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In this thesis, we first mention some fundamental definitions and basic theorems, then we give and 

examine some basic concepts such as 𝑔-density, 𝑔-statistical convergence, and 𝑔-statistical boundedness, 

where 𝑔 is a modulus function. Later, we establish the concept of 𝑔𝑘-density of a natural numbers subset 𝐵, 

then by using a lacunary sequence 𝜃 = (𝑘𝑟), we extend it to put the definition of 𝑆𝜃(𝑔
𝑘)-statistical 

convergence, where 𝑔𝑘 is the composition of 𝑔 in 𝑘 times, also we give some inclusion relationships 

between the sets of 𝑆𝜃(𝑔
𝑘)-statistically convergent sequences. After that, we focus on 𝑔-strong Cesaro 

summability, then by using 𝜃 = (𝑘𝑟) we introduce the concept of 𝑁𝜃(𝑔
𝑘)-strong convergence and 

determine the connections between the sets of 𝑁𝜃(𝑔
𝑘)-strongly convergent sequences. Moreover, by using 

a sequence of modulus functions 𝐺, we establish the concept of 𝐺𝑘-density of 𝐵, where 𝐺𝑘 is a sequence 

consisting of the compositions of every modulus of 𝐺 in 𝑘 times. Then by using 𝜃 = (𝑘𝑟) and with the help 

of the Lucas transform 𝐸̂(𝑟, 𝑡), we introduce the concepts of 𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘)-statistical convergence and 

𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘)-strong convergence including the relation between the sets of 𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐺

𝑘)-strongly 

convergent sequences and 𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘)-statistically convergent sequences. In addition, we generalize 

two sequence spaces based on the Lucas band matrix and a sequence of modulus functions such as 

ℓ𝑝(𝐺
𝑘 , 𝑣, 𝐸̂(𝑟, 𝑡)) and ℓ∞(𝐺

𝑘 , 𝑣, 𝐸̂(𝑟, 𝑡)), then we discuss a geometrical property such as the Gurarii’s 

modulus of convexity of ℓ𝑝(𝐺
𝑘 , 𝑣, 𝐸̂(𝑟, 𝑡)). 

Keywords: Sequence space, modulus function, lacunary sequence, 𝑔-statistical convergence, 𝑔-

strong Cesàro summability, Lucas numbers, Lucas band matrix 
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Bu tezde, ilk olarak bazı temel tanım ve teoremlere vereceğiz sonra 𝑔 bir modülüs fonksiyonu 

olmak üzere, 𝑔-yoğunluk, 𝑔-istatistiksel yakınsaklık ve 𝑔-istatistiksel sınırlılık gibi bazı temel kavramları 

vereceğiz ve inceleyeceğiz. Daha sonra, bir 𝜃 = (𝑘𝑟) lacunary dizisini kullanarak bir 𝐵 doğal sayı alt 

kümesinin 𝑔𝑘-yoğunluğu kavramını vereceğiz ve onu 𝑔𝑘, 𝑔 ın 𝑘 kez bileşeni olmak üzere 𝑆𝜃(𝑔
𝑘)-

istatistiksel yakınsaklık tanımına genişleteceğiz, aynı zamanda 𝑆𝜃(𝑔
𝑘)-istatistiksel yakınsak dizilerin 

cümleleri arasındaki bazı içerme bağıntılarını vereceğız. Bundan sonra, 𝑔-kuvvetli Cesàro toplanabilirliğe 

odaklanacağız ve 𝜃 = (𝑘𝑟) yi kullanarak 𝑁𝜃(𝑔
𝑘)-kuvvetli yakınsaklık kavramını göstereceğiz ve 𝑁𝜃(𝑔

𝑘)-
kuvvetli yakınsak dizilerin cümleleri arasındaki bağıntıları tanımlayacağız. Dahası, 𝐺 modülüs 

fonksiyonlarının bir dizisini kullanacak, 𝐺𝑘 her 𝐺 modülüsünün 𝑘 kez bileşenlerinden oluşan bir dizi olmak 

üzere 𝐵 nın 𝐺𝑘-yoğunluk kavramını inşa edeceğiz. Daha sonra, 𝜃 = (𝑘𝑟) yi kullanarak ve 𝐸̂(𝑟, 𝑡) Lucas 

dönüşümü yardımı ile 𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘)-kuvvetli yakınsak dizilerin ve 𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐺

𝑘)-istatistiksel yakınsak 

dizilerin cümleleri arasındaki bağıntıyı içeren 𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘)-istatistiksel yakınsaklık ve 𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐺

𝑘)-
kuvvetli yakınsaklık kavramlarını göstereceğiz. İlaveten, ℓ𝑝(𝐺

𝑘 , 𝑣, 𝐸̂(𝑟, 𝑡)) ve  ℓ∞(𝐺
𝑘 , 𝑣, 𝐸̂(𝑟, 𝑡)) gibi 

modülüs fonksiyonlarının bir dizisine ve Lucas band matrisine bağlı iki dizi uzayını genelleştireceğiz, ve 

daha sonra ℓ𝑝(𝐺
𝑘 , 𝑣, 𝐸̂(𝑟, 𝑡)) nın Gurarii modülüs konveksliği gibi geometrik bir özelliğini tartışacağız. 

Anahtar Kelimeler: Dizi uzayı, modülüs fonksiyonu, lacunary dizisi, 𝑔-istatistiksel yakınsaklık, 𝑔-

kuvvetli Cesaro toplanabiliklik, Lucas sayıları, Lucas band matrisi.
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1. INTRODUCTION 

It is known that the set of even natural numbers and the set of natural numbers have the 

same cardinality. In other meaning, there is no difference in the size or number of elements 

between the two sets. Based on our intuitive feeling that the total number of the elements of the 

natural numbers set appears to be half of the integers. This intuition is derived into a 

mathematical idea called natural density (or, asymptotic density) [1]. The natural density is 

considered a method to determine what proportion of the natural number set is large. 

Let 𝐵 ⊂ ℕ. Then the value 𝛿(𝐵) is referred to as a natural density of 𝐵 and is expressed by 

𝛿(𝐵) = lim
𝑛→∞

1

𝑛
|{𝑖 ≤ 𝑛 ∶ 𝑖 ∈ 𝐵}| 

where |{𝑖 ≤ 𝑛 ∶ 𝑖 ∈ 𝐵}| represents the number of elements of 𝐵 not more than 𝑛. 

Statistical convergence is a type of convergence that, forms a technical standpoint, is 

based on the natural density of subsets of the natural numbers. The thought of statistical 

convergence appeared in the first edition of a monograph by Zygmund [2] published in 1935 in 

Warsaw. Its definition was instated by Steinhaus [3] and Fast [4] and later reinstated by 

Schoenberg [5] independently. Concerning the afterward work of Fridy [6] and Salat [7], this way 

of thinking has become an important area of study in the summability theory. Through the past 

few decades, the idea of statistical convergence was investigated under various names in the 

theory of Fourier analysis, Banach spaces, locally convex spaces, summability theory, neural 

networks, trigonometric series, measure theory, number theory, and some other fields. Later, it 

was more studied from the viewpoint of sequence spaces and connected to the summability 

theory by many authors (see [8-11]).  

The principle of modulus function has been introduced in a study by Nakano [12]. Many 

Mathematicians have defined and talked about sequence spaces in their studies by using a 

modulus function.  

In 2014, Aizpuru et al. [13] described another idea of density, and as a result, a new 

nonmatrix convergence principle was obtained. This was done with the help of an unbounded 

modulus function. Later, Bhardwaj et al. [14] have used the way of Aizpuru et al. [13] to identify 

a new idea of 𝑔-statistical bounded, which is essentially an extension of the idea of statistical 

convergence. In addition, by using a composite modulus function in 𝑘 times (or, simply 𝑔𝑘), 

Altin et al. [15] have constructed a new sequence space and obtained some new results in a short 

part of their study. Recently, with the help of a composite modulus function 𝑔𝑘, Hatim and 

Bektas [16] have identified some new concepts in summability theory. 
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From Freedman et al. [17] an increasing sequence 𝜃 = (𝑘𝑟) of non-negative integer 

numbers is implied by a lacunary sequence such that 𝜃 = 0 at 𝑟 = 0 and the sequence ℎ𝑟 that 

consists of the first backward difference terms of 𝜃, diverges to ∞ as 𝑟 tends to ∞.  

Many authors have used a lacunary sequence to establish new concepts in summability 

theory and introduced some sequence spaces during their studies (see in [18-23]). 

A matrix of infinite dimensions (or, infinite matrix) 𝐴 = (𝑎𝑚𝑖) is a double sequence 

consisting of real or complex numbers that is stated by a function 𝐴 mapping the set of natural 

numbers ℕ× ℕ to the field of complex numbers ℂ (or ℝ). The complex value 𝑎𝑚𝑖 is called the 

entry of the matrix in the 𝑚𝑡ℎ row and 𝑖𝑡ℎ column and it indicates the function value at (𝑚; 𝑖) ∈

 ℕ × ℕ. The corresponding theorems for infinite matrices are rarely obtained from those theorems 

that have been established for finite 𝑖-square matrices, by letting 𝑖 tends to infinity. Treating 

infinite matrices is quite different compared to finite matrices. There are several factors that cause 

it, (see in [24]).  

The most common linear operator that can be determined between two sequence spaces is 

frequently referred to as an infinite matrix. An infinite matrix 𝐴 is known as a matrix 

transformation from 𝑋 into 𝑌 if 𝐴:𝑋 → 𝑌 represents a map that 𝐴𝜁 = {(𝐴𝜁)𝑚} ∈ 𝑌 exists, for 

every 𝜁 ∈ 𝑋 [24]. More information on matrix transformation is given in chapter five. 

The idea of a matrix domain for an infinite matrix 𝐴 in a sequence space 𝑋 is expressed 

as follows 

 𝑋𝐴 = {𝜁 = (𝜁𝑖) ∈ 𝜔: 𝐴𝜁 ∈ 𝑋} (1.1) 

that represents a sequence space [24]. 

In recent years, many mathematicians such as Mursaleen and Noman [25, 26], Karakas 

[27], Candan and Kara [28], Basar and Altay [29], Savas et al [30], and some others have 

constructed some sequence spaces using the matrix domain for an infinite triangle matrix. 

For the first time, the difference sequence spaces were presented by Kizmaz [31] as the 

form of 𝑋(∆) = {𝜁 ∈ 𝜔: 𝜁𝑖 − 𝜁𝑖+1 ∈ 𝑋}, 𝑋 = ℓ∞, 𝑐, 𝑐0. After that, these sequence spaces have 

been generalized by Et and Colak [32] such as 𝑋(∆𝑟) = {𝜁 ∈ 𝜔: ∆𝑟𝜁 ∈ 𝑋}, 𝑋 = ℓ∞, 𝑐, 𝑐0. Later, 

Mursaleen [33], Bektas and Colak [34], Bektas et al. [35], Polat et. Al [36], Colak and Et [37], 

Altin [38] and some other authors have analyzed the difference sequence spaces in their studies. 

Recently, Kirisci and Basar [39] have introduced and investigated the difference sequence spaces 

𝑋̂ = {𝜁 ∈ 𝜔:𝐵(𝑟, 𝑡)𝜁 ∈ 𝑋} for 1 ≤ 𝑝 < ∞ and 𝑋 = ℓ∞, 𝑐, 𝑐0, ℓ𝑝, where 𝐵(𝑟, 𝑡) = (𝑡𝜁𝑖−1 +

𝑟𝜁𝑖);  𝑟, 𝑡 ≠ 0.   
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2. PRELIMINARIES 

2.1. Fundamental Definitions and Theorems 

 In this subsection, we mentioned some fundamental definitions and basic theorems which 

are related to this study. 

Definition 2.1.1 [40] A vector space, often known as a linear space, refers to a non-empty set 𝑋 

containing two operations 

(𝜁, 𝜉) → 𝜁 + 𝜉  from 𝑋 × 𝑋  into 𝑋 is named the addition 

(𝜆, 𝜁) → 𝜆. 𝜁  from 𝐾 × 𝑋  into 𝑋  is named the multiplication scalars 

such that the conditions listed below are fulfilled for every 𝜁, 𝜉, 𝜂 ∈ 𝑋 and 𝛼, 𝛽 ∈ 𝐾: 

(1) 𝜁 + 𝜉 = 𝜉 + 𝜁, 

(2) (𝜁 + 𝜉) + 𝜂 = 𝜁 + (𝜉 + 𝜂), 

(3) There is a zero vector 𝜃 ∈ 𝑋 such that 𝜁 + 𝜃 = 𝜁, 

(4) For each 𝜁 ∈ 𝑋, there is (−𝜁) ∈ 𝑋  is called the negative of 𝜁, such that 𝜁 + (−𝜁) = 𝜃, 

(5) 𝛼(𝛽𝜁) = (𝛼𝛽)𝜁, 

(6) (𝛼 + 𝛽)𝜁 = 𝛼𝜁 + 𝛽𝜁, 

(7) 𝛼(𝜁 + 𝜉) = 𝛼𝜁 + 𝛼𝜉, 

(8) 1. 𝜁 = 𝜁. 

 Elements in 𝑋 are known as vectors. 𝑋 is classified as a real linear space if 𝐾 = ℝ and a 

complex linear space if 𝐾 = ℂ. 

Definition 2.1.2 [41] Assume that 𝑋 is a linear space. A subset 𝑀 in 𝑋 is considered to be a linear 

subspace of 𝑋 if 𝛼𝜁 + 𝛽𝜉 ∈ 𝑀 for all 𝜁, 𝜉 ∈ 𝑀 and 𝛼, 𝛽 are scalars. 

Definition 2.1.3 [24] Assume that 𝑋 is a linear space on the field ℝ or ℂ, with ‖ ⋅ ‖: 𝑋 → ℝ⁺ is a 

function and 𝑝 > 0. We define (𝑋, ‖ ⋅ ‖) as a 𝑝-normed linear space and ‖ ⋅ ‖ as a 𝑝-norm on 𝑋, if 

the following axioms hold true for all 𝜁, 𝜉 ∈ 𝑋 and for every scalar 𝜆: 

(N.1) ‖𝜁‖ = 0  if and only if  𝜁 = 𝜃, 

(N.2) ‖𝜆𝜁‖ = |𝜆|𝑝. ‖𝜁‖, 

(N.3) ‖𝜁 + 𝜉‖ ≤ ‖𝜁‖ + ‖𝜉‖. 

Remark 2.1.4 From the above definition, replacing (N.2) by ‖𝜆𝜁‖ = |𝜆|. ‖𝜁‖, then (𝑋, ‖ ⋅ ‖) is 

named a normed linear space, and N.1, N.2, and N.3 are named the norm axioms. Additionally, in 

that case, N.2 is known as the absolute homogeneity and N.3 is called triangle inequality. 
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Definition 2.1.5 [41, 42] Assume that (𝑋, ‖ ⋅ ‖) is a normed linear space: 

 (a) A sequence (𝜁𝑖) in (𝑋, ‖ ⋅ ‖) is considered to be a Cauchy sequence if, for every 𝜀 > 0, 

there is a natural value 𝑁 (depending on 𝜀) such that for every 𝑖, 𝑛 ≥ 𝑁, ‖𝜁𝑖 − 𝜁𝑛  ‖ < 𝜀. Or, 

simply, ‖𝜁𝑖 − 𝜁𝑛‖ → 0 as 𝑖, 𝑛 → ∞. 

 (b) A sequence (𝜁𝑖) in (𝑋, ‖ ⋅ ‖) is considered to converge or to be convergent if there 

exists an 𝜁 ∈  𝑋 such that  ‖𝜁𝑖 − 𝜁  ‖ → 0 as 𝑖 → ∞, 𝜁 is named the limit of (𝜁𝑖) and it is simply 

written by lim𝑖→∞ 𝜁𝑖 = 𝜁. 

Theorem 2.1.6 [42, 43] Assume that (𝑋, ‖ ⋅ ‖) is a normed linear space. Then the statements 

listed below are held: 

(a)  For any (𝜁𝑖) in 𝑋, if lim𝑖→∞ 𝜁𝑖 = 𝜁, then 𝜁 is unique. 

(b) For any (𝜁𝑖) in 𝑋, if lim𝑖→∞ 𝜁𝑖 = 𝜁, then 𝜁 is considered as the limit of every 

subsequence of 𝜁𝑖. 

 (c) If (𝜁𝑖) is a convergent sequence in 𝑋, then it becomes a Cauchy. But the converse of 

that is generally not held true.  

Definition 2.1.7 [41, 44] 

(a) A normed linear space (𝑋, ‖ ⋅ ‖) is considered to be complete if every Cauchy sequence 

in 𝑋 converges to a limit. Furthermore, completeness means that if ‖𝜁𝑖 − 𝜁𝑛‖ → 0 as 𝑖, 𝑛 → ∞, 

where 𝜁𝑖 ∈ 𝑋 then there has 𝜁 ∈ 𝑋 such that ‖𝜁𝑖 − 𝜁  ‖ → 0 as 𝑛 → ∞. 

 (b) A complete normed linear space 𝑋 is defined to be a Banach space. 

Definition 2.1.8 [41, 42] Assume that 𝑋 is a normed linear space and (𝑒𝑖) is a sequence of 

elements in 𝑋. We claim that (𝑒𝑖) is a Schauder basis, or simply a basis, for 𝑋 if for every 

element 𝜁 in 𝑋, there has a unique sequence (𝜆𝑖) of scalars such that 

‖𝜁 −∑𝜆𝑛𝑒𝑛

𝑖

𝑛=1

‖ → 0 𝑎𝑠 𝑖 → ∞. 

The series  

∑𝜆𝑛𝑒𝑛

∞

𝑛=1

 

that corresponds to the sum of 𝜁, is referred to as the expansion of 𝜁 based on (𝑒𝑖),  and it is 

expressed in a form as follows 

𝜁 = ∑𝜆𝑛𝑒𝑛

∞

𝑛=1

. 
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Definition 2.1.9 [41] Consider two normed linear spaces, 𝑋 and 𝑌, that extend on the same field 

of scalars, then 

(a) A transformation (or operator, map) 𝑇: 𝑋 → 𝑌 is considered to be linear, if 

𝑇(𝜁 + 𝜉) = 𝑇(𝜁) + 𝑇(𝜉)  and  𝑇(𝜆𝜁) = 𝜆𝑇(𝜁) 

for every 𝜁, 𝜉 ∈ 𝑋 and for all scalars λ. 

 (b) A linear transformation 𝑇:𝑋 → 𝑌 is considered to be continuous at 𝜁 ∈ 𝑋 if 

𝜁𝑖 → 𝜁 ⟹ 𝑇(𝜁𝑖) → 𝑇(𝜁) 𝑎𝑠 𝑖 → ∞, 

if 𝑇 is continuous at every point in 𝑋, then 𝑇 is claimed to be continuous. 

(c) A linear transformation 𝑇:𝑋 → 𝑌 is considered to be bounded if there has 𝐾 > 0 such 

that 

‖𝑇(𝜁)‖ ≤ 𝐾‖𝜁‖ 

for every 𝜁 ∈ 𝑋. 

Definition 2.1.10 [24] Let (𝑋, ‖ ⋅ ‖) be a normed linear space, then the unit ball and unit sphere 

of 𝑋, respectively, are introduced as follows 

𝐵𝑋 = {𝜁 ∈ 𝑋: ‖𝜁‖ < 1}  and  𝑆𝑋 = {𝜁 ∈ 𝑋: ‖𝜁‖ = 1}. 

Definition 2.1.11 Assume that 𝑋 is a normed linear space, and 𝐵𝑋 and 𝑆𝑋 are the unit ball and the 

unit sphere of 𝑋, respectively. The thought of modulus of convexity has been defined by Clarkson 

[45]  and Gurarii [46], respectively, as follows: 

𝛿𝑋(𝜀) = 𝑖𝑛𝑓 {1 −
‖𝜁 + 𝜉‖

2
∶ 𝜁, 𝜉 ∈ 𝑆𝑋, ‖𝜁 − 𝜉‖ = 𝜀} ,    𝜀 ∈ [0,2] 

and 

𝛾𝑋(𝜀) = 𝑖𝑛𝑓 {1 − 𝑖𝑛𝑓
 ℎ∈[0,1]

‖ℎ𝜁 + (1 − ℎ)𝜉‖ ∶ 𝜁, 𝜉 ∈ 𝑆𝑋, ‖𝜁 − 𝜉‖ = 𝜀} ,    𝜀 ∈ [0,2]. 

Remark 2.1.12 The case of 0 < 𝛾𝑋(𝜀) < 1 means that 𝑋 becomes uniformly convex, while the 

choice of 𝛾𝑋(𝜀) ≤ 1 means that 𝑋 becomes strictly convex. 

Definition 2.1.13 [24, 41] By 𝜔, we mean the space of all sequences with complex terms, i.e., 

𝜔 = {𝜁 = (𝜁𝑖): 𝜁𝑖 ∈ ℂ for all 𝑖 ∈ ℕ}. 

Each element 𝜁 = (𝜁𝑖) of 𝜔 is a sequence of the form 𝜁 = (𝜂𝑖 + 𝑗𝜇𝑖)𝑖=1
∞ , where 𝜂𝑖 and 𝜇𝑖 are both 

real sequences and 𝑗 corresponds to the square root of (−1). A straightforward verification can be 

made that 𝜔 becomes a linear space by using the usual co-ordinatewise addition and scalar 

multiplication of sequences, which are clearly expressed as follows 
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𝜁 + 𝜉 = (𝜁𝑖) + (𝜉𝑖) = (𝜁𝑖 + 𝜉𝑖)  and  𝛼𝜁 = 𝛼(𝜁𝑖) = (𝛼𝜁𝑖) 

respectively, where 𝜁 = (𝜁𝑖), 𝜉 = (𝜉𝑖) ∈ 𝜔 and 𝛼 ∈ ℂ. 

Definition 2.1.14 [24, 41] The spaces of all bounded, null, and convergent sequences are 

indicated by ℓ∞, 𝑐0 and 𝑐, respectively, and given as below: 

ℓ∞ = {𝜁 = (𝜁𝑖) ∈ 𝜔: sup
𝑖∈ℕ

|𝜁𝑖| < ∞}, 

𝑐0 = {𝜁 = (𝜁𝑖) ∈ 𝜔: lim
𝑖→∞

|𝜁𝑖| = 0 }. 

𝑐 = {𝜁 = (𝜁𝑖) ∈ 𝜔: lim
𝑖→∞

|𝜁𝑖 − ℓ| = 0 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 ℓ ∈ ℂ}, 

 It is clear that 𝑐0 becomes a Banach space with the norm ‖𝜁‖0 = max𝑖∈ℕ|𝜁𝑖| for every  𝜁 =

(𝜁𝑖) ∈ 𝑐0. As well as ℓ∞ and 𝑐 become Banach spaces with the norm ‖𝜁‖∞ = sup𝑖∈ℕ|𝜁𝑖| for 

every 𝜁 = (𝜁𝑖) ∈ ℓ∞ or 𝑐. 

Definition 2.1.15 [24, 41] The space of all sequences (𝜁𝑖) such that ∑ |𝜁𝑖|
𝑝∞

𝑖=1  converges, is 

indicated by ℓ𝑝 and given as follows 

ℓ𝑝 = {𝜁 = (𝜁𝑖) ∈ 𝜔: ∑|𝜁𝑖|
𝑝

∞

𝑖=1

< ∞} , (0 < 𝑝 < ∞). 

This space ℓ𝑝 is known as the space of absolutely 𝑝-summable sequences. The norm ‖⋅‖𝑝 on ℓ𝑝 

is described as follows 

‖𝜁‖𝑝 =

{
  
 

  
 ∑|𝜁𝑖|

𝑝

∞

𝑖=1

, 0 < 𝑝 < 1,

 

(∑|𝜁𝑖|
𝑝

∞

𝑖=1

)

1
𝑝

, 1 ≤ 𝑝 < ∞,

 

for every 𝜁 = (𝜁𝑖) ∈ ℓ𝑝. It seems that ℓ𝑝 with ‖⋅‖𝑝 becomes a 𝑝-normed linear space for 0 < 𝑝 <

1 whereas it is a Banach space for 1 ≤ 𝑝 < ∞. 

Definition 2.1.16 [24] The spaces of bounded and convergent series are indicated by 𝑏𝑠 and 𝑐𝑠, 

respectively, and given as follows 

𝑏𝑠 = {𝜁 = (𝜁𝑖) ∈ 𝜔: sup
𝑛∈ℕ

|∑𝜁𝑖

𝑛

𝑖=1

| < ∞}, 

𝑐𝑠 = {𝜁 = (𝜁𝑖) ∈ 𝜔: lim
𝑛→∞

|∑𝜁𝑖 − ℓ

𝑛

𝑖=1

| = 0  for some ℓ ∈ ℂ}. 

These sequence sets become Banach spaces with the norm ‖⋅‖𝑏𝑠 defined as follows 
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‖𝜁‖𝑏𝑠 = sup
𝑛∈ℕ

|∑𝜁𝑖

𝑛

𝑖=1

| < ∞ 

for every 𝜁 = (𝜁𝑖) ∈ 𝑏𝑠 or 𝑐𝑠. 

Definition 2.1.17 [47] A Banach space 𝑋 is considered to be a BK-space if there is a function 

𝑃𝑖(𝜁) = 𝜁𝑖 such that 𝑃𝑖: 𝑋 → ℂ is continuous for all  𝑖 ∈ ℕ. 

As a simple instance, the sequence sets ℓ∞, 𝑐, 𝑐0 and ℓ𝑝 become BK spaces using the 

norms ‖⋅‖∞ and ‖⋅‖𝑝, respectively, for 1 ≤ 𝑝 < ∞. 

2.2. Some Inequalities 

In this subsection, we give some popular inequalities which are used in some different 

steps of our study. 

(a) [40] Let 𝛼, 𝛽 ∈ ℂ and 0 < 𝑝 ≤ 1, then  

 |𝛼 + 𝛽|𝑝 ≤ |𝛼|𝑝 + |𝛽|𝑝. 

 

(2.1) 

 Note that in the case 𝑝 = 1 the above inequality is known as triangle inequality. 

(b) [24, 41] Minkowski's inequality: Let  1 ≤ 𝑝 < ∞ and (𝜁𝑖), (𝜉𝑖) ∈ ℓ𝑝,  then 

 

(∑|𝜁𝑖 + 𝜉𝑖|
𝑝

∞

𝑖=1

)

1
𝑝

≤ (∑|𝜁𝑖|
𝑝

∞

𝑖=1

)

1
𝑝

+ (∑|𝜉𝑖|
𝑝

∞

𝑖=1

)

1
𝑝

 

 

(2.2) 
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3. DENSITIES AND THEIR APPLICATIONS 

The concepts and results that are given in the next two subsections are known and widely 

used in the literature, their sources, which are the references, are generally given for the 

definitions and omitted for the others. 

3.1. Basic Densities 

In this subpart, the concept of the natural density of a subset 𝐵 of natural numbers and 

some properties of this density are mentioned. After that, the idea of 𝑔-density of 𝐵 is given and 

then the connections between these two types of densities on a subset of natural numbers are 

talked about. 

Definition 3.1.1 [48] Suppose ℕ is the set of all natural numbers and 𝐵 is a subset of ℕ. The 

natural density of 𝐵 is indicated by 𝛿(𝐵) and expressed as the following 

𝛿(𝐵) = lim
𝑛→∞

1

𝑛
|𝐵(𝑛)|, 

where 𝐵(𝑛) = 𝐵 ∩ {1,2,… , 𝑛} = {𝑖 ≤ 𝑛: 𝑖 ∈ 𝐵} and |𝐵(𝑛)| indicates the cardinality of the set 

𝐵(𝑛). The natural density comes from the common value of 𝛿(𝐵) and 𝛿(𝐵), that is, 𝛿(𝐵) =

𝛿(𝐵), where 𝛿(𝐵) and 𝛿(𝐵) indicate the upper natural density and the lower natural density of 𝐵, 

and given as follows 

𝛿(𝐵)= lim sup
𝑛→∞

 
1

𝑛
|𝐵(𝑛)| 

and 

𝛿(𝐵)= lim inf
𝑛→∞

 
1

𝑛
|𝐵(𝑛)|. 

 It is obvious that 0 ≤ 𝛿(𝐵) ≤ 1 for any subset 𝐵 ⊆ ℕ if 𝛿(𝐵) exists. 

Propositions 3.1.2 Let 𝐵 and 𝐶 be subsets in ℕ, if 𝛿(𝐵) and 𝛿(𝐶) exist, then the characteristics 

below are held. 

(1) 𝛿(ℕ) = 1. 

(2) 𝛿(𝜙) = 0. 

(3) For every finite set 𝐵, 𝛿(𝐵) = 0. 

(4) For every 𝑚 ∈ ℕ, 𝛿(𝑚𝐵) =
1

𝑚
𝛿(𝐵). 

(5) If 𝐵 ⊆ 𝐶 ⊆ ℕ, then 𝛿(𝐵) ≤ 𝛿(𝐶). 

(6) 𝛿(ℕ\𝐵) = 1 − 𝛿(𝐵). 

(7) 𝛿(𝐵 + 𝑐) = 𝛿(𝐵), where 𝑐 represents a constant in ℕ and 𝐵 + 𝑐 = {𝑎 + 𝑐: 𝑎 ∈ 𝐵}. 
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Proof. The proof of some parts is only given. The other parts are easily verified  

(1) It can be obviously seen that  

𝛿(ℕ) = lim
𝑛→∞

1

𝑛
|ℕ(𝑛)| = lim

𝑛→∞

1

𝑛
 |ℕ ∩ {1,2,… , 𝑛}| = lim

𝑛→∞

1

𝑛
𝑛 = 1. 

(3) Suppose 𝐵 is a finite subset in ℕ and let |𝐵| = 𝑖0 (𝑖0 represents a constant in ℕ), so that 

|𝐵(𝑛)| ≤ 𝑖0 for any 𝑛 ∈ ℕ. Then we have  

𝛿(𝐵) = lim
𝑛→∞

1

𝑛
|𝐵(𝑛)| ≤ lim

𝑛→∞

𝑖0
𝑛
= 0. 

Hence 𝛿(𝐵) = 0. 

(5) Since 𝐵 ⊆ 𝐶, then 𝐵(𝑛) ⊆ 𝐶(𝑛), and so |𝐵(𝑛)| ≤ |𝐶(𝑛)|. Then we have 

𝛿(𝐵) = lim
𝑛→∞

1

𝑛
|𝐵(𝑛)| ≤ lim

𝑛→∞

1

𝑛
|𝐶(𝑛)| = 𝛿(𝐶). 

Hence 𝛿(𝐵) ≤ 𝛿(𝐶). 

Examples 3.1.3 Consider the following subsets 𝐵, 𝐶, 𝐸, 𝐹 ⊆ ℕ: 

𝐵 = {𝑖: 𝑖 = 𝑚2,𝑚 ∈ ℕ} = {1, 4, 9, 16,… }, 

𝐶 = {𝑖: 𝑖 = 3𝑚,𝑚 ∈ ℕ} = {3, 6, 9, 12,… }, 

𝐸 = {𝑖: 𝑖 = 3𝑚,𝑚 ∈ ℕ} = {3, 9, 27, 81,… }, 

𝐹 = {𝑖: 5 < 𝑖 ≤ 15} = {6, 7, 8, 9,10,… ,15}. 

According to the above knowledge, we might easily find the natural density of each given set.  

Now for the subset 𝐵, we see that 𝑖 = 𝑚2, then 𝑚𝑖 = √𝑖 and so |𝐵(𝑛)| = [𝑚𝑛] = [√𝑛]. Then  

𝛿(𝐵) = lim
𝑛→∞

1

𝑛
|𝐵(𝑛)| = lim

𝑛→∞

1

𝑛
[√𝑛] = 0 . 

For the subset 𝐶, we see that 𝑖 = 3𝑚, then 𝑚𝑖 =
𝑖

3
, and so |𝐶(𝑛)| = [𝑚𝑛] = [

𝑛

3
]. Then  

𝛿(𝐶) = lim
𝑛→∞

1

𝑛
|𝐶(𝑛)| = lim

𝑛→∞

1

𝑛
[
𝑛

3
] =

1

3
. 

For the subset 𝐸, we see that 𝑖 = 3𝑚, then 𝑚𝑖 =
log 𝑖

log3
 and so |𝐸(𝑛)| = [𝑚𝑛] = [

log𝑛

log3
]. Then 

𝛿(𝐸) = lim
𝑛→∞

1

𝑛
|𝐸(𝑛)| = lim

𝑛→∞

1

𝑛
[
log 𝑛

log 3
] = 0. 

For the subset 𝐹, we see that 5 < 𝑖 ≤ 15, then |𝐹(𝑛)| = 10. We have 

𝛿(𝐸) = lim
𝑛→∞

1

𝑛
|𝐹(𝑛)| ≤ lim

𝑛→∞

10

𝑛
= 0. 

Definition 3.1.4 [49] We remember that a function 𝑔 from ℝ+⋃{0} into ℝ+⋃{0} is indeed a 

modulus function or a modulus if the next properties are satisfied: (i) 𝑔(𝑢) = 0 if and only if 𝑢 =

0, (ii) 𝑔(𝑢1 + 𝑢2) ≤ 𝑔( 𝑢1) + 𝑔(𝑢2) for every 𝑢1, 𝑢2 ∈ ℝ
+ ∪ {0}, (iii) 𝑔 is increasing, and (iv) 𝑔 

is continuous on the right side of zero. 
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   Since |𝑔(𝑢1) − 𝑔(𝑢2)| ≤ 𝑔(|𝑢1 − 𝑢2|), as a consequence of the fourth property (iv) that 

𝑔 becomes continuous on ℝ+ ∪ {0}. It is conceivable for a modulus to either be bounded or not. 

For instance, the function 𝑔(𝑢) = 𝑢 (𝑢 + 1)⁄  is a bounded modulus, but  ℎ(𝑢) = 𝑢 is an 

unbounded modulus function. Additionally, from the second property (ii), we have 𝑔(𝑚𝑢) ≤

𝑚𝑔(𝑢) and so 
1

𝑚
𝑔(𝑢) ≤ 𝑔 (

𝑢

𝑚
) for every 𝑚 ∈ ℕ. 

Definition 3.1.5 [50] Assume that 𝑔 is an unbounded modulus function and 𝐵 ⊆ ℕ. The number 

𝛿𝑔(𝐵) is named to be the 𝑔-density of the set 𝐵 and expressed as follows 

𝛿𝑔(𝐵) = lim
𝑛→∞

1

𝑔(𝑛)
𝑔(|{𝑖 ≤ 𝑛: 𝑖 ∈ 𝐵}|) 

in a case, the above limit exists. 

Remark 3.1.6 If we take 𝑔(𝑢) = 𝑢 then the 𝑔-density returns to the natural density. It is obvious 

that 𝛿(𝐵) + 𝛿(ℕ\𝐵) = 1 is held in the case of natural density, for any 𝐵 ⊆ ℕ. However, in 𝑔-

density, this is different, i.e., 𝛿𝑔(𝐵) + 𝛿𝑔(ℕ\𝐵) = 1 may not be held. This fact is demonstrated 

in the instance below. 

 Example 3.1.7 Let us put 𝐵 = {𝑖: 𝑖 = 2𝑚,𝑚 ∈ ℕ} = {2, 4, 6, … } and 𝑔(𝑢) = log(𝑢 + 1). Then  

𝛿𝑔(𝐵) = 𝛿𝑔(𝐵\ℕ) = 1. Since 
𝑛

2
− 1 ≤ |{𝑖 ≤ 𝑛: 𝑖 ∈ 𝐵}| ≤

𝑛

2
 for any 𝑛 ∈ ℕ and 𝑔 is a modulus 

function, then we can write 

lim
𝑛→∞

1

𝑔(𝑛)
𝑔 (
𝑛

2
− 1) ≤ lim

𝑛→∞

1

𝑔(𝑛)
𝑔({𝑖 ≤ 𝑛: 𝑖 ∈ 𝐵}) ≤ lim

𝑛→∞

1

𝑔(𝑛)
𝑔 (
𝑛

2
). 

And so 

lim
𝑛→∞

1

log(𝑛 + 1)
log (

𝑛

2
) ≤ lim

𝑛→∞

1

𝑔(𝑛)
𝑔({𝑖 ≤ 𝑛: 𝑖 ∈ 𝐵}) ≤ lim

𝑛→∞

1

log(𝑛 + 1)
log (

𝑛

2
+ 1) 

1 ≤ lim
𝑛→∞

1

𝑔(𝑛)
𝑔({𝑖 ≤ 𝑛: 𝑖 ∈ 𝐵}) ≤ 1 

Hence, we see that 𝛿𝑔(𝐵) = 1. In addition, using the fact 
𝑛+1

2
− 1 ≤ |{𝑖 ≤ 𝑛: 𝑖 ∈ 𝐵}| ≤

𝑛+1

2
 we 

have 𝛿𝑔(𝐵) = 1. 

Remark 3.1.8 For any unbounded modulus 𝑔 and a subset 𝐵 ⊆ ℕ, if 𝛿𝑔(𝐵) = 0, then 𝛿(𝐵) = 0. 

In fact, if 𝛿𝑔(𝐵) = 0 then lim
𝑛→∞

1

𝑔(𝑛)
𝑔(|{𝑖 ≤ 𝑛: 𝑖 ∈ 𝐵}|) = 0. Now for each 𝑝 ∈  ℕ, there is 𝑛0 ∈

 ℕ such that if 𝑛 ≥ 𝑛0, then we have 

𝑔(|{𝑖 ≤ 𝑛: 𝑖 ∈ 𝐵}|) ≤
1

𝑝
𝑔(𝑛) ≤ 𝑔 (

1

𝑝
𝑛). 

Since 𝑔 is increasing, in this manner, we obtain 
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1

𝑛
|{𝑖 ≤ 𝑛: 𝑖 ∈ 𝐵}| ≤

1

𝑝
 

for every 𝑛 ≥ 𝑛0. Hence, we get 𝛿(𝐵) = 0.  

 The opposite is not necessarily true in all situations. For that, we give the instance below to 

demonstrate the case.  

Example 3.1.9 Given 𝑔(𝑢) = log(𝑢 + 1) and set 𝐵 = {𝑖: 𝑖 = 𝑚2,𝑚 ∈ ℕ}. Then 𝐵(𝑛) =

{𝑖 ≤ 𝑛: 𝑖 = 𝑚2,𝑚 ∈ ℕ} so that |𝐵(𝑛)| = √𝑛. Then, by calculating 𝛿𝑔(𝐵), we see that  𝛿𝑔(𝐵) =

1 2⁄ , whereas 𝛿(𝐵) = 0. 

Lemma 3.1.10 Assume that 𝑔 represents an unbounded modulus function and 𝐵 ⊆ ℕ. If 

lim
𝑛→∞

𝑔(𝑛)

𝑛
> 0, then 𝛿(𝐵) = 0 implies 𝛿𝑔(𝐵) = 0. 

Proof. Since 𝑔 represents a modulus function and |{𝑖 ≤ 𝑛: 𝑖 ∈ ℕ}| is a natural value, we have 

𝑔(|{𝑖 ≤ 𝑛: 𝑖 ∈ ℕ}|) ≤ |{𝑖 ≤ 𝑛: 𝑖 ∈ ℕ}| 𝑔(1). Then it can be written as 

1

𝑛
|{𝑖 ≤ 𝑛: 𝑖 ∈ 𝐵}| ≥

𝑔(𝑛)

𝑛

1

𝑔(𝑛)
𝑔(|{𝑖 ≤ 𝑛: 𝑖 ∈ 𝐵}|)

1

𝑔(1)
 

Giving the limits into both sides as 𝑛 → ∞, we possess that 𝛿𝑔(𝐵) = 0, since lim
𝑛→∞

𝑔(𝑛)

𝑛
> 0.  

3.2. Statistical Convergence and Statistical Boundedness with Respect to a 

Modulus Function 

In this subsection, the concepts of 𝑔-statistically convergence, 𝑔-statistically boundedness, 

and some results related to these two ideas are provided. 

Definition 3.2.1 [50] Assume that 𝑔 is an unbounded modulus function. Then a sequence (𝜁𝑖) in 

ℝ (or ℂ) is referred to as 𝑔-statistically convergent (or 𝑆𝑔-convergent) to 𝜁 if the set {𝑖 ≤

𝑛: |𝜁𝑖 − 𝜁| ≥ 𝜀} possesses 𝑔-density zero, for every 𝜀 > 0, i.e., 

lim
𝑛→∞

1

𝑔(𝑛)
𝑔(|{𝑖 ≤ 𝑛: |𝜁𝑖 − 𝜁| ≥ 𝜀}|) = 0, 

and this is written as 𝑆𝑔 − lim𝜁𝑖 = 𝜁 or 𝜁𝑖 → 𝜁(𝑆𝑔). In this study, the collection of all 𝑆𝑔-

convergent sequences is indicated by 𝑆𝑔. We also indicated the collection of all 𝑔-statistically 

null sequences by 𝑆0
𝑔

. For any unbounded modulus 𝑔, we definitely have 𝑆0
𝑔
⊂ 𝑆𝑔. In the case of 

𝑔(𝑢) = 𝑢 the collection 𝑆𝑔 will return to 𝑆 (𝑆 is the collection of all statistically convergent 

sequences). 

Lemma 3.2.2 The 𝑆𝑔-limit of any 𝑔-statistically convergent sequence is considered to be unique. 
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Lemma 3.2.3 Let the functions 𝑔 and ℎ be unbounded modulus. If 𝑆𝑔 − lim𝜁𝑖 = 𝜁𝑎 and 𝑆ℎ −

lim𝜁𝑖 = 𝜁𝑏, then 𝜁𝑎 = 𝜁𝑏. 

Theorem 3.2.4 Every convergent sequence represents a 𝑔-statistically convergent, i.e., 𝑐 ⊂ 𝑆𝑔 

for any unbounded modulus function. 

Proof. Assume that (𝜁𝑖) is a convergent sequence, then 𝜁𝑖 → 𝜁 as 𝑖 → ∞. Given any 𝜀 > 0, then 

there is 𝑛 ∈ ℕ such that |𝜁𝑖 − 𝜁| < 𝜀 for all 𝑖 ≥ 𝑛. So, there is a finite set {𝑖 ∈ ℕ: |𝜁𝑖 − 𝜁| ≥ 𝜀 } 

and hence 𝛿𝑔({𝑖 ∈ ℕ: |𝜁𝑖 − 𝜁| ≥ 𝜀 }) = 0, this is sufficient to fulfill the proof. □ 

 The contrary to the above theorem does not necessarily hold true, the following instance 

demonstrates this fact. 

Example 3.2.5 Define the sequence (𝜁𝑖) as  

𝜁𝑖 = {
𝑖,   𝑖 = 𝑛2

 
0,   𝑖 ≠ 𝑛2

  𝑛 = 1,2,3,… 

and put 𝑔(𝑢) = 𝑢𝑝, 0 < 𝑝 ≤ 1. Clearly (𝜁𝑖) ∉ 𝑐, but for every 𝜀 > 0, we have 

lim
𝑛→∞

1

𝑔(𝑛)
𝑔(|{𝑖 ≤ 𝑛: |𝜁𝑖 − 0| ≥ 𝜀}|) ≤ lim

𝑛→∞

𝑔(√𝑛)

𝑔(𝑛)
= 0. 

Hence, (𝜁𝑖) is 𝑆𝑔-convergent. 

Remark 3.2.6 It is well known that each subsequence in a convergent sequence also becomes 

convergent, but this case does not necessarily hold true for 𝑔-statistical convergence, this says 

that a subsequence of an 𝑔-statistically convergent sequence may not be 𝑔-statistically 

convergent. For instance, if we put 𝑔(𝑢) = 𝑢 and put the sequence (𝜁𝑖) as follows 

𝜁𝑖 = {

𝑖,   𝑖 = 𝑛2

 
1

𝑖
,   𝑖 ≠ 𝑛2

   𝑛 = 1,2,3,…, 

or, clearly (𝜁𝑖) = (1,
1

2
,
1

3
, 4,

1

5
,
1

6
,
1

7
,
1

8
, 9, … ), then we see that 𝑆𝑔 − lim𝜁𝑖 = 0, although 

(1,4,9,… ) is contained as a subsequence in (𝜁𝑖) and not to be 𝑆𝑔-convergent. 

Definition 3.2.7 [50] Assume that 𝑔 is an unbounded modulus function. Then a sequence (𝜁𝑖) in 

ℝ (or ℂ) is referred to as 𝑔-statistically bounded (or 𝑆𝑔-bounded) if there has a real number 𝑀 >

0 such that 𝛿𝑔({𝑖 ∈ ℕ: |𝜁𝑖| > 𝑀}) = 0, i.e., 
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lim
𝑛→∞

1

𝑔(𝑛)
𝑔(|{𝑖 ≤ 𝑛: |𝜁𝑖| > 𝑀}|) = 0. 

We use 𝐵𝑆𝑔 to indicate the collection of all 𝑆𝑔-bounded sequences. Note that in the case of 

𝑔(𝑢) = 𝑢 the collection 𝐵𝑆𝑔 will return to 𝐵𝑆 (𝐵𝑆 is the collection of all statistically bounded 

sequences). 

Theorem 3.2.8 Every 𝑔-statistically bounded sequence becomes statistically bounded, that is, 

𝐵𝑆𝑔 ⊂ 𝐵𝑆 for every unbounded modulus 𝑔. 

 The proof follows the assertion 𝛿𝑔(𝐵) = 0 implies 𝛿(𝐵) = 0 for any 𝐵 ⊂ ℕ and any 

unbounded modulus function 𝑔. Using this fact if (𝜁𝑖) ∈ 𝐵𝑆
𝑔, then we have 𝛿𝑔({𝑖 ∈ ℕ: |𝜁𝑖| >

𝑀}) = 0 for some enough large real number 𝑀 > 0. Now 𝛿𝑔({𝑖 ∈ ℕ: |𝜁𝑖| > 𝑀}) = 0 implies 

𝛿({𝑖 ∈ ℕ: |𝜁𝑖| > 𝑀}) = 0 and this means that (𝜁𝑖) ∈ 𝐵𝑆. 

Note that the contrary to the above theorem does not necessarily hold true, the following 

instance demonstrates this fact. 

Example 3.2.9 Let 𝑔(𝑢) = log(𝑢 + 1) and put the sequence (𝜁𝑖) as follows 

𝜁𝑖 = {
𝑖,   𝑖 = 𝑛2

 
0,   𝑖 ≠ 𝑛2

   𝑛 = 1,2,3,…, 

or, clearly (𝜁𝑖) = (1,0,0,4,0,0,0,0,9,… ). Then for any number 𝑀 > 0, we possess {𝑖 ∈ ℕ: |𝜁𝑖| >

𝑀} = {1,4,9,… }, in which each element is a square positive integer number. Since 

𝛿𝑔({1,4,9,… }) = 1 2⁄ ≠ 0 but 𝛿({1,4,9,… }) = 0, then (𝜁𝑖) ∈ 𝐵𝑆 − 𝐵𝑆
𝑔. 

Theorem 3.2.10 Every bounded sequence becomes 𝑔-statistically bounded, that is, ℓ∞ ⊂ 𝐵𝑆
𝑔 for 

every unbounded modulus 𝑔, however, the opposite of that does not necessarily hold true. 

Proof. Assume that 𝑔 is an unbounded modulus function and let (𝜁𝑖) ∈ ℓ∞. Then there has real 

number 𝑀 > 0 such that |𝜁𝑖| ≤ 𝑀, for all 𝑖 ∈ ℕ, that is, 𝛿𝑔({𝑖 ∈ ℕ: |𝜁𝑖| > 𝑀}) = 𝛿𝑔(Ø) = 0. So 

(𝜁𝑖) is 𝑔-statistically bounded. For the opposite part, the sequence of Example 3.2.9 serves the 

purpose if we put 𝑔(𝑢) = 𝑢.  

Theorem 3.2.11 Suppose 𝑔 is any unbounded modulus, then 𝑆𝑔 ⊂ 𝐵𝑆𝑔. 

Proof. Assume that the sequence (𝜁𝑖) is 𝑆𝑔-convergent to 𝜁. Given 𝜀 > 0 and define the sets 

𝐵(𝑛) = {𝑖 ≤ 𝑛: |𝜁𝑖 − 𝜁| > 𝜀} and 𝐶(𝑛) = {𝑖 ≤ 𝑛: |𝜁𝑖| > |𝜁| + 𝜀}. Then 𝐶(𝑛) ⊂ 𝐵(𝑛) and so 

|𝐶(𝑛)| ≤ |𝐵(𝑛)|. We obtain that 𝛿𝑔(𝐶) ≤ 𝛿𝑔(𝐵) and so that 𝛿𝑔(𝐵) = 0 implies 𝛿𝑔(𝐶) = 0. As 

a consequence, (𝜁𝑖) is 𝑆𝑔-bounded. 
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However, the opposite of the above inclusion does not necessarily hold true. For instance, 

if we put 𝑔(𝑢) = 𝑢 and define the sequence (𝜁𝑖) = (1,2,1,2,… ), then it is clear to see that (𝜁𝑖) ∈

𝐵𝑆𝑔 − 𝑆𝑔.  

Corollary 3.2.12 From the above theorems, for any unbounded modulus 𝑔, we have  

(i) If lim
𝑢→∞

𝑔(𝑢)

𝑢
> 0, then a sequence is 𝑆𝑔-bounded if and only if it is 𝑆-bounded. 

(ii) Every bounded sequence is 𝑆-bounded, i.e., ℓ∞ ⊂ 𝐵𝑆. 

(iii) Every 𝑆𝑔-convergent sequence is 𝑆-bounded, i.e.,  𝑆𝑔 ⊂ 𝐵𝑆. 

Lemma 3.2.13 [15] For any modulus function 𝑔. The function 𝑔𝑘 = 𝑔 ○ 𝑔 ○ …○ 𝑔   (𝑘 times) also 

becomes a modulus for each 𝑘 ∈ ℕ. This notation is implemented throughout the next parts. 

3.3. Lacunary Statistical Convergence According to a Modulus Function 

 A lacunary sequence 𝜃 = (𝑘𝑟) implies an increasing sequence of non-negative integer 

numbers such that 𝑘0 = 0 and ℎ𝑟 = 𝑘𝑟 − 𝑘𝑟−1 → ∞ as 𝑟 → ∞. And the periods are given by 𝜃 =

(𝑘𝑟) are indicated by 𝐼𝑟 = (𝑘𝑟−1, 𝑘𝑟] and the ratio 
𝑘𝑟

𝑘𝑟−1
 may be shortened by 𝑞𝑟. These notations 

are used throughout some parts of our study. 

Definition 3.3.1 Assume that 𝑔 is an unbounded modulus function and 𝐵 ⊆ ℕ. The number 

𝛿𝑔
𝑘
(𝐵) is introduced as follows 

𝛿𝑔
𝑘
(𝐵) = lim

𝑛→∞

1

𝑔𝑘(𝑛)
𝑔𝑘(|{𝑖 ≤ 𝑛: 𝑖 ∈ 𝐵}|) 

in the case the above limit exists, and it is referred to as 𝑔𝑘-density of 𝐵. 

Remark 3.3.2 If 𝑔(𝑢) = 𝑢 for every 𝑢 ∈ ℝ+ ∪ {0}, is taken then the idea of 𝑔𝑘-density is 

returned to the natural density, as well as, in the case of  𝑘 = 1 then from 𝑔𝑘-density we shall 

have 𝑔-density of a subset of natural numbers. 

Definition 3.3.3 [51] Suppose that 𝜃 = (𝑘𝑟) is a lacunary sequence. A sequence (𝜁𝑖) of numbers 

is referred to as lacunary statistically convergent (or 𝑆𝜃-convergent) to 𝜁, if 

lim
𝑟→∞

1

ℎ𝑟
|{𝑖 ∈ 𝐼𝑟: |𝜁𝑖 − 𝜁| ≥ 𝜀}| = 0, 

for each 𝜀 > 0.  In this situation, it is written that 𝜁𝑖 → 𝜁(𝑆𝜃), or 𝑆𝜃 − lim𝜁𝑖 = 𝜁. The collection 

of all 𝑆𝜃-convergent sequences is written by 𝑆𝜃. 
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Definition 3.3.4 Suppose that 𝜃 = (𝑘𝑟) is a lacunary sequence and let 𝑔 be considered an 

unbounded modulus function. Let 𝜁 ∈ ℂ be a number, then the sequence (𝜁𝑖) in ℂ is defined to be 

lacunary statistically convergent to 𝜁 according to 𝑔𝑘 (or 𝑆𝜃(𝑔
𝑘)-statistically convergent), if 

lim
𝑟→∞

1

𝑔𝑘(ℎ𝑟)
𝑔𝑘(|{𝑖 ∈ 𝐼𝑟: |𝜁𝑖 − 𝜁| ≥ 𝜀}|) = 0. 

for every 𝜀 > 0. In this manner, we refer it to as 𝜁𝑖 → 𝜁(𝑆𝜃(𝑔
𝑘)) or 𝑆𝜃(𝑔

𝑘) − lim𝜁𝑖 = 𝜁. The 

collection of all 𝑆𝜃(𝑔
𝑘)-convergent sequences is indicated by 𝑆𝜃(𝑔

𝑘). That is 

𝑆𝜃(𝑔
𝑘) = {(𝜁𝑖) ∶  lim

𝑟→∞

1

𝑔𝑘(ℎ𝑟)
𝑔𝑘(|𝑖 ∈ 𝐼𝑟: |𝜁𝑖 − 𝜁| ≥ 𝜀| ) = 0  for some 𝜁 ∈ ℂ}. 

Remark 3.3.5 In the case of 𝑔(𝑢) = 𝑢, the thoughts of 𝑆𝜃(𝑔
𝑘)-statistically convergence and 𝑆𝜃-

convergence are the same. This means that 𝑆𝜃(𝑔
𝑘) will become 𝑆𝜃. As well as, if 𝑘 = 1 then 

𝑔𝑘(𝑢) = 𝑔(𝑢) and so from 𝑆𝜃(𝑔
𝑘), we have the sequence space 𝑆𝜃(𝑔). 

Theorem 3.3.6 Suppose that 𝜃 = (𝑘𝑟) is a lacunary sequence and 𝑔 is an unbounded modulus 

function. Let (𝜁𝑖), (𝜉𝑖) be sequences of complex numbers, then we have the following cases:  

(i) If  𝑆𝜃(𝑔
𝑘) − lim𝜁𝑖 = 𝜁 and 𝛼 ∈ ℂ, then 𝑆𝜃(𝑔

𝑘) − lim(𝛼𝜁𝑖) = 𝛼𝜁. 

(ii) If 𝑆𝜃(𝑔
𝑘) − lim𝜁𝑖 = 𝜁 and 𝑆𝜃(𝑔

𝑘) − lim𝜉𝑖 = 𝜉, then 𝑆𝜃(𝑔
𝑘) − lim(𝜁𝑖 + 𝜉𝑖) = 𝜁 + 𝜉.  

 The proof is clearly done, so we leave it here. 

Theorem 3.3.7 Suppose 𝜃 = (𝑘𝑟) is a lacunary sequence and let 𝑔 be considered an unbounded 

modulus function. If a sequence is convergent, then it is 𝑆𝜃(𝑔
𝑘)-statistically convergent, i.e., 𝑐 ⊂

𝑆𝜃(𝑔
𝑘). 

Proof. Assume that (𝜁𝑖) is a convergent sequence. Given 𝜀 > 0, then {𝑖 ∈ ℕ: |𝜁𝑖 − 𝜁| ≥ 𝜀} 

represents a finite set, and so |{𝑖 ∈ ℕ: |𝜁𝑖 − 𝜁| ≥ 𝜀}| becomes a positive integer. Since {𝑖 ∈

𝐼𝑟: |𝜁𝑖 − 𝜁| ≥ 𝜀} ⊆ {𝑖 ∈ ℕ ∶  |𝜁𝑖 − 𝜁| ≥ 𝜀}, so we may write 

1

𝑔𝑘(ℎ𝑟)
𝑔𝑘(|{𝑖 ∈ 𝐼𝑟: |𝜁𝑖 − 𝜁| ≥ 𝜀}|) ≤

1

𝑔𝑘(ℎ𝑟)
𝑔𝑘(|{𝑖 ∈ ℕ ∶  |𝜁𝑖 − 𝜁| ≥ 𝜀}|). 

Then adding the limits on both given sides as 𝑟 tends to ∞, we obtained that (𝜁𝑖) is 𝑆𝜃(𝑔
𝑘)-

statistically convergent sequence. □ 

Theorem 3.3.8 Suppose 𝜃 = (𝑘𝑟) is a lacunary sequence and let 𝑔 be considered an unbounded 

modulus function. 
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 (i)  If 𝑔(𝑢) ≤ 𝑢 and lim
𝑢→∞

𝑔𝑘(𝑢)

𝑢
> 0, then every 𝑆𝜃-convergent sequence implies an 𝑆𝜃(𝑔

𝑘)-

statistically convergent, i.e., 𝑆𝜃 ⊂ 𝑆𝜃(𝑔
𝑘). 

 (ii) If  𝑔(𝑢) ≥ 𝑢 and lim
𝑢→∞

𝑢

𝑔𝑘(𝑢)
> 0, then every 𝑆𝜃(𝑔

𝑘)-statistically convergent sequence 

implies an 𝑆𝜃-convergent, i.e., 𝑆𝜃(𝑔
𝑘) ⊂ 𝑆𝜃. 

Proof. (i) Since 𝑔 is increasing and 𝑔(𝑢) ≤ 𝑢, then   

𝑔𝑘(𝑢) ≤ 𝑔𝑘−1(𝑢) ≤ ⋯ ≤ 𝑔(𝑢) ≤ 𝑢. (3.1) 

Let (𝜁𝑖) ∈ 𝑆𝜃 and given 𝜀 > 0. According to (3.1), we have 

1

ℎ𝑟
|{𝑖 ∈ 𝐼𝑟 ∶  |𝜁𝑖 − 𝜁| ≥ 𝜀}| ≥

1

ℎ𝑟
𝑔𝑘(|{𝑖 ∈ 𝐼𝑟 ∶  |𝜁𝑖 − 𝜁| ≥ 𝜀}|)           

                                                               =
1

𝑔𝑘(ℎ𝑟)
𝑔𝑘(|{𝑖 ∈ 𝐼𝑟 ∶  |𝜁𝑖 − 𝜁| ≥ 𝜀}|)

𝑔𝑘(ℎ𝑟)

ℎ𝑟
. 

Then adding the limits into both given sides as 𝑟 tends to ∞, we obtain (𝜁𝑖) ∈ 𝑆𝜃(𝑔
𝑘), since 

lim
𝑟→∞

𝑔𝑘(ℎ𝑟)

ℎ𝑟
> 0. □ 

(ii)  Since 𝑔 is increasing and 𝑔(𝑢) ≥ 𝑢, then 

𝑔𝑘(𝑢) ≥ 𝑔𝑘−1(𝑢) ≥ ⋯ ≥ 𝑔(𝑢) ≥ 𝑢. (3.2) 

Let (𝜁𝑖) ∈ 𝑆𝜃(𝑔
𝑘) and 𝜀 > 0 be given. Then according to (3.2), the next steps can be followed. □ 

Corollary 3.3.9 Assume that 𝜃 = (𝑘𝑟) is a lacunary sequence and let 𝑔 be considered an 

unbounded modulus function with 𝑘1 < 𝑘2. The cases below are possessed. 

(i) If 𝑔(𝑢) ≤ 𝑢 and lim
𝑢→∞

𝑔𝑘2(𝑢)

𝑢
> 0  then 𝑆𝜃(𝑔

𝑘1) ⊂ 𝑆𝜃(𝑔
𝑘2). 

(ii) If 𝑔(𝑢) ≥ 𝑢 and lim
𝑢→∞

𝑢

𝑔𝑘2(𝑢)
> 0 then 𝑆𝜃(𝑔

𝑘2) ⊂ 𝑆𝜃(𝑔
𝑘1). 

The proof of (i) and (ii) can be done with the help of (3.1) and (3.2), respectively. 

Theorem 3.3.10 Assume that 𝜃 = (𝑘𝑟) is a lacunary sequence and let 𝑔 and ℎ be considered two 

unbounded modulus functions with 𝑔(𝑢) ≤ ℎ(𝑢) for every 𝑢 ∈ ℝ+ ∪ {0}. 

(i) If  lim
𝑢→∞

𝑔𝑘+1(𝑢)

𝑔𝑘(ℎ(𝑢))
> 0, then 𝑆𝜃(𝑔

𝑘 ∘ ℎ) ⊂ 𝑆𝜃(𝑔
𝑘+1). 

(ii) If  lim
𝑢→∞

ℎ𝑘(𝑔(𝑢))

ℎ𝑘+1(𝑢)
> 0, then 𝑆𝜃(ℎ

𝑘+1) ⊂ 𝑆𝜃(ℎ
𝑘 ∘ 𝑔). 

Since 𝑔 and ℎ are increasing and 𝑔(𝑢) ≤ ℎ(𝑢) for every 𝑢 ∈ ℝ+ ∪ {0}, then 
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𝑔𝑘+1(𝑢) ≤ 𝑔𝑘(ℎ(𝑢)). (3.3) 

and  

ℎ𝑘(𝑔(𝑢)) ≤ ℎ𝑘+1(𝑢). (3.4) 

 The proof of (i) and (ii) follow from (3.3) and (3.4), respectively. 

Definition 3.3.11 Suppose that 𝜃 = (𝑘𝑟) is a lacunary sequence and let 𝑔 be considered an 

unbounded modulus function. Let 𝜁 ∈ ℂ be a number, then the sequence (𝜁𝑖) in ℂ is defined to be 

lacunary statistically convergent to 𝜁 according to 𝑔𝑘,𝑚 (or 𝑆𝜃(𝑔
𝑘,𝑚)-convergent), if 

lim
𝑟→∞

1

𝑔𝑚(ℎ𝑟)
𝑔𝑘(|{𝑖 ∈ 𝐼𝑟: |𝜁𝑖 − 𝜁| ≥ 𝜀}|) = 0. 

Then, we refer it to as 𝜁𝑖 → 𝜁(𝑆𝜃(𝑔
𝑘,𝑚)) or 𝑆𝜃(𝑔

𝑘,𝑚) − lim𝜁𝑖 = 𝜁. The collection of all 

𝑆𝜃(𝑔
𝑘,𝑚)-convergent sequences is indicated by 𝑆𝜃(𝑔

𝑘,𝑚). That is 

𝑆𝜃(𝑔
𝑘,𝑚) = {(𝜁𝑖) ∶  lim

𝑟→∞

1

𝑔𝑚(ℎ𝑟)
𝑔𝑘(|{𝑖 ∈ 𝐼𝑟: |𝜁𝑖 − 𝜁| ≥ 𝜀}|) = 0  for some 𝜁 ∈ ℂ}. 

Notice that in the case of 𝑔(𝑢) = 𝑢, the thoughts of 𝑆𝜃(𝑔
𝑘,𝑚)-convergence and 𝑆𝜃-

convergence are the same. This means that 𝑆𝜃(𝑔
𝑘,𝑚) will become 𝑆𝜃. As well as in the case of 

𝑘 = 𝑚 we see that 𝑆𝜃(𝑔
𝑘,𝑚) = 𝑆𝜃(𝑔

𝑘). 

Theorem 3.3.12 Assume 𝜃 = (𝑘𝑟) is a lacunary sequence and 𝑔 is any unbounded modulus 

function. Let 𝑘1, 𝑘2,𝑚1, 𝑚2 ∈ ℕ with 𝑘1 < 𝑘2 and 𝑚1 < 𝑚2. If 𝑔(𝑢) ≤ 𝑢, then 

(i) 𝑆𝜃(𝑔
𝑘1,𝑚) ⊂ 𝑆𝜃(𝑔

𝑘2,𝑚)  for each 𝑚 ∈ ℕ, 

(ii) 𝑆𝜃(𝑔
𝑘,𝑚2) ⊂ 𝑆𝜃(𝑔

𝑘,𝑚1) for each 𝑘 ∈ ℕ. 

Proof. (i)  Let (𝜁𝑖) ∈ 𝑆𝜃(𝑔
𝑘1,𝑚) and given 𝜀 > 0. Then according to (3.1), we may write  

𝑔𝑘2(|{𝑖 ∈ 𝐼𝑟: |𝜁𝑖 − 𝜁| ≥ 𝜀}|)

𝑔𝑚(ℎ𝑟)
≤
𝑔𝑘1(|{𝑖 ∈ 𝐼𝑟: |𝜁𝑖 − 𝜁| ≥ 𝜀}|)

𝑔𝑚(ℎ𝑟)
 

for every 𝑟 ∈ ℕ. Adding the limits into both given sides as 𝑟 tends to ∞, we have 

lim
𝑟→∞

𝑔𝑘2(|{𝑖 ∈ 𝐼𝑟: |𝜁𝑖 − 𝜁| ≥ 𝜀}|)

𝑔𝑚(ℎ𝑟)
= 0. 

So, we obtain that (𝜁𝑖) ∈ 𝑆𝜃(𝑔
𝑘2,𝑚). □ 



18 

(ii) Let (𝜁𝑖) ∈ 𝑆𝜃(𝑔
𝑘,𝑚2). Then according to (3.1), we may write 

𝑔𝑘(|{𝑖 ∈ 𝐼𝑟: |𝜁𝑖 − 𝜁| ≥ 𝜀}|)

𝑔𝑚1(ℎ𝑟)
≤
𝑔𝑘(|{𝑖 ∈ 𝐼𝑟: |𝜁𝑖 − 𝜁| ≥ 𝜀}|)

𝑔𝑚2(ℎ𝑟)
 

for every 𝑟 ∈ ℕ. Adding the limits into both given sides as 𝑟 tends to ∞, we have 

lim
𝑟→∞

𝑔𝑘(|{𝑖 ∈ 𝐼𝑟: |𝜁𝑖 − 𝜁| ≥ 𝜀}|)

𝑔𝑚1(ℎ𝑟)
= 0. 

So, we obtain that (𝜁𝑖) ∈ 𝑆𝜃(𝑔
𝑘,𝑚1). Hence the proof. □ 

Theorem 3.3.13 Assume 𝜃 = (𝑘𝑟) is a lacunary sequence and 𝑔 is any unbounded modulus 

function. Let 𝑘1, 𝑘2,𝑚1, 𝑚2 ∈ ℕ with 𝑘1 < 𝑘2 and 𝑚1 < 𝑚2. If 𝑔(𝑢) ≥ 𝑢, then 

(i) 𝑆𝜃(𝑔
𝑘2 ,𝑚) ⊂ 𝑆𝜃(𝑔

𝑘1,𝑚)  for each 𝑚 ∈ ℕ, 

(ii) 𝑆𝜃(𝑔
𝑘,𝑚1) ⊂ 𝑆𝜃(𝑔

𝑘,𝑚2)   for each 𝑘 ∈ ℕ. 

 Then the proof is done by using (3.2) in the same way of Theorem 3.3.12. 

Theorem 3.3.14 Assume 𝜃 = (𝑘𝑟) is a lacunary sequence and 𝑔 is any unbounded modulus 

function with 𝑚 > 𝑘. 

(i) If 𝑔(𝑢) ≤ 𝑢, then 𝑆𝜃(𝑔
𝑘,𝑚) ⊂ 𝑆𝜃(𝑔

𝑚,𝑘). 

(ii) If 𝑔(𝑢) ≥ 𝑢, then 𝑆𝜃(𝑔
𝑚,𝑘)  ⊂ 𝑆𝜃(𝑔

𝑘,𝑚). 

Proof. (i) Let (𝜁𝑖) ∈ 𝑆𝜃(𝑔
𝑘,𝑚). Since 𝑔(𝑢) ≤ 𝑢 and 𝑚 > 𝑘 then according to (3.1) we may state 

𝑔𝑘(|{𝑖 ∈ 𝐼𝑟: |𝜁𝑖 − 𝜁| ≥ 𝜀}|)

𝑔𝑚(ℎ𝑟)
≥
𝑔𝑚(|{𝑖 ∈ 𝐼𝑟: |𝜁𝑖 − 𝜁| ≥ 𝜀}|)

𝑔𝑚(ℎ𝑟)
  

                                                  ≥
𝑔𝑚(|{𝑖 ∈ 𝐼𝑟: |𝜁𝑖 − 𝜁| ≥ 𝜀}|)

𝑔𝑘(ℎ𝑟)
 

Adding the limits into both given sides as 𝑟 tends to ∞, we have 

lim
𝑟→∞

𝑔𝑚(|{𝑖 ∈ 𝐼𝑟: |𝜁𝑖 − 𝜁| ≥ 𝜀}|)

𝑔𝑘(ℎ𝑟)
 = 0. 

So, we possess that (𝜁𝑖) ∈ 𝑆𝜃(𝑔
𝑚,𝑘). The proof of (ii) is similarly done by using (3.2). □ 
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Corollary 3.3.15 Consider 𝜃 = (𝑘𝑟) is a lacunary sequence and 𝑔 is any unbounded modulus 

function with 𝑚 > 𝑘. The results below are concluded. 

(i) If 𝑔(𝑢) ≤ 𝑢, then 𝑆𝜃(𝑔
𝑘,𝑚) ⊂ 𝑆𝜃(𝑔

𝑘).  

(ii) If 𝑔(𝑢) ≥ 𝑢, then 𝑆𝜃(𝑔
𝑘)  ⊂ 𝑆𝜃(𝑔

𝑘,𝑚). 

 The proof of (i) and (ii) can be done by using (3.1) and (3.2), respectively, and we omit 

them. 

Theorem 3.3.16 Assume 𝜃 = (𝑘𝑟) is a lacunary sequence and 𝑔 is any unbounded modulus 

function. If lim
𝑢→∞

𝑔𝑘(𝑢)

𝑔𝑚(𝑢)
> 0 exists, then 𝑆𝜃(𝑔

𝑘) = 𝑆𝜃(𝑔
𝑘,𝑚). 

Proof. Let (𝜁𝑖) ∈ 𝑆𝜃(𝑔
𝑘,𝑚), then we may write 

𝑔𝑘(|{𝑖 ∈ 𝐼𝑟: |𝜁𝑖 − 𝜁| ≥ 𝜀}|)

𝑔𝑚(ℎ𝑟)
=
𝑔𝑘(|{𝑖 ∈ 𝐼𝑟: |𝜁𝑖 − 𝜁| ≥ 𝜀}|)

𝑔𝑘(ℎ𝑟)
 
𝑔𝑘(ℎ𝑟 )

𝑔𝑚(ℎ𝑟)
. 

Adding the limits on both given sides as 𝑟 tends to ∞, we have 

lim
𝑟→∞

𝑔𝑘(|{𝑖 ∈ 𝐼𝑟: |𝜁𝑖 − 𝜁| ≥ 𝜀}|)

𝑔𝑘(ℎ𝑟)
 
𝑔𝑘(ℎ𝑟 )

𝑔𝑚(ℎ𝑟)
= 0, 

since lim
𝑢→∞

𝑔𝑘(ℎ𝑟 )

𝑔𝑚(ℎ𝑟)
> 0 exists. So, we obtain that (𝜁𝑖) ∈ 𝑆𝜃(𝑔

𝑘). The proof on the other hand is 

similarly done. Hence the proof. □ 

Corollary 3.3.17 Given a lacunary sequence 𝜃 = (𝑘𝑟) and let 𝑔 be considered an unbounded 

modulus function. If lim
𝑢→∞

𝑔𝑘(𝑢)

𝑔𝑚(𝑢)
> 0 exists, then 𝑆𝜃(𝑔

𝑘,𝑚) = 𝑆𝜃(𝑔
𝑚,𝑘). 

The proof follows from Theorem 3.3.16.  
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4. CESARO SUMMABILITY 

4.1. Strong Cesàro Summability with Respect to a Modulus Function 

A generalization on strong Cesàro summability was made by using a modulus function, for 

that, another concept has been concluded. Later, the connections between the sets of  𝑔-strong 

Cesàro summable sequences were determined [51]. 

Definition 4.1.1 [52] Assume that 𝑔 is an unbounded modulus function. Then a sequence (𝜁𝑖) of 

real (or complex) numbers is named 𝑔-strongly Cesàro summable (or 𝑤𝑔-summable) to 𝜁, if 

lim
𝑛→∞

1

𝑛
∑𝑔(|𝜁𝑖 − 𝜁|) = 0.

𝑛

𝑖=1

 

 In this manner, 𝜁𝑖 → 𝜁(𝑤𝑔) is used, and the collection of all sequences of 𝑔-strongly 

Cesàro summable is indicated by 𝑤𝑔. The collection of sequences in which 𝜁 =  0 in the 

definition of 𝑤𝑔 is indicated by 𝑤0
𝑔

. In other forms, here are the definitions of the spaces 𝑤𝑔 and 

𝑤0
𝑔

 as follows 

𝑤0
𝑔
= {(𝜁𝑖): lim

𝑛→∞

1

𝑛
∑𝑔(|𝜁𝑖|) = 0

𝑛

𝑖=1

}, 

𝑤𝑔 = {(𝜁𝑖): lim
𝑛→∞

1

𝑛
∑𝑔(|𝜁𝑖 − 𝜁|) = 0

𝑛

𝑖=1

 for some number 𝜁}. 

Note that in the case of the identity modulus 𝑔(𝑢) = 𝑢 the 𝑔-strong Cesàro summability 

will be reduced to the strong Cesàro summability, and so the sequence spaces 𝑤0
𝑔

 and 𝑤𝑔 are 

become 𝑤0 and 𝑤, respectively. 

Theorem 4.1.2 [53] Assume 𝑔 is any modulus function. Then  

(i) 𝑤 ⊂ 𝑤𝑔 

(ii) 𝑤0 ⊂ 𝑤0
𝑔

 

Proof. For the first part, let (𝜉𝑖) ∈ 𝑤 be taken, then 

lim
𝑛→∞

1

𝑛
∑𝑔(|𝜉𝑖 − 𝜉|) = 0

𝑛

𝑖=1

 

for some 𝜉. Given 𝜀 > 0 and take 𝛿 with 0 < 𝛿 < 1 such that 𝑔(𝑡) < 𝜀 for 𝑡 ∈ (0, 𝛿]. Let 𝜁𝑖 =

|𝜉𝑖 − 𝜉| and consider  
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∑𝑔(𝜁𝑖)

𝑛

𝑖=1

= ∑ 𝑔(𝜁𝑖) +

𝑛

𝑖=1
𝜁𝑖≤𝛿

∑ 𝑔(𝜁𝑖)

𝑛

𝑖=1
𝜁𝑖>𝛿

. 

Since 𝑔(𝜁𝑖) < 𝜀 for 𝜁𝑖 ≤ 𝛿, then ∑ 𝑔(𝜁𝑖) < 𝜀𝑛
𝑛
𝑖=1  and also for 𝜁𝑖 > 𝛿, we have 𝜁𝑖 < 𝜁𝑖 𝛿⁄ < 1 +

[𝜁𝑖 𝛿⁄ ], where [𝑐] intends the integer component of the real number 𝑐. Since 𝑔 is a modulus, then 

𝑔(𝜁𝑖) ≤ 𝑔(1 + [𝜁𝑖 𝛿⁄ ]) ≤ 𝑔(1)(1 + [𝜁𝑖 𝛿⁄ ]) ≤ 2𝑔(1)(𝜁𝑖 𝛿⁄ ), so we obtain 

∑ 𝑔(𝜁𝑖) ≤
2𝑔(1)

𝛿

𝑛

𝑖=1
𝜁𝑖>𝛿

∑ 𝜁𝑖

𝑛

𝑖=1
𝜁𝑖>𝛿

. 

Therefore, 

1

𝑛
∑𝑔(|𝜉𝑖 − 𝜉|)

𝑛

𝑖=1

≤ 𝜀 +
2𝑔(1)

𝛿

1

𝑛
∑ |𝜉𝑖 − 𝜉|

𝑛

𝑖=1
|𝜉𝑖−𝜉|>𝛿

≤ 𝜀 +
2𝑔(1)

𝛿

1

𝑛
∑|𝜉𝑖 − 𝜉|

𝑛

𝑖=1

. 

This implies that (𝜉𝑖) ∈ 𝑤
𝑔. Hence the proof. □ 

The proof of the second part is the same as the first part when 𝜉 = 0 is taken and so it is 

omitted.  

Lemma 4.1.3 [54] For any modulus 𝑔, then lim
𝑢→∞

𝑔(𝑢)

𝑢
= 𝛽 exists and lim

𝑢→∞

𝑔(𝑢)

𝑢
= inf {

𝑔(𝑢)

𝑢
: 𝑢 > 0}. 

Theorem 4.1.4 [53] Assume 𝑔 is any modulus. If lim
𝑢→∞

𝑔(𝑢)

𝑢
> 0 then 𝑤𝑔 ⊂ 𝑤. 

Proof. Using Lemma 4.1.3 there is 𝛽 > 0 such that 𝛽 = inf {
𝑔(𝑢)

𝑢
: 𝑢 > 0}. So it gives us 𝛽𝑢 ≤

𝑔(𝑢) and then 𝑢 ≤
1

𝛽
𝑔(𝑢) for all 𝑢 ≥ 0 and so  

1

𝑛
∑|𝜁𝑖 − 𝜁|

𝑛

𝑖=1

≤
1

𝛽

1

𝑛
∑𝑔(|𝜁𝑖 − 𝜁|)

𝑛

𝑖=1

. 

This concludes that (𝜁𝑖) ∈ 𝑤
𝑔 implies (𝜁𝑖) ∈ 𝑤. Hence the proof. □ 

Corollary 4.1.5 Assume 𝑔 is any modulus. If lim
𝑢→∞

𝑔(𝑢)

𝑢
> 0 then 𝑤𝑔 = 𝑤. 

Theorem 4.1.6 [51] Assume 𝑔 and ℎ are modulus functions. If  
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sup
𝑢∈(0,∞)

𝑔(𝑢)

ℎ(𝑢)
< ∞, 

then we have 𝑤ℎ ⊂ 𝑤𝑔. 

Proof. Assume that 𝛼 = sup
𝑢∈(0,∞)

𝑔(𝑢)

ℎ(𝑢)
< ∞ then 

𝑔(𝑢)

ℎ(𝑢)
≤ 𝛼 and so that 𝑔(𝑢) ≤ 𝛼ℎ(𝑢) for every 𝑢 ∈

ℝ+ ∪ {0}. Now it is obvious that 𝛼 > 0 and let (𝜁𝑖) ∈ 𝑤
ℎ, then we may write 

1

𝑛
∑𝑔(|𝜁𝑖 − 𝜁|)

𝑛

𝑖=1

≤
𝛼

𝑛
∑ℎ(|𝜁𝑖 − 𝜁|)

𝑛

𝑖=1

. 

Providing the limits into both given sides as 𝑛 → ∞, we get that (𝜁𝑖) ∈ 𝑤
𝑔. Hence the proof. □ 

Note that the above inclusion may be strict, for this, the instance below demonstrates the 

strictness of the inclusion. 

Example 4.1.7 Given the sequence (𝜁𝑖) which is defined as  

𝜁𝑖 = {
𝑖,   𝑖 = 𝑚3

 
0,   𝑖 ≠ 𝑚3

   𝑚 ∈ ℕ 

and the modulus 𝑔(𝑢) =
𝑢

𝑢+1
 and ℎ(𝑢) = 𝑢. Now  sup

𝑢∈(0,∞)

𝑔(𝑢)

ℎ(𝑢)
= 1 < ∞ and since 

1

𝑛
∑𝑔(|𝜁𝑖|)

𝑛

𝑖=1

=
1

𝑛
∑ 𝑔(𝑖)

𝑛

𝑖=1
𝑖=𝑚3

+
1

𝑛
∑ 𝑔(0)

𝑛

𝑖=1
𝑖≠𝑚3

=
1

𝑛
∑

𝑖

𝑖 + 1

𝑛

𝑖=1
𝑖=𝑚3

<
√𝑛
3

𝑛
→ 0 as 𝑛 → ∞, 

then we have 𝜁 ∈ 𝑤𝑔. But since 

1

𝑛
∑ℎ(|𝜁𝑖|)

𝑛

𝑖=1

=
1

𝑛
∑ ℎ(𝑖)

𝑛

𝑖=1
𝑖=𝑚3

+
1

𝑛
∑ 𝑔(0)

𝑛

𝑖=1
𝑖≠𝑚3

≥
1

𝑛
[
([√𝑛

3
] − 1)([√𝑛

3
])

2
]

2

→ ∞ 𝑎𝑠 𝑛 → ∞, 

we obtain 𝜁 ∉ 𝑤ℎ, where [𝑐] indicates the integral part of the real number 𝑐. Hence 𝜁 ∈ 𝑤𝑔 −𝑤ℎ 

and the inclusion is strict. 
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4.2. Lacunary Strong Convergence According to a Modulus Function 

With the use of a modulus function 𝑔 and a lacunary sequence 𝜃 = (𝑘𝑟), the idea of 

lacunary strong convergence according to 𝑔𝑘 is introduced. After that, the relation between this 

idea and statistical convergence is investigated. Also, the connection between the sets of lacunary 

strongly convergent sequences according to 𝑔𝑘 is talked about. 

Definition 4.2.1 Suppose that 𝜃 = (𝑘𝑟) is a lacunary sequence. The space 𝑁𝜃 of lacunary 

strongly convergent sequences has been created by Freedman [17] as follows 

𝑁𝜃 = {(𝜁𝑖) ∶  lim
𝑟→∞

1

ℎ𝑟
∑|𝜁𝑖 − 𝜁|

𝑖∈𝐼𝑟

= 0  for some 𝜁}. 

In this manner, if (𝜁𝑖) ∈ 𝑁𝜃 then (𝜁𝑖) is considered to be lacunary strongly convergent to 𝜁, and 

𝜁𝑖 → 𝜁(𝑁𝜃) or 𝑁𝜃 − lim𝜁𝑖 = 𝜁 is refered. Notice that this space is indeed a BK space with the 

norm ‖∙‖𝜃, where for 𝜂 = (𝜂𝑖) ∈ 𝑁𝜃 it is expressed as follows 

‖𝜂‖𝜃 = sup
𝑟

1

ℎ𝑟
∑|𝜂𝑖|

𝑖∈𝐼𝑟

. 

Definition 4.2.2 Suppose that 𝜃 = (𝑘𝑟) is a lacunary sequence and let 𝑔 be considered a modulus 

function. Let 𝜁 ∈ ℂ be a number, then the sequence (𝜁𝑖) in ℂ is defined to be lacunary strongly 

convergent to 𝜁 according to 𝑔𝑘 (or 𝑁𝜃(𝑔
𝑘)-strongly convergent), if 

lim
𝑟→∞

1

ℎ𝑟
∑𝑔𝑘(|𝜁𝑖 − 𝜁|)

𝑖∈𝐼𝑟

= 0. 

Then, we refer it to as 𝜁𝑖 → 𝜁(𝑁𝜃(𝑔
𝑘)) or 𝑁𝜃(𝑔

𝑘) − lim𝜁𝑖 = 𝜁. We indicate the collection of all 

𝑁𝜃(𝑔
𝑘)-strongly convergent sequences by 𝑁𝜃(𝑔

𝑘). That is 

𝑁𝜃(𝑔
𝑘) = {(𝜁𝑖) ∶  lim

𝑟→∞

1

ℎ𝑟
∑𝑔𝑘(|𝜁𝑖 − 𝜁|)

𝑖∈𝐼𝑟

= 0  for some 𝜁 ∈ ℂ}. 

 Notice that in this definition the function 𝑔 is not required to be an unbounded modulus. If 

we put 𝑔(𝑢) = 𝑢, then the 𝑁𝜃(𝑔
𝑘)-strong convergence is reduced to the 𝑁𝜃-strong convergence. 

𝑁𝜃
0(𝑔𝑘) is indicated as the collection of all sequences in which 𝜁 =  0 in the definition of 

𝑁𝜃(𝑔
𝑘). It’s clear to see that if 𝑘 = 1, then the spaces 𝑁𝜃(𝑔

𝑘) and 𝑁𝜃
0(𝑔𝑘) will respectively 

become the same as 𝑁𝜃(𝑔) and 𝑁𝜃
0(𝑔) of Pehlivan and Fisher [23]. In the particular case of 𝜃 =
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(2𝑟) and 𝑔(𝑢) = 𝑢, we see that  𝑁𝜃(𝑔
𝑘) = |𝜎1|, where |𝜎1| = 𝑤 is the set of strongly Cesaro 

summable sequences. 

Theorem 4.2.3 Consider a lacunary sequence 𝜃 = (𝑘𝑟) and let 𝑔 be a modulus function. Then the 

sequence sets 𝑁𝜃(𝑔
𝑘) and 𝑁𝜃

0(𝑔𝑘) are linear spaces. 

 The proof can be easily done by using these inequalities: |𝛼| ≤ 𝐴𝛼 and |𝛽| ≤ 𝐵𝛽 where 

𝛼, 𝛽 ∈ ℂ, and 𝐴𝛼 and 𝐵𝛽 are positive integers, and we leave it. 

Theorem 4.2.4 Given a lacunary sequence 𝜃 = (𝑘𝑟) and let 𝑔 be considered a modulus function. 

If 𝑔(𝑢) ≤ 𝑢 for every 𝑢 ∈ ℝ+ ∪ {0}, then every lacunary strongly convergent sequence implies 

𝑁𝜃(𝑔
𝑘)-strongly convergent, i.e., 𝑁𝜃 ⊂ 𝑁𝜃(𝑔

𝑘). 

Proof. Let (𝜁𝑖) ∈ 𝑁𝜃. Since 𝑔 is increasing and 𝑔(𝑢) ≤ 𝑢 for every 𝑢 ∈ ℝ+ ∪ {0}, then according 

to (3.1), we may write 

1

ℎ𝑟
∑𝑔𝑘(|𝜁𝑖 − 𝜁|)

𝑖∈𝐼𝑟

≤
1

ℎ𝑟
∑𝑔𝑘−1(|𝜁𝑖 − 𝜁|)

𝑖∈𝐼𝑟

≤ ⋯ ≤
1

ℎ𝑟
∑𝑔(|𝜁𝑖 − 𝜁|) ≤

1

ℎ𝑟
∑|𝜁𝑖 − 𝜁|

𝑖∈𝐼𝑟𝑖∈𝐼𝑟

. 

That is, 

1

ℎ𝑟
∑𝑔𝑘(|𝜁𝑖 − 𝜁|) ≤

1

ℎ𝑟
∑|𝜁𝑖 − 𝜁|

𝑖∈𝐼𝑟𝑖∈𝐼𝑟

. 

Then adding the limits into both given sides as 𝑟 tends to ∞, we have  

lim
𝑟→∞

1

ℎ𝑟
∑𝑔𝑘(|𝜁𝑖 − 𝜁|)

𝑖∈𝐼𝑟

= 0. 

Therefore, we obtain that (𝜁𝑖) ∈ 𝑁𝜃(𝑔
𝑘). Hence the proof. □ 

The above inclusion relationship may be strict, for this, the instance, which is mentioned 

below, clarifies the strictness of the inclusion. 

Suppose 𝜃 = (𝑘𝑟) is a given lacunary sequence. Define (𝛾𝑖) as 𝛾𝑖 is to be 1,2, . . . , [√ℎ𝑟] at 

the first [√ℎ𝑟] integers in 𝐼𝑟, and 𝜁𝑖 = 0 otherwise, where [𝑐] indicates the integral component of 

the real number 𝑐. Now let (𝜁𝑖) = (𝛾𝑖) and put 𝑔(𝑢) =
𝑢

𝑢+1
 then 𝑔(𝑢) ≤ 𝑢 for every 𝑢 ∈ ℝ+ ∪

{0} and 𝑔𝑘(𝑢) =
𝑢

𝑘𝑢+1
. For that, we have  
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lim
𝑟→∞

1

ℎ𝑟
∑𝑔𝑘(|𝜁𝑖|)

𝑖∈𝐼𝑟

= lim
𝑟→∞

1

ℎ𝑟

[√ℎ𝑟][√ℎ𝑟]

(𝑘[√ℎ𝑟] + 1)
= 0, 

but 

lim
𝑟→∞

1

ℎ𝑟
∑|𝜁𝑖|

𝑖∈𝐼𝑟

= lim
𝑟→∞

1

ℎ𝑟
[√ℎ𝑟][√ℎ𝑟] = 1, 

hence (𝜁𝑖) ∈ 𝑁𝜃(𝑔
𝑘) − 𝑁𝜃. 

Corollary 4.2.5 Suppose that 𝜃 = (𝑘𝑟) is a given lacunary sequence and let 𝑔 be considered a 

modulus function. If 𝑔(𝑢) ≤ 𝑢 for every 𝑢 ∈ ℝ+ ∪ {0}, then 

𝑁𝜃 ⊂ 𝑁𝜃(𝑔) ⊂ ⋯ ⊂ 𝑁𝜃(𝑔
𝑘−1) ⊂ 𝑁𝜃(𝑔

𝑘) 

Theorem 4.2.6 Consider a lacunary sequence 𝜃 = (𝑘𝑟) and let 𝑔 be a modulus function. If 

𝑔(𝑢) ≥ 𝑢 for every 𝑢 ∈ ℝ+ ∪ {0}, then every 𝑁𝜃(𝑔
𝑘)-strongly convergent sequence implies 

lacunary strongly convergent, i.e., 𝑁𝜃(𝑔
𝑘) ⊂ 𝑁𝜃. 

Proof. Let (𝜁𝑖) ∈ 𝑁𝜃(𝑔
𝑘). Since 𝑔 is increasing and 𝑔(𝑢) ≥ 𝑢 for every 𝑢 ∈ ℝ+ ∪ {0}, then 

according to (3.2), we may write 

1

ℎ𝑟
∑𝑔𝑘(|𝜁𝑖 − 𝜁|)

𝑖∈𝐼𝑟

≥
1

ℎ𝑟
∑𝑔𝑘−1(|𝜁𝑖 − 𝜁|)

𝑖∈𝐼𝑟

≥ ⋯ ≥
1

ℎ𝑟
∑𝑔(|𝜁𝑖 − 𝜁|) ≥

1

ℎ𝑟
∑|𝜁𝑖 − 𝜁|

𝑖∈𝐼𝑟𝑖∈𝐼𝑟

, 

that is  

1

ℎ𝑟
∑𝑔𝑘(|𝜁𝑖 − 𝜁|)

𝑖∈𝐼𝑟

≥
1

ℎ𝑟
∑|𝜁𝑖 − 𝜁|.

𝑖∈𝐼𝑟

 

Then adding the limits into both given sides as 𝑟 tends to ∞, we have  

lim
𝑟→∞

1

ℎ𝑟
∑|𝜁𝑖 − 𝜁|

𝑖∈𝐼𝑟

= 0. 

Therefore, we obtain that (𝜁𝑖) ∈ 𝑁𝜃. Hence the proof. □ 

 

Corollary 4.2.7 Suppose that 𝜃 = (𝑘𝑟) is a given lacunary sequence and let 𝑔 be considered a 

modulus function. If 𝑔(𝑢) ≥ 𝑢 for every 𝑢 ∈ ℝ+ ∪ {0}, then  

𝑁𝜃(𝑔
𝑘) ⊂ 𝑁𝜃(𝑔

𝑘−1) ⊂ ⋯ ⊂ 𝑁𝜃(𝑔) ⊂ 𝑁𝜃 
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Corollary 4.2.8 Suppose that 𝜃 = (𝑘𝑟) is a given lacunary sequence and let 𝑔 be a modulus 

function with 𝑘 < 𝑛. 

(i) If  𝑔(𝑢) ≤ 𝑢 for every 𝑢 ∈ ℝ+ ∪ {0}, then 𝑁𝜃(𝑔
𝑘) ⊂ 𝑁𝜃(𝑔

𝑛). 

(ii) If 𝑔(𝑢) ≥ 𝑢 for every 𝑢 ∈ ℝ+ ∪ {0}, then 𝑁𝜃(𝑔
𝑛) ⊂ 𝑁𝜃(𝑔

𝑘). 

The proof of (i) and (ii) is done by using  (3.1) and (3.2), respectively. 

Theorem 4.2.9 Consider a lacunary sequence 𝜃 = (𝑘𝑟) and let 𝑔 and ℎ be considered two 

modulus functions. If 𝑔(𝑢) ≤ ℎ(𝑢) for every 𝑢 ∈ ℝ+ ∪ {0}, then 

(i) 𝑁𝜃(𝑔
𝑘 ∘ ℎ) ⊂ 𝑁𝜃(𝑔

𝑘+1). 

(ii) 𝑁𝜃(ℎ
𝑘+1) ⊂ 𝑁𝜃(ℎ

𝑘 ∘ 𝑔). 

Proof. (i) Let (𝜁𝑖) ∈ 𝑁𝜃(𝑔
𝑘 ∘ ℎ). Since 𝑔(𝑢) ≤ ℎ(𝑢) for every 𝑢 ∈ ℝ+ ∪ {0}, then according to 

(3.3), we may write 

1

ℎ𝑟
∑𝑔𝑘+1(|𝜁𝑖 − 𝜁|)

𝑖∈𝐼𝑟

≤
1

ℎ𝑟
∑𝑔𝑘(ℎ(|𝜁𝑖 − 𝜁|))

𝑖∈𝐼𝑟

, 

after, adding the limits into both given sides as 𝑟 tends to ∞, we have 

lim
𝑟→∞

1

ℎ𝑟
∑𝑔𝑘+1(|𝜁𝑖 − 𝜁|)

𝑖∈𝐼𝑟

= 0. 

Therefore, we conclude that (𝜁𝑖) ∈ 𝑁𝜃(𝑔
𝑘+1). The proof of (ii) is followed by (3.4). 

Theorem 4.2.10 Consider a lacunary sequence 𝜃 = (𝑘𝑟) and let 𝑔 be given as a modulus 

function. If a sequence (𝜁𝑖) is 𝑁𝜃(𝑔
𝑘)-strongly convergent to 𝜁, then it is 𝑆𝜃-convergent to 𝜁, i.e., 

𝑁𝜃(𝑔
𝑘) ⊂ 𝑆𝜃. 

Proof. Assume that (𝜁𝑖) ∈ 𝑁𝜃(𝑔
𝑘) and let 𝜀 > 0 be given, then we may write  

        
1

ℎ𝑟
∑𝑔𝑘(|𝜁𝑖 − 𝜁|)

𝑖∈𝐼𝑟

=
1

ℎ𝑟
∑ 𝑔𝑘(|𝜁𝑖 − 𝜁|) +

1

ℎ𝑟
∑ 𝑔𝑘(|𝜁𝑖 − 𝜁|)

𝑖∈𝐼𝑟
|𝜁𝑖−𝜁|<𝜀

𝑖∈𝐼𝑟
|𝜁𝑖−𝜁|≥𝜀

 

  ≥
1

ℎ𝑟
∑ 𝑔𝑘(|𝜁𝑖 − 𝜁|)

𝑖∈𝐼𝑟
|𝜁𝑖−𝜁|≥𝜀

    

                      ≥
1

ℎ𝑟
|{𝑖 ∈ 𝐼𝑟 ∶  |𝜁𝑖 − 𝜁| ≥ 𝜀}| 𝑔

𝑘(𝜀). 
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Then adding the limits into both given sides as 𝑟 tends to ∞, we get that (𝜁𝑖) ∈ 𝑆𝜃. Hence the 

proof. □ 

The following instance shows the strictness of the above inclusion relationship. 

Example 4.2.11 Suppose 𝜃 = (𝑘𝑟) is a given lacunary sequence. Choose (𝜁
𝑖
) = (𝛾𝑖), where 𝛾𝑖 is 

given as in the above instance, and put 𝑔(𝑢) = 2𝑢 as a modulus function, then 𝑔𝑘(𝑢) = 2𝑘𝑢. 

Now for any given 𝜀 > 0, we have 

lim
𝑟→∞

1

ℎ𝑟
|{𝑖 ∈ 𝐼𝑟 ∶  |𝜁𝑖| ≥ 𝜀}| = lim

𝑟→∞

 [√ℎ𝑟]

 ℎ𝑟
= 0, 

so, (𝜁
𝑖
) ∈ 𝑆𝜃. But since 

lim
𝑟→∞

1

ℎ𝑟
∑𝑔𝑘(|𝜁

𝑖
|) =

𝑖∈𝐼𝑟

lim
𝑟→∞

2𝑘[√ℎ𝑟] [√ℎ𝑟]

ℎ𝑟
= 2𝑘 , 

then (𝜁
𝑖
) ∉ 𝑁𝜃(𝑔

𝑘). For that, the inclusion strict is demonstrated.  

Theorem 4.2.12 Consider a lacunary sequence 𝜃 = (𝑘𝑟) and let 𝑔 be given as a modulus 

function. If a sequence (𝜁
𝑖
) is bounded and 𝑆𝜃-convergent to 𝜁, then it is 𝑁𝜃(𝑔

𝑘)-strongly 

convergent to 𝜁,  i.e., ℓ∞⋂ 𝑆𝜃 ⊂ 𝑁𝜃(𝑔
𝑘). 

Proof. Assume that (𝜁
𝑖
) is a bounded sequence and 𝑆𝜃 − lim 𝜁𝑖 = 𝜁 with a given 𝜀 > 0. Then 

there is some 𝐻 > 0 such that |𝜁𝑖 − 𝜁| ≤ 𝐻 for every 𝑖. Now we may write 

        
1

ℎ𝑟
∑𝑔𝑘(|𝜁𝑖 − 𝜁|)

𝑖∈𝐼𝑟

=
1

ℎ𝑟
∑ 𝑔𝑘(|𝜁𝑖 − 𝜁|) +

1

ℎ𝑟
∑ 𝑔𝑘(|𝜁𝑖 − 𝜁|)

𝑖∈𝐼𝑟
|𝜁𝑖−𝜁|<𝜀

𝑖∈𝐼𝑟
|𝜁𝑖−𝜁|≥𝜀

 

                      ≤
1

ℎ𝑟
∑ 𝑔𝑘(𝐻) +

1

ℎ𝑟
∑ 𝑔𝑘(𝜀)

𝑖∈𝐼𝑟
|𝜁𝑖−𝜁|<𝜀

𝑖∈𝐼𝑟
||𝜁𝑖−𝜁||≥𝜀

 

                                        ≤ 𝑔𝑘(𝐻)
1

ℎ𝑟
|{𝑖 ∈ 𝐼𝑟 ∶  |𝜁𝑖 − 𝜁| ≥ 𝜀}| +

ℎ𝑟
ℎ𝑟
 𝑔𝑘(𝜀). 

Then, by adding the limits into both given sides as 𝑟 tends to ∞, we possess that the sequence (𝜁
𝑖
) 

is 𝑁𝜃(𝑔
𝑘)-strongly convergent to 𝜁. Hence the proof. □ 
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Corollary 4.2.13 Assume that 𝜃 = (𝑘𝑟) is a given lacunary sequence and let 𝑔 be considered a 

modulus function. Then from Theorem 4.2.10 and Theorem 4.2.12, we get the result  𝑆𝜃⋂ℓ∞ =

𝑁𝜃(𝑔
𝑘)⋂ℓ∞.  

Theorem 4.2.14 Consider a lacunary sequence 𝜃 = (𝑘𝑟) and let 𝑔 be given as a modulus 

function. Then 𝑁𝜃(𝑔
𝑘) − lim 𝜁𝑖 = 𝜁 is considered to be unique. 

Proof. Suppose that 𝑁𝜃(𝑔
𝑘) − lim 𝜁𝑖 = 𝜁𝑎  and 𝑁𝜃(𝑔

𝑘) − lim 𝜁𝑖 = 𝜁𝑏. Then  

  
1

ℎ𝑟
∑𝑔𝑘(|𝜁𝑎 − 𝜁𝑏|)

𝑖∈𝐼𝑟

=
1

ℎ𝑟
∑𝑔𝑘(|(𝜁𝑖 − 𝜁𝑎) − (𝜁𝑖 − 𝜁𝑏)|)

𝑖∈𝐼𝑟

 

                                       ≤
1

ℎ𝑟
∑𝑔𝑘(|𝜁𝑖 − 𝜁𝑎| + |𝜁𝑖 − 𝜁𝑏|)

𝑖∈𝐼𝑟

 

                                                              ≤
1

ℎ𝑟
∑𝑔𝑘(𝜁𝑖 − 𝜁𝑎)

𝑖∈𝐼𝑟

+
1

ℎ𝑟
∑𝑔𝑘

𝑖∈𝐼𝑟

(|𝜁𝑖 − 𝜁𝑏|). 

Then adding the limits into both given sides as 𝑟 tends to ∞, we have 

lim
𝑟→∞

1

ℎ𝑟
∑𝑔𝑘(|𝜁𝑎 − 𝜁𝑏|)

𝑖∈𝐼𝑟

= 0. 

So, we obtain that 𝜁𝑎 = 𝜁𝑏. Hence the proof. □ 
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5. MATRICES AND LUCAS NUMBERS 

5.1. Matrix Transformations 

 An infinite matrix is sometimes given as the most general linear operator between two 

sequence spaces. So, the theory of matrix transformations is generally being of great interest in 

the study of sequence spaces. The investigation of the general theory of matrix transformations 

was initiated by specific findings in the field of summability theory. 

By 𝐴 = (𝑎𝑚𝑖), we assume an infinite matrix consisting of real or complex numbers 𝑎𝑚𝑖, 

where 𝑚, 𝑖 ∈ ℕ, and 𝜁 = (𝜁𝑖) is an arbitrary sequence in 𝜔. Then, we acquire the sequence 

𝐴𝜁 (referred to as the 𝐴-transform of 𝜁) by the standard matrix product 

                  𝐴𝜁 =

(

  
 

𝑎00 𝑎01 𝑎02
𝑎10 𝑎11 𝑎12
𝑎20 𝑎21 𝑎22

⋯ 𝑎0𝑖 ⋯
⋯ 𝑎1𝑖 ⋯
⋯ 𝑎2𝑖 ⋯

⋮ ⋮ ⋮
𝑎𝑚0 𝑎𝑚1 𝑎𝑚2
⋮ ⋮ ⋮

 ⋮ ⋯
⋯ 𝑎𝑚𝑖 ⋯
 ⋮ ⋱)

  
 

(

 
 
 
 

𝜁0
𝜁1
𝜁2
⋮
𝜁𝑖
⋮ )

 
 
 
 

 

=

(

 
 
 
 

𝑎00𝜁0 + 𝑎01𝜁1 + 𝑎02𝜁2 +⋯+ 𝑎0𝑖𝜁𝑖 +⋯

𝑎10𝜁0 + 𝑎11𝜁1 + 𝑎12𝜁2 +⋯+ 𝑎1𝑖𝜁𝑖 +⋯

𝑎20𝜁0 + 𝑎21𝜁1 + 𝑎22𝜁2 +⋯+ 𝑎2𝑖𝜁𝑖 +⋯

⋮
𝑎𝑚0𝜁0 + 𝑎𝑚1𝜁1 + 𝑎𝑚2𝜁2 +⋯+ 𝑎𝑚𝑖𝜁𝑖 +⋯

⋮ )

 
 
 
 

=

(

 
 
 
 

∑ 𝑎0𝑖𝜁𝑖𝑖

∑ 𝑎1𝑖𝜁𝑖𝑖

∑ 𝑎2𝑖𝜁𝑖𝑖

⋮
∑ 𝑎𝑚𝑖𝜁𝑖𝑖

⋮ )

 
 
 
 

. 

So, in this manner, the sequence 𝜁 is transformed into the sequence 𝐴𝜁 = {(𝐴𝜁)𝑚} with  

 (𝐴𝜁)𝑚 =∑𝑎𝑚𝑖𝜁𝑖
𝑖

   (𝑚 ∈ ℕ) 
 
(5.1) 

such that the series ∑ 𝑎𝑚𝑖𝜁𝑖𝑖  converges for each 𝑚 ∈ ℕ [24]. 

Given two arbitrary sequence spaces 𝑋 and 𝑌. 𝐴 is considered as a matrix mapping 

(transformation) from 𝑋 into 𝑌 if 𝐴𝜁 = {(𝐴𝜁)𝑚} ∈ 𝑌 exists for every 𝜁 = (𝜁𝑖) ∈ 𝑋 and we express 

it by 𝐴: 𝑋 → 𝑌. The collection of all matrices 𝐴 from 𝑋 into 𝑌 is indicated by (𝑋: 𝑌). In this 

manner, 𝐴 ∈ (𝑋: 𝑌) if and only if the series ∑ 𝑎𝑚𝑖𝜁𝑖𝑖  in (5.1) converges for each 𝑚 ∈ ℕ and for 

all 𝜁 ∈ 𝑋, and we have 𝐴𝜁 = {(𝐴𝜁)𝑚} ∈ 𝑌 for all 𝜁 ∈ 𝑋.  

Matrix transformations play a main role in summability theory of divergent sequences and 

series. A simple instance of this, is the Cesáro method 𝐶1 of order one which is the most popular 

way of summability and is considered by a matrix 𝐶1 = (𝑐𝑚𝑖) as follows 
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𝑐𝑚𝑖 = {

1

𝑚 + 1
0 ≤ 𝑖 ≤ 𝑚

  
0 𝑖 > 𝑚

 

The Cesáro transform (or 𝐶₁-transform) of a sequence (𝜁𝑖) ∈ 𝜔 becomes the sequence 

(𝜉𝑚) that is defined as follows 

𝜉𝑚 = (𝐶1𝜁)𝑚 =
1

𝑚 + 1
∑ 𝜁𝑖

𝑚

𝑖=1

 for all  𝑚 ∈ ℕ. 

Consider (𝜁𝑖) = {(−1)
𝑖}
𝑖∈ℕ

 which is clearly bounded but divergent, then  

(𝜉𝑚) = {
1 + (−1)𝑚

2(𝑚 + 1)
} 

forms a null sequence. Or, clearly since 

0 ≤ (𝐶1𝜁)𝑚 ≤
1

𝑚 + 1
 

for every 𝑚 ∈ ℕ, hence (𝐶1𝜁)𝑚 → 0 as 𝑚 → ∞. This indicates that the divergent sequence 𝜁 is 

𝐶₁-summable to zero [24]. 

5.2. Lucas Band Matrix 

The sequence (𝐿𝑖)i∈ℕ is considered as Lucas numbers 1, 3, 4, 7, 11, 18, 29, ... which is 

known as the series of lame whose general form is provided by the Fibonacci recurrence relation 

with different initial conditions as follows 

𝐿𝑖 = 𝐿𝑖−1 + 𝐿𝑖−2, 𝑖 ≥ 2 and 𝐿0 = 2, 𝐿1 = 1,  

where the general form of the Fibonacci sequence is given by; 

𝐹𝑖 = 𝐹𝑖−1 + 𝐹𝑖−2, 𝑖 ≥ 2 and 𝐹0 = 𝐹1 = 1,  

so, extremely as the Fibonacci numbers, each Lucas number is considered to be the sum of its two 

immediate previous terms [55, 56]. The connections between Fibonacci and Lucas numbers can 

be determined in some equalities, some of them are shown as follows  

𝐿𝑖−1 + 𝐿𝑖+1 = 5𝐹𝑖   and  𝐹𝑖−1 + 𝐹𝑖+1 = 𝐿𝑖, 
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these hold for 𝑖 = 1, and for 𝑖 = 2, and therefore, after addition, also for 𝑖 = 3, 𝑖 = 4 and hence 

for any integer 𝑖. As a consequence of the above equalities any formula contains Fibonacci and 

Lucas numbers can be expressed in terms just one of these types; however, this is not always 

convenient, for that, there are some other connections between Fibonacci and Lucas numbers (see 

in [56]). There are various interesting properties and applications for Lucas numbers. The golden 

ratio 𝛼 = (1 + √5) 2⁄  is an outcome of Lucas numbers, and it has many applications [55, 56]. 

In the see of the above information, by using the Lucas sequence and two real numbers 𝑟 

and 𝑡 such that 𝑟, 𝑡 ≠ 0, the Lucas band matrix 𝐸̂(𝑟, 𝑡) = (𝐸̂𝑖𝑚(𝑟, 𝑡))  is established as follows: 

 

𝐸̂𝑖𝑚(𝑟, 𝑡) =

{
 
 

 
 𝑡

𝐿𝑖
𝐿𝑖−1

(𝑚 = 𝑖 − 1)

𝑟
𝐿𝑖−1
𝐿𝑖
  (𝑚 = 𝑖)

0  (𝑚 > 𝑖 or 0 ≤ 𝑚 < 𝑖 − 1)

  

 

(5.2) 

The Lucas band matrix is a double band matrix and it plays a great role in summability 

theory. It might be used to define the Lucas transform (or, 𝐸̂-transform) [57]. The 𝐸̂-transform for 

a sequence 𝜁 = (𝜁𝑖) is formed by using  (5.2) as below: 

 
𝐸̂𝑖(𝑟, 𝑡)(𝜁) = 𝑟

𝐿𝑖−1
𝐿𝑖

𝜁𝑖 + 𝑡
𝐿𝑖
𝐿𝑖−1

𝜁𝑖−1, 𝑖 ≥ 1. 
 
(5.3) 

 The assertions: (i) 𝐸̂𝑖(𝑟, 𝑡)(𝜁 + 𝜉) = 𝐸̂𝑖(𝑟, 𝑡)(𝜁) + 𝐸̂𝑖(𝑟, 𝑡)(𝜉), (ii) 𝐸̂𝑖(𝑟, 𝑡)(𝜁 − 𝜉) =

𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝐸̂𝑖(𝑟, 𝑡)(𝜉) and (iii) 𝐸̂𝑖(𝑟, 𝑡)(𝛼𝜁) = 𝛼𝐸̂𝑖(𝑟, 𝑡)(𝜁) for 𝑖 ≥ 1 are some properties, the 

𝐸̂-transform contains them, where 𝜁 = (𝜁𝑖) and 𝜉 = (𝜉𝑖) are two arbitrary sequences of complex 

numbers and 𝛼 is a fixed in ℂ. These properties can be easily verified. If we consider the first one 

(i), then with the help of  (5.3) and for 𝑖 ≥ 1, we may write 

                          𝐸̂𝑖(𝑟, 𝑡)(𝜁 + 𝜉) = 𝑟
𝐿𝑖−1
𝐿𝑖

(𝜁𝑖 + 𝜉𝑖) + 𝑡
𝐿𝑖
𝐿𝑖−1

(𝜁𝑖−1 + 𝜉𝑖−1) 

                          = 𝑟
𝐿𝑖−1
𝐿𝑖

𝜁𝑖 + 𝑟
𝐿𝑖−1
𝐿𝑖

𝜉𝑖 + 𝑡
𝐿𝑖
𝐿𝑖−1

𝜁𝑖−1 + 𝑡
𝐿𝑖
𝐿𝑖−1

𝜉𝑖−1 

                           = 𝑟
𝐿𝑖−1
𝐿𝑖

𝜁𝑖 + 𝑡
𝐿𝑖
𝐿𝑖−1

𝜁𝑖−1 + 𝑟
𝐿𝑖−1
𝐿𝑖

𝜉𝑖 + 𝑡
𝐿𝑖
𝐿𝑖−1

𝜉𝑖−1 

= 𝐸̂𝑖(𝑟, 𝑡)(𝜁) + 𝐸̂𝑖(𝑟, 𝑡)(𝜉).             

 The 𝐸̂-transform will be the main object in identifying some new concepts and creating 

some new sequence spaces in the next parts of this study.  
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6. LACUNARY STATISTICAL CONVERGENCE AND LACUNARY 

STRONG CONVERGENCE BY USING LUCAS BAND MATRIX 

AND MODULUS FUNCTIONS  

 Assume that 𝔾 is the set of sequences of modulus functions 𝐺 = (𝑔𝑖) such that 

lim𝑢→0+ sup𝑖 𝑔𝑖(𝑢) = 0. The sequence of modulus functions identified by 𝐺 is indicated by 𝐺 =

(𝑔𝑖) ∈ 𝔾 . We write 𝐺𝑘 = (𝑔𝑖
𝑘) = {𝑔1

𝑘,  𝑔2
𝑘 , … } (𝑘 ∈ ℕ), and let 𝑣 = (𝑣𝑖) be considered as a 

sequence of strictly positive real numbers. We use these notations throughout the next. 

6.1. Lacunary Statistical 𝑬̂(𝒓, 𝒕)-Convergence According to 𝑮𝒌 

 In this subsection, a sequence of unbounded modulus functions 𝐺 is first used to introduce 

the idea of 𝐺𝑘-density of a natural numbers’ subset, then with the help of the Lucas transform 

𝐸̂(𝑟, 𝑡) and a lacunary sequence 𝜃 = (𝑘𝑟), this definition is extended into establishing the concept 

of lacunary statistical 𝐸̂(𝑟, 𝑡)-convergence according to 𝐺𝑘. Also, some connections between new 

concepts and some others are found. 

Definition 6.1.1 Assume that 𝐺 = (𝑔𝑟) is a sequence of unbounded modulus functions in 𝔾. The 

number 𝛿𝐺
𝑘
(𝐵) of a subset 𝐵 ⊂ ℕ is introduced by  

𝛿𝐺
𝑘
(𝐵) = lim

𝑟→∞

1

𝑔𝑟
𝑘(𝑟)

𝑔𝑟
𝑘(|{𝑖 ≤ 𝑟: 𝑖 ∈ 𝐵}|) 

in the case the above limit exists, and it is named to be 𝐺𝑘-density of 𝐵. 

Remark 6.1.2 If 𝑔𝑟(𝑢) = 𝑢 is taken then the concept of 𝐺𝑘-density is returned to the natural 

density, as well as, if 𝑔𝑟(𝑢) = 𝑔(𝑢) then from 𝐺𝑘-density we shall have 𝑔𝑘-density, for all 𝑟 ∈ ℕ 

and for every 𝑢 ∈ ℝ+ ∪ {0}. 

Definition 6.1.3 Suppose that 𝜃 = (𝑘𝑟) is a lacunary sequence and let 𝐺 = (𝑔𝑟) be considered a 

sequence of unbounded modulus functions in 𝔾. Let 𝑠 ∈ ℂ be a number, then the sequence 𝜁 =

(𝜁𝑖) in ℂ is defined to be lacunary statistically 𝐸̂(𝑟, 𝑡)-convergent to 𝑠 according to 𝐺𝑘 (or, 

𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘)-statistically convergent), if 

lim
𝑟→∞

1

𝑔𝑟
𝑘(ℎ𝑟)

𝑔𝑟
𝑘(|{𝑖 ∈ 𝐼𝑟: |𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠| ≥ 𝜀}|) = 0. 
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In this manner, we shall write 𝜁𝑖 → 𝑠(𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘)) or 𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐺

𝑘) − lim 𝜁𝑖 = 𝑠. The 

collection of all 𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘)-statistically convergent sequences is indicated by 

𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘). That is 

𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘) = {𝜁 = (𝜁𝑖): lim𝑟→∞

1

𝑔𝑟
𝑘(ℎ𝑟)

𝑔𝑟
𝑘(|{𝑖 ∈ 𝐼𝑟: |𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠| ≥ 𝜀}|) = 0  for  𝑠 ∈ ℂ}. 

Notice that in the case of 𝑔𝑟(𝑢)  = 𝑢, the concept of 𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘)-statistically 

convergent will reduce to 𝑆𝜃(𝐸̂(𝑟, 𝑡))-statistically convergent, as well as, if 𝑘 = 1 then 𝑔𝑟
𝑘(𝑢) =

𝑔𝑟(𝑢) and so from 𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘), we have the sequence space 𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐺), for all 𝑟 ∈ ℕ and 

for every 𝑢 ∈ ℝ+ ∪ {0}. 𝑆𝜃
0(𝐸̂(𝑟, 𝑡), 𝐺𝑘) is indicated as the collection of all sequences in which 

𝑠 =  0 in the definition of  𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘). 

Theorem 6.1.4 Assume that 𝜃 = (𝑘𝑟) is a lacunary sequence and 𝐺 is considered to be a 

sequence of unbounded modulus functions in 𝔾. Let (𝜁𝑖), (𝜉𝑖) be sequences of complex numbers, 

then cases below are possessed. 

 (i) If 𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘) − lim𝜁𝑖 = 𝑠 and 𝛼 ∈ ℂ, then 𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐺

𝑘) − lim(𝛼𝜁𝑖) = 𝛼𝑠. 

 (ii) If 𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘) − lim𝜁𝑖 = 𝑠1 and 𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐺

𝑘) − lim 𝜉𝑖 = 𝑠2, then 

𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘) − lim(𝜁𝑖 + 𝜉𝑖) = 𝑠1 + 𝑠2.  

Proof. (i) The proof is clearly done for 𝛼 = 0. Now let 𝛼 ≠ 0 and we suppose 𝜁𝑖 →

𝑠(𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘)), then we may write 

1

𝑔𝑟
𝑘(ℎ𝑟)

𝑔𝑟
𝑘(|{𝑖 ∈ 𝐼𝑟: |𝐸̂𝑖(𝑟, 𝑡)(𝛼𝜁) − 𝛼𝑠| ≥ 𝜀}|)  

                                                                         =
1

𝑔𝑟
𝑘(ℎ𝑟)

𝑔𝑟
𝑘(|{𝑖 ∈ 𝐼𝑟: |𝛼||𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠| ≥ 𝜀}|) 

                                                                    =
1

𝑔𝑟
𝑘(ℎ𝑟)

𝑔𝑟
𝑘 (|{𝑖 ∈ 𝐼𝑟: |𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠| ≥

𝜀

|𝛼|
}|). 

Thus  

1

𝑔𝑟
𝑘(ℎ𝑟)

𝑔𝑟
𝑘(|{𝑖 ∈ 𝐼𝑟: |𝐸̂𝑖(𝑟, 𝑡)(𝛼𝜁) − 𝛼𝑠| ≥ 𝜀}|) → 0 𝑎𝑠 𝑟 → ∞.  

This implies that (𝛼𝜁𝑖) → 𝛼𝑠(𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘)), or clearly 𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐺

𝑘) − lim(𝛼𝜁𝑖)  = 𝛼𝑠. 

(ii) Suppose that 𝜁𝑖 → 𝑠1(𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘)) and 𝜉𝑖 → 𝑠2(𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐺

𝑘)), then we may write 
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1

𝑔𝑟
𝑘(ℎ𝑟)

𝑔𝑟
𝑘(|{𝑖 ∈ 𝐼𝑟: |𝐸̂𝑖(𝑟, 𝑡)(𝜁+ 𝜉) − (𝑠1 + 𝑠2)| ≥ 𝜀}|)  

        =
1

𝑔𝑟
𝑘(ℎ𝑟)

𝑔𝑟
𝑘(|{𝑖 ∈ 𝐼𝑟: |(𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠1) + (𝐸̂𝑖(𝑟, 𝑡)(𝜉) − 𝑠2)| ≥ 𝜀}|) 

        ≤
1

𝑔𝑟
𝑘(ℎ𝑟)

𝑔𝑟
𝑘 (|{𝑖 ∈ 𝐼𝑟: |𝐸̂𝑖(𝑟, 𝑡)(𝜁)− 𝑠1| ≥

𝜀

2
}|+ |{𝑖 ∈ 𝐼𝑟: |𝐸̂𝑖(𝑟, 𝑡)(𝜉)− 𝑠2| ≥

𝜀

2
}|) 

     ≤
1

𝑔𝑟
𝑘(ℎ𝑟)

𝑔𝑟
𝑘 (|{𝑖 ∈ 𝐼𝑟: |𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠1| ≥

𝜀

2
}|) +

1

𝑔𝑟
𝑘(ℎ𝑟)

𝑔𝑟
𝑘 (|{𝑖 ∈ 𝐼𝑟: |𝐸̂𝑖(𝑟, 𝑡)(𝜉) − 𝑠2| ≥

𝜀

2
}|). 

Thus 

1

𝑔𝑟
𝑘(ℎ𝑟)

𝑔𝑟
𝑘(|{𝑖 ∈ 𝐼𝑟: |𝐸̂𝑖(𝑟, 𝑡)(𝜁+ 𝜉) − (𝑠1 + 𝑠2)| ≥ 𝜀}|) → 0 as 𝑟 → ∞. 

This concludes that (𝜁𝑖 + 𝜉𝑖) → (𝑠1 + 𝑠2)(𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘)), or clearly 𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐺

𝑘) −

lim(𝜁𝑖 + 𝜉𝑖) = 𝑠1 + 𝑠2. Hence the proof. □ 

Theorem 6.1.5 Assume that 𝜃 = (𝑘𝑟) and 𝜗 = (𝑠𝑟) are lacunary sequences with 𝐼𝑟 ⊂ 𝐽𝑟, and let 

𝐺 = (𝑔𝑟) be given as a sequence of any unbounded modulus functions in 𝔾. If 

lim𝑟→∞𝑠𝑢𝑝(𝑔𝑟
𝑘(ℓ𝑟) 𝑔𝑟

𝑘(ℎ𝑟)⁄ ) < ∞, then 𝜁𝑖 → 𝑠(𝑆𝜗(𝐸̂(𝑟, 𝑡), 𝐺
𝑘)) implies 𝜁𝑖 →

𝑠(𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘)).  

Proof. Assume that 𝐼𝑟 ⊂ 𝐽𝑟, and 𝜀 > 0 is given. Let 𝜁𝑖 → 𝑠(𝑆𝜗(𝐸̂(𝑟, 𝑡), 𝐺
𝑘)), then we have 

{𝑖 ∈ 𝐼𝑟: |𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠| ≥ 𝜀} ⊆ {𝑖 ∈ 𝐽𝑟: |𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠| ≥ 𝜀}. 

Since |{𝑖 ∈ 𝐼𝑟: |𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠| ≥ 𝜀}| and |{𝑖 ∈ 𝐽𝑟: |𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠| ≥ 𝜀}| are positive integer 

values and (𝑔𝑟) is a sequence consisting of modulus functions for all 𝑟 ∈ ℕ, then we may write 

1

𝑔𝑟
𝑘(ℎ𝑟)

𝑔𝑟
𝑘(|{𝑖 ∈ 𝐼𝑟: |𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠| ≥ 𝜀}|) ≤

1

𝑔𝑟
𝑘(ℎ𝑟)

𝑔𝑟
𝑘(|{𝑖 ∈ 𝐽𝑟: |𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠| ≥ 𝜀}|) 

                                                                         =
𝑔𝑟
𝑘(ℓ𝑟)

𝑔𝑟
𝑘(ℎ𝑟)

1

𝑔𝑟
𝑘(ℓ𝑟)

𝑔𝑟
𝑘(|{𝑖 ∈ 𝐽𝑟: |𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠| ≥ 𝜀}|). 

Thus  

1

𝑔𝑟
𝑘(ℎ𝑟)

𝑔𝑟
𝑘(|{𝑖 ∈ 𝐼𝑟: |𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠| ≥ 𝜀}|) → 0 as 𝑟 → ∞, 

since lim𝑟→∞𝑠𝑢𝑝(𝑔𝑟
𝑘(ℓ𝑟) 𝑔𝑟

𝑘⁄ (ℎ𝑟)) < ∞. This concludes that 𝜁𝑖 → 𝑠(𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘)). Hence 

the proof. □ 
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Theorem 6.1.6 Assume that 𝜃 = (𝑘𝑟) and 𝜗 = (𝑠𝑟) are lacunary sequences with 𝐼𝑟 ⊂ 𝐽𝑟, and let 

𝐺 = (𝑔𝑟) be given as a sequence of any unbounded modulus functions in 𝔾. If 

lim𝑟→∞(𝑔𝑟
𝑘(ℓ𝑟 − ℎ𝑟) 𝑔𝑟

𝑘(ℓ𝑟)⁄ ) = 0, then 𝜁𝑖 → 𝑠(𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘)) implies 𝜁𝑖 →

𝑠(𝑆𝜗(𝐸̂(𝑟, 𝑡), 𝐺
𝑘)).  

Proof. Assume that 𝐼𝑟 ⊂ 𝐽𝑟 and 𝜀 > 0 is given. Let 𝜁𝑖 → 𝑠(𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘)). Since (𝑔𝑟) is a 

sequence consisting of modulus functions for all 𝑟 ∈ ℕ, then we have 

 
1

𝑔𝑟
𝑘(ℓ𝑟)

𝑔𝑟
𝑘(|{𝑖 ∈ 𝐽𝑟: |𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠| ≥ 𝜀}|) 

                       =
1

𝑔𝑟
𝑘(ℓ𝑟)

𝑔𝑟
𝑘(|{𝑖 ∈ (𝑠𝑟−1, 𝑘𝑟−1]: |𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠| ≥ 𝜀}| 

               +|{𝑖 ∈ (𝑘𝑟, 𝑠𝑟]: |𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠| ≥ 𝜀}|+|{𝑖 ∈ (𝑘𝑟−1, 𝑘𝑟]: |𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠| ≥ 𝜀}|) 

                      ≤
1

𝑔𝑟
𝑘(ℓ𝑟)

𝑔𝑟
𝑘 ((𝑘𝑟−1 − 𝑠𝑟−1) + (𝑠𝑟 − 𝑘𝑟) + |{𝑖 ∈ 𝐼𝑟: |𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠| ≥ 𝜀}|) 

                     =
1

𝑔𝑟
𝑘(ℓ𝑟)

𝑔𝑟
𝑘 ((𝑠𝑟 − 𝑠𝑟−1) − (𝑘𝑟 − 𝑘𝑟−1) + |{𝑖 ∈ 𝐼𝑟: |𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠| ≥ 𝜀}|) 

                     =
1

𝑔𝑟
𝑘(ℓ𝑟)

𝑔𝑟
𝑘(ℓ𝑟 − ℎ𝑟 + |{𝑖 ∈ 𝐼𝑟: |𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠| ≥ 𝜀}|) 

                      ≤
1

𝑔𝑟
𝑘(ℓ𝑟)

𝑔𝑟
𝑘(ℓ𝑟 − ℎ𝑟) +

1

𝑔𝑟
𝑘(ℎ𝑟)

𝑔𝑟
𝑘(|{𝑖 ∈ 𝐼𝑟: |𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠| ≥ 𝜀}|) 

Thus  

1

𝑔𝑟
𝑘(ℓ𝑟)

𝑔𝑟
𝑘(|{𝑖 ∈ 𝐽𝑟: |𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠| ≥ 𝜀}|) → 0 as 𝑟 → ∞, 

since lim𝑟→∞(𝑔𝑟
𝑘(ℓ𝑟 − ℎ𝑟) 𝑔𝑟

𝑘(ℓ𝑟)⁄ ) = 0. This concludes that 𝜁𝑖 → 𝑠(𝑆𝜗(𝐸̂(𝑟, 𝑡), 𝐺
𝑘)). Hence 

the proof. □  

Theorem 6.1.7 Assume that 𝜃 = (𝑘𝑟) is a lacunary sequence and 𝐺 = (𝑔𝑟) is given as a 

sequence of unbounded modulus functions in 𝔾.  

(i) If 𝑔𝑟(𝑢) ≤ 𝑢 and lim
𝑢→∞

𝑔𝑟
𝑘(𝑢)

𝑢
> 0 for all 𝑟 ∈ ℕ and for every 𝑢 ∈ ℝ+ ∪ {0}, then 𝜁𝑖 →

𝑠(𝑆𝜃(𝐸̂(𝑟, 𝑡))) implies 𝜁𝑖 → 𝑠(𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘)). 
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(ii) If 𝑔𝑟(𝑢) ≥ 𝑢 and lim
𝑢→∞

𝑢

𝑔𝑟
𝑘(𝑢)

> 0 for all 𝑟 ∈ ℕ and for every 𝑢 ∈ ℝ+ ∪ {0}, then 𝜁𝑖 →

𝑠(𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘)) implies 𝜁𝑖 → 𝑠(𝑆𝜃(𝐸̂(𝑟, 𝑡))). 

Proof. (i) Since (𝑔𝑟) is increasing for each 𝑟 ∈ ℕ and 𝑔𝑟(𝑢) ≤ 𝑢 for all 𝑟 ∈ ℕ and for every 𝑢 ∈

ℝ+ ∪ {0}, then the next inequality is followed  

𝑔𝑟
𝑘(𝑢) ≤ 𝑔𝑟

𝑘−1(𝑢) ≤ ⋯ ≤ 𝑔𝑟(𝑢) ≤ 𝑢. (6.1) 

Let 𝜁𝑖 → 𝑠(𝑆𝜃(𝐸̂(𝑟, 𝑡))) and 𝜀 > 0 be given, then according to (6.1), we may write 

1

ℎ𝑟
|{𝑖 ∈ 𝐼𝑟 ∶ |𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠| ≥ 𝜀}| ≥

1

ℎ𝑟
𝑔𝑟
𝑘(|{𝑖 ∈ 𝐼𝑟 ∶ |𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠| ≥ 𝜀}|)  

                                                                  =  
1

𝑔𝑟
𝑘(ℎ𝑟)

𝑔𝑟
𝑘(|{𝑖 ∈ 𝐼𝑟 ∶ |𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠| ≥ 𝜀}|)

𝑔𝑟
𝑘(ℎ𝑟)

ℎ𝑟
 

Thus 

1

𝑔𝑟
𝑘(ℎ𝑟)

𝑔𝑟
𝑘(|{𝑖 ∈ 𝐼𝑟 ∶ |𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠| ≥ 𝜀}|)

𝑔𝑟
𝑘(ℎ𝑟)

ℎ𝑟
→ 0 𝑎𝑠 𝑟 → ∞. 

This concludes that 𝜁𝑖 → 𝑠(𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘)). □ 

(ii) Since 𝑔𝑟(𝑢) ≥ 𝑢 for all 𝑟 ∈ ℕ and for every 𝑢 ∈ ℝ+ ∪ {0}, then the following inequality is 

followed  

𝑔𝑟
𝑘(𝑢) ≥ 𝑔𝑟

𝑘−1(𝑢) ≥ ⋯ ≥ 𝑔𝑟(𝑢) ≥ 𝑢. (6.2) 

Let 𝜁𝑖 → 𝑠(𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘)) and 𝜀 > 0 be given, then according to (6.2), we may have 

1

𝑔𝑟
𝑘(ℎ𝑟)

𝑔𝑟
𝑘(|{𝑖 ∈ 𝐼𝑟 ∶  |𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠| ≥ 𝜀}|) ≥

1

𝑔𝑟
𝑘(ℎ𝑟)

|{𝑖 ∈ 𝐼𝑟 ∶ |𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠| ≥ 𝜀}| 

                                                                                   =  
1

ℎ𝑟
|{𝑖 ∈ 𝐼𝑟 ∶ |𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠| ≥ 𝜀}|

ℎ𝑟

𝑔𝑟
𝑘(ℎ𝑟)

 

Thus 

1

ℎ𝑟
|{𝑖 ∈ 𝐼𝑟 ∶ |𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠| ≥ 𝜀}|

ℎ𝑟

𝑔𝑟
𝑘(ℎ𝑟)

→ 0 as 𝑟 → ∞, 

This concludes that 𝜁𝑖 → 𝑠(𝑆𝜃(𝐸̂(𝑟, 𝑡))). □ 

Corollary 6.1.8 Assume that 𝜃 = (𝑘𝑟) is a lacunary sequence and 𝐺 = (𝑔𝑟) is given as a 

sequence of unbounded modulus functions in 𝔾 with 𝑘1 < 𝑘2. Then from the above theorem, we 

possess the results below. 
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(i) If 𝑔𝑟(𝑢) ≤ 𝑢 and lim
𝑢→∞

𝑔𝑟
𝑘2(𝑢)

𝑢
> 0 for all 𝑟 ∈ ℕ and for every 𝑢 ∈ ℝ+ ∪ {0}, then 𝜁𝑖 →

𝑠(𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘1)) implies 𝜁𝑖 → 𝑠(𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐺

𝑘2)). 

(ii) If 𝑔𝑟(𝑢) ≥ 𝑢 and lim
𝑢→∞

𝑢

𝑔𝑟
𝑘2(𝑢)

> 0 for all 𝑟 ∈ ℕ and for every 𝑢 ∈ ℝ+ ∪ {0}, then 𝜁𝑖 →

𝑠(𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘2)) implies 𝜁𝑖 → 𝑠(𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐺

𝑘1)). 

The proof of (i) and (ii) can be done by using (6.1) and (6.2), respectively. 

Theorem 6.1.9 Assume that 𝜃 = (𝑘𝑟) is a lacunary sequence and let 𝐺 = (𝑔𝑟) and 𝐻 = (ℎ𝑟) be 

given as two sequences of unbounded modulus functions in 𝔾 with 𝑔𝑟(𝑢) ≤ ℎ𝑟(𝑢) for all 𝑟 ∈ ℕ 

and for every 𝑢 ∈ ℝ+ ∪ {0}. 

 (i) If lim
𝑢→∞

𝑔𝑟
𝑘+1(𝑢)

𝑔𝑟
𝑘(ℎ𝑟(𝑢))

> 0, then 𝜁𝑖 → 𝑠(𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘 ∘ 𝐻)) implies 𝜁𝑖 →

𝑠(𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘+1)). 

(ii) If lim
𝑢→∞

ℎ𝑟
𝑘(𝑔𝑟(𝑢))

ℎ𝑟
𝑘+1(𝑢)

> 0, then 𝜁𝑖 → 𝑠(𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐻
𝑘+1)) implies 𝜁𝑖 → 𝑠(𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐻

𝑘 ∘

𝐺)). 

Proof. Since 𝑔𝑟 and ℎ𝑟 are increasing for each 𝑟 ∈ ℕ, and 𝑔𝑟(𝑢) ≤ ℎ𝑟(𝑢) for all 𝑟 ∈ ℕ and for 

every 𝑢 ∈ ℝ+ ∪ {0}, then the inequalities below are concluded. 

𝑔𝑟
𝑘+1(𝑢) ≤ 𝑔𝑟

𝑘(ℎ𝑟(𝑢)) (6.3) 

and 

ℎ𝑟
𝑘(𝑔𝑟(𝑢)) ≤ ℎ𝑟

𝑘+1(𝑢) (6.4) 

For the first part, we suppose 𝜁𝑖 → 𝑠(𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘 ∘ 𝐻)). Then, according to (6.3), we may 

write 

𝑔
𝑟
𝑘(ℎ𝑟(|{𝑖 ∈ 𝐼𝑟 ∶ |𝐸𝑖(𝑟, 𝑡)(𝜁) − 𝑠| ≥ 𝜀}|))

𝑔
𝑟
𝑘(ℎ𝑟(ℎ𝑟))

≥
𝑔𝑟
𝑘+1(|{𝑖 ∈ 𝐼𝑟 ∶ |𝐸𝑖(𝑟, 𝑡)(𝜁) − 𝑠| ≥ 𝜀}|)

𝑔
𝑟
𝑘(ℎ𝑟(ℎ𝑟))

 

                                                                 =
𝑔𝑟
𝑘+1(|{𝑖 ∈ 𝐼𝑟 ∶ |𝐸𝑖(𝑟, 𝑡)(𝜁) − 𝑠| ≥ 𝜀}|)

𝑔𝑟
𝑘+1(ℎ𝑟)

𝑔𝑟
𝑘+1(ℎ𝑟)

𝑔
𝑟
𝑘(ℎ𝑟(ℎ𝑟))
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Providing the limits into both given sides as 𝑟 → ∞, it implies that 𝜁𝑖 → 𝑠(𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘+1)) 

since 0 < lim
𝑢→∞

𝑔𝑟
𝑘+1(ℎ𝑟)

𝑔𝑟
𝑘(ℎ𝑟(ℎ𝑟))

< ∞. For the second part, we assume 𝜁𝑖 → 𝑠(𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐻
𝑘+1)). Then, 

according to (6.4), it follows that 𝜁𝑖 → 𝑠(𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐻
𝑘 ∘ 𝐺)) since 0 < lim

𝑢→∞

ℎ𝑟
𝑘(𝑔𝑟(ℎ𝑟))

ℎ𝑟
𝑘+1(ℎ𝑟)

< ∞. □ 

Theorem 6.1.10 Assume that 𝜃 = (𝑘𝑟) is a lacunary sequence and 𝐺 = (𝑔𝑟) is a sequence of 

unbounded modulus functions in 𝔾. Then 𝜁𝑖 → 𝑠(𝑆𝜃
0(𝐺𝑘)) implies 𝜁𝑖 → 𝑠(𝑆𝜃

0(𝐸̂(𝑟, 𝑡), 𝐺𝑘)), i.e., 

𝑆𝜃
0(𝐺𝑘) ⊂ 𝑆𝜃

0(𝐸̂(𝑟, 𝑡), 𝐺𝑘). 

Proof. From the Lucas sequence, we see that (𝐿𝑖−1 𝐿𝑖⁄ ) ≤ 2 and (𝐿𝑖 𝐿𝑖−1⁄ ) ≤ 3 (∀ 𝑖 ∈ ℕ). Then 

by using (5.3), we may have 

|𝐸̂𝑖(𝑟, 𝑡)(𝜁)| = |𝑟
𝐿𝑖−1
𝐿𝑖

𝜁𝑖 + 𝑡
𝐿𝑖
𝐿𝑖−1

𝜁𝑖−1|                   

           ≤ 6|2𝑟𝜁𝑖 + 3𝑡𝜁𝑖−1|                

                      ≤ 62𝑚𝑎𝑥{|𝑟|, |𝑡|} (|𝜁𝑖| + |𝜁𝑖−1|) 

so that   

|𝐸̂𝑖(𝑟, 𝑡)(𝜁)| ≤ 36𝑚𝑎𝑥{|𝑟|, |𝑡|} (|𝜁𝑖| + |𝜁𝑖−1|) (6.5) 

Using (6.5), we may have 

{𝑖 ∈ 𝐼𝑟: |𝐸̂𝑖(𝑟, 𝑡)(𝜁)| ≥ 𝜀} ⊂ {𝑖 ∈ 𝐼𝑟: 36𝑚𝑎𝑥{|𝑟|, |𝑡|} (|𝜁𝑖| + |𝜁𝑖−1|) ≥ 𝜀} 

So that 

|{𝑖 ∈ 𝐼𝑟: |𝐸̂𝑖(𝑟, 𝑡)(𝜁)| ≥ 𝜀}| ≤ |{𝑖 ∈ 𝐼𝑟: 36𝑚𝑎𝑥{|𝑟|, |𝑡|} (|𝜁𝑖| + |𝜁𝑖−1|) ≥ 𝜀}| 

                                ≤ |{𝑖 ∈ 𝐼𝑟: 36𝑚𝑎𝑥{|𝑟|, |𝑡|} |𝜁𝑖| ≥
𝜀

2
}| + |{𝑖 ∈ 𝐼𝑟: 36𝑚𝑎𝑥{|𝑟|, |𝑡|} |𝜁𝑖−1| ≥

𝜀

2
}| 

                                = |{𝑖 ∈ 𝐼𝑟: |𝜁𝑖| ≥
𝜀

72𝑚𝑎𝑥{|𝑟|, |𝑡|}
}| + |{𝑖 ∈ 𝐼𝑟: |𝜁𝑖−1| ≥

𝜀

72𝑚𝑎𝑥{|𝑟|, |𝑡|}
}|. 

Now suppose 𝜁 = (𝜁𝑖) ∈ 𝑆𝜃
0(𝐺𝑘). Since 𝑔𝑟 is increasing for each 𝑟 ∈ ℕ, then we have  

 𝑔𝑟
𝑘(|{𝑖 ∈ 𝐼𝑟: |𝐸̂𝑖(𝑟, 𝑡)(𝜁)| ≥ 𝜀}|)

𝑔𝑟
𝑘(ℎ𝑟)
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        ≤
 𝑔𝑟
𝑘 (|{𝑖 ∈ 𝐼𝑟: |𝜁𝑖| ≥

𝜀
72𝑚𝑎𝑥{|𝑟|, |𝑡|}

}| + |{𝑖 ∈ 𝐼𝑟: |𝜁𝑖−1| ≥
𝜀

72𝑚𝑎𝑥{|𝑟|, |𝑡|}
}|)

𝑔𝑟
𝑘(ℎ𝑟)

 

≤
 𝑔𝑟
𝑘 (|{𝑖 ∈ 𝐼𝑟: |𝜁𝑖| ≥

𝜀
72𝑚𝑎𝑥{|𝑟|, |𝑡|}

}|)

𝑔𝑟
𝑘(ℎ𝑟)

+
𝑔𝑟
𝑘 (|{𝑖 ∈ 𝐼𝑟: |𝜁𝑖−1| ≥

𝜀
72𝑚𝑎𝑥{|𝑟|, |𝑡|}

}|)

𝑔𝑟
𝑘(ℎ𝑟)

. 

Thus  

 𝑔𝑟
𝑘(|{𝑖 ∈ 𝐼𝑟: |𝐸̂𝑖(𝑟, 𝑡)(𝜁)| ≥ 𝜀}|)

𝑔𝑟
𝑘(ℎ𝑟)

→ 0 𝑎𝑠 𝑟 → ∞. 

This concludes that 𝜁𝑖 → 𝑠(𝑆𝜃
0(𝐸̂(𝑟, 𝑡), 𝐺𝑘)) and so that (𝜁𝑖) ∈ 𝑆𝜃

0(𝐸̂(𝑟, 𝑡), 𝐺𝑘). Hence the proof. □ 

6.2. Lacunary Strong 𝑬̂(𝒓, 𝒕)-Convergence According to 𝑭𝒌 

In this subsection, a lacunary sequence 𝜃 = (𝑘𝑟), the Lucas transform 𝐸̂(𝑟, 𝑡) and a 

sequence of modulus functions 𝐺 = (𝑔𝑖) are used to introduce some new concepts in summability 

theory. In addition, that, the relations between these concepts are determined. 

Definition 6.2.1 Suppose that 𝜃 = (𝑘𝑟) is a lacunary sequence and let 𝐺 = (𝑔𝑖) be given as a 

sequence of modulus functions in 𝔾. Let 𝑠 be a number in ℂ, then the sequence (𝜁𝑖) in ℂ is 

defined to be lacunary strongly 𝐸̂(𝑟, 𝑡)-convergent to 𝑠 according to 𝐺𝑘 (or 𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘)-

strongly convergent), if 

lim
𝑟→∞

1

ℎ𝑟
∑𝑔𝑖

𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠|)

𝑖∈𝐼𝑟

= 0. 

In this manner, we refer it to as 𝜁𝑖 → 𝑠(𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘)) or 𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐺

𝑘) − lim 𝜁𝑖 = 𝑠. The 

collection of all 𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘)-strongly convergent sequences is indicated by 𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐺

𝑘). 

That is 

𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘) = {𝜁 = (𝜁𝑖) ∶  lim𝑟→∞

1

ℎ𝑟
∑𝑔𝑖

𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠|)

𝑖∈𝐼𝑟

= 0  for some 𝑠 ∈ ℂ}. 

The collection of all sequences in which 𝑠 = 0 in the definition of 𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝑔
𝑘) is indicated by 

𝑁𝜃
0(𝐸̂(𝑟, 𝑡), 𝐺𝑘). That is 

𝑁𝜃
0(𝐸̂(𝑟, 𝑡), 𝐺𝑘) = {𝜁 = (𝜁𝑖) ∶  lim𝑟→∞

1

ℎ𝑟
∑𝑔𝑖

𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁)|)

𝑖∈𝐼𝑟

= 0}. 
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 Notice that in this definition the functions in 𝐺 are not required to be unbounded modulus. 

If we put 𝑔𝑖(𝑢) = 𝑢 for all 𝑖 ∈ ℕ and for every 𝑢 ∈ ℝ+ ∪ {0}, then the 𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘)-strong 

convergence is reduced to the 𝑁𝜃(𝐸̂(𝑟, 𝑡))-strong convergence and it is so for the 

𝑁𝜃
0(𝐸̂(𝑟, 𝑡), 𝐺𝑘)-strong convergence. Also, it’s clear to see that if 𝑘 = 1, then from the spaces 

𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘) and 𝑁𝜃

0(𝐸̂(𝑟, 𝑡), 𝐺𝑘) we have 𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐺) and 𝑁𝜃
0(𝐸̂(𝑟, 𝑡), 𝐺), respectively. As 

well as if 𝑔𝑖(𝑢) = 𝑔(𝑢) for all 𝑖 ∈ ℕ and for every 𝑢 ∈ ℝ+ ∪ {0}, then instead of 𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘) 

and 𝑁𝜃
0(𝐸̂(𝑟, 𝑡), 𝐺𝑘) we shall write 𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝑔

𝑘) and 𝑁𝜃
0(𝐸̂(𝑟, 𝑡), 𝑔𝑘), respectively. 

Theorem 6.2.2 Consider a lacunary sequence 𝜃 = (𝑘𝑟) and let 𝐺 = (𝑔𝑖) be given as a sequence 

of modulus functions in 𝔾. Then the sets 𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘) and 𝑁𝜃

0(𝐸̂(𝑟, 𝑡), 𝐺𝑘) are linear spaces. 

Proof. We here only consider 𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘). Suppose 𝜁𝑖 → 𝑠1(𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐺

𝑘)) and 𝜉𝑖 →

𝑠2(𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘)) as 𝑖 → ∞, and let 𝛼, 𝛽 ∈ ℂ. Then there are natural numbers 𝑁𝛼 and 𝑀𝛽 such 

that |𝛼| ≤ 𝑁𝛼 and |𝛽| ≤ 𝑀𝛽. Since  𝑔𝑖 is a modulus for each 𝑖 ∈ ℕ, we may have 

1

ℎ𝑟
∑𝑔𝑖

𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝛼𝜁+ 𝛽𝜉) − (𝛼𝑠1 + 𝛽𝑠2)|)

𝑖∈𝐼𝑟

 

                                              =
1

ℎ𝑟
∑𝑔𝑖

𝑘(|𝛼𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠1 + 𝛽𝐸̂𝑖(𝑟, 𝑡)(𝜉) − 𝑠2|)

𝑖∈𝐼𝑟

 

                                              ≤
1

ℎ𝑟
∑𝑔𝑖

𝑘(|𝛼||𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠1| + |𝛽||𝐸̂𝑖(𝑟, 𝑡)(𝜉) − 𝑠2|)

𝑖∈𝐼𝑟

 

                                              ≤ 𝑁𝛼
1

ℎ𝑟
∑𝑔𝑖

𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠1|)

𝑖∈𝐼𝑟

+𝑀𝛽
1

ℎ𝑟
∑𝑔𝑖

𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜉) − 𝑠2|)

𝑖∈𝐼𝑟

. 

Then adding the limits into both given sides as 𝑟 tends to ∞, we have 

lim
𝑟→∞

1

ℎ𝑟
 ∑𝑔𝑖

𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝛼𝜁+ 𝛽𝜉) − (𝛼𝑠1 + 𝛽𝑠2)|)

𝑖∈𝐼𝑟

= 0. 

This implies that (𝜁𝑖 + 𝜉𝑖) → (𝑠1 + 𝑠2) as 𝑖 → ∞. Therefore 𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘) is indeed a linear 

space. □ 

Theorem 6.2.3 Consider a lacunary sequence 𝜃 = (𝑘𝑟) and let 𝐺 = (𝑔𝑖) be given as a sequence 

of modulus functions in 𝔾. Then every 𝑁𝜃
0(𝐺𝑘)-strongly convergent sequence implies 

𝑁𝜃
0(𝐸̂(𝑟, 𝑡), 𝐺𝑘)-strongly convergent, i.e, 𝑁𝜃

0(𝐺𝑘) ⊂ 𝑁𝜃
0(𝐸̂(𝑟, 𝑡), 𝐺𝑘). 

Proof. From (6.5), we have 
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|𝐸̂𝑖(𝑟, 𝑡)(𝜁)| ≤ 36𝑚𝑎𝑥{|𝑟|, |𝑡|} (|𝜁𝑖| + |𝜁𝑖−1|) 

Let 𝜁 = (𝜁𝑖) be an 𝑁𝜃
0(𝐺𝑘)-strongly convergent sequence. Since 𝑔𝑖 is increasing for each 𝑖 ∈ ℕ, 

then we may write 

1

ℎ𝑟
∑𝑔𝑖

𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁)|)

𝑖∈𝐼𝑟

≤ 36𝑚𝑎𝑥{𝑇𝑟, 𝑇𝑡}
1

ℎ𝑟
∑𝑔𝑖

𝑘(|𝜁𝑖| + |𝜁𝑖−1|)

𝑖∈𝐼𝑟

 

                                              ≤ 36𝑚𝑎𝑥{𝑇𝑟, 𝑇𝑡}(
1

ℎ𝑟
∑𝑔𝑖

𝑘(|𝜁𝑖|)

𝑖∈𝐼𝑟

+
1

ℎ𝑟
∑𝑔𝑖

𝑘(|𝜁𝑖−1|)

𝑖∈𝐼𝑟

) 

where 𝑇𝑟 and 𝑇𝑡 are natural values such that |𝑟| ≤ 𝑇𝑟 and |𝑡| ≤ 𝑇𝑡. Thus, we have 

1

ℎ𝑟
∑𝑔𝑖

𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁)|)

𝑖∈𝐼𝑟

→ 0 as 𝑟 → ∞. 

This concludes that 𝜁 ∈ 𝑁𝜃
0(𝐸̂(𝑟, 𝑡), 𝐺𝑘). Hence the proof. □ 

Corollary 6.2.4 Consider a lacunary sequence 𝜃 = (𝑘𝑟) and let 𝐺 = (𝑔𝑖) be given as a sequence 

of modulus functions in 𝔾. We have the results below 

(i) If 𝑔𝑖(𝑢) ≤ 𝑢 for all 𝑖 ∈ ℕ and for every 𝑢 ∈ ℝ+ ∪ {0}, then 𝑁𝜃
0 ⊂ 𝑁𝜃

0(𝐸̂(𝑟, 𝑡), 𝐺𝑘).  

(ii) If 𝑔𝑖(𝑢) ≥ 𝑢 for all 𝑖 ∈ ℕ and for every 𝑢 ∈ ℝ+ ∪ {0}, then 𝑁𝜃
0(𝐺𝑘) ⊂ 𝑁𝜃

0(𝐸̂(𝑟, 𝑡)). 

(iii) If 𝑔𝑖(𝑢) = 𝑢 for all 𝑖 ∈ ℕ and for every 𝑢 ∈ ℝ+ ∪ {0}, then 𝑁𝜃
0 ⊂ 𝑁𝜃

0(𝐸̂(𝑟, 𝑡)). 

Theorem 6.2.5 Consider the lacunary sequences 𝜃 = (𝑘𝑟) and 𝜗 = (𝑠𝑟) such that 𝐼𝑟 ⊆ 𝐽𝑟 for all 

𝑟 ∈ ℕ, and let  𝐺 = (𝑔𝑖) be given as a sequence of modulus functions in 𝔾. If  lim
𝑟→∞

ℓ𝑟

ℎ𝑟
= 1 and 

(𝜁𝑖) ∈ ℓ∞(𝐸̂(𝑟, 𝑡)) then 𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘) ⊂ 𝑁𝜗(𝐸̂(𝑟, 𝑡), 𝐺

𝑘), where 

ℓ∞ (𝐸̂(𝑟, 𝑡)) = {(𝜁𝑖): sup
𝑖
|𝐸̂𝑖(𝑟, 𝑡)(𝜁)| < ∞}. 

Proof. Let (𝜁𝑖) ∈ ℓ∞(𝐸̂(𝑟, 𝑡)) ∩ 𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘). Then (𝐸̂𝑖(𝑟, 𝑡)(𝜁)) is a bounded sequence, so 

there has some 𝐻 > 0 such that |𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠| ≤ 𝐻 for all 𝑖 ∈ ℕ. Since 𝐼𝑟 ⊆ 𝐽𝑟 and ℎ𝑟 ≤ ℓ𝑟 for 

all 𝑟 ∈ ℕ, we are going to write 

1

ℓ𝑟
∑𝑔𝑖

𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠|) =
1

ℓ𝑟
∑ 𝑔𝑖

𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠|) +
1

ℓ𝑟
∑𝑔𝑖

𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠|)

𝑖∈𝐼𝑟𝑖∈𝐽𝑟−𝐼𝑟

   

𝑖∈𝐽𝑟

 

                                  ≤ (
ℓ𝑟 − ℎ𝑟
ℓ𝑟

) sup
𝑖
𝑔𝑖
𝑘(𝐻) +

1

ℓ𝑟
∑𝑔𝑖

𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠|)

𝑖∈𝐼𝑟
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                                 ≤ (
ℓ𝑟
ℎ𝑟
− 1) sup

𝑖
𝑔𝑖
𝑘(𝐻) +

1

ℎ𝑟
∑𝑔𝑖

𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝑥) − 𝑠|)

𝑖∈𝐼𝑟

. 

Then adding the limits into both given sides as 𝑟 tends to ∞, we have   

lim
𝑟→∞

1

ℓ𝑟
∑𝑔𝑖

𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠|) = 0,

𝑖∈𝐽𝑟

 

since lim
𝑟→∞

ℓ𝑟

ℎ𝑟
= 1. Therefore, we obtain that (𝜁𝑖) ∈ 𝑁𝜗(𝐸̂(𝑟, 𝑡), 𝐺

𝑘). Hence the proof. □ 

Corollary 6.2.6 Assume that 𝐺 = (𝑔𝑖) is given as a sequence of modulus functions in 𝔾 and 𝑘 <

𝑛. If 𝑔𝑖(𝑢) ≤ 𝑢 for all 𝑖 ∈ ℕ and for every 𝑢 ∈ ℝ+ ∪ {0}, then from Theorem 6.2.5, we obtain the 

following results. 

(i) 𝑁𝜃 (𝐸̂(𝑟, 𝑡)) ⊂ 𝑁𝜗(𝐸̂(𝑟, 𝑡), 𝐺
𝑘).    

(ii) 𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘) ⊂ 𝑁𝜗(𝐸̂(𝑟, 𝑡), 𝐺

𝑛). 

Corollary 6.2.7 Assume that 𝐺 = (𝑔𝑖) is given as a sequence of modulus functions in 𝔾 and 𝑘 <

𝑛. If 𝑔𝑖(𝑢) ≥ 𝑢 for all 𝑖 ∈ ℕ and for every 𝑢 ∈ ℝ+ ∪ {0}, then from Theorem 6.2.5, we obtain the 

following results. 

(i) 𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘) ⊂ 𝑁𝜗 (𝐸̂(𝑟, 𝑡)). 

(ii) 𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑛) ⊂ 𝑁𝜗(𝐸̂(𝑟, 𝑡), 𝐺

𝑘). 

Theorem 6.2.8 Consider the lacunary sequences 𝜃 = (𝑘𝑟) and 𝜗 = (𝑠𝑟) such that 𝐼𝑟 ⊆ 𝐽𝑟 for all 

𝑟 ∈ ℕ, and let 𝐺 = (𝑔𝑖) be given as a sequence of modulus functions in 𝔾. If lim
𝑟→∞

𝑠𝑢𝑝
ℓ𝑟

ℎ𝑟
< ∞, 

then 𝑁𝜗(𝐸̂(𝑟, 𝑡), 𝐺
𝑘) ⊂ 𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐺

𝑘).  

Proof. Let (𝜁𝑖) ∈ 𝑁𝜗(𝐸̂(𝑟, 𝑡), 𝐺
𝑘). Since 𝐼𝑟 ⊆ 𝐽𝑟 we may write 

1

ℓ𝑟
∑𝑔𝑖

𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠|)

𝑖∈𝐼𝑟

≤
1

ℓ𝑟
∑ 𝑔𝑖

𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠|)

𝑖∈𝐽𝑟  

 

and then 

1

ℎ𝑟
∑𝑔𝑖

𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠|)

𝑖∈𝐼𝑟

≤
ℓ𝑟
ℎ𝑟

1

ℓ𝑟
∑ 𝑔𝑖

𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠|)

𝑖∈𝐽𝑟  

. 

Adding the limits into both given sides as 𝑟 tends to ∞, we have 
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lim
𝑟→∞

1

ℎ𝑟
∑𝑔𝑖

𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠|) = 0.

𝑖∈𝐼𝑟

 

Therefore, we obtain that (𝜁𝑖) ∈ 𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘). Hence the proof. □ 

Corollary 6.2.9 Assume that 𝐺 = (𝑔𝑖) is given as a sequence of modulus functions in 𝔾 and 𝑘 <

𝑛. If 𝑔𝑖(𝑢) ≤ 𝑢 for all 𝑖 ∈ ℕ and for every 𝑢 ∈ ℝ+ ∪ {0}, then from Theorem 6.2.8, we obtain the 

following results. 

(i) 𝑁𝜗 (𝐸̂(𝑟, 𝑡)) ⊂ 𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘).   

(ii) 𝑁𝜗(𝐸̂(𝑟, 𝑡), 𝐺
𝑘) ⊂ 𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐺

𝑛). 

Corollary 6.2.10 Assume that 𝐺 = (𝑔𝑖) is given as a sequence of modulus functions in 𝔾 and 

𝑘 < 𝑛. If 𝑔𝑖(𝑢) ≥ 𝑢 for all 𝑖 ∈ ℕ and for every 𝑢 ∈ ℝ+ ∪ {0}, then from Theorem 6.2.8, we 

obtain the following results. 

(i) 𝑁𝜗(𝐸̂(𝑟, 𝑡), 𝐺
𝑘) ⊂ 𝑁𝜃 (𝐸̂(𝑟, 𝑡)). 

(ii) 𝑁𝜗(𝐸̂(𝑟, 𝑡), 𝐺
𝑛) ⊂ 𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐺

𝑘). 

Theorem 6.2.11 Consider a lacunary sequence 𝜃 = (𝑘𝑟), and let 𝐺 = (𝑔𝑖) and 𝐻 = (ℎ𝑖) be 

given as two sequences of modulus functions in 𝔾. If sup
𝑢,𝑖

𝑔𝑖(𝑢)

ℎ𝑖(𝑢)
< ∞, then 𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐺

𝑘 ∘ 𝐻) ⊂

𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘+1). 

Proof. Let 𝑎 ∈ ℂ. Then there is a natural number 𝑇𝑎 such that |𝑎| ≤ 𝑇𝑎. Now suppose 0 < 𝛼 =

sup
𝑢,𝑖

𝑔𝑖(𝑢)

ℎ𝑖(𝑢)
< ∞, then 𝛼 ≥

𝑔𝑖(𝑢)

ℎ𝑖(𝑢)
  and so that 𝑔𝑖(𝑢) ≤ 𝛼ℎ𝑖(𝑢) for all 𝑖 ∈ ℕ and for every 𝑢 ∈ ℝ+ ∪

{0}. Since (𝑔𝑖) is increasing for each 𝑖 ∈ ℕ, then we get 

𝑔𝑖
𝑘+1(𝑢) ≤ 𝑔𝑖

𝑘(𝛼ℎ𝑖(𝑢)) ≤ 𝑇𝛼𝑔𝑖
𝑘(ℎ𝑖(𝑢)). (6.6) 

Now if (𝜁𝑖) ∈ 𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘 ∘ 𝐻), then according to (6.6), we shall possess 

1

ℎ𝑟
∑𝑔𝑖

𝑘+1(|𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠|)

𝑖∈𝐼𝑟

≤ 𝑇𝛼
1

ℎ𝑟
∑𝑔𝑖

𝑘 (ℎ𝑖(|𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠|))

𝑖∈𝐼𝑟

→ 0 𝑎𝑠 𝑟 → ∞. 

This concludes that (𝜁𝑖) ∈ 𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘 ∘ 𝐻) implies (𝜁𝑖) ∈ 𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐺

𝑘+1). Hence the 

proof. □ 
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Theorem 6.2.11 Consider a lacunary sequence 𝜃 = (𝑘𝑟) and let 𝐺 = (𝑔𝑖) and 𝐻 = (ℎ𝑖) be given 

as two sequences of modulus functions in 𝔾. If inf
𝑢,𝑖

𝑔𝑖(𝑢)

ℎ𝑖(𝑢)
> 0, then 𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐺

𝑘+1) ⊂

𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘 ∘ 𝐻). 

Proof. Let 𝑏 ∈ ℂ with 𝑏 ≠ 0. Then there has a natural value 𝑇𝑏−1  such that |𝑏−1| ≤ 𝑇𝑏−1. Now 

suppose 𝛽 = inf
𝑢,𝑖

𝑔𝑖(𝑢)

ℎ𝑖(𝑢)
> 0 then 𝛽 ≤

𝑔𝑖(𝑢)

ℎ𝑖(𝑢)
 and so that ℎ𝑖(𝑢) ≤

1

𝛽
𝑔𝑖(𝑢) for all 𝑖 ∈ ℕ and for every 

𝑢 ∈ ℝ+ ∪ {0}. Since (𝑔𝑖) is increasing for each 𝑖 ∈ ℕ and 𝛽 > 0, then we get 

𝑔𝑖
𝑘(ℎ𝑖(𝑢)) ≤ 𝑔𝑖

𝑘(𝛽−1𝑔𝑖(𝑢)) ≤ 𝑇𝛽−1𝑔𝑖
𝑘+1(𝑢). (6.7)  

Now let (𝜁𝑖) ∈ 𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘+1), then according to (6.7), we shall possess 

1

ℎ𝑟
∑𝑔𝑖

𝑘 (ℎ𝑖(|𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠|)) 

𝑖∈𝐼𝑟

≤ 𝑇𝛽−1
1

ℎ𝑟
∑𝑔𝑖

𝑘+1(|𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠|)

𝑖∈𝐼𝑟

→ 0 𝑎𝑠 𝑟 → ∞. 

This concludes that (𝜁𝑖) ∈ 𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘+1) implies (𝜁𝑖) ∈ 𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐺

𝑘 ∘ 𝐻). Hence the 

proof. □  

Corollary 6.2.12 Consider a lacunary sequence 𝜃 = (𝑘𝑟), and let 𝐺 = (𝑔𝑖) and 𝐻 = (ℎ𝑖) be 

given as two sequences of modulus functions in 𝔾. 

(i) If   sup
𝑢,𝑖

𝑔𝑖(𝑢)

ℎ𝑖(𝑢)
< ∞, then 𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐻

𝑘+1) ⊂ 𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐻
𝑘 ∘ 𝐺).  

(ii) If inf
𝑢,𝑖

𝑔𝑖(𝑢)

ℎ𝑖(𝑢)
> 0, then 𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐻

𝑘 ∘ 𝐺) ⊂ 𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐻
𝑘+1). 

Theorem 6.2.13 Consider a lacunary sequence 𝜃 = (𝑘𝑟), and let 𝐺 = (𝑔𝑖) be given as a sequence 

of modulus functions in 𝔾. If lim𝑢→∞(𝑔𝑖
𝑘(𝑢) 𝑢⁄ ) > 0 for all 𝑖 ∈ ℕ and there is a positive integer 

𝑑 such that 𝑔𝑖(𝑢𝑣) ≥ 𝑑𝑔𝑖(𝑢)𝑔𝑖(𝑣) for all 𝑖 ∈ ℕ and for every 𝑢, 𝑣 ∈ ℝ+ ∪ {0}. Then 𝜁𝑖 →

𝑠(𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘)) implies 𝜁𝑖 → 𝑠(𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐺

𝑘)). 

Proof.  Suppose that 𝜁𝑖 → 𝑠(𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘)), and 𝜀 > 0 is given. Let ∑  𝐴 and ∑  𝐵 be defined on 

|𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠| ≥ 𝜀 and |𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠| < 𝜀, respectively. Then from the definition of modulus 

functions, we may write 

1

ℎ𝑟
∑𝑔𝑖

𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠|)

𝑖∈𝐼𝑟

=
1

ℎ𝑟
∑ 𝑔𝑖

𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠|) +
1

ℎ𝑟
∑ 𝑔𝑖

𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠|)

𝑖∈𝐼𝑟\𝐵𝑖∈𝐼𝑟\𝐴

 

                                                        ≥
1

ℎ𝑟
∑ 𝑔𝑖

𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠|)

𝑖∈𝐼𝑟\𝐴
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                                                       ≥
1

ℎ𝑟
𝑔𝑟
𝑘 ( ∑ |𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠|

𝑖∈𝐼𝑟\𝐴

) 

                                                       ≥
1

ℎ𝑟
𝑔𝑟
𝑘(|{𝑖 ∈ 𝐼𝑟: |𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠| ≥ 𝜀}|𝜀) 

                                                       ≥
𝐷

ℎ𝑟
𝑔𝑟
𝑘(|{𝑖 ∈ 𝐼𝑟: |𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠| ≥ 𝜀}|)𝑔𝑟

𝑘(𝜀), 

where 𝐷 is a positive constant. Since |{𝑖 ∈ 𝐼𝑟: |𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠| ≥ 𝜀}| is a natural value, then  

1

ℎ𝑟
∑𝑔𝑖

𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠|)

𝑖∈𝐼𝑟

≥
𝐷

ℎ𝑟
𝑔𝑟
𝑘(|{𝑖 ∈ 𝐼𝑟: |𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠| ≥ 𝜀}|)

inf
𝑟
𝑓𝑟
𝑘(𝜀)

inf
𝑟
𝑓𝑟
𝑘(1)

 

                                                     =
𝑔𝑟
𝑘(|{𝑖 ∈ 𝐼𝑟: |𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠| ≥ 𝜀}|)

𝑔𝑟
𝑘(ℎ𝑟)

𝑔𝑟
𝑘(ℎ𝑟)

ℎ𝑟

inf
𝑟
𝑔𝑟
𝑘(𝜀)

inf
𝑟
𝑔𝑟
𝑘(1)

𝐷. 

Giving the limits on both sides as 𝑟 → ∞, it concludes that 𝜁𝑖 → 𝑠(𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘)). Hence the 

proof. □ 

Theorem 6.2.14 Consider a lacunary sequence 𝜃 = (𝑘𝑟) and let 𝐺 = (𝑔𝑖) be given as a sequence 

of modulus functions in 𝔾.  

(i) If lim inf 𝑞𝑟 > 1 then 𝜁𝑖 → 𝑠(𝑤(𝐸̂(𝑟, 𝑡), 𝐺𝑘)) implies 𝜁𝑖 → 𝑠(𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘)), 

(ii) If lim sup𝑞𝑟 < ∞, then 𝜁𝑖 → 𝑠(𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘)) implies 𝜁𝑖 → 𝑠(𝑤(𝐸̂(𝑟, 𝑡), 𝐺𝑘)), 

where  

𝑤(𝐸̂(𝑟, 𝑡), 𝐺𝑘) = {(𝜁𝑖) ∶ lim𝑚→∞

1

𝑚
∑𝑔𝑖

𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠|)

𝑚

𝑖=1

= 0  for some 𝑠 ∈ ℂ}. 

Proof. (i) Since lim inf 𝑞𝑟 > 1 then there is 𝛿 > 0 such that 

𝑞𝑟 =
𝑘𝑟
𝑘𝑟−1

≥ 1 + 𝛿 

for sufficiently large 𝑟, then we have that 

ℎ𝑟
𝑘𝑟
≥

𝛿

1 + 𝛿
  and   

𝑘𝑟
ℎ𝑟
≤
1 + 𝛿

𝛿
 

Now assume that 𝜁𝑖 → 𝑠(𝑤(𝐸̂(𝑟, 𝑡), 𝐺𝑘)), then we may write 

                          
1

𝑘𝑟
∑𝑔𝑖

𝑘(𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠)

𝑘𝑟

𝑖=1

≥
1

𝑘𝑟
∑𝑔𝑖

𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠|)

𝑖∈𝐼𝑟
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                             =
ℎ𝑟
𝑘𝑟

1

ℎ𝑟
∑𝑔𝑖

𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠|)

𝑖∈𝐼𝑟

 

                                    ≥
1 + 𝛿

𝛿

1

ℎ𝑟
∑𝑔𝑖

𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠|)

𝑖∈𝐼𝑟

 

Thus  

1 + 𝛿

𝛿

1

ℎ𝑟
∑𝑔𝑖

𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠|)

𝑖∈𝐼𝑟

→ 0 as 𝑟 → ∞. 

This concludes that 𝜁𝑖 → 𝑠(𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘)). 

(ii) Since lim sup 𝑞𝑟 < ∞ then there has a positive number 𝐾, say 𝐾 = sup𝑞𝑟 so that 𝑞𝑟 < 𝐾 for 

every 𝑟 ∈ ℕ. Assume that 𝜁𝑖 → 𝑠(𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘)) and given 𝜀 > 0. There has 𝑛0 such that for 

every 𝑛 > 𝑛0, we shall have  

𝑇𝑛 =
1

ℎ𝑛
∑𝑔𝑖

𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠|)

𝑖∈𝐼𝑛

< 𝜀. 

Also, a positive number 𝑆 can be found such that 𝑇𝑛 ≤ 𝑆 for all 𝑛. Let 𝑚 be any integer such that 

𝑚 ∈ (𝑘𝑟−1, 𝑘𝑟]. Now we may write 

1

𝑚
∑𝑔𝑖

𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠|)

𝑚

𝑖=1

≤
1

𝑘𝑟
∑𝑔𝑖

𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠|)

𝑘𝑟

𝑖=1

 

                                                    ≤
1

𝑘𝑟−1
(∑  

𝑛0

𝑛=1

+ ∑  

𝑘𝑟

𝑛=𝑛0+1

)∑𝑔𝑖
𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠|)

𝑖∈𝐼𝑛

 

                              =
1

𝑘𝑟−1
∑ 

𝑛0

𝑛=1

∑𝑔𝑖
𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠|)

𝑖∈𝐼𝑛

+
1

𝑘𝑟−1
∑  

𝑘𝑟

𝑛=𝑛0+1

∑𝑔𝑖
𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠|)

𝑖∈𝐼𝑛

 

                                                    ≤
1

𝑘𝑟−1
∑ 

𝑛0

𝑛=1

∑𝑔𝑖
𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠|)

𝑖∈𝐼𝑛

+
1

𝑘𝑟−1
(𝑘𝑟 − 𝑘𝑛0)𝜀 

                                                   =
1

𝑘𝑟−1
(ℎ1𝑇1 + ℎ2𝑇2 +⋯+ ℎ𝑛0𝑇𝑛0) +

1

𝑘𝑟−1
(𝑘𝑟 − 𝑘𝑛0)𝜀 

                                                    ≤
1

𝑘𝑟−1
( sup
𝑖∈[𝑖,𝑛0]

𝑇𝑖 𝑘𝑛0) + 𝜀𝐾 <
1

𝑘𝑟−1
𝑘𝑛0𝑆 + 𝜀𝐾. 

Thus 

1

𝑚
∑𝑔𝑖

𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁) − 𝑠|)

𝑚

𝑖=1

→ 0 as 𝑟 → ∞. 

This implies that 𝜁𝑖 → 𝑠(𝑤(𝐸̂(𝑟, 𝑡), 𝐺𝑘)). Hence the proof. □  
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7. SOME LUCAS DIFFERENCE SEQUENCE SPACES  

7.1.  On Some Banach Sequence Spaces Based on Lucas Band Matrix 

In this subsection, two Banach sequence spaces based on the Lucas band matrix, and 

some inclusion relationships are studied. The most results of this subsection are taken from [57]. 

Definition 7.1.1 Consider the Lucas band matrix (5.2) and the Lucas transform (5.3). The Lucas 

difference sequence spaces ℓ𝑝(𝐸̂(𝑟, 𝑡)) and ℓ∞(𝐸̂(𝑟, 𝑡)) are introduced by Karakas [57] as 

follows 

ℓ𝑝 (𝐸̂(𝑟, 𝑡)) = {𝜁 = (𝜁𝑖) ∈ 𝜔: ∑|𝐸̂𝑖(𝑟, 𝑡)(𝜁)|
𝑝
< ∞

 

𝑖

}  

and  

ℓ∞ (𝐸̂(𝑟, 𝑡)) = {𝜁 = (𝜁𝑖) ∈ 𝜔: sup
𝑖
|𝐸̂𝑖(𝑟, 𝑡)(𝜁)| < ∞}. 

Theorem 7.1.2 The sequence sets ℓ𝑝(𝐸̂(𝑟, 𝑡)) and ℓ∞(𝐸̂(𝑟, 𝑡)) are normed linear spaces for 1 ≤

𝑝 < ∞, respectively, normed by 

‖𝜁‖ℓ𝑝(𝐸̂(𝑟,𝑡)) = (∑|𝐸̂𝑖(𝑟, 𝑡)(𝜁)|
𝑝

∞

𝑖=1

)

1
𝑝

 

and 

‖𝜁‖ℓ∞(𝐸̂(𝑟,𝑡)) = sup
𝑖
|𝐸̂𝑖(𝑟, 𝑡)(𝜁)|. 

Proof. We here do the proofing only on ℓ𝑝(𝐸̂(𝑟, 𝑡)). Assume that 𝜁 = (𝜁𝑖), 𝜉 = (𝜉𝑖) ∈ ℓ𝑝(𝐸̂(𝑟, 𝑡)). 

The norm axioms N1 and N2 are obviously held. N3 follows from Minkowski’s inequality (2.2) as 

follows 

                             ‖𝜁 + 𝜉‖ℓ𝑝(𝐸̂(𝑟,𝑡)) = (∑|𝐸̂𝑖(𝑟, 𝑡)(𝜁 + 𝜉)|
𝑝

∞

𝑖=1

)

1
𝑝

  

                                                             = (∑|𝐸̂𝑖(𝑟, 𝑡)(𝜁) + 𝐸̂𝑖(𝑟, 𝑡)(𝜉)|
𝑝

∞

𝑖=1

)

1
𝑝

 

                                                              ≤ (∑|𝐸̂𝑖(𝑟, 𝑡)(𝜁)|
𝑝

∞

𝑖=1

)

1
𝑝

+ (∑|𝐸̂𝑖(𝑟, 𝑡)(𝜉)|
𝑝

∞

𝑖=1

)

1
𝑝

  

                                                              = ‖𝜁‖ℓ𝑝(𝐸̂(𝑟,𝑡)) + ‖𝜉‖ℓ𝑝(𝐸̂(𝑟,𝑡)).  □ 
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Remark 7.1.3 Note that the given sequence spaces ℓ𝑝(𝐸̂(𝑟, 𝑡)) and ℓ∞(𝐸̂(𝑟, 𝑡)) become of non-

absolute type, since ‖𝜁‖ℓ𝑝( 𝐸̂(𝑟,𝑡)) ≠ ‖|𝜁|‖ℓ𝑝( 𝐸̂(𝑟,𝑡))  and ‖𝜁‖ℓ∞( 𝐸̂(𝑟,𝑡)) ≠ ‖|𝜁|‖ℓ∞( 𝐸̂(𝑟,𝑡)) . 

Remark 7.1.4 It seems that the spaces ℓ𝑝(𝐸̂(𝑟, 𝑡)) and ℓ∞(𝐸̂(𝑟, 𝑡)) can be redefined with the 

help of (1.1) as follows   

ℓ𝑝(𝐸̂(𝑟, 𝑡)) = (ℓ𝑝)𝐸̂(𝑟,𝑡) and ℓ∞(𝐸̂(𝑟, 𝑡)) = (ℓ∞)𝐸̂(𝑟,𝑡). 

 Consequently, we are allowed to write. 

‖𝜁‖ℓ𝑝(𝐸̂(𝑟,𝑡)) = ‖𝐸̂(𝑟, 𝑡)(𝜁)‖𝑝 and ‖𝜁‖ℓ∞(𝐸̂(𝑟,𝑡)) = ‖𝐸̂(𝑟, 𝑡)(𝜁)‖∞, 

where ‖∙‖𝑝 and ‖∙‖∞ are standard norms on ℓ𝑝 and ℓ∞, respectively. 

Theorem 7.1.5 For 1 ≤ 𝑝 < ∞, the sequence sets ℓ𝑝( 𝐸̂(𝑟, 𝑡)) and ℓ∞( 𝐸̂(𝑟, 𝑡)) are Banach 

spaces with ‖∙‖ℓ𝑝(𝐸̂(𝑟,𝑡)) and ‖∙‖ℓ∞(𝐸̂(𝑟,𝑡)). 

Proof. The proof is considered only for ℓ𝑝( 𝐸̂(𝑟, 𝑡)). Verifying the completeness of ℓ𝑝(𝐸̂(𝑟, 𝑡)) is 

sufficient to obtain the proof. Let 𝜁𝑛 = (𝜁𝑖
𝑛) be a Cauchy sequence such that (𝜁𝑖

𝑛) =

(𝜁1
𝑛,  𝜁2

𝑛, … ) ∈ ℓ𝑝(𝐸̂(𝑟, 𝑡)) for each 𝑛 ∈ ℕ. Now given 𝜀 > 0 there has a natural value 𝑁 such that 

for every 𝑛,𝑚 ≥ 𝑁, we shall have 

‖𝜁𝑛 − 𝜁𝑚‖ℓ𝑝( 𝐸̂(𝑟,𝑡)) = (∑|𝐸̂𝑖(𝑟, 𝑡)(𝜁
𝑛 − 𝜁𝑚)|

𝑝

𝑖

)

1
𝑝

< 𝜀 

and then  

 ∑|𝐸̂𝑖(𝑟, 𝑡)(𝜁
𝑛 − 𝜁𝑚)|

𝑝

𝑖

< 𝜀𝑝. 
 
(7.1) 

Then for every 𝑛,𝑚 ≥ 𝑁 and for all 𝑖 ∈ ℕ, we see that  

|𝐸̂𝑖(𝑟, 𝑡)(𝜁
𝑛 − 𝜁𝑚)|

𝑝
< 𝜀. 

Hence for all 𝑖 ∈ ℕ, we get 

|𝐸̂𝑖(𝑟, 𝑡)(𝜁
𝑛 − 𝜁𝑚)| → 0 

as 𝑛,𝑚 → ∞. This means that 𝐸̂𝑖(𝑟, 𝑡)(𝜁
𝑛) = (𝐸̂𝑖(𝑟, 𝑡)(𝜁𝑖

1), 𝐸̂𝑖(𝑟, 𝑡)(𝜁𝑖
2),… ) is a Cauchy 

sequence in ℂ. Since ℂ is complete, then it becomes convergent, so there is 𝜁 = (𝜁𝑖) such that 
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(𝐸̂𝑖(𝑟, 𝑡)(𝜁
𝑛)) → (𝐸̂𝑖(𝑟, 𝑡)(𝜁)) in ℂ as 𝑛 → ∞ and for each 𝑖 ∈ ℕ. We are required to verify that 

(𝐸̂𝑖(𝑟, 𝑡)(𝜁)) ∈ ℓ𝑝(𝐸̂(𝑟, 𝑡)). Now letting 𝑚 → ∞ in (7.1), we obtain for 𝑛 > 𝑁 

 ∑|𝐸̂𝑖(𝑟, 𝑡)(𝜁
𝑛 − 𝜁)|

𝑝
<

𝑖

𝜀𝑝. 
 
(7.2) 

This intends that  (𝜁𝑛 − 𝜁) ∈ ℓ𝑝(𝐸̂(𝑟, 𝑡)), and since 𝜁𝑛 ∈ ℓ𝑝(𝐸̂(𝑟, 𝑡)), then we have 

                    ∑|𝐸̂𝑖(𝑟, 𝑡)(𝜁)|
𝑝
=∑|𝐸̂𝑖(𝑟, 𝑡)(𝜁

𝑛 − 𝜁) + 𝐸̂𝑖(𝑟, 𝑡)(𝜁
𝑛)|

𝑝

𝑖𝑖

 

                                                     ≤ ∑2𝑝(|𝐸̂𝑖(𝑟, 𝑡)(𝜁
𝑛 − 𝜁)|

𝑝
+ |𝐸̂𝑖(𝑟, 𝑡)(𝜁

𝑛)|
𝑝
)

𝑖

 

                                                    = 2𝑝∑|𝐸̂𝑖(𝑟, 𝑡)(𝜁
𝑛 − 𝜁)|

𝑝
+ 2𝑝∑|𝐸̂𝑖(𝑟, 𝑡)(𝜁

𝑛)|
𝑝

𝑖𝑖

 

                                         < ∞. 

Furthermore, by adding limits in (7.2) and letting 𝑛 → ∞, we have  

lim
𝑛→∞

‖𝜁𝑛 − 𝜁‖ℓ𝑝,𝐸̂(𝑟,𝑡)) = 0. 

So indeed, the sequence 𝜁𝑛 converges to 𝜁 and they are both in ℓ𝑝(𝐸̂(𝑟, 𝑡)) for 1 ≤ 𝑝 < ∞. So, 

we conclude the completeness of ℓ𝑝(𝐸̂(𝑟, 𝑡)). Therefore, it is a Banach space. □ 

Theorem 7.1.6 The sequence space ℓ𝑝(𝐸̂(𝑟, 𝑡)) is linearly isomorphic to ℓ𝑝 for 1 ≤ 𝑝 < ∞. 

Proof. Suppose that 𝑀:ℓ𝑝(𝐸̂(𝑟, 𝑡)) → ℓ𝑝 is a transformation and considered as 𝑀𝜁 = 𝛾 with 

(5.3), then for 𝜁 ∈ ℓ𝑝(𝐸̂(𝑟, 𝑡)), it gives us 𝛾 = 𝐸̂𝑖(𝑟, 𝑡)𝜁 ∈ ℓ𝑝. The linearity of 𝑀 is clearly 

holding. It’s obvious that 𝜁 = 0 whenever 𝑀𝜁 = 0. It follows that 𝑀 is injective. Let 𝛾 = (𝛾𝑖) ∈

ℓ𝑝 and define 𝜁 = (𝜁𝑖) as follows: 

𝜁𝑖 =
1

𝑟
∑ (−

𝑡

𝑟
)
𝑖−𝑚

 
𝐿𝑖
2

𝐿𝑚−1𝐿𝑚
𝛾𝑚.

𝑖

𝑚=1

 

By using (5.3), one can write 

‖𝜁‖ℓ𝑝(𝐸̂(𝑟,𝑡)) = (∑|𝑟
𝐿𝑖−1
𝐿𝑖

𝜁𝑖 + 𝑡
𝐿𝑖
𝐿𝑖−1

𝜁𝑖−1|
 𝑝 

𝑖

)

1
𝑝

   

 = (∑|
𝐿𝑖−1
𝐿𝑖

∑ (−
𝑡

𝑟
)
𝑖−𝑚

𝑖

𝑚=1

𝐿𝑖
2

𝐿𝑚−1𝐿𝑚
𝛾𝑚 +

𝑡

𝑟

𝐿𝑖
𝐿𝑖−1

∑ (−
𝑡

𝑟
)
𝑖−𝑚−1 𝐿𝑖−1

2

𝐿𝑚−1𝐿𝑚
𝛾𝑚

𝑖−1

𝑚=1

|

𝑝

𝑖

)

1
𝑝
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    = (∑|𝛾𝑖|
𝑝

 

𝑖

)

1
𝑝

= ‖𝛾‖ℓ𝑝 .        

Which yields 

‖𝜁‖ℓ𝑝( 𝐸̂(𝑟,𝑡)) < ∞.   

Therefore, the function is surjective and so it is linear bijective. Also, the norm is preserved. 

Thus, for 1 ≤ 𝑝 < ∞ we obtain that ℓ𝑝(𝐸̂(𝑟, 𝑡)) and ℓ𝑝 are linearly isomorphic. □ 

Theorem 7.1.7 For 1 ≤ 𝑝 < 𝑞,  the following inclusion relationship is satisfied. 

ℓ𝑝 (𝐸̂(𝑟, 𝑡)) ⊆ ℓ𝑞 (𝐸̂(𝑟, 𝑡)) 

Proof. By using Theorem 7.1.6, we possess a transformation 𝑀: ℓ𝑝(𝐸̂(𝑟, 𝑡)) → ℓ𝑝 that is 

considered as 𝑀𝜁 = 𝐸̂𝑖(𝑟, 𝑡)𝜁 (𝑖 ∈ ℕ). Now if 𝜁 ∈ ℓ𝑝(𝐸̂(𝑟, 𝑡)) then it gives us 𝑀𝜁 ∈ ℓ𝑝. Since 

ℓ𝑝 ⊂ ℓ𝑞 for 1 ≤ 𝑝 < 𝑞, so we have 𝑀𝜁 ∈ ℓ𝑞. Thus 𝜁 ∈ ℓ𝑞(𝐸̂(𝑟, 𝑡)). So that for 1 ≤ 𝑝 < 𝑞 the 

inclusion ℓ𝑝(𝐸̂(𝑟, 𝑡)) ⊂ ℓ𝑞(𝐸̂(𝑟, 𝑡)) is held. Hence the proof. □ 

7.2. On Some Sequence Sets Based on the Lucas Band Matrix and a Sequence of 

Modulus Functions 

 In this subpart of our study, we generalized some sequence spaces depended on the Lucas 

band matrix 𝐸̂(𝑟, 𝑡) and a sequence consisting of modulus functions 𝐺 = (𝑔𝑖) in 𝔾, and study 

some interesting results through newly introduced sequence spaces. 

Definition 7.2.1 Assume that 𝐺 = (𝑔𝑖) is given as a sequence of modulus functions in 𝔾 and 𝑣 =

(𝑣𝑖) is considered a sequence consisting of strictly positive real numbers. Let 1 ≤ 𝑝 < ∞, then 

with the help of (5.3), we generalized the following sequence spaces 

ℓ𝑝 (𝐺
𝑘, 𝑣, 𝐸̂(𝑟, 𝑡)) = {𝜁 = (𝜁𝑖) ∈ 𝜔: ∑[𝑣𝑖𝑔𝑖

𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁)|)]
 𝑝
< ∞

 

𝑖

}  

and  

ℓ∞ (𝐺
𝑘 , 𝑣, 𝐸̂(𝑟, 𝑡)) = {𝜁 = (𝜁𝑖) ∈ 𝜔: sup

𝑖
[𝑣𝑖𝑔𝑖

𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁)|)] < ∞}. 

Remark 7.2.2 The above sequence spaces can be redefined with the help of  (1.1) as follows 

 ℓ𝑝 (𝐺
𝑘, 𝑣, 𝐸̂(𝑟, 𝑡)) = (ℓ𝑝)𝑣𝑖𝑔𝑖

𝑘𝐸̂(𝑟,𝑡)
  and   ℓ∞ (𝐺

𝑘, 𝑣, 𝐸̂(𝑟, 𝑡)) = (ℓ∞)𝑣𝑖𝑔𝑖
𝑘𝐸̂(𝑟,𝑡)

 
 
(7.3) 



51 

Remark 7.2.3 If 𝑘 = 1 then the spaces ℓ𝑝(𝐺
𝑘 , 𝑣, 𝐸̂(𝑟, 𝑡)) and ℓ∞(𝐺

𝑘, 𝑣, 𝐸̂(𝑟, 𝑡)) will reduce to  

ℓ𝑝(𝐺, 𝑣, 𝐸̂(𝑟, 𝑡)) and ℓ∞(𝐺, 𝑣, 𝐸̂(𝑟, 𝑡)) of Mohiuddine at el. [47], respectively, as well as if we put 

𝑣𝑖 = 1 and 𝑔𝑖(𝑢) = 𝑢 for all 𝑖 ∈ ℕ and for every 𝑢 ∈ ℝ+ ∪ {0}, then the sequence spaces 

ℓ𝑝(𝐺
𝑘 , 𝑣, 𝐸̂(𝑟, 𝑡)) and ℓ∞(𝐺

𝑘, 𝑣, 𝐸̂(𝑟, 𝑡)) will become the same as ℓ𝑝(𝐸̂(𝑟, 𝑡)) and ℓ∞(𝐸̂(𝑟, 𝑡)) of 

Karakas [57], respectively. 

Theorem 7.2.4 Consider that 𝐺 = (𝑔𝑖) is a sequence consisting of modulus functions in 𝔾. Then 

the sequence sets ℓ𝑝(𝐺
𝑘, 𝑣, 𝐸̂(𝑟, 𝑡)) and ℓ∞(𝐺

𝑘, 𝑣, 𝐸̂(𝑟, 𝑡)) are linear spaces over ℂ. 

Proof. Let 𝜁 = ( 𝜁𝑖), 𝜉 = ( 𝜉𝑖) ∈ ℓ𝑝(𝐺
𝑘, 𝑣, 𝐸̂(𝑟, 𝑡)) and 𝛼, 𝜎 ∈ ℂ. Then there are positive integers 

𝑀𝛼 and 𝑁𝜎 such that |𝛼| ≤ 𝑀𝛼 and |𝜎| ≤ 𝑁𝜎. Since 𝑔𝑖 is increasing for each 𝑖 ∈ ℕ, then we shall 

have 

∑[𝑣𝑖𝑔𝑖
𝑘(|𝛼𝐸̂𝑖(𝑟, 𝑡)(𝜁) + 𝜎𝐸̂𝑖(𝑟, 𝑡)(𝜉)|)]

𝑝

𝑖

 

                                    ≤ ∑[𝑣𝑖𝑔𝑖
𝑘(|𝛼||𝐸̂𝑖(𝑟, 𝑡)(𝜁)|) + 𝑣𝑖𝑔𝑖

𝑘(|𝜎||𝐸̂𝑖(𝑟, 𝑡)(𝜉)|)]
𝑝

𝑖

 

                                    ≤ ∑2𝑝 [(𝑣𝑖𝑔𝑖
𝑘(|𝛼||𝐸̂𝑖(𝑟, 𝑡)(𝜁)|))

𝑝
+ (𝑣𝑖𝑔𝑖

𝑘(|𝜎||𝐸̂𝑖(𝑟, 𝑡)(𝜉)|))
𝑝
]

𝑖

 

                                    ≤ (2𝑀𝛼)
𝑝∑[𝑣𝑖𝑔𝑖

𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁)|)]
𝑝

𝑖

+ (2𝑁𝜎)
𝑝∑[𝑣𝑖𝑔𝑖

𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜉)|)]
𝑝

𝑖

 

                                    < ∞. 

This verifies that ℓ𝑝(𝐺
𝑘 , 𝑣, 𝐸̂(𝑟, 𝑡)) is a linear space. The proof for ℓ∞(𝐺

𝑘, 𝑣, 𝐸̂(𝑟, 𝑡)) is similarly 

done. Hence the proof. □ 

Theorem 7.2.5 Assume that 𝐺 = (𝑔𝑖) is a sequence consisting of modulus functions in 𝔾. The 

sequence sets ℓ𝑝(𝐺
𝑘, 𝑣, 𝐸̂(𝑟, 𝑡)) and ℓ∞(𝐺

𝑘, 𝑣, 𝐸̂(𝑟, 𝑡)) are normed linear spaces for 1 ≤ 𝑝 < ∞, 

respectively, normed by 

‖𝜁‖ℓ𝑝(𝐺𝑘,𝑣,𝐸̂(𝑟,𝑡)) = (∑[𝑣𝑖𝑔𝑖
𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁)|)]

𝑝
∞

𝑖=1

)

1
𝑝

 

 

(7.4) 

and 

‖𝜁‖ℓ∞(𝐺𝑘,𝑣,𝐸̂(𝑟,𝑡)) = sup𝑖
[𝑣𝑖𝑔𝑖

𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁)|)]. (7.5) 

Proof. Assume that 𝜁 = ( 𝜁𝑖), 𝜉 = ( 𝜉𝑖) ∈ ℓ𝑝(𝐺
𝑘, 𝑣, 𝐸̂(𝑟, 𝑡)). The first norm axiom N1 is clearly 

held. Then we concentrate on the other axioms. (N2) Let 𝛼 be a scalar and put 𝑣 = (𝑣𝑖) as a 
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sequence such that (𝑣𝑖) = (𝑢𝑖ℎ𝑖), where (𝑢𝑖) is a sequence consisting of strictly positive real 

numbers and (ℎ𝑖) is stated as follows 

ℎ𝑖 =
|𝛼|𝑔𝑖

𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁)|)

𝑔𝑖
𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝛼𝜁)|)

 

with 𝑔𝑖
𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝛼𝜁)|) ≠ 0 for all 𝑖 ∈ ℕ. Then we shall have 

                  ‖𝛼𝜁‖ℓ𝑝(𝐺𝑘,𝑣,𝐸̂(𝑟,𝑡)) = (∑[𝑣𝑖𝑔𝑖
𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝛼𝜁)|)]

𝑝

𝑖

)

1
𝑝

 

                             = (∑[𝑢𝑖
|𝛼|𝑔𝑖

𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁)|)

𝑔𝑖
𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝛼𝜁)|)

𝑔𝑖
𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝛼𝜁)|)]

𝑝

𝑖

)

1
𝑝

 

                                      = |𝛼| (∑[𝑢𝑖𝑔𝑖
𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁)|)]

𝑝

𝑖

)

1
𝑝

= |𝛼|‖𝜁‖ℓ𝑝(𝐺𝑘,𝑣,𝐸̂(𝑟,𝑡)). 

Using Minkowski’s inequality (2.2), the axiom N3 is easily held. Hence the proof □ 

Theorem 7.2.6 Assume that 𝐺 = (𝑔𝑖) is a sequence consisting of modulus functions in 𝔾. The 

sequence spaces ℓ𝑝(𝐺
𝑘 , 𝑣, 𝐸̂(𝑟, 𝑡)) and ℓ∞(𝐺

𝑘, 𝑣, 𝐸̂(𝑟, 𝑡)) are Banach spaces, respectively,  with 

‖∙‖ℓ𝑝(𝐺𝑘,𝑣,𝐸̂(𝑟,𝑡)) and ‖∙‖ℓ∞(𝐺𝑘,𝑣,𝐸̂(𝑟,𝑡)), for 1 ≤ 𝑝 < ∞. 

 The proof of this theorem is followed from Theorem 7.1.5, so we leave it here. 

Theorem 7.2.7 Assume that 𝐺 = (𝑔𝑖) is a sequence consisting of modulus functions in 𝔾. Then 

the given sequence sets ℓ𝑝(𝐺
𝑘, 𝑣, 𝐸̂(𝑟, 𝑡)) and ℓ∞(𝐺

𝑘 , 𝑣, 𝐸̂(𝑟, 𝑡)) are BK-spaces for 1 ≤ 𝑝 < ∞, 

respectively, with the norms defined in (7.4) and (7.5).  

Proof. The verification is simply obtained. Since the conditions of (7.3) hold, 𝐸̂(𝑟, 𝑡) is a triangle 

matrix and both of ℓ𝑝 and ℓ∞ are BK-spaces considering their typical norms. Then by Theorem 

4.3.12 of Wilansky [58], the proof can be done straightforwardly. Therefore, these two sequence 

sets are BK spaces. Hence the proof. □ 

Remark 7.2.8 It is clear that ‖𝜁‖ℓ𝑝(𝐺𝑘,𝑣,𝐸̂(𝑟,𝑡)) ≠
‖|𝜁|‖ℓ𝑝(𝐺𝑘,𝑣,𝐸̂(𝑟,𝑡)) and ‖𝜁‖ℓ∞(𝐺𝑘,𝑣,𝐸̂(𝑟,𝑡)) ≠

‖|𝜁|‖ℓ∞(𝐺𝑘,𝑣,𝐸̂(𝑟,𝑡)). This means that the sequence spaces ℓ𝑝(𝐺
𝑘, 𝑣, 𝐸̂(𝑟, 𝑡)) and ℓ∞(𝐺

𝑘 , 𝑣, 𝐸̂(𝑟, 𝑡)) 

are of non-absolute type. From the above nonequalities, it has come to notice that the absolute 

property may not hold for ℓ𝑝(𝐺
𝑘, 𝑣, 𝐸̂(𝑟, 𝑡)) and ℓ∞(𝐺

𝑘, 𝑣, 𝐸̂(𝑟, 𝑡)) from at least one sequence in 

which |𝜁| = (|𝜁𝑖|) and 1 ≤ 𝑝 < ∞. 
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Theorem 7.2.9 Assume that 𝐺 = (𝑔𝑖) is a sequence consisting of modulus functions in 𝔾. Then 

for 1 ≤ 𝑝 < 𝑞,  the following inclusion relationship is satisfied. 

ℓ𝑝 (𝐺
𝑘, 𝑣, 𝐸̂(𝑟, 𝑡)) ⊆ ℓ𝑞 (𝐺

𝑘, 𝑣, 𝐸̂(𝑟, 𝑡)) 

Proof. Let 𝜁 = ( 𝜁𝑖) ∈ ℓ𝑝(𝐺
𝑘, 𝑣, 𝐸̂(𝑟, 𝑡)). Then for 𝑝 ≥ 1, it implies that  

[𝑣𝑖𝑔𝑖
𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁)|)]

𝑝
≤ 1 

for some fixed 𝑖0 ∈ ℕ and for all 𝑖 ≥ 𝑖0. Since every modulus in 𝐺 is increasing and 𝑝 < 𝑞, then 

∑[𝑣𝑖𝑔𝑖
𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁)|)]

𝑞
=∑[𝑣𝑖𝑔𝑖

𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁)|)]
𝑞

 𝑖0

𝑖=1

+ ∑ [𝑣𝑖𝑔𝑖
𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁)|)]

𝑞
 ∞

𝑖=𝑖0+1

 ∞

𝑖=1

 

                                                ≤ ∑[𝑣𝑖𝑔𝑖
𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁)|)]

𝑞

 𝑖0

𝑖=1

+ ∑ [𝑣𝑖𝑔𝑖
𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁)|)]

𝑝
 ∞

𝑖=𝑖0+1

< ∞. 

Therefore 𝜁 ∈ ℓ𝑞(𝐺
𝑘, 𝑣, 𝐸̂(𝑟, 𝑡)). Hence the proof. □ 

Theorem 7.2.10 Assume that 𝐺 = (𝑔𝑖) is a sequence consisting of modulus functions in 𝔾. Then 

the indicated inclusion relationship below is valid. 

ℓ𝑝 ⊂ ℓ𝑝 (𝐺
𝑘, 𝑣, 𝐸̂(𝑟, 𝑡)) for 1 ≤ 𝑝 < ∞. 

Proof. To verify the validity of the inclusion we need to find a number 𝐷 > 0 such that 

‖𝜁‖ℓ𝑝(𝐺𝑘,𝑣,𝐸̂(𝑟,𝑡)) ≤ 𝐷
‖𝜁‖ℓ𝑝 for 𝜁 ∈ ℓ𝑝. From the Lucas sequence, we write  

𝐿𝑖−1

𝐿𝑖
≤ 2  and  

𝐿𝑖

𝐿𝑖−1
≤

3 (𝑖 ∈ ℕ). Also, for 𝑟 ≠ 0 and 𝑡 ≠ 0, there are positive integers 𝑇𝑟 and 𝑇𝑡 such that |𝑟| ≤ 𝑇𝑟 and 

|𝑡| ≤ 𝑇𝑡. Now we assume that 𝜁 ∈ ℓ𝑝 (1 ≤ 𝑝 < ∞), then with the use of (5.3), we may write 

∑[𝑣𝑖𝑔𝑖
𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁)|)]

𝑝

𝑖

=∑[𝑣𝑖𝑔𝑖
𝑘 (|𝑟

𝐿𝑖−1
𝐿𝑖

𝜁𝑖 + 𝑠
𝐿𝑖
𝐿𝑖−1

𝜁𝑖−1|)]
𝑝 

𝑖

 

                                                 ≤ ∑6𝑝−1[𝑣𝑖𝑔𝑖
𝑘(|2𝑟𝜁𝑖| + |3𝑠𝜁𝑖−1|)]

𝑝
 

𝑖

                                    

                                                 ≤ 62𝑝−1𝑚𝑎𝑥{𝑇𝑟, 𝑇𝑡} (∑[𝑣𝑖𝑔𝑖
𝑘(|𝜁𝑖|)]

𝑝
 

𝑖

+∑[𝑣𝑖𝑔𝑖
𝑘(|𝜁𝑖−1|)]

𝑝
 

𝑖

). 

Taking both sides of the above inequality to the power of 1 𝑝⁄  then using Minkowski’s inequality 

(2.2), for  1 < 𝑝 ≤ ∞, we have 
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 ‖𝜁‖ℓ𝑝(𝐺𝑘,𝑣,𝐸̂(𝑟,𝑡)) ≤ 36𝑚𝑎𝑥
{𝑇𝑟, 𝑇𝑡} ‖𝜁‖ℓ𝑝 (7.6) 

For 𝑝 = 1, the inequality (7.6) is easily obtained. Hence the proof. □ 

Example 7.2.11 The sequence 𝜁 = (𝜁𝑖) = (
1

𝑟
(−

𝑠

𝑟
)
𝑖
𝐿𝑖
2) assures the strictness of the above 

inclusion relationship since 𝜁 ∈ ℓ𝑝(𝐺
𝑘, 𝑣, 𝐸̂(𝑟, 𝑡)) − ℓ𝑝. 

Theorem 7.2.12 Assume that 𝐺 = (𝑔𝑖) is a sequence consisting of modulus functions in 𝔾, and 

let 𝛽𝑚 = 𝑣𝑖𝑔𝑖
𝑘(𝐸̂𝑚(𝑟, 𝑡)(𝜁)). Then for 1 ≤ 𝑝 < ∞, the sequence  (ℎ(𝑚))

𝑖=1

∞
 provides a basis for 

ℓ𝑝(𝐺
𝑘 , 𝑣, 𝐸̂(𝑟, 𝑡)) which is formed as 

(ℎ(𝑚))
𝑖
= {

1

𝑟
(−

𝑠

𝑟
)
𝑚−𝑖 𝐿𝑖

2

𝐿𝑚−1𝐿𝑚
,      𝑖 ≥ 𝑚 

 0,                                         𝑚 > 𝑖.

 

 For that, every 𝜁 ∈ ℓ𝑝 (𝐺
𝑘, 𝑣, 𝐸̂(𝑟, 𝑡)) is uniquely represented in the following form 

 𝜁 =∑𝛽
𝑚
ℎ
(𝑚)

𝑚

. 
 
(7.7) 

Proof. By using the sequence (ℎ(𝑚))
𝑖
 we get 𝑣𝑖𝑔𝑖

𝑘 (𝐸̂(𝑟, 𝑡)(ℎ(𝑚))) = 𝑒(𝑚) ∈ ℓ𝑝 where 𝑒(𝑚) =

(0, 0, … , 0, 1, 0,… )  (i.e. 1 at the mth  place and zero elsewhere) for each 𝑚 ∈ ℕ. Hence ℎ(𝑚) ∈

ℓ𝑝(𝐺
𝑘 , 𝑣, 𝐸̂(𝑟, 𝑡)). In addition, let 𝜁 ∈ ℓ𝑝(𝐺

𝑘, 𝑣, 𝐸̂(𝑟, 𝑡)) and for every 𝑛 ∈ ℕ0 = ℕ ∪ {0}, take 

𝜁(𝑛) = ∑ 𝛽𝑚ℎ
(𝑚)

𝑛

𝑚=1

. 

Thus  

𝑣𝑖𝑔𝑖
𝑘 (𝐸̂ (𝑟, 𝑡)(𝜁

(𝑛))) = ∑ 𝑣𝑖𝑔𝑖
𝑘 (𝐸̂𝑚(𝑟, 𝑡)(𝜁))

𝑛

𝑚=1

𝑣𝑖𝑔𝑖
𝑘 (𝐸̂(𝑟, 𝑡)(ℎ(𝑚))) 

  = ∑ 𝛽𝑚

𝑛

𝑚=1

𝑒(𝑚).                       

Also 

𝑣𝑖𝑔𝑖
𝑘 (𝐸̂𝑖 (𝑟, 𝑡)(𝜁− 𝜁

(𝑛))) = {
𝑣𝑖𝑔𝑖

𝑘 (𝐸̂𝑖 (𝑟, 𝑡)(𝜁)) ,   𝑖 > 𝑛 

0,                             0 ≤ 𝑖 ≤ 𝑛.
 

Then, there has 𝑛0 ∈ ℕ0 such that 
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∑ [𝑣𝑖𝑔𝑖
𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁)|)]

𝑝
≤ (

𝜀

2
)
𝑝

∞

𝑖=𝑛0+1

 

for any 𝜀 > 0. Therefore, for every 𝑛 > 𝑛0, we shall have  

‖𝜁− 𝜁(𝑛)‖
ℓ𝑝(𝐺

𝑘,𝑣,𝐸̂(𝑟,𝑡))
= ( ∑ [𝑣𝑖𝑔𝑖

𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁)|)]
𝑝

∞

𝑖=𝑛+1

)

1
𝑝

 

                                                                  ≤ ( ∑ [𝑣𝑖𝑔𝑖
𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁)|)]

𝑝
∞

𝑖=𝑛0+1

)

1
𝑝

≤
𝜀

2
< 𝜀.  

This concludes that   

lim
𝑛→∞

‖𝜁− 𝜁(𝑛)‖
ℓ𝑝(𝐺

𝑘,𝑣,𝐸̂(𝑟,𝑡))
= 0. 

Moreover, to show that (7.7) is unique, let us consider 

𝜁 =∑ 𝜉𝑚ℎ
(𝑚) 

𝑚

 

for 𝜁 ∈ ℓ𝑝(𝐺
𝑘, 𝑣, 𝐸̂(𝑟, 𝑡)). Then, we have  

𝑣𝑖𝑔𝑖
𝑘 (𝐸̂𝑖(𝑟, 𝑡)(𝜁)) =∑𝜉𝑚 (𝑣𝑖𝑔𝑖

𝑘 (𝐸̂𝑖(𝑟, 𝑡)(ℎ
(𝑚))))

𝑚

 

             = ∑𝜉𝑚𝑒𝑖
(𝑚) = 𝜉𝑖 .

𝑚

 

Hence the proof. □ 

Theorem 7.2.13 Assume that 𝐺 = (𝑔𝑖) is a sequence consisting of modulus functions in 𝔾. Then 

the Gurarii’s modulus of convexity for ℓ𝑝(𝐺
𝑘, 𝑣, 𝐸̂(𝑟, 𝑡)), 1 ≤ 𝑝 < ∞ is expressed as follows 

𝛾ℓ𝑝(𝐺𝑘,𝑣,𝐸̂(𝑟,𝑡))(𝜀) ≤ 1 − (1 − (
𝜀

2
)
𝑝

)

1
𝑝
,    𝜀 ∈ [0,2]. 

Proof. Take 𝜁 ∈ ℓ𝑝(𝐺
𝑘, 𝑣, 𝐸̂(𝑟, 𝑡)). Then,  

‖𝜁‖ℓ𝑝(𝐺𝑘,𝑣,𝐸̂(𝑟,𝑡)) = ‖𝑣𝑖𝑔𝑖
𝑘 (𝐸̂𝑖(𝑟, 𝑡)(𝜁))‖

ℓ𝑝
= (∑[𝑣𝑖𝑔𝑖

𝑘(|𝐸̂𝑛(𝑟, 𝑡)(𝜁)|)]
𝑝

𝑖

)

1
𝑝
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We also take the sequences 𝑎 = (𝑎𝑚) and 𝑏 = (𝑏𝑚), where 

𝑎𝑚 = ((𝑣𝑖𝑔𝑖
𝑘)
−1
𝐸̂−1(𝑟, 𝑡) (1 − (

𝜀

2
)
𝑝

)

1
𝑝
, (𝑣𝑖𝑔𝑖

𝑘)
−1
𝐸̂−1(𝑟, 𝑡) (

𝜀

2
) , 0, 0, …) 

and 

𝑏𝑚 = ((𝑣𝑖𝑔𝑖
𝑘)
−1
𝐸̂−1(𝑟, 𝑡) (1 − (

𝜀

2
)
𝑝

)

1
𝑝
, (𝑣𝑖𝑔𝑖

𝑘)
−1
𝐸̂−1(𝑟, 𝑡) (−

𝜀

2
) , 0, 0, …). 

Where 𝐸̂−1(𝑟, 𝑡) represents the inverse of the matrix 𝐸̂(𝑟, 𝑡) and 𝜀 ∈ [0,2]. The 𝐸̂-transforms of 

the sequences 𝑎 and 𝑏 are given by 

𝑣𝑖𝑔𝑖
𝑘𝐸̂(𝑟, 𝑡)(𝑎) = ((1 − (

𝜀

2
)
𝑝

)

1
𝑝
, (
𝜀

2
) , 0, 0, …) 

and 

𝑣𝑖𝑔𝑖
𝑘𝐸̂(𝑟, 𝑡)(𝑏) = ((1 − (

𝜀

2
)
𝑝

)

1
𝑝
, (−

𝜀

2
) , 0, 0, …). 

Then, we have 

‖𝑣𝑖𝑔𝑖
𝑘𝐸̂(𝑟, 𝑡)(𝑎)‖

ℓ𝑝
= ‖𝑎‖ℓ𝑝(𝐺𝑘,𝑣,𝐸̂(𝑟,𝑡)). = 1, 

and  

‖𝑣𝑖𝑔𝑖
𝑘𝐸̂(𝑟, 𝑡)(𝑏)‖

ℓ𝑝
= ‖𝑏‖ℓ𝑝(𝐺𝑘,𝑣,𝐸̂(𝑟,𝑡)). = 1. 

Hence, 𝑎, 𝑏 ∈ 𝑆ℓ𝑝(𝐺𝑘,𝑣,𝐸̂(𝑟,𝑡)), and  

‖𝑣𝑖𝑔𝑖
𝑘𝐸̂(𝑟, 𝑡)(𝑎) − 𝑣𝑖𝑔𝑖

𝑘𝐸̂(𝑟, 𝑡)(𝑏)‖
ℓ𝑝
= ‖𝑎 − 𝑏‖ℓ𝑝(𝐺𝑘,𝑣,𝐸̂(𝑟,𝑡)) = 𝜀. 

Now, for 𝛼 ∈ [0,1], 

‖𝛼𝑎 + (1 − 𝛼)𝑏‖
ℓ𝑝(𝐺

𝑘,𝑣,𝐸̂(𝑟,𝑡))

𝑝
= ‖𝛼𝑣𝑖𝑔𝑖

𝑘𝐸̂(𝑟, 𝑡)(𝑎) + (1 − 𝛼)𝑣𝑖𝑔𝑖
𝑘𝐸̂(𝑟, 𝑡)(𝑏)‖

ℓ𝑝

𝑝
 

                     = 1 − (
𝜀

2
)
𝑝

+ |2𝛼 − 1|𝑝 (
𝜀

2
)
𝑝

. 

From here, 

𝑖𝑛𝑓
𝛼∈[0,1]

‖𝛼𝑎 + (1 − 𝛼)𝑏‖ℓ𝑝(𝐺𝑘,𝑣,𝐸̂(𝑟,𝑡)) = (1 − (
𝜀

2
)
𝑝

)

1
𝑝
. 

Therefore, for 1 ≤ 𝑝 < ∞, 
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                                  𝛾ℓ𝑝(𝐺𝑘,𝑣,𝐸̂(𝑟,𝑡))
(𝜀) ≤ 1 − (1 − (

𝜀

2
)
𝑝
)

1

𝑝
.                                                      

Hence the proof. □  

Corollary 7.2.14  

 (i)  If  𝜀 = 2, then 𝛾ℓ𝑝(𝐺𝑘,𝑣,𝐸̂(𝑟,𝑠))
(𝜀) ≤ 1 and so that ℓ𝑝 (𝐺

𝑘, 𝑣, 𝐸̂(𝑟, 𝑠)) is strictly convex. 

(ii) If 0 < 𝜀 < 2, then 0 < 𝛾ℓ𝑝(𝐺𝑘,𝑣,𝐸̂(𝑟,𝑠))
(𝜀) < 1 and so that ℓ𝑝 (𝐺

𝑘 , 𝑣, 𝐸̂(𝑟, 𝑠)) is 

uniformly convex. 

Theorem 7.2.15 Consider that 𝐺 = (𝑔𝑖) is a sequence consisting of modulus functions in 𝔾. If 

𝑔𝑖(𝑢) ≤ 𝑢 for all 𝑖 ∈ ℕ and for every 𝑢 ∈ ℝ+ ∪ {0}, then ℓ𝑝(𝑣, 𝐸̂(𝑟, 𝑡)) ⊂ ℓ𝑝(𝐺
𝑘, 𝑣, 𝐸̂(𝑟, 𝑡)). 

Proof. Let 𝜁 ∈ ℓ𝑝(𝑣, 𝐸̂(𝑟, 𝑡)). Since (𝐺𝑖) is increasing for each 𝑖 ∈ ℕ, and 𝑔𝑖(𝑢) ≤ 𝑢 for all 𝑖 ∈ ℕ 

and for every 𝑢 ∈ ℝ+ ∪ {0}, then according to (6.1), we may write 

∑[𝑣𝑖𝑔𝑖
𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁)|)]

𝑝
 

𝑖

≤∑[𝑣𝑖𝑔𝑖
𝑘−1(|𝐸̂𝑖(𝑟, 𝑡)(𝜁)|)]

𝑝
 

𝑖

≤ ⋯ ≤∑[𝑣𝑖|𝐸̂𝑖(𝑟, 𝑡)(𝜁)|]
𝑝
.

 

𝑖

 

So that 

∑[𝑣𝑖𝑔𝑖
𝑘(|𝐸̂𝑖(𝑟, 𝑡)(𝜁)|)]

𝑝
 

𝑖

< ∞. 

Therefore, we obtain that 𝜁 ∈ ℓ𝑝(𝐺
𝑘, 𝑣, 𝐸̂(𝑟, 𝑡)). Hence the proof. □ 

Corollary 7.2.16 Assume that 𝐺 = (𝑔𝑖) is a sequence consisting of modulus functions in 𝔾. If 

𝑔𝑖(𝑢) ≤ 𝑢 for all 𝑖 ∈ ℕ and for every 𝑢 ∈ ℝ+ ∪ {0}, then 

ℓ𝑝 (𝑣, 𝐸̂(𝑟, 𝑡)) ⊂ ℓ𝑝 (𝐺, 𝑣, 𝐸̂(𝑟, 𝑡)) ⊂ ⋯ ⊂ ℓ𝑝 (𝐺
𝑘, 𝑣, 𝐸̂(𝑟, 𝑡)). 

Theorem 7.2.17 Consider that 𝐺 = (𝑔𝑖) is a sequence consisting of modulus functions in 𝔾. If 

𝑔𝑖(𝑢) ≥ 𝑢 for all 𝑖 ∈ ℕ and for every 𝑢 ∈ ℝ+ ∪ {0}, then ℓ𝑝(𝐺
𝑘, 𝑣, 𝐸̂(𝑟, 𝑡)) ⊂ ℓ𝑝(𝑣, 𝐸̂(𝑟, 𝑡)). 

Proof. By using (6.2), the proof can be clearly done similar to the above proof. So, we leave it. 

Corollary 7.2.18 Assume that 𝐺 = (𝑔𝑖) is a sequence consisting of modulus functions in 𝔽. If 

𝑔𝑖(𝑢) ≥ 𝑢 for all 𝑖 ∈ ℕ and for every 𝑢 ∈ ℝ+ ∪ {0}, then 

ℓ𝑝 (𝐺
𝑘 , 𝑣, 𝐸̂(𝑟, 𝑡)) ⊂ ℓ𝑝 (𝐺

𝑘−1, 𝑣, 𝐸̂(𝑟, 𝑡)) ⊂ ⋯ ⊂ ℓ𝑝 (𝑣, 𝐸̂(𝑟, 𝑡)). 
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Corollary 7.2.19 Assume that 𝐺 = (𝑔𝑖) is a sequence consisting of modulus functions in 𝔾. Let 

𝑘1 < 𝑘2 and 𝑢 ∈ ℝ+ ∪ {0}, then we have the cases below: 

 (i) If 𝑔𝑖(𝑢) ≤ 𝑢 for all 𝑖 ∈ ℕ, then ℓ𝑝(𝐺
𝑘1 , 𝑣, 𝐸̂(𝑟, 𝑡)) ⊂ ℓ𝑝(𝐺

𝑘2 , 𝑣, 𝐸̂(𝑟, 𝑡)). 

 (ii)  If 𝑔𝑖(𝑢) ≥ 𝑢 for all 𝑖 ∈ ℕ, then ℓ𝑝(𝐺
𝑘2 , 𝑣, 𝐸̂(𝑟, 𝑡)) ⊂ ℓ𝑝(𝐺

𝑘1 , 𝑣, 𝐸̂(𝑟, 𝑡)). 

 The proof of (i) and (ii) can be done by using (6.1) and (6.2), respectively. 

Theorem 7.2.20 Consider that 𝐺 = (𝑔𝑖) and 𝐻 = (ℎ𝑖) are two sequences of modulus functions in 

𝔾. If 𝑔𝑖(𝑢) ≤ ℎ𝑖(𝑢) for all 𝑖 ∈ ℕ and for every 𝑢 ∈ ℝ+ ∪ {0}, then  

(i) ℓ𝑝(𝐺
𝑘 ∘ 𝐻, 𝑣, 𝐸̂(𝑟, 𝑡)) ⊂ ℓ𝑝(𝐺

𝑘+1, 𝑣, 𝐸̂(𝑟, 𝑡)). 

(ii)  ℓ𝑝(𝐻
𝑘+1, 𝑣, 𝐸̂(𝑟, 𝑡)) ⊂ ℓ𝑝(𝐻

𝑘 ∘ 𝐺, 𝑣, 𝐸̂(𝑟, 𝑡)). 

Proof. (i) From (6.3), we have 

𝑔𝑖
𝑘+1(𝑢) ≤  𝑔𝑖

𝑘(ℎ𝑖(𝑢)). 

Now let 𝜁 ∈ ℓ𝑝(𝐺
𝑘 ∘ 𝐻, 𝑣, 𝐸̂(𝑟, 𝑡)). Then according to the above inequality, we may write 

∑[𝑣𝑖𝑔𝑖
𝑘+1(|𝐸̂𝑖(𝑟, 𝑡)(𝜁)|)]

𝑝
 

𝑖

≤∑[𝑣𝑖𝑔𝑖
𝑘 (ℎ𝑖(|𝐸̂𝑖(𝑟, 𝑡)(𝜁)|))]

𝑝
 

𝑖

< ∞ 

for 1 ≤ 𝑝 < ∞. This concludes that 𝜁 ∈ ℓ𝑝(𝐺
𝑘+1, 𝑣, 𝐸̂(𝑟, 𝑡)). The proof of (ii) can be done 

similarly to the above steps by using (6.4). □  
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8. CONCLUSIONS 

During this study, the modulus functions 𝑔 and ℎ, the lacunary sequences 𝜃 = (𝑘𝑟) and 

𝜗 = (𝑠𝑟), the sequences of modulus functions 𝐺 = (𝑔𝑖) and 𝐻 = (ℎ𝑖), the Lucas transform 

𝐸̂(𝑟, 𝑡), and a sequence of strictly positive reals 𝑣 = (𝑣𝑖)  were generally used to obtain some 

new results, where (𝑟, 𝑖 ∈ ℕ). 

Firstly, the idea of 𝑔𝑘-density of a natural numbers’ subset was established, then by the 

use of 𝜃, this definition has been extended to introduce the idea of lacunary statistical 

convergence according to 𝑔𝑘, where 𝑔𝑘 = 𝑔 ○ 𝑔 ○ …○ 𝑔   (𝑘 times). Also, the connections 

between the sets of 𝑆𝜃(𝑔
𝑘) and 𝑆𝜃, 𝑆𝜃(𝑔

𝑘+1) and 𝑆𝜃(𝑔
𝑘 ∘ ℎ), 𝑆𝜃(𝑔

𝑘) and 𝑆𝜃(𝑔
𝑘,𝑚), 𝑆𝜃(𝑔

𝑘,𝑚) 

and 𝑆𝜃(𝑔
𝑚,𝑘) have been talked about. After that, the idea of lacunary strong convergence 

according to 𝑔𝑘 was defined, then the relations between the sets of 𝑁𝜃(𝑔
𝑘) and 𝑁𝜃, 𝑁𝜃(𝑔

𝑘1) and 

𝑁𝜃(𝑔
𝑘2), 𝑁𝜃(𝑔

𝑘) and 𝑁𝜗(𝑔
𝑘), 𝑁𝜃(𝑔

𝑘) and 𝑆𝜃 were determined, where 𝑘1 ≤ 𝑘2. 

In addition, the concept of 𝐺𝑘-density of a natural numbers’ subset has been established, 

where 𝐺𝑘 = (𝑔𝑛
𝑘) = {𝑔1

𝑘,  𝑔2
𝑘, … } (𝑘 ∈ ℕ). Later, with the help of a lacunary sequence 𝜃 and the 

Lucas transform 𝐸̂(𝑟, 𝑡) this definition was extended to define the thought of lacunary statistical 

𝐸̂(𝑟, 𝑡)-convergence according to 𝐺𝑘. Also some connections between the sets of 𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘) 

and 𝑆𝜃(𝐸̂(𝑟, 𝑡)), 𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘) and 𝑆𝜗(𝐸̂(𝑟, 𝑡), 𝐺

𝑘), 𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘+1) and 𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐺

𝑘 ∘ 𝐻) 

have been examined. Furthermore, the concept of lacunary strong 𝐸̂(𝑟, 𝑡)-convergence according 

to 𝐺𝑘 was introduced. Then the connections between the sets of 𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘) and 

𝑁𝜗(𝐸̂(𝑟, 𝑡), 𝐺
𝑘), 𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐺

𝑘 ∘ 𝐻) and 𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘+1), 𝑁𝜃

0(𝐺𝑘) and 𝑁𝜃
0(𝐸̂(𝑟, 𝑡), 𝐺𝑘) have 

been determined. Also, the relations of the set 𝑁𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘)-strongly convergent sequences to 

the sets of 𝑆𝜃(𝐸̂(𝑟, 𝑡), 𝐺
𝑘)-statistically convergent sequences and 𝑤(𝐸̂(𝑟, 𝑡), 𝐺𝑘)-strongly Cesaro 

summable sequences were talked about. 

Moreover, two sequence spaces depended on the Lucas band matrix and a sequence of modulus 

functions, such as ℓ𝑝(𝐺
𝑘, 𝑣, 𝐸̂(𝑟, 𝑡)) and ℓ∞(𝐺

𝑘, 𝑣, 𝐸̂(𝑟, 𝑡)) were generalized. Then these 

sequence spaces were established as BK spaces with their identified norms. The basis and a 

geometrical property such as the Gurarii’s modulus of convexity for ℓ𝑝(𝐺
𝑘, 𝑣, 𝐸̂(𝑟, 𝑡)) have been 

discussed. Also, the relation between ℓ𝑝 and ℓ𝑝(𝐺
𝑘, 𝑣, 𝐸̂(𝑟, 𝑡)) was examined. 
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