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ABSTRACT

Master of Science Thesis

AN ALTERNATIVE DESCRIPTION OF THE TORSION SUBGROUP OF THE
FREE CENTRE-BY-METABELIAN GROUP OF RANK AT LEAST FOUR IN
TERMS OF GENERATORS

Sule AKGUL

Zonguldak Biilent Ecevit University
Graduate School of Natural and Applied Sciences

Department of Mathematics

Thesis Advisor: Prof. Dr. Seyhun KESIiM
January 2024, 37 pages

Let F be a non-cyclic free group of rank n. Consider the quotient F /[F F], the free centre-

by-metabelian group of rank n. In 1973, C. K. Gupta proved by purely group theoretic means
n
that it contains an elementary abelian 2-group of rank (4} in its centre for n>4, and exhibited

an explicit generating set for this torsion subgroup. In this thesis, using homological methods,

we provide an alternative explicit generating set for it, and identify this torsion subgroup as the

isolator of an explicitly given subgroup in the quotient F "/[F " F ]

Keywords: Free central extensions of groups, Homology of groups, Connecting

homomorphisms.

Science Code: 403.01.01






OZET
Yiiksek Lisans Tezi

RANKI EN AZ DORT OLAN SERBEST MERKEZI METABELYEN GRUBUN
TORSION ALTGRUBUNUN URETECLER CINSINDEN BiR ALTERNATIF
TANIMI

Sule AKGUL

Zonguldak Biilent Ecevit Universitesi
Fen Bilimleri Enstitiisii

Matematik Anabilim Dali

Tez Damigmam: Prof. Dr. Seyhun KESIM
Ocak 2024, 37 sayfa

F ranki n olan ve devirli olmayan bir serbest grup olsun. Ranki n olan serbest merkezi

metabelyen grup F/[F",F] i ele alalim. 1973 de C. K. Gupta grup teori araglari kullanarak

n
N>4 icin bu grubun merkezinde ranki [4) olan bir elemanter abelyen 2-grup icerdigini

ispatladi, ve bu torsiyon altgrubu iireten bir kiimeyi belirgin bir bigimde sergiledi. Bu tezde,
homolojik metotlar kullanarak, bu torsiyon altgrup i¢in alternatif bir iireten kiimeyi belirgin bir

bigimde temin ediyoruz ve bu torsiyon altgrubu F'/[F",F'] bolim grubunda belirgin bir

bicimde verilen bir altgrubun izolatorii olarak tanimliyoruz.

Anahtar Kelimeler: Gruplarin serbest merkezi genislemeleri, Gruplarin homolojisi, Baglanti

homomorfileri.

Bilim Kodu: 403.01.01
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CHAPTER 1
INTRODUCTION

In this thesis, we study elements of order 2 in the free centre-by-metabelian group which
is a free central extension of a torsion-free group. In order to introduce this free cen-
tral extension we make use of standard group theoretic notation for higher commutator
subgroups which is explained in Chapter 2.

Let F' be a free group of rank n > 2 with free generating set X = {z1,...,2,,}. Consider

the quotient

F/[F", F]. (1.1)
It fits into the short exact sequence

1— F"/[F" F|— F/[F"F| - F/F" —1 (1.2)

where the left hand term is clearly central in the middle term, and hence (1.1) is a central
extension of the right hand term F'/F” which is the free metabelian group of rank n. In
fact, F//[F", F] is the free centre-by-metabelian group of rank n.

It is well-known that the right hand term in (1.2) is torsion-free, and that its centre is
trivial (see [8]). Thus (1.1) is a free central extension of a torsion-free group, and its centre
is precisely the left hand term in (1.2). A peculiar feature of the free central extension
(1.1) is the presence of elements of order 2 in its centre F”/[F" F| for n > 4. Since
the right hand term of (1.2) is, as we have just pointed out, torsion-free, any element
of finite order in (1.1) must be contained in the centre, and it follows immediately that
these elements form a subgroup.

This phenomenon was studied by Chander Kanta Gupta in 1973. Gupta proved that
F/[F",F] is torsion-free for n = 2 and n = 3, and she discovered that, if n > 4, then
F/[F", F] contains an elementary abelian 2-group of rank (Z) in its centre, an unexpected

result at that time. Furthermore, she proved that this torsion subgroup is freely generated



by the elements

[t ]l ] [ 2] Ly, ]
folaxil} >[xl>x1” Hi’?flaw;l] 7[1’17@9]]

et o] o] [[ah 2t [, 2]

with 1 <i < j <k <Il<n (see [l]). Gupta’s proof of this remarkable result was purely
group theoretical and consists of several pages of intricate commutator calculations.

In his pioneering 1977 paper [4], Yu. V. Kuz’'min introduced homological methods into
the study of Gupta’s torsion elements, and subsequently, was able to identify the torsion
subgroup of F/[F", F| with Hy(F/F") ® Zs, the fourth integral homology group of the
free abelian group F'/F’ reduced modulo 2, and to obtain the same torsion elements.

In his 1989 paper [10], by deriving a 6-term exact sequence, Ralph Stohr showed that if
R is a normal subgroup of F' and G = F'/R has no elements of order 2 then

t(F/[R,F)) = Hy (G, Zs)

where Hy (G, Zs) denotes the fourth homology group of G with coefficients in the trivial
G-module Zs. In the special case R = F', G = F/F’ is free abelian, and the isomorphism
t(F/[R,F]) = Hy (G, Zs) turns into

t(F/[F", F)) = Hy (F/F', 7). (1.3)

Now, (1.3) provides a description of the torsion subgroup of (1.1) as an abstract group
in homological terms, and is consistent with Kuz’'min’s result, since Hy (F/F’, Zs) is
isomorphic to Hy(F/F")®Zs. The homology group Hy (F/F’, Zs) is an elementary abelian
2-group of rank (Z) for 4 < n =rank F, and trivial for 4 > n. Hence (1.3) implies that
F/[F",F] is torsion-free for n = 2 and n = 3, and, if n > 4, then F/[F", F| contains
elements of order 2. In 1997, in his Ph.D. thesis [6], using homological methods and doing
a computation which is different from Kuz'min’s computation, A. M. Sager described this
torsion subgroup in group theoretic terms by identifying generators for it. His motivation
for this work came from [10]. Furthermore, he showed that his generating set coincides
with that of Gupta’s.

In this thesis, our aims are to obtain an alternative description of the torsion subgroup of

F/[F", F] in terms of generators of F' for n > 4, to show that our generating set coincides



with that of Gupta’s, and to identify this torsion subgroup as the isolator of an explicitly
given subgroup in the lower central quotient v, (F”) /74 (F”). As Sager, our motivation to
achive these aims comes from [10], however we will do a compuation which is considerably
shorter and more practical than Sager’s computation. In our computation using the fact
that the symmetric group S, acts naturally as a group of automorphisms on the free
group F' by permuting the free generators, we will apply some S,,-actions induced by the
Sp-action on the free group F. We will also use definitions of certain permutations of the
symmetric groups S3 and Sy to keep statements of our findings as short as possible.

The key idea that allows to apply homological methods to the quotient
FI// [F”, F] (14)

is to write it as a tensor product. Let G be a free abelian group given by the free

presentation
1-F —-F—G-—1. (1.5)

The relation module of G stemming from (1.5) is the free abelian group M = F’/F" with
right G-action induced by conjugation in F'. The quotient F'/[F", F'] is a free nilpotent

group of class 2 and, consequently, there is an isomorphism of G-modules
F/// [F”,F,] o FI/FII/\FI/FII — M/\M

where M A M denotes the exterior square of M, the G action being induced by conjugation

in F. In view of the canonical isomorphism F”/ [F" F'|®qZ = F"/ [F", F], we then get
F"JIF" F]2 M AM ®¢ Z. (1.6)

Thus we have transformed the purely group theoretic problem of studying the quotient
(1.4) into a problem about a tensor product involving the exterior square of the relation
module M. Yu. V. Kuz’min was the first to exploit the isomorphism (1.6) (in a slightly
different form).

In this thesis, we take advantage of the isomorphism (1.6), and use homological meth-
ods to identify elements of order 2 in M A M ®¢ Z (and hence in F"/[F", F]). Since
t(F"/[F",F]) =t(F/[F",F]), (1.3) can be restated as

t(MAM ®c7Z) = Hy (G, Zs) (1.7)



where G = F/F’ is a free abelian group of rank n. We exploit the 6-term exact sequence
which was used in the proof of (1.7) in [10] to compute the image of the homology group
Hy (G, Zs) in MAM®¢Z (and hence in F"/ [F", F]). Proofs of our main results (Theorem
5.1, Theorem 5.2 and Theorem 5.3) in Chapter 5 are by computing this image.

Basic results on homology of groups will be used without special references being given.
These, however, can easily be found in [2].

The rest of the thesis is organized as follows. In Chapter 2, we introduce notation and
some preliminary material required in this research. In Chapter 3, we review the result
(1.3) as given in [10], and record its main ingredients including a 6-term exact sequence
which plays a crucial role in our calculations in Chapter 4. In Chapter 4, we identify the
image of Hy (F/F',Zs) in M AN M ®¢Z. In Chapter 5, we state and prove our main results
one of which provides an explicit alternative set of generators for the torsion subgroup
of the free centre-by-metabelian group of rank n > 4. Finally, in Chapter 6, we show
that our generating set for the torsion subgroup of the free centre-by-metabelian group

of rank n > 4 coincides with that of Gupta’s.



CHAPTER 2
PRELIMINARIES AND NOTATION

In this chapter, we introduce notation and some preliminary material required in this

research.
2.1 GROUPS

Let G be a group and a,b € G. The conjugate of a by bis a® = b='ab and the commutator
of a and b is defined as [a,b] = a~'b~'ab. The subgroup of G generated by the set
{la,b] | a,b € G} is called the commutator subgroup of G and denoted by G’. If H and K
are subgroups of a group G, then [H, K] is the subgroup of G generated by the elements
[h, k] where h € H, k € K. In particular, the commutator subgroup of G can be written
as G’ = [G,G]. The left-normed commutator [ay, ..., a,] is defined for n > 2 by setting
lay,...,an] = [[a1,...,an-1],a,]. The lower central series of G is the chain of its fully

invariant subgroups

G =7(G) 2 75(G) = ... 2 7%4(G) =2 71 (G) = ...

— )

where, for i > 1, v,,,(G) = [7;(G), G]. Let F be a free group of rank n > 2. The quotient
group F'/v.. 1 (F') is the free nilpotent (of class c) group of rank n. Let G be a group.
The subgroups GY) for j = 0,1,2, ... are defined by induction. If we set G = G and
GUH) = [GW,GY)] we get a descending chain of fully invariant subgroups in G of the

form

where G = G’ = [G,G], G? = G" = [(',G'] = [|G,G], G, G]]. Tt is called the derived
series of G. The second member G? is called the second derived subgroup of G. Let F
be a free group of rank n > 2. The free metabelian group of rank n is defined as F/F"

i.e. the quotient of F' by its second derived subgroup. For an arbitrary abelian group



G, we let t(G) denote the torsion subgroup of G. For a permutation o in the symmetric
group S, the sign of ¢ will be denoted by sgn(c). Let A be a free abelian group and B
a subgroup of A. The isolator of B in A is defined as

IsaB={z € A|z™ € B for some m}.
2.2 MODULES FOR GROUPS

2.2.1 (G-Modules

Let G be a group (written multiplicatively), and let ZG be the integral group ring of G.
A module over ZG will be referred to as a G-module. We will usually work with right
G-modules. A G-module is Z-free, if its underlying abelian group is a free Z-module.
The tensor product over Z will be denoted by ® instead of ®z. If B and C are right
G-modules, the tensor product B ® C' can be endowed with a G-module structure by
defining (b ® ¢)g = bg @ cg for b € B, ¢ € C and g € G. This type of action is called
diagonal action. By forgetting the G-module structure of B, B&C becomes a G-module,
using only the structure of C, by defining (b® ¢)g =b® cg for b € B, c € C and g € G.
This type of action is called single action. A G-module A is called trivial if ag = a for
all a € A, g € G. The ring of integers Z will always be regarded as a trivial G-module.
By Z, we denote the quotient Z/nZ, which is also regarded as a trivial G-module. In
general, we may regard every abelian group as a trivial G-module. Now let A be a Z-free
G-module. It is well-known that if B is a free G-module then the tensor product A ® B
is G-free (see, eg., Chapter VI of [2]). This will be used without specific references being

given.

2.2.2 Tensor, Exterior and Symmetric Powers

For a Z-free right G-module A, we denote the n-th tensor power of A by

T"A=A®..®A,
—_——

n

T°A = 7Z. The tensor power T"A will be regarded as a right G-module with diagonal
action. Let a, be the submodule of 7" A generated by all elements of type a; ® ... ® a,

where a; = a; for some ¢ # j and a4, ..., a,, € A. The n-th exterior power of A is defined



by A"A = T"A/a,. In T"A, we let b, be the submodule generated by all elements of
type a1 ® ... ® G, — ap(1) @ ... @ a,(n) Where p ranges over all permutations of {1,2,...,n}
and ay, ...,a, € A. Then, the n-th symmetric power of A is defined by A" = T™"A/b,,.
The canonical images of a; ® ... ® a,, under the natural projections T"A — A" A and
T"A — A™ are denoted by a; A ... A a,, and a; o ... o a,, respectively. Both A"A and A"
will be regarded as G-modules with diagonal action. For n = 2 we also use the notation
A%2A = A A A for the exterior square of A and A% = Ao A for the symmetric square of A.

The exterior and symmetric squares of A are defined by
ANA=A®R A/ {a®al|ac A})

and

AocA=A®A/{({a1 ®az —ay ®ay | ar,ay € A}),

respectively. Thus, we have the relations a Aa =0 and a; Aas = —as Aay in AN A, and

the relation @y o ay = as0a; in Ao A for all a,a1,as € A.

2.2.3 The Relation and Augmentation Sequences

For the following material we refer to [2].
Let G be a (multiplicative) group. As usual ZG denotes the integral group ring of the
group G. The map ¢ : ZG — Z defined by

i <ang> “Y,

ged gea
is called the augmentation map. This map is a ring homomorphism. The kernel of
e, denoted by IG, is called the augmentation ideal of Z(G. As an abelian group the
augmentation ideal IG is free on the set W = {g— 1| g € G, g # 1}. The short exact

sequence
0—-IG 572G 57 —0

where 2 is the inclusion map, will be referred to as the augmentation sequence. If F' is a
free group with basis X, then the augmentation ideal [ F' is a free F-module on the set

{r — 1|z € X} (see, e.g., Theorem 5.5 of [2]).



Let G be a group given by a free presentation
1-R—>FL5G—1 (2.1)

where F' is a free group (with basis X, say), R is a normal subgroup of F' and G = F/R.
The free abelian group R, = R/ R’ carries, by conjugation, the structure of an F-module.

Since R operates trivially R,, may be regarded as a right G-module by defining
rRg= (z7"ra) R

where r € R, x € F, g € G with g = m(z). The G-module R, is called the relation
module of G associated with the free presentation (2.1). The free presentation (2.1) yields

a short exact sequence of G-modules
0— Ry 5P % IG—0 (2.2)

where P = [ F®@p ZG is a free G-module on the set {(z — 1) ® 1 | € X} with respect to
single action, the monomorphism g is given by, for r € R, u(rR') = (r — 1) ® 1 and the
epimorphism o is, on the free generators of P, given by o ((z — 1) ® 1) = 7(x) — 1 (see,
e.g., Theorem 6.3 of [2]). The exact sequence (2.2) is usually called the relation sequence
stemming from (2.1), and the injection p is usually called the Magnus embedding.

For our applications we consider the following special case. We put G = F/F’. This means
that G is a free abelian group of rank n with free generators by, ..., b, where b; = x;F’
(1 <4 <n). In this case the relation module is F!, = F”/F" which we will denote by M.
The relation module M = F'/F" is (as a G-module) generated by the elements [z;, z;] F"
(1<i<j<n). In what follows we will abuse notation by suppressing the F” when
working in the relation module (unless otherwise stated). For example [z;, z;| F" will be
written as [z;, z;]. P is a free G-module of rank n with free generators e; = (z; — 1) ® 1
(1 <i<n). Let us now write the Magnus embedding and the epimorphism ¢ in a form

convenient for our calculations in Chapter 4. One easily calculates that
p(lzi wj]) = ei(bj — 1) —e; (b — 1).

The epimorphism o is, on the free generators of P, given by o (e;) = b; — 1. As an

immediate application of the Magnus embedding p : M — P, one has

[L([[L’l,l‘g} (bg - 1) + [$2,ZL’3] (bl — 1) + [333,1’1] (bg — 1)) = 0.



Hence, in M, we have

(1, 9] (bg — 1) + [z2, 3] (by — 1) + [x3,21] (by — 1) = 0,
or

(1, X9, 23] + 2, 23, 1] + [T3, 21, 22] =0

as p is injective. We will refer to this result as the Jacobi identity.

Let G be the free abelian group given by the free presentation (1.5). The commutator
subgroup F’ of F' is free by Schreier’s theorem. We consider the lower central quotient
Yo (F") [V pyr (F') of the free group F” which will be written additively. This quotient (a

free abelian group) is generated by the left-normed commutators of weight i

[ala A2y ey ai] ’7i+1(F/)

where aq, as, ...,a; € F'. It carries, by conjugation, the structure of an F-module. Since

F’ operates trivially, it may be regarded as a right G-module by defining

a1, ag, ooy ai] Vi (F')b; = [a1, ag, oo ai] ™ 04 (F)

where a1, as,...,a; € F', x; € F', b; = x;F' € GG. For future reference, we record that this

action yields

a1, ag, ..., a;] Vi (F') (s — 1) = [aq, ag, ..., a;, ) ;1 (7). (2.3)
Indeed, bearing in mind that the quotient v, (F”) /7,11 (F") is written additively, we have

[aha?? "‘JGZ'] ’Yi—&-l(F/) (bl - 1) - [a17a27 ”'7ai]wi ’Yi—l—l(F/) - [aha?a "'7ai] 7i+1(F/)
= [a1,a2,---,ai]mi [a1,a2,---,ai]_1%+1(F/)
= 962-_1 la1, ag, ..., a;) x; (a1, az, ..., ai]il ’7i+1(F/>

- xi_l [a17 ag, ..., ai] Ii,}/i—i-l(F,)

— [a17a27"'7a/i]
= a1, a9, ..., a;, ;] i (F').
The quotient F'/[F”, F’] is a free nilpotent group of class 2 and, consequently, there is

an isomorphism of G-modules

F'/[F" F|2F|F'"ANF'JF'=MAM, (2.4)



the G action being induced by conjugation in F. Explicitly, the isomorphism (2.4) acts

as follows. For aq, ay € F’,
lay, as] [F", F'] <> a1 F" N apF".

In Chapter 4 we will examine M A M, and in Section 5 we will use the isomorphism
(2.4) to restate our findings in the language of group theory. In view of the canonical
isomorphism F"/[F", F'| @ Z = F"/[F", F], trivializing the G-action (i.e. tensoring
with the trivial G-module Z) on both sides in (2.4) yields an isomorphism

F'/[F",F]2 M AM ®¢ Z. (2.5)
Explicitly, the isomorphism (2.5) acts as follows. For ay, ay € F”,
la1,as) [F", F| < a1 F" N agF" @ 1.

In Chapter 4 we will obtain a generating set for the torsion subgroup of M A M ®¢ Z,
and in Section 5 we will use the isomorphism (2.5) to prove Theorem 5.1.

We make some conventions for our applications in Chapter 4. Let F' be a free group
of rank n > 2 on a free generating set X = {zi,...,2,}. The symmetric group S,
acts naturally as a group of automorphisms on the free group F' by permuting the free
generators. We will write this action on the right. The symmetric group S,, acts also on
the free abelian group G = F'/F’, the regular module ZG, the augmentation ideal /G, the
relation module M = F'/F”| the free G-module P = [ F @ Z(G, and the tensor products
involving G, ZG, IG, M, P and their tensor, exterior and symmetric powers as a group

of automorphisms. The S,,-actions are all induced by the S,-action on the free group F'.

2.3 HOMOLOGY OF FREE ABELIAN GROUPS

The homology of free abelian groups is well understood (see, e.g., Chapter VI of [5]). We
recall the construction of a well-known free resolution of the trivial module Z for a free
abelian group G, the so-called Koszul complex, and show how it is used to determine the
k-th homology group of G with coefficients in a trivial G-module B denoted by Hy(G, B).
This free resolution will play a crucial part in our calculations in Chapter 4.

Let G be a free abelian group of rank n with free generators by, ...,b,. Let P be a free

G-module with free generators ey, ..., e,, and let A¥P denote the k-th exterior power over

10



Z.G of the free G-module P. For k > 1, A*P is a free G-module of rank (Z) with free
generators e; A ... Ae;, (1 < iy < .. <ip <n). In particular, A"P is a free G-module
of rank 1 with basis {e; A ... Ae,}. We extend the definition of A*P to the cases k = 0
and k = 1 by setting A°P = ZG and A'P = P. Define differentials dj, : A¥P — AP
by setting

k
dic (e A Ney) =Y (=177 (b, — 1) (e, A NG A Aey,)

7j=1
and dy(e;) = b; — 1, (here €;, indicates the omission of e;;). To simplify notation we put

AP =P, for k=1,2,...,m. Then

P.0—pP,p i Bop Bop dga iy

where € : ZG — Z is the augmentation map, is a free resolution (the Koszul complex)
of the trivial G-module Z. For a proof of this fact we refer to [5]. Let B be a trivial
G-module. Then, by definition Hy(G, B) = Hi(G, B ®¢ P). By the definition of the
differentials dy one has dy (Py) C IG - P,_;. This implies that the induced differentials
1®dy on B ®g P are all zero maps. Hence Hy(G,B) = B ®g P;. Since Py is a free
G-module of rank (7), Hx(G, B) is a direct sum of (}) isomorphic copies of the trivial G-
module B (we follow the convention that if n < k then (}) = 0 and hence Hy(G, B) = 0).
In particular, for B = Z, the integral homology group Hy(G,Z) = Hy(G) is a free abelian
group of rank (), for B = Z,, the homology group Hy(G,Z,) is a direct sum of (})
isomorphic copies of Z,,, and for B = Z, where p is a prime, H(G,Z,) is an elementary

abelian p-group of rank (Z)
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CHAPTER 3

DESCRIPTION OF THE TORSION SUBGROUP OF F/[F”" F] IN
HOMOLOGICAL TERMS

In this chapter, we record one of the main ingredients of the proof of the isomorphism
t(MAM®gZ) = Hy(G,Zs), (3.1)

as given in [10], in a form that will be convenient for computing the image of H,(G,Z>)
in M AN M ®¢ Z in Chapter 4.

This main ingredient is the 6-term sequence of G-modules
T 0—MAM25M@P 2% PoP 257G o0 ZG 25 ZG — Zy — 0.

The differentials in J are as follows.

oy : ZG o ZG — ZG is, for a1, ay € ZG, defined by
aq (a1 0ag) =€ (ay) as + € (az) ay

where € : ZG — Z is the augmentation map from the augmentation sequence.

as: Po P — ZG o ZG is, for py,py € P, defined by

g (p1opa2) = o(p1) o a(pa)

where ¢ is the map P — IG from the relation sequence.

az: M QP — PoPis, forme M, pe P, defined by
az (m®p) = p(m)op

where 1 : M — P is the Magnus embedding from the relation sequence.

ayg: MANM — M ® P is, for mi;,me € M, defined by
Oy (m1 A mg) =m & M(mg) — Mo & M(ml)
where, again, p is is the Magnus embedding from the relation sequence.
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€ : ZG — Zg is, for a € ZG, defined by
g(a)=c(a)+2Z

where, again, ¢ is the augmentation map from the augmentation sequence.

By Lemma 3.1 of [10], J is exact. Now M ® P is G-free, since M is Z-free and P is
G-free. Moreover, by Corollary 3.13 of [9], Po P and ZG o ZG are also G-free. Obviously
Z.G is G-free. Hence, the four middle terms M ® P, Po P, ZG o ZG and ZG in J are
homologically trivial. Consequently, the exact sequence J yields (by dimension shifting)

the isomorphism
Hy(G,Zs) = ker(MAM@cZ—M®PQgZ).

Since M ® P ®¢ Z is a free abelian group, the torsion subgroup ¢ (M A M ®¢ Z) must
be contained in that kernel and this proves (3.1).
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CHAPTER 4

THE IMAGE OF H,(G,Z3) IN M ANM ®¢ Z

In this chapter, in order to identify the image of Hy(G,Zs) in M N M ®¢ Z, we work out
the connecting homomorphism Hy(G,Zy) — Ho(G, M A M) stemming from the exact
sequence J which is introduced in Chapter 3. We use the double complex J ®¢ P, where
P is the Koszul complex which is introduced in Chapter 2. In our calculations in this

chapter, we will make use of the following.

Lemma 4.1 Let A and B be right G-modules. For the module A ® B (diagonal action)
we have the following relation. Let a € A, b € B and g € G, then

(a®b)(g—1)=a(g—1)@b(g—1)+a(g—1)@b+a®b(g—1).

Proof. By the definition of the diagonal action, one has
(a®b)(g—1)=ag®@bg—a®b. (4.1)
But ag=a(g—1)+aand bg =b(g — 1) + b. Hence
ag@bg=a(g—1)®@b(g—1)+a(g—1)@b+a®b(g—1)+a®b. (4.2)

The lemma follows by substituting (4.2) into (4.1). =

4.1 THE CONNECTING HOMOMORPHISM H,(G,Z,) — Ho(G, M A M)

The group Hy(G,Zs) is (as a Zg-module) freely generated by the cycles
1®€i/\€j/\ek/\el € 7o R¢a Py

withl <1< j<k<l<n.

For simplicity, we consider the cycle
1®e; Aea Aes A ey. (4.3)

We start with (4.3), and then we alternate with taking inverse images and applying

differentials as indicated in the following staircase diagram.
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An inverse image of (4.3) in ZG ®¢ Py is
1®€1/\62/\63/\64. (44)

By applying the differential ZG ®¢ Py — ZG ®¢ P to (4.4), we obtain

4
D D" bm—1)@er A Aem A Ae. (4.5)

m=1
We simplify notation by setting B,, = b,
In order to get an inverse image of (4.5) in ZG o ZG ®¢ Ps, we consider the following

element in ZG o ZG
(1o1)(by—1).

Since the module ZG o Z(G is a homomorphic image of the module ZG ® ZG, Lemma, 4.1
with A = B = ZG yields the following

(lol)(byy—1) = BpoB,+Bp,ol+10B,
= BnoB,+2(B,ol)

= B, 0B, (mod2).
Hence

(1o1)(by, — 1)+ By o By, € 2(ZG 0o ZG)

and

1 4

52 (=)™ (1 01)(byy — 1)+ BnoBp)@er A .. NG A ... Aey. (4.6)
m=1

is an inverse image of (4.5) in ZG o ZG ®¢ Ps. This is because we have o (10 1) = 2 and
B,, o B, € ker a;.
By applying the differential ZG o ZG ®¢ Ps — ZG o ZG ®¢ P» to (4.6), we obtain

—ngn ((ByoBy)(by—1) — (Byo By) (b — 1)) @ es Aeq) p (4.7)

where p ranges over all permutations of {1,2,3,4} with p(1) < p(2), p(3) < p(4). This

is because the term

4
D (D)™ (101) (bn— 1) @er A A A Ay

m=1
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from (4.6) is the image of
101®61/\62/\€3/\64EZGOZG®GP4

under 1 ® d4 and hence it is in the kernel of 1 ® dj.

In order to get an inverse image of (4.7) in Po P ®¢ P,, we consider the following element

in PoP
(e10e1)(by—1) — (eg0e9)(by —1). (4.8)

Since the module P o P is a homomorphic image of the module P ® P, Lemma 4.1 with
A = B = P yields the following.
We have

(61 o 61) (bg — 1) = 6182 @) €1B2 + 6132 oe;+e10 elBg
= €1Bg @) 6132 + 2 (€1B2 @) 61)

= e1By0e1Bs (mod 2),
and similarly
(eg0€3) (b — 1) = eaBy 0 e By (mod 2).
Hence
(e10e1)(bp—1) —(eg0ey) (b — 1) = e1Byo ey By — e3B1 0 eaB1 (mod 2).
Furthermore, we have

(6132 — 6231) 0] (€1B2 — €2B1) = 6132 o 6132 + 6231 @) €2B1 — 261B2 e} 6231

= e;Byoe; By — eaBy 0eyBy (mod 2).

Recall that pu ([z1,22]) = e1 B2 — e2B; where u is the Magnus embedding and hence we

can identify e; By — eo By with [x7, 25]. Then, we have

(e10e1) (by—1) — (eg0e3) (by — 1) = 21, x2] 0 [x1, 25] (mod 2).
Hence

(e10e1)(by—1) — (e20e3) (by — 1) + [x1, 23] 0 [11,29) € 2(P o P)
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and
%ngn (p) (((exoey) (bg—1) —(eg0e3) (by — 1) + [x1, z2] 0 [71,22]) ® ez Aeg) p.  (4.9)

is an inverse image of (4.7) in Po P®¢ P,. This is because we have a3 (e; 0 e1) = By o By,
a3 (€3 0 €3) = By o By and [y, xs] 0 [, 23] € ker as.

By applying the differential Po P ®¢ Py, — P o P ®¢ P; to (4.9), we obtain

1

5ngm A) (([w1, 22]? (b3 — 1) — [w1, 23)% (ba — 1) + [, 23]% (b1 — 1)) @ €4) A (4.10)
A

where A ranges over all permutations of {1,2,3,4} with A (1) < A(2) < A(3) and

[$1,$2]2 = [21, 7] 0 [21, 29] , [$17$3]2 = [21, 23] 0 [21, 23], [x2,$3]2 = [22, 23] 0 [22, 23] .

This is because the term
> “sen(p) ((e10e1) (by — 1) — (ea 0 €2) (b — 1)) @ €3 Aes) p
p

from (4.9) is the image of

4
(=)™ emoem) ®er A e A8y Ao Aea € Po P &g Py

m=1
under 1 ® ds and hence it is in the kernel of 1 ® ds.
In order to get an inverse image of (4.10) in M ® P ®¢ Py, we consider the following

element in M ® P
([71, 29] @ [21, 22]) (b3 — 1) = ([z1, 73] ® [w1, 23]) (ba — 1) + ([22, 23] ® [22, 73]) (b1 — 1)
> “sgn () ([z1, 22] @ 21, 22]) (b — 1) 6 (4.11)

where 6 ranges over all permutations of {1,2,3} with 6 (1) < 6 (2).
Using (2.3) and Lemma 4.1 with A = M and B = P, we can decompose (4.11) into a

sum
S1+ 5y

where

S, = ngn (0) ([z1, 9, 23] ® |21, T2, 23]) O
0
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and

Sy = ngn (0) ([z1, T2, 23] ® [T1, T2] + [21, T2] @ [21, T2, 73]) 0.
0

Lemma 4.2 We have

S1 = ay ([x1, 22, 23] A [22, 23, 21]) (Mmod 2)

and

Sy = ay (ngn(Q) ([w1, w9, 23] A [21, 29]) 9) (mod 2)

where 0 ranges over all permutations of {1,2,3} with 6 (1) < 6(2).

Proof. By the definition of the permutation #, we have

S, = ngn (0) ([z1, x, 23] ® |21, T2, 23]) O

= (w1, 22, 23] @ [21, 79, 25]) (1) = (2 3) + (1 2 3))

— [x17x27x3] ® [171,372,253] - [171,1'3,[[‘2] ® [.171,373,[[‘2] + [5(32,1'3,[)31] ® [5(}2,.1'3,331] .

Since [z1, 3, 2| = [x1, g, T3] + |22, x3, 21| by the Jacobi identity, we get

S1 = —[x1, %9, 23] ® [w2, 23, 11| — [T2, T3, 1] @ [21, T2, 73]
= [1'1,1'2,1'3] ® [1'2,1'3,1'1] - [332,1'3,1’1] ® [331,1'2,1’3]

= ay ([x1, 22, T3] A [22, 23, 21]) (mod 2).
We immediately see that

Sy =Y sgn(0) ([x1, 22, 73] @ [w1, 2] + [21, 73] @ [w1, 72, 75]) 0

= ngn (9) ([1‘1,1’2,333] X [$1,$2] — [371,1'2] X [1’1,332,513'3]) 0
= oy <ngn (0) ([x1, x2, x3] A [21, 22]) 6) (mod 2).

For convenience, we write, for 6 as in (4.11),

S(1,2,3) = [x1, ke, x3) A 22, T3, 21] + ngn (0) ([x1, z, 3] A [21,22]) 6.

0
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By Lemma 4.2, we see that

ngn ([21, 9] @ [21, 22]) (b3 — 1) 0 = 4 (S (1,2,3)) (mod 2)
and hence

ngn ([21, 2] @ 21, x5]) (s — 1) 0 + g (S (1,2,3)) € 2(M @ P).

Since a4 (S (1,2,3)) € ker ag, we see that, for A as in (4.10) and for 6 as in (4.11),

%ngn ((ngn ([r1, 22) ® [x1,22]) (b3 — 1) 0 + ay (S (1, 2, 3))) ® e4> A (4.12)

is an inverse image of (4.10) in M ® P ®¢ P;.
By applying the differential M ® P ®¢ P, — M ® P ®¢ ZG to (4.12), we obtain

=N Tsgn (M) a4 (S(1,2,3)) (bs — 1) A (4.13)
Z

where ) is as in (4.10). Here we identify M ® P ®¢ ZG with M ® P. This is because the

term

ngn (ngn ([r1, 22] @ [21,22]) (b3 — 1) 0 ® e4> A
A

from (4.12) is the image of

ngn ([r1,22) ® [x1, 23] ® ez ANey) p € M @ P ®¢ Po

under 1 ® dy and hence it is in the kernel of 1 ® d;.
Now, we can take the following as the inverse image of (4.13) in M A M

%;sgn (0)S(1,2,3) (bs — 1) A

where A is as in (4.10). Here we identify M A M ®¢ ZG with M N\ M.
Let

y =1y (z1,22,23,14) = ngn (A)S(1,2,3) (by — 1) A
A
By the definitions of the permutations A and €, one has
y (1,20, 03,04) = > _sgn(A) (w1, 22, 23] A [, 23, 21]) (ba — 1) A

+Y “sgn (7) ([w1, 2, 73] A [21,72]) (bs — 1) 7
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where A and 7 range over all permutations of {1,2,3,4} with A (1) < A(2) < A(3) and
7(1) <7(2).

Now our aim is to write y as a linear combination of terms that have a coefficient of 2.
The module M A M is a homomorphic image of the module M ® M. Thus using (2.3)

and Lemma 4.1 with A = B = M, we can decompose y (x1, o, T3, T4) into a sum
Ti+ T+ T35+ Ty
where

= ngn()\) ([21, T2, T3, T4] N[22, T3, T1, T4]) A,

"‘ngn (7) ([21, 22, T3, T4] A [T1, 2, 24]) T,

T, = ngn (1) ([1, T2, 23] A [21, 29, 24]) T

T

Lemma 4.3 We have T1 =0, T, = 0,
T3 = Zngn()\) ([x1, T2, T3, 4] A [T9, T3, 21]) A
A
and
T, = Zngn(p) ([1, T, 3] A [T1, T2, 24]) p
P
where X\ and p range over all permutations of {1,2,3,4} with A (1) < A(2) < A(3) and
p(1) <p(2), p(3) <p(4).
Proof. By the definition of the permutation A, one has
T, = ngn()\) ([x1, T2, T3, T4] A [T9, T3, T1, T4]) A
A
= ([x1, 22, 3, 4] A [T, 23,21, 24]) (1) — (34) +(234)—(1234))
= [x1, T2, T3, 4] A [T, T3, 71, 4] — [X1, T2, Tg, T3] A [T2, T4, T1, T3]
+ [x1, T3, T4, T2] A [T3, 4, T1, To] — [To, T3, T4, T1] A [T3, T4, T2, T1]

= [$1,$2,£E3,x4] A [x4,$3,$1,x2] + [$1,$2,$4,$3] A [$3,CL'4,£U1,.I’2]

= 0.
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By the definition of the permutation 7, one has, for p ranging over all permutations of

{1,2,3,4} with p(1) < p(2), p(3) < p(4),
T, = ngn (7) ([x1, T2, 3, 4] A [21, 22]) T

= ) san(p) ([w1, 2, w3, 24] A [21, 3] — [0, 02, 24, 73] A [0, 22]) p
p

=0
and

T, = ngn (1) ([x1, T2, 3] A [T1, 9, 224)) T
= ngn (p) ([x1, T2, 23] A [1, T2, 4] — [T, T2, 4] A [21, 22, 23)) p
= 2) sgu(p) ([1, 22, 23] A fw1, 22, 24]) p.
Consider the following term in 73
ngn (1) ([z1, T2, T3, T4| A [T1, T2, T4]) T.
By the definition of the permutation 7, we have
ngn (1) ([x1, T2, 3, T4) A 1, T2, 24]) T = —ngn (1) ([x1, T2, 3, T4) A 21,22, 24]) (3 4) T
= ngn (1) ([x1, 22, T3] A [21, T2, T4, T3]) T.

T

On the other hand, by the definitions of the permutations A and 7, it is not hard to see
that the term

ngn (1) ([x1, T2, 3] A [21, 9, T3, 24]) T
can be written as
ngn (A) ([x1, 2, x3) A 21, T2, T3, 24]) (1) — (2 3) + (1 2 3)) A.

Hence, we get

ngn (1) ([x1, T2, T3] A [21, 0, 23, T4]) T = ngn (N) ([z1, ma, 23] A 21, 22, T3, 24]) A

= “sgn(A) ([w1, 23, 72] A [21, 23, 72, 74]) A

+ngn (N) ([z2, x5, 1] A |22, T3, 21, T4]) A



and consequently

T3

ngn (>\) ([$1,$2,$3,$4] A [anx37xl] + [l’l,l‘Q,If}] A [$27$3,x1,x4]) /\

+ngn ()\) ([1'171’2,.%'3] A [./13171'2,1;3,1}4] - [Il,l’g,l’g] A [x1,$3,$2,x4]) )\

By Lemma 4.3, we see that y (21, xe, x3,24) = T3+ Ty € 2(M N M). Let

U([L’l,xg,xg,le) - §y (‘Tlax27‘r37x4) .

Then, we have

u (@1, T2, 23, 04) = ngn()\) ([z1, w2, 23, T4] A [22, 23, 1]) A
A
+ngn (p) (['rlv I, x3] A [l’l,$27$4]) 1%
p

where A and p range over all permutations of {1,2,3,4} with A (1) < A(2) < A(3) and

p(1) <p(2), p(3) <p(4)

Consequently, the image of u (x1, X2, 23, 4) in MAM®RgZ is the image of 1®e; AeaAegAey
under the connecting homomorphism Hy(G,Zs) — M AN M ®¢g Z. Now we are able to

state the following results which have been published recently in [3].

Proposition 4.4 The elements u (x;, xj, x,2) ® 1L with 1 < i < j <k <1 <n freely

generate t (M N M ®¢ Z), and they have order 2.

Proof. The elements 1 ® e; Aej Aep Ae with 1 <14 < j <k <l <n freely generate
H4 (G, Zs), and they have order 2. The images of these elements in ¢t (M A M ®¢ Z) under
the connecting homomorphism Hy (G,Zy) — t (M AN M ®¢ Z), which is an isomorphism,

are the elements u (x;, ¥, r), ;) ® 1. The proposition follows. m
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Proposition 4.5 The elements y (z;,xj, xx, ) with 1 < 1 < j < k < 1 < n freely
generate a free abelian group A of rank (Z) in M N M such that the isolator of A in
M A M generates modulo (M N M) - IG the torsion subgroup of M N M ®¢ Z.

Proof. By Proposition 4.4 the elements %y (i, xj, 21, 7;) ® 1 have order 2. This means
that the elements y (z;, x;, %, 2;) belong to ker (M A M ®¢ ZG — M AN M ®¢ Z) which
is (M AN M) - IG. Now the isomorphism (2.4) yields

(M AM)-IG 2 F"/[F" F']. IG.
Moreover one has, for m € F”, x € F and 7 (z) = g € G,
m[F' F'|(g—1) = m[F",Fg(m[F" F])"
_ x_lmx [F”, F/] m—l [FH, F/]
= o 'mam ' [F" F]
= m a7 'ma [F", F']
= [m,x][F", F'].
This shows that F”/[F", F'] - IG = [F", F]| / [F", F'], hence

(M AM)-1G = [F" F] | [F", F"].

ker (M AM ®¢Z — M ® P ®¢ Z) coincides with t (M AN M ®¢ Z). Thus, M N M ®¢ Z
is a direct sum of the free abelian group M ® P ®¢ Z and t (M N M ®¢ Z) which is a
2-group. Consider the subgroup H of M A M generated by the elements u (z;, z;, Ty, ;)
the number of which is (Z) Since M A M is free abelian, H is free abelian and we have
rank H < (Z) We show that in fact rank H = (Z) Indeed, consider the epimorphism
H—t(MANM ®gZ). If we had rank H < (Z), then it would not be possible to map H
onto t (M N M ®¢ 7Z) which is an elementary abelian 2-group of rank (Z) This implies
that the elements y (z;, x;, 7%, ;) freely generate a free abelian group A in M A M. It is
easy to see that H is contained in the isalator of A in M A M. Moreover, we show that H
is the isalator of A in M A M. Now, suppose there exists x € Isy/nr A such that x does
not belong to H. Then we have x € M A M with mx € A for some m (we can choose
such m positive and smallest possible), hence the image of = has order m in M A M ®¢ Z.
Since we have elements of order 2 in M AN M ®¢ Z, we get m = 2 and 2x € A, hence

x € H giving contradiction. The proposition follows. =
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CHAPTER 5

STATEMENTS AND PROOFS OF MAIN RESULTS

In this chapter, using the results of Chapter 4, we state and prove our main results which

have also been published recently in [3].

Theorem 5.1 Let F' be a free group of rank n with free generating set X = {x1,xa, ..., T, }

forn > 4. Let
w (@1, 22,23, 24) = H ([[w1, 22, 23, 24] , [T2, T3, 21]] A)sgn(A)
A
LI s s [, 2, ) )"
P

where \ and p range over all permutations of {1,2,3,4} with A (1) < A(2) < A(3) and
p(1) <p(2), p(3) < p(4). Then the torsion subgroup of F/[F", F| is freely generated by

the elements w (z;, xj, xp, x;) with 1 <i<j <k <l<n.

Proof. We use the isomorphism (2.5) to translate the result obtained for t(M A M ®¢ 7Z)
into the setting of ¢ (F”/ [F", F']) (hence into the setting of ¢t (F'/ [F", F])). By Proposition

4.4 it is freely generated by the elements w (z;, zj, x, z;) with 1 <i<j<k<l<n. m

Theorem 5.2 Let F' be a free group of rank n with free generating set X = {x1, %2, ..., Tp}
forn > 4. Let

v (IL’17 X2,X3, fL‘4) = H ([[Il, Ta, ng} ’ [1,2’ ZL’37{L‘1] 71‘4] )\)sgn(/\)

A

H ([[x1, x2, 23], [1, 22] , 4] 7—)59"(T)

where X\ and T range over all permutations of {1,2,3,4} with A(1) < A(2) < A(3) and
7(1) < 7(2). Then the elements v(x;, xj, Tx, ;) with1 <i < j <k <1 <n freely generate
a free abelian group A of rank () in the quotient F"/[F" F'] such that the isolator of A
in F" | [F", F'] generates modulo [F", F] the torsion subgroup of F/[F", F].
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Proof. We use the isomorphism (2.4) to translate the result obtained for M A M into
the setting of the quotient £/ [F", F'|. By Proposition 4.5 the elements v(z;, z;, T, 7;)
with 1 <i < j <k <l < n freely generate a free abelian group A of rank (Z) in it such
that the isolator of A in it generates modulo [F”, F'] the torsion subgroup of F'/[F", F].

Theorem 5.3 Let w(xy, x2, x3,24) and v(x1, T, x3,x4) be as in Theorem 5.1 and Theo-

rem 5.2. Then the following relation holds in F" ] [F", F'|
'U)2(.T17 T2, T3, ‘7:4) = U(Ila T2, T3, $4).

Proof. Recall the elements y (x1, 29, x3,24) and u (x1, X2, 23, 24) in M A M from Chap-
ter 4. The isomorphism (2.4) takes y (x1,xs, 3, 24) to v (1, %2, T3,24), and it takes
u (x1, g, x3,T4) to w(x1, o, x3,24). The relation 2u(xy,x9,x3,24) = y (21, X2, T3, T4)

in M A M implies the relation w?(x1, T, ¥3, 4) = v(21, T, T3, 74) in F"/[F" F']. =
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CHAPTER 6

DOES REALLY OUR GENERATING SET COINCIDE WITH THAT OF
CHANDER KANTA GUPTA’S?

In order to answer the question raised in the title of this final chapter, we start with
Gupta’s elements and try to convert them to our elements. For simplicity, we consider

the element

[[21h227]  [ws, @al] [[217, 25 7] [, 7]
[[or"s 257 fwas wal] [[ag"s 257] [, 2]
[loo 2y '] o ] [ 207 s 0]

Since this element has order 2, it is equal to its inverse which is the following element
[[z1, 23], [257, 25 "] [[on,2a], [237, 257]]
[[z1, 23], [zg " 23 t]] [[a, 20], [27", 23] (6.1)
(w2, 3], [w1, 25 ]] [[ws, 24, [217, 257 ]]

Thus, for simplicity, we can consider (6.1). For b;,b; € G, we have

i ] (biby) ™ = [, 2] = wga e ey ey = wga eyt = (a7 25

Thus (6.1) is equal to the following
(w1, 2a] s [og, 2 ™| [0, @), o2, 5] 20|
(122, 23]z, 22" [l o], 2] )| 62
[[@’x?)] : [xl’x‘*](xlu)il] [[953,1’4] ) [%wﬂmw)il] :

Using the fact that [[,] : [,]fl} = [,]",[,]] modulo [F", F], applying the isomorphism
(2.5), and, for a,b € F’, writing a A, b instead of a A b ® 1, we see that (6.2) can be
identified with the following

(21, 2] b3by Ay [T3, 4] + [T1, 4] b2bs Ay [T2, 23]
+ [551, .1'3] b4b2 AW [334, .%'2] + [554, .1'2] blbg AW [331, .%'3] (63)

+ [z2, 3] b1by Ay [T1, 24| + [T3, 4] b1by Ay [21, 2]
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Now, it is easy to see that (6.3) can be written as
> sen (p) ([w1, 2] bsba Ay [w3,74]) p (6.4)
p

where p ranges over all permutations of {1,2,3,4} with p(1) < p(2), p(3) < p(4). By
writing b; = B; + 1 for i = 3,4, (6.4) can be rewritten as

ngn (p) ([z1, 22] BsBa Ay [23, 24] + |21, 22] By Ay [13, 14] + [1, T2] Ba As [3,24]) p
p
+ngﬂ (p) ([z1, w2] As [3, 34]) p.
p
Now by the definition of the permutation p, we get

> seulp) (fwr,z2] Asfog,wal) p = [0, @] A 3, 24] — [, 8] A [, 4]

+ (22, k3] As (1, Ta] + [T1, 4] As [22, 23]
— [z2, 4] Ay [T1, T3] + [X3, T4] As [21, 72

= (L
Hence (6.4) can be rewritten as
> “sen (p) (21, 72) BsBa Ay (w3, 2] + [11, 23] Bs As [w3, 2] + [21, 22) By A [w3,24]) p (6.5)
o
We simplify notation by setting
[Iiu xiQ] = Qjyig, ["Eiu xi2] BZ3BZn = [xiwxiw Ligy ooy Vipy | = Qiqigis...ip
for n > 3. Then (6.5) becomes as follows
ngn (p) (@1234 Ax Aga + G123 A Q34 + G124 Ay G34) P (6.6)
p
Since a1234 = 1324 + a3214 by the Jacobi identity, (6.6) is equal to the following
ngn (p) (a1324 Ax Q34 + G3214 Ni G34) p
p
—i—ngn (p) <a123 /\* s34 + 124 /\* CL34) pP. (67)
o
Using the fact that the action is trivial, we can rewrite (6.7) as follows
ngn (p) (agi24 Ax Aga2 + A314 Ni G342 + A2314 Ni G341 + Q234 Ny Q341) P
o

+ZSgH (p) (@123 Ax aza + @124 As a34) p (6.8)
p
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Now consider the term asiq A, azso in (6.8). By the definition of the permutation p, we

have
> sen(p) (asu Avazsi) p = Y _sen(p) (asu A azi2) (13) (2 4) p
p p
= > sen(p) (a1s2 A asza) p
o
= ngn (p) (a123 Ax G124 + Q231 Ns Q124) -
o
Thus (6.8) can be decomposed into a sum A + B + C' where

A = ngn () (az124 Ax az3a2 + a2314 As a341) P,

B = ngn (p) (@123 As a124) P,

+ngn (p) (@123 A @34 + @124 As a34) p-
By the definition of the permutation p, we have
C = ngn (p) (a2s1 Ax G124 + A234 AN aza1 (1 3)(24)) p
p
—i—ngn (p) (@123 Ax aza + @124 Ns a34) p
p
= ngn (p) (azs1 Ax ar2a + aara Ax aras) p
p
+ngn (p) (@123 Ax aza + @124 N\s a3a) p.
P
Now, one calculates that

(231 Ny @124 + G412 Ny Q123 = G214 N\ Q231 + Q412 Nk Q123
= G241 Ni 231 + Q12 Ny Q231 + G412 Ny Q123
= Q241 Nx Q231 F Q412 Ny G132

= Q421 /\x G321 F Qq12 i Q132.
Using the fact that the action is trivial, we get
(421 Ny 321 = Q241 Ny A32 + Q24 Ny Q321 = Q241 Ny A32 + G231 Ny Q24
and
a412 N Q132 = Q142 N Q13 + Q14 N\ Q132 = G142 N\ Q13 + G312 N\ Q14-
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(
(
+ag1a Ns a14 (
(
(

Fa193 Ny agq ((1 123 243 13)(24)—(23)—(1243
+a194 Ny agq ((1 123 243 13)(24)—(23)—(1243

Hence

C = agu A azz + G342 A @13 + G431 As Q24 + G423 Ai Q1a — G341 As Q23 — Q432 As Q14

Fa231 N\x Q24 + G312 i Q34 + Gg21 Ni Q43 + Q413 Ns Qg2 — Q321 N\i Q34 — Q412 N Q43
Fa142 N Q13 + Q243 Ny Q21 + Q134 N\s Q12 + Q324 Ns G317 — Q143 Ni Q12 — Q234 Ns Q21
Fa312 Ns Q14 + Q123 Ny Q24 + Q214 Ns @13 + Q134 s Q32 — G213 Ni Q14 — Q124 Ni Q23
Fa123 s A34 + G231 s Q14 + G142 N Q23 + Q341 Ns Q12 — G132 s Q24 — G241 N\ Q13
Fa124 N Q34 + Q234 N Q14 + Q143 N Q23 + A342 Ns Q12 — Q134 Ni Q24 — 243 Ni Q13-

C' can be decomposed into a sum

Cio+Cizs+Cia+Cos+ Cou+Csy

where

Cia2 = Q243 A« Q21 — Q234 Ny Q21 + G342 N\i Q12 + Q134 Ay Q12 — Q143 Ay Q12 + G341 Ns 12,
Cis = Qa2 Ns Q13 + G214 N Q13 — G241 N\i Q13 + Q342 Ny Q13 + U324 Ay Q31 — G243 Ny 13,
Cia = azi2 Ns Qra + G231 Ns Q14 — G213 i Q14 + Q423 Ny Q1a + Q234 Ny Q1a — Qa32 Ny 14,
Cas = Q241 N« Q32 + G142 N\s Q23 — G124 N\i Q23 + Q143 Ai Q23 + Q134 A Q32 — Q341 Ny G23,
Coa = Qu31 N Q24 + G413 N Qa2 — Q134 N\i Qg + Q231 Ay Q24 + Q123 Ay Q24 — Q132 Ny G24,
C3a = ag12 Ns Q34 + Q123 N\s Q34 — Q321 Ny Q34 + Q124 Ay Q34 + Qa1 Ny Qa3 — Qa12 Ns Q3.
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We see that

Cio = (G423 + G234 + a342) Ni a2 + (@134 + @13 + a341) As @12,
Ciz = (G112 + G214 + aa21) Ny a3 + (agaz + a234 + aa23) Ay 13,
Cra = (asi2+ ags1 + a123) Av 14 + (Ga23 + o34 + aga2) Ay 14,
Cos = (@21 + G142 + a214) Ni Q23 + (G143 + a314 + Qaz1) Ay 23,
Cou = (@431 + @143 + a314) Ns G2q + (a231 + @123 + a312) Ay Q24,
Csa = (@312 + @123 + a231) As A34 + (Q124 + G241 + Ga12) As 34

Using the Jacobi identity, we get C12 = 0, C13 =0, C14 =0, Co3 = 0, Cy4 = 0 and
C34 = 0 and hence C' = 0.

Now let us consider A. By the definition of the permutation p, one has

A = a3i24 Ny Q342 + 2314 Nx Q341 — 2134 i Q243 — A3214 /\i Q241
—@1243 N\ Q134 — A4123 N\ Q132 + Q1234 N\ Q143 + A3124 A\ Q142

+a1342 Ny Q124 + Q4132 N\ G123 + Q2143 Ny Q234 + Q4213 N\ A231-

A can be decomposed into a sum A; + As + As + A4 where

A1 = azi2a Ai 342 — 2134 N G243 + Q2143 Ay G234,
Ay = aggia Ay G341 — Q1243 Ny G134 + Q1234 Ay G143,
Az = —ago14 N« Qa1 + 3124 Ny Q142 + Q1342 Ny Q124,
Ay = —aa123 N\« @132 + Qa132 Ny Q123 + Q213 Ny Q231

Using the Jacobi identity, we get

Ay = ags3a1 Ni Gaz2 = —Q2341 N\x A342,

Ay = 1324 N\s Q341 = Q1342 Ny A341,

As = 1234 Ny Qg21 = —Q1243 s Q241

Ay = @134 Ni Q231

and hence

A = —ag341 Ni Q342 + Q1342 N\ Q341 — Q1243 i Q241 + Q1234 Ny Q231

= ngn (A) (@1234 Ax a31) A
A
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where \ ranges over all permutations of {1,2,3,4} with A(1) < A(2) < A(3). Conse-

quently, we see that

ngn (p) ([r1, w2] bsby Ay (23, 24]) p = ngn (N) ([z1, o, 3, 4] Ny [22, 3, 21]) A

Now, by applying the isomorphism (2.5), we have

w(xy, T, w3, 04) = [[v1,20), [25" 2] [[w1,2d], [237 257 ]

[[Il,l’g] , [m;l, x2_1H [[Q?4,LU2] , [xl_l, xglﬂ

L ] [[es, 2], [270, 251]]

N H ([[w1, 22, w3, 2] , [12, 73, 2]] A=)
A

H ([[z1, T2, T3], [21, T2, 4]] p)*=@

Hx% x3] ) [.13;

where A and p range over all permutations of {1,2,3,4} with A (1) < A(2) < A(3) and
p(1) < p(2), p(3) < p(4). Thus we have shown that, indeed, our generating set for the
torsion subgroup of the free center-by-metabelian group of rank n > 4 coincides with that

of Chander Kanta Gupta’s.
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