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ABSTRACT 

Master of Science Thesis 

APPLICATIONS OF GENERALIZED WOODALL NUMBERS 

Orhan EREN 

Zonguldak Bülent Ecevit University 

Graduate School of Natural and Applied Sciences 

Department of Mathematics 

Thesis Advisor: Prof. Dr. Yüksel SOYKAN 

January 2024, 113 pages 

In this thesis, we consider application of generalized Woodall numbers to some special 

numbers. We summarize the chapters as follows. 

In Chapter 1, we present the definitions and properties of some special numbers used 

throughout the thesis. We also review the literature on these numbers by scanning several 

research papers. 

 

In Chapter 2, we define Gaussian generalized Woodall numbers and then we give generating 

functions and Binet’s formulas of these numbers. Next, we obtain some identities, Simpson’s 

formula, sum formulas and matrix formula for Gaussian generalized Woodall numbers. This 

chapter contains our original work. 

 

In Chapter 3, we define dual generalized Woodall numbers, then we found generating 

functions and Binet's formulas of these numbers. Furthermore, we investigate some identities, 

the summation formulas and matrices related for these numbers. This chapter contains our 

original work. 
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ABSTRACT (continued) 

In Chapter 4, we investigate hyperbolic generalized Woodall numbers. First, the hyperbolic 

generalized Woodall numbers are defined, then the generating functions and Binet's formula 

of these numbers are found. Furthermore, we obtain some identities, the summation formulas 

of these numbers. In addition, we obtain matrices related with these numbers. The work 

presented in this chapter is original. 

 

In Chapter 5, we define dual hyperbolic generalized Woodall numbers and then we found 

generating functions and Binet's formulas of these numbers. Furthermore, we obtain some 

identities for these numbers. In addition, we obtain the summation formulas of these numbers 

with positive and negative subscripts. Finally, we investigate matrices related with dual 

hyperbolic generalized Woodall numbers. This chapter contains our original work. 

 

Keywords: Generalized Woodall numbers, Gaussian generalized Woodall numbers, dual 

generalized Woodall numbers, hyperbolic generalized Woodall numbers and dual hyperbolic 

generalized Woodall numbers. 

Science Code: 403.01.01 
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ÖZET 

Yüksek Lisans Tezi 

 GENELLEŞTİRİLMİŞ WOODALL SAYILARININ UYGULAMALARI 

 

 Orhan EREN 

Zonguldak Bülent Ecevit Üniversitesi 

Fen Bilimleri Enstitüsü 

Matematik Anabilim Dalı 

Tez Danışmanı: Prof. Dr. Yüksel SOYKAN 

Ocak 2024, 113 sayfa 

Bu tezde, genelleştirilmiş Woodall sayılarının bazı özel sayılara uygulanmasını ele aldık. 

Bölümleri şu şekilde özetliyoruz. 

Bölüm 1'de, tez boyunca kullanılan bazı özel sayıların tanımlarını ve özelliklerini sunuyoruz. 

Ayrıca çeşitli araştırma makalelerini tarayarak bu sayılara ilişkin literatürü de gözden 

geçiriyoruz. 

Bölüm 2'de, Gaussian genelleştirilmiş Woodall sayılarını tanımladık ve ardından bu sayıların 

üreteç fonksiyonlarını ve Binet formüllerini verdik. Daha sonra, Gauss genelleştirilmiş 

Woodall sayıları için bazı özdeşlikler, Simpson formülü, toplam formülleri ve matris formülü 

elde ediyoruz. Bu bölümde orijinal çalışmamız yer almaktadır. 

Bölüm 3'te, dual genelleştirilmiş Woodall sayılarını tanımladık, ardından bu sayıların üreteç 

fonksiyonlarını ve Binet formüllerini bulduk. Ayrıca, bazı özdeşlikleri, bu sayılara ilişkin 

toplama formüllerini ve matrisleri araştırıyoruz. Bu bölümde orijinal çalışmamız yer 

almaktadır.
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ÖZET (devam ediyor) 

Bölüm 4'te, hiperbolik genelleştirilmiş Woodall sayılarını inceliyoruz. Öncelikle, hiperbolik 

genelleştirilmiş Woodall sayıları tanımlanır, daha sonra bu sayıların üreteç fonksiyonları ve 

Binet formülü bulunur. Ayrıca, bu sayıların bazı özdeşliklerini, toplam formüllerini de elde 

ediyoruz. Ayrıca bu sayılarla ilgili matrisleri de elde ediyoruz. Bu bölümde sunulan çalışma 

orijinaldir. 

Bölüm 5’'te, dual hiperbolik genelleştirilmiş Woodall sayılarını tanımladık ve ardından bu 

sayıların üreteç fonksiyonlarını ve Binet formüllerini bulduk. Ayrıca, bu sayılar için bazı 

özdeşlikler elde ediyoruz. Ayrıca bu sayıların pozitif ve negatif indisli toplam formüllerini de 

elde ediyoruz. Son olarak dual hiperbolik genelleştirilmiş Woodall sayılarına ilişkin matrisleri 

araştırıyoruz. Bu bölümde orijinal çalışmamız yer almaktadır. 

Anahtar Kelimeler: Genelleştirilmiş Woodall sayıları, Gaussian genelleştirilmiş Woodall 

sayıları, dual genelleştirilmiş Woodall sayıları, hiperbolik genelleştirilmiş Woodall sayıları ve 

dual hiperbolik genelleştirilmiş Woodall sayıları. 

Bilim Kodu: 403.01.01 
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CHAPTER 1

INTRODUCTION

In this chapter, we present the definitions and some properties of some special numbers

used throughout the thesis. We also review the literature on these numbers by scanning

several research papers.

1.1 GAUSSIAN NUMBERS

In this section, we give information about Gaussian numbers.

1.1.1 Definitions And Properties

A Gaussian integer z is a complex number whose real and imaginary parts are both

integers, i.e., z = a + ib, a, b ∈ Z. These numbers are denoted by Z[i]. The norm of a

Gaussian integer a+ ib, a, b ∈ Z is its Euclidean norm, that is,

N(a+ ib) =
√
a2 + b2 =

√
(a+ ib)(a− ib).

For more information about this kind of integers, see the work of Fraleigh [26]. If we

use together sequences of integers defined recursively and Gaussian type integers, we

obtain a new sequences of complex numbers such as Gaussian Fibonacci, Gaussian Lucas,

Gaussian Pell, Gaussian Pell Lucas and Gaussian Jacobsthal numbers; Gaussian Padovan

and Gaussian Pell-Padovan numbers; Gaussian Tribonacci numbers.

In literature, there have been so many studies of these sequences of Gaussian numbers.

1.1.2 Literature Review For Gaussian Numbers

Now, we give some information about the Gaussian sequence from the literature.

• First we give Gaussian numbers with second order recurrence.

1



— In 1963, Horadam [36] introduced the concept of complex Fibonacci numbers

called the Gaussian Fibonacci number numbers as

GFn = Fn + iFn−1

where Fn = Fn−1+Fn−2, F0 = 0, F1 = 1. (in fact, he defined these numbers as

GFn = Fn+iFn−1 and he called these numbers as complex Fibonacci numbers.)

—Pethe and Horadam [47] introduced generalized Gaussian Fibonacci numbers

GFn = Fn + iFn−1

where Fn = Fn−1 + Fn−2, F0 = 0, F1 = 1.

—Halıcıand Öz [32] studied Gaussian Pell and Pell Lucas numbers by written,

respectively,

GPn = Pn + iPn−1,

GQn = Qn + iQn−1,

where Pn = 2Pn−1 + Pn−2, P0 = 0, P1 = 1 and Qn = 2Qn−1 + Qn−2, Q0 = 2,

Q1 = 2.

—Aşçıand Gürel [2] presented Gaussian Jacobsthal and Gaussian Jacobsthal

Lucas numbers given by, respectively,

GJn = Jn + iJn−1,

Gjn = jn + ijn−1,

where Jn = Jn−1+2Jn−2, J0 = 0, J1 = 1 and jn = jn−1+2jn−2, j0 = 2, j1 = 1.

—Taşcı[68] introduced and studied Gaussian Mersenne numbers and define by

GMn =Mn + iMn−1

where Mn = 3Mn−1 − 2Mn−2, M0 = 0, M1 = 1.

—Taşçı [66] introduced and studied Gaussian balancing and Lucas Balancing

numbers and given by, respectively,

GBn = Bn + iBn−1,

GCn = Cn + iCn−1,

where Bn = 6Bn−1 − Bn−2, B0 = 0, B1 = 1 and Cn = 6Cn−1 − Cn−2, C0 = 1,

C1 = 3.

2



—Ertaş and Yılmaz [24] studied Gaussian Oresme numbers and given by

GTn = Tn + iTn−1

where Tn = Tn−1 − 1
4
Tn−2, T0 = 0, T1 =

1
2
.

• Now, we present Gaussian numbers with third order recurrence relations.

— Soykan, Taşdemir, Okumuş and Göcen [54] presented Gaussian generalized

Tribonacci numbers given by

GWn = Wn + iWn−1

where Wn = Wn−1 +Wn−2 +Wn−3, with the initial condition W0, W1, W2.

—Taşcı[67] studied Gaussian Padovan and Gaussian Pell- Padovan numbers by

written, respectively,

GPn = Pn + iPn−1,

GRn = Rn + iRn−1,

where Pn = Pn−2 + Pn−3, P0 = 1, P1 = 1, P2 = 1, and Rn = 2Rn−2 + Rn−3,

R0 = 1, R1 = 1, R2 = 1.

—Cerda-Morales [13] defined Gaussian third-order Jacobsthal numbers by given

GJn = Jn + iJn−1

where Jn = Jn−1 + Jn−2 + 2Jn−3, J1 = 0, J2 = 1, J2 = 1.

1.2 DUAL NUMBERS

In this section, we present Dual numbers.

1.2.1 Definitions And Properties

First of all, we need to state about hypercomplex number systems. In 1989, I. Kantor is

worked the hypercomplex numbers systems, [38]. These numbers systems are extensions

of real numbers. Some commutative examples of hypercomplex number systems; complex

3



numbers, hyperbolic (double, split-complex) numbers [53] and dual numbers [25] are given

below in order.

C = {z = a+ ib : a, b ∈ R, i2 = −1},

H = {h = a+ jb : a, b ∈ R, j2 = 1, j 6= ±1},

D = {d = a+ εb : a, b ∈ R, ε2 = 0, ε 6= 0}.

Some non-commutative examples of hypercomplex number systems are quaternions, [34],

HQ = {q = a0 + ia1 + ja2 + ka3 : a0, a1, a2, a3 ∈ R, i2 = j2 = k2 = ijk = −1},

octonions [6] and sedenions [56]. The algebras C (complex numbers), HQ (quaternions),

O (octonions) and S (sedenions) are real algebras obtained from the real numbers R by

a doubling procedure called the Cayley-Dickson Process. This doubling process can be

extended beyond the sedenions to form what is known as the 2n-ions (see for example [9],

[37], [45]).

Quaternions were invented by Irish mathematician W. R. Hamilton (1805-1865) [34] as

an extension to the complex numbers. Hyperbolic numbers with complex coeffi cients are

introduced by J. Cockle in 1848, [16]. H. H. Cheng and S. Thompson [14] introduced

dual numbers with complex coeffi cients and called complex dual numbers. Akar, Yüce

and Şahin [1] introduced dual hyperbolic numbers.

A dual number is a hyper-complex number and is defined by

q = a0 + εa1

where a0 and a1 are real numbers.

The set of all dual numbers is denoted by

D = {a0 + εa1 : a0, a1 ∈ R, ε2 = 0, ε 6= 0}.

The base elements {1, ε} of dual numbers satisfy the following properties (commutative

multiplications):

1.ε = ε, ε2 = ε.ε = 0

where ε denotes the pure dual unit (ε2 = 0, ε 6= 0).

4



Let m and n be two dual numbers as m = a0 + εa1 and n = b0 + εb1; the addition and

subtraction of two dual numbers as m and n is

m∓ n = a0 ∓ b0 + ε(a1 ∓ b1),

then, the multiplication of two dual numbers m and n is

mn = a0b0 + ε(a1b0 + a0b1).

1.2.2 Literature Review For Dual Numbers

Now, we provide some information related to dual numbers from the literature.

• Cheng and Thompson [14] introduced dual numbers with complex coeffi cients.

• Halici [33] studied Dual Fibonacci Octonions as

p =
7∑
s=0

Fn+ses

where Fibonacci given by Fn = Fn−1 + Fn−2, F0 = 0, F1 = 1.

• Gürses, Şentürk and Yüce [31] studied dual-generalized complex Fibonacci and

Lucas numbers, respectively, as

F̃n = Fn + jFn+1 + εFn+2 + jεFn+3,

L̃n = Ln + jLn+1 + εLn+2 + jεLn+3,

where Fibonacci and Lucas numbers, respectively, given by Fn = Fn−1 + Fn−2, F0 = 0,

F1 = 1, Ln = Ln−1 + Ln−2, L0 = 2, L1 = 1.

• Aydın [5] studied Dual Jacobsthal Quaternions as

QJk;n = Jk;n + i1Jk;n+1 + i2Jk;n+2 + i3Jk;n+3

where Jn = Jn−1 + 2Jn−2, J0 = 0, J1 = 1.

• Nurkan, Guven, [46] studied Dual Fibonacci Quaternions as

Q̃n = (Fn + Fn+1) + i(Fn+1 + Fn+2) + j(Fn+2 + Fn+3) + k(Fn+3 + Fn+4)

5



where Fibonacci given by Fn = Fn−1 + Fn−2, F0 = 0, F1 = 1.

• Yüce, Aydın, [71] studied Generalized Dual Fibonacci Quaternions as

QD = {Dn = Hn + iHn+1 + jHn+2 + kHn+3 : Hn is n-th generalized Fibonacci number}

where

i2 = j2 = k2 = ijk = 0, ij = −ji = jk = −kj = ki = −ik = 0.

• Aydın, Köklü and Yüce, [3] presented Generalized dual Pell quaternions as

QD =
{
DPn = Pn + iPn+1 + jPn+2 + kPn+3 : Pn is n-th generalized Pell number

}
where

i2 = j2 = k2 = ijk = 0, ij = −ji = jk = −kj = ki = −ik = 0.

Then, we give Hyperbolic numbers, which are another commutative example of hyper-

complex number systems.

1.3 HYPERBOLIC NUMBERS

In this section, we present some information related to hyperbolic numbers.

1.3.1 Definitions And Properties

Hyperbolic numbers are defined by

H = {h = a+ jb : a, b ∈ R, j2 = 1, j 6= ±1}.

The base elements {1, j} of hyperbolic numbers satisfy the following properties (commu-

tative multiplications):

1.j = j, j2 = j.j = 1

where j symbolizes the hyperbolic unit (j2 = 1).

Let m and n be two hyperbolic numbers as m = a0+ ja1 and n = b0+ jb1. The addition,

subtraction and multiplication of two hyperbolic numbers m and n are defined as

m+ n = a0 + b0 + j(a1 + b1),

m− n = a0 − b0 + j(a1 − b1),

mn = a0b0 + a1b1 + j(a0b1 + a1b0).
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1.3.2 Literature Review For Hyperbolic Numbers

Now, we give some information about hyperbolic numbers from the literature.

• Richter, [49] worked On Hyperbolic Complex Numbers.

• Gürses, Şentürk and Yüce, [29] studied A Study on Dual-Generalized Complex and

Hyperbolic-Generalized Complex numbers.

• Cockle, [16] worked the Hyperbolic numbers with complex coeffi cients.

• Aydın, [4] worked hyperbolic Fibonacci numbers given by

F̃n = Fn + hFn+1, (h
2 = 1)

where Fibonacci numbers, respectively, given by Fn = Fn−1 + Fn−2 with the initial

condition F1 = F2 = 1, (n ≥ 3).

• Dikmen, [19] worked hyperbolic Jacobsthal numbers given by

Ĵn = Jn + hJn+1 , (h
2 = 1)

where Jacobsthal numbers, respectively, given by Jn = Jn−1+2Jn−2, J0 = 0, J1 = 1.

• Taş, [65] worked on hyperbolic Jacobsthal-Lucas sequence given by

HJn = Jn + hJn+1, (h
2 = 1)

where Jacobsthal-Lucas numbers, respectively, given by Jn+2 = Jn+1 + 2Jn, with

the initial condition J0 = 2, J1 = 1.

• Soykan and Taşdemir, [63] worked on hyperbolic generalized Jacobsthal numbers

given by

Ṽn = Vn + hVn+1 , (h
2 = 1)

where generalized Jacobsthal numbers are given by Vn = Vn−1 + 2Vn−2, V0 = a,

V1 = b (n ≥ 2) with the initial values V0, V1 not all being zero.
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• Di̧skaya, Menken, Catarino, [21] worked on the hyperbolic Leonardo and hyperbolic

Francois quaternions given by

HLn = Lne0 + Ln+1e1 + Ln+2e2 + Ln+3e3,

HFn = Fne0 + Fn+1e1 + Fn+2e2 + Fn+3e3

where Francois and Leonardo numbers, respectively, given by Fn = Fn−1+Fn−2+1,

with the initial condition F0 = 2, F1 = 1 and Ln+2 = Ln+1 + Ln, with the initial

condition L0 = 1, L1 = 1.

• Dikmen and Altınsoy, [20] worked on third order hyperbolic Jacobsthal numbers

given by

Ĵ (3)n = J (3)n + hJ
(3)
n+1,

ĵ(3)n = j(3)n + hj
(3)
n+1

where Jacobsthal numbers, respectively, given by J (3)n = J
(3)
n−1+J

(3)
n−2+2J

(3)
n−3, J

(3)
0 =

0, J
(3)
1 = 1, J

(3)
2 = 1, j

(3)
n = j

(3)
n−1 + j

(3)
n−2 + 2j

(3)
n−3, j

(3)
0 = 2, j

(3)
1 = 1, j

(3)
2 = 5.

1.4 DUAL HYPERBOLIC NUMBERS

In this section, we obtain about dual hyperbolic numbers.

1.4.1 Definitions And Properties

A dual hyperbolic number is a hyper-complex number and is defined by

q = (a0 + ja1) + ε(a2 + ja3) = a0 + ja1 + εa2 + εja3

where a0, a1, a2 and a3 are real numbers.

The set of all dual hyperbolic numbers is denoted by

HD = {a0 + ja1 + εa2 + εja3 : a0, a1, a2, a3 ∈ R, j2 = 1, j 6= ±1, ε2 = 0, ε 6= 0}.

The base elements {1, j, ε, εj} of dual hyperbolic numbers satisfy the following properties

(commutative multiplications):

1.ε = ε, 1.j = j, ε2 = ε.ε = (jε)2 = 0, j2 = j.j = 1

ε.j = j.ε, ε.(εj) = (εj).ε = 0, j(εj) = (εj)j = ε

8



where ε denotes the pure dual unit (ε2 = 0, ε 6= 0), j denotes the hyperbolic unit (j2 = 1),

and εj denotes the dual hyperbolic unit ((jε)2 = 0).

Letm and n be two dual numbers asm = a0+ja1+εa2+jεa3 and n = b0+jb1+εb2+jεb3.

The addition, subtraction and multiplication of two dual numbers m and n are defined

as

m∓ n = a0 ∓ b0 + j(a1 ∓ b1) + ε(a2 ∓ b2) + jε(a3 ∓ b3),

mn = a0b0+a1b1+j(a0b1+a1b0)+ε(a0b2+a2b0+a1b3+a3b1)+jε(a0b3+a1b2+a2b1+b0a3).

The dual hyperbolic numbers form a commutative ring, real vector space and an algebra.

But HD is not a field because every dual hyperbolic number doesn’t have an inverse. For

more information on the dual hyperbolic numbers, see [1].

Next, we present details about dual hyperbolic and some information related to dual

hyperbolic sequences from the literature.

1.4.2 Literature Review For Dual Hyperbolic Numbers

• Akar, Yüce and Şahin, [1] presented the dual hyperbolic numbers.

• Bród, Liana, Włoch [10] studied dual hyperbolic generalized balancing numbers as

DHBn = Bn + jBn+1 + εBn+2 + jεBn+3

where Bn = 6Bn−1 −Bn−2, B0 = 0, B1 = 1.

• Cihan, Azak, Güngör, Tosun, [18] studied dual hyperbolic Fibonacci and Lucas

numbers given by

DHFn = Fn + jFn+1 + εFn+2 + jεFn+3,

DHLn = Ln + jLn+1 + εLn+2 + jεLn+3

where Fibonacci and Lucas numbers, respectively, given by Fn = Fn−1 + Fn−2,

F0 = 0, F1 = 1, Ln = Ln−1 + Ln−2, L0 = 2, L1 = 1.

9



• Soykan, Taşdemir, Okumuş, [62] studied on dual hyperbolic numbers with general-

ized Jacobsthal numbers components given by

Ĵn = Jn+ jJn+1 + εJn+2 + jεJn+3,

K̂n = Kn + jKn+1 + εKn+2 + jεKn+3

where Jacobsthal and Jacobsthal-Lucas numbers, respectively, given by Jn = Jn−1+

2Jn−2, J0 = 0, J1 = 1, Kn = Kn−1 + 2Kn−2, K0 = 2, K1 = 1.

• Soykan, Gümüş, Göcen, [58] presented dual hyperbolic generalized Pell numbers

given by

V̂n = Vn + jVn+1 + εVn+2 + jεVn+3

where generalized Pell numbers are given by Vn = 2Vn−1 + Vn−2, V0 = a, V1 = b

(n ≥ 2) with the initial values V0, V1 not all being zero.

1.5 GENERALIZED WOODALL NUMBERS

Finally, in this section, we state the definition and some important properties of the

generalized Woodall numbers used throughout the thesis.

1.5.1 Definitions And Properties

The generalized Woodall sequence {Wn}n≥0 = {Wn(W0,W1,W2, 5,−8, 4)}n≥0 is defined

by the third-order recurrence relations

Wn = 5Wn−1 − 8Wn−2 + 4Wn−3 (1.1)

with the initial values W0,W1,W2 not all being zero. The sequence {Wn}n≥0 can be

extended to negative subscripts by defining

W−n = 2W−(n−1) −
5

4
W−(n−2) +

1

4
W−(n−3)

for n = 1, 2, 3, .... Therefore, recurrence (1.1) holds for all integer n. For more information

on generalized Woodall numbers, see [59].

The first few generalized Woodall numbers with positive subscript and negative subscript

are given in the following Table 1.1.
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Table 1.1 A few generalized Woodall numbers

n Wn W−n

0 W0 W0

1 W1
1
4
(8W0 − 5W1 +W2)

2 W2
1
4
(11W0 − 9W1 + 2W2)

3 4W0 − 8W1 + 5W2
1
16
(52W0 − 47W1 + 11W2)

4 20W0 − 36W1 + 17W2
1
16
(57W0 − 54W1 + 13W2)

5 68W0 − 116W1 + 49W2
1
64
(240W0 − 233W1 + 57W2)

Next, we can list some important properties of generalized Woodall numbers that are

needed.

Now, we give Binet’s formula of generalized Woodall numbers.

Theorem 1.1 [59, Theorem 1.1] Binet’s formula of generalized Woodall numbers can be

given as

Wn = (A1 + A2n)× 2n + A3

where

A1 = −W2 + 4W1 − 3W0,

A2 =
W2 − 3W1 + 2W0

2
,

A3 = W2 − 4W1 + 4W0,

that is,

Wn = ((−W2 + 4W1 − 3W0) +
W2 − 3W1 + 2W0

2
n)× 2n + (W2 − 4W1 + 4W0). (1.2)

Here, α, β and γ are the roots of the cubic equation

x3 − 5x2 + 8x− 4 = (x− 2)2 (x− 1) = 0,

where α = β = 2, γ = 1.

Now, we define four specific cases of the sequence {Wn}.

1. The Woodall numbers {Rn}, sometimes called Riesel numbers, and also called

Cullen numbers of the second kind, are numbers of the form

Rn = n× 2n − 1.
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The first few Woodall numbers are:

1, 7, 23, 63, 159, 383, 895, 2047, 4607, 10239, 22527, 49151, 106495, . . .

(sequence A003261 in the OEIS [52]). Woodall numbers were first studied by Allan

J. C. Cunningham and H. J. Woodall in [17] in 1917, inspired by James Cullen’s

earlier study of the similarly-defined Cullen numbers.

2. The Cullen numbers {Cn} are numbers of the form

Cn = n× 2n + 1.

The first few Cullen numbers are:

1, 3, 9, 25, 65, 161, 385, 897, 2049, 4609, 10241, 22529, 49153, 106497, ...

(sequence A002064 in the OEIS). Woodall and Cullen sequences have been studied

by many authors and more detail can be found in the extensive literature dedicated

to these sequences, see for example, [7,8,17,28,30,35,39,41,42,43,44] and references

therein. Note that {Rn} and {Cn} hold the following relations:

Rn = 4Rn−1 − 4Rn−2 − 1,

Cn = 4Cn−1 − 4Cn−2 + 1.

Note also that the sequences {Rn} and {Cn} satisfy the following third order linear

recurrences:

Rn = 5Rn−1 − 8Rn−2 + 4Rn−3, R0 = −1, R1 = 1, R2 = 7, (1.3)

Cn = 5Cn−1 − 8Cn−2 + 4Cn−3, C0 = 1, C1 = 3, C2 = 9. (1.4)

3. The modified Woodall numbers {Gn} are numbers of the form

Gn = (n− 1) 2n + 1 (using initial conditions in (1.2)).

The modified Woodall sequence {Gn}n≥0 is defined, respectively, by the third order

recurrence relation:

Gn = 5Gn−1 − 8Gn−2 + 4Gn−3, G0 = 0, G1 = 1, G2 = 5, (1.5)
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4. The modified Cullen numbers {Hn} are numbers of the form

Hn = 2
n+1 + 1 (using initial conditions in (1.2)).

The modified Cullen sequence {Hn}n≥0 is defined, respectively, by the third order

recurrence relation:

Hn = 5Hn−1 − 8Hn−2 + 4Hn−3, H0 = 3, H1 = 5, H2 = 9, (1.6)

Then, the sequences {Gn}n≥0, {Hn}n≥0, {Rn} and {Cn} can be extended to negative sub-

scripts by defining,

G−n = 2G−(n−1) −
5

4
G−(n−2) +

1

4
G−(n−3),

H−n = 2H−(n−1) −
5

4
H−(n−2) +

1

4
H−(n−3),

R−n = 2R−(n−1) −
5

4
R−(n−2) +

1

4
R−(n−3),

C−n = 2C−(n−1) −
5

4
C−(n−2) +

1

4
C−(n−3),

for n = 1, 2, 3, ... respectively. Therefore, recurrences (1.3), (1.4), (1.5) and (1.6) hold for

all integer n.For more information on generalized Woodall numbers, see [59].

Next, we give some of the sum formulas of generalized Woodall numbers in the following

propositions.

Proposition 1.2 For the generalized Woodall numbers, we have the following formulas:

•
∑n

k=0Wk =
1
2
W2(2n − 2n+1(n − 1) + 2n+2(n − 2) + 6) − 1

2
W1(8n − 2n+1(3n − 5) +

2n+2(3n− 8) + 22) +W0(4n− 2n+1(n− 2) + 2n+2(n− 3) + 9).

•
∑n

k=0Wk+1 =
1
2
W2(2n+2

n+3(n−1)−2n+2n+8)− 1
2
W1(8n−2n+2(3n−2)+2n+3(3n−

5) + 30) +W0(4n− 2n+2(n− 1) + 2n+3(n− 2) + 12).

•
∑n

k=0Wk+2 =
1
2
W2(2n−2n+3(n+1)+2n+4n+10)+W0(4n+2

n+4(n−1)−2n+3n+16)−
1
2
W1(8n− 2n+3(3n+ 1) + 2n+4(3n− 2) + 40).

•
∑n

k=0Wk+3 = W0(4n−2n+4(n+1)+2n+5n+20)− 1
2
W1(8n+2

n+5(3n+1)−2n+4(3n+

4) + 48) + 1
2
W2(2n− 2n+4(n+ 2) + 2n+5(n+ 1) + 10).

Proof. For the proof, see Soykan [57]. �
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Proposition 1.3 For the generalized Woodall numbers, we have the following formulas:

•
∑n

k=0W2k =
1
9
W0(36n−22n+2(2n−1)+22n+4(2n−3)+53)− 1

18
W1(72n−22n+2(6n−

2) + 22n+4(6n− 8) + 120) + 1
18
W2(18n+ 2

2n+4(2n− 2)− 2× 22n+2n+ 32).

•
∑n

k=0W2k+1 =
1
18
W2(18n − 22n+3(2n + 1) + 22n+5(2n − 1) + 40) − 1

18
W1(72n −

22n+3(6n+1)+ 22n+5(6n− 5)+ 150)+ 1
9
W0(36n+2

2n+5(2n− 2)− 2× 22n+3n+64).

•
∑n

k=0W2k+2 =
1
9
W0(36n−22n+4(2n+1)+22n+6(2n−1)+80)− 1

18
W1(72n−22n+4(6n+

4) + 22n+6(6n− 2) + 192) + 1
18
W2(18n− 22n+4(2n+ 2) + 2× 22n+6n+ 50).

•
∑n

k=0W2k+3 =
1
18
W2(18n − 22n+5(2n + 3) + 22n+7(2n + 1) + 58) − 1

18
W1(72n +

22n+7(6n+1)− 22n+5(6n+7)+240)+ 1
9
W0(36n− 22n+5(2n+2)+2× 22n+7n+100).

•
∑n

k=0W2k+4 =
1
18
W2(18n−22n+6(2n+4)+22n+8(2n+2)+50)+ 1

9
W0(36n−22n+6(2n+

3) + 22n+8(2n+ 1) + 116)− 1
18
W1(72n+ 2

2n+8(6n+ 4)− 22n+6(6n+ 10) + 264).

Proof. For the proof, see Soykan [57]. �

Proposition 1.4 For the generalized Woodall numbers, we have the following formulas:

•
∑n

k=0W−k = 4W0(n +
1

2n+1
(n + 4) − 1

2n+2
(n + 3) − 1) + 2W1(

1
2n+2

(3n + 8) − 2n −
1

2n+1
(3n+ 11) + 7

2
) + 2W2(

1
2
n+ 1

2n+1
(n+ 3)− 1

2n+2
(n+ 2)− 1).

•
∑n

k=0W−k+1 = 2W2(
1
2
n+ 1

2n
(n+2)− 1

2n+1
(n+1)− 3

2
)+4W0(n+

1
2n
(n+3)− 1

2n+1
(n+

2)− 2) + 2W1(
1

2n+1
(3n+ 5)− 2n− 1

2n
(3n+ 8) + 6).

•
∑n

k=0W−k+2 = 2W2(
1
2
n+21−n(n+1)− 1

2n
n− 3

2
)+4W0(n− 1

2n
(n+1)+21−n(n+2)−3)−

2W1(2n+ 2
1−n(3n+ 5)− 1

2n
(3n+ 2)− 8).

•
∑n

k=0W−k+3 = 2W2(
1
2
n + 22−nn − 21−n(n − 1) + 1

2
) + 2W1(2

1−n(3n − 1) − 2n −

22−n(3n+ 2) + 6) + 4W0(n− 21−nn+ 22−n(n+ 1)− 3).

Proof. For the proof, see Soykan [57]. �

Proposition 1.5 For the generalized Woodall numbers, we have the following formulas:
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•
∑n

k=0W−2k =
8
9
W1(

1
22n+4

(6n+8)− 9
2
n− 1

22n+2
(6n+14)+3)+ 16

9
W0(

9
4
n+ 1

22n+2
(2n+

5)− 1
22n+4

(2n+ 3)− 1
2
) + 8

9
W2(

9
8
n+ 1

22n+2
(2n+ 4)− 1

22n+4
(2n+ 2)− 7

8
).

•
∑n

k=0W−2k+1 =
8
9
W1(

1
22n+3

(6n+5)− 9
2
n− 1

22n+1
(6n+11)+6)+ 16

9
W0(

9
4
n+ 1

22n+1
(2n+

4)− 1
22n+3

(2n+ 2)− 7
4
) + 8

9
W2(

9
8
n+ 1

22n+1
(2n+ 3)− 1

22n+3
(2n+ 1)− 11

8
).

•
∑n

k=0W−2k+2 =
8
9
W2(

9
8
n− 2

22n+2
n+ 1

22n
(2n+ 2)− 7

8
)− 16

9
W0(

1
22n+2

(2n+ 1)− 9
4
n−

1
22n
(2n+ 3) + 11

4
) + 8

9
W1(

1
22n+2

(6n+ 2)− 9
2
n− 1

22n
(6n+ 8) + 15

2
).

•
∑n

k=0W−2k+3 =
8
9
W1(

1
22n+1

(6n−1)− 9
2
n−21−2n(6n+5)+ 3

2
)+ 8

9
W2(

9
8
n− 1

22n+1
(2n−

1) + 21−2n(2n+ 1) + 25
8
) + 16

9
W0(

9
4
n+ 21−2n(2n+ 2)− 2

22n+1
n− 7

4
).

•
∑n

k=0W−2k+4 =
8
9
W2(

9
8
n+2× 22−2nn− 1

22n
(2n− 2) + 137

8
) + 16

9
W0(

9
4
n+22−2n(2n+

1)− 1
22n
(2n− 1) + 25

4
)− 8

9
W1(

9
2
n+ 22−2n(6n+ 2)− 1

22n
(6n− 4) + 57

2
).

Proof. For the proof, see Soykan [57]. �
Now, we recall the generating function and the Cassini identity for generalized Woodall

numbers.

The generating function for generalized Woodall numbers is:

∞∑
n=0

Wnx
n =

W0 + (W1 − 5W0)x+ (W2 − 5W1 + 8W0)x
2

1− 5x+ 8x2 − 4x3 . (1.7)

The Cassini identity for generalized Woodall numbers is:

Wn+1Wn−1 −W 2
n =

1

4
2n(A+B2n + Cn).

A = 4W 2
1 +W 2

2 − 4W0W1 + 4W0W2 − 5W1W2.

B = −4W 2
0 − 9W 2

1 −W 2
2 + 12W0W1 − 4W0W2 + 6W1W2.

C = 8W 2
0 + 12W

2
1 +W 2

2 − 20W0W1 + 6W0W2 − 7W1W2.

For further information about generalized Woodall numbers, see [59].
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CHAPTER 2

GAUSSIAN GENERALIZED WOODALL NUMBERS

In this chapter, we define Gaussian generalized Woodall numbers and then we give gener-

ating functions and Binet’s formulas of these numbers. Next, we obtain some identities,

Simpson’s formula, sum formulas and matrix formula for Gaussian generalized Woodall

numbers. Our work which is given in this chapter is original. This chapter was published

as the journal, see [61].

2.1 DEFINITIONS AND PROPERTIES

Gaussian generalized Woodall numbers {GWn}n≥0 = {GWn(GW0, GW1, GW2)}n≥0 are

defined by

GWn = 5GWn−1 − 8GWn−2 + 4GWn−3, (2.1)

with the initial conditions

GW0 = W0 + i(
1

4
(8W0 − 5W1 +W2)), GW1 = W1 + iW0, GW2 = W2 + iW1,

not all being zero. The sequences {GWn}n≥0 can be extended to negative subscripts by

defining

GW−n = 2GW−(n−1) −
5

4
GW−(n−2) +

1

4
GW−(n−3)

for n = 1, 2, 3, .... Therefore, recurrence (2.1) holds for all integer n. Note that for n ≥ 0,

we get

GWn = Wn + iWn−1 (2.2)

and

GW−n = W−n + iW−n−1. (2.3)

The first few generalized Gaussian Woodall numbers with positive subscript and negative

subscript are given in the following table.
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Table 2.1. The first few generalized Gaussian Woodall numbers.

n GWn GW−n

0 W0 + i1
4
(8W0 − 5W1 +W2) W0 + i1

4
(8W0 − 5W1 +W2)

1 W1 + iW0
1
4
(8W0 − 5W1 +W2) + i1

4
(11W0 − 9W1 + 2W2)

2 W2 + iW1
1
4
(11W0 − 9W1 + 2W2) + i 1

16
(52W0 − 47W1 + 11W2)

We consider four special cases of GWn :

GWn(0, 1, 5 + i) = GGn is the sequence of Gaussian Modified Woodall numbers,

GWn(3 + 2i, 5+ 3i, 9+ 5i) = GHn is the sequence of Gaussian Modified Cullen numbers,

GWn(−1− 3
2
i, 1− i, 7 + i) = GRn is the sequence of Gaussian Woodall numbers and

GWn(1 +
1
2
i, 3 + i, 9 + 3i) = GCn is the sequence of Gaussian Cullen numbers.

Now, we formally define them.

Gaussian modifiedWoodall numbers, Gaussian modified Cullen numbers, GaussianWoodall

numbers and Gaussian Cullen numbers with the initial conditions are defined by

GGn = 5GGn−1 − 8GGn−2 + 4GGn−3, GG0 = 0, GG1 = 1, GG2 = 5 + i,

GHn = 5GHn−1 − 8GHn−2 + 4GHn−3, GH0 = 3 + 2i, GH1 = 5 + 3i, GH2 = 9 + 5i,

GRn = 5GRn−1 − 8GRn−2 + 4GRn−3, GR0 = −1−
3

2
i, GR1 = 1− i, GR2 = 7 + i,

and

GCn = 5GCn−1 − 8GCn−2 + 4GCn−3, GC0 = 1 +
1

2
i, GC1 = 3 + i, GC2 = 9 + 3i.

Note that for all integers n, we obtain

GGn = Gn + iGn−1,

GHn = Hn + iHn−1,

GRn = Rn + iRn−1,

and

GCn = Cn + iCn−1.

Some values of Gaussian modified Woodall numbers, Gaussian modified Cullen numbers,

Gaussian Woodall numbers and Gaussian Cullen numbers with positive and negative

subscripts are given in the following table.
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Table 2.2. Some values of special cases of generalized Gaussian Woodall numbers.

n 0 1 2 3 4 5 6

GGn 0 1 5 + i 17 + 5i 49 + 17i 129 + 49i 321 + 129i

GG−n 0 1
4
i 1

4
+ 1

2
i 1

2
+ 11

16
i 11

16
+ 13

16
i 13

16
+ 57

64
i 57

64
+ 15

16
i

GHn 3 + 2i 5 + 3i 9 + 5i 17 + 9i 33 + 17i 65 + 33i 129 + 65i

GH−n 3 + 2i 2 + 3
2
i 3

2
+ 5

4
i 5

4
+ 9

8
i 9

8
+ 17

16
i 17

16
+ 33

32
i 33

32
+ 65

64
i

GRn −1− 3
2
i 1− i 7 + i 23 + 7i 63 + 23i 159 + 63i 383 + 159i

GR−n −1− 3
2
i −3

2
− 3

2
i −3

2
− 11

8
i 11

8
− 5

4
i −5

4
− 37

32
i −37

32
− 35

32
i −35

32
− 135

128
i

GCn 1 + 1
2
i 3 + i 9 + 3i 25 + 9i 65 + 25i 161 + 65i 385 + 161i

GC−n 1 + 1
2
i 1

2
+ 1

2
i 1

2
+ 5

8
i 5

8
+ 3

4
i 3

4
+ 27

32
i 27

32
+ 29

32
i 29

32
+ 121

128
i

We now present Binet’s formula for the Gaussian generalized Woodall numbers.

2.1.1 Binet’s Formula For Gaussian Generalized Woodall Numbers

Theorem 2.1 The Binet’s formula for the Gaussian generalized Woodall numbers is

GWn = (((−W2 + 4W1 − 3W0) +
W2−3W1+2W0

2
n)2n + (W2 − 4W1 + 4W0)) + i(((−W2 +

4W1 − 3W0) +
W2−3W1+2W0

2
(n− 1))2n−1 + (W2 − 4W1 + 4W0)).

Proof. The proof follows from (1.2) and (2.2). �

The previous Theorem gives the following results, as special cases.

Corollary 2.1 For all n we have the following Binet’s Formulas:

(a) GGn = i2n−1 (n− 2) + 2n (n− 1) + 1 + i.

(b) GHn = 2i2
n−1 + 2× 2n + 1 + i.

(c) GRn = i2n−1 (n− 1) + 2nn− 1− i.

(d) GCn = i2n−1 (n− 1) + 2nn+ 1 + i.

The next theorem presents the generating function of Gaussian generalized Woodall num-

bers.
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2.1.2 Generating Function For Gaussian Generalized Woodall Numbers

Theorem 2.2 The generating function of Gaussian generalized Woodall numbers is given

as

fGWn(x) =
∞∑
n=0

GWnx
n =

GW0 + (GW1 − 5GW0)x+ (GW2 − 5GW1 + 8GW0)x
2

1− 5x+ 8x2 − 4x3 . (2.4)

Proof. Let

fGWn(x) =
∞∑
n=0

GWnx
n

be generating function of Gaussian generalized Woodall numbers. Then using the defini-

tion of Gaussian Woodall numbers, and subtracting xf(x), x2f(x) and x3f(x) from f(x)

we obtain (note the shift in the index n in the third line)

(1− 5x+ 8x2 − 4x3)fGWn(x)

=
∞∑
n=0

GWnx
n − 5x

∞∑
n=0

GWnx
n + 8x2

∞∑
n=0

GWnx
n − 4x3

∞∑
n=0

GWnx
n,

=
∞∑
n=0

GWnx
n − 5

∞∑
n=0

GWnx
n+1 + 8

∞∑
n=0

GWnx
n+2 − 4

∞∑
n=0

GWnx
n+3,

=
∞∑
n=0

GWnx
n − 5

∞∑
n=1

GWn−1x
n + 8

∞∑
n=2

GWn−2x
n − 4

∞∑
n=3

GWn−3x
n,

= (GW0 +GW1x+GW2x
2)− 5(GW0x+GW1x

2) + 8GW0x
2

+
∞∑
n=3

(GWn − 5GWn−1 + 8GWn−2 − 4GWn−3)x
n,

= GW0 +GW1x+GW2x
2 − 5GW0x− 5GW1x

2 + 8GW0x
2,

= GW0 + (GW1 − 5GW0)x+ (GW2 − 5GW1 + 8GW0)x
2.

Now, it follows that

fGWn(x) =
GW0 + (GW1 − 5GW0)x+ (GW2 − 5GW1 + 8GW0)x

2

1− 5x+ 8x2 − 4x3 .

This completes the proof. �
The previous theorem gives the following results as particular examples:

fGGn(x) =
x+ ix2

1− 5x+ 8x2 − 4x3 , (2.5)

fGHn(x) =
(8 + 6i)x2 − (10 + 7i)x+ 3 + 2i

1− 5x+ 8x2 − 4x3 , (2.6)
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fGRn(x) =
− (6 + 6i)x2 + (6 + 13

2
i)x− 1− 3

2
i

1− 5x+ 8x2 − 4x3 , (2.7)

fGCn(x) =
(2 + 2i)x2 − (2 + 3

2
i)x+ 1 + 1

2
i

1− 5x+ 8x2 − 4x3 . (2.8)

2.2 SOME IDENTITIES RELATED TO GAUSSIAN WOODALL NUM-

BERS

In this section, we obtain some identities of Gaussian modified Woodall, Gaussian modi-

fied Cullen, Gaussian Woodall and Gaussian Cullen numbers.

Theorem 2.3 The following equations hold for all integer n:

GHn = 2GGn+2 − 7GGn+1 + 6GGn, (2.9)

GHn = 3GGn+1 − 10GGn + 8GGn−1, (2.10)

GRn = −2GCn+2 + 8GCn+1 − 7GCn,

GGn = −
1

2
GCn+2 +

3

2
GCn+1, (2.11)

GCn = −
7

4
GRn+3 +

27

4
GRn+2 − 6GRn+1, (2.12)

GHn = −
1

2
GRn+3 +

5

2
GRn+2 − 3GRn+1, (2.13)

GHn = 5GGn − 16GGn−1 + 12GGn−2. (2.14)

Proof. To proof identity (2.9), we can write

GHn = aGGn+2 + bGGn+1 + cGGn

and solving the system of equations

GH0 = aGG2 + bGG1 + cGG0,

GH1 = aGG3 + bGG2 + cGG1,

GH2 = aGG4 + bGG3 + cGG2,

we find that a = 2, b = −7, c = 6. Or using the relations GHn = Hn + iHn−1, GGn =

Gn + iGn−1 and identity Hn = 2Gn+2 − 7Gn+1 + 6Gn, we obtain the identity (2.9). The

others can be found similarly. �
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Lemma 2.4 ([frontczakconvo2018]) Suppose that f(x) =
∞∑
n=0

anx
n is the generating

function of the sequence {an}n≥0. Then the generating functions of the sequences {a2n}n≥0
and {a2n+1}n≥0 are given as

fa2n(x) =

∞∑
n=0

a2nx
n =

f(
√
x) + f(−

√
x)

2

and

fa2n+1(x) =

∞∑
n=0

a2n+1x
n =

f(
√
x)− f(−

√
x)

2
√
x

respectively.

The next Theorem presents the generating functions of even and odd-indexed Gaussian

generalized Woodall sequences.

Theorem 2.5 The generating functions of the sequences GW2n and GW2n+1 are given

by

fGW2n(x) =
GW0 − (9GW0 −GW2)x+ (44GW0 − 36GW1 + 8GW2)x

2

1− 9x+ 24x2 − 16x3

and

fGW2n+1(x) =
GW1 + (4GW0 − 17GW1 + 5GW2)x+ (32GW0 − 20GW1 + 4GW2)x

2

1− 9x+ 24x2 − 16x3

respectively.

Proof. Both statements are consequences of Lemma (2.4) applied to (2.4) and some

lengthy algebraic calculations. �
The previous theorem gives the following corollaries as particular examples.

Corollary 2.2 We have the followings:

(a) fGR2n(x) = −
(24+22i)x2−(16+ 29

2
i)x+1+ 3

2
i

1−9x+24x2−16x3 and fGR2n+1 = (x)
−(24+24i)x2+(14+16i)x+1−i

1−9x+24x2−16x3 .

(b) fGC2n(x) =
(8+10i)x2− 3

2
ix+1+ 1

2
i

1−9x+24x2−16x3 and fGC2n+1(x) =
(8+8i)x2−2x+3+i
1−9x+24x2−16x3 .

(c) fGG2n(x) =
(4+8i)x2+(5+i)x
1−9x+24x2−16x3 and fGG2n+1(x) =

4ix2+(8+5i)x+1
1−9x+24x2−16x3 .

(d) fGH2n(x) =
(24+20i)x2−(18+13i)x+3+2i

1−9x+24x2−16x3 and fGH2n+1(x) =
(32+24i)x2−(28+18i)x+5+3i

1−9x+24x2−16x3 .
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From Corollary (2.2) we can obtain the following corollary which presents the identities

of Gaussian Woodall sequences.

Corollary 2.3 We have the following identities:

(a) (4 + 8i)GH2n−4 + (5 + i)GH2n−2 = (24 + 20i)GG2n−4 − (18 + 13i)GG2n−2 + (3 +

2i)GG2n.

(b) (4 + 8i)GH2n−3 + (5 + i)GH2n−1 = (32 + 24i)GG2n−4 − (28 + 18i)GG2n−2 + (5 +

3i)GG2n.

(c) −(24+24i)GG2n−4+(14+16i)GG2n−2+(1−i)GG2n = (4+8i)GR2n−3+(5+i)GR2n−1.

(d) −(24+24i)GG2n−3+(14+16i)GG2n−1+(1−i)GG2n+1 = 4iGR2n−3+(8+5i)GR2n−1+

GR2n+1.

(e) (8 + 10i)GG2n−4 − 3
2
iGG2n−2 + (1 +

1
2
i)GG2n = (4 + 8i)GC2n−4 + (5 + i)GC2n−2.

(f) (8+10i)GG2n−3− 3
2
iGG2n−1+(1+

1
2
i)GG2n+1 = 4iGC2n−4+(8+5i)GC2n−2+GC2n.

(g) (8 + 8i)GG2n−4 − 2GG2n−2 + (3 + i)GG2n = (4 + 8i)GC2n−3 + (5 + i)GC2n−1.

(h) (8+8i)GG2n−3− 2GG2n−1+(3+ i)GG2n+1 = 4iGC2n−3+(8 + 5i)GC2n−1+GC2n+1.

(i) −(24+22i)GG2n−4+(16+ 29
2
i)GG2n−2−(1+ 3

2
i)GG2n = (4+8iGR2n−4+(5 + i)GR2n−2.

(j) −(24+22i)GG2n−3+(16+29
2
i)GG2n−1−(1+3

2
i)GG2n+1 = 4iGR2n−4+(8 + 5i)GR2n−2+

GR2n.

(k) 4iGH2n−4+(8 + 5i)GH2n−2+GH2n = (24 + 20i)GG2n−3− (18 + 13i)GG2n−1+(3+

2i)GG2n+1.

(l) 4iGH2n−3 + (8 + 5i)GH2n−1 + GH2n+1 = (32 + 24i)GG2n−3 − (28 + 18i)GG2n−1 +

(5 + 3i)GG2n+1.

(m) −(24 + 22i)C(2n− 3) + (16 + 29
2
i)C(2n− 1)− (1 + 3

2
i)C(2n+ 1) = (8 + 8i)R(2n−

4)− 2R(2n− 2) + (3 + i)R(2n).
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(n) − (24 + 24i)C(2n−4)+(14 + 16i)C(2n−2)+(1− i)C(2n) = (8 + 10i)R(2n−3)−
3
2
iR(2n− 1) + (1 + 1

2
i)R(2n+ 1).

Proof. From (2.2) we obtain

((4 + 8i)x2 + (5 + i)x)fGH2n = ((24 + 20i)x
2 − (18 + 13i)x+ 3 + 2i)fGG2n .

The LHS (left hand side) is equal to

LHS = ((5 + i)x+ (4 + 8i)x2)
∞∑
n=0

GH2nx
n

= (5 + i)x
∞∑
n=0

GH2nx
n + (4 + 8i)x2

∞∑
n=0

GH2nx
n

= (5 + i)

∞∑
n=0

GH2nx
n+1 + (4 + 8i)

∞∑
n=0

GH2nx
n+2

= (5 + i)
∞∑
n=1

GH2n−2x
n + (4 + 8i)

∞∑
n=2

GH2n−4x
n

= (5 + i)GH0x
∞∑
n=2

GH2n−2x
n + (4 + 8i)

∞∑
n=2

GH2n−4x
n

= (5 + i) (3 + 2i)x+
∞∑
n=2

((4 + 8i)GH2n−4 + (5 + i)GH2n−2)x
n

whereas the RHS is

RHS

= (3 + 2i− (18 + 13i)x+ (24 + 20i)x2)
∞∑
n=0

GG2nx
n

= (3 + 2i)
∞∑
n=0

GG2nx
n − (18 + 13i)x

∞∑
n=0

GG2nx
n + (24 + 20i)x2

∞∑
n=0

GG2nx
n

= (3 + 2i)

∞∑
n=0

GG2nx
n − (18 + 13i)

∞∑
n=0

GG2nx
n+1 + (24 + 20i)

∞∑
n=0

GG2nx
n+2

= (3 + 2i)

∞∑
n=0

GG2nx
n − (18 + 13i)

∞∑
n=1

GG2n−2x
n + (24 + 20i)

∞∑
n=2

GG2n−4x
n

= (3 + 2i)(GG0 +GG2x)

∞∑
n=2

GG2nx
n − (18 + 13i) (GG0x)

∞∑
n=2

GG2n−2x
n

+(24 + 20i)
∞∑
n=2

GG2n−4x
n

= (3 + 2i) (5 + i)x+

∞∑
n=2

((24 + 20i)GG2n−4 − (18 + 13i)GG2n−2 + (3 + 2i)GG2n)xn.
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Compare the coeffi cients and the proof of the first identity (a) is done. The other identities

can be proved similarly. �
We present an identity related to Gaussian generalized Woodall numbers and Woodall

numbers.

Theorem 2.6 For all n,m ∈ Z, the following identity holds:

GWm+n = Gm+1GWn + (−8Gm + 4Gm−1)GWn−1 + 4GmGWn−2. (2.15)

Proof. First, we assume that m ≥ 0. We prove the identity (2.15) by induction on m. If

m = 0 then

GWn = G1GWn + (−8G0 + 4G−1)GWn−1 + 4G0GWn−2

which is true because G−1 = 0, G0 = 0, G1 = 1. Assume that the equality holds for

m ≤ k. For m = k + 1, we have

GW(k+1)+n = 5GWn+k − 8GWn+k−1 + 4GWn+k−2

= 5(Gk+1GWn + (−8Gk + 4Gk−1)GWn−1 + 4GkGWn−2)

−8(GkGWn + (−8Gk−1 + 4Gk−2)GWn−1 + 4Gk−1GWn−2)

+4(Gk−1GWn + (−8Gk−2 + 4Gk−3)GWn−1 + 4Gk−2GWn−2)

= (5Gk+1 − 8Gk + 4Gk−1)GWn + (−8(Gk +Gk−1 +Gk−2)

+4(Gk−1 +Gk−2 +Gk−3))GWn−1 + 4(Gk +Gk−1 +Gk−2)GWn−2

= Gk+2GWn + (−8Gk+1 + 4Gk)GWn−1 + 4Gk+1GWn−2

= G(k+1)+1GWn + (−8Gk+1 + 4G(k+1)−1)GWn−1 + 4Gk+1GWn−2.

By mathematical induction on m, this proves (2.6). The other cases can be shown simi-

larly. �
The previous theorem gives the following results as particular examples:

For all n,m ∈ Z, we have ( taking GWn = GGn or GWn = GHn or GWn = GRn or

GWn = GCn )

GGm+n = Gm+1GGn + (−8Gm + 4Gm−1)GGn−1 + 4GmGGn−2,

GHm+n = Gm+1GHn + (−8Gm + 4Gm−1)GHn−1 + 4GmGHn−2,

GRm+n = Gm+1GRn + (−8Gm + 4Gm−1)GRn−1 + 4GmGRn−2,

GCm+n = Gm+1GCn + (−8Gm + 4Gm−1)GCn−1 + 4GmGCn−2.
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2.3 SIMPSON’S FORMULA

In this section, we present Simpson’s formula of generalized Gaussian Woodall numbers.

Theorem 2.7 (Simpson’s formula of generalized Gaussian Woodall numbers). For all

integers n, we have∣∣∣∣∣∣∣∣∣
GWn+2 GWn+1 GWn

GWn+1 GWn GWn−1

GWn GWn−1 GWn−2

∣∣∣∣∣∣∣∣∣ = 4n

∣∣∣∣∣∣∣∣∣
GW2 GW1 GW0

GW1 GW0 GW−1

GW0 GW−1 GW−2

∣∣∣∣∣∣∣∣∣
= 4n(

1

800
+

7

800
i)(W0 −W1 +

1

4
W2)((2− 14i)W0

−(3− 21i)W1 + (1− 7i)W2)
2.

Proof. Use [55, Theorem 3.1]. �

From the Theorem (2.7) we get the following corollary.

Corollary 2.4 For all integers n, we get the following identities.

(a)

∣∣∣∣∣∣∣∣∣
GGn+2 GGn+1 GGn

GGn+1 GGn GGn−1

GGn GGn−1 GGn−2

∣∣∣∣∣∣∣∣∣ = (1− 7i) 2
2n−4.

(b)

∣∣∣∣∣∣∣∣∣
GHn+2 GHn+1 GHn

GHn+1 GHn GHn−1

GHn GHn−1 GHn−2

∣∣∣∣∣∣∣∣∣ = 0.

(c)

∣∣∣∣∣∣∣∣∣
GRn+2 GRn+1 GRn

GRn+1 GRn GRn−1

GRn GRn−1 GRn−2

∣∣∣∣∣∣∣∣∣ = − (1− 7i) 2
2n−4.

(d)

∣∣∣∣∣∣∣∣∣
GCn+2 GCn+1 GCn

GCn+1 GCn GCn−1

GCn GCn−1 GCn−2

∣∣∣∣∣∣∣∣∣ = (1− 7i) 2
2n−4.
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2.4 SUM FORMULAS

In this section, we give some sum formulas of generalized Gaussian Woodall numbers.

Theorem 2.8 For all integers n ≥ 0, we have the following formulas:

(a)
∑n

k=0GWk =
1
2
W2(2n− 2n+1(n− 1) + 2n+2 (n− 2) + 6)− 1

2
W1(8n− 2n+1(3n− 5) +

2n+2(3n−8)+22)+W0(4n−2n+1(n−2)+2n+2(n−3)+9)+i(14(28+16n−5×2
n+2+

2n+2n)W0 + (−33− 16n+ 7× 2n+2 − 3× 2n+1n)W1 + (9 + 4n− 2n+3 + 2n+1n)W2).

(b)
∑n

k=0GW2k+1 =
1
18
W2(18n − 22n+3(2n + 1) + 22n+5(2n − 1) + 40) − 1

18
W1(72n −

22n+3(6n + 1) + 22n+5(6n − 5) + 150) + 1
9
W0(36n + 2

2n+5(2n − 2) − 2 × 22n+3n +

64) + i(1
9
W0(36n − 22n+2(2n − 1) + 22n+4(2n − 3) + 53) − 1

18
W1(72n − 22n+2(6n −

2) + 22n+4(6n− 8) + 120) + 1
18
W2(18n+ 2

2n+4(2n− 2)− 2× 22n+2n+ 32)).

(c)
∑n

k=0GW2k =
1
9
W0(36n−22n+2(2n−1)+22n+4(2n−3)+53)− 1

18
W1(72n−22n+2(6n−

2)+22n+4(6n−8)+120)+ 1
18
W2(18n+2

2n+4(2n−2)−2×22n+2n+32)+i((1
9
W0(36n−

22n+1(2n− 2) + 22n+3(2n− 4) + 46) + 1
18
W2((18n− 22n+1(2n− 1) + 22n+3(2n− 3) +

53
2
)− 1

18
W1(72n− 22n+1(6n− 5) + 22n+3(6n− 11) + 201

2
)).

Proof.

(a) When we use (2.2),

n∑
k=0

GWk =

n∑
k=0

Wk + i

n∑
k=0

Wk−1.

So, then we obtain

n∑
k=0

Wk =
1

2
W2(2n− 2n+1(n− 1) + 2n+2(n− 2) + 6)−

1

2
W1(8n− 2n+1(3n− 5)

+2n+2(3n− 8) + 22) +W0(4n− 2n+1(n− 2) + 2n+2(n− 3) + 9))

and

n∑
k=0

Wk−1 = (
1

4
((28 + 16n− 5× 2n+2 + 2n+2n)W0 + (−33− 16n+ 7× 2n+2

−3× 2n+1n)W1 + (9 + 4n− 2n+3 + 2n+1n)W2))
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from (59, Theorem 6.1). We get

n∑
k=0

GWk =
1

2
W2(2n− 2n+1(n− 1) + 2n+2(n− 2) + 6)−

1

2
W1(8n− 2n+1(3n− 5)

+2n+2(3n− 8) + 22) +W0(4n− 2n+1(n− 2) + 2n+2(n− 3) + 9))

+i(
1

4
((28 + 16n− 5× 2n+2 + 2n+2n)W0 + (−33− 16n+ 7× 2n+2

−3× 2n+1n)W1 + (9 + 4n− 2n+3 + 2n+1n)W2)).

(b) When we use (2.2), we get
n∑
k=0

GW2k+1 =

n∑
k=0

W2k+1 + i

n∑
k=0

W2k

and so, from (1.3), we know that:

n∑
k=0

W2k+1 =
1

18
W2(18n− 22n+3(2n+ 1) + 22n+5(2n− 1) + 40)

− 1
18
W1(72n− 22n+3(6n+ 1) + 22n+5(6n− 5) + 150)

+
1

9
W0(36n+ 2

2n+5(2n− 2)− 2× 22n+3n+ 64)

and

n∑
k=0

W2k = ((
1

9
W0(36n− 22n+2(2n− 1) + 22n+4(2n− 3) + 53)

− 1
18
W1(72n− 22n+2(6n− 2) + 22n+4(6n− 8) + 120)

+
1

18
W2(18n+ 2

2n+4(2n− 2)− 2× 22n+2n+ 32)).

We get

n∑
k=0

GW2k+1 =
1

18
W2(18n− 22n+3(2n+ 1) + 22n+5(2n− 1) + 40)

− 1
18
W1(72n− 22n+3(6n+ 1) + 22n+5(6n− 5) + 150)

+
1

9
W0(36n+ 2

2n+5(2n− 2)− 2× 22n+3n+ 64)

+i((
1

9
W0(36n− 22n+2(2n− 1) + 22n+4(2n− 3) + 53)

− 1
18
W1(72n− 22n+2(6n− 2) + 22n+4(6n− 8) + 120)

+
1

18
W2(18n+ 2

2n+4(2n− 2)− 2× 22n+2n+ 32)).
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(c) From (1.3) and (59, Theorem 6.1), we get

n∑
k=0

W2k = ((
1

9
W0(36n− 22n+2((2n− 1) + 22n+4((2n− 3) + 53)

− 1
18
W1(72n− 22n+2(6n− 2) + 22n+4(6n− 8) + 120)

+
1

18
W2(18n+ 2

2n+4(2n− 2)− 2× 22n+2n+ 32))

and

n∑
k=0

W2k−1 = (
1

9
W0(36n− 22n+1(2n− 2) + 22n+3(2n− 4) + 46)

+
1

18
W2(18n− 22n+1(2n− 1) + 22n+3(2n− 3) +

53

2
)

− 1
18
W1(72n− 22n+1(6n− 5) + 22n+3(6n− 11) +

201

2
)).

So, we use

n∑
k=0

GW2k =
n∑
k=0

W2k + i
n∑
k=0

W2k−1,

we get

n∑
k=0

GW2k =
1

9
W0(36n− 22n+2(2n− 1) + 22n+4(2n− 3) + 53)

− 1
18
W1(72n− 22n+2(6n− 2) + 22n+4(6n− 8) + 120)

+
1

18
W2(18n+ 2

2n+4(2n− 2)− 2× 22n+2n+ 32)

+i(
1

9
W0(36n− 22n+1(2n− 2) + 22n+3(2n− 4) + 46)

+
1

18
W2((18n− 22n+1(2n− 1) + 22n+3(2n− 3) +

53

2
)

− 1
18
W1(72n− 22n+1(6n− 5) + 22n+3(6n− 11) +

201

2
)).

This completes the proof. �

As special cases of the above Theorem, we have the following four Corollary. First, taking

GWn = GGn with GG0 = 0, GG1 = 1, GG2 = 5 + i, we get:

Corollary 2.5 (Sum of the Gaussian modified Woodall numbers). For n ≥ 1 we have

the following formulas:
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(a)
∑n

k=0GGk = (1 + i)n+ (2 + i)2nn− (4 + 3i)2n + (4 + 3i).

(b)
∑n

k=0GG2k+1 =
4
9
((9
4
+ 9

4
i)n− (4 + 5i)22n + (12 + 6i)22nn+ (25

4
+ 5i)).

(c)
∑n

k=0GG2k =
4
9
((9
4
+ 9

4
i)n− (5 + 4i)22n + (6 + 3i)22nn+ (5 + 4i)).

Second, taking GWn = GHn with GH0 = 3 + 2i, GH1 = 5 + 3i, GH2 = 9 + 5i, we have

the following corollary:

Corollary 2.6 (Sum of the Gaussian modified Cullen numbers). For n ≥ 1 we have the

following formulas:

(a)
∑n

k=0GHk = 2
n+2 + n− 1 + i(n+ 2n+1).

(b)
∑n

k=0GH2k+1 =
1
3
(22n+4 + 3n− 1) + i(1

3
(22n+3 + 3n+ 1)).

(c)
∑n

k=0GH2k =
1
3
(22n+3 + 3n+ 1) + i(n+ 1

3
22n+2 + 2

3
).

Third, taking GWn = GRn with GR0 = −1 − 3
2
i, GR1 = 1 − i, GR2 = 7 + i, we get the

following corollary:

Corollary 2.7 (Sum of the Gaussian Woodall numbers). For n ≥ 1 we have the following

formulas:

(a)
∑n

k=0GRk = (n− 1)(2n+1 − 1) + i(2n+1 (n− 1)− n− 2nn+ 1
2
).

(b)
∑n

k=0GR2k+1 =
1
9
((6n+ 1)22n+3 − 9n+ 1) + i(1

9
((3n− 1)22n+3 − 9n− 1)).

(c)
∑n

k=0GR2k =
1
9
((3n−1)22n+3−9n−1)+ i(1

9
22n+3 (2n− 1)− 1

9
22n+1 (2n+ 1)−n− 7

18

).

Fourth, taking GWn = GCn with GC0 = 1 + 1
2
i, GC1 = 3 + i, GC2 = 9 + 3i, we have the

following corollary:

Corollary 2.8 (Sum of the Gaussian Cullen numbers). For n ≥ 1 we have the following

formulas:

(a)
∑n

k=0GCk = (n− 1)2n+1 + n+ 3 + i(n+ 2n+1 (n− 1)− 2nn+ 5
2
).

(b)
∑n

k=0GC2k+1 =
1
9
((6n+ 1)22n+3 + 9n+ 19) + i(1

9
((3n− 1)22n+3 + 9n+ 17)).

(c)
∑n

k=0GC2k =
2
9
((9
2
+ 9

2
i)n− (4 + 5i) 22n + (12 + 6i) 22nn+ (17

2
+ 29

4
i)).
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2.5 MATRIX FORMULA OF GWn

Consider the sequence {Gn} which is defined by the third-order recurrence relation

Gn = 5Gn−1 − 8Gn−2 + 4Gn−3

with the initial conditions

G0 = 0, G1 = 1, G2 = 5.

We define the square matrix A of order 3 as

A =


5 −8 4

1 0 0

0 1 0


such that detA = 4. We give the following Lemma.

Note that

An =


Gn+1 −8Gn + 4Gn−1 Gn

Gn −8Gn−1 + 4Gn−2 Gn−1

Gn−1 −8Gn−2 + 4Gn−3 Gn−2

 .

For the proof see [60].

Lemma 2.9 For all integers, the following identity is true
GWn+2

GWn+1

GWn

 =


5 −8 4

1 0 0

0 1 0


n

GW2

GW1

GW0

 .

Proof. We suppose that n ≥ 0. We prove the required equality by induction on n. If

n = 0 we obtain
GWn+2

GWn+1

GWn

 =


5 −8 4

1 0 0

0 1 0


0

GW2

GW1

GW0


which is true. We assume that the identity given holds for n = k. So, the following

identity is true.
GWn+2

GWn+1

GWn

 =


5 −8 4

1 0 0

0 1 0


k

GW2

GW1

GW0

 .
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For n = k + 1, we get


5 −8 4

1 0 0

0 1 0


k+1

GW2

GW1

GW0

 =


5 −8 4

1 0 0

0 1 0



5 −8 4

1 0 0

0 1 0


k

GW2

GW1

GW0



=


5 −8 4

1 0 0

0 1 0




GWk+2

GWk+1

GWk



=


5GWk+2 − 8GWk+1 + 4GWk

GWk+2

GWk+1



=


GWk+3

GWk+2

GWk+1

 .

Consequently, by induction on n, the proof is finished. The case n < 0 can be proved

similarly. �

Theorem 2.10 We assume that the matrices NGW and EGW are defined as follows

NGW =


GW2 GW1 GW0

GW1 GW0 GW−1

GW0 GW−1 GW−2

 ,

EGW =


GGn+2 GGn+1 GGn

GGn+1 GGn GGn−1

GGn GGn−1 GGn−2

 .

Then, the following identity is true between An, NGW and EGW :

AnNGW = EGW .
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Proof. Note that one gets

AnNGW =


Gn+1 −8Gn + 4Gn−1 Gn

Gn −8Gn−1 + 4Gn−2 Gn−1

Gn−1 −8Gn−2 + 4Gn−3 Gn−2




GW2 GW1 GW0

GW1 GW0 GW−1

GW0 GW−1 GW−2



=


a11 a12 a13

a21 a22 a23

a31 a32 a33



such that

b11 = GW2Gn+1 +GW1 (4Gn−1 − 8Gn) +GW0Gn,

b12 = GW1Gn+1 +GW0 (4Gn−1 − 8Gn) +GW−1Gn,

b13 = GW0Gn+1 +GW−1 (4Gn−1 − 8Gn) +GW−2Gn,

b21 = GW2Gn +GW1 (4Gn−2 − 8Gn−1) +GW0Gn−1,

b22 = GW1Gn +GW0 (4Gn−2 − 8Gn−1) +GW−1Gn−1,

b23 = GW0Gn +GW−1 (4Gn−2 − 8Gn−1) +GW−2Gn−1,

b31 = GW2Gn−1 +GW1 (4Gn−3 − 8Gn−2) +GW0Gn−2,

b32 = GW1Gn−1 +GW0 (4Gn−3 − 8Gn−2) +GW−1Gn−2,

b33 = GW0Gn−1 +GW−1 (4Gn−3 − 8Gn−2) +GW−2Gn−2.

Using the Theorem (2.6) the proof is completed. �

We have the following identities for NGW , EGW :

NGG =


5 + i 1 0

1 0 1
4
i

0 1
4
i 1

4
+ 1

2
i

 , NGH =


9 + 5i 5 + 3i 3 + 2i

5 + 3i 3 + 2i 2 + 3
2
i

3 + 2i 2 + 3
2
i 3

2
+ 5

4
i

 ,

NGR =


7 + i 1− i −1− 3

2
i

1− i −1− 3
2
i −3

2
− 3

2
i

−1− 3
2
i −3

2
− 3

2
i −3

2
− 11

8
i

 , NGC =


9 + 3i 3 + i 1 + 1

2
i

3 + i 1 + 1
2
i 1

2
+ 1

2
i

1 + 1
2
i 1

2
+ 1

2
i 1

2
+ 5

8
i

 .
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and

EGG =


GGn+2 GGn+1 GGn

GGn+1 GGn GGn−1

GGn GGn−1 GGn−2

 , EGH =


GHn+2 GHn+1 GHn

GHn+1 GHn GHn−1

GHn GHn−1 GHn−2

 ,

EGR =


GRn+2 GRn+1 GRn

GRn+1 GRn GRn−1

GRn GRn−1 GRn−2

 , EGC =


GCn+2 GCn+1 GCn

GCn+1 GCn GCn−1

GCn GCn−1 GCn−2

 .

From the previous theorem presented, we have the following corollary.

Corollary 2.9 The following identities are true:

(a) AnNGG = EGG.

(b) AnNGH = EGH .

(c) AnNGR = EGR.

(d) AnNGC = EGC .
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CHAPTER 3

DUAL GENERALIZED WOODALL NUMBERS

In this chapter, we define dual generalized Woodall numbers and present generating

functions and Binet’s formulas for them. Furthermore, we obtain some identities for

dual generalized Woodall numbers. In addition, we obtain the summation formulas of

the dual generalized Woodall numbers with positive and negative subscripts. Finally, we

investigate matrices related to dual generalized Woodall numbers.

3.1 DEFINITIONS AND PROPERTIES

We now define dual generalized Woodall numbers over D. The nth dual generalized

Woodall number is

DWn = Wn + εWn+1. (3.1)

with the initial values DW0, DW1, DW2. (3.1) can be written to negative subscripts by

defining,

DW−n = W−n + εW−n+1. (3.2)

So, identity (3.1) holds for all integers n.

The special cases, the nth dual modified Woodall, the nth dual modified Cullen, the nth

dual Woodall and the nth dual Cullen numbers are given as

DGn = Gn + εGn+1,

DHn = Hn + εHn+1,

DRn = Rn + εRn+1,

DCn = Cn + εCn+1.

Then, using (3.1), the following identity can be expressed true for every integers n ≥ 0,

DWn = 5DWn−1 − 8DWn−2 + 4DWn−3. (3.3)
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Using (3.2), the sequence {DWn}n≥0 can be written as

DW−n = −2DW−(n−1) −
5

4
DW−(n−2) +

1

4
DW−(n−3)

for n = 1, 2, 3, ... respectively. Therefore, recurrence (3.3) holds for all integers n.

The initial several dual generalized Woodall numbers with positive subscript and negative

subscript are given in the following Table 3.1.

Table 3.1. A few dual generalized Woodall numbers.

n DWn DW−n
0 DW0 DW0

1 DW1
1
4
(8DW0 − 5DW1 +DW2)

2 DW2
1
4
(11DW0 − 9DW1 + 2DW2)

3 4DW0 − 8DW1 + 5DW2
1
16
(52DW0 − 47DW1 + 11DW2)

4 20DW0 − 36DW1 + 17DW2
1
16
(57DW0 − 54DW1 + 13DW2)

5 68DW0 − 116DW1 + 49DW2
1
64
(240DW0 − 233DW1 + 57DW2)

Note that

DW0 = W0 + εW1,

DW1 = W1 + εW2,

DW2 = W2 + εW3 = W2 + ε(4W0 − 8W1 + 5W2).

For dual modified Woodall numbers (taking Wn = Gn, G0 = 0, G1 = 1, G2 = 5), we get

DG0 = G0 + εG1 = ε,

DG1 = G1 + εG2 = 1 + 5ε,

DG2 = G2 + εG3 = 5 + 17ε,

and for dual modified Cullen numbers (taking Wn = Hn, H0 = 3, H1 = 5, H2 = 9), we

get

DH0 = H0 + εH1 = 3 + 5ε,

DH1 = H1 + εH2 = 5 + 9ε,

DH2 = H2 + εH3 = 9 + 17ε,
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and for dual Woodall numbers (taking Wn = Rn, R0 = −1, R1 = 1, R2 = 7), we get

DR0 = R0 + εR1 = −1 + ε,

DR1 = R1 + εR2 = 1 + 7ε,

DR2 = R2 + εR3 = 7 + 23ε,

and for dual Cullen numbers (taking Wn = Cn, C0 = 1, C1 = 3, C2 = 9), we get

DC0 = C0 + εC1 = 1 + 3ε,

DC1 = C1 + εC2 = 3 + 9ε,

DC2 = C2 + εC3 = 9 + 25ε.

A few dual modified Woodall numbers, dual modified Cullen numbers, dual Woodall

numbers and dual Cullen numbers with positive subscript and negative subscript are

given in the following Table 3.2, Table 3.3, Table 3.4 and Table 3.5.

Table 3.2. Dual Modified Woodall Numbers
n DGn DG−n
0 ε ε

1 5ε+ 1 0

2 17ε+ 5 1
4

3 49ε+ 17 1
4
ε+ 1

2

4 129ε+ 49 1
2
ε+ 11

16

5 321ε+ 129 11
16
ε+ 13

16

and

Table 3.3. Dual Modified Cullen Numbers
n DHn DH−n
0 5ε+ 3 5ε+ 3

1 9ε+ 5 3ε+ 2

2 17ε+ 9 2ε+ 3
2

3 33ε+ 17 3
2
ε+ 5

4

4 65ε+ 33 5
4
ε+ 9

8

5 129ε+ 65 9
8
ε+ 17

16

and
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Table 3.4. Dual Woodall Numbers
n DRn DR−n
0 ε− 1 ε− 1

1 7ε+ 1 −ε− 3
2

2 23ε+ 7 −3
2
ε− 3

2

3 63ε+ 23 −3
2
ε− 11

8

4 159ε+ 63 −11
8
ε− 5

4

5 383ε+ 159 −5
4
ε− 37

32

and

Table 3.5. Dual Cullen Numbers
n DCn DC−n
0 3ε+ 1 3ε+ 1

1 9ε+ 3 ε+ 1
2

2 25ε+ 9 1
2
ε+ 1

2

3 65ε+ 25 1
2
ε+ 5

8

4 161ε+ 65 5
8
ε+ 3

4

5 385ε+ 161 3
4
ε+ 27

32

Now, we state Binet’s formula for the dual generalized Woodall numbers and in the rest

of the paper, we fix the following notations:

α̂ = 1 + 2ε,

β̂ = 2ε,

γ̂ = 1 + ε.

Note that we have the following identities:

α̂2 = 1 + 4ε,

β̂
2
= 0,

γ̂2 = 1 + 2ε,

α̂β̂ = 2ε,

α̂γ̂ = 1 + 3ε,

β̂γ̂ = 2ε,

α̂β̂γ̂ = 2ε.

Next, we present Binet’s formula.
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3.1.1 Binet’s Formula For Dual Generalized Woodall Numbers

Theorem 3.1 (Binet’s Formula) For any integer n, the nth dual generalized Woodall

number is

DWn = (A1α̂ + A2β̂ + A2nα̂)2
n + A3γ̂. (3.4)

Proof. Using Binet’s formula

Wn = (A1 + A2n)2
n + A3

of the generalized Woodall numbers, we obtain

DWn = Wn + εWn+1

= (A1 + A2n)2
n + A3 + ε((A1 + A2(n+ 1))2

n+1 + A3)

= A12
n + A2n2

n + A3

+εA12
n+1 + εA2n2

n+1 + εA22
n+1 + εA3

= A12
n(1 + 2ε) + A2n2

n(1 + 2ε) + A22
n(2ε) + A3(1 + ε)

= A12
nα̂ + A2n2

nα̂ + A22
nβ̂ + A3γ̂

= (A1α̂ + A2β̂ + A2nα̂)2
n + A3γ̂.

This proves (3.4). �
As special cases, for any integer n, Binet’s Formula of nth dual modified Woodall number,

dual modified Cullen number, dual Woodall number and dual Cullen number are

• DGn = (−α̂ + β̂ + nα̂)2n + γ̂,

DGn = 1 + (n− 1)2n + ε(1 + n2n+1).

• DHn = (2α̂)2
n + γ̂,

DHn = 1 + 2
n+1 + ε(1 + 2n+2).

• DRn = (β̂ + nα̂)2n − γ̂,

DRn = −1 + n2n + ε(−1 + 2n+1 + n2n+1).

• DCn = (β̂ + nα̂)2n + γ̂,

DCn = 1 + n2n + ε(1 + 2n+1 + n2n+1).

Next, we give a generating function for the dual generalized Woodall numbers.
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3.1.2 Generating Function For Dual Generalized Woodall Numbers

Theorem 3.2 The generating function for the dual generalized Woodall numbers is
∞∑
n=0

DWnx
n =
DW0 + (DW1 − 5DW0)x+ (DW2 − 5DW1 + 8DW0)x

2

1− 5x+ 8x2 − 4x3 . (3.5)

Proof. Let

g(x) =
∞∑
n=0

DWnx
n

be generating function of the dual generalized Woodall numbers. Then, using the defini-

tion of the dual generalized Woodall numbers, and subtracting xg(x), x2g(x) and x3g(x)

from g(x), we obtain (note the shift in the index n in the third line)

(1− 5x+ 8x2 − 4x3)g(x)

=
∞∑
n=0

DWnx
n − 5x

∞∑
n=0

DWnx
n + 8x2

∞∑
n=0

DWnx
n − 4x3

∞∑
n=0

DWnx
n

=
∞∑
n=0

DWnx
n − 5

∞∑
n=0

DWnx
n+1 + 8

∞∑
n=0

DWnx
n+2 − 4

∞∑
n=0

DWnx
n+3

=
∞∑
n=0

DWnx
n − 5

∞∑
n=1

DWn−1x
n + 8

∞∑
n=2

DWn−2x
n − 4

∞∑
n=3

DWn−3x
n

= (DW0 +DW1x+DW2x
2)− 5(DW0x+DW1x

2) + 8DW0x
2

+
∞∑
n=3

(DWn − 5DWn−1 + 8DWn−2 − 4DWn−3)x
n

= DW0 + (DW1 − 5DW0)x+ (DW2 − 5DW1 + 8DW0)x
2.

Note that we used the recurrence relation DWn = 5DWn−1 − 8DWn−2 + 4DWn−3. Rear-

ranging the above equation, we get

g(x) =
DW0 + (DW1 − 5DW0)x+ (DW2 − 5DW1 + 8DW0)x

2

1− 5x+ 8x2 − 4x3 .

The proof is finished. �
As special cases, the generating functions for the dual modified Woodall, dual modified

Cullen, dual Woodall and dual Cullen numbers are
∞∑
n=0

DGnxn =
ε+ x

1− 5x+ 8x2 − 4x3 ,

∞∑
n=0

DHnx
n =

5ε+ 3 + (−16ε− 10)x+ (12ε+ 8)x2
1− 5x+ 8x2 − 4x3 ,

∞∑
n=0

DRnxn =
−1 + ε+ (2ε+ 6)x+ (−4ε− 6)x2

1− 5x+ 8x2 − 4x3
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and

∞∑
n=0

DCnxn =
3ε+ 1 + (−6ε− 2)x+ (4ε+ 2)x2

1− 5x+ 8x2 − 4x3

respectively.

Now, we obtain Binet’s formula from the generating function.

We obtain Binet’s formula of dual generalized Woodall number {DWn} by the use of

generating function for DWn.

Theorem 3.3 (Binet’s formula of dual generalized Woodall numbers)

DWn = (A1α̂ + A2β̂ + A2nα̂)2
n + A3γ̂. (3.6)

Proof. Let

∞∑
n=0

DWnx
n =
DW0 + (DW1 − 5DW0)x+ (DW2 − 5DW1 + 8DW0)x

2

1− 5x+ 8x2 − 4x3 .

Then, we write

DW0 + (DW1 − 5DW0)x+ (DW2 − 5DW1 + 8DW0)x
2

(1− x) (1− 2x)2
=

d1
(1− x)+

d2
(1− 2x)+

d3

(1− 2x)2
.

(3.7)

So,

DW0+ (DW1− 5DW0)x+ (DW2− 5DW1+8DW0)x
2 = (D1+D2+D3) + (−4d1− 3d2−

d3)x+ (4d1 + 2d2)x
2.

We get

DW0 = d1 + d2 + d3,

DW1 − 5DW0 = −4d1 − 3d2 − d3,

DW2 − 5DW1 + 8DW0 = 4d1 + 2d2.

If we solve these simultaneous equations, we get

d1 = 4DW0 − 4DW1 +DW2,

d2 = −4DW0 +
11

2
DW1 −

3

2
DW2,

d3 = DW0 −
3

2
DW1 +

1

2
DW2.
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Thus, (3.7) can be written as
∞∑
n=0

DWnx
n = d1

1

(1− x) + d2
1

(1− 2x) + d3
1

(2x− 1)2
,

= d1

∞∑
n=0

xn + d2

∞∑
n=0

2nxn + d3

∞∑
n=0

2n(n+ 1)xn,

=

∞∑
n=0

(d1 + d22
n + d32

n(n+ 1))xn,

=

∞∑
n=0

(4DW0 − 4DW1 +DW2 + (−4DW0 +
11

2
DW1 −

3

2
DW2)2

n

+(DW0 −
3

2
DW1 +

1

2
DW2)2

n(n+ 1))xn,

=
∞∑
n=0

(4DW0 − 4DW1 +DW2 + (−4DW0 +
11

2
DW1 −

3

2
DW2)2

n

+(DW0 −
3

2
DW1 +

1

2
DW2)2

n + (DW0 −
3

2
DW1 +

1

2
DW2)2

nn)xn,

=
∞∑
n=0

(4DW0 − 4DW1 +DW2 + (DW0 −
3

2
DW1 +

1

2
DW2)n2

n

+(−3DW0 + 4DW1 −DW2)2
n)xn,

=
∞∑
n=0

((−3DW0 + 4DW1 −DW2) + (DW0 −
3

2
DW1 +

1

2
DW2)n)2

n

+4DW0 − 4DW1 +DW2)x
n.

This gives

DWn = (DA1 +DA2n)2n +DA3

where

DA1 = −3DW0 + 4DW1 −DW2 = −3W0 + 4W1 −W2 + ε(−4W0 + 5W1 −W2),

DA2 = DW0 −
3

2
DW1 +

1

2
DW2 = W0 −

3

2
W1 +

1

2
W2 + ε(2W0 − 3W1 +W2),

DA3 = 4DW0 − 4DW1 +DW2 = W2 − 4W1 + 4W0 + ε(W2 − 4W1 + 4W0).

Note that the following equalities are true:

A1α̂ + A2β̂ = (−W2 + 4W1 − 3W0)(1 + 2ε) + (
W2 − 3W1 + 2W0

2
)(2ε)

= −3W0 + 4W1 −W2 + ε(−4W0 + 5W1 −W2).

A2α̂ =
W2 − 3W1 + 2W0

2
(1 + 2ε)

= W0 −
3

2
W1 +

1

2
W2 + ε(2W0 − 3W1 +W2).
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A3γ̂ = W2 − 4W1 + 4W0 + ε(W2 − 4W1 + 4W0).

Therefore, we can write the following equality:

DWn = (A1α̂ + A2β̂ + A2nα̂)2
n + A3γ̂.

The proof is finished. �

Next, using Theorem 3.3, we present Binet’s formulas of dual modified Woodall, dual

modified Cullen, dual Woodall and dual Cullen numbers.

3.2 SOME IDENTITIES FOR DUAL GENERALIZED WOODALL NUM-

BERS

We now present a few special identities for the dual generalized Woodall sequence {DWn}.

The following theorem presents Simpson’s identity for the dual generalized Woodall num-

bers.

Theorem 3.4 (Simpson’s formula for dual generalized Woodall sequence) For all inte-

gers n, we have

∣∣∣∣∣∣∣∣∣
DWn+2 DWn+1 DWn

DWn+1 DWn DWn−1

DWn DWn−1 DWn−2

∣∣∣∣∣∣∣∣∣ = 4
n

∣∣∣∣∣∣∣∣∣
DW2 DW1 DW0

DW1 DW0 DW−1
DW0 DW−1 DW−2

∣∣∣∣∣∣∣∣∣ . (3.8)

Proof. First, we assume that n ≥ 0. For the proof, we use mathematical induction on n.

For n = 0 identity (3.8) is true. Now, we obtain is true for n = k. Hence we write the

following identity

∣∣∣∣∣∣∣∣∣
DWk+2 DWk+1 DWk

DWk+1 DWk DWk−1

DWk DWk−1 DWk−2

∣∣∣∣∣∣∣∣∣ = 4
k

∣∣∣∣∣∣∣∣∣
DW2 DW1 DW0

DW1 DW0 DW−1
DW0 DW−1 DW−2

∣∣∣∣∣∣∣∣∣ .
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For n = k + 1, we get∣∣∣∣∣∣∣∣∣
DWk+3 DWk+2 DWk+1

DWk+2 DWk+1 DWk

DWk+1 DWk DWk−1

∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣
5DWk+2 − 8DWk+1 + 4DWk DWk+2 DWk+1

5DWk+1 − 8DWk + 4DWk−1 DWk+1 DWk

5DWk − 8DWk−1 + 4DWk−2 DWk DWk−1

∣∣∣∣∣∣∣∣∣
= 5

∣∣∣∣∣∣∣∣∣
DWk+2 DWk+2 DWk+1

DWk+1 DWk+1 DWk

DWk DWk DWk−1

∣∣∣∣∣∣∣∣∣− 8
∣∣∣∣∣∣∣∣∣
DWk+1 DWk+2 DWk+1

DWk DWk+1 DWk

DWk−1 DWk DWk−1

∣∣∣∣∣∣∣∣∣
+4

∣∣∣∣∣∣∣∣∣
DWk DWk+2 DWk+1

DWk−1 DWk+1 DWk

DWk−2 DWk DWk−1

∣∣∣∣∣∣∣∣∣
= 4

∣∣∣∣∣∣∣∣∣
DWk+2 DWk+1 DWk

DWk+1 DWk DWk−1

DWk DWk−1 DWk−2

∣∣∣∣∣∣∣∣∣ = 4
k+1

∣∣∣∣∣∣∣∣∣
DW2 DW1 DW0

DW1 DW0 DW−1
DW0 DW−1 DW−2

∣∣∣∣∣∣∣∣∣ .
In the other case, if we take n < 0, the proof can be done similarly. Thus, the proof is

concluded. �
From theorem (3.4), we get the following corollary.

Corollary 3.1 (Simpson’s formula for dual generalized Woodall sequence’s special cases)

(a)

∣∣∣∣∣∣∣∣∣
DGk+2 DGk+1 DGk
DGk+1 DGk DGk−1
DGk DGk−1 DGk−2

∣∣∣∣∣∣∣∣∣ = −4
n−1(9 + 9ε).

(b)

∣∣∣∣∣∣∣∣∣
DHk+2 DHk+1 DHk

DHk+1 DHk DHk−1

DHk DHk−1 DHk−2

∣∣∣∣∣∣∣∣∣ = 0.

(c)

∣∣∣∣∣∣∣∣∣
DRk+2 DRk+1 DRk
DRk+1 DRk DRk−1
DRk DRk−1 DRk−2

∣∣∣∣∣∣∣∣∣ = 4
n−1(9 + 9ε).
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(d)

∣∣∣∣∣∣∣∣∣
DCk+2 DCk+1 DCk
DCk+1 DCk DCk−1
DCk DCk−1 DCk−2

∣∣∣∣∣∣∣∣∣ = −4
n−1(9 + 9ε).

Theorem 3.5 (Catalan’s identity) For all integers n and m, the following identity holds

DWn+mDWn−m−DW 2
n = 2

n−m(−2m+nm2α̂2A22+A2A3(−2m+1β̂γ̂+ β̂γ̂+22mβ̂γ̂−mα̂γ̂+

nα̂γ̂ − 2m+1nα̂γ̂ + 22mmα̂γ̂ + 22mnα̂γ̂) + A1A3(α̂γ̂ − 2m+1α̂γ̂ + 22mα̂γ̂)).

Proof. Using Binet’s formula DWn = (A1α̂+A2β̂ +A2nα̂)2
n +A3γ̂, we get the required

identity. �
As special cases of the above theorem, we give Catalan’s identity of dual modifiedWoodall,

dual modified Cullen, dual Woodall and dual Cullen numbers. Firstly, we present Cata-

lan’s identity of dual Woodall numbers.

Corollary 3.2 (Catalan’s identity for the dual modified Woodall numbers) For all inte-

gers n and m, the following identity holds

DGn+mDGn−m−DG2n = −2n−m(α̂γ̂− β̂γ̂+22mα̂γ̂− 22mβ̂γ̂− 2m+1α̂γ̂+2m+1β̂γ̂+mα̂γ̂−

nα̂γ̂ + 2m+nm2α̂2 − 22mmα̂γ̂ − 22mnα̂γ̂ + 2m+1nα̂γ̂).

Proof. Take Wn = Gn in Theorem 3.5. �
Secondly, we give Catalan’s identity of dual modified Cullen numbers.

Corollary 3.3 (Catalan’s identity for the dual modified Cullen numbers) For all integers

n and m, the following identity holds

DHn+mDHn−m −DH2
n = 2

n−m(2α̂γ̂ + 2× 22mα̂γ̂ − 2× 2m+1α̂γ̂).

Proof. Take Wn = Hn in Theorem 3.5. �
Thirdly, we give Catalan’s identity of dual Woodall numbers.

Corollary 3.4 (Catalan’s identity for the dual Woodall numbers) For all integers n and

m, the following identity holds

DRn+mDRn−m − DR2n = −2n−m(β̂γ̂ + 22mβ̂γ̂ − 2m+1β̂γ̂ − mα̂γ̂ + nα̂γ̂ + 2m+nm2α̂2 +

22mmα̂γ̂ + 22mnα̂γ̂ − 2m+1nα̂γ̂).

Proof. Take Wn = Rn in Theorem 3.5. �
Fourthly, we give Catalan’s identity of dual Cullen numbers.

44



Corollary 3.5 (Catalan’s identity for the dual Cullen numbers) For all integers n and

m, the following identity holds

DCn+mDCn−m−DC2n = 2n−m(β̂γ̂+22mβ̂γ̂−2m+1β̂γ̂−mα̂γ̂+nα̂γ̂−2m+nm2α̂2+22mmα̂γ̂+

22mnα̂γ̂ − 2m+1nα̂γ̂).

Proof. Take Wn = Cn in Theorem 3.5. �

Note that form = 1 in Catalan’s identity, we get Cassini’s identity for the dual generalized

Woodall sequence.

Corollary 3.6 (Cassini’s identity) For all integers n, the following identity holds

DWn+1DWn−1 −DW 2
n = 2

n−1(A2A3(3α̂γ̂ + β̂γ̂ + nα̂γ̂)− 2n+1A22α̂2 + A1A3α̂γ̂).

As special cases of Cassini’s identity, we give Cassini’s identity of dual modified Woodall,

dual modified Cullen, dualWoodall and dual Cullen numbers. Firstly, we present Cassini’s

identity of dual modified Woodall numbers.

Corollary 3.7 (Cassini’s identity of dual modified Woodall numbers) For all integers n,

the following identity holds

DGn+1DGn−1 −DG2n = 2n−1(2α̂γ̂ + β̂γ̂ − 2n+1α̂2 + nα̂γ̂).

Secondly, we give Cassini’s identity of dual modified Cullen numbers.

Corollary 3.8 (Cassini’s identity of dual modified Cullen numbers) For all integers n,

the following identity holds

DHn+1DHn−1 −DH2
n = 2

nα̂γ̂.

Fourthly, we give Cassini’s identity of dual Woodall numbers.

Corollary 3.9 (Cassini’s identity of dual Woodall numbers) For all integers n, the fol-

lowing identity holds

DRn+1DRn−1 −DR2n = −2n−1(3α̂γ̂ + β̂γ̂ + 2n+1α̂2 + nα̂γ̂).

Thirdly, we give Cassini’s identity of dual Cullen numbers.
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Corollary 3.10 (Cassini’s identity of dual Cullen numbers) For all integers n, the fol-

lowing identity holds

DCn+1DCn−1 −DC2n = 2n−1(3α̂γ̂ + β̂γ̂ − 2n+1α̂2 + nα̂γ̂).

Theorem 3.6 For all integers m, n, Gn is woodall numbers, the following identity is

true:

DWn+m = DWnGm+1 +DWn−1(−8Gm + 4Gm−1) + 4DWn−2Gm. (3.9)

Proof. The identity (3.9) can be proved by mathematical induction on m. First of all, we

assume that m ≥ 0 and n ≥ 0. If m = 0 we get

DWn = DWnG1 +DWn−1(−8G0 + 4G−1) + 4DWn−2G0

which is true by seeing that G−1 = 0, G−2 = 1
4
, G−3 =

1
2
. We assume that the identity

given holds for m = k. For m = k + 1, we get

DWn+(k+1) = 5DWn+k − 8DWn+k−1 + 4DWn+k−2

= 5(DWnGk+1 +DWn−1(−8Gk + 4Gk−1) + 4DWn−2Gk)

−8(DWnGk +DWn−1(−8Gk−1 + 4Gk−2) + 4DWn−2Gk−1)

+4(DWnGk−1 +DWn−1(−8Gk−2 + 4Gk−3) + 4DWn−2Gk−2)

= DWn(5Gk+1 − 8Gk + 4Gk−1) +DWn−1(−8(5Gk − 8Gk−1 + 4Gk−2)

+4(5Gk−1 − 8Gk−2 + 4Gk−3)) + 4DWn−2(5Gk − 8Gk−1 + 4Gk−2)

= DWnGk+2 +DWn−1(−8Gk+1 + 4Gk) + 4DWn−2Gk+1

= DWnG(k+1)+1 +DWn−1(−8G(k+1) + 4G(k+1)−1) + 4DWn−2G(k+1).

Consequently, by mathematical induction on m, this proves (3.6). The other cases of

m,n can be proved similarly. �

3.3 LINEAR SUMS FOR DUAL GENERALIZED WOODALL NUMBERS

In this section, we present the summation formulas of the dual generalized Woodall

numbers with positive and negative subscripts.

Now, we give the formulas that give the summation of the dual generalized Woodall

numbers in the following theorem.
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Theorem 3.7 For n ≥ 0, dual generalized Woodall numbers have the following formulas:

(a)
∑n

k=0DWk = (3 + n− 3× 2n + 2nn+ 4ε+ εn− 2n+2ε+ 2n+1εn)W2 + (−11− 4n+

11× 2n− 3× 2nn− 15ε− 4εn+2n+4ε− 3× 2n+1εn)W1 + (9+ 4n− 2n+3 +2n+1n+

12ε+ 4εn− 3× 2n+2ε+ 2n+2εn)W0.

(b)
∑n

k=0DW2k = (16
9
+ n − 1

9
22n+4 + 1

3
22n+2n + 20

9
ε + εn − 5

9
22n+2ε + 1

3
22n+3εn)W2 +

(−20
3
− 4n+ 5

3
22n+2− 22n+2n− 25

3
ε+ 7

3
22n+2ε− 4εn− 22n+3εn)W1+ (

53
9
− 11

9
22n+2+

4n+ 1
3
22n+3n+ 64

9
ε− 1

9
22n+6ε+ 4εn+ 1

3
22n+4εn)W0.

(c)
∑n

k=0DW2k+1 = (
20
9
− 5

9
22n+2 + n+ 1

3
22n+3n+ 25

9
ε− 1

9
22n+4ε+ εn+ 1

3
22n+4εn)W2 +

(−25
3
+ 7

3
22n+2 − 4n− 22n+3n+ 1

3
22n+5ε− 32

3
ε− 4εn− 22n+4εn)W1 + (

64
9
− 1

9
22n+6 +

4n+ 1
3
22n+4n+ 80

9
ε− 5

9
22n+4ε+ 4εn+ 1

3
22n+5εn)W0.

Proof. It can be obtained by using Proposition 1.2 and Proposition 1.3.

(a) We can derive the following using the formulas in Proposition 1.2.
n∑
k=0

DWk =
n∑
k=0

Wk + ε
n∑
k=0

Wk+1.

n∑
k=0

DWk =
1

2
W2(2n− 2n+1(n− 1) + 2n+2(n− 2) + 6)

−1
2
W1(8n− 2n+1(3n− 5) + 2n+2(3n− 8) + 22)

+W0(4n− 2n+1(n− 2) + 2n+2(n− 3) + 9) + ε(
1

2
W2(2n

+2n+3(n− 1)− 2n+2n+ 8)− 1
2
W1(8n− 2n+2(3n− 2)

+2n+3(3n− 5) + 30) +W0(4n− 2n+2(n− 1)

+2n+3(n− 2) + 12)).

n∑
k=0

DWk = (3 + n− 3× 2n + 2nn+ 4ε+ εn− 2n+2ε+ 2n+1εn)W2

+(−11− 4n+ 11× 2n − 3× 2nn− 15ε− 4εn+ 2n+4ε

−3× 2n+1εn)W1 + (9 + 4n− 2n+3 + 2n+1n+ 12ε+ 4εn

−3× 2n+2ε+ 2n+2εn)W0.

The proof is finished. �
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(b) We can derive the following using the formulas in Proposition 1.3.
n∑
k=0

DW2k =
n∑
k=0

W2k + ε
n∑
k=0

W2k+1.

n∑
k=0

DW2k =
1

9
W0(36n− 22n+2(2n− 1) + 22n+4(2n− 3) + 53)

− 1
18
W1(72n− 22n+2(6n− 2) + 22n+4(6n− 8) + 120)

+
1

18
W2(18n+ 2

2n+4(2n− 2)− 2× 22n+2n+ 32)

+ε(
1

18
W2(18n− 22n+3(2n+ 1) + 22n+5(2n− 1) + 40)

− 1
18
W1(72n− 22n+3(6n+ 1) + 22n+5(6n− 5) + 150)

+
1

9
W0(36n+ 2

2n+5(2n− 2)− 2× 22n+3n+ 64)).

n∑
k=0

DW2k = (
16

9
+ n− 1

9
22n+4 +

1

3
22n+2n+

20

9
ε+ εn− 5

9
22n+2ε

+
1

3
22n+3εn)W2 + (−

20

3
− 4n+ 5

3
22n+2 − 22n+2n− 25

3
ε

+
7

3
22n+2ε− 4εn− 22n+3εn)W1 + (

53

9
− 11
9
22n+2 + 4n

+
1

3
22n+3n+

64

9
ε− 1

9
22n+6ε+ 4εn+

1

3
22n+4εn)W0.

The proof is completed. �

(c) We can derive the following using the formulas in Proposition 1.3.
n∑
k=0

DW2k+1 =
n∑
k=0

W2k+1 + ε
n∑
k=0

W2k+2.

n∑
k=0

DW2k+1 =
1

18
W2(18n− 22n+3(2n+ 1) + 22n+5(2n− 1) + 40)

− 1
18
W1(72n− 22n+3(6n+ 1) + 22n+5(6n− 5) + 150)

+
1

9
W0(36n+ 2

2n+5(2n− 2)− 2× 22n+3n+ 64)

+ε(
1

9
W0(36n− 22n+4(2n+ 1) + 22n+6(2n− 1) + 80)

− 1
18
W1(72n− 22n+4(6n+ 4) + 22n+6(6n− 2) + 192)

+
1

18
W2(18n− 22n+4(2n+ 2) + 2× 22n+6n+ 50)).
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n∑
k=0

DW2k+1 = (
20

9
− 5
9
22n+2 + n+

1

3
22n+3n+

25

9
ε− 1

9
22n+4ε+ εn

+
1

3
22n+4εn)W2 + (−

25

3
+
7

3
22n+2 − 4n− 22n+3n

+
1

3
22n+5ε− 32

3
ε− 4εn− 22n+4εn)W1 + (

64

9
− 1
9
22n+6

+4n+
1

3
22n+4n+

80

9
ε− 5

9
22n+4ε+ 4εn+

1

3
22n+5εn)W0.

The proof is finished. �

As a first special case of the above theorem, we have the following summation formulas

for dual Woodall numbers:

Corollary 3.11 For n ≥ 0, dual modified Woodall numbers have the following proper-

ties:

(a)
∑n

k=0DGk = 4 + n+ 2n+1n− 2n+2 + ε(5− 5× 2n+2 + n+ 2n+4 + 2n+2n).

(b)
∑n

k=0DG2k = 20
9
+ n+ 2

3
22n+2n+ 5

3
22n+2 − 5

9
22n+4 + ε(25

9
− 4

9
22n+2 + n+ 2

3
22n+3n).

(c)
∑n

k=0DG2k+1 = 25
9
+ n+ 2

3
22n+3n− 4

9
22n+2 + ε(29

9
− 5

9
22n+4 + 1

3
22n+5 + n+ 2

3
22n+4n).

As a second special case of the above theorem, we have the following summation formulas

for dual modified Cullen numbers:

Corollary 3.12 For n ≥ 0, dual modified Cullen numbers have the following properties:

(a)
∑n

k=0DHk = −1+n− 6× 2nn− 3× 2n+3+3× 2n+1n+28× 2n+ ε(−3− 18× 2n+2+

5× 2n+4 + n− 6× 2n+1n+ 3× 2n+2n).

(b)
∑n

k=0DH2k =
1
3
+ n− 22n+3n+ 22n+3n+ 14

3
22n+2 − 22n+4 + ε(−1

3
+ 20

3
22n+2 − 1

3
22n+6

+ n− 22n+4n+ 22n+4n).

(c)
∑n

k=0DH2k+1 = −1
3
+n−2×22n+3n+22n+4n+ 20

3
22n+2− 1

3
22n+6+ε(−5

3
− 8
3
22n+4+ 5

3
22n+5

+ n− 22n+5n+ 22n+5n).

As a third special case of the above theorem, we have the following summation formulas

for dual Woodall numbers:
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Corollary 3.13 For n ≥ 0, dual Woodall numbers have the following properties:

(a)
∑n

k=0DRk = 1−n+4× 2nn+2n+3− 2n+1n− 10× 2n+ ε(1− 2n+4+2n+4−n+2n+3

n− 2n+2n).

(b)
∑n

k=0DR2k = −1
9
−n+ 4

3
22n+2n− 1

3
22n+3n+ 26

9
22n+2− 7

9
22n+4+ε(1

9
−n− 14

9
22n+2+ 1

9
22n+6

+ 4
3
22n+3n− 1

3
22n+4n).

(c)
∑n

k=0DR2k+1 = 1
9
− n + 4

3
22n+3n − 1

3
22n+4n − 14

9
22n+2 + 1

9
22n+6 + ε(−1

9
+ 1

3
22n+5 −

2
9
22n+4 − n+ 4

3
22n+4n− 1

3
22n+5n).

As a fourth special case of the above theorem, we have the following summation formulas

for dual Cullen numbers:

Corollary 3.14 For n ≥ 0, dual Cullen numbers have the following properties.

(a)
∑n

k=0DCk = 3 + n− 2n+3 + 2n+1n+ 6× 2n + ε(3 + n+ 2n+2n).

(b)
∑n

k=0DC2k = 17
9
+ n+ 1

3
22n+3n− 2

9
22n+2 + ε(19

9
+ n+ 1

9
22n+3 + 1

3
22n+4n).

(c)
∑n

k=0DC2k+1 = 19
9
+ n+ 1

3
22n+4n+ 1

9
22n+3 + ε(17

9
+ 4

9
22n+4 + n+ 1

3
22n+5n).

Next, we introduce the formulas that give the summation of the dual generalized Woodall

numbers with negative subscripts in the following theorem.

Theorem 3.8 For n ≥ 0, dual generalized Woodall numbers have the following formulas:

(a)
∑n

k=0DW−k = (−2 + 2
2n
− 3ε+ n+ 3

2n
ε+ 1

2×2nn+ εn+ 1
2n
εn)W2 + (7− 7

2n
+ 12ε−

4n− 11
2n
ε− 3

2×2nn− 4εn−
3
2n
εn)W1 + (−4 + 5

2n
− 8ε+ 4n+ 8

2n
ε+ 1

2n
n+ 4εn+ 2

2n
εn

)W0.

(b)
∑n

k=0DW−2k = (−7
9
+ 7

9×22n −
11
9
ε+ n+ 11

9×22n ε+
1

3×22nn+ εn+ 2
3×22n εn)W2 + (

8
3
−

8
3×22n +

16
3
ε − 4n − 13

3×22n ε −
1
22n
n − 4εn − 2

22n
εn)W1 + (−8

9
+ 17

9×22n −
28
9
ε + 4n +

28
9×22n ε+

2
3×22nn+ 4εn+

4
3×22n εn)W0.

(c)
∑n

k=0DW−2k+1 = (−11
9
+ 11

9×22n −
7
9
ε+n+ 16

9×22n ε+
2

3×22nn+ εn+
4

3×22n εn)W2+(
16
3
−

13
3×22n +

20
3
ε − 4n − 20

3×22n ε −
2
22n
n − 4εn − 4

22n
εn)W1 + (−28

9
+ 28

9×22n −
44
9
ε + 4n +

44
9×22n ε+

4
3×22nn+ 4εn+

8
3×22n εn)W0.

50



Proof. It can be obtained by using Proposition 1.4 and Proposition 1.5.

(a) We can derive the following using the formulas in Proposition 1.4.

n∑
k=0

DW−k =
n∑
k=0

W−k + ε

n∑
k=0

W−k+1.

n∑
k=0

DW−k = 4W0(n+
1

2n+1
(n+ 4)− 1

2n+2
(n+ 3)− 1)

+2W1(
1

2n+2
(3n+ 8)− 2n− 1

2n+1
(3n+ 11) +

7

2
)

+2W2(
1

2
n+

1

2n+1
(n+ 3)− 1

2n+2
(n+ 2)− 1)

+ε(2W2(
1

2
n+

1

2n
(n+ 2)− 1

2n+1
(n+ 1)− 3

2
) + 4W0(n+

1

2n
(n+ 3)

− 1

2n+1
(n+ 2)− 2) + 2W1(

1

2n+1
(3n+ 5)− 2n− 1

2n
(3n+ 8) + 6)).

n∑
k=0

DW−k = (−2 + 2

2n
− 3ε+ n+

3

2n
ε+

1

2× 2nn+ εn+
1

2n
εn)W2

+(7− 7

2n
+ 12ε− 4n− 11

2n
ε− 3

2× 2nn− 4εn−
3

2n
εn)W1

+(−4 + 5

2n
− 8ε+ 4n+ 8

2n
ε+

1

2n
n+ 4εn+

2

2n
εn)W0.

This proves (a). We can prove (b) and (c) similar way. �

As a first special case of the above theorem, we have the following summation formulas

for dual modified Woodall numbers:

Corollary 3.15 For n ≥ 0, dual modified Woodall numbers have the following proper-

ties:

(a)
∑n

k=0DG−k = −3 + n+ n+3
2n
+ ε(−3 + n+ 2n+4

2n
).

(b)
∑n

k=0DG−2k = −11
9
+ n+ 11+6n

9×22n + ε(−7
9
+ n+ 16+12n

9×22n ).

(c)
∑n

k=0DG−2k+1 = −7
9
+ n+ 16+12n

9×22n + ε(25
9
+ n+ 20+24n

9×22n ).

As a second special case of the above theorem, we have the following summation formulas

for dual modified Cullen numbers:
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Corollary 3.16 For n ≥ 0, dual modified Cullen numbers have the following properties:

(a)
∑n

k=0DH−k = 5 + n− 2
2n
+ ε(9− 4

2n
+ n).

(b)
∑n

k=0DH−2k = 11
3
+ n− 2

3×22n + ε(19
3
− 4

3×22n + n).

(c)
∑n

k=0DH−2k+1 = 19
3
+ n− 4

3×22n + ε(35
3
− 8

3×22n + n).

As a third special case of the above theorem, we have the following summation formulas

for dual Woodall numbers:

Corollary 3.17 For n ≥ 0, dual Woodall numbers have the following properties:

(a)
∑n

k=0DR−k = −3− n+ 2+n
2n
+ ε(−1− n+ 2+2n

2n
).

(b)
∑n

k=0DR−2k = −17
9
− n+ 8+6n

9×22n + ε(−1
9
− n+ 10+12n

9×22n ).

(c)
∑n

k=0DR−2k+1 = −1
9
− n+ 10+12n

9×22n + ε(55
9
− n+ 8+24n

9×22n ).

As a fourth special case of the above theorem, we have the following summation formulas

for dual Cullen numbers:

Corollary 3.18 For n ≥ 0, dual Cullen numbers have the following properties:

(a)
∑n

k=0DC−k = −1 + n+ 2+n
2n
+ ε(1 + 2+2n

2n
+ n).

(b)
∑n

k=0DC−2k = 1
9
+ n+ 8+6n

9×22n + ε(17
9
+ 10+12n

9×22n + n).

(c)
∑n

k=0DC−2k+1 = 17
9
+ n+ 10+12n

9×22n + ε(73
9
+ 8+24n

9×22n + n).

3.4 MATRICES RELATEDTODUALGENERALIZEDWOODALL NUM-

BERS

In this section, we investigate matrices related to dual generalized Woodall numbers.

Now, {Gn} defined by the third-order recurrence relation as follows

Gn = 5Gn−1 − 8Gn−2 + 4Gn−3 with the initial conditions G0 = 0, G1 = 1, G2 = 5.
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We present the square matrix A of order 3 as

A =


5 −8 4

1 0 0

0 1 0


such that detA = 4. Then, we give the following Lemma.

Note that

An =


Gn+1 −8Gn + 4Gn−1 4Gn

Gn −8Gn−1 + 4Gn−2 4Gn−1

Gn−1 −8Gn−2 + 4Gn−3 4Gn−2

 .

For the proof see [60].

Lemma 3.9 For all integers n the following identity is true.


DWn+2

DWn+1

DWn

 =


5 −8 4

1 0 0

0 1 0


n
DW2

DW1

DW0

 .

Proof. First, we suppose that n ≥ 0. Lemma (3.9) can be given by mathematical

induction on n. If n = 0 we get


DW2

DW1

DW0

 =


5 −8 4

1 0 0

0 1 0


0
DW2

DW1

DW0


which is true. We assume that the identity given holds for n = k. Thus the following

identity is true.


DWk+2

DWk+1

DWk

 =


5 −8 4

1 0 0

0 1 0


k
DW2

DW1

DW0


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For n = k + 1, we get
5 −8 4

1 0 0

0 1 0


k+1

DW2

DW1

DW0

 =


5 −8 4

1 0 0

0 1 0



5 −8 4

1 0 0

0 1 0


k
DW2

DW1

DW0



=


5 −8 4

1 0 0

0 1 0



DWk+2

DWk+1

DWk



=


5DWk+2 − 8DWk+1 + 4DWk

DWk+2

DWk+1



=


DWk+3

DWk+2

DWk+1

 .

If we suppose that n < 0 the proof can be done similarly. Consequently, by mathematical

induction on n, the proof is completed. �

Theorem 3.10 If we define the matrices NDW and EDW as follow.

NDW =


DW2 DW1 DW0

DW1 DW0 DW−1
DW0 DW−1 DW−2

 , EDW =


DWn+2 DWn+1 DWn

DWn+1 DWn DWn−1

DWn DWn−1 DWn−2

 .

then the following identity is true:

AnNDW = EDW .

Proof. For the proof, we can use the following identities.

AnNDW =


Gn+1 −8Gn + 4Gn−1 4Gn

Gn −8Gn−1 + 4Gn−2 4Gn−1

Gn−1 −8Gn−2 + 4Gn−3 4Gn−2



DW2 DW1 DW0

DW1 DW0 DW−1
DW0 DW−1 DW−2

 ,

=


b11 b12 b13

b21 b22 b23

b31 b32 b33


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where

b11 = DW2Gn+1 +DW1 (−8Gn + 4Gn−1) +DW04Gn,

b12 = DW1Gn+1 +DW0 (−8Gn + 4Gn−1) +DW−14Gn,

b13 = DW0Gn+1 +DW−1 (−8Gn + 4Gn−1) +DW−24Gn,

b21 = DW2Gn +DW1 (−8Gn + 4Gn−1) +DW04Gn−1,

b22 = DW1Gn +DW0 (−8Gn + 4Gn−1) +DW−14Gn−1,

b23 = DW0Gn +DW−1 (−8Gn + 4Gn−1) +DW−24Gn−1,

b31 = DW2Gn−1 +DW1 (−8Gn + 4Gn−1) +DW04Gn−2,

b32 = DW1Gn−1 +DW0 (−8Gn + 4Gn−1) +DW−14Gn−2,

b33 = DW0Gn−1 +DW−1 (−8Gn + 4Gn−1) +DW−24Gn−2,

Using the Theorem (3.6) the proof is done. �

From Theorem (3.10), we can write the following corollary.

Corollary 3.19 We have the following identity.

(a) If we define NDG and EDG as follows.

NDG =


DG2 DG1 DG0
DG1 DG0 DG−1
DG0 DG−1 DG−2

 , EDG =


DGn+2 DGn+1 DGn
DGn+1 DGn DGn−1
DGn DGn−1 DGn−2

 ,

then we get

AnNDG = EDG.

(b) If we define NDH and EDH as follows.

NDH =


DH2 DH1 DH0

DH1 DH0 DH−1
DH0 DH−1 DH−2

 , EDH =


DHn+2 DHn+1 DHn

DHn+1 DHn DHn−1

DHn DHn−1 DHn−2

 ,

then we get

AnNDH = EDH .
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(c) If we define NDR and EDR as follows.

NDR =


DR2 DR1 DR0
DR1 DR0 DR−1
DR0 DR−1 DR−2

 , EDR =


DRn+2 DRn+1 DRn
DRn+1 DRn DRn−1
DRn DRn−1 DRn−2

 .

then we get

AnNDR = EDR.

(d) If we define NDC and EDC as follows.

NDC =


DC2 DC1 DC0
DC1 DC0 DC−1
DC0 DC−1 DC−2

 , EDC =


DCn+2 DCn+1 DCn
DCn+1 DCn DCn−1
DCn DCn−1 DCn−2

 ,

then we get

AnNDC = EDC .
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CHAPTER 4

HYPERBOLIC GENERALIZED WOODALL NUMBERS

In this chapter, we investigate hyperbolic generalized Woodall numbers. First, we define

these numbers, then we include some properties about these numbers. Our work which

is given in this chapter is original. This chapter was published as the journal, see [23].

4.1 DEFINITIONS AND PROPERTIES

We now define hyperbolic generalized Woodall numbers over H. The nth hyperbolic

generalized Woodall number is

HWn = Wn + jWn+1. (4.1)

with the initial values HW0, HW1, HW2. (4.1) can be written to negative subscripts by

defining,

HW−n = W−n + jW−n+1. (4.2)

So, identity (4.1) holds for all integers n.

The special cases of the nth hyperbolic generalized Woodall numbers are given as

HGn = Gn + jGn+1,

HHn = Hn + jHn+1,

HRn = Rn + jRn+1,

HCn = Cn + jCn+1.

Hence, using (4.1), for n ≥ 0, the following identity is true.

HWn = 5HWn−1 − 8HWn−2 + 4HWn−3. (4.3)

Using (4.2), the sequence {HWn}n≥0 can be written as

HW−n = −2HW−(n−1) −
5

4
HW−(n−2) +

1

4
HW−(n−3)
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for n = 1, 2, 3, ... respectively. Therefore, recurrence (4.3) holds for all integers n.

The few hyperbolic generalized Woodall numbers with positive subscript and negative

subscript are given in the following Table 4.1.

Table 4.1. A few hyperbolic generalized Woodall numbers.

n HWn HW−n
0 HW0 HW0

1 HW1
1
4
(8HW0 − 5HW1 +HW2)

2 HW2
1
4
(11HW0 − 9HW1 + 2HW2)

3 4HW0 − 8HW1 + 5HW2
1
16
(52HW0 − 47HW1 + 11HW2)

4 20HW0 − 36HW1 + 17HW2
1
16
(57HW0 − 54HW1 + 13HW2)

5 68HW0 − 116HW1 + 49HW2
1
64
(240HW0 − 233HW1 + 57HW2)

Note that

HW0 = W0 + jW1,

HW1 = W1 + jW2,

HW2 = W2 + jW3 = W2 + j(4W0 − 8W1 + 5W2).

For hyperbolic modified Woodall numbers (taking Wn = Gn, G0 = 0, G1 = 1, G2 = 5),

we get

HG0 = G0 + jG1 = j,

HG1 = G1 + jG2 = 1 + 5j,

HG2 = G2 + jG3 = 5 + 17j

and for hyperbolic modified Cullen numbers (taking Wn = Hn, H0 = 3, H1 = 5, H2 = 9),

we get

HH0 = H0 + jH1 = 3 + 5j,

HH1 = H1 + jH2 = 5 + 9j,

HH2 = H2 + jH3 = 9 + 17j

and for hyperbolic Woodall numbers (taking Wn = Rn, R0 = −1, R1 = 1, R2 = 7), we

get

HR0 = R0 + jR1 = −1 + j,

HR1 = R1 + jR2 = 1 + 7j,

HR2 = R2 + jR3 = 7 + 23j
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and for hyperbolic Cullen numbers (taking Wn = Cn, C0 = 1, C1 = 3, C2 = 9), we get

HC0 = C0 + jC1 = 1 + 3j,

HC1 = C1 + jC2 = 3 + 9j,

HC2 = C2 + jC3 = 9 + 25j.

A few hyperbolic modified Woodall numbers, hyperbolic modified Cullen numbers, hy-

perbolic Woodall numbers and hyperbolic Cullen numbers with positive subscript and

negative subscript are given in Table 4.2, Table 4.3, Table 4.4 and Table 4.5.

Table 4.2. Hyperbolic Modified Woodall Numbers

n HGn HG−n
0 j j

1 1 + 5j 0

2 5 + 17j 1
4

3 17 + 49j 1
2
+ 1

4
j

4 49 + 129j 11
16
+ 1

2
j

5 129 + 321j 13
16
+ 11

16
j

Table 4.3. Hyperbolic Modified Cullen Numbers

n HHn HH−n
0 3 + 5j 3 + 5j

1 5 + 9j 2 + 3j

2 9 + 17j 3
2
+ 3j

3 17 + 33j 5
4
+ 3

2
j

4 33 + 65j 9
8
+ 3

2
j

5 65 + 129j 17
16
+ 9

8
j

Table 4.4. Hyperbolic Woodall Numbers

n HRn HR−n
0 −1 + j −1 + j

1 1 + 7j −3
2
− j

2 7 + 23j −3
2
− 3

2
j

3 23 + 63j −11
8
− 3

2
j

4 63 + 159j −5
4
− 11

8
j

5 159 + 383j −37
32
− 5

4
j
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Table 4.5. Hyperbolic Cullen Numbers

n HCn HC−n
0 1 + 3j 1 + 3j

1 3 + 9j 1
2
+ j

2 9 + 25j 1
2
+ j

3 25 + 65j 5
8
+ 1

2
j

4 65 + 161j 3
4
+ 1

2
j

5 161 + 385j 27
32
+ 3

4
j

Now, we give Binet’s formula for the hyperbolic generalized Woodall numbers and in the

rest of the paper, we fix the following notations:

α̂ = 1 + 2j,

β̂ = 2j,

γ̂ = 1 + j.

Note that we have the following identities:

α̂2 = 5 + 4j,

β̂
2
= 4,

γ̂2 = 2 + 2j,

α̂β̂ = 4 + 2j,

α̂γ̂ = 3 + 3j,

β̂γ̂ = 2 + 2j,

α̂β̂γ̂ = 6 + 6j.

4.1.1 Binet’s Formula For Hyperbolic Generalized Woodall Numbers

Now, we give Binet’s formula in the following theorem.

Theorem 4.1 (Binet’s Formula) For any integer n, Binet’s formula of nth hyperbolic

generalized Woodall number is

HWn = (A1α̂ + A2β̂ + A2nα̂)2
n + A3γ̂. (4.4)
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Proof. Using Binet’s formula given below

Wn = (A1 + A2n)2
n + A3,

we obtain

HWn = Wn + jWn+1

= (A1 + A2n)2
n + A3 + j((A1 + A2(n+ 1))2

n+1 + A3)

= A12
n + A2n2

n + A3

+jA12
n+1 + jA2n2

n+1 + jA22
n+1 + jA3

= A12
n(1 + 2j) + A2n2

n(1 + 2j) + A22
n(2j) + A3(1 + j)

= A12
nα̂ + A2n2

nα̂ + A22
nβ̂ + A3γ̂

= (A1α̂ + A2β̂ + A2nα̂)2
n + A3γ̂.

This proves (4.4). �

As special cases, for any integer n, Binet’s Formula of nth hyperbolic modified Woodall

number, hyperbolic modified Cullen number, hyperbolic Woodall number and hyperbolic

Cullen number are

• HGn = (−α̂ + β̂ + nα̂)2n + γ̂,

HGn = 1 + (n− 1)2n + j(1 + n2n+1).

• HHn = (2α̂)2
n + γ̂,

HHn = 1 + 2
n+1 + j(1 + 2n+2).

• HRn = (β̂ + nα̂)2n − γ̂,

HRn = −1 + n2n + j(−1 + 2n+1 + n2n+1).

• HCn = (β̂ + nα̂)2n + γ̂,

HCn = 1 + n2n + j(1 + 2n+1 + n2n+1).

Next, we present the generating function of the hyperbolic generalized Woodall numbers

in the following theorem.
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4.1.2 Generating Function For Hyperbolic Generalized Woodall Numbers

Theorem 4.2 The generating function of the hyperbolic generalized Woodall numbers is
∞∑
n=0

HWnx
n =
HW0 + (HW1 − 5HW0)x+ (HW2 − 5HW1 + 8HW0)x

2

1− 5x+ 8x2 − 4x3 . (4.5)

Proof. Let

g(x) =
∞∑
n=0

HWnx
n

be generating function of the hyperbolic generalized Woodall numbers. Then, using the

definition of the hyperbolic generalized Woodall numbers, and subtracting xg(x), x2g(x)

and x3g(x) from g(x), we obtain (note the shift in the index n in the third line)

(1− 5x+ 8x2 − 4x3)g(x)

=
∞∑
n=0

HWnx
n − 5x

∞∑
n=0

HWnx
n + 8x2

∞∑
n=0

HWnx
n − 4x3

∞∑
n=0

HWnx
n

=
∞∑
n=0

HWnx
n − 5

∞∑
n=0

HWnx
n+1 + 8

∞∑
n=0

HWnx
n+2 − 4

∞∑
n=0

HWnx
n+3

=
∞∑
n=0

HWnx
n − 5

∞∑
n=1

HWn−1x
n + 8

∞∑
n=2

HWn−2x
n − 4

∞∑
n=3

HWn−3x
n

= (HW0 +HW1x+HW2x
2)− 5(HW0x+HW1x

2) + 8HW0x
2

+
∞∑
n=3

(HWn − 5HWn−1 + 8HWn−2 − 4HWn−3)x
n

= HW0 + (HW1 − 5HW0)x+ (HW2 − 5HW1 + 8HW0)x
2.

Note that, we have the recurrence relation HWn = 5HWn−1 − 8HWn−2 + 4HWn−3.

Rearranging the above equation, we get

g(x) =
HW0 + (HW1 − 5HW0)x+ (HW2 − 5HW1 + 8HW0)x

2

1− 5x+ 8x2 − 4x3 .

The proof is finished. �
As special cases, the generating functions for the hyperbolic modified Woodall, hyperbolic

modified Cullen, hyperbolic Woodall and hyperbolic Cullen numbers are
∞∑
n=0

HGnxn =
j + x

1− 5x+ 8x2 − 4x3 ,

∞∑
n=0

HHnx
n =

5j + 3 + (−16j − 10)x+ (12j + 8)x2
1− 5x+ 8x2 − 4x3 ,

∞∑
n=0

HRnxn =
−1 + j + (2j + 6)x+ (−4j − 6)x2

1− 5x+ 8x2 − 4x3
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and

∞∑
n=0

HCnxn =
3j + 1 + (−6j − 2)x+ (4j + 2)x2

1− 5x+ 8x2 − 4x3

respectively.

Now, we obtain Binet’s formula of hyperbolic generalized Woodall number {HWn} by

the use of generating function for HWn.

Theorem 4.3 (The Binet’s formula of hyperbolic generalized Woodall numbers)

HWn = (A1α̂ + A2β̂ + A2nα̂)2
n + A3γ̂. (4.6)

Proof. Let

∞∑
n=0

HWnx
n =
HW0 + (HW1 − 5HW0)x+ (HW2 − 5HW1 + 8HW0)x

2

1− 5x+ 8x2 − 4x3 .

Then, we write

HW0 + (HW1 − 5HW0)x+ (HW2 − 5HW1 + 8HW0)x
2

(1− x) (1− 2x)2
=

d1
(1− x)+

d2
(1− 2x)+

d3

(1− 2x)2
.

(4.7)

So,

HW0 + (HW1 − 5HW0)x+ (HW2 − 5HW1 + 8HW0)x
2 = (d1 + d2 + d3) + (−4d1 − 3d2 −

d3)x+ (4d1 + 2d2)x
2.

We get

HW0 = d1 + d2 + d3,

HW1 − 5HW0 = −4d1 − 3d2 − d3,

HW2 − 5HW1 + 8HW0 = 4d1 + 2d2.

If we solve this simultaneous equation, we obtain

d1 = 4HW0 − 4HW1 +HW2,

d2 = −4HW0 +
11

2
HW1 −

3

2
HW2,

d3 = HW0 −
3

2
HW1 +

1

2
HW2.
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Thus, (4.7) can be written as
∞∑
n=0

HWnx
n = d1

1

(1− x) + d2
1

(1− 2x) + d3
1

(2x− 1)2
,

= d1

∞∑
n=0

xn + d2

∞∑
n=0

2nxn + d3

∞∑
n=0

2n(n+ 1)xn,

=

∞∑
n=0

(d1 + d22
n + d32

n(n+ 1))xn,

=

∞∑
n=0

(4HW0 − 4HW1 +HW2 + (−4HW0 +
11

2
HW1 −

3

2
HW2)2

n

+(HW0 −
3

2
HW1 +

1

2
HW2)2

n(n+ 1))xn,

=
∞∑
n=0

(4HW0 − 4HW1 +HW2 + (−4HW0 +
11

2
HW1 −

3

2
HW2)2

n

+(HW0 −
3

2
HW1 +

1

2
HW2)2

n + (HW0 −
3

2
HW1 +

1

2
HW2)2

nn)xn,

=
∞∑
n=0

(4HW0 − 4HW1 +HW2 + (HW0 −
3

2
HW1 +

1

2
HW2)n2

n

+(−3HW0 + 4HW1 −HW2)2
n)xn,

=
∞∑
n=0

((−3HW0 + 4HW1 −HW2) + (HW0 −
3

2
HW1 +

1

2
HW2)n)2

n

+4HW0 − 4HW1 +HW2)x
n.

This gives

HWn = (HA1 +HA2n)2n +HA3

where

HA1 = −3HW0 + 4HW1 −HW2,

HA2 = HW0 −
3

2
HW1 +

1

2
HW2,

HA3 = 4HW0 − 4HW1 +HW2.

Note that the following equalities are true:

A1α̂ + A2β̂ = (−W2 + 4W1 − 3W0)(1 + 2j) + (
W2 − 3W1 + 2W0

2
)(2j)

= −3W0 + 4W1 −W2 + j(−4W0 + 5W1 −W2).

A2α̂ =
W2 − 3W1 + 2W0

2
(1 + 2j)

= W0 −
3

2
W1 +

1

2
W2 + j(2W0 − 3W1 +W2).
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A3γ̂ = W2 − 4W1 + 4W0 + j(W2 − 4W1 + 4W0).

Therefore, we can write the following equality:

HWn = (A1α̂ + A2β̂ + A2nα̂)2
n + A3γ̂.

The proof is finished. �

Next, using Theorem 4.3, we present Binet’s formulas of hyperbolic modified Woodall,

hyperbolic modified Cullen, hyperbolic Woodall and hyperbolic Cullen numbers.

4.2 SOME IDENTITIES FORHYPERBOLICGENERALIZEDWOODALL

NUMBERS

We now investigate a few special identities for the hyperbolic generalized Woodall se-

quence {HWn}. The following theorem presents Simpson’s identity for the hyperbolic

generalized Woodall numbers.

Theorem 4.4 (The Simpson’s formula of hyperbolic generalized Woodall sequence)For

all integers n we have

∣∣∣∣∣∣∣∣∣
HWn+2 HWn+1 HWn

HWn+1 HWn HWn−1

HWn HWn−1 HWn−2

∣∣∣∣∣∣∣∣∣ = 4
n

∣∣∣∣∣∣∣∣∣
HW2 HW1 HW0

HW1 HW0 HW−1
HW0 HW−1 HW−2

∣∣∣∣∣∣∣∣∣ . (4.8)

Proof. First, we assume that n ≥ 0. For the proof, we use mathematical induction on n.

For n = 0 identity (4.8) is true. Now, we take identity (4.8) is true for n = k. Hence, we

write the following identity

∣∣∣∣∣∣∣∣∣
HWk+2 HWk+1 HWk

HWk+1 HWk HWk−1

HWk HWk−1 HWk−2

∣∣∣∣∣∣∣∣∣ = 4
k

∣∣∣∣∣∣∣∣∣
HW2 HW1 HW0

HW1 HW0 HW−1
HW0 HW−1 HW−2

∣∣∣∣∣∣∣∣∣ .
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For n = k + 1, we get∣∣∣∣∣∣∣∣∣
HWk+3 HWk+2 HWk+1

HWk+2 HWk+1 HWk

HWk+1 HWk HWk−1

∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣
5HWk+2 − 8HWk+1 + 4HWk HWk+2 HWk+1

5HWk+1 − 8HWk + 4HWk−1 HWk+1 HWk

5HWk − 8HWk−1 + 4HWk−2 HWk HWk−1

∣∣∣∣∣∣∣∣∣
= 5

∣∣∣∣∣∣∣∣∣
HWk+2 HWk+2 HWk+1

HWk+1 HWk+1 HWk

HWk HWk HWk−1

∣∣∣∣∣∣∣∣∣− 8
∣∣∣∣∣∣∣∣∣
HWk+1 HWk+2 HWk+1

HWk HWk+1 HWk

HWk−1 HWk HWk−1

∣∣∣∣∣∣∣∣∣
+4

∣∣∣∣∣∣∣∣∣
HWk HWk+2 HWk+1

HWk−1 HWk+1 HWk

HWk−2 HWk HWk−1

∣∣∣∣∣∣∣∣∣
= 4

∣∣∣∣∣∣∣∣∣
HWk+2 HWk+1 HWk

HWk+1 HWk HWk−1

HWk HWk−1 HWk−2

∣∣∣∣∣∣∣∣∣ = 4
k+1

∣∣∣∣∣∣∣∣∣
HW2 HW1 HW0

HW1 HW0 HW−1
HW0 HW−1 HW−2

∣∣∣∣∣∣∣∣∣ .
The other case (for n < 0) can be done similarly. Thus, the proof is finished. �
From theorem (4.4), we get the following corollary.

Corollary 4.1 (Simpson’s formula of hyperbolic generalized Woodall sequence’s special

cases)

(a)

∣∣∣∣∣∣∣∣∣
HGk+2 HGk+1 HGk
HGk+1 HGk HGk−1
HGk HGk−1 HGk−2

∣∣∣∣∣∣∣∣∣ = −4
n−1(9 + 9j).

(b)

∣∣∣∣∣∣∣∣∣
HHk+2 HHk+1 HHk

HHk+1 HHk HHk−1

HHk HHk−1 HHk−2

∣∣∣∣∣∣∣∣∣ = 0.

(c)

∣∣∣∣∣∣∣∣∣
HRk+2 HRk+1 HRk
HRk+1 HRk HRk−1
HRk HRk−1 HRk−2

∣∣∣∣∣∣∣∣∣ = 4
n−1(9 + 9j).
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(d)

∣∣∣∣∣∣∣∣∣
HCk+2 HCk+1 HCk
HCk+1 HCk HCk−1
HCk HCk−1 HCk−2

∣∣∣∣∣∣∣∣∣ = −4
n−1(9 + 9j).

Theorem 4.5 (Catalan’s identity) For all integers n and m, the following identity holds

HWn+mHWn−m−HW 2
n = 2

n−m(−2m+nm2α̂2A22+A2A3(−2m+1β̂γ̂+ β̂γ̂+22mβ̂γ̂−mα̂γ̂+

nα̂γ̂ − 2m+1nα̂γ̂ + 22mmα̂γ̂ + 22mnα̂γ̂) + A1A3(α̂γ̂ − 2m+1α̂γ̂ + 22mα̂γ̂)).

Proof. Using Binet’s formula HWn = (A1α̂+A2β̂ +A2nα̂)2
n +A3γ̂, we get the required

identity. �
As special cases of the above theorem, we give Catalan’s identity of hyperbolic modified

Woodall, hyperbolic modified Cullen, hyperbolic Woodall and hyperbolic Cullen numbers.

Firstly, we present Catalan’s identity of hyperbolic Woodall numbers.

Corollary 4.2 (Catalan’s identity for the hyperbolic modified Woodall numbers) For all

integers n and m, the following identity holds

HGn+mHGn−m −HG2n = −2n−m(α̂γ̂ − β̂γ̂ + 22mα̂γ̂ − 22mβ̂γ̂ − 2m+1α̂γ̂ + 2m+1β̂γ̂

+mα̂γ̂ − nα̂γ̂ + 2m+nm2α̂2 − 22mmα̂γ̂ − 22mnα̂γ̂

+2m+1nα̂γ̂).

Proof. Take Wn = Gn in Theorem 4.5. �
Secondly, we give Catalan’s identity of hyperbolic modified Cullen numbers.

Corollary 4.3 (Catalan’s identity for the hyperbolic modified Cullen numbers) For all

integers n and m, the following identity holds

HHn+mHHn−m −HH2
n = 2

n−m(2α̂γ̂ + 2× 22mα̂γ̂ − 2× 2m+1α̂γ̂).

Proof. Take Wn = Hn in Theorem 4.5. �
Thirdly, we give Catalan’s identity of hyperbolic Woodall numbers.

Corollary 4.4 (Catalan’s identity for the hyperbolic Woodall numbers) For all integers

n and m, the following identity holds

HRn+mHRn−m −HR2n = −2n−m(β̂γ̂ + 22mβ̂γ̂ − 2m+1β̂γ̂ −mα̂γ̂ + nα̂γ̂ + 2m+nm2α̂2

+22mmα̂γ̂ + 22mnα̂γ̂ − 2m+1nα̂γ̂).
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Proof. Take Wn = Rn in Theorem 4.5. �
Fourthly, we give Catalan’s identity of hyperbolic Cullen numbers.

Corollary 4.5 (Catalan’s identity for the hyperbolic Cullen numbers) For all integers n

and m, the following identity holds

HCn+mHCn−m −HC2n = 2n−m(β̂γ̂ + 22mβ̂γ̂ − 2m+1β̂γ̂ −mα̂γ̂ + nα̂γ̂ − 2m+nm2α̂2

+22mmα̂γ̂ + 22mnα̂γ̂ − 2m+1nα̂γ̂).

Proof. Take Wn = Cn in Theorem 4.5. �
Note that for m = 1 in Catalan’s identity, we get Cassini’s identity for the hyperbolic

generalized Woodall sequence.

Corollary 4.6 (Cassini’s identity) For all integers n, the following identity holds

HWn+1HWn−1 −HW 2
n = 2

n−1(A2A3(3α̂γ̂ + β̂γ̂ + nα̂γ̂)− 2n+1A22α̂2 + A1A3α̂γ̂).

As special cases of Cassini’s identity, we give Cassini’s identity of hyperbolic modified

Woodall, hyperbolic modified Cullen, hyperbolic Woodall and hyperbolic Cullen numbers.

Firstly, we present Cassini’s identity of hyperbolic modified Woodall numbers.

Corollary 4.7 (Cassini’s identity of hyperbolic modified Woodall numbers) For all inte-

gers n, the following identity holds

HGn+1HGn−1 −HG2n = 2n−1(2α̂γ̂ + β̂γ̂ − 2n+1α̂2 + nα̂γ̂).

Secondly, we give Cassini’s identity of hyperbolic modified Cullen numbers.

Corollary 4.8 (Cassini’s identity of hyperbolic modified Cullen numbers) For all integers

n, the following identity holds

HHn+1HHn−1 −HH2
n = 2

nα̂γ̂.

Fourth, we give Cassini’s identity of hyperbolic Woodall numbers.

Corollary 4.9 (Cassini’s identity of hyperbolic Woodall numbers) For all integers n, the

following identity holds

HRn+1HRn−1 −HR2n = −2n−1(3α̂γ̂ + β̂γ̂ + 2n+1α̂2 + nα̂γ̂).

Thirdly, we give Cassini’s identity of hyperbolic Cullen numbers.
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Corollary 4.10 (Cassini’s identity of hyperbolic Cullen numbers) For all integers n, the

following identity holds

HCn+1HCn−1 −HC2n = 2n−1(3α̂γ̂ + β̂γ̂ − 2n+1α̂2 + nα̂γ̂).

Theorem 4.6 For all integers m, n, Gn is woodall numbers, the following identity is

true:

HWn+m = HWnGm+1 +HWn−1(−8Gm + 4Gm−1) + 4HWn−2Gm. (4.9)

Proof. The identity (4.9) can be proved by mathematical induction on m. First, we

assume that m ≥ 0 and n ≥ 0. If m = 0 we get

HWn = HWnG1 +HWn−1(−8G0 + 4G−1) + 4HWn−2G0

which is true by seeing that G−1 = 0, G−2 = 1
4
, G−3 =

1
2
. We assume that the identity

given holds for m = k. For m = k + 1, we get

HWn+(k+1) = 5HWn+k − 8HWn+k−1 + 4HWn+k−2

= 5(HWnGk+1 +HWn−1(−8Gk + 4Gk−1) + 4HWn−2Gk)

−8(HWnGk +HWn−1(−8Gk−1 + 4Gk−2) + 4HWn−2Gk−1)

+4(HWnGk−1 +HWn−1(−8Gk−2 + 4Gk−3) + 4HWn−2Gk−2)

= HWn(5Gk+1 − 8Gk + 4Gk−1) +HWn−1(−8(5Gk − 8Gk−1 + 4Gk−2)

+4(5Gk−1 − 8Gk−2 + 4Gk−3)) + 4HWn−2(5Gk − 8Gk−1 + 4Gk−2)

= HWnGk+2 +HWn−1(−8Gk+1 + 4Gk) + 4HWn−2Gk+1

= HWnG(k+1)+1 +HWn−1(−8G(k+1) + 4G(k+1)−1) + 4HWn−2G(k+1).

Consequently, by mathematical induction on m, this proves (4.6). Similarly, we can show

for the other cases. �

4.3 LINEAR SUMS FORHYPERBOLICGENERALIZEDWOODALLNUM-

BERS

In this section, we investigate the summation formulas of the hyperbolic generalized

Woodall numbers with positive and negative subscripts.

Now, we present the formulas that give the summation of the hyperbolic generalized

Woodall numbers in the following theorem.
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Theorem 4.7 For n ≥ 0, hyperbolic generalized Woodall numbers have the following

formulas:

(a)
∑n

k=0HWk = (3 + n− 3× 2n + 2nn+ 4j + jn− 2n+2j + 2n+1jn)W2 + (−11− 4n+

11× 2n− 3× 2nn− 15j − 4jn+2n+4j − 3× 2n+1jn)W1+ (9+ 4n− 2n+3+2n+1n+

12j + 4jn− 3× 2n+2j + 2n+2jn)W0.

(b)
∑n

k=0HW2k = (16
9
+ n − 1

9
22n+4 + 1

3
22n+2n + 20

9
j + jn − 5

9
22n+2j + 1

3
22n+3jn)W2 +

(−20
3
− 4n+ 5

3
22n+2− 22n+2n− 25

3
j + 7

3
22n+2j − 4jn− 22n+3jn)W1+ (

53
9
− 11

9
22n+2+

4n+ 1
3
22n+3n+ 64

9
j − 1

9
22n+6j + 4jn+ 1

3
22n+4jn)W0.

(c)
∑n

k=0HW2k+1 = (
20
9
− 5

9
22n+2 + n+ 1

3
22n+3n+ 25

9
j − 1

9
22n+4j + jn+ 1

3
22n+4jn)W2 +

(−25
3
+ 7

3
22n+2 − 4n− 22n+3n+ 1

3
22n+5j − 32

3
j − 4jn− 22n+4jn)W1 + (

64
9
− 1

9
22n+6 +

4n+ 1
3
22n+4n+ 80

9
j − 5

9
22n+4j + 4jn+ 1

3
22n+5jn)W0.

Proof. It can be obtained by using Proposition 1.2 and Proposition 1.3.

(a) We can derive the following using the formulas in Proposition 1.2.
n∑
k=0

HWk =
n∑
k=0

Wk + j
n∑
k=0

Wk+1.

n∑
k=0

HWk =
1

2
W2(2n− 2n+1(n− 1) + 2n+2(n− 2) + 6)−

1

2
W1(8n

−2n+1(3n− 5) + 2n+2(3n− 8) + 22) +W0(4n− 2n+1(n− 2)

+2n+2(n− 3) + 9) + j(
1

2
W2(2n+ 2

n+3(n− 1)− 2n+2n+ 8)

−1
2
W1(8n− 2n+2(3n− 2) + 2n+3(3n− 5) + 30) +W0(4n

−2n+2(n− 1) + 2n+3(n− 2) + 12)).

n∑
k=0

HWk = (3 + n− 3× 2n + 2nn+ 4j + jn− 2n+2j + 2n+1jn)W2

+(−11− 4n+ 11× 2n − 3× 2nn− 15j − 4jn+ 2n+4j

−3× 2n+1jn)W1 + (9 + 4n− 2n+3 + 2n+1n+ 12j + 4jn

−3× 2n+2j + 2n+2jn)W0.

The proof is finished. �
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(b) We can derive the following using the formulas in Proposition 1.3.

n∑
k=0

HW2k =

n∑
k=0

W2k + j
n∑
k=0

W2k+1.

n∑
k=0

HW2k =
1

9
W0(36n− 22n+2(2n− 1) + 22n+4(2n− 3) + 53)−

1

18
W1(72n

−22n+2(6n− 2) + 22n+4(6n− 8) + 120) + 1

18
W2(18n

+22n+4(2n− 2)− 2× 22n+2n+ 32) + j(
1

18
W2(18n− 22n+3(2n+ 1)

+22n+5(2n− 1) + 40)− 1

18
W1(72n− 22n+3(6n+ 1) + 22n+5(6n− 5)

+150) +
1

9
W0(36n+ 2

2n+5(2n− 2)− 2× 22n+3n+ 64)).

n∑
k=0

HW2k = (
16

9
+ n− 1

9
22n+4 +

1

3
22n+2n+

20

9
j + jn− 5

9
22n+2j +

1

3
22n+3jn)W2

+(−20
3
− 4n+ 5

3
22n+2 − 22n+2n− 25

3
j +

7

3
22n+2j − 4jn

−22n+3jn)W1 + (
53

9
− 11
9
22n+2 + 4n+

1

3
22n+3n+

64

9
j − 1

9
22n+6j

+4jn+
1

3
22n+4jn)W0.

The proof is completed. �

(c) We can derive the following using the formulas in Proposition 1.3.

n∑
k=0

HW2k+1 =
n∑
k=0

W2k+1 + j
n∑
k=0

W2k+2.

n∑
k=0

HW2k+1 =
1

18
W2(18n− 22n+3(2n+ 1) + 22n+5(2n− 1) + 40)

− 1
18
W1(72n− 22n+3(6n+ 1) + 22n+5(6n− 5) + 150)

+
1

9
W0(36n+ 2

2n+5(2n− 2)− 2× 22n+3n+ 64)

+j(
1

9
W0(36n− 22n+4(2n+ 1) + 22n+6(2n− 1) + 80)

− 1
18
W1(72n− 22n+4(6n+ 4) + 22n+6(6n− 2) + 192)

+
1

18
W2(18n− 22n+4(2n+ 2) + 2× 22n+6n+ 50)).
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n∑
k=0

HW2k+1 = (
20

9
− 5
9
22n+2 + n+

1

3
22n+3n+

25

9
j − 1

9
22n+4j + jn

+
1

3
22n+4jn)W2 + (−

25

3
+
7

3
22n+2 − 4n− 22n+3n+ 1

3
22n+5j

−32
3
j − 4jn− 22n+4jn)W1 + (

64

9
− 1
9
22n+6 + 4n+

1

3
22n+4n

+
80

9
j − 5

9
22n+4j + 4jn+

1

3
22n+5jn)W0.

The proof is finished. �

As a first special case of the above theorem, we have the following summation formulas

for hyperbolic Woodall numbers:

Corollary 4.11 For n ≥ 0, hyperbolic modified Woodall numbers have the following

properties:

(a)
∑n

k=0HGk = 4 + n+ 2n+1n− 2n+2 + j(5− 5× 2n+2 + n+ 2n+4 + 2n+2n).

(b)
∑n

k=0HG2k = 20
9
+ n+ 2

3
22n+2n+ 5

3
22n+2 − 5

9
22n+4 + j(25

9
− 4

9
22n+2 + n+ 2

3
22n+3n).

(c)
∑n

k=0HG2k+1 = 25
9
+ n+ 2

3
22n+3n− 4

9
22n+2 + j(29

9
− 5

9
22n+4 + 1

3
22n+5 + n+ 2

3
22n+4n).

As a second special case of the above theorem, we have the following summation formulas

for hyperbolic modified Cullen numbers:

Corollary 4.12 For n ≥ 0, hyperbolic modified Cullen numbers have the following prop-

erties:

(a)
∑n

k=0HHk = −1+n− 6× 2nn− 3× 2n+3+3× 2n+1n+28× 2n+ j(−3− 18× 2n+2+

5× 2n+4 + n− 6× 2n+1n+ 3× 2n+2n).

(b)
∑n

k=0HH2k =
1
3
+ n− 22n+3n+ 22n+3n+ 14

3
22n+2 − 22n+4 + j(−1

3
+ 20

3
22n+2 − 1

3
22n+6

+ n− 22n+4n+ 22n+4n).

(c)
∑n

k=0HH2k+1 = −1
3
+n−2×22n+3n+22n+4n+ 20

3
22n+2− 1

3
22n+6+j(−5

3
− 8
3
22n+4+ 5

3
22n+5

+ n− 22n+5n+ 22n+5n).

As a third special case of the above theorem, we have the following summation formulas

for hyperbolic Woodall numbers:
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Corollary 4.13 For n ≥ 0, hyperbolic Woodall numbers have the following properties:

(a)
∑n

k=0HRk = 1−n+4× 2nn+2n+3− 2n+1n− 10× 2n+ j(1− 2n+4+2n+4−n+2n+3

n− 2n+2n).

(b)
∑n

k=0HR2k = −1
9
−n+ 4

3
22n+2n− 1

3
22n+3n+ 26

9
22n+2− 7

9
22n+4+j(1

9
−n− 14

9
22n+2+ 1

9
22n+6

+ 4
3
22n+3n− 1

3
22n+4n).

(c)
∑n

k=0HR2k+1 = 1
9
− n + 4

3
22n+3n − 1

3
22n+4n − 14

9
22n+2 + 1

9
22n+6 + j(−1

9
+ 1

3
22n+5 −

2
9
22n+4 − n+ 4

3
22n+4n− 1

3
22n+5n).

As a fourth special case of the above theorem, we have the following summation formulas

for hyperbolic Cullen numbers:

Corollary 4.14 For n ≥ 0, hyperbolic Cullen numbers have the following properties.

(a)
∑n

k=0HCk = 3 + n− 2n+3 + 2n+1n+ 6× 2n + j(3 + n+ 2n+2n).

(b)
∑n

k=0HC2k = 17
9
+ n+ 1

3
22n+3n− 2

9
22n+2 + j(19

9
+ n+ 1

9
22n+3 + 1

3
22n+4n).

(c)
∑n

k=0HC2k+1 = 19
9
+ n+ 1

3
22n+4n+ 1

9
22n+3 + j(17

9
+ 4

9
22n+4 + n+ 1

3
22n+5n).

We next introduce the formulas that allow us to find the sum of hyperbolic generalized

Woodall numbers with negative subscripts in the following theorem.

Theorem 4.8 For n ≥ 0, hyperbolic generalized Woodall numbers have the following

formulas:

(a)
∑n

k=0HW−k = (−2 + 2
2n
− 3j + n+ 3

2n
j + 1

2×2nn+ jn+ 1
2n
jn)W2 + (7− 7

2n
+ 12j −

4n− 11
2n
j − 3

2×2nn− 4jn−
3
2n
jn)W1 + (−4 + 5

2n
− 8j + 4n+ 8

2n
j + 1

2n
n+ 4jn+ 2

2n
jn

)W0.

(b)
∑n

k=0HW−2k = (−7
9
+ 7

9×22n −
11
9
j + n+ 11

9×22n j +
1

3×22nn+ jn+
2

3×22n jn)W2 + (
8
3
−

8
3×22n +

16
3
j − 4n − 13

3×22n j −
1
22n
n − 4jn − 2

22n
jn)W1 + (−8

9
+ 17

9×22n −
28
9
j + 4n +

28
9×22n j +

2
3×22nn+ 4jn+

4
3×22n jn)W0.
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(c)
∑n

k=0HW−2k+1 = (−11
9
+ 11

9×22n −
7
9
j+n+ 16

9×22n j+
2

3×22nn+ jn+
4

3×22n jn)W2+(
16
3
−

13
3×22n +

20
3
j − 4n − 20

3×22n j −
2
22n
n − 4jn − 4

22n
jn)W1 + (−28

9
+ 28

9×22n −
44
9
j + 4n +

44
9×22n j +

4
3×22nn+ 4jn+

8
3×22n jn)W0.

Proof. It can be obtained by using Proposition 1.4 and Proposition 1.5.

(a) We can derive the following using the formulas in Proposition 1.4.

n∑
k=0

HW−k =
n∑
k=0

W−k + j
n∑
k=0

W−k+1.

n∑
k=0

HW−k = 4W0(n+
1

2n+1
(n+ 4)− 1

2n+2
(n+ 3)− 1)

+2W1(
1

2n+2
(3n+ 8)− 2n− 1

2n+1
(3n+ 11) +

7

2
)

+2W2(
1

2
n+

1

2n+1
(n+ 3)− 1

2n+2
(n+ 2)− 1)

+j(2W2(
1

2
n+

1

2n
(n+ 2)− 1

2n+1
(n+ 1)− 3

2
)

+4W0(n+
1

2n
(n+ 3)− 1

2n+1
(n+ 2)− 2)

+2W1(
1

2n+1
(3n+ 5)− 2n− 1

2n
(3n+ 8) + 6)).

n∑
k=0

HW−k = (−2 + 2

2n
− 3j + n+

3

2n
j +

1

2× 2nn+ jn

+
1

2n
jn)W2 + (7−

7

2n
+ 12j − 4n− 11

2n
j − 3

2× 2nn

−4jn− 3

2n
jn)W1 + (−4 +

5

2n
− 8j + 4n+ 8

2n
j

+
1

2n
n+ 4jn+

2

2n
jn)W0.

This proves (a). We can be proved (b) and (c) similarly way using Proposition 1.5.

�

As a first special case of the above theorem, we have the following summation formulas

for hyperbolic modified Woodall numbers:

Corollary 4.15 For n ≥ 0, hyperbolic modified Woodall numbers have the following

properties:
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(a)
∑n

k=0HG−k = −3 + n+ n+3
2n
+ j(−3 + n+ 2n+4

2n
).

(b)
∑n

k=0HG−2k = −11
9
+ n+ 11+6n

9×22n + j(−7
9
+ n+ 16+12n

9×22n ).

(c)
∑n

k=0HG−2k+1 = −7
9
+ n+ 16+12n

9×22n + j(25
9
+ n+ 20+24n

9×22n ).

As a second special case of the above theorem, we have the following summation formulas

for hyperbolic modified Cullen numbers:

Corollary 4.16 For n ≥ 0, hyperbolic modified Cullen numbers have the following prop-

erties:

(a)
∑n

k=0HH−k = 5 + n− 2
2n
+ j(9− 4

2n
+ n).

(b)
∑n

k=0HH−2k = 11
3
+ n− 2

3×22n + j(19
3
− 4

3×22n + n).

(c)
∑n

k=0HH−2k+1 = 19
3
+ n− 4

3×22n + j(35
3
− 8

3×22n + n).

As a third special case of the above theorem, we have the following summation formulas

for hyperbolic Woodall numbers:

Corollary 4.17 For n ≥ 0, hyperbolic Woodall numbers have the following properties:

(a)
∑n

k=0HR−k = −3− n+ 2+n
2n
+ j(−1− n+ 2+2n

2n
).

(b)
∑n

k=0HR−2k = −17
9
− n+ 8+6n

9×22n + j(−1
9
− n+ 10+12n

9×22n ).

(c)
∑n

k=0HR−2k+1 = −1
9
− n+ 10+12n

9×22n + j(55
9
− n+ 8+24n

9×22n ).

As a fourth special case of the above theorem, we have the following summation formulas

for hyperbolic Cullen numbers:

Corollary 4.18 For n ≥ 0, hyperbolic Cullen numbers have the following properties:

(a)
∑n

k=0HC−k = −1 + n+ 2+n
2n
+ j(1 + 2+2n

2n
+ n).

(b)
∑n

k=0HC−2k = 1
9
+ n+ 8+6n

9×22n + j(17
9
+ 10+12n

9×22n + n).

(c)
∑n

k=0HC−2k+1 = 17
9
+ n+ 10+12n

9×22n + j(73
9
+ 8+24n

9×22n + n).

75



4.4 MATRICES RELATEDTOHYPERBOLICGENERALIZEDWOODALL

NUMBERS

In this section, we present matrices related to hyperbolic generalized Woodall numbers.

Now, {Gn} defined by the third-order recurrence relation as follows

Gn = 5Gn−1 − 8Gn−2 + 4Gn−3 with the initial conditions G0 = 0, G1 = 1, G2 = 5.

We present the square matrix A of order 3 as

A =


5 −8 4

1 0 0

0 1 0


such that detA = 4. Then, we give the following Lemma.

Note that

An =


Gn+1 −8Gn + 4Gn−1 4Gn

Gn −8Gn−1 + 4Gn−2 4Gn−1

Gn−1 −8Gn−2 + 4Gn−3 4Gn−2

 .

For the proof see [60].

Lemma 4.9 For all integers n the following identity is true.
HWn+2

HWn+1

HWn

 =


5 −8 4

1 0 0

0 1 0


n
HW2

HW1

HW0

 .

Proof. First, we suppose that n ≥ 0. Lemma (4.9) can be given by mathematical

induction on n. If n = 0 we get
HW2

HW1

HW0

 =


5 −8 4

1 0 0

0 1 0


0
HW2

HW1

HW0


which is true. We assume that the identity given holds for n = k. Thus the following

identity is true.
HWk+2

HWk+1

HWk

 =


5 −8 4

1 0 0

0 1 0


k
HW2

HW1

HW0


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For n = k + 1, we get
5 −8 4

1 0 0

0 1 0


k+1

HW2

HW1

HW0

 =


5 −8 4

1 0 0

0 1 0



5 −8 4

1 0 0

0 1 0


k
HW2

HW1

HW0



=


5 −8 4

1 0 0

0 1 0



HWk+2

HWk+1

HWk



=


5HWk+2 − 8HWk+1 + 4HWk

HWk+2

HWk+1



=


HWk+3

HWk+2

HWk+1

 .

If we suppose that n < 0 the proof can be done similarly. Consequently, by mathematical

induction on n, the proof is completed. �

Theorem 4.10 If we define the matrices NHW and EHW as follow,

NHW =


HW2 HW1 HW0

HW1 HW0 HW−1
HW0 HW−1 HW−2

 , EHW =


HWn+2 HWn+1 HWn

HWn+1 HWn HWn−1

HWn HWn−1 HWn−2

 .

then the following identity is true:

AnNHW = EHW .

Proof. For the proof, we can use the following identities:

AnNHW =


Gn+1 −8Gn + 4Gn−1 4Gn

Gn −8Gn−1 + 4Gn−2 4Gn−1

Gn−1 −8Gn−2 + 4Gn−3 4Gn−2



HW2 HW1 HW0

HW1 HW0 HW−1
HW0 HW−1 HW−2

 ,

=


b11 b12 b13

b21 b22 b23

b31 b32 b33


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where

b11 = HW2Gn+1 +HW1 (−8Gn + 4Gn−1) +HW04Gn,

b12 = HW1Gn+1 +HW0 (−8Gn + 4Gn−1) +HW−14Gn,

b13 = HW0Gn+1 +HW−1 (−8Gn + 4Gn−1) +HW−24Gn,

b21 = HW2Gn +HW1 (−8Gn + 4Gn−1) +HW04Gn−1,

b22 = HW1Gn +HW0 (−8Gn + 4Gn−1) +HW−14Gn−1,

b23 = HW0Gn +HW−1 (−8Gn + 4Gn−1) +HW−24Gn−1,

b31 = HW2Gn−1 +HW1 (−8Gn + 4Gn−1) +HW04Gn−2,

b32 = HW1Gn−1 +HW0 (−8Gn + 4Gn−1) +HW−14Gn−2,

b33 = HW0Gn−1 +HW−1 (−8Gn + 4Gn−1) +HW−24Gn−2,

Using the Theorem (4.6) the proof is done. �

From Theorem (4.10), we can write the following corollary.

Corollary 4.19 We have the following identity.

(a) If we define NHG and EHG as follows,

NHG =


HG2 HG1 HG0
HG1 HG0 HG−1
HG0 HG−1 HG−2

 , EHG =


HGn+2 HGn+1 HGn
HGn+1 HGn HGn−1
HGn HGn−1 HGn−2

 ,

then we get

AnNHG = EHG.

(b) If we define NHH and EHH as follows,

NHH =


HH2 HH1 HH0

HH1 HH0 HH−1
HH0 HH−1 HH−2

 , EHH =


HHn+2 HHn+1 HHn

HHn+1 HHn HHn−1

HHn HHn−1 HHn−2

 ,

then we get

AnNHH = EHH .
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(c) If we define NHR and EHR as follows,

NHR =


HR2 HR1 HR0
HR1 HR0 HR−1
HR0 HR−1 HR−2

 , EHR =


HRn+2 HRn+1 HRn
HRn+1 HRn HRn−1
HRn HRn−1 HRn−2

 ,

then we get

AnNHR = EHR.

(d) If we define NHC and EHC as follows,

NHC =


HC2 HC1 HC0
HC1 HC0 HC−1
HC0 HC−1 HC−2

 , EHC =


HCn+2 HCn+1 HCn
HCn+1 HCn HCn−1
HCn HCn−1 HCn−2

 ,

then we get

AnNHC = EHC .
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CHAPTER 5

DUAL HYPERBOLIC GENERALIZED WOODALL NUMBERS

In this chapter, we define dual hyperbolic generalized Woodall numbers and present

generating functions and Binet’s formulas for them.

5.1 DEFINITIONS AND PROPERTIES

We now define dual hyperbolic generalized Woodall numbers over HD. The nth dual

hyperbolic generalized Woodall number is

Ŵn = Wn + jWn+1 + εWn+2 + jεWn+3. (5.1)

with the initial values Ŵ0, Ŵ1, Ŵ2. (5.1) can be written to negative subscripts by defining,

Ŵ−n = W−n + jW−n+1 + εW−n+2 + jεW−n+3. (5.2)

So, identity (5.1) holds for all integers n.

The special cases of the nth dual hyperbolic generalized Woodall numbers are given as

Ĝn = Gn + jGn+1 + εGn+2 + jεGn+3,

Ĥn = Hn + jHn+1 + εHn+2 + jεHn+3,

R̂n = Rn + jRn+1 + εRn+2 + jεRn+3,

Ĉn = Cn + jCn+1 + εCn+2 + jεCn+3.

Then, using (5.1), the following identity is true for every integers n ≥ 0.

Ŵn = 5Ŵn−1 − 8Ŵn−2 + 4Ŵn−3. (5.3)

Using (5.2), the sequence {Ŵn}n≥0 can be extended to negative subscripts as

Ŵ−n = −2Ŵ−(n−1) −
5

4
Ŵ−(n−2) +

1

4
Ŵ−(n−3)

for n = 1, 2, 3, ... respectively. Therefore, recurrence (5.3) holds for all integers n.

The few dual hyperbolic generalized Woodall numbers with positive subscript and nega-

tive subscript are given in the following Table 5.1.
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Table 5.1. A few dual hyperbolic generalized Woodall numbers.

n Ŵn Ŵ−n

0 Ŵ0 Ŵ0

1 Ŵ1
1
4
(8Ŵ0 − 5Ŵ1 + Ŵ2)

2 Ŵ2
1
4
(11Ŵ0 − 9Ŵ1 + 2Ŵ2)

3 4Ŵ0 − 8Ŵ1 + 5Ŵ2
1
16
(52Ŵ0 − 47Ŵ1 + 11Ŵ2)

4 20Ŵ0 − 36Ŵ1 + 17Ŵ2
1
16
(57Ŵ0 − 54Ŵ1 + 13Ŵ2)

5 68Ŵ0 − 116Ŵ1 + 49Ŵ2
1
64
(240Ŵ0 − 233Ŵ1 + 57Ŵ2)

Note that

Ŵ0 = W0 + jW1 + εW2 + jεW3 = W0 + jW1 + εW2 + jε(4W0 − 8W1 + 5W2),

Ŵ1 = W1 + jW2 + εW3 + jεW4 = W1 + jW2 + ε(4W0 − 8W1 + 5W2)

+jε(20W0 − 36W1 + 17W2),

Ŵ2 = W2 + jW3 + εW4 + jεW5 = W2 + j(4W0 − 8W1 + 5W2)

+ε(20W0 − 36W1 + 17W2) + jε(68W0 − 116W1 + 49W2).

The special cases of dual hyperbolic generalizedWoodall numbers, we obtain the following

initial conditions.

Ĝ0 = G0 + jG1 + εG2 + jεG3 = j + 5ε+ 17jε,

Ĝ1 = G1 + jG2 + εG3 + jεG4 = 1 + 5j + 17ε+ 49jε,

Ĝ2 = G2 + jG3 + εG4 + jεG5 = 5 + 17j + 49ε+ 129jε.

Ĥ0 = H0 + jH1 + εH2 + jεH3 = 3 + 5j + 9ε+ 17jε,

Ĥ1 = H1 + jH2 + εH3 + jεH4 = 5 + 9j + 17ε+ 33jε,

Ĥ2 = H2 + jH3 + εH4 + jεH5 = 9 + 17j + 33ε+ 65jε.

R̂0 = R0 + jR1 + εR2 + jεR3 = −1 + j + 7ε+ 23jε,

R̂1 = R1 + jR2 + εR3 + jεR4 = 1 + 7j + 23ε+ 63jε,

R̂2 = R2 + jR3 + εR4 + jεR5 = 7 + 23j + 63ε+ 159jε.

Ĉ0 = C0 + jC1 + εC2 + jεC3 = 1 + 3j + 9ε+ 25jε,

Ĉ1 = C1 + jC2 + εC3 + jεC4 = 3 + 9j + 25ε+ 65jε,

Ĉ2 = C2 + jC3 + εC4 + jεC5 = 9 + 25j + 65ε+ 161jε.
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Some dual hyperbolic modified Woodall numbers, dual hyperbolic modified Cullen num-

bers, dual hyperbolic Woodall numbers and dual hyperbolic Cullen numbers with positive

subscript and negative subscript are presented in tables which are given below.

Table 5.2. Dual hyperbolic modified Woodall numbers

n Ĝn Ĝ−n

0 j + 5ε+ 17jε j + 5ε+ 17jε

1 1 + 5j + 17ε+ 49jε ε+ 5jε

2 5 + 17j + 49ε+ 129jε 1
4
+ jε

3 17 + 49j + 129ε+ 321jε 1
2
+ 1

4
j

4 49 + 129j + 321ε+ 769jε 11
16
+ 1

2
j + 1

4
ε

5 129 + 321j + 769ε+ 1793jε 13
16
+ 11

16
j + 1

2
ε+ 1

4
jε

The other table is as follows:

Table 5.3. Dual hyperbolic modified Cullen numbers

n Ĥn Ĥ−n

0 3 + 5j + 9ε+ 17jε 3 + 5j + 9ε+ 17jε

1 5 + 9j + 17ε+ 33jε 2 + 3j + 5ε+ 9jε

2 9 + 17j + 33ε+ 65jε 3
2
+ 2ε+ 3j + 5jε

3 17 + 33j + 65ε+ 129jε 5
4
+ 3

2
j + 2ε+ 3jε

4 33 + 65j + 129ε+ 257jε 9
8
+ 5

4
ε+ 3

2
j + 2jε

5 65 + 129j + 257ε+ 513jε 17
16
+ 9

8
j + 5

4
ε+ 3

2
jε

The other table is as follows:

Table 5.4. Dual hyperbolic Woodall numbers

n R̂n R̂−n

0 −1 + j + 7ε+ 23jε −1 + j + 7ε+ 23jε

1 1 + 7j + 23ε+ 63jε −3
2
− j + ε+ 7jε

2 7 + 23j + 63ε+ 159jε −3
2
− 3

2
j − ε+ jε

3 23 + 63j + 159ε+ 383jε −11
8
− 3

2
j − 3

2
ε− jε

4 63 + 159j + 383ε+ 895jε −5
4
− 11

8
j − 3

2
ε− 3

2
jε

5 159 + 383j + 895ε+ 2047jε −37
32
− 5

4
j − 11

8
ε− 3

2
jε

and the other table is as follows:
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Table 5.5. Dual hyperbolic Cullen numbers

n Ĉn Ĉ−n

0 1 + 3j + 9ε+ 25jε 1 + 3j + 9ε+ 25jε

1 3 + 9j + 25ε+ 65jε 1
2
+ j + 3ε+ 9jε

2 9 + 25j + 65ε+ 161jε 1
2
+ 1

2
ε+ j + 3jε

3 25 + 65j + 161ε+ 385jε 5
8
+ 1

2
j + 1

2
ε+ jε

4 65 + 161j + 385ε+ 897jε 3
4
+ 5

8
ε+ 1

2
j + 1

2
jε

5 161 + 385j + 897ε+ 2049jε 27
32
+ 3

4
j + 5

8
ε+ 1

2
jε

Now, we give Binet’s formula for the dual hyperbolic generalized Woodall numbers and

in the rest of the chapter, we fix the following notations:

α̂ = 1 + 2j + 4ε+ 8jε, β̂ = 2j + 8ε+ 24jε, γ̂ = 1 + j + ε+ jε.

Note that we have the following identities:

α̂2 = 5 + 4j + 40ε++32jε,

β̂
2
= 4 + 96ε+ 32jε,

γ̂2 = 2 + 2j + 4ε+ 4jε,

α̂β̂ = (1 + 2j + 4ε+ 8jε)(2j + 8ε+ 24jε),

α̂γ̂ = 3 + 3j + 15ε+ 15jε,

β̂γ̂ = 2 + 2j + 34ε+ 34jε,

α̂β̂γ̂ = 6 + 6j + 126ε+ 126jε.

Now, we present Binet’s formula in the following theorem.

5.1.1 Binet’s Formula For Dual Hyperbolic Generalized Woodall Numbers

Theorem 5.1 (Binet’s Formula) For any integer n, the nth dual hyperbolic generalized

Woodall number is

Ŵn = (A1α̂ + A2β̂ + A2nα̂)2
n + A3γ̂. (5.4)

Proof. Using Binet’s formula

Wn = (A1 + A2n)2
n + A3
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of the generalized Woodall numbers, we obtain

Ŵn = Wn + jWn+1 + εWn+2 + jεWn+3

= (A1 + A2n)2
n + A3 + j((A1 + A2(n+ 1))2

n+1 + A3)

+ε((A1 + A2(n+ 2))2
n+2 + A3) + jε((A1 + A2(n+ 3))2

n+3 + A3)

= A12
n + A2n2

n + A3

+jA12
n+1 + jA2n2

n+1 + jA22
n+1 + jA3

+εA12
n+2 + εA2n2

n+2 + 2εA22
n+2 + εA3

+jεA12
n+3 + jεA2n2

n+3 + 3jεA22
n+3 + jεA3

= A12
n(1 + 2j + 4ε+ 8jε) + A2n2

n(1 + 2j + 4ε+ 8jε) + A22
n(2j + 8ε+ 24jε)

+A3(1 + j + ε+ jε)

= A12
nα̂ + A2n2

nα̂ + A22
nβ̂ + A3γ̂

= (A1α̂ + A2β̂ + A2nα̂)2
n + A3γ̂.

This proves (5.4). �
As special cases, for any integer n, Binet’s Formula of nth dual hyperbolic modified

Woodall number, dual hyperbolic modified Cullen number, dual hyperbolic Woodall num-

ber and dual hyperbolic Cullen number are

• Ĝn = (−α̂ + β̂ + nα̂)2n + γ̂,

Ĝn = 1 + (n− 1)2n + j(1 + n2n+1) + ε(1 + 2n+2 + n2n+2) + jε(1 + 2n+4 + n2n+3).

• Ĥn = (2α̂)2
n + γ̂,

Ĥn = 1 + 2
n+1 + j(1 + 2n+2) + ε(1 + 2n+3) + jε(1 + 2n+4).

• R̂n = (β̂ + nα̂)2n − γ̂,

R̂n = −1+n2n+ j(−1+2n+1+n2n+1)+ ε(−1+2n+3+n2n+2)+ jε(−1+3×2n+3+

n2n+3).

• Ĉn = (β̂ + nα̂)2n + γ̂,

Ĉn = 1+n2
n+ j(1+2n+1+n2n+1)+ ε(1+2n+3+n2n+2)+ jε(1+3×2n+3+n2n+3).

Next, we give a generating function for dual hyperbolic generalized Woodall numbers.
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5.1.2 Generating Function For Dual Hyperbolic Generalized Woodall Num-

bers

Theorem 5.2 The generating function for the dual hyperbolic generalized Woodall num-

bers is

∞∑
n=0

Ŵnx
n =

Ŵ0 + (Ŵ1 − 5Ŵ0)x+ (Ŵ2 − 5Ŵ1 + 8Ŵ0)x
2

1− 5x+ 8x2 − 4x3 . (5.5)

Proof. Let

g(x) =

∞∑
n=0

Ŵnx
n

be generating function of the dual hyperbolic generalized Woodall numbers. Then, using

the definition of the dual hyperbolic generalized Woodall numbers, and subtracting xg(x),

x2g(x) and x3g(x) from g(x), we obtain (note the shift in the index n in the third line)

(1− 5x+ 8x2 − 4x3)g(x) =
∞∑
n=0

Ŵnx
n − 5x

∞∑
n=0

Ŵnx
n + 8x2

∞∑
n=0

Ŵnx
n − 4x3

∞∑
n=0

Ŵnx
n

=
∞∑
n=0

Ŵnx
n − 5

∞∑
n=0

Ŵnx
n+1 + 8

∞∑
n=0

Ŵnx
n+2 − 4

∞∑
n=0

Ŵnx
n+3

=

∞∑
n=0

Ŵnx
n − 5

∞∑
n=1

Ŵn−1x
n + 8

∞∑
n=2

Ŵn−2x
n − 4

∞∑
n=3

Ŵn−3x
n

= (Ŵ0 + Ŵ1x+ Ŵ2x
2)− 5(Ŵ0x+ Ŵ1x

2) + 8Ŵ0x
2

+
∞∑
n=3

(Ŵn − 5Ŵn−1 + 8Ŵn−2 − 4Ŵn−3)x
n

= Ŵ0 + (Ŵ1 − 5Ŵ0)x+ (Ŵ2 − 5Ŵ1 + 8Ŵ0)x
2.

Note that we used the recurrence relation Ŵn = 5Ŵn−1 − 8Ŵn−2 + 4Ŵn−3. Rearranging

the above equation, we get

g(x) =
Ŵ0 + (Ŵ1 − 5Ŵ0)x+ (Ŵ2 − 5Ŵ1 + 8Ŵ0)x

2

1− 5x+ 8x2 − 4x3 .

The proof is finished. �
As special cases, the generating functions for the dual hyperbolic modified Woodall, dual

hyperbolic modified Cullen, dual hyperbolic Woodall and dual hyperbolic Cullen numbers

are∑∞
n=0 Ĝnx

n = j+5ε+17jε+(1−36jε−8ε)x+(4ε+20jε)x2
1−5x+8x2−4x3 ,∑∞

n=0 Ĥnx
n = 5j+9ε+17jε+3+(−16j−28ε−52jε−10)x+(12j+20ε+36jε+8)x2

1−5x+8x2−4x3 ,
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∑∞
n=0 R̂nx

n = −1+j+7ε+23jε+(2j−12ε−52jε+6)x+(4ε−4j+28jε−6)x2
1−5x+8x2−4x3 ,

and∑∞
n=0 Ĉnx

n = 3j+9ε+25jε+1+(−6j−20ε−60jε−2)x+(4j+12ε+36jε+2)x2
1−5x+8x2−4x3 ,

respectively.

Now, we obtain Binet’s formula of dual hyperbolic generalized Woodall number {Ŵn} by

the use of generating function for Ŵn.

Theorem 5.3 (Binet’s formula of dual hyperbolic generalized Woodall numbers)

Ŵn = (A1α̂ + A2β̂ + A2nα̂)2
n + A3γ̂. (5.6)

Proof. Let

∞∑
n=0

Ŵnx
n =

Ŵ0 + (Ŵ1 − 5Ŵ0)x+ (Ŵ2 − 5Ŵ1 + 8Ŵ0)x
2

1− 5x+ 8x2 − 4x3 .

Then, we write

Ŵ0 + (Ŵ1 − 5Ŵ0)x+ (Ŵ2 − 5Ŵ1 + 8Ŵ0)x
2

(1− x) (1− 2x)2
=

d1
(1− x) +

d2
(1− 2x) +

d3

(1− 2x)2
. (5.7)

So,

Ŵ0+(Ŵ1−5Ŵ0)x+(Ŵ2−5Ŵ1+8Ŵ0)x
2 = (d1+d2+d3)+(−4d1−3d2−d3)x+(4d1+2d2)x2.

We get

Ŵ0 = d1 + d2 + d3,

Ŵ1 − 5Ŵ0 = −4d1 − 3d2 − d3,

Ŵ2 − 5Ŵ1 + 8Ŵ0 = 4d1 + 2d2.

If we solve this simultaneous equation, we get

d1 = 4Ŵ0 − 4Ŵ1 + Ŵ2,

d2 = −4Ŵ0 +
11

2
Ŵ1 −

3

2
Ŵ2,

d3 = Ŵ0 −
3

2
Ŵ1 +

1

2
Ŵ2.
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Thus, (5.7) can be written as

∞∑
n=0

Ŵnx
n = d1

1

(1− x) + d2
1

(1− 2x) + d3
1

(2x− 1)2
,

= d1

∞∑
n=0

xn + d2

∞∑
n=0

2nxn + d3

∞∑
n=0

2n(n+ 1)xn,

=
∞∑
n=0

(d1 + d22
n + d32

n(n+ 1))xn,

=
∞∑
n=0

(4Ŵ0 − 4Ŵ1 + Ŵ2 + (−4Ŵ0 +
11

2
Ŵ1 −

3

2
Ŵ2)2

n + (Ŵ0 −
3

2
Ŵ1

+
1

2
Ŵ2)2

n(n+ 1))xn,

=
∞∑
n=0

(4Ŵ0 − 4Ŵ1 + Ŵ2 + (−4Ŵ0 +
11

2
Ŵ1 −

3

2
Ŵ2)2

n + (Ŵ0 −
3

2
Ŵ1

+
1

2
Ŵ2)2

n + (Ŵ0 −
3

2
Ŵ1 +

1

2
Ŵ2)2

nn)xn,

=
∞∑
n=0

(4Ŵ0 − 4Ŵ1 + Ŵ2 + (Ŵ0 −
3

2
Ŵ1 +

1

2
Ŵ2)n2

n + (−3Ŵ0 + 4Ŵ1

−Ŵ2)2
n)xn,

=
∞∑
n=0

((−3Ŵ0 + 4Ŵ1 − Ŵ2) + (Ŵ0 −
3

2
Ŵ1 +

1

2
Ŵ2)n)2

n + 4Ŵ0 − 4Ŵ1

+Ŵ2)x
n.

This gives

Ŵn = (Â1 + Â2n)2
n + Â3

where

Â1 = −3Ŵ0 + 4Ŵ1 − Ŵ2,

Â2 = Ŵ0 −
3

2
Ŵ1 +

1

2
Ŵ2,

Â3 = 4Ŵ0 − 4Ŵ1 + Ŵ2.

Note that the following equalities are true:

A1α̂ + A2β̂

= (−W2 + 4W1 − 3W0)(1 + 2j + 4ε+ 8jε) + (
W2 − 3W1 + 2W0

2
)(2j + 8ε+ 24jε)

= −3W0 + 4W1 −W2 + j(−4W0 + 5W1 −W2) + ε(−4W0 + 4W1) + jε(−4W1 + 4W2).
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A2α̂

=
W2 − 3W1 + 2W0

2
(1 + 2j + 4ε+ 8jε)

= W0 −
3

2
W1 +

1

2
W2 + j(2W0 − 3W1 +W2) + ε(4W0 − 6W1 + 2W2)

+jε(8W0 − 12W1 + 4W2).

A3γ̂

= W2− 4W1 + 4W0 + j(W2− 4W1 + 4W0) + ε(W2− 4W1 + 4W0) + jε(W2− 4W1 + 4W0).

Therefore, we can write the following equality:

Ŵn = (A1α̂ + A2β̂ + A2nα̂)2
n + A3γ̂.

The proof is finished. �
Next, using Theorem 5.3, we present Binet’s formulas of dual hyperbolic modifiedWoodall,

dual hyperbolic modified Cullen, dual hyperbolic Woodall and dual hyperbolic Cullen

numbers.

5.2 SOME IDENTITIES FORDUALHYPERBOLICGENERALIZEDWOODALL

NUMBERS

We now present a few special identities for the dual hyperbolic generalized Woodall se-

quence {Ŵn}. The following theorem presents Simpson’s identity for the dual hyperbolic

generalized Woodall numbers.

Theorem 5.4 (Simpson’s formula for dual hyperbolic generalized Woodall sequence)For

all integers n we have∣∣∣∣∣∣∣∣∣
Ŵn+2 Ŵn+1 Ŵn

Ŵn+1 Ŵn Ŵn−1

Ŵn Ŵn−1 Ŵn−2

∣∣∣∣∣∣∣∣∣ = 4
n

∣∣∣∣∣∣∣∣∣
Ŵ2 Ŵ1 Ŵ0

Ŵ1 Ŵ0 Ŵ−1

Ŵ0 Ŵ−1 Ŵ−2

∣∣∣∣∣∣∣∣∣ . (5.8)

Proof. First, we assume that n ≥ 0. For the proof, we use mathematical induction on n.

For n = 0 identity (5.8) is true. Now, we take (5.8) is true for n = k. Therefore, we write

the following identity∣∣∣∣∣∣∣∣∣
Ŵk+2 Ŵk+1 Ŵk

Ŵk+1 Ŵk Ŵk−1

Ŵk Ŵk−1 Ŵk−2

∣∣∣∣∣∣∣∣∣ = 4
k

∣∣∣∣∣∣∣∣∣
Ŵ2 Ŵ1 Ŵ0

Ŵ1 Ŵ0 Ŵ−1

Ŵ0 Ŵ−1 Ŵ−2

∣∣∣∣∣∣∣∣∣ .
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For n = k + 1, we get∣∣∣∣∣∣∣∣∣
Ŵk+3 Ŵk+2 Ŵk+1

Ŵk+2 Ŵk+1 Ŵk

Ŵk+1 Ŵk Ŵk−1

∣∣∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣∣
5Ŵk+2 − 8Ŵk+1 + 4Ŵk Ŵk+2 Ŵk+1

5Ŵk+1 − 8Ŵk + 4Ŵk−1 Ŵk+1 Ŵk

5Ŵk − 8Ŵk−1 + 4Ŵk−2 Ŵk Ŵk−1

∣∣∣∣∣∣∣∣∣
= 5

∣∣∣∣∣∣∣∣∣
Ŵk+2 Ŵk+2 Ŵk+1

Ŵk+1 Ŵk+1 Ŵk

Ŵk Ŵk Ŵk−1

∣∣∣∣∣∣∣∣∣− 8
∣∣∣∣∣∣∣∣∣
Ŵk+1 Ŵk+2 Ŵk+1

Ŵk Ŵk+1 Ŵk

Ŵk−1 Ŵk Ŵk−1

∣∣∣∣∣∣∣∣∣
+4

∣∣∣∣∣∣∣∣∣
Ŵk Ŵk+2 Ŵk+1

Ŵk−1 Ŵk+1 Ŵk

Ŵk−2 Ŵk Ŵk−1

∣∣∣∣∣∣∣∣∣
= 4

∣∣∣∣∣∣∣∣∣
Ŵk+2 Ŵk+1 Ŵk

Ŵk+1 Ŵk Ŵk−1

Ŵk Ŵk−1 Ŵk−2

∣∣∣∣∣∣∣∣∣ = 4
k+1

∣∣∣∣∣∣∣∣∣
Ŵ2 Ŵ1 Ŵ0

Ŵ1 Ŵ0 Ŵ−1

Ŵ0 Ŵ−1 Ŵ−2

∣∣∣∣∣∣∣∣∣ .
n < 0 can be proved similarly. Thus, the proof is finished. �
From theorem (5.4), we get the following corollary.

Corollary 5.1 (Simpson’s formula for dual hyperbolic generalized Woodall sequence’s

special cases)

(a)

∣∣∣∣∣∣∣∣∣
Ĝk+2 Ĝk+1 Ĝk

Ĝk+1 Ĝk Ĝk−1

Ĝk Ĝk−1 Ĝk−2

∣∣∣∣∣∣∣∣∣ = −4
n−1(9 + 9j + 9ε+ 153jε).

(b)

∣∣∣∣∣∣∣∣∣
Ĥk+2 Ĥk+1 Ĥk

Ĥk+1 Ĥk Ĥk−1

Ĥk Ĥk−1 Ĥk−2

∣∣∣∣∣∣∣∣∣ = 0.

(c)

∣∣∣∣∣∣∣∣∣
R̂k+2 R̂k+1 R̂k

R̂k+1 R̂k R̂k−1

R̂k R̂k−1 R̂k−2

∣∣∣∣∣∣∣∣∣ = 4
n−1(9 + 9j + 9ε+ 153jε).

(d)

∣∣∣∣∣∣∣∣∣
Ĉk+2 Ĉk+1 Ĉk

Ĉk+1 Ĉk Ĉk−1

Ĉk Ĉk−1 Ĉk−2

∣∣∣∣∣∣∣∣∣ = −4
n−1(9 + 9j + 9ε+ 153jε).

89



Theorem 5.5 (Catalan’s identity) For all integers n and m, the following identity holds:

Ŵn+mŴn−m−Ŵ 2
n = 2

n−m(−2m+nm2α̂2A22+A2A3(−2m+1β̂γ̂+ β̂γ̂+22mβ̂γ̂−mα̂γ̂+nα̂γ̂−

2m+1nα̂γ̂ + 22mmα̂γ̂ + 22mnα̂γ̂) + A1A3(α̂γ̂ − 2m+1α̂γ̂ + 22mα̂γ̂)).

Proof. Using Binet’s formula Ŵn = (A1α̂ + A2β̂ + A2nα̂)2
n + A3γ̂, we get the required

identity. �

As special cases of the above theorem, we give Catalan’s identity of dual hyperbolic

modified Woodall, dual hyperbolic modified Cullen, dual hyperbolic Woodall and dual

hyperbolic Cullen numbers. Firstly, we present Catalan’s identity of dual hyperbolic

Woodall numbers.

Corollary 5.2 (Catalan’s identity for the dual hyperbolic modified Woodall numbers) For

all integers n and m, the following identity holds:

Ĝn+mĜn−m − Ĝ2n = −2n−m(α̂γ̂ − β̂γ̂ + 22mα̂γ̂ − 22mβ̂γ̂ − 2m+1α̂γ̂ + 2m+1β̂γ̂ +mα̂γ̂

−nα̂γ̂ + 2m+nm2α̂2 − 22mmα̂γ̂ − 22mnα̂γ̂ + 2m+1nα̂γ̂).

Proof. Take Wn = Gn in Theorem 3.5. �

Secondly, we give Catalan’s identity of dual hyperbolic modified Cullen numbers.

Corollary 5.3 (Catalan’s identity for the dual hyperbolic modified Cullen numbers) For

all integers n and m, the following identity holds:

Ĥn+mĤn−m − Ĥ2
n = 2

n−m(2α̂γ̂ + 2× 22mα̂γ̂ − 2× 2m+1α̂γ̂).

Proof. Take Wn = Hn in Theorem 3.5. �

Thirdly, we give Catalan’s identity of dual hyperbolic Woodall numbers.

Corollary 5.4 (Catalan’s identity for the dual hyperbolic Woodall numbers) For all in-

tegers n and m, the following identity holds:

R̂n+mR̂n−m− R̂2n = −2n−m(β̂γ̂+22mβ̂γ̂−2m+1β̂γ̂−mα̂γ̂+nα̂γ̂+2m+nm2α̂2+22mmα̂γ̂+

22mnα̂γ̂ − 2m+1nα̂γ̂).

Proof. Take Wn = Rn in Theorem 3.5. �

Fourthly, we give Catalan’s identity of dual hyperbolic Cullen numbers.
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Corollary 5.5 (Catalan’s identity for the dual hyperbolic Cullen numbers) For all inte-

gers n and m, the following identity holds:

Ĉn+mĈn−m − Ĉ2n = 2n−m(β̂γ̂ + 22mβ̂γ̂ − 2m+1β̂γ̂ −mα̂γ̂ + nα̂γ̂ − 2m+nm2α̂2 + 22mmα̂γ̂ +

22mnα̂γ̂ − 2m+1nα̂γ̂).

Proof. Take Wn = Cn in Theorem 3.5. �
Note that form = 1 in Catalan’s identity, we get Cassini’s identity for the dual hyperbolic

generalized Woodall sequence.

Corollary 5.6 (Cassini’s identity) For all integers n, the following identity holds:

Ŵn+1Ŵn−1 − Ŵ 2
n = 2

n−1(A2A3(3α̂γ̂ + β̂γ̂ + nα̂γ̂)− 2n+1A22α̂2 + A1A3α̂γ̂).

As special cases of Cassini’s identity, we give Cassini’s identity of dual hyperbolic modi-

fied Woodall, dual hyperbolic modified Cullen, dual hyperbolic Woodall and dual hyper-

bolic Cullen numbers. Firstly, we present Cassini’s identity of dual hyperbolic modified

Woodall numbers.

Corollary 5.7 (Cassini’s identity of dual hyperbolic modified Woodall numbers) For all

integers n, the following identity holds:

Ĝn+1Ĝn−1 − Ĝ2n = 2n−1(2α̂γ̂ + β̂γ̂ − 2n+1α̂2 + nα̂γ̂).

Secondly, we give Cassini’s identity of dual hyperbolic modified Cullen numbers.

Corollary 5.8 (Cassini’s identity of dual hyperbolic modified Cullen numbers) For all

integers n, the following identity holds:

Ĥn+1Ĥn−1 − Ĥ2
n = 2

nα̂γ̂.

Fourthly, we give Cassini’s identity of dual hyperbolic Woodall numbers.

Corollary 5.9 (Cassini’s identity of dual hyperbolic Woodall numbers) For all integers

n, the following identity holds:

R̂n+1R̂n−1 − R̂2n = −2n−1(3α̂γ̂ + β̂γ̂ + 2n+1α̂2 + nα̂γ̂).

Thirdly, we give Cassini’s identity of dual hyperbolic Cullen numbers.
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Corollary 5.10 (Cassini’s identity of dual hyperbolic Cullen numbers) For all integers

n, the following identity holds:

Ĉn+1Ĉn−1 − Ĉ2n = 2n−1(3α̂γ̂ + β̂γ̂ − 2n+1α̂2 + nα̂γ̂).

Theorem 5.6 For all integers m, n, Gn is woodall numbers, the following identity is

true:

Ŵn+m = ŴnGm+1 + Ŵn−1(−8Gm + 4Gm−1) + 4Ŵn−2Gm. (5.9)

Proof. The identity (5.9) can be proved by mathematical induction on m. Firstly, we

assume that m ≥ 0 and n ≥ 0. If m = 0 we get

Ŵn = ŴnG1 + Ŵn−1(−8G0 + 4G−1) + 4Ŵn−2G0

which is true by seeing that G−1 = 0, G−2 = 1
4
, G−3 =

1
2
. We assume that the identity

given holds for m = k. For m = k + 1, we get

Ŵn+(k+1) = 5Ŵn+k − 8Ŵn+k−1 + 4Ŵn+k−2

= 5(ŴnGk+1 + Ŵn−1(−8Gk + 4Gk−1) + 4Ŵn−2Gk)

−8(ŴnGk + Ŵn−1(−8Gk−1 + 4Gk−2) + 4Ŵn−2Gk−1)

+4(ŴnGk−1 + Ŵn−1(−8Gk−2 + 4Gk−3) + 4Ŵn−2Gk−2)

= Ŵn(5Gk+1 − 8Gk + 4Gk−1) + Ŵn−1(−8(5Gk − 8Gk−1 + 4Gk−2)

+4(5Gk−1 − 8Gk−2 + 4Gk−3)) + 4Ŵn−2(5Gk − 8Gk−1 + 4Gk−2)

= ŴnGk+2 + Ŵn−1(−8Gk+1 + 4Gk) + 4Ŵn−2Gk+1

= ŴnG(k+1)+1 + Ŵn−1(−8G(k+1) + 4G(k+1)−1) + 4Ŵn−2G(k+1).

Consequently, by mathematical induction on m, this proves (5.6). Similarly, we can show

for the other cases. �

5.3 LINEAR SUMS FORDUALHYPERBOLICGENERALIZEDWOODALL

NUMBERS

In this section, we give the summation formulas of the dual hyperbolic generalized

Woodall numbers with positive and negative subscripts.

Now, we present the formulas that give the summation of the dual hyperbolic generalized

Woodall numbers.
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Theorem 5.7 For n ≥ 0, dual hyperbolic generalized Woodall numbers have the following

formulas:

(a)
∑n

k=0 Ŵk = (3 + n − 3 × 2n + 2nn + 4j + jn − 2n+2j + 2n+1jn + 5ε + nε − 2n+2ε +

2n+2nε+5jε+jnε+2n+3jnε)W2+(−11−4n+11×2n−3×2nn−15j−4jn+2n+4j−3×

2n+1jn−20ε−4nε+5×2n+2ε−3×2n+2nε−24jε−4jnε+2n+4jε−3×2n+3jnε)W1+(9+

4n− 2n+3+2n+1n+12j+4jn− 3× 2n+2j+2n+2jn+16ε+4nε− 2n+4ε+2n+3nε+

20jε+ 4jnε− 2n+4jε+ 2n+4jnε)W0.

(b)
∑n

k=0 Ŵ2k = (
16
9
+ n− 1

9
22n+4 + 1

3
22n+2n+ 20

9
j + jn− 5

9
22n+2j + 1

3
22n+3jn+ 25

9
ε+ n

ε − 1
9
22n+4ε + 1

3
22n+4nε + 29

9
jε + 1

9
22n+4jε + jnε + 32

3
22njnε)W2 + (−20

3
− 4n +

5
3
22n+2− 22n+2n− 25

3
j+ 7

3
22n+2j− 4jn− 22n+3jn− 32

3
ε+ 1

3
22n+5ε− 4nε− 22n+4nε−

40
3
jε+ 1

3
22n+4jε−4jnε−22n+5jnε)W1+(

53
9
− 11

9
22n+2+4n+ 1

3
22n+3n+ 64

9
j− 1

9
22n+6

j + 4jn + 1
3
22n+4jn + 80

9
ε − 5

9
22n+4ε + 4nε + 1

3
22n+5nε + 100

9
jε − 1

9
22n+6jε + 4jn

ε+ 1
3
22n+6jnε)W0.

(c)
∑n

k=0 Ŵ2k+1 = (
20
9
− 5

9
22n+2+n+ 1

3
22n+3n+ 25

9
j− 1

9
22n+4j + jn+ 1

3
22n+4jn+ 29

9
ε+n

ε+ 1
9
22n+4ε+ 1

3
22n+5nε+ 25

9
jε+ 1

9
22n+7jε+ jnε+ 1

3
22n+6jnε)W2+ (−25

3
+ 7

3
22n+2−

4n − 22n+3n + 1
3
22n+5j − 32

3
j − 4jn − 22n+4jn − 40

3
ε + 1

3
22n+4ε − 4nε − 22n+5nε −

4jnε− 44
3
jε− 1

3
22n+6jε− 22n+6jnε)W1+(

64
9
− 1

9
22n+6+4n+ 1

3
22n+4n+ 80

9
j− 5

9
22n+4

j + 4jn+ 1
3
22n+5jn+ 100

9
ε− 1

9
22n+6ε+ 4nε+ 1

3
22n+6nε+ 116

9
jε+ 1

9
22n+6jε+ 4jnε+

1
3
22n+7jnε)W0.

Proof. It can be obtained by using Proposition 1.2 and Proposition 1.3.

(a) We can derive the following using the formulas in Proposition 1.2.

n∑
k=0

Ŵk =

n∑
k=0

Wk + j

n∑
k=0

Wk+1 + ε

n∑
k=0

Wk+2 + jε

n∑
k=0

Wk+3.
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n∑
k=0

Ŵk =
1

2
W2(2n− 2n+1(n− 1) + 2n+2(n− 2) + 6)−

1

2
W1(8n− 2n+1(3n− 5)

+2n+2(3n− 8) + 22) +W0(4n− 2n+1(n− 2) + 2n+2(n− 3) + 9)

+j(
1

2
W2(2n+ 2

n+3(n− 1)− 2n+2n+ 8)− 1
2
W1(8n− 2n+2(3n− 2)

+2n+3(3n− 5) + 30) +W0(4n− 2n+2(n− 1) + 2n+3(n− 2) + 12))

+ε(
1

2
W2(2n− 2n+3(n+ 1) + 2n+4n+ 10) +W0(4n+ 2

n+4(n− 1)

−2n+3n+ 16)− 1
2
W1(8n− 2n+3(3n+ 1) + 2n+4(3n− 2) + 40))

+jε(W0(4n− 2n+4(n+ 1) + 2n+5n+ 20)−
1

2
W1(8n+ 2

n+5(3n+ 1)

−2n+4(3n+ 4) + 48) + 1
2
W2(2n− 2n+4(n+ 2) + 2n+5(n+ 1) + 10)).

n∑
k=0

Ŵk = (3 + n− 3× 2n + 2nn+ 4j + jn− 2n+2j + 2n+1jn+ 5ε+ nε

−2n+2ε+ 2n+2nε+ 5jε+ jnε+ 2n+3jnε)W2 + (−11− 4n

+11× 2n − 3× 2nn− 15j − 4jn+ 2n+4j − 3× 2n+1jn− 20ε

−4nε+ 5× 2n+2ε− 3× 2n+2nε− 24jε− 4jnε+ 2n+4jε

−3× 2n+3jnε)W1 + (9 + 4n− 2n+3 + 2n+1n+ 12j + 4jn

−3× 2n+2j + 2n+2jn+ 16ε+ 4nε− 2n+4ε+ 2n+3nε+ 20jε

+4jnε− 2n+4jε+ 2n+4jnε)W0.

The proof is finished. �

(b) We can derive the following using the formulas in Proposition 1.3.

n∑
k=0

Ŵ2k =
n∑
k=0

W2k + j
n∑
k=0

W2k+1 + ε
n∑
k=0

W2k+2 + jε
n∑
k=0

W2k+3.
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n∑
k=0

Ŵ2k =
1

9
W0(36n− 22n+2(2n− 1) + 22n+4(2n− 3) + 53)−

1

18
W1(72n

−22n+2(6n− 2) + 22n+4(6n− 8) + 120) + 1

18
W2(18n+ 2

2n+4(2n− 2)

−2× 22n+2n+ 32) + j(
1

18
W2(18n− 22n+3(2n+ 1) + 22n+5(2n− 1)

+40)− 1

18
W1(72n− 22n+3(6n+ 1) + 22n+5(6n− 5) + 150)

+
1

9
W0(36n+ 2

2n+5(2n− 2)− 2× 22n+3n+ 64)) + ε(
1

9
W0(36n

−22n+4(2n+ 1) + 22n+6(2n− 1) + 80)− 1

18
W1(72n− 22n+4(6n+ 4)

+22n+6(6n− 2) + 192) + 1

18
W2(18n− 22n+4(2n+ 2) + 2× 22n+6n

+50)) + jε(
1

18
W2((18n− 22n+5(2n+ 3) + 22n+7(2n+ 1) + 58)

− 1
18
W1(72n+ 2

2n+7(6n+ 1)− 22n+5(6n+ 7) + 240) + 1
9
W0(36n

−22n+5(2n+ 2) + 2× 22n+7n+ 100)).

n∑
k=0

Ŵ2k = (
16

9
+ n− 1

9
22n+4 +

1

3
22n+2n+

20

9
j + jn− 5

9
22n+2j +

1

3
22n+3jn+

25

9
ε

+nε− 1
9
22n+4ε+

1

3
22n+4nε+

29

9
jε+

1

9
22n+4jε+ jnε+

32

3
22njnε)W2

+(−20
3
− 4n+ 5

3
22n+2 − 22n+2n− 25

3
j +

7

3
22n+2j − 4jn− 22n+3jn

−32
3
ε+

1

3
22n+5ε− 4nε− 22n+4nε− 40

3
jε+

1

3
22n+4jε− 4jnε

−22n+5jnε)W1 + (
53

9
− 11
9
22n+2 + 4n+

1

3
22n+3n+

64

9
j − 1

9
22n+6j

+4jn+
1

3
22n+4jn+

80

9
ε− 5

9
22n+4ε+ 4nε+

1

3
22n+5nε+

100

9
jε

−1
9
22n+6jε+ 4jnε+

1

3
22n+6jnε)W0.

The proof is completed. �

(c) We can derive the following using the formulas in Proposition 1.3.
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n∑
k=0

Ŵ2k+1 =
n∑
k=0

W2k+1 + j
n∑
k=0

W2k+2 + ε
n∑
k=0

W2k+3 + jε
n∑
k=0

W2k+4.

n∑
k=0

Ŵ2k+1 =
1

18
W2(18n− 22n+3(2n+ 1) + 22n+5(2n− 1) + 40)

− 1
18
W1(72n− 22n+3(6n+ 1) + 22n+5(6n− 5) + 150)

+
1

9
W0(36n+ 2

2n+5(2n− 2)− 2× 22n+3n+ 64)

+j(
1

9
W0(36n− 22n+4(2n+ 1) + 22n+6(2n− 1) + 80)

− 1
18
W1(72n− 22n+4(6n+ 4) + 22n+6(6n− 2) + 192)

+
1

18
W2(18n− 22n+4(2n+ 2) + 2× 22n+6n+ 50))

+ε(
1

18
W2((18n− 22n+5(2n+ 3) + 22n+7(2n+ 1) + 58)

− 1
18
W1(72n+ 2

2n+7(6n+ 1)− 22n+5(6n+ 7) + 240)

+
1

9
W0(36n− 22n+5(2n+ 2) + 2× 22n+7n+ 100))

+jε(
1

18
W2(18n− 22n+6(2n+ 4) + 22n+8(2n+ 2) + 50)

+
1

9
W0(36n− 22n+6(2n+ 3) + 22n+8(2n+ 1) + 116)

− 1
18
W1(72n+ 2

2n+8(6n+ 4)− 22n+6(6n+ 10) + 264)).

n∑
k=0

Ŵ2k+1 = (
20

9
− 5
9
22n+2 + n+

1

3
22n+3n+

25

9
j − 1

9
22n+4j + jn+

1

3
22n+4jn

+
29

9
ε+ nε+

1

9
22n+4ε+

1

3
22n+5nε+

25

9
jε+

1

9
22n+7jε+ jnε

+
1

3
22n+6jnε)W2 + (−

25

3
+
7

3
22n+2 − 4n− 22n+3n+ 1

3
22n+5j

−32
3
j − 4jn− 22n+4jn− 40

3
ε+

1

3
22n+4ε− 4nε− 22n+5nε− 4jnε

−44
3
jε− 1

3
22n+6jε− 22n+6jnε)W1 + (

64

9
− 1
9
22n+6 + 4n

+
1

3
22n+4n+

80

9
j − 5

9
22n+4j + 4jn+

1

3
22n+5jn+

100

9
ε− 1

9
22n+6ε

+4nε+
1

3
22n+6nε+

116

9
jε+

1

9
22n+6jε+ 4jnε+

1

3
22n+7jnε)W0.

The proof is finished. �

As a first special case of the above theorem, we have the following summation formulas

for dual hyperbolic Woodall numbers:
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Corollary 5.11 For n ≥ 0, dual hyperbolic modified Woodall numbers have the following

properties:

(a)
∑n

k=0 Ĝk = 4 + n + 2n+1n− 2n+2 + j(5− 5× 2n+2 + n + 2n+4 + 2n+2n) + ε(5 + n +

2n+3n) + jε(1 + 2n+4 + n+ 2n+4n).

(b)
∑n

k=0 Ĝ2k =
20
9
+ n + 2

3
22n+2n + 5

3
22n+2 − 5

9
22n+4 + j(25

9
− 4

9
22n+2 + n + 2

3
22n+3n) +

ε(29
9
+ n− 5

9
22n+4 + 1

3
22n+5 + 2

3
22n+4n) + jε(25

9
+ n+ 8

9
22n+4 + 160

3
22nn− 22n+5n).

(c)
∑n

k=0 Ĝ2k+1 =
25
9
+ n+ 2

3
22n+3n− 4

9
22n+2 + j(29

9
− 5

9
22n+4 + 1

3
22n+5 + n+ 2

3
22n+4n) +

ε(25
9
+ n+ 8

9
22n+4 + 2

3
22n+5n) + jε(−7

9
+ n− 1

3
22n+6 + 5

9
22n+7 + 2

3
22n+6n).

As a second special case of the above theorem, we have the following summation formulas

for dual hyperbolic modified Cullen numbers:

Corollary 5.12 For n ≥ 0, dual hyperbolic modified Cullen numbers have the following

properties:

(a)
∑n

k=0 Ĥk = −1+n−6×2nn−3×2n+3+3×2n+1n+28×2n+ j(−3−18×2n+2+5×

2n+4+n−6×2n+1n+3×2n+2n)+ε(−7+16×2n+2−3×2n+4+n−6×2n+2n+3×2n+3

n) + jε(−15 + 2× 2n+4 + n− 6× 2n+3n+ 3× 2n+4n).

(b)
∑n

k=0 Ĥ2k =
1
3
+ n − 22n+3n + 22n+3n + 14

3
22n+2 − 22n+4 + j(−1

3
+ 20

3
22n+2 − 1

3
22n+6

+n− 22n+4n+22n+4n)+ ε(−5
3
+n− 8

3
22n+4+ 5

3
22n+5− 22n+5n+22n+5n)+ jε(−13

3
+

n+ 8
3
22n+4 − 1

3
22n+6 + 96× 22nn− 5× 22n+5n+ 22n+6n).

(c)
∑n

k=0 Ĥ2k+1 = −1
3
+n−2×22n+3n+22n+4n+ 20

3
22n+2− 1

3
22n+6+j(−5

3
− 8
3
22n+4+ 5

3
22n+5

+n−22n+5n+22n+5n)+ε(−13
3
+n+ 8

3
22n+4− 1

3
22n+6−22n+6n+22n+6n)+ jε(−29

3
+

n− 4
3
22n+6 + 22n+7 − 22n+7n+ 22n+7n).

As a third special case of the above theorem, we have the following summation formulas

for dual hyperbolic Woodall numbers:

Corollary 5.13 For n ≥ 0, dual hyperbolic Woodall numbers have the following proper-

ties:
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(a)
∑n

k=0 R̂k = 1− n+ 4× 2nn+ 2n+3 − 2n+1n− 10× 2n + j(1− 2n+4 + 2n+4 − n+ 2n+3

n−2n+2n)+ε(−1−2n+3+2n+4−n+2n+4n−2n+3n)+jε(−9+2n+5−n+2n+5n−2n+4n).

(b)
∑n

k=0 R̂2k = −1
9
−n+ 4

3
22n+2n− 1

3
22n+3n+ 26

9
22n+2− 7

9
22n+4+j(1

9
−n− 14

9
22n+2+ 1

9
22n+6

+ 4
3
22n+3n− 1

3
22n+4n)+ε(−1

9
−n− 2

9
22n+4+ 1

3
22n+5+ 4

3
22n+4n− 1

3
22n+5n)+jε(−17

9
−

n+ 10
9
22n+4 + 1

9
22n+6 + 224

3
22nn− 22n+5n− 1

3
22n+6n).

(c)
∑n

k=0 R̂2k+1 =
1
9
−n+ 4

3
22n+3n− 1

3
22n+4n− 14

9
22n+2+ 1

9
22n+6+j(−1

9
+ 1
3
22n+5− 2

9
22n+4−

n + 4
3
22n+4n − 1

3
22n+5n) + ε(−17

9
− n + 10

9
22n+4 + 1

9
22n+6 + 4

3
22n+5n − 1

3
22n+6n) +

jε(−73
9
− n− 4

9
22n+6 + 7

9
22n+7 + 4

3
22n+6n− 1

3
22n+7n).

As a fourth special case of the above theorem, we have the following summation formulas

for dual hyperbolic Cullen numbers:

Corollary 5.14 For n ≥ 0, dual hyperbolic Cullen numbers have the following proper-

ties.

(a)
∑n

k=0 Ĉk = 3 + n − 2n+3 + 2n+1n + 6 × 2n + j(3 + n + 2n+2n) + ε(1 + 2n+3 + n +

2n+3n) + jε(−7 + 2n+5 + n+ 2n+4n).

(b)
∑n

k=0 Ĉ2k =
17
9
+ n+ 1

3
22n+3n− 2

9
22n+2 + j(19

9
+ n+ 1

9
22n+3 + 1

3
22n+4n) + ε(17

9
+ n+

4
9
22n+4 + 1

3
22n+5n) + jε(1

9
+ n+ 7

9
22n+5 + 1

3
22n+6n).

(c)
∑n

k=0 Ĉ2k+1 =
19
9
+ n+ 1

3
22n+4n+ 1

9
22n+3 + j(17

9
+ 4

9
22n+4 + n+ 1

3
22n+5n) + ε(1

9
+ n+

7
9
22n+5 + 1

3
22n+6n) + jε(−55

9
+ n+ 5

9
22n+7 + 1

3
22n+7n).

Now, we introduce the formulas that give the summation of the dual hyperbolic general-

ized Woodall numbers with negative subscripts.

Theorem 5.8 For n ≥ 0, dual hyperbolic generalized Woodall numbers have the following

formulas:

(a)
∑n

k=0 Ŵ−k = (−2 + 2
2n
− 3j + n − 3ε + 3

2n
j + 1

2×2nn + jn + 4
2n
ε + jε + nε + 1

2n
jn +

4
2n
jε+ 2

2n
nε+jnε+ 4

2n
jnε)W2+(7− 7

2n
+12j−4n+16ε− 11

2n
j− 3

2×2nn−4jn−
16
2n
ε+12

jε−4nε− 3
2n
jn− 20

2n
jε− 6

2n
nε−4jnε− 12

2n
jnε)W1+(−4+ 5

2n
−8j+4n−12ε+ 8

2n
j+ 1

2n

n+ 4jn+ 12
2n
ε− 12jε+ 4nε+ 2

2n
jn+ 16

2n
jε+ 4

2n
nε+ 4jnε+ 8

2n
jnε)W0.
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(b)
∑n

k=0 Ŵ−2k = (−7
9
+ 7

9×22n −
11
9
j + n− 7

9
ε+ 11

9×22n j +
1

3×22nn+ jn+
16

9×22n ε+
25
9
jε+

nε + 2
3×22n jn +

20
9×22n jε +

4
3×22nnε + jnε + 8

3×22n jnε)W2 + (
8
3
− 8

3×22n +
16
3
j − 4n +

20
3
ε− 13

3×22n j−
1
22n
n−4jn− 20

3×22n ε+
4
3
jε−4nε− 2

22n
jn− 28

3×22n jε−
4
22n
nε−4jnε− 8

22n

jnε)W1 + (−8
9
+ 17

9×22n −
28
9
j + 4n− 44

9
ε+ 28

9×22n j +
2

3×22nn+ 4jn+
44

9×22n ε−
28
9
jε+

4nε+ 4
3×22n jn+

64
9×22n jε+

8
3×22nnε+ 4jnε+

16
3×22n jnε)W0.

(c)
∑n

k=0 Ŵ−2k+1 = (−11
9
+ 11

9×22n −
7
9
j + n+ 25

9
ε+ 16

9×22n j +
2

3×22nn+ jn+
20

9×22n ε+
137
9
j

ε + nε + 4
3×22n jn +

16
9×22n jε +

8
3×22nnε + jnε + 16

3×22n jnε)W2 + (
16
3
− 13

3×22n +
20
3
j −

4n + 4
3
ε− 20

3×22n j −
2
22n
n− 4jn− 28

3×22n ε−
76
3
jε− 4nε− 4

22n
jn− 32

3×22n jε−
8
22n
nε−

4jnε− 16
22n
jnε)W1+(−28

9
+ 28
9×22n −

44
9
j+4n− 28

9
ε+ 44

9×22n j+
4

3×22nn+4jn+
64

9×22n ε+

100
9
jε+ 4nε+ 8

3×22n jn+
80

9×22n jε+
16

3×22nnε+ 4jnε+
32

3×22n jnε)W0.

Proof. It can be obtained by using Proposition 1.4 and Proposition 1.5.

(a) We can derive the following using the formulas in Proposition 1.4.

n∑
k=0

Ŵ−k =
n∑
k=0

W−k + j
n∑
k=0

W−k+1 + ε
n∑
k=0

W−k+2 + jε
n∑
k=0

W−k+3.
n∑
k=0

Ŵ−k.

n∑
k=0

Ŵ−k = 4W0(n+
1

2n+1
(n+ 4)− 1

2n+2
(n+ 3)− 1) + 2W1(

1

2n+2
(3n+ 8)− 2n

− 1

2n+1
(3n+ 11) +

7

2
) + 2W2(

1

2
n+

1

2n+1
(n+ 3)− 1

2n+2
(n+ 2)− 1)

+j(2W2(
1

2
n+

1

2n
(n+ 2)− 1

2n+1
(n+ 1)− 3

2
) + 4W0(n+

1

2n
(n+ 3)

− 1

2n+1
(n+ 2)− 2) + 2W1(

1

2n+1
(3n+ 5)− 2n− 1

2n
(3n+ 8) + 6))

+ε(2W2(
1

2
n+ 21−n(n+ 1)− 1

2n
n− 3

2
) + 4W0(n−

1

2n
(n+ 1)

+21−n(n+ 2)− 3)− 2W1(2n+ 2
1−n(3n+ 5)− 1

2n
(3n+ 2)− 8))

+jε(2W2(
1

2
n+ 22−nn− 21−n(n− 1) + 1

2
) + 2W1(2

1−n(3n− 1)− 2n

−22−n(3n+ 2) + 6) + 4W0(n− 21−nn+ 22−n(n+ 1)− 3)).
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n∑
k=0

Ŵ−k = (−2 + 2

2n
− 3j + n− 3ε+ 3

2n
j +

1

2× 2nn+ jn+
4

2n
ε+ jε+ nε

+
1

2n
jn+

4

2n
jε+

2

2n
nε+ jnε+

4

2n
jnε)W2 + (7−

7

2n
+ 12j − 4n

+16ε− 11
2n
j − 3

2× 2nn− 4jn−
16

2n
ε+ 12jε− 4nε− 3

2n
jn− 20

2n
jε

− 6
2n
nε− 4jnε− 12

2n
jnε)W1 + (−4 +

5

2n
− 8j + 4n− 12ε+ 8

2n
j

+
1

2n
n+ 4jn+

12

2n
ε− 12jε+ 4nε+ 2

2n
jn+

16

2n
jε+

4

2n
nε+ 4jnε

+
8

2n
jnε)W0.

This proves (a). We can be proved (b) and (c) similarly way using Proposition 1.5.

�

As a first special case of the above theorem, we have the following summation formulas

for dual hyperbolic modified Woodall numbers:

Corollary 5.15 For n ≥ 0, dual hyperbolic modified Woodall numbers have the following

properties:

(a)
∑n

k=0 Ĝ−k = −3 + n+ n+3
2n
+ j(−3 + n+ 2n+4

2n
) + ε(1 + n+ 4+4n

2n
) + jε(17 + n+ 8

2n
n).

(b)
∑n

k=0 Ĝ−2k = −11
9
+ n+ 11+6n

9×22n + j(−
7
9
+ n+ 16+12n

9×22n ) + ε(
25
9
+ n+ 20+24n

9×22n ) + jε(
137
9
+

n+ 16+48n
9×22n ).

(c)
∑n

k=0 Ĝ−2k+1 = −7
9
+n+ 16+12n

9×22n + j(
25
9
+n+ 20+24n

9×22n )+ ε(
137
9
+ 16+48n

9×22n +n)+ jε(
457
9
+n

+ −16+96n
9×22n ).

As a second special case of the above theorem, we have the following summation formulas

for dual hyperbolic modified Cullen numbers:

Corollary 5.16 For n ≥ 0, dual hyperbolic modified Cullen numbers have the following

properties:

(a)
∑n

k=0 Ĥ−k = 5 + n− 2
2n
+ j(9− 4

2n
+ n) + ε(17− 8

2n
+ n) + jε(33− 16

2n
+ n).

(b)
∑n

k=0 Ĥ−2k =
11
3
+n− 2

3×22n +j(
19
3
− 4
3×22n +n)+ε(

35
3
− 8
3×22n +n)+jε(

67
3
− 16
3×22n +n).
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(c)
∑n

k=0 Ĥ−2k+1 =
19
3
+n− 4

3×22n+j(
35
3
− 8
3×22n+n)+ε(

67
3
− 16
3×22n+n)+jε(

131
3
− 32
3×22n+n).

As a third special case of the above theorem, we have the following summation formulas

for dual hyperbolic Woodall numbers:

Corollary 5.17 For n ≥ 0, dual hyperbolic Woodall numbers have the following proper-

ties:

(a)
∑n

k=0 R̂−k = −3−n+ 2+n
2n
+j(−1−n+ 2+2n

2n
)+ε(7−n+ 4

2n
n)+jε(31− 8

2n
−n+ 8

2n
n).

(b)
∑n

k=0 R̂−2k = −17
9
− n + 8+6n

9×22n + j(−1
9
− n + 10+12n

9×22n ) + ε(55
9
− n + 8+24n

9×22n ) + jε(215
9
−

n+ −8+48n
9×22n ).

(c)
∑n

k=0 R̂−2k+1 = −1
9
−n+ 10+12n

9×22n + j(
55
9
−n+ 8+24n

9×22n )+ ε(
215
9
−n+ −8+48n

9×22n )+ jε(
631
9
−n

+ −64+96n
9×22n ).

As a fourth special case of the above theorem, we have the following summation formulas

for dual hyperbolic Cullen numbers:

Corollary 5.18 For n ≥ 0, dual hyperbolic Cullen numbers have the following proper-

ties:

(a)
∑n

k=0 Ĉ−k = −1 + n+ 2+n
2n
+ j(1 + 2+2n

2n
+ n) + ε(9 + n+ 4

2n
n) + jε(33 + n+ −8+8n

2n
).

(b)
∑n

k=0 Ĉ−2k =
1
9
+n+ 8+6n

9×22n +j(
17
9
+ 10+12n

9×22n +n)+ε(
73
9
+ 8+24n

9×22n +n)+jε(
233
9
− 8−48n

9×22n +n

).

(c)
∑n

k=0 Ĉ−2k+1 =
17
9
+n+ 10+12n

9×22n +j(
73
9
+ 8+24n
9×22n+n)+ε(

233
9
− 8−48n
9×22n+n)+jε(

649
9
− 64−96n

9×22n +n

).

5.4 MATRICES RELATED TO DUAL HYPERBOLIC GENERALIZED

WOODALL NUMBERS

In this section, we investigate matrices related to dual hyperbolic generalized Woodall

numbers.

Now, we recall {Gn} defined by the third-order recurrence relation as follows

Gn = 5Gn−1 − 8Gn−2 + 4Gn−3 with the initial conditions G0 = 0, G1 = 1, G2 = 5.
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We present the square matrix A of order 3 as

A =


5 −8 4

1 0 0

0 1 0


such that detA = 4. Then, we give the following Lemma.

Note that

An =


Gn+1 −8Gn + 4Gn−1 4Gn

Gn −8Gn−1 + 4Gn−2 4Gn−1

Gn−1 −8Gn−2 + 4Gn−3 4Gn−2

 .

For the proof see [60].

Lemma 5.9 For all integers n the following identity is true.


Ŵn+2

Ŵn+1

Ŵn

 =


5 −8 4

1 0 0

0 1 0


n

Ŵ2

Ŵ1

Ŵ0

 .

Proof. First, we suppose that n ≥ 0. Lemma (5.9) can be given by mathematical

induction on n. If n = 0 we get


Ŵ2

Ŵ1

Ŵ0

 =


5 −8 4

1 0 0

0 1 0


0

Ŵ2

Ŵ1

Ŵ0


which is true. We assume that the identity given holds for n = k. Thus the following

identity is true.


Ŵk+2

Ŵk+1

Ŵk

 =


5 −8 4

1 0 0

0 1 0


k

Ŵ2

Ŵ1

Ŵ0


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For n = k + 1, we get
5 −8 4

1 0 0

0 1 0


k+1

Ŵ2

Ŵ1

Ŵ0

 =


5 −8 4

1 0 0

0 1 0



5 −8 4

1 0 0

0 1 0


k

Ŵ2

Ŵ1

Ŵ0



=


5 −8 4

1 0 0

0 1 0




Ŵk+2

Ŵk+1

Ŵk



=


5Ŵk+2 − 8Ŵk+1 + 4Ŵk

Ŵk+2

Ŵk+1



=


Ŵk+3

Ŵk+2

Ŵk+1

 .

If we suppose that n < 0 the proof can be done similarly. Consequently, by mathematical

induction on n, the proof is completed. �

Theorem 5.10 If we define the matrices NŴ and EŴ as follow.

NŴ =


Ŵ2 Ŵ1 Ŵ0

Ŵ1 Ŵ0 Ŵ−1

Ŵ0 Ŵ−1 Ŵ−2

 , EŴ =


Ŵn+2 Ŵn+1 Ŵn

Ŵn+1 Ŵn Ŵn−1

Ŵn Ŵn−1 Ŵn−2

 .

then the following identity is true:

AnNŴ = EŴ .

Proof. For the proof, we can use the following identities.

AnNŴ =


Gn+1 −8Gn + 4Gn−1 4Gn

Gn −8Gn−1 + 4Gn−2 4Gn−1

Gn−1 −8Gn−2 + 4Gn−3 4Gn−2




Ŵ2 Ŵ1 Ŵ0

Ŵ1 Ŵ0 Ŵ−1

Ŵ0 Ŵ−1 Ŵ−2

 ,

=


b11 b12 b13

b21 b22 b23

b31 b32 b33


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where

b11 = Ŵ2Gn+1 + Ŵ1 (−8Gn + 4Gn−1) + Ŵ04Gn,

b12 = Ŵ1Gn+1 + Ŵ0 (−8Gn + 4Gn−1) + Ŵ−14Gn,

b13 = Ŵ0Gn+1 + Ŵ−1 (−8Gn + 4Gn−1) + Ŵ−24Gn,

b21 = Ŵ2Gn + Ŵ1 (−8Gn + 4Gn−1) + Ŵ04Gn−1,

b22 = Ŵ1Gn + Ŵ0 (−8Gn + 4Gn−1) + Ŵ−14Gn−1,

b23 = Ŵ0Gn + Ŵ−1 (−8Gn + 4Gn−1) + Ŵ−24Gn−1,

b31 = Ŵ2Gn−1 + Ŵ1 (−8Gn + 4Gn−1) + Ŵ04Gn−2,

b32 = Ŵ1Gn−1 + Ŵ0 (−8Gn + 4Gn−1) + Ŵ−14Gn−2,

b33 = Ŵ0Gn−1 + Ŵ−1 (−8Gn + 4Gn−1) + Ŵ−24Gn−2,

Using the Theorem (5.6) the proof is done. �

From Theorem (5.10), we can write the following corollary.

Corollary 5.19 We have the following identity.

(a) If we define NĜ and EĜ as follows.

NĜ =


Ĝ2 Ĝ1 Ĝ0

Ĝ1 Ĝ0 Ĝ−1

Ĝ0 Ĝ−1 Ĝ−2

 , EĜ =


Ĝn+2 Ĝn+1 Ĝn

Ĝn+1 Ĝn Ĝn−1

Ĝn Ĝn−1 Ĝn−2

 ,

then we get

AnNĜ = EĜ.

(b) If we define NĤ and EĤ as follows.

NĤ =


Ĥ2 Ĥ1 Ĥ0

Ĥ1 Ĥ0 Ĥ−1

Ĥ0 Ĥ−1 Ĥ−2

 , EĤ =


Ĥn+2 Ĥn+1 Ĥn

Ĥn+1 Ĥn Ĥn−1

Ĥn Ĥn−1 Ĥn−2

 ,

then we get

AnNĤ = EĤ .
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(c) If we define NR̂ and ER̂ as follows.

NR̂ =


R̂2 R̂1 R̂0

R̂1 R̂0 R̂−1

R̂0 R̂−1 R̂−2

 , ER̂ =


R̂n+2 R̂n+1 R̂n

R̂n+1 R̂n R̂n−1

R̂n R̂n−1 R̂n−2

 .

then we get

AnNR̂ = ER̂.

(d) If we define NĈ and EĈ as follows.

NĈ =


Ĉ2 Ĉ1 Ĉ0

Ĉ1 Ĉ0 Ĉ−1

Ĉ0 Ĉ−1 Ĉ−2

 , EĈ =


Ĉn+2 Ĉn+1 Ĉn

Ĉn+1 Ĉn Ĉn−1

Ĉn Ĉn−1 Ĉn−2

 ,

then we get

AnNĈ = EĈ .
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