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MODELLING ACOUSTIC WAVE PROPAGATION
INSIDE ROOMS

ABSTRACT

Modeling and simulating acoustic waves are studied in this thesis. Mathemat-
ical models are based on initial boundary value problems with Dirichlet, Neu-
mann and mixed boundary conditions. Sources of acoustic waves are pulse point
sources. These sources are described by the Dirac delta function. The methods
of partial differential equations, generalized functions, computer tools (symbolic

calculation, graph package) are actively used in the thesis.

Keywords: acoustic system, acoustic equation, initial boundary value problem,

modeling, simulation, wave propagation.
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ODALARDA AKUSTIK DALGA YAYILIMLARININ
MODELLENMESI

Oz

Bu tezde akustik dalgalarin modellemesi ve simulasyonu ¢aligildi. Matematik-
sel modelin temeli, Dirichlet, Neumann ve karisik simir kosullu baslangi¢c simir
deger problemidir. Akustik dalgalarin kaynagi noktasal kaynaktir. Bu kay-
naklar Dirac delta fonksiyonu olarak tanimlanirlar. Kismi difransiyel denklemler,
genellegtrilmig fonksiyonlar metodu, bilgisayar araglari(sembolik hesaplamalar,

grafik paketleri) tezde aktif olarak kullanilmigtir.

Anahtar sozciikler: akustik sistem, akustik denklem, basglangi¢ sinir deger

problemi, modelleme, simulasyon, dalga yayilimi.
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CHAPTER ONE
INTRODUCTION

1.1 Goal and Methods

The phenomena of acoustic waves are the main object of the study in different
applied sciences (Kagawa, Tsuchiya, Fujioka & Takeuchi, 1999; Muijers, Herman
& Bussink, 1998; Korany, Blauert & Alim, 2001; Ozgiir, Ozis, & Alpkocak, 2004a,
2004b). Nowadays there exists adequate mathematical models of acoustic wave
propagations from one hand and modern methods and computer facilities from
the other hand. An impressive large number of researchers are trying to apply the
recent development of theoretical issues and computer facilities to visualize (sim-
ulate) invisible acoustic waves to study acoustic phenomenon in details.(Tsuchiya
& Kagawa, Y. 2001; Tsuji, Tsuchiya & Kagawa, 2002; Campo, Rissone, & Toderi,
2000)

Faithful mathematical models for acoustic waves are described by a partial

differential equation system called as the acoustic system.

This acoustic system is very often reducible to one partial differential equation
called the acoustic equation. This thesis study is related to the initial boundary

value problems(IBVPs) for the acoustic equation. The goal of the thesis is to

1. obtain explicit formulae for the solutions of IBVPs;

2. adjust these formulae for the case of a pulse point acoustic source described

by the Dirac delta function;

3. using obtained formulae and modern computer tools to simulate acoustic
waves in a homogeneous parallelepiped (an empty parallelepiped room) and

a spherical domain (an empty spherical room);

4. present the results of simulation as 3-D graphs and animated movies;



1.2 Acoustic System

Let us consider the following system of partial differential equations (Cohen,
2002):

1 Ou(x,t) ol )
W) ot Vo - v(z,t) + F(x,t), (1.2.1)
p(x) ( 0 _ Vou(z, t), (1.2.2)

where © = (11,29,73) € R3 t € R; v(x,t) = (vi(z,t), v2(,t),v3(z, 1)) is the
vector-function of variables x, t and u(x, t), F'(x,t) are scalar functions of variables
x, t; k(x), p(x) are scalar functions of . The physical meaning of these functions
is the following: wv(z,t) = (vi(z,t),ve(x,t), v3(x, 1)) is the velocity of the fluid
motion and u(x,t) is the acoustic pressure field, p(z) is the fluid density, x(x)
is the uncompressibility of the fluid. The velocity of the sound propagation is

defined by the following formula ¢(z) = { [ —.

The system (1.2.1), (1.2.2) is called the acoustic system.



1.3 Reduction of Acoustic System to Acoustic Equation

The acoustic system (1.2.1), (1.2.2) can be reduced to the acoustic equation in the
following way. Differentiating the both sides of the equation (1.2.1) with respect
to t and using the following equality

0 ov(z,t)
we find
0, 1 Ou(x,t), Ov(zx,t) 0
E(n(x) o ) = Ve (T ) H g (F@).

Using the equation (1.2.2) the last equation can be written as follows

1 0u(z,t) 1 0
—  — 7V, (—V,u(z, 1)) + =(F(z,1)).
k(x) Ot? v (p(yc)v w(z:1)) + 815( (z.1))
The first term in the right-hand side of the last equation can be presented in the
form
Ve (e Voule,0) = A, 1) + Vo) Vo, 1)
e (—Vu(x, t)) = —Au(z, (—)Vau(z,t).
p(x) p(x) p(x)

Hence, we find

1 aQU(l',t) o 1 ulz L " i
K@) o p(x>Ax ( ,t)+vz(p(x))vx (z,t) + f(z,t),  (1.3.1)

0* *
ox? * 03 * ox%’

o 9d 0 0
Vw - (8—1’17 8—172’ 8—:103)’ f(l‘vt) - aF(l’,t)

where A, =

The equation (1.3.1) is called the acoustic wave equation.

The main object of this study is the following Initial Boundary Value problems
(IBVPs) for this acoustic equation in a parallelepiped or a sphere with Dirichlet,

Neumann, Robin (Mixed) boundary conditions.



1.4 Statements of IBVPs for Acoustic Wave Equation

Let D C R? be a bounded domain, z € D and ¢t > 0. Let us consider

1 62u(x,t) _ 1 ul L " )
K@) o )t (2, 1) + Vol —=)Vau(z, t) + f(z,1), (1.4.1)

p(z)
u(r,0) = o(@), 20D ) (1.4.2)
(cqu(z,t) + as 8u§;;, J )op =0, (1.4.3)

where 0D is the boundary of the domain D, f(x,t) is given scalar function of
variables x, t; k(x), p(x), ¢(z), ¥ (x) are given scalar functions of x. This problem
(1.4.1) - (1.4.3) is called initial boundary value problem for the acoustic
equation. The initial boundary value problem (1.4.1) - (1.4.3) will be studied
for the following boundary conditions (Cohen, 2002):

1. Dirichlet boundary condition : a; # 0, ay = 0,
2. Neumann boundary condition : a; = 0, aig # 0

3. Mixed (or Robin) boundary condition : a; # 0, ag # 0



1.5 Pulse Point Acoustic Source

If a source of the wave propagation is acting in a moment, in order to model this
physical situation we will use pulse point sources. The mathematical model to
represent this pulse point sources is the Dirac delta function which was originally
introduced by Paul Dirac, a well known physicist of the first half of the C20.

The function f(z,t) in the equation (1.4.1) is the internal source in the room

and the equations (1.4.2) are the initial conditions.

In our study we use the Dirac delta function in the following cases of the

acoustic wave equation in a parallelepiped,

1. ¢(x) =0, 9Y(x) =0, f =d(xr —21)0(x — 22)6(x — z3)0(t — to)
2. ¢(z) =0(x — x1)d(x — 29)0(x — 23), YP(x) =0, f =0

3. ¢(z) =0, ¥(x) = 6(z — 21)d(z — 22)d(x — 23), f =0
where 4(+) is the Dirac delta function.

Here (z1, x5, x3) is the location of the source and ¢y is the time when the

source acts.



CHAPTER TWO
IBVP FOR ACOUSTIC EQUATION IN A PARALLELEPIPED
WITH DIRICHLET BOUNDARY CONDITION

Let D ={(z,y,2) € R3: 0 <2 <b,0 <y <by,0< 2 < b3} be a parallelepiped
from R3. We assume that p(z) and k(x) have constant values inside the paral-
lelepiped D. In this case we will have a homogeneous parallelepiped (medium). In
this section IBVP for acoustic(wave) equation with different boundary conditions

in a homogeneous parallelepiped will be studied.

2.1 IBVP for a Homogeneous Acoustic Equation with Dirichlet Bound-

ary Condition

Let (z,y,2) ER* t € R, D ={(2,y,2) eR*: 0 <2 < by,0 <y <by,0< 2 < by}
be a homogeneous parallelepiped. Let us consider the IBVP for the wave equation

in the parallelepiped D:

1 Q*u(x,y, z,t)

2 gz = DQeysulnyzt), (zy2)eD, t20, (211)
u(z,y,2,0) = ¢(z,y,2), (2.1.2)

ou(z,y, z,t)

gL, Y, %Y - 2.1.
5 |, = Y@:2), (2.1.3)

w(z,y,z,t)op = 0, (2.1.4)

where 0D is the boundary of D. Here ¢(z,v, z), ¥(z,y, z) are given functions in
D UOD, cis a positive constant. IBVP consists of finding u(zx,y, z,t) satisfying
(2.1.1), (2.1.2), (2.1.3), (2.1.4).

We will use the separation of variables:

u(z,y,z,t) =T{t)V(z,y, 2). (2.1.5)



Substituting (2.1.5) into (2.1.1) we find

1
ST OV (2,5, 2) = T()AryV (2,9, 2).

Dividing both sides of the last equation by T'(¢)V (z,y, z), we have

1T"1)  Apy:V(z,y,2)
ATl  Viyz)

Let us fix t and let (x,y,z) vary in the parallelepiped D. Since t and (z,y, 2)
are independent variables then the last equality takes place if and only if the left
hand side and the right hand side of this equation are equal to the same constant
which we denote as —\ (Kyte, 1997).

1 77(t) B Ay V(z,y, 2)

2T - Vg
As a result of it we have the following equations:
Apy V(z,y,z)+AV(x,y,2) = 0, (z,y,2)€ D, (2.1.6)
T"(t) + AXT(t) = 0, t>0. (2.1.7)
Substituting (2.1.5) into (2.1.4) we obtain
Vi(z,y,2)|op = 0. (2.1.8)

This means that V(z,y,z) has to be a solution of the following eigenvalue-

eigenfunction problem (Sturm-Liouville problem):

Apy Vi, y,z)+AV(z,y,2) = 0, (z,9,2)€D, (2.1.9)
V(z,y,2)lop = 0. (2.1.10)

For the solution of the eigenvalue-eigenfunction problem we will use the method

of separation of variables. Setting

Viz,y,2) = X(2)Y(y)Z(2) (2.1.11)



and substituting (2.1.11) into (2.1.9) and dividing both sides of the equation
(2.1.9) by X(2)Y (y)Z(z), we have

X'(z)  Y'y)  2"(2)

X)) Y 2 0
Thus

Yy Z2') . X'(a)

Yw) 20 T T T X@)

The left-hand side of the last equation depends on variables y, 2, right-hand side
depends on x only. Since the variable x,y, z are independent variables, the last
equation holds if and only if the both sides of this equation are equal to the same

constant which we denote as a

Yy | 2 X

Y 26 T T X@
Hence
V') 2
Y) 2 T

Repeating the same argument to the last equation we find

Z// Y//
&)y yn = VW)
Z(2) Y(y)
2" (2) Y"(y)
+A-—a = — =0,
Z(2) Y(y)
where «, (3, v are some constants such that
Z”(Z)
A—a—p0F = =
a—pf 720 -

A= a+f[+7.

Also, substituting (2.1.11) into (2.1.10) we have three Sturm-Liouville equations

for the ordinary differential equations:

X"(z)+aX(x) = 0, X(0)=X(h)=0, (2.1.12)
Y'(z)+pY(z) = 0, Y(0)=Y(bh)=0, (2.1.13)
Z"(x)+~Z(x) = 0, Z(0)=Z(b3)=0. (2.1.14)



The solutions of these eigenvalue - eigenfunction problem (2.1.12), (2.1.13), (2.1.14)

are given by

1T\ 2 2 . ,

az = (_) 3 Xz(l') = —SlIl\/OzifL', 7 = ]_72’7
bl b1
JT\2 2 . _

Bi=() Yily) = \/—siny/ By g =12,
bQ b2

2 /2

Ye = (b_) ) Zk'(Z) = b—SIH Y2, k: 1’2,7

3 3

(see Appendix A.1 for detailed explanation).
As a result of this we get the solution of eigenvalue - eigenfunction problem (2.1.9),
(2.1.10) as follows:

e = (T4 ()24 ATy, (2.1.15)
b by bs

Vije = 8 sin /oy sin \/ By sin v/x2, (2.1.16)
V' b1bobs

i k=1,2,...

The following remark will help to construct the Fourier series.

Remark 2.1.1. The system of eigenfunctions {Vi;x}ijx=12,.. is a complete ortho-

normal basis in the space Ly(D), D = {(z,y,2) € R?* : 0 < 2 < b,0 <y <
b2, 0 < z < bg}. This means that each function ¢(x,y, z) from Ly(D) (or general-
ized function [3]), may be written in the form of Fourier Series expansion which

is convergent in Lo(D):

l' Y, 2 Zzz(pljk‘/’tjk {L‘ Y, 2 )a

i=1 j=1 k=1

b1 ba bs
Pijk = / / / (p(xvyaz)v;jk(xayvz)dZdydx
0 0 0

Remark 2.1.2 (Fourier Series Expansion of §(z, y, z) function). We can generalize

where

the idea of Fourier expansion of a classical function for the Dirac delta function
d(x — 0,y — Yo, 2 — 20), Where (xo, Yo, 20) is a fixed point in D. It may be written

in form of Fourier Series expansion as follows:

oo o0 X

0z — 2o,y — Yo, 2 — 20) = ZZZ(SU’“VW x,Y, 2), (2.1.17)

i=1 j=1 k=1
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where

bi pbe b
O, = / / / (x — 20,y — Yo, 2 — 20)Viju(z, y, 2)dzdydx

Viir(2o, Yo, 20)-
Let us consider the equation (2.1.7) for A = A, for 4,5,k = 1,2,.... This
equation may be written in the form
T/ () + AN Tge(t) = 0, 4,5,k =1,2,... (2.1.18)
A general solution of (2.1.18) is given by
T (t) = Ajji cos (en/ Nijit) + Bijrsin (ey/ Aijit), t > 0, (2.1.19)

where A;;i, Biji are arbitrary constants for ¢,j,k = 1,2,... . Let us consider

function u(x,y, 2,t) defined by

wenat) = S35 (Aecoster/Tt)
i=1 j=1 k=1
+ Bk sin(cy/Aijit) > k(. Y, 2), (2.1.20)
where A;j, Bij, are arbitrary constants for ¢,j,k = 1,2,... . This function

satisfies (2.1.1), (2.1.4). The main goal consists in finding A, B;;x for which the
initial data (2.1.2), (2.1.3) are hold. Using the orthonormal functions Vj;x(z,y, 2),
we can write ¢(x,y, z) and 1(z,y, z) in the form of the Fourier series expansion

as follows:

oo oo o0

o(x,y,2) = ZZZ(bijijk(x,y,z), (2.1.21)

i=1 j=1 k=1

U(x,y,2z) = YiieVije(x,y, 2), (2.1.22)

NE
™
WE

1

by pby pbs

o = [ [ otv e Winey,2)dzdyd,
o Jo Jo
by pby pbs

Yijr = / / / Uz, y, 2)Vijr(x, y, 2)dzdydz.
o Jo Jo

-
I
N
<
I
N
i

where
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Using the initial conditions (2.1.2), (2.1.3) and (2.1.20) — (2.1.22) we can find A;;;
and B, by

Aijk = Dk,
Biji = Vi i k=1,2,...

Cr/ )\ijlc

Substituting found values of A;;;, and B;;;, into (2.1.20), we have

o0

W) = 3033 (G coster/Snh
i=1 j=1 k=1
+ 71/}% sin(c /\Z-jkt))Vijk(:p,y,z), (2.1.23)
(& ijk

where

by bo b3
(bijk = / / / (b(x,y,z)%jk(x,y,z)dzdydx,
0 0 0

bi by rbs
v = [ [ [ v Vil 2)dzdyds,
o Jo Jo
8
Vijek = Xl-(x)Yj(y)Zk(z):beb sin /a2 sin \/ By sin /7,2,
10203

' k
N = et = () (55 + ()"

by
i i k=1,2,...

This function u(zx,y, z,t) satisfies (2.1.1)—(2.1.4). Therefore this function is a
solution of the problem (2.1.1)—(2.1.4).

2.2 IBVP for a Non-homogeneous Acoustic Equation with Dirichlet

Boundary Condition

Let(x,y,z)€R3,tER,D:{(x,y, )eRg 0<$<b1,0<y<bg,0<2<b3}

be a homogeneous parallelepiped. Let us consider the IBVP for the wave equation
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in the parallelepiped D:

1 02 t
1 0%u(x,y,2,t) Any (2,9, 2, 1)

c? ot?
+F(z,y,21), (z,y,2) € D,t>0, (2.2.1)
u(z,y,2,0) = ¢(z,y,2), (2.2.2)
ou(z,y, z,t)
at =0 w(l',y,Z), ( )
(2.2.4)

U(l‘, Yy, z, t)‘aD = 07

where 0D is the boundary of D. Here F(z,vy,z,t), ¢(z,y, z), ¥(z,y, z) are given
functions, ¢ is a positive constant. IBVP consists of finding u(z, y, z, t) satisfying
(2.2.1)-(2.2.4).

Consider the system of eigenfunctions which is a solution of the eigenvalue-
eigenfunction problem for the Laplace operator in a parallelepiped with the
Dirichlet boundary condition. These are functions {Vi;r(x,y, 2) }i jr=1.2,. satisfy-
ing (2.1.9) and (2.1.10). Using this system of functions, we will find the solution

in the form:
xD

u(z,y, z,t) :ZZ

=1 j=1

Mg

ngk z]k(x Y,z )7 (225)

i

1

where T;;1(t) are unknown Fourier coefficients of u(z,y, z,t). We have

oo o0 X

F(z,y,z,1t) ZZZF”’“ Viik(z, y, 2), (2.2.6)

i=1 j=1 k=1

where

b pbe rbs
Fijir = / / / F(x,y, 2, t)Viji(z,y, 2)dzdydx, i, j,k = 1,2, ... (2.2.7)
o Jo Jo

Substituting (2.2.6) and (2.2.5) into (2.2.1) we will get

oo o0 o0

503 ( STV 0. 2) ~ TorOAVin(o.1:2) = FialVin(oe2) ) =0.
i=1 j=1 k=1
And using (2.1.9) we get

[0.9] [0.9] o0 1
Z ( ST (OVigk(x, v, 2) + Tige (O Niji Vige (2, ¥, 2) — Fijr(t) Vige (@, v, 2)) = 0.
] =1

i=1 j=1 k
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Hence

o0 o0 o0 1
( L7 ) 4 A Tut) — w)) Vige(,9,2) = 0.

i=1 j=1 k=1

Since the function system {V;;x(z,y, 2) }i j k=123, are normalized orthogonal sys-
tem, the previous equation implies a second order ordinary differential equation

as follows .
=T () + NjiTin(t) — Fije(t) =0, t>0.

2 ijk

And using (2.2.2), (2.2.3) and (2.1.21), (2.1.22) we get

Z]k‘(O) (bz]ka
z]k(o) wwk

So we have the following system for T;;;(¢), ¢, 7,k =1,2,3,...

1
_Tz/]/k( ) + NijeTige(t) — Fije(t) =0, t>0, (2.2.8)
Uk( ) gbl]k‘) TZ]k( ) = ¢Zjl€ (229)

Remark 2.2.1. The function u(z,y, z,t) = 372, 372, > 200 Tige(t) Vigr(, 9, 2) is
a solution for (2.2.1)-(2.2.4) if and only if T};;(¢) satisty (2.2.8) and (2.2.9) for

i k=1,2,3,...

The solution of (2.2.8), (2.2.9) for 4,5,k = 1,2, 3,... is given by

VYij

ijk

\/ﬂ/ Lk (7) sin (ey/ A (t — 7))dr, (2.2.10)

T‘ijk(t) = sz‘jk; COS (C /\ijkt) + sin (C /\ijkt)

(See Appendix A.1).
Thus

oo 0 X

u(z,y,2,t) = ZZZT”’“ Viik(z,y, 2) (2.2.11)

i=1 j=1 k=1
is the solution of the problem (2.2.1)-(2.2.4), where T;;;(t) is defined in (2.2.10)
and Vi;,(z,y, z) is defined in (2.1.16) for i, j,k =1,2,3,.. ..



14

2.3 Examples of simulations of acoustic waves in 3-D rooms with soft

walls

This subsection deals with examples of modeling and simulations of acoustic
waves in 3-D rooms with soft walls. IBVP for the wave equation with the Dirich-
let boundary condition in a parallelepiped is the mathematical model of the wave
propagation in 3-D rooms with soft walls. We took a pulse point source concen-
trated in different positions in the room: in the center, near the wall, in the corner
of the room. For each of these cases acoustic waves were modeled and simulated.
The room is a parallelepiped [0, 6] x [0, 12] x [0, 3] and the speed of sound is equal

to 1 for all examples.

2.3.1 FExample 1:

The mathematical model of acoustic wave is given by (2.1.1) — (2.1.4), where

¢(x,y,2) = 0,
Y(r,y,2) = 6(x —20)0(y — ¥0)d(2 — 20), (%o, Yo, 20) € D,

where §(z) is Dirac delta function. Using formulas for ¢(z,vy, 2), ¥(z,y, z) and
the properties of the Dirac-delta function the solution of (2.1.1) - (2.1.4) is given
by the formula:

u(z,y,2,t) = Z Z Z (L;\k sin(cy/Aigit)) Vige (2,4, 2),  ¢>0,  (2.3.1)

bo bs
/ Oy, 2 Vigs (v, ) d=dyda
0

by rbs
/ 6(x — 20)0(y — Y0)d(2 — 20)Vijr(, y, 2)dzdydx
0

= ‘/ijk(xm Yo, ZO)a

[e=]

Xijk and Vi, (z,y, z) are defined in (2.1.15), (2.1.16) for 4, j,k =1,2,3, .. ..

For the given data of Example 1, we used Mathematica codes in order to find
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the solution and to animate when zop = 3, yo = 6, 20 = 2, ¢ = 1. The exact
solution (2.3.1) is given by triple series containing infinite number of terms. We

found an approximate solution by means of the formula

u(x,y, z,t) = ZZZ( wlj\k sin(cy/Aijit)) Vige (2, v, 2). (2.3.2)

i1 j=1 k=1 CV Nijk

where n = 20. This number n = 20 we choose from the theoretical evaluation of

the general term of the seris (2.3.2) and the numerical experiments.

2.3.1.1 Commands in Mathematica for Example 1:

<< Graphics‘Animation®

bx

6; by = 12; bz = 3; (dimesion of the parallelepiped)

x0 = 3;y0=6; z0 = 2; (the position of the source where it is

located)

n = 20; (number of terms in the sum)

sc = 1; (the speed of ropagation)

(eigenvalues)

alkk_] = (kk*Pi/bx)"2; blkk_] = (kk*Pi/by)~2; clkk_] = (kk*Pi/bz)"2;

(computing the eigenfunctions and Fourier coefficients in this loop)

For[i =1, i <= n, i++,
For[j =1, j <= n, j++,
For[k = 1, k <= n,k++,
Lambdal[i, j, k] = al[i] + b[j] + c[k] ;
V[i, j, kl= Sqrt[8/(bx*by*bz)]*Sin[Sqrt[al[i]]*x]*Sin[Sqrt[b[j]]*y]
*Sin[Sqrt [c[k]]*z];
Apsili, j, k] =
ReplaceAll [ReplaceAll [ReplaceAll[V[i, j, k], x -> x0], y -> yO],

z -> z0];
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Tli, j, k] = (Apsili, j, k1/(sc*Sqrt[Lambdali, j, k]]))*
Sin[sc*Sqrt[Lambdali, j, k]1*t];
1515 ]

(computing the sum)

son := Sum[Sum[Sum([T[i, j, kI*V[i, j, k], {i, 1, n}], {j, 1, n}],
{k, 1, n}]

(Fixing parameter z = 1)

son2 = ReplaceAll[son, z -> 1];

(Animating the picture with respect to time variable with step size
0.25 )

Animate[DensityPlot[son2, {x, 0, 6}, {y, 0, 12},
ColorFunction -> (Huel[l - #] &), PlotRange -> All,
AspectRatio —> Automatic, Mesh -> False, PlotPoints -> 40],
{t, 0, 10, 0.5}]
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2.3.1.2  Results of the simulation by Formula (2.3.2)

Using the formula (2.3.2) for n = 20 and Mathematica codes we simulated the
acoustic waves arising from a pulse point source which is located in the center of
the room. The results of this simulation are presented on the figure 2.1 as screen

shots for different times.

l

A
i'i‘b"h.,,m

,\.
)‘\Wh' S
”‘ lu Y RERIA iy

o)y
i [’l

Figure 2.1: Example 1:The source in the center of the room with soft walls

The horizontal axes x and y show the length and width of the room. Vertical
axis z is the acoustic pressure field. In figure 2.1 (a) there is no fluctuation of
acoustic field. We can see on the figure 2.1 (b) the acoustic field arising from the
pulse point source concentrated at the center of the room. There is also small
fluctuations which stem from the numerical error of the series (2.3.2). In figure
2.1 (c) the circular wave front is seen and in figure 2.1 (d) wave front touches the
boundary, in the figure 2.1 (e) reflection from the boundary and in last figure 2.1

(f) we can see the interaction between the refracted waves.



18

2.3.2  FExample 2:

For the given functions

¢(z,y,2) = 6(x—20)0(y — Y0)d(2 — 20), (%0, Yo, 20) € D,
,l/}(x7 y? Z) = 07

the solution of (2.1.1) — (2.1.4) can be written in the following form:

l' 'Yy %y t = Z ZZ¢Z]/€ COS Z]kt)‘/ijk(xayvz)a t > Oa (233)

j=1 k=1

—_
—_

1=

where

Gijk = / // o(x,y, 2)Vijr(z,y, 2)dzdydx

_ / / / (2 — 20)8(y — yo)3(= — 20)Vige (2 y, 2)d=dyda
)-

= V]k Lo, Yo, 20

Niji and Vijp(z,y, ) are defined in (2.1.15), (2.1.16) for 4,5,k =1,2,3,. ...

For the given data of Example 2, we used following Mathematica codes in order
to find the solution and to animate when x¢y = 3, yo = 6, 20 = 2, ¢ = 1. The exact
solution (2.3.1) is given by triple series containing infinite number of terms. We

found an approximate solution by means of the formula

l’ y Yy, 2, t Z Z Z ¢Z]k‘ COS Z]k‘t)‘/;jk(l‘7y7 Z)a t Z Oa (234)

i=1 j=1 k=1

where n = 20.
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2.3.2.1 Commands in Mathematica for Example 2

<< Graphics‘Animation®

bx 6; by = 12; bz = 3;

x0

3; y0=6; z0 = 2; n = 20; sc = 1;
alkk_] = (kk*Pi/bx)"2; blkk_] = (kk*Pi/by)~2; clkk_] = (kk*Pi/bz)"2;

For[i =1, i <= n, i++,
For[j = 1, j <= n, j++,
For[k = 1, k <= n,k++,
Lambdali, j, k] = ali]l + b[j] + c[k] ;
VIi, j, kl= Sqrt[8/(bx*by*bz)]*Sin[Sqrt[ali]]*x]*Sin[Sqrt[b[j]]l*y]
*Sin[Sqrt[c[k]]*z];
Aphili, j, k] =
ReplaceAll [ReplaceAll [ReplaceAll[V[i, j, k], x -> x0], y -> yOI,
z -> z0];
T[i, j, k] = Aphi[i, j, k]*Cos[sc*Sqrt[Lambdali, j, k]]*tl;;
1515 ]

son := Sum[Sum[Sum([T[i, j, kI*V[i, j, k], {i, 1, n}], {j, 1, n}],
{k, 1, n}]

son2 = ReplaceAll[son, z -> 1];

(Animating the picture with respect to time variable with step size
0.25 )

Animate[DensityPlot[son2, {x, 0, 6}, {y, 0, 12},
ColorFunction -> (Hue[l - #] &), PlotRange -> All,
AspectRatio —> Automatic, Mesh -> False, PlotPoints -> 40],
{t, 0, 10, 0.25}]
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2.3.2.2  Results of simulation by Formula (2.3.4)

i
i

1' l' 'u .
' " i""": """lm [

"""’ il
U e ‘
2 A ,, !'n,"”"" ‘1" 1 "‘

A """:""nn..v,w

[]

'i s
.. 0
i i ,-:; v‘WI»‘

% ln,," l","u, 7

Figure 2.2: Example 2:The source in the center of the room with soft walls

The horizontal and vertical axes are the same as defined before. In the figure
2.2 (a) we have the wave field which arises from the pulse point source described
by the function ¢(z,y,2) = d(x — x0)d(y — ¥0)d(z — 20). In the figure 2.2 (b)
the circular wave front is seen, in the figure 2.2 (c) the wave front touches the
boundary, in figure 2.2 (d) reflection starts from the boundary and we can see
clearly in figure 2.2 (e) the reflection of the acoustic wave from the boundary, in

the last figure 2.2 (f) the interaction of the wave fronts are arise.
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2.3.8 FExample 3:

Let us consider the problem (2.2.1) - (2.2.4). The functions ¢(z,vy, 2), ¥ (z,y, 2),
F(z,y,z,t) are given by

¢(xaya 2) = 07
w(l‘ayvz) = 07
F(z,y,z,t) = 0(x—20)0(y — y0)d(z — 20)d(t), (zo,Y0,20) € D, t > 0.

Using formulas for ¢(x,y, z), ¥(x,y,z), F(x,y,z,t) and the properties of the
Dirac delta function we can write the solution of the problem (2.2.1) — (2.2.4) in

the following form

n n n

C
l’ 'Yy %y t Z Sln Uk:t)‘/;jk(lb)yOaZO)V;jk("L‘vyaz)a (235)

i=1 j= 11g1\//\”’€

and A, and Vjji(z, vy, z) are defined in (2.1.15), (2.1.16). For this example we
consider the different positions of (xg, 30, z0) (the point in which the pulse point
source is concentrated). These positions of (g, yo, 20) are given in the following
table:

(%JJO;ZO)
Case 1| (3,6,2)

Case 2 | (3,11,2)
Case 3 | (1,11,2)

Table 2.1: Positions of Sources in a room with soft walls
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2.3.3.1 Commands in Mathematica for Example 3

<< Graphics‘Animation‘ bx = 6; by = 12; bz = 3; x0 = 3; y0=6; z0=2;

n = 20; sc = 1;
alkk_] = (kk*Pi/bx)"2; blkk_] = (kk*Pi/by)~2; clkk_] = (kk*Pi/bz)"2;

For[i =1, i <= n, i++,
For[j = 1, j <= n, j++,
Forlk = 1, k <= n,k++,
Lambdali, j, k] = ali] + b[j] + c[k] ;
VIi, j, kl= Sqrt[8/(bx*by*bz)]*Sin[Sqrt[ali]]*x]*Sin[Sqrt[b[j]]*y]
*Sin[Sqrt[c[k]]*z];
PV[i, j, k] =ReplaceAll[ReplaceAll[ReplaceAll[V[i, j, k], x -> x0],
y => y0l,z -> z0];
T[i, j, k] = (sc/Sqrt[Lambdali, j, k]])*Sin[sc*Sqrt[Lambdali,
j, k11*xtl* PV[i, j, kI; 1; 1; 1

son := Sum[Sum[Sum([T[i, j, kI*V[i, j, k], {i, 1, n}], {j, 1, n}],
{k, 1, n}] son2 = ReplaceAll[son, z -> 1];
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2.3.3.2  Result of the simulation by formula(2.3.5)

The result of the simulation of acoustic field corresponding to ¢y = 3,yg = 6, 2o =

2 (the position of the source is the center ) is presented on the figure 2.3 (a)-(f).

f‘“'l oy
i Imm" 1' " ‘

\‘N\‘,h /’) b

/A\

N
‘l'v"'é

Figure 2.3: Case 1 of Example 3: The source in the center of the room
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The result of the simulation of acoustic field corresponding to zy = 3,yy =

11, zg = 2 (the position of the source is near the wall) is presented on the figure

2.4 (a)-(f).

! ,,,s \

/I:. q
I o

Il m,,,"l,ﬂ’

6\‘\‘\' :

m, ,"i" % ”\\‘ b
DY "N '0."’”["

(d) t=4.5 (f) t=7.5

Figure 2.4: Case 2 of Example 3: The source near the wall of the room
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The result of the simulation of acoustic field corresponding to xg = 1,yp =
11, zg = 2 (the position of the source is near the corner) is presented on the figure

2.5 (a)-(f).
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Figure 2.5: Case 3 of Example 3: The source in the corner of the room

Analyzing these pictures we can see arising the acoustic waves, wave propaga-

tions, refraction of waves from walls, interaction of refracted waves.
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Conclusion of the Chapter Two

Exact and approximate formulae for the solution of IBVP with Dirichlet
boundary condition for the acoustic (wave) equation in a parallelepiped

were obtained.

. These formulae were adjusted to cases when initial data or inhomogeneous

term are the Dirac delta function with a support in a point which is inside
the parallelepiped. The pulse point source is modeled by these initial data

and in homogeneous term.

Obtained formulae for generalized solutions of IBVP for the acoustic equa-
tion were used for modeling and simulations of acoustic waves in an empty

room with soft walls arising from the pulse point sources.

Results of acoustic fields simulation are presented by 3-D pictures and ani-

mated movies.

Obtained formulae and results of the simulation were analyzed.



CHAPTER THREE
IBVP FOR ACOUSTIC EQUATION IN A PARALLELEPIPED
WITH NEUMANN BOUNDARY CONDITION

3.1 IBVP for a Homogeneous Acoustic Equation with the Neumann

Boundary Condition

Let (z,y,2) ER*t € R, D ={(2,9,2) eR*: 0< 2 < by,0<y < by,0< 2 < by}
be a homogeneous parallelepiped. Let us consider the IBVP for the wave equation
in the parallelepiped D,

102 t
_M = Az,y,zu(l‘ayvzat)) (ZL‘,y,Z) € D7 t> O’ (311)

c? ot?
u(:p,y,z,O) = gb(x,y,z), (3.1.2)
ou(z,y, z,t) B
T 0 — w(l‘ayvz)a (313)
ou(z,y, z,t)
Z I — 14
=0, = o (3.1

where 0D is the boundary of D. Here ¢(z,v, z), ¥(z,y, z) are given functions in
D UOD, cis a positive constat. IBVP consists of finding u(z,y, z,t) satisfying
(3.1.1) - (3.1.4).

We will use the same method which is applied for the problem (2.1.1)-(2.1.4)
to solve the problem (3.1.1)-(3.1.4). We will use separation of variables:

u(z,y,z,t) =TV (2,9, 2). (3.1.5)
Using the same technics which is done before we get:

Apy V(T y,2) + AV(z,y,2) = 0, (3.1.6)
T"(t) + AAXT(t) = 0. (3.1.7)

27
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Substituting (3.1.5) into (3.1.4) we obtain

oV (z,y, 2)

o, o0 =0- (3.1.8)

This means that V(z,y,z) has to be a solution of the following eigenvalue-

eigenfunction problem:

A%?Jazv(xvy?Z) + )\V(:E,y,z) = 0, (319)
IV (x,y,2)
- =U. 1.1
on lop =0 (3.1.10)

For the solution of eigenvalue-eigenfunction problem we will use the method of

separation of variable. Setting
V(z,y,z) = X(2)Y(y)Z(2). (3.1.11)

Substituting (3.1.11) into (3.1.9) and (3.1.10) we have three eigenvalue-eigenfunction

problem:
X"(x) 4+ pX(z) =0, X'(0) = X'(by) =0, (3.1.12)
Y"(z) + 8Y (z) =0, Y'(0) =Y'(by) = 0, (3.1.13)
Z"x)+~Z(x) =0, Z'(0) = Z'(bs) = 0. (3.1.14)

We can get the eigenvalues and corresponding to them eigenfunctions for the
systems (3.1.12), (3.1.13), (3.1.14) as follows;

2
Qi = (—)25 Xi(z) = \/-cosyvaur, i=0,1,2,...
bl bl
JT\2 2 .
;= (b_z) ; Yily) = \/Ecos\/ﬁjy, j=0,1,2,...

2 2
”Yk:(b—3)3 Zi(z) = Vb_?,COS Yz, k=0,1,2,...

(See Appendix A.2).

Thus we get the solution of the eigenvalue-eigenfunction problem (3.1.9) and
(3.1.10) as follows:

8
Vije = Xi(2)Y;(y) Ze(2) = 4/ bbb cos \/o,x cos \/ By cos vz (3.1.15)
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and corresponding eigenvalues

Z7T)2 (E)Q-i- km

2
- —) 4,5,k=0,1,2,... 3.1.16
b1 bg (bg)’ 2R ) Ly &y ( )

Aijte = (

Now, we can find the function 7'(¢). Substitute \;;;, in to (3.1.7) we get

"
T

(t) + AN Tije(t) = 0. (3.1.17)
Hence (3.1.17) for i? + 52 + k* # 0 has the following solution

Tijk(t) = Ajji cos (en/Aijit) + Biji sin (ey/ Aijit). (3.1.18)
Otherwise the solution is

Thoo(t) = Aooot + Booo- (3.1.19)

We have u;;i(x,y, 2,t) = T, (t) Viji(z, y, 2) for each 4, j, k = 1,2, ... are solutions
of (3.1.1) and (3.1.4). Hence by the superposition principle we have the solution

u(@,y, 2 t) =Y > > Tin()Vigr(e,y, 2). (3.1.20)
Using the initial conditions (3.1.2), (3.1.3) and (3.1.25) we can find A;;;, and B;jy,

Tijx(0) = diji, (3.1.21)
T73(0) = wijp. (3.1.22)

So we have for i + 52 + k> #0,i,5,k = 0,1, ...

@/)z‘jk;
Cy/ Az’jk’

Aijr = Qijk,  Bijr =

(3.1.23)

and

AOOO = ¢0007 BOOO = 1/}0007 (3124)
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where

b1 b2 b3
¢ijk = / / ¢(xay7Z)%]k(l‘ayvz)dZdydxa
0 0 0
b1 b2 b3
wijk = / / Q/J(x,y,Z)V;jk(l',y,Z)dZdydl'.
0 0 0

So we conclude that we obtain the solution of our problem (3.1.1)—(3.1.4)
u(z,y, z,t) = ZZZTM Vije(x,y, 2), (3.1.25)
i=0 j=0 k=0

where T (t) are defined in (3.1.18), (3.1.19) and V};x(x, y, 2) are defined (3.1.15).

3.2 IBVP for a Non-homogeneous Acoustic Equation with the Neu-

mann Boundary Condition

Let (l’,y,Z) GRg,tER,D:{(ZE,y, )ERg 0<$<bl,0<y<52,0<2<b3}
be a homogeneous parallelepiped. Let us consider the IBVP for the wave equation

in the parallelepiped D,

1 0%y
2o = Apy.u+ Fzy z,t), (v,y,2) €D, t>0,(321)
u(r,y,2,0) = ¢(z,y,2), (3.2.2)
ou(z,y, z,t)
il et SRt s — 2.
o, = V@), (3.2.3)
ou(z,y, z,t)
— =0 3.2.4
on lon ’ ( )

where 0D is the boundary of D. Here F(z,vy,z,t), ¢(z,y, z), ¥(z,y, z) are given
functions in D U D, c is a positive constat. IBVP consists of finding u(z,y, 2, t)
satisfying (3.2.1) - (3.2.4).

Using the same techniques of the Chapter two for non-homogenous problem

with the boundary condition u(z,y, z,t)|sp = 0 and the homogenous problem for



the Neumann boundary condition we will get the following result;
Viji
Cy/ Aijk
t
c .
+ \//\7 / sin (en/Niji(t — 7)) Fije(T)dT,
ijk J0

PR kT#£0; 4,5,k=0,1,...

t rg
Tooo(t) = dooo + Wooot + ¢ / / Fooo(T)d7dé.
o Jo

Tiji(t) = ¢iji cos (cn/Aijit) +

sin (C )\mkt> -+

Therefore o e e
U(.’L’, Y, z, t) = Z Z Z Tz]k(t)‘/;]k(xa Y, Z)
"0 e

i=0 j=0 k=0
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(3.2.5)

(3.2.6)

(3.2.7)

is the solution of (3.2.1)—(3.2.4), where T};;(t) is defined in (3.2.6) and V;;x(z, y, 2)

is defined in (3.1.15) for 4,7,k =0,1,2, ...
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3.3 Examples of Simulations of Acoustic Waves in 3-D Rooms with
Hard Walls

This subsection deals with examples of modeling and simulations of acoustic
waves in 3-D rooms with hard walls. IBVP for the wave equation with the
Neumann boundary condition in a parallelepiped is the mathematical model of
the wave propagation in 3-D rooms with soft walls. We took a pulse point source
concentrated in different positions in the room: in the center, near the wall, in
the corner of the room. For each of these cases acoustic waves were modeled and
simulated. The room is a parallelepiped [0, 6] x [0,12] x [0, 3] and the speed of

sound is equal to 1 for all examples.

3.3.1 FExample 1

The mathematical model of the acoustic wave is given by (3.2.1)—(3.2.4), where

¢(xayaz) = 07
w(l‘ayvz) = 07
F(z,y,2,t) = 8z —20)0(y — y0)d(z — 20)0(t), (z0,%0,20) € D, t >0,

where §(z) is the Dirac delta function. Using formulae for ¢(x,y, z), ¥(x,y, 2),
F(z,y,z,t) and the properties of the Dirac delta function the solution of (3.1.1)—
(3.1.4) can be found by the following formula

33' Y %y t = ZZZE]I@ z]k T, Y,z )7 (331)

=0 7=0 k=0

where

Tiji(t) = sin (e/Agji(t — 7)) Fyyi(7)dr,

vV z]k

P+ 2k #0, zg,k—O,l,Q

Tooo / / Fooo def



33

and
Fij(t) = Vir(zo, Y0, 20)6(t),
Hence
Tijn(t) = sin(cy/ Aijrt) Ve (2o, Yo, 20),
ijk
P4k #£0,4,7,k=0,1,2,...

Tooo(t) =0,

and \;j; and Vjjk(x,y, z) are defined in (3.1.16), (3.1.15). For this example we
consider the different positions of (xg, 3o, 20) (the point in which the pulse point
source is concentrated). These positions of (g, yo, 20) are given in the following
table:

(%JJO;ZO)
Case 1| (3,6,2)

Case 2 | (3,11,2)
Case 3 | (1,11,2)

Table 3.2: Positions of sources in a room with hard walls

For the given data of the Example 1, we used Mathematica codes in order to
find the solution and to animate for each cases. The exact solution (3.3.1) is given
by triple series containing infinite number of terms. We found an approximate

solution by means of the formula
u(z,y,z,t) = Tiie () Vijr (2, y, 2), (3.3.2)

where n = 20. This number n we choose from the theoretical evaluation of the
general term of the series (3.3.2) and the numerical experiments. We will consider

cach case for the function (3.3.2).
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3.3.1.1 Commands in Mathematica for Example 1

<< Graphics‘Animation®
bx 6; by = 12; bz = 3;
x0 3; y0=6; z0=2;

n = 20; sc = 1;

alkk_] = (kk*Pi/bx)"2; blkk_] = (kk*Pi/by)~2; clkk_] = (kk*Pi/bz)"2;

For[i =1, i <= n, i++,
For[j =1, j <= n, jt++,
For[k = 1, k <= n,k++,
Lambdali, j, k] = ali]l + b[j] + c[k] ;
VIi, j, k] =
Sqrt [8/ (bx*by*bz) ] *Cos [Sqrt [a[i]]*x]*Cos [Sqrt [b[j]1]*yl*
Cos [Sqrt [c[k]]*z]
PV[i, j, k] =ReplaceAll[ReplaceAll[ReplaceAll[V[i, j, k], x -> x0],
y => y0l,z -> z0];
If[i == 0 &% j ==0&& k ==0, (T[i, j, k] = 0),
(TLi, j, k] = (sc/Sqrt[Lambdali, j, k]])*Sin[sc*Sqrt[Lambdali,
j, k11*t]* PV[i, j, k1); 1; 1; 1]

son := Sum[Sum[Sum([T[i, j, kI*V[i, j, k], {i, 0, n}], {j, O, n}],
{k, 0, n}]
son2 = ReplaceAll[son, z -> 1];

Animate[DensityPlot[son2, {x, 0, 6}, {y, 0, 12},
ColorFunction -> (Hue[l - #] &), PlotRange -> All,
AspectRatio —-> Automatic, Mesh -> False, PlotPoints -> 40],
{t, 0, 10, 0.25}]
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3.3.2  Simulation Fxamples

3.8.2.1 The result of the simulation by formula (3.3.2) for Case 1

Using the formula (3.3.2) for n = 20 and Mathematica codes we simulated the
acoustic waves arising from the pulse point source which is located in the center
of the room. The results of this simulation are presented on the following figures

as screen shots for different times.

»\" X1 _'
N
i

Figure 3.6: Example 1: Source in the center of the room with hard walls

The axes are defined as before in the previous chapter. In figure 3.6 (a) there
is no any fluctuation of the acoustic field. We can see on the figure 3.6 (b) the
acoustic field arising from the pulse point source concentrated at the center of the
room. There is also small fluctuations which stem from the numerical error of the
series (3.3.2). In figure 3.6 (c) the circular wave front is seen and in figure 3.6 (d)
the wave front touches the boundary, in the figure 3.6 (e) there is the reflection
from the boundary and in last figure 3.6 (f) we can see the interaction between

refracted waves.



36

3.3.2.2  The result of the simulation by formula (3.3.2) for Case 2

The result of the simulation of the acoustic field corresponding to Case 2 (the

position of the source is near the wall) is presented on the figure 3.7 (a)-(f).

Figure 3.7: Example 1: Source near the wall of the room with hard walls

In figure 3.7 (a) there is no any fluctuation of the acoustic field due to the
initial condition ¢(z,y,2) = 0. We can see on the figure 3.7 (b) the acoustic
field arising from the pulse point source near the wall of the room. There is also
small fluctuations which stem from the numerical error of the series (3.3.2). In
the figure 3.7 (c) the circular wave front and the reflection from the nearest wall
are seen and in figure 3.6 (d) the wave front touches the other boundaries, in the
figure 3.7 (e) there is the reflection from those boundaries and in last figure 3.7

(f) we can see the interaction between refracted waves.
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3.3.2.8 The result of the simulation by formula (3.3.2) for Case 3

The result of the simulation of the acoustic field corresponding to Case 3 (the

position of the source is near the corner) is presented on the figure 3.8 (a)-(g).

ety 4 A
mrdlina
"'l""\i“l' 4 A

Y

% o

(h) t=10

Figure 3.8: Example 1: Source near the corner of the room with hard walls

In the figure 3.8 (a) there is no any fluctuation. We can see on the figure 3.8
(b) the acoustic field arising from the pulse point source near the corner of the
room. In the figure 3.8 (c) the circular wave front and the reflection from the
nearest walls are seen and in the figure 3.8 (d)-(e) the wave front is getting bigger,
in the figure 3.8 (f) wave front touches the other wall and in the last two figures

3.8 (g)-(h) we can see interaction between refracted waves.
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Conclusion of the Chapter Three

Formulae for exact and approximate the solution of IBVP with Neumann
boundary conditions for the acoustic (wave) equation in a parallelepiped

were obtained.

. These formulae were adjusted to cases when initial data or inhomogeneous

term are the Dirac delta function with a support in a point which is inside
the parallelepiped. The pulse point source is modeled by these initial data

and inhomogeneous term.

Obtained formulae for generalized solutions of IBVP for the acoustic equa-
tion were used for modeling and simulations of acoustic waves in a room

with hard walls arising from the pulse point sources.

Results of acoustic fields simulation are presented by 3-D pictures and ani-

mated movies.

Obtained formulae and results of simulation were analyzed. The different
behavior of the boundary due to the Neumann boundary condition was

seel.



CHAPTER FOUR
IBVP FOR THE ACOUSTIC EQUATION IN A
PARALLELEPIPED WITH THE MIXED BOUNDARY
CONDITION

4.1 IBVP for a Homogeneous Acoustic Equation with the Mixed

Boundary Condition

Let (z,y,2) e R}t € R, D ={(2,9,2) e R®: 0< 2 < b,0<y <y, 0< 2 < b3}
be a homogeneous parallelepiped. Let us consider the IBVP for the wave equation
in the parallelepiped D:

1 0? t
LOuE 02 A, wyst), (my2) €D t>0 (A1)

c? ot?
u(l‘ayvzvo) = ¢(x7y72)7 (412)
@y, 20| gy (4.1.3)
at =0 - :L‘vy)za 1.
0
(%"‘O‘u”@D = 0, (4.1.4)

where 0D is the boundary of D, ¢(z,y, z) is the initial displacement and ¥ (z, y, 2)
is the initial velocity. Here ¢(z,y, 2), ¥(z,y, z) are given functions D U 9D and
D is defined as:

D:{(x,y,z)6R3:nggbl,ogygbg,ogngg}.
Using Fourier Series Expansion Method we will find u(z, y, z,t) which satisfies

(4.1.1) — (4.1.4). We will use the same method which is applied for solving the
problem (2.1.1)—(2.1.4) and (3.1.1)—(3.1.4) to solve (4.1.1) — (4.1.4). We use the

separation of variables. Setting

u(z,y,z,t) =T(t)V(z,y, 2) (4.1.5)

39
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and substituting (4.1.5) into (4.1.1) we find

iT//(t) o Az,y,zv(xayaz)
ATE)  Viey2)

=—A\.

So we get the following equations for 7'(t) and V' (x,y, 2)

Aw,y,zv(xayaz)+)\v($ayaz) = 07 (416)
T"(t) + AT (t) = 0. (4.1.7)

Our aim is to construct Strum-Liouville equations;
Substituting (4.1.5) into (4.1.4) we have

0 —
(% + au)lop = (Vu -1 + au)|pp =0

and so

(VV(.T, Y, Z)T(t) ’ W + aV(x, Y, Z)T(t))‘aD = 07
Tt)(VV(z,y,2)- 7 +aV(z,y,2))|op =0,
(VV(z,y,2)- 7 +aV(z,y,2))|op = 0. (4.1.8)

Equations (4.1.6) and (4.1.8) we will write as an Strum Liouville problem

Ag;,%zV(l', Y, Z) + )\V(l’, Y, Z) = 0, (419)
(VV(2,y,2) -7 +aV(z,y,2)|ap = 0. (4.1.10)

Our aim is to find eigenvalues and corresponding to them eigenfunctions.

Using the method of separation of variables, we find
V(z,y,2) = X(2)Y(y)Z(2). (4.1.11)
Substituting (4.1.11) into (4.1.9) (4.1.10) we get
X"(z) + pX(z) =0, X'(0) —aX(0) =0, X'(b1) + aX(b1) =0, (4.1.12)

Y"(z) + BY (z) = 0, Y/(0) — aY(0) = 0, Y'(by) + aY (by) =0,  (4.1.13)

Z2"(x) +7Z(x) = 0, Z'(0) — aZ(0) = 0, Z'(bs) + aZ(bs) = 0. (4.1.14)
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Using Appendix A.3 we can get the eigenvalues and correspondingly eigenfunc-
tions for the systems (4.1.12), (4.1.13), (4.1.14) as follows:

Xi(x) = Cisin(Gr+¢f), m=¢, gpf:arctan(g), 1=1,2,...,

a
where (; for each i = 1,2, ... is the solution of
1 /2 « .
cot(xby) = = <— - —) , a>0,1>0 fived
2\a =z
and
C; =2 : G : i=1,2,..., (4.1.15)
201¢; + sin[2¢7] — sin[2(b1G + ©F)]
Yi(y) = Cjsin(njz+¢i), O;= 77?, Py = arctan(%), i=1,2,...

where 7; for each j = 1,2,... is the solution of

1
cot(xhy) = 5 <§ — %) , a>0,1>0 fizved

and

Ty .
Ci =2 , , 1,2, (41.16
! \/ngnj + sin[2p%] — sin[2(ban; + )] J ( )

Zi(2) = Cpsin(vpz + @), Y =vi, ¢ = arctan(%), k=1,2,...

where v; for each k = 1,2, ... is the solution of

1
cot(xbs) = ) <§ — g) , a>0,1>0 fizved

(0% T

and

O =2 _
ke \/ngvk + sin[2¢F] — sin[2(bsvy + )]

k=1,2,...  (4.1.17)
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So we get the eigenvalues and eigenfunctions of (4.1.9) and (4.1.10) as follows:

Vi = Xi(2)Y;(y) Zi(2)
= C;C;Cysin (G + ¢y ) sin (n;z + ¢f) sin (v + ¢f)  (4.1.18)

and corresponding eigenvalues
z]k C _'_77] +’Uk 1 j,k—l,Q,..., (4119)

where C;, C;, Cy, are defined in (4.1.15),(4.1.16),(4.1.17).
We get the solution of the equation (4.1.7) using the equation (2.1.19) from the

previous section. We get
T;‘jk(t) = Aijk COS (C /\ijkt) + Bijk sin (C )\ijkt)a 5 i,j, k= 1, 2, cee (4120)

Hence w;i(z,y, z,t) = Tijk(t)Vijr(z, y, z) are solutions of (4.1.1) and (4.1.4) for

each 7,7,k = 1,2,... Hence by the superposition principle we have the solution:

oo o oo

u(z,y, z,t) = ZZZu”kxy,zt
i=1 j=1 k=1

(o O lENe o Ne 9]

u(z,y,z,t) = ZZZ ijk c08(cr/Nijit) + Bijisin(cn/Nijit)) Vijr(, 9, 2).

i=1 j=1 k=1
(4.1.21)

It remains to determine the Fourier coefficients A;;j, B;jr. Using the orthonormal
functions Vjjx(x,y, ), we can write ¢(z,y, z) and ¢(z, y, 2) in the form of Fourier

series expansion:

(o o lENe o lNe ]

l' y Y, 2 Zzngz;k%]k €, Y,z )7 (4122)

i=1 j=1 k=1

U(x,y, 2 ZZZWVW 2.y, %), (4.1.23)

oo
i=1 j=1 k=1

M

where

b1 ba bs
bi = / / 6(2, v, 2)Vige(, y, 2)dzdyda,
0 0

0

b by b
Yijl, = / / U(z,y, 2)Vijr(x, y, 2)dzdydzx.

0 0 0
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Using the initial conditions (4.1.2), (4.1.3) and (4.1.22), (4.1.23) we can find
Aijk; and Bijk

U(ZL', Y, z, t) = Z Z Z ¢Zjl€ COS z;kt) + Lj\k SiH(C /\ijkt))‘/ijk(xv Y, Z)

i=1 j=1 k=1 C\/ Aijk

(4.1.24)
is the solution of the problem (4.1.1) - (4.1.4).
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4.2 IBVP for a Non-homogeneous Acoustic Equation with the Mixed

Boundary Condition

Let (z,y,2) eR3t € R, D ={(2,9,2) e R®: 0< 2 < b,0 <y <y, 0< 2 < b3}
be a homogeneous parallelepiped. Let us consider the IBVP for the wave equation

in the parallelepiped D:

1 9%u
g@ = Aév,yzu + F(l‘,y, Zat)a (957%2) € Da t > 07 (421)
u(z,y,2,0) = ¢(z,y,2), (4.2.2)
ou(z,y, z,t)
2\ 7 — 4.2.
ou
(%4‘@“”8[) = 0, (4.2.4)

where 0D is the boundary of D. Here F(x,y, z,t), ¢(z,y, 2), ¥(z,y, 2) are given
functions in D U D, c is a positive constat. IBVP consists of finding u(z,y, 2, t)
satisfying (4.2.1) — (4.2.4).

Using the same techniques from the previous sections for non-homogenous
problem with the Dirichlet and Neumann boundary conditions and homogenous

problem for mixed boundary condition we will get the following result;

Tiji(t) = ¢iji cos (cn/Aijit) + Vigh sin (ey/Aijit) +
(& ijk
¢ / Fji(T) sin (en/ Niji(t — 7))dT (4.2.5)
\/ )\z]k 0

and
[oe) D D

u(@,y,zt) = Y > Tylt)Vip(z,y, 2) (4.2.6)

i=1 j=1 k=1
is the solution of (4.2.1) - (4.2.4), where T};4(t) is defined in (4.2.5) and Vjx(x, y, 2)
is defined in (4.1.18).
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4.3 Examples of Simulations of Acoustic Waves in 3-D Rooms with
the Mixed Boundary

This subsection deals with examples of modeling and simulations of acoustic waves
in 3-D rooms with mixed type of walls. IBVP for the wave equation with the
Mixed boundary condition in a parallelepiped is the mathematical model of the
wave propagation in 3-D rooms. We took a pulse point source concentrated in
different positions in the room: in the center, near the wall, in the corner of the
room. For each of these cases acoustic waves were modeled and simulated. The
room is a parallelepiped [0, 6] x [0, 12] x [0, 3] and the speed of sound is equal to

1 for all examples.

4.3.1 FEzample 1

The mathematical model of acoustic wave is given by (4.2.1)—(4.2.4), where

¢(xayaz) = 07
w(l‘ayvz) = 07
F(z,y,2,t) = 6z —20)0(y —y0)(z — 20)0(t), (zo,%0,20) € D, t >0,

where §(z) is the Dirac delta function. Using formulae for ¢(z,y, z), ¥(x,y, 2),
F(z,y,z,t) and the properties of the Dirac delta function the solution of (3.1.1)—
(3.1.4) can be found by the following formula

u(z,y, z,t) = ZZZTM Vije(x,y, 2), (4.3.1)
i=1 j=1 k=1
where
t
c
Tynlt) = [ sin e/ Rt = ) Fge(rdr, ik = 1.2
j \/m ; j j
and

E]k(t> = ‘/ijk(x(h Yo, ZO>5(t)
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Hence

C

E]k(t) - Sin(c Aljk‘t)‘/’uk(lb) Yo, ZO)’ Z.aja k= ]-7 2a RS

ijk

where A, and V. (z,y, 2) are defined in (4.1.19), (4.1.18). For this example we
consider the different positions of (xg, 3o, z0) (the point in which the pulse point
source is concentrated). These positions of (zg, Yo, 20) are given in the following

table: For the given data of the Example 1, we used Mathematica codes in order to

(%JJO;ZO)
Case 1| (3,6,2)

Case 2 | (3,11,2)
Case 3 | (1,11,2)

Table 4.3: Positions of sources in a room with the mixed boundary

find the solution and to animate for each cases. The exact solution (4.3.1) is given
by triple series containing infinite number of terms. We found an approximate

solution by means of the formula

n n n

u(z,y, 2z, t) = ZZ Ty (t) Vije(z, v, 2), (4.3.2)

i=1 j=1 k=1

where n = 20. This number n we choose from the theoretical evaluation of the
general term of the series (4.3.2) and the numerical experiments. We will consider
the each case for the function (4.3.2).



4.8.1.1 Commands in Mathematica for Example 1

<< Graphics‘Animation®
bx 6; by = 12; bz = 3;

x0

3; y0=6; z0=2;

sc 1; Alpha = 5; n = 20;

alkk_] = (kk*Pi/bx)"2; blkk_] = (kk*Pi/by)~2; clkk_] = (kk*Pi/bz)"2;

For[i = 0, i <= n, i++,
R[i] = FindRoot[
Cot[r[il*bx] == (1/2)*(r[i]/Alpha - Alpha/r[il]), {r[il,
0.001 + i*Pi/bx}];
el[i] = r[i] /. RI[i];
Nrm[i] = (1/
Integrate[(Cos[el[il*x + ArcCot[-el1[i]/Alphall)"2,
{x, 0, bx}1)"(1/2);
X[i] = Nrm[il*Cos[el[i]l#*x + ArcCot[-el[i]/Alphall;
]

For[i = 0, i <= n, i++, R[i] = FindRoot[
Cot [r[il*by] == (1/2)*(r[i]/Alpha - Alpha/r[il), {r[il,
0.001 + i*Pi/by}];
e2[i] = r[i]l /. R[il; Nrm[i] = (1/
Integrate[(Cos[e2[i]l*y + ArcCot[-e2[i]l/Alphall) "2,
{y, 0, by}1)~(1/2);
Y[i] = Nrm[i]#*Cos[e2[i]l*y + ArcCot[-e2[i]/Alphall; ]

For[i = 0, i <= n, i++,
R[i] = FindRoot[
Cot[r[il*bz] == (1/2)*(r[i]/Alpha - Alpha/r[il]), {r[il,

0.001 + i*Pi/bzl}];

e3[i] = r[i] /. RI[i];

Nrm[i] = (1/Integrate[(Cos[e3[i]l*z + ArcCot[-e3[i]/Alphall)~2,
{z, 0, bz}]1)"(1/2);

Z[i] = Nrm[i]*Cos[e3[il*z + ArcCot[-e3[i]/Alphall;

47
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For[i = 0, i <= n, i++,
For[j = 0, j <= n, j++,
For[k = 0, k <= n, k++,
Lambdali, j, k] = (e1[i]l"2) + (e2[jl1"2) + (e3[k]"2) ;
VIi, j, kI = X[L1*Y[j1*Z[k];

PV[i, j, k] =
ReplaceAll [ReplaceAll [ReplaceAll[V[i, j, k], x -> x0],
y => y0l, z -> z0];

T[i, j, k] = (sc/Sqrt[Lambdali, j, k]1)*
Sin[sc*Sqrt[Lambdali, j, kl11*t]l*PV[i, j, kI;
1;
1;

son := Sum[Sum[Sum([T[i, j, kI*V[i, j, k], {i, 0, n}], {j, O, n}],
{k, 0, n}] son2 = ReplaceAll[son, z -> 1];

Animate[Plot3D[son2, {x, 0, 6}, {y, 0, 12}, ColorFunction -> (Hue[1l
- #] &),
PlotRange -> All, AspectRatio -> Automatic, PlotPoints -> 40],
{t, 0, 10, 0.1}]
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4.8.2  Simulation Examples

4.3.2.1 The result of the simulation by formula (4.3.2) for Case 1

Using the formula (4.3.2) for n = 20 and Mathematica codes we simulated the
acoustic waves arising from a pulse point source which is located in the center of
the room. The results of this simulation are presented on the following figures as

screen shots for different times.

4 ul' (
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Figure 4.9: Example 1: Source in the center of the room

The axes are defined as before in the previous chapter. In figure 4.9 (a) there is
no fluctuation of the acoustic field. We can see on the figure 4.9 (b) the acoustic
field arising from the pulse point source concentrated at the center of the room.
There is also small fluctuations which stem from the numerical error of the series
(4.3.2). In figure 4.9 (c) the circular wave front is seen and in the figure 4.9 (d)
the wave front touches the boundary, in the figure 4.9 (e) there is the reflection
from the boundary and in last figure 4.9 (f) we can see the interaction between

the refracted waves.
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Figure 4.10: Example 1: Source near the wall of the room

4.8.2.2  The result of the simulation by formula (4.3.2) for Case 2

In figure 4.10 (a) there is no any fluctuation of the acoustic field due to the initial
condition ¢(z,y,z) = 0. We can see on the figure 4.10 (b) the acoustic field
arising from the pulse point source near the wall of the room. There is also small
fluctuations which stem from the numerical error of the series (4.3.2). In the
figure 4.10 (c) the circular wave front and the reflection from the nearest wall are
seen and in figure 4.10 (d) the wave front touches the other boundaries, in the
figure 4.10 (e) there is the reflection from those boundaries and in last figure 4.10

(f) we can see the interaction between refracted waves.
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4.8.2.3 The result of the simulation by formula (4.3.2) for Case 3

7":1, 3 Z
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i ,"ln...mqil"'b\ “"”"'I J

un
".'.,;'t' ‘.'"'

A
ilw’ ’\\‘4“' /
) .“hm AN
vl n\ rﬂ //,,",’:4

(h) t=10

Figure 4.11: Example 1: Source near the corner of the room

In the figure 4.11 (a) there is no any fluctuation. We can see on the figure 4.11
(b) the acoustic field arising from the pulse point source near the corner of the
room. There is also small fluctuations which stem from the numerical error of
the series (4.3.2). In the figure 4.11 (c) the circular wave front and the reflection
from the nearest walls are seen and in the figure 4.11 (d)-(e) the wave front is
getting bigger, in the figure 4.11 (f) wave front touches the other wall and in the

last two figures 4.11 (g)-(h) we can see interaction between refracted waves.
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Conclusion of the Chapter Four

Formulae for exact and approximate solution of IBVP with the Mixed
boundary condition for the acoustic (wave) equation in a parallelepiped

were obtained.

These formulae were adjusted to cases when initial data or inhomogeneous
term are the Dirac delta function with a support in a point which is inside
the parallelepiped. The pulse point source is modeled by these initial data

and inhomogeneous term.

Obtained formulae for generalized solutions of IBVP for the acoustic equa-
tion were used for modeling and simulations of the acoustic waves arising

from the pulse point sources.

Results of acoustic fields simulation are presented by 3-D pictures and ani-

mated movies.

Obtained formulae and results of the simulation were analyzed. The behav-

ior of the boundary due to the Mixed boundary condition was seen.



CHAPTER FIVE
GREEN’S FUNCTION FOR INITIAL BOUNDARY VALUE
PROBLEM FOR THE ACOUSTIC EQUATION

5.1 Generalized IBVP for the Wave Equation

3
0?
Let z = (21,70, 23), 7 € D CR3 t e R, A, = E 5.2 the Laplace operator;
€T=
i=1 %
1 0 . : : L
e = (E@ — A,) is the wave operator, ¢ is a given positive constant.

Definition 5.1.1. The space ®'(U) of distributions on U is defined to be the
continuous linear dual of C2°(U); i.e., the space of continuous linear functionals

C>*(U) — C.

Definition 5.1.2 (Generalized IBVP for the wave equation). Let D be a bounded

domain

Oeu(x,t) = f(x,t), t>0, z€D, (5.1.1)
u(z,+0) = g(z), w(z,+0)=h(z), xe€D, (5.1.2)
u(@,t)|sen = 0, (5.1.3)

where f(z,t) € ©(D x (0,00)), g(z), h(z) € D'(D) are given generalized func-
tions. The problem (5.1.1)-(5.1.3) is called a generalized IBVP for the wave

equation with the Dirichlet boundary condition.

Lemma 5.1.3. Let u(z,t) be a solution of the problem (5.1.1)-(5.1.3) then
v(z,t) = 0(t)u(z,t)

15 a solution of the following problem

Oov(x,t) = F(z,t), t>0, xe€D, (5.1.4)
v(2,t)]e<o = 0, (5.1.5)
v(x,t)|zeap = 0, (5.1.6)

23
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where
F(, 1) = 000)f(2,1) + 50 (g(x) + 50(0)h(),

0(t) is the Heaviside function, §(t) is the Dirac delta function.

Proof. We will prove this lemma by the direct substitution. Since v(x,t) =
O(t)u(x,t) we have

ou(z,t)
ot
ou(zx,t)
ot
ou(z,t)
ot

ve(z,t) = d—u(x,t)+0(t)

= d(t)u(z,t) 4+ 0(t)

do(t)
t

= d(t)u(z,0)+0(t)

Hence

ou(z,0) 0*u(z,t)
o g

Utt(xa t) = (5'(t)u(x, O) + 5@)
Using the conditions (5.1.2) the last equation can be written in the following form

Ou(z,0) 0u(z,t)

v(x,t) = o' (t)u(x,0) + 0(¢) o + (t)T’

As a result of it we find

Ayv(z,t) = Ap(0(t)u(x,t)) = 0(t) Ayu(z, t).

Thus

Doz, t) = 0_123212)(;,75) — A,v(a, 1)
. éaf(t)u(x,o) + 0—125@)8“((;’ D4 o (ééﬁgg’t) - Amu(x,t))
- C_lgaf(t)u(a;, 0) + 0—125@) a“((,;’ 0, 0(t)f (@, 1)
= F(z,1). (5.1.7)

We showed that the equation (5.1.4) is satisfied. Also we have

(@, t)]i<o = (0(t)u(z, 1)) |i<o = 0,
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and

(@, t)leep = (0(H)u(z,1)) [sen = 0(1)(u(z,t)]2ep) = 0. (5.1.8)

So we showed that v(z,t) satisfies also (5.1.5), (5.1.6). This completes the proof.
U

5.2 Green’s Function for IBVP for the Wave Equation With the
Dirichlet Boundary Condition

Definition 5.2.1. Let £ € D, 7 € R be parameters. A generalized function
G(z,tlE,7) € D'(D x R) is called Green’s function of the IBVP for the wave
operator [, if

O0.G(z,t|g,7)=0(x =&t —7), (x,t) € D xR, (5.2.1)
Gz, t|g,7)|i<r =0, (2,t) € D xR, (5.2.2)
G(z,t|€,T)|eeop =0, tER. (5.2.3)

Lemma 5.2.2. Let G(x,t|¢, ) be Green’s function of the IBVP for the wave
operator 0. and F(z,t) € ®'(D x R) is an arbitrary generalized function such as
F(z,t)|i<0. Then

o(z, 1) //bl/bQ/bg (2, 1]¢, 7V F (€, 7)dedr (5.2.4)

is a solution of the generalized IBVP (5.1.4)- (5.1.6).

Proof. Applying the operator . to (5.2.4) we find

Ow(o ) = /_ Z /0 § /0 " /0 " O.G e, VP (€. 7)dedr
_ /_Z /Obl /0b2 /0b3 5z — &1 — 7)F(E, 7)dedr

= F(z,1). (5.2.5)

Hence (5.1.4) is satisfied. We find by the direct substitution into (5.2.4) for t < 0
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and z € D

v(x, t)|ico = /000 /Ob1 /0b2 /ObSG (2, t|€, 7)|s<o F (&, T)dEdT = 0,
0@, Oleen = /0 N /0 ) /0 § /0 " Gt Poen P (€, T)dEdr = 0.

This completes the proof. O

5.3 Construction of Green’s Function by a Fourier Series Expansion

Let £ = (&1,&2,&3) be a parameter from D, 7 be a parameter from (0,00), D =
{(z1,9,73) €ER3: 0 <y < by,0 < 29 < by,0 < 3 < b3} be a parallelepiped.
Let us consider the IBVP in the parallelepiped D:

O%'G(x, t|E, 1) =0(x — &t —7), (2,t) € D x (0,00), (5.3.1)

Gz, t|€,T)|i<r =0, 0<7 < 00, (5.3.2)
G(l’, t|£7 T)|x68D - 07 te R) (533)
1 02
here %t = (=—=— — A,).
where [J2 (C2 5 )

The solution of (5.3.1)—(5.3.3) can be found by the Fourier series expansion
method. Using ¢ =t — 7 we can write the problem (5.3.1)-(5.3.3) as follows:

0%'G = 6(z — £,1), =€ D,te(0,00), (5.3.4)
Glico=0, z€D, (5.3.5)
Gleeop =0, t>0. (5.3.6)

Using the result reasoning which we applied for the IBVP for a non-homogeneous
acoustic equation with the Dirichlet boundary condition we can write the solution

of (5.3.4)-(5.3.6) as follows

G = ZZ Z c </0 ik Sin(CM(E— I/))dl/> Vije(z,y,2), (5.3.7)




where A, and Vi (21, 22, x3) are defined in (2.1.15), (2.1.16) and

by by b3
5z‘jk; = / / / $— Uk($1,9€2>$3)d9€1d$2d$3

zgk(&,&,& _>

Using (5.3.8) the equation (5.3.7) can be written as

G=3.2.2. S 0(F) sin(v/ XD Vige (€1, €. E8)Vige (1, 2, 73),

>

i=1 j=1 k=1 V "k

where 0(t) is the Heaviside function. Replacing ¢ =t — 7 we have

This function is the solution of the generalized problem (5.3.1)-(5.3.3).

o7

(5.3.8)

(5.3.9)
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5.4 Commands for Green’s Function Finding

bx = 6; by 12; bz = 3;

n = 35; sc 1; tau=0;

alkk_] = (kk*Pi/bx)"2; blkk_] = (kk*Pi/by)"2; clkk_] = (kk*Pi/bz)"2;

For[i =1, 1 <= n, i++,
For[j = 1, j <= n, j++,
For[k = 1, k <=n, k++,
Lambdali, j, k] = ali]l + b[j] + c[k] ;
VIi, j, k]= Sqrt[8/(bx*by*bz)]*Sin[Sqrtl[alil]l*x]*Sin[Sqrt[b[j]]*y]
*Sin[Sqrt[c[k]]*z];
d[i, j, k] =ReplaceAll[ReplaceAll[ReplaceAll[V[i, j, k], x -> x0],
y —> yol, z -> z0];
T[i, j, k] = (dli, j,k]/(sc*Sqrt[Lambdali, j, k]1))*
Sin[sc*Sqrt[Lambdali, j, k]]*(t-tauw)];
1515 1]

G := Sum[Sum[Sum([T[i, j, kI=*V[i, j, k], {i, 1, n}], {j, 1, n}l, {k,
1, n}]

5.5 Examples of the Simulation Using Green’s Function

This section deals with modeling and the simulation of acoustic waves by Green’s

function. We get the formula for the Green’s function as follows

G=33> in—jke(t—r)sinwmt—r>>wjk<s>wjk<x>, (5.5.1)

i=1 j=1 k=1

where

1, t>T

9(75—7):{ 0, t<T

¢ = (&,&,&3) is the position of the pulse point source, © = (x1, 2, x3) is the

space variable, 7 is the time when the pulse point source starts to act.
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5.5.1 Result of the simulation by formula (5.5.1)

dl o
o \\ms b «ww“ﬁg&'u'u
i

Il hy

""lh,, e
ul"",

(e) t=11

Figure 5.12: Example 1: Source in the center of the room

Using the formula (5.5.1) for n = 35 and Mathematica codes we simulated
Green’s function for (&1, &s,&3) = (3,6,2) and 7 = 0. The results of the simulation

are presented on the figure 5.7.



CHAPTER SIX
IBVPs FOR THE ACOUSTIC EQUATION IN A HOMOGENEOUS
SPHERE

6.1 IBVP in a Sphere with the Dirichlet Boundary Condition

Let S ={(r,0,0): 0<r<r,0<0<m 0<p<2r} be asphere from R3. Let

us consider the IBVP for the wave equation in the sphere S

1 0%u
?w = AT76730U+ F(T’97 ()07t)7 (6']-~]-)
O0<r<ry,0<fd<mpeR, t>0,
u(r,0,9,0) = o(r,0,9), (6.1.2)
du(r, 0, ¢,1)
— = 0 6.1.3
|U(T’, 07 12 t)r—>+0| < 00, |U(Ta 07 2 t)0—>+0,0—>7r| < 00,
u(r,0,0,t) = u(r,0,¢+2m,t), (6.1.4)
U(’I“,e, %t)|85 = 07 (615)

where 0S5 is the boundary of S, ¢ is the initial displacement and 1 is the initial
velocity. Here F(r,0,¢,t), ¢(r,0,¢), ¥(r,0,p) are given functions.

We will find u(r, 0, ¢, t) which satisfies (6.1.1), (6.1.5) using Fourier series ex-

pansion method.

Remark 6.1.1. The Laplace operator in spherical coordinates is given by

A — 277 - - i - EE—— 1.
o= 5 (,n 87") + 50 (Sm989) + 2 5in? 0 0 (6.1.6)

Firstly, we will consider the homogenous equation: F(r,0,¢,t) = 0.

We use the separation of variables. Let

u(r,0,0,t) =T )V (r,0,p). (6.1.7)

60
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Substituting (6.1.7) into (6.1.1) we find

]' /!
ET OV (r,0,0) =T(t)A .,V (r,0,0).

After dividing both sides of the last equation by T'(¢t)V (r, 0, ¢) we have

1T't)  AvpV(r,0,0)
ATE)  V(rbe)

Let us fix ¢ and let (r,0,¢) varies in the sphere S. Since ¢t and (r,6,p) are
independent variables then the last equality takes place if and only if the left
hand side and the right hand side of this equation are equal to the same constant
which we denote as —\ (Kyte, Puri & Schaferlotter, 1997). This means

iT”(t) _ Avg,V(r,0,0) _
2 T(t) V(r,0,¢) '

So we get the following equations for T'(¢) and V(r, 6, ¢):

AT,G,@V(T’ ‘9’ 90) + /\V(T, ‘9a 80) = 0, (618)
T"(t) + AAXT(t) = 0. (6.1.9)

The boundary condition (6.1.5)

u(r,0,¢,t)|as = u(r,0,¢,t)|,=p, =T &)V (r,0,0)|r=r, =0, ¥t >0

implies
V(7. 0, 9)|r=r, = 0. (6.1.10)
As a result we find
ANvgV(r,0,0)+AV(r,0,0) = 0, (r,60,¢)€lS, (6.1.11)
[V (r,0,0)|p—0.0=x <00, VI(r,0,p)=V(r0,¢o+m), (6.1.12)
\V(r,0,0)|—0| < oo, VI(r,0,0)|— =0. (6.1.13)

We will try to find non-zero solution for the equation (6.1.12), (6.1.13) for the spe-
cific values of A which are called as eigenvalues. This problem is called eigenvalue-

eigenfunction problem. For this eigenvalue-eigenfunction problem, we will use
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again separation of variables, i.e.
V(r,0,¢0) = R(r)Y (0, ). (6.1.14)

Substituting (6.1.14) into (6.1.11) and dividing by R(r)Y (0, ¢) we get the follow-

ing equation

d (TQdR(T)
dr dr 2 A(WY(H, ©)
dr_dr " yp2y Z0e  HE) g 6.1.15
R () Y(0,2) (6.1.15)
or
d (TQdR(T)
dr dr 2 A(;#,Y(H, ©)
+Ar _y 6.1.16
R(r) Y(0,) (6:-1.16)
So we have
Do Y (0, 0) +pY (0, 0) =0, (6.1.17)
and
d , ,dR(r)
" g 7
ar __ar - = = 0. 1.1
R0 + (A r2)R(’I“) 0 (6.1.18)
Substituting (6.1.14) into (6.1.12) and (6.1.13) we get
1Y (0, 0)]9=09=r| <00, Y(0,0)=Y(0,0+m), (6.1.19)
|R(0)| < o0, R(rg)=0. (6.1.20)

The solution of the eigenvalue eigenfunction problem (6.1.17) and (6.1.19) is the

following functions
Y™ (@, ¢), m=0F1,.,Fn, n=01,... (6.1.21)
which corresponds to eigenvalues
n=n(n+1), n=0,1,...

The functions Y™ (0, ¢) are called spherical harmonic and these functions defined
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by
\/;sinmgo , m<0
m 2n+1(n—m)! .
er )(9a¢):\/ 5 (n+m)'P7(L )(COSQ)X % ., m=0 .

1
\/;cosmgo , m>0

Here qum)(cos 0) are the associated Legendre polynomials which defined as

P{(a) = (~1)7 (1 = 2?2

Y

where P, (x) is known as Legendre polynomial which is the solution of the follow-

ing ordinary differential equation
(1 —2%)y"(z) — 2zy/(2) + n(n + y(z) = 0.

Consider the problem (6.1.18) and (6.1.20) for u, = n(n + 1)

d , ,dR(r)
A z
A — + (A\—Z)R(r)=0. 6.1.22
0= 2RO (6.1.22)
L Z(r) . .
Substituting R(r) = NG into (6.1.22) we reduce equation (6.1.22) to the follow-
r
ing
Z' 1/2)?
Z"(r) + ﬁr) + (A — w)zm =0. (6.1.23)
Conditions (6.1.20) may be written as
|Z(0)| < 00, Z(rg) =0. (6.1.24)

The eigenvalue problem (6.1.23), (6.1.24) is the eigenvalue problem for the Bessel

operator. The solution of this problem is the following:

(n+%)

A== (B2 k=123, .. (6.1.25)
T'o
1
are eigenvalues, where u;nh) for k =0,1,... are roots of Jn+%(,u) =0;
(n+d) T
Zn (1) = C’kanJr%(uk —), k=1,2,3 (6.1.26)

To
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are eigenfunctions corresponding to Ag,, where

Cin = V2
kn — , (n+%)
TOJn+l (luk )
2

k=1,2,3,..., (6.1.27)

Therefore the solution of the problem (6.1.11)—(6.1.13) can be written as

Vi (7,0, 0) = Y, (0, 0) Rin (), (6.1.28)
m=0,F1,...,Fn n=0,1,..., k=1,23,...
an('l")

where Ry, (r) = —==.

Jr
Remark 6.1.2. The sequences of eigenfunction { Vi, (7,0, @)} form = 0,F1, ..., Fn, n =
0,1,..., k = 1,2,... is complete orthonormal system in the space L ,2gno(S)
which is the space of square integrable functions with the weight function r2sin

over the sphere S.

Consider the equation (6.1.9)

Ty () + EXen T () ki = 0, (6.1.29)
m=0,F1,...F¥n n=0,1,..., k=1,2,3,...

We will find our solution in the form

u(r,0,0,6) =3 3 Y T (t) Viewmn (7,0, 0). (6.1.30)

k=1 n=0 m=—n

Using (6.1.2) and (6.1.3) we have

where
0 2T T
Phnm = / / / (7,0, 0)Vim (1, 0, 0)r? sin Odrdfde, (6.1.31)
o Jo Jo

o 27 T
Vinm = / / / (1,0, 0)Vinm (1, 0, ©)r? sin Odrdfdep. (6.1.32)
o Jo Jo
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So we have the following problem:

T () + EXen T (8) g = 0, (6.1.33)

m=0,F1,...,Fnn=0,1,..., k=1,2,3,...

The solution for (6.1.33), (6.1.34) is given by

Tienm(t) = Prnm cos (c\/ Agnt) + c% sin (¢y/ Agnt), (6.1.35)
m=0,F1,...Fn n=0,1,..., k=1,23,...

So we have the solution of the problem (6.1.1)—(6.1.5)

Qﬁknm .
T’ 07 907 Z Z Z (¢knm COS /\knt) + ~— Sl (C /\knt) anm(ra ‘9a SO)
k=1 n=0 m=-n ¢ )\Im
(6.1.36)

Consider the non-homogenous equation: F(r,0,,t) # 0.
Using the same discussion of initial value problem in a parallelepiped with the

Dirichlet boundary condition for F'(r,0, ¢, t) # 0 we will get the following result

wknm .
Tinm(t) = Ornm cos (¢ )\nt+ sin (e Agnt) +
\/)\—kn Sln k( T)) k (T)T ( )
m—O,:Fl,...,:Fn n=0,1,..., k=1,2,3,...

and the solution of (6.1.1)—(6.1.5) is given by

u(r, 0, ¢,t) ZZ Z T () Vinm (1,0, @), (6.1.38)

k=1 n=0 m=—n

where Ty, (t) is defined in (6.1.37) and Mg, and Vi, (7, 0, ) are defined respec-
tively in (6.1.25), (6.1.28).
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6.2 Examples of the Simulation for the Acoustic Wave Propagation

in a Spherical Domain

This subsection deals with examples of modeling and simulations of acoustic waves
in 3-D spherical rooms with the Dirichlet boundary condition.We took a pulse
point source concentrated in different positions in the room: in the center, near
the wall. For each of these cases acoustic waves were modeled and simulated.
The room is a sphere with radius 3 and the speed of sound is equal to 1 for all

examples.

6.2.1 FEzxzample 1

The mathematical model of the acoustic wave propagation in the spherical domain
S is described in equations (6.1.1) — (6.1.5), where

o(r,0,¢) =
W(r,0,¢) =
F(r,0,p,t) = 6(r—1r0)0(0 —00)d(¢ — 0)d(t), (zo,Y0,20) € D, t > 0.

0,
0

’

Using formulae for ¢(r, 6, p), ¥(r,0,¢), F(r,0,¢,t) and the properties of the
Dirac delta function the solution of (6.1.1)—(6.1.5) can be found by the following
formula o .
U(Ta 0, 2 t) = Z Z Z Tknm(t)vknm(ra (9’ gp),
k=1 n=0 m=—n

where

Trnm(t) = LVkmm(ro, 0o, cpo)rg sin Oy sin (c\/ Agat), (6.2.1)

\% )\kn
Men, and Vi (7,0, @) are defined in equation (6.1.25) and (6.1.28) respectively.

For the given data of the Example 1 and for fixed values 6, = g, Yo = T,
r = 1.5 we used Mathematica codes in order to find the solution and to animate

the solution. The exact solution (6.2.1) is given by triple series containing infinite
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number of terms. We found an approximate solution by means of the formulae

Nt Nt n

w(@y, 2 ) =3 Y Y T (8) Vi (7,0, 0), (6.2.2)

k=1 n=0 m=—n

where Nt = 7. This number Nt we choose from the theoretical evaluation of the

general term of the series (6.2.2) and the numerical experiments.

6.2.1.1 Commands in Mathematica for Example 1:

<< Graphics ‘ParametricPlot3D¢

<< Graphics‘Animation®

<< NumericalMath‘BesselZeros®

c=1; R=23; r0 = 1.5; Theta0 = Pi/2; Phi0 = Pi; Nt = 7;

For[n = 0, n <= Nt , nt++,
Mu[n] = BesselJZeros[n + 1/2, Ntl]
]

For[k = 1, k <= Nt , k++,
For[n = 0, n <= Nt , n++,
Lambdalk,n] = (Muln] [[k]11/R)~2; \'\(\(A[k, n] =
ReplaceAll[\[PartialD]\_x BesselJ[n + 1/2, x],
x => Muln] [[k111;\)\)
Cclk, n]l = Abs[Sqrt[2]/(R*A[k, nl)]; Z[k, n] = Cclk, nl*
ReplaceAll[BesselJ[n + 1/2, x], x => (r/R)*Muln] [[k]11]; 1;
]

For[n = 0, n <= Nt, n++,
For[m = -n, m <= n, m++,
yfuni[n, m] =
Sqrt[((2*n + 1)/2)*((n - m)!/(n + m)!)]*LegendreP[n, m, Cos[Thetal];
Y[n, m] =Which[m < 0, yfunl[n, m]*Sqrt[1/Pi]l*Sin[m*Phi], m > O,
yfunl[n, m]*Sqrt[1/Pi]*Cos[m*Phi], m == O,
yfunl[n, m]*Sqrt[1/(2%Pi)]]
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1;]
(x--Eigen Function V[k, n, m]--%)

For[k = 1, k <= Nt, k++,

For[n = 0, n <= Nt , n++,

For[m = -n, m <= n, m++,
Vik, n, m] = Y[n, m]*(Z[k, n]/Sqrtlr])
1;1;1

For[k = 1, k <= Nt , k++,
For[n = 0, n <= Nt , n++,
For[m = -n, m <= n, m++,

Tlk, n, m] = (c/Sqrt[Lambdalk, nl])=*

ReplaceAll [ReplaceAll [ReplaceAll[V[k, n, m],
r -> r0], Theta -> ThetaO], Phi -> PhiO]+*

r0~2*Sin[ThetaO]l *Sin[c*Sqrt [Lambdalk, n]]*t];

1;151

son = 0;
For[k = 1, k <= Nt , k++,
For[n = 0, n <= Nt , n++,
For[m = -n, m <= n, m++,
son = son + T[k, n, m]*V[k, n, m]

15151
son2 = ReplaceAll[son, Theta -> Pi/2];

For [im = 0, im <= 15, im = im + 0.05,
sonn[im] := ReplaceAll[son2, t -> im];
grph[im] = CylindricalPlot3D[ sonn[im], {r, 0.01, 3}, {\[Phil], 0, 2Pi},
Axes -> False, Boxed -> False, PlotRange -> All];

6.2.1.2  Results of the Simulations by the formula (6.2.2)

Using the formula (6.2.2) for Nt = 7 and Mathematica codes we simulated
acoustic waves arising from pulse point source which is located in the middle

of the room between center and the boundary of the room. The results of this
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Figure 6.13: Example 1: Source between the center and the boundary
simulation are presented on the figures as screen shots for different times.

The axes are defined as before in the previous chapter. In figure 6.13 (a) there is
no fluctuation of the acoustic field. We can see on the figure 6.13 (b) the acoustic
field arising from the pulse point source concentrated at (6o, @o,70) = (5, m, 1.5).
There is also small fluctuations which stem from the numerical error of the series
(6.2.2). In figure 6.13 (c) the circular wave front is seen and in the figure 6.13
(d) the wave front touches the boundary in the figure 6.13 (e) the wave start to
reflect, in the figure 6.13 (f) reflection is seen , in the figure 6.13 (g) the wave
completely reflected, in the figure 6.13 (h) reflected waves reach the opposite wall,

in the figure 6.13 (i) reflection from the opposite walls is seen.
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6.2.2 Ezample 2

For the given data of the Example 1 and for fixed values 6y = g, po=m,r =20
we used Mathematica codes of Example 1 in order to animate the solution. The
exact solution (6.2.1) is given by triple series containing infinite number of terms.

We found an approximate solution by means of the formula

Nt Nt n

w(@,y, 2 ) =3 Y Y e () Viewm (7,0, 0), (6.2.3)

k=1 n=0 m=—n

where Nt = 7. This number Nt we choose from the theoretical evaluation of the

general term of the series (6.2.3) and the numerical experiments.
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In figure 6.14 (a) there is no fluctuation of the acoustic field. We can see on the
figure 6.14 (b) the acoustic field arising from the pulse point source concentrated
at (6o, po,70) = (g,w,()). In figure 6.14 (c)-(d) the circular wave front is seen
and in the figure 6.14 (e) the wave front touches the boundary, in the figure 6.14
(f) the wave start to reflect, in the figure 6.14 (g) reflection is seen , in the figure
6.14 (h) the wave completely reflected, in the figure 6.14 (i)-(k) waves gathering

in the center of the room, in the figure 6.14 (i) the interface of waves is seen.
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Figure 6.14: Example 1: Source in the center of the room

6.2.3 Ezample 3

For the given data of the Example 1 and for fixed values 6, = g, po=m, r=2.5

we used Mathematica codes of Example 1 in order to animate the solution.

In figure 6.15 (a) there is no fluctuation of the acoustic field. We can see on the
figure 6.15 (b) the acoustic field arising from the pulse point source concentrated
at (0o, po,70) = (g,ﬂ, 2.5). In the figure 6.15 (c) first reflection from the nearest
wall is seen, in the figure (d) the circular wave front is seen and in the figure 6.15
(e)-(f) the wave fronts reaches the boundary, in the figure 6.15 (g) wave front
touches the boundary, in the figure 6.15 (h) the wave start to reflect, in the figure

6.15 (i) the reflection is seen.
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Figure 6.15: Example 1: Source near the boundary of the room



CONCLUSION

The main results of the thesis are the following:

1. Formulae for exact and approximate solutions of IBVPs (with Dirichlet,
Neumann and Mixed boundary condition ) for the acoustic equation in a
parallelepiped and IBVP with the Dirichlet boundary condition for acoustic

equation in a sphere were obtained.

2. These formulae were adjusted to cases when the source is the pulse point

source.

3. Obtained formulae for generalized solutions of IBVPs for the acoustic equa-
tion were used for modeling of acoustic waves in homogeneous acoustic

media arising from the pulse point sources.

4. Using obtained formulae and Mathematica codes the simulation of the

acoustic waves were made.

5. Results of acoustic fields simulation are presented by 3-D pictures and ani-

mated movies.
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Appendix A

STURM-LIOUVILLE PROBLEMS (SLP) FOR AN ORDINARY DIFFEREN-
TIAL EQUATION WITH DIFFERENT BOUNDARY CONDITION

1.1 SLP with Dirichlet Boundary Condition

Consider the following Strum-Liouville Problem (Pain, 1993),

y'(x) + Ay(z) = 0, z€(0,) (1.1.1)
y(0)=y(l) = 0, (1.1.2)

where [ is a given positive number, A\ is a parameter.

The general solution of (1.1.1) depends in a fundamental manner on whether
A<0, A=0 or A>0.
1. The case A < 0. A general solution of the equation (1.1.1) can be written
in the form
y(x) = Crexp (—V—=Az) + Cyexp (V—Az). (1.1.3)
Substituting (1.1.3) to (1.1.2) we will find:

y(O) = Cl +02 = 0,
y(l) = Crexp(—vV =)+ Cyexp (V=) = 0.
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Since the determinant of the this system is different from zero for A > 0 the
this system has only zero solution. So we conclude for A < 0 there is no

eigenvalues and eigenfunctions.

2. The case A = 0. Here we have the general solution of (1.1.1) in the form
y(x) = Crz + Cs. (1.1.4)

Substituting (1.1.4) into (1.1.2) we will find that y(0) = Cy = 0 so y(z) =
Cyz and impose y(I) = 0. We have y(I) = Cil = 0, since [ # 0 implies
C7 = 0. This shows that for A = 0 we get just the zero solution. So we

conclude for A = 0 is not an eigenvalue, so there is no eigenfunction for

A=0.

3. The case A > 0. Here the general solution of the equation (1.1.1) can be

written in the form

y(x) = Cy cos (VAx) + Cysin (VAz). (1.1.5)

Substituting this general solution to (1.1.2) we will find: y(0) = C; =0
implies C; = 0 and y(z) = Cysin (vVAz). Imposing y(I) = 0 we will get:
y(1) = Cysin (VM) = 0. Choosing Cy # 0 we get sin (v/Al) = 0 implies
VN = krfor k =1,2,... and \;, = (/““l—”)2 for k = 1,2,... So we have

eigenvalues )\, and corresponding eigenfunctions

yr(xz) = Cysin (VAgzx) for k = 1,2,... We can normalize this orthogonal

functions by choosing Cy = %

Conclusion: There are eigenvalues and correspondingly eigenfunction of the
problem (1.1.1),(1.1.2) respectively as follows;

km 2 .
Ak = (7)2, yp(z) = 7 sin Ve, k=1,2,...
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1.2 SLP with Neumann Boundary Condition

Consider the following Sturm-Liouville Problem (Pain, 1993),

y'(x)+y(x) = 0, z€(0,0) (1.2.1)
y'(0)=y(1) =0 (1.2.2)

where [ is a given positive number, A\ is a parameter.

The general solution of (1.2.1) depends in a fundamental manner on whether

A<0, A=0 or A>0.

1. The case A < 0. A general solution of the equation (1.2.1) can be written

in the form
y(z) = Crexp (—V—Az) + Caexp (V—A2). (1.2.3)
Substituting (1.2.3) to (1.2.2) we will find:

y'(0) = Ci+Cy=0,
y'(1) = Cyrexp(—vV—=M)+ Coexp (V=M) = 0.

Since the determinant of the this system is differen from zero for A > 0 the
this system has only zero solution. So we conclude for A < 0 there is no

eigenvalues and eigenfunctions.

2. The case A = 0. Here we have the general solution of (1.2.1) in the form
y(x) = Cro + Cs. (1.2.4)

Substituting (1.2.4) into (1.2.2) we will find that ¢y’(0) = C; = 0 and
y'(l) = C; = 0. This shows that for A = 0 we get just a solution if we
choose Cy # 0. So y(x) = Cy. So we conclude A\ = 0 is an eigenvalue and

y(x) = Cy is corresponding eigenfunction to A = 0.

3. The case A > 0. Here the general solution of the equation (1.1.1) can be
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written in the form

y(z) = Cy cos (VAz) + Cysin (VAz). (1.2.5)

Substituting this general solution to (1.1.2) we will find: 3'(0) = VAC, = 0
implies C; = 0 and y(z) = C} cos (VAz). Imposing y(I) = 0 we will get:
y(1) = C1v/Asin (VM) = 0. Choosing C; # 0 we get sin (vAl) = 0 implies
VA = kr for k = 1,2,... and A, = (55)2 for k = 1,2,... So we have

eigenvalues )\, and corresponding eigenfunctions

yr(x) = Cycos (v Agx) for k = 1,2,... We can normalize this orthogonal
2

functions by choosing C; = ]

Conclusion: There are eigenvalues and correspondingly eigenfunction of the

problem (1.1.1),(1.1.2) respectively as follows:

km

2
Ak = ( I )27 yk(l'):\/;COS\/)\kZC, k=0,1,2,...



1.3 SLP with Mixed Boundary Condition

Consider the following Sturm-Liouville Problem (Pain, 1993),

/

Y’ +Ay(x) = 0, z€(0,])

()
y'(0) —ay(0) = 0,

where « and [ are given positive constants, A is a parameter.
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(1.3.1)
(1.3.2)
(1.3.3)

The general solution of this system depends in a fundamental manner on

whether
A<0, A=0 or A>0.

1. The case A < 0. A general solution of the equation (1.3.1) can be written

in the form

y(a) = CrelY=2) 4 ChelVAD)

Set —\ = 2. then;

y(x) = Cre ¥ + Coe’™,
Yy (1) = —C1de ™" 4 Cyde’™.

Substituting these into (1.3.2), (1.3.3) we will find;

y/(O) — Oéy(O) = —0119 + 0219 - Oé(Cl + 02) = 0,

() +ay(l) = —Cide™ + Oy’ + a(Cre™ + Coe™) = 0

We need to solve this system for C', Cs:

—0119 + 0219 - 06(01 + CQ) =
—0119671% + 021961% + oz(Clefm + Czem) =

Grouping for C, Cy:

Cl(_ﬁ - Oé) + 02(19 — a) =
Ci(=9 +a)e™” + Cy(d + a)e” =
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To find a non-zero solution we must have;

‘(—ﬁ—a) @=a) | _ ¢

(=9 +a)e™ (¥ + a)e”
(=0 — a)(¥+ a)e” — (9 —a)(—9 +a)e™? = 0,

—(W+a)?e” + (9 —a)e? = 0,
(,19 + a)Qeﬂl — (19 o 04)26_1%,
(0 + )? —201
@—ap — °
(D +a)| o
(0 — ) '

But the latter equation is true if ©¥ = 0. This implies A = 0. It means for

A < 0 we have no eigenvalues and correspondingly no eigenfunctions.

2. The case A = 0. Here the general solution of the equation (1.3.1) can be
written in the form

y(x) = Crz + Cy

and

Substituting these into (1.3.2), (1.3.3) we will find;

y'(0) —ay(0) = C,—aCy=0,
y(I)+ay(l) = Ci+a(Cil+Cy) =0.

So we need to solve:

01 — 0402 = 0,
Cl + OZ(Cll + 02) =0

But we have the following non-zero determinant

1 -

=a+ (a+a®l) =a2+al 0.
L tol a ( )= o ) #

Since a > 0 and [ > 0. We conclude that A = 0 is not an eigenvalue and

there is no eigenfunction for A = 0.
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3. The case A > 0. Here the general solution of the equation (1.3.1) can be

written in the form
y(z) = Cy cos (VAz) + Cysin (VAz).
Set A = ¥? then we get:

y(x) = Cy cos (Vx) + Cysin (Vx),
y'(x) = —C19sin (V) + Co0 cos (V).

Substituting these into (1.3.2), (1.3.3) we will find:

y'(0) —ay(0) = Co —aCy =0,
y'()+ay(l) = —Ci0¥sin () + Cyvcos (1) + a(Ch cos (91) + Cysin (V1)) = 0.

Hence we need to find:

-« 9
—dsin (I) + acos (1) ¥ cos (V1) 4+ asin (V1)

So,

—a (¥ cos (W) + asin (I)) — (= sin (W) + acos (I)) = 0,
—at) cos (V1) — a?sin (91) + 9% sin (91) — Jacos (V) = 0,
—2a cos (V1) + (92 — a?)sin (V1) = 0.
Hence after rearranging we have;

cos (01
sin (91
(

cos (V! B 1 ﬁ _a
sin(W)  2\a 9)’
1 /9 «

The latter equation implies that there are infinitely many 9, k = 1,2, ...

~— —|~—
[\
Q
<

which satisfies the equation. So correspondingly there are infinitely many

eigenvalues of the problem for A > 0. Since, it was A = 9¥?. So we have



eigenfunctions
yr(x) = C cos (Vx) + Cysin (Jxx).
Choose p
C’1 - _ka;, 02 = Ck
a
We get
Uk :
yp(x) = EC’k cos (Vgz) 4+ Cj sin (V)
v
= C’k(f cos (V) + sin (Vxx))
= Cy(sin (Vrx + ¢r)),
where

9
O = arctan(—k), k=1,2,...
Q@
Conclusion: We have eigenfunctions

yr(r) = Cp(sin (Vo +p), k=1,2,...

and correspondingly the eigenvalues A\, = 9%, where ¥y, k = 1,2, ...

solutions of

and C}, is chosen as follows

! ! !
/ yi(r)dr = / Csin® (Vpx + @p)dx = C’,f/ sin? (U + @ )dr =
0 0 0

Hence
1

(fol sin? (e + cpk)d:p)l/f

Cp, =
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So

Hence

!
/ sin? (Y + @ )dx
0

"1 —cos2
/ cos 2(Ipx + gok)dx
0

2
' sin2(Wxz + op) ||
2|, 40, .
U sin2(lz + o) N SIN2py
2 49y, 49y,

209y, — sin2(lx + ) + sin2py,

49,

G = \/2h9k — sin2(

lz + i) + sin2¢y’

k=1,2,...
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Appendix B

INITTIAL VALUE PROBLEM FOR AN ORDINARY DIFFERENTIAL EQUA-
TION

Consider the following system;

y'(2) + wy(z) = f(2), (2.0.1)
y(0) =0, %(0)=0. (2.0.2)

The fundamental solution (z) for the problem (2.0.1) and (2.0.2) must satisfy
e (x) + wie(x) = 0(x). (2.0.3)

See Appendix C.
We have e(z) = 6(z)Z(x) where Z(z) is the solution of

Z"(x) +w?Z(x) =0
Z(0)=0 Z'(0)=1
Thus Z(z) = L sin(wz).

w

Using Lemma 3.0.3 we can conclude that £(z)* f () is the solution of (2.0.1),(2.0.2).
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Hence

/:: e(x —7)f(r)dr

/_00 O(x — 1)—sin(w(x — 7)) f(7)dT

1 /0 sin(w(x — 7)) f(7)dr.
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Appendix C

ELEMENTS OF GENERALIZED FUNCTION THEORY

Definition 3.0.1. Let £(z, D) = Z ao(z)D® be a linear differential operator,
|ee|=0
here 7 = (1, 0), o = (o0, ), o] = oy + -+, D7 = = 2
where = (21, ..., 2n), @ = (1, ..., n), || = a1 + ... + ay, =
b ! ! Oz{"...0x8n
The fundamental solution of £(z, D) is a generalized function e(z) satisfying

L(x,D)e(x) = 6(x).
Lemma 3.0.2. £(z, D)e(x) = §(x) has a solution £(x) = 0(x)Z(x), where Z(x)
is a solution of the following problem:

L(x, D)Z(x) = 0,

Z(0)=Z'(0) = ... = Z™1(0) = 0; Z™(0) = 1.
Lemma 3.0.3. Let £(x, D) be a linear operator and £(z) be a fundamental solu-
tion of £(x, D), f(x) be a generalized function such that e(x) * f(x) exists. Then

u(x) = (e * f)@ is a generalized solution of £(x, D) and this solution is unique

in the class of generalized functions for which a convolution with e(x) exists.
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