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ABSTRACT

On Some Generalized Sequence Spaces Based on Lucas Band Matrix and
Modulus Functions

Mustafa Ismael HATIM
DOCTORAL THESIS
FIRAT UNIVERSITY
Graduate School of Natural and Applied Sciences

Department of Mathematics
February 2024 Page: viii + 62

In this thesis, we first mention some fundamental definitions and basic theorems, then we give and
examine some basic concepts such as g-density, g-statistical convergence, and g-statistical boundedness,
where g is a modulus function. Later, we establish the concept of g*-density of a natural numbers subset B,
then by using a lacunary sequence 8 = (k,), we extend it to put the definition of Sy (g*)-statistical
convergence, where g is the composition of g in k times, also we give some inclusion relationships
between the sets of S,(g*)-statistically convergent sequences. After that, we focus on g-strong Cesaro
summability, then by using 8 = (k,) we introduce the concept of N,(g*)-strong convergence and
determine the connections between the sets of N, (g*)-strongly convergent sequences. Moreover, by using
a sequence of modulus functions G, we establish the concept of G*-density of B, where G* is a sequence
consisting of the compositions of every modulus of G in k times. Then by using 8 = (k,.) and with the help
of the Lucas transform E(r,t), we introduce the concepts of Sy (E (r,t), G*)-statistical convergence and
Ny (E(r,t), G¥)-strong convergence including the relation between the sets of Ny (E(r,t), G*)-strongly
convergent sequences and Sy (E(r, t), G¥)-statistically convergent sequences. In addition, we generalize
two sequence spaces based on the Lucas band matrix and a sequence of modulus functions such as
2,(G*,v,E(r,t)) and £,,(G*, v, E(r,t)), then we discuss a geometrical property such as the Gurarii’s
modulus of convexity of €,(G*, v, E(r, t)).

Keywords: Sequence space, modulus function, lacunary sequence, g-statistical convergence, g-
strong Cesaro summability, Lucas numbers, Lucas band matrix .
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OZET

Modills Fonksiyonlarina ve Lucas Band Matrisine Bagli Bazi
Genellestirilmis Dizi Uzaylari

Mustafa Ismael HATIM
Doktora Tezi
FIRAT UNIVERSITESI

Fen Bilimleri Enstitlsi

Matematik Anabilim Dal1
Subat 2024 Sayfa: viii + 62

Bu tezde, ilk olarak bazi temel tanim ve teoremlere verecegiz sonra g bir modulis fonksiyonu
olmak lzere, g-yogunluk, g-istatistiksel yakinsaklik ve g-istatistiksel sinirlilik gibi bazi temel kavramlari
verecegiz ve inceleyecegiz. Daha sonra, bir 8 = (k,) lacunary dizisini kullanarak bir B dogal say1 alt
kiimesinin g*-yogunlugu kavramini verecegiz ve onu g*, g m k kez bileseni olmak iizere Sy(g*)-
istatistiksel yakinsaklik tanimina genisletecegiz, aynm zamanda Sg(g*)-istatistiksel yakinsak dizilerin
climleleri arasindaki bazi igerme bagintilarin1 verecegiz. Bundan sonra, g-kuvvetli Cesaro toplanabilirlige
odaklanacagiz ve 8 = (k,) yi kullanarak N, (g*)-kuvvetli yakmsaklik kavramim gosterecegiz ve Ny (g*)-
kuvvetli yakinsak dizilerin ciimleleri arasindaki bagmtilar1 tanimlayacagiz. Dahasi, G modulls
fonksiyonlarinin bir dizisini kullanacak, G* her G modiilusiiniin k kez bilesenlerinden olusan bir dizi olmak
lizere B min G*-yogunluk kavrammi insa edecegiz. Daha sonra, 6 = (k,.) yi kullanarak ve E(r,t) Lucas
doniisiimii yardimi ile Ng(E (1, t), G*)-kuvvetli yakinsak dizilerin ve Sp(E (r, t), G¥)-istatistiksel yakinsak
dizilerin ciimleleri arasindaki bagintiy1 iceren Sy (E(r, t), G¥)-istatistiksel yakinsaklik ve Ny (E (r,t), G¥)-
kuvvetli yakinsaklik kavramlarimi gésterecegiz. Ilaveten, £,(G*,v,E(r,t)) ve £.,(G*,v,E(r,t)) gibi
modulls fonksiyonlarinin bir dizisine ve Lucas band matrisine bagh iki dizi uzayini genellestirecegiz, ve
daha sonra ¢, (G*, v, E(r, t)) nin Gurarii modiiliis konveksligi gibi geometrik bir 6zelligini tartisacagiz.

Anahtar Kelimeler: Dizi uzayi, modiilis fonksiyonu, lacunary dizisi, g-istatistiksel yakinsaklik, g-
kuvvetli Cesaro toplanabiliklik, Lucas sayilari, Lucas band matrisi.
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1. INTRODUCTION

It is known that the set of even natural numbers and the set of natural numbers have the
same cardinality. In other meaning, there is no difference in the size or number of elements
between the two sets. Based on our intuitive feeling that the total number of the elements of the
natural numbers set appears to be half of the integers. This intuition is derived into a
mathematical idea called natural density (or, asymptotic density) [1]. The natural density is

considered a method to determine what proportion of the natural number set is large.

Let B c N. Then the value §(B) is referred to as a natural density of B and is expressed by
1
6(B) =lim—|{i<n:i€B}
n—-oon

where |{i < n : i € B}| represents the number of elements of B not more than n.

Statistical convergence is a type of convergence that, forms a technical standpoint, is
based on the natural density of subsets of the natural numbers. The thought of statistical
convergence appeared in the first edition of a monograph by Zygmund [2] published in 1935 in
Warsaw. Its definition was instated by Steinhaus [3] and Fast [4] and later reinstated by
Schoenberg [5] independently. Concerning the afterward work of Fridy [6] and Salat [7], this way
of thinking has become an important area of study in the summability theory. Through the past
few decades, the idea of statistical convergence was investigated under various names in the
theory of Fourier analysis, Banach spaces, locally convex spaces, summability theory, neural
networks, trigonometric series, measure theory, number theory, and some other fields. Later, it
was more studied from the viewpoint of sequence spaces and connected to the summability

theory by many authors (see [8-11]).

The principle of modulus function has been introduced in a study by Nakano [12]. Many
Mathematicians have defined and talked about sequence spaces in their studies by using a
modulus function.

In 2014, Aizpuru et al. [13] described another idea of density, and as a result, a new
nonmatrix convergence principle was obtained. This was done with the help of an unbounded
modulus function. Later, Bhardwaj et al. [14] have used the way of Aizpuru et al. [13] to identify
a new idea of g-statistical bounded, which is essentially an extension of the idea of statistical
convergence. In addition, by using a composite modulus function in k times (or, simply g%),
Altin et al. [15] have constructed a new sequence space and obtained some new results in a short
part of their study. Recently, with the help of a composite modulus function g*, Hatim and

Bektas [16] have identified some new concepts in summability theory.



From Freedman et al. [17] an increasing sequence 6 = (k,) of non-negative integer
numbers is implied by a lacunary sequence such that & = 0 at » = 0 and the sequence h,. that
consists of the first backward difference terms of 8, diverges to oo as r tends to oo.

Many authors have used a lacunary sequence to establish new concepts in summability
theory and introduced some sequence spaces during their studies (see in [18-23]).

A matrix of infinite dimensions (or, infinite matrix) A = (a,,;) is a double sequence
consisting of real or complex numbers that is stated by a function A mapping the set of natural
numbers N x N to the field of complex numbers C (or R). The complex value a,,; is called the
entry of the matrix in the m*® row and i** column and it indicates the function value at (m; i) €
N x N. The corresponding theorems for infinite matrices are rarely obtained from those theorems
that have been established for finite i-square matrices, by letting i tends to infinity. Treating
infinite matrices is quite different compared to finite matrices. There are several factors that cause
it, (see in [24]).

The most common linear operator that can be determined between two sequence spaces is
frequently referred to as an infinite matrix. An infinite matrix A is known as a matrix
transformation from X into Y if A: X — Y represents a map that A = {(A{),} € Y exists, for
every { € X [24]. More information on matrix transformation is given in chapter five.

The idea of a matrix domain for an infinite matrix A in a sequence space X is expressed
as follows

Xy ={{=({) Ew:AT € X} (1.1)

that represents a sequence space [24].
In recent years, many mathematicians such as Mursaleen and Noman [25, 26], Karakas
[27], Candan and Kara [28], Basar and Altay [29], Savas et al [30], and some others have

constructed some sequence spaces using the matrix domain for an infinite triangle matrix.

For the first time, the difference sequence spaces were presented by Kizmaz [31] as the
form of X(A) ={( € w: {; — {;;1 € X}, X = £, ¢, cy. After that, these sequence spaces have
been generalized by Et and Colak [32] such as X(A™) = {{ € w: A"{ € X}, X = £, ¢, c. Later,
Mursaleen [33], Bektas and Colak [34], Bektas et al. [35], Polat et. Al [36], Colak and Et [37],
Altin [38] and some other authors have analyzed the difference sequence spaces in their studies.
Recently, Kirisci and Basar [39] have introduced and investigated the difference sequence spaces

X={(ew:B(rt)(eX} for 1<p<oandX =4,,c, cy, ¥, Where B(r,t)= (t{i_, +

pl
r;); r,t #0.



2. PRELIMINARIES

2.1. Fundamental Definitions and Theorems

In this subsection, we mentioned some fundamental definitions and basic theorems which

are related to this study.

Definition 2.1.1 [40] A vector space, often known as a linear space, refers to a non-empty set X
containing two operations
(¢,&) » ¢+ ¢ from X x X into X is named the addition
(A4, 0) —» A.¢ from K x X into X is named the multiplication scalars

such that the conditions listed below are fulfilled for every {,é,n €e Xand a, 8 € K:

(D {+&=8+7,

2 C+OH+n=7+( +m),

(3) Thereis a zero vector 6 € X suchthat{ + 6 = ¢,

(4) Foreach ¢ € X, thereis (—() € X is called the negative of ¢, such that { + (—{) = 6,

(8) a(B9) = (aB)i,

(6) (a+ )¢ =al+pg,

(1) a(§+¢) = af +as,

(8 1.¢=¢.

Elements in X are known as vectors. X is classified as a real linear space if K = R and a

complex linear space if K = C.

Definition 2.1.2 [41] Assume that X is a linear space. A subset M in X is considered to be a linear

subspace of X if a{ + € € M forall {,§ € M and «, § are scalars.

Definition 2.1.3 [24] Assume that X is a linear space on the field R or C, with || - ||: X - R* is a
function and p > 0. We define (X, || - ||) as a p-normed linear space and || - || as a p-norm on X, if

the following axioms hold true for all {, ¢ € X and for every scalar A:

(N.2) ||¢]| = 0 ifand only if { =8,
(N-2) |41l = [A[P- 1<l
(N3 NI+ &M< NI+ NSHI-

Remark 2.1.4 From the above definition, replacing (N.2) by ||AZ|| = |Al-|[{]l, then (X, || - |]) is
named a normed linear space, and N.1, N.2, and N.3 are named the norm axioms. Additionally, in

that case, N.2 is known as the absolute homogeneity and N.3 is called triangle inequality.



Definition 2.1.5 [41, 42] Assume that (X, || - ||) is a normed linear space:

(@) A sequence (¢;) in (X, || - || is considered to be a Cauchy sequence if, for every € > 0,
there is a natural value N (depending on &) such that for every i,n > N, ||{; — ¢, || < &. Or,
simply, [[{; = {ull = 0asi,n — .

(b) A sequence (¢;) in (X, || -] is considered to converge or to be convergent if there
existsan ¢ € X suchthat ||{; —C || » 0 asi — oo, ¢ is named the limit of (¢;) and it is simply

written by lim;_, ., {; = (.

Theorem 2.1.6 [42, 43] Assume that (X, || -||) is a normed linear space. Then the statements
listed below are held:

(@) Forany (¢;) inX,iflim;_ {; = ¢, then { is unique.

(b) For any (¢;) in X, if lim;,, ; =, then ¢ is considered as the limit of every
subsequence of ¢;.

(c) If (¢;) is a convergent sequence in X, then it becomes a Cauchy. But the converse of

that is generally not held true.

Definition 2.1.7 [41, 44]

(&) A normed linear space (X, || - ||) is considered to be complete if every Cauchy sequence
in X converges to a limit. Furthermore, completeness means that if ||{; — ;|| = 0 as i,n — oo,
where ¢; € X then there has { € X suchthat |[|{; = ¢ || » 0asn — oo.

(b) A complete normed linear space X is defined to be a Banach space.

Definition 2.1.8 [41, 42] Assume that X is a normed linear space and (e;) is a sequence of
elements in X. We claim that (e;) is a Schauder basis, or simply a basis, for X if for every

element ¢ in X, there has a unique sequence (4;) of scalars such that

Anenll 2 0asi — oo.
1

6_

n

i

The series

00
n=1

that corresponds to the sum of ¢, is referred to as the expansion of ¢ based on (e;), and it is

¢ = Z Anen-
n=1

expressed in a form as follows



Definition 2.1.9 [41] Consider two normed linear spaces, X and Y, that extend on the same field
of scalars, then
(a) A transformation (or operator, map) T: X — Y is considered to be linear, if
T +$) =T +T() and T(AJ) = AT({)
for every ¢, é € X and for all scalars A.

(b) A linear transformation T: X — Y is considered to be continuous at { € X if
G- =TE) > T asi— oo,
if T is continuous at every point in X, then T is claimed to be continuous.
(c) A linear transformation T: X — Y is considered to be bounded if there has K > 0 such
that

ITOI < KISl
forevery { € X.

Definition 2.1.10 [24] Let (X, || - ||) be a normed linear space, then the unit ball and unit sphere

of X, respectively, are introduced as follows
By ={¢ € X:|[¢ll <1} and Sy ={¢ € X:[|{| = 1}.

Definition 2.1.11 Assume that X is a normed linear space, and By and Sy are the unit ball and the
unit sphere of X, respectively. The thought of modulus of convexity has been defined by Clarkson
[45] and Gurarii [46], respectively, as follows:

SX(S) = lnf{l_llcz;f”af ESX'”Z_fll = S}, €€ [0'2]

and

YX(S) = l?’lf {1 - hler[l()fl]”h( + (1 - h)é—” : Zﬁf € SX! ”Z - f” = E}, EE [0'2]

Remark 2.1.12 The case of 0 < yx(g) < 1 means that X becomes uniformly convex, while the

choice of yx(e) < 1 means that X becomes strictly convex.

Definition 2.1.13 [24, 41] By w, we mean the space of all sequences with complex terms, i.e.,
w={{=1({):¢;eCforalli € N}.

Each element { = ({;) of w is a sequence of the form { = (n; + ju;)i=,, where n; and y; are both

real sequences and j corresponds to the square root of (—1). A straightforward verification can be

made that w becomes a linear space by using the usual co-ordinatewise addition and scalar

multiplication of sequences, which are clearly expressed as follows



{+&=0D)+ @) =(+&) and ad = a(() = (ady)
respectively, where { = ({;),é = (¢;) e wand a € C.

Definition 2.1.14 [24, 41] The spaces of all bounded, null, and convergent sequences are

indicated by ¢, ¢y and c, respectively, and given as below:

to =0 = @) € wi supldi| < oo},
ieN
¢o={¢ =@ €w: limlgl =0},

c= {{ = ({;) € w: illrgl{i — | =0 forsomef € (C},

It is clear that ¢, becomes a Banach space with the norm [|{||, = max;ey|(;| for every ¢ =
(¢;) € cy. As well as ¢, and ¢ become Banach spaces with the norm |||l = sup;enl{;| for

every { = ({;) € £, orc.

Definition 2.1.15 [24, 41] The space of all sequences ({;) such that }:2,|;|P converges, is

indicated by £, and given as follows

tp = {( = ({) € w: Z|(i|p < 00},(0 <p < ).
i=1

This space £, is known as the space of absolutely p-summable sequences. The norm [|-||,, on £,

is described as follows

o]

Dk, o<p<t,

i=1

1
had p
(ZKHP) ) 1<p<o,
\i=1

for every { = ({;) € £,. It seems that £,, with ||-|[,, becomes a p-normed linear space for 0 < p <

<1l = 1

1 whereas it is a Banach space for 1 < p < co.

Definition 2.1.16 [24] The spaces of bounded and convergent series are indicated by bs and cs,

<o

=0 forsome ¥ € (C}.

respectively, and given as follows

n

>

i=1

bs = {( = ({;) € w: sup
neN

Zn:fi—f

i=1

cs ={€ = ({) € w: lim

These sequence sets become Banach spaces with the norm ||-]| s defined as follows



< oo

zn:fi
i=1

”(”bs = sup
neN

for every { = ({;) € bs orcs.

Definition 2.1.17 [47] A Banach space X is considered to be a BK-space if there is a function
P;({) = ¢; such that P;: X — Cis continuous forall i € N.
As a simple instance, the sequence sets ¢, ¢, ¢, and ¢, become BK spaces using the

norms ||-|[ and |||, respectively, for 1 < p < co.

2.2. Some Inequalities

In this subsection, we give some popular inequalities which are used in some different
steps of our study.

(@) [40] Leta,p € Cand 0 < p < 1, then
la + BIP < |alP + |BIP. (2.1)
Note that in the case p = 1 the above inequality is known as triangle inequality.

(b) [24, 41] Minkowski's inequality: Let 1 <p < o and ({;), (§;) € €,, then

1 1

1
> P > P > p
(2|ci+a-|v) S(ZIGI”) +(Zlfi|v) 22)
i=1 i=1 i=1



3. DENSITIES AND THEIR APPLICATIONS

The concepts and results that are given in the next two subsections are known and widely
used in the literature, their sources, which are the references, are generally given for the
definitions and omitted for the others.

3.1. Basic Densities

In this subpart, the concept of the natural density of a subset B of natural numbers and
some properties of this density are mentioned. After that, the idea of g-density of B is given and
then the connections between these two types of densities on a subset of natural numbers are
talked about.

Definition 3.1.1 [48] Suppose N is the set of all natural nhumbers and B is a subset of N. The
natural density of B is indicated by §(B) and expressed as the following

1
8(B) = lim —|B(n)|,
n-on
where B(n) =B n{1,2,..,n}={i <n:i € B} and |B(n)| indicates the cardinality of the set
B(n). The natural density comes from the common value of §(B) and &§(B), that is, §(B) =

d(B), where §(B) and d(B) indicate the upper natural density and the lower natural density of B,

and given as follows

— 1
6(B) = lim sup ElB(n)I

n—oo

and
1
J(B) = liminf —|B(n)|.
n—-oo n

It is obvious that 0 < §(B) < 1 for any subset B € N if §(B) exists.

Propositions 3.1.2 Let B and C be subsets in N, if §(B) and 6(C) exist, then the characteristics
below are held.

(1) s(N) = 1.

(2) 6(¢) =0.

(3) For every finite set B, §(B) = 0.

(4) Foreverym € N, §(mB) = %6(3).

(5) If B< € = N, then §(B) < 6(C).

(6) S(N\B) =1—6(B).

(7) §(B + ¢) = 6(B), where c represents a constant inN and B + ¢ = {a + c:a € B}.



Proof. The proof of some parts is only given. The other parts are easily verified

(1) It can be obviously seen that

1
6(N) = lim — |N(n)| = hm |Nn{12 Ln} = lim—-n=1.
n—oo

—)OOn

(3) Suppose B is a finite subset in N and let |B| =i, (i, represents a constant in N), so that

|B(n)| < i, for any n € N. Then we have

6(B) = Tllim IB(n)I < llm —=0.

n-on

Hence §(B) = 0.

(5) Since B < C, then B(n) < C(n), and so |B(n)| < |C(n)|. Then we have

1 1
§(B) = lim —[B(n)| < lim —[C(n)| = &(C).

Hence 6(B) < 6(C).

Examples 3.1.3 Consider the following subsets B, C,E, F < N:
B={i:i=m?meN}=1{1,4,916,..},
C={i:i=3mmeN}={36912,..},
E={i:i=3"meN}=1{392781..},
F={i:5<i<15}={6,7,8,9,10,...,15}.

According to the above knowledge, we might easily find the natural density of each given set.

Now for the subset B, we see that i = m?, thenm; = Vi and so |B(n)| = [m,] = [Vn]. Then
1 1
§(B) = lim —=|B(n)| = lim =[vVn] = 0.

For the subset C, we see that i = 3m, then m; = é and so [C(n)| = [m,] = E] Then

Wl =

1 o 1Im
5(C) = lim ~|C()| = lim ;[g] -

For the subset E, we see that i = 3™, then m; = °gl ~and so [E(n)| = [my] = [logn] Then

) logn
S(E) = lim = |E(n)| — lim - [ ]
n—co n-onllog3

For the subset F, we see that 5 < i < 15, then |F(n)| = 10. We have

10
6(E) = rllim |F(n)| < lim —=0.

n-o N

Definition 3.1.4 [49] We remember that a function g from R*U{0} into R*U{0} is indeed a
modulus function or a modulus if the next properties are satisfied: (i) g(u) = 0 ifand only if u =
0, (i) g(uy +uy) < g(uy) + g(uy,) for every uy, u, € R* U {0}, (iii) g is increasing, and (iv) g

is continuous on the right side of zero.



Since |g(u;) — g(wy)| < g(luy — uyl), as a consequence of the fourth property (iv) that
g becomes continuous on R* U {0}. It is conceivable for a modulus to either be bounded or not.
For instance, the function g(u) = u/(u+ 1) is a bounded modulus, but h(u) =u is an

unbounded modulus function. Additionally, from the second property (ii), we have g(mu) <

mg(u) and so = g(u) <g ( ) for every m € N,

Definition 3.1.5 [50] Assume that g is an unbounded modulus function and B < N. The number

69 (B) is named to be the g-density of the set B and expressed as follows

69(B) = llm ——g({i<n:i € B}|)

()

in a case, the above limit exists.

Remark 3.1.6 If we take g(u) = u then the g-density returns to the natural density. It is obvious
that §(B) + §(N\B) = 1 is held in the case of natural density, for any B < N. However, in g-
density, this is different, i.e., §9(B) + §9(N\B) = 1 may not be held. This fact is demonstrated

in the instance below.

Example 3.1.7 Let us put B = {i:i = 2m,m € N} = {2,4,6, ...} and g(u) = log(u + 1). Then
89(B) = 69(B\N) = 1. Since %— 1<|{i<ni€eB} < % for any n € N and g is a modulus

function, then we can write

1 n 1 1 n
Jim o9 G =) S Jim et smii € BY < Jim s (3)

And so

(n)<llm%g({l<nl63})<%g§obg(n;+l) ( +1)

lim —————
n—»oolog(n+1)
1
1<lim—g{i<niieB}) <1

lim g <mi€BY

Hence, we see that §9(B) = 1. In addition, using the fact =—— — 1 < |{i < n:i € B}| < n—+1 we

have 69(B) = 1.

Remark 3.1.8 For any unbounded modulus g and a subset B € N, if §9(B) = 0, then §(B) = 0.
In fact, if 69(B) = 0 then lim ﬁg(l{i < n:i € B}|) = 0. Now for each p € N, there is n, €
n—-oo
N such that if n = n,, then we have
) . 1 1
gUli<mieBlD < g < g (En).

Since g is increasing, in this manner, we obtain

10



1 1
—{i<n:iieB} <-
n 14

for every n > n,. Hence, we get §(B) = 0.

The opposite is not necessarily true in all situations. For that, we give the instance below to

demonstrate the case.

Example 3.1.9 Given g(u) =log(u+1) and set B ={i:i =m? meN}. Then B(n) =
{i <n:i =m? m € N} so that |B(n)| = v/n. Then, by calculating §9(B), we see that §9(B) =
1/2, whereas 6(B) = 0.

Lemma 3.1.10 Assume that g represents an unbounded modulus function and B € N. If

lim 2% > 0, then §(B) = 0 implies §9(B) = 0.

n—-oo N

Proof. Since g represents a modulus function and |{i < n:i € N}| is a natural value, we have
g({i <n:i e N}|) < |{i <n:i € N}| g(1). Then it can be written as

1 gn) 1 1
—{i<niieB}=———g({i <n:i € B}|)—=
n n gm? g
Giving the limits into both sides as n — oo, we possess that §9(B) = 0, since lim g > 0.
n—oo

3.2. Statistical Convergence and Statistical Boundedness with Respect to a

Modulus Function

In this subsection, the concepts of g-statistically convergence, g-statistically boundedness,

and some results related to these two ideas are provided.

Definition 3.2.1 [50] Assume that g is an unbounded modulus function. Then a sequence ({;) in
R (or C) is referred to as g-statistically convergent (or S9-convergent) to ¢ if the set {i <

n:|{; — {| = €} possesses g-density zero, for every € > 0, i.e.,

rllggoﬁg(m <nlg—¢l> e =0,

and this is written as S9 —lim{; = ¢ or {; = {(S9). In this study, the collection of all S9-
convergent sequences is indicated by S9. We also indicated the collection of all g-statistically
null sequences by Sé’. For any unbounded modulus g, we definitely have 569 c S9. In the case of
g) = u the collection S9 will return to S (S is the collection of all statistically convergent

sequences).

Lemma 3.2.2 The S9-limit of any g-statistically convergent sequence is considered to be unique.

11



Lemma 3.2.3 Let the functions g and h be unbounded modulus. If S9 —1lim{; = ¢, and S" —
lim¢; = ¢, then {; = {j.

Theorem 3.2.4 Every convergent sequence represents a g-statistically convergent, i.e., ¢ € S9

for any unbounded modulus function.

Proof. Assume that (¢;) is a convergent sequence, then {; —» { as i — co. Given any € > 0, then
there is n € N such that |{; — {| < € for all i = n. So, there is a finite set {i e N: |{; — (| > ¢}
and hence §9({i € N: |{; — {| = € }) = 0, this is sufficient to fulfill the proof. o

The contrary to the above theorem does not necessarily hold true, the following instance

demonstrates this fact.

Example 3.2.5 Define the sequence ({;) as

and put g(u) = u?,0 < p < 1. Clearly (;) ¢ c, but for every € > 0, we have

g(Wn) _

1
lim ——g(|{i < n:|{; —O|>e|<11m

(n)
Hence, ({;) is S9-convergent.

Remark 3.2.6 It is well known that each subsequence in a convergent sequence also becomes
convergent, but this case does not necessarily hold true for g-statistical convergence, this says
that a subsequence of an g-statistically convergent sequence may not be g-statistically

convergent. For instance, if we put g(u) =uand put the sequence (¢;) as follows

n=123,..,
i #n?
l
8’

or, clearly ({i)z(l,%,% %%% , then we see that S9 —lim{; = 0, although

(1,4,9, ...) is contained as a subsequence in ({;) and not to be S9-convergent.

Definition 3.2.7 [50] Assume that g is an unbounded modulus function. Then a sequence ({;) in
R (or C) is referred to as g-statistically bounded (or S9-bounded) if there has a real number M >
0 such that §9({i € N:|{;| > M}) =0, i.e.,

12



1
lim ——g(|{i < n:({;| > M}|) = 0.

n-e g(n)
We use BSY to indicate the collection of all S9-bounded sequences. Note that in the case of
g() = u the collection BS9 will return to BS (BS is the collection of all statistically bounded

sequences).

Theorem 3.2.8 Every g-statistically bounded sequence becomes statistically bounded, that is,
BSY9 c BS for every unbounded modulus g.

The proof follows the assertion §9(B) = 0 implies 6(B) = 0 for any B ¢ N and any
unbounded modulus function g. Using this fact if (¢;) € BSY, then we have §9({i € N: |{;| >
M}) = 0 for some enough large real number M > 0. Now §9({i € N:|{;| > M}) = 0 implies
6({i € N:|¢;| > M}) = 0 and this means that ({;) € BS.

Note that the contrary to the above theorem does not necessarily hold true, the following
instance demonstrates this fact.

Example 3.2.9 Let g(u) = log(u + 1) and put the sequence ({;) as follows

= n=123, ..
0, i #n?

or, clearly (¢;) = (1,0,0,4,0,0,0,0,9, ...). Then for any number M > 0, we possess {i € N: |{;| >

M} ={1,49,..}, in which each element is a square positive integer number. Since
59({1,4,9,..1) =1/2 # 0 but §({1,4,9, ...}) = 0, then (¢;) € BS — BSY.

Theorem 3.2.10 Every bounded sequence becomes g-statistically bounded, that is, £, € BSY for

every unbounded modulus g, however, the opposite of that does not necessarily hold true.

Proof. Assume that g is an unbounded modulus function and let ({;) € ¢4. Then there has real
number M > 0 such that |(;| < M, for all i € N, that is, §9({i € N:|{;| > M}) = §9(0) = 0. So
(¢;) is g-statistically bounded. For the opposite part, the sequence of Example 3.2.9 serves the

purpose if we put g(u) = u.
Theorem 3.2.11 Suppose g is any unbounded modulus, then S¢ < BS9Y.

Proof. Assume that the sequence ({;) is S9-convergent to . Given € > 0 and define the sets
Bn)={i<n:|{;—{|>¢} and C(n) ={i <n:|{;| > || +¢€}. Then C(n) c B(n) and so
|C(n)| < |B(n)|. We obtain that §9(C) < §9(B) and so that §9(B) = 0 implies 69(C) = 0. As

a consequence, ({;) is S9-bounded.

13



However, the opposite of the above inclusion does not necessarily hold true. For instance,
if we put g(u) = u and define the sequence (¢;) = (1,2,1,2,...), then it is clear to see that ({;) €
BS9 — §9.

Corollary 3.2.12 From the above theorems, for any unbounded modulus g, we have

@i If lim %u) > 0, then a sequence is S9-bounded if and only if it is S-bounded.

u—oo

(i)  Every bounded sequence is S-bounded, i.e., £, < BS.

(iii) Every S9-convergent sequence is S-bounded, i.e., S9 c BS.

Lemma 3.2.13 [15] For any modulus function g. The function gk = gogo ..o g (k times) also

becomes a modulus for each k € N. This notation is implemented throughout the next parts.

3.3. Lacunary Statistical Convergence According to a Modulus Function

A lacunary sequence 6 = (k,) implies an increasing sequence of non-negative integer

numbers such that k, = 0 and h,. = k,- — k,_; — oo as r - oo, And the periods are given by 6 =

Ky
oy

(k,) are indicated by I, = (k,_4, k,] and the ratio

may be shortened by g,.. These notations

are used throughout some parts of our study.

Definition 3.3.1 Assume that g is an unbounded modulus function and B < N. The number

69k(B) is introduced as follows

g*({i <n:i € B}

§9(B) = lim kl
n-eo gt (n)

in the case the above limit exists, and it is referred to as g*-density of B.

Remark 3.3.2 If g(u) = u for every u € R* U {0}, is taken then the idea of g*-density is
returned to the natural density, as well as, in the case of k = 1 then from g*-density we shall

have g-density of a subset of natural numbers.

Definition 3.3.3 [51] Suppose that 8 = (k,.) is a lacunary sequence. A sequence ({;) of numbers

is referred to as lacunary statistically convergent (or Sg-convergent) to ¢, if

1
llmh—l{lEIrlzl—(l 25}' =0,
T

T—00
for each € > 0. In this situation, it is written that {; - {(Sg), or Sg —lim {; = . The collection

of all Sg-convergent sequences is written by Sg.

14



Definition 3.3.4 Suppose that 68 = (k,.) is a lacunary sequence and let g be considered an
unbounded modulus function. Let { € C be a number, then the sequence ({;) in C is defined to be

lacunary statistically convergent to ¢ according to g* (or Sy (g*)-statistically convergent), if

Jm g*(li €15 ¢l = ) = 0.

g*(hy)
for every € > 0. In this manner, we refer it to as {; — {(Sp(g")) or Sp(g*) —lim¢; = ¢. The

collection of all Sy(g*)-convergent sequences is indicated by Sy (g*). That is

1

mgk(li €L:|;—(|=¢|)=0 forsome{ € (C}.

$9(9%) ={G@0 + lim
Remark 3.3.5 In the case of g(u) = u, the thoughts of Sy (g")-statistically convergence and Sg-
convergence are the same. This means that Sg(g*) will become Sy. As well as, if k = 1 then

g*(u) = g(u) and so from Sy (g*), we have the sequence space Sy (g).

Theorem 3.3.6 Suppose that 8 = (k,) is a lacunary sequence and g is an unbounded modulus

function. Let (¢;), (§;) be sequences of complex numbers, then we have the following cases:

(i) If Sg(g*) —lim¢; = ¢ and a € C, then Sg(g*) — lim(a{;) = ad.
(i) 1fSp(g") —lim{; = ¢ and Sp(g*) —lim¢; = ¢, then Sp(g*) —lim(g; + &) = ¢ +¢.

The proof is clearly done, so we leave it here.

Theorem 3.3.7 Suppose 6 = (k,) is a lacunary sequence and let g be considered an unbounded

modulus function. If a sequence is convergent, then it is Sg(g*)-statistically convergent, i.e., c ©
S9(9").

Proof. Assume that ({;) is a convergent sequence. Given ¢ > 0, then {i € N: |{; — {| = €}
represents a finite set, and so |{i € N: |(; — | = €}| becomes a positive integer. Since {i €

L:|g;—¢l=e}c{ieN: |{;— (| = e}, sowe may write

g“({i e N: [¢; = ¢| = e}D).

g({ieL: ¢ —Cl =€} <

1
g*(hs) g*(hy)

Then adding the limits on both given sides as r tends to oo, we obtained that (;) is Sp(g*)-

statistically convergent sequence. o

Theorem 3.3.8 Suppose 6 = (k,) is a lacunary sequence and let g be considered an unbounded

modulus function.

15



g (u)

(i) Ifg(w) <uand 11m > 0, then every Sy-convergent sequence implies an Sy (g*)-

statistically convergent, i.e., Sg C Sg g").

@) If glu)=u and hm > 0, then every Sg(g")-statistically convergent sequence

"( )
implies an Sg-convergent, i.e., Sg(g*) © Sp.

Proof. (i) Since g is increasing and g(u) < u, then

giw <g-tw) < <glw) <u. (3.1)

Let ({;) € Sg and given € > 0. According to (3.1), we have

1 1
e h s 1 =Cl =8}l = h—g"(l{i €L |G —{l=e}])

g(r)

1
= gy Ui E I =¢l= 8D

Then adding the limits into both given sides as r tends to oo, we obtain ({;) € Sg(gk), since

lim =) k(h,)

r—oco hy

> 0.0

(i) Since g is increasing and g(u) = u, then

gcw) = gt w) = = g(w) = u. (3.2)
Let ({;) € Sp(g*) and & > 0 be given. Then according to (3.2), the next steps can be followed. o
Corollary 3.3.9 Assume that 6 = (k,) is a lacunary sequence and let g be considered an
unbounded modulus function with k, < k,. The cases below are possessed.
k
(i) Ifg(w) <uand lim %(u) > 0 then Sp(g*1) c Sy(g*2).

u—0o

(ii) 1f g(w) = wand lim = > 0 then Se(g*2) © Sp(g*).

The proof of (i) and (ii) can be done with the help of (3.1) and (3.2), respectively.

Theorem 3.3.10 Assume that 6 = (k,.) is a lacunary sequence and let g and h be considered two

unbounded modulus functions with g(u) < h(u) for every u € R* u {0}.

k
(i) If lim gkgl((”))) > 0, then S(g* o h) € Sg(g"+D).

(i) If lim R o ) then S, (A1) € Sy(h¥ o g).

k+1( u)

Since g and h are increasing and g(u) < h(u) for every u € R* U {0}, then

16



gt W) < g*(hw). (3.3)
and
Rk (g(w)) < R**1(w). (3.4)

The proof of (i) and (ii) follow from (3.3) and (3.4), respectively.
Definition 3.3.11 Suppose that 8 = (k,) is a lacunary sequence and let g be considered an

unbounded modulus function. Let { € C be a number, then the sequence ({;) in C is defined to be

lacunary statistically convergent to ¢ according to g™ (or Sy (g®™)-convergent), if

lim ———g“ (i € 15 =<1 = e}y = 0.

g™ (hy)

Then, we refer it to as {; = {(Sp(g"™)) or Sp(g¥™) —1lim{; = ¢. The collection of all

S (g*™)-convergent sequences is indicated by Sy (g*™). That is

1
Se(g*™) = {({i) ¢ lim — gk({i € 1:1¢;— ¢ = €}|) = 0 forsome { € (C}.
r—o g™ (h;)
Notice that in the case of g(u) = u, the thoughts of Sy(g*™)-convergence and Sg-
convergence are the same. This means that Sy (g*™) will become S,. As well as in the case of

k = m we see that Sy (g*™) = Sg(g").

Theorem 3.3.12 Assume 8 = (k,.) is a lacunary sequence and g is any unbounded modulus

function. Let ky, k5, m;, m, € N with k; < k, and my < m,. If g(u) < u, then

(i) Se(g*™) c Se(g*2™) foreachm € N,
(i)  Sp(g*™2) c Sg(g*™) foreach k € N.

Proof. (i) Let (;) € Sg(g**™) and given £ > 0. Then according to (3.1), we may write

ge({ie L 18— = &) < gal{ie G -2l =€
g™(hy) - g™(h,)

for every r € N. Adding the limits into both given sides as r tends to oo, we have

y ge(lielh: G —¢l=eD _
m =

0.
ro g™ (hr)

So, we obtain that ({;) € Sy(g*2™). o
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(i) Let ({;) € Sp(g™™2). Then according to (3.1), we may write

g Ui € 15 = ¢ = €} < g Ui € 115 = ¢l = €}
g™ (hy) B g™ (hy)

for every r € N. Adding the limits into both given sides as r tends to oo, we have

I gUEEL:IG—Sdl=zel)
im =

0.
ro g™ (hy)

So, we obtain that ({;) € Sg(g*™1). Hence the proof. O

Theorem 3.3.13 Assume 8 = (k,.) is a lacunary sequence and g is any unbounded modulus

function. Let ky, k,, m;, m, € N with k; < k, and my < m,. If g(u) = u, then

(i) Se(g*>™) c Sg(g*+™) for eachm € N,
(i)  Sp(g*™) c Sg(g*™=) foreachk € N.

Then the proof is done by using (3.2) in the same way of Theorem 3.3.12.

Theorem 3.3.14 Assume 8 = (k,.) is a lacunary sequence and g is any unbounded modulus

function withm > k.

(i) If g(w) < u, then Sy(g*™) < Se(g™").
(i) If g(u) = u, then Se(g™*) < Sp(g" ™).

Proof. (i) Let ({;) € Sp(g®™). Since g(u) < u and m > k then according to (3.1) we may state

g e 18 =3l = €} S 9 E LG = ¢l = &)
gm(h;) B gm(h;)

_gmtieh:1g =gl = D)
- g*(hy)

Adding the limits into both given sides as r tends to oo, we have

gl E L lG =gl =g
1m =

0.
o gk(h,)

So, we possess that ({;) € Sp(g™*). The proof of (ii) is similarly done by using (3.2). o
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Corollary 3.3.15 Consider 6 = (k,-) is a lacunary sequence and g is any unbounded modulus

function with m > k. The results below are concluded.

(i) If g(w) < u, then Sp(g*™) < Se(g").
(i) If g(w) = u, then Se(g*) < Se(g*™).

The proof of (i) and (ii) can be done by using (3.1) and (3.2), respectively, and we omit

them.

Theorem 3.3.16 Assume 8 = (k,.) is a lacunary sequence and g is any unbounded modulus

k
function. If lim % > 0 exists, then Sg(g*) = Sp(g"™).

u—o g

Proof. Let ({;) € Sp(g*®™), then we may write

g (i € L: 13 — ¢l = €}]) _ gl e L:1¢ = ¢l = &}) g*(h)
gm(h,) g*(hy) gm(h)

Adding the limits on both given sides as r tends to oo, we have

gl € L: 15 = ¢l = e3D) g*(hy) _

llm - 0;
0 g*(hy) g™ (hy)
k
since lim 2% 5 0 exists. So, we obtain that (¢;) € Sp(g*). The proof on the other hand is

u—oco g™ (hy)

similarly done. Hence the proof. o

Corollary 3.3.17 Given a lacunary sequence 6 = (k,.) and let g be considered an unbounded

)
gm(u)

modulus function. If lim > 0 exists, then Sy (g¥™) = Sp(g™").
UuU—00

The proof follows from Theorem 3.3.16.
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4. CESARO SUMMABILITY

4.1. Strong Cesaro Summability with Respect to a Modulus Function

A generalization on strong Cesaro summability was made by using a modulus function, for
that, another concept has been concluded. Later, the connections between the sets of g-strong
Cesaro summable sequences were determined [51].

Definition 4.1.1 [52] Assume that g is an unbounded modulus function. Then a sequence ({;) of

real (or complex) numbers is named g-strongly Cesaro summable (or w9-summable) to ¢, if

_1x ~
ggo;;g(la—zl) = 0.

In this manner, {; » {(w9) is used, and the collection of all sequences of g-strongly
Cesaro summable is indicated by w9. The collection of sequences in which { = 0 in the
definition of w9 is indicated by w; . In other forms, here are the definitions of the spaces w9 and

wg as follows
1 n
wy = {((ﬁ)l Alj{}oﬁz 9(&h = 0},
i=1
1y
wid = {((i)! rlll_ILlor—lZ g(¢; = ¢I) = 0 for some number Z}.
i=1

Note that in the case of the identity modulus g(u) = u the g-strong Cesaro summability
will be reduced to the strong Cesaro summability, and so the sequence spaces wg)g and w9 are

become w, and w, respectively.

Theorem 4.1.2 [53] Assume g is any modulus function. Then
Q) wc w9

(i) wy C W(')g
Proof. For the first part, let (¢;) € w be taken, then

n

1 _
Jim 2 2,908 =¢h =0

i=1

for some &. Given € > 0 and take § with 0 < § < 1 such that g(t) < e for t € (0,6]. Let {; =

|&; — &| and consider
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ig(fi) = zn: 9@ + zn: 9.
i=1 i=1 =1

¢isé {i>6

Since g({;) < e for {; < 8, then Yi-; g(¢;) < en and also for {; > &, we have {; < {;/6§ <1+

[¢;/6], where [c] intends the integer component of the real number c. Since g is a modulus, then
9(¢) < g +[{/6D) < g(A +[§/6]) < 2g(1)({;/5), so we obtain

zn: 9 < 29§1) Z G-

(ll=>15 {i>6
Therefore,
LS g -t e+ 2OL S e gas +£32|f ~él
ni=lg l - p n i=1 l

[§i—¢1>6

This implies that (§;) € w9. Hence the proof. o

The proof of the second part is the same as the first part when & = 0 is taken and so it is
omitted.

Lemma 4.1.3 [54] For any modulus g, then lim 2% = g exists and lim 2% inf{%u):u > 0}.

u—oo u u—oo

gw)

Theorem 4.1.4 [53] Assume g is any modulus. If lim == > 0 then w9 c w.

UuU—00

Proof. Using Lemma 4.1.3 there is f > 0 such that g = inf{g( Wy > 0} So it gives us fu <

g() and thenu < %g(u) forall u > 0 and so

LS 1< ——Z 91— ).
i=1

This concludes that (¢;) € w9 implies ({;) € w. Hence the proof. o

D)

Corollary 4.1.5 Assume g is any modulus. If lim £ > 0 then w9 =

u—>oo

Theorem 4.1.6 [51] Assume g and h are modulus functions. If
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gw)

su <
we(0) h(w)
then we have w" c w9.
Proof. Assume that « = sup 90 — o0 then 2 < ¢ and so that g) < ah(u) forevery u €
ue(0,00) W h(w) —

R* U {0}. Now it is obvious that @ > 0 and let ({;) € w”, then we may write

1% aC
EZ 901 =¢D < EZ RS = 3D,

Providing the limits into both given sides as n — oo, we get that ({;) € w9. Hence the proof. O

Note that the above inclusion may be strict, for this, the instance below demonstrates the

strictness of the inclusion.

Example 4.1.7 Given the sequence ({;) which is defined as

0, i #m3
% - 9 _ -
and the modulus g(u) = — and h(u) = u. Now ues(l(l)go) no) 1 < oo and since
Z @)+~ Z 0) Z PR
= = - _— — 00
Zgam) g 9O =5 ) <y o omnoe
=
i= m3 L¢m3 i=m3

then we have { € w9. But since

Z h(g;]) = 2 h() + g(0) > [([‘/_] _ 1)([‘/_])] S wasn - o,

i= m3 L¢m3

we obtain ¢ & w", where [c] indicates the integral part of the real number c. Hence { € w9 — wh

and the inclusion is strict.
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4.2. Lacunary Strong Convergence According to a Modulus Function

With the use of a modulus function g and a lacunary sequence 6 = (k,), the idea of
lacunary strong convergence according to g* is introduced. After that, the relation between this
idea and statistical convergence is investigated. Also, the connection between the sets of lacunary

strongly convergent sequences according to g* is talked about.

Definition 4.2.1 Suppose that & = (k,) is a lacunary sequence. The space Ny of lacunary

strongly convergent sequences has been created by Freedman [17] as follows

1
Ng ={(G) ¢ ggrgh—ZIZi—Cl = 0 for some { ;.
T

i€l

In this manner, if ({;) € Ny then ({;) is considered to be lacunary strongly convergent to ¢, and
(i & {(Ng) or Ny —lim{; = { is refered. Notice that this space is indeed a BK space with the
norm [|-||,, where for n = (;) € Ny itis expressed as follows
1
Inlly = sup—=> I
"o €L
Definition 4.2.2 Suppose that 8 = (k,-) is a lacunary sequence and let g be considered a modulus

function. Let ¢ € C be a number, then the sequence (¢;) in C is defined to be lacunary strongly

convergent to ¢ according to g* (or Ng(g*)-strongly convergent), if

1 K
lim -— > g“(I¢; =¢]) = 0.
T—00 hT L
i€l
Then, we refer it to as ¢; = {(Ny(g*)) or Ny(g*) — lim {; = ¢. We indicate the collection of all
Ny (g")-strongly convergent sequences by Ny (g*). That is

k . k
No(9*) =1 G+ lim—>" g%(— 1) = 0 for some ¢ € T,
T €L
Notice that in this definition the function g is not required to be an unbounded modulus. If
we put g(u) = u, then the Ny (g*)-strong convergence is reduced to the Ny-strong convergence.
Ng(g*) is indicated as the collection of all sequences in which ¢ = 0 in the definition of
Ng(g"). 1t’s clear to see that if k = 1, then the spaces Ny(g*) and NJ(g*) will respectively

become the same as Ny(g) and NJ(g) of Pehlivan and Fisher [23]. In the particular case of =
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(2") and g(u) = u, we see that Ny(g*) = |oy|, where |o;| = w is the set of strongly Cesaro

summable sequences.

Theorem 4.2.3 Consider a lacunary sequence 6 = (k,.) and let g be a modulus function. Then the

sequence sets Ng (g*) and N2 (g*) are linear spaces.

The proof can be easily done by using these inequalities: || < A, and |B| < Bz where

a,p € C,and A, and By are positive integers, and we leave it.

Theorem 4.2.4 Given a lacunary sequence 8 = (k,) and let g be considered a modulus function.
If g(u) < u for every u € R U {0}, then every lacunary strongly convergent sequence implies

Ny (g*)-strongly convergent, i.e., Ng € Ny(g"*).

Proof. Let ({;) € Ng. Since g is increasing and g(u) < u for every u € R* U {0}, then according

to (3.1), we may write

1 1 1 1
A e Wl (A OERE = WA DR S}

i€, i€l i€l i€,

That is,

AR EE Y A}

i€l, i€l,
Then adding the limits into both given sides as r tends to oo, we have
1 K
lim — > g“(I¢; = ¢|) = 0.
T—>00 hT v
i€l
Therefore, we obtain that ({;) € Ng(g*). Hence the proof. o

The above inclusion relationship may be strict, for this, the instance, which is mentioned

below, clarifies the strictness of the inclusion.

Suppose 8 = (k,.) is a given lacunary sequence. Define (y;) asy; isto be 1,2,..., [\/h_r] at
the first [\/h_r] integers in I, and ¢; = 0 otherwise, where [c] indicates the integral component of

the real number c. Now let (¢;) = (y;) and put g(u) = ﬁ then g(u) < u for every u € R* U

k _ u
{0}and g“(u) = w7 For that, we have
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im — k 1 |Jhe ||\ hr
lim 7> 914 =r‘52h7%= N

iel,
but
lim— 316l = lim — [E ][] = 1.
r—oo h,. & r—oo .

hence (¢;) € Ng(g*) — Ne.

Corollary 4.2.5 Suppose that 8 = (k,.) is a given lacunary sequence and let g be considered a

modulus function. If g(u) < u for every u € R* U {0}, then

Ng € Ng(g) € -+ € Ng(g*™*) c Ng(g*)

Theorem 4.2.6 Consider a lacunary sequence 6 = (k,.) and let g be a modulus function. If
g(w) =u for every u € R* U {0}, then every Ny(g*)-strongly convergent sequence implies

lacunary strongly convergent, i.e., Ny (g*) < Ny.

Proof. Let (¢;) € Ng(g*). Since g is increasing and g(u) = u for every u € R* U {0}, then

according to (3.2), we may write

1 1 1 1
PN AU O W (R OER T WA O EF WIA!

i€l i€, i€, i€,

that is

OWACEIIEE Y]

i€l i€l

Then adding the limits into both given sides as r tends to oo, we have

1
}Lrgoh—rz:lii ~¢l=o0.

i€l,

Therefore, we obtain that (;) € Ng. Hence the proof. o

Corollary 4.2.7 Suppose that 8 = (k,-) is a given lacunary sequence and let g be considered a

modulus function. If g(u) = u for every u € R* U {0}, then

No(g*) € Ng(g*™') c - © Ny(g) € Ny
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Corollary 4.2.8 Suppose that 6 = (k,.) is a given lacunary sequence and let g be a modulus

function with k < n.

(i) If g(u) < uforeveryu € R* U {0}, then Ny(g*) c Ng(g™).
(ii) If g(w) = u for every u € R* U {0}, then Ny (g™) < Ny(g*).

The proof of (i) and (ii) is done by using (3.1) and (3.2), respectively.

Theorem 4.2.9 Consider a lacunary sequence 6 = (k,) and let g and h be considered two

modulus functions. If g(u) < h(u) for every u € R* U {0}, then

() Ng(g* o h) € Ng(g***).
(ll) Ng (hk+1) C Ng(hk o g)

Proof. (i) Let ({;) € Ng(g* o h). Since g(w) < h(u) for every u € R* U {0}, then according to

(3.3), we may write

1 1
A (R OEO WA (T O)!

i€l, i€l

after, adding the limits into both given sides as r tends to o, we have

1
lim — > g"*'(5 N = 0.
T

T—00
i€l,

Therefore, we conclude that ({;) € Ng(g**1). The proof of (ii) is followed by (3.4).

Theorem 4.2.10 Consider a lacunary sequence 6 = (k,) and let g be given as a modulus

function. If a sequence ({;) is Ng(g")-strongly convergent to ¢, then it is Sg-convergent to ¢, i.e.,
Ng(g*) < Se.

Proof. Assume that ({;) € Ng(g*) and let £ > 0 be given, then we may write

1 1 1
N AU OETID WA (S DR W ()

i€l LEL i€l
[¢i—Slze [¢i—Sl<e
1
>— > g5 —<D
r L
i€,
qED

1 K
zh—|{le1r= 1¢; — ¢ = &} g*(e).
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Then adding the limits into both given sides as r tends to oo, we get that ({;) € Sy. Hence the

proof. o
The following instance shows the strictness of the above inclusion relationship.

Example 4.2.11 Suppose 6 = (k,.) is a given lacunary sequence. Choose (¢,) = (y;), where y; is

given as in the above instance, and put g(u) = 2u as a modulus function, then g*(u) = 2*u.

Now for any given € > 0, we have

1 Jh
lim—|{iel: |¢{|=¢}| = lim L] 0,
-0 b, ' T

Tr—00

s0, (¢;) € Sg. But since

1 2k
"ot ) = o L
riEIr T

then (¢,) & Ng(g"). For that, the inclusion strict is demonstrated.

Theorem 4.2.12 Consider a lacunary sequence 6 = (k,) and let g be given as a modulus

function. If a sequence ({,) is bounded and Sy-convergent to ¢, then it is Ny (g")-strongly

convergent to ¢, i.e., £,,N Sy © Ny(g").

Proof. Assume that (¢,) is a bounded sequence and Sg —lim ¢, = { with a given £ > 0. Then

there is some H > 0 such that |{; — {| < H for every i. Now we may write

1 1 1
N AU ORT WA (S DR WU (B0

i€l LEL- LEI,
1Gi=¢l2e IGi—gl<e
1 1
<— > g+ D e
B B s
iEl, i€l,
[15:=¢l|ze [¢i—Cl<e

1 h
<g*H) €L 16—l 2 e}l 45— g*(e).
hy hy
Then, by adding the limits into both given sides as r tends to co, we possess that the sequence ({,)

is Ng(g*)-strongly convergent to . Hence the proof. o
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Corollary 4.2.13 Assume that 8 = (k,.) is a given lacunary sequence and let g be considered a

modulus function. Then from Theorem 4.2.10 and Theorem 4.2.12, we get the result SgN¥,, =
Ng(g")N4..

Theorem 4.2.14 Consider a lacunary sequence 6 = (k,) and let g be given as a modulus

function. Then Ny(g*) — lim {; = ¢ is considered to be unique.

Proof. Suppose that Ng(g*) —lim¢; = ¢, and Ng(g*) —lim ¢, = ¢,. Then

2 9= 6D = 7 2 (16 =4 = (6 =4,

iEI‘r iEIT-

1
N A (R ARY A

€L
N AR AET- WA (AR
_hriEI iy hriel LY

Then adding the limits into both given sides as r tends to oo, we have
M X
lim 7> 9(12, = ,) =0.

T—00
€L

So, we obtain that ¢, = ¢, . Hence the proof. o
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5. MATRICES AND LUCAS NUMBERS

5.1. Matrix Transformations

An infinite matrix is sometimes given as the most general linear operator between two
sequence spaces. So, the theory of matrix transformations is generally being of great interest in
the study of sequence spaces. The investigation of the general theory of matrix transformations

was initiated by specific findings in the field of summability theory.

By A = (a,,;), we assume an infinite matrix consisting of real or complex numbers a,,;,
where m,i € N, and ¢ = ({;) is an arbitrary sequence in w. Then, we acquire the sequence

AT (referred to as the A-transform of {) by the standard matrix product

Qoo Qo1 Qo2 Qo %o
Q1o A11 Q12 Qs ¢4
AC = az0 a?1 ‘12:2 azi ¢
Amo Am1  Am2 Ami ¢
Agoly + a01§; + ag2¢, + -+ agf; + - Ziaol'(i\
a106, + a11¢; + a12¢, + -+ ay g + - 2ia1G;
_ | @208o t @21y + a2l + -t agf o | L 2 aziG;
amO(O + am1(1 + am2(2 +- ami(i + - Zi amizi

So, in this manner, the sequence ¢ is transformed into the sequence A = {(A{),,} with

(A()m = Z ami(i (m € N) (51)

4

such that the series .; a,,;¢; converges for each m € N [24].

Given two arbitrary sequence spaces X and Y. A is considered as a matrix mapping
(transformation) from X into Y if A = {(A{),,} € Y exists for every { = ({;) € X and we express
it by A: X — Y. The collection of all matrices A from X into Y is indicated by (X:Y). In this
manner, A € (X:Y) if and only if the series };; an,;; in (5.1) converges for each m € N and for
all ¢ € X, and we have A{ = {(40),,} € Y forall { € X.

Matrix transformations play a main role in summability theory of divergent sequences and
series. A simple instance of this, is the Cesaro method C; of order one which is the most popular

way of summability and is considered by a matrix C; = (¢,,;) as follows

29



— 0<i<m
={m+1

Cmi

0 i>m

The Cesaro transform (or C;-transform) of a sequence ({;) € w becomes the sequence

(&) that is defined as follows

m
1
én = (C1Dm = m—HZ {; for all m € N.
i=

Consider ({,) = {(—1)1'}1,EN which is clearly bounded but divergent, then

(14 (=1
Em) = {m}

forms a null sequence. Or, clearly since

< <
0= (G0 < —

for every m € N, hence (C,{),, = 0 as m — oo. This indicates that the divergent sequence ¢ is

Ci-summable to zero [24].

5.2. Lucas Band Matrix

The sequence (L;)iey IS considered as Lucas numbers 1, 3, 4, 7, 11, 18, 29, ... which is
known as the series of lame whose general form is provided by the Fibonacci recurrence relation

with different initial conditions as follows
Li=Li_q+Li_pi=>2andLy=2L; =1,
where the general form of the Fibonacci sequence is given by;
Fi=F_1+F_,i>2andF,=F, =1,

so, extremely as the Fibonacci numbers, each Lucas number is considered to be the sum of its two
immediate previous terms [55, 56]. The connections between Fibonacci and Lucas numbers can

be determined in some equalities, some of them are shown as follows

Liy+Liy1 =5F and Fi_1 + Fiyq = Ly,
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these hold for i = 1, and for i = 2, and therefore, after addition, also for i = 3,i = 4 and hence
for any integer i. As a consequence of the above equalities any formula contains Fibonacci and
Lucas numbers can be expressed in terms just one of these types; however, this is not always
convenient, for that, there are some other connections between Fibonacci and Lucas numbers (see

in [56]). There are various interesting properties and applications for Lucas numbers. The golden

ratio @ = (1 ++/5)/2 is an outcome of Lucas numbers, and it has many applications [55, 56].

In the see of the above information, by using the Lucas sequence and two real numbers r

and t such that r, t # 0, the Lucas band matrix E(r,t) = (E;,(r,t)) is established as follows:

(t Li (m=i-1)

Li—q

E. = L;_

Eim(r,t) zi (m =) (5.2)
0 (m>ior0<m<i-—1)

The Lucas band matrix is a double band matrix and it plays a great role in summability
theory. It might be used to define the Lucas transform (or, E-transform) [57]. The E-transform for

a sequence ¢ = (¢;) is formed by using (5.2) as below:

L o i=>1. (5.3)

The assertions: (i) E;(r,t)(¢{ +¢) = Ei(r,t)(Q) + E;(r, ©)(©), (i) Ei(r,t)((—¢&) =
E(r,)(Q) — Ei(r,t)(&) and (iii) E;(r,t)(al) = aE;(r,t)(¢) for i > 1 are some properties, the
E-transform contains them, where ¢ = (¢;) and & = (&;) are two arbitrary sequences of complex
numbers and « is a fixed in C. These properties can be easily verified. If we consider the first one

(i), then with the help of (5.3) and for i > 1, we may write

E(rt)(i+f)—r ((l+fl)+t (le+s‘l 1)

l

= T a g,
Li—l

= L o+ t 51 rlE + f—Li i1
Lz L; Li_yq

= E(r,0) () + Ei(r. £)($).

The E-transform will be the main object in identifying some new concepts and creating

some new sequence spaces in the next parts of this study.
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6. LACUNARY STATISTICAL CONVERGENCE AND LACUNARY
STRONG CONVERGENCE BY USING LUCAS BAND MATRIX
AND MODULUS FUNCTIONS

Assume that G is the set of sequences of modulus functions G = (g;) such that
lim,,_,,+ sup; g;(u) = 0. The sequence of modulus functions identified by G is indicated by G =
(g) € G . We write G* = (gF) = {g¥, g%, ..} (k €N), and let v = (v;) be considered as a

sequence of strictly positive real numbers. We use these notations throughout the next.

6.1. Lacunary Statistical E(r, t)-Convergence According to G*

In this subsection, a sequence of unbounded modulus functions G is first used to introduce
the idea of G*-density of a natural numbers’ subset, then with the help of the Lucas transform
E(r, t) and a lacunary sequence 6 = (k,.), this definition is extended into establishing the concept
of lacunary statistical E (r, t)-convergence according to G¥. Also, some connections between new

concepts and some others are found.

Definition 6.1.1 Assume that G = (g,-) is a sequence of unbounded modulus functions in G. The

number SGk(B) of a subset B c N is introduced by

grf({i < r:i€ B}

§¢*(B) = lim
= gk (r)

in the case the above limit exists, and it is named to be G*-density of B.

Remark 6.1.2 If g, (u) = u is taken then the concept of G*-density is returned to the natural
density, as well as, if g,(u) = g(u) then from G*-density we shall have g*-density, for all r € N
and for every u € R* U {0}.

Definition 6.1.3 Suppose that & = (k,) is a lacunary sequence and let G = (g,-) be considered a
sequence of unbounded modulus functions in G. Let s € C be a number, then the sequence ¢ =
(¢) in C is defined to be lacunary statistically E(r,t)-convergent to s according to G* (or,

Se(E (1, t), G¥)-statistically convergent), if

) 1
lim

Hm e )gf(|{i el |E(r () —s|=¢€}h=0.
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In this manner, we shall write ¢, = s(Sg(E(r,t),G*)) or Se(E(r,t),G*) —lim{, =s. The
collection of all Sg(E(r,t), G¥)-statistically convergent sequences is indicated by

Sg(E(r,t),G*). That is

%@@aw){q(q %Wem@@ﬂ@—ﬂzﬂﬁwmmeq.

roe gk (hr)

Notice that in the case of g,.(u) =u, the concept of Sy(E(r,t), G*)-statistically
convergent will reduce to Sy (E (r, t))-statistically convergent, as well as, if k = 1 then g¥(u) =
gr(w) and so from Sy (E(r, t), G*), we have the sequence space Sy (E(r,t), G), for all r € N and
for every u € R U {0}. S9(E(r,t),G¥) is indicated as the collection of all sequences in which

= 0 in the definition of Sy(E(r,t),G¥).

Theorem 6.1.4 Assume that 8 = (k,.) is a lacunary sequence and G is considered to be a

sequence of unbounded modulus functions in G. Let (¢;), (§;) be sequences of complex numbers,

then cases below are possessed.
(i) If Se(E(r,t),G*) —1lim{; = s and a € C, then Sg(E (1, t), G¥) — lim(a(;) = as.

(i) If SeE(,t),6")—1lim¢;=s; and Syp(E(rt),G*)—1lim§ =s,,  then
SQ(E(T, t)! Gk) - hm({l + El) = Sl + SZ'

Proof. (i) The proof is clearly done for a« =0. Now let a #0 and we suppose ¢; —

s(Se(E(r,t),G")), then we may write

gf(lhr)gf(l{i € I: |Ei(r,0)(ad) — as| = €}|)
= (hr) gk (I{i € L al|Bi(r () — 5| = €}])
&» (@HIE@@@—4_|M)
Thus
s (0 € 1 B 0Ge0)  as| 2 €)= O o

This implies that (a{;) = as(Sg (E(r,t),G")), or clearly So(E(r,t),G*) — lim(ad;) = as.

(ii) Suppose that ¢; = s1(Se(E(r,t),G¥)) and &; = s,(Se(E(r, 1), G*)), then we may write
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1
95 (hy)

gr(l{i € L |Ei(r, 0@+ &) — (51 + 52)| = €}])

_ 1
95 (hy)
1
<~ gk
gwm%(
1
k
gk(h,) Ir (

g (i € L2 |(E;r, )@ = 51) + (Ei(r, () = 52)| = €})

{ie L |E@ -5 2 §}| +|{i € L: |Er, () — 52 2 ;}D

1
k
gwm%(

<

(e bt 0@ -s|23)+ fi et B 0@ -5 2 5))).
Thus
1
gx¥ (hy)

gF({i e L |Er, )@+ &) — (51 +52)| = €}]) » Oasr — oo,

This concludes that (g, + &) = (s1 + 52)(Se(E(r,t),G*)), or clearly So(E(r,t),G*) —
lim(¢; + &;) = s; + s,. Hence the proof. 0

Theorem 6.1.5 Assume that 8 = (k,.) and 9 = (s,.) are lacunary sequences with I. c J,., and let

G = (g,) be given as a sequence of any unbounded modulus functions in G. If
limr_)oosup(gf({’r)/gf(hr)) < o, then € — s(Sg(E(r,t),G*)) implies {;—
s(Sp(E(r,1),G")).

Proof. Assume that I, c J,, and € > 0 is given. Let {; = s(Sy(E(r, ), G¥)), then we have
{i €l |E‘i(r, () — s| > s} c {i €/, |E‘i(r, () — s| > z—:}.

Since |{i € L:|Ei(r,0)(Q) —s| = €}| and |{i € J,:|Ei(r,)()) — s| = €}| are positive integer

values and (g,-) is a sequence consisting of modulus functions for all » € N, then we may write

gk(lhr)gi‘(l{i € L:[E(r)(Q) —s| z e}]) < e gk (i € ) |Er, )@ —s| = €})
gr6) 1 _ _
= ) ey o (N € B () = 5| = )
Thus

T h )gf(|{i €EL:|Ei(r ) —s| = ¢€}|) > 0asr > oo,

since lim,_,sup(gs (£,)/gx (hy)) < co. This concludes that ¢, - s(Se(E(r,t),G*)). Hence

the proof. o
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Theorem 6.1.6 Assume that 6 = (k,) and 9 = (s,-) are lacunary sequences with I,. c J,, and let

G = (g,) be given as a sequence of any unbounded modulus functions in G. If
hmr—mO(gr (f - hr)/gr ({)r)) =0, then (i - 5(59 (E(T’, t), Gk)) implies (i -
s(Sg(E(r,t),G*)).

Proof. Assume that I, c J, and & > 0 is given. Let {, - s(Sp(E(r,t),G*)). Since (g,) is a

sequence consisting of modulus functions for all » € N, then we have

gr (|l € Jr: [Eir () = 5| = €}])

"(i’r)
1 ~
= k9 (i€ Grop kel B, @) — 5] 2 )
+{i € (kr, 50 1: |Es(r, 0@ — 5| 2 e}|+[{i € (o1, k1 |Ei(r, Q) — 5| 2 €}])
< Mgf ((kr_l —sp) + (sp— k) + |[{i € L2 |Ei(r, ) (D) — s| = g}|)
1 . -~
= (Gr = sr-2) = G — k) + {1 € 12 |EiCr, 0@ = 5] 2 €
({,r) g¥(br —hr + [{i € L2 |Ei(r, () — 5| 2 €}])
< Mgf(i’r —hy) +——— "‘(hr) gk({i € L: |E(r, () — 5| = €}))
Thus
1 .
gE(e )gﬁ(l{l € Jr: |Ei(r' t)({) — Sl = E}D - 0asr — oo,

since lim, o (g5 (¢ — hy) /g5 (€,)) = 0. This concludes that ¢, — s(Sg(E(r,t),G¥)). Hence

the proof. o

Theorem 6.1.7 Assume that 8 = (k,.) is a lacunary sequence and G = (g,) is given as a

sequence of unbounded modulus functions in G.

@) If g,(w) <u and lim gri v

u—oo

>0 for all r € N and for every u € R* U {0}, then {, -

s(Sp(E(r, 1)) implies ¢; = s(Sa(E(r, 1), G¥)).
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(ii) If g,(w) = u and lim ﬁ > 0 for all v € N and for every u € R* U {0}, then ¢, -
u—oo gr

s(Sp(E(r,t),G*)) implies ¢, > s(S(E(r,1))).

Proof. (i) Since (g,.) is increasing for each r € N and g,-(u) < u for all r € N and for every u €

R* U {0}, then the next inequality is followed

gF@W) < gfF W) < < gp(w) <u (6.1)

Let, = s(Sp(E(r,t))) and & > 0 be given, then according to (6.1), we may write

1 ~
h—|{l €l |E (r,t)(O — s| > e}| > —gr(|{l €l |Ei(r, t) () — S| > £}|)

. " gx (h,)
= ) gf(|{l el : |El-(r, ) () — S| > E}Dh—r

Thus

gr
—>0asr—>00.

gr(li €1+ [Er O — 5| = £}])

(hr)
This concludes that {; = s(Sg(E(r,t),G*)). o

(i) Since g, (u) = u for all r € N and for every u € R* U {0}, then the following inequality is

followed

g = gF W) == g, (W) 2w (6.2)

Let {, - s(Sg (E(r,t),G*)) and £ > 0 be given, then according to (6.2), we may have

gr(llie t: [E D@ s =z }]) 2

i € 1+ |Ei(r, Q) — 5| 2 ¢

o (hr) ’ (hr)

1
= ol e 1B 0© —s] 2

Thus

Oasr — oo,

1 ..
EWEIIEUG@‘4—4|HM)

This concludes that {; = s(Sg(E (7, 1))). o

Corollary 6.1.8 Assume that 8 = (k,) is a lacunary sequence and G = (g,) is given as a
sequence of unbounded modulus functions in G with k; < k,. Then from the above theorem, we

possess the results below.
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@) If g,(w) <u and lim 9"

u—o0o

s(Sp(E(r,t),G*)) implies {, = s(Sg(E(r, 1), G*2)).

> 0 for all r € N and for every u € R* U {0}, then {, -

u

(i) If g,(w) = u and 11m ( ) > 0 for all r € N and for every u € R* U {0}, then ¢, —
gy

s(Sg(E(r,t),G*2)) implies {, = s(Sg(E(r, 1), G*1)).
The proof of (i) and (ii) can be done by using (6.1) and (6.2), respectively.

Theorem 6.1.9 Assume that & = (k,) is a lacunary sequence and let G = (g,-) and H = (h,.) be
given as two sequences of unbounded modulus functions in G with g,.(u) < h,.(u) forall r € N
and for every u € R* U {0}.

R +1(u)
(I) It thl—l;lgo 9r (hr( ))

S(SB (E(T, t), Gk+1))'

>0, then (- s(Sg(E(r,t),G¥oH)) implies ¢, -

.. . h¥(gr P . - o
(i) If lim h,;(f’lgg) > 0, then ¢, — s (S (E(r, £), H**1)) implies ¢, > s(S(E(r, £), HY o
o).

Proof. Since g, and h, are increasing for each r € N, and g,.(w) < h,.(u) for all »r € N and for

every u € R* U {0}, then the inequalities below are concluded.

g @ < gf () (6.3)

and
R (g, () < W (w) (6.4)

For the first part, we suppose {; = s(Sg(E(r,t),G* o H)). Then, according to (6.3), we may
write

g’:(hr(l{i €1 |E () —s| = e}l)) - g (G el B0 - sl = &}])
g*(hy(h)) B gk (hy(h)

_ gt it [EGO@ sl 2 D) g5 ()
gE* () g*(h,(h,))
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Providing the limits into both given sides as r — oo, it implies that {; = s(Sp(E(r,t), G**1))

) i k+1 h
since 0 < lim ~9r()

Mk ) < oo, For the second part, we assume {; = s(Sg(E(r,t), H**1)). Then,

. ) k
according to (6.4), it follows that {; = s(Sg(E (7, t),H* o G)) since 0 < &%% < 0.0

Theorem 6.1.10 Assume that 8 = (k,.) is a lacunary sequence and G = (g,) is a sequence of
unbounded modulus functions in G. Then {; - s(S3(G*)) implies {; - s(SJ(E(r,t),G*)), i.e,
$§(G*) = SG(E(r,0),G").

Proof. From the Lucas sequence, we see that (L;_,/L;) <2 and (L;/L;_1) <3 (Vi € N). Then
by using (5.3), we may have

o
L;

B O©] = [rHt e+ e

< 6|2r¢; + 3t;_4|

< 62 max{|r|, [t]} (1¢;] + 131D
so that

|Ei(r, ) (D] < 36 max{Ir|, 1t} (1] + 161 1) (6.5)
Using (6.5), we may have
{i € L: |E(r,0)(@)| = ¢} © (i € L: 36 max{|r], [t} (1G] + I5i-11) = €}

So that

(i € L: |Ei(r, ()| 2 ]| < I{i € L: 36 max{lr, 1t} (1] + I5i-41) = &}l

< |{i € 1, 36 max(irl. 1e13 161 = §}| (i € L 36max(irl, ¢} 5| 2 §}|

&
e L || = +
{l rildil 72max{|r|,|t|}}|

&
[ € L:|(i_4| = .
{l ri il 72max{|r|,|t|}}|

Now suppose { = ({;) € Sg(G*). Since g, is increasing for each r € N, then we have

gk ([{i € I: |Ei(r, )| = €}])
95 (h,)

38



gi‘(
gi‘(

e i 2 ol * € 16 2 )
g5 (hy)

IA

{i <kl 2 ) N o ([ € 1o 16isl = ey |t|}}|>.

g5 (hy) 95 (hy)

IA

Thus

gr ([{i € 1+ |E;(r, (D) = €}|)

- 0asr > oo,
g5 (hy)

This concludes that ¢; » s(S§(E(r,t), G*¥)) and so that (¢;) € Sp(E(r,t), G*). Hence the proof. o

6.2. Lacunary Strong E(r, t)-Convergence According to F*

In this subsection, a lacunary sequence 6 = (k,), the Lucas transform E(r,t) and a
sequence of modulus functions G = (g;) are used to introduce some new concepts in summability

theory. In addition, that, the relations between these concepts are determined.

Definition 6.2.1 Suppose that 8 = (k,.) is a lacunary sequence and let G = (g;) be given as a

sequence of modulus functions in G. Let s be a number in C, then the sequence (¢;) in C is

defined to be lacunary strongly E(r,t)-convergent to s according to G* (or Ng(E(r,t),G¥)-
strongly convergent), if
1 ~
lim — " gk(|B:r, 0@ = 5[) = 0.

T—00 h
T i€l

In this manner, we refer it to as ¢; = s(Ng(E(r,t),G*)) or Ng(E(r,t),G*) —lim{; = s. The
collection of all Ng(E (r,t), G¥)-strongly convergent sequences is indicated by Ny (E(r,t), G).
That is

Ng(f?(r, t),Gk) =< = ({i) : lim iz g{‘(|ﬁi(r, () — s|) = 0 forsomes € C.

T—00 h
LTS

The collection of all sequences in which s = 0 in the definition of Ny (E (7, t), g*) is indicated by

N§(E(r,t),G"). That is

_ 1 _
NY(E(r,0),6%) =17 =(¢)+ lim —Z g (|E:r @) = o,

T—00 h
LTI
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Notice that in this definition the functions in G are not required to be unbounded modulus.
If we put g;(u) = u for all i € N and for every u € R* U {0}, then the Ng(E(r,t), G¥)-strong
convergence is reduced to the Ng(E(r,t))-strong convergence and it is so for the
N§ (E(r,t), G¥)-strong convergence. Also, it’s clear to see that if k = 1, then from the spaces
Ng(E(r,t),G*) and NQ (E(r,t), G*) we have Ny (E (1, t), G) and N& (E(r, t), G), respectively. As
well as if g;(u) = g(u) forall i € N and for every u € R* U {0}, then instead of Ny (E(,t), G¥)
and N3 (E(r,t), G*) we shall write Ny (E (r, t), g¥) and NJ (E (1, t), g*), respectively.

Theorem 6.2.2 Consider a lacunary sequence 6 = (k,) and let G = (g;) be given as a sequence

of modulus functions in G. Then the sets Ny (E (1, t), G¥) and N (E(r, t), G*) are linear spaces.

Proof. We here only consider Ng(E(r,t),G*). Suppose ¢, = s;(Ng(E(r,t),G*)) and &; —
s;(Ng(E(r,t),G*)) as i » oo, and let a, § € C. Then there are natural numbers N, and Mp such

that |a| < N, and || < M. Since g; is a modulus for each i € N, we may have

1 -
= GE(|ECr. (g + BE) - a5y + B52)])

i€l

1 ~ b
== gH(|aB:, @) — 51 + BEG,OE) — 52])

€L

1 A a
< h—z g¢ (12l|E:(r, @) = 51| + 1BI|E: () — 52 )

€L

1 . 1 ~
S N A CICRIG RN R e W (LICHIORE)!

i€l i€l
Then adding the limits into both given sides as r tends to oo, we have

1 ~
lim o= > g (B (@S + ) — (s + Fs)]) = 0.

T—00 h
LT

This implies that (¢, + &) = (s; + s2) as i —» co. Therefore Ng(E(r,t),G*) is indeed a linear

space. O

Theorem 6.2.3 Consider a lacunary sequence 68 = (k,) and let G = (g;) be given as a sequence
of modulus functions in G. Then every NJ(G¥)-strongly convergent sequence implies

Ng (E(r,t), G¥)-strongly convergent, i.e, N§ (G*) c Ng (E(r,t),G").

Proof. From (6.5), we have
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|E;(r, )] < 36 max{r], 1t1} (|¢,] + [¢,_,])

Let ¢ = (g, be an NJ(G*)-strongly convergent sequence. Since g; is increasing for each i € N,

then we may write

1 " 1
> B OO < 36max(TTda Y ak(4] + k)

i€, i€l,

1 1
< 36max(ty, T} 1= ). af (1) + 3, a6,

i€l i€l

where T, and T; are natural values such that |r| < T, and |t| < T;. Thus, we have

1 ~
h—z 9E(|Ei(r, (@) » 0asT > .

i€l

This concludes that ¢ € NS(E(r, t), G). Hence the proof. o

Corollary 6.2.4 Consider a lacunary sequence 6 = (k,) and let G = (g;) be given as a sequence
of modulus functions in G. We have the results below

(i) If g;(w) < uforalli € Nand for every u € R* U {0}, then NJ < N§ (E(r,t), G¥).

(ii) If g;(w) = uforall i € N and for every u € R™ U {0}, then N (G*) c N (E(r,t)).

(iiiy  1fg;(w) = uforalli € N and for every u € R* U {0}, then N = NJ(E(r,t)).
Theorem 6.2.5 Consider the lacunary sequences 8 = (k,) and 9 = (s,) such that I,. € J,. for all

r €N, and let G = (g;) be given as a sequence of modulus functions in G. If lim i—r =1 and

r—oo Iy

((,) € o (E(r, 1)) then N (E(r, 1), G*) € Ny (E(r,t),G*), where
£ (E'(r, t)) = {((i): Sli1p|Ei(T, t)(()| < oo}.

Proof. Let ({;) € € (E(r,t)) N No(E(r,t),G¥). Then (E;(r,t)({)) is a bounded sequence, so
there has some H > 0 such that |E;(r,t)(¢) —s| < H forall i € N. Since I, € J, and h, < ¢, for

all r € N, we are going to write

1 ~ 1 N 1 ~
72 OB OO s =5 ) gl (Ee0@ ~sD)+5) g (Er0@ ~s)

i€Jr i€)—Ir i€l

£, —h, 1 .
< (Fg) s gt + 5D k(1B 0@ )

?
T €L
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4,
< (1~ 1)sup gt + - . 9B 000 = 1)

i€l

Then adding the limits into both given sides as r tends to oo, we have

lim —Z g (|Er, @) —s]) = 0,

7‘—)00
€]y

since lim n_ = 1. Therefore, we obtain that (¢,) € Ny(E(r,t), G*). Hence the proof. o

r—00 fir

Corollary 6.2.6 Assume that G = (g;) is given as a sequence of modulus functions in G and k <
n. If g;(u) < uforalli € N and for every u € R* U {0}, then from Theorem 6.2.5, we obtain the

following results.

() Ny (E(r, t)) c Ny(E(r, 1), G¥).
(i)  Ng(E(r,t),G*) c Ny(E(r,0),G™).
Corollary 6.2.7 Assume that G = (g;) is given as a sequence of modulus functions in G and k <

n. If g;(w) = u for all i € N and for every u € R* U {0}, then from Theorem 6.2.5, we obtain the

following results.
(i) No(E(r,0),6) < Ny (ECr,0)).

(||) Ng(E(T,t),Gn) c Ng(E(T,t),Gk).

Theorem 6.2.8 Consider the lacunary sequences 6 = (k,.) and 9 = (s,-) such that I, gjr for all
r €N, and let G = (g;) be given as a sequence of modulus functions in G. If lim sup L < oo,

=00 hy

then Ng(E (r,t),G*) c€ No(E(r,t),G").

Proof. Let ({,) € Ny(E(r,t),G*). Since I, € J, we may write

A GG GER B WAL COIGEE)

zelr lE]r

and then

AR ER B W (LA BIGEE)!

lEIT lE]r

Adding the limits into both given sides as r tends to oo, we have
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lim iz g (|E:(r, () —s]) = 0.

r—00 h
T €L,

Therefore, we obtain that ({;) € No(E(r,t), G¥). Hence the proof. o

Corollary 6.2.9 Assume that G = (g;) is given as a sequence of modulus functions in G and k <
n. If g;(w) < uforall i € N and for every u € R* U {0}, then from Theorem 6.2.8, we obtain the

following results.
G Ny (E'(r, t)) c Np(E(r, 1), G*).

(i) No(E(r,0),G¥) c Ng(E(r,0),G™).

Corollary 6.2.10 Assume that G = (g;) is given as a sequence of modulus functions in G and
k<n.If g;(u)=wu for all i € N and for every u € R* u {0}, then from Theorem 6.2.8, we

obtain the following results.

i) No(E0),6¥) c Ny (E(r0)).

(i) No(E(r,t),G6™) c Ng(E(r,1),G¥).

Theorem 6.2.11 Consider a lacunary sequence 6 = (k,), and let G = (g;) and H = (h;) be

given as two sequences of modulus functions in G. If Sup% < oo, then Ng(E(r,t),G* o H) c
ui M

Ng(E(r,t), G**).

Proof. Let a € C. Then there is a natural number T, such that |a| < T,. Now suppose 0 < a =

gi(w)

gi(w)
== 2 > 2
Slllllp hyD) < oo, then a

o and so that g;(u) < ah;(u) for all i € N and for every u € R* U

{0}. Since (g;) is increasing for each i € N, then we get

g W) < gf (ahi(W)) < Tpg¥ (hi(W)). (6.6)

Now if (¢,) € Ng(E(r,t), G* o H), then according to (6.6), we shall possess

1 N 1 .
h_rzglgc+1(|Ei(r, () - S|) < Tah_rz g{‘ (hi(|Ei(r, () — s|)) - 0asr > oo,

i€l €L,

This concludes that (,) € Ng(E(r,t),G* o H) implies ({;) € Ng(E(r,t),G**1). Hence the

proof. O
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Theorem 6.2.11 Consider a lacunary sequence 6 = (k,-) and let G = (g;) and H = (h;) be given

as two sequences of modulus functions in G. If inf%>0, then Ny(E(r,t),G**Y) c

u,i ni(u

Ng(E(r,t),G* o H).

Proof. Let b € C with b # 0. Then there has a natural value T,-1 such that [b~| < T}-1. Now

suppose 8 = in_fgi(u) > 0then g < i and so that hi(w) < lgl-(u) for all i € N and for every
u,i hi(w) hi(w) B

u € R U {0}. Since (g;) is increasing for each i € N and g > 0, then we get

gF (i) < gk (B 9:(W) < Tp-1gF** (). 6.7)

Now let (¢;) € No(E(r,t), G**1), then according to (6.7), we shall possess

1 " 1 R
h_rz gf (hi(lEi(r; )({) — s|)) < Tp- h_rZ I (|E(r, () —s|) » 0asT - oo,

i€l €L,

This concludes that ({;) € No(E(r,t),G**1) implies (¢;) € No(E(r,t),G* o H). Hence the

proof. O

Corollary 6.2.12 Consider a lacunary sequence 6 = (k,-), and let G = (g;) and H = (h;) be

given as two sequences of modulus functions in G.

i If supZ < oo, then Ny (E(r, t), H**1) < Ny (E(r, £), HY o G).
P

(i) If in_fflfgg > 0, then Ny (E(r, ), H o G)  Np(E(r, t), H¥*1).
u,l ng

Theorem 6.2.13 Consider a lacunary sequence 68 = (k,.), and let G = (g;) be given as a sequence
of modulus functions in G. If lim,_,.,(g¥(w)/w) > 0 for all i € N and there is a positive integer

d such that g;(uv) = dg;(w)g;(v) for all i €N and for every u,v € R* U {0}. Then ¢, -
s(Np(E(r,t),G")) implies ¢; - s(Sg(E(r, 1), G*)).

Proof. Suppose that {; = s(Ng(E (r,t),G*)), and & > 0 is given. Let ¥, and Y. be defined on

|E:(r,©)(Q) — s| = e and |E;(r,£) () — s| < &, respectively. Then from the definition of modulus

functions, we may write

1 ~ 1 A 1 ~
e L SHEGO@ =5 =3 ) g (EE0@ ~s) +3- ) g (EC.D@ )

i€l iEL\A T €L \B

1 .
> gE(|E:(r, ©)(@©) — s])

T iEL\A
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1 ~
S A DN ICOIGEE

IEI\A

\Y
| ~

g¥(|{i € 12 |Bi(r, () — | = }e)

=~

r

v

D ~
= 9r([{i € L [E:(r () — 5| = e} g7 (o),

where D is a positive constant. Since |{i € L+ |E;(r,t)({) — s| = €}| is a natural value, then

1 ~ D ~ irrlffrk(é‘)
h_r; g (|E:r, () —s|) = h—rgfﬂ{l €L:|E(r, ) —s| = €}|)m

¥ (|{i € L: B, @ — 5| = €}]) g¥ () Inf 97 ()
B gr (h,) hy infgf(D) "

Giving the limits on both sides as  — oo, it concludes that ¢, = s(Sg(E (r, t), G*)). Hence the

proof. O

Theorem 6.2.14 Consider a lacunary sequence 6 = (k,) and let G = (g;) be given as a sequence

of modulus functions in G.

(i) If liminfq, > 1then {, » s(w(E(r,t),G¥)) implies {, = s(Ng (E(r, 1), G¥)),
(i) If limsup g, < o, then {; - s(Ny (E(r,t), G*)) implies {; - s(w(E(r,t),G*)),
where

W(E'(r, t),Gk) = {({i) : lim iz gll‘(|E'l-(r, () — s|) = 0 for some s € Cy.
i=1

m-oom

Proof. (i) Since liminfgq, > 1 then there is § > 0 such that

r

ar =3 >1+4

r—1
for sufficiently large r, then we have that
h, é k, 1+6

> — <
ko118 =5

Now assume that {; — s(w(E(r,t),G")), then we may write

kr
1 _ 1 i
k_rZ gFE@ D@ —s) = k_rz g (|E(r, () = s|)

i€l
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h, 1 -
WA GDIGER)

i€l,

5
Y (erIORE)

lEIr

Thus

1+61
> (B G0© —5]) ~ Oasr -

T iel,

This concludes that {; — s(Ng (E (7, t), G¥)).

(ii) Since lim sup g, < oo then there has a positive number K, say K = sup g, So that q,, < K for
every r € N. Assume that {; = s(Ng(E(r,t),G¥)) and given & > 0. There has n, such that for
every n > ng, we shall have

== 2 gt (B 0@ =) <

n i€,
Also, a positive number S can be found such that T,, < S for all n. Let m be any integer such that

m € (k,_q,k,]. Now we may write

m kr
1 A~ 1 y
;Z d (B0 —s]) < "_Zl G (B 0@ - 5])

Z Z PN A(ACOIGEE)

n=ng+1 / i€l,

Mo 1 Ky
—s)+— Z ng‘(lﬁi(r,t)(f)—SI)
Tt n=1 i€l, Tt n=ng+1 i€ly

(B 0@ —s]) o ( — kp, )€

n= i€l

1
=z (th1 + hoTy + -+ hy Ty, ) o (ky — kn, )€
r= r—1

kn,S + €K.

1 1
< ( sup Tkn0>+sK<
kr—l

r—1 \I€[i,ng]

Thus
1 m
= GE(B D@ —s]) > 0asT - o
=1
This implies that {; — s(w(E(r,t),G*)). Hence the proof. 0
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7. SOME LucAs DIFFERENCE SEQUENCE SPACES

7.1.  On Some Banach Sequence Spaces Based on Lucas Band Matrix

In this subsection, two Banach sequence spaces based on the Lucas band matrix, and

some inclusion relationships are studied. The most results of this subsection are taken from [57].

Definition 7.1.1 Consider the Lucas band matrix (5.2) and the Lucas transform (5.3). The Lucas
difference sequence spaces £,(E(r,t)) and £, (E(r,t)) are introduced by Karakas [57] as

follows
2, (E(r,0)) = {c = G ew ) B0 < oo}
and

ta (B, 0) = {¢ = @) € wr supl B, )] < o0}

Theorem 7.1.2 The sequence sets {’p(E(r, t)) and £, (E(r,t)) are normed linear spaces for 1 <

p < oo, respectively, normed by

1

=0 p
WS, e = (Z'El (7, t)(f)|p>
=1

and

<Nl a0y = Sup|E:(r, )(Q)].
L

Proof. We here do the proofing only on €, (E(r, t)). Assume that ¢ = ({;),¢ = (§,) € £,(E(r,t)).
The norm axioms N1 and N are obviously held. N3 follows from Minkowski’s inequality (2.2) as

follows

S

I +¢lle, 20y = <Z|Ei(TJ (¢ + f)|p>

i=1
1 1

=(i m

0 ) p
< (Zlﬁm txc)l”) + (Zlﬁi(n t)(f)l”)

i=1 i=1

S

Nk

|amw@+aﬁﬁﬁﬁ)

Il
=y

= ||(||fp(f(r,t)) + ||f||fp(E(r,t))- a
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Remark 7.1.3 Note that the given sequence spaces €, (E (r, t)) and £, (E(r, t)) become of non-

absolute type, since ||C||fp(E(r,t)) * |||5|||fp(E(r,t)) and ||(||e°o(1§(r,t)) * |||(|||e°°(ﬁ(r,t))-

Remark 7.1.4 It seems that the spaces £, (E(r,t)) and £, (E(r,t)) can be redefined with the
help of (1.1) as follows

L (E(r,0) = (¢5), ey AN L(E(r, D) = (Poo) 5(r)-
Consequently, we are allowed to write.
I1le, 2 = IE@ D@L, and 1Sl 2y = IEC O],
where ||-||,, and |||, are standard norms on £, and £, respectively.

Theorem 7.1.5 For 1 <p < o, the sequence sets ¢,( E(r,t)) and £, ( E(r,t)) are Banach

spaces with ||'||{p(13"(r't)) and [I*ll,, 2cr.e)-

Proof. The proof is considered only for €, ( E(r, t)). Verifying the completeness of £,,(E(r,t)) is
sufficient to obtain the proof. Let (" = ({/*) be a Cauchy sequence such that ({*) =
s ) e t’p(E(r, t)) for each n € N. Now given € > 0 there has a natural value N such that

for every n,m > N, we shall have

1

14
1™ = ™y ey = <Z|Ei<r, HE" - zm)|”) <e

and then

YIEe 0" - < e (1)
i
Then for every n,m > N and for all i € N, we see that

A P
|E(r, )" = ™) <e.
Hence for all i € N, we get

|Ei(r, )@ —¢™)| > 0

as n,m - oo. This means that E;(r,t)({"™) = (E;(r,t)({D), E;(r,t)(¢?),...) is a Cauchy

sequence in C. Since C is complete, then it becomes convergent, so there is { = ({;) such that
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(E;(r, £)((™) - (E;(r,t)(Q)) in C as n —» oo and for each i € N. We are required to verify that
(Ei(r,)(0)) € £,(E(r,1)). Now letting m — oo in (7.1), we obtain for n > N

YIEGoGm-0f <er. (7.2)

This intends that (™ — {) € £,(E(r,t)), and since {™ € £,(E(r, t)), then we have
Y1ECO@ = Y |EC.06" - + Ea.oGcm [

< 2(Eeocm -0 +|Eeocm])

i

-2 ) 06" - O + 20 Y IR GO6HI

i i

< oo,
Furthermore, by adding limits in (7.2) and letting n — oo, we have
Ai_r}glollfn - ("fpﬁ(r,t)) = 0.

So indeed, the sequence ¢™ converges to ¢ and they are both in £, (E(r,t)) for 1 < p < . So,

we conclude the completeness of £, (E(r,t)). Therefore, it is a Banach space. O
Theorem 7.1.6 The sequence space {’p(l?(r, t)) is linearly isomorphic to £, for 1 < p < o.

Proof. Suppose that M:{’p(ﬁ(r, t)) — £, is a transformation and considered as M{ =y with
(5.3), then for ¢ € £,(E(r,1)), it gives us y = E;(r,t){ € €,,. The linearity of M is clearly
holding. It’s obvious that { = 0 whenever M{ = 0. It follows that M is injective. Let y = (y;) €

¢, and define ¢ = ({;) as follows:

1% t\i=m L2
i =?Z (_F) Ll '™

m=1

By using (5.3), one can write
1

p\p
1l cecren = | .
i
i-m 2 i-1 i-m-1 2
I NG S YO
B - Li r Lm—leym rLi—l r Lm—leym

4 m=1 m=1

Li_4 L;
At
L € Li_lfl 1

r

p

k1
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1
p
= Dml ) =l
i

Which yields

IS, 2ty < o0

Therefore, the function is surjective and so it is linear bijective. Also, the norm is preserved.

Thus, for 1 < p < co we obtain that £, (E(r,t)) and ¢, are linearly isomorphic. o

Theorem 7.1.7 For 1 < p < q, the following inclusion relationship is satisfied.
2, (E(rt)) € 2, (E(r, 1))

Proof. By using Theorem 7.1.6, we possess a transformation M: £, (E(r,t)) » ¢, that is
considered as M{ = E;(r,t){ (i € N). Now if { € €,(E(r,t)) then it gives us M{ € ¢,. Since
£, c ¢, for 1 <p <q, sowe have MJ € ¢,. Thus { € £,(E(r,t)). So that for 1 < p < q the
inclusion €, (E (r, t)) < €4(E (r, t)) is held. Hence the proof. o

7.2. On Some Sequence Sets Based on the Lucas Band Matrix and a Sequence of
Modulus Functions

In this subpart of our study, we generalized some sequence spaces depended on the Lucas
band matrix £(r,t) and a sequence consisting of modulus functions G = (g;) in G, and study

some interesting results through newly introduced sequence spaces.

Definition 7.2.1 Assume that G = (g;) is given as a sequence of modulus functions in G and v =
(v;) is considered a sequence consisting of strictly positive real numbers. Let 1 < p < oo, then

with the help of (5.3), we generalized the following sequence spaces

4

- (G", v, E(r, t)) = {( =(¢,) € w: Z[viglkqﬁi(r, (©))] P< 00}
and
£o (G",v,E(r, t)) = {( = (¢;) € w: sup[vgf(|E:(r, D(Q])] < 00}.
L
Remark 7.2.2 The above sequence spaces can be redefined with the help of (1.1) as follows

e, (G0, E(r, ) = (£,) and 2o (X0, B0 D) = )y giprey  (7.3)

vigkE(r,t)

50



Remark 7.2.3 If k = 1 then the spaces £,(G*,v,E(r,t)) and €., (G*, v, E(r,t)) will reduce to
£,(G,v, E(r,t)) and £, (G, v, E(r,t)) of Mohiuddine at el. [47], respectively, as well as if we put
v; =1 and g;(w) =u for all i e N and for every u € R* U {0}, then the sequence spaces
2, (G*,v,E(r,t)) and €., (G*, v, E (r, t)) will become the same as €, (E (r, t)) and £, (E(, t)) of
Karakas [57], respectively.

Theorem 7.2.4 Consider that G = (g;) is a sequence consisting of modulus functions in G. Then

the sequence sets €, (G*, v, E(r, t)) and €., (G¥, v, E(r, t)) are linear spaces over C.

Proof. Let { = (), £ = (¢,) € ¢,(G*,v,E(r,t)) and a, 0 € C. Then there are positive integers
M, and N, such that |a| < M, and |a| < N,. Since g; is increasing for each i € N, then we shall

have
D g (aBitr, 0@ + oBitr, 0 @Y
< Z[vigf(|a||ﬁi(r, D) + vigk(Isl|E:(r, O]
< Z 22 [(vigk (1l | i, t)(Z)D)p + (vigk(ol|EiCr, t)(’f)D)p]
< (2M,)” Z[vigmﬁi(r, DO + 2N,)P Z[vigf‘ (1B DI
< 00,

This verifies that £,,(G*, v, E(r,t)) is a linear space. The proof for £.,(G*, v, E(r,t)) is similarly

done. Hence the proof. O

Theorem 7.2.5 Assume that G = (g;) is a sequence consisting of modulus functions in G. The
sequence sets €,(G¥, v, E(r, t)) and €., (G*, v, E(r, t)) are normed linear spaces for 1 < p < oo,

respectively, normed by

Uy

[ee] ) ) P
11, (62000 = (Z[vigf‘(la(r, )] ) (7.4)
i=1
and
IS0, Gk ey = sup[vigf (|E:Gr @))]- (7.5)

Proof. Assume that { = (), =(¢)€ {’p(Gk, v,E(r,t)). The first norm axiom Nj is clearly

held. Then we concentrate on the other axioms. (N2) Let a be a scalar and put v = (v;) as a

51



sequence such that (v;) = (u;h;), where (u;) is a sequence consisting of strictly positive real
numbers and (h;) is stated as follows

o lal g (|Ei(r, £)(D)])
gF(|E:(r, ©)(@))

with g¥(|E;(r,t)(a)|) # 0 for all i € N. Then we shall have

1
»
Ila{”{’p(Gk,vﬁ(r,t)) = (Z[vlglk(lgl(r' t)(aq)l)]p>

kA

_ llgl(|E D)) 4ia ]p
= (Z [ui g{‘(|13"i(r,t)(ac)|) 9i (|Ei(r,t)(a()|)

1

P
= |al <Z[uigf(|ﬁi(r, t)<z)|)]”) = 1allgll, gy

Using Minkowski’s inequality (2.2), the axiom Nz is easily held. Hence the proof o

Theorem 7.2.6 Assume that G = (g;) is a sequence consisting of modulus functions in G. The
sequence spaces €, (G*, v, E(r,t)) and €., (G*, v, E(r, t)) are Banach spaces, respectively, with

”'”f,,(ck,v,é(r,t)) and Ill,_ kv, 5y fOr 1 <p < 0.
The proof of this theorem is followed from Theorem 7.1.5, so we leave it here.

Theorem 7.2.7 Assume that G = (g;) is a sequence consisting of modulus functions in G. Then
the given sequence sets £,(G*, v, E(r, t)) and £, (G*, v, E(r, t)) are BK-spaces for 1 < p < oo,

respectively, with the norms defined in (7.4) and (7.5).

Proof. The verification is simply obtained. Since the conditions of (7.3) hold, E(r, t) is a triangle
matrix and both of £, and £, are BK-spaces considering their typical norms. Then by Theorem

4.3.12 of Wilansky [58], the proof can be done straightforwardly. Therefore, these two sequence

sets are BK spaces. Hence the proof. O

Remark 7.2.8 It is clear that II(II{,p(Gk,v,E(r,t)) * |||(|||£,p(Gk7vﬁ(rrt)) and II(IIfm(Gk'vf(rrt)) *
I1SH,, gk v, 2rey)- This means that the sequence spaces £, (G*, v, E(r,t)) and £, (G¥, v, E(r, 1))
are of non-absolute type. From the above nonequalities, it has come to notice that the absolute
property may not hold for €, (G¥, v, E(r,t)) and £, (G¥, v, E(r,t)) from at least one sequence in

which [¢] = (|¢;[) and 1 < p < 0.
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Theorem 7.2.9 Assume that G = (g;) is a sequence consisting of modulus functions in G. Then

for 1 < p < q, the following inclusion relationship is satisfied.
- (Gk, v, E(r, t)) c 4, (Gk,v,E(r, t))
Proof. Let ¢ = () € £,(G*, v, E(r,)). Then for p > 1, it implies that

[vigf (1B @] <1

for some fixed i, € N and for all i > i,,. Since every modulus in G is increasing and p < q, then

i [vigt (1B 0@ Z[vlgl (B o@D] + i [vigt (1B @D

i=1 i= l(]+1

sE[vigf‘(IEi(r,txm)] Z [vigt (B 0@ < oo
i=1

i= 1,0+1
Therefore ¢ € {’q((;k, v, E(r,t)). Hence the proof. o

Theorem 7.2.10 Assume that G = (g;) is a sequence consisting of modulus functions in G. Then

the indicated inclusion relationship below is valid.

L, ct, (Gk,v,E(r, t)) for1<p < oo.

Proof. To verify the validity of the inclusion we need to find a number D > 0 such that

L <

Li_ L
IIZII#p(Gk,,E(r ) = D||(||f for ¢ € £,,. From the Lucas sequence, we write . 1< 2 and -

i i-1

3 (i € N). Also, for r # 0 and t # 0, there are positive integers T;. and T; such that |r| < T, and

|t| < T¢. Now we assume that { € £, (1 < p < o0), then with the use of (5.3), we may write
L.
r—( ts—C

DLt (80O = 3wt (e + st )]

< z 6v[vigl(|2r¢,| + [3s¢,_, )]

< 62?1 max{T,,T;} <Z[U191 (|§ |)] +Z[v191 (lcl DI )

Taking both sides of the above inequality to the power of 1/p then using Minkowski’s inequality
(2.2), for 1 < p < oo, we have
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121y, gy < 36 max{T, T Clle, (7.6)

For p = 1, the inequality (7.6) is easily obtained. Hence the proof. o

r

Example 7.2.11 The sequence ¢ = ({) = (1(—5)1LL'2) assures the strictness of the above
inclusion relationship since { € fp(Gk, v,E(r,t)) — p.
Theorem 7.2.12 Assume that G = (g;) is a sequence consisting of modulus functions in G, and

let B, = v;g¥ (Ep (1, £)(0)). Then for 1 < p < oo, the sequence (h(’"))jo=1 provides a basis for

2,(G*, v, E(r,t)) which is formed as

1(_ f)m_i Li® | >
(h(m))i =r\ r 1 Lo =
0, m > .

For that, every { € £, (Gk, v, E(r, t)) is uniquely represented in the following form

¢ = B, 7.7

Proof. By using the sequence (h™). we get v;gf (E(r, t) (h(m))) =e(™ € ¢, where e(™ =
(0,0,...,0,1,0,..) (i.e. 1 at the m" place and zero elsewhere) for each m € N. Hence hm e

2,(G*, v, E(r,t)). In addition, let ¢ € fp(Gk, v, E(r,t)) and for every n € Ny = N U {0}, take

n
(™ = 2 Bnh ™.
m=1

Thus
vigt (B 0E™)) = ) vigk (Bnr, @) vigh (EGr,0)(h™))
m=1
= zn: L ™
m=1
Also

vigf (Ei (r,t)(¢— ((n))) = {Viglk (Ei r,t)Q)), i>n

0, 0<i<n.

Then, there has ny, € N such that
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> st (e o@D = (5)

i=n0+1

for any € > 0. Therefore, for every n > n,, we shall have

| =

@ P
”Z - ((n)”#p(Gk,v,E(r,t)) = ( Z [viglk(lgi(r' t)(()l)]p>

i=n+1

S

< Z [vig{‘(“?i(r, t)(Z)D]p < ; <e.

i=n0+1
This concludes that

lim [|¢ — ¢™)||

n—oo fp(Gk,V,E(T,t)) = 0
Moreover, to show that (7.7) is unique, let us consider

{=) ,h™

for ¢ € £,(G*, v, E(r,©)). Then, we have

vgl (Br.0@) = Y b (vigh (B 0(0)))

m

= tme™ =

Hence the proof. o

Theorem 7.2.13 Assume that G = (g;) is a sequence consisting of modulus functions in G. Then

the Gurarii’s modulus of convexity for £, (G*,v,E(r,t)), 1 < p < oo is expressed as follows

1
E\P\D
Yo, i@ <1 (1 -(3) ) , e€[02].

Proof. Take { € £,(G*,v, E(r,t)). Then,

Juny

191, 6ty = ||vest (Bitr0@)], = (Z[wgz‘(lmr. t)(f)l)]”)p
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We also take the sequences a = (a,,) and b = (b,,,), where

1
Ay = (Vigzk)_lg_l(r' t) (1 - (%)p>p ) (viglk)_lg_l(rr t) (;) ,0,0, ...

and

1
by, = (Vigik)_lg_l(r, t) (1 - (;)p)p ) (Uigzk)_lg_l(n t) (— %)0 0,...

Where E~1(r, t) represents the inverse of the matrix E(r,t) and € € [0,2]. The E-transforms of

the sequences a and b are given by

viglE(r, 0)(a) = (1 - (;)p)p , (5) ,0,0, ...

and
vigFE(r,t)(b) = (1 - (f)p)p , (— i) ,0,0, ...
Then, we have

”Uiglkﬁ'(r, t)(a)”{;p = ”a”‘fp(Gk,V,E(T,t)). = 1;
and

||'l7iglkE(T', t)(b)”{p = ”b”{’p(Gk,v,E(r,t)). = 1.

Hence, a, b € Se,(c* and

WE(r,t))
lvigt Er, @) = vigfEC, OB, = lla = blly,kye0e =
Now, for a € [0,1],

laa + (1 — a)bllgp(Gk,v,E(r,t)) = |lavigFE(r, ©)(a) + (1 — &)v;gFE(r, t)(b)”jp

—1— (;)p +[2a —1|P (;)p
From here,
1
E\P\p

p
inf llaa + (1=~ @bl gty = (1 (3) )

a€elo0,1

Therefore, for 1 < p < oo,
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1

& p P
Ve, ckwiarn)(E) <1 - (1 - (E) ) .
Hence the proof. o

Corollary 7.2.14

(i) If e=2,theny, gy p0,s))(€) < 1andsothat £, (G",v,E(r, s)) is strictly convex.

(i) If 0<z<2, then 0<¥, qi,pe (€ <1 and so that £, (G5 v,E(,s)) is

uniformly convex.

Theorem 7.2.15 Consider that G = (g;) is a sequence consisting of modulus functions in G. If
gi(u) < uforalli € Nand for every u € R* U {0}, then £, (v, E(r, t)) € £,(G*,v,E(r,1)).

Proof. Let ¢ € {’p(v,]?(r, t)). Since (G;) is increasing for each i € N, and g;(u) < uforalli € N

and for every u € R* U {0}, then according to (6.1), we may write

> gt (B o@D < ) gk (B 0@D] < - < ) [wlE 0@

i
So that

> gt (B @D < oo

4

Therefore, we obtain that { € €,(G¥, v, E(r, t)). Hence the proof. o

Corollary 7.2.16 Assume that G = (g;) is a sequence consisting of modulus functions in G. If

gi(w) < wuforalli € N and for every u € R* U {0}, then
- (v,E(r, t)) c 4, (G,U,E(r, t)) c-cét, (Gk,v,E(r, t)).

Theorem 7.2.17 Consider that G = (g;) is a sequence consisting of modulus functions in G. If

gi(u) = uforalli € Nand for every u € R* U {0}, then £,,(G¥, v, E(r, t)) € £,(v,E(,1)).
Proof. By using (6.2), the proof can be clearly done similar to the above proof. So, we leave it.

Corollary 7.2.18 Assume that G = (g;) is a sequence consisting of modulus functions in F. If

gi(u) = uforall i € N and for every u € R* U {0}, then
- (Gk,v,E(r, t)) c 4, (Gk‘l,v,ﬁ(r, t)) C - Cét, (U,E'(r, t)).
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Corollary 7.2.19 Assume that G = (g;) is a sequence consisting of modulus functions in G. Let

ki < k, and u € R* U {0}, then we have the cases below:
(i) If g;(w) < uforalli €N, then £,(G*1,v,E(r,t)) € £,(G*2,v,E(r,1)).
(ii) If g;(w) = uforalli € N, then £,(G*2,v,E(r,t)) € £,(G*1,v,E(r, 1)).
The proof of (i) and (ii) can be done by using (6.1) and (6.2), respectively.

Theorem 7.2.20 Consider that G = (g;) and H = (h;) are two sequences of modulus functions in
G. If g;(w) < h;(u) forall i € N and for every u € R* U {0}, then

(i) (G oHv,E(r 1) c £,(G**,v,E(r, D).
(i) L, (H* v, E(r, 1)) € €,(H" o G, v, E(r,1)).
Proof. (i) From (6.3), we have

gt w < gF(hW).

Now let ¢ € {’p(Gk o H,v, E(r,t)). Then according to the above inequality, we may write

2 g (B o@D < ) [ng (h(lEe0@D)] <0

i

for 1 < p < oo. This concludes that ¢ € £,(G***,v,E(r,t)). The proof of (ii) can be done

similarly to the above steps by using (6.4). o
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8. CONCLUSIONS

During this study, the modulus functions g and h, the lacunary sequences 6 = (k,.) and
9 = (s,.), the sequences of modulus functions G = (g;) and H = (h;), the Lucas transform
E(r,t), and a sequence of strictly positive reals v = (v;) were generally used to obtain some

new results, where (r,i € N).

Firstly, the idea of g*-density of a natural numbers’ subset was established, then by the
use of @, this definition has been extended to introduce the idea of lacunary statistical
convergence according to g*, where g¥ =gogo..og (ktimes). Also, the connections
between the sets of Sy(g*) and Sy, Sg(g**!) and Sg(g* o h), Se(g") and Se(g*™), Se(g*™)
and Sp(g™*) have been talked about. After that, the idea of lacunary strong convergence
according to g* was defined, then the relations between the sets of Ny(g*) and Ny, Ny(g*1) and
Ng(g*2), Ng(g*) and Ny(g*), Ng(g") and S, were determined, where k; < k.

In addition, the concept of G*-density of a natural numbers’ subset has been established,
where G* = (gk) = {g¥, g%, ..} (k € N). Later, with the help of a lacunary sequence 6 and the
Lucas transform E(r, t) this definition was extended to define the thought of lacunary statistical
E (r, t)-convergence according to G*. Also some connections between the sets of Sy (E (1, t), G*)
and Sg(E(r, 1)), Sp(E(r,t),G*) and Sy(E(r,t),G*), Sg(E(r,t), G*¥™) and Sg(E(r,t),G* o H)
have been examined. Furthermore, the concept of lacunary strong E (r, t)-convergence according
to G* was introduced. Then the connections between the sets of Ny(E(r,t),G*) and
Ng(E(r,t),G*), Ng(E(r,t),G* o H) and Ny(E(r,t), G*¥*Y), NJ(G*) and NS (E(r,t),G¥) have
been determined. Also, the relations of the set Ny (E (r,t), G*)-strongly convergent sequences to
the sets of Sy (E (1, t), G*)-statistically convergent sequences and w(E (r, t), G*)-strongly Cesaro

summable sequences were talked about.

Moreover, two sequence spaces depended on the Lucas band matrix and a sequence of modulus
functions, such as £,(G*,v,E(r,t)) and £,(G*,v,E(r,t)) were generalized. Then these
sequence spaces were established as BK spaces with their identified norms. The basis and a

geometrical property such as the Gurarii’s modulus of convexity for €,(G*, v, E(r,t)) have been

discussed. Also, the relation between typ and tp (G", v, E(r, t)) was examined.
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