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ABSTRACT

In this thesis finite codimensional maximal ideals of Leavitt path algebras (LPAs) are
considered. Standard tools of abstract algebra, specifically the theory of associative
algebras, their structure and representations are used. Some basic definitions and
properties of digraphs and Leavitt path algebras are given. Maximal and graded ideals
of Leavitt path algebras are studied.

Colak described two-sided ideals of a Leavitt path algebra of a row-finite directed graph
in 2011. The main result in Colak’s paper is that any ideal I of a Leavitt path algebra is
generated by the subset 7 NV of V and elements of the form s(C') 4+ Y, A\;C? for some
cycle C with s(C') ¢ I. On the other hand all finite dimensional quotients of Leavitt
path algebras of row-finite directed graphs were classified by Kog-Ozaydin in 2020.
However, the kernel ideals of these quotients were not provided with generators of the
form given by Colak. This thesis makes the relationship between finite dimensional
quotients and these canonical generators explicit: We provide canonical generators for
finite codimensional maximal ideals of Leavitt path algebras and show that every such
ideal is principal and each such quotient is isomorphic to a Leavitt path algebra with
coefficients in an extension field of FF.

In the Leavitt path algebra literature there has been a significant amount of research
dedicated to constructing a dictionary between the combinatorial properties of a directed
graph and the algebraic properties of the corresponding Leavitt path algebra. This
“dictionary” is presented in a tabular format in the fourth chapter of this thesis.

Keywords: Leavitt Path Algebra, Maximal Ideal, Finite Codimensional Ideal.
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OZET

Bu tez de Leavitt yol cebirlerinin béliimii sonlu boyutlu olan maksimal idealleri ele
alind1. Soyut cebirin standart teknikleri, 6zellikle birlesmeli cebirlerin yap1 ve temsil
teorileri kullanildi. Bu baglamda bazi temel tanimlar, yonlii ¢izgelerin ve Leavitt yol
cebirlerinin 6nemli 6zellikleri ile dereceli ve maksimal idealleri incelendi.

Satir sonlu yonlii ¢izgelerin Leavitt yol cebirlerinin ¢ift tarafli idealleri 2011 de Colak
tarafindan belirlendi. Colak’in makalesindeki ana teorem, bir Leavitt yol cebirinin her-
hangi bir ift tarafli ideali, igerdigi kdseler ve C' bir déngii olmak iizere s(C) + >, \iC"
formundaki elemanlar tarafindan iiretildigini ifade eder. Diger yandan satir sonlu, yonlii
cizgelerin Leavitt yol cebirlerinin sonlu boyutlu bsliimleri, Kog-Ozaydin tarafindan
2020 de siniflandirildi. Ancak bu bdliimlerin gekirdek ideallerinin Colak tarafindan ver-
ilen formdaki iiretecleri belirlenmemisti. Bu tezin bir amaci bu ¢ekirdeklerin tirete¢lerini
acikca belirlemektir: sonlu (yonlii) ¢izgelerin Leavitt yol cebirlerinin sonlu boyutlu
boéliimlerinin ¢ekirdeklerinin kanonik iiretegleri verilerek bu ¢ekirdek ideallerin esas
ideal oldugu ve bu boéliimlerin (girdileri katsay1 cisminin bir genislemesinden gelen)
matris cebirlerine izomorf olduklar1 gosterildi.

Leavitt yol cebiri literatiiriinde 6nemli arastirma temalarindan biri de bir yonlii ¢izgenin
geometrik/cizgesel 6zellikleri ile bu yonlii ¢izgenin tanimladig1 Leavitt yol cebirmnin ce-
birsel 6zellikleri arasindaki iliskileri saptamaktir. Bu tezin Sozliik baglikli 4. bolimiinde
bu iliskilerin bir kismu bir tablo seklinde verildi.

Anahtar Kelimeler: Leavitt Yol Cebiri, Maksimal ideal, Sonlu Koboyutlu ideal.
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1. INTRODUCTION

Leavitt path algebras were introduced in 2004 by Ara, Moreno, Pardo and Abrams,
Aranda Pino, independently [1], [2]. The concept of Leavitt path algebras is associated
to directed graphs. A di(rected )graph is a mathematical structure consisting of vertices
and arrows connecting these vertices.

There were initial studies on the ideal structures of Leavitt path algebras by Abrams
and Aranda Pino on the hereditary saturated subsets of vertices of digraphs and also by
Tomforde. Generators for two-sided ideals of a Leavitt path algebra of a (row-finite)
digraph were given by Colak [3] and Rangaswamy [4]. On the other hand Kog¢-Ozaydin
classified all finite dimensional quotients of Leavitt path algebras of (row-finite) di-
graphs [5]. In particular, they show that the Leavitt path algebra of a row-finite digraph
I" has a nonzero finite dimensional quotient if and only if I' has a maximal sink or a
maximal cycle.

This thesis consists of five chapters. The first chapter is this introduction containing
information about the content of the thesis.

The second chapter consists of four subsections. The first of these includes fundamental
topics of abstract algebra such as rings, modules, ideals, fields, vector spaces, etc.,
with theorems and examples, which are used in the thesis. In the second subsection,
the definitions of algebra and some specific examples used in the thesis are provided.
Additionally, the conditions for an algebra and ideal to be graded are given. In the other
subsections the definition of a category and basic examples are discussed and partially
ordered sets are considered.

In the third chapter, digraphs are defined, and their fundamental properties are discussed.
Then the definition of a Leavitt path algebra is provided and examples are given show-
ing that some well-known algebras are obtained as Leavitt path algebras of specific
digraphs. The definition and theorems related to graded ideals of Leavitt path algebras
are provided. The relationship between hereditary and saturated subsets of V' in [" and
graded ideals of Ly(I") is explained.

In the third section of the third chapter we provide canonical generators for finite codi-
mensional maximal ideals of LPAs and show that every such ideal is principal and each

such quotient is isomorphic to a Leavitt path algebra with coefficients in an extension



field of IF. This realizes one of the objectives of this thesis, namely to make the relation-
ship between finite dimensional quotients and these canonical generators explicit.

In the Leavitt path algebra literature there has been a significant amount of research
dedicated to constructing a dictionary between the combinatorial properties of a directed
graph and the algebraic properties of the corresponding Leavitt path algebra. This

dictionary presented in a tabular format is given in the fourth chapter.



2. PRELIMINARIES

2.1. Rings and Ideals

Definition 2.1. [6] A binary operation * on a set .S is a mapping that assigns to each
ordered pair (s1, s2) € S x S an element s x s5 € S. In this case S is said to be closed
under the binary operation.

If 51 % s9 = s9 % 51 for all s1, sy € S then the binary operation * is commutative. If
S1% (Sg % 83) = (81 % 82)xs3 forall s1, s9, s3 € S then « is associative. If there exists an

element e in S such that s; x e = s; = e *x s; for all s; in S then e is called an identity.

Definition 2.2. [7] An ordered pair (G, *) with * being a binary operation defined on

the set G is a group if the following are satisfied:
(i) (axb)*xc=ax(bxc)foralla,b, ce G. (associativity)

(i) In G, there is an element e, the identity of G, satisfying a x ¢ = ¢ x a = a for all
a €.
(iii) For every a € G there exists a=! € @G, the inverse of a, satisfying a x a™! =

atxa=e.

The group (G, *) is abelianif a x b = b+ a forall a,b € G.

Example 1. Z,Q, R and C are additive abelian groups where e = 0 and ' = —a

for all a.
A monoid is an ordered pair (.5, %) where S is a set and * is a binary operation satisfying

(i) and (ii).

Example 2. The sets Z, Q, R and C are additive (commutative) monoids as well
as commutative multiplicative monoids. Here 0 is the identity of addition and the

multiplicative identity is 1.

Definition 2.3. [7] A ring is an ordered triple (R, +, -) where R is a set, and the two

binary operations + and - called addition and multiplication, satisfy the following:
(1) R under addition is an abelian group with 0z being the identity,

(i1) R under multiplication is a monoid with 15 being the identity,



(ii1) multiplication is both left and right distributive over addition, i.e., for all z, y, z €
R:
r-(y+z2)=x-y+z-z
and

(y+z2)-z=y-r+z2-x
A ring R is commutative if (R, -) is a commutative monoid, i.e., forall z,y € R

We will abbreviate the product = - y as zy when there is no risk of confusion. The
identity elements of addition and multiplication in R are denoted by Oz and 15. The

subscripts on Oy and 1z may also be omitted when the context makes it clear.

Example 3. (Z,+, ), (Q,+, ), (R, +,-) and (C, +, -) are commutative rings where +

and - have their standard meanings.
We will follow the usual abuse of notation where R stands in for the triple (R, +,.).

Example 4. For any ring R the ring M,,(R) is n x n-matrices whose entries are from R,
with the usual matrix addition and multiplication where 0 is the matrix with all entries
zero and 1 is the identity matrix / := [,, whose entries are 1 on the main diagonal and 0

elsewhere. We display a € M,,(R) as an n X n rectangular array

air ... Qip

Ap1 o Qg
where a;; € R, or as (a;;) where 1 < 4,5 < n. Hence (M,,(R),+, -) is a ring with the
operations:

(ai) + (bij) = (ai; + biz) and (ai;) - (big) = (cij)
where ¢;; = > ,_, @i - bg;. The ring (M, (R), +, -) is not commutative for n > 1.

Definition 2.4. [8] A field is a commutative ring in which every nonzero element is

invertible.

The ring of integers Z is a commutative ring but it is not a field. The ring of rational

numbers Q is a field.



Definition 2.5. [8] An element a of a commutative ring R is called a zero divisor if

there is a nonzero element b € R such that ab = 0.

Definition 2.6. [8] A commutative ring R is an integral domain if there is no zero

divisor in R.

Every field is an integral domain. The converse is not true, that is, every integral domain
is not a field. For instance, Z is not a field but it is an integral domain. However, every

finite integral domain is a field. [8]

Definition 2.7. [7] A subring S of a ring R is a subset that is both an additive and a

multiplicative monoid.

Definition 2.8. [7] Let R and S be rings. A ring homomorphism is a map ¢ from R to
S satisfying for all a,b € R

pla+0b) =p(a) +¢(b) and p(ab) = p(a)p(b).

Definition 2.9. [9] A homomorphism ¢ : R — S is
(1) a monomorphism if ¢ is 1-1,
(i1) a epimorphism if ¢ is onto S,
(i11) an isomorphism if ¢ is 1-1 and onto.

Definition 2.10. [8] Let ¢ : R — S be a ring homomorphism. The kernel of ¢,
denoted by Keryp, consists of those elements in R which are mapped by ¢ to the zero
element of the ring .S:

Kerp ={a € R|¢(a) =0g}.

That is, Kery is the kernel of ¢ considered as a homomorphism of additive groups.

Definition 2.11. [8] A left ideal / of a ring R is an additive subgroup of R satisfying
rx € [ forall r € R and for all z € I. Similarly, a right ideal I of a ring R is an
additive subgroup of R satisfying x.r € [ forall » € R and forall x € I. A (two-sided)
ideal is both a left and a right ideal.

For all r in R we have Or = 0 because Or = (0 + 0)r = Or + Or and similarly, 70 = 0.
Hence {0} and R are ideals of R.



Example 5. Let’s consider (a) = {ka | k € Z} where a € Z.
(a) is an ideal of Z since

ka —la = (k —l)a,
k(la) = (kl)a, k,leZ.

In particular, the ring of even integers is an ideal of Z since (2) = 27Z. Note that Z = (1)
and {0} = (0).
Definition 2.12. [8] An ideal (a) generated by one element of a ring R is a principal
ideal and given by (a) = {fz siar; | si,ri € R}.

inite
Definition 2.13. [8] An integral domain R is a principal ideal domain, abbreviated PID,

if every ideal is principal.

Example 6. (i) The ring Z of integers is a principal ideal domain; in fact, if  is an

ideal of the ring Z then I = (k) for a unique nonnegative integer k.

(if) The polynomial ring F|z] with coefficients in the field F is a principal ideal
domain. Every ideal I of F|z] is of the form (p(x)) where p(x) is a unique monic

polynomial.

(iii) The Laurent polynomial ring F[x, 2] with coefficients in the field F is a principal
ideal domain. Every ideal I of Flx,x '] is of the form (p(z)) where p(x) is a

unique monic polynomial with p(0) # 0.

Theorem 2.14. [8] If ¢ is a ring homomorphism from a ring R into a ring S then Kery

is an ideal of R.

Proof. Let ¢ : R — S be a ring homomorphism. Kery # () since O € Kerp.
Suppose that a,b € Kery. Then ¢(a) = 0g and p(b) = 0s. Since Kery is a ring
homomorphism ¢(a — b) = ¢(a) — p(b) = 0s. Thus a — b € Keryp, that is, Kery
is a subgroup of R. Letr € Rand a € Kery. Then p(a) = 0g. Hence we get
p(ar) = pla)p(r) = 0sp(r) = 0s and @(ra) = ¢(r)e(a) = ¢(r)0s = 0s. So
ar € Kerp and ra € Kery . Thus Keryp is an ideal of R. ]

Let J be an ideal of a ring R and R/J be the collection of all cosets of J in R, that is,

R/J={a+J|a€ R}



The set R/J forms a ring under the following operations:
(a+J)+(b+J)=(a+b)+J,

(a+ J)b+J)=ab+ J.
These operations are well-defined: suppose thata + J =da' 4+ J and b+ J =0 + J.
Thena — ' = j; and b — b’ = j, for some ji, jo € J. Hence we get

(a+8)— (@ +V)=(a—a)+(b-¥)=ji+jp € J

andso (a+b)+ J = (a' + ')+ J. Therefore (a+ J)+ (b+J) = (' + J) + (V' + J).

Also, we observe that
ab—a't' =alb—0b)+ (a—ad)b' =ajp+ 51/ € J

since aj, € J and j1b' € J. Hence ab + J = a’b’ 4+ J thus the multiplication in R/.J
is well-defined. If J is an ideal of the ring R then R/J is also a ring [8], called the
quotient ring of R by J.

If ¢ : R — R/J is given by r — r + J then ¢ is a ring homomorphism: For all
r,s € R,

or+s)=r+s+J=r+J)+(s+J) =)+ p(s) and

o(rs)=rs+J=(r+J)(s+J) = p(r)e(s).
And Kerp ={a € R|p(a) =0+J} ={a € R|la+J=J}={a€ R|lac J} =J.
Hence every ideal is realized as the kernel of some homomorphism.

Definition 2.15. [8] An ideal I of the ring R is called a maximal ideal provided that
I # R and whenever J is an ideal of R with / C J C Rthen J = R.

Example 7. The maximal ideals of Z are (p) where p is a unique prime number: Assume
that (p) is a maximal ideal. If the integer p is not prime then p = ab with 1 < a < b < p.
Hence the ideals (a) and (b) are such that (p) C (a) C Z, (p) C (b) C Z contrary to

the maximality of (p).

Definition 2.16. [8] A ring R is called a skew-field if every nonzero element r of R is

invertible, that is, there is s € R such that rs = 1 = sr.



Definition 2.17. [10] A nonzero ring R is called simple if the only ideals of R are (0)

and R. Equivalently, R is simple if and only if (0) is a maximal ideal.

If R is a simple ring then for any nonzero element a € R, the ideal (a) is R. If R is

commutative then R is simple if and only if R is a field.

Fields and skew-fields are simple rings: If F is a field or a skew-field and I # (0) is
an ideal of I then there is a nonzero element a in /. Every nonzero element a € [ has
an inverse ¢! in IF since I is a field. Hence aa™! = 1 € I and so I = F, that is, I is

simple.

Example 8. The ring M,,(IF) is simple where F is a field: Let J be a nonzero ideal
of M,,(F) where n € N and let 0 # A € J. Let E;; be the matrix unit such that
(4, j)-position is 1 and zeros elsewhere. There is a nonzero entry o := «;; of A. Then
By = EyAEy; € (A). Since F is field, we get (a 'Eyy)(aFn) = Eny € (A).
Similarly we have Ess ... E,, € (A). Hence the identity element [ = i E; € (A).
Therefore (A) = M,,(IF). This implies that J = M, (F). -

When F is a field and n > 1, M, (IF) is neither a field nor a skew-field. Also, M,,(R) is
not simple if the ring R is not simple since M,,([) is an ideal of M,,(R) when [ is an

ideal of R.

Definition 2.18. [10] An ideal [ is called prime when [ satisfies the following: If .J;
and Js are ideals of R such that J,J, C [ then J; C [ or J, C 1.

When R is a commutative ring the usual definition of a prime ideal [ is: if ab € I
thena € I or b € [ forall a, b € R. For commutative rings the two definitions are
equivalent.

If [ is an ideal of a commutative ring R then [ is prime if and only if R/[ is an integral

domain [8]. Hence {0} is a prime ideal when R is an integral domain.

Theorem 2.19. [8] [ is a maximal ideal of a commutative ring R if and only if R/[ is

a field.

Proof. (=) Suppose that I is maximal ideal and a + I € R/l witha + I # I. Then
a ¢ I. Sowehave I C I+ (a). Since [ is maximal then [ + (a) = R. In addition
since R has identity element there exists v € [ and r € R such that v + ra = 1. Then

l—ra=wue€ landalsol—ra € I. Thisimpliesthat 1+ =ra+1 = (r+1)(a+1),



that is, 7 + [ is the reverse of a + I. Hence R/ is field.

(<) Let R/I be a field and J be any ideal of R suchthat / C J C R. Since [ # J
there exists an element a € J with a ¢ I. Since R/I is field then a + I € R/I have
an inverse such that (a + [)(b+ 1) =ab+ 1 =1+ 1 forsome (b+ ) € R/I. So
1 —abe I C J.Moreover ab € J since a € J. The identity 1 = (1 — ab) +ab € J
and also J = R, thatis, [ is a maximal ideal. ]

Theorem 2.20. [8] In a commutative ring every maximal ideal is a prime ideal.

However, every prime ideal is not a maximal ideal: for example, the ideal {0} is not a

maximal ideal of Z since {0} C (2) C Z while it is a prime ideal.

Definition 2.21. [8] Let IF be a field. A nonconstant polynomial f(z) € F[x] is said to
be an irreducible polynomial in F[z] if f(z) can not be expressed as the product of two

polynomials of positive degree.
Theorem 2.22. [8] Let F be a field. Then the following are equivalent:
(i) p(x) is irreducible in F[z].

(ii) The ideal ( p(z) ) is a maximal ideal of [F|x].

(iii) The ideal ( p(z) ) is a prime ideal of [F|x].

(iv) Flx]/( p(x)) is a field.
Definition 2.23. [8] A ring R satisfies the ascending chain condition for (left/right/two-
sided) ideals if given any sequence of ideals Ji, Jo, - - - of R with

JiCJpC--CJyC -

there exists an integer n (depending on the sequence) such that J, = J,,,; = ---.
Definition 2.24. [8] A ring R satisfies the descending chain condition for (left/right/two-
sided) ideals if given any descending chain of ideals of R,

122 Dy 2

there exists an integer m such that J,,, = J,11 = Jpio = -.

Theorem 2.25. [8] A ring R satisfies the ascending chain condition for ideals if and

only if every ideal of R is finitely generated.



A ring satisfying the ascending chain condition for left (respectively right) ideals is
called a left (respectively right) Noetherian ring. A ring satisfying the descending
chain condition for left (respectively right) ideals is said to be a left (respectively right)

Artinian.

Definition 2.26. [9] Let R be a ring. An abelian group (M, +) is called a right R-
module over R with respect to a mapping M x R — M if for all m;, ms € M and
r,s € R

(1) (my + msg)s = mys + mas
(i) my(s+ 1) =mys +myr
(iii) mq(sr) = (mys)r
(iv) milg = m;.
A left R-module is defined analogously.
R 1s a right R-module, denoted by Rp.
From now on all modules will be right modules unless explicitly stated otherwise.

Example 9. Let 12 be a ring and J be an ideal in R. The ideal .J is an R-module from

the definition of an ideal.
Example 10. The quotient ring R/.J is a right R-module:
(i) We know that R/.J has an abelian group structure.

(if) Lets, s € Rsuchthats+J =5 +.J € R/Jandletr € R. Thuss — s € J
and hence sr — s'r = (s — s')r € J. Therefore sr + J = s'r 4+ J. Let’s define a
mapping

R/Jx R — R/J
(s+ J,r) — sr+J.

Therefore R/.J is a right R-module by this scalar multiplication.

Definition 2.27. [9] Let M be an R-module and () # N C M. If N is a subgroup of
M and ar € N foralla € N, r € R then N is called a submodule of M.

Definition 2.28. [7] An R-module M is called simple if M is nonzero and if the only
submodules of M are 0 and M.
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Definition 2.29. [7] If an R-module M is expressed as M = @ M; where each M, is
=1

simple submodule of M then M is called semisimple.

Definition 2.30. [7] A map ¢ from an R-module M to an R-module N is called an

R-module homomorphism if ¢ satisfies the following:

(i) oz +y) =)+ e(y) forall z,y € M.
(ii) @(ar) = p(z)r forallr € R,x € M.

Definition 2.31. [9] Let X be a subset of an R-module M. The submodule ( X ) of M
generated by X is defined as the intersection of all submodules of M which contain X.

If M = (X ) and X is a finite set then )M is finitely generated.

Definition 2.32. [11] If X is a subset of an R-module M such that every element m of
M has a unique expression m = > z;r; withz; € X andr; € Rfori = 1,2,--- |k
then X is a basis for M.

Definition 2.33. [11] An R-module M is free when M has a basis.

Definition 2.34. [9] An [F-module M is a vector space over a field [F. The elements of
[F are called scalars and the elements of M are called vectors. A submodule of M is a
subspace of M. A subset S of M spans M if M = (S'). The submodule N generated
by a subset Y of M is called the span of Y and denoted by ( Y ).

Definition 2.35. [9] Let IV be a vector space over the field F. A subset S of W is
said to be linearly independent over F if for every finite number of distinct elements
S1,+ -+ , 8y, € S and for any finite set of scalars {ay, -+ ,a,,}, a@1$1+-+a,s, =0
implies thatay = --- = o, = 0.

Definition 2.36. [9] Let IV be a vector space over the field F. A subset B of IV is called
a basis for W over F if B spans W, thatis, W = ( B ), and B is linearly independent

over IF.

Definition 2.37. [9] Let W be a vector space over the field F. If W is spanned by a
finite set of vectors, then W is said to be finite dimensional over [ and the dimension

of W is the number of elements in a basis for V.

Since a finite dimensional vector space W has a finite basis, W is free, i.e., every finite

dimensional vector space is a finitely generated free module over the scalar field [F.
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2.2. Algebras

Definition 2.38. [7] An F— algebra A, where F is a field, is a ring that is also an
F—vector space with the same additive operation + such that multiplication by scalars

satisfies A(ab) = (Aa)b = a(\b) for all A € FF and for all a,b € A.

Example 11. The set of all polynomials in = with coefficients from a field [F is denoted
by F[z] where F[z] = {Z a;x' | a; € F, n € N}. The algebra (F[z], +, -) is called the

polynomial algebra w1th coefﬁ(:lents from F when addition and multiplication of the

polynomials
Z a;x" and q( Z b
=0
are defined by
max{m,n} A
p(x)+q@) =Y (ai+b)a
i=0
and
m+n
p(z) - q(x) = Z cra® where ¢, = Z ab;.
k=0 i+j=k

n
Here the convention is all coefficients a; that are not explicitly given in the sum ) a;2"
i=0
are defined to be zero.

The polynomial algebra F|x] satisfies A(p(z)q(x)) = (Ap(x))q(z) = p(x)(Ag(x)) for
all A € F and for all p(x), ¢(x) € Flz|. Hence F[z] is an F-algebra.

Similarly, Flzy, 2, - - - 2] is the polynomial algebra in n variables with coefficients

from F.

Example 12. The set of all polynomials in z, x~* with coefficients from a field F is
denoted by Flz,z~!] where F[z, 27| = { > a;z' | a; € F, m,n € N}. This algebra

1=—m

is called the Laurent polynomial algebra with coefficients from F.

Example 13. The set of square matrices of a fixed size over a field [F, with the operations

of matrix addition, matrix multiplication and multiplication by scalars is an [F-algebra.
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The matrix algebra of n x n-matrices over I is denoted by M,,(F) .

Definition 2.39. [9] For a set X the vector space F.X is the set of formal F-linear
combinations of elements of X. The monoid algebra of a (multiplicative) monoid S

over [ is FS as a vector space with the multiplication of S extended linearly to F.S.

Example 14. Ifthe monoid is (N, +) then the algebra FN is isomorphic to the polynomial

algebra FX where n < x".

Example 15. The F-algebra F(z1, xo, .. ., x,) is called the noncommutative polynomial
algebra over F in n noncommuting variables, that is, the monoid algebra of the mul-
tiplicative monoid of noncommuting monomials x;"' ;> . .. xzr;”‘ with iy, %9, ... 1 €
{1,2,...,n} and m; € Nfori € {1,2,...k}. Note that if some m; = 0 then this
monomial is identified with the monomial obtained by dropping z;, . In particular if
all m; = 0 then we have the empty product which is 1, the multiplicative identity
of the monoid and the algebra. The subalgebra of polynomials with constant term 0,

that is, the span of monomials z;"' x> ... 2;"* with some m; > 0 will be denoted
F(zy,x,...2,); which is a nonunital algebra. For any set X the polynomial algebra

F(X) is the polynomial algebra in the noncommuting variables = € X.

Algebras given by generators and relations: Let X be the set of generators. Then the

relations are of the form f; = g;.
(i) If fi, g € F(X) foralli € I then A :=F (X)/({fi — gi}icr) is the algebra
generated by X subject to the relations {f; = g; }ie; Where ({f; — ¢ }ics) is the
ideal generated by {f; — g; }ies-

(ii) If some f; or g; is not in F, (X), that is, f; or g; has a nonzero constant term,

then the algebra generated by X subject to the relations {f; = g;}ier is A =
F(X)/({fi — gitier)-
The definition of Leavitt path algebras is of the first kind, that is, a quotient of F (X),

such as the definition of most algebras below. However, the definition of the Jacobson

algebra, defined below, is of the second kind.

To define an algebra homomorphism ¢ from the F-algebra A generated by X subject
to { f; = gi}ies to the F-algebra B we specify ¢(X) C B and check that the relations
are satisfied, that is, ¢(f;(X)) := fi(p(X)) = gi(p(X)) forall i € I.
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Example 16. [12] Let [F be a field and n a positive integer. Then the Leavitt [F-algebra
of type (1,n), denoted by Lg(1, n), is the F-algebra generated by elements {z;,y; : i =

1,--+,n} and subject to the following relations:
(i) > vz =1
(i) xy; = 051
where 4, ; is the Kronecker delta. Note that Ly(1,1) = F[z, z71].

Definition 2.40. [7] Let A and B be [F-algebras. If ¢ : A — B is a ring homomorphism

and a linear transformation then ¢ is called an [F-algebra homomorphism.

Definition 2.41. [13] Let G be a group. An F-algebra A is called a G-graded F-algebra
if

(i) A=, oA, where A, are subspaces of A,

(i) A,A; € A,; forevery 7,0 € G.

The subspace A, is called the y-component of A. The elements of UWGG A,ina
graded algebra A are called homogeneous elements. The non-zero elements of A, are
called v-homogeneous, and set to have grade v . The element 0 is considered to be

homogeneous of every grade.

Example 17. The polynomial algebra F[z] is a Z-graded F-algebra since F[x] =
@D,y Fz' with F[z]; := Fz' when ¢ > 0 in particular F[z], = IF and F[z]; = Fz. Also
F[z]; := 0 when i < 0. Note that F[z),F[z]; = (Fz')(Fa?) = Fa'* = Fla];,.

Example 18. The polynomial algebra F|x,y] is a Z-graded F-algebra by total degree
and also a Z x Z-graded F-algebra where F[z,y]; := Fz' + Fa'~ly + --- + Fy' in
the Z-grading and F[z, y]; ;) := Fa'y’ in the Z x Z-grading for all 7, j > 0 with the
remaning homogeneous components being zero. Similarly F[xq,xs, ..., z,,] has a
Z-grading by total degree where homogeneous elements of degree m are exactly the
homogeneous polynomials of degree m and also a Z™-grading where homogeneous

components have dimension zero or 1.

Example 19. Let F be an arbitrary field and F|x, 2] be the Laurent polynomial algebra.
An element of Flx, z7'] is of the form Y a;x’ with m € Z and finitely many non-zero

i>m

a;’s. Then F[z, 271] has the standard Z-grading F[z, z71],, = F2™ withn € Z.
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Example 20. Any F-algebra A = A, A; where A, A, are subspaces of A, is
called a Z/27Z-graded [F-algebra if A, A5 C A,,s forevery v, € Z/27. Elements
of the 0-component .4 are said to be even and elements of the 1-component .4; said
to be odd. Z/2Z-algebras are also called superalgebras. Any F-algebra has the trivial
7./ 2Z-grading where A, := A and A, := 0. Similarly, any F-algebra A has the trivial
Z-grading where A := A and A, := 0 when n # 0.

Definition 2.42. [13] A graded algebra A is locally finite dimensional if each homoge-

neous summand is finite dimensional.

Definition 2.43. [13] Let G be a group. An ideal [ of a G-graded [F-algebra A is said
to be a graded ideal if I C >° ., (I N A,), or, equivalently, if z = 3 2, € [

implies x, € I forevery v € G.

Definition 2.44. [13] Let [ be a field and let G be a group. Given two G-graded
F-algebras A = @veG A, and B = @WGG B, , an [F-algebra homomorphism f from
A to B is said to be a graded homomorphism if f(.A,) C B, forevery v € G.

2.3. Categories

Definition 2.45. [14] A (locally small) category C consists of a class Ob(C) of objects,
and a set of morphisms C(X,Y") for each pair X, Y of objects such that:

(i) Foreach f € C(X,Y) and g € C(Y,Z) there is a morphism go f € C(X, Z)
which is called the composition of f with g . Composition is associative when
defined.

(if) For each object X , there is an identity morphism <dx € C(X, X) such that
idyof=f forall feC(Y,X) and goidy =g forall g € C(X,Y).

We will use the notation X — Y’ to mean feclC(X,Y).
A subcategory of C has some of the objects of C and some of the morphisms of C
with the same identity morphisms and the same compositions. A subcategory B of C

is full if B(X,Y) =C(X,Y) forall objects X, Y in B. If Ob(C) is asetthen C is

a small category.

Example 21. (i) The category Set: The objects of this category are sets and the

morphisms of this category are functions X .y The category set is the full
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subcategory whose objects are finite sets.

(i1) The category Grp: Objects are groups and morphisms are group homomorphisms.

The subcategory of abelian groups is a full subcategory.

(ii1) The category Vecy: Objects are vector spaces over the field F and morphisms are
linear transformations. The category vecr is the full subcategory whose objects

are finite dimensional vector spaces.

(iv) The category Modpg: Objects are right R-modules where R is a ring and mor-
phisms are R-module homomorphisms. The full subcategory mody has finitely
generated modules as its objects. The previous example is a special case with the

ring R being a field F.
Definition 2.46. [14] A functor F : C — D where C, D are categories, assigns
(i) anobject F(X) of D to each object X of C,
(if) a morphism F(f) € D(F(X),F(Y)) toeach f € C(X,Y') such that
(a) F(idx) = idr(x) for each object X of C and
(b) F(fog)=F(f)oF(g) when f o g is defined.

Definition 2.47. [14] Consider functors F : C — D and G : C — D. A natural

transformation 6 : 7 — G is a morphism such that
(1) 6 give a morphism 0y : F — G for each object X in C.

(if) For each pair of objects X and Y and each morphism C(X,Y) forall f € C(X,Y)

the diagram

F(x) -2 Fy)
G(x) %9, G(y)

commutes, that is, 0y o F(f) = G(f) o Ox.

We call fx the components of the natural transformation 6 at the object X. A natural
transformation ¢ with every component 6y invertible in D is called a natural equivalence,

we say that the functors F and G are naturally isomorphic denoted by F = G . The

-1

inverses 03! in D are the components of 071 : G — F, thatis, (71)x = 05"

Example 22. A quiver representation is a functor p from the small category I' with
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objects V' and morphisms given by paths in I' to the category Vecr. The linear
transformation assigned to the path p = ejes . . . e, is the composition s(p) = s(e;) o)
t(e1) = s(es

representations is a natural transformation between two such functors. The objects of

) plea)  plen) t(e,) = t(p) from p(s(p)) to p(t(p)). A morphism of quiver

the category of quiver representations of [' are quiver representations and its morphisms

are natural transformations. This category is equivalent to the category Modgr [15].

2.4. Posets

Definition 2.48. [7] A relation ~ on a set S is a partial order if ~ satisfies the following:
(1) a ~ aforall a € S (the reflexive property)
(i1) ifa ~band b ~ a thena = b for all a,b € S (the antisymmetric property)
(ii1) ifa ~ band b ~ cthen a ~ cfor all a, b, c € S (the transitive property)
The pair (.5, ~) is a partially ordered set (or, for short, poset).

Example 23. (R, <) is a poset since the usual order < in R is reflexive, antisymmetric

and transitive.

Example 24. The power set 2% of a given set X, the set of all subsets of X, with the

set inclusion relation: (2%, C) is a poset.
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3. LPAs AND THEIR FINITE CODIMENSIONAL
MAXIMAL IDEALS

3.1. Digraphs

Definition 3.1. [13] A di(rected )graph I is a four-tuple (V, E| s, t) where V' is the set
of vertices, F is the set of arrows (directed edges), s and ¢ : © — V are the source

and the target functions.

If s(e) = u and t(e) = w then we say that u emits e and that w receives e. If a vertex
does not receive any arrow then it is called a source. The set of all arrows emitted by
u € V is denoted by s~*(u) while ¢~!(u) denotes the set of all arrows received by w. If
s7!(w) = 0 then w is called a sink. If u is not a sink and 0 < |s™!(u)| < oo then the

vertex u is called a regular vertex.

A path p of length n > 0 is a sequence of arrows ejes - - - €, such that t(e;) = s(e;41)

fori = 1,2,3,...,n — 1. The length of a path p, denoted by [(p), is the number of
arrows in p. The source of a path p, denoted by s(p), is the source of its initial arrow
s(ep) while the target of a path p, denoted by ¢(p), is the target of its final arrow (e, ).
Every vertex v is a path of length 0 with s(v) = v = ¢(v). The set of all paths in " is
denoted by Path(T'). If p=e;---e, and ¢ = e; - - - €, for some m < n then ¢ is an

initial segment of p.

Example 25. Let us consider the following digraph I' = (V, E, s, t): The set of vertices
and the set of arrows are V' = {vy,v9, 3,04} and E = {ey, €9, €3, €4} with s(eq) = vy,
s(ey) = t(ey) = vo, s(ez) = t(es) = s(eq) = vs, t(eq) = vy4. The vertex vy is source
and the vertex v, is sink in I". The source of the path p = eqes in I'is s(p) = s(eq) = vy

and the target of p is t(p) = t(e3) = vs.

€3

e1 e2 eq
oVl o2 o3 V4

Figure 3.1: Digraph I'
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A path p with [(p) > 0 is called a cycle if s(p) = t(p) and s(e;) # s(e;) for every i # j.
An arrow e with s(e) = t(e), equivalently, a cycle of length 1, is called a loop. If there
is no cycle in I then I' is said to be acyclic. An arrow e is called an exit of the path

p=f1--- fnoifthereisani € {1,... ,n} such that s(e) = s(f;) bute # f;.

Example 26. Consider the following digraph I':

e7 es
IT: oVl ov4 oUs

N

e, —>©0

QUQ es3 v3

€2

Figure 3.2: Digraph I'

Let’s choose a path C' = ejezeq in I'. The path C'is a cycle of length 3 and s(C') = v.
The arrows e, e, and e; are exits of C' and also e is a cycle with length 1, that is, a

loop.

If £ and V are both finite then the digraph I is said to be finite. The digraph I' is called

row-finite if s71(u) is a finite set for every u € V.

Definition 3.2. [16] The preorder leadsto, denoted by ~~, on V' is defined as v ~~ w if

there is a path p € Path(I") from u to w. The set of successors of a vertex u is
Vi ={w € V | u ~ w}.

If X C V then we define Vx.., = Uue « Vi . The set of predecessors of a vertex u is
Viw={weV|w~ u}.

If X C V then we define V..x = |, V-

ueX " Ut

For instance, V,,.. = {v4, v5} and V_.qy, 4,3 = {v1, v2, v3} in the Figure 3.2 above.
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If I is a finite digraph whose cycles are pairwise disjoint then there is a partial order
~+ on the set of sinks and cycles in I'. Let U be the set of sinks and cycles in I'. Then

U, ~~) is a poset since it satisfies the following relations: For all x,y, 2z € U
p g
(1) x ~» x since there is a path of length zero from x to x.

(i) If x ~» y and y ~~» x then x and y are either sinks or cycles since there is no path
of nonzero length from any sink. If both of them are sinks then = = y. If both of
them are cycles then there is a path p from the cycle x to the cycle y and there is
a path ¢ from y to x since z ~» y and y ~~» x. Then z = y otherwise the cycle z

and the cycle pq are not pairwise disjoint in I'.

(i) If x ~» y and y ~~ 2 then there exists a path p from x to y and also there exists a
path g from y to z. Hence we have the path pg with t(p) = s(y) = s(¢) from x

to z, thatis, z ~ z.
Definition 3.3. [13] Let I" be a digraphand H C V.
(1) H is hereditary if u € H and u ~» wthenw € H.
(i) H is saturated if 0 < |s7'(u)| < oo and {t(e)|e € s (u)} C H thenu € H.

Example 27. Let’s give some hereditary saturated subsets for the following digraph:

Figure 3.3: Digraph I

Let H1 = {’047 U5}7 H2 = {?}4} and H3 = {Ul, ’04} be the subsets of V. The set H1 18
hereditary and saturated. H, is saturated but not hereditary since v4 € Hs and vy ~~ vs
but vs ¢ H,. The set Hj is not hereditary since v; € Hs and v; ~> vy but vy ¢ Hj.

Also Hj is not saturated since {t(e)|e € s (v3)} = {v1,v4} C Hs but vz ¢ Hs.
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If H; and H, are hereditary saturated subsets of V' then H; N H, is hereditary saturated:
Letu € Hy N Hy then u € Hy and u € H,. If there is a path from u to w then we
have w € H, and w € H, since H, and H, are hereditary. So w € H; N Hs , that is,
H, N Hy is hereditary. Assume that v is not a sink and {t(e) | ¢ € s71(v)} C H; N Ho.
Then {t(e) | e € s!(v) } is the subset of both H; and H, and so v € H; and v € H,

since H; and H, are saturated. Hence v € H; N H,. Therefore H; N H, is saturated.

Example 28. However, the union of saturated subsets is not saturated: For example,

Figure 3.4: Digraph I

Hy ={z,z,w,v} and Hy = {x,y, z, k} are saturated but H; U Hy = {z,y, z,v,w, k}
is not saturated since u ¢ H, U H, while {t(¢) | e € s71(u)} = {v,w,k} C H, U H,.
Definition 3.4. [13] The hereditary saturated closure S of S C V is the smallest

hereditary and saturated subset of V' containing S.

Since the intersection of hereditary saturated sets are also hereditary and saturated, the
hereditary saturated closure of S is the intersection of all hereditary and saturated subsets
of V containing S. When I is row-finite, the hereditary saturated closure of S C V
consists of all vertices u € V' such that every path starting at « and ending at a sink and
every infinite path starting at u meets a successor of some s € S.

Definition 3.5. [17] A digraph A = (V' E’, ¢, t') is a subgraph of a digraph T =
(V,E, s, t)if V" CVand E'C E.

Definition 3.6. [17] A subgraph A of a digraph I is called a full subgraph of I if every

arrow e in I" with s(e) and ¢(e) in A is an arrow of A.

Definition 3.7. [17] A digraph morphism from a digraph I" = (V, E, s, t) to a digraph
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A= (V' FE ¢ t)isapair ¢ = (¢o, 1) of functions g : V — V'and ¢, : E — E’

satisfying

s'(p1(e)) = po(s(e)) and t'(p1(e)) = po(t(e))

for all e € E. A digraph morphism ¢ : [' — A is an isomorphism if there exists a

digraph morphism ¥ : A — T" such that ¢ o ¥ = id, and ¥ o ¢ = idr.
In the remainder of this thesis all digraphs will be finite unless explicitly stated otherwise.

A digraph I' can also be regarded as a category whose objects are the vertices in I', with
morphisms being the paths in I'. Identity morphisms are also identified with the vertices
and composition is given by concatenation of paths. Unlike the previous examples of
categories above I' is a small category. Note that the order of composition (of paths) in

T is written from left to right, the opposite of the order we compose functions.

3.2. Leavitt Path Algebras (LPAs)

In this section our main objective is to define Leavitt path algebras, abbreviated LPAs.
First we start with the definition of a path algebra. The input for both algebras is a

digraph I" and a coefficient field [F.

Definition 3.8. [13] The path algebra FI" of a digraph I" over a field F is defined as the
[F-algebra generated by V' U E with the relations

V) uwv = dyuforallu,v eV,
(E) s(e)e =e=ct(e) foralle € E

where 9, ; is the Kronecker delta.

Note that by the relation (V), each v € V' is an idempotent in FI" and the elements of
V' are mutually orthogonal in FI'. The path algebra FI" has all paths in I" as an [F-basis
with multiplication given by concatenation pq if t(p) = s(q) and pq := 0 if t(p) # s(q).

Definition 3.9. [13] The extended digraph I' = (V, E U E*,s,t) of I is obtained
by adding a dual arrow e* for each e in E where E* = {e* | e € E}, s(e*) =
t(e) and t(e*) = s(e) foralle € F.

22



Example 29. The extended digraph of I in Figure 3.3:

U5

Figure 3.5: Extended digraph r

Definition 3.10. [13] The Leavitt Path Algebra (LPA) Lr(I") of a finite digraph I" with
coefficients in the field [F is defined as the F-algebra generated by V' LI £/ U E* with the

relations:

V) uwv = Oy uforallu,v eV,
(E) s(e)e = e =et(e) and t(e)e* = e* = e*s(e) forall e € E,
(CK1) e*f=0cst(e) foralle, f € E,

(CK2) wu= Y ee* forevery vertex u with 0 < |s7(u)].
s(e)=u
The relations (C K1) and (C K2) are called the Cuntz-Krieger relations. The relations
(V) state that the vertices are mutually orthogonal idempotents. In the algebras FI" and

Lr(T") the multiplicative unit 1 is > w.
ueV

Example 30. Let I' be the digraph described by
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Figure 3.6: Digraph I'

Some computations in Ly (I") are following :
vw=v and wvu=0 by(V)

ve=e=ecu and ev=c¢e"=ue" by(F)
gg=w but ¢"f=0 by (CKI)

v=ece’* and wu=ff"+gg° by (CK2)

Lemma 3.11. [13] Let p and ¢ be paths.

(i) p*q = 0 unless q is an initial segment of p, that is, p = ¢p’ for some path p’ or p

is an initial segment of ¢, that is, ¢ = pq’ for some path ¢'.
(if) Le(T") is spanned by {pg*|p,q € Path(T'),t(p) = t(q)}.

(iii) If C is a cycle with no exit in I" then CC* = s(C) = C*C.

Proof. [18]

(i) Let p = e1,...ep, and ¢ = fi,...fm. Then p*q = (e1,...ex)* (f1, - fm) =
er...(ejf1)...fm s 0 or €} ...est(e1) fo... fin, since eif; = &, r,t(e1) by (CKI).
If p*q # 0 then p*q = e...eSt(e1) fou.. frn = €...€3 fo... [ since ebt(e;) = e} by
(E). Similarly, we get p*¢ = 0 or p*q = e},...€5 f5... [, by using (CK1) and (E).
Continuing this process, we get p*q = 0 if e; # f; for some 1 < i < min{n, m}.
Thus if p*q # O thene; = f; forall 1 < i < min{n, m}, thatis, ¢ is an initial

segment of p or p is an initial segment of q.

If p is a path of length 0, that is, p = v € V then p*q = v*q = v5(q)q = 6y 5(9)q
by (E) and (V). Thus p*q = 0 unless v = s(q), i.e., ¢ = s(q)qg = pq’ where
q' = ¢. Similarly, if ¢ = v € V then p*q = p*v = p*(s(p))v = p*ds(p),v. Hence
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p*q = O unless s(p) = v, thatis, p = (s(p))p = vp = qp’ where p’ = p. Thus

p*q = 0 unless ¢ is an initial segment of p or p is an initial segment of ¢.

(ii) If p = gr then p*q simplifies to r* since p*q = (qr)*q = r*¢*q = r*t(q) = r*.
Similarly, p*q = p*pr = t(p)r = r if ¢ = pr. Hence (i) implies that multiplying
terms of the form pg* we get 0 or another term of this form. Also, if t(p) # t(q)
then pg* = 0 by (V) and (F). Thus Lg(I') is generated as an F-module by pg*
with p, ¢ € Path(I') and t(p) = t(q).

(iii) As in (ii), C*C = t(C) = s(C) after applying (CK1), (V) and (E) repeatedly.

Since C has no exit, s(e) = e*e for each arrow e on C' by (CK2). Therefore

CC* = s(C) = C*C. O

Lr(T") has a Z-grading given by |u| = 0 foru € V, |e| = 1 and |e*| = —1 and for
e € E. This defines a grading on Ly(I") since all the relations are homogeneous. Hence
lpg”| = 1(p) — l(q) and

Ls(T) = @ L (D),

neL
where Lg(I'),, = Z kg - U(p) — Uq) = n} for each n € Z, with each k; € F
i=1
and each p;, ¢; € Path(T).

We have * defined on V U E' LI E* where u* = u for all u € V and (e*)* = e for all
e € E. We extend the operator  to Path(I') by (eqes . . . e,,)* = €, ... eset and then to
Lgr(T") linearly. The operator * induces a grade-reversing involutive anti-automorphism
Lg(D'), that is, (a + b)* = a* + b*, (Aa)* = Aa*, (ab)* = b*a*, (a*)* = a for all

a, b € Ly(I") and A € F, moreover |a*| = —|a| for all homogeneous a in Lg(I).
Some well-known algebras can be described as Leavitt path algebras:

Example 31. If ' is a single vertex with no arrow then Lp(I") = Fv = F.

Figure 3.7: Digraph I' with single vertex
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Adding an extra vertex w we have the following digraph A and so Lg(A) = F2.

Figure 3.8: Digraph A

Lemma 3.12. [13] Let F be any field. Then the Leavitt path algebra of the follow-
ing digraph R, is isomorphic to F[z, z™!], the algebra of Laurent polynomials with

coefficients in F.

le EC.U

Figure 3.9: Digraph R;

Proof. In the algebra Ly(R;) the multiplicative unit 1 is v. The digraph R; consist
of one vertex and one arrow. By the Cuntz-Kriger relations (CK1) and (CK2) we get
efe=v=1andee* =v=1in Lg(Ry).

Let’s define ¢ : Lp(R;) — F[z,27'] by p(v) = 1,p(e) = x and p(e*) = z~'. Then
 1s a homomorphism since ¢ preserves the Leavitt path algebra relations: Forv € V

ande € I

Since e*e = v = 1 and ee* = v = 1 in Lp(R;) any element of the form pg* equals e™ or
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(e*)™ or v where n, m > 0. Hence the set {e™ | n > 0} U{v} U {(e*)™ | m > 0} spans
Lr(R,) as a vector space. The image of this setis {z"|n > 0}u{1}U{(z~1)™|m > 0}
which is a basis for F[z, 27 !|. Hence {€" |[n > 0} U {v} U {(e*)™ | m > 0} is linearly

independent and ¢ is an isomorphism. O

Lemma 3.13. [13] If n > 2 is any positive integer and R, is the rose with n petals then

Lr(R,) is isomorphic to Ly (1, n), the Leavitt F-algebra of type (1,n).

Figure 3.10: A rose with n petals

Proof. The rose with n petals digraph has one vertex and n loops. We know that
Lr(1,n) is the F-algebra on the 2n variables xy,- - ,Z,, 41, - , Yy, and subject to
the relations i z;y; = land yo; = 6;;1, (1 < i,j < n). We define the map
¢ : Lp(R,) —l>:i]y(1, n) by p(v) = 1g, p(e;) = x; and p(e}) = y;. The relations given
above are precisely the relations provided by the (CK1) and (CK2) on Ly(R,) while

the relations (V) and (E) are automatically satisfied in this case. [

Lemma 3.14. [13] If Fis a field and n € Z, withn > 1 then Ly(A,) = M, (F) where

A, is the following digraph with n vertices and n — 1 arrows:

Figure 3.11: Digraph A,
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Proof. Let {E;;|1 < i,j < n} denote the elementary matrices in M, (F). We define
the map ¢ : Lg(A,) — M,(F) by setting o(u;) = Ej, ¢(e;) = Ei(iy1), and p(ef) =
E(i—i—l)i- Then

(V) ()O(UZ)(,D(UJ) = EiiEjj = 5i,jEii = (517](,0(1%) fOI' all Uj, Uj € V.

pe)p(tles)) = ple)p(uir) = By By = By = 0(e),
s(ei)) = p(€e;)p(wi) = Er1yiEi = Eit1yi = ¢(€j) and
o(e;) = o(uiy1)p(e;) = Euryarn Bt = Euvyi = ¢(ef) forall e; € E.

(CK1) @(ef)p(e;) = Earniligeny = 0ij Bt = 0ijp(uirr) = 0i50(t(es)).
(CK2) w(eief) == plei)ple;) = EigrryEivyi = B = p(ui),

that is, ¢ preserves the Leavitt path algebra relations. Hence ¢ is a homomorphism.
Note that {pq¢* | t(p) = t(q) = u,} spans Lg(A,) using Lemma 3.11 and (CK2) :
u; = e;ej forall 1 < i < n. Letp; 1= e;ei1... €150 @(pip;) = Ejj. Since the
image of {pq* | t(p) = t(q) = w,} is linearly independent {pq* | t(p) = t(q) = u,}
also is linearly independent. Therefore ¢ maps a basis of Lr(A,,) to a basis of M, (F)

and thus ¢ is an isomorphism. [

Example 32. Let’s consider the Toeplitz digraph:

A

I': e,——=e,

Figure 3.12: Toeplitz digraph

Then Lp(I') = F(z,y)/(1 —zy), the Jacobson algebra, where 1 «» u+w, vy« e+ f,

ree+ff yreu l-yreow, yree and y(l—yz) < f.

In the following theorem “cycle” means a geometric cycle, thatis, C' = ejes ... e, is

considered equivalent to eses . . . €.
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Theorem 3.15. [19] Let I be a finite digraph whose cycles have no exit. Then

where £ is the number of sinks in I, say wy, - - -, wy, and m; is the number of paths

ending at the sink w; foreach 1 < j < £;
[ is the number of cycles in I', say Dy, ..., D;, and n; is the number of paths ending at

s(D;) of the ith cycle D; not containing D; for each 1 <7 < [.

Example 33. Consider the following digraph:

es
T: oVl oVt o¥5

er
el l €4 L
€6

I
.UQ es .US

Figure 3.13: Digraph I

Then Lp(T) & M5(F[z,x7Y]) & My(F).

Example 34. Consider the following digraph:

Figure 3.14: Digraph I

Then Lp(T) = My(F[z,z71]).
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Example 35. Consider the digraphs I" and A:

Figure 3.15: Digraphs I and A

Then Lg(I') = M;3(F) and Lg(A) = M;(F). Hence Lp(I') = Ly(A) while I' 22 A.

Lemma 3.16. [13] Let I" be a finite digraph. Then

Ly(T) = @ Le(D)v.
veV
Lemma 3.17. [13] Let I be a finite digraph and [ any field. If ] is an ideal of Ly(I")
then 7 NV is hereditary and saturated.

Proof. If v € I NV and e € E with s(e) = v then by (CK1) and (E) we have
t(e) = e*e = e*s(e)e = e*ve € [ since v € I and [ is an ideal of Ly(I"). Hence I NV

is hereditary.

To show that / NV is saturated, suppose that v € V' is not a sink and ¢(e) € I for all
e € s71(v). By (CK2) and (E), we get v = Y. ee* = > et(e)e* € I. Hence

s(e)=v s(e)=v

I NV is saturated. ]
Fact: If ¢ is a graded homomorphism from Lg(T") then Kery is graded.

Proof. If © € Keryp then p(z) = 0 and also = z; + ... + x,, where each x; is a

homogenous component of x because Ly(I") is graded. Since ¢ is a graded homomor-

phism p(x) = > ¢(x;) where each ¢(z;) is a homogeneous component of p(x). As
i=1

¢(x) = 0, each homogeneous component ¢(z;) = 0. Hence each z; € Kery, that is,

Kery is a graded ideal. [

Lemma 3.18. [13] (i) If I is a nonzero graded ideal of Lg(T") then I NV # ().
(ii) A graded homomorphism ¢ from Lg(T") is 1-1 if and only if V' N Kere = .
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Proof. (i) If I is a nonzero graded ideal of Lr(I") then there is 0 # x € [ and x =
i \ipiqF where t(p;) = t(¢;) and \; # O for all i. We may assume that all the
génomials piq; have the same grade because I is a graded ideal. There is v € V such
that xv # 0 since 0 # x = x ) u where the sum is over u € {s(g;)}7_, and zv is also

homogeneous because v is homogeneous. Now 0 # > \;p;q; € I with s(q;) = v for
j=1

j =12 - m after deleting the terms with ¢;v = 0.
Case 1: If v is sink then ¢; = v, hence 0 # > A;p; € I. Since ) | \;p;, is homogeneous,
7=1 7=1
the paths p; are distinct and have the same length. Therefore \;'p; >° \;p; = v € INV
j=1

by Lemma 3.11.

Case 2: If visanonsink thenv = > ff*, hence 0 # (D A\;p;q;)( ff). So
s(H=v j=1 s(N=v

there is e € E with 0 # (> A\jp;qi)e = > \jpjqie € I and ) \jp;q;e is homoge-
7=1

neous. If gje # 0 and g; ¢ V then I(e*q;) < I(g;). Repeating this process we end up
with a nonzero homogeneous element > uxpr € I. Hence Case 2 is reduced to Case 1

and we are done.

(ii) If p a graded homomorphism from Lg(I") then by Lemma 3.2, K erp must be graded.
Kerp = {0} ifand only if V'.N Kery = () by (i). Thus ¢ is one-to-one if and only if
VN Kerp=0. O

Definition 3.19. [13] A digraph I satisfies Condition (L) if every cycle in I" has an exit.

Theorem 3.20. [3] Let I be a finite digraph. Let I be a (two-sided) ideal of Ly(T").
Then I is generated by the subset I NV of V' and elements of the form s(C') + > \,C*

k=1
for some cycle C' with s(C) ¢ I and 0 # Ay, A, ..., Ay in F with m > 0.

Corollary 3.21. If [ is a graded ideal of Lg(I") then I = (I NV).

Proof. Let I be a graded ideal of Ly(I"). By Theorem 3.20, the ideal I is generated

by I NV and elements of the form s(C') + i A C* for some cycle C with s(C) ¢ [

and 0 # A\, ..., Ao, Ay in F with m > 0. Bkljtll does not contain any element of the

form s(C) + i A\C* for some cycle C with s(C) ¢ I: If s(C) + f: MCF € I then
k=1 k=1

s(C) € I since [ is a graded ideal, |s(C)| = 0 and |\,C*| > 0 for 1 ; k < m. Hence
[=(InV). O

Corollary 3.22. Let I" be a finite digraph and IF any field. If ] is an ideal of Ly(I") then
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the largest graded ideal of Ly(I") contained in [ is (/ N'V).

Proof. Let I be an ideal of Ly(I"). Suppose that J is a graded ideal contained in I.
Then JNV CINVsince J C I. Hence (JNV) C (INV) C I. Also by Corollary
3.21 we get J = (J N V) since J is graded ideal. Thus J C (/NV)and (/NV)isa
graded ideal contained in /. Therefore every graded ideal contained in [ is contained in

(I NV). Hence (I N'V) is the largest graded ideal contained in /. O

Definition 3.23. [13] The quotient digraph I'/ H is the full subgraph on a hereditary
saturated subset [ of V' obtained from I" by deleting all vertices in H and all arrows

touching vertices in H.

Example 36. When I" is the Toeplitz digraph:

e

A

I: o, ——>e,

Figure 3.16: The Toeplitz digraph

H = {w} is a hereditary and saturated subset of V. Then the quotient digraph I'/ H is :

Figure 3.17: Quotient digraph I'/ H

Theorem 3.24 below, the classification of graded ideals, gives an order preserving
one-to-one correspondence between the poset of graded ideals of a Leavitt path algebra

and the poset of hereditary saturated subsets of vertices under inclusion.

Let I' be a finite digraph and let IF be any field. Denote by £, (Lr(I")) the poset of
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graded ideals of Lr(I") with order given by inclusion which becomes a lattice with join

and meet being ideal sum and ideal intersection, respectively.

The set of hereditary saturated subsets of V' will be denoted by .77 (or by 27 when I is

clear from the context.)

A is a partially ordered set under inclusion, that is, H < H' if H C H’. In fact,
¢ becomes a lattice, with join V defined as H V H' := H | J H' and meet A being
HANH :=HNH.

Theorem 3.24. [13] If I is a finite digraph and [F is any field then the following maps

v and its inverse v define an order preserving one-to-one correspondence:

0: ZLy(Lp(l) = A via p(I)=1INV

and

1A — L(Le(T)) via (H) = (H).

Theorem 3.25. [13] If I is a finite digraph and F is a field then

Le()/(H) = Le(I'/ H)

where (H) is the ideal generated by a hereditary saturated subset H of vertices and I'/ H

1s as above.

Proof. [18] We define a x-homomorphism from Lg(I'/H) to Lg(I") /(H) by sending
all vertices v to v + (H) and all arrows e to e + (H). The relations (V), (E) and (CK1)
are satistied. If v ¢ H is not a sink in I then v is not a sink in I'/ H since H is saturated.

v = Z ee* + Z fr

s(e)=v, t(e)¢ H s(f)=v, t(f)eH

by (CK2). Since the second sum is in (H) we see that (CK2) in Ly(I'/H) is satisfied

and thus we have a homomorphism.
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We define a x-homomorphism from Lg(I") to Ly(I'/ H) by sending all vertices v to v if
v ¢ H and to 0 otherwise, similarly e to e if ¢ is an arrow in I'/ H and to 0 otherwise.
The relations (V) and (E) are immediate to verify. Most cases of (CK1) are also easy
to check. For the case of e*e = t(e), if t(e) ¢ H then s(e) ¢ H since H is hereditary,
hence e is in I'/ H and the relation holds. When v is not a sink in I" then v is not a sink
in I'/ H, breaking up the right-hand side of (CK2) as above shows that the relations is
satisfied. The ideal (H) is in kernel of this homomorphism, so we have the induced
homomorphism from Ly(I")/(H) to Lg(I'/H). The x-homomorphisms above are both

Z-graded and are inverses of each other. [
For a cycle D with s(D) = u, we will use these notations:

D' :=wyand D' := (D*)! forall [€N.

Definition 3.26. [13] Let I" be a finite digraph and let [F be any field. For every cycle D

with s(D) = u and every polynomial g(z) = > Nz € Flz, 2! (m < n;m, n € Z),

i=m

the element > \; D’ of Lg(T") will be denoted by g(D).

i=m

Lemma 3.27. [13] Let I" be a finite digraph and [ any field. If D is a cycle with no

exit then

uLp(l)u = {Z MDY | N EF, m<n, m,ne Z} >~ Flo, 2]

=m

where s(D) :=u+« 1, D« z and D* <z~ %

Proof. Let D = e - - - ¢,. First of all we show that each p € Path(I") with s(p) = u
is of the form D™r; wherem € Z,, r; = e;---¢; forl < j <n, 1y = uvand
|p| = mn + j. Let’s use induction on |p|: If [p| = 1 and s(p) = s(e;) then p = ¢
since the cycle D has no exit. Now suppose that the result holds for any ¢ € Path(I")
with s(¢) = u, |¢| < sn+t and consider any p € Path(I') with s(p) = v and
Ip| = sn+t+ 1. We can write p = p' f with p’ € Path(I'), s(p/) =u, f € E and
|p'| = sn + t, so by the induction hypothesis p’ = D%e; - - - ¢;. Since D has no exits,

s(f) =t(er) = s(esy1) implies f = e;p1. Thus p = ples = D%y -+ - €441,

Now let p, ¢ € Path(I") with s(p) = s(q) = u.
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(i) If |p| = |q| and pg* # 0 then we have pq* = D'e; - --epef -+ et D~! = u since

D has no exit.

(i) If |p| > |q| and pg* # 0 then pq* = D¥ie;---epef---efD™9 = D? with
deN.

(iii) If |p| < |q| and pqg* # 0 then pg* = Diey---epel---e;D77% = D= with

deN.
!
Let o € uLp(I")u. Then we write « = Au + Y \jp;qf where \;;, A € F and
i=1
!
pi, @i Path(T') suchthat s(p;) = s(q;) = uforall 1 < ¢ <. Thuswegetaw = > \; D™

=0
where |p;qf| = m;n for some m; € Z.

Now we define ¢ : F[z, 27| — Lg(T) by setting ¢(1) = u, p(x) = D and p(z7') =
D*. Hence ¢ is an F-algebra monomorphism with image u Ly (I")u. Thus uLy(I")u is

isomorphic to the Laurent polynomial algebra Flz, z~!]. O

Definition 3.28. [5] A cycle C' is maximal if no other cycle leads to C' (in particular,
a maximal cycle is disjoint from all other cycles). A sink w is maximal if there is no

cycle C' which leads to w.

Example 37. Consider the cycles C] = egejger;, Cs = eseseg, C3 = eq and the

sinks v; and vg in the following digraph:

v8

T: oVl

oV4
€6
e1 e3
es
U3 U5
(D) U

— - Y9

€10
€9
€11
vg _ ©8 °

o2 vy

[ ]
[ ]
€7

€4

Figure 3.18: Digraph I

The cycle ] is maximal in I" but C'; and C;5 are not maximal since (' leads to C'3 and

(5 leads to (5. The sink v; is maximal but vg 1s not maximal since C; leads to vr.
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Definition 3.29. [5] If M is a right Lg(I")-module then the support subgraph of M,
denoted by I'yy, is the full subgraph of I on Vj; := {v € V| Mv # 0}, the support of
M.

Example 38. If ] is an ideal of Lg(I") then V' \ Vi ) r = I NV.

Lemma 3.30. [5] If M is a finite dimensional Lg(I")-module then the cycles of 'y,
the support subgraph of M, have no exit. Hence V), is contained in | J V.., where v is

either a maximal sink or the source of a maximal cycle.

Theorem 3.31. [5] Let I' be a finite digraph. " has a maximal sink or cycle if and only

if Lp(T") has a nonzero finite dimensional quotient.

Example 39. Let’s consider the following digraphs R, and I':

Figure 3.19: Digraphs R,, and T’

Then Lr(R,) has no nonzero finite dimensional quotient since R, has no maximal
sink or cycle. Ly(I") has a nonzero finite dimensional quotient since the vertex vs is a

maximal sink in I".

A quiver representation p assigns a (possibly infinite dimensional) vector space p(v) to
each vertex v and a linear transformation p(e) : p(s(e)) — p(t(e)) to each arrow e. A
morphism of quiver representatitons ¢ : p — o is a family of linear transformations

{¢v : p(v) — o(v) }yey such that Ve € E the diagram

pls(e) —2 p(t(e))



commutes. The category of quiver representations of I is the category of functors from
the path category of the digraph I' (whose objects are the vertices V' and the morphisms
are the paths in I') to the category of [F-vector spaces. [15]

We may view the category Mod;,r) as a subcategory of Modpr, the category of
modules over the path algebra FT", or equivalently, the category of quiver representations

of I' by using the following theorem:

Theorem 3.32. [S]If I' = (V, E, s, ) is a finite digraph then M od ), the category
of right Lr(I")-modules, is equivalent to the full subcategory of quiver representations
p of I satisfying the following condition (/):
For every nonsink v € V,
P nle) : plv) — EP pli(e)
s(e)=v s(e)=v

is an isomorphism.

The right Ly (I")-module corresponding to the quiver representation pis M = &, ., p(v)

as an [F-module and the actions of generators of Lgy(I") are given by the compositions

e M =@ p(v) ™ p(s(e)) 2% plt(e)) = P p(v) = M
e M =P o) "L pite)) = B o) BEL ps(e)) = Pote) = M
veV s(f)=s(e) vev

We denote by X, the free F-module with basis X.

Example 40. Let p(v) = FZ for all v € V' . Pick an isomorphism
o p(v) — EP plt(e))
s(e)=v
for each non-sink v € V. Let p(e) be the composition
Ps(e) Te
ps(e) == B p(t(f)) == plt(e))
s(f)=s(e)
and p(e*) be the composition
LIDS(G) gl
pt(e)) = @ pt(f) T p(s(e))
s(f)=s(e)

Since condition ([) is satisfied by construction, we have an Ly (T")-module.
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We may think of the path algebra FT" as a subalgebra of the Leavitt path algebra Ly (")
since the standard homomorphism, mapping V' U E to themselves, from FI" to Ly (I") is

injective [20].
Lemma 3.33. [18] If p and q are in Path(I") with ¢(p) = t(q) then pg* # 0 in Ly(T").

It follows from Lemma 3.33 that every vertex v in Lg(I") is nonzero. More generally

all paths and all dual paths are nonzero in Lg(I").

Remark 3.34. The paragraph above and the last lemma are consequences of the rep-
resentation in an Example 40 with Mv = FZ for all v € V. In [5] this is given as an
application of Theorem 3.32 realizing Ly(I") representations as quiver representations,

but it can also be proved independently of that theorem.

3.3. Finite Codimensional Maximal Ideals of LPAs

This section contains the main results of this thesis classifying all finite codimensional

maximal ideals of Leavitt Path algebras (of finite digraphs).

Definition 3.35. [21] An ideal [ of an F-algebra A is finite codimensional if A/[ is

finite dimensional as an [F-vector space.

Theorem 3.36. [22] If I is a finite digraph then every ideal of Ly(I") is principal.

Proof. By Theorem 3.20, canonical generators for [ are H := I NV and { f;(C;) }I,
with C; distinct cycles in I and f;(x) € F[z] with f;(0) = 1 # fi(z) fori =1,2,...,n.
Both H and { f;(z)}!, are finite since I" is finite. We claim that

I= (Zerifz(Cz))

veH =1

We have

SCHD v+ D f(C)] = f(Cy) forj=1,2,...n

veH i=1

and

U[Zv—kifi(@)} =u forallue H

veH i=1
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showing that all the generators of I are in the ideal generated by > v + > f;(C).

veH i=1

Clearly > v+ Y. f;(C;) is contained in I, therefore I = ( > v+ . fi(C;)). O

veH i=1 veH i=1
Theorem 3.37. If R and S are rings then maximal ideals of R x S are either of the

form I x S or R x I where [ is a maximal ideal of R or S.

Proof. If Jisanideal of Rx Sthen RxS — R/(RNJ)xS/(SNJ) is an epimorphism
where (r,s) — (r+ RN J, s+SNJ). Here R is identified with {(r,0)},cr C R x S
and similarly S is identified with {(0, s) }scs € R xS, hence we may identify RN .J and
S N J with ideals of R and .S, respectively. The kernel of this epimorphism is .J. Hence
the induced homomorphism (R x S)/J — R/(RNJ) x S/(SNJ) is an isomorphism.
We have a one-to-one correspondence between the ideals of R x S containing J and
the ideals of R/(R N J) x S/(S N J) via this isomorphism. If J is a maximal ideal of
R x S and RN J # R then the projection R/(RN J) x S/(SNJ) — R/(RNJ)
must be an isomorphism (otherwise its kernel would be a proper non-zero ideal). Hence
SNJ=Sand I := RN Jisamaximal ideal. Similarly, if S N J # S we conclude
that the maximal ideal J is of the form (RN J) x S. O

Corollary 3.38. If Ry, R, ..., R, are rings then maximal ideals of Ry X Ry X --- X R,,
are of the form [y x Ro x --- x R, or Ry x Iy X R3yx---x R, or ... or

Ry X Ry X -+ X R,_1 x I,, where I, is a maximal ideal of R; fori =1,2, ..., n.

Proof. This is a standard proof by mathematical induction. The case n = 1 is clear. For
n > 1wehave Ry X Ry X -+ X R, = Ry x S where S = Ry X --- X R,,. By Theorem
3.37 a maximal ideal of R x S is of the form I; x S = I; X Ry X --- X R,, where I is
a maximal ideal of Ry or R; x I where I is a maximal ideal of Ry X --- X R,,. Now

the induction hypothesis yields the desired conclusion. [

Theorem 3.39. [22] If " is finite digraph and I is finite codimensional maximal ideal

of Ly(I") then Ly(I") /1 = M, (E) where E is a finite field extension of F.

1. If I is graded then E = I and n is the number of paths in I" ending at w for some
maximal sink w. Conversely, every maximal sink w defines a finite codimensional
maximal graded ideal (V' \ V..,,). Hence there is a bijection between maximal

sinks of I" and finite codimensional maximal graded ideals of Ly(T").
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2. If I is not graded then E = F[z|/(f(x)) and n is the number of paths p with
t(p) = s(C) but p # ¢C in I" for some maximal cycle C. Conversely, every pair
consisting of a maximal cycle C' and an irreducible polynomial f(z) with f(0) =
1 # f(x) defines a finite codimensional maximal ideal ({V' \ V_.sc)} U{f(C)}).
Hence there is a bijection between pairs {C, f(x)} and finite codimensional

maximal ideals of Ly(I") that are not graded.

Proof. Since Ly(I")/1 is finite dimensional, its support is contained in | J . y V..., where
X 1is the set of maximal sinks and sources of maximal cycles in I' by Lemma 3.30.
Hence H := V \ U,cx Voo € I. Since H is hereditary and saturated, we have
Lr(T")/(H) = Lp(I'/H) by Theorem 3.25. The cycles in I'/ H have no exit. Also,

Ly(D)/(H) = Lg(T/H) = (@ My, (F > & <€l|? Mni(F[ac,xl])>% P L)

veX
by Theorem 3.15 where each summand M, (IF) corresponds to a maximal sink and each
summand M,, (F[z, z~']) corresponds to a maximal cycle. The maximal ideal I of Lz (T")
corresponds to a maximal ideal J of @, . Lr(I'..,) since (H) C I. By Corollary 3.38
the ideal J contains all but one summand, say Lr(I'...,), of @,y Lr(I'..,) and the
intersection of .J with that summand is a maximal ideal K of that summand. We get an

isomorphism between Ly(I")/I and Ly(T'..,,)/ K.
Now there are two cases:

(i) Ifw = s(C) for some maximal cycle C'in ' then Ly (T....,,) = M,,(F[z,z~!]) and
K corresponds to a maximal ideal K’ of M,,(F[z, z~!]). Then M,,(F[z,x'])/ K’ =
M, (E) where f(z) € F[z] is an irreducible polynomial with f(0) = 1 # f(x)
and B := Flz, 27"/ (f(x)) = Flz]/(f(2)). Now I = ({V\V.u} U{f(C)}).
The ideal ! is not graded because f(C) =w + >~ \;C* € I but w ¢ I since
f@)#1 50 04" \Ci € FT C Ly(T).

Conversely, each maximal cycle C' and each irreducible f(z) € Flx] with f(0) =
1 # f(x) determines the ideal  := ({V' \ V..sc)} U {f(C)}) which is maximal
because Ly(I')/I = M, (E) is a simple ring. Again E = F[z]/(f(z)) and n is
the number of paths p in I" with ¢(p) = s(C) and p # ¢C for any ¢ € Path(I")
by Theorem 3.15.

(if) If w is a maximal sink then Ly(I'..,,) = M, (F), a simple ring, hence K = 0.
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Therefore I = (V..,,) is a graded ideal, n is the number of paths ending at w.
Conversely, for any maximal sink w the subgraph I'...,, is acyclic and contains
only one sink. Choosing I = (V' \ V_.,,) we have Lg(I")/I = M,,(IF) where n is
as above. That is, there is one-to-one correspondence between graded maximal

ideals of Ly(I") and maximal sinks in I".

O

Corollary 3.40. [22] If ] is a finite codimensional maximal ideal of Ly(I") then
Lp(T")/1 = Lg(A,,) where E is a finite field extension of IF and A,, is

Figure 3.20: Digraph A,

We finish this section with an important example of a digraph I', namely the Toeplitz
digraph, which contains a cycle with an exit (so it is not covered by Theorem 3.15).

Nevertheless we can determine all ideals of Ly(T").

Example 41. Let’s consider all ideals of Ly(I") when I' is the Toeplitz digraph:

I: eCou—f>ow

Figure 3.21: Toeplitz digraph

There are 3 hereditary saturated subsets: (), {w} and {u, w}. If {u,w} C I then the ideal
I = Lg(T). Note that (w) is the unique minimal ideal of Lp(T): If s(e)+> 7", Ne* € T
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as in Colak’s theorem then

m

frlse) + ) Nelf

i=1

(CK1) (CK1

frse)f = fruf & g E ) =we .

Hence if 0 # I then w € I. When I = (w) then Ly(T)/I = Lp(T'/{w}) = Flz,z "]
by Lemma 3.12. Thus (w) is neither finite codimensional nor maximal. If [ =
(w, s(e)+ 37", Nie') with A, # O then Ly(I') /I = Lp(T/{w})/(s(e) + >t , Aie') =
Fla, 27/ (1430, Na') = Flz]/(1+>°1", Mia"). Therefore I is finite codimensional
since dim® (Fz] /(147" \iz')) = m. Also, I is maximal ifand only if 1+ | \;z
is an irreducible polynomial. The only remaining ideal of Lg(T") is (0) generated by

hereditary saturated subset () which is neither maximal nor finite codimensional.
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4. DICTIONARY

Constructing a dictionary between combinatorial/geometric properties of the (finite)
digraph of T" and algebraic properties of Ly (I") has been a major endeavour in the Leavitt

path algebra literature. We summarize most of these results in the table below.
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Table 4.1: Dictionary

Finite Digraph I'

Leavitt Path Algebra Ly(I)

" acyclic

[23]

Lg(T") finite dimensional

)
k
Ly(T') = @ M,,(F)
i=1
k: the number of sinks in I

n;: the number of paths ending at ith sink

)

Lp(T") left Artinian

)

Lr(T") right Artinian

i

Lg(T") semisimple

Cycles in I" have no exit

[23] & [19]

Lg(T") locally finite dimensional

)
! k
() = (@ 1, (Flo.a) ) o (@ M, () )
i=1 j=1
[: number of cycles in I"
n;: number of paths ending at s(C;) of
the ith cycle C; not containing Cj;
k: number of sinks in I
m;: number of paths ending at the jth sink

)
Lr(T") left Noetherian

)

Lr(T") right Noetherian
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Finite Digraph I' Leavitt Path Algebra Ly (")

Cycles in I" have no exit
Lr(T") a principal ideal ring
continued

[24]

(All left or right ideals are principal)

Cycles in I" pairwise disjoint
Lr(T") has polynomial growth
[25]

I" has intersecting cycles
Lg(I") has exponential growth
[18]

" has a maximal sink/cycle
Lr(T") has a nonzero finite dimensional quotient
[5]

Each cycle in I" has an exit

and H ={0,V}

Lg(T") simple

[2]

A finitely generated [F-algebra A is said to have polynomial growth if there is a finite
dimensional subspace W of A containing 1 such that A = |J°°, W™ and dim"(W™) <
n* for some positive integer k. The algebra A has exponential growth if dim® (W) > "
for some b > 1 with W as above. There are finitely generated algebras of intermediate

growth, having neither polynomial nor exponential growth. [26]

However, the Leavitt path algebra Ly (I") of a finite digraph I" can not have intermediate

growth as implied by the table above.

There are several clear implications between some of the properties stated in the table
above. For instance, if I' is acyclic then it is vacuously true that cycles in ' have no
exit or if cycles in I" have no exit then they are pairwise disjoint. An implication that
is not so obvious is: If Ly(I") has polynomial growth then Lg(1") has a nonzero finite

dimensional quotient. [5]

The digraph I' below shows that the converse of this fact is not correct:
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I': Q—>Q

O

Figure 4.1: Digraph I'

I" has a maximal cycle, namely the loop C'. Hence Ly (I") has a nonzero finite dimensional
quotient. However I has intersecting cycles, so Lr(I") has exponential, not polynomial

growth. [5]
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S. CONCLUSIONS

The main objective of this thesis is to synthesize the theorems of Colak [3] and Ran-
gaswamy [4] on the structure of two sided ideals of Leavitt path algebras with the
theorems of Kog-Ozaydin [5] on finite dimensional quotients of Leavitt path algebras.

In particular, we have:

Theorem 3.39 If I is finite digraph and [ is finite codimensional maximal ideal of

Lg(T") then Ly(I")/I = M, (E) where E is a finite field extension of F.

1. If I is graded then E = [F and n is the number of paths in I" ending at w for some
maximal sink w. Conversely, every maximal sink w defines a finite codimensional
maximal graded ideal (V' \ V..,,). Hence there is a bijection between maximal

sinks of I" and finite codimensional maximal graded ideals of Ly(I").

2. If I is not graded then E = F[z|/(f(x)) and n is the number of paths p with
t(p) = s(C) but p # ¢qC in T for some maximal cycle C. Conversely, every pair
consisting of a maximal cycle C and an irreducible polynomial f(z) with f(0) =
1 # f(x) defines a finite codimensional maximal ideal ({V \ V_.,c} U{f(C)}).
Hence there is a bijection between pairs {C, f(x)} and finite codimensional

maximal ideals of Ly (I") that are not graded.

Corollary 3.40 If / is a finite codimensional maximal ideal of Ly(I") then Ly(I")/1 =

Lg(A,) where E is a finite field extension of F and A, is:

Figure 5.1: Digraph A,
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