half-Plane of Plasma Sprayed Alumina Loaded by Flat Punch for

Plane Strain Case and Fully Open Crack Assumption, (b —a)/d =1,n, =0.2.
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Figure 3.12 Mixed Mode Stress Intensity Factors for Inclined Edge Crack in
Orthotropic Half-Plane of Plasma Sprayed Alumina Loaded by Flat Punch for
Plane Strain Case and Fully Open Crack Assumption, (b —a)/d =1, n, =0.4.

68



0 2 4 6 8 10
a/d

Figure 3.13 Effect of (b —a)/d Variation on Mixed Mode Stress Intensity
Factors for Inclined Edge Crack in Orthotropic Half-Plane of Plasma Sprayed
Alumina Loaded by Flat Punch for Plane Strain Case and Fully Open Crack

Assumption, Crack Angle 6 = /12, n, = 0.2.
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Figure 3.14 Effect of (b —a)/d Variation on Mixed Mode Stress Intensity
Factors for Inclined Edge Crack in Orthotropic Half-Plane of Plasma Sprayed
Alumina Loaded by Flat Punch for Plane Strain Case and Fully Open Crack
Assumption, Crack Angle 6 = /12, n, = 0.4.
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Figure 3.15 Effect of Elastic Modulus Ratio E,/E; on Mixed Mode Stress
Intensity Factors for Inclined Edge Crack in Orthotropic Half-Plane Loaded by
Flat Punch for Plane Strain Case and Fully Open Crack Assumption, (b — a)/d =
1, Crack Angle 8 =27/9, n; =0.2.
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Figure 3.16 Effect of Elastic Modulus Ratio E,/E; on Mixed Mode Stress
Intensity Factors for Inclined Edge Crack in Orthotropic Half-Plane Loaded by
Flat Punch for Plane Strain Case and Fully Open Crack Assumption, (b —a)/d =
1, Crack Angle 8 =27/9, n; = 0.4.
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Figure 3.17 Effect of Elastic Modulus Ratio E3/E; on Mixed Mode Stress
Intensity Factors for Inclined Edge Crack in Orthotropic Half-Plane Loaded by
Flat Punch for Plane Strain Case and Fully Open Crack Assumption, (b —a)/d =

1, Crack Angle 8 =27/9, n; =0.2.
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Figure 3.18 Effect of Elastic Modulus Ratio Esz/E; on Mixed Mode Stress
Intensity Factors for Inclined Edge Crack in Orthotropic Half-Plane Loaded by
Flat Punch for Plane Strain Case and Fully Open Crack Assumption, (b —a)/d =
1, Crack Angle 8 =27r/9, n; = 0.4.
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Figure 3.19 Effect of Crack Angle Variation on Mixed Mode Stress Intensity
Factors for Inclined Edge Crack in Orthotropic Half-Plane of Plasma Sprayed
Alumina Loaded by Flat Punch for Plane Strain Case and Fully Open Crack
Assumption, (b —a)/d=1,a/d = 1.
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Figure 3.20 Effect of Crack Angle Variation on Mixed Mode Stress Intensity

Factors for Inclined Edge Crack in Orthotropic Half-Plane of Plasma Sprayed

Alumina Loaded by Flat Punch for Plane Strain Case and Fully Open Crack
Assumption, (b —a)/d =1,a/d = 2.
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3.2 Figures for Orthotropic Half-Plane Indented by Triangular Stamp (Fully
Open Crack Assumption)

Figure 3.21 Mixed Mode Stress Intensity Factors for Inclined Edge Crack in
Orthotropic Half-Plane of Plasma Sprayed Alumina Loaded by Triangular Punch
for Plane Strain Case and Fully Open Crack Assumption, (b —a)/d = 1, Crack

Angle 8 = r/12.

77



0.02 [ - . . .

0.01 [

ol
Vd [
k1 — i
P L
-0.01 —— 6 = 30 degrees| |
: — — —0 =45 degrees
ot | 0 = 60 degrees| -
.......... 0 = 75 degrees
-0.03 ¢ ' ' ' '
a/d
0.1 T ' ' '
008 [ — 0 =30 degrees| |
! — — —0 =45 degrees
N |_._._ 0 = 60 degrees| |
0.06 N e 8 =75 degrees
Va [
kg 0041 ]
0.02 ]
0Ff ;
-0.02 ' ' ' '

Figure 3.22 Mixed Mode Stress Intensity Factors for Inclined Edge Crack in
Orthotropic Half-Plane of Plasma Sprayed Alumina Loaded by Triangular Punch
for Plane Strain Case and Fully Open Crack Assumption, (b —a)/d = 1, n,
=0.2.
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Figure 3.23 Mixed Mode Stress Intensity Factors for Inclined Edge Crack in
Orthotropic Half-Plane of Plasma Sprayed Alumina Loaded by Triangular Punch
for Plane Strain Case and Fully Open Crack Assumption, (b —a)/d = 1, n,
=0.4.
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Figure 3.24 Effect of (b —a)/d Variation on Mixed Mode Stress Intensity
Factors for Inclined Edge Crack in Orthotropic Half-Plane of Plasma Sprayed
Alumina Loaded by Triangular Punch for Plane Strain Case and Fully Open
Crack Assumption, Crack Angle 6 = /12, n; =0.2.
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Figure 3.25 Effect of (b —a)/d Variation on Mixed Mode Stress Intensity
Factors for Inclined Edge Crack in Orthotropic Half-Plane of Plasma Sprayed
Alumina Loaded by Triangular Punch for Plane Strain Case and Fully Open

Crack Assumption, Crack Angle 6 = /12, n, = 0.4.
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Figure 3.26 Effect of Elastic Modulus Ratio E,/E; on Mixed Mode Stress
Intensity Factors for Inclined Edge Crack in Orthotropic Half-Plane Loaded by

Triangular Punch for Plane Strain Case and Fully Open Crack Assumption,

(b—a)/d =1, Crack Angle 8 =21/9, n, =0.2.
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Figure 3.27 Effect of Elastic Modulus Ratio E,/E; on Mixed Mode Stress
Intensity Factors for Inclined Edge Crack in Orthotropic Half-Plane Loaded by
Triangular Punch for Plane Strain Case and Fully Open Crack Assumption,

(b—a)/d =1, Crack Angle 6 =21/9, n, = 0.4.
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Figure 3.28 Effect of Elastic Modulus Ratio E3/E; on Mixed Mode Stress
Intensity Factors for Inclined Edge Crack in Orthotropic Half-Plane Loaded by
Triangular Punch for Plane Strain Case and Fully Open Crack Assumption,

(b—a)/d =1, Crack Angle 8 =21/9, n, =0.2.

84



0.05 . .

0.04 |

0.02 |

0.01 .

0.03

0.02 |

20.01F 2

002 — - - -

Figure 3.29 Effect of Elastic Modulus Ratio Esz/E; on Mixed Mode Stress
Intensity Factors for Inclined Edge Crack in Orthotropic Half-Plane Loaded by

Triangular Punch for Plane Strain Case and Fully Open Crack Assumption,

(b —a)/d =1, Crack Angle 6 =21/9, n, = 0.4.
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Figure 3.30 Effect of Crack Angle Variation on Mixed Mode Stress Intensity
Factors for Inclined Edge Crack in Orthotropic Half-Plane of Plasma Sprayed
Alumina Loaded by Triangular Punch for Plane Strain Case and Fully Open
Crack Assumption, (b —a)/d =1, a/d = 1.
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Figure 3.31 Effect of Crack Angle Variation on Mixed Mode Stress Intensity
Factors for Inclined Edge Crack in Orthotropic Half-Plane of Plasma Sprayed
Alumina Loaded by Triangular Punch for Plane Strain Case and Fully Open

Crack Assumption, (b —a)/d =1, a/d = 2.
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3.3 Figures for Orthotropic Half-Plane Indented by Circular Stamp (Fully
Open Crack Assumption)

Figure 3.32 Mixed Mode Stress Intensity Factors for Inclined Edge Crack in
Orthotropic Half-Plane of Plasma Sprayed Alumina Loaded by Circular Punch
for Plane Strain Case and Fully Open Crack Assumption, (b —a)/d = 1, Crack

Angle 8 = r/12.
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Figure 3.33 Mixed Mode Stress Intensity Factors for Inclined Edge Crack in
Orthotropic Half-Plane of Plasma Sprayed Alumina Loaded by Circular Punch
for Plane Strain Case and Fully Open Crack Assumption, (b —a)/d = 1, n;
=0.2.
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Figure 3.34 Mixed Mode Stress Intensity Factors for Inclined Edge Crack in

Orthotropic Half-Plane of Plasma Sprayed Alumina Loaded by Circular Punch

for Plane Strain Case and Fully Open Crack Assumption, (b —a)/d = 1, n;

=0.4.
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Figure 3.35 Effect of (b —a)/d Variation on Mixed Mode Stress Intensity
Factors for Inclined Edge Crack in Orthotropic Half-Plane of Plasma Sprayed
Alumina Loaded by Circular Punch for Plane Strain Case and Fully Open Crack
Assumption, Crack Angle 8 = /12, n, =0.2.
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Figure 3.36 Effect of (b —a)/d Variation on Mixed Mode Stress Intensity
Factors for Inclined Edge Crack in Orthotropic Half-Plane of Plasma Sprayed
Alumina Loaded by Circular Punch for Plane Strain Case and Fully Open Crack
Assumption, Crack Angle 6 = /12, n, = 0.4.
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Figure 3.37 Effect of Elastic Modulus Ratio E,/E; on Mixed Mode Stress

Intensity Factors for Inclined Edge Crack in Orthotropic Half-Plane Loaded by

Circular Punch for Plane Strain Case and Fully Open Crack Assumption,
(b—a)/d =1, Crack Angle 8 =21/9, n, =0.2.
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Figure 3.38 Effect of Elastic Modulus Ratio E,/E; on Mixed Mode Stress
Intensity Factors for Inclined Edge Crack in Orthotropic Half-Plane Loaded by
Circular Punch for Plane Strain Case and Fully Open Crack Assumption,
(b—a)/d =1, Crack Angle 6 =27/9, n, = 0.4.
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Figure 3.39 Effect of Elastic Modulus Ratio Esz/E; on Mixed Mode Stress
Intensity Factors for Inclined Edge Crack in Orthotropic Half-Plane Loaded by
Circular Punch for Plane Strain Case and Fully Open Crack Assumption,
(b—a)/d =1, Crack Angle 6 =2r/9, n, =0.2.
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Figure 3.40 Effect of Elastic Modulus Ratio E3/E; on Mixed Mode Stress
Intensity Factors for Inclined Edge Crack in Orthotropic Half-Plane Loaded by
Circular Punch for Plane Strain Case and Fully Open Crack Assumption,

(b—a)/d =1, Crack Angle 6 =2n/9,n, =0.4.
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Figure 3.41 Effect of Crack Angle Variation on Mixed Mode Stress Intensity
Factors for Inclined Edge Crack in Orthotropic Half-Plane of Plasma Sprayed
Alumina Loaded by Circular Punch for Plane Strain Case and Fully Open Crack
Assumption, (b —a)/d=1,a/d = 1.
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Figure 3.42 Effect of Crack Angle Variation on Mixed Mode Stress Intensity
Factors for Inclined Edge Crack in Orthotropic Half-Plane of Plasma Sprayed

Alumina Loaded by Circular Punch for Plane Strain Case and Fully Open Crack
Assumption, (b —a)/d =1, a/d = 2.
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3.4 Figures for Orthotropic Half-Plane Indented by Flat Stamp (Crack Tip
and Full Closure Modes)
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Figure 3.43 Effect of n, on Mode Il SIF for Inclined Edge Crack in Orthotropic
Half-Plane of Plasma Sprayed Alumina Loaded by Flat Punch for Plane Strain
Case, (b —a)/d =1, Crack Angle 6 = /12.
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Figure 3.44 Effect of n, on Mode Il SIF for Inclined Edge Crack in Orthotropic
Half-Plane of Plasma Sprayed Alumina Loaded by Flat Punch for Plane Strain
Case, (b —a)/d =1, Crack Angle 6 = n/18.
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Figure a
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Figure 3.45 a) Effect of Elastic Modulus Ratio E,/E; for 68 =27/9 b) Effect of
Crack Angle Variation on Mode Il SIF’s for Inclined Edge Crack in Orthotropic
Half-Plane Loaded by Flat Punch for Plane Strain Case, (b — a)/d = 1.
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Figure 3.46 a) Effect of n, on Mode Il SIF for (b — a)/d = 0.1, b) Effect of a/d
Variation on Contact Pressure Distributions Between Crack Faces for Inclined
Edge Crack in Orthotropic Half-Plane of Plasma Sprayed Alumina Loaded by
Flat Punch for Plane Strain Case, Crack Angle 8 = /12
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Figure 3.47 Effect of a/d Variation on Contact Pressure Distributions Between
Crack Faces for Straight Edge Crack in Orthotropic Half-Plane of Plasma
Sprayed Alumina Loaded by Flat Punch for Plane Strain Case.

103



0.2 x x : w
— Sliding Contact E2/E1 =0.75
— — — Sliding Contact E2/E1 =1
el A T T ]
————— SlidingCom‘acth/E1 =2
ovy(X,0) I Sliding Conz.‘act EZ/E.'1 =3 [ TT= 5
P/(b—a) ‘
0.05
0 1
0 0.2
0.1 u u u T u u u T T T T I T
— Sliding Contact E3/E1 =0.5
0.08 -|\— — — Sliding Contact E3/E1 =1 i
————— Sliding Contact E3/E = 2
0.06.......... idi = ]
vy (X,0) Sliding Contact E3/E 1 4 | o7
P/(b—a
/( ) 0.04 | 1
0.02 | 1
0 1 1 1
0 0.2 0.4 0.6 0.8 1

Figure 3.48 Effect of Elastic Modulus Ratios E,/E; and Es/E; on Contact
Pressure Distributions Between Crack Faces for Straight Edge Crack in
Orthotropic Half-Plane Loaded by Flat Punch for Plane Strain Case, a/d=1, n, =
0.2,n, =0.
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CHAPTER 4

CONCLUSIONS AND FUTURE WORK

4.1 Conclusions

In the present study, a solution method for the calculation of stress intensity
factors is proposed for inclined edge cracks in orthotropic half-plane exposed to
surface loads originating from the contact of rigid punches. It is found that n, is
the dominant parameter in the determination of whether fully open crack
assumption is valid or not. For large enough values of n,, fully open crack
assumption is confirmed by positive mode | stress intensity factors ( k; > 0 ).
Based on the iterative solution of singular integral equations, the crack closure is
also taken into consideration. Iterative solution for determination of closed parts
is a very time consuming process compared to the solution by fully open crack
assumption because of several repetitions of the expansion and collocation
methods. For this reason, the results for crack closure are presented only for

cracks in orthotropic half-plane loaded by flat punch.

Computer programs are designed by using MAPLE in order to carry out all
numerical procedures described in Chapter 2 and Chapter 3. Various sets of
results about crack angle variation, CoF at the material surface and between crack
faces, the ratios of Young’s moduli of the material, contact loading size — crack
length ratio are given for cracks under the effect of indentation of three loading
punch profiles in Chapter 3. Besides, cracks exposed to uniform tension and

bending load in the study by Beghini et al [43] are also examined in Chapter 3 for
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verification. The results of the present study for both open and closed cracks are

validated by comparing them with the ones in the literature.

Solution By Fully Open Crack
Assumption

v

Check For Condition ky = 07 |3n

v

Apply Fully Closed Crack
Assumption And Plot Normal Full Length
Pressure Distribution Between =M

Crack Faces To Determine

Correct Closure Mode 1

W W W
Crack Middle Crack
Tip Part Mouth
Closure || Closure || Closure

2 v v

Iterate Closure Point(s) Until
Additional BC’s Are Satisfied

Correct
Solution

Correct
Closure ] Solution

Figure 4.1 General Solution Algorithm

General solution algorithm used in the present study is given in Figure 4.1. First,
the solution always starts with fully open crack assumption. Then, the results are
judged by using mode | stress intensity factors obtained by fully open crack
analysis. If mode I stress intensity factors are positive, correct solution is reached.
Otherwise, further analyses are performed. Normal pressure distributions between
crack faces are plotted by applying full length closure mode. Following the data

on contact pressure distribution between crack faces, the suitable closure mode is
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determined. If contact pressure distribution between crack faces is found as

compression for all points, then full length closure assumption is confirmed. On

the other hand, if crack segments under the effect of tension are seen, it means

that those segments are not in contact [41]. Then, closure point(s) are iterated

until additional boundary condition(s) stemmed from crack closure are satisfied.

The outcomes of the study are summarized as follows:

Effect of elastic modulus ratio E,/E; on mixed mode stress intensity
factors for a crack under uniform tension is illustrated in Figure 3.3. As
E./E; ratio goes up, a notable decrease in mode | stress intensity factors

and a notable increase in mode |1 stress intensity factors are observed.

When the shear stress acting on the material surface equal to zero (n, =
0), negative mode | stress intensity factors are obtained for all punch
locations as shown in Figure 3.10, Figure 3.21 and Figure 3.32 for flat,
triangular and circular punches, respectively. It means that crack closure
occurs independent of punch location for n; = 0. As CoF at the material
surface increases, mode | stress intensity factors become positive. In other
words, tensile stresses exist at the crack tips and fully open crack

assumption is valid in those cases.

The effect of a/d ratio on mixed mode stress intensity factors is given
with respect to crack angle variation between 30° and 75° in Figure 3.11-
Figure 3.12, Figure 3.22-Figure 3.23 and Figure 3.33-Figure 3.34. Crack

closure is not observed for the cases having crack angle higher than 45°.
As (b — a)/d ratio decreases, mixed mode stress intensity factor curves

shift right. (Check Figure 3.13-Figure 3.14, Figure 3.24-Figure 3.25 and
Figure 3.35-Figure 3.36). Due to this shift, k; decreases for low a/d ratio,
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while k, increases. On the other hand, (b —a)/d ratio causes minor

changes for cases with high a/d ratio.

As E,/E; ratio increases, perceptible decrements in mode I stress intensity
factors and increments in mode 11 stress intensity factors can be observed
for low a/d ratios. (Check Figure 3.15-Figure 3.16, Figure 3.26-Figure
3.27 and Figure 3.37-Figure 3.38). While the variation in E,/E; ratio
causes inconsiderable changes for cases with high a/d ratio and n; = 0.2,
it results in more significant changes for cases with high a/d ratio and
n, = 0.4.

The influence of Es/E; ratio on mixed mode stress intensity factors is
inconsiderable for almost all cases. A slight increase in mode | stress
intensity factors and a slight decrease in mode Il stress intensity factors
can still be observed as Es/E; ratio goes up. (Check Figure 3.17-Figure
3.18, Figure 3.28-Figure 3.29 and Figure 3.39-Figure 3.40)

The effect of crack angle variation between -60° and 60° on mixed mode
stress intensity factors is given with respect to n, in Figure 3.19-Figure
3.20, Figure 3.30-Figure 3.31 and Figure 3.41-Figure 3.42. The highest
and lowest values for mixed mode stress intensity factors due to crack

angle variation can be checked in these figures.

Crack tip and full closure modes are investigated in Section 3.4. For those
cases, mode | stress intensity factor vanishes. A slight decrease in mode 11
stress intensity factors is observed for all cases when they are modified
with the crack tip closure as shown in Figure 3.43, Figure 3.44 and Figure
3.46a. Because, the friction between crack faces reduces the shear stress at
the crack tip. However, the change in mode Il stress intensity factors
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becomes more critical for inclined cracks with negative crack angles as

shown in Figure 3.45b.

Contact pressure distributions between crack faces caused by the
indentation of flat punch are given for several cases in Figure 3.46b,
Figure 3.47 and Figure 3.48. For n; = 0 and n, = 0.2, complete closure
mode is observed for all a/d values. For n; = 0.2 and n, = 0.2, crack tip
closure mode is detected. Closure length and total contact pressure

decrease as a/d ratio goes up.

Effects of both E,/E; and E3/E; ratios on contact pressure distributions
between crack faces for crack tip closure mode are illustrated in Figure
3.48. As E,/E; ratio increases and E3/E; ratio decreases, closure length and

total contact pressure get larger.

Finally, normalized crack surface displacements due to flat punch
indentation are given for crack tip closure mode in Figure 3.49. Note that
crack surface displacements in tangential direction for this case result in
forward slipping of crack faces. Thus, the sign of the friction between

crack faces should be chosen accordingly.

4.2 Future Work

Investigated crack closure modes in this study contain a single closed portion.

However, more than a single closed portion may be encountered under more

complex loading condition as shown in Figure 4.2. The formulation can be

updated for other closure modes considering two or more closed portions as the

future study.

In this study, it is assumed that crack faces slide over each other in the whole

closed region of the crack for small values of coefficient of friction between the

crack faces. However, sticking of crack faces are expected for larger values of 7,
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as shown in Figure 4.3 and Figure 4.4. Thus, sticking crack face contact problem
can be examined as the future study. If the sliding crack face condition is violated
at X = d, there will not be any stress intensification at the crack tip. Hence, the

crack is locked and it cannot propagate.

Crack Mouth and Tip are Closed

H
€ e, d Middle Part Open

Figure 4.2 An Example of Other Closure Modes
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Figure 4.3 Effect of n, on Sticking of Crack Faces for Inclined Edge Cracks
under Bending Load for Plane Strain Case. (Mode I SIF’s)
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Figure 4.4 Effect of n, on Sticking of Crack Faces for Inclined Edge Cracks
under Bending Load for Plane Strain Case. (Mode Il SIF’s)

For sticking of crack faces, influence of 1, on SIF’s are illustrated in Figure 4.3
and Figure 4.4. The maximum coefficients of friction are found for cracks under
bending load as 0.145, 0.219 and 0.294 for 6 =8°, 8 =12° and 6 =16°,
respectively before sticking starts. In other words, sliding crack face condition is

violated if n, is beyond these values.
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APPENDIX A

EXPLICIT RELATIONS OF THE KERNELS OF CONTACT PROBLEM

The expression of kernels h,5(X, t) and h,3(X, t) are provided as below.

hast,0) = st 0 (72) + ()

Cos QZR4Q1C05(9)X — MRy (sin(0)X + t)
+—cos“(0) >
(d1197 + d12)R,

2
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APPENDIX B

CLOSED FORM EXPRESSIONS FOR CAUCHY PRINCIPAL VALUE
INTEGRALS

Integrals related to Cauchy kernels are evaluated using the relation provided by
Tricomi [44].

1
1
- f (1 =¥ (1 +r)¥p¥ (1)

-1

dr
s—r

—COt(T[l,lJZ)(l _ S)Il)z(l + S)wlprng'wl)(s) B(l)

2V I o)l (n + 1y + 1)
nf(n+y, +P, +1)

1-s
F(n+1,—n—1,b2—l/)1;1—l/)2; 2 )

In this relation, F( ) designates Hypergeometric Function. For detailed
information about the Hypergeometric Function, Abramowitz and Stegun [45]

can be viewed.
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