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ABSTRACT

The celebrated Gelfand-Naimark Theorem states that the category of compact Hausdorff
topological spaces is equivalent to the opposite category of commutative unital C*-
algebras. Topological constructions such as obtaining the sphere by gluing two discs
(corresponding to the northern and southern hemispheres) along their boundaries (the
equator) or obtaining the real projective space as the quotient of a sphere by antipodal
identification, have their counterparts in contravariant C*-algebra constructions.

The Gelfand-Naimark-Segal Theorem characterises all C*-algebras as closed *-subalgeb-
ras of bounded linear transformations on a Hilbert space H. Unlike the Gelfand-Naimark
Theorem there is no uniqueness statements in the Gelfand-Naimark- Segal Theorem
specifying the Hilbert space H or the closed *-subalgebra. There is probably no good
analog of the Gelfand-Naimark Theorem for all noncommutative C*-algebras. However,
this may be possible for the important subclass of graph C*-algebras. Some of these
graph C*-algebras have been identified as quantum spaces, that is, deformations of the
commutative (C*-algebras of complex valued continuous functions defined on compact
Hausdorff topological spaces.

The Stone-Weierstrass Theorem provides finitely generated dense subalgebras of alge-
bras of continuous functions on closed and bounded subsets of Euclidean space. These
are usually polynomial algebras or their quotients.

We present noncommutative (algebraic) analogs of these constructions as dense finitely
generated subalgebras, (co)functorially. The cofunctor Ly assigns to each di(rected
)graph I' its Leavitt path algebra Lgr(I") with coefficients in the field F and a graded
x-algebra homomorphism to each admissable digraph morphism.

Keywords: Leavitt Path Algebra, C*-algebra, Category, Functor.
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OZET

Gelfand-Naimark Teoremi, tikiz Hausdorff topolojik uzaylar1 kategorisinin, degigmeli
birimli C*-cebirlerinin karsit kategorisine denk oldugunu ifade eder. Kuzey ve giiney
yarimkiirelere karsilik gelen iki diski sinirlari (ekvator) boyunca yapistirarak kiireyi
elde etmek veya antipodal tanimlamayla bir kiirenin boliimii olarak real projektif uzay1
elde etmek gibi topolojik insalarin C*-cebirleri kategorisinde karsiliklari vardir.

Gelfand-Naimark-Segal Teoremi, tim C*-cebirlerini, bir H Hilbert uzay1 iizerindeki
sinirlt lineer doniisiimlerin kapalr *-alt cebirleri olarak karakterize eder. Gelfand-
Naimark Teoreminin aksine, Gelfand-Naimark-Segal Teoreminde H Hilbert uzayini
veya kapal1 x-alt cebirini belirleyen teklik ifadesi yoktur. Degismeli olmayan tim C™-
cebirleri i¢in Gelfand-Naimark Teoreminin muhtemelen iyi bir karsili§1 yoktur. Ancak
C*-cebirlerinin 6nemli bir alt sinifi olan ¢izge C*-cebirleri i¢in bu miimkiin olabilir.
Cizge (C*-cebirlerinin bazilar1 kuantum uzaylar, yani tikiz Hausdorff topolojik uzay-
larin tizerinde tanimli kompleks degerli siirekli fonksiyon C*-cebirlerinin (degismeli
olmayan) deformasyonlar1 olarak verilmistir.

Stone-Weierstrass Teoremi, Oklid uzayinin kapali ve sinirli alt kiimeleri iizerindeki
stirekli fonksiyon cebirlerinin sonlu iiretilmis yogun alt cebirlerini saglar. Bunlar genel-
likle polinom cebirleri veya boliimleridir.

Bu yapilarin degismeli olmayan (cebirsel) analoglarini, yani quantum uzaylarin yogun,
sonlu tiretilmis alt cebirlerini kofunktoryel olarak veriyoruz. Lr kofunktoru her yonli
I' ¢gizgesine ' nin katsayilart F' cisminden gelen Ly(I") Leavitt yol cebirini ve her
yasal yonlii ¢izge morfizmasina bir dereceli *-cebiri homomorfizmasi atar.

Anahtar Kelimeler: Leavitt Yol Cebiri, C*-cebiri, Kategori, Funktor.
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1. INTRODUCTION

The celebrated Gelfand-Naimark Theorem essentially states that the category of compact
Hausdorff topological spaces is equivalent to the opposite category of commutative
unital C*-algebras (given as the Banach algebras of complex valued continuous functions
defined on the spaces). When these spaces are closed and bounded subsets of Euclidean
space the Stone-Weierstrass Theorem provides finitely generated dense subalgebras

(polynomial algebras or their quotients).

Topological constructions such as obtaining the sphere by gluing two disks (corre-
sponding to the north and south hemispheres) along their boundary (the equator) or by
collapsing the boundary sphere of a disc, obtaining the real projective space as the quo-
tient of a sphere by the antipodal identification have their counterparts in contravariant

(C*-algebra constructions. These are explained in 4.1 and 4.2 below.

Noncommutative deformation quantizations of these C'*-algebras are referred to as
quantum topological spaces. Graph C*-algebras form an important class which include
quantum discs, quantum spheres and quantum real projective spaces. Recently noncom-
mutative analogs of these commutative C*-algebra constructions have been studied, for
instance in [1], [2], [3]. A discussion of deformation quantizations is beyond the scope
of this thesis. We will just accept that the directed graphs given in these references

correspond to the relevant quantum spaces.

The analog of dense polynomial algebras of the Stone-Weierstrass Theorem in graph
(C*-algebras turn out to be Leavitt path algebras. These are discussed in Chapters 3 and

4. In particular, the third section of Chapter 4 has the main results of this thesis.

The methods used will be well-developed tools of category theory, topology, func-
tional analysis and mostly associative algebras (specifically Leavitt path algebras). Our
viewpoint is categorical and the main objective is to extend the Leavitt path algebra
construction to a cofunctor from a suitable subcategory of directed graphs and their

morphisms to category of Z-graded x-algebras.



2. PRELIMINARIES

2.1. Algebras

Definition 1. [4] A set GG is called a monoid such that GG is a set and « is a binary

operation on G satisfying the following:

(1) (axb)xc=ax*(bxc) forall a, b, c € G,

(i1) thereis e € G suchthat axe =a =exa forall a € G.
The element e is called the identity of the operation .

Definition 2. [4] A group is an ordered pair (G,*) where G is asetand « is a binary

operation on G satisfying the following:
(i) (G,*) is monoid,

-1

(ii) Foreach a € G thereis an element ¢! of G, suchthat axa ! =a lxa=ce.

The element o~}

is called the inverse of the element a with respect to *.
The group (G, *) is called abelian if a xb =b*a forall a, b € G.

Definition 3. [4] A ring is an ordered triple (R, +,-) such that R is a nonempty set
and + and - are two binary operations called addition and multiplication respectively,

on R satisfying the following:
(i) (R,+) is an abelian group,
(ii) (a-b)-c=a-(b-c) forall a,b,c € R,
(iii) a- (b+c)=(a-b)+ (a-c) forall a,b,c € R,
(iv) (b+c)-a=(b-a)+ (c-a) forall a,b,ce R.

If R has a multiplicative identity, denoted by 1g, or 1 when the ring R is clear from

the context, then R is called unital.
A ring R is called commutative if ab = ba forall a, b € R.

A commutative unital ring is called a field if the set of nonzero elements forms a

multiplicative group.

We usually right ab instead of a - b to denote multiplication.



Definition 4. [4] Let R and S be rings. A ring homomorphismisamap 6 : R — S
satisfying 0(a + b) = 6(a) + 6(b) and 6(ab) = 0(a)f(b) forall a, b € R.

Definition 5. [4] Let R be a ring and / be a nonempty subset of R. If
(i) a+belforalla, bel

(i1)) ra € I and ar € [ forall » € R and all @ € [ then [ is said to be a (two-sided)
ideal of R.

Definition 6. [4] Let R be aring. An abelian group (M, +) is called a right R-module
or right module over R with respect to a mapping - : M x R — M ifforall r, s € R

and m,n € M,
i) (m+n)-r=m-r+n-r,
(ii) (m-r)-s=m-(rs)

(i) m-(s+r)=m-s+m-r

If R has1landif m-1=m forall m € M, then M is called unital or a unital right
R-module. Again we usually write mr instead of m - 7.

A vector space is a unital (left) F-module where F is a field.

Definition 7. [4] Let R be aring and let M and N be R-module. An R-module
homomorphism is amap 6 : M — N satisfying 6(m +n) = 6(m) + 6(n) and
O(mr) = 60(m)r forall m,n € M and r € R.

A vector space homomorphism is called a linear transformation.

Definition 8. [4] An F—algebra A, where F is a field, is a ring that is also an F—
vector space with the same additive operation + such that multiplication by scalars
satisfies A(ab) = (Aa)b = a(Ab) forall A € F and for all a, b € A. An algebra with

1 is called unital.

Definition 9. [4] Let .4 and B be F-algebras. An algebra homomorphism is a map

0 : A — B which is both a ring homomorphism and a linear transformation.
A ring/module/algebra homomorphism € is called
(1) a monomorphism if € is one-to-one,

(i) an epimorphism if € is onto,



(ii1) an isomorphism if there is a homomorphism ¢ such that # o ¢ and 6o ¢ are

identity maps.

Fact 1. [4] A ring/module/algebra homomorphism 6 is an isomorphism if and only if

6 is one-to-one and onto.

Example 1. The set of all polynomials in X with coefficients from a field F is denoted
by F[x] where F[x] = {Z a;x'|a; € F with finitely many a; nonzero }. The algebra
(Flx], +,-) is called the polynomlal algebra with coefficients from F when addition

and multiplication of the polynomials

p(z) :Zalx and ¢(x be
i=0
are defined by
p(x) +q(z) = Z(ai + b))z
i=0
and

00 k
= E cpx® where ¢ = E a;br_;.
k=0 i=0

The polynomial algebra F[z] satisfies A\(p(x)q(z)) = (Ap(z))q(z) = p(x)(Ag(x)) for
all A € F and for all p(x),q(x) € Flz]. Hence F|x] is an F-algebra.

Similarly, Flxy,zs,...2,] is the polynomial algebra in n variables with coefficients
from FF.

1

Example 2. The set of all polynomials in x, =" with coefficients from a field F is

denoted by Flz, 27! where F[z, 27 '] = { > a;2*|a; € F, m,n € N}. This algebra

i=—m

is called the Laurent polynomial algebra with coefficients from F.

Example 3. The set of square matrices of a fixed size over a field IF, with the operations
of matrix addition, matrix multiplication and multiplication by scalars is an [F-algebra.

The matrix algebra of n x n-matrices over [ is denoted by M, (F).

Definition 10. [5] For a set X the vector space FX is the set of formal F-linear
combinations of elements of X . The monoid algebra of a (multiplicative) monoid S

over [F is S as a vector space with the multiplication of S extended linearly to 'S

4



Example 4. If the monoid is (N, +) then the algebra FN is isomorphic to the polynomial

algebra FX where n < z".

Example 5. The F-algebraF(xq, 2o, . .., z,) is called the noncommutative polynomial algebra
over [ in m noncommuting variables, that is, the monoid algebra of the multiplicative
monoid of noncommuting monomials 2" v % . .. 7% with iy, g, ... i € {1,2,...,n}
and m; € N for i € {1,2,...k} . Note that if some m; = 0 then this monomial is
identified with the monomial obtained by dropping z;; . In particular if all m; = 0

then we have the empty product which is 1, the multiplicative identity of the monoid

and the algebra. The subalgebra of polynomials with constant term 0, that is, the span

mi . m2

x x"
i1 i

of monomials x .x;"* with some m; > 0 will be denoted F(x1,7y,...7,)4
which is a nonunital algebra. For any set X the polynomial algebra F(X) is the
polynomial algebra in the noncommuting variables = € X and F(X), is as above,
that is, F(X), is the (nonunital) subalgebra of F(X) consisting of polynomials with

constant term zero.

Algebras defined by generators and relations: If X is the set of generators then the

relations are the form {f; = g; }ier

(i) If fi,9;, € F(X)4 foralli € I then A :=TF(X),/({fi — gi}ier) is the algebra
generated by X subject to the relations {f; = ¢;}icr where ({f; — gi }icr) is the
ideal generated by {f; — g }ies-

(if) If some f; or g; is not in F(X), , that is, some f; or ¢g; has a nonzero constant
term, then the algebra generated by X subject to the relations {f; — g;}ies is
A=F(X)/({fi = gi}ier) -

The definition of most algebras below, such as Leavitt path algebras, is of the first kind,
that is, as a quotient of F(.X') . But the definition of the Jacobson algebra (also defined
below) is of the second kind.

To define an algebra homomorphism ¢ from the F-algebra A generated by X subject
to the relations { f; = g; }:es to the F-algebra B we specify ¢(X) = {p(2)}.ex C B

for all x € X and check that the relations are satisfied, that is, f;(¢(X)) = gi(¢(X))

forallz € I.

Example 6. The matrix algebra M, (F) where IF is a field and n is a positive integer,

may be realized as the algebra generated by the n? generators {z;;} with1 <1, j <n



subject to the n* relations xi;Tp = 055wy forall 1 <4, j, k, I <n where 9, is the
Kronecker delta. In the quotient F({z;;})./({zijxm — jrxu}) = M, (F) the image
of z;; € F({z;;})+ is the elementary matrix E;; € M, (F) whose (i, j) entry is 1 and

all other entries are 0.

Example 7. [6] Let [F be a field and n a positive integer. Then the Leavitt [F-algebra of type
(1,n) , denoted by Lr(1,n), is the F-algebra generated by elements {z;, y; : i =

1,...,n} and subject to the following relations:
Q) 3y =1
(il) zy; =0 .
Note that Lp(1,1) = Flx, 271
Definition 11. [7] Let G be a group. An F-algebra A is called a G-graded F-algebra
if
(i) A=€D, oA, where A, are subspaces of A,
(i) A,A5 € A5 forevery v,0 € G.

The subspace A, is called the  -component of A . The elements of UveG A, ina
graded algebra A are called homogeneous elements. The non-zero elements of A,
are called y-homogeneous, and set to have grade . The element 0 is considered to be

homogeneous of every grade.

Example 8. The polynomial algebra F[z] is a Z-graded F-algebra since F[z] =
@D,y Fz' with Flz]; := Fz' when ¢ > 0, in particular F[z]o = F and F[z]; = Fz.
Also F[z]; := 0 when i < 0. Note that F[z];F[z]; = (Fa')(Fa?) = Fa't9 = Fz];,.
The polynomial algebra [F|x,y| has a Z-grading (by total degree) and a Z x Z-grading
where Flz, y; := Fz'+Fz' " 'y+...+Fy’ inthe Z-grading and F|z, y]; ;) := Fa'y’ in
the Z x Z-grading for all ¢, j > 0, with the remaining homogeneous components being
zero. Similarly Flzy, xo, ..., x,] has a Z-grading by total degree (where homogeneous
elements of degree n are exactly the homogeneous polynomials of degree n) and a

Z"-grading where homogeneous components have dimension 0 or 1.

Example 9. If F be a be an arbitrary field and F[z, z7!] be the Laurent polynomial

algebra. An element of F[x,27!] is of the form > a;z' with m € Z and finitely
i>m
many non-zero a;’s. Then Flx,x7!] has the Z-grading where F[z, 27|, = Fz" for



all n € Z.

Example 10. A super algebra A = Ay A, isa Z/27Z-graded algebra. Elements of
the 0-component A, are said to be even and elements of the 1-component A; are said
to be odd. Any F-algebra has the trivial Z/27Z-grading where Ay := A and A4, := 0.
Similarly, any [F-algebra A has the trivial Z-grading where A, := A and A, :=0
when n # 0.

Definition 12. [8] Let I be a field with an automorphism F — F satisfying =)
forall A in F. The [F-algebra A is a x-algebra if there is a map * : A — A satisfying
the following for all z,y € A and forall A € F :

() (z+y) =a"+y

(i) (zy)" =y*z*
(iii) (z*)* ==
(iv) (\z)* = Az*.

If A isunital then 1* = 1: Forall z € A, we have 1*z = ((1*z)*)* = (z*1)* =

(z*)* = x, similarly x1* = z. Hence 1* = 1*1 = 1.

When A is also a GG-graded algebra we say that A is a graded *-algebraif A% = A,
forall v € G.

2.2. C*-algebras

Definition 13. [9] Let X be a vector space over F where F is either R or C. A norm

on X isamap ||-||: X — R that satisfies the following properties:
(i) ||z|| >0 forall z € X
(ii) ||z|] =0 ifand only if =0 forall z € X
(iii) ||[Az|| = |A|||z|| forall z € X and forall A € F
() [lz +yll < [lz][ + [ly|| forall z,y € X.
(X, || -||) is called a normed vector space or a normed space for short.

A linear transformation f: X — Y where X and Y are normed spaces is called
bounded if sup<1||f(x)|| is finite. || f|| := sup)<1]|f(2)|| is the operator norm

of a bounded linear transformation f.



If X and Y are normed spaces then X and Y are isometrically isomorphic if there

is an onto linear transformation ¢ : X — Y and ||p(z)|| = ||z|| forall x € X. Note
that ¢ is necessarily one-to-one since if ¢(x) = 0 then ||z|| = ||¢(z)|| = ||0]] = 0,
hence xz = 0.

Definition 14. [10] Let X be a vector space over C (respectively R). An inner product
on X amap X x X — C, (respectively R ) denoted by (u,v) — (u|v), satisfying
the following properties:
(i) (ulu) € R and (ulu) >0 forall u € X,
(if) (u|u) =0 ifand only if v =0 forall u € X,
(i) (ulv) = (v|u) forall u,v € X,
(iv) (u+ avjw) = (u|w) + a(v|w) forall u,v,w € X and o € C (respectively R).

An inner product on X defines anormon X given by [|u||> = (u|u).

Definition 15. [10] Elements = and y of an inner product space X are said to be
orthogonal, denoted by = L y, if (x|y) = 0. Subsets A, B of X are orthogonal, denoted
A1l B,ifa L b forall a € A andall b€ B.

An orthogonal set A in an inner product space X is a subset of X whose elements
are pairwise orthogonal. An orthonormal set A C X is an orthogonal set in X whose
elements have norm 1, that is, (z|y) = ,,, forall x,y € A where 0 is the Kronecker
delta. The orthogonal complement of B C X is the subspace of all vectors in X that
are orthogonal to B, denoted B+ := {x € X |z L b forall b € B}.

Definition 16. [11] Suppose d: X x X — R and that for all z,y, 2 € X:
(i) d(z,y) = 0
(ii) d(z,y) =0 ifand only id = = y;
(iii) d(z,y) = d(y,z);
(iv) d(z,y) < d(z,z) +d(z,y);
d is called a metric on X and (X, d) is called a metric space.
Examples.

(i) The standard metric on R or C is defined as d(z,y) := |z — y|.



(ii) The standard metric on R" or C" is defined as d(z,y) := /> ||(x; — v:)||
i=1

when = = (1, 29,...2,) and y = (y1,¥2,...y,) arein R or C",
A normed space X is a metric space where d(x,y) := ||z — y|| forall z,y € X.

Definition 17. [11] A sequence {x,, },cn in a metric space (X, d) convergesto = € X
if forall € > 0 thereisan m € N such that d(z,,z) < e forall n > m. If {z,}
converges some = € X then we say that {x,,} is convergent sequence. A subset D of
a metric space X is dense if forall x € X there is a sequence {z,,} C D converging

to X .

Definition 18. [11] A sequence {z, },cn in a metric space is called a Cauchy sequence
if for any given ¢ > 0, there exists N € N such that if n,m > N then d(z,,x,,) < €.

A metric space X is complete if all Cauchy sequences in X are convergent.

Definition 19. [10] A complete normed space is called a Banach space. A Hilbert space
H 1is a complete inner product space. Hence every Hilbert spaces is a Banach space. A
Banach space is said to be separable if it has a countable dense subset, equivalently if it
contains a countable subset whose span is dense. A linearly independent subset whose

span is dense is called a topological basis.

Example 11. The set [ of all infinite sequences = = (x1,2,...) of complex (or

real) numbers satisfying > |z | < oo, equipped with pointwise addition (xy, 9, ...)+
k=1

(Y1, Y2, - - .) = (x1+Y1, T2+y2, . . .) and pointwise scalar multiplication A(z1, xo, . ..) 1=

(Ax1, Axg,...) is an inner product space where ((x1,22,...) | (y1,%2,...)) = > ;Y-
k=1

This infinite series converges because i |zx|? and i lyr|? are both convergent [10].
Also [ is a separable Hilbert space sil;l:cle {ey, €3, e;]; :1 .} is a countable orthonormal
topological basis where e; := (0,...,0,1,0,...) is the sequence with only the i**
coordinate nonzero. In fact every separable Hilbert space is isometrically isomorphic to

ly via Gramm-Schmidt orthogonalization [10].

Definition 20. [10] A normed algebra A is a normed space which is an algebra such

that ||zy|| < ||z||||y|| forall z,y € A and if A has an identity 1 then |[1|| = 1.
Definition 21. [10] A Banach algebra is a complete normed algebra A.

Definition 22. [10] A C*-algebra A is a Banach x-algebra satisfying the C* identity
such that || f f*|| = ||f||* forall f € A.



Example 12. Let X be a compact Hausdorff topological space and C(X) be the algebra

of complex valued continuous functions. C(X) is a commutative unital C* -algebra
where f* = f and ||f]| = ||f[loc = supsex]|f(2)]]

Theorem 2.1. (Gelfand-Naimark, 1943 [12] ) If A is a unital commutative C*-
algebra then A is a isometrically isomorphic to C(X), the C*-algebra of complex
valued continuous functions for a unique (up to homeomorphism) compact Hausdorff

topological space X .

Theorem 2.2. (Gelfand-Naimark-Segal, 1947 [12] ) Every C*-algebra is isometrically
isomorphic to a closed *-subalgebra of B(H ), the bounded linear operators on some

Hilbert space H, with the operator norm.

If A is a closed *-subalgebra of B(H ), then A is a C*-algebra with the operator norm:
A is complete since it is closed, hence it is a Banach x-algebra. The C* identity holds

for A since it holds for B(H) in generally.

Definition/Theorem 1. [13] If K is a closed subspace of the Hilbert space H then
H =~ K @ K=. This decomposition defines ax € B(H), the (orthogonal) projection
onto K. If K’ is another closed subspace of H then ax oy = 0 ifand only if K’ | K.
An operator « € B(H) for some Hilbert space H is a projection if and only if « is
self-adjoint and idempotent, that is, a* = o and o® = «. Hence if a* = o = o then
a = ag for a (unique) closed subspace K (= Ima) of H. We define a projection in
a C*-algebra to be a self-adjoint idempotent element. We say that projections « and

B are orthogonal if af = 0.

If ¢ is a bounded linear transformation from the Hilbert space H to the Hilbert space
H' then ¢ is a partial isometry if ¢|x,,,. isanisometry. If p € B(H) then ¢ isa
partial isometry if and only if pp* and ¢*p are projections. We define an element ¢
of a C*-algebra to be a partial isometry if p* and ¢*p are projections. If ¢ is partial
isometry so is ¢*. [14]

Definition 23. [13] Let I' = (V, E, s, t) be a finite digraph. A Cuntz—Krieger I'-family
in a C*-algebra consists of a set of projections {a, | v € V} and a set of partial
isometries {¢. | e € E'} satisfying:

(V) Qy Oty = Oy 1y

(E) Us(e)Pe = Pe

10



(CK1)  glpe = e
(CK2) a,= >, weps whenever v is not a sink.

s(e)=v

The graph C*-algebra C*(I') of I' is a C*-algebra with a Cuntz—Krieger I'-family
{ay|v € V} and {¢.|e € E} satisfying the universal property: For every Cuntz—Krieger
[P-family {f,|v € V} and {¢. |e € E} in a C*-algebra B, there is a unique
homomorphism 6 : C*(I') — B by 0(«,) = B, and 6(p.) = ¢, forall v € V and
forall e € E. The graph C*-algebra C*(I") is unique up to unique isomorphism.

2.3. Topology

Definition 24. [11] A topology 7 onaset X is a collection of subsets of X such that
i 0, X eT,

(ii) If U; € T foreach i € ['then |y U; €T,
i€A

(iii) IfU;,...,U, € T then (U; € T.
=1

The pair (X, T) is called a topological space.

Aset U C X iscalledopenif U € T .

A subset F' in X is called closed if its complement is open, thatis, X \ F' € T .
Examples.

(i) Suppose X isasetand 7 = {), X} is called the trivial topology on X and it
is the smallest possible topology on X . The only open (or closed) sets are ()

and X .

(ii) Suppose T = P(X) where P(X) is the set of all subsets of X . Then T is
called the discrete topology on X and it is the largest possible topology on X .
(X,T) is called a discrete topological space.

(iii) Foraset X ,let T ={U C X : U =0 or X — U is finite }. Then T is called
the cofinite topology on X .

Remark 1. The set A is called countable if there is a one-to-one map f: A — N.

Definition 25. [11] Suppose A is a subset of the topological space X . The closure of

A in X, denoted by A is the intersection of all closed subsets of X containing A. A

11



subset D of X is called dense if D = X. The space (X,7T) is called separable if

there is a countable dense set D in X .

Definition 26. [11] Suppose (X,7T) is a topological space and A C X. The
subspace topology on A is definedas 7Ty = {ANU : U € T} and (A, T,) is
called a subspace of (X, 7).

Definition 27. [11] Suppose (X,7)and (Y, 7T’) are topological spaces. A function
f: X — Y iscontinuous if f~H(U) € T forall U € T".

Definition 28. [11] A function f: (X,7) — (Y,7") is called a homeomorphism if
f is abijectionand f and f~! are both continuous. If there is a homeomorphism

from X to Y ,then X and Y are called homeomorphic, denoted X =Y.

Definition 29. [11] Suppose (X;,7;) are topological spaces for i € I. The open
sets of the product topology on H X, are arbitrary unions of sets of the form H U;
where each U; is openin X arllfilall but finitely many U; = X;. Projection furllec{cion
pr H X; — X are continuous when H X; has the product topology and the
produlcetltopology is the smallest topology mallfilng all pr; with j € I continuous.

Definition 30. [11]1If f : X — Y with (Y, 7”) is a function from X to the topological
space Y then T := {f~1(U)| U € T} is the weak topology on X induced by f .

This is the smallest topology on X making f continuous.

Definition 31. [11] If ~ on equivalence relations on the topological space (X, 7)
then the quotient topology on X /. is 7. := {U C X/~ | ¢ '(U) € T} where
q: X — X/ is the quotient map.

Definition 32. [11] (X, d) is a metric space then the topology on X induced by the
d consists of arbitrary unions of sets of the form B(z;r) := {y € X | d(z,y) < r}

where € X and » >0 in R.
Examples.

(i) The 2-disk D? := {z € C | |z| < 1} has the subspace topology where the
topology on C is induced by the metric d(z,y) := |z — y|. Similarly, the circle
St:={z € C||z| =1} has the subspace topology via the inclusion S* < D2

(i) The 2-sphere S? := {(z,t) € C x R||z|*> +t*> = 1} has the subspace topology
with C x R having the product of the standard topologies. The topology on
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S? is also induced by a metric, for instance, the restriction of the usual distance
function on C x R, that is, d((z,1), (w,s)) = /|z — w|? — (t — 5)2, for all
(2,1), (w,s) € S2

(iii) The real projective plane RP? is the set of all lines through the origin in R?® with
the quotient topology on (R3\ {(0,0,0)})/(R\ {0}) where the multiplicative
group R\ {0} acts via scalar multiplication. Equivalently, RP? may be realized
as S?/({1,—1}) where the multiplicative group {1, —1} acts on the 2-sphere
S? via scalar multiplication (this is called the antipodal action). Real projective
space RP" is defined similarly by replacing R? with R"*!. The topology on R P"
is also induced by a metric where the distance between two lines is defined as

sin(0) where 0 is the angle between the lines.

2.4. Categories and Functors

Definition 33. [12] A (locally small) category C consists of a class Ob(C) of objects,
and a set of morphisms C(X,Y") for each pair X, Y of objects such that:

(i) Foreach f € C(X,Y) and g € C(Y,Z) there is amorphism go f € C(X, Z)
which is called the composition of f with ¢g. Composition is associative when
defined.

(if) For each object X , there is an identity morphism ¢dx € C(X, X) such that
idxo f=f forall feC(Y,X) and goidx =g forall g € C(X,Y).

We will use the notation X —/ Y to mean felC(X,)Y).

The opposite of a category C, denoted C°P, has the same objects as C but the morphisms
are reversed, that is, C?(X,Y) := C(Y, X). A subcategory of C has some of the
objects of C and some of the morphisms of C with the same identity morphisms and

the same compositions. A subcategory B of C is full if B(X,Y) =C(X,Y") forall
objects X, Y in B.If Ob(C) isasetthen C is a small category.

Example 13.

(1) The category Set: Objects are sets and morphisms are functions X V. The

category Set is the full subcategory whose objects are finite sets.

(i1) The category Grp: Objects are groups and morphisms are group homomorphisms.
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The subcategory of abelian groups is a full subcategory.

(ii1) The category Vecy: Objects are vector spaces over the field F and morphisms are
linear transformations. The category vecr is the full subcategory whose objects

are finite dimensional vector spaces.

(iv) The category Modpg: Objects are right R-modules where R is a ring and mor-
phisms are R-module homomorphisms. The full subcategory mody has finitely
generated modules as its objects. The previous example is a special case with the

ring R being a field F.

(v) The category Algr: Objects are F-algebras and morphisms are algebra homo-
morphisms, that is, F-linear ring homomorphisms. The subcategory of graded

[F-algebras and graded algebra homomorphisms is not a full subcategory.

(vi) The category C*Alg: Objects are C*-algebras and morphisms are C*-algebra

morphisms, that is, bounded linear ring homomorphisms.

(vii) The category Top: Objects are topological spaces and morphisms are continuous

functions X - Y.
Definition 34. [12] A functor F : C — D where C, D are categories, assigns
(i) anobject F(X) of D to each object X of C,
(if) a morphism F(f) € D(F(X),F(Y)) toeach f € C(X,Y) such that
(a) F(idx) =idr(x) for each object X of C and
(b) F(fog)=F(f)oF(g) when fog isdefined.
A cofunctor F : C — D is a functor from C to D or equivalently, a from C° to D.

Definition 35. [12] Consider functors  : C — Dand G : C — D. A natural transformation

0 : F — G is a morphism such that
(i) € give a morphism Ay : F — G for each object X inC.

(if) For each pair of objects X and Y and each morphism f € C(X.Y") the diagram

F(X) ="~ F(Y)
|€X Oy
6(x)—9 (v




commutes, that is, 6y o F(f) = G(f) o Ox.

We call 0x the components of the natural transformation 6 at the object X . A natural
transformation 6 with every component f x invertible in D is called a natural equivalence,
we say that the functors F and G are naturally isomorphic denoted by F = G. The

inverses 03! in D are the components of §~1: G — F, thatis, (71)x = 05"

Example 14. [15] A quiver representation is a functor p from the small category I'
with objects V' and morphisms given by paths in I' to the category Vecy. The linear

transformation assigned to the path p = ejes . . . e, is the composition s(p) = s(e;) o)

t(e1) = s(e2

quiver representations is a natural transformation between two such functors. The

) 2 ) = tp) from p(s(p)) 10 p(t(p). A morphism of

objects of the category of quiver representations of I' are quiver representations and

its morphisms are natural transformations. This category is equivalent to the category

Modgr [15].
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3. LEAVITT PATH ALGEBRAS

Definition 36. [7] A di(rected )graph I"is a 4-tuple (V, E,s,t) where V' is the set of
vertices, F is the set of arrows (directed edges), s and ¢t : E — V are the source

and the target functions.

If s(e) = v and t(e) = w then we say that v emits e and that w receives
e. A vertex which does not receive any arrow is called a source. A vertex which
emits no arrow is called a sink. For v € V, s7'(v) := {e € E|s(e) = v} and

t71(v) :={e € E|t(e) =v}. If 0 < |s7}(v)| < oo then v is called a regular vertex.

A path p of length n > 0 is a sequence of arrows e; . ..e, suchthat t(e;) = s(e;j11)
for i =1,...,n— 1. The length ofapath p, denoted by I(p), is the number of arrows
in p. The source of a path p, denoted by s(p), is the source of its initial arrow, i.e.,
s(e;) while the target of a path p, denoted by %(p), is the target of its last arrow, i.e.,
t(e,). Every vertex v is a path of length 0 with s(v) = v = t(v). The set of paths in
[ is denoted by Path(I"). Forapath p =e;...e, € Path(I'), if ¢ =e¢;...¢, for
some m < n then ¢ is an initial segment of p.

Example 15. Let us consider the digraph " where E = {ej,eq,e3,¢4,65} and
V = {v1,v9,v3,04}. s(er) = s(ea) = vy, s(eg) = t(ea) = s(eq) = t(es) = vo,
t(e1) = t(es) = s(es) = vs, t(es) = vy4. The source of the path p = eseqeses is

s(p) = s(e2) = v; and the target of p is t(p) = t(e5) = vs.

€4

)

F: ) L.UQ

oV — - @V4

€5

Figure 3.1: Digraph I

A path p with [(p) > 0 is called a cycle if s(p) = t(p) and s(e;) # s(e;) for every
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i # j. Anarrow e with s(e) = t(e), equivalently, a cycle of length 1, is called a loop.
If there is no cycle in a digraph I' then it is said to be acyclic. An arrow e is an exit
ofthe path p = e, ...¢, ifthereexistsan i € {1,...,n} suchthat s(e) = s(e;) but

e # e;.

Example 16. Consider the following digraph:

el es

V4

Figure 3.2: Digraph I’

Let’s choose a path C' = ejeqe3 . The path C'is a cycle with s(C') = vy = ¢t(C) and
[(C') = 3. The arrows e4 and ej are the exits of C'. The arrow ey is a loop (= cycle

with length 1).

The digraph I' is finite when £ and V' are finite. An infinite path has infinitely many

arrows. In this thesis we will only work with finite digraphs.

Definition 37. [16] The preorder leadsto, denoted by ~~, on V' 1is defined as v ~~ w
if there is a path p € Path(I') from v to w. The set of successors of a vertex v is

Vi ={w €V ]|v~ w}. If X CV thenwe define Vx.. = J,cx Voo -
Definition 38. [7] Let I' be a digraphand H C V.
(1) H 1is hereditary if v € H and v ~» w then w € H.
(i) H is saturated if 0 < |s7!(v)| < oo and {t(e)|e € s7'(v)} C H then v € H.

Example 17. In the following digraph we see that H = {v,, v3,v4} is a hereditary
subset of V' but is not saturated since {t(e)|s(e) = v} = {ve,v3} C H but v; ¢ H.
The subset S = {vy, vo} is saturated but not hereditary. The subset {vs, v, } is hereditary

and saturated.
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ea va

Vs — o .'U4
e

Figure 3.3: Digraph I

Definition 39. [12] The category Dgrf: Objects are digraphs and morphisms are func-
tions ¢ from VU Er to V) U E, suchthat o(Vr) C Vy and ¢(Er) C E, from
['=(V,, E) to A= (V,, E,) satisfying p(s(e)) = s(o(e)) and (t(e)) = t(p(e))
forall e € E,.

A digraph I' can also be regarded as a category whose objects are the vertices in ',
with morphisms being the paths in I'. Identity morphisms correspond to the vertices,
that is, paths of length 0. Composition is given by concatenation of paths. Unlike the
previous examples of categories above I' is a small category. Note that the order of
composition (of paths) in I' is written from left to right, the opposite of the order we

compose functions.

Definition 40. [7] Let [F be a field and I' be a digraph. The path algebra of I' over
[, denoted by FT, is defined as the [F-algebra generated by V U E with the relations
(V) vw = d,,,0 forall v,weV

(E) s(e)e =e=cet(e) forall e € £

where 0;; is the Kronecker delta.

The paths in I' form an [F-basis of the path algebra.

Definition 41. [7] The extended digraph " = (V, ELUE*, s,t) of T is obtained by adding
a dual arrow e* for each e in F where E* = {e* |e € E}, s(e*) = t(e) and t(e*) = s(e)

forall e € E.

Example 18. The extended digraph I' of the digraph I' in Example 15 is as follows:
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Figure 3.4:  Digraph r

Definition 42. [7] The Leavitt Path Algebra (LPA) Ly(I") of a digraph I" with coef-
ficients in the field [F is the quotient of the path algebra FT satisfying the relations
below, that is, Lg(I') = FI'/I where I is the ideal generated by the elements in FT'
corresponding to:

(CK1) e"f=0cst(e) forall e, f € E

(CK2) wv= ) ee* forevery vertex v with 0 < |s7(v)| < oo
s(e)=v

When V' is finite, the algebras FI" and Ly(I") are unital: 1= > v.If V is infinite
then FI" and Ly(I") are non-unital. <

The conditions (C'K1) and (C'K2) are called the Cuntz-Krieger relations.

We get the Cohn path algebra C'Ly(I") when we impose the relations (C'K1) in addition

to (V) and (E). Hence Lg(T) isa quotient of C'Lz(T'), which is a quotient of FT",

Example 19. Consider the following digraph:

€3

el VRN es
_— _—
o, L. % .,
~—_°% 7
€6 €9
e7
CUS -~ ®us

eq €8

Figure 3.5: Digraph T’
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Here are some computations in Lg(I"):

Vg = €9 = eguy by (E) while viel = ef = eguvg by (F).

esea = vz while efeg = 0by (CK1).

Vg = ege; + egef by (CK2).

vs = eq€) + eres + egef and vg = esef + ezel by (CK2).

We see that vie; = ey while e;v; = 0. Thus Lg(I") is not commutative.

Lemma 3.1. [7] Let p and ¢ be pathsin I".

(1) p*q = 0 unless ¢ is an initial segment of p, that is, p = ¢p’ for some path p’ or

p is an initial segment of ¢, that is, ¢ = pq’ for some path ¢'.
(i) Lw(L) is spanned by {pq" | p,q € Path(T'),t(p) = t(q)}
Lp(T") has a Z-grading given by |v| =0 forall v € V, |e| = 1 and |e*| = —1 and for
all e € E. This defines a grading on Ly(I") (since all the relations are homogeneous):

Lemma 3.2. [7] Lp(T") is a Z-graded algebra with |pg*| := I(p) — I(q). That is,

nez
where Lg(T'),, = {Z Aipiqr 2 U(ps) — Uq) = n} for each n € Z, witheach \; € F
i=1
and each p;, ¢; € Path(T).

We define an operator x on V U F U E* by v* =wv forall v € Vand (f*)* = f for
all f € E. And also we extend the operator * on paths of ' by p* = (fifo. . fr)* =
fifiy...ff andsoto Lp(I') linearly. The operator % induces a grade-reversing

involutive anti-automorphism and |a*| = —|a| for all homogeneous a in Ly(I).

Examples. (i) Let ['; consist of a single vertex v and no arrow:

Fl . o,

Figure 3.6: Digraph I';

We see that FI'y 2 F and Lp(I'y) = F where v < 1.
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(i1) Adding an extra vertex w we have I’y as follows:

['y: e, .,

Figure 3.7: Digraph I',

Then FT'y = F? and Lg(Ty) = F2

(ii1) If we add an arrow from v to w then we have:

Figure 3.8: Digraph I'5

The path algebra FI's is isomorphic to the algebra of upper triangular 2 x 2-
matrices. The Leavitt path algebra Lg(I';) is generated by the elements v, w, e
and e*. We have Lp(I'3) = My (F) where v <+ F1, w < Ea, e < Ej5 and

e* — E21-

(iv) Now we generalize the above digraph I's by a digraph with n vertices:

Figure 3.9: Digraph I'

The path algebra FI" is isomorphic to the algebra of upper triangular n x n-
matrices. We have Ly(I") = M, (F), the matrix algebra with coefficients in F,

where V; — E“ s € 7 Lhj(i41) and 6: — E(i—l—l)i .

(v) Adding a loop to I'y in Figure 3.6 we get:
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Rl: eC.U

Figure 3.10: Digraph R,

Then FR; = F[z] where v <> 1 and e < x. Also Lp(Ry) = Flz,z7'], the
algebra of Laurent polynomials with coefficient in [F, where v <~ 1, e «» x and

e* « x L

(vi) We generalize the example above to R, , a rose with n petals.

Figure 3.11: A rose with n petals

FR, = F(x,x9,...,x,) where x; < ¢; and v < 1. The Leavitt path algebra
Lr(R,) isisomorphic to L(1,n), the Leavitt algebra of type (1,n) in Example

7, where v < 1, ¢; <> y; and €] < z;.

(vii) Let’s consider the Toeplitz digraph:

Iy eCov—f>ow

Figure 3.12: Toeplitz digraph

The Leavitt path algebra of the Toeplitz digraph is isomorphic to the Jacobson
algebra F(xz,y)/(1—zy) where v+w «— 1, e+ f <y, e+ f* — x, v < yz,
w1 —yx, e = y?xr and f < y(1 —yz).
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Lemma 3.3. [17] Let I' be a finite digraph whose cycles have no exit then

Lg(T) = (@ M, (F[z, x_l])) & (QE M,, (1@))

where £ is the number of cycles (up to circular shifts) in I', say Ci,...,C}%, and
m; is the number of paths ending at s(C;) which do not contain the cycle itself for
i =1,...,k;similarly [ is the number of sinks inI', say wy,...,w;, and n; is the

number of paths ending at the sink w; forevery j =1,...,1[.

Example 20. Let’s consider the digraph I':

.U4

N

I': e °

v1 v3

' & ¢

.U2

Figure 3.13: Cycle of length 4

I' isacycle, C' = ejesezey. The number of paths ending at s(C') = vy is 4. Then the

Leavitt path algebra of T' is isomorphic to My(F[z,z71]).

Example 21. Consider the following digraph I":

€4

K

U5

€1
[ e ——oe, ®ug
€3
e2
o, o,

Figure 3.14: Cycle of length 3
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I"has the cycle C' = eje9e3 and the number of paths ending at s(C') is 3. Also v, vg and
vy are sinks in I'. The numbers of paths ending at each sink are 2, 2 and 1, respectively.

Hence Lp(T") is isomorphic to Ms(F[z, z71]) @ My (F) @ My (F) @ M, (F).

Definition 43. [15] A quiver representation p assigns a (possibly infinite dimensional)
vector space p(v) to each vertex v and a linear transformation p(e) : p(s(e)) — p(t(e))
to each arrow e. A morphism of quiver representations ¢ : p — o is a family of

linear transformations {y, : p(v) — o(v)yev} such that for all e € E the diagram

commutes.

Theorem 3.4. [16]If I' = (V, E, s,t) is a finite digraph then Mod  r), the category of
unital right Lr(I")-modules, is equivalent to the full subcategory of quiver representations
p of I' satisfying the following condition (7):
For every nonsink v € V,

D nle): p(v) — P nlte))

s(e)=v s(e)=v
is an isomorphism. The right Ly (I')-module corresponding to the quiver representation
pis M =&, p(v) asan F-module and the actions of generators of Ly(I") are

given by the compositions

v M= p(u) =2 p(v) = P plu) = M

e M = @ o(v) = pls(e)) 2% pt(e) — P p(v) = M
e M =P o) "9 pt(e)) = @ ot(f) CLLT p(ste)) = @ olv) = M
veV s(f)=s(e) veV

Lemma 3.5. [18] If I is a finite digraph then the standard homomorphism (sending
V' U E to themselves) from the path algebra FI" to the Leavitt path algebra Lg(I") is

injective. Hence we may think of FI" as a subalgebra of Ly (T").

Lemma 3.6. [19] If p and ¢ are in Path(I') with ¢(p) = t(q) then pg* # 0in Ly(I).
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Theorem 3.7. [20] (The Graded Uniqueness Theorem) Let I" be a finite digraph and F
any field. If A is a Z-graded ring, and ¢ : Lg(I") — A is a graded ring homomorphism

with p(v) # 0 for every vertex v € V, then ¢ is injective.

A basis for Ly(I"): We know that {pq* | p, ¢ € Path('), t(p) = t(q)} spans Lg(I")
by Lemma 3.1 (ii). However, in general {pq¢* | p, ¢ € Path(I"), t(p) = t(q)} is not
linearly independent. For instance, if the vertex v is not a sink then (C'K2) shows that
{pq* | p, q € Path('), t(p) =t(q)} is linearly dependent. A basis which is a subset
of {pq* | p, q € Path(T"), t(p) =t(q)} is given in [21]: For each vertex v € V that is

not a sink we (arbitrarily) choose a distinguished arrow ¢, with s(e,) = v.

Theorem 3.8. [21] If D is the set of distinguished arrows in " then
{pq”" | p, q € Path(T), t(p) = t(q), pq" does not contain ee* withe € D}

is a basis of Ly(I).

Theorem 3.9. [7] L¢(I") is isomorphic to a dense subalgebra of C*(I").
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4. FUNCTORIAL CONSTRUCTIONS

4.1. The Gelfand-Naimark Theorem

Theorem 4.1. [12] (Gelfand-Naimark, categorical version) Let C(X) be the C*-algebra
of all continuous functions from the compact Hausdorff topological space X to C, the
complex plane as a topological space (where ||f||sc = sup.ex|f(x)| and f* = f). We
can extend C to a cofunctor from the full subcategory of compact Hausdorff topological
spaces of Top to the category of C*-algebras by C(¢)(f) := fop forall f € C(Y)
where ¢ : X — Y is a continuous function. This defines a cofunctor C giving an
equivalence with the opposite category of the full subcategory of unital commutative

C*-algebras in C*Alg.
Given a unital commutative C*-algebra A we recover the compact Hausdorff topological
space (up to homeomorphism) as X(.A): the set of unital C*-algebra homomorphisms
from A to C with the weak topology induced by X(A) — ] Cwherea — («a(a)) €
|lal|=1
[] C and the target has the product topology. The C*-algebra homomorphism

|lal|=1
corresponding to x € X from C(X) to C is the evaluation map ev,, defined as ev,,(f) =

f(z).

Lemma 4.2. If 2 € X then ev, : C(X) — C isa C*-algebra homomorphism.

Proof. Suppose [ and g are in C(X). Then

vy (f +9) = (f +9)(x) = f(2) + g(2) = eva(f) + evz(g) (4.1)

eve(fg) = (f9)(x) = f(2)g(x) = eva(f)eva(g) - (4.2)

Also for all A € C the scalar product A\ f is also the product of the constant function A

with f . hence ev, is linear. Thus ev, is an algebra homomorphism. Now we need to

show ev, (f*) = ev,(f)*.

ev.(f*) = f*(x) = T(@) = evs(f) = (eval))". (43)

Finally,
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lleva (N = leva(H)] = [F(@)] < supyex|f(y)] = | ]] (4.4)

Hence, ||ev,|| < 1, that is ev, is bounded. O

We can extend X to a cofunctor by defining X(®)(«) := a0 ® forall a € X(B)
where ® : A — Bis a (*-algebra homomorphism between unital commmutative
C*-algebras A and B. The compositions C o X and X o C are naturally isomorphic to
the identity functors on the subcategory of unital commutative C*-algebras and compact

Hausdorff topological spaces respectively.

Under the Gelfand-Naimark equivalence the inclusion of a closed subset Y into a
compact Hausdorff topological space X corresponds to the epimorphism C(X) —
C(Y') given by restriction, thatis, f +— f|y forall f € C(X). Here Y is compact
under the subspace topology since Y is closed in X [11] and any subspace of a
Hausdorff topological space is also Hausdorff. This restriction map is onto by the Tietze
Extension Theorem [11] . That is, the cofunctor C sends inclusion of a closed subspace

Y to the restriction of functions to Y:

Yo Xx o o~ X))

Examples.
(i) S' — D? corresponds to the restriction C(D?) lsr, C(S1h).

(i) D? L5 §2 where f,(z) := (z,\/1— |2]) is essentially the inclusion of the
upper hemisphere into the 2-sphere. The corresponding C'*-algebra homomor-
phism C(S?) — C(D?) sends g € C(S?) to g o f, which maps z € D? to
9z, V1= |2?).

(iii) D? = S? where f-(2) := (2, —+/1 — |2]?) is essentially the inclusion of the
lower hemisphere into the 2-sphere. The corresponding C'*-algebra homomor-
phism C(S5?) — C(D?) sends g € C(S?) to g o f_ which maps z € D? to

9(z, =1 = [2%).

If GG is finite group acting (on the left) continuously on the compact Hausdorff topological

space X then there is also a right action of G on C(X) provided by the cofunctor C:
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Forall f € C(X) and forall g € G the function fg:= C(g)(f) € C(X) is defined
as (fg)(z) := f(gz) forall x € X. Under the Gelfand-Naimark correspondence the
quotient topological space X /G, which is also compact and Hausdorff in the quotient

topology because G is finite , corresponds to the subalgebra of functions invariant under

G:

C(X/G)=C(X) :={fcCX)|flgr) = f(z) forallz € Xand forall g € G}

That is, the Gelfand-Naimark cofunctor C sends the quotient map from X to the orbit
space X /G to the inclusion of G -invariant (complex valued) continuous functions

into all continuous functions defined on X:
C ) .
X — X/G ~ CX/G) 2 C(X)% — C(X)

Example 22. If G = {1, —1} is acting antipodally on S? then the quotient S?/G is

homoemorphic to RP?, the real projective plane and

C(RP?) = {f € C(S?)| fis even, thatis f(—x) = f(x) forall z € S?}.

In the category Top we have the quotient map in (4.5) on the left which corresponds to
the inclusion of the subalgebra of even functions into all continuous functions in the

category of C*-algebras on the right, via the Gelfand-Naimark Theorem.

< C(RP?) (4.5)

Example 23. If G = {1, —1} is acting on S? with the non-identity element sending
(2,t) to (z,—t) forall (z,t) € S* then S?/G = D? and

C(D?) = {f € C(S?) | f(z,—t) = f(z,t) forall (z,t) € S?}.

Note that f(z,—t) = f(z,t) forall (z,t) € S* implies that f depends only on 2

since there are at most two points, namely (z,t) and (z,—t) for the same z.

If A is aclosed subset of compact Hausdorff topological space X then X /A, the quotient

topological space obtained by collapsing the subset A to a single point is also compact
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Hausdorff. The quotient map ¢ : X — X /A corresponds to the monomorphism
C(q) : C(X/A) — C(X) with C(X /A) isomorphic to the preimage of the subalgebra
of constant functions on A under C(X) L= C(A) where ¢ : A — X. We can also
realize C(X/A) as the pullback of the diagram C({pt}) = C — C(A) A C(X)
corresponding to the pushout diagram {pt} «— A < X in the topological category
where {pt} is the topological space consisting of a single point. These functorial

constructions will be explained in the next section.

Example 24. Collapsing A = {0,1} in X = [0,1] we obtain [0,1]/{0,1} = S*. In
the C*-algebra category C(S*) = {f € C([0,1]) | £(0) = f(1)}.

Example 25. Collapsing A = S! in X = D? we obtain D?/S' = S? | In the
C*-algebra category C(S?) = {f € C(D?) | fl|s is constant }.

Example 26. We can also obtain the sphere by gluing two disks (the northern and
southern hemispheres) along their boundaries (the equator). Here X is the disjoint
union D? I D? and ~ identifies each point on the boundary circle S* of one disk with
the same point on the other disk: (D?1JD?)/. = 52, In the C*-algebra category we get
C(S5?) as the pullback of the diagram C(D?) lst, C(Sh) st C(D?) corresponding

to the pushout of D? « S < D? in the topological category, to be explained below.

4.2. Pushouts and Pullbacks

Definition 44. [12] Given two morphisms f € C(A, X) and g € C(A,Y), thatis a
diagram X J A2V ina category C, a pushout is a triple (X 114 Y, o, 8) with
ao f = [ o g, satisfying the universal property: for every triple (Z,a/, ') where
o : X — Zand ' :Y — Z with o’ o f = [’ o g, there exists a unique morphism

f: X1, Y — Z making the diagram
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commutative. When a pushout exists, it is unique up to (unique) isomorphism.

A pullback of the diagram X s A <%V is the dual notion of a pushout obtained
by reversing the directions of all the morphisms. When a pullback exists, it is unique

up to (unique) isomorphism:

In the category Set the pushoutof f: A — X and g : A — Y always exists.
X1I4Y isthe quotient of the disjoint union X ITY where the elements f(a) and g(a)
identified for each a € A. The morphisms a: X — X1, Y andf3:Y — X1,V
are the composition of the inclusions of X and Y into X I[IY followed by the
projectiononto X IT4Y. Given o : X — Z and ' : Y — Z with /o f = f'og,
the function 6 : X I1, Y — Z is defined as 0([z]) := o/(z) forall z € X and
O([y]) := o/(y) forall y € Y. The function 6 is well-defined because o’ o f = ' o g.

In the category Top also the pushoutof f: A — X and g: A — Y always exists.
Asaset X I14Y isdefined just like in Set with the quotient topology coming from the
quotient map X 1Y — X I14Y. (Open sets in X I1Y are unions of an open set in X
and an open set in Y, a subset of X I14 Y is open if and only if its preimage in X I[1 Y

is open.) The continuous functions «, 5 and @ are also defined exactly as in Set.

Collapsing a subspace A of the topological space X to obtain the quotient topological
space X /A is a special case of the pushout construction coming from the diagram

{pt} «— A — X where {pt} is the topological space consisting of single point:
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AC

«

{pt}

Here (3 is essentially the quotient map X — X /A. For the diagram to be commutative
the composition A — {pt} ', Z must be the same as the composition A —
x 2z , that is, ('(a) = o/(pt) forall a € A C X. Hence ¢ must send the
element in X /A corresponding to the subset A to o/(pt). Forall x € X \ A, we have
0(x) = B'(x).

A comprehensive reference for pullback and pushout constructions in the category of

(C*-algebras is [22].

Example 27. From the previous section we have: Collapsing A = {0,1} in X =
[0,1] we obtain [0,1]/{0,1} = S'. In the C*-algebra category C(S') = {f €
C([0,1]) | £(0) = f(1)}. This corresponds to the pushout diagram of

{0,1}¢ [0,1]

f © B

{pt} e {pt} oy [0.1] = [0,1)/{0, 1} = 8"

Example 28. From the previous section we have: Collapsing A = St in X = D? we ob-
tain D?/S' 2 52, In the C*-algebra category C(S5?) = {f € C(D?)| f|s: is constant }.

This corresponds to the pushout diagram of

Sl( D2

f o B

{pt}——— {pt} Iy D* = D?/S' = §?
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Example 29. From the previous section: We obtain the sphere by gluing two disks
(the northern and southern hemispheres) along their boundaries (the equator). This

construction is realized by the pushout of D? «— S! < D? as in the diagram

sie D2

D> = (D2UD%)/.

The pushout of a diagram D" « S"~! — X where X is a compact Hausdorff topo-
logical space is very important in algebraic topology because all compact regular CW-
complexes are constructed by repeated applications of this procedure, starting with X
being a finite discrete set of points [23]. Below we will give discrete/algebraic non-
commutative analogs of this construction where the compact regular CW-complex will
correspond to a finite digraph, which will be an algebraic noncommutative version of a
quantum topological space. The C*-algebra of complex valued continuous functions on
the compact regular CW-complex will correspond to a graph C*-algebra and the Leavitt
path algebra (with complex coefficients) of the same graph will replace the algebra of

polynomial functions (analogous to the Stone-Weierstrass theorem).

In the category Dgrf the pushout of f: A — I"and g : A — A always exists. The
vertex set of the pushout digraph I' ITn A is the pushout Vi Iy, Vi of the vertex sets
and similarly the arrow set of I'ITx A is the pushout Er g, E) of the arrow sets. The
source function for the pushout digraph is the unique morphism 6 from Er Ilp, E, to

Vr Iy, Vo coming from the pushout diagram:

Ex g Ex

f O
Er “E Erllg, By, © Vi
oy ﬁ\
VF VF HVA VA
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Similarly the target function for the pushout digraph is the unique morphism 6, from

Er g, Ez to Vp Iy, VA coming from the pushout diagram:

Ex—2 < E,

I iﬁ\

| B Erllg, By o Va
VF ay VF HVA VA

Hence s([e]) == [sr(e)], t([e]) := [tr(e)] for e € Ep and s([e]) := [sa(e)], t([e]) :=
[ta(e)] for e € E . The digraph morphisms « and 3 are given by «(z) := [z] for all
r € VpUErand B(y) := [y forall y € Vi U E,. Also 6,([z]) = aysr(z) = [sr(z)]
and 0;([z]) = avtr(z) = [tr(z)] for z € Er. Similarly 0,([y]) = Bvsa(y) = [ta(y)]
and 0,([y]) = Pvia(y) = [ta(y)] for y € Ex .

We will be considering pushout diagrams in Dgrf with f and g being one-to-one,
identifying A with a subgraph of both I' and A. Then we can think of the pushout I'TIA A
as'UA where By = Er g, En = EpUEy and Ve = Ve ly, Va = VU V).
Also, the morphisms « and 3 in the pushout diagram become the inclusions of the

digraphs I" and A into I"' U A.

In the categories Vecy, Modg, Algr and C*-Alg, pullbacks exist. Given f : X — A
and g : Y — A the pullback objectis X x4 Y :={(x,y) € X x Y| f(z) = g(v)}
and «a, [ are restrictions to X x 4 Y of the projections from X x Y to X and Y
respectively. Fora/ : Z — X and ' : Z — Y with f o o/ = g o / the unique
morphism 6 is defined as 0(z) := (a/(z), f'(z)) forall z € Z. In fact all this remains

correct in the categories Set and Top also, but we will not need that in this thesis.

Pullbacks also exists in the category of Z-graded algebras and the category of x-algebras;
There is a natural Z-grading on the product A x B of'to Z-graded algebras A and B
givenas (A x B),, := A,, X B,,. The inclusion and the projection maps between A or B
and A x B are graded homomorphisms, hence the pullback object is a graded subalgebra
of A x B and the morphisms «, [ of the pullback diagram are graded homomorphisms.
Similarly, when A and B are x-algebras so is A x B where (a,b)* := (a*,b*). The
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inclusion and the projection maps are *-algebra homomorphisms, the pullback objects

is a x-subalgebra of A x B, the homomorphisms « and /3 are x-homomorphisms.

The Gelfand-Naimark cofunctor C from the category compact Hausdorff topological
spaces (and continuous functions) to the category of C*-algebras (and bounded -
algebra homomorphisms) sends pushout diagrams to pullback diagrams since C gives

an equivalence. For instance applying C to the pullback diagram in Example 29 we

get:
S D% C(Sh) C(D?)
. C
,-\/_> )
D?e— 57 C(D?) = C(S5?)

Hence in the C*-algebra category we recover C(S?) as the pullback of the diagram
C(D?) L C(Sh) Lo, C(D?) corresponding to the pushout of D? < S' — D?in

the topological category.

Example 30. In the category Top of topological spaces we have the pushout diagram
on the left which corresponds to the pullback diagram in the category of C'*-algebras on
the right via the Gelfand-Naimark Theorem. On the left all morphisms are embeddings,

on the right all morphisms are given by restrictions:

§le—D? C(sh C(D?)
i C
~S )
)L — C(D?) C(S?)

4.3. The Cofunctor Ly

The C*-algebras C'(X) for X = S, D?, S? are not finitely generated as algebras. As
C-vector spaces they have no explicit (Hamel) bases (they do have Schauder bases).
However, polynomial functions are finitely generated and dense in the space of con-
tinuous functions by the Stone-Weierstrass Theorem. Also polynomial functions have

convenient Grobner bases. We give noncommutative analogs of these dense, finitely
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generated subalgebras with explicit well-behaved bases [19] for quantum discs, spheres,
etc. This is achieved via a cofunctor from a subcategory of digraphs to the category of
graded *-algebras, which assigns Lg(T") to I" at the level of objects. This cofunctor sends
quotients to “’inclusions” and pushouts to pullbacks. In particular when the coefficient
field is C, we can recover quantum discs, spheres and projective spaces [3] as graph
C*-algebras [R05] by taking completions. Moreover, the cofunctor Lp is defined for
all fields IF, not just Cor R..

Let ¢ be a digraph morphism. If o(f) = e for f € Er then p(¢t(f)) = t(p(f)) = t(e).
Hence ¢ maps ¢~ '(e) to ¢ (t(e)) forall e € Ej.

Definition 45. [24] A digraph morphism ¢ : [' — A is admissible if
(i) t|,-1(e) is a bijection from ¢! (e) to o' (t(e)) forall e € Ej.
(if) Ifwisasinkin I' then p(w) is sink in A.

If ¢ is one-to-one, that is, ¢ is essentially the inclusion of a subgraph into a digraph,
then (i) is equivalent to: If ¢(e) is in the image of ¢ then e is also in the image of ¢ for

all e € F,.
Clearly, the identity morphism on a digraph I' is admissible.

Lemma 4.3. [24] Composition of admissible digraph morphisms are admissible. Hence
we have a subcategory aDgrf of Dgrf whose objects are all digraphs and whose mor-

phisms are only the admissible digraph morphisms.

Proof. Let f € C(I',A) and g € C(A,A) be admissible digraph morphisms. All
we need to show go f € C(I', A) is an admissible digraph morphism. If w is a sink
in T then f(w) is a sink in A by (ii), and similarly ¢(f(w)) is a sink in A. Hence
g o f satisfies (ii). Now we need to show |(sof)-1(c) = t|f-104-1(€) is a bijection
from (g0 f)e) = (f o g )(e) to (g0 ) (Ee) = (F 0 g )(H(e)) for
all e € En. We know that ¢|;-14 and ¢|,-1() are bijections from f~'(d) to
f71(t(d)) and from g~'(e) to g~ *((e)), respectively. For e € EA we have (f~! o

g Y)(e) = L f'(d) where | | denotes disjoint union. For each d, t|;-1(4 is a
g(d)=e

bijection from f~!(d) to f~1(t(d)). Since (fog H(tle)) = || [f'(u) =
u€g~1(t(e))
U = U f'td)= U f(t(d) by admissible property
g(u)=t(e) g(t(d))=t(e) t(g(d))=t(e)
(i) applied to g. Since t|(gos)-1(q) maps each subset f~(d) bijectively to f~'(t(d)),
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we see that t],or)-1(¢) is also a bijection from (g o f)7'(e) = || f7'(d) to
g(d)=e
(go f) X(t(e)) = ||  f'(t(d)). Hence a composition of admissible digraph
t(g(d))=t(e)
morphisms satisfies (i) and (i1), thus it is admissible. [
The cofunctor Ly is defined from the category aDgrf to Algy, its image is in the

subcategory of graded x-algebras and graded *-algebra homomorphisms.

Let ¢ : I' — A is a digraph morphism.
We define Ly(p) : Vo U Ey — Lp(T") as

Lr(p)(v) :== Z u forallv € Vi

o(u)=v

and  Lgp(p)(e) := Z f foralle € Ej.

Theorem 4.4. [24] Let I' and A be finite digraphs. If o : ' — A is a digraph
morphism then Lg(p) defines a (graded) *-algebra homomorphism if and only if ¢ is

admissible.

Proof. If ¢ is admissible then we need to check that the relations (1), (E), (CK1)
and (C'K2) are satisfied when we apply Lg(¢) to Lr(A).

(V): If v € Vj then Lp(p)(v) = > wu,so

p(u)=v

Le()(0)Le(p)(v) = ( ) w)’ = u’ = u = Ly(p)(v)

p(u)=v p(u)=v p(u)=v

since vertices are orthogonal idempotents. If v' # v then Lg(p)(v)Lp(p)(v') =
( > w)( > u)=0= Lr(p)(0) = Lr(p)(vv') since preimages of distinct ver-

plu=v  pu)=v'
tices are distinct.

(E): Ife € E isnotin the image of ¢ then Ly(¢)(e) = 0. Hence Lg(¢)(s(e))Lr(p)(e) =
0 = Lr(p)(e) = Lp(p)(e)Lr(p)(t(e)) and similarly for t(e)e* = e* = e*s(e).
When e € F, is in the image of ¢, let {e;} = ¢ '(e). Now Lp(p)(s(e)e) =
(3= u)(> e;) where the first sum is over ¢! (s(e)). Since p(s(e;)) = s(p(e;)) = s(e)
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we have s(e;) € p~!(s(e)). Hence (3> u)e; = s(e;)e; = e; and Lyp(p)(s(e)e) =
O-u)(D ei) = > e; = Lr(p)(e). Similarly for e = et(e), also for t(e)e* = e* and
e*s(e) = e*.

(CK1): If e # f in E5. Then ¢~ '(e) and ! (f) are disjoint subsets of Er, hence

Le(p)(e"f) = Le(p) (") Le(p)(f) = ( D g)( Y. h) =0
(=

w(g)=e ®

by (CK1)in Lp(I'). So Lr(p)(e*f) = Lr(v)(0) when e # f.

Le(e)(ee) = (3 o) Y =3 g%
o(g)=e

v(g)=e @(h)=e

since g*h = 0 by (CK1) when g # h. Also Y g¢g*g = > t(g9) by (CK1)in
plg)=e p(g)=e
Lg(T'). So Lr(p)(e*e) = >, tlg)= >, wv=Lp(p)(t(e)) forall e € E\ where

w(g)=e e(v)=t(e)
the middle equality follows from condition (i) of admissiblity.

Condition (i) is necessary for (CK'1): otherwise for some e € £, we would have

Le(p)(e'e) = D tla) # Y v=Le(p)(t(e))

w(g)=e w(v)=t(e)

because vertices are linearly independent in Ly(I'),so > ¢(g)= > wifand
w(g)=e w(v)=t(e)

only if {£(g) }o(g)=e = {v}o(w)=t(e)-

(CK2): If v € V} is not a sink then

Le(p)( Y ee”) = Y Le(p)(e)Le(p)(e”)

s(e)=v s(e)=v s@=v p(f=e  plg)=e

I
=
S
=

Now f = ft(f) and g* = t(g)g" by (E). If fg* = ft(f)t(9)g" # 0 then t(f) = t(g)
by (V'), hence f = g by (i). Therefore

DO N =D D =) > I

s(e)=v o(fl=e  @(g)=e s(e)=v p(f)=e p(u)=v s(f)=u
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changing the order of summation using ¢(s(f)) = s(¢(f)) = s(e) because this sum is
over all arrows f in I with source being a preimage of vin A. Since > ff*=u

s(f)=e
by (C'K2) and (i) we have

Le(p)( ) ec’) = Y u= Ly(p)(v).

(e)=v p(u)=v

Condition (ii) is necessary: If there is a sink in [' whose image v under ¢ is not a sink
in A then the computation of Lg(p)( Y. ee*) above would yield Y - w = 0 where the
s(e)=v

sum is over all sinks w with p(w) = v. As above, this is not possible since vertices are

linearly independent.

We have show that ( being an admissible digraph morphism is necessary and sufficient
for Lp(ip) to define an algebra homomorphism (We will denote the algebra homomor-
phism also by Lg(¢)). From the definition of Lp(¢p) it is clear that this is a graded

x-homomorphism. ]

Remark 2. To realize FI" as a cofunctor, using the same definition for the images of
vertices and arrows as in Lg(p) we don’t need either of the two conditions in Definition

45. To realize the Cohn algebra construction as a cofunctor we only need condition (i).

Proposition 4.5. [24] If ¢ : ' — A is an onto admissible digraph morphism then
Lg(p) : Lg(A) — Lp(I") is a (graded x-algebra) monomorphism. If ¢ is one-to-one
then Lp(p) is an epimorphism.

Proof. Suppose ¢ : ' — A is an onto admissible digraph morphism. For any v € A
we know Lp(p)(v) = > w.From Lemma 3.6 we know that w # 0 for all vertices
w in . If p(w) = th(lqlg;v w( >, u)=w#0 hence >, wu # 0. Since ¢ is
onto Lp(p)(v) # 0 for every Vz(;;:)e:): v € A. From the Gras(ai(eu()izlgmqueness Theorem

(Theorem 3.7) we see that Lg(p) is a monomorphism.

Suppose ¢ : I' — A is a one-to-one admissible digraph morphism. For any vertex v in
I' we have o (¢(v)) = {v} since ¢ is one-to-one. Therefore Lg(p)(¢(v)) = v for
every v in I', showing that v is in the image of Ly (). Similarly, for any arrow e in '
we have o~ !(p(e)) = {e} since ¢ is one-to-one. Therefore Ly (p)(p(e)) = e for every

e in T', showing that e is in the image of Lg(p). Since Lg(p) is a x-homomorphism
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e* = Lp(p)(p(e)*) is in the image of Ly(y) for every arrow e in I'. The algebra
Lg(T) is generated by V U E U E and all of these generators are in the image of Lg(¢).
Thus Lg(yp) is an epimorphism. O

We are mostly interested in one-to-one admissible digraph morphisms ¢ : A — A
where we identify A with the subgraph of A which is the image of the digraph morphism,
so we may think of ¢ as an inclusion. If ¢ : A < A is admissible and p, ¢ € Path(A)
with t(p) = t(q) then either

(1) Lr(¥)(pg*) =0 when p or ¢ involves a vertex or an arrow not in A ; or
(i) Lr(v)(pg*) = pg* € Le(A) when p, g € Path(A).

Here it is important to realize that pg* € Lg(A) is the input of Lr(p) while Lg(¢)(pq*) €
Lr(A). We want to define a linear transformation o : Lp(A) — Lp(A) which is a
right inverse of Lr() when A is an admissible subgraph of A. (Note that o will not
be an algebra homomorphism in general.) First we need to recall the basis of Lg(A)

given at the end of Section 3 .

If v is a nonsink in A and v is in the subgraph A then v is a nonsink in A by
admissibility. In this case we pick e, , the distinguished arrow corresponding to v,
in A. If visnotin A then we pick e, in A arbitrarily. So we have picked the
distinguished arrows for both A and A compatibly. The bases for Ly(A) and Lr(A)

consist of elements of the form pg* not containing an ee* for any distinguished arrow
e. Hence any basis vector for Lr(A) is also a basis vector for Ly(A). Now we define
o : Lg(A) — Lr(A) by sending a basis vector pg* of Lgr(A) to itself” considered
as an element of Ly(A). By construction Lg(¢) o 0 = idp,(a), thatis, o is aright
inverse of Lgp(y) where ¢ is the inclusion of A into A. The linear transformation
o 1is not an algebra homomorphism in general. Also, o depends on the choice of the
distinguished arrows, so ¢ is not unique. Hence o is just a right inverse of Ly(¢)

regarded as a linear transformation.

Example 31. For the admissible inclusion A — A in Figure 4.1 we have u = ee* in
Lg(A) while u =ee* + ff* in Lp(A) by (CK2). In A and A we need to take e
as the distinguished arrow at w and o(u) = w . If 0 was an algebra homomorphism
then we would have ee* = ee* + f f* in Lp(A). This is not possible since ff* # 0 by

Lemma 3.6.
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Figure 4.1: o is not an algebra homomorphism

Lemma 4.6. [24] In the category aDgrf, the pushout of I' < A %5 A exists when
¢ and 1) are one-to-one admissible digraph morphisms. That is, the digraph morphisms

« and [ of the pushout diagram in Dgrf are admissible.

Proof. Let the following be a pushout diagram
B

|

where ¢ and ¢ are one-to-one admissible digraphs morphisms. Since  and ) are one-

A% A
r

=T 1Ia A

to-one we may regard A as the common subgraph of I' and A hence 'lTn A =T UA
where Er g, Epn = Er U E) and Vp Ly, Vi = Vr U V). We need to show that
IS TUA and A A U A are admissible. To check first condition of admissibility it
is enough to show that if £(e) isin I' (or A) for e in 'UA then e isin I" (respectively

A) because o and [ are inclusions.

If eisin 'UA and t(e) isin I' then e isin I or A. If e isin I' then we are done.
If e isin A then t(e) is alsoin A. Then ¢(e) isin A since t(e) is in both T' and
A . From the admissibility of the inclusion A < I' we get that e isin A. Since A is
a subgraph of I' we see that e is alsoin I'. Replacing I" with A in the discussion

above we get that A — ' U A is admissible also.

If visin ' and v isnotasinkin I"UA then thereisan e in'UA with s(e) = v.
If e isin I'then v isnotasinkin I'. If e isin A then s(e) = v isinboth I' and A.
Hence v isin A . Since the inclusion A < A is admissible, v is not a sink in A

because v isnotasink in A . So there is an arrow f in A with s(f) =v. But A is
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a subgraph of I' so f isalsoin I' hence v isnota sink in I'. We have shown that
forall v in I' if v isnotasink I"UA then v isnota sink in I'. The contrapositive
of this statement says that if v isasinkin I" then v isasinkin I'U A . Thus the
second condition of admissibility is satisfied for I' < TUA. The proof of the second

condition of admissibility for A E, ' U A is basically the same. [

Now we are ready to state and prove our main result.

Theorem 4.7. [24] If we apply the cofunctor Ly to the pushout diagram of I’ &
A -5 A in aDgrf with ¢ and v one-to-one then in the category Algy, we get the

pullback diagram of Ly(I") ) Lg(A) 2 Lg(A).

Proof. We may identify A with a common subgraph of A and I" since ¢ and v are
one-to-one, so the pushout object I' IIn A becomes the union of the I' and A with A
in the intersection. Moreover the inclusions o : ' — I'IIo A and f: A — I'Ix A
are admissible by Lemma 4.6. Hence we may apply the cofunctor Ly to the admissible
digraph inclusions o and [ as well as ¢ and . From the commutative diagram
of digraphs (and admissible digraph morphisms) we get the commutative diagram of

algebras as shown below:

, Ly
v B A Lg(4) O Lx(B)
[————=TlaA Ly(T") < o Le(T'IIa A)
Flo

From the universal property of the pullback we get the diagram

Lr(A)

LJFW)‘ O ‘G

LF(P) X Lp(A) LF(A> O

F

(@)
O

Le(a) Lg(T TI5 A)
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Here Lg(I) X pz(a) Lr(A) = {(a,b) € Le(T') x Le(A) | Lp(¢)(a) = Le(p)(b)} and
the morphism 6 maps ¢ € Lg(I' IIn A) to the ordered pair (Lg(a)(c), Lr(5)(c)).
The morphisms F' and G are restrictions of the projections to Lg(I') and Lg(A)

respectively. We will be done when we show that 6 is an isomorphism.

We know from the discussion on the pullback diagrams of Z-graded algebras that 6 is
a graded algebra homomorphism. By the Graded Uniqueness Theorem, i.e, Theorem
3.7 it is enough to show that the image of every vertex in ' IIn A is nonzero. Each
vertex v in ' IIo A is must be a vertex in I" or a vertex in A since ' IIx A is the
union of the subgraphs I" and A. Hence Lp(«)(v) or Ly(5)(v) is nonzero by the
definition of Lp because « and [ are the inclusions of I' and A into I' ITo A. Thus

0(v) = (Lp(a)(v), Lp(5)(v)) # 0 forall v € I'TIn A and 6 is one-to-one.

To see that 6 is onto we will find a basis of Ly(I'IIx A) which restrict to bases of Ly(I"),
Lr(A) and Lr(A) as in the discussion above Lemma 4.6. That is, if v is a nonsink in
I'TIA A and v is a vertex in A then v is a nonsink in A by admissibility. We pick a
distinguished arrow e, form A. If v is a nonsink and not in A then it must be a nonsink in
either I' or A, so we pick e, accordingly. Now we may define the linear transformations
o1: Lp(T') — Lp(T'IA A) and o9 : Lp(A) — Lyp(I'TIa A) sending basis elements
pq* of Lr(I") or Lr(A) to “themselves” considered as elements of L]F(F IIA A). Given
an element (a,b) € Lp(I") X 1,(a) Lr(A) we have a = Z \ipiqF + Z \ipiq; where

i=k+1
each p;q’ is a basis vector of Ly(I") and p;q isa bams vector of Ly(A) if and only
k

k
if i < k. Hence Lp(a)(a) = > \ipiqi = Lr(5)(b) and b = Z Wipiq; + SONipiqr
i=1 j=1 i=1

with Lg(8)( Zlujqu;) =0. Now 6( 2>\ipiq;k -+ Zl,ujqu;) = (a,b) . Thus 0 is
j= i= i=

onto and we are done. O

In Figure 4.2 we give the noncommutative algebraic analog of obtaining the sphere by
identifying two discs (the northern and southern hemispheres) along their boundaries

(the equator) shown in the diagram

fya—}

D §?
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When F = C completing LPAs yields the graph C*-algebras identified as the quantum
versions of D? and S2. Each kernel of the epimorphisms of the LPAs on the right are

ideals generated by a sink (w, or w_).

Fx, x 1] =—F(x,y) /(1 — xy)

I+
J — -~ 2
(].D‘i : r:C'"“ [ f]Sz : «C. / ¥ <Xy>/(1 Xy) LJ[ (qs )

Figure 4.2: Cofunctor Lp

The adjective quantum is used because while the mathematical model for classical
mechanics is a commutative algebra, the algebra of continuous functions on the state
space, the mathematical model for quantum mechanics is a noncommutative algebra of

bounded linear operators on a Hilbert space.
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5. CONCLUSION

The main objective of this thesis is to realize the construction of Leavitt path algebras
of di(rected )graphs as the object part of a cofunctor from a subcategory of digraphs
and digraph morphisms to the category of Z-graded x-algebras and their morphisms.
To this end we determine which digraph morphisms are “admissible”, that is, enable us
to extend the Leavitt path algebra construction (contravariantly) to digraph morphisms.
Already at the object level this provides noncommutative analogs of polynomial algebras

for some quantum topological spaces. For instance:

Theorem 4.4. Let I' and A be finite digraphs. If o : ' — A is a digraph morphism
then Lp(p) defines a graded *-algebra homomorphism if and only if ¢ is admissible.

Moreover we give some realizations of pushout to pullback constructions in this context.

Specifically:

Theorem 4.7. If we apply the cofunctor Ly to the pushout diagram of I' LA LA
in aDgrf with ¢ and v one-to-one then in the category Algr, we get the pullback

diagram of Lg(I") ) Lr(A) pull2 Lr(A) .
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