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ABSTRACT

Master of Science Thesis

APPLICATIONS OF GENERALIZED WOODALL NUMBERS

Orhan EREN

Zonguldak Bilent Ecevit University
Graduate School of Natural and Applied Sciences

Department of Mathematics

Thesis Advisor: Prof. Dr. Yiksel SOYKAN
January 2024, 113 pages

In this thesis, we consider application of generalized Woodall numbers to some special

numbers. We summarize the chapters as follows.

In Chapter 1, we present the definitions and properties of some special numbers used
throughout the thesis. We also review the literature on these numbers by scanning several

research papers.

In Chapter 2, we define Gaussian generalized Woodall numbers and then we give generating
functions and Binet’s formulas of these numbers. Next, we obtain some identities, Simpson’s
formula, sum formulas and matrix formula for Gaussian generalized Woodall numbers. This

chapter contains our original work.

In Chapter 3, we define dual generalized Woodall numbers, then we found generating
functions and Binet's formulas of these numbers. Furthermore, we investigate some identities,
the summation formulas and matrices related for these numbers. This chapter contains our

original work.



ABSTRACT (continued)

In Chapter 4, we investigate hyperbolic generalized Woodall numbers. First, the hyperbolic
generalized Woodall numbers are defined, then the generating functions and Binet's formula
of these numbers are found. Furthermore, we obtain some identities, the summation formulas
of these numbers. In addition, we obtain matrices related with these numbers. The work

presented in this chapter is original.

In Chapter 5, we define dual hyperbolic generalized Woodall numbers and then we found
generating functions and Binet's formulas of these numbers. Furthermore, we obtain some
identities for these numbers. In addition, we obtain the summation formulas of these numbers
with positive and negative subscripts. Finally, we investigate matrices related with dual
hyperbolic generalized Woodall numbers. This chapter contains our original work.

Keywords: Generalized Woodall numbers, Gaussian generalized Woodall numbers, dual
generalized Woodall numbers, hyperbolic generalized Woodall numbers and dual hyperbolic

generalized Woodall numbers.

Science Code: 403.01.01



OZET

Yuksek Lisans Tezi

GENELLESTIRILMIS WOODALL SAYILARININ UYGULAMALARI

Orhan EREN

Zonguldak Biilent Ecevit Universitesi
Fen Bilimleri Enstitisi

Matematik Anabilim Dah

Tez Damismani: Prof. Dr. Yiksel SOYKAN
Ocak 2024, 113 sayfa

Bu tezde, genellestirilmis Woodall sayilarinin bazi 6zel sayilara uygulanmasini ele aldik.

Boliimleri su sekilde 6zetliyoruz.

B6lim 1'de, tez boyunca kullanilan bazi 6zel sayilarin tanimlarimi ve 6zelliklerini sunuyoruz.
Ayrica ¢esitli arastirma makalelerini tarayarak bu sayilara iliskin literatirli de g6zden

geciriyoruz.

Bolim 2'de, Gaussian genellestirilmis Woodall sayilarini tanimladik ve ardindan bu sayilarin
Urete¢ fonksiyonlarini ve Binet formiillerini verdik. Daha sonra, Gauss genellestirilmis
Woodall sayilar1 i¢in baz1 6zdeslikler, Simpson formiilii, toplam formiilleri ve matris formiilii

elde ediyoruz. Bu boliimde orijinal ¢aligmamiz yer almaktadir.

Bolim 3'te, dual genellestirilmis Woodall sayilarini tanimladik, ardindan bu sayilarin Ureteg
fonksiyonlarin1 ve Binet formiillerini bulduk. Ayrica, bazi 6zdeslikleri, bu sayilara iliskin
toplama formullerini ve matrisleri arastirtyoruz. Bu bdliimde orijinal ¢alismamiz yer

almaktadir.



OZET (devam ediyor)

Bolim 4'te, hiperbolik genellestirilmis Woodall sayilarmi inceliyoruz. Oncelikle, hiperbolik
genellestirilmis Woodall sayilar1 tanimlanir, daha sonra bu sayilarin urete¢ fonksiyonlari ve
Binet formiilii bulunur. Ayrica, bu sayilarin bazi 6zdesliklerini, toplam formiillerini de elde
ediyoruz. Ayrica bu sayilarla ilgili matrisleri de elde ediyoruz. Bu bélimde sunulan ¢alisma

orijinaldir.

Bolim 5'te, dual hiperbolik genellestirilmis Woodall sayilarmi tanimladik ve ardindan bu
sayilarin Urete¢ fonksiyonlarini ve Binet formiillerini bulduk. Ayrica, bu sayilar i¢in bazi
ozdeslikler elde ediyoruz. Ayrica bu sayilarin pozitif ve negatif indisli toplam formiillerini de
elde ediyoruz. Son olarak dual hiperbolik genellestirilmis Woodall sayilarina iliskin matrisleri

arastirtyoruz. Bu boliimde orijinal ¢alismamiz yer almaktadir.

Anahtar Kelimeler: Genellestirilmis Woodall sayilari, Gaussian genellestirilmis Woodall
sayilari, dual genellestirilmis Woodall sayilari, hiperbolik genellestirilmis Woodall sayilar1 ve

dual hiperbolik genellestirilmis Woodall sayilari.

Bilim Kodu: 403.01.01
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CHAPTER 1
INTRODUCTION

In this chapter, we present the definitions and some properties of some special numbers
used throughout the thesis. We also review the literature on these numbers by scanning

several research papers.

1.1 GAUSSIAN NUMBERS

In this section, we give information about Gaussian numbers.

1.1.1 Definitions And Properties

A Gaussian integer z is a complex number whose real and imaginary parts are both
integers, i.e., z = a + b, a,b € Z. These numbers are denoted by Z[i]. The norm of a
Gaussian integer a + b, a,b € Z is its Euclidean norm, that is,

N(a+ib) = Va®+ b2 = \/(a+ib)(a —ib).

For more information about this kind of integers, see the work of Fraleigh [26]. If we

use together sequences of integers defined recursively and Gaussian type integers, we
obtain a new sequences of complex numbers such as Gaussian Fibonacci, Gaussian Lucas,
Gaussian Pell, Gaussian Pell Lucas and Gaussian Jacobsthal numbers; Gaussian Padovan
and Gaussian Pell-Padovan numbers; Gaussian Tribonacci numbers.

In literature, there have been so many studies of these sequences of Gaussian numbers.

1.1.2 Literature Review For Gaussian Numbers

Now, we give some information about the Gaussian sequence from the literature.

e First we give Gaussian numbers with second order recurrence.



— In 1963, Horadam [36] introduced the concept of complex Fibonacci numbers

called the Gaussian Fibonacci number numbers as

GF,=F, +1iF,_

where F,, = F,, 1+ F,,_2, Fy =0, F; = 1. (in fact, he defined these numbers as
GF, = F,+iF,_; and he called these numbers as complex Fibonacci numbers.)

— Pethe and Horadam [47] introduced generalized Gaussian Fibonacci numbers
GF,=F,+1iF,
where Fn = Iy 1+ Fn_g, FO = 0, F1 = 1.

— Halic1 and Oz [32] studied Gaussian Pell and Pell Lucas numbers by written,

respectively,

GP, = P,+1iP, 1,

GQn = Qn+iQp,

where P, = 2P, 1+ P, 5, Po =0, P, =1and Q, = 2Q,,—1 + Qn_2, Qo = 2,
Q1= 2.

— Asq and Giirel [2] presented Gaussian Jacobsthal and Gaussian Jacobsthal

Lucas numbers given by, respectively,

GJ, = Jy+id,_,

Gjn = Jn+ijn-1,

where J,, = J,_1+2J,-9, Jo =0, J1 = 1 and j, = jp—1+2Jn—2, jo = 2, j1 = L.
— Tager [68] introduced and studied Gaussian Mersenne numbers and define by

GM, = M, +iM,

where M,, = 3M,,_1 —2M,,_5, My =0, M; = 1.

— Tasq [66] introduced and studied Gaussian balancing and Lucas Balancing

numbers and given by, respectively,
GCn - Cn + iOn—lu

where Bn = 6Bn_1 - Bn_g, B(] = 0, B1 =1 and Cn = 60n_1 - Cn_g, O() = 1,
Ci =3.



— Ertag and Yilmaz [24] studied Gaussian Oresme numbers and given by
GT, =T, +1iT, 1

where Tn = Tn,1 - iTan; TO = O, Tl = %

e Now, we present Gaussian numbers with third order recurrence relations.

— Soykan, Tagdemir, Okumug and Goécen [54] presented Gaussian generalized

Tribonacci numbers given by
GW, =W, +iW, 4

where W,, = W,,_1 + W, _s + W,,_3, with the initial condition Wy, W7, W5.

— Tager [67] studied Gaussian Padovan and Gaussian Pell- Padovan numbers by

written, respectively,

GP, = P,+iP,_1,

GRn = Rn_’_iRn—h

WheI‘ePn:Pn_Q—i-Pn_g, P():]_, Plz]_, PQZ]_, anan:2Rn_2+Rn_3,
ROZ].,Rl:l,Rg:l.

— Cerda-Morales [13] defined Gaussian third-order Jacobsthal numbers by given
GJp=Jp+iJn

where Jn = Jn,1 + Jn,Q + 2Jn,3, Jl = O, J2 = 1, JQ =1.
1.2 DUAL NUMBERS

In this section, we present Dual numbers.

1.2.1 Definitions And Properties

First of all, we need to state about hypercomplex number systems. In 1989, I. Kantor is
worked the hypercomplex numbers systems, [38]. These numbers systems are extensions

of real numbers. Some commutative examples of hypercomplex number systems; complex



numbers, hyperbolic (double, split-complex) numbers [53] and dual numbers [25] are given

below in order.

C = {z=a+ib:a,beR,i*=—1},
= {h=a+jb:a,beR,j*=1,j#*1},
D = {d=a+eb:a,beR,e*>=0,¢#0}.

Some non-commutative examples of hypercomplex number systems are quaternions, [34],
Hg = {q = ao +ia; + jay + kaz : ag, a1, as,a3 € R,i* = j? = k* = ijk = —1},

octonions [6] and sedenions [56]. The algebras C (complex numbers), Hg (quaternions),
O (octonions) and S (sedenions) are real algebras obtained from the real numbers R by
a doubling procedure called the Cayley-Dickson Process. This doubling process can be
extended beyond the sedenions to form what is known as the 2"-ions (see for example [9],
[37], [45]).

Quaternions were invented by Irish mathematician W. R. Hamilton (1805-1865) [34] as
an extension to the complex numbers. Hyperbolic numbers with complex coefficients are
introduced by J. Cockle in 1848, [16]. H. H. Cheng and S. Thompson [14] introduced
dual numbers with complex coefficients and called complex dual numbers. Akar, Yiice
and Sahin [1] introduced dual hyperbolic numbers.

A dual number is a hyper-complex number and is defined by
q = ag + €ay

where q¢ and a; are real numbers.

The set of all dual numbers is denoted by
D = {aog +ca, : ap,a; €R, 2 =0, € # 0},

The base elements {1, ¢} of dual numbers satisfy the following properties (commutative

multiplications):

2

le=¢g, e=¢ce=0

where ¢ denotes the pure dual unit (¢ = 0,¢ # 0).



Let m and n be two dual numbers as m = ag + €a; and n = by + €by; the addition and

subtraction of two dual numbers as m and n is

mFn=agFby+e(ar Fb),
then, the multiplication of two dual numbers m and n is
mn = agbo + €(a1by + agby).
1.2.2 Literature Review For Dual Numbers
Now, we provide some information related to dual numbers from the literature.
e Cheng and Thompson [14] introduced dual numbers with complex coefficients.

e Halici [33] studied Dual Fibonacci Octonions as

7
b= Z Fn—i—ses
s=0

where Fibonacci given by F,, = F,,_1 + F,,_o, Fo =0, F; = 1.

o Giirses, Jentiirk and Yiice [31] studied dual-generalized complex Fibonacci and

Lucas numbers, respectively, as

fn — Fn+an+1+€Fn+2+j€Fn+3;

ﬁn = L,+ jLnJrl + ELn+2 + jELn+37

where Fibonacci and Lucas numbers, respectively, given by F,, = F,,_1 + F,,_2, Fy = 0,
Fi=1,L,=L, 1+ L, 2, Lo=2,L; =1.
e Aydn [5] studied Dual Jacobsthal Quaternions as
QJiin = Jin + i1 kg1 + i2Jksnr2 + i3 Jkinas
where J,, = J,_1 +2J,9, Jo =0, J; = 1.
e Nurkan, Guven, [46] studied Dual Fibonacci Quaternions as

Qn = (F + Foy1) + i(Fpsr 4 Frya) + j(Fogs + Fois) + k(Fops + Foiy)



where Fibonacci given by F,, = F,,_1 + F,,_o, Fo =0, F; = 1.
e Yiice, Aydin, [71] studied Generalized Dual Fibonacci Quaternions as

Qp=1{D, =H, +iHu1 + jHui2+ kH,3: Hy, is n-th generalized Fibonacci number}

where
PP=2=k’=ijk=0, ij = —ji=jk=—kj=ki=—ik = 0.
e Aydin, Koklii and Yiice, [3] presented Generalized dual Pell quaternions as

Qp = {]D)f =P, +1Py,y1+ jPuio+ kP, 3 : P, is n-th generalized Pell number}

where

Then, we give Hyperbolic numbers, which are another commutative example of hyper-

complex number systems.
1.3 HYPERBOLIC NUMBERS

In this section, we present some information related to hyperbolic numbers.

1.3.1 Definitions And Properties

Hyperbolic numbers are defined by

H={h=a+jb:a,beR, j2=1, j+#£1}.

The base elements {1, j} of hyperbolic numbers satisfy the following properties (commu-
tative multiplications):

Lj=j,i°=jj=1

where j symbolizes the hyperbolic unit (j2 = 1).

Let m and n be two hyperbolic numbers as m = ag+ ja; and n = by + 7b;. The addition,

subtraction and multiplication of two hyperbolic numbers m and n are defined as
m+n = ag + by + j(ai + by),
m—n=ag—by+ jlar — b),

mn = aobo + a1b1 + j(aobl + Cblbo).



1.3.2 Literature Review For Hyperbolic Numbers

Now, we give some information about hyperbolic numbers from the literature.

e Richter, [49] worked On Hyperbolic Complex Numbers.

o Giirses, Sentiirk and Yiice, [29] studied A Study on Dual-Generalized Complex and

Hyperbolic-Generalized Complex numbers.
e Cockle, [16] worked the Hyperbolic numbers with complex coefficients.

e Aydin, [4] worked hyperbolic Fibonacci numbers given by

Fp=Fy+hF, 1, (B2 =1)

where Fibonacci numbers, respectively, given by F,, = F,,_1 + F,,_o with the initial

condition F; = Fy =1, (n > 3).
e Dikmen, [19] worked hyperbolic Jacobsthal numbers given by

T = Jn+ hdpsr , (B2 =1)

where Jacobsthal numbers, respectively, given by J, = J,_14+2J,_ 9, Jo =0, J; = 1.
e Tag, [65] worked on hyperbolic Jacobsthal-Lucas sequence given by

HJ, = Jy+hdy1, (B2 =1)

where Jacobsthal-Lucas numbers, respectively, given by J,.o = J,11 + 2J,, with

the initial condition Jy = 2, J; = 1.

e Soykan and Tagdemir, [63] worked on hyperbolic generalized Jacobsthal numbers

given by
Vo=Vp4hVer, (B2=1)

where generalized Jacobsthal numbers are given by V,, = V,,_1 + 2V,, o, Vj = a,

Vi =b (n > 2) with the initial values V4, V; not all being zero.



e Digkaya, Menken, Catarino, [21] worked on the hyperbolic Leonardo and hyperbolic

Francois quaternions given by

HL, = Lyeo+ Lyiier + Lypaes + L4363,

HF, = Fneo+ Frpier + Frpoes + Frises

where Francois and Leonardo numbers, respectively, given by F,, = F,,_1+F,_o+1,
with the initial condition Fy = 2, /1 = 1 and L,,.2 = L,1 + £,, with the initial
condition Lo =1, £; = 1.

e Dikmen and Altinsoy, [20] worked on third order hyperbolic Jacobsthal numbers

given by
3
IO = J® +n1d,
3= 3P+ hith
where Jacobsthal numbers, respectively, given by ® = J,(f’_)l + (]7(13_)2 +2J7$3_)3, Jég) =

0, 17 =1, B =1, 51 = i + 525 + 2305, 48 = 2,47 =1, 30 = 5.
1.4 DUAL HYPERBOLIC NUMBERS

In this section, we obtain about dual hyperbolic numbers.

1.4.1 Definitions And Properties

A dual hyperbolic number is a hyper-complex number and is defined by

q = (ao + jar) +e(ag + jaz) = ap + jai + €ay + €jaz

where ag, a1, as and as are real numbers.

The set of all dual hyperbolic numbers is denoted by

Hp = {ag + jai + cay + €jas : ag,a1,as,a3 €R, j> =1,5 #+1,e* =0, #0}.

The base elements {1, j, ¢, ej} of dual hyperbolic numbers satisfy the following properties
(commutative multiplications):

le = g lj=j, & =ce=(je)*=0, j*=jj=1

ej = je elef)=(ef)e=0, jef) = (e)j=¢



where ¢ denotes the pure dual unit (¢2 = 0, # 0), j denotes the hyperbolic unit (j2 = 1),
and £ denotes the dual hyperbolic unit ((j)? = 0).

Let m and n be two dual numbers as m = ag+ja;+cas+jeaz and n = by+jb; +ecby+ jebs.
The addition, subtraction and multiplication of two dual numbers m and n are defined

as
mFn=ayFby+ jlas Fb1) +e(az F b2) + je(as F bs),

mn = a0b0+(11b1 +j<a0b1 —|—a1b0) —|—€(6L0b2 +a2b0 +CL1b3 +a3b1) +j€(a0b3+(l1b2 +a2b1 +b0a3).

The dual hyperbolic numbers form a commutative ring, real vector space and an algebra.
But Hp, is not a field because every dual hyperbolic number doesn’t have an inverse. For
more information on the dual hyperbolic numbers, see [1].

Next, we present details about dual hyperbolic and some information related to dual

hyperbolic sequences from the literature.

1.4.2 Literature Review For Dual Hyperbolic Numbers

e Akar, Yiice and Sahin, [1] presented the dual hyperbolic numbers.

e Bréd, Liana, Wiloch [10] studied dual hyperbolic generalized balancing numbers as

DHB,, = Bn+ jBui1 + €Bnia + jeBuys

where Bn = 6Bn,1 — Bn727 BO = O, B1 =1.

e Cihan, Azak, Giingor, Tosun, [18] studied dual hyperbolic Fibonacci and Lucas

numbers given by

DHF, = F,+jF,1+eF 0+ jel s,

DHL, = L,+ jLn-‘rl + 8Ln-i—2 + ngn—f—?)

where Fibonacci and Lucas numbers, respectively, given by F,, = F,_1 + F,_o,

F0:07Fl:17Ln:Ln—1+Ln—2aL0:27L1:1-



e Soykan, Tagdemir, Okumus, [62] studied on dual hyperbolic numbers with general-

ized Jacobsthal numbers components given by

:];1 = Jn+jJpi1 +ednie + jednys,

[/(\—n = Kn +an+1 + 8[(n+2 +j€Kn+3

where Jacobsthal and Jacobsthal-Lucas numbers, respectively, given by J,, = J,,_1+

2‘]71—2; JO = 07 Jl = ]-; Kn = Kn—l + 2Kn—2a KO = 2a Kl =1

e Soykan, Giimiig, Gocen, [58] presented dual hyperbolic generalized Pell numbers

given by
‘7n = Vn + jVn—f—l + 5Vn+2 + j€Vn+3

where generalized Pell numbers are given by V,, =2V, 1 +V,, o, Vy = a, V}; = b

(n > 2) with the initial values V, V] not all being zero.
1.5 GENERALIZED WOODALL NUMBERS

Finally, in this section, we state the definition and some important properties of the

generalized Woodall numbers used throughout the thesis.

1.5.1 Definitions And Properties

The generalized Woodall sequence {W,, },>0 = {W, (W, Wy, W, 5, —8,4)},,>0 is defined

by the third-order recurrence relations
W, =5W,_1 —8W,_o +4W, 3 (1.1)

with the initial values Wy, Wi, W5 not all being zero. The sequence {W,},>¢ can be
extended to negative subscripts by defining
5 1

W_pn=2W_@-1) — ZW—(n—z) + 1

W_(n-3)
forn = 1,2, 3, .... Therefore, recurrence (1.1) holds for all integer n. For more information
on generalized Woodall numbers, see [59)].

The first few generalized Woodall numbers with positive subscript and negative subscript

are given in the following Table 1.1.
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Table 1.1 A few generalized Woodall numbers

n
0
1
2
3
4
5

W, W_,

W Wo

Wy L (8Wo — W4 + W)
Wo T(11Wy — 9W; + 2W5)

AWy — 8Wy + 5W, L (52Wo — 4TW, + 11W5)

16

20Wpy — 36Wy + 17TWy L (57TW, — 54W; + 13W5)

1

6
68Wo — 116W; + 49Ws L (240W, — 233W; + 57W5)

64

Next, we can list some important properties of generalized Woodall numbers that are

needed.

Now, we give Binet’s formula of generalized Woodall numbers.

Theorem 1.1 [59, Theorem 1.1] Binet’s formula of generalized Woodall numbers can be

quven as

Wn = (Al + AQTL) x 2™ +A3

where

Ay = —Wo+4W, — 3Wy,
Wy — 3W5 + 2W,

AQ - 9 )

Ag = W2 - 4W1 + 4W0>
that is,

W, = ((—Wa + AW, — 3Wp)

Wy — 3W1 + 2W,

+ TL) x 2" + (WQ — 4W1 + 4W0) (12)

2

Here, o, B and v are the roots of the cubic equation

2® =522 48z —4 = (z—2)°

where a = =2, v=1.

(x—1) =0,

Now, we define four specific cases of the sequence {W,,}.

1. The Woodall numbers {R,}, sometimes called Riesel numbers, and also called

Cullen numbers of the second kind, are numbers of the form

R,=nx2"—1.

11



The first few Woodall numbers are:
1,7,23,63,159, 383, 895, 2047, 4607, 10239, 22527, 49151, 106495, . ..

(sequence A003261 in the OEIS [52]). Woodall numbers were first studied by Allan
J. C. Cunningham and H. J. Woodall in [17] in 1917, inspired by James Cullen’s

earlier study of the similarly-defined Cullen numbers.

. The Cullen numbers {C,,} are numbers of the form
C,=nx2"+1.

The first few Cullen numbers are:

1,3,9,25,65,161, 385,897, 2049, 4609, 10241, 22529, 49153, 106497, ...

(sequence A002064 in the OEIS). Woodall and Cullen sequences have been studied
by many authors and more detail can be found in the extensive literature dedicated
to these sequences, see for example, [7,8,17,28,30,35,39,41,42,43,44] and references
therein. Note that {R,,} and {C,} hold the following relations:

R, = 4R, 1 —4R, 5 — 17

On - 4Cn,1 - 407172 + 1.

Note also that the sequences { R, } and {C,,} satisfy the following third order linear

recurrences:
Rn = 5Rn,1 - SRn,Q -+ 4Rn,3, R[) = —1, R1 = 1, R2 = 7, (13)
Cp=5C,_1 —8Cy_5+4C,_5, Co=1,C;=3,Cy=09. (1.4)

. The modified Woodall numbers {G,,} are numbers of the form
G, = (n—1)2" + 1 (using initial conditions in (1.2)).

The modified Woodall sequence {G,, },,>0 is defined, respectively, by the third order

recurrence relation:
Gp=5G,_1 —8Gp_2+4G,_3, Go=0,G;=1,Gy,=5, (1.5)

12



4. The modified Cullen numbers {H,,} are numbers of the form
H, = 2" 4+ 1 (using initial conditions in (1.2)).

The modified Cullen sequence {H, },>o is defined, respectively, by the third order

recurrence relation:

H,=5H, | —8H, o+4H, 5, Hy=3H =5 H,=09, (1.6)

Then, the sequences {G,, },>0, { Hn}n>0, { R} and {C,,} can be extended to negative sub-

scripts by defining,

5 1

G-, = 2G_(n-1) — ZGf(nf2) + ZG—(n—:’,);
5 1

H ., = 2H (,_1)— ZLH—(n—Q) + ZH—(n—3)’
5 1

R_, = 2R_(,—1)— ZRf(n72) + ZR—(n—:’));
5 1

Co, = 20_(—1) — ZC—(n—2) + 163

for n = 1,2, 3, ... respectively. Therefore, recurrences (1.3), (1.4), (1.5) and (1.6) hold for
all integer n.For more information on generalized Woodall numbers, see [59].
Next, we give some of the sum formulas of generalized Woodall numbers in the following

propositions.
Proposition 1.2 For the generalized Woodall numbers, we have the following formulas:

o > oWk =3iWs(2n — 2" (n — 1) + 2""2(n — 2) + 6) — s W1 (8n — 2" (3n — 5) +
2m2(3n — 8) + 22) + Wy (4n — 2"+ (n — 2) + 2"+2(n — 3) +9).

© Diso Wit = 5 W2 (204273 (n—1) = 2" +8) — 3 W1 (8n —2"2(3n—2) + 2" (3n—
5) +30) + Wo(dn — 242(n — 1) + 2*3(n — 2) +12).

o S o Wiio = W (2n—2"3(n+1)+2"Hn4+10)+ Wy (4n+2"(n—1)—2"3n+16)—
Wi (8n — 2"3(3n + 1) + 2" (3n — 2) + 40).

o > o Wiss = Wo(dn—2""(n+1)42"n+20) — 1 W, (8n+2""5(3n—+1) — 2" (3n+
4) 4+ 48) + Wo(2n — 2" (n + 2) + 2" (n + 1) + 10).

Proof. For the proof, see Soykan [57]. [
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Proposition 1.3 For the generalized Woodall numbers, we have the following formulas:

o > ho Wap = 2Wo(36n—22+2(2n — 1) +22"+4(2n — 3) +-53) — 2 W/ (72n—22"+2(6n —
2) + 224 (6n — 8) + 120) + =W, (18n + 2274 (2n — 2) — 2 x 22+2p + 32).

o i o Wartn = wWa(18n — 228320 + 1) + 22775(2n — 1) + 40) — LW, (720 —
2273 (61 + 1) + 2275 (61 — ) + 150) + LWy (36n + 2273 (2n — 2) — 2 x 227+3 4 64).

o > o Wapia = §Wo(36n—22""(2n+1)+22"6(2n—1)+80) — s W1 (72n— 27"+ (6n+
4) + 226 (6n — 2) 4 192) + £ Wo(18n — 22"74(2n + 2) + 2 x 226 + 50).

o > o Worys = 15Wa(18n — 22"5(2n + 3) 4 22"t7(2n + 1) + 58) — =W (72n +
22747 (6n + 1) — 2275(6n + 7) 4+ 240) + 5 Wo(36n — 22"15(2n + 2) + 2 x 22"+ 4-100).

o > o Wanra = T Wa(18n—22"15(2n+4)+228(2n+-2)+50) + § Wo (36n—2%"16(2n+
3) +228(2n + 1) + 116) — W1 (72n 4 22778(6n + 4) — 22"76(6n + 10) + 264).

Proof. For the proof, see Soykan [57]. [

Proposition 1.4 For the generalized Woodall numbers, we have the following formulas:

o S Wop =4AWo(n+ st (n+4) — 52 (n+3) — 1) + 2Wi(55(3n + 8) — 2n —
sr(Bn+11) + D)+ 2Wa(3n + zix(n +3) — 5= (R +2) — 1).

o > W1 = ZWQ(%n+2%(n+2)—2n%(n+l —%)+4W0(n+2%(n+3)—2n%(n+
)

)
2) —2) + 2Wi (552 (3n + 5) — 2n — 5= (3n + 8) + 6).

o > o Wekio = 2Wo(3n+2 " (n+1)—5on—3)+4Wo(n— 5= (n+1)+ 2" (n+2)—3) —
2Wh(2n + 21" (3n +5) — 5 (3n + 2) — 8).

[ ZZ:O W,k+3 = QWQ(%H + 22_”n — 21_”(71 — 1) + %) + 2W1(21_”(3n — 1) —2n —
227(3n +2) + 6) + 4Wy(n — 21" + 227" (n 4+ 1) — 3).

Proof. For the proof, see Soykan [57]. [J

Proposition 1.5 For the generalized Woodall numbers, we have the following formulas:
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o > o Weok = SWi(gmrr (6n+8) — §n — s (60 + 14) +3) + LW (§n + gz (20 +
5) — 22”+4 (2n+3) — _) SWQ( N+ 22n+2 (2n +4) — 2%%(2’”—1-2) — 5)'

* >, W,%H:% (22n+3(6n+5)— on— 22,}+1(67z—l—11)—|—6) 16VV0( n+22n+1(2n+
4) — 22,1%(271—1— 2) — g) 8W2(§n—|— W(Qn—i— 3) — 22"%(2714— 1) — g).

o 2hooWoarsz = §Wa3n = mimn + 3 (20 +2) = §) = §Wolmm (2n + 1) — jn -
s (204 3) + )+ S W (i (60 +2) — 2 — k(60 + 8) + ).

o > o Weokis = §Wilgmr (6n—1) — 3n—272"(6n+5) + 3 ) + SWa(3n — s (20—
D +272"2n 4 1) + 2) + LW (§n +272"(2n + 2) — m2n — 1).

o > o Wookpa = SWa(3n+2x 2272 — 52 (2n — 2) + B0) + W (§n + 227" (2n +

1) — = (@n—1)+ %) — sWi(5n+2272"(6n + 2) — 7= (6n — 4) + ).

Proof. For the proof, see Soykan [57]. [J
Now, we recall the generating function and the Cassini identity for generalized Woodall
numbers.

The generating function for generalized Woodall numbers is:

Z W (Wl — 5WO)ZE + (WQ - 5W1 + 8WO)

1.7
1 — 5z + 8x2 — 423 (1.7)

The Cassini identity for generalized Woodall numbers is:

1

WyiWp1 — W2 = ZQ”(A + B2" + Cn).
A = AWE+WZ — AaWWy + 4WWy — 5W W,
B = —4WZ —9W?2 — W2+ 12W W, — AW Wy + 6W, W,
C = 8W§+12W2 + W3 — 20WWy + 6WoWy — TW, W,

For further information about generalized Woodall numbers, see [59].
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CHAPTER 2
GAUSSIAN GENERALIZED WOODALL NUMBERS

In this chapter, we define Gaussian generalized Woodall numbers and then we give gener-
ating functions and Binet’s formulas of these numbers. Next, we obtain some identities,
Simpson’s formula, sum formulas and matrix formula for Gaussian generalized Woodall
numbers. Our work which is given in this chapter is original. This chapter was published

as the journal, see [61].
2.1 DEFINITIONS AND PROPERTIES

Gaussian generalized Woodall numbers {GW,, },>0 = {GW,(GW,y, GW1, GW3)},>0 are
defined by

GW, = 5GW,_1 — 8GW,_y + 4GW,,_3, (2.1)
with the initial conditions

1
GWO == Wo + Z<Z(8WO - 5W1 + WQ)), GWl - Wl + iW(), GW2 = WQ + in,

not all being zero. The sequences {GW,,},,>0 can be extended to negative subscripts by

defining
5 1
GW_, = QGW_(n_l) — ZLGW_(TL_Q) + ZLGW_(n_?))

for n = 1,2, 3, .... Therefore, recurrence (2.1) holds for all integer n. Note that for n > 0,

we get

GW, =W, +iW,_ (2.2)
and

GW_, =W_, +iW_,_4. (2.3)

The first few generalized Gaussian Woodall numbers with positive subscript and negative

subscript are given in the following table.
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Table 2.1. The first few generalized Gaussian Woodall numbers.

n GW, GW_,

0 Wo+it(8Wo—5W; + Wha) Wo + i3 (8Wo — 5W; + Wh)

1 Wi+ iW T(8Wo — 5W + Wh) + i5 (11Wo — 9W; + 2WW5)

2 Wy + Wy 1 (11Wo — W, + 2Ws) + i5s (52Wo — 4TW; + 11W5)

We consider four special cases of GW,, :

GW,(0,1,5+ 1) = GG, is the sequence of Gaussian Modified Woodall numbers,
GW,(3+2i,5+3i,9+ 5i) = GH, is the sequence of Gaussian Modified Cullen numbers,
GW,(—1— %i, 1—1i,74 i) = GR, is the sequence of Gaussian Woodall numbers and
GW,(1 + 3i,3 41,9 + 3i) = GC,, is the sequence of Gaussian Cullen numbers.

Now, we formally define them.

Gaussian modified Woodall numbers, Gaussian modified Cullen numbers, Gaussian Woodall

numbers and Gaussian Cullen numbers with the initial conditions are defined by

GG, = 5GG,_1 —8GG,—»+4GG, 3, GGy =0,GGy =1,GGy =5+ 1,
GHn = 5GHn,1 — 8GHn,2 -+ 4GH7L,3, GHO — 3 -+ 22, GHl - 5 -+ 32, GH2 = 9 + 52,

GR, = b5GR,_1—8GR,_2+4GR,_3, GRy=—-1- gi, GRy=1—-14,GRy =7 +1,
and

GC, =5GC, 1 —8G(C,,_ 2 +4GC,_3, GCy=1+ %i, GCy =3+1,GCy =9 + 3i.

Note that for all integers n, we obtain

GGn - Gn + iGTL—l?
GHn = H,+ Z'anb

GRn = Rn + Z.Rn—la
and
GC,=C,+1iC,_1.

Some values of Gaussian modified Woodall numbers, Gaussian modified Cullen numbers,
Gaussian Woodall numbers and Gaussian Cullen numbers with positive and negative

subscripts are given in the following table.
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Table 2.2. Some values of special cases of generalized Gaussian Woodall numbers.

n 0 1 2 3 4 5 6
GG, 0 1 544  17+5i 49+17i 129 +49i 321 + 129
GG, 0 i it stigl 5T iel detor ertigd
GH, 3+2 5+3i 9+5i 17+9 33+17 65+33 129+ 65i
GH_, 3+2 243 3+43% 2+2% 2430 IZ+30 2845
GR, -1-3i 1-i T+i  2347i 63+23 1594630 383+ 159
GRo, —1=3i —3-3 -4 Yo% i E-B B
GC, 1+%i  3+i 9+3i 25+9i 65425 161+65 385+ 161
GC_, 1+4+%i 1432 3+ 2+3; 342 Z 42 242y

We now present Binet’s formula for the Gaussian generalized Woodall numbers.

2.1.1 Binet’s Formula For Gaussian Generalized Woodall Numbers

Theorem 2.1 The Binet’s formula for the Gaussian generalized Woodall numbers is

GW, = (((=Wa + 4W; — 3Wy) + De=3Wt2Wopyon 4 (W, — AW, + 4Wo)) + i(((—Wa +

AWy — 3Wy) + D2=3Wt2Wo (y — 1))2n=1 4 (W — 4W; + 4W)).

Proof. The proof follows from (1.2) and (2.2). O

The previous Theorem gives the following results, as special cases.

Corollary 2.1 For all n we have the following Binet’s Formulas:

(a) GG, =i2" 1 (n—2)+2"(n—1) +1+i.

(b) GH, = 2i2" 1 +2x 2" +1+1.

(¢) GR, =i2" " (n—1)+2"n — 1 —i.

(d) GC, =2" ' (n—1)+2"n+1+1.

The next theorem presents the generating function of Gaussian generalized Woodall num-

bers.
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2.1.2 Generating Function For Gaussian Generalized Woodall Numbers

Theorem 2.2 The generating function of Gaussian generalized Woodall numbers is given

as

GWO + (GWl — 5GWO)ZU + (GWQ - 5GW1 + 8GW0).%’2
1 — 5z + 82 — 423 '

fow, (z) = Z GW,a" = (2.4)
n=0

Proof. Let
fow, (x) =) GW,a"
n=0

be generating function of Gaussian generalized Woodall numbers. Then using the defini-
tion of Gaussian Woodall numbers, and subtracting z f(z), z2f(z) and 23 f(x) from f(x)

we obtain (note the shift in the index n in the third line)
(1 — 5z + 82% — 42°) faw, (v)
= Z GW,x" — bx Z GW,z" + 822 Z GW,z" — 423 Z GW,x",
n=0 n=0 n=0 n=0

— i GW,z" =5 i GW,z" +8 i GW,x" 2 — 4 i GW,x" "3,
n=0

n=0 n=0 n=0

= ) GWa" =5 GW, 12" +8) GW, 02" =4 GW,_sa",
n=0 n=1 n=2 n=3

- (GW() + GWll’ + GWQ$2> — 5(GWOI + GW1$2> + 8GW0]I2

+ > (GW,, — 5GW, 1 + 8GW,_y — 4GW,,_)a",
n=3

= GWy+ GWiz + GWaa? — 5GWox — 5GWa? 4+ 8GWoa?,
= GW() + (GW1 - 5GWO)ZE + (GWQ - 5GW1 + 8GWQ)I‘2

Now, it follows that

. GWO + (GWl — 5GW0)SL’ -+ (GW2 — 5GW1 + 8GW0)SC2
N 1 — 5z + 82 — 423 '

fow, (x)

This completes the proof. [J

The previous theorem gives the following results as particular examples:

B T + ix?
1 — b5z + 822 — 4x%’

fea,(z) (2.5)

(8 + 6i) 22 — (10 4 7i) = + 3 + 2i

p— 2-
fam, (@) 1— 5z + 822 — 4a° ’ (2:6)
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— (6 +61) 2 + (6 + Li)x — 1 — 34
1 — 5z + 8x2 — 43 ’

for,(z) = (2.7)

(2+2i)2* — 2+ 3z + 1+ 3i

2.
1 — 5z + 8x2 — 423 (2:8)

fac,(x) =

2.2 SOME IDENTITIES RELATED TO GAUSSIAN WOODALL NUM-
BERS

In this section, we obtain some identities of Gaussian modified Woodall, Gaussian modi-

fied Cullen, Gaussian Woodall and Gaussian Cullen numbers.

Theorem 2.3 The following equations hold for all integer n:

GH, = 2GGnis — TGGyi1 + 6GG,, (2.9)
GH, = 3GGpi1 — 10GG, 4+ 8GG,_1, (2.10)
GR, = —2GC, 5+ 8GC\ 1 — TGC,,
1
GGy = —5GCra + chnH, (2.11)
7 27
GCn = —ZGRTH_?, + ZGRTH_Q - 6GR7H_1, (212)
1
G.Hn - —§GR7H_3 + gGRn+2 - SGRn+1, (213)
GH, = 5GG, — 16GG,_| + 12GG,_». (2.14)

Proof. To proof identity (2.9), we can write
GH, = aGGi2 + bGG, 11 + GG,

and solving the system of equations

GHy = aGGy +bGG + cGGy,
GH, = aGGs+bGG; + GGy,
GHy = aGG4+bGG3+ GGy,
we find that a = 2, b = —7, ¢ = 6. Or using the relations GH,, = H, + iH,_,, GG, =

G, + i1G,_1 and identity H, = 2G,, 1o — TG, 41 + 6G,,, we obtain the identity (2.9). The

others can be found similarly. [
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[e.e]
Lemma 2.4 ([frontczakconvo2018]) Suppose that f(z) = Y a,x™ is the generating
n=0
function of the sequence {a,},>0. Then the generating functions of the sequences {asn }n>0
and {asn+1}n>0 are given as

fonn () = g = LD V)

a 2

n=0
and

(V) = f(=v7)
2V

- f
fa2n+1 (.Z) = Z a2n+1xn =
n=0
respectively.

The next Theorem presents the generating functions of even and odd-indexed Gaussian

generalized Woodall sequences.

Theorem 2.5 The generating functions of the sequences GWs,, and GWas, 11 are given

by
GWan\T) = 1— 9z + 2422 — 1643

and

f (2) = GW, + (4GWy — 1TGW, + 5GWo)x + (32GWy — 20GW, + 4GWs)a?
GWanii ) 1 — 9z + 2422 — 1623

respectively.

Proof. Both statements are consequences of Lemma (2.4) applied to (2.4) and some
lengthy algebraic calculations. [J

The previous theorem gives the following corollaries as particular examples.

Corollary 2.2 We have the followings:

_ (244220)2%— (164 2i)z+ 1+ 34 . —(24424i)a2+(14+164)z+1—i
(a) far,,(z) = — 1—97+2422— 1623 and fary,., = () 1—9z+2422— 1623 ‘

_ (8+10i)x?—Zim 1414 _ (848i)z2—2x+3+i
(b) fac,,(v) = 1-9212422—162° and oy, (T) = 1— 97424221623 *

44-8i)x2 (541 43224 (84-54)x+1
(©) facs, () = T and fag,,,, (1) = et

_ (24+204)22 —(18+134)x+3+2i _ (324244)22—(28+18i)x+5+3i
(d) fom,,(r) = 1- 97124221623 and fen,,..(x) = 1-9z 124221623 :
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From Corollary (2.2) we can obtain the following corollary which presents the identities

of Gaussian Woodall sequences.

Corollary 2.3 We have the following identities:

21)GGap.

(b) (4+8i)GHaps + (5+1) GHop 1 = (32 + 24i) GGap_g — (28 + 18i) GGan_s + (5 +
31)G Gap.

(c) —(24+240)GGan_y+(14+4160)GGap_o+(1—i)GGap = (448i)G Ran_3+ (5+1)G Ran_1.

(d) —(24+24i)GGap_3+(14+16i) GGy +(1—i) GGy = 4iG Ry 3+ (8451)G Ryp_1+
GRopi1.

() (8+410i) GGap—s — 2iGGops + (14 31)GGap = (4 + 81)GCaya + (5 + 1) GCoys.
(£) (8+10i)GGap_3— 3iGGoy_1+ (14 31)GGapy1 = 4iGCoy_s+ (84 5i)GCoyn + GCsyy.
(g8) (8+8i)GGa_4—2GGo, o+ (3+1)GGay, = (44 8i)GChy 3+ (5+1) GOy 1.

(h) (8+8i)GGan_3—2GGa_1 + (34 1)GGapy1 = 4iGCyy_5+ (8 + 5i) GChy_1 + GCopis.
(i) —(24+4220)GGay—s+(164+21)GGaya— (1+31)GGay = (4+8iGRop—a+(5 + i) GRop_o.

(3) —(24+22i)GGay—3+(16+21)GGop1—(1431)GGoni1 = 4iG Rop—4+(8 4 5i) GRyy o+
G Ry

(K) 4iGHapa+ (8 + 5i) GHap_o+GHap = (24 + 208) GGan_3 — (18 + 13i) GGap_1 + (3+
20)GGaps1.

(1) 4iGHyp—3 + (8 4+ 5i) GHap—1 + GHapy1 = (32 +24i) GGop—3 — (28 4+ 18i) GGapq +
(54 3i)GGapy1-

(m) —(24+22))C(2n—3) + (16 + 2i)C(2n —1) — (1 + 2))C(2n+1) = (8 4 8i) R(2n —
4) —2R(2n — 2) + (3 + i) R(2n).
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(n) — (244 24i) C(2n—4) + (14 4+ 16i) C(2n—2) + (1 —i)C(2n) = (8 + 10i) R(2n—3) —
3iR(2n — 1)+ (1 + 3i)R(2n + 1).

Proof. From (2.2) we obtain
((4+8i)2® + (5 +1) @) fam,, = ((24 + 20i) 2° — (18 + 13i) z + 3 + 2i) foc,, -
The LHS (left hand side) is equal to

LHS = (b+i)x+(4+8i)x ZGHQn:U

= (5+1) ZGH%:U +(4+8i)x ZGHW

n=0

= (541)) GHypa"™ + (4+8i) Z G Hy,a" 2

n=0 n=0
= (541)Y GHypox"+ (4+8i) > GHyy s2"
n=1 n=2

= (5 + Z) GHox Z GHQn_QZL‘n + (4 + 82) Z GHQn_4fEn
n=2 =2

= (5414)(3+20)z+ i ((4+8i) GHop—g + (5 +1) GHyypo) 2"

whereas the RHS is
RHS

= (3+2i— (184 13i)z + (24 + 20i) = ZGGW

= (3+2i) ZGGW; — (18 + 13i) ZGGM + (24 +20i) ZGGM

n=0 n=0

= (3+2i)) GG — (18 4+ 13i) > GGopa™™ + (24 + 20i) Z GGopa"t?

n=0 n=0 n=0
= (342i)) GGy — (18 4+ 13i) ¥ GGapoz" + (24 +20i) Y GGy g™
n=0 n=1 n=2

= (342i)(GGo+ GGax) Y GGy — (18 + 13i) (GGox) Y _ GGapga”

n=2 n=2

+ (244 200) > GGap_ya”

n=2

= (342)(B+i)z+ Y ((24+20)GGayy — (18 + 13i) GGap_s + (3 + 2)GGay) 2"

n=2
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Compare the coefficients and the proof of the first identity (a) is done. The other identities
can be proved similarly. [J
We present an identity related to Gaussian generalized Woodall numbers and Woodall

numbers.
Theorem 2.6 For all n,m € Z, the following identity holds:
GWiin = Grn GW,, + (=8G, + 4G 1)GWyoy + 4G, GW,, . (2.15)

Proof. First, we assume that m > 0. We prove the identity (2.15) by induction on m. If

m = 0 then
GW, = G1GW,, + (—=8Gy + 4G _1)GW,,_1 + 4G, GW,,_»

which is true because G_; = 0, Gog = 0, G; = 1. Assume that the equality holds for

m < k. For m =k + 1, we have

GWis1)ysn = SGWiip — 8GW 1 +4GWih—o
= 5(Gp1GW,, + (—8G) + 4Gy_1)GW,,_1 + 4G GW,,_5)
—8(GrGW,, + (—8Gk—1 + 4G —2) GW,_1 + 4G 1GW,,_5)
+4(Gr 1 GW,, + (—8Gh_g + 4G _3)GW,, 1 + 4G _osGW,, )
= (5Gry1 — 8G +4Gy_1)GW,, + (—=8(Gk + Gi—1 + Gi_2)
+4(Ghroy + Grg + Gi_3))GWy 1 + 4(Gy + Gy + Gi_g)GW,,
= GroGW, + (—=8Gks1 +4GL)GW, 1 + 4G 1 GW,, o
= G+ 1GWy + (—8Grs1 + 4G (h41)-1) GWi1 + 4G GW, o
By mathematical induction on m, this proves (2.6). The other cases can be shown simi-
larly. [
The previous theorem gives the following results as particular examples:
For all n,m € Z, we have ( taking GW,, = GG, or GW,, = GH, or GW,, = GR,, or
GW, = GC,,)

GGrmsn = Gmi1GGy+ (—8Gm + 4G 1)GGr1 + 4G GG,

GHpin = GuiiGHy + (—=8Go, + 4G 1)GH,y 1 + 4G GH,y s,

GRuin = Gumi1GRy+ (=8Gu + 4Gy 1)GR,_1 + 4GnG Ry,
(_

)
GCmin = Gms1GCp+ (—8Gy + 4Gy _1)GCoy + 4G, GC .
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2.3 SIMPSON’S FORMULA

In this section, we present Simpson’s formula of generalized Gaussian Woodall numbers.

Theorem 2.7 (Simpson’s formula of generalized Gaussian Woodall numbers). For all

integers n, we have

GW,.s GW,., GW, GW, GW, GW,
GWn+1 GWn Ganl = 4" GW1 GW() GW,1
GWwW, GW,.1 GW,_o GWy GW_1 GW_,
1T 1 .
= 4 (% + %2)(1/[/0 - Wi+ ZWQ)((Q — 14Z)W0

—(3 = 214)W; + (1 — 7i)Wy)2

Proof. Use [55, Theorem 3.1]. [

From the Theorem (2.7) we get the following corollary.

Corollary 2.4 For all integers n, we get the following identities.

GGn+2 GGn+1 GGn
(@) | GGhs1 GG, GG, | =1 —Ti)2* 4
GG, GGn_1 GG,_s

GHn+2 GHn+1 GHn
(b) G(I—[’n+1 GHTL Ganl = 0.
GH, GH,, GH,_,

GRn+2 GRn+1 GRn
(¢) | GRy1 GR, GR,_; |=—(1-Ti)22 4
GR, GR,_, GR,_,

GCria GChpn GG,
(d) | GChe1  GC, GC,_y | =1 —=Ti)22 "
GC, GC,.; GC,_s
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2.4 SUM FORMULAS

In this section, we give some sum formulas of generalized Gaussian Woodall numbers.

Theorem 2.8 For all integers n > 0, we have the following formulas:

(@) Yor_oGWi = 2Ws(2n — 2" (n — 1) + 2772 (n — 2) + 6) — W1 (8n — 2" (3n — 5) +
2"2(3n—8)+22) + Wy (4n— 2" (n—2)+2""2(n—3) +9) +i(3(28+ 16n— 5 x 2" 2+
22 W + (=33 — 16n + 7 x 2772 — 3 x 2" I V) + (9 + 4n — 2773 4 27F1n)Ws).

(b) >p o GWapi1r = 55Wa(18n — 223(2n + 1) + 2275(2n — 1) 4 40) — LW (72n —
2°73(6m + 1) 4 2°"2(6n — 5) 4 150) + 5Wo(36n + 2*"+5(2n — 2) — 2 x 2" 4
64) 4 i(sWo(36n — 22"+2(2n — 1) + 22"t4(2n — 3) + 53) — LW (72n — 22"2(6n —
2) + 2274 (6n — 8) + 120) + =W (18n + 224(2n — 2) — 2 x 22"F2n 4 32)).

(€) Yopg GWay = Wo(36n—22"2(2n—1)+2"+4(2n—3) 4-53) — s W1 (720 — 22" 2 (61 —
2) 4224 (6n—8) +120) 4 15 Wa(18n+22"(2n— 2) — 2 x 222 4-32) +4((§ Wo (360 —
22111 (20 — 2) + 2277320 — 4) + 46) + s Wa((18n — 221 (2n — 1) 4 223(2n — 3) +

B) — LWi(72n — 227 (6n — 5) + 2273 (6n — 11) + 21)).

Proof.
(a) When we use (2.2),

Y CWe=> Wi+i) Wiy
k=0 k=0 k=0

So, then we obtain

W = 5W2(2n — 2" (n — 1) + 2" (n — 2) +6) — 5I/Vl(sn — 2" (3n — 5)
k=0

+2"2(3n — 8) + 22) + Wo(4n — 2" (n — 2) + 2" 2(n — 3) +9))

1
> Wi = (7((28+16n —5 x 22 1 2" F )W + (—33 — 16n + 7 x 272

—3 x 2" )Wy + (9 4 4n — 273 4 2" FIn)TTG))
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from (59, Theorem 6.1). We get

> GW, = §W2(2n — 2" (n —1) + 2" (n —2) +6) — §W1(8n — 2" (3n — 5)
k=0

+2"2(3n — 8) +22) + Wo(4n — 2" (n = 2) + 277 (n — 3) +9))
1
+z’(1((28 +16n — 5 x 2772 4220 )Wy + (=33 — 16n + 7 x 2"+2

—3 x 2" )Wy + (9 + 4n — 23 + 27T In)IWy)).

(b) When we use (2.2), we get

Z GWapgr = Z Wakt1 +1i Z Wy,
k=0 =0 =0

and so, from (1.3), we know that:

- 1
> Wy = 1—8W2(18n — 2213 (2p + 1) + 2215 (2n — 1) + 40)
k=0

1
—1—8W1(72n — 22"13(6n + 1) 4 22"T3(6n — 5) + 150)

1
+§Wo(36n 4+ 225(2n, — 2) — 2 x 223, 1 64)
and
o 1
D War = ((5Wo(86n - 272(2n — 1) + 2*4(2n — 3) 4 53)
k=0

1
—1—8W1(72n — 2226, — 2) 4 22" (6n — 8) + 120)

1
+1—8W2(18n + 2277420 — 2) — 2 x 2% 1 32)).

We get

u 1
> GWayyr = 5180 - 22439 4 1) + 2245 (20 — 1) + 40)
k=0

—%W1(72n — 2213 (60 + 1) + 2215 (6n — 5) + 150)
+%W0(36n + 227520 — 2) — 2 x 223, 1 64)

+i((%Wo(36n — 2212 (2n — 1) 4 22" (2n — 3) + 53)
—%Wl(mn — 22F2(6n — 2) + 22" (6n — 8) + 120)

1
+1—8W2(18n 42274 (2n — 2) — 2 x 222 + 32)).
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(¢) From (1.3) and (59, Theorem 6.1), we get

- 1
> Wy = ((5Wo(36n — 22"+2((2n — 1) 4 22"4((2n — 3) + 53)
k=0

1
—1—8W1(72n — 222(6n — 2) 4+ 22" T4(6n — 8) + 120)

1
+1—8W2(18n 4 22014 (2n — 2) — 2 x 22712 1 32))

and

u 1
§ Wopo1 = (§W0(36n —22"1(2n — 2) 4+ 22"3(2n — 4) + 46)
k=0

1 53
+EW2(18n — 22 (2n — 1) 4 2*"73(2n — 3) + ?)
1 201
—1—8W1(72n — 22"t (6n, — 5) 4 2273 (6n — 11) + 7)).
So, we use
Z GWay, = Z Wor, + 1 Z Wak—1,
k=0 k=0 k=0
we get

- 1
D GWa = SWo(36n —2"%(2n — 1) +2*(2n — 3) + 53)
k=0

1
— W1 (72n — 2*""2(6n — 2) + 22" (6n — 8) + 120)

18

+%W2(18n + 274 (2n — 2) — 2 x 22?4 32)
—|—z’($Wo(36n — 22t (2n — 2) 4 22713 (2n — 4) + 46)
+1i8W2((18n — 22" (2p — 1) 4 22"3(2n — 3) + ?)
—1—18W1(72n — 22" (6n — 5) 4 22" (6n — 11) + %)),

This completes the proof. []

As special cases of the above Theorem, we have the following four Corollary. First, taking

GW, = GG, with GGy = 0,GG, =1,GGy =5 + 1, we get:

Corollary 2.5 (Sum of the Gaussian modified Woodall numbers). For n > 1 we have

the following formulas:
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(a) N1 GG = (1+i)n+ (2+14)2"n — (44 30)2" + (4 + 3i).
(b) Sy GGapir = 2((3 + %i)n — (4 4 50)22" + (12 + 60)2%"n + (2 + 50)).

(€) S GGor = (2 + 9i)n — (5 + 41)22" + (6 + 3)22"n + (5 + 40)).

Second, taking GW,, = GH,, with GHy = 3+ 2:,GH, = 5 + 3i,GHy = 9 + 5i, we have

the following corollary:

Corollary 2.6 (Sum of the Gaussian modified Cullen numbers). For n > 1 we have the

following formulas:

(a) Yo GHy =2+ n —1+i(n+2").
(b) > ko GHop1 = %(227”“4 +3n—1)+ i(%(22”+3 +3n 4+ 1)).

(¢) YhoGHa = %(22n+3+3n+1)+i(n+%22n+2+§)_

Third, taking GW,, = GR, with GRy = —1 — 2i,GRy = 1 —i,GRy = 7+ i, we get the

following corollary:

Corollary 2.7 (Sum of the Gaussian Woodall numbers). Forn > 1 we have the following

formulas:
() S GRe = (n—1)(2" — 1) +i(2" (n — 1) — 0 — 2 + 1),
(b) Yh_g GRakir = §((6n+1)22+% —9n + 1) +i(§((3n — 1)22"+3 — 9n — 1)).

(€) Yp_oGRau = §((Bn—1)22" —9n — 1) +i(522" 3 (2n — 1) — 52" 2n+ 1) —n— 5%
).

Fourth, taking GW,, = GC,, with GCy =1 + %i, GCy =341,GCy =9 + 3¢, we have the

following corollary:

Corollary 2.8 (Sum of the Gaussian Cullen numbers). For n > 1 we have the following

formulas:

(@) Y oGCr=(n—12"""+n4+3+i(n+2"" (n—1) —2"n+32).

(b) Yo GCai1 = ((6n +1)22"%3 + 9n +19) 4 i(§((3n — 1)22"3 4 9n 4 17)).
(€) Yo GO = 3((5 + 30)n — (44 50) 22" + (12 + 61) 2°"n + (5 + F4)).
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2.5 MATRIX FORMULA OF GW,

Consider the sequence {G,,} which is defined by the third-order recurrence relation
G, =5G,_1 —8G,_o+ 4G, _3

with the initial conditions

Go=0,G; =1,G, =5.

We define the square matrix A of order 3 as

5 —8 4
A= 1 0 0
0 1 0

such that det A = 4. We give the following Lemma.
Note that
Gny1  —8G,+4G,-1 G,
A" = G, —8G,_1+4G,—2 G,
Gno1 —8GL_2+4G, 3 G,
For the proof see [60].

Lemma 2.9 For all integers, the following identity is true

n

GW, s 5 —8 4 GW,
GWTL+1 - 1 0 0 GW]_
GW, 0 1 0 GW,

Proof. We suppose that n > 0. We prove the required equality by induction on n. If

n = 0 we obtain
0

GWis 5 —8 4 GW,
GW, 0 1 0 GWy

which is true. We assume that the identity given holds for n = k. So, the following

identity is true.
k

GWiso 5 —8 4 GW,
GWTL+1 = 1 0 0 GWl
GW, 0 1 0 GWy
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For n =k + 1, we get

k+1 k

5 —8 4 GW, 5 —8 4 5 —8 4 GW,
1 0 0 Gw, | = |1 0 o 1 0 0 GW;
0 1 0 GW, 0 1 0 0 1 0 GW,

5 —8 4 GWiss

=11 0 0 GWiir

0 1 0 GW,

5GWk+2 — 8GWk+1 + 4GWk

= GWiya
GWiga
GWiys
~ GWiio
GWis1

Consequently, by induction on n, the proof is finished. The case n < 0 can be proved

similarly. [

Theorem 2.10 We assume that the matrices Now and Egw are defined as follows

GWy, GW;  GW,
NGW = GWl GW() GW_ 1 ’
GWy GW_1 GW_,

GGn-i—? GGn—i—l GGn
Eew = | GG,;.1. GG, GG,
GG, GG,-1 GG,_o

Then, the following identity is true between A™, Ngw and Egy :
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Proof. Note that one gets

Gp1  —8G,+4G, G, GWy GWy  GW,
AnNGW = Gn —8Gn_1 + 4Gn_2 Gn—l GWl GWO GW_l
Gno1 —8G,_2+4G,_3 G,_» GWy GW_1 GW_,

11 a2 13

- Q21 dA22 (23

a31 dAaszz G33

such that

by = GWaGpyt +GWi (4G,_1 — 8G,) + GWoGy,

by = GW1Gpi1 +GWo (4G, 1 — 8G,) + GW_1G,,

bis = GWoGpii + GW_1 (4G,_1 — 8G,) + GW_sG,,

by = GWLG, + GWi (4G, 5 — 8Gy_1) + GWoG_1,

by = GWAG, + GWy (4G, s — 8Gy_1) + GW_1Gp_1,
bys = GWoGpn+ GW_1 (4G5 — 8G,_1) + GW_3Gy_1,
by = GWaGh_i+ GWi (4G,_5 — 8Gy_s) + GWoGh_s,
by = GWiGh_1+ GWo (4G,_5 — 8Gp_s) + GW_1G,_o,
bz = GWoG,_1+GW_1 (4G, 3 —8G,_2) + GW_2G,,_».

Using the Theorem (2.6) the proof is completed. [

We have the following identities for Ngw, Eqw :

54i 1 0 9+5i 5+3i 3+2
Nea = 1 0 g , New=| 5+3i 3+2i 2+

0 4i 1+3i 3420 2431 342

T+i 1—i 1= 9+3i 3+i 143

Ner = 1-¢ -1-% -3-34 , Nec=1 3+i 1430 +1
—1-% 33 _3_1 1428 3+35 3+38
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and

GGis
Ece =1 GG,
GG,
GRpo
Ecr=| GR,
GR,

From the previous theorem presented, we have the following corollary.

GGy
GG,
GG
GRyi
GR,
GR,_,

GG,
GG,
GGp_2

GR,
GR,—4
GR,—2

?

Egc =

Corollary 2.9 The following identities are true:

(a) AnNGG = Egg.

(b) A"Ney = Egn.

(C) AnNGR = EGR-

(d) AnNGC = Egc.
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GC,

GH,pii
GH,
GH, .
GClis
GC,
GCh_y

GH,
GH, 1
GH,_»

GCy
GCh1
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CHAPTER 3

DUAL GENERALIZED WOODALL NUMBERS

In this chapter, we define dual generalized Woodall numbers and present generating
functions and Binet’s formulas for them. Furthermore, we obtain some identities for
dual generalized Woodall numbers. In addition, we obtain the summation formulas of
the dual generalized Woodall numbers with positive and negative subscripts. Finally, we

investigate matrices related to dual generalized Woodall numbers.

3.1 DEFINITIONS AND PROPERTIES

We now define dual generalized Woodall numbers over ). The nth dual generalized

Woodall number is
DW,, =W, + Wi, (3.1)

with the initial values DW,, DW;, DWs. (3.1) can be written to negative subscripts by

defining,
DW_n = W_n + EW_n+1. (32)

So, identity (3.1) holds for all integers n.

The special cases, the nth dual modified Woodall, the nth dual modified Cullen, the nth
dual Woodall and the nth dual Cullen numbers are given as

DG, = G,+eGpq,

DH, = H,+¢cH,,,

DR, = R,+¢eR,.1,

DC, = C,+¢eChy.

Then, using (3.1), the following identity can be expressed true for every integers n > 0,
DW, = 5DW,_1 — 8DW,,_o + 4DW,,_3. (33)
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Using (3.2), the sequence {DW,, },>¢ can be written as

5) 1
DW_, = —QDW,(n,l) - ZDW,(H,Q) + Z'DW,(nfg)

for n = 1,2,3, ... respectively. Therefore, recurrence (3.3) holds for all integers n.
The initial several dual generalized Woodall numbers with positive subscript and negative

subscript are given in the following Table 3.1.

Table 3.1. A few dual generalized Woodall numbers.

n DWW, DW_,
0 DWO DWO
1 DW; (8DW, — 5DW, + DWs)

1
4
DW, =

ADWy — 8DW; + 5DW, % 52DWy — ATDW; + 11DW,)

2 11DWy — 9DW; + 2DWs)
3 (
4 20DW, — 36DW, + 17TDW,  =(57DW, — 54DW; + 13DWs)
5

16
68DWy — 116DW, + 49DW, = (240DW, — 233DW; + 57DW5)

64

Note that

DWO = Wo + EWl,
DWl = W1 + 6W2,
DWQ = W2 + €W3 = W2 + €<4W0 — 8W1 + 5W2)

For dual modified Woodall numbers (taking W,, = G,,, Go =0, G; = 1, Gy = 5), we get

DGU = G0+8G1 =g,
DGl = G1+8G2:1+5€,
DGQ = G2 + €G3 =5+ 178,

and for dual modified Cullen numbers (taking W,, = H,,, Hy = 3, Hy = 5, Hy = 9), we

get

DH() = H0+€H1:3+5€,
DHl = H1+€H2:5+9€,

DHQ = H2+5H3 = 9‘|—17€,
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and for dual Woodall numbers (taking W,, = R,,, Ry = —1, Ry =1, Ry = T7), we get

DRO = R0+5R1 :—1+€,
DRl = R1+€R2:1+7€,
DRQ = R2+€R3 = 7+23€,

and for dual Cullen numbers (taking W,, = C,,, Co =1, C; =3, Cy =9), we get

DCO = Cg+€01:1+3€,

DCl = Cl+602:3+9€,

DCQ CQ + 803 =9+ 25¢.

A few dual modified Woodall numbers, dual modified Cullen numbers, dual Woodall
numbers and dual Cullen numbers with positive subscript and negative subscript are

given in the following Table 3.2, Table 3.3, Table 3.4 and Table 3.5.

Table 3.2. Dual Modified Woodall Numbers
DG, DG_,

n
0 € €
1 oe+1 0
2 17e +5
3
4
5

AT,

49c +17  1e+1
129e +49 i+ 4
321e +129 1le+ 13

and
Table 3.3. Dual Modified Cullen Numbers
n DH, DH_,
0 o +3 o +3
1 9¢ + 5 e+ 2
2 17e+9  2e+3
3 33417 3e+2
4 65e+33 342
5 129¢+65 2e+4 1
and
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Table 3.4. Dual Woodall Numbers

n DR, DR_,

0 e—1 e—1

1 Te+1 —e—3
2 23 +7 —3c-3
3 63+23 —2e—-3
4 159e+63 —He—2
5 383+159 —2c- 3

and

Table 3.5. Dual Cullen Numbers
n DC,, DC_,,

0 3e+1  3e+1
1 9% +3 £+3
2 25e+9 e+
3 65¢+25 je+3
4 16le+65 2432
5 385e+161 3c+ Z

Now, we state Binet’s formula for the dual generalized Woodall numbers and in the rest

of the paper, we fix the following notations:

a = 142,
B = 2,
¥ = l1+e.

Note that we have the following identities:

~2

a” = 144e,

o=

7 = 142,

aB = 2e,

ay = 14 3¢,

By = 2,

apy = 2.

Next, we present Binet’s formula.
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3.1.1 Binet’s Formula For Dual Generalized Woodall Numbers

Theorem 3.1 (Binet’s Formula) For any integer n, the nth dual generalized Woodall

number is

DW, = (A1 + Ay + And)2" + As7. (3.4)
Proof. Using Binet’s formula

W, = (A1 + Aan)2" + Az

of the generalized Woodall numbers, we obtain

DW, = W,+cW,
= (A1 + Amn)2" + Az + ((A; + Aa(n + 1))2" + A3)
= A2" + Ayn2" + Az
+eA127 4 e Agn2™ T 4 £ 4,27 4 £ A
= A12"(14 2¢) + An2™(1 + 2¢) + Ax2"(2e) + As(1 +¢)
= A12"0 + An2"a + A2"B + A
= (A8 + A3B + An@)2" + As7.

This proves (3.4). O
As special cases, for any integer n, Binet’s Formula of nth dual modified Woodall number,

dual modified Cullen number, dual Woodall number and dual Cullen number are
o DG, = (—a + B +na)2" +7,
DG, =1+ (n—1)2" + (1 + n2").
e DH, = (2a)2" + 7,
DH, =14 271 + (1 + 27+2),
e DR, = (B +na)2" — 73,
DR, = —1+n2" 4+ &(—1+4 2" 4+ n2ntt),
e DC, = (B +na)2" + 7,
DC, =14 n2" + (1 + 2"+ 4 n2ntl),
Next, we give a generating function for the dual generalized Woodall numbers.
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3.1.2 Generating Function For Dual Generalized Woodall Numbers

Theorem 3.2 The generating function for the dual generalized Woodall numbers is

i DWW, 2" — DWy + (DWW, — 5DWy)x + (DWy — 5DW; + 8DWO)x2. (3.5)
n=0

1 — 5z + 8x2 — 423

Proof. Let
g(x) = Z DW,z"
n=0

be generating function of the dual generalized Woodall numbers. Then, using the defini-
tion of the dual generalized Woodall numbers, and subtracting xg(z), x?g(x) and z3g(z)

from g(x), we obtain (note the shift in the index n in the third line)
(1 — 52 4 82% — 42%)g(x)

= i DW,z" — 5z i DW,a" + 827 i DW,z" — 4z’ i DW,,z"

n=0 n=0 n=0 n=0
— i DW,z" — 5 i DW, "t + 8 i DW,z"? — 4 i DW, a3
n=0 n=0 n=0 n=0

= i DW,x™ —5 i DW, 12" + 8 i DW,,_sz™ — 4 i DWW, _sx"
n=0 n=1 n=2

n=3

= (DWy+ DWiz + DWsaa?) — 5(DWyx + DWyz?) 4+ 8DWya?
(DWo 0 0

+Y (DW, — 5DW,_1 + 8DW, _5 — 4DW,,_3)a"
n=3

= DWy + (DWW, — 5DWy)x + (DWy — 5DW, + 8DWy)z?.

Note that we used the recurrence relation DW,, = 5DW,_1 — 8DW,,_o + 4DW,,_3. Rear-
ranging the above equation, we get

_ DWo + (DW, — 5DWy)x + (DWo — 5DW; + 8DW,) 22
N 1 — 5z + 8x2 — 4a3 ’

g9(z)

The proof is finished. []
As special cases, the generating functions for the dual modified Woodall, dual modified

Cullen, dual Woodall and dual Cullen numbers are

iDann _ E+x
n=0

1 — 5z + 822 — 423’

[e's) . . 2
ZDan” 5e + 3 4 (—16¢ 10)m+(12€+8)x’
— 1 — 5z + 8x2 — 4a3

iDRnx” _ —1+5+(25+6)x2+(—46—6)x2
s 1 — 5z + 8x2 — 43
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and

ipcnxn:3e+1+(—6a—2)§+(45+2)x2
— 1 — b5z + 822 — 43

respectively.
Now, we obtain Binet’s formula from the generating function.
We obtain Binet’s formula of dual generalized Woodall number {DW,,} by the use of

generating function for DW,,.
Theorem 3.3 (Binet’s formula of dual generalized Woodall numbers)
DW, = (A1a + Ay + And)2" + As7. (3.6)

Proof. Let

i —_— DWy + (DWW, — 5DWy)x + (DWy — 5DW; + 8DWy)
nl = .
— 1 —5x + 822 — 423

Then, we write

DW() + (DWl — 5DWO)ZE -+ (DW2 — 5DW1 + SDWO)ZL’Z . d1 dg d3

(1—z)(1—22) (1—x)+(1—2x)+(1—2x)2'
(3.7)

So,

DWy + (DWW, — 5DWy)x + (DWo — 5DW, + 8DWy)a? = (Dy + Dy + Ds) + (—4dy — 3ds —
dg)l' + (4d1 —I— 2d2)ZL‘2.

We get

DWy = di+ds+ds,
DW, — 5DW, = —4d; — 3dy — ds,
DW, — 5DW, + 8DW, = 4d; + 2ds.

If we solve these simultaneous equations, we get

d1 - 4DWO - 4DW1 + DWQ,

11 3
dz - —4DWO + ?le - §DW2,

3 1
ds = DW,— §'DW1 + §'DW2.
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Thus, (3.7) can be written as

LI R
A—2) P-22) “r—1)”

= d Zx” + dy ZZ":E” + ds ZQ”(n + 1)z,
n=0 n=0 n=0
o

= ) (dy +dp2" + d32"(n + 1))a",

iDWnl’n = dl
n=0

n=0
> 11 3
= Y (4DWy — 4DW; + DW, + (—4DW, + - DW1 — SDW,)2"
n=0
3 1
—|—(DWO - §DW1 -+ §DW2)2H(TL + 1))$n,
> 11 3
= Y (4DW, — 4DW; + DW, + (—4DW, + - DW1 — SDW,)2"
n=0
3 1 3 1
+(DWy — SDWy + SDW2)2" + (DWy — SDWi + SDWa)2"n)a”,

= 3 1

= Y (4DW, — 4DW; + DW; + (DW, — 5 DWi + S DWa)n2"
n=0
+(—3DW0 + 4DW1 — DWQ)Q”).Z’”,

= Y ((—3DW, + 4DW; — DW,) + (DW, —
n=0

3

1

This gives

where

DAl = —3DW0 + 4DW1 — DWQ = —3W0 + 4W1 — Wg + 6(—4W0 + 5W1 — Wg),
3 1 3 1

DA2 = DWO — §DW1 + §DWQ = WO — §W1 + §W2 + 8(2WO — 3W1 + Wg),

DAg = 4DWO — 4DW1 -+ DWQ = Wg — 4W1 + 4WO + €(W2 — 4W1 + 4Wg)

Note that the following equalities are true:

Wy — 3W7 + 2W,
2
= _3W[) -+ 4W1 — W2 + 8(—4W0 + 5W1 — WQ)

A+ Ay = (=W + AW, — 3W)(1 4 2¢) + ( )(2¢)

PN LS LR LT
2

3 1

§W1 + §W2 + €<2WO —3Wi + WQ)

= WO_
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A3’/}/\ = W2 — 4W1 + 4Wg + €(W2 — 4W1 + 4WO>

Therefore, we can write the following equality:
DW,, = (A1d + Ay + And)2" + As7.

The proof is finished. [J

Next, using Theorem 3.3, we present Binet’s formulas of dual modified Woodall, dual

modified Cullen, dual Woodall and dual Cullen numbers.

3.2 SOME IDENTITIES FOR DUAL GENERALIZED WOODALL NUM-
BERS

We now present a few special identities for the dual generalized Woodall sequence {DW,, }.
The following theorem presents Simpson’s identity for the dual generalized Woodall num-

bers.

Theorem 3.4 (Simpson’s formula for dual generalized Woodall sequence) For all inte-

gers n, we have

DW,io DW,i1 DW, DW, DW,; DW,
DW,,1 DW, DW,_, |=4"|DW, DW, DW_, |. (3.8)
DW, DW,_, DW,_, DW, DW_, DW_,

Proof. First, we assume that n > 0. For the proof, we use mathematical induction on n.
For n = 0 identity (3.8) is true. Now, we obtain is true for n = k. Hence we write the

following identity

DWiys DWiy DW, DW, DW, DW,
DWk+1 DWk DWk_l = 4k DWl DW() DW_l
DWy, DWW,y DWjy_o DWy DW_y DW_,
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For n =k + 1, we get

DWiyz DWiyo DWiga

DWiio DWip DWW

DWy1 DW, DWWy

5DWyio — 8DWy 1 +4DWy,, DWyiio DWiiy

= 5DWyi1 — 8DWy, +4DWyy DWiry DWWy
5DW,, — 8DWy_1 + 4DW),_oa DWW, DWjy_1

DWiyo DWiyo DWip DWiy1 DWiyo DWip
= 9 DWiy1 DWiy DWW - 8| DWW, DWyiy1 DWW
DWW, DW, DWW, DWy_1 DW, DWi_4

DWy  DWiia DWia
+4| DW, , DWiws DW,
DW,_o DW, DW,_4

DWyio DWii DW, DW, DW, DW,
= 4 DWk+1 DWk DW]C,1 :4k+1 DWl DWO DW,1
DW, DWiy DWi_o DW, DW_, DW_4

In the other case, if we take n < 0, the proof can be done similarly. Thus, the proof is

concluded. [

From theorem (3.4), we get the following corollary.

Corollary 3.1 (Simpson’s formula for dual generalized Woodall sequence’s special cases)

DGry2 DGry1 DGy,
(@) | DGry1 DG, DGy | = —4""19+ %).
DGk DGk_l DGk_Q

DHyy2 DHypy1 DHy
(b) | DH,.1 DH, DH, |=0.
DH, DHy., DHy

DRyjs2 DRyt DRy
(€) | DRyyy DRy DRy | =4"1(9+9).
DR, DRy, DRy,
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DCy2 DCiyr DG
(d) | DCyy1 DCr  DCyp_y | =—4""19+ %).
DCk DCk_l DCk_g

Theorem 3.5 (Catalan’s identity) For all integers n and m, the following identity holds
DWp s i DWWy — DW2 = 2n=m(—2m+n 252 A2 4 A, A (—2mH B3 + B + 223 — mad +
nay — 2" nay + 22mmad + 22mnan) + A As(ay — 2mHaA + 22maR)).

Proof. Using Binet’s formula DW,, = (A;a + Ao+ Asnar)2™ + Agy, we get the required
identity. [J

As special cases of the above theorem, we give Catalan’s identity of dual modified Woodall,
dual modified Cullen, dual Woodall and dual Cullen numbers. Firstly, we present Cata-

lan’s identity of dual Woodall numbers.

Corollary 3.2 (Catalan’s identity for the dual modified Woodall numbers) For all inte-

gers nand m, the following identity holds
DGrsm DGy — DG2 = —2""(a7 — B +22"a7 — 22 B7 — 2" a7 + 21 37 + maq —

naA + 2 ma? — 2 mad — 22 + 27 naR).

Proof. Take W,, = GG,, in Theorem 3.5. [J

Secondly, we give Catalan’s identity of dual modified Cullen numbers.

Corollary 3.3 (Catalan’s identity for the dual modified Cullen numbers) For all integers
n and m, the following identity holds

DH, ,DH,_,, — DH? = 2""™(2a7 + 2 x 2*"a7 — 2 x 2""a7).

Proof. Take W,, = H,, in Theorem 3.5. [J
Thirdly, we give Catalan’s identity of dual Woodall numbers.

Corollary 3.4 (Catalan’s identity for the dual Woodall numbers) For all integers n and
m, the following identity holds
DRyimDRy — DR = —27="(B5 + 22m35 — 2135 — mad + nddy + 2™ m2a? +

22Mmay + 22mnay — 2 nay).

Proof. Take W,, = R,, in Theorem 3.5. [J

Fourthly, we give Catalan’s identity of dual Cullen numbers.
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Corollary 3.5 (Catalan’s identity for the dual Cullen numbers) For all integers n and
m, the following identity holds
DClsyDC_y —DC? = 2=™(BH 42235 — 21 35— maH +nad — 2 "m2a2 + 22 mad +

22mnay — 2™ nay).

Proof. Take W,, = C,, in Theorem 3.5. [
Note that for m = 1 in Catalan’s identity, we get Cassini’s identity for the dual generalized

Woodall sequence.

Corollary 3.6 (Cassini’s identity) For all integers n, the following identity holds
DW, 1 DWWy — DW2 = 27 (A, A3(309 + 57 + nay) — 271 AZ6% + A, A307).

As special cases of Cassini’s identity, we give Cassini’s identity of dual modified Woodall,
dual modified Cullen, dual Woodall and dual Cullen numbers. Firstly, we present Cassini’s

identity of dual modified Woodall numbers.

Corollary 3.7 (Cassini’s identity of dual modified Woodall numbers) For all integers n,
the following identity holds

DG, 1 DGy — DG = 271267 + 37 — 21162 + na).
Secondly, we give Cassini’s identity of dual modified Cullen numbers.

Corollary 3.8 (Cassini’s identity of dual modified Cullen numbers) For all integers n,
the following identity holds

DH, DH,  — DH? = 2"a7.
Fourthly, we give Cassini’s identity of dual Woodall numbers.

Corollary 3.9 (Cassini’s identity of dual Woodall numbers) For all integers n, the fol-
lowing identity holds

DR, 1DR,_, — DR2 = —2""1(367 + (7 + 2""'a% + nad).
Thirdly, we give Cassini’s identity of dual Cullen numbers.
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Corollary 3.10 (Cassini’s identity of dual Cullen numbers) For all integers n, the fol-
lowing identity holds

DC, 1 DC,_1 — DC? = 2" (367 + 57 — 2"T'a° + nd).

Theorem 3.6 For all integers m, n, G, is woodall numbers, the following identity is

true:
DWn+m - DWnGm+1 + Danl(—8Gm -+ 4Gm,1) + 4DWn,2Gm (39)

Proof. The identity (3.9) can be proved by mathematical induction on m. First of all, we

assume that m > 0 and n > 0. If m =0 we get
DW,, = DW,,G1 + DW,,_1(—8Gq + 4G _1) + 4DW,,_»Gy

which is true by seeing that G_; = 0, G_5 = ‘—11, G 3= % We assume that the identity

given holds for m = k. For m = k + 1, we get

DWoithrr)y = 5DWogs — 8DWiip1 + 4DW,ih s
= 5(DW,Ghi1 + DW,_1(—8Gy + 4Gy_1) + 4DW,,_2Gy)
—8(DW,.G, + DW,,_1(—8G_1 + 4Gy _2) + 4DW,,_sGj_1)
+4(DW,Gy_1 + DW,,_1(—8G_o + 4G}_3) + 4DW,,_2Gy_»)
= DW,(5Gks1 — 8G), + 4Gy_1) + DW,,_1(—8(5G) — 8Gj_1 + 4G}_»)
+4(5Gk_1 — 8Gy_o + 4Gy _3)) + 4DW,,_5(5G), — 8G_1 + 4G}_»)
= DW,Gji2+ DWW, 1(—8Gyi1 + 4Gy) + 4DW,,_2Giq

= DW,Gs1)+1 + DWoii(=8G (h41) + 4G (ki 1)-1) + 4DW, oG (111
Consequently, by mathematical induction on m, this proves (3.6). The other cases of
m,n can be proved similarly. [

3.3 LINEAR SUMS FOR DUAL GENERALIZED WOODALL NUMBERS

In this section, we present the summation formulas of the dual generalized Woodall
numbers with positive and negative subscripts.
Now, we give the formulas that give the summation of the dual generalized Woodall

numbers in the following theorem.
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Theorem 3.7 Forn > 0, dual generalized Woodall numbers have the following formulas:

(@) Do DW= (3+n—3x%X2"+2"n+4de +en— 2" + 2" en)Wy + (=11 — 4n +
11 x 2" — 3 X 2"n — 15e — den + 2" e — 3 x 2"Fen)W; + (9 + 4n — 273 + 27 lp 4+
12¢ + 4en — 3 x 2" 2e 4 27T 2en) W,

(b) YpoDWap = (32 +n — §227H 4 22202 4 Be 4 en — 22202 4 1223, +
(=2 —dn + 5222 2242y _ B 4 19202  dep — 22 F3en) W + (32 — L2272 4

dn + 192043 4 8o Lo2ntbe 4 gop 4 LoZntden )iy,

(€) Ypo DWapqr = (2 — 322712 4y 4 22203  Be — 2220He 4 ep 4 2220 Men) W, +
(_% 4 %2271-1—2 —4n — 22n+3n + %22714—58 _ 3_325 — den — 22n+4€n)W1 + (% o %2271-1—6 +

Ap + 122n+ip 4 8o 59InHe 4 dep + L22F5en) W,
Proof. It can be obtained by using Proposition 1.2 and Proposition 1.3.

(a) We can derive the following using the formulas in Proposition 1.2.

ZDWk = ZWk +€ZWk+1.
k=0 k=0 k=0

= 1
> Dy = SWa(2n — 2" (n — 1) 4+ 2""2(n — 2) + 6)
k=0

—%Wl(Sn — 2" (3n — 5) +2""2(3n — 8) + 22)
+Wo(dn — 2" (n — 2) + 2" (n — 3) + 9) + z—:(%Wg(Qn
+2"3(n — 1) — 2""2n + 8) — %Wl(Sn —2"2(3n — 2)
+2"3(3n — 5) + 30) + Wo(4n — 2" (n — 1)

+2"3(n — 2) + 12)).

ZDWk = (B3+n—3x2"+2"n+4e+en— 2" % + 2" en) W,
k=0
1 (=11 — 47+ 11 x 2° — 3 x 2" — 15¢ — den + 2°He

=3 x 2"Men)Wy + (9 + 4n — 2" + 2" n 4 126 + den

—3 x 2" 4+ 2" P2 en) W,

The proof is finished. [
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(b) We can derive the following using the formulas in Proposition 1.3.

Z DWoy, = Z Wor + ¢ Z Wakt1-
k=0 k=0 k=0

o 1
D DWa = Wo(36n — 27(2n — 1) + 22"+ (2n — 3) + 53)
k=0

1
—— W1 (72n — 2*""2(6n — 2) + 22" (6n — 8) + 120)

18
1
+EW2(18n 42277420 — 2) — 2 x 22"T2p 4 32)
1
+5(EW2(18n — 22"13(2n + 1) + 2215 (2n — 1) + 40)
1
—EW1(7271 — 2213 (60 + 1) 4 2213 (6n — 5) + 150)

1
+§W0(36n +22"%5(2n — 2) — 2 x 2% + 64)).

16 1 1 20 5
ZDW% = (2 Sy L Ty oy Dot

£ 9 9 3 9 9
1 20 ) 25
+§22"+35n)W2 + (_E —4n + 522’”2 — M2y 3¢
7 53 11
+§22”+2g — den — 22" FBen) Wy + (3 - 322”+2 + 4n
1 64 1 1
+§22"+3n + e 522”+65 +4den + 522"+45n)W0.

The proof is completed. [

(c) We can derive the following using the formulas in Proposition 1.3.

Z DWopq1 = Z Woki1+¢ Z Woarya.
k=0 k=0 k=0

& 1
> DWyy = 52 (18n — 2273 (2, 4 1) + 2275(2n — 1) 4 40)
k=0

—11—8W1<72n _ 923Gy 4 1) + 2275 (6 — B) + 150)
+%WO(36n + 22715 (20, — 2) — 2 x 22713 1 64)
+6(%WO(36n 92 (9 4 1) 4 2276(20 — 1) + 80)
—%Wl(mn — 224 (6n + 4) + 22"5(6n — 2) + 192)
—1—1—18W2(18n —22"H4(2n + 2) 4 2 x 22" + 50)).
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Z” 20 5 1 25 1
DW2k+1 = (5 — 522n+2 +n 4+ 5227”371 -+ 56 — 522n+4€ +Een
k=0
1 25 7
+§22”+45n)W2 + (—3 + 522’”2 —4n — 223y
1 2 64 1
+§22"+5z—: — %5 — 4en — 22" Men)W, + (5 - 522"+6
1 80 5 1
+4n + §2Q”+4n e 522"““‘% + den + 522"+55n)W0.

The proof is finished. []

As a first special case of the above theorem, we have the following summation formulas

for dual Woodall numbers:

Corollary 3.11 For n > 0, dual modified Woodall numbers have the following proper-

ties:

(@) D¢ DGr =4+ n+2"n — 22 4 (5 -5 x 2"2 4 p 4 20T 4 27F2p),

(b) i oDGa = 3 + n+ 322032 4 592042 _ Bgnd 4 (35 _ 2oInt2 4y 4 202043y,
(€) Yor_oDGorp1 = 2 +n+4 222F8n — 2922 4 o(2 _ S92ntd 4 192nd5 4y 4 2o2ntdp),

As a second special case of the above theorem, we have the following summation formulas

for dual modified Cullen numbers:

Corollary 3.12 Forn > 0, dual modified Cullen numbers have the following properties:

(@) > ioDHp=—1+n—6x2"n—3x2" 43 x 2" 0+ 28 x 2" +-£(—=3 — 18 x 2"+? -

5x 2" 4 n — 6 x 2 + 3 x 272p).

(b) Z.Z:O DHQk — % +n— 22n+3n + 22n+3n + 13_422n+2 _ 22n+4 + 6(—% + %22n+2 _ %22n+6

+n— 22n+4n + 22n+4n).

(C) ZZ:O DH2k+1 — _%_i_n_zX22n+3n+22n+4n+23_022n+2_%22n+6+€(_§_§Z2n+4+§22n+5

+n— 22n+5n + 22n+5n).

As a third special case of the above theorem, we have the following summation formulas

for dual Woodall numbers:
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Corollary 3.13 Forn > 0, dual Woodall numbers have the following properties:

(@) D oDRy=1—n+4x2"n+2"3 —27Fln — 10 x 2" 4 (1 — 274 4 274 — 4 20 F3

n — 2" 2n).

n _ 1 462n+2 102n+3 2602n+2  702n+4 1 1492n+2 | 102n+6
(b) Zk:[) DRQk = —§—TL+§2 7’L—§2 TL—F?Z —§2 +E(§—TL—§2 +§2

+ %12271—&-3” _ %2271—}—4”)_

n 1 492n+3 192n+4 1492n+2 192n+6 1 192n+5
(c) Zk:o DRopy1 = 3 —n+ 32 n— 32 n— 32 + 52 + g(—§ + 32 —

%22n+4 —n+ %22n+4n _ %22n+5n)'

As a fourth special case of the above theorem, we have the following summation formulas

for dual Cullen numbers:

Corollary 3.14 For n > 0, dual Cullen numbers have the following properties.
(@) Yi_oDCr=3+n—2"" 42" +6 x 2" +(3+n+ 2" ).

(b) 4o DOy, = A 4+ 122H3y — 292042 4 (10 4y Lo2nts 4 Lodntdy)
(€) YieoDCokir = +n+ 5220 4 52273 4 o( 4 5220 4 4 122745,

Next, we introduce the formulas that give the summation of the dual generalized Woodall

numbers with negative subscripts in the following theorem.

Theorem 3.8 Forn > 0, dual generalized Woodall numbers have the following formulas:

(@) Xr oDW_p=(-24+2 —3e+n+ g+ gomn+en+ gmen)Wa + (7 — & + 126 —

4dn — —5 — 2X32nn —4den — %en)Wl +(—4+ 2 — 8 +4n+ 2%6 + =0+ 4den + 2%6n
Wo.

?)x%+m5—4”— 3;%5— zz%n—‘lé — s en)Wi + (=5 + gromm — 36+4n+

28
Tromi€ T 3X22nn +4den + 3><22n en)Wh.

n _ 11 11 7 16 2 4 16
(C) Zk:o ’DW,%JA = (—— + Ox92n —€—|—n—|— Wéf—i- Wﬂ+€n+ Wen)Wg + (— -

13 20 2 28
3Ix22n + —8 —4n — 3><22”€ — 22”” — 4en — 22"877/)W1 + <—— +

——6+4n+

9><22”

44
gxom € T 3><22”n + 4den + 3><22" en)Wo.
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Proof. It can be obtained by using Proposition 1.4 and Proposition 1.5.

(a) We can derive the following using the formulas in Proposition 1.4.

YD DW_p=> Wopted Wi
k=0 k=0 k=0

(n+4)—

(n+3)—1)

2n+1

Y DWW, = 4AWy(n+ T
k=0

1
+2Wi (== (Bn+8) —2n —

2n+2

7
ont1 (STL + 11) + 5)

PR (S0 o (n - 8) — 2 (n+2) — 1)

2n+1 2n+2

1 1 1 3 1
+5(2W2(§n + 2_"(n +2) — W(n + )= 5) + 4Wo(n + 2—n(n +3)

(3n+5) — 2n 2%(371 +8)+6)).

(n+2) — 2) + 2W4(

~ ontl on+1

2 3 1
E DW_p = (24 —=— o —en)W
k ( —|—2n 35—|—n+2n€+2x2nn+5n+2n5n) 2

7 11 3 3
~ 12— dn— e ~den — =
+(7 g T 126 —dn — he — o——on —den 2n5n)W1
5t 8 1 2
+(—4+ on 8 +4n + o€ + oL + 4den + 2—nen)WO.

This proves (a). We can prove (b) and (c) similar way. O

As a first special case of the above theorem, we have the following summation formulas

for dual modified Woodall numbers:

Corollary 3.15 For n > 0, dual modified Woodall numbers have the following proper-

ties:

(@) Yor_oDG_jy = =3+ n+ %2 + (=34 n+ 2.

(b) ZZ:ODG—% = —% +n 4 ibn _{_5(_% +n4 16+12n).

9x22n 9x22n

(C) ZZ:O ’DG72k+1 = —% +n+ 196;21227? + 6(%5 +n+ 20+24n).

9x22n

As a second special case of the above theorem, we have the following summation formulas

for dual modified Cullen numbers:
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Corollary 3.16 Forn > 0, dual modified Cullen numbers have the following properties:

(@) Sp (DH =5+n—2&+¢e(9— 4 +n).

(b) Xofo PHoor = 5 +n = g5 + (5 — g + 7).
(©) Tha D sios = ¥ 41— s + (8 — e )

As a third special case of the above theorem, we have the following summation formulas

for dual Woodall numbers:

Corollary 3.17 Forn > 0, dual Woodall numbers have the following properties:

(a) ZZ:ODR% =-3—-n+ 22+—n” +e(-1—n+ 2;371)

(b) Y4 oDR_ok = - —n+ S8 +e(—5 —n+ 2522).

9x22n

(€) Tico DRogers =~ —n+ 582 +( —n+ 5380).

As a fourth special case of the above theorem, we have the following summation formulas

for dual Cullen numbers:

Corollary 3.18 Forn > 0, dual Cullen numbers have the following properties:

(2) Sp DOy =—1+n+ 20 4 e(1+ 22 1),

(b) Sy DO = § o m+ 55+ (5 + 5520 4 ).

(C) ZZ:O Dcf2k+1 = % 4+ 4 04120 5(% 4 8+24n n)

9x22n 9x22n

3.4 MATRICES RELATED TO DUAL GENERALIZED WOODALL NUM-
BERS

In this section, we investigate matrices related to dual generalized Woodall numbers.

Now, {G,} defined by the third-order recurrence relation as follows
G,, = 5G,—1 — 8G,,_3 + 4G,,_3 with the initial conditions G =0, G; =1, Gy = 5.
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We present the square matrix A of order 3 as

2

I
o = o
=)
o o

such that det A = 4. Then, we give the following Lemma.

Note that

Goii  —8G, +4G, 1 4G,
An = Gn _8Gn71 + 4Gn72 4CTYnfl
Gn—l _8Gn—2 + 4Gn—3 4Gn—2

For the proof see [60].

Lemma 3.9 For all integers n the following identity is true.

n

DWyis 5 —8 4 DW,
DWnJrl 1 0 0 DWl
DWW, 0 1 0 DWW,

Proof. First, we suppose that n > 0. Lemma (3.9) can be given by mathematical

induction on n. If n = 0 we get

0

DWW, 5 —8 4 DWW,
Dwy | =11 0 0 DW,
DWWy 0 1 0 DWWy

which is true. We assume that the identity given holds for n = k. Thus the following

identity is true.

k

DWio 5 -8 4 DW,
DWi.y 1 0 0 DWW,
DW, 0 1 0 DW,
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Forn =k + 1, we get

k+1 k
5 -8 4 DWy 5 =8 4 5 -8 4 DW,
1 0 0 DW, = 1 0 0 1 0 0 DWWy
0 1 0 DW,y 0 1 0 0 1 0 DW,
5 -8 4 DWiio
= 1 0 0 DWiia
0 1 0 DWWy,

5DWy o — 8DWy 1 + ADW,

- DWi2
DWisa
DWyys
= DWyyo
DWi i1

If we suppose that n < 0 the proof can be done similarly. Consequently, by mathematical

induction on n, the proof is completed. [

Theorem 3.10 If we define the matrices Npw and Epw as follow.

DW, DW, DW, DW,.o DW,pi DW,
Npw = | DW, DW, DW., |, Epw=| DW,., DW, DW,_,
DW, DW_, DW_, DW, DW,.1 DW,_,

then the following identity is true:

A"Npw = Epw.

Proof. For the proof, we can use the following identities.

Gpi1  —8G,+4G, 4G, DWWy DW; DWW,
f4n]VDVV = (;n __8(;n—l‘+'4(;n—2 4(;n—1 I)LLH 1)L@b 1)VV;1 )
Gn-1 —8G,_2+ 4G, 3 4G, _2 DWy DW_i DW_,
bi1 bz bis
= ba1 baa  bos

b31 b32 b33
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bQZ
b23
bs1
b32

b33

Using the Theorem (3.6) the proof is done. [

DW2Gpi1 + DWWy (—8G,, + 4G, 1) + DWy4G,,,
DW1Groy1 + DWo (—8G,, + 4G 1) + DW_14G,,,
DWoGpi1 + DW_y (—8G,, 4 4G 1) + DW_54G,,,
DW,LG,, + DWy (—8G,, + 4G, 1) + DWydG, 1,
DWAG,, + DWy (—=8G,, 4+ 4G, 1) + DW_14G,, 1,
DWoG, + DW_ 1 (—8G,, + 4G, 1) + DW_24G,, 1,
DWoG 1 + DWWy (—8G, + 4G, 1) + DWydG, o,
DW1Gp—y + DWWy (—8G,, +4G,—1) + DW_14G,, o,
DWoG,o1 + DW_1 (—8G,, + 4G, 1) + DW_24G,, s,

From Theorem (3.10), we can write the following corollary.

Corollary 3.19 We have the following identity.

(a) If we define Npg and Epg as follows.

DGy
Npe = | DG,
DGy

then we get

A"Npg = Epg.

DGy
DG
DG4

DG
DG_4
DG,

7EDG:

(b) If we define Npy and Epy as follows.

DH,
Npy = | DH,
DH,

then we get

ARNDH = EDH-

DH,
DH,
DH_,

DH,
DH_,4
DH_,

7EDH:
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DG,y1 DG,

DG, DG,

DH,y» DHpnis
DH,.. DH,
DH, DH,_,

DG,
Danl
Dan2

DH,
Danl
DHn—2
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(c) If we define Npr and Epg as follows.

DR, DR, DRy DR,,» DR,.1. DR,
Npr=| DRy DRy DR |, Epr=| DR,.1. DR, DR,
DRy DR_; DR_, DR, DR,.1 DR, -
then we get
A"Npr = Epg.
(d) If we define Npc and Epc as follows.
DCy, DC, DCy DC,.» DC,., DC,
N'DC = DCl DCO DC’,l ) EDC = DCn+1 DCn ’DCn,1
DCy DC_; DC_, DC, DC, ., DC, o
then we get
A"Npc = Epc.
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CHAPTER 4
HYPERBOLIC GENERALIZED WOODALL NUMBERS

In this chapter, we investigate hyperbolic generalized Woodall numbers. First, we define
these numbers, then we include some properties about these numbers. Our work which

is given in this chapter is original. This chapter was published as the journal, see [23].
4.1 DEFINITIONS AND PROPERTIES

We now define hyperbolic generalized Woodall numbers over H. The nth hyperbolic
generalized Woodall number is

HW, =W, + jWhpi1. (4.1)

with the initial values HWy, HW7, HW,. (4.1) can be written to negative subscripts by

defining,
HW_,, =W_, + jW_,11. (4.2)

So, identity (4.1) holds for all integers n.

The special cases of the nth hyperbolic generalized Woodall numbers are given as

HG, = Gp+ jGnir,
HH, = H,+ jHyi,
HR, = Ru+jRusi,
HC, = Chp+ jCoi1.

Hence, using (4.1), for n > 0, the following identity is true.
HW,, = 5HW,,_1 — SHW,,_o + 4HW,,_5. (4.3)
Using (4.2), the sequence {HW, },>0 can be written as

5 1
HW_,, = —QHW_(n_l) - ZHW_(n_z) + ZHW_(n_S)
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for n = 1,2, 3, ... respectively. Therefore, recurrence (4.3) holds for all integers n.
The few hyperbolic generalized Woodall numbers with positive subscript and negative

subscript are given in the following Table 4.1.

Table 4.1. A few hyperbolic generalized Woodall numbers.

n HW,, HW_,

0 HW, HW

1 HW, L(8HWy — BHW; + HW»)

2 HW, T(LITHW, — 9HW, + 2HWs)

3 4AHW, — SHW, + 5HW, L(B2HW, — ATHW; + 11HW?)
4 20HWy — 36HW, + 1THW, £ (5THW, — 54HW; + 13HW,)
5 68HW, — LI6HW, + 49HW, & (240H W, — 233HW; + 5THW,)

Note that

HWy, = Wy + jWh,

HWy = Wi+ jWs,

HWy = Wo+ jWs =Wy + j(4Wy — 8W; + 53).

For hyperbolic modified Woodall numbers (taking W,, = G,,, Go = 0, G; = 1, G, = 5),
we get

HGy = Go+jG1 =1,

HG, = Gi+ jGy=1+5j,

HGy = G+ jG3=5+1T7j

and for hyperbolic modified Cullen numbers (taking W,, = H,,, Hy =3, H; =5, Hy =9),
we get

HHy = Hy+jH, =3+ 5],

HH, = Hy+jHy=5+9j,

HHy, = Hy+jH3=9+17j

and for hyperbolic Woodall numbers (taking W,, = R,, Ry = —1, Ry = 1, Ry = 7), we
get

HRy = Ro+jR=-1+}],

HRy = Ri+jRy =147},

HRy; = Ro+jRs=T7+23j
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and for hyperbolic Cullen numbers (taking W,, = C,,, Co = 1, C; = 3, Cy = 9), we get

HCy = Co+jC1 =1+ 3y,
HC, = Cy+jCy =349y,
HC; = Cy+ jC3 =9+ 255.

A few hyperbolic modified Woodall numbers, hyperbolic modified Cullen numbers, hy-

perbolic Woodall numbers and hyperbolic Cullen numbers with positive subscript and

negative subscript are given in Table 4.2, Table 4.3, Table 4.4 and Table 4.5.

Table 4.2. Hyperbolic Modified Woodall Numbers

n HG, HG_,
0 J J

1 1+45j 0

2 5417 i

3 17+495 i+
4 4941295 H4+1j
5 120+3215 B4+ 4

Table 4.3. Hyperbolic Modified Cullen Numbers

n  HH, HH_,
0 3455 3+5)
1 5497 2+3j
2 94175  243j
3 17+335 3+3j
4 33+655 2432
5 6541295 149

Table 4.4. Hyperbolic Woodall Numbers

n HR, ‘HR_,

0 —14j —14j

1 1+7j -3
2 7423 —-2-3j
3 23+63 —%-3%j
4 63+1595 —2—4j
5 159+383) —3 -2
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Table 4.5. Hyperbolic Cullen Numbers

0 1435 1+ 3j
1 3+49j T+J
2 9+25j T+
3 254655 241j
4 65+1615 241j
5 161+3855 Z+3j

Now, we give Binet’s formula for the hyperbolic generalized Woodall numbers and in the

rest of the paper, we fix the following notations:

a = 1+2j,
B = 2j
7 o= 147

Note that we have the following identities:

a” = 544y,
5= 4

~2 .
7= 242
aB = 4+2j,
a7 = 3+3j,
o= 2+2j

apy = 6+6j.
4.1.1 Binet’s Formula For Hyperbolic Generalized Woodall Numbers

Now, we give Binet’s formula in the following theorem.

Theorem 4.1 (Binet’s Formula) For any integer n, Binet’s formula of nth hyperbolic

generalized Woodall number is
HW,, = (A1a + Aol + And)2" + As7. (4.4)
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Proof. Using Binet’s formula given below
Wn = (Al + AQ’I’L)QTL + Ag,
we obtain

HW, = W, + W,
= (A; + An)2" + A + (A 4+ Ay(n +1))2" + Ag)
= A12" 4+ Aon2" + Aj
A" 4 A2 4 A2 4 A
= A12"(1+2j) + Aan2"(1 + 2j) + A22"(2)) + As(1 + j)
= A, 2"Q + Aan2"a + A28 + A5

— (A8 + Ayf 4 And@)2" + Ag7.

This proves (4.4). O
As special cases, for any integer n, Binet’s Formula of nth hyperbolic modified Woodall
number, hyperbolic modified Cullen number, hyperbolic Woodall number and hyperbolic

Cullen number are

o HG, = (—a+ [ +na)2" +7,

HG, =1+ (n—1)2" + j(1 4+ n2™*1).

HH, = (28)2" + 7,

HH, =1+ 2" 4 j(1+2""2).

HR, = (B +na)2" -7,

HR, = =14 n2" + j(—=1 +2"""  n2"t1),

HC, = (B + nd)2" + 7,

HC, =1+ n2" + j(1 4 2" 4 n2ntl).

Next, we present the generating function of the hyperbolic generalized Woodall numbers

in the following theorem.
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4.1.2 Generating Function For Hyperbolic Generalized Woodall Numbers

Theorem 4.2 The generating function of the hyperbolic generalized Woodall numbers is

i HW, 2 — HWy + (HW, — 5HWy)z + (7;LW2 —35HW1 + 8HWO)m2. (45)
o 1—5x 4+ 8x% —4x
Proof. Let

g(x) = i HW, 2"
n=0

be generating function of the hyperbolic generalized Woodall numbers. Then, using the
definition of the hyperbolic generalized Woodall numbers, and subtracting zg(z), z2g(x)
and z3¢(z) from g(x), we obtain (note the shift in the index n in the third line)

(1 — 52 4 82% — 42%)g(x)

- i HW,z" — bx i HW, 2" + 82° i HW,z" — 4z® i HW,z"

n=0 n=0 n=0 n=0
= i HW,z" — 5 i HW,z" + 8 i HW,z"? — 4 i HW,z" 3
n=0 n=0 n=0 n=0

= j;i?iVVﬁx" _.5j§t7{VVh_1x"-+-82§37{LV%_2x”-—z1§§:7{VVﬁ_3x"
n=0 n=1 n=2

n=3
= (HWy + HWix + HWa2?) — 5(HWoz + HWia?) + SHW,a?
+ > (HW, = 5HW,_y + 8HW,,_p — 4HW,,_3)z"
n=3
= 7{L@b +'(7{LLH —'57{L@h)17%‘(7{LTE —*57{LLH +‘87{LLB)$2.

Note that, we have the recurrence relation HW, = 5HW,_1 — 8HW,_o + 4HW,,_3.
Rearranging the above equation, we get

~ HWo + (KW, — 5HWy)x + (HWo — SHW; + SHW,)x?
n 1 —5x + 8x2 — 4a3 '

g9(z)

The proof is finished. []

As special cases, the generating functions for the hyperbolic modified Woodall, hyperbolic
modified Cullen, hyperbolic Woodall and hyperbolic Cullen numbers are

7{(;n "= )
;% v 1— b + 822 — 423

5j + 3+ (=165 — 10) = + (125 + 8) z?
Hya" :
ZH o 1 —b5x + 8x2 — 423

n=0

> —14+7+(2j+6 —45 — 6)2?
S MR = +i+ @2+ )Ij( J )z
o 1—5x+ 82 — 4z
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and

= 3j + 1+ (=65 —2)x + (45 +2) 22
Cpa™ =
;H v 1 — 5z + 8x2 — 43

respectively.
Now, we obtain Binet’s formula of hyperbolic generalized Woodall number {HW,,} by

the use of generating function for HW,,.

Theorem 4.3 (The Binet’s formula of hyperbolic generalized Woodall numbers)
HW,, = (A1a + AsB + An@)2" + Ag7. (4.6)

Proof. Let

i W g o HWo + (HW, — 5HWy) + (HWy — 5HW, + SHW,) 22
— S 1 — 5x + 8x2 — 4a3 '

Then, we write

HW() + (HW1 - 5HWO)$ + (HWQ — 5HW1 + 8HWO)ZL‘2 d1 dg dg
(1—x)(1—2x) (1-2) (1-2z) (1-22)
(4.7)
So,

HWo + (HWy — 5HWy)x + (KW — 5HW; + 8HWy)2? = (dy + da + d3) + (—4dy — 3da —
d3)l‘ + (4d1 —|— 2d2)$2.
We get

HWy = di +dy + ds,
HWl - 5HWO - —4d1 - 3d2 - dg,
HWy — SHW, +8HW, = 4dy + 2ds.

If we solve this simultaneous equation, we obtain

d1 - 4HWO - 4HW1 + HWQ,

11 3
d2 = —4HW0 + 7HW1 - §HW2,

3 1
d3 — HWO - 5HW1 + EHWQ
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Thus, (4.7) can be written as

1 1 1

HWz" = d +d +d ,
HZ:O "1—2)  P(-22) P21 —1)?

= d Z:{:” + dy Z 2"x" 4 ds Z 2"(n+ 1)z",
n=0 n=0 n=0
o0

n=0

> 11 3
= > (4HW, — 4HW; + HWa + (—4HW, + - "W = SHIW,)2"
n=0
3 1
> 11 3
= > (4HW, — 4HW; + HWa + (—4HW, + - "W — SHIW,)2"
n=0
3 1 3 1
+<HWO e §HW1 == §HW2)2n + (HW() 2 5HW1 + §HW2)2nn)In,
R 3 1
= Z(4HWO - 4HW1 -+ HWQ + (HWO - §HW1 + §HW2)n2”

n=0

+(=3HWy + AHW, — HW;)2")x",

- 3 1
— D ((~3HWo + AHWy — HWa) + (HWy — SHW + SHWa)n)2"
n=0

+AHWy — AHW, + HW,)z".
This gives
HW,, = (HA; + HAn)2" + HA;
where

HA, = —3HWy + 4HW, — HWs,
3 1

HAz = HWo— SHW, + JHW:,

HAy = AHWy — AHW, + HWo.

Note that the following equalities are true:

Wy — 3W; + 2W,
2
== _3W[) -+ 4W1 - W2 +j(—4W0 + 5W1 - Wg)

A1+ AgB = (—Wa+4W; — 3W) (1 + 25) + ( )(25)

~ Wy — 3W; + 2W, .
Ai = : =(1+25)
2
3 1
§W1 + §W2 + j(2Wy — 3W7 + Ws).
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Asy = Wo — AW, + AWy + §(Wo — 4W; + 4W)).

Therefore, we can write the following equality:
HW, = (A1Q + Ao + An@)2" + Ag7.

The proof is finished. [J

Next, using Theorem 4.3, we present Binet’s formulas of hyperbolic modified Woodall,

hyperbolic modified Cullen, hyperbolic Woodall and hyperbolic Cullen numbers.

4.2 SOME IDENTITIES FOR HYPERBOLIC GENERALIZED WOODALL

NUMBERS

We now investigate a few special identities for the hyperbolic generalized Woodall se-

quence {HW,}. The following theorem presents Simpson’s identity for the hyperbolic

generalized Woodall numbers.

Theorem 4.4 (The Simpson’s formula of hyperbolic generalized Woodall sequence)For

all integers n we have

HWoro HW,p1  HW, HWy  HW;
HWn_H HWn HWn_l = 4" HW1 HWO
HW, HW,-1 HW,_» HWy HW_4

HW,
HW_,
HW_,

Proof. First, we assume that n > 0. For the proof, we use mathematical induction on n.

For n = 0 identity (4.8) is true. Now, we take identity (4.8) is true for n = k. Hence, we

write the following identity

HWiro HWip HW: HW, HW,
HWisr HWe HWi | =4 HW,  HW,
HW, HW.., HWi o HW, HW_,
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For n =k + 1, we get

HWiyz HWige HWip
HWir2a HWipr  HW
HWk_H HWk HWk—l
5HWk+2—8HWk+1+4HWk HWk+2 HW}H_l
- 5HWk+1 — SHWk -+ 4HW}€71 HWk+1 HWk
SHWy, — 8HW)_1 + 4HW_o  HW,  HWi_4
HWii2 HWip2 HWi HWi1 HWipo HWiga
= 9 HWk+1 HW]H.l HWk -8 HWk HWk_H HWk
HW, HW,  HW,_4 HWp_y HW, HW,_4
HWk HWk+2 HWk+1
+4 HW]C,1 HWk+1 HWk
HWy_o  HW, HWi_
HWiio HWii1  HWE HWy  HW; HW,
= 4| HWin HW, HWiy =4 HW HW, HW,
HW,  HWip_1 HWi_o HWy HW_y HW_,

The other case (for n < 0) can be done similarly. Thus, the proof is finished. [

From theorem (4.4), we get the following corollary.

Corollary 4.1 (Simpson’s formula of hyperbolic generalized Woodall sequence’s special

cases)
HGri2 HGR
(@) | HGre1  HGy
HG, HGr
HHyyo HHp
(b) | HHpyr  HH,
‘HH, HH,_;
HRy 2 HRp4
(¢) | HRys1  HRx
HR, HRip_1

HG,,
HGL—
HGy—2

= —4""1(9 + 9j).

‘HH,
HH_,
HHy

‘HR;,
HRy—1
HERy—2

= 4" 1(9 4 95).
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HCyy2 HCrp1  HC
(d) | HCys1  HC,  HC,_1 | = —4"71(9+9)).
HC, HC,_1 HCL_o

Theorem 4.5 (Catalan’s identity) For all integers n and m, the following identity holds
HWoiem HW o — HW2 = 2n=m(—2m+nm252 A2 4 Ay Ay (—2mH1 B3 4+ 37 + 223 — mad +
nay — 2mMnay + 22mmay + 22mnay) + Ay As(ay — 2™ AN + 22maR)).

Proof. Using Binet’s formula HW,, = (A;a + AQB + Aona)2™ + As7, we get the required
identity. [J

As special cases of the above theorem, we give Catalan’s identity of hyperbolic modified
Woodall, hyperbolic modified Cullen, hyperbolic Woodall and hyperbolic Cullen numbers.
Firstly, we present Catalan’s identity of hyperbolic Woodall numbers.

Corollary 4.2 (Catalan’s identity for the hyperbolic modified Woodall numbers) For all

integers n and m, the following identity holds

HGpimHGrom — HG? = —2""™(a7 — BY + 2287 — 22m 37 — 2™H1a7 + 271165
+maq — naq + 2™ m2a? — 22 maq — 2¥nay

+2" 1 nay).

Proof. Take W,, = GG,, in Theorem 4.5. [J
Secondly, we give Catalan’s identity of hyperbolic modified Cullen numbers.

Corollary 4.3 (Catalan’s identity for the hyperbolic modified Cullen numbers) For all

integers nand m, the following identity holds
HHTH—mHHn—m - HH,QL = 2”_’”(2&”7\ + 2 X 227” ,7/ 2 % 2m+1/\7)

Proof. Take W,, = H,, in Theorem 4.5. []
Thirdly, we give Catalan’s identity of hyperbolic Woodall numbers.

Corollary 4.4 (Catalan’s identity for the hyperbolic Woodall numbers) For all integers
n and m, the following identity holds

MRy M By — HRZ = —2""™(B7 + 22" 37 — 2" 37 — maA + naq + 2" "m*a”

2m+1

+22™may + 22" nay — nay).
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Proof. Take W,, = R,, in Theorem 4.5. [J
Fourthly, we give Catalan’s identity of hyperbolic Cullen numbers.

Corollary 4.5 (Catalan’s identity for the hyperbolic Cullen numbers) For all integers n
and m, the following identity holds

HCorimH o — HCZ = 2""™(B7 + 2237 — 2™ 35 — mad + naq — 2™ "m?a”

+22mmary + 22" nay — 2™ nay).

Proof. Take W,, = C,, in Theorem 4.5. []
Note that for m = 1 in Catalan’s identity, we get Cassini’s identity for the hyperbolic

generalized Woodall sequence.
Corollary 4.6 (Cassini’s identity) For all integers n, the following identity holds
HWp it HWyog — HW? = 271 (A, A5(307 + BY + nad) — 27T1AZG2 + A, Asa7).

As special cases of Cassini’s identity, we give Cassini’s identity of hyperbolic modified
Woodall, hyperbolic modified Cullen, hyperbolic Woodall and hyperbolic Cullen numbers.
Firstly, we present Cassini’s identity of hyperbolic modified Woodall numbers.

Corollary 4.7 (Cassini’s identity of hyperbolic modified Woodall numbers) For all inte-
gers n, the following identity holds

HGp HG 1 — HG? = 2771267 + 57 — 2"7'a° + ndd).
Secondly, we give Cassini’s identity of hyperbolic modified Cullen numbers.

Corollary 4.8 (Cassini’s identity of hyperbolic modified Cullen numbers) For all integers
n, the following identity holds

HH,  HH, | — HH? = 2"a7.
Fourth, we give Cassini’s identity of hyperbolic Woodall numbers.

Corollary 4.9 (Cassini’s identity of hyperbolic Woodall numbers) For all integers n, the
following identity holds

HRp i HRy — HE2 = —2""4(387 + 37 + 2""'&° + nad).
Thirdly, we give Cassini’s identity of hyperbolic Cullen numbers.
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Corollary 4.10 (Cassini’s identity of hyperbolic Cullen numbers) For all integers n, the
following identity holds

HC, i HC,_y — HC? = 2"71(3a79 + 7 — 277142 + nd).

Theorem 4.6 For all integers m, n, G, is woodall numbers, the following identity s

true:
HWim = HWn Gt + HWo_1(—8Gm + 4G 1) + AHW,,_2Go. (4.9)

Proof. The identity (4.9) can be proved by mathematical induction on m. First, we

assume that m > 0 and n > 0. If m =0 we get
HW,, = HW, Gy + HW,,_1(—=8Go + 4G _1) + 4HW,,_2G

which is true by seeing that G_; =0, G_5 = ;11, G_3 = % We assume that the identity
given holds for m = k. For m = k + 1, we get
HWiiterry = SHWipr — 8HWii—1 + 4HWi k-2
= S5(HW,Gii1 + HW,_1(=8G) + 4Gy_1) + 4HW,,_2G)
—8(HW,G + HW,_1(—8Gj—1 + 4Gj—2) + 4HW,,_2Gj_1)
+4(HW,,G—1 + HW, o1 (—8G—2 + 4G—3) + AHW,,_2Gj_2)
= HW,L(5Gk+1 — 8Gy + 4G)—1) + HW,,_1(—8(5G — 8Gk—1 + 4Gk_2)
+4(5Gi—1 — 8Gg—2 + 4Gi_3)) + AHW,,_2(5Gy — 8Gy—_1 + 4G _2)
= HW,Gii2 + HW,1(—8Gri1 + 4Gk) + AHW,, _2Giiq
= HW,Gug1y41 + HWo1(=8G ks1y + 4G (h41)-1) + 4HW, oG (1 11)-

Consequently, by mathematical induction on m, this proves (4.6). Similarly, we can show

for the other cases. O

4.3 LINEAR SUMS FOR HYPERBOLIC GENERALIZED WOODALL NUM-

BERS

In this section, we investigate the summation formulas of the hyperbolic generalized
Woodall numbers with positive and negative subscripts.
Now, we present the formulas that give the summation of the hyperbolic generalized

Woodall numbers in the following theorem.

69



Theorem 4.7 For n > 0, hyperbolic generalized Woodall numbers have the following

formulas:

(@) S0 HWi = (341 —3 X 2" +2"n + 4] + jn — 2772j + 274 jn) Wy + (—11 — 4n +
11 x 2" —3 X 2"n — 15j — 4jn + 2" — 3 x 2" jn)W; + (9 + 4n — 273 + 27 lp 4
125 + 4jn — 3 x 2725 + 27250\,

(b) ZZ—O HWQk — (m +n— %22n+4 + %22n+2n + 29#0] +]n _ 522n+2j + 122n+3jn>w2 +
(__ —4n + 522n+2 22n+2n o %j + %22n+2j o 4]” 22n+3 )WI + ( %227’;—1—2 +
An + 322 3n 4 85 — 292065 4 4jn 1927 H in) W,

(€) Yoo HWapr = (3 — §2°"72 + i+ 22030 4 5 — 52204 + jn + 32°" 4 jn)Ws +
(—%5 + 122’”2 —4n — 2230 + %22”%] - 3] — 4jn — 22 in) W, + ( %22”% +
An + 220 85 — 222045 4 A + 22205 in) .

Proof. It can be obtained by using Proposition 1.2 and Proposition 1.3.

(a) We can derive the following using the formulas in Proposition 1.2.

STHW =Y Wi+ Wi
k=0 k=0 k=0

iHWk = %Wg(2n — 2" (n — 1) + 2" (n — 2) +6) — %W1(8n

i —2"*1(3n — 5) + 2""2(3n — 8) + 22) + Wy(4n — 2" (n — 2)
4272 (n — 3) 4+ 9) + j(%WQ(QTL 42" (n — 1) — 2" 2 + 8)
—%Wl(Sn — 2"2(3n — 2) +2""3(3n — 5) + 30) + Wy(4n

—2"2(n — 1) 4+ 2" (n — 2) + 12)).

> HWe = (B3+n—3x2"+2"n+4j+ jn— 2" + 2" jn) W,
k=0
(=11 —4n + 11 x 2" — 3 x 2"n — 15§ — 4jn + 2"
=3 x 2" i)Wy 4 (9 + 4n — 273 4 2"y 4125 + 4jn

_3 % 2n+2j + 2n+2jn)WO-

The proof is finished. [
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(b) We can derive the following using the formulas in Proposition 1.3.

Z HWoyy, = Z Wor + 7 Z Wakia.
k=0 k=0 k=0

> HWy, = §WO(36n — 22422 — 1) 4 2274 (20 — 3) + 53) — gWi(2n
k=0

1
—2%%(6n — 2) + 2% (6n — 8) +120) + L Wa(18n

1
+274(2n — 2) = 2 X 20 4 32) + j (LW (180 — 27 (20 + 1)

1
+2°770(2n — 1) 4 40) — 2 Wi(72n = 2760 + 1) 4 2772 (61 — 5)

1
+150) + §WO(36n 4+ 22715 (2n, — 2) — 2 x 2273 + 64)).

- 16 1 1 20 5 1
HW — - _ _22n+4 _22n+2 = . _22n+2 . _22n+3 . W
kZ:O ok (5 +n—7j + 32 g g — G2 4 227 )W
20 5 25 . 7 , .
_|_(_§ —4n 0 g22n+2 _ 22n+2,n/ . ?] 4 522n+2j o 4]n
53 11 1 64 1
_22n+3 in)W- Sl _22n+2 4 _22n+3 . _22n+6 .
Wit (5 = 5 taAnd e A g mge
1
+4jn + §22’”‘{7'71)1/1/0.

The proof is completed. []

(c) We can derive the following using the formulas in Proposition 1.3.

Z HWops1 = Z Wak1 +J Z Wogo.
k=0 k=0

k=0

= 1
> HWapp = 52 (18n — 2243 (9 4 1) + 225 (20 — 1) + 40)
k=0

—%W1(72n — 2213 (6n + 1) + 22" (6n — 5) + 150)
—I—%Wo(?)Gn + 227520 — 2) — 2 x 223, 1 64)
+j(%Wo(36n — 22" (2n 4+ 1) 4+ 22"15(2n — 1) + 80)
—%Wl(ﬁn — 22" (60 + 4) 4 22710 (6n — 2) 4+ 192)
+%W2(18n — 224(2n + 2) 4 2 x 22" 0n + 50)).
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= 20 5 1 25 1
ZHWQkJrl _ (3 . §22n+2 +n+ g22n+3n + ?] o §22n+4j + jn
k=0
1 25 7 1
+—22n+4jn)WQ 4 (__ + _22TL+2 - 4:77/ o 22n+3n 4 _22n+5j
3 3 3 3
2 64 1 1
_3_] o 4]TL . 22n+4jn)W1 + (_ . _22n+6 + 4dn + _22n+4n
3 9 9 3
80 . 5 . ) 1 .
_’_Ej . 52277,-1—4] 4 4jn + 522n+5]n)WO.

The proof is finished. []

As a first special case of the above theorem, we have the following summation formulas

for hyperbolic Woodall numbers:

Corollary 4.11 For n > 0, hyperbolic modified Woodall numbers have the following

properties:

(@) Do HGr=4+n+2""p —2"2 4 j(5—5 x 2"2 4 p 4 27H4 4 202y,

(b) Yjg HGax =+ n + 5220720 4 J22002 — G924 (3 — G272 o - 5220 ).
(€) S poHGorr1 = 2 +n+ 222043 — 492042 4 (2 _ Bodntd 4 192045 4y 4 292nddy),

As a second special case of the above theorem, we have the following summation formulas

for hyperbolic modified Cullen numbers:

Corollary 4.12 Forn > 0, hyperbolic modified Cullen numbers have the following prop-

erties:

(@) 7 HH, = —1+4n—6X2"n—3x2"3 43 x 27y 428 x 27 4 j(—3 — 18 x 22 +

5x 2M 4 n — 6 x 27In 4 3 x 27t 2p).

(b) ZZ:() Hsz — % +n— 22n+3n + 22n+3n + 1?42271—1—2 o 22n+4 + j(_% + %2271—1—2 o %2277,—1—6

+n— 22n+4n + 22n+4n)'

(C) ZZ:O HH2k+1 — _%_i_n_z><22n+3n+22n+4n+23_022n+2_%22n+6+j(_2_522n+4+222n+5

+n— 22n+5n + 22n+5n).

As a third special case of the above theorem, we have the following summation formulas

for hyperbolic Woodall numbers:
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Corollary 4.13 For n > 0, hyperbolic Woodall numbers have the following properties:

(@) S HRy = 1—n+4x 2" +203 — 20ty 10 x 27 4 j(1 — 274 4 24—y 4 903

n — 2" 2n).

(b) ZZ:O HRQk — _%_n+%22n+2n_%2271-5—3”_’_23622114—2_52211-5—4_{_]'(é_n_%22n+2+%22n+6

+ %22n+3n _ %22n+4n)'

(C) ZZ:O HRQk—H — % —n+ %22n+3n _ %22n+4n _ %22n+2 + 522n+6 + ](_% + %22n+5 .

%22n+4 —n4+ %22n+4n _ %22n+5n)'

As a fourth special case of the above theorem, we have the following summation formulas

for hyperbolic Cullen numbers:

Corollary 4.14 For n > 0, hyperbolic Cullen numbers have the following properties.
(@) D roHC, =34n—2"" £ 210 46 x 2" + j(3 +n+ 2" %n).

(b) Yop o HCop = 1 4 12203y — 292042 4 (19 4y 4 192043 4 Lo2nbdp),

(€) S H o1 = 139 +n+ %22n+4n + %2271—}—3 —l—j(% + 45122n+4 o+ %22n+5n).

We next introduce the formulas that allow us to find the sum of hyperbolic generalized

Woodall numbers with negative subscripts in the following theorem.

Theorem 4.8 For n > 0, hyperbolic generalized Woodall numbers have the following

formulas:

(2) 2o MWk = (=24 55 = 3j +n+ goj + gigan +jn + gejn)Wa + (7 — 5z + 12 —

s —Ajn — = n)Wi+ (—4+ 2 —8j +4n+ £j + sn+4jn+ 2 jn

11
dn — 55j —

)Wo.

(b) ko MW = (=5 + oz — 5 + 1+ gugmd + ggmn +in + 55min)Wa + (5 -

geon T 50— An = gigm) — g = djn = gejn)Wit (=5 + g — 9 Fdn o+

gf%j + ﬁn +4jn + ﬁjn)Wg.
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© ELoHWoin = (4 3040 i o W 4

3><1232n + _] —4n — 3><2§2nj 4]” 22nj/n’)W1 + (_E + 9X22n - 3] + 4” +

9x4§2nj + 3x22n” +4jn + WJ”)WU-

Proof. It can be obtained by using Proposition 1.4 and Proposition 1.5.

(a) We can derive the following using the formulas in Proposition 1.4.

D HW =) Woetj) Wop
k=0 k=0 k=0

(n+4)—

iHW—k = 4Wh(n + (n+3)—1)

2n+1 2n+2

1 7
+2W1(2 —(3n+8) —2n - ﬁ(?m—i— 11) + 5)
—|—2W2(§n—|— TS, (n+3) — grre (n+2)—1)
: 1 1 3
HEWa(Gn+ 5 (n+2) = 5o (n+1) = 5)
1
—|—4W0(n+2 (n+3)— 2n+1(n+2)—2)
1
+2W1(2n+1(3n+5)—2n—2—n(3n+8)+6)).
ZH:HW = (2+3—3+ +3 n
kT o Y ST
k=0
1 7 11 3
il ~ 19— dn—
ton J)Wo + (7T — o=+ 12j — 4n 2n] 5 on"
, 3 . ) , 8 .
—4jn—2—njn)W1—|—(—4+2—n—8j+4n+2—nj
1 2

This proves (a). We can be proved (b) and (c) similarly way using Proposition 1.5.
U

As a first special case of the above theorem, we have the following summation formulas

for hyperbolic modified Woodall numbers:

Corollary 4.15 For n > 0, hyperbolic modified Woodall numbers have the following

properties:
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(@) Yp_oHG )= —3+n+ %2+ j(—=3+n+ 2.

(b) >r o HG op = =5 +n+ $50 4 j(—I 4 p 0020

(c) ZZ:O HG o411 = —g +n+ 196;% +j(2975 +n4+ 290:-222477).

As a second special case of the above theorem, we have the following summation formulas

for hyperbolic modified Cullen numbers:

Corollary 4.16 Forn > 0, hyperbolic modified Cullen numbers have the following prop-

erties:

(a) Zzonka:5+ﬂ—2%+j(9—£in+n)_

(b) > o HH o, = 13—1 +n— ﬁ +j(% - 3X422n +n).

(c) ZZ:O HH 941 = 13—9 +n— ﬁ +j(3_; — 3X822n +n).

As a third special case of the above theorem, we have the following summation formulas

for hyperbolic Woodall numbers:

Corollary 4.17 For n > 0, hyperbolic Woodall numbers have the following properties:

(8) Sig MR = =3 —n-+ 52 4 j(—1—n+ 25)

(b) g MR =~ —n §50 + (= —n+ )

(©) Sioo MRz = —§ —n+ 558 4505 —n+ 55380).

As a fourth special case of the above theorem, we have the following summation formulas

for hyperbolic Cullen numbers:

Corollary 4.18 For n > 0, hyperbolic Cullen numbers have the following properties:

(@) Yor_gHCO ) =—1+n+Z"2+ (14 22 +n).

(b) Sy MO0 = § ot 28 41 + 32 ).

() Tho MO aun = 4+ 52 +§(5 + 538 +n).
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4.4 MATRICES RELATED TO HYPERBOLIC GENERALIZED WOODALL
NUMBERS

In this section, we present matrices related to hyperbolic generalized Woodall numbers.

Now, {G,} defined by the third-order recurrence relation as follows
G, = 5G,_1 — 8G,_2 + 4G,,_3 with the initial conditions Gy =0, G; =1, Gy = 5.

We present the square matrix A of order 3 as

-8
0
1

s

I
o = o
o o »

such that det A = 4. Then, we give the following Lemma.
Note that
Gn1  —8G,+4G,—1 4G,
A" = G, —8G,1+4G, 2 4G,
Gno1 —8Gh_ 2+ 4G, 3 4G, _»
For the proof see [60].

Lemma 4.9 For all integers n the following identity is true.

n

HW a0 5 —8 4 HW,
HWn—i—l == 1 0 0 HWl
HW,, 0O 1 O HW,

Proof. First, we suppose that n > 0. Lemma (4.9) can be given by mathematical

induction on n. If n = 0 we get
0

HW, 5 —8 4 HW,
HWl - 1 0 0 HWl
HW, 0 1 O HW,

which is true. We assume that the identity given holds for n = k. Thus the following

identity is true.
k

HWi 5 —8 4 HW,
HWyia 1 0 0 HW,
HW, 0 1 0 HW,
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Forn =k + 1, we get

k+1 k
5 -8 4 HW, 5 —8 4 5 —8 4 HW,
1 0 0 HW, = 1 0 0 1 0 0 HW,
0 1 0 HWy 0 1 0 0 1 0 HW,

5HWiyo — SHWii1 + AHW,,

= HWig2
HWit1
HWiys
= HWiyo
HWiq

If we suppose that n < 0 the proof can be done similarly. Consequently, by mathematical

induction on n, the proof is completed. [

Theorem 4.10 If we define the matrices Nyw and Ewy as follow,

HWy HW;  HW, HW,io HW,i1  HW,
NHW - HWl HW() HW_1 ) EHW = HWn_H HWn HWn_l
HWy HW_1 HW_, HW, HW,_1 HW,_s

then the following identity is true:

Proof. For the proof, we can use the following identities:

Gpny1 —8G, +4G, 4G, HWy, HW, HW)
AnNHW = Gn —8Gn_1 + 4Gn_2 4Gn_1 HWl HWO HW_l )
Gno1 —8G,_2+4G, 3 4G, - HWy HW_; HW_,
bll b12 b13
- b21 b22 b23

b31 b32 b33
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by = HWyGhiy + HWy (—8G, 4 4G,_1) + HWo4G,,

by = HWiGuyr +HWo (—8Gn + 4G, _1) + HW_14G,,,

bis = HWoGnir + HW_ 1 (—=8G,, + 4G, 1) + HW_»4G,,
by = HW2Gy + HW: (=8G, + 4G,_1) + HWedGh_1,

by = HWAG, + HW, (—8G,, +4G,—1) + HW_14G, 1,

bas = HWoG, + HW_1 (—8G,, + 4G,_1) + HW_24G,,_1,
by = HWaGhoy + HW, (—8G, 4+ 4G,_1) + HWdG,_o,
by = HW1Gn 1 + HWo (—8Gn + 4Gy_1) + HW_14G, s,
bss = HWoGaoi +HW_1 (—8G, + 4G,_1) + HW_54G, o,

Using the Theorem (4.6) the proof is done. [

From Theorem (4.10), we can write the following corollary.

Corollary 4.19 We have the following identity.

(a) If we define Nyg and Eyng as follows,

HGy MG MG, HGois HGnui HG,
N’HG = HGl HGO HGfl ) E’HG = HGn+1 HGn HGn,1 )
HGy HG_1 HG_, HG, HG,.1 HG,

then we get

A" Ny = Eng.

(b) If we define Nyy and Eyg as follows,

HH, HH, HH, HH,., HH,., ™MH,
N'HH - HHl HHO HH,1 5 EHH - HHnJrl HHn HHH,1 X
HHy HH_ 1 HH_, HH, HH, 1 HH, -

then we get

A"Nypg = Eyp.
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(c) If we define Nyr and Eng as follows,

HR;
NHR = HRl

HRy
then we get
A"Nyr = Eyg.

HR,y
HRy
HR_,

HRy
HR_,
HR_,

) EHR:

(d) If we define Nyo and Eye as follows,

HC,
Nne =| HC,

HC
then we get
A"Nyo = Eye.

HCy
HCy
HC

HCy
HC_,4
HC_,

, Ene =
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HRnio HRu
HR,+1 HR,
HR, HR,_1

HChr2 HC,1
HC,.1 HC,
HC,, HC,_;

HR,
HRn—l
HRTL—2

HC,
HOnfl
HOn—Q



CHAPTER 5
DUAL HYPERBOLIC GENERALIZED WOODALL NUMBERS

In this chapter, we define dual hyperbolic generalized Woodall numbers and present

generating functions and Binet’s formulas for them.
5.1 DEFINITIONS AND PROPERTIES

We now define dual hyperbolic generalized Woodall numbers over Hp. The nth dual

hyperbolic generalized Woodall number is

Wy =Wy + Wit + eWipo + jeWnss. (5.1)
with the initial values /Wo, Wl, Wg. (5.1) can be written to negative subscripts by defining,
W =W 4 Wit + Wy + jeWornis. (5.2)

So, identity (5.1) holds for all integers n.

The special cases of the nth dual hyperbolic generalized Woodall numbers are given as

D))
3
Il

Gn+ JGny1 +eGnya + jeGrys,

)

= H,+jH, .1 +cH,2+ jeH, .3,

3
|

En = Rn + jRn+1 + 5Rn+2 + ngn+37
Cn = Cn +jcn+l + €Cn+2 +j€cn+3~

Then, using (5.1), the following identity is true for every integers n > 0.

W, = 5W,_y — 8W_g + 4W,,_3. (5.3)
Using (5.2), the sequence {/Wn}nzo can be extended to negative subscripts as

— —~ D= I—
W_p = =2W_@-1) — ZW_(”_Q) + ZW—(H—@

for n = 1,2,3, ... respectively. Therefore, recurrence (5.3) holds for all integers n.
The few dual hyperbolic generalized Woodall numbers with positive subscript and nega-

tive subscript are given in the following Table 5.1.
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Table 5.1. A few dual hyperbolic generalized Woodall numbers.
n Wn W,

W Wo
W, L(8Wy — 5W, + W)
(11W, — 9W; + 2WWs)

1
4

(0
20Wy — 36Wy + 17TWy & (57Wp — 541, + 13WW5)

0
1

2

3 AW, — 8W; + 5 2Wo — 4TW; + 11105
4 16

5 68Wo — 116W, + 491, L (240W, — 233W, + 57115)

Note that

Wo = Wyt jWi+eWs+ jeWs = Wy + jW; + eWs + je(4Wy — 8W; + 5Ws),
Wi = Wi+ jWa+eWs+ jeWy = Wi + jWa + e(dWy — 8W, + 5Ws)
+je(20W, — 36W, + 17TWa),
Wo = Wa+ jWs+eWy+ jeWs = Wa + j (AW — 8W; + 5Wa)
+e(20Wy — 36Wy + 17Wa) + je(68Wy — 116W; + 4915).

The special cases of dual hyperbolic generalized Woodall numbers, we obtain the following

initial conditions.
Gy = Go+ jG1+eGy+ jeGs = j + 5e + 17j¢,
G1 = Gl +jG2—|—€G3 —|—j€G4:1+5j+178+49j€,

G2 == Gg + ng + €G4 +j€G5 =5+ 17] + 49¢ + 129]8

Hy = Ho+jHy+cHs+ jeHs=3+5j 4+ 9+ 17j¢,
H, = H+jHy+cH3+ jeHy, =5+9j + 17 + 33 ¢,

Hy = Hy+ jHs+cHyi+ jeH; =9+ 175 + 33 + 65)¢.

Ro = R0+jR1+€R2+j€R3:—1+j+7€+23j€,
Ry, = R1+jR2+ER3+j€R4:1+7j+23€+63j€,

o = Ro+ jRy+eRy+ jeRs =T+ 23j + 63 + 159je.

Co = Co+jC1+eCy+ jeC3 =14 35 + 9¢ + 25j¢,
01 = Cl+j02+503+j504:3+9j+258+65j€,

02 = Cz+jc3+804+j505:9+25j+65€+161j6.
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Some dual hyperbolic modified Woodall numbers, dual hyperbolic modified Cullen num-
bers, dual hyperbolic Woodall numbers and dual hyperbolic Cullen numbers with positive

subscript and negative subscript are presented in tables which are given below.

Table 5.2. Dual hyperbolic modified Woodall numbers

n G, éin

0 J+5e+17j¢e J+ 5e + 17je

1 1457 + 17 +49j¢ €+ 5j¢

2 5+ 175 + 49 + 129j¢ T+je

3 174495 + 129¢ + 321j¢ 1yl

4 49+ 129j5 + 321e + 769j¢ 3+ ie

5 1294321 + 769 + 1793je 13 4 Lj4 1o 4 1,

The other table is as follows:

Table 5.3. Dual hyperbolic modified Cullen numbers
n -ﬁn I/—j—n

34+957+ 9+ 17j¢ 3455+ 9+ 17j¢
5495+ 17¢ + 33j¢ 2437 + 5¢ + 9j¢e
9+ 17§ + 33¢ + 65j¢ 3 +2e+3j+5je

0
1
2
3 17+433j+65e+129je 3+ 23j 4 2+ 3je
4 334655+ 129e +257je 2+ 3e+3j+2je
5

65 + 1295 + 257¢ + 513je 1T 4 254 5o 4 35e

The other table is as follows:

Table 5.4. Dual hyperbolic Woodall numbers

n R, ﬁ_n

0 —1+4j + 7e + 23je —1+j + 7e + 23je
1 1+ 7j 4 23¢ + 63j¢ -3 _j+e+7je
2 7+ 23j + 63 + 159j¢ —3_3j_¢e+je
3 234635 + 159 + 383j¢ — 2 -3 —3c—je
4 63+ 1595 +383c +895je -2 —Lj—3c— 3¢
5 159 + 383 + 895c +2047je —3L — 3 — Lz 3¢

and the other table is as follows:
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Table 5.5. Dual hyperbolic Cullen numbers

C, o
1+ 35+ 9¢ + 25j¢ 1+35 4+ 9 + 25j¢
34+ 9j + 25¢ + 65j¢ s +7+3e+9je
9+ 255 + 65¢ + 161je T+ie+j+3je

25+ 655 + 161 + 385/ 54 Lj+ Lo+ je
65 + 1615 + 385¢ + 897je 3 4 Je 4 1j 4 Lje

(&1 U N = =

161 + 385 + 897 + 2049je 2L + 35+ Se+ Lje

Now, we give Binet’s formula for the dual hyperbolic generalized Woodall numbers and

in the rest of the chapter, we fix the following notations:

A=1+2j+4c+8je,B=2j+8 +24je,7=1+j+¢+ je.

Note that we have the following identities:

~2

a” = 5445+ 40e + +32j¢,
~2

B = 4+96e+ 32j¢,

7% = 24 2j 4+ 4e + 4je,

af = (1+2j+4e+8je)(2) + 8 + 24j¢),
ay = 3437+ 1be+ 157¢,
By = 24 2j+ 34e + 34je¢,

aBy = 6+6j+ 1265 + 126jc.

Now, we present Binet’s formula in the following theorem.

5.1.1 Binet’s Formula For Dual Hyperbolic Generalized Woodall Numbers

Theorem 5.1 (Binet’s Formula) For any integer n, the nth dual hyperbolic generalized

Woodall number is

W, = (418 + Ay + An@)2" + As7. (5.4)
Proof. Using Binet’s formula

W, = (A1 4+ Aan)2™ + Az
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of the generalized Woodall numbers, we obtain

W, = Wp+ Wi +eWhio+ 7eWihis
= (Ap+ An)2" + Az + j((AL + Ag(n +1))2" T + A)
+e((Ay + Ag(n +2))2" 2 + Ag) + je((Ar + Ax(n + 3))2"3 + A3)
= A12" 4+ An2" + As
45 A2 4 jAN2" T 4 A2 4 A
+eA12"2 4 e An2" T2 £ 25452712 4 2 A,
+jeA12"T3 + jeAan2™ T3 4 3jeAy2" T3 4 jeAs
= A12"(1+2j +4e + 8je) + An2™(1 + 25 + 4e + 8je) + A22"(2j + 8¢ + 24j¢)
+A3(1+j + ¢ + je)
= A2"4 + Asn2"a + As2"B + As
— (A0 + Ay + And)2" + A7,
This proves (5.4). O
As special cases, for any integer n, Binet’s Formula of nth dual hyperbolic modified

Woodall number, dual hyperbolic modified Cullen number, dual hyperbolic Woodall num-

ber and dual hyperbolic Cullen number are

~

n = (=04 B +na)2" +7,

°
)

D

n=14(n—1)2"+j(14+n2") + (1 + 272 4 p2"*t2) + je(1 4 2+ 4+ p2m*3).

~

o H, = (20)2" +7,
ﬁn: 1+2n+1 +](1+2n+2)+8(1+2n+3)+j6<1+2n+4>
o R, = (B+na)2"—7,

~

R, = —1+4n2"+j(—1+42"" 4 n2" ) 4 (=14 2" + n2"+2) 4 je(—1+3 x 2713 4

n2n+3)'
o Gy = (B+na)2"+7,
Cp = 14027+ j (142" 4 n27 1) 4 g(1 4208 4 n2mF2) 4 je(14 3 x 20+ 4 p2nt3),
Next, we give a generating function for dual hyperbolic generalized Woodall numbers.
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5.1.2 Generating Function For Dual Hyperbolic Generalized Woodall Num-

bers

Theorem 5.2 The generating function for the dual hyperbolic generalized Woodall num-

bers is

(5.5)

i W xn . /W() + (Wl - 5/M70)x + (WQ — 5/W71 + S/WQ)QTQ

— 1 — 5z + 8x2 — 443

Proof. Let

(0.0
= E W, z"
n=0

be generating function of the dual hyperbolic generalized Woodall numbers. Then, using
the definition of the dual hyperbolic generalized Woodall numbers, and subtracting zg(x),
22g(x) and 23g(x) from g(z), we obtain (note the shift in the index n in the third line)

(1 — 52+ 82 —4a’)g(x) = i W,a" — 5z f: W,a" + 827 f: W, — 427 f: W,z"
n=0 n=0 n=0 n=0
_d i W.a" —5 i W,z 1+ 8 i W,z _ 4 i W,z +s
n=0 n=0 n=0 n=0
S Wt 5> W 483 W e 43 W
n=0 n=1 n=2 n=3

= Wy + Wiz + Wha?) — 5(Wox + Wia?) + 8Woa?
+3 (W, — 5Wiey + 8W,y — 4W,_5)2"
= Wo + (Wl — 5/M70)l’ + (WQ - 5W1 + 8/M70)$2

Note that we used the recurrence relation Wn = 5/W7n_1 — 8/W7n_2 + 4/147”_3. Rearranging

the above equation, we get

/W() + (Wl — 5Wg)$ + (/WQ — 5/”71 + 8W0)£C2
1 — 5z + 822 — 423

g(z) =

The proof is finished. []
As special cases, the generating functions for the dual hyperbolic modified Woodall, dual
hyperbolic modified Cullen, dual hyperbolic Woodall and dual hyperbolic Cullen numbers

are
_ J+5et17je+(1-36je— 8e)z+(4e+20j¢e) x>
1—5x+8z2 —4x3 ’

5496417434 (—16j—28c—52je—10)a+ (125 +20=+36jc+8) 2
- 1-5x+8x2—4x3 )

o Gt
o Hya"

2.
2.

i8¢
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zoo E o — —14j+7e+23je+(25—126—52je+6)x+(4e—4j+28jc—6) x>
n=0*'n 1—-5z+8x2 —4x3 ’

and

zoo a o — 3j+9e425je+1+(—65—20e—605c—2)x+(4j+12e+365e+2)x?
n=0 " 1-5z+8x2—4a3 )

respectively.

Now, we obtain Binet’s formula of dual hyperbolic generalized Woodall number {Wn} by

the use of generating function for Wn

Theorem 5.3 (Binet’s formula of dual hyperbolic generalized Woodall numbers)

W, = (A1a + A + And)2" + As7. (5.6)

Proof. Let

i 5 o Wo + (Wi — 5Wo)x + (Wy — 5W; + 8W)a2
e 1— 5z + 8x2 — 423 '

n=0

Then, we write

/Wo + (/Wl — 5/W0)JI + (W\Q — 5W\1 + 8/Wo)132 d1 dz d3

(1—2)(1—2z)° :(1—x)+(1—2$)+(1—2w)2'

So,
/W0+(/W1—5/W0)$+(/W2—5W1+8/W0)x2 = (d1+d2+d3)+(—4d1—3d2—d3)$+<4d1+2d2)$2.
We get

Wg - d1 + d2 + d3,
/Wl - 5/W0 - —4d1 - 3d2 - d3,
Wy —5W, +8Wy = 4d + 2ds.

If we solve this simultaneous equation, we get

d1 - 4W\0—4/W1+W2,

—~ 11— 3
dz — —4W0+7W1—§

—~ 3~ 1~
dy = Wo— Wit ;W

W,
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Thus, (5.7) can be written as

—~ 1 1 1
nzzo ") P1-22)  C(20-1)
= d Z "+ dsy Z 2" 2" + ds Z 2"(n+ 1)z,
n=0 n=0 n=0
— Z(dl 4+ dy2™ + d32"(n + 1))z",
n=0
= ) (AWo — AW + Wy + (—4W, + 5 Wi = 5W2)2" + (Wo — 54
n=0
1/\ n n
—|—§W2)2 (n+1))z",
= ) (AWo — AW + Wy + (—4W, + 5 Wi = 5W2)2" + (Wo — 54
n=0
+§W2)2 -+ (Wo —= §W1 + §W2)2 n)QJ 5
S —~ =~ 3= 11— — —~
= ) (AWo — AWy + Wy + (Wp — S+ §Wg)n2" + (=3W, + 4W,
n=0
—Wy)2")z",
- = =~ = =~ 3= 1= — =
= Z((—3WO + AW, — W) + (W — §W1 + §W2)n)2n + 4Wy — 4,
n=0
‘l‘/Wg).%'n
This gives

—

W, = (A7 + A;n)2" + Ag

A= 3+ 4T, - T,
A2 = WO—§W1+§W2,
Ag = 4W0—4W1+W2

Note that the following equalities are true:

A8+ Ayf

Wa — 3W5 + 2W,
2
= —3Wy AW, — Wy + j(—AWo + W, — Wa) + e(—4Wy + A7) + je(—AW; + 4W5).

= (=Wy+4W; — 3Wp)(1 + 2j + 4e + 8je) + (

)(2] + 8¢ + 24je)
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Asa

Wy — 3W5 + 2W
= 2 L0 49 4 de 4+ 8je)

2
3 1
§W1 + §W2 +j(2W0 — 3W1 + Wg) + 5(4W0 — 6W1 + 2W2)
+j8(8W0 — 12W1 -+ 4W2)

Az

= Wy — AW, + AWy + j(Wo — AW + AWy) + e(Wo — AW, + AW + je(Wo — AW, + 4W)).
Therefore, we can write the following equality:

W, = (A4 + Ao + Asn@)2" + A7,

The proof is finished. []
Next, using Theorem 5.3, we present Binet’s formulas of dual hyperbolic modified Woodall,
dual hyperbolic modified Cullen, dual hyperbolic Woodall and dual hyperbolic Cullen

numbers.

5.2 SOME IDENTITIES FOR DUAL HYPERBOLIC GENERALIZED WOODALL
NUMBERS

We now present a few special identities for the dual hyperbolic generalized Woodall se-
quence {Wn} The following theorem presents Simpson’s identity for the dual hyperbolic

generalized Woodall numbers.

Theorem 5.4 (Simpson’s formula for dual hyperbolic generalized Woodall sequence)For

all integers n we have

/Wn+2 /Wn+1 Wn WQ WI /WO
Wn—&-l Wn /Wn—l = 4" /Wl /WO /W_l . (58>
/Wn /M?n— 1 Wn—Z WO /W—l W—2

Proof. First, we assume that n > 0. For the proof, we use mathematical induction on n.
For n = 0 identity (5.8) is true. Now, we take (5.8) is true for n = k. Therefore, we write
the following identity

Wite Wi Wy Wy Wy W

— — il = = =

Witi Wi Wi | = 4 Wy W, W4

—~

WO /W_l /W_Q

o~

Wi Wi Wiis
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For n =k + 1, we get

/Wk+3 /Wk+2 /WkJrl 5/Wk+2_8/w7k+1+4/m7k /Wk+2 /WkJrl
ﬁ/\k+2 WkJrl Wi = 5Wk+1_8w\k+4ﬁ/\k71 /WkJrl Wi
Wit Wi Wi SWi — 8Wiq +4Wi o Wi Wiy

Wit Wisa Wi Wit1 Wive Wi

=9 Wkﬂ /Wlﬁ-l Wk —38 Wk Wk—i—l /Wk

We Wi Wi Wit Wi Wi

Wi Wiro Wi
| Wiy Wi W
Wiea Wi Wi

Wk—l—Q Wk—i—l Wk WZ Wl /V[?o
= 4 Wkﬂ /Wk Wk—1 = 4"+ W1 Wo W—1
Wi Wisr Wies Wo Woi Wy

n < 0 can be proved similarly. Thus, the proof is finished. [

From theorem (5.4), we get the following corollary.

Corollary 5.1 (Simpson’s formula for dual hyperbolic generalized Woodall sequence’s

special cases)

ak—i—Q ak:-‘rl ak
@) | Gon Gr Gp | = —4""19+95 + 9¢ + 153j¢).
Gr Gra Gros

Hipo Hppr o Hy
(b) ﬁk—i—l j:[k Hk—l = 0.
Hy Hiy Hio

§k+2 R\kJrl ﬁk
(€) | Repr  Re Ryt | =419+ 9j + 9 + 153j¢).

-~

R, Ri1 Ris

6k+2 akJrl ak
(d) | Chry Cp  Coy | = —4""19+ 95 + 9 + 153j¢).

~

Ce Cir Cis
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Theorem 5.5 (Catalan’s identity) For all integers n and m, the following identity holds:

Wi W — W2 = 207 (= 274" m2% A3 4 Ay Ag(— 271 B + B+ 22" B — mad +nd —
2 nay + 22 many + 22na) + A Az(ay — 2mTIa + 22ma)).

Proof. Using Binet’s formula /Wn = (Ao + AQB + Asna)2™ + Ay, we get the required
identity. [J

As special cases of the above theorem, we give Catalan’s identity of dual hyperbolic
modified Woodall, dual hyperbolic modified Cullen, dual hyperbolic Woodall and dual
hyperbolic Cullen numbers. Firstly, we present Catalan’s identity of dual hyperbolic

Woodall numbers.

Corollary 5.2 (Catalan’s identity for the dual hyperbolic modified Woodall numbers) For

all integers n and m, the following identity holds:

CramGrom — G = —2""™(@7 — B3+ 2°"a7 — 2°"B7 — 2"'a7 + 2™ B7 + mad

2m+n ~2

m2a® — 2¥"man — 2°"nay 4 2™

—nan + nay).

Proof. Take W,, = GG,, in Theorem 3.5. [
Secondly, we give Catalan’s identity of dual hyperbolic modified Cullen numbers.

Corollary 5.3 (Catalan’s identity for the dual hyperbolic modified Cullen numbers) For

all integers n and m, the following identity holds:
By — 2 = 27267 + 2 x M7 — 2 x 2716,

Proof. Take W,, = H,, in Theorem 3.5. [J

Thirdly, we give Catalan’s identity of dual hyperbolic Woodall numbers.

Corollary 5.4 (Catalan’s identity for the dual hyperbolic Woodall numbers) For all in-
tegers n and m, the following identity holds:

~ ~

Ry B — B2 = =277 (37 4+ 2235 — 2" M35 — m@d 4+ nad + 2" m2a? 4 22™mad +

n

22mpay — 2™ nay).

Proof. Take W,, = R,, in Theorem 3.5. [J

Fourthly, we give Catalan’s identity of dual hyperbolic Cullen numbers.
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Corollary 5.5 (Catalan’s identity for the dual hyperbolic Cullen numbers) For all inte-
gers nand m, the following identity holds:
CrrimCim — C2 = 2=m(B7 4 223 — 2135 — maA + nad — 2™ "m2a2 + 22" mad +

22mnay — 2™ nay).

Proof. Take W,, = C,, in Theorem 3.5. [
Note that for m = 1 in Catalan’s identity, we get Cassini’s identity for the dual hyperbolic

generalized Woodall sequence.

Corollary 5.6 (Cassini’s identity) For all integers n, the following identity holds:

—

Wosa Wy — /Wﬁ = 2" (A A5(387 + 7 + naR) — 2" ASR? + Ay Aza).

As special cases of Cassini’s identity, we give Cassini’s identity of dual hyperbolic modi-
fied Woodall, dual hyperbolic modified Cullen, dual hyperbolic Woodall and dual hyper-
bolic Cullen numbers. Firstly, we present Cassini’s identity of dual hyperbolic modified

Woodall numbers.

Corollary 5.7 (Cassini’s identity of dual hyperbolic modified Woodall numbers) For all
integers m, the following identity holds:

Gra1Gnoy — G2 = 2771267 + B9 — 216" + ndad).
Secondly, we give Cassini’s identity of dual hyperbolic modified Cullen numbers.

Corollary 5.8 (Cassini’s identity of dual hyperbolic modified Cullen numbers) For all
integers n, the following identity holds:

Hpi1H, 1 — H?> = 2"a7.

Fourthly, we give Cassini’s identity of dual hyperbolic Woodall numbers.

Corollary 5.9 (Cassini’s identity of dual hyperbolic Woodall numbers) For all integers
n, the following identity holds:

Row1 Ry — R2 = —2""4(367 + B9 + 2"7'a% + nad).
Thirdly, we give Cassini’s identity of dual hyperbolic Cullen numbers.
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Corollary 5.10 (Cassini’s identity of dual hyperbolic Cullen numbers) For all integers
n, the following identity holds:

~

Cpi1Choy — C? = 21309 + 57 — 271142 + ndd).

Theorem 5.6 For all integers m, n, G, is woodall numbers, the following identity s

true:
Wi = WoGrnsr + Wi 1(—8Gym + 4G_1) + AW, _2Gi. (5.9)

Proof. The identity (5.9) can be proved by mathematical induction on m. Firstly, we

assume that m > 0 and n > 0. If m =0 we get
W, = W,G1 + Wo_1(—8Go + 4G_1) + 4W,_»Go

which is true by seeing that G_; = 0, G_5 = ;11, G_3 = % We assume that the identity

given holds for m = k. For m = k + 1, we get

—~

Wity = SWiik — 8Wask1 + 4Wo s g
= 5(WoGhsr + Wi 1(—8Gy + 4Gy_1) + AW, 3Gy
—8(W,,Gi + Wy_1(—8Gi_1 + 4Gy_3) + AW, _»Gj,_1)
AW, Gt + W1 (—8Ghs + 4Gy_3) + 4W,_2Gr_s)
= Wo(5Ghs1 — 8Gr + 4Gy_1) + W1 (—8(5Gx — 8Gi_1 + 4Gy_s)
A5Gy — 8Gh—s + 4Gy_3)) + AW, _5(5G), — 8G_1 + 4G_»)
= W,Grio+ Wy_1(—8Ghs1 + 4Gy) + AW, 5Goir
= WoGlsyr + Wt (=8G (k1) + 4G gs1)—1) + AW _2Giarn).

Consequently, by mathematical induction on m, this proves (5.6). Similarly, we can show

for the other cases. O

5.3 LINEAR SUMS FOR DUAL HYPERBOLIC GENERALIZED WOODALL
NUMBERS

In this section, we give the summation formulas of the dual hyperbolic generalized
Woodall numbers with positive and negative subscripts.
Now, we present the formulas that give the summation of the dual hyperbolic generalized

Woodall numbers.
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Theorem 5.7 Forn > 0, dual hyperbolic generalized Woodall numbers have the following

formulas:

(@) S Wi =(3+n—3x2"+2"n+4j+ jn — 272 + 27 Ljn 4 5e 4 e — 242 4
2" e+ 55+ ine+2" 3 ine ) Wo+(—11—4n+11x2"—3x 2"n—15j —4jn+2"*j -3 x
271 i —20e —dne+5x 2 2e—3x 2 2 e — 24 je —djne+ 2" je —3x 273 jing ) Wy +(9+
4n — 273 4 27y 1125 4 4jn — 3 x 27725 + 27 2n 4 166 4 4ne — 2" + 273 ne 4
20j¢ + 4jne — 2" je + 2" jne) W,

(b) Yo War = (R +n — §224 4 1202y 4 204 iy — B92n2j 4 o3 4 Be 4y
e — 22 He + 127 Hine + Bje + 127 je + jne + 22 jne )W, + (-2 — 4n +
392nt2 _ 9ty _ B4 4 192125 _ 4jp — 223 — B¢ 4 19205¢ — Ane — 22 Tine —
Sge+ 322" je — djne — 228 jne )W 4 (5 — 52772 - dn + 2% 3 + & j — 522046
J 4 4jn + 3220T45n 4 e — 327He 4 dne + 3220 5ne 4 105 — 222¥65e 4+ 4jn
€+ 3220 jne) Wy,

(C) Sop_g Wapsr = (20— 292042 4y g Lo2n48yy 4 265 Lonbdjy g Lo2ntd gy 4 290 4y
€+ §27 e 4 222 Fne + Bje + 2227 je 4 jne 4 3220 jne )Wy + (-2 + 12272 —
2n+3 152n+5 2n+4 40 192n+4 In+5
dn — 2 n+ 32 ]—33—4371—2 Jn — e+ 32 € —4ne — 2 ne —
4]718 _ %jf‘: _ %2271—}—6]’8 _ 22”+6jn8)W1 4 (% 122n+6 +4n + 122n+4n+ . ] 522n+4
J44jn+ 32205+ 106 — 19206 4 dpe 4 1920H6pe 4 L je 4 1920H6 e 4 4jne 4
3227 jne )Wy,

Proof. It can be obtained by using Proposition 1.2 and Proposition 1.3.

(a) We can derive the following using the formulas in Proposition 1.2.

Z/Wk: = ZWk +jZWk+1 +€ZWk+2 +j€ZWk+3-
k=0 k=0 k=0 k=0 50
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ZWk = %WQ(QTL — 2" — 1)+ 2" (n — 2) + 6) — %Wl(Sn — 2"t (3n — 5)
+2"2(3n — 8) + 22) + Wy(4n — 2" (n — 2) + 212 (n — 3) +9)
+j(%W2(2n + 2" (n — 1) — 2" 4 8) — %Wl(Sn —2"2(3n — 2)
+2"73(3n — 5) 4+ 30) + Wo(4n — 2" (n — 1) + 2" (n — 2) + 12))

1
+5(§Wg(2n — 2" (n + 1) 4+ 2" n 4+ 10) + Wo(4n + 2" (n — 1)
1
—2"3n 4+ 16) — 5Wl(gn — 2" (3n 4+ 1) + 2" (3n — 2) + 40))
1
+je(Wo(4n — 2" (n 4 1) + 2" °n + 20) — 5W1(8n +2"5(3n + 1)

1
—2"4(3n + 4) + 48) + 5W2(2n — 2" (n 4 2) + 2" (n + 1) + 10)).

SWi = (B+n—3x2"+2"n +4j + jn— 2" + 2 jn + 5 + ne

—2" 22 4+ 2" 2ne 4 5je + jne + 2" jne )Wy + (=11 — 4n
+11 x 2" — 3 x 2"n — 15j — 4jn + 2" — 3 x 2" in — 20e
—4ne +5 x 2" 2 — 3 x 2" ne — 24je — djne + 2" je

—3 x 2" Gne) W + (9 + 4n — 2T 4 2"y 1125 + 4jn

—3 x 2"25 + 2" 2jn 4 16¢ + 4dne — 2" e 4+ 2"P3ne + 20je

+4jne — 2" je + 2" ing )W,

The proof is finished. [

(b) We can derive the following using the formulas in Proposition 1.3.

Z Wy, = Z Waor +J Z Wak1 +¢ Z Wari2 + je Z Woky3.
k=0 k=0 k=0 =0 =0
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—~ 1 1
> Wy = 5 Wo(B36n — 222(9n, — 1) 4 22420 — 3) + 53) — (720

—22"%2(6p — 2) 4 227460 — 8) + 120) + %Wg(l&z + 22" (2n — 2)
—2 x 2%"2p 4 32) + j(ling(uan — 223 (2n 1) + 225 (2n — 1)
+40) — %Wl(mn —22"3(6n 4+ 1) 4 22"*%(6n — 5) + 150)
+éW0(36n +22"5(2n — 2) — 2 x 22" 1 64)) + 8(%WO(36n
—22mH4 (2 4+ 1) 4 22"16(2n — 1) 4 80) — %Wl(mn — 22" (6 4 4)
+22"10(6n, — 2) +192) + %Wg(lSn — 22" (2n + 2) 4 2 x 2210y
+50)) + js(ligWQ((léin — 2252 + 3) + 22"7(2n + 1) + 58)

1 1
—1—8W1(72n + 22" (60 + 1) — 22"5(6n + 7) + 240) + §WO(36n

—22%5(2n + 2) + 2 x 22" Tn + 100)).

SN 16 1 1 20, .5 1 .25
ZWQ’C _ (E—l-n—522’”4—1—522"“71—}-?]4—]71—522"+2j+§22"+3jn+36

k=0
1 1 29 1 32
+ne — 5227”45 + 522"+4n5 + Eje + 522"+4j5 + jne + 52271]'716)“/2
20 5 25 7
+(__ _ 4” + _22n+2 _ 22n+2n _ _j + _22n+2j _ 4]” _ 22n+3jn
3 3 3 3
32 1 40 1
—get §22"+5€ — 4ne — 2¥"Tne — gje - §22”+4jg — 4jne
53 11 1 64 1
_22n+5 . W s _22n+2 4 _22n+3 s _227’L+6 .
Jne) 1+(9 9 —irn~|—3 n+9] 5 J
1 80 5 1 100
+4jn + 522"+4jn + 36 — 522n+48 -+ 4ne + 522"+5n6 + ?jé‘
1 1
—522"+6 je + 4jne + 522"+6 jne)Wo.

The proof is completed. [

(c) We can derive the following using the formulas in Proposition 1.3.
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n o __ n n n n
Y Wokrr =D, Waps1 +J D Wapro +€ > Woprs + je > Wapya.
k=0 k=0 k=0 k=0 k=0

"L~ 1
> Wopsr = 5"Wa(18n 224320 4 1) + 2245 (2n — 1) + 40)
k=0

1
—1—8W1(72n — 2%3(6n + 1) + 2*"7(6n — 5) + 150)
1
+§W0(36n 4 22715 (2n, — 2) — 2 x 2273 1 64)
1
+j(§Wg(36n — 2274 (2n 4+ 1) 4+ 22"16(2n — 1) 4 80)

1
—1—8W1(72n — 224 (6n + 4) + 225(6n — 2) + 192)

1
+EW2(18n — 227 (2 4 2) + 2 x 22"%6p 4 50))

1
—|—5(1—8W2((18n — 22432 4 3) + 2217 (2n + 1) + 58)

1
—1—8W1(72n + 22717 (60 + 1) — 2272 (6n + 7) + 240)

1
+§W0(36n — 22432 4 2) + 2 x 22" + 100))

1
+j5(1—8W2(18n — 221620, + 4) 4 22"18(2n + 2) 4 50)

1
—|—§WO(36n — 22"16(2n + 3) + 228 (2n + 1) + 116)

1
—1—8W1(72n +22"F8(6n + 4) — 22"75(6n + 10) + 264)).

2~ 20 5 1 25 1 1
— - _22n+2 _22n+3 . _22n+4 . . _22n+4 .
§ Wok-t1 (9 9 +n+3 n+—91 5 J+Jn+3 Jn

k=0
29 1 1 25 1
+ge+net 522"+45 + 322”+5n6 + 5]’5 + 522"+7j5 + jne
1 25 7 1
+§22n+6jn8)W2 + (_g 4 g22n+2 . 4n - 22n+3n 4 g22n+5j
32 40 1
—Ej — 4jn — 22 — 3¢ + 522’”“45 — dne — 22" Pne — djne
44 1 64 1
_3‘76 _ 522n+6j€ . 22”+6jn6)W1 4 (3 - §22n-‘r6 4 4n
1 80 5 1 100 1
+§22n+4n 4 5] _ §2Qn+4j + 4]” 4 g227L+5jn =+ 9 e — §22n+6€
1 2n+6 116 . 1 2n+6 - . 1 2n+7
+4ne + §2 ne + 7]5—1— 52 je +4jne + 52 jne)Wo.

The proof is finished. []

As a first special case of the above theorem, we have the following summation formulas

for dual hyperbolic Woodall numbers:
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Corollary 5.11 Forn > 0, dual hyperbolic modified Woodall numbers have the following

properties:

(@) S0 Gr=4+n+2vn — 202 4 (5 -5 x 272 4 4 204 L 97 F2n) 4 o (5 4+
23n) + je(1 + 2" + n + 2" Tn).

(b) > i Gop = % +n+ %2271-1—2” + 22271—&-2 _ 822n+4 +j<2975 _ %2271-{-2 +n+ §Q2n+3n) +

5(%9 +n— 822n+4 4 %22n+5 + %22n+4n) +]€(2§5 +n 4 322n+4 + 1g;022nn . 22n+5n)'

(C) ZZ:O G2k+1 — 235 +n+ %22n+3n _ 45122n+2 _’_3(2799 _ 822n+4 + %22n+5 +n+ %22n+4n) +

5(%5 +n+ 522n+4 + %22n+5n> ‘1']5(—% +n— %22n+6 + 822n+7 + %22n+6n)‘

As a second special case of the above theorem, we have the following summation formulas

for dual hyperbolic modified Cullen numbers:

Corollary 5.12 Forn > 0, dual hyperbolic modified Cullen numbers have the following

properties:

(8) ShooHi = —14n—6x2"n—3x 2343 x 210 428 x 2" 4 j(—3— 18 x 2"*2 45
2 H 63 273X 2020 e (—TH 16X 272 — 3% 27 4y — 6 x 272 43 x 213
n) +j5(_15 +2x 2 4 —6x2"3n +3 x 2n+4n).

(b) ZZ:[) ﬁQk _ % +n— 22n+3n + 22n+3n + 1?42271-1-2 o 22n+4 + j(_% + %2271—&—2 o %2271—4—6
+n— 22n+4n + 22n+4n) + 6(—% +n— %22n+4 + 22271—1—5 _ 22n+5n+ 22n+5n) +j5(_1_; +

n+ %22n+4 _ %22n+6 + 96 x 22nn — 5% 22n+5n + 22n+6n).

(c) ZZ:O ﬁ%-ﬁ-l _ _%+n_2X22n+3n+22n+4n+23_022n+2_%22n+6+]‘(_§_222n+4+322n+5
+n_22n+5n+22n+5n>_’_€(_1_33+n+§22n+4_%22714-6_22n+6n+22n+6n)+j8(_2?9_'_

n — %2271—&-6 + 22n+7 _ 22n+7n + 22n+7n).

As a third special case of the above theorem, we have the following summation formulas

for dual hyperbolic Woodall numbers:

Corollary 5.13 Forn > 0, dual hyperbolic Woodall numbers have the following proper-

ties:
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(@) Y7 R =1—n+4x2mn 4203 — 90ty 10 x 20 4 j(1 — 20+ 4 o0t oot
_2n+2n)+€(_1_2n+3+2n+4_n+2n+4n_2n+3n)+j€(_9+2n+5_n_‘_2n+5n_2n+4n)‘

(b) ZZ:O EQk — _é_n_i_%z?n-‘r?n_%2271-1—3”_’_%62271-%2_’6722n+4+j(%_n_%l22n+2+%22n+6
+ %22n+3n o %22n+4n) +5(_% —n— %22n+4_’_ %22n+5 + %22n+4n o %22n+5n) +]8(—— o

n -+ 1?922n+4 + %22n+6 + %22%” - 22n+5n _ %22n+6n)'

(C) k R2l 1 __n_i__jz n n__fz n n__jz n +_2 n +j(__+_2 n __2 n J—

: 73 4 7 4 1
]5(_§ —n— §2271-1—6 + §2271—&—7 + §22n+6n _ §22n+7n)'

As a fourth special case of the above theorem, we have the following summation formulas

for dual hyperbolic Cullen numbers:

Corollary 5.14 For n > 0, dual hyperbolic Cullen numbers have the following proper-

ties.

a) Y0 oG = 3+ m — 2 4 2y 4 6 x 20 4 (3 4 + 272n) + e(1 + 27 4 +
k=0
2713n) + je(—=T7 4 215 + n 4 2" Hip).

(b) > i Cop, = 4o Lo2ordy 292042 4 (19 4 4 Loanes | Lodntdyy 4 (1T 4y
322n+4 + %22n+5n) ‘f‘]i‘:(% +n+ S_7)22n+5 + %22"%71).

(€) iy Coppr = 22 4 L2ty o Lo2nd3 (1T 4 do2nd 4y Loy 4 o (L
52271-5—5 + %22n+6n) _|_j€<_% 4+ 4 322714-7 4 %22n+7n).

Now, we introduce the formulas that give the summation of the dual hyperbolic general-

ized Woodall numbers with negative subscripts.

Theorem 5.8 Forn > 0, dual hyperbolic generalized Woodall numbers have the following

formulas:

(a) >op_ OWk—( 2+ 2 —3j+n—3c+2j+ 5=+ jn+ ame+je+ne+ 5in+
2—nj€+2—nn€+jn&?+2—njn€)w2—|—(7——+12j—4n+16€— = gen—4jn—pe+12

j5—4ne—ijn— SRJE—on 8 ne— 4]n5— jne)Wl—l—(—4+2—n—8j+4n—125+%j+2%
n+4jn+ 5—12]5+4n5+2njn+2nj€+ n5+4jn5+2njn5)Wo
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(b) ZZ:O Wozk = <_€_79 + 9x722" - 9 9J+n— _5 + 9><22n.7 + 3><22"n +Jn+ 9x22n€ + 25]5 +

ne + 3X222njn + 9><2202"j€ + 3x22n”5 + jne + W]”5)W2 + (5 - 3><822n + Ej —4n +

20 13 20 4 2 28 8
TE— gaom] — 22nn djn — somet3je —4ne — 55 in — 555mm Je — Zznne—lljns—zzn

jn{‘f)Wl + (_§ + 9><22n - _j +4n - ﬂg + 9><22n] + 3><22nn +4jn + 9><22n€ - _]5 +

ne + 3><22"jn + 9><22n]5 + 3X22nn5 + 4]n5 + 3X22njn€)Wg.

(c) ZZ:O Wogks1 = (_E + 9><22“ - 9] +n+ Eg + 9><22”~] + 3><22”n +Jn + 9><22”8 + 1373

€+ nE + 5w N + gugm e + giym e +ne + gigmine)We + (F — 55w + 3 -

4 20 2 . 28 ~ 32 - 8
dn+ 36 — 550m) — g — 4N — 355w — —jE — 4ne — 22njn — 3uomJE — g NE —

djne — g jne)Wi+ (= + 55w — 5 Han— e+ 55mi + grgmn HAjn+ ghme +

B0je + dne + 555 in + g€ + gaemne + 4jne + gomm jne ) Wo.
Proof. It can be obtained by using Proposition 1.4 and Proposition 1.5.

(a) We can derive the following using the formulas in Proposition 1.4.

Z Wi = Z Wty Z W1 +e Z Wi + je Z W_pys. Z W
k=0 }—0 k=0 5—0 }—0 }—0

W., = 4AWo(n+ srrr(nH4) = oo (n43) = 1)+ 2Wi (55 (30 +8) — 20
k=0
—2n+1(3n+11)+g)+2W2(%n+ 2n+1(n+3)— 2n+2(n+2)—1)
FIEWa(gn+ o (n42) = Sl (4 1) = 2) 4 4Wo(n + o (n+3)
—2n+1(n+2) —2)+ 2W1(2 —(Bn+5) —2n— —(3n+8) +6))
Fe(@Wa(gn+ 2" (0 4 1) — oo — 2) 40— o (n+1)

121" (4 2) — 8) — 2y (2 + 25" (30 + 5) — 2in(zm +2)—8))

1 1
—i—js(2W2( n+422""n — 217" (n — 1) + 5)

—227"(3n 4+ 2) + 6) + 4Wy(n — 21" + 227" (n + 1) — 3)).

+2W (217" (3n — 1) — 2n
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— 2 . 3. . 4 .
Wy = (=24 —=-3j+n—-3c+—j+ n+jn+ —e+ je+ne

2n 2n 2 X 2" 2n
k=0
1. 4 2 . 4 7 .
+2—njn + 2—nj€ + 2—nn€ + Jne + z—njng)Wg + (7 — 2_n + 12] —4n
11 3 16 3 20
16e — —j — —4jn — — 12je —4ne — —jn — —7J
+16¢e 2nj 7 % 2nn in 2n€—|— je —4ne 2n]n 2ny€
6 12 5 8
1 , 12 , 2. 16 . 4 .
+—n+4jn+ —e —12je +4ne + —jn+ —je + —ne +4jne
2n 2n 2n 2n 2n
8 .
+2—n]n€)W0.

This proves (a). We can be proved (b) and (c) similarly way using Proposition 1.5.
U

As a first special case of the above theorem, we have the following summation formulas

for dual hyperbolic modified Woodall numbers:

Corollary 5.15 Forn > 0, dual hyperbolic modified Woodall numbers have the following

properties:

(@) S5 oG p=—3+n+"3 4 j(=3+n+ ) 4 o(1+n+220) 4 je(17+n+ Sn).

(b) Yoo Gron = =4+t §E88 4 (=5 + n+ 0580 +e(3 + n+ 203) + je( +

16+48n
n+ gt )-

(€) o Goopy1 = —L4+n4 200204 (B gy 20820 4 (1374 1668 4 )4 je(D 4 p

—164-96n
+ 9x22n )

As a second special case of the above theorem, we have the following summation formulas

for dual hyperbolic modified Cullen numbers:

Corollary 5.16 For n > 0, dual hyperbolic modified Cullen numbers have the following

properties:

(b) > ko Hoar = %+n_3><222_n +J‘(%_ﬁ+n)+5(%_3x%+”)+j5(%7_ 3><1262" +n).
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(C) ZZ:O H—2k+1 = 1—??4-71— 3><£§271 +j<33_5_ SXE;Q" +n)+8(%_ 3><1262” +n> +j€<1§_1_ 3322271 +n)‘

As a third special case of the above theorem, we have the following summation formulas

for dual hyperbolic Woodall numbers:

Corollary 5.17 Forn > 0, dual hyperbolic Woodall numbers have the following proper-

ties:

(@) Yhog R = =3—n+ 584 j(—1—n+22%) £e(T—n+ 5n) +je(31 = 5 —n+ ).

(B) Yoo Boow = —F —n+ 558 + (=5 — n+ GHR) +e(F —n+ 55 + (3 -
nt gt

() ko Rogwin = =5 —n g8 +i(9 —n ot §5m) +e(3 —n o ) +je(g —n
)

As a fourth special case of the above theorem, we have the following summation formulas

for dual hyperbolic Cullen numbers:

Corollary 5.18 Forn > 0, dual hyperbolic Cullen numbers have the following proper-

ties:

() YioCop = —1+n+28 4 j(1+ 220 4 n) + (9 +n+ n) + je(33 +n + =550).

(b) Soh oCrok = +n+&n +j(+2082 ) po(B 4 5420 4 )y (2825t 4y
).
(€) Yo o Cropyr = Tpm4- 100020 4 (T8 88200 4 )4 o(233 88 4 p)y (640 _64-96n 1

).

54 MATRICES RELATED TO DUAL HYPERBOLIC GENERALIZED
WOODALL NUMBERS

In this section, we investigate matrices related to dual hyperbolic generalized Woodall
numbers.

Now, we recall {G,,} defined by the third-order recurrence relation as follows
G,, = 5G,—1 — 8G,,_3 + 4G ,,_3 with the initial conditions G =0, G; =1, Gy = 5.
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We present the square matrix A of order 3 as

2

I
o = o
=)
o o

such that det A = 4. Then, we give the following Lemma.

Note that

Goii  —8G, +4G, 1 4G,
An = Gn _8Gn71 + 4Gn72 4CTYnfl
Gn—l _8Gn—2 + 4Gn—3 4Gn—2

For the proof see [60].

Lemma 5.9 For all integers n the following identity is true.

Wn +2 5 - 8 4 WQ
W 1 0 0 W,
W, 0 1 0 W

Proof. First, we suppose that n > 0. Lemma (5.9) can be given by mathematical

induction on n. If n = 0 we get

0

W, 5 —8 4 W,
w, =11 0 o W,
W, 0 1 0 W,

which is true. We assume that the identity given holds for n = k. Thus the following

identity is true.

k

Wit 5 —8 4 W,
Wea |=11 0 0 W,
W, 0 1 0 W
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Forn =k + 1, we get

k+1 ,
5 -8 4 W 5 -8 4
1 0 0 Wl =110 0
0 1 0 W, 0 1 0
5 -8 4
= |1 0 o
0 1 0

= sz
Wit
Wi
> /Wk+2
Wit

If we suppose that n < 0 the proof can be done similarly. Consequently, by mathematical

induction on n, the proof is completed. [

Theorem 5.10 If we define the matrices Ny

—~

/Wz /Wl Wo Wit
NW = /Wl Wo Wq ) E/v(? = WnJrl
W W, W, W,

then the following identity is true:

A"Ng = Eg.

5W\k+2 - 8/Wk+1 + AW,

and Eg as follow.

LV%+1 Vvﬁ
ii;, iﬁ;fl
iﬁ%—l iﬁ%—Q

Proof. For the proof, we can use the following identities.

Gnir  —8Gn+4G,_1 4G,
A"Ng = Gn  —8Gyu_1+4G, s 4G,
Got —8Gh_s+ 4G 5 4G, s

bii bia bis

= | by bay bo

b31 b32 b33
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bii = WaGnit + Wi (=8G,, +4G,_1) + WodG,,

bis = WiGni1 + Wo (—8Gy + 4Gn_1) + W_14G,,

bis = WoGhnst+ W1 (—8G, + 4G, 1) + W_54G,,
by = WaGn+ Wi (—=8Gy + 4G,_1) + WodG_1,

by = WiGy + Wy (=8G,, + 4G,_1) + W_14G_1,

by = WoGn+W_1(—8G, +4G,_1) + W_24Gp_1,
byt = WoGhoy + Wy (=8Gy + 4Gp_1) + WodG_o,
byy = WiGhn_1+ Wo (=8Gy + 4Gp_1) + W_14Gy_s,
by = WoGno1 + Wo1 (—8Gy + 4Gp_1) + W_04G,y_s,

Using the Theorem (5.6) the proof is done. [J

From Theorem (5.10), we can write the following corollary.

Corollary 5.19 We have the following identity.

(a) If we define N5 and Eg as follows.

~

Gy G éo Guiz Gni
Nz = al @0 @_1 ) E@ = an-i—l @n
é0 @71 672 @n @nfl
then we get
A"Ng = Eg.
(b) If we define Ng and Ez as follows.
Hy Hy H, Hoyr Hop
Ng = ﬁl ﬁo lle , b = f[nJrl f[n
ﬁO ﬁfl ﬁ72 ﬁn ﬁnfl

then we get
A"Ng = Ej.
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(c) If we define Ng and Eg as follows.

R, R, Ry

Ng = El éo §71 , Ep=
Ry R_, R_,

then we get

A"Np = Ep.

(d) If we define N5 and Eg as follows.

C, Ci Cy

Ng = 61 60 6_1 5 Es =
&, CHBC -

then we get

A"Ng = Eg.

En-i—? En—&-l
§n+1 én
R, Ry,
6n+2 é\n—&-l
an—|—1 6n
An 6717 1

105






[1]

[2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]

[10]

[11]

[12]

[13]

[14]

REFERENCES

Akar M, Yiice S and Sahin § (2008) On the Dual Hyperbolic Numbers and the
Complex Hyperbolic Numbers. Journal of Computer Science & Computational
Mathematics, 8(1), 1-6.

Asct M and Girel E (2013) Gaussian Jacobsthal and Gaussian Jacobsthal Lucas
Numbers. Ars Combinatoria. Soc., 111.

Aydmn F T, Koklii K and Yiice S (2017) Generalized Dual Pell Quaternions. Notes on
Number Theory and Discrete Mathematics, 23(4), 66-84.

Aydmn F T (2019) Hyperbolic Fibonacci Sequence. Universal Journal of Mathematics
and Applications, 2 (2), 59-64.

Aydin F T (2020) Dual Jacobsthal Quaternions. Communications in Advanced
Mathematical Sciences, Vol. 11, No. 3, 130-142.

Baez J (2002) The octonions. Bull. Amer. Math. Soc., 39(2), 145-205.

Berrizbeitia P, Fernandes J G, Gonzalez M J, Luca FV and Huguet J M (2012) On
Cullen numbers which are Both Riesel and Sierpinski numbers. Journal of Number
Theory, 132, 2836-2841.

Bilu Y, Marques D and Togbe A (2019) Generalized Cullen numbers in linear
recurrence sequences. Journal of Number Theory, 202, 412-425.

Biss D K, Dugger D and Isaksen D C (2008) Large annihilators in Cayley-Dickson
algebras. Communication in Algebra, 36 (2), 632-664.

Bréd D, Liana A and Wloech I (2020) Two Generalizations of Dual-Hyperbolic
Balancing Numbers. Symmetry, 12(11), 1866.

Bruce | (1984) A modified Tribonacci sequence. The Fibonacci Quarterly, 22:3, pp.
244-246.

Catalani M (2002) Identities for Tribonacci-related sequences. - arXiv preprint,
https://arxiv.org/pdf/math/0209179.pdf math/0209179.

Cerda-Morales G (2022) On Gauss third-order Jacobsthal numbers and their

applications. Annals of the Alexandru loan Cuza University-Mathematics, 67(2), 231-
241.

Cheng H H, and Thompson S (1996) Dual Polynomials and Complex Dual Numbers
for Analysis of Spatial Mechanisms. Proc. of ASME 24th Biennial Mechanisms
Conference, Irvine, CA, August, 19-22.

107


https://arxiv.org/pdf/math/0209179.pdf%20math/0209179

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

REFERENCES (continued)

Choi E (2013) Modular tribonacci Numbers by Matrix Method. J. Korean Soc. Math.
Educ. Ser. B: Pure Appl. Math., Volume 20, Number 3 (August 2013), 207-221.

Cockle J (1849) On a New Imaginary in Algebra. Philosophical magazine, London-
Dublin-Edinburgh, 3(34), 37-47.

Cunningham A J C (1917) Woodall, H. J., Factorisation of Q=(2"{q}+q) and
(9.2°{g}+1). Messenger of Mathematics, 47, 1-38.

Cihan A, Azak A Z, Gingoér M A and Tosun M (2019) A Study on Dual Hyperbolic
Fibonacci and Lucas Numbers. An. St. Univ. Ovidius Constanta, 27(1), 35-48.

Dikmen C M (2019) Hyperbolic Jacobsthal Numbers. Asian Research Journal of
Mathematics, 15(4), 1-9.

Dikmen C M and Altinsoy M (2022) On Third Order Hyperbolic Jacobsthal Numbers,
Konuralp Journal of Mathematics, 10 (1), 118-126.

Diskaya O, Menken H and Catarino P M M C (2023) On the Hyperbolic Leonardo
and Hyperbolic Francois Quaternions. Journal of New Theory, 42, 74-85.

Elia M (2001) Derived Sequences, The Tribonacci Recurrence and Cubic Forms. The
Fibonacci Quarterly, 39:2, 107-115.

Eren O and Soykan Y (2024) On Hyperbolic Generalized Woodall Numbers, Asian
Journal of Advanced Research and Reports, 18(2), 43-609.

Ertas A and Yilmaz F (2023) On Quaternions with Gaussian Oresme Coefficients.
Turk. J. Math. Comput. Sci., 15(1), 192-202.

Fjelstad P and Gal S G (1998) n-dimensional Hyperbolic Complex Numbers.
Advances in Applied Clifford Algebras, 8(1), 47-68.

Fraleigh J B (1976) A First Course In Abstract Algebra, (2nd ed.). Addison-Wesley,
Reading, ISBN0-201-01984-1.

Frontczak R (2018) Convolutions for Generalized Tribonacci Numbers and Related
Results, International Journal of Mathematical Analysis, 12(7), 307 — 324.

Grantham J and Graves H (2021) The abc conjecture implies that only finitely many
s-Cullen numbers are repunits. http://arxiv.org/abs/2009.04052v3, MathNT.

Gurses N, Senturk G Y and Yuce S (2021) A Study on Dual-Generalized Complex
and Hyperbolic-Generalized Complex Numbers. Journal of Science, 34(1), 180-194.

108



[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]
[40]

[41]

[42]

[43]

REFERENCES (continued)

Guy R (1994) Unsolved Problems in Number Theory (2nd ed.). Springer-Verlag, New
York.

Giirses N, Sentiirk G Y and Yuce S (2022) A comprehensive survey of dual-
generalized complex Fibonacci and Lucas numbers. Sigma J Eng Nat Sci, Vol. 40, No.
1,179-187.

Haha S and Oz S (2016) On Some Gusian Pell and Pell-Lucas Numbers. Ordu Univ.
J. Sci. Tech., 6(1),8-18.

Haher S (2015) On Dual Fibonacci Octonions. Advances in Applied Clifford Algebras,
25, 905-914.

Hamilton W R (1969) Elements of Quaternions. Chelsea Publishing Company, New
York.

Hooley C (1976) Applications of the sieve methods to the theory of numbers,
Cambridge University Press, Cambridge.

Horadam A F (1963) Complex Fibonacci Numbers and Fibonacci quaternions, Amer.
Math. Monthly, 70, 289-291.

Imaeda K and Imaeda M (2000) Sedenions: algebra and analysis. Applied
Mathematics and Computation, 115, 77-88.

Kantor | and Solodovnikov A (1989) Hypercomplex Numbers. Springer-Verlag, New
York.

Keller W (1995) New Cullen primes. Math. Comput. 64, 1733-1741.

Lin P Y (1988) De Moivre-Type ldentities For The Tribonacci Numbers. The
Fibonacci Quarterly, 26, pp. 131-134.

Luca F and Stanica P (2004) Cullen numbers in binary recurrent sequences, FT.
Howard (ed.), Applications of Fibonacci Numbers : Proceedings of the Tenth
International Research Conference on Fibonacci Numbers and their Applications.
Kluwer Academic Publishers, 9, 167-175.

Marques D (2014) On Generalized Cullen and Woodall numbers that are also
Fibonacci numbers. Journal of Integer Sequences, 17, Article 14.9.4.

Marques D (2015) Fibonacci s-Cullen and s-Woodall numbers. Journal of Integer
Sequences, 18, Article 15.1.4.

109



[44]

[45]

[46]

[47]

[48]

[49]
[50]

[51]

[52]
[53]

[54]

[55]

[56]
[57]

[58]

[59]

REFERENCES (continued)

Meher N K and Rout S S (2020) Cullen numbers in sums of terms of recurrence
sequence. http://arxiv.org/abs/2010.10014v1, MathNT.

Moreno G (1998) The zero divisors of the Cayley-Dickson algebras over the real
numbers. Bol. Soc. Mat. Mexicana, 3(4), 13-28.

Nurkan S K and Guven 1 A (2015) Dual Fibonacci Quaternions. Advances in Applied
Clifford Algebras, 25, 403-414.

Pethe S and Horadam A F (1986) Generalised Gaussian Fibonacci numbers. Bull.
Austral. Math. Soc., Vol.33, pp.37-48.

Pethe S (1988) Some Identities for Tribonacci Sequences. The Fibonacci Quarterly, 26,
144-246.

Richter W-D (2022) On Hyperbolic Complex Numbers. Appl. Sci., 12, 5844.

Scott A, Delaney T and Hoggatt Jr V (1977) The Tribonacci sequence. The Fibonacci
Quarterly, 15(3), 193-200.

Shannon A (1977) Tribonacci numbers and Pascal's pyramid. The Fibonacci Quarterly,
15:3, 268-275.

Sloane N J A The on-line encyclopedia of integer sequences. http://oeis.org/.

Sobczyk G (1995) The Hyperbolic Number Plane. The College Mathematics Journal,
26(4), 268-280.

Soykan Y, Tasdemir E, Okumus I and Gécen M (2018) Gaussian Generalized
Tribonacci Numbers. Journal of Progressive Research in Mathematics, 14(2).

Soykan Y (2019) Simson ldentity of Generalized m-step Fibonacci Numbers. Int. J.
Adv. Appl. Math. and Mech., 7(2), 45-56.

Soykan Y (2019) Tribonacci and Tribonacci-Lucas Sedenions. Mathematics, 7(1), 74.
Soykan Y (2019) On Summing Formulas For Generalized Fibonacci and Gaussian
Generalized Fibonacci Numbers. Advances in Research, 20(2), 1-15.

Soykan Y, Giimiis M and Giécen M (2021) A study on dual hyperbolic generalized
Pell numbers. Malaya Journal Of Matematik, 09(03), 99-116.

Soykan Y and Irge V (2022) Generalized Woodall Numbers: An Investigation of
Properties of Woodall and Cullen Numbers via Their Third Order Linear Recurrence

Relations. Universal Journal of Mathematics and Applications, 5(2), 69-81.

110



[60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

REFERENCES (continued)

Soykan Y (2020) A Study On Generalized (r,s,t)-Numbers. MathLAB Journal, 7, 101-
129.

Soykan Y and Eren O (2023) Gaussian Generalized Woodall Numbers, Archives of
Current Research International, 23(8), 48-68.

Soykan Y, Tasdemir E and Okumus I (2022) On dual hyperbolic numbers with
generalized Jacobsthal numbers components. Indian J Pure Appl Math, 54, 824-840.
Soykan Y and Tasdemir E (2022) A study on hyperbolic numbers with generalized
Jacobsthal numbers components. Int. J. Nonlinear Anal. Appl., 2, 1965-1981.
Spickerman W (1981) Binet's formula for the Tribonacci sequence. The Fibonacci
Quarterly, 20, pp.118-120.

Tas S (2022) On Hyperbolic Jacobsthal-Lucas Sequence. Fundamental Journal of
Mathematics and Applications, 5 (1), 16-20.

Tasc1 D (2018) Gaussiam Balancing And Gaussian Lucas Balancing Numbers. Journal
of Science and Arts, 3(44),661-666.

Tasc1 D (2018) Gaussian Padovan and Gaussian Pell- Padovan numbers. Commun. Fac.
Sci. Univ. Ank. Ser. A1 Math. Stat., 67(2), 82-88.

Tasaa D (2021) On Gaussian Mersenne Numbers. Journal of Science and Arts,
4(57),1012-1028.

Yalavigi C C (1972) Properties of Tribonacci numbers. The Fibonacci Quarterly, 10 :
3, pp. 231-246.

Yilmaz N and Taskara N (2014) Tribonacci and Tribonacci-Lucas Numbers via the
Determinants of Special Matrices. Applied Mathematical Sciences, 8, no. 39, 1947-
1955.

Yiice S and Aydin F T (2016) Generalized Dual Fibonacci Quaternions, Applied
Mathematics E-notes, 16, 276-289.

111






CURRICULUM VITAE

Orhan EREN completed her primary, secondary and high school education in
ZONGULDAK. He completed his undergraduate degree in mathematics at Bolu Abant
Izzet Baysal University in 2011. In 2017, he started working as a mathematics teacher at
the Ministry of National Education in Van. He has been working at Kdz Eregli since
2021. | was accepted to Zonguldak Bulent Ecevit University for a master's degree in
2022 and graduated in 2024. He is married and has 1 child.

113



	APPROVAL OF THE  THESIS:
	ABSTRACT
	ÖZET
	ACKNOWLEDGEMENTS
	TABLE OF CONTENTS
	LIST OF TABLES
	LIST OF SYMBOLS AND ABBREVIATIONS
	CURRICULUM VITAE



