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INITIAL BOUNDARY VALUE PROBLEM
FOR THE ELASTICITY SYSTEMIN THE SPHERICAL DOMAIN

ABSTRACT

Lame’s system of elasticity for homogeneous isotropic media is considered in
this thesis. The main objects of the study are Initial Value and Initial Boundary
Value Problems. Using scalar and vector potentials the Initial Value Problem
(IVP) for Lame’s system is reduced to IVP for scalar and vector wave equations.
An exact formula for the solution is obtained. Using Fourier series expansion
method and spherical and generalized functions theory, formulas for the solutions
of Initial Boundary Value Problems (IBVP) are obtained. These formulas are
adjusted for pulse point source, explosion, pulse rotation center. Simulations of

elastic waves are created by these formulas.

Keywords: Elasticity system; IVP; IBVP; generalized solution; simulation;

waves.
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KURESEL BOLGEDE ELASTIK SISTEMIN
SINIR DEGER PROBLEMLERI

oY/

Bu tezde, homojen izotropik ortamda elastikiyetin Lame sistemi ele alindi.
Caligmanin ana temasi, baglangic deger ve siir deger problemleridir. Skalar ve
vektor potensiyelleri kullanilarak Lame sistemin baglangi¢ deger problemi (BDP),
skalar ve vektor dalga denklemlerinin basglangi¢c deger problemlerine indirgendi.
Coztimiin kesin formiilii elde edildi. Fourier serileri acilim methodu, kiiresel ve
genellestirilmis  fonksiyonlar teorisi  kullanilarak baglangic smir deger
problemlerinin (BSDP) ¢oztimleri elde edildi. Bu formuller nokta etkili, patlama,
merkezde donme etkili kaynaklar i¢in uygulandi. Bu formullerle elastik dalgalarin

simulasyonlar1 yapildi.

Anahtar sozciikler: Elastik sistem; BDP; BSDP; genellestirilmig ¢oziim;

simulasyon; dalgalar.
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CHAPTER ONE
INTRODUCTION

Phenomena of elastic waves are the main object for the study in different
applied sciences:(Geophysics, materials, solids and structures sciences, etc.) |
(Ting, 1996), (Ting & Barnett & Wu, 1990), (Fedorov, 1968), (Yakhno, 1998),
(Yakhno & Merazhov, 2000), (Yakhno & Akmaz, 2005), (Yakhno & Akmaz,
2005), (Yakhno, 2005)].

Modern development of the theory and methods for solving initial value and
boundary value problems from one hand | (Boyce & DiPrima, 1992), (Cohen,
2002), (Cohen & Heikkola & Joly & Neittaan, 2003), (Dieulesaint & Royer,
1980), (Goldberg, 1992), (Monk, 2003), (Ramo & Whinnery & Duzer, 1994)
and the computer facilities from another hand (Beltzer, 1990), (Pavlovic, 2003),
(Pavlovic & Sapouuntzakis, 1986)] give the great chance to study more about
invisible phenomena of the elastic wave propagation. The visualization of the

elastic wave propagation is the main important item of this study.

The main object of the thesis study is the Lame’s system of elasticity. One
problem of the thesis is the Initial Value Problem (IVP) for this system which is
studied for x = (71,22, 73) € R3, t € R variables. Another problem is Initial
Boundary Value Problem (IBVP) for the system of isotropic elasticity which is

studied in a spherical domain.

The main aim of the study is to

e obtain explicit formula for the solution of IVPs and IBVPs,

e adjust these formulas for pulse point sources (pulse directional force,

explosion, pulse rotation center),
e simulate elastic waves using these formulas and modern computer tools,

e obtain 3-D graphs and animated movies of processes of the wave

propagations,
e analyze the obtained simulation results.

1
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The theory and methods of partial differential equations, generalized
functions, ordinary differential equations, spectral analysis, symbolic

commutation, Mathematica, graphic facilities are actively used in the thesis.



CHAPTER TWO
SCALAR AND VECTOR POTENTIALS

The initial value problem for the Lame system of elasticity for homogeneous
isotropic medium is solved in this section. The Lame’s system describes the
propagation of seismic waves in the Earth. There are two types of waves in
isotropic elastic media: longitudinal and transverse waves. The main aim of this
section is modeling and simulation of the elastic wave propagation in unbounded
3-D isotropic elastic media on the basis of Lame’s system of partial differential
equations and modern computer facilities and tools. Using the vector analysis
technique and the theory of partial differential equations and generalized functions
theory explicit formula for a fundamental solution of the initial value problem for
the Lame’s vector operator was obtained. Using this formula we made modeling
and simulations of elastic waves arising from pulse directional forces by means of

Mathematica

2.1 Helmholtz’s Theorem

Let Z(x) be a vector field whose components Z;(x), Zs(x), Z3(x) are continuous
over R3, x = (z1,79,73) € R3. Then

Z=V,X +curl,Y,

for appropriate X and Y on R3.

We know that div,curl,Y=0 (V.- (V. xY) = 0) and curl,grad, X=0,
(Ve x (V,X) =0). Recalling the Helmholtz’s theorem, we can write any vector

field as the sum the gradient of a scalar potential and curl; of a vector potential:
Z=V_,X +curl,Y.

Note that we may assume V, - Y = 0 without loss of generality, since the curl,

operator discards any components of Y with non-zero divergence.
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Representing the field in the above manner, we note the two vector identities:
V. x (V. X) =0,

and
Ve (Ve xY)=0.

Hence the portion of the displacement field represented by the gradient of the
scalar potential X has the curl, equal to zero, expressing no rotation. Similarly
the portion of the field represented by the curl, of the vector potential Y has a
divergence equal to zero, expressing no volume charge.

Assume
ANV =Z(x).

It implies

AN,V =7Z=V,X +curl,lY.

We have the following property
A,V =V,div,V — curl,curl, V.

Using this property we obtain X = div,V and Y = —curl, V.
Also
ANV =N, (GxZ)=N,GxZ=6xZ =17
G+Z= | Glo—€L(E)de.
R3
where x = (x1, 12, 23) € R?, € = (£1,&, &) € R3. Therefore

1 Z(S)

:_E R3 |$—f‘

dé.
Thus we obtain

X =div,V = —idivx/ ﬂdf,
4m Rrs |7 —¢]

Y =curl,V = icurlgc/ ﬂdﬁ
Am Rrs |7 — ¢



2.2 Reduction of Lame System to the Wave Equation

Consider the Lame system

52U
P o

= (AN +2p)V,div, U — peurl,curl, U + f(x, t) | (2.2.1)

where x = (71,29, 23) € R*,t € R,

U = (Uy,U,,U;) s displacement vector, U; = Uj(x,t), j=1,2,3,...;
f= (f1, f2, f3) 1is a vector of external force, f; = f;(x,1), j=1,2,3,...;
p is the density of elastic medium,

A, i are Lame parameters(physical constants),

p>0, A+2u >0, p>0 are positive constants.

This system describes elastic propagation (seismic wave propagation) in the Earth.

Remark 2.2.1. If f is given then using the potential approach we can obtain
f in the form f=V.,qg+ curl, F, where

g=div, V= —%dm/ 1) ac

R3 ‘w—ﬂ

_ 1 flE)
F=curl,kV= 47Tcu7"lm/R3 |x—§|d§ ,

and f=A,V.
Lemma 2.2.1. Let ¢(z,t) be a solution of the scalar wave equation

8%

CE (At 2N, :
Pop A+2u)Dp+g

and A(z,t) is a solution of the vector wave equation

— U A+ F
p3t2 1% +

then the vector function U = V¢ + curl, A is a solution of (2.2.1).
o(x,t) is called the scalar potential and A(x,t) is called the vector potential.

Proof. Consider the Lame System (2.2.1). Substituting f = V,¢ + curl,F and
U = V,¢ + curl, A to the last equation we obtain

0*(V.0) N 0?(curl, A(z, 1))

P of2 o2 )= (A +2u)V,div,[V,¢ + curl  A]



—pcurlgcurl,(V,¢ + curl,A) + Vg + curl, F . (2.2.2)

Using the following formulas

02(V ¢
(81%2 = v

e
o’

O*(curl,A(x,t) 0*A(x,t)
BIE = curl, R

V. div,[V,¢ + curl, A] = V,div,(V,¢) + V,div,(curl, A)
= V. (div,V,¢) + V,(div,curl, A)
= Va(Led)
peurlcurl,[V,é + curl,A] = pcurl,curl,V,¢ + pcurl,curl, A
= pcurl, (curl, Vy¢) 4+ p(curl,curl, A)
= pcurl, (V, div,A — ALA)
= pu(curl,V,)div, A — pcurl, (A A)
= —curl, (uAA)
the vector equation (2.2.2 ) can be written in the form

2 2

O?A
Velp= — (A +2u) Do — g) + curl,(

= uAA-F)=0 .

Since ¢(x,t) is a solution of the scalar wave equation

62

and A(z,t) is a solution of the vector wave equation

0?A

then the vector function U = V¢ + curl, A is a solution of the Lame system. [

For the solution of the Lame System we need to solve two wave equations

D¢

Poz = (A+2u)A0+g



A
O = WDLAST
or
1 0%
2or =S T
p
1 0%2A 1
———— =/, A+ -F
a? ot? +,u
where
A+2
a127: + Iu’ a’2:H )
p p

a, is the velocity of longitudinal wave,

as is the velocity of transversal wave.

Definition 2.2.1. (Fundamental Solution)
A matrix G(z,t) = [G,j(x, t)]3z3 whose j—th column

G1j<$, t)
Gj(l‘,t) = G2j($7t)
G3j<l’,t)

satisfies
LGi(z,t) = &6(z, 1),
G/(z,t)] =0,
t<0
j = 1,2,3; where e! = (1,0,0), > = (0,1,0), € = (0,0,1) is the fundamental

solution of the Cauchy problem for the Lame operator L.

Remark 2.2.2. Let G’ = V,¢ + curl, A. We need to present €d(x,t) in the

following form:

eé(x,t) = Vg + curl, F.

Since .
o) = Am( a 47T|3U|)7
we have ,
&5(x)5(t) = £ - 4:’;‘)5@),

Vo) — curtcurt, (- —2—)a(e).

4l  drlz]

= V., div, (



: e’ e
= dewx< - 47T|1"|>5(t) + curl, curl, <m)5(t),
. e’ e
= dewx< - 47T|1’|6(t)> + curl, curl, <m5(t)>
If f=V,9+ curl,F, then
1 el
g 47rdwx<]a:\5( )>’
1 e
F—— m(- )
g curl, 2 d(t)
Lemma 2.2.2. Let V, be a solution of
1 0%V, e
———— - A, V, = —46(t) ,
a? Ot? |z (®)
Va(xa t)‘t<0 =0,
then |
Qb(ﬂf,t) = —mdm}m Vcl (l’,t),
Az, t) = ?C%curl;E Ve, (1),
are solutions of
RN
et ot? T pat
gb('r? t) - O Y
t<0
e 1 924 1
5y — DA sF
c5 Ot pC5
Az, t =
(z%) £<0 ’
where ) o
- di w(—(s / )
9=~ (t)
1 e
F— —curl,(2:0(1)).
2 U 7 (t)
Proof. Let V. be a solution of
l@QVcl J

e
CAV. = S5
2 ot? Lz ®)



Ve (2,t)]i<o=0 .

Applying the operator (— div,) to the above equation we have

2

e
1 *V 1 e/
div, - div, (A, V. — div,(—d(t)) ,
47 pci vl ot? )+47rp% v ! 47 pc? v (| | (®))
1
(- =zdivVa)| =0
4dmpcy t<0
Since
. 0*V,, 0?
dlvx(w) =5 (div,V,,) ,
and
div, (A, V) = div,(V,div, V., — curl,curl, V)
= (div,V,)div, V,
= A, (div, V) ,
we have
1 02 div, Vg, (z,t div, Vg, (z,t 1 1 I (¢
_2_(_W_1<;c>> _Ax<_w_1<§>> _ L __di%(e_()) |
o2 ot? 47 pcy A7t pcy pci 47 ||
1
- div,V t =0 .
< 4mpcs Ve Ve (@, >> £<0 0
Using this equality we can say that
B, 1) = i,V (2,1)
x,t) = — v,V (z,
’ e

is a solution of

1 0%
5502 Np=—g ,2€R’ tER,
1 1
¢(z,t)] =0,
<0
where . ;
. e

1
Let a = c¢o. Then applying the operator (ﬁcurlx) to equations of the
TpCy
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Lemma 2.2.2 we have

2y, 1 1 j
Very el (A, V,,) = —20urlz(ﬁ5(t)) ,

1, —
47Tpcgcur ( ot? Ampcs 4mpcs x
( L e,V )| =0
curl, V. =0.
47 pcs ?/ lt<o
Since
0*V.,, 0?
curl, ( o 2) = @(curleQ) ,
and

curl, (A, V,,) = curl,(V,div, V., — curl,curl, V)
= (curl, V,)div, V., — (curl,curl,)curl, V,
= — (V. div, — A,)curl, V,,

= —V,(divycurl, V) + A, (curl, V)

= N, (curl, V) ,
we have
%ﬁ(curleCng,t)> B Aw<cu1rlchCQ g:v,t)> _ LZ icuﬂx(ejd(t)) |
3 Ot? dmpcs dmpcs pcs \ 4w ||
=0 .

( L scurl, Ve, (z, t))

4dmpcs t<0

Therefore we can say that

1
Az, t) = scurl, Ve, (2, 1)

TpCs
is a solution of LA )
55 — DA = —F |
cs5 Ot? pC5
A(z,t) =0,
<0
where
1
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2.3 Constructing the Solution of the Generalized Cauchy Problem
for the Wave Equation

Let us consider the following generalized Cauchy problem:

1 9°V e’
—— 2 A, V,= 6t R teR 2.3.1
CL2 atQ |J]| ()7 X € ) S ( 3 )
Vu(z,t)] =0, (2.3.2)
t<0

where a is a given positive number. A solution of (2.3.1) and (2.3.2) may be

found using the formula

Va(et) = G [0
where 90 )
Gla.t) = 2o I
Va(x7t): R4G(£C—<,t— )|C| ()deC G( <7t)%dC

1 6(t— 2y o o(t)el [ ot — ¢l
/Rs O e=d e —¢] Kl T /R |z — ¢lI¢] )

Remark 2.3.1. Let < = (Cl,CQ,Cg) € Rg, Tr = (Il,xg,llg) € R3,

(=x+rv, v=(v1,vs,0v3),

(-
I — x|’

T:|C_$‘7 v =

where

v =cospsinfg, vy, =sinegsinf, w3 = cosb,

d¢ = r? sin fdrdadep.



12

Then

o(tyel [ [T [~ 1 1
V.(z,t) = (42Te/0 /0/0 m;é(t—g)rgsinﬁdrdﬁdgo
27
— 47r / / /0 |a:+r | o(r at)rdr) sin dfde

J Qt 2T
tela / / sm@dﬁdg@. (2.3.3)

Remark 2.3.2. Let © € R?

|z + atv| = /|z]2 + a2t + 2|z|at cos 6.

Then

1 Z (myPR(— cosf), |z| < at,

1 n=0

V2 + a2 + 2|z]at cos 6 B 0o

1 at\"m

— Z (—) P,(—cos®), |x|> at.
\ n=0

Remark 2.3.3. (See, Appendiz C) The Legendre’s polynomials P,(— cosf)
n=0,1,2,... satisfy the following property

s 1
/ P,(—cosf)sinfdf = / P.(z)dz
0 —

1

_ /_ ' P2 Pol2)dz

1

2, n=0

0, n#D0.

Using the Remark 2.3.2 and (2.3.3) we find
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J a2t
4e j Z/ / |x| — cos ) sin fdfdyp, |z| < at,
Ta

J Qt 2T
blt)e’a’t / / \x! —cos ) sinf0dfdy, |x| > at.

(2.3.4)

Using Remark 2.3.3 we find from (2.3.4)

o(t)ela " :
(t)e a/ 2dp = 0(t)ea, |z| < at,
4m 0
Va0, ¢) = (2.3.5)
it 27 9 1 .
m/ —dp = —0(t)e’a*t, |v|> at.
dr Sy ] kg

The formula (2.3.5) may be written as

, J g2
V(2. 4) = 0(t)elab(at — |2]) + W@(m ~ at)
T
= o(t)ealb(at — [z]) + b(la] — at)].
]
Therefore using the Lemma 2.2.2 we find
o 0(75) . j Clt
o(z,t) = “dmpe, div, [e (6’(6125 — |z]) + ﬂ9(|x| - clt)ﬂ
0(t) A Ccaot
A(x,t) = ——curl, |/ O(cat — —0 — cot
(2,0) = ccurl. & (0(cat o) + TH0(2] = e20)) |

As a result the fundamental solution’s components are given by

= P Lo (et — o) + Holle] - )]
el ourl, [/ (0(eat —[of) + (lal —ea)) [} (230)

Therefore the fundamental solution is the matrix

G(z,t) = (G'(z,t), G*(x,t), G*(x,1)),
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whose components are vectors

Gj(:v,t) = (G{(m,t),Gé(m,t),Gé(a:,t)), j=1,2,3.

2.4 Mathematica Commands for Finding the Components of the

Fundamental Solution

In this subsection we use the formula (2.3.6) in programming tool Mathematica
for the simulation of the wave propagation in elastic isotropic media.
Mathematica commands for finding Gi(x,t), Gi(x,t), Gi(z,t) are listed below.
INPUT: mu,lambda,rho,varepsilon;

k = UnitStep[t]/(4xPi*rho);

cl = Sqrt[(lambda +2*mu)/rho];

c2 = Sqrt[mu/rho];

r=x"2+y°2+ z72;

a=-1/r"(3/2);

aa= (x*y)/r~(3/2);

aaa=(x*z)/r~(3/2);

bl =(=3*t/r"(1/2)) + 1/(c1) + t/(x"2*xr~(-1/2)) -1/(cl*xx"2*xr~(-2));
b2=(-3*t/r~(1/2))+1/(c2)+t/(y"2*r~(-1/2)) -1/ (c2xy~2*r~(-2) ) ;
b3=(=3*t/r"(1/2))+1/(c2)+t/(z"2*r" (-1/2)) -1/ (c2*z"2*r" (-2)) ;

bb = -3xt/r"(1/2) + 1/(c);

bbl = ReplaceAll[bb, {c -> cl1}];

bb2 = ReplaceAll[bb, {c -> c2}];

bbb=-3xt/r~(1/2) + 1/(c);

bbbl = ReplaceAll[bbb, {c -> c1}];

bbb2=ReplaceAll [bbb, {c -> c2}];

d = -c*t + Sqrtl[r];

dl = ReplaceAll[d, {c -> c1}];
d2 = ReplaceAll[d, {c -> c2}];
f =(1/(2*%Sqrt [Pi*xvarepsilon]))*Exp[(-d~2)/(4*varepsilon)];

f1 = ReplaceAll[f, {c -> c1}];
f2= ReplaceAll[f, {c -> c2}];

gX = D[f’ X])
gy = D[f, y]l;
gz = D[f,z];
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gxl = ReplaceAll[gx, {c -> c1}];

gx2 = ReplaceAll[gx, {c -> c2}];

gyl = ReplaceAll[gy, {c -> c1}];

gy2 = ReplaceAll[gy,{c ->c2}];

gzl = ReplaceAll[gz, {c -> c1}];

gz2 = ReplaceAll[gz, {c -> c2}];

h = t-1/(c*xr"(-1/2));

hil =ReplaceAll[h, {c -> c1}];

h2=ReplaceAll [h,{c->c2}];

G[1,1]=axk*(x"2*b1*xf1+x" 2% (3*%t/r-t/x"2) *UnitStep[d1]+ x"2*xhl*xgxl+

y~2%b2*xf2+y " 2% (3%t/r-t/y~2) *UnitStep [d2] +y~2*h2x*gy2

+272*%b3*£2+27 2% (3%t /r-t/z"2) *UnitStep [d2] +z"2*h2*gz2) ;

G[1,2] = aaxk*x(bb2*f2 + (3/r)*UnitStep[d2] + h2xgx2 - bbilxf1l
-(3/r)*UnitStep[dl] -hilxgyl);

G[1,3] = aaaxkx(bbb2xf2 + (3/r)*UnitStep[d2] + h2%gx2 - bbblxf1l
-(3/r)*UnitStep[dl] - hlxgzl);

OUTPUT: G[1,1], G[1,2], G[1,3] ;

Here G[1,1], G[1,2], G[1,3] are Gi(x,t), Gi(x,t), Gi(x,1)

Other components of G(x,t) can be calculated by the similar Mathematica
commands. Using Mathematica codes we simulated the elastic wave propagation
arising from pulse directional forces. The results of the simulation are presented
in the figures (2.1)-(2.3).

In these figures the horizontal axes are xi,x, the vertical axis is values of
one of components of G'. In figures (2.1)-(2.3) the three dimensional graphs

correspond to the following values

A=4, p=2203, p=3.12,

A +2m) \/ﬁ
o ==, =/,
p p

where ¢y, ¢y are longitudinal and transverse speeds of elastic waves.

Analyzing figures (2.1)-(2.3) we can see arising the elastic waves on figures (2.1a),
(2.1b), (2.2a), (2.2b), (2.3a), (2.3b). Two different waves with different speeds
we can see on figures 2.1(c,d,e,f), 2.2(c,d,e,f), 2.3(c,d,e,f). Analyzing the formula
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(2.3.6) we find two terms

Ui = %{—évwdwz [ej (9((:115 —Ja]) + %H(M . clt))] 1, (2.4.1)
U’ = %{C—tcurlmcuﬂx [ej (0(0275 —|z|) + %H(M - czt))] 1 (2.4.2)

The term U’” depends on ¢; and does not depend on ¢y, the term U’*
depends on ¢, and does not depend on ¢;. These terms give an analytic
presentation of longitudinal and transverse waves respectively. Using
formulas (2.4.1),(2.4.2) and Mathematica commands similar listed above, we have
simulated longitudinal and transverse waves separately. The result of
simulation of the second components U, U!* are shown on figures 2.4(b),
2.4(c) for
N=4, p=2203, u=3.12,

¢ = 2.155, ¢y = 1.190, t = 6.

The figure 2.4(a) corresponds to the second component of G' = UY + U™
with the same values of p, u, A, and t. The result of the simulation of
longitudinal and transverse waves separately and their superposition G' as
well give us understanding which parts of Figures of 2.1 - 2.3 corresponding to
longitudinal and transverse waves. In the Figures 2.5(a) - 2.5(b) we simulated
Gi(wy,75,1,6) for 4 =1, A =5, A = 1 respectively. These graphs show
us if the difference between speeds increases then the distance between fronts of

longitudinal and transverse waves increases also.

Remark 2.4.1. Modeling and simulations of wave propagations by formulas for

G", m=23 n=1,23 are similar to G-, n=1,2,3.
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The element of the fundamental solution G1(x,t), e; = (1,0,0).
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Figure 2.2:
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The element of the fundamental solution G3(x,t), ex = (0,1,0).
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Figure 2.3:
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The element of the fundamental solution Gi(x,t), e3 = (0,0, 1).
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Figure 2.5: The element of the fundamental solution G1(x,t).
2.5 Conclusion of the Chapter Two

e An explicit formula for the fundamental solution of initial value problem

for Lame’s system is constructed.

e The formula for the fundamental solution of initial value problem for Lame’s
system is used for modeling and simulation of the wave propagation in

isotropic elastic media.

e Results of simulations of displacement components of elastic wave fields are

presented by 3-D pictures and animated movies.

e Analysis of obtained formula and results of simulations is described.



CHAPTER THREE
INITIAL BOUNDARY VALUE PROBLEM
FOR LAME SYSTEM

The initial boundary value problem for the Lame system of elasticity for
a homogeneous isotropic medium was considered in this section. The initial
boundary value problem for Lame’s system reduced to initial boundary value
problem for scalar wave equation and initial boundary value problem for
vector wave equation in spherical coordinates. Using the vector analysis
technique, spherical coordinates and Fourier series expansion method, formulas
for the solutions of the initial boundary value problems for the Lame’s system
were obtained. Using this formulas and Mathematica codes we made simulations

of elastic waves with different sources.

3.1 Reduction of Initial Boundary Value Problem for the Lame
System to the Initial Boundary Value Problem for System of

Wave Equations

Consider in the sphere |x| < rg, 79 € R is a constant, t € R,

x = (71,72, 23) € R®  the following system

52U
P o

= (A4 2u)V,div,U — pcurlcurl, U + f(x, ), (3.1.1)

subject to the initial conditions

U(x, t)]t=0 = ¢(x), (3.1.2)
ou
E(Xa t)|t:0 = ¢(X)7 (313)
and the boundary condition
U(Xv t)||X|:To = 07 (314)

where
p is the density of elastic medium,

A, i are Lame parameters(physical constants),

21
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p>0, AN+2u>0, p>0 are positive constants.

f(x,t), w(x), ¥(x) are given functions, U(x,t) is unknown function.

Our aim is to reduce IBVP for Lame system to IBVP for system of wave

equations using Helmholtz theorem as we did in previous chapter.

Let f of the Lame system have the form f = V,g + curl,F then the vector
function U = V¢ + curl, A satisfies the Lame system since ¢(x, t) is solution of

the wave equation

32
P = 42,6+,

and A(x,t) is a solution of the wave equation

D*A

" or

Firstly, let us consider the initial conditions. If p(x) = V. + curl,A then
substituting ¢(x) and U = V,¢ + curl, A into (3.1.2) we obtain,

= uN, A+ F.

O(%,t) im0 = O(x), (3.1.5)
A(x,1)]im0 = A(x), (3.1.6)
where )
0 = - v [ £ a
A(x) %C rlx/D |f<_€)€|d§

D={zecR’: |x| < To}.
If (x) = Vud+curl,A then substituting 1 (x) and U = V,¢+curl,A into
(3.1.3) we obtain,

06 -
99 (. Do = 91 (3.1.7)
O Bl = A(x) (3.18)

ot
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where g(x) ) _idw / 5(6) N
I e N

x 1
A(x) = Ecurlx/D |$w(_£)§|d§

Now, let us analyze the boundary condition. The boundary condition is
U(x, t)hx‘:m = 0.
Substituting U = V,¢ + curl, A into equation (3.1.4) we obtain

<Vx¢(x, t) + curl, A(x, t)> | x|=ro = 0,

or
'8¢ 8A3 8A2 ] -
_85['1 + (8!172 B al'g)_ |x|=ro =0
06 (A, 04N
_81'2 + (81‘3 B 8m1 >_ |x|=ro =0 ’
06 (A, 0ANY
\ -81'3 + <8$1 B 81'2)- |x|=ro =0 ’

Using spherical coordinates x1 = rcos psinf, xo = rsinpsinf, x3 = rcosb,

we can define
$(r cos psin ), rsin psinf,rcosd,t) = (1,0, ¢, 1),

Ai(rcospsin, rsingsin®,rcosf,t) = A;(r,0,p,t), i=1,2,3.

Using these notations we find from boundary conditions that (See, Appendix A)

¢ 0As; 0A, . 0¢p 1sinpdp 1 0o
_ — e 7 cosh it
[8931 + (81,’2 03 ﬂ Ix|=ro [COS(’DSID Jr  rsinfd dp + r o8 COSQD@@
. . 8./43 1 cos (2 8A3 1 . 81213
+<smgpsm€ 7 +;sin9 90 —i—;smgpcos@w
DAy 1 . 0A
— oSO + = sinf——= = 1.
cos 0 5 +Tsm9 89) o 0, (3.1.9)
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8_(2_5_’_}008@8_(5 1 0o

Or  rsinf dy + ;smgpcosé%

[&b 4 <8A1 8A3>}

8952 8%3 B 891:1

= [singpsin@

[x|="0

+<COSG% — 151119% —cosgosinﬁ%

or r 00 or
%Zﬁig%—f — %cos@cos @8_12;;) . =0, (3.1.10)
o+ (G- S|, = o - Lanoy
+ (coscpsin@aaflﬂ2 — %Zﬁig%% + %cos&cos goaa—;;z
—singosinea(,fnl —%Z?Islg%il —%singpcos@%—%) =0.
e (3.1.11)

As a result, IBVP for Lame system defined in (3.1.1)-(3.1.4) is reduced to the
IBVP for system of wave equations (3.1.5)-(3.1.11).

3.1.1 Eigenvalue Problem for the Laplace Operator in a Sphere

Consider the Laplace equation in a sphere
ALV (x) + AV (x) =0, x = (x1, %2, T3), |z| < 7o, (3.1.12)

subject to the condition
V(x) = 0. (3.1.13)

|z|<ro

Our goal is to find eigenvalues and eigenfunctions of (3.1.12) and (3.1.13). The
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problem (3.1.12) and (3.1.13) may be written in spherical coordinates,

10,0V 1
o (1) + eV £ AV =0, (3.114)

O<r<r, ¢eR, 0c(0,m)

V(0. ¢)lo0| < 00, V(r,0,6) = V(50,0 +27) (3.1.15)

V(0,00

The solution of the problem (3.1.14),(3.1.15),(3.1.16) we seek in the form,

< oo, V(r,0,¢)|r=, =0. (3.1.16)

V(r,0,¢) = R(r)Y(0,¢). (3.1.17)

Substituting (3.1.17) into (3.1.14) and dividing obtained relation by R(r)Y (6, ¢),

we have,
2 dR(r)

d

%O" dar ) s DY (0,0)

dri_dr o4 N2y 0007 ), 3.1.18
Rr) Y(l.9) (3.1.18)

4 (r2480) DY (0

dr dr 2 0,0 7@)

Ay dr Loy N2 = 0 AT 3.1.19
Rr) Y09 (3.1.19)

where Ay, is the Beltrami operator.

The righthand side of (3.1.19) is a function of 6, ¢ the left hand side of (3.1.19)
is a function of r. The variables r, 6, ¢ are independent. Therefore the relation

(3.1.19) is possible if and only if both sides are equal to the same constant p.

Hence
Do Y (0,0)+uY(0,0)=0, 0<O<m, ¢eR, (3.1.20)
nd 1 d/ ,dR(r)
- 4 (208 M _
r2 dr (7’ dr ) * (A TQ)RO’) 0, 0<r<r, (3.1.21)

substituting (3.1.17) into (3.1.15),(3.1.16) we find,

)Y(e, Pllozo| <00, Y(0,0) = Y (0,0 +2m), (3.1.22)

=T

B

< o0, R(r) = 0. (3.1.23)

r=ro
(3.1.20) and (3.1.22) are Sturm Liouville problem for Spherical functions. (See,
Appendix F)
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o =n(n+1), n=0,1,2,... are eigenvalues,
Yn(m)(e, ¢), m=0,%£1,+2,....,4n; n=0,1,2,... are eigenfunctions.
Consider the eigenvalue problem (3.1.21),(3.1.23) for p, = n(n+1). This problem

may be written in terms of new function
Z(r) = VrR(r).

Using formulas

Z'(r) 1
NG - WZ(T%

R =22 - 20 4 220,

the equation (3.1.21) may be written,

R'(r) =

Z"(ry  Z'(r) 3Z(r) 2Z'(r) 1 Z(r) n(n+1)
N ~r3/2 + 4p5/2 T 32 - T5/2Z<TZ+)\ P2 T (r) =0.
RY(r) 2R(r)
(3.1.24)
. Z(r) , -
Note that the coefficients of — 75 may be written in the form,
r

3 1 1 1\2

S )= =[nn+1)+ 5] ==[n? =-(n+3)"

1 n(n+1) n(n + )—I—4 n At n+ g

Hence (3.1.24) has the form

z'(r) , Z0) ( A+ %>2>Zm o

NG r3/2 ri/2 r5/2

1 12
Z"ry+=Z'(r) + ()\ — M) Z(r)y=0, 0<r<rg. (3.1.25)
r
Condition (3.1.23) may be written in the term of Z(r) as

— 0. (3.1.26)

=70

)Z(r)|r:0‘ < oo, Z(r)

As the result we wrote eigenvalue problem (3.1.21),(3.1.23) in the form
(3.1.25),(3.1.26). The last problem is the eigenvalue problem for the Bessel
operator (See, Appendix B). The solution of this problem is given by,
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(n+3) 2
A= Agp = (Nk ) , k=1,2,... are eigenvalues where

To
1
,u,(gnb), k=1,2,...; n=0,1,2,... are roots of the equation Jn+%(u) =0,
(n+3)
Ty

Zin(r) = C’C”J”Jr% ( 7o )’

k=1,2,...; n=0,1,2,... are eigenfunctions where
2
Cion =

5.
1
re (J,/ﬁé <Ml(c +2)>)

Therefore the solution of the original problem (3.1.14),(3.1.16) may be written as

(n-i-%) 2
A= i = (Mk ) ,k=1,2,..; n=0,1,2,... are eigenvalues,
To

Vi (7,0, 0) = Rpn (r)Y.™(0, ), k=1,2,..; n=10,1,2,...;
m=0,£1,42,...,+n are eigenfunctions. Here Ry,(r), k=1,2,..;
n=0,1,2,... are defined by

Zien (1) V2 1 ( u;n+%)>
R n )= = —Jn 1 _— s
in(7) VT m( (M(n+;)>> VTR o

SO

V2 1 r (n+3)
Vi (7,0, 0) = — e P \ymg, ). (3.1.27)
To (J,/fr% <ﬂ1(fn+2)>)

Remark 3.1.1. The system of eigenfunctions {Vipm(r,0,0)}, k=1,2,..;
n=2~0,1,2..;, m=0,%£1,£2, ..., +n s complete orthonormal system in the
space Lo ,2gn0(D), D=(0,70),(0,7),(0,2m).

Here Ly,24n9(D), is the space of square integrable functions with the weight

r?sinf over the domain D, i.e.

Ly,26no(D) = {f(r,0,¢): ///D |f(r,0,¢)|*r*sin 0drdfdy < co}.

Moreover, every function h(r,0,¢) from Ls,2g,9(D) has the Fourier series
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expansion of the form,

h(r,@,go) = ZZ Z hknm‘/knm(raeﬂp)?

k=1 n=0 m=—n

where the fourier coefficients are defined by

0 2 s
Pkerm = / / / h(r, 0, 0)Vinm(r, 0, 0)r? sin 0dOdepdr
o Jo Jo

3.1.2 Initial Boundary Value Problem for Wave Equation with
Dirichlet Boundary Condition

Consider in the sphere |z| < ry, 79 € R is a constant x = (1, 79, 73) € R? for

t > 0 the following equation

1 9*°U
2or AU = f(x,1), (3.1.28)
subject to the conditions
ou
U = —— =h 3.1.29
t=0 (), ot li=o (), ( )
and the Dirichlet boundary condition
U " = 0. (3.1.30)
x|=rg

f(x,t), g(x), h(x) are given functions from the space Lo, U(x,t) is unknown
function. Our aim is to find the function U(x,t). Problem (3.1.28)-(3.1.30) may

be written in spherical coordinates as follows,

1.9°U(r,0,¢,1)

a2 8t2 - AT,H’S@U(T, 97 (107 t) = f(?", 97 4,0, t); (3131)
= oU(r,0,p,t _
U(r, 0, ¢, t)) =g(r,0,¢), ur.0.0)) h(r, 6, ), (3.1.32)
t=0 ot t=0
‘ﬁ(h 0,,t) < 005 U(r,0,0,t)| =0, (3.1.33)
r—+0 r=ro
’ﬁ(r, 0,0, 1)lg=0| < 0, U(r,0,9,t) = U(r,0, 9 + 27, 1), (3.1.34)
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f(r,0,p,t), g(r0,0), h(r0,e) are given functions from the space Lo,
U(r,0,p,t) is unknown function. Our aim is to find the function U(r, 6, ¢, 1)
that satisfies (3.1.31)-(3.1.34).

Remark 3.1.2. Using the completeness and orthogonality of eigenfunctions
{Vinm(r,0,0)}, k=1,2,..; n=0,1,2,..; m=0,£1,£2 ..., +n in the space
Lo,2ging(D), the functions g(r,0,¢),h(r,0,¢), f(r,0,¢,t) may be presented in

the form of the Fourier series

7” 9,90 ZZ Z gknm‘/knm Ty 97@)

k=1 n=0 m=—n

7’ 9,@ ZZ Z hknm‘/knm T 87@)

k=1 n=0 m=—n

7’ ‘97 907 ZZ Z fknm ‘/knm T 9790)

k=1 n=0 m=—n

0 27 T
Jenm = / / / (1,0, 0)Vinm(r, 0, gp)rg sin 6dOdpdr,
o Jo Jo
o 27 T
Rierm = / / / h(r,0,0)Vinm(r, 0, gp)rQ sin dfdedr,
o Jo Jo

0 21 T
Frenm (1) :/ / / f(r,@,go,t)anm(r,H,ap)TQ sin dfdedr.
o Jo Jo

A solution of the problem (3.1.31)-(3.1.34) we seek in the form
k=1 n=0 m=—n

where Ti,m(t) are unknown coefficients depending on ¢ and {Vium(r,0,¢)}
k=12 .;n=2012..; m = 0,£1,£2,....,+n are eigenfunctions of the
Laplace operator in the sphere. Substituting (3.1.35) into (3.1.31) we can find

ZZ Z ( Tlgnm () Vinm (7,0, 0) = Tinan (£) AVinim (1, 0, )

k=1 n=0 m=—n

_fk:nm(t)v;cnm(ry 0> @)) - 07
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from the Sturm-Liouville problem we know that —AVi,m = A\enVinm and using

previous remark we obtain
DD ( T () + A T (1) — fzmm(t)> Vin (1, 0, ) = 0.
k=1 n=0 m=—n

Using the orthonormality of {Vinm(r,6,¢)}, we have

kE=1,2.,;n=012.; m=0+1,42,...,£n. Substituting (3.1.35) into
(3.1.32) we obtain

ZZ Z Tknm anm T, 0790 ZZ Z gknmvlmm r, 0790)

k=1 n=0 m=—n k=1 n=0 m=—n

ZZ Z Tknm ‘/knm ’I“ 0790 ZZ Z hknmvk‘nm T 0780)

=1 n=0 m=—n =1 n=0 m=—n

k=12 .;n=012.;m=0,£1,+£2,....,4n. As a result we obtain the
Cauchy problem (3.1.36),(3.1.37) for each indices k, n, m.

Remark 3.1.3. Let us consider the Cauchy problem for ordinary differential
equation,

T" () + w*T(t) = f(t), (3.1.38)
T(0) = 9, T'(0) = 4. (3.1.39)

Here 9,1 are given constants, f(t) is given function. The solution of (3.1.38),
(8.1.39) is given by the formula,

T(t) = ¥ cos(wt) + — sin(wt) / f(7)sinfw(t — 7)]dr. (3.1.40)

Proof. From calculus we know that
EONP!

B(t)
S awnd) = 9500 70) - glali ) - a0+ [ ot

a(t) a(t) ot

aeC BeCt, 2g(z,t)eC
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So,

T'(t) = —wd sin(wt) + wy cos(wt) / f(7) coslw(t — 1)]dT,
w

T"(t) = —w*) cos(wt) — “’wﬁ sin(wt) + f(t) — % i f(7)sinfw(t — 7)]dT,

T"(t) = —w’T(t) + f(t),
T"(t) +w’T(t) = f(t).

Hence T'(t) which is defined by (3.1.40) satisfies (3.1.38). Substituting (3.1.40)
n (3.1.39) we obtain 7'(0) =4, and 7"(0) = 9.

[
A solution of the Cauchy problem (3.1.36),(3.1.37) is given by the formula
T (£) (ay/Ant) + 2 i (0 Nnt)
nm - nm COS(a n sinfa n
k Ik k e k
# e [ i (r)sinla/ Nt = )l (3.141)

Hence the solution of the original problem (3.1.31)-(3.1.34) is given by the formula
(3.1.35) in which Tk, (t) are defined by (3.1.41) where

(n+3)
A= X = (M’f ) , k=1,2,...; n=0,1,2,... are eigenvalues
To

and ,u<n+ ), k = 1,2,... are roots of the equation JM%(,u) =0, Vium(r,0,¢),
k=12 .;n=2012.; m = 0,£1,£2,....,+n are eigenfunctions of the
Laplace operator in the sphere of the radius ry given by the formula (3.1.27).

3.1.3 Eigenvalue Problem for the Laplace Operator in a Sphere for
Function Depending r,t

Consider the following problem
AN R(r)+AR(r) =0, 0<r <, (3.1.42)

2R(r)|r:m = 0. (3.1.43)

0] <. 2
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10 OR(r
whore 8,80) = 55 (95 7)

Thus (3.1.42),(3.1.43) can be written as

1 0 s 40R(r) _
o (PES ) ARG =0, 0<r <, (3.1.44)
0
‘R<r)‘r=0 < o0, ER(T)‘TZTO = 0. (3145)

Our aim is to find eigenvalues and eigenfunctions of (3.1.44)-(3.1.45). This

problem may be written in terms of new function

Z(r) = /TR(r).

Using formulas

R(r) Zf;?,
R =20 - 5 20),

_ Z"(r)  Z'(r) N 3Z(r)

/!
R'(r) Jr r3/2 4y5/2

the equation (3.1.44) may be written,

Z"(ry  Z'(r)  3Z(r)  2Z'(r) 1 Z(r)
N t e T T5/2Z(r1+)\ v 0. (3.1.46)
R;?r) %R’(r)
Hence (3.1.46) has the form
Z"(r)  Z'(r) A g
NG + r3/2 + %_m Z(r)=0,
" ]' ! 1
Z (r)+;Z (r) + )\—@ Z(r)y=0, 0<r<ry. (3.1.47)
Condition (3.1.45) may be written in the term of Z(r) as
Z'(r) 1
Z T:‘ R A —0. 14
‘ (7")| 0] <0 \/F 2r3/2 <T) r=ro 0 <3 8)
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As the result we write eigenvalue problem (3.1.44),(3.1.45) in the form
(3.1.47),(3.1.48). The last problem is the eigenvalue problem for the Bessel

operator. The solution of this problem is given by,

MaQ
A=\ = [ &£ k=12, ..
To

(3)
Zi(r) = exJs (’"“k )
2 70

1
k=1,2,... are eigenfunctions where ,u,(f), k =1,2,... are roots of the equation

are eigenvalues

Here (See, Appendix B),

2 1
= —F——7

FARCYIR
173l = [ [

_ ? [[J’;(\/)\_kro)]z +(1- 47~31Ak) (Vo) 2] |

Therefore the solution of the problem (3.1.44)-(3.1.45) may be written as

¢52
A=\ = [ HE k=12, ..
To

are eigenvalues,

Ri(r) =
o[l + (- ) |
are eigenfunctions.

Remark 3.1.4. The system of eigenfunctions {Ry(r)}r=12. is complete
orthonormal system in the space Lo ,2(D), D=(0,ry). Here Ls,2(D) is the space
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of square integrable functions with the weight r*, over the domain D, i.e.

Lo+ (D) = {f(r) - /D ()P < oo}

Moreover, every function h(r) from Ly,2(D) has the Fourier series

expansion of the form,

h(r) = hiRi(r),

where the Fourier coefficients are defined by

hie = /0 ! h(r)Ry(r)r*dr.

3.1.4 Initial Boundary Value Problem for Wave Equation with

Neumann Boundary Condition In Sphere

Consider the following problem

1 9*°U
2o AU = f(x,1), (3.1.49)
subject to the conditions
ou
U = — =h 3.1.50
t=0 g(x) ot li=0 (). ( )
and the Dirichlet boundary condition
ou
— =0. 3.1.51
on |x|=r0 ( )

f(x,t), g(x), h(x) are given functions from the space Ly, U(x,t) is unknown

function. Our aim is to find the function U(x,1).

Let U depend on r,t in spherical coordinate system. Therefore problem
(3.1.49)-(3.1.51) may be written in spherical coordinates as follows,
(See, Appendix A)

1 0%°U(r,t) — =
T = AT t) = B ), (3.1.52)
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= s oU(r,t) &
uert)| =8, —5—| _ =h) (3.1.53)
‘U(r, H| <oo (3.1.54)
r—+
EU(T7 t) r—ro = 07 (3155)

f(r,t), g(r), h(r) are given functions from the space Ly, U(r,t) is

unknown function. Our aim is to find the function U(r,t) that satisfies (3.1.52)-
(3.1.55).

Remark 3.1.5. Using the completeness and orthogonality of eigenfunctions

{Ri(r)}k=12.. in the space Lo,2(D), the functions g(r),h(r), f(r,t) may be

presented in the form of the Fourier series

9(r) =Y gkBe(r), h(r) =) hiRi(r), f(r,t) = fu(t)Ri(r),
gr = /07‘0 g(r) Ry, (r)r?dr,
hy, = /OTO h(r) Ry (r)r*dr,

fult) = /0 " Fr ) Re(r)r2dr.

A solution of the problem (3.1.52),(3.1.53),(3.1.54),(3.1.55) we seek in the form
U(r,t) => Ti(t)Ri(r), (3.1.56)
k=1

where T} (t) are unknown coefficients depending on ¢t and {Ry(r)},
k = 1,2,... are eigenfunctions of the operator /A, in the sphere that has the

formula

. 2 V2 . <M<>>
rol[J’% (Var)| + (1= 5 ) |7 (VAo ]

N

(3.1.57)
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Substituting (3.1.56)into (3.1.52) we find

Z <%T’g<t>3k(7’> — T (t) AN Ry (1) — fk(t)Rk(T)> =0,

k=1

from the Sturm-Liouville Problem we know that —A,R, = ARy and using

previous remark we obtain

> (%T V() + AT() — fk<t>> Riu(r) = 0.

k=1

Using the orthonormality of {Ry(r)}, we have
T (t) + @\ Ty (t) — a® fi(t) = 0, (3.1.58)

k =1,2,... substituting (3.1.56) into (3.1.53) we obtain

Z T5:(0) Ry, (r Z g R (r

Z TL(0) Ry (r Z hi Ry, (r

T4(0) = grs Tinm(0) = b (3.1.59)

=1,2,... Asaresult we obtain the Cauchy problem (3.1.58),(3.1.59) for each
indice k. A solution of Cauchy problem (3.1.58),(3.1.59) is given by the formula

that we proved before

Tio(t) = gr cos(ar/At) + sin(av/Ast) + C; /t Fi(7) sinfar/ A\ (t — 7)]dT.
VA& Jo

(3.1.60)

\/_

Hence the solution of the original problem (3.1.52),(3.1.53),(3.1.54),(3.1.55) is
given by the formula (3.1.56) in which Ty (¢) are defined by (3.1.60) where

3\ 2
A=A = <'UL) , k=1,2,... are eigenvalues

To

1 1
and u,(f), k=1,2,... are roots of the equation J1 (u)u — §J% (u) =0, Ry(r),
2
k=1,2,... are eigenfunctions of the Laplace operator in the sphere of the radius

ro defined in (3.1.57).
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3.2 Examples of Initial Boundary Value Problem for Lame System

Depending on Variables r,¢t with Different Sources

3.2.1 The Source of the Compression Center
f(x,t) = V0(x)d(t)

Consider in the sphere |x| < ry, x = (1,72, 23) € R}, t € R Lame system

02U
P o

= (A +2u)V,div, U — peurl,curl, U + f(x, 1), (3.2.1)

subject to the initial conditions

U(x, t)|t=0 =0, (3.2.2)
ou
E@(’ t)|t=0 =0, (3.2.3)
and the boundary condition
U(Xa t)||x|=ro = Oa (324)

where

f(x,t) is given function from the space Ly defined as f = V,0(x)d(?),

p is the density of elastic medium,

A, i are Lame parameters(physical constants),

p>0, A+2u>0, p>0 arepositive constants. U(x,t) is unknown function.
Our aim is to find the function U(x,t) satisfies (3.2.1)-(3.2.4).

Let f of the Lame system have the form f = Vg + curl,F. We will find the
solution of (3.2.1)-(3.2.4) in the form U(x,t) = V,¢ + curl, A.

Let U depend on r,t in spherical coordinate system. Lame system will be
reduced to two wave equations. For U(r,t) = Vé + curl A boundary condition
in spherical coordinate system defined in (3.1.9)-(3.1.11) becomes

0A 0A
cos @ sin /— + sin ¢ sin 0= _ cos 9—2]
or or

or

=0,

r=rg
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0A DA
[sin psin QE + cos 98_7“1 — cos psin 98—:’] - =0,
ol 0A 0A
[COS Qa—f + cos psin 08_7“2 — sin ¢ sin 98_7“1] . =0.
In matrix form
99
or
cos psin 6 0 —cos sin ¢ sin ¢ oA
1
or
sin @ sin 6 cos 6 0 —cospsing |- =0,
o4,
cos —sinpsinf  cospsinf 0 or
A3
aT’ r=rq
(3.2.5)
53
Choosing a—(f |T:r0 =0 (3.2.5) becomes
o4,
0 —cosf sin p sin ¢ or
cosf 0 —cospsing | - % =0
or
—sinpsinf  cospsinf 0 0A;
O/ =
Let
0 —cos sin p sin ¢
B = cosf 0 — cos psin 6

—sinpsinf  cospsind 0

A
Since det B =0 let’s chose %‘ =0 then
r

r=rg
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6A2 m
—cos——= = if 0#4—-(2k+1), keN
cos—>"=|_,, 0, i + 2( +1), €N,
ok _
or Ir=ro 7
and
8141 m
— = if — 1 N
cos 0 B lr=ro 0, if 6+# 2(2/<:—|— ), k€N,
oh
Or 'm=ro
0o 0A;
Therefore, we obtain —¢| =0 and ‘ =0, 1=1,2,3.
a,r. T=TQ 870 T=To

If f assumed in the form f = V,g + curl,F then ¢ = 6(x)d(t), F = 0. Using
the properties of the Dirac delta function that are (Barton, 1989)

(—1)12
wy(n —1)!

o(x) = ot (r),

where w,, is the area of the unit sphere and
r20"(r) = (—=1)%2!5(r) = 26(r),

since for the sphere (n = 3) area of the unit sphere in R? is w3 = 47 then

(=1)*! 261 (r)5(¢) = ig”(r) _ ! d(r)d(t).

5(X)5(t> = m A o2

The initial boundary value problem for the scalar wave equation becomes

5% _
%8_;5 — Ad+ g 0), (3.2.6)
) 0
3(r, )]0 = 0, a—(f(r, #)]izo = 0, (3.2.7)
5 09(r.1) (3.2.8)

7t r=0 < s T A ey WU
()]0 < 00, =2
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where
5 A+2u
a, = P
and .
g(r,t) = ———4(r)o(t).
g(r7 ) ()\+2/,L)27Tr2 (r) ()

The initial boundary value problem with the Neumann boundary condition for

the vector wave equation is

1 0’A —
5 a0 AT’A7
a? Ot?
— 0A
A(Ta t)|t:0 = 07 E(Ty t)lt:o = 07
_ OA(r,1)
A 13 r= ’ ) — )
‘ (ryt)]r=o0| < o0 o ‘T:TO 0
where
2=k
0

It can be easily found that the solution of the initial boundary value problem for
the vector wave equation is zero because A(r,t) = 0 satisfies the problem and
by uniqueness theorem this is the unique solution. So A(x,t) = 0 is. Thus,
curl,A = 0. To solve the initial boundary value problem for the scalar wave

equation we must find the Fourier coefficient

g(t) = /0’”0

N

V20(t)
(X + 2u)27rg [[‘]/é(\/)‘—kro)r + (1 — 4743;/\1) [J;(\/)\_Mo)}z]

[NIES

€3
6(r)Js <'LO>
x/ dr. (3.2.9)
0
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The Bessel functions has the following equality (Arfken, 1968)

2 e [? : %0
Jo(x) = m<§> /o cos(x sin 6) cos™ 0d6, (3.2.10)
so for
&), T
a=g and x = p,° (E)
we have
(%) 1 /2
BTN 2 (TN (3) "
J%< x (7"0)> = \/7_r< o ) /0 cos( - sin @) cos 6d6. (3.2.11)

Property 3.2.1. 6(r)f(r) = f(0)o(r) for any continuous function f(r).

ro
Property 3.2.2. / o(r)dr = 1.
0

Using (3.2.11) and Properties (3.2.1),(3.2.2) of j—function (Barton, 1989) we
obtain from (3.2.9)

gr(t) = V25() 1
O 2027, [[Jl W]+ (1 ) [J;mmr]
X /07"0 5\(/;) % (rg;fj) ) : /OW/Q cos(ul(f)riO sin #) cos 6dddr.
gi(t) = il

1
2

(A + QM)QWTO\/m_W[[Ji(\/)\_krO)] "L (1 - 4%;&) [J%(\/A_H’O)] 2]

Then

Ti(t) = \?i_k/o 9k (7) sin[ap\/)\_k(t —7)|dr,
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becomes

Ty(t) = /t u,ﬁ 25(r ) sinfa,v/ Mg (t — 7)]dT
0 \/)\_k<)\ + 2,11)7TT’0\/7"0_7T[[Jé(\/)\_lﬂ“o)}2 + (1 — ﬁ) [‘%(\/)\_kro)} 2]

N|=

Ti(t) = ap\/Esin[ap\/)\—kt]
VIO 2o ToT [[szwf (1 g [ (Vo) ]

N|—=

(%)

where \/_ =

Ri(r) = 2 V2 %J <M>
ro[[‘]/;(\/)‘_’fro)} +< 47"“ >[J1(\/—r0)] ]

and

N |=
NI

A solution of the initial boundary value problem for the scalar wave equation is

rot) =Y Th(t)Re(r)

in the form

where

Tu(t) - o /i sina,y/ i
VA + 2pymro T [{Wwf + (1= o) [ Vo) ]

(
\ Mz) 2
k= 0 )

1
ugf),k‘ = 1,2, ... are roots of the Bessel equation Ji(u)u —
2

[SIES

the eigenfunctions are

(3)
Rulr) = V2 n (T“k )
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oo

s(rt) =Y 2 Sin[zp\/m 2
PV + 20722 [[J’é(\/k_kro)} t (1 - ﬁ) [‘] %(‘/A_’”O)} ]

k

A+ 2
where a? = + HJ.

P p
Remark 3.2.1.

w/2 1 i
/ Cos(ugf) sin 91) cosfdh = 7"_01 sin <N1(92)1>-
0 70 Tﬂff)

1 1
Proof. Let x = u,(f) sinf- then dr = ,u,(f) cos0-df then

w/2 1 My d
/ cos(ul(f) sin 91) cos 0df = / " cos z LT
0 0

To

0 i (Hyr
=~y sin (1),

Now using Remark (3.2.1) we obtain

o(rt) =Y 2 Sin[jp\/m 2
UV 207282 [[J’é(\/)\_kro)} + (1 - ﬁ) [J%(\/A_kro)} ]

o0

k

0 %) r
X 1 Sin (uk —
T "o

Using the coordinate transforms

ro= i +a3+ a1
0 = arctan(\/a? + 23/13),

¢ = arctan(zy/x7),



44

we obtain

LA+ 20) 7222 [[J (W_ﬂoﬂ + (1 - ﬁ) [‘] %(\/A_’“TO)] ]

o0

k

1 . /22 + 12 + 22
X sin <,u,(€2) ! 2 3),
Vi + i+ ad To

is the solution of the initial boundary value problem (3.2.6)-(3.2.8). Before we
found that the solution of the initial boundary value problem for the vector wave
equation is zero. So we will find the solution of the Cauchy problem for the Lame
system in the form

U(xy,xg, x3,t) = V0 + curl, A.
Now we will find

86 96 a¢)'

Dy’ Dy’ Dy

Vao = (

9o _ i 2a, sin[a,/Axt]
= VAR + 2#)7?27“8\/5[@’;(\/)\_1@7“0)]2 + (1 B 48%) [J;WTWH

B 1 1 2 2 2
G ()
Ox; T+ x5 + a3 To

0o _ i 2a,, sinfa, v/ Axt]
895,- 2 2
=i zu)ﬂzrm[[%(m@] b (1 o) [0 ]

1
Mfgz)flfi

[ro(ﬁ + 23 + 23

1 2 2 2
cos <'ul(€2) $1+x2+$3>
) To

T (Vi ad + )
— ——————sin (1, .
V(@? + 22+ 23)3 To
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If
vm¢ = ((V(b)ml? <v¢)$27 (v¢)r3>
then
(V). = > 2a, sin[ap\//\—kt]xl
“ — (a3 + a5+ VNN + 20)m2r3/2
(3)
x 1 ) (i VT
2 To To
[[ngro)] + (1= ) [ (V) ]
1 1 \/W
B A (,u;é) Il+x2+x3)]'
\V T+ 25+ 23 To
B i 2a, sinfa, v/ Apt] o
— (23 + 23 + 1)V + 2u) 7232
1 ,u(%) (/23 + a3 + a3
X b cos (u,f L= 3>
To To

R ik

1 1 \/ﬁ
B e e (ME“Q) . +x3)]'
VX + a5+ 3 To

(Vo). = i 2a, sinfa,/ Art] s
—1 (27 + 23 + 23)V A\ + 2u) 723 V2

1

R il

X

1 2 2 2
cos (Ml(f) ntnt $3>

To To

1 : Hyat 4 a5 + a3
_ sin (M;(f) T+ 75 xs)]
Vi +ad+ ad To
Since
U(zy, g, x3,t) = V0 + curl, A,
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and curl, A = 0 then

Ular, 2z, 23,1) = <U1(:c1,:1:2,:c3,t),Uz(:m,xz,xg,t),U3(£E1,332,56'3775)>-

" o0 2a,, sin[a, v/ Apt] 71
X = E
-1 5131 + :L'Q + xs)m()\ + 2M>7T27"8

L___sin (,ﬁ)@)

N k -
_ — : (3.2.12)

[[J';WA_MO)]%F( o) [ (VA ]

t) Eoo 2a, sinfa, v/ Ait]zy
(x,t) = v
- (22 + 22 + 22) V20 (N + 2u) 722

Ho -
X

[ ﬁcos( (%)@>
[[J'é(\/A—m)]Z X (1 - ﬁ> [J;(\/A_km)r]

——L—sin (;&)@)
IQ 1'2 222 =
_ m 0 ] (3'2.1?))

o]+ (1= ) [ |
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— (27 + 23 + 23) V2 (N + 2u) g

Us(x,t) = Z ( 2a, sin[a,/Axt]as
k=

1
2 (M(%)\/z%—&—x%-i—x%)

k
k= cos ( p, 0

l[[w]ﬂwm 0/ |

1 sin <M(%) \/x%+1‘§+$§>
Vxit+ai+x3 k 70

g+ (1= ) ] |

(3.2.14)

(3)
A+ 2 2)\ 2
P To

1 1
,u,(f), k=1,2,... are roots of the equation  Ji(u)u — §J% (u) = 0.
2

where «

Solution of the problem defined in (3.2.1)-(3.2.4) is given by the formulas
(3.2.12)-(3.2.14)

3.2.1.1 Mathematica Commands for Finding the Components of the Solution

In this subsection we use the formulas that we obtained for the components of
U(x,t) and Mathematica for the simulation of the wave propagation in spherical
domain.

Mathematica commands for finding U;(x,t), Us(x,t), Us(x,t) are listed

below.

<< NumericalMath‘BesselZeros®

<< Graphics ‘Graphics3D*

<<Graphics ‘ParametricPlot3D*
INPUT: Nt,rho,lambda,mu,radius;
speed = Sqrt[(lambda + 2*mu)/rho];
T = radius/speed;

Clear[aal

tt = 170;
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aa = 2*xxD[BesselJ[1/2, x], x];

bb = BesselJ[1/2, x];

setaa = {};

For[i =1, i <= tt, i++,
ali]l = x /. FindRoot[aa == bb, {x, i}];
setaa = Append[setaa, alill;]

setaa = Sort[setaal;
k = 2;
b[1] = setaal[1]];
For[j = 2, j <= tt, j++,
If [setaall[jl] != blk -1],
blk - 1] = Module[{}, k = k + 1; setaal[jl11]; 11
muk = b;
Do[1[i] = (muk[i]/radius) "2;
fli] D[BesselJ[1/2, x]] /. x -> muk[i];
gli]l = flil*f[i];
ff[i] = BesselJ[1/2, x] /. x -> muk[i];
gglil = ff[i]*££[i];
h[i] = 1/(muk[i]*(lambda + 2+*mu)*Pi*Pix
radius*(g[i] + (1 - 1/(4*radius”2*1[i]))*gglil));
pli] = 2xspeed*Sin[speed*Sqrt[1[i]]*t];

zz[i] = muk[i]/radius;
kk[i] = zz[il*Cos[zz[il*r] - Sin[zz[il*r]*(1/r);
, {1, 1, k - 1}];

x = r*Cos[varphi]*Sin[theta];

y = r*Sin[varphi]*Sin[thetal;

z = r*Cos[thetal;

f1 = Sum[p[iil*h[iil*kk[ii]l*(x/r"2), {ii, 1, k - 1}];
2 = Sum[p[iil*h[iil*kk[ii]l*(y/r"2), {ii, 1, k - 1}];
£f3 = Sum[p[iil*h[iil*kk[ii]l*(z/r"2), {ii, 1, k - 1}];

RTfil = ReplaceAll[f1l, varphi -> Pi/4];
RTfi2 = ReplaceAll[f2, varphi -> Pi/4];
RTfi3 = ReplaceAll[f3, varphi -> Pi/4];

OUTPUT: Ul, UQ, Ug.”
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In this subsection IBVP for the Lame system with Dirichlet boundary condition
and with the external force of the form f(x,¢) = Vd(x)d(t) isreduced to IBVP for
the scalar wave equation and IBVP for the vector wave equation with Neumann
boundary condition in spherical coordinates. These problems are solved and
simulated in spherical domain. We use vector analysis technique, generalized
functions theory and Fourier series expansion method to obtain the formula for
the solution of the considered IBVP problem. Using this formula the simulation
of elastic waves are done. As a result solution of the problem defined in (3.2.1)-
(3.2.4) is (3.2.12)-(3.2.14). For simulation first 25 terms are added. So (3.2.12)-
(3.2.14) becomes

25 )
2 At
Uy (x.1) Z ap sinfa,/ Agt]|z

(1 + 23 + 23) V2 (A + 2p) 777G

hy/at + a3 + a3
coS (MI(CQ) : r02 3)

i 2a,, sinfa,/ Axt] o

Us(x,t) =
090 = 2 G T IO+ 2

k=1
u(%) (H/2T + 23+ 23
E cos ('ukz 1 2 3)
To To

1

2 2 [
]+ (1= o) [ |

X

1

N S ara Rt ('uk
\V T+ 15 + 23 To




20

Us(x. 1) i 2a,, sinfa, v/ Agt]zs

3 X, =
(1 + 23 + 23) V2 (A + 2p) 770G

(3)

P o (uff) 23 + 23 +a:§>

To To

1

2 2 [
T

X

1 1 \/W
B (’u%) . +x3)]'
\V T+ 25 + 23 T'o

(3.2.17)

For simulation of these components, the following values are used
A=4; p=2203; p=3,12; ro = 5. Here p is the density of elastic medium,
A, i are Lame parameters(physical constants), A+2u >0, p >0, u>0 are

A+2u m

positive constants, 7o is the radius of sphere and a, = , Qs = 4] —,
P P

where a,,a, are longitudinal and transversal speeds of elastic waves.
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In Figure (3.6)-Figure (3.8), components of vector function U(x,t) that are
Ui(x,t), Uy(x,t), Us(x,t) are simulated. The horizontal axes are r, 6 and
the vertical axis corresponds to the component of U(x,t). The variable ¢ taken
as ¢ = m/4. Since the IBVP for vector wave equation has a zero solution for
external force f(x,t) = VJ(z)d(t) there exists only one wave that occurs from

the solution of the IBVP for scalar wave equation.

3.2.2 The Source of the Rotation Center
f(x,t) = curl,[ed(x)d(t)]

Now let us consider the following Cauchy problem for the Lame system:

52U
P o

= (A +21)V,div, U — peurlcurl, U + f(x, 1), (3.2.18)

subject to the initial conditions

ou
U(X,t)lt:() = 0, E(X, t)‘t:() = 0, (3219)
and the boundary condition
U(x,t)|jxj=r, = 0, (3.2.20)

where D = {z € R3: |x| < 1y} and let vector f is given in the form
f(x,t) = curl,[ed(x)d(t)],
where ¢ is the Dirac delta function and e is any vector function.
Our goal is to find the function U(x,t) satisfies (3.2.18)-(3.2.20).
If we assume f in the form
f=V.g+ curl,F,

using potential approach we obtain
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and

F = ed(x)d(t).
Let U depend on r,t in spherical coordinate system. Lame system will be
reduced to two wave equations. For ¢(r,t) boundary condition in spherical
0o(r,t - OA(r,t
| ¢g: ) = 0 and for A(r,t) is 8(77:7 )
spherical coordinates (Barton, 1989)

coordinate system is =0.In

‘ r=To ‘r:ro

1 e

ed(x)d(t) = e47r<5”(r) =53

3(r)o(t).

Hence we obtain IBVP for the scalar wave equation and IBVP for the vector wave

equation.

The initial boundary value problem with Neumann boundary condition for the

scalar wave equation is (See, Appendix A)

1 0% _
———=A
a% at2 T’¢7
_ oo
B Dlio =0, 22 1)lco =0,
n 8&(7"7 t) _
’Qb(’f’, t)|'r:0‘ < 00, 87” |r:'r0 - 07
where
22— A+2p0
p p

It can be easily found that the solution of the initial boundary value problem for
the scalar wave equation is zero because ¢(x,t) = 0 satisfies the problem and by

uniqueness theorem this is the unique solution. So V¢ = 0.

The initial boundary value problem with Neumann boundary condition for the

vector wave equation is

1 0?A o
?W = ATA + F(T’, t),
OA
A(r,t)]=0 = 0, E(ﬂ t)]i=0 = 0,
OA(r,t
)A(T’ t)|r—0‘ < 00, ( )|7‘=To =0,
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where

and

F(r,t) =

d(r)o(t).

To solve the initial boundary value problem for the vector wave equation we must

u27r?

find the Fourier coefficient

r

(%
ed(r)é(t)rz\/i]% (mko )dr

_ eV/20(t)

D=

Using Remark (3.2.10) for

(3, r
a=3 and x =’ (T—O),

and using the properties of 6 —function from property (3.2.1) and (3.2.2) we obtain
_ eV26(t
Fi(t) = &)

2 2

p2rry [[J; (Vhra)] 4 (1= ) |73 (Vo)) ]

D=

[NIE

"o6(r) 2 (ru,(})>

w/2 i
I
— cos — sin 0) cos 6d4dr.
o VT VTN 21 /0 (i )

To
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/ (%)
Fk(t) e\/ w2 o(t)

| ] (1 )yl |

1
2

Then
Ty(t) = \;”A_k /0 t Fo(7) sinfas /(¢ — 7)]d7,
t e () 7) sinfag\/ A, (t — 7)|dT
Tk(“:;;—k/o 2e\/ ;2 8(7) sin[ag/Ne(t — 7)]d .
sasrogr| [0/ (1= o) [ ]|
Tk(t)Z\;L)S\_ 2e\/zsm[ sV Akt .
| ]+ (1 )yl
where o
V=" jo
and
V2 1 rug
Rk(T) = %TJ% (—)

o lgm] '+ (- s [y |

A solution of the initial boundary value problem for the vector wave equation is

=3 Tu(t)Rulr)

in the form
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as e\/; sinfas v/ At]

mroml[ L]+ (1 %ﬁ)wmm)k]

=

&)
= ()
To
1
,u,(f),k: = 1,2, ... are roots of the Bessel equation Ji(p)u —
2

the eigenfunctions are

1
Ry(r) = , WJ%

:i 2eaSu,C sm[ sV Akt
= el + (1 ) o]

/2
X / cos(ugg) — sin 6) cos 6d6,
0 To

:i 2ea5,uk sm[ VAR
k=1 \/A_k:UﬂTQTS\/Ql[J,;<\//\_kTO)} +( 4r2Ak)|:J1(\/—TO>] ]
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Using the coordinate transforms
ro= yai+ a3+l
6 = arctan(\/2? + 22/x3),

¢ = arctan(zs/xy),

we obtain

A(x,t) = Z 2ea, sinfasv/ At

=1 Repn?r2y/2 [[Ji(\/)\—kro)]2 + <1 - ﬁ) [Ji(mm)r]

1 . /22 + 12 + 22
X sin <,u,(€2) ! 2 3),
Vi + i+ ad To

is solution of the initial boundary value problem for the vector wave equation.
Before we found that the solution of the initial boundary value problem for the
vector wave equation is zero. So we will find the solution of the Cauchy problem

for the Lame system in the form
U(x,t) = V¢ + curl, A.
Now we will find

curl, A = ((curle)l, (curl,A)a,, (curle)g)

where y .
ILA), = —3 22
(curl,A), 9z, 075"

(curl,A); = i s 2sin(asv/Art) {esrs — eaws}

o [[Ji(\/)\_km)r + (1 - 41%;/\1) [J§<‘/A_’“T“)r]

%)
1 [MkQ o <u(%) Va2 + a3+ x%)

To k To

1 iy oS 2 2 2
— > > = sin (M;(f) AT % —I—m3>].
T+ x5+ a3 To



(curl,A)y =

(curl,A)s

Since

and

then
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0A, 0A;
(CUT’[ A) 0—3;3 — a—xl,

f: Qg 2sin(asv/Aet){e1xs — esz}
T el ] + (1 o) vl |

3.2 2 2
ro(xf + x5 + 23

(3)
1 )[Mkz o <M(;)«/m%+x§+x§)

To k To

1 1 \/W
TN (ME"Q) A +x3)]'
\Vx]+ T3+ 23 To

0Ay  0A
(curl A) 6_1;1 — a—xQ,

f: Qg 2sin(asv/Aet){ear) — €172}
% el ] + (1 o) vl |

1
1 ,u,i"’) (3@t + a3 + 23
3.2 2 2 [ cos (Nk )
ro(xy + a3+ 23) L o 7o

1 1 \/W
TN (M;Q) T +x3)]'
\V T+ 25+ 23 To

U(x,t) = V.0 + curl, A,
V¢ =0,

Ulx,t) = (Ul (x,1), Us(x, ), Us(x, t)).
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2sin(asv/Apt){eszy — eaxs}

2 [[Ji(\/)\_km)] 2 + <1 - 4%;/\1) [J%(\/A_kro)} 2]

=
w
i
NE
gﬁ

1
1 e (1) Vot + 3 + a3
37,2 2 2 [ CO8S <Nk )
7"0 (:Bl + [/U2 + $3) TO 7"0

1

. 2 2. 2
- sin (M(Q) s xi”)} , (3.2.21)
2 2 2 k
V1 + 5+ 23 To
. ag 2sin(asy/Apt){e1x3 — esrr }
U2<X7 t) = Z \/)\_k 9 9
SV |+ (1= ) [
1 RO R
X322 2 [ *— cos <Nk2 )
ro(af + a3 +a3) L o To
1 . 2, 2 2
- sin (,ﬁ iy x?’)} , (3.2.22)
2 2 2 k
V1 + 75 + 23 To
= a, 2sin(asyv/Art){ear1 — erza}
US(X7 t) = Z \/)\_k 9 9
=R [[Ji W]+ (1 s ) [ v ]
1 W AT g
302 2 2 [ cos <Nk2 )
ro(zi + a3 +a3) L ro To
1 . 2, 2. 2
- sin (2 VAT T TN (3.2.23)
2 2 2 k
\Vx]+ 15+ T3 To
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(3)

where CL2 = H’ )\k = <—Mk2 )27
P To
2,.

s

1
,u,(f); k = 1,2, ... are roots of the Bessel equation Ji (1) pu—3J1 (1) = 0.
2
Solution of the problem defined in (3.2.18)-(3.2.20) is given by the formulas
(3.2.21)-(3.2.23)

3.2.2.1 Mathematica Commands for Finding the Components of the Solution

In this subsection we use the formulas that we obtained for the components of
U(x,t) and Mathematica for the simulation of the wave propagation in spherical
domain.

Mathematica commands for finding Uj(x,t), Us(x,t), Us(x,t) are listed

below.

<< NumericalMath‘BesselZeros*
<<Graphics‘Graphics3D*
<<Graphics ‘ParametricPlot3D"

INPUT: Nt,rho,lambda,mu,radius;
T = radius/as;

as = Sqrt[mu/rho];

Clear[aal
tt = 170;
aa = 2xx*D[BesselJ[1/2, x], x];

bb = BesselJ[1/2, x];
setaa = {}; For[i =1, i <= tt, i++,
alil=x/.FindRoot[aa == bb, {x, i}];
setaa = Append[setaa, a[ill]
setaa = Sort[setaal;
k = 2;
b[1] = setaal[1]];
For[j = 2, j <= tt, j++,
If [setaalljl] !'= blk - 1],
blk - 1] = Module[{}, k = k + 1; setaal[[jI1]] 1 1]
muk = b;
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Do[1[i] = (muk[i]/radius)"2;

f[i] D[BesselJ[1/2, x1] /. x -> muk[i];
glil = filxf[i];
ff[i] = BesselJ[1/2, x] /. x -> muk[i];
ggli]l = ff[i]*£ff[i];
h([i] 1/ (muk [i]* (mu) *Pi*Pi*radius*(g[i]

+ (1 - 1/(4xradius”2x1[i]))*gglil));
pli] = 2*xas*Sin[as*Sqrt[1[i]]*t];

zz[i] = muk[i]/radius;
kk[i] = zz[i]l*Cos[zz[il*r] - Sin[zz[il*rl*(1/1);
, {i, 1, k - 1}];

x1 = r*Cos[varp]*Sin[the];
x2 = r*Sin[varp]*Sin[the];
x3 = r*Cos[the]l;

Al = Sum([p[iil*h[iil*kk[iil*(x1/r"2), {ii, 1, k - 1}];
A2 = Sum[p[iil*h[iil=*kk[ii]*(x2/r"2), {ii, 1, k - 1}];
A3 = Sum[p[iil*h[iil*kk[ii]l*(x3/r"2), {ii, 1, k - 1}];

RTcurlUl=ReplaceAll[Al, varp -> Pi/4];
RTcurlU2=ReplaceAll[A2, varp -> Pi/4];
RTcurlU3=ReplaceAll[A3, varp -> Pi/4];

OUTPUT: Ul, UQ, Ug.

In this subsection IBVP for the Lame system with Dirichlet boundary
condition and with the external force of the form f(x,t) = curl [eé(m)d(t)] is
reduced to IBVP for the scalar wave equation and IBVP for the vector wave
equation with Neumann boundary condition in spherical coordinates. These
problems are solved and simulated in spherical domain. We use vector
analysis technique, generalized functions theory and Fourier series expansion
method to obtain the formula for the solution of the considered IBVP problem.
Using this formula the simulation of elastic waves are done. As a result solution
of the problem defined in (3.2.18)-(3.2.20) is (3.2.21)-(3.2.23). For simulation first
25 terms are added. So (3.2.21)-(3.2.23) becomes
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=V 2 ;
TV el + (1 st) [y o)
1 (%) 1 2 2 2
[ s (i Vot + a3+ a3 )
3( 2 2 2 COS [j,k
To (1’1 + ) + xg) To To
SR S NC R R 5201
Vatadrag Uk o , 2.
1 2 3
25 '
Us(x,t) = s 2sin(asv/Art){errs — eszi}
SV 2 ;
T | [min] (1= ) v |
1 () g
/“’Lk (5) xl + Jf2 + l‘3
X cos ( fiy,
ro(zl + a3 +a3) L ro To
_ 1 sin (’u(%) T2 4 x5+ x%ﬂ (3.2.25)
2 2 2 k 9 L.
Vi a3+ a3 o
U3<X t) _ 25 Qg 2Sin(a5\/ /\kt){ele — @13’;2}
’ Ve 2 ;
b=t VO [[J’ o]+ (1= 75 ) |7 (VAwro)| ]
1 ! ()73 + 23+ 23
X522 2 [ £ cos <Mk2 )
ro(x1 + 23 +a3) L 1o To
1 1 2 .2 2
- sin (2 Y th Y Sk (3.2.26)
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For simulation of these components, the following values are used A\ = 4;
p = 2,203, p = 3,12, 1o = 5, e; = 1; ea = 2; e3 = 4. Here p is the
density of elastic medium, A\, are Lame parameters(physical constants), p > 0,
A+2u > 0, p > 0 are positive constants, 7y is the radius of sphere and
A2
a, = p

of elastic waves.

, Qg = \/E where ap,as are longitudinal and transversal speeds
p
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Figure 3.9: The first component of the displacement vector Uj(x,t), e;
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In Figure (3.9)-Figure (3.11), components of vector function U(x,t) that are
Ui(x,t) Us(x,t) Us(x,t) are simulated. The horizontal axes are r, 6 and
the vertical axis corresponds to the component of U(x,t). The variable ¢ taken
as ¢ = /4. Since the IBVP for scalar wave equation has a zero solution for
external force f(x,t) = Vd(x)d(t), there exists only one wave that occurs from

the solution of the IBVP for vector wave equation.

3.3 Examples of Initial Boundary Value Problem for the Lame
System with Dirichlet Boundary Condition

3.3.1 The Source of the Compression Center
f(x,t) = V0(x)d(t)

Now let us consider the following Cauchy problem for the Lame system:

02U
P o

= (A +2u)V,div, U — peurlycurl, U + f(x, t), (3.3.1)

subject to the initial conditions

U(x,1)]e=0 = 0, (3.3.2)
ou
E(X,tﬂt:o = 0, (333)
and the boundary condition
U(x, t)‘IX\=ro =0, (3.3.4)

where D = {z € R3: |x| < 1y} and let vector f is given in the form
f(x,t) = V,0(x)é(t),

where § is the Dirac delta function. Our goal is to find the function U(x,1)
satisfies (3.3.1)-(3.3.4).

If we assume

f=V.q9+ curl,F,
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then we obtain

and

If a,77 < 79 and a,T" < 7y the source of the center will not reach to the
boundary so there will not be any reflection. And also for the source with
the distance r; from the center will not reach to the boundary in the case
a,T" < (ro —r) and asT < (rg — r1). This means there is no reflection in this
case also. Thus solutions of initial boundary value problem for the Lame system
do not depend on boundary values in the cases we discussed above. This means

that we can take arbitrary boundary conditions. Assume that we have
O(X,t)|jxj=ro = 0 and A(x,t)|x/=r, = 0.

So we obtain initial boundary value problem for ¢(x,t)

ai%% = Daft A+12ug’ "= Hpm’ (339
¢(x,1)[t=0 = 0, g—f(x,t)lt:o =0, (3.3.6)
O(%, )] jxj=ro = 0, (3.3.7)
and initial boundary value problem for A(x,1)
ai;’;‘;‘ — ALA + %F a? = %, (3.3.8)
A(x,t)]=0 =0, %—?(X, t)]e=0 =0, (3.3.9)
A, ) ixry = 0. (3.3.10)

Solution of the initial boundary value problem for the vector wave equation is
zero because A(x,t) = 0 satisfies the problem and by uniqueness theorem this

is the unique solution. So curl, A = 0.
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Now we are going to solve the initial boundary value problem for scalar wave
equation in the sphere so let us firstly write the equation in spherical coordinates.
Substituting x; = rcosysinf, ro = rsinpsinf, x3 = rcosf into

(1, 9, 3,t)  We have

o(rcospsind, rsinpsinb, rcosd,t) = ¢(r,0, ¢, t).

We obtain new function é(r,6,¢,t). Using the properties of the Dirac delta
function that are (Barton, 1989)

T

- N = (n—1)
wp(n — 1)!5 (),

where w,, is the area of the unit sphere and
20" (r) = (—1)*2!5(r) = 26(r),

since for the sphere (n = 3) area of the unit sphere in R? is w3 = 47 then

(_1>3_1 (3-1) Lo 1
—2 = — =
w3(3 —1)! ) 47r6 (r) 27r?

i(x) =

o(r),

the initial boundary value problem for the scalar wave equation becomes

LY = Do+ G(r,0,¢,1)
61120 8252 - r,0,¢0 g\r,v,p,t),
_ oo
¢(r7 07 Spvt)|t:0 = 07 a_f<r7 97 @, t)|t:0 = 07

|Q3(Ta 97 (107 t>|620 < oo’ QE(T7 97(p+ﬂ-’ t) = &(r7 97 SO? t)?

’&(7“79790,t)|r:0 < 00, qz(raeagpﬂf)‘?“:ro = 07

where
o A+2u
a, = ,
p
and .
g(r,0,p,t) = ——46(r)o(t).
10r..0.1) = g0 0)3()

To solve the initial boundary value problem for the scalar wave equation we must



find the Fourier coefficient

0 27 s (m)
o Jo Jo (A+2p)2mr ro\/?[J;Hr%(ukn 2 )}

1
X1 (,ﬁj* 2) 1) d6dedr,

To
T (1) = / TO / ) / TS VA6, 9)
knm o Jo o (A+2u)27 TO\/F|:J/+1(M](€71+%))}
X1 (u,ﬁ"+5)%) sin 6dfdepdr,
_ 5(t)v2 "o a(r) (n+d) T
gknm(t>: / 1 Jn+% O dr
7“0(/\‘|‘2/L)27T( 0 \/F[JTIH_l(/vL]({; +2))] ( 7’0) )

27 ™
x( / / sineygm(e,@)ded@).
0 0

Remark 3.3.1. (See, Appendiz F')

o 4 =0 A m=0
/ / sin @Y™ (9, p)dgdp =4 " "
o Jo 0, n#0 VvV m#0.

If we substitute this relation to Fourier coefficient we have

V26 "0 o(r 7
7"02<)\2—|—(2tl)//) /o \/;[J/l((/i](}))] J1 (M;E; )%>dr,

Jroo(t) =

72

when n =0, m = 0. Bessel functions has the following equality (Arfken, 1968)

2 T\ w/2
Jo(X) = —=——=( = in 0) cos®* §de,
(x) N CE] (2> /0 cos(x sin 6) cos
so for
a==and = u,(f)(i)

2 To
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we have
(3)

(3T 2 ot Ne [T T
J1 (1, (T_())):ﬁ( 2:0) /0 cos( iy, Esm&)cos@d&,

and using the following properties of J—function (3.2.1) and (3.2.2) we obtain

1

_ 2V/25(t) [T 5(r) 2 1/2
Groo(t) = _7“0()\ +2u) /0 \/F[Ji(ﬂi(c%))} [\/7?(% — %>, (MQm )

w/2 1
X / cos(,u,(f) " gin 0) cos Gde] dr.
0 To

Using Remark (3.2.1) we obtain

45(0)\
O+ 2oy T/ T, (1)

Groo(t) =

Since we obtain a non-zero solution for gg,,, when n = 0 and m = 0 then we will
find T}, and Vi, for n =0 and m =0

a t 40(T) ,u,(f)
Thnm (t) = —= D sinfa,\/ Agn (t — 7)]dT,
VAkn Jo ro/To(A + 2p) /7 J1 (11,°")
(3)
4 2
Thoo(t) = Ip Hi T sinfa,\/ Akot],
V Ao Tov/To(A + 20) /7T’ (11,>)
M(%)
where /Ao = “5— and
To
1
V2 2 ,u,(f)r 1/2
Vioo(r,0, ) = ) [\/}(l — l)!( 2rg )
To\/T J%(:U’k ) 2 2

KO,
></ cos(p;2"— sin B) cos 6d6
0 To
(3)
92 2 w/2 1
= al B / cos(u,(f)i sin 6) cos 6d0,
rov/ioV | 4 ()] Jo "o
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since (See, Appendix F)

and using Remark (3.2.1)

20/ 1y, o . (DT
rov/Fon/ [ I3 ()| ’
2 . yr
VkOO(T7 87 S0> - 1 Sin (Ml(j)?"_) .
0

Ay )

A solution of the initial boundary value problem for the scalar wave equation

is in the form

3(r,0,0,t) = > Troo(t)Vioo(r, 0, ),
k=1

where

/)
1

VAR o+ 240 )

a
Troo(t) = —=

sina, v/ Akot],

(3)
A= Ao = (Mk

2
) , k=1,2,... are eigenvalues
To

1
uff), k =1,2,... are roots of the Bessel equation J%(u) = 0 and the

eigenfunctions of the Laplace operator in the sphere is

2 . yr
VkOO(ra 97 90) = (l) (l) Sin <Ml(cz)r_> .
A\ 12 \/ToT [J’% (1,2 )} 0
Hence )
B % 8ay, sinfa,/ Aot sin <u,(f)%>
¢(Ta0a907t):z (;) 20
=V Aorrd A+ 27 | I ()]
A+2
where ai = + N.
P

Using the coordinate transforms

ro= yJai+a3+ a1
0 = arctan(\/2? + x3/13),

¢ = arctan(zy/x1),
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we obtain

f: 8ay, sinfa,/ Akot]
1 2
k=1 v/ Apord (N + 2p) 7 [J,% (Ml(f))}

1 /22 + 12 + 2
X sin (u,(f) s 3>>
Vot + 23+ a3 To

is solution of the initial boundary value problem for the scalar wave equation
(3.3.5)-(3.3.7). Before we found that the solution of the initial boundary value
problem for the vector wave equation is zero. So we will find the solution of the

Cauchy problem for the Lame system in the form
U(zy, xg, x3,t) = V0 + curl, A.

Now we will find
2 00 00y
03:1’ 8.7727 8563 '

V.0 = (

oy =

2 2 2
VI + x5+ 23

0p 8a,, sinfa,/ Akot] 0 [

sn (4 VTR
= 112 9, ]
3:151 1 /AkOT(Q)()\ 4 2M>ﬂ_ [J/% (/J’l(~32))i| aZL‘z

09 8ay, sinfa, v/ Agot]
Ox; > HONE
k=1 \/ Arord(A + 2u)m [J% (pe )}

1
M;f)flfi

[ro(x% + 23 + 23

1 2 2 2
cos (Nl(ez) ntnt $3>
) To

B T (V@ +as+ a3
7 2 o\ Mk ’
\/(Il + 3 + a3) "o

If we denote

Va6 = ((V6)as (V0)ar: (V) )
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then

(Vo). = i ap 8sin(a,v/ Agot) 21
o VA (3)
k=t VRO (A 2w [T () Pri (2 + 23 + 23)

(3) ) 2 2 1 L \/W
X [—”’“ cos <u,(f) ik x?’) — ——————sin (u;(f) ntnt x?’)]
To 7o VIl + 5+ 23 To

i 8sin(ap\/vt)$2
VA (A 4 20)7 71 (uk W2rd(ad + a3 + x3)

(3)
X[NkQ <;>\/$%+:v%+w§> B 1 “in (u( ) x%+x%+w§>]
To Vst + xi + a3 To

8

Z SSiD(CLp\/Et)Ig
W_ko O+ 200l ()23 (23 + 23+ 23)

(3)
[uk (M@m/x%ﬂ%m%)_ L sin (4 :c%+x%+w§>]
7o Vi + ad + ad g To

U(xy,x9,x3,t) = Vi + curl, A,

and curl, A = 0 then
U(zy, 22,23, t) = <U1(961,902,$3,t)7U2($1,$2,$3,t)7U3($17$2,$37t)>-

i 88in(ap\/vt)x1
VAo (A +2u)m [J/ (Mk )]27”0(% + x5 + 13)

(3) NN e 1 N
o« [,uk cos </L1(f) r]+ x5+ a:3> B : _ : sin (Mz(f) Ty + x5 + x3>]
To To \Vx]+ 5+ 13 To

(3.3.11)
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i ap 8 sin(a, v/ Apot) T2

UQ(X7 t) = \ (1)
5 VN0 (4 2l ()2t + )
(3) N e e 1 ) T 2.2
% [M: cos (Nl(f) ri+ x5+ IL‘3) . . 2 g sin (,U;(f) i+ x5+ ZL’3>}
0 To VI + x5+ 23 To
(3.3.12)

i SSin(ap\/Vt)xg
VN0 (A -+ 20yl 1 () rd (e + 23 + 23)

(3)
[,uk o </L§€ )\/a:1+x2+x3> B 1 “in (:U’l(c) 2?2 + 22 + 22 }
To To Vi + ad + ad To

(3.3.13)

A+ 2
where af) = i ,u;
P
Lyr\2 .
Ako = (,u,f —) are eigenvalues and
To

1
uﬁf); k= 1,2, ... are roots of the Bessel equation J% (u) =0.

Solution of the problem defined in (3.3.1)-(3.3.4) is given by the formulas
(3.3.11)-(3.3.13)

3.3.1.1 Mathematica Commands for Finding the Components of the Solution

In this subsection we use the formulas that we obtained for the components of
U(x,t) and Mathematica for the simulation of the wave propagation in spherical
domain.

Mathematica commands for finding U;(x,t), Us(x,t), Us(x,t) are listed

below.

<< NumericalMath‘BesselZeros®
<<Graphics‘Graphics3D*
<<Graphics‘ParametricPlot3D"
INPUT: Nt,rho,lambda,mu,radius;
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ap = Sqrt[(lambda + 2*mu)/rho];

T = radius/ap;

muk = BesselJZeros[1/2, Nt];
(muk/radius) "2;

D[BesselJ[1/2, x], x] /. x —-> muk;
=fx*f;

1/((lambda + 2#*mu)*Pi*muk*radius*g) ;

8*ap*Sin[ap*Sqrt [1]*t];

muk/radius;

" N T B 0’ H
1]

zxCos [zxr] -Sin[z*xr]*(1/1);
RQTfil =Sum[p[[i]]*k[[i]]*h[[i]]

x(Sin[theta] *Cos[varphil /r), {i, 1, Nt}];
RQTfi2 =Sum[p[[i]]*k[[i]]1*h[[i]]

*(Sin[thetal*Sin[varphil/r), {i, 1, Nt}];
RQTfi3 =Sum[p[[i]]*k[[i]]1*h[[i]]*(Cos[thetal/r), {i, 1, Ntl}];

RQTgradUl = ReplaceAll[RQTfil, varphi -> Pi/4];
RQTgradU2 = ReplaceAll[RQTfi2, varphi -> Pi/4];
RQTgradU3 = ReplaceAll[RQTfi3, varphi -> Pi/4];

OUTPUT: Ul, U2, U3.

In this subsection IBVP for the Lame system with Dirichlet boundary condition
and with the external force of the form f(x,¢) = Vé(x)d(t) isreduced to IBVP for
the scalar wave equation and IBVP for the vector wave equation with Dirichlet
boundary condition in spherical coordinates. These problems are solved and
simulated in spherical domain. We use vector analysis technique, generalized
functions theory and Fourier series expansion method to obtain the formula for
the solution of the considered IBVP problem. Using this formula the simulation
of elastic waves are done. As a result solution of the problem defined in (3.3.1)-
(3.3.4) is (3.3.11)-(3.3.13). For simulation first 25 terms are added. So (3.3.11)-
(3.3.13) becomes

2

ot

a 8sin(a,v/ Akot) 1
k=t VRO (A 2p)m[ 1 ()P (] + a3 + )
(3) /
X [M’“z cos <u,(€%) ik b x%) — ! sin (Mi(c%) R x%)}
To To x4+ 13 4 23 To
(3.3.14)
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25 :
a 8 sin(a,v/ Akot)x
Us(x,t) = Z \//\P_ ((lp) kot ) o
k=t VRO (A 2p)m [T () Prg (2F + 23 + 25)
2
(3)
D (VEETRY ey
T'o To Vi + ad + 2k To
(3.3.15)

2

Us(x,1) = Z ap, 88in(a1p\/)\k0t)x3
= VA0 (4 20w [T (u2)Pr2 (a2 + o+ 22)

ot

(3) L 2 2 2 2 2 2
1 + x5 + 1 ) 1
X[M: cos <Ml(€2)\/x1 x5 x3> _ : i _sin (,u;(f) x1+x2—i—x3)]
0 T'o v+ x5 + a3 To

(3.3.16)

For simulation of these components, the following values are used A\ = 4;
p=2,203; u = 3,12; ro = 8. Here p is the density of elastic medium, A, u
are Lame parameters(physical constants), p >0, u > 0,A+2u > 0 are positive

A+ 2p

constants, 7¢ is the radius of sphere and a, = , A = \/E, where
\/ P P

ap, as are longitudinal and transversal speeds of elastic waves.
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In Figure (3.12)-Figure (3.14), components of vector function U(x,t) that are
Ui(x,t), Uy(x,t), Us(x,t) are simulated. The horizontal axes are r, 6 and
the vertical axis corresponds to the component of U(x,t). The variable ¢ taken
as ¢ = m/4. Since the IBVP for vector wave equation has a zero solution for
external force f(x,t) = Vd(x)d(t), there exists only one wave that occurs from

the solution of the IBVP for scalar wave equation.

3.3.2 The Source of the Rotation Center
f(x,t) = curl,[ed(x)d(t)]

Now let us consider the following Cauchy problem for the Lame system:

52U
P o

= (A +21)V,div, U — peurlcurl, U + f(x, 1), (3.3.17)

subject to the initial conditions

U(x,t)|=0 =0, (3.3.18)
ou
W(X’t)’tzo = O, (3319)
and the boundary condition
U(X, t)hx‘:m = 0, (3320)

where D = {z € R?: |x| < 1o} and let vector f is given in the form
f(x,t) = curl,[ed(x)0(t)],

where 0 is the Dirac delta function and e is any vector function. Our goal is to

find the function U(x,t) satisfies (3.3.17)-(3.3.20).

If we assume f in the form

f=V.g+ curl,F,
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using potential approach we obtain
9=0,

and

F = ed(x)i(t).

Hence we obtain two wave equation from the given Lame system. The initial

boundary value problem for ¢(x,t) is

1 02%¢
G—%W = Ny,
0
60 Dlio =0, 22 1) =
gb(x, t)||x\=ro = 07
where ai = At 2”.

And initial boundary value problem for A(x,t) is

1 9’A 1
N N )
a? ot? * L
0A
A(X7t)’t=0 = 07 E(X7 t)‘tZO = 07

A(X, t)||x|:7~o = 0,

where
a? = % and F = ed(x)o(t).

It can be easily found that the solution of the initial boundary value problem
for the scalar wave equation is zero because ¢(x,t) = 0 satisfies the problem and

by uniqueness theorem this is the unique solution. So V¢ = 0.

Now we are going to solve the initial boundary value problem for the
vector wave equation in the sphere so let us firstly write the equation in spherical

coordinates. Substituting

x1 =rcospsing, ro =rsingsind, rs =rcosb,



into  A(wy,x2,x3,t) we have

A(rcospsinf, rsinpsind, rcosf) = A(r,0, 0,1

and using the properties of the Dirac delta function that are (Barton, 1989)

(=) "2

o) = =)

o= I(r),
where w,, is the area of unit sphere and
r20"(r) = (—1)%2!5(r) = 26(r),

since for the sphere (n = 3) area of the unit sphere in R? is w3 = 47 then

=50 = 5

A 22

5(x) = 1T

=~ 956D =

o(r),

the initial boundary value problem for the vector wave equation becomes

1 6°A S
g = Do A+ E,
- OA
A(T’, 07 2 t)’tzo = 07 E(ra 97 2 t)|t:0 = 07

|A‘(T7 0’ 807 t)|9:0 < w? A’(T7 07(p+7r7 t) = A‘(r7 07 <IO7 t)7

|A(r,0,¢,t)|,=0 < 00, A(r,0,0,t)],=r, =0,

Now we will find the Fourier coefficient

_ P T ed(r)o(t) 5 . V"0, )
F,mm(t):/o /o /0 Twr 81n9[ro\/;[J;+ (Ml(:f_é)>i|

1
2

(n+%)£

Xyt (uk ro)} d6dedr,

85
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2/r

(n+1)
‘]n 1 Mlc :
Fm (t) = / / / PYSIOs ) ) “( — >d0dgodr
2,u7T7"0 J;+%<Mk” 2)

—~

i VT [ o) ot (15
F (1) = © ourre Sy VT [J;ﬁ;(m(f%))} Y

27 s
x( / / sinQYn(m)(G,gO)deg0>.
0 0

Using Remark (3.3.1) we have

i AL, )

2

and using the equation (3.2.10) for

1 Ly, r
= — d fg 2 —
a=gand o= (5)
and using the following properties of J-function in property (3.2.1) and (3.2.2) we

obtain

_ V2ed "o(r 2y
Fuait) = 2000 [mim : \(f)[ﬂ; 5ils,)

2

N
></ cos(py,>’ sin—) cos 6d|dr
0 To

4e3(t)\/ i
= 1 .
rov/Foi /w1 (112)

Since we obtain a non-zero solution for Fj,,, when n = 0 and m = 0 then we will
find Ty, and Vi forn =0 and m =0

(3)
0 [* des(r)y/ul
Thnm (t) = e k D sinfasv/ Ak (t — 7)]dT,
i 0 o e/ (1)
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(3
4ed(T)\/ 1y

Ve / rofMJ' (1)

k

(3)
der/ 1,°
s aL: sinfas\/ Awot],

VA0 g /7 (1)

and since YO(O)(Q, ¢) =1 then

TkOO

1
V2 2 ,(f)r

1/2
Vioo(r,0, ) = ro\/F[J’% (H;i%))} [ﬁ(% - 1) (MQTO )

/2 1
x/ cos(/uc,gC 2 sing ) cos 0dd
0 To
92 M(%) w/2 (l) r
= b O / cos(p2” sin—) cos 6d0
rovioV | 74 ()] "o

Now using Remark (3.2.1) we obtain

20/ p T ) Lyr
Vioo(r,0, ) = - T ?1) S (M;Q)T—)7
rovToVa I ()] i 0

sin <,u,i);;>
v (]

A solution of the initial boundary value problem for the vector wave equation is

Vkoo(T 0, 90

in the form

A(ﬂ 07 2 t) = Z TkOO(t)V;COO(Ta 19, 90);
k=1

(3)
de\/ 1,°
Thoo(t) = @s al. sinfas\/ Akot],

1
VA g /7T, (1)

where

($)\ 2
A=Ay = (%) , k=1,2,... are eigenvalues,
0

1
ugf),k: = 1,2,... are roots of the Bessel equation J%(,u) = 0 and the
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eigenfunctions of the Laplace operator in the sphere is

2 1 1 . (Lyr
Vioo(r, 0, ¢) = PRENINE — sin <pk2 —>_
r/ToT [J%(,uk2 )} s M;(f)

Hence

oo
- Qs Se

A(r,0,p,t) = Z T
= VA0 g ) ()2

1
sinfav/ Agot] sin <,u,(€2)i).
To

Using the coordinate transforms

ro= \/o?+ 13+ 23,
6 = arctan(\/2? + 22 /x3),

arctan(zy/z1),

©
Il

we obtain

> Qg Se
A([Z’l,QZQ,.Tg,t) = Z

1
it VA (/o a2l T ()P
(1) /2] + 23 —|—x§>

X sinfas\/ Agot] sin (uk
To

is solution of the initial boundary value problem for the vector wave equation.
Before we found that the solution of the initial boundary value problem for the
scalar wave equation is zero. So we will find the solution of the Cauchy problem

for the Lame system in the form
U(zy, 9, x3,t) = V00 + curl, A.
Now we will find
curl, A = <(curle)1, (curl,A),, (curle)g)

where o4 94
A), — 223 72
(curl,A), oz, 074"
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= ay  8sin(asv/Arot){esrs — eaxs}
(curl,A); = Z S )
k=t VRO [ T3 ()P (2 + 3 + a3)

<;>\/fc¥+$3+x§>_ 1 “in (u@)\/fr%xgﬂf%ﬂ

Hy, <
X [— cos (
To g To Vi + ad+ ok g To
0A;  0As
l:A)g = — ——,
(Cur )2 61'3 8.271
a5 8sin(asyv/ gt -
(curl,A)y = Z C; sin(a = rot){e1zs — ez}
o VM0 ] ()18 (a2 + a3 + ad)
TR B B 1 )V + A+ 3
X [L coS </Lk2 > — sin (,ukf )}
To To Vi + 2k + ad To

04y 0A
(CUT[IA)?, = a_;[;l 8_;,52’

2 ay  Ssin(agsvIot){ears — €1z
(curl,A)s = Z = ( + rot){ €21 172}
=1 Y kO /MT[J% (2 ))Pra(a? + a3 + 23)

(3) ) 2 2 2 2 2 2
Hy/xi+ x5+ 1 ) L/ xi+ x5+
X[Mk cos (u,(f) 1 2 3) — sin (u,(f) ! 2 3)}
To To V2 +ad + a3 To

U(xy,x9,x3,t) = Voo + curl, A,

and

Vo =0,
then

U(xy, 29, 23,t) = <U1(931,$2,-’B3,7f),U2(9C1,l‘2,$3,t),U3($1,$2,$37t)>-
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o0

as  8sin(asv/ Aot){esrs — ears}
1
it VA0l (2 ) Pr(ad + 2 + o)

Ul(l‘l, T2, T3, t) =

(3) ) 2 2 1 /3 2 2
X [—M’“ cos <u,(f) ik x?’) — —————sin (u;(f) CRECRS x?’)} :
To To VIl + 5+ 23 To

(3.3.21)

as  8sin(asv/ Apot){e1z3 — ezzr}

Us(x1, 9, 23, 1) = T
it VA ] (2 ]r(ad + af + o)

(3)

Iz g e 1 /= mr
X[M: oS </L§€2) Ty T 25 $3> . ———__sin (NI(CQ) x1+x2+x3>}7
0 To V1 + 725 + 23 To

(3.3.22)

as  8sin(asv/ Agot){ear1 — €122}

1
it VAR ] () ]2rd (a3 + af + o)

(3)
) [Mkz o <u(;)./x% +x%+x§) B 1 “in (M](})\/x%jo% +x§>}
To Va4 23+ 23 To

(3.3.23)

(3) 9
Ao = ('uk > are eigenvalues and
To
k

= 1,2, ... are roots of the Bessel equation J% (n) =0.

Solution of the problem defined in (3.3.17)-(3.3.20) is given by the formulas
(3.3.21)-(3.3.23)
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3.3.2.1 Mathematica Commands for Finding the Components of the Solution

In this subsection we use the formulas that we obtained for the components of
U(x,t) and Mathematica for the simulation of the wave propagation in spherical
domain.

Mathematica commands for finding U;(x,t), Us(x,t), Us(x,t) are listed

below.

<< NumericalMath‘BesselZeros®
<<Graphics‘Graphics3D*
<<Graphics‘ParametricPlot3D"

INPUT: Nt,rho,lambda,mu,radius,el, e2,e3;
as = Sqrt[mu/rho];

T = radius/as;

muk = BesselJZeros[1/2, Nt];

= (muk/radius) "2;

= D[BesselJ[1/2, x], x] /. x -> muk;
= fxf;

=1/ (mu*Pi*muk*radius*g) ;

8*as*Sin[as*Sqrt[1]*t];

muk/radius;

zxCos [zxr] - Sin[z*xr]=*(1/r);

1
f
g
h
p
zZ
k
a = r*Cos[varphi]*Sin[theta];
b

=r*Sin[varphi] *Sin[theta];
¢ = r*Cos[thetal;

ml = (e3*%b - e2*c)/r"2;
m2 = (el*c - e3*a)/r"2;
m3 = (e2%a - elxb)/r"2;
RQTA1 = Sum[p[[i]]*k[[i]1]*h([[i]11*m1, {i, 1, Nt}];
RQTA2 = Sum[p[[i]]*k[[i]]*h[[i]]*m2, {i, 1, Nt}];
RQTA3 = Sum[p[[i]I*k[[i]]*h[[i]]*m3, {i, 1, Nt}];

RQTU1 =ReplaceAll[RQTA1l, varphi -> Pi/4];
RQTU2 =ReplaceAll[RQTA2, varphi -> Pi/4];
RQTU3 =ReplaceAll[RQTA3, varphi -> Pi/4];

OUTPUT: Ul, UQ, Ug.
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In this subsection IBVP for the Lame system with Dirichlet boundary
condition and with the external force of the form f(x,t) = curl [eé(:z:)é(t)] is
reduced to IBVP for the scalar wave equation and IBVP for the vector wave
equation with Dirichlet boundary condition in spherical coordinates. These
problems are solved and simulated in spherical domain. We use vector
analysis technique, generalized functions theory and Fourier series expansion
method to obtain the formula for the solution of the considered IBVP problem.
Using this formula the simulation of elastic waves are done. As a result solution
of the problem defined in (3.3.17)-(3.3.20) is (3.3.21)-(3.3.23). For simulation first
25 terms are added. So (3.3.21)-(3.3.23) becomes

. ay  8sin(asv/Aot){eszs — eaxs}
1
it VAl (2 ) Prd(ad + 2 + o)

Ul(l‘l, X2, T3, t) =

(3) L 2 2 2 2 2 2
12T+ 1 NVCRY. +
X[#k oS (Nl(f) 1 m2+x3) L — (Méz) 1+ 13 $3>}7
To To V1 + 5+ 23 To

(3.3.24)

[e.e]

Qg SSin(CLS )\kot){(?ll’g — €3ZL’1}

1
it VAl (2 ) Pr(ad + 23 + o)

Us(xy, 29, x3,t) =

(3) N e g 1 ) T2 2
X|::U’k oS </L§€§) $1+Iz+$3> . ——___sin (,U;f) x1+x2+x3>}’
To T'o V] + x5 + a3 To

(3.3.25)

L ay  8sin(asv/Arot){ears — €11y}

U3([L‘1,ZL‘2,ZE3,t) = T
it VAR ] () ]rd (a3 + af + o)

P25 e 1 P2 g
x[ oS <MI(€2)\/3?1+5’72+3;3)_ ——_sin (Méz)vx1+x2+$3>]
To To \Vx]+ T3+ 5 To

(3.3.26)

For simulation of these components, the following values are used A = 4;
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p = 2,203; p = 3,12; 1o = 10; ey = 1; es = 2; e3 = 4. Here p is
the density of elastic medium, A\, are Lame parameters(physical constants),
p>0, N+2u >0, pu>0 are positive constants, ry is the radius of sphere
A+2
and a, = * M, as = H, where a,,a, are longitudinal and transversal
P P
speeds of elastic waves.
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In Figure (3.15)-Figure (3.17), components of vector function U(x,t) that are
Ui(x,t) Us(x,t) Us(x,t) are simulated. The horizontal axes are r, 6 and
the vertical axis corresponds to the component of U(x,t). The variable ¢ taken
as ¢ = /4. Since the IBVP for scalar wave equation has a zero solution for
external force f(x,t) = Vd(x)d(t), there exists only one wave that occurs from

the solution of the IBVP for vector wave equation.

3.3.3  f(x,t) = V.0(x)(t) + curl,[ed(x)o(t)]

Now let us consider the following Cauchy problem for the Lame system:

02U
P o

= (A +2u)V,div, U — peurlycurl, U + f(x, t), (3.3.27)

subject to the initial conditions

U(x,t)|=0 =0, (3.3.28)
ou
E(X,t)h:o =0, (3.3.29)
and the boundary condition
U(x, t)hx‘:m =0, (3.3.30)

where D = {z € R?: |x| < rp} and let vector f is given in the form
f(x,t) = V,0(x)(t) + curl,[ed(x)o(t)],

where ¢ is the Dirac delta function and e is any vector function. Our goal is to
find the function U(x,t) satisfies (3.3.27)-(3.3.30).

When we assume f in the following form
f=V.,9+ curl,F,

we obtain
g =06(x)d(?),

and
F = ed(x)d(t).
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Hence we obtain two wave equation from the given Lame system. The initial

boundary value problem for scalar function ¢(x,t) is

1 9%
AN ,
T W
0
¢(X7t)’t=0 = 07 a_qtb<xa t)|t=0 = 07
(b(X, t)‘lx\:m =0,
A
where ai = + 2”.
p

And initial boundary value problem for A(x, ) is

1 9’A 1
~ 22 _ALA 4 CF,
a? ot? * L
0A
A(X7t)’t=0 = 07 E(Xv t)‘tZO = 07

A(X, lf)||x|:rO = 0,

where

s

a? = % and F = ed(x)o(t).

We solved these initial boundary value problems in previous examples and

obtain following formulas

o0

d(x1, 22, 23,1) = Z

k=1

ap 8
Ako

—— sinfa, /Aot

RO+ 2w | (1,7

1 ) 2 .2 2
X sin (u,if) s I3>7
Va? + 23+ xd To

is solution of the initial boundary value problem for the scalar wave equation and

(o)
Qg 8e

1
i VA rd(VaT+ af + Bl ()
(Lo + a3 + 23

X sinfas\/ Agot] sin (,uk ),
To

A(xq, 9, x3,t) =
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is solution of the initial boundary value problem for the vector wave
equation. Since
U(zy, g, x3,t) = V0 + curl, A,

then

o0

8
Ul(l'l, T2, T3, t) - Z

1
it VAl (2 )Pr(ad + af + o)

(3)

x[’uk COS(ﬂéé)\/x%—l—x%jo%)_ 1 sin<,u,(€%) x%%—x%%—x?’ﬂ
To To 3+ a3 + 13 To

1

y [apu,(f) sin(a,v/Akot) 1 N ag sin(agy/Apot){eszxs — 62x3}]
A+ 2u I

(3.3.31)

o0

8
U2<$17 X2, T3, t) = Z

1
=t VNl T (o Pr(af + a3 + a3)

(3)
A (VTR L )
To To x4+ 13 4 23 T'o
1
" [ap/LEf) sin(apv/ Akot) T2 N as sin(agy/Apot){e1xs — egxl}]
A+2u !
(3.3.32)
8

Us(w1, 2, 73, 1) = Z

1
LV Aol () Pri(ad + af + a3)

o]
k=

(3)

><|:Mk o (ng)\/x%—l—ngrx%) B 1 “in (:U’l(c%) x%—%x%—%x%)}
To To Vi +ad+ ad To

1

" [apu,(f) sin(ap,v/Akot) T3 N as sin(asy/Apot){eax1 — elxg}]

A+ 2u L
(3.3.33)
A4 2

where af, _ AT M; ag = H;
P p
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2
Ako = (’uk ) are eigenvalues and
0

: k=1,2,... areroots of the Bessel equation J% (u) =0.

Solution of the problem defined in (3.3.27)-(3.3.30) is given by the formulas
(3.3.31)-(3.3.33)

3.3.3.1 Mathematica Commands for Finding the Components of the Solution

In this subsection we use the formulas that we obtained for the components of
U(x,t) and Mathematica for the simulation of the wave propagation in spherical
domain.

Mathematica commands for finding U;(x,t), Us(x,t), Us(x,t) are listed

below.

<< NumericalMath‘BesselZeros®
<<Graphics‘Graphics3D*
<<Graphics‘ParametricPlot3D"

INPUT: Nt,rho,lambda,mu,radius,el, e2,e3;

ap = Sqrt[(lambda + 2*mu)/rho];
as = Sqrt[mu/rho];

T1 = radius/ap;

T2 = radius/as;

muk =BesselJZeros[1/2, Nt];
1 =(muk/radius) "2;
f = D[BesselJ[1/2, x], x] /. x -> muk;

g = Ixf;

hl = 1/((lambda + 2*mu)*Pi*muk*radius*g) ;
h2 = 1/(mu*Pi*muk*radius*g) ;

pl = 8*ap*Sin[ap*Sqrt[1]*t];

p2 = 8xas*Sin[as*Sqrt[1]*t];

=muk/radius;

= zxCos[z*r] - Sin[z*xr]*(1/r);

z
k

a =r*Cos[varphi] *Sin[theta];
b =r*Sin[varphi]*Sin[theta];
c

=r*Cos[theta] ;
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ml = (e3*b - e2*c)/r"2;
m2 = (el*c - e3*a)/r"2;
m3 = (e2*a - elxb)/r"2;

RQTfil =Sum[p[[i]1*k[[i]1*h[[il]*(a/r"2), {i, 1, Nt}];
RQTfi2 =Sum[p[[i]]l*k[[i]l]1*h[[i1]1*(b/xr"2), {i, 1, Nt}];
RQT£i3 =Sum[p[[i]1*k[[i]1*h[[i]l]*(c/r"2), {i, 1, Nt}1;

RQTA1 = Sum[p[[i]]*k[[i]]*h[[i]1*m1, {i, 1, Nt}];
RQTA2 = Sum[p[[i]I*k[[i]]*h[[i]]*m2, {i, 1, Nt}];
RQTA3 = Sum[p[[i]]*k[[i]1*h[[i]]*m3, {i, 1, Nt}];
Ul = RQTfil + RQTA1;

U2 RQTfi2 + RQTA2;
U3 RQTfi3 + RQTAS3;
RQTU1 =ReplaceAll[Ul, varphi -> Pi/4];
RQTU2 =ReplaceAll[U2, varphi -> Pi/4];
RQTU3 =ReplaceAll[U3, varphi -> Pi/4];

QUTPUT: Uy, Us, Us.

In this subsection IBVP for the Lame system with Dirichlet boundary condi-
tion and with the external force of the form f(x,t) = Vd(z)d(t)+ curl [eé(m)é(t)}
is reduced to IBVP for the scalar wave equation and IBVP for the vector wave
equation with Dirichlet boundary condition in spherical coordinates. These
problems are solved in previous subsections and in this subsection solutions are
simulated in spherical domain. As a result solution of the problem defined in
(3.3.27)-(3.3.30) is (3.3.31)-(3.3.33). For simulation first 25 terms are added. So
(3.3.31)-(3.3.33) becomes

U(xy, 22, x3,t) = Vi + curl, A,

then
25 g
U1<l'1,l'2,ﬂf3,t> = Z 5
k=1 TV )\kU[J/% ()P (at + a3 + 23)
(3) ) \/ﬁ 1 L 2 2 2
X[Nk cos (Hx(f) x1+w2+x3)_ ——__in (Mz(f) 351"‘1’2"‘373)}
To To VT + x5 + x5 To
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X

[ap,ué?) sin(a,v/Akot) 21 n as sin(asyv/ Akot){eszy — 62373}]
A+ 20 i ’
(3.3.34)

25

8
UQ(I’l, x27x37t) = Z (l) 9/ 9 9 2
k=1 T/ )\kD[J/% (g, )Prg (2] + 25 + 23)

1y /12 2 2 1 1 2 2 2
x[’uk cos(u,(f) :1:1—|—$2+:1:3>_ sin<,u,(€2) a:1+x2+a:3>}
To Vst + x4 a3 To

1
[ap,u,(f) sin(a, v/ Akot) T2 N as sin(agsy/ Aot ) {e13 — egml}]

X
A+ 2p I

(3.3.35)

25

8
Us(wy, 29, 23, t) = Z Dve 27 2 2 o
k=1 T/ )\kD[JI% ()PP (ot + 23 + 23)

1y /22 2 2 1 1 2 2 2
X[Mk oS (ﬂl(f) x1—|—1‘2+x3)_ sin (Nx(f) $1+x2+$3>}
To V12 + a3 + 72 To
l . .
" [apﬂ;iz) sin(a,v/Akot)xs N as sin(asv/Arot){ €21 — 61372}].
]

A+ 2p

(3.3.36)

For simulation of these components, the following values are used A = 2,
p =1, u =3 rg =10, e¢ = 1, ea = 2, e3 = 4. Here p is the
density of elastic medium, A\, ¢ are Lame parameters(physical constants), p > 0,
A+2u > 0, p > 0 are positive constants, 7y is the radius of sphere and
A2 m

a, = , as = ,/—, where a,,a, are longitudinal and transversal
P P

speeds of elastic waves.
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Figure 3.18: The first component of the displacement vector Uj(x,t), e; =1
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Figure 3.20: The third component of the displacement vector Us(x,t), e3 = 4
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In Figure (3.18)-Figure (3.20), components of vector function U(x,t) that are
Ui (x,t) Us(x,t) Us(x,t) are simulated. The horizontal axes are r, 6 and the
vertical axis corresponds to the component of U(x,t). The variable ¢ taken as
@ = m/4. There exists two waves that occurs from the solution of the IBVP for

scalar wave equation and the solution of the IBVP for vector wave equation.

3.4 Conclusion of the Chapter Three

The main results of this chapter are the following

e Initial boundary value problems for Lame’s system is reduced to two wave

equations.

e Initial boundary value problems for scalar wave equation and initial
boundary value problems for vector wave equation with Dirichlet
boundary condition are solved with different sources and solutions for initial
boundary value problems of Lame system in a spherical domain is obtained.
These solutions are used for simulation of the wave propagation in isotropic

elastic media.

e Initial boundary value problems for scalar wave equation and initial
boundary value problems for vector wave equation with Neumann
boundary condition are solved with different sources when the
displacement vector depend on (r,t) in spherical coordinate system and
solutions for initial boundary value problems of Lame system in spherical
domain is obtained. These solutions are used for simulation of the wave

propagation in isotropic elastic media.



CHAPTER FOUR
CONCLUSION

The main result of this thesis are the following

e The explicit formula for the fundamental solution of the initial value

problem for Lame’s system was constructed.

e Formulas for the solution of initial boundary value problems for Lame’s
system in spherical domains were obtained by the Fourier series expansion
method.

e These formulas were adjusted for pulse point sources (pulse directional force,

explosion, pulse rotation center)

e The formulas for the solutions of initial value problem and initial boundary
value problems for Lame’s system were used for modeling and simulations

of wave propagations in isotropic elastic media.

e Results of simulations of displacement components of elastic wave fields

were presented by 3-D pictures and animated movies.

e Analysis of obtained formulas and results of simulations were described.
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Appendix A

Changing the Coordinates

Let ¢(x,t), x € R?® t € R be a function. In spherical coordinates using
r1 = rcospsing, zy = rsingsinf, xs = rcosf the function ¢(x,t) can be
written as ¢(rcos@sind, rsinpsinf, rcosd,t). Let us denote this function as

i=1,2,3, in terms of ¢(r,0,p,1).

o(r,0,p,t). Our aim is to write

830/

or  Oxy Or  Oxe Or  Oxg Or’

dp  0xr1 Op  Oxy D¢  Oxs Op’

8_& - 8¢ 81‘1 i ﬁgb 8@ 4 8§Z5 0x3
60 N a!L‘l 60 61’2 86 6173 89 ’

or in matrix form

8_92_5 ox 1 ox 2 ox 3 %
or or Or Or dxy
aé . (9331 (9.752 0;1:3 ) %
oo | dp Op Oy 0xs
agg ox 1 8x2 or 3 %
20 96 90 00 073
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% = cospsinf % =sinysind % = cosf
or 14 ’ or 14 ’ or ’
%z—rsingpsin@, %—ﬁ:rcoswsinﬁ, aa—f;’:O,
%—T’COS cosf %—rsin cos %——TSmG
gg | CBPERT Tpg TIPS, Ty = ’

If we substitute all these calculations in to the matrix we obtain

09 %
or cos psin ¢ sinpsiné  cosf 0x
b 0
g—z = | —rsinpsinf rcospsing 0 : 3_52
o rcospcosf)  rsinpcosf —rsind 0o
% (9x3
0 o
or 0xq
b 0
9 1 _4.| 22
Op 0o
0¢ 9¢
% 8[E3

where
cos sin 6 sin ¢ sin cos 6
A= —rsingpsinf  rcospsing 0
7 €OS ¢ cos 6 rsinpcosf  —rsinf

The inverse of A can easily found as
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1si
cos @ sin 6 __Sl'ngp — cosf cos
7 sin 0 r
1 1
A= | singsing it —sin y cos 6
r sinf r
I
cos 6 0 - sin 6
Hence
0o 1sin g\ 0¢ 0o
pr = (cospsinf)— o (r sm9>8<,0 + ( Cochosgo) 50"
0] O 1 cos o\ D¢ ol
Bg (smapsm@)ar + (r sm&)&p + (rsmgocosﬁ) 50

99 = (cos@)a—gz_5 - (% sin@)g—j

Easily we can show V¢ after these calculations.

96 99 99

v¢ (8(131 81‘2 (91’3)

V9P = [(COS @ sin 9)?;5 (i ler:l(g) gz + <r cos  cos go) Z(g]

+[(Sln9081n9)a¢ + <1COSS0> o9 + <7“ smgpcos@) ]

or r sinf / Op
o6 /1 . \Oo
+ [(cos Q)E - <; sin 9) %] es.
In spherical coordinates Neumann boundary condition can be found as follows
ou _ X
v, U -fz) =V, i A.0.1
o VU -fi(z) =V, ,U ] (A.0.1)

The unit vectors in the spherical coordinate system can be expressed in terms of
the spherical coordinates and unit vectors of the rectangular coordinate system.

One of the unit vector is [, that can be formulated as follows

x T1e1 + xoey + x3€3 . . .
l, = — = = ey sinf cos ¢ + eg sin @ sin ¢ + e3 cos b,

|z] r
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so (A.0.1) can be written as B
o _ov
on  or’

1, i=j
€;e; =
’ 0, i+#j.

since



Appendix B

Bessel Function and Properties

Consider the differential equation

y'(z) + iy'(m) + (1 — Z—i)y(m) =0, z>0. (B.0.1)

v is a real parameter. The differential equation B.0.1 is called Bessel’s differential

equation. A general solution of B.0.1 is given by
y(x) = c1Jy(x) + 2N, (),

where ¢y, ¢y are arbitrary constants. The solution J,(x) which has a finite limit
as x approaches to zero, is called Bessel function and the solution N, (x) which

has no finite limit as x approaches to zero, is called Neumann function.

B.1 Eigenvalue Problem for Bessel Function

,}/2

Ly = —(zy'(2))' + —y(2),
is called Bessel’s operator, v is a parameter, v € R, z > 0.

Ly = Aey(z), =€ (0,0)
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—(zy/ (2)) + gy(x) = Azy(x), x € (0,b) (B.1.1)

‘y(O)) <00, y(b)cosf+y(b)sinl =0 (B.1.2)

(B.1.1),(B.1.2)is eigenvalue problem for Bessel’s operator.

Consider the equation (B.1.1),

ey () + Ty(x) = Aey(x),

2
—ay () =y (x) + Ty(a) = May(x) = 0.
Dividing both sides by (—z) we have,

V(@) + 1@~ Tyte) + () =0

2

V@) + /@) + (3= Tu@))u() =0 (B.13)

Last equation can be reducible to Bessel’s equation. Let =z =

l N
y(x) = ?J(ﬁ) = g(t) then

-t
VA
y'(@) = VA (1),

y" (@) = Mg (t).
Substituting these into B.1.3 we obtain following Bessel differential equation.

2

7'(t) + %g]’(x) n (1 _ Z—2gj(t)>y(x) —0, ¢>0. (B.1.4)

A general solution of B.1.4 is
§(t) = c1Jy(t) + caN4 ().
Thus, a general solution of (B.1.3) is given by
y(z) = erJ (VAx) + caN, (VAx). (B.1.5)

c1, ¢y are arbitrary constants, J,(z), N,(x) are Bessel’s and Neumann
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functions. A general solution of (B.1.1) is given by (B.1.5). The function of
the form (B.1.5) will satisfy (B.1.1) and |y(0)] < oo if and only if ¢ = 0.
So y(x) = e1J,(VAx) where ¢, is an arbitrary constant satisfies (B.1.1) and
ly(0)] < co. Second boundary condition of (B.1.2) may be written in the form,

¢ \/XJ;(\/Xb) cos 3+ J,(VAb)sin | = 0 (B.1.6)

If ¢4 =0 we have y(x) = 0 but zero solution is not interesting for us. If

x)
¢g # 0 then \,, n = 1,2 ... which are roots of (B.1.6) are eigenvalues and
y(x) = aJy(VAx) n = 1,2,... are eigenfunctions of (B.1.1),(B.1.2)

corresponding to A\,, n=1,2,....

B.2 Orthogonality of Bessel Functions

Lemma B.2.1. Let )\, and A, be eigenvalues of B.1.1 and B.1.2 and

Un(x) = Jo (V) ym(x) = J(V Amz) be eigenfunctions relative to A, and A,
respectively. Then if n #m

[ am@n@is = [ (/A1 Ao = o

B.3 Norm of Bessel Functions

Lemma B.3.1. Let A\, be eigenvalue of (B.1.1) and (B.1.2) and
yn(x) = Jy(VAnx) be eigenfunction relative to N,. Then if

e = [ et = [ 1Rt

= AP+ (L= ) VAR



Appendix C

Legendre Functions

Counsider the function .

V1402 -2z

where V6 € [0,1), Vo € [—1,1]. This function is continuously differentiable

U(§,z) =

function on ¢ € [0,1), x € [—1, 1] and analytic function with respect to § € [0, 1),

this means that this function
U(o,x) =) Pufx)s",
n=0

where | OU(s.1)
, T
P”(:B) - m oon ‘6:0'

Legendre functions can also be represented as follows

1 d7

(@) = 2nn! dzn

[(352 - 1)”}, n=0,1,2,..

This formula is called Rodrigues formula.
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C.1 Orthogonality of Legendre Functions

Lemma C.1.1.

C.2 Norm of Legendre Functions

Lemma C.2.1.

1
2
P.(2)|? = P%(x)dz = =0,1,2...
| Pa)] / Mo)de = o= =01,

C.3 Fourier Series Expansion for Legendre Functions

Lemma C.3.1. If f(z) € C[-1,1] f(z) = ifk% where
n=0 n

= 1 m—Pn(x) T
f’f‘/lﬂ e
If f(z) € Lo[1,1]
, 1 N P(2) 12
Jm [ 1 “*;fknmmu} dv =

C.4 Eigenvalue Problem for Legendre Function

Consider the following differential operator,

d

Ly=——
4 dx

[(1 - m%j—ﬁ, ze[-1,1]. (C.4.1)

This operator is called Legendre’s operator.

Ly(z) = My(x), ze€[-1,1], (C.4.2)
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‘y(—l)‘ < o0, (;,(1)‘ < o0 (C.4.3)

Equations (C.4.2), (C.4.3) are called Sturm-Liouville problem for Legendre
function. A=\, =n(n+1)n=0,1,2,... are eigenvalues and y,(z) = P,(z),
n =20,1,2,... are eigenfunctions of Sturm-Liouville problem for Legendre function

(C.4.2), (C.4.3).



Appendix D

Associated Legendre Function

and Properties

ndm
P,gm>(:c)=(1—x2)7—d Yp.(r), m=0,1,2,...n; n=0,1,2,..
./er

are called Associated Legendre function.

D.1 Orthogonality of Associated Legendre Functions

Lemma D.1.1.

D.2 Norm of Associated Legendre Functions

Lemma D.2.1.

1P @) 2 = /

1

2
1 .
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D.3 Fourier Series Expansion for Associated Legendre Functions

Lemma D.3.1. If f(z) € C[-1 ka(m—x) where
122 ()

b P ()
D Y W O
/—1 R
If f(x) € Lo[—1,1]

P (z) 12
lim Z f = e = 0.
N=o0 [ R

n=m

D.4 Eigenvalue Problem for Associated Legendre Function

d dy m?
» [(1 _ )dx} n ()\ - x2>y(x) =0, ze(-1,1), (D.4.1)
m is fixed.

‘y(—l)‘ < 00, (y(l)‘ < 00. (D.4.2)

Aim is to find eigenvalues and eigenfunctions of this problem. Let

y(x) = (1 — 2?2V (z). Then the following equations are valid.

Lemma D.4.1.

d d ™ 2,..2

— (1= 2] = (12 (12" V" (2)—2(m+L)aV (2)—mV (2)+ 7V ()
Lemma D.4.2.

d 2

1= Y] a2 (a) = (1% [ =2V (@) — 20m+ 1)V (a)

dr 1 sz
+(>\ —m(m + 1))V(x)]

Corollary D.4.3. (\,y(x)) is a solution of (D.4.1),(D.4.2) if and only if (X, V(x))

is a solution of the following Sturm- Liouville problem

(1 — 22)V"(@) — 2(m + DaV'(z) + (A — m(m + 1))V (z) = 0, (D.4.3)
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‘V(—l)‘ < o0,

V(l)‘ < o0 (D.4.4)

Lemma D.4.4. Let (\,Y(x)) be a solution of

% [(1 N $2>j—z] +AY(2) =0, z € [-1,1], (D.4.5)
)Y(—l)‘ < 00, Y(l)’ < 0. (D.4.6)
_d"Y(z)

if and only if (\,V(x)) is a solution of (D.4.3),(D.4.4) where V(x) =

dxzm
Corollary D.4.5. A=)\, =n(n+1), n=0,1,2,... are eigenvalues and
Y,(x) = Py(x), n=0,1,2,... are eigenfunctions of (D.4.5), (D.4.6). Hence
A=\, =n(n+1),n=0,1,2,... are eigenvalues and V(x) = (;lx—mmPn(:v),
n=0,1,2,... are eigenfunctions of (D.4.3), (D.4.4). The solution of (D.4.1),
(D.4.2) is given by A=\, =n(n+1) are eigenvalues and

@) = (1 - a9 )

1 n = m,m+ 1L,m + 2,... are eigenfunctions
xm
corresponding to .



Appendix E

Sturm Liouville Problem 1

Consider the following Sturm-Liouville problem
V() + A0 (p) =0, peR (E.0.1)

T(0) = U(2r), W(0) = ¥'(2n) (E.0.2)

Our aim is to find eigenvalues and eigenfunctions. m* + X\ = 0 is characteristic
equation for (E.0.1). k; = V=X, ky = —vV/—=\ are roots of characteristic
equation so

U(p) = creV ™% 4 cpe V%, (E.0.3)

is a general solution in complex form. ¢; and c¢p are arbitrary complex
numbers. Substituting (E.0.3) into (E.0.2) we obtain

U(0) =¥(2r) &+ = c eV 4 o eV AT

(1 — eV 4 op(1 — e VM) =0,

and since

V() = VAceV ™ — /= hepe VY

we obtain
V(0)=V'0271) S —c = clem% _ 026_\@2”’

a(l— eﬁ%) — (1 —e V2 =,
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1 — eJTAQﬂ 1— 6\/?)\27r

det(A) = | — VR (] — eV

=0

det(\) = (1 — eﬁ%)( —(1- eﬁ%)) (1= VTR (1 — YR =
det(A) = —2(1 — eV 27)(1 — e V2m) =,
since 1 = e?™ then

det()\) — _2(627rmi o em2ﬂ)(627rmi o 6—\/—7/\27r) =0.

Therefore \,, = m?, ~m = 0,1,2,... are eigenvalues of (E.0.1) and (E.0.2).

2 can not be negative. If A =0 then

Am = M
V() =0 U(p) = crp+ o,

U(0)=V¥((27) < c =0,

U'(0) = V' (27) & ¢ = ¢,

Uy(p) = ca # 0 is eigenfunction corresponding to Ay = 0.

27
/ Ui (p)dp =1,
0

2m

1

2 /
dp=1&co=1/—.
/0 3 (p)de C2 o

r . . .
For Ao =0 we have Wy(p) =4/ o I8 eigenfunction.

T

If Ay =m2, m=0,1,2,... then k*+ m? =0 is characteristic equation for

(E.0.1). ky =1im, ko= —im are roots of characteristic equation so
U(p) = c1cos @+ cosingp, (E.0.4)

is a general solution. ¢;, and ¢y are arbitrary numbers. Substituting (E.0.4) into
(E.0.2) we obtain
U(0) =V(27m) < ¢ = co,

and
U'(0) = ¥'(21) & cym = com.

This means that for any ¢;, and ¢y the function (E.0.4) is eigenfunction.



125

Consider
e =0, W,(p)=ccos(myp),
¢ =0, \im(gp) = ¢ sin(my).
For M\, = m?, m = 0,1,2,... there exist two linearly independent
eigenfunctions,
\Ilm(gp) =G COS(m(,O),
U, () = 1 sin(mep),
\/T
Cl =C = )
0
solution of Sturm Liouville problem I is, A, = m?, m = 0,1,2,... are
eigenvalues and
1
v =4/=—
o) =1/ 5

are linearly independent eigenfunctions.

E.1 Sturm Liouville Problem II

Consider the following Sturm-Liouville problem
(@) + \VU(p) =0, ¢€R, (E.1.1)

U(p) = V(p+ 2m). (E.1.2)

Lemma E.1.1. Sturm Liouville problem I is equivalent to Sturm Liouville
problem II. This means (A, V) is a solution of Sturm Liouville problem II if
and only if (N, V) is a solution of Sturm Liouville problem I.

So, solution of Sturm Liouville problem Il is A, =m*, m =0,1,2,... are

eigenvalues and
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V() = cos(me),

V() = 1/ = sin(mep),

ﬁ\ﬁl'—

are linearly independent eigenfunctions.



Appendix F

Spherical Functions

Let P,(x) ,n =0,1,2,... be Legendre functions and

k
s ),

PO (@)= (1= )i TP

k= 1,2,..; n = 0,1,2,... be associated Legendre functions. Consider the

following set of functions

Y9, p) = P,(cos )

Y0, ) = PY(cos ) cos(p), Y D(8, ) = PV (cos ) sin(p)
YR8, ) = P (cos §) cos(ky), Y #(8, ) = PP (cos ) sin(kp)
Y9, 0) = P (cos §) cos(ne), Y,{(8, @) = P (cos 0) sin(nep)

k=1,2,..; n=0,1,2,...; 8 €[0,m); ¢ €[0,27). These (2n+1) functions are
called spherical functions.
Property:

U(0,cosf) = 1.

Y90, p) = Py(cos ) = %‘I’(& c0s0)|5_, =
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Property:

47, n=0 A m=0

27 T
sin Y. (0, ©)dodp = ’
/0/0 A0, p)dbdg {o, n£0 Vom0,

Proof. Case: m =0

2
/ / Y(m ) sin #dfdy

/ / P, (cos ) sin 9d9> dp
0 0

-/ (/ Pz dx)dgo
:/0 2.

Using the properties of Spherical Functions we obtain
4r, n=20
0, n#0.

Case: m >0

2
/ / Y(m ) sin #dOdy

2 pw
= / / P (cos 0) sin my sin AdAdep
o Jo
2w

(cos @) sin #dOdp

:/ Sin(m9)</ P™ (cos 0) sin@d@)dcp:(),
0 0

since )
/ sin(me)de = 0.
0

Case: m <0

2
/ / Y(m ) sin #dOdy

128
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27 T
= / / Péfm) (cos #) cos mp sin 0dOdy
o Jo

27 ™
= / cos(me) (/ P (cos 0) sin 9d0> de =0,
0 0
since

2m
/ cos(me)dy = 0.
0

proof is complete.

F.1 Orthogonality of Spherical Functions

Lemma F.1.1.

2m ™
/ / Y. "™ (0, 0) P (6, @) sinfdfdp = 0, m # k.
o Jo

F.2 Norm of Spherical Functions

Lemma F.2.1.
) 27 (n+ |k|)! k40
s ™ 2 ,
||Yék’(9,¢)||2=/ / [Y;’”(e,go)] sinfdadp = { 21+ 10— [k])
o Jo _
2n +1’ k=0.

F.3 Fourier Series Expansion for Spherical Functions

Lemma F.3.1. The system of eigenfunctions {Yn(m)(ﬁ, 0}, n=0,1,2,..; m=
0,41, +2, ..., £n is complete orthonormal system in the space Lo gno(D), D=(0,7)X
(0,27). Here Logng(D), is the space of square integrable functions with the weight

sin@ owver the domain D, i.e.

Losins(D) = {£(6.¢) / /D (6, ) ? sin 6d6dg}.
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Moreover, every function h(0,p) from Logne(D) has the Fourier series

expansion of the form,

n=0 m=—n

where the Fourier coefficients are defined by

T 2T
P = / / h(6, )Y, ™ (8, ¢) sin dAde.
0 0

F.4 Eigenvalue Problem for Spherical Functions

Do Y (0,0)+aY(0,0) =0, 0<b<m peR
‘Y(O,(p)) < 00, Y(ﬂ,gp)‘ < 00 (F.4.1)
Y(0,p) =Y (0, 0+ 2m).

This problem is to find eigenvalues and eigenfunctions which satisfy all relations
(F.4.1). This problem we will solve by the method of the separation of variables.
The function Y (6, ¢) we find in the form

Y (0, ¢) = 0(0)d(y). (F.4.2)

Substituting (F.4.2) in the relations (F.4.1) we get,

Lo ( 90(@<9>¢><¢>)>+ 1 *(00)()
S a0 sinZ0 02

sin 0 0 + 0‘<@(9)‘I’(<P)> =0,

multiplying both sides by sin®# we have,

9 0(0(0)P(y) 0?(O(0)D(p)
31119—(81119 ( 20 >>+ <8g02 )

= + Oz(@(@)fb((p)) sin(4) = 0,

dividing both sides by ©(6)®(p) we have,

sin 9% (sin 9%@)

o) + asin?(f) = —
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since ’Y(O,go)‘ < 00, ‘Y(ﬂ', @)‘ < 0o then ‘@(0)) < 00,
then Y (0,¢) =Y (0,0+27) then ®(¢) = P(p+27). So we obtain the following

system

@(ﬂ')‘ < 0o and since

sin&% sinﬁ%ég)
os(m0%)

10 + asin®(0) = () 0<f<m peR, (F4.3)
‘@(0)’ < 0, ‘@(w)( < o0, (F.4.4)
D(p) = (v + 2m), (F.4.5)

The left hand side of (F.4.3) depends on # and right hand side is the function
depending on ¢ . The variables 6 and ¢ are independent. Hence the solution
of the form (F.4.2) will exist if and only if the left hand side and right hand side
are equal to the same constant so we find that the problem (F.4.3)-(F.4.5) may

be reduced to two following eigenvalue problems,

P"(p) +7P(p) =0, p €R } (F.4.6)
D(p) = (p + 2m), -
and
1 0 . ,00(0) Y _
o (sm@—ae > + (a _ sin2(9))@(9) —0, 0<6<m, )

‘e<0)‘ < o0, (@(w)‘ < o0,

The solution of the problem (F.4.6) is given by formulas, [see, appendix]

Ym =m?, m=0,1,2, ... are eigenvalues,

1
Do () = \/% is eigenfunction corresponding to 7y =0

P (ip) = \/% cos(mep),
T,u(p) = ﬁ sin(mep),

are two linearly independent eigenfunctions corresponding to the eigenvalue -,,.
Now we need to solve problem (F.4.7) for ~,,, for each m =0,1,2,.... For the
solution of this problem we have to rewrite relations (F.4.7) in the term of new
variable t = cos#, and new function X (¢) which is defined as X (cosf) = ©(0).
The problem (F.4.7) may be written in the terms of the variable ¢ = cosf and
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function X (t) = X(cosf) = ©(0) as follows

rxe|[-1,1, m=12 .,n, (F.4.8)

Let

O'(9) = X'(t) = X'(cos 0)(—sinb),

if we substitute these to problem (F.4.7) we have

ﬁ%( — sin@sin&X’(cosé’)) + (a — ﬁ)){@) =0,
L (- o) o~ ) 0
s S 0B+ (o ) o
%((1 ~ X)) + (a - ) X(0) =0,

since 7 = m? then we have the following equality

B{0-0) - )0 -0

We now that
]mw<@‘mﬂ<w

then since ©(0) = X (1) and ©(7m) = X(—1), —1<t < 1. Thus we have
‘Mw<m,hpw<m
This shows that we can write (F.4.7) in the form (F.4.8).

The problem (F.4.8) is the eigenvalue problem for associated Legendre
equation. The solution of the problem (F.4.8) may be written as

ap=nn+1), n=0,1,2,...



are eigenvalues

are eigenfunctions where P,gm)(t), m=20,1,2,...n;, n=mm-+1,...

associated Legendre polynomials.[see, appendices]

Hence the solution of the problem (F.4.7) is given by
ap,=nn+1), n=mm+1,m+2,..

are eigenvalues;

Orn(8) = \/(2”; D EZ - Z;;Pgm(cose), m=01,..n

are eigenfunctions are eigenfunctions.
A solution of problem (F.4.1) is given by
a=a,=nn+1),n=mm+1,m+2, ..

are eigenvalues;
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are

m=1,2,....,n are 2n + 1 linearly independent eigenfunctions corresponding to

the same eigenvalue o, =n(n+1), n=m,m+1,m+ 2, ...

A solution of eigenvalue problem for Beltrami operator is

a=a,=n(n+1), n=0,1,2,..

are eigenvalues Yn(m)(Q, p), m==+1,4£2 ... 4+n; n=0,1,2,... are eigenfunctions

corresponding to «,.



