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ABSTRACT

THE QUERY COMPLEXITY OF ESTIMATING ENTROPY

We investigate the query complexity of additively estimating entropy of a discrete
probability distribution in two settings. Let p be an unknown probability distribution
on [n] := {1,2,...n}, and define two kinds of queries: A SAMP query takes no input
and returns x € [n] with probability p[z]; a PMF query takes as input x € [n| and
returns the value plz]. In the SAMP model of query complexity, the only allowed
interaction with p is via SAMP queries. In the SAMP+PMF model, both SAMP and

PMF queries are utilized to interact with p.

In particular, we consider the task of estimating the entropy of p to within +A
(with high probability). For the usual Shannon entropy H(p), we review the matching
upper and lower bounds established by Valiant and Valiant in the SAMP model, and
describe the algorithm constructed by Canonne and Rubinfeld in the SAMP+PMF
model. For the Rényi entropy H,(p), we analyze three different matching upper and
lower bound pairs introduced by Acharya et al. in the SAMP model.

We show that Q(log?n/A?) queries are necessary to estimate the Shannon en-
tropy H(p) in the SAMP+PMF model, matching a recent upper bound of Canonne and
Rubinfeld. In addition, we prove that © (nl_l/ a) queries are necessary and sufficient
to estimate the Rényi entropy H,(p) in the SAMP+PMF model, where o« > 1. This
complements recent work of Acharya et al. in the SAMP model that showed O(n!~1/%)
queries suffice when « is an integer, but roughly n queries are necessary when « is a
noninteger. All of our lower bounds extend to the SAMP+CDF model, where SAMP
and CDF queries (given z, return ) _ ply]) are allowed. We give a matching lower
bound on estimating the support size (the number of domain elements with nonzero
probability) of an unknown distribution p in the SAMP-+CDF model. Lastly, we present
an upper bound on additively estimating Tsallis entropy in the SAMP+PMF model.
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OZET

ENTROPI KESTIRIMININ SORGU KARMASIKLIGI

Bu ¢aligmada, ayrik olasilik dagiliminin entropisinin toplanir hata payiyla kes-
tirimi iki farkli kurguda irdelenmektedir. Buna gore bilinmeyen bir olasilik dagilimi
p’ye erigim iki farkh sorgu tiirtiyle saglanmaktadir. Herhangi bir girdisi olmayan SAMP
sorgusu p [z] olasithgiyla x € [n] dondirmektedir. Girdi olarak =z € [n] alan PMF
sorgusunun ise giktisi p [x]’dir. SAMP modeli ismini verdigimiz ilk kurguda p ile sadece
SAMP sorgusu vasitasiyla iletigim saglanmaktadir. SAMP+PMF modeli olarak ad-
landirdigimiz ikinci kurgudaysa hem SAMP hem de PMF sorgulari kullanilabilmektedir.

Daha kesin bir ifadeyle, bu calismanin odak noktasi olasilik dagilimi p’nin ent-
ropisinin yiiksek ihtimalle +A toplanir hata payiyla kestirimi problemidir. Shan-
non entropisi H (p) nin kestirimini inceledigimiz boliimde Valiant ve Valiant’in SAMP
modelinde gostermis oldugu eglesen alt ve iist sinirlar1 ve Canonne ve Rubinfeld’in
SAMP-+PMF modelinde inga etmis oldugu algoritmay tasvir ediyoruz. Rényi entropisi
H, (p)’yi inceledigimiz boliimdeyse Acharya ve digerleri tarafindan sunulan ii¢ farkh

eslesen alt ve tist sinir ¢iftini analiz ediyoruz.

Kendi katkimiz olarak, 6nce SAMP+PMF modelinde Shannon entropisi H (p) nin

kestirimi probleminin Q(loiz”) sayida sorgu gerektirdigini kanitlayarak Canonne ve

Rubinfeld’in sundugu iist simrm optimal oldugunu gésteriyoruz. Ikinci olarak, yine
SAMP+PMF modelinde Rényi entropisi H, (p)’yi a > 1 degerlerinde kestirebilmek
icin © (n'~1/*) sayida sorgunun gerekli ve yeterli oldugunu ispatlhyoruz. Boylelikle
Acharya ve digerleri tarafindan yakin zamanda elde edilen, SAMP modelinde Rényi
entropisi H, (p)’yi @ > 1 tamsay1 degerlerinde kestirebilmek i¢in O (n'~/*) sayida
sorgunun yeterli oldugu fakat a > 1 tamsay1 olmayan degerlerinde kestirebilmek igin

kabaca n sayida sorgunun gerekli oldugu yoniindeki sonuglari tamamlamig oluyoruz.
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1. INTRODUCTION

The question of what to infer about an unknown probability distribution p given
samples from it is fundamental to the field of statistics and has been researched for
decades. However, the practicality of traditional techniques has been shaken due to the
rapidly growing size of data in scientific study, a phenomenon designated as big data. In
the absence of simplifying assumptions about a probability distribution such as being
of a specific type or possessing certain smoothness properties, the number of samples
utilized by such techniques grows linearly in the size of the domain of a distribution
which is huge in the realm of big data. Thus, the task of constructing algorithms with
sublinear sample complexity has become all-important, and the aforementioned ques-
tion has been recently investigated within the theoretical computer science framework
of property testing. In this framework, as its name implies, a certain characteristic of a
distribution is put under the microscope. In addition, the only assumption made about
p is that it is a discrete probability distribution on a finite domain [n] := {1,2,...,n}
where n € N. For a detailed exploration of the field, see the surveys by Rubinfeld [1]

and Canonne [2].

One of the most significant characteristics of a probability distribution is its Shan-
non entropy, H (p) = — i p [i]log p [i],' which represents the “amount of randomness”
a distribution possesses.Z :rll“he first focal point of this work is estimating Shannon en-
tropy to within additive error A with probability at least 1 — ¢. (In a typical scenario
A =1and 6 = 1/3.) The reason we limit ourselves to additive rather than multiplica-
tive estimation is that it is directly related to the estimation of mutual information.
That is, if p is a joint probability distribution of two random variables X, Y, then
additively estimating mutual information I (X,Y) = H(X)+ H(Y) — H(X,Y) is
realized via additively estimating H (p). For deeper analysis of Shannon entropy and
mutual information see Paninski [3]. The second focal point of this work is estimating
another popular type of entropy, Rényi entropy H, (p) = ﬁ log (Zn:l p [z]a) , to within

additive error A with probability at least 1 — 0, where o € [0,1) U (1, 00) . Both tasks

n this work, log denotes log,.



are investigated in two different settings.

In the conventional setting, which we refer to as the SAMP model, the only
allowed interaction with a probability distribution p is via independent samples. As
recently shown in [3-6], © (IOL> samples are necessary and sufficient to estimate

gn
Shannon entropy to within a constant additive error with high probability. The case
for estimating Rényi entropy is more complicated; three different results for three
classes of a are obtained in [7], the most efficient one being for the class of integer
a > 1 with © (nl_l/ a) sample complexity. These quantities are not always convenient,

considering the aforementioned tendency in science and technology.

In the “unconventional” setting referred to as the SAMP+PMF model, aside from
drawing independent samples as in the SAMP model, querying a probability mass
function (PMF)? of an arbitrary domain element, that is, learning p [i] of an element
i € [n] is allowed. This extended version of the SAMP model, called the “Genera-
tion+Evaluation” model in [8] and the “combined model” in [9], is introduced to over-
come the difficulty described above. The results achieved in [10] imply that estimating
Shannon entropy is possible with polylog(n) SAMP+PMF queries, exponentially better
than the €2 (%) queries in the SAMP model.

Although described as unconventional, the SAMP+PMF model becomes practical
in many applications. For instance, the number of occurrences, and therefore the
probability of a certain element in a sorted database can be calculated via at most
logarithmically many interactions with the database. For a concrete example, consider
the Google n-gram database in which the frequency of each n-gram is published, and a
random n-gram is easily obtained from the underlying text corpus. Another motivation
for the SAMP+PMF model stems from its strong relation with the streaming model [11],
where entropy estimation has been thoroughly studied [12-17]. To exhibit the relation
between the two, note that any g-query estimation algorithm in the SAMP+PMF model

can be converted to a ¢ - polylog(n)-space streaming algorithm with one or two passes

2In this work, PMF, CDF and SAMP are abbreviations for probability mass function, cumulative
distribution function and sampling, respectively.



(details of the conversion depend on the model for how the items in the stream are
ordered). For more motivation and results for the SAMP+PMF model, see Canonne

and Rubinfeld [10].

Our main contribution [18] is to establish a lower bound matching the upper
bound obtained in [10] on additively estimating Shannon entropy, €2 (log2 n). In addi-
tion, we found upper and lower bounds matching in their dependence on n for additive

estimation of Rényi entropy when o« > 1, © (nlfl/a).
1.1. Organization

In Chapter 2, we focus on the task of additively estimating entropy in the SAMP
model. Section 2.1 is devoted to rigorously analyzing optimal upper and lower bounds
achieved in three successive works [19-21]. Section 2.2 explores three different matching

upper and lower bound pairs on additive estimation of Rényi entropy obtained in [7].

In Chapter 3, we concentrate on additively approximating the Shannon entropy in
the SAMP+PMF model. We describe the exponentially better algorithm constructed
by Canonne and Rubinfeld [10]. In addition, we introduce the SAMP+CDF model,
which is an extension of the SAMP+PMF model.

In Chapter 4, we demonstrate our contribution to the problem. Section 4.1
includes a comparison between our results and the prior work. In Section 4.2, we build
an optimal lower bound on additively estimating Shannon entropy, and in Section 4.3,
we present upper and lower bounds on additive estimation of Rényi entropy in the
SAMP+PMF and SAMP+CDF models. In Section 4.4, we establish a lower bound on
estimating the support size of a probability distribution in the SAMP+CDF model.
Section 4.5 is devoted to constructing an algorithm for additively estimating Tsallis

entropy in the SAMP+PMF model.

Finally, we state some open questions in the conclusion and give the inequalities

used throughout this work in the appendix.



2. SAMP MODEL

We start with the formal definition of the conventional model.

Definition 2.1. (sampling-only model) Let p be a probability distribution on [n]| and
SAMP denote a type of query which takes no input and returns i € [n| with probability
p [i] independently of all previous calls. The SAMP model is a model of query complexity

in which the only allowed interaction with p is via SAMP queries.

Although there are different metrics to measure the distance between two proba-
bility distributions pq, p2, the most commonly used metric is total variation distance,

The following identity unveils the “mystery” behind the constant factor %

drv (p1,p2) = g&i{] {p1(E) —p2(E)} (2.2)

Proof. Let A ={i: p1[i] > p2[i]}. Then

drv (p1,P2) = 1(191 (A) —p2(A)) + % (p2 (A) —p1 (A)) =p1(A) — p2 (4),

2
where A := [n] \ A. The next step is to show that A is an event maximizing the right-
hand side of Equation 2.2. If one adds another element j € [n] to A, the difference
p1 (A) — pa (A) decreases, since by definition pq [j] < p2[j]. Similarly, removing an
element j from A leads to a decrease in p; (A) — ps (A), since pq [j] > p2 [J]- O



2.1. Shannon Entropy

Shannon entropy, named after Claude E. Shannon [22], represents the expected
information a probability distribution contains, thus, measures the randomness in a
distribution and the compressibility of the data produced by that distribution. Shannon

entropy is defined as

n

H(p)=—> plillogpli]. (2.3)
i=1
By convention, the quantity p [i] logp [i] is set to 0 in the case of p[i] = 0 for

some ¢ which is consistent with the following: lim+ xlogx = 0. Note that
z—0

0 < H (p) <logn. (2.4)

The left-hand side of Inequality 2.4 is trivial, since —p [i]logp[i] > 0 for all i.
The right-hand side of Inequality 2.4 follows from the fact that H (p) = E;, [log ﬁ]
and log z is a concave function. By applying Jensen’s inequality,?

1 1
H(p)=E [log—,} glog(E [—1) = logn. 2.5
®) =B [le 5 o1 2
Shannon entropy has many applications such as measuring genetic diversity [23],

quantifying neural activity [3], and detecting network anomalies [13].

This work concentrates on additive approximation to the entropy, though we also
state the results regarding its multiplicative counterpart. Batu, Dasgupta, Kumar and
Rubinfeld [9] construct an algorithm approximating H (p) of a distribution p within
a multiplicative factor of v using O (n(HO(l))/ VZ) samples given H (p) = Q(y) for
any 7 > 1. They also show that no algorithm exists which v— approximates the
entropy of every distribution. Furthermore, Valiant [5] proves that € <n1/ 72) samples

are necessary for the task given H (p) = Q (%)

3For the definitions of the inequalities used throughout this work, see Appendix A.



Initially, we introduce a trivial upper bound on additively estimating Shannon
entropy.

Fact 2.2. There exists an algorithm estimating (with high probability) the Shannon

entropy to within arbitrarily small constant A using O <"12g22"> samples.

Proof. The overall idea is to build a distribution p’ which is close to p in total variation
distance and output H (p’) as an approximation of H (p). We utilize the “plug-in”
distribution for p’. Namely, let X1,..., X,, be m independent samples drawn from p
and define p'[i] = L i Iix,—s for each i € [n] where 1 is the indicator function for
an event E. Observejilllat P’ [i] is an unbiased estimator of p[i] since E [p' [i]] = p[i]

for each i. To show that |H (p') — H (p)| < A we use the following fact:

Fact 2.3. ([24], Lemma 8) Let p1,p2 be two arbitrary probability distributions such
that drv (p1,p2) < 410gn7 then |H (p1) — H (p2) | < A where A is an arbitrarily small

constant.

The final step is to prove that dry (p/,p) < W with high probability when

m =0 (”log ”) Similarly, p/ [E] := L Z (x,eE} is an unbiased estimator of p [E] for
A2
any event £ C [n]. Observe that Pr [ E]| > 41?%] < 2¢ FloZn™ — ~O(n)

for such m, which is easily derived via the Hoeffdmg bound. Then,

, A I A
Pr |:dTV (p',p) > 410gn} = Pr _glcéﬁ{p (E)—p(E)} > 4logn}

<pr|J {p’ (E) —p(E) > 41§gn}

<X P E) - pE) > ]
ECn]

<M. e — (1), O

The task of achieving an additive estimation of entropy is fulfilled in its entirety in

three successive works [19], [20] and [21]. Valiant and Valiant establish matching upper



and lower bounds on additively estimating a major class of symmetric properties (a
property is symmetric if it is immune to any permutation of domain elements) including
entropy. It is proven that © (ﬁ) samples are necessary and sufficient for additive
estimation of entropy of a probability distribution with support size at most n. We use
a rather technical narrative for two reasons. First, each work has an intricate structure
requiring an attentive analysis. Second, the techniques deployed in the process utilize

a wide range of mathematical notions that may be of independent interest.
2.1.1. Upper Bound 1

In this part, we introduce the algorithm constructed in [20] estimating entropy up
to an arbitrarily small constant using O (%) independent samples. As the title of the
paper ( Estimating the unseen: A sublinear-sample canonical estimator of distributions)
suggests, Valiant and Valiant employ a canonical approach to delicately approximate
an unobserved portion of a probability distribution rather than directly estimating
entropy. In other words, based on the samples drawn from an unknown probability
distribution p, the estimator builds a probability distribution p’ such that with high
probability the two are “close”, and returns the entropy of p’ as an approximation
of the entropy of p. The success of obtaining sublinear-sample complexity is due to
exploiting features of symmetry and using a different distance metric to better capture
the “closeness” between p and p’. Before going into the details, we introduce some key

definitions.

Definition 2.4. A property of a distribution is a function w : p" — R, where p" is
the set of distributions on domain [n|. A property 7 is called a symmetric property

if for all distributions p, and all permutations o, ©(p) = 7 (po o).

Note that entropy is a symmetric property.

Definition 2.5. Given a sequence of samples X = {Xy,..., X}, let the associated
fingerprint, denoted by Fx, be the vector whose i*™" component, Fx (i) is the number

of domain elements that occur exactly i > 1 times in sample X .



Intuitively, the fingerprint of a sample should hold all necessary information about
a sample for the task of estimating a symmetric property. We formalize this intuition

via the following fact.

Fact 2.6. (9], Lemma 8) For any algorithm A that approximates the entropy of a
distribution to within additive A from samples, there exists an algorithm A" which gets
as iput only the fingerprint of the generated sample and has the error probability upper
bounded by that of A.

Proof. Let p be an unknown distribution and Fy denote the fingerprint of the set of
samples X = {X1,..., X,,} drawn from p. Algorithm A" is constructed as follows:

e Choose Fy (i) elements at random from [n] without replacement for each i,*
e Build X" so that an element chosen in step ¢ occurs exactly 7 times in X”,

e Output the value that A outputs on A”.

The next step is to prove the correctness of A'. Let 7 be a permutation on [n]
and define a permuted distribution 7 (p) such that 7 (p) [i] = p[r (¢)]. Let 7 (X)) be a
set of samples by relabeling the members of X according to m. Observe that the set
X' generated by A" is 7 (X) for some random permutation 7. Lastly, let A (X') denote
the output of A on the sample set X'. Then,

Pr[A’ estimates H (p) to within A]

= Z Pr[p generates X] - E[Pr[A (7 (X)) estimates H (p) to within Al]

™

X

=E Z Pr [p generates X - Pr[A (7 (X)) estimates H (p) to within A]
L x

=E Z Pr 7 (p) generates w (X)] - Pr[A (7 (X)) estimates H (p) to within A]
L x

E [Pr[A estimates H (7 (p)) to within Al

> min Pr [ A estimates H (7 (p)) to within AJ,

4Note that n — || Fx||1 is the number of elements not seen in the sample set X'



which is the correctness probability of A. O

Similarly we define a histogram of the distribution which categorizes the domain

elements according to their probability values.

Definition 2.7. The histogram of a distribution p is a mapping h : (0,1] — Z, where
h(x) =|{i:pli] = x}|. Additionally, generalized histograms are allowed which do not

necessarily take integral values.

Observe that, a symmetric property is a function of the histogram of a distribu-

tion. For instance, Shannon entropy can be written as

Zp log p [7] Z h(x xlog—. (2.6)

We now define a new distance metric to obtain a better measure for proximity
between distributions.
Definition 2.8. For two histograms (or generalized histograms) hy, hs, let the relative
earthmover distance between them, R (hy, hs), be the minimum over all schemes of
moving the probability mass of the first histogram to yield the second histogram, of the

cost of moving that mass, where the per-unit cost of moving mass from probability x to

y is |log (z/y)|.

Distributions which are close to each other according to this new metric have

similar entropies.

Definition 2.9. A symmetric property 7 is (A, 9)-continuous if for all distributions

P1, P2 with respective histograms hy, hy satisfying R (hy, hy) < 9 it follows that

|7 (p1) — 7 (p2) | < A (2.7)

Fact 2.10. ([20], Fact 9) For a probability distribution p, and A > 0 the Shannon
entropy, H (p) = — Zp[]logp[] is (A, A)-continuous, with respect to the relative

earthmover dzstance.
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We describe a well-known sampling technique known as Poisson sampling. Recall
that in the standard approach of estimating a certain pli], one needs to draw m
independent samples Xy,...,X,, from p and calculate the multiplicity of a domain
element ¢, that is, the number of occurrences of i among m samples. Observe that
the multiplicities of any two elements are not independent, complicating the overall
analysis: for a start, the sum of the multiplicities of all domain elements must be equal
to m. To overcome this difficulty, instead of drawing exactly m independent samples
from p we draw M ~ Pois(m) samples, where Pois(m) is the Poisson distribution
with parameter m. Let Xi,..., X be independent samples drawn from p, then the

multiplicity of a domain element ¢ is defined as

Nio=|{1<j<M:X,=i}] (2.8)

Fact 2.11. The multiplicities {N;} are independent random variables and distributed
as Pois (m - pli]).

Proof. Let Bin (y, z) be a Binomial distribution with parameters y € N and z € [0, 1].
Then

Pr[N; =j] = Z Pr [Pois (m) = M| - Pr [Bin (M, p[i]) = j])
= Z (Pr [Pois (m) = M| - Pr[Bin (M, pi]) = j])
° e~ mmM M! 1] a\M—j
=S (N gy P 0 p)
e~ m > m (1l — 1 M’
_ <ﬂpu> ) << (L= pli) )
_ e (mpli)) - en ot
5!
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Now we show that the N;’s are independent.

PriNy =M & -+ & Ny =M, =Pr[M]-Pr[Ny =M, & - & N, = M,| M|

e_mmM M' [1]M1 [ ]Mn
p— . . « . e n
IR AT VA p
el (mp I el (mp [n]) M
N M;! M,!
= Pr[N, = My]---Pr[N, = M,]. O

E|N;
Observe that N;/m is an unbiased estimator for p[i] because E[21] = BV =
m

pli]. Consider the distribution of the 5 entry of a Pois (m)-sample fingerprint,

Pois (mpi],j) = . h(x)Pois(mz,j). (2.9)

Fl)=YX1{N=5} = BF()=% iy

n
7 =

K2

The direct consequence of V;’s being independent is that for each j, F (j) is closely
concentrated around its expectation, having an easy proof by a direct application of the
Chernoff bound. The other advantage of Poisson sampling is that its sample complexity
is comparable to the sample complexity of usual sampling, because Poisson distribution

also has a concentration around its expectation.

Proposition 2.12. ([20], Proposition 21) Given m > 30, and any set of fingerprints A,
let A be the set of fingerprints that can be obtained by adding or removing at most m®%
samples from some fingerprint in set A. Let F denote a random m-sample fingerprint,

and let F' denote a fingerprint obtained from choosing M ~ Pois (m), random samples.

Then
Pr[Fe A <Pr[F €A +e™ /2
The construction of the estimator starts with building a linear program that

focuses on the low probability portion of a distribution. Based on a fingerprint F

of an unknown histogram h, the objective is to derive a histogram A’ such that for
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each domain element i and for a fingerprint Fyx (i) obtained from a sample X" of A/,
E [Fx (i)] = F (i). However, for the high probability portion of a distribution, that is,

—1+a

for elements with probability at least m for some small constant o € (0, 1), the

histogram is set as b’ (L) = F (j).
Definition 2.13 (The Linear Program LP). Given an m-sample fingerprint F
and o = 1/50,c € [1,2], bounds A := em™'® B = 4m=1705« and a real number

v 1= m7 32, the linear program consists of variables vy > 0 for all x < A+ B/2 in the

set X :={v,2%y,3%y,..., A+ B/2}, subject to the following condition:

1LY xv, < 16m 0

reX:x>A .
2. Y v+ Y, ZF=1
zeX j>m(A+B)

3. For all integers i < m (A + B/4),

Z v, Pois (mx, 1) € []—" (1) — 4m Ot F (i) + 4m0.6+a} .

zeX

The set X is chosen carefully to adjust the time complexity of LP to be linear in
the number of samples. The first constraint is to guarantee that the probability mass
residing in the neighborhood of the threshold probability, A ~ m~!'*%, is small. The
second constraint is to guarantee that the sum of the total probability mass of rarely
occurring elements and the total probability mass of frequently occurring elements is
1. The third constraint is to guarantee that for rarely occurring domain elements the
expectation of a fingerprint distribution F’ of a histogram A’ is close to a fingerprint

F of a histogram h.

Observe that a solution v = {v,} does not necessarily yield a proper histogram
h' since v,’s can be nonintegers. The following definition is to construct a proper

histogram which is referred as the histogram associated to a solution v.

Definition 2.14. Let X = {v,2%y,3%y,..., A+ B/2} be the set of probabilities for
which LP solves. Given a m—fingerprint F and a solution v to the associated LP, the

corresponding histogram h® is derived from v according to the following process.
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1. set h¥ (x) = 0.
2. for all z € X let h¥ (x) = v,.
3. for all integers j > m (A + B), let h? (i) = F(j).

" S 2(va—|ve))

4. for all x such that h® (z) # 0, set h” ((1+¢€)x) = |h? ()] where € = %

reX
The first and second steps assign v to h¥. The third step makes the histogram
h? for frequently occurring elements agree with the F of a histogram h. The last step
converts the histogram values to integers while compensating the resulting loss in total
probability mass by renormalizing the distribution.
logn

Lastly, we establish the connection between LP and the aforementioned O (L>

sample complexity.

Algorithm: ESTIMATOR I
e Fixm=0 ( & ) (For details see [20].)

logn

e Draw M ~ Pois (m) independent samples X7, ..., X, from p.

e Construct LP corresponding to the fingerprint F obtained from X, ..., X,,.
e Find a solution v to LP.

e Compute histogram h" associated to solution v, as defined in Definition 2.14.

e Output >  AY(z)zlogl.
x:h? (x)#0

Figure 2.1. Canonical Estimator of Shannon Entropy.

Theorem 2.15. ([20], Theorem 2) For a constant € € (0, 1], consider a sample con-
sisting of m independent samples from a histogram h of support size at most emlogm.
Wiath probability at least 1—6_7”0‘04, LP has a solution and furthermore, for any solution

to LP, v, the histogram h® associated to v as in Definition 2.1/ satisfies

R (h,h?) = O (v - max{1,|logel}) .
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Theorem 2.15 combining with Fact 2.10 imply that entropy of the resulting his-
togram h" is close to the entropy of an unknown histogram h. The proof of The-
orem 2.15 consists of two parts; in the first part it is shown that with the claimed
probability there exists a feasible point ¥ such that the associated histogram A% is

close to h. We informally describe how the existence of a feasible point ¥ is proven.

A feasible point v is manually constructed via discretizing the low probability
portion of an unknown histogram h. For each probability y < A + % let x;, z;11 be
consecutive members of the set X such that z; <y < x;,4, then h (y) > 0 is distributed

between v, and v, , as follows:

Ti+1—Y
Tip1—T; )

All initially being equal to 0, set Uy, := Uy, + h (y) and Vg, , 1= Vg, +

h (y) £==—. Observe that such interpolation preserves both the probability mass re-
Ti+1—T4

siding on y and the quantity & (y). Then it is proven that for each v,

h(y) l (ﬁ Pois (ma;, 7) + % Pois (mxiﬂ,j)) — Pois (my, j) | (2.10)
is bounded. Since fingerprint entries are closely concentrated around their expectations,
bounding Expression 2.10 implies that the third condition of LP is satisfied. Intuitively,
Expression 2.10 is bounded due to the sufficiently dense structure of the set X. In the
next step of the construction of v’, a normalization is realized to ensure that the second
constraint of LP is satisfied, that is, the probability mass shared among the members
of the set X and the probability mass in the empirical distribution derived from the
fingerprint of frequently occurring elements add up to 1. Then it is shown that such
normalization has a small effect on Expression 2.10. Therefore, v is in the feasible
region with high probability. Intuitively, the associated histogram A% is close to h
with respect to relative earthmover distance, since for the low probability portion of
the distribution, the two histograms are highly similar by construction, and for the
high probability portion of the distribution, h” (#) = JF; is close to h (#) because
each element of the fingerprint, with high probability, has true probability close to its
observed probability.
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In the second part of the proof of Theorem 2.15, it is shown that for any two
solutions v, w the associated histograms A" and A" are close. We start with key

definitions.

Definition 2.16. For a given m, a B—bump earthmoving scheme is defined by a se-
quence of positive real numbers {c;}, the bump centers, and a sequence of functions

{fi} : (0,1] = R such that >_ fi(x) = 1 and for each x, and each function f; may
i=0

be expressed as a linear combination of Poisson functions f; (x) = ) a;; Pois (ma, j)
=0
such that Y |a;;| < 5. Given a generalized histogram h, the scheme works as follows:
=0
for each x such that h(x) # 0, and each integer i > 0, move xh(x) - fi(x) probability

mass from x to ¢;. We denote the histogram resulting from this scheme by (c, f)(h).

Definition 2.17. For given n,m, a bump earthmoving scheme (c, f) is e—good if for
any generalized histogram h, the relative earthmover distance between h and (c, f)(h)

1S at most €.

As these definitions hint, it is sufficient to construct a “good” bump earthmov-
ing scheme such that, given two solutions v,w, when the scheme is applied to the
associated histograms h¥, h*, the resulting histograms (¢, f)(h?) and (¢, f)(h*) have
small distance. Then it immediately follows that (¢, f)(h?) and (¢, f)(h*") have similar
entropies, leading to the same conclusion about the entropies of ¥ and A" which ends

the proof.

Lemma 2.18. ([20], Lemma 16) For n > m, letting < be such that n = ¢mlogm, there

exists an O (y/s - max{1,|logs|}) — good m*3—bump earthmoving scheme.

We only present the general idea of the proof due to its laborious details which
may be tiresome for a reader to follow. The building block of the construction of a
“good” bump earthmoving scheme is to use two different classes of functions for {f;}.
For ¢ > logm Poisson functions Pois(mz, ) are utilized. For i < logm Chebyshev
polynomials 7T; (z) are employed where the i Chebyshev polynomial is the polynomial

of degree i such that T; (cosy) = cos (i - y). The sequence {c;} is assigned to be {-£} for
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i > logm, and {21;’% (1 — COS (5&;2”)) } for i < logm. Then by leveraging the fact

that any two solutions v, w must have close fingerprint expectations, it is shown that

the resulting histograms (¢, f)(h?) and (c, f)(h") have small earthmoving distance.
2.1.2. Lower Bound

In the second part, we introduce the lower bound established in [19] on esti-
mating entropy. Valiant and Valiant prove that the task of estimating entropy up
to an additive error has sample complexity (2 <$> by constructing two probability
distributions pT and p~ with large relative earthmover distance yet having close fin-
gerprint distributions. In other words, p* and p~ are built such that the difference,
|H (pt) — H (p~) |, is big enough to distinguish p* from p~, however, no algorithm
can differentiate between the fingerprint obtained from p* and the fingerprint obtained
from p~ by drawing o (@) samples. In addition, Valiant and Valiant provide two
new central limit theorems (CLT) for establishing the lower bound. We choose to avoid
the details of the proof of the central limit theorems in order to preserve the smoothness

of the explanation.

Definition 2.19. The generalized multinomial distribution parameterized by a non-
negative matrix p each of whose rows sum to at most 1, is denoted M?, and is defined
by the following random process: for each row p(i,-) of matriz p, interpret it as a
probability distribution over the columns of p — including, if Z;n:lp(z',j) <1, an
“invisible” column 0 — and draw a column index from this distribution; return a row
vector recording the total number of samples falling into each column (the histogram of

the samples).

The generalized multinomial distribution is employed to capture the fingerprint
distribution of a probability distribution. We introduce the first central limit theo-
rem that relates the sum of independent distributions to a Gaussian distribution with

respect to earthmover distance.

Theorem 2.20. ([19], Theorem 2) Given n independent distributions {Z;} of mean 0

in R™ and a bound B such that || Z;|] < 5 for any i and any sample, the earthmover
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distance between Y . | Z; and the normal distribution of corresponding mean (0) and

covariance is at most fm(2.7 + 0.83logn).

The second central limit theorem approximates a generalized multinomial dis-
tribution by a Gaussian distribution with respect to statistical distance. Note that
the statistical distance between a generalized multinomial distribution and a Gaussian
distribution is 1 since the first is discrete but the second is continuous. Therefore,

Gaussian distribution is discretized by rounding to the nearest lattice points.

Definition 2.21. The m—dimensional discretized Gaussian distribution, with mean
p and covariance matriz %, denoted N'U¢ (u,Y), is the distribution with support Z™
obtained by picking a sample according to the Gaussian N (u,Y), then rounding each

coordinate to the nearest integer.

Theorem 2.22. ([19], Theorem 4) Given a generalized multinomial distribution MP?,
with m dimensions and n rows, let pu denote its mean and X denote its covariance

matriz, then

4/3

dry (M, N (1, %)) < o

75 22+ (314 0.83log n)¥?,

where 02 is the minimum eigenvalue of 3.

We present how distributions p™ and p~ are constructed.

Definition 2.23. Given a real number ¢ € (0 1), consider the degree logm + 2

>

polynomial Mogm s () = — (:L‘ - gbloglm) (ac - 291)@) Liogm (z) such that L; (x) =
?‘_T%j (e=%a7) is the j™ Laguerre polynomial. Let v(x) be the function that takes value
1/ My () for every x where Miogm g (v) = 0, and is 0 otherwise, where M’ is the

derivative of M. Define the distributions pfggm’d),pl:)gm’q5 such that for each x where

6x/32

v(x) > 0, the distribution p['(')gm’¢ contains v(x) probability mass at probability

1
32m

z, and for each x where v(z) < 0 the distribution Py, y, 4 contains [v(x)|e®/32

prob-
ability mass at probability ﬁx, where each distribution is then normalized to have

total probability mass 1.
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Observe that since the probability of each element of either plﬁg md O Plogm,é
¢

is defined to be at least o]
m logm

, both distributions have support at most %mlog m.
Thus, the connection between the sample and domain sizes necessary for the lower
bound is formed. The second condition on p{’(_,g m,p> Plogm,p 15 that the difference
|H (pfggm, ¢) —H (plgg m, c15) | is sufficiently big. This can be achieved by proving that

pf;g m.pr Plogm,e ar€ close in the relative earthmover distance to two different distri-

butions g*, g™, respectively, such that H (q*) is distant from H (g~).

Lemma 2.24. ([19], Lemma 13) Distributions pfgg mud Plogm,e 07€ O (¢]log ¢|) —close,

32

respectively, in the relative earthmover distance to the uniform distributions on 3

mlogm

and %mlogm elements.

Note that the relative earthmover distance, therefore by Fact 2.10, the difference
of the entropies is H (L{ ([%mlog mD) - H (Z/{ ([%mlog m])) = 1, where U ([n])
denotes the uniform distribution with support size equal to n. That is, pl'i')g myp and
Plogm,¢ are distinguishable. The third condition is that pl_gg m.pr Plogm,e Nave finger-

print distributions F,+, F,

p—» respectively, such that the statistical distance between

F,+ and F, is small. Similarly, it is shown that F,+, F,- are approximated by two
statistically close, discretized Gaussian distributions Nfsc, Ndise respectively. First,

we state a weaker result.

Lemma 2.25. ([19], Lemma 16) For any i, the i'" fingerprint expectations for distri-

butions pfggm@,pl;gm@ are equal to within o(1).

It is necessary for pfgg m,p: Plogm,e 10 have bigger variance in both directions due
to obtaining better bounds when aforementioned central limit theorems are applied.
Therefore, pfgg m.p> Plogm,e are¢ modified to get “fat” distributions pf;;m’d), pf);m’d,
such that both are statistically close to their “thin” counterparts, respectively. A “fat”

distribution is constructed as follows:

Definition 2.26. Define the fattening operator F' that, given a histogram h, constructs

a new histogram h'" as follows:
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e Provisionally set h'" (z) = (1 - %) h(zx) for each x;

o For each integer i € {1,...,logm}, increment h¥ (i) «— hf (i) +

log®m

Note that operator F' returns a proper probability distribution and preserves the
previous upper bound on support size since no element with probability less than 1/m
is added to the support. Intuitively, it also “fattens” a distribution because the number
of low probability elements is increased substantially. Moreover, operator F' does not
negatively affect the bounds of Lemma 2.25 since both distributions pltg m.br Plogm,é

are modified identically. We are ready to state the main result.

Proposition 2.27. ([19], Proposition 21) For a positive constant ¢ < 1/4, the statis-
tical distance between the distribution of Pois (m) —sample fingerprints from pf;;m,qb

and pll(z_gm,(j) goes to 0 as m goes to infinity.

Recall that Theorem 2.22 is utilized to approximate the fingerprint distributions
of pll:jé _ pi; m,p DY two statistically close, discretized Gaussian distributions, re-
spectively. We only explain the necessary conditions for Theorem 2.22, skipping the

details of its application.

The condition to be satisfied is that fingerprint distributions ]-"pp 4 pr_ obtained
from distributions pllgé Sy pllz_g m,p: Tespectively, have close variance and covariance.
This is proven by using the result in Lemma 2.25, that is, fingerprint distributions
having close expectations. Recall that for a histogram h, expectation of the " fin-
gerprint entry is E[F;] = >  h(x) - Pois(mxz,i), and covariance of two random
variables XY is defined a:hg)cf\(j (X,Y] = E[XY] - E[X]E[Y]. Combining with
Equation 2.9, it follows that covariance of the i and j** fingerprint entries, for i # j,

equals Cov [F;, Fj| = >, —h(x)-Pois(zm,i)Pois (xm, j). After the simplification,
z:h(x)#0

i+j —2xm ; ;
Pois (zm, i) Pois (xm, j) = (xm).—e =270+ (Z +J> Pois (2zm, i + j) .
i
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Recall that variance of a random variable X is Var [X]| = E [X?] — E* [X]. Then
for the i'* fingerprint entry, Var [F;] = > wh(z)zo P (@) - (Pois (mz, i) — Pois (mz, 1)2)
Note that Pois (ma,i)* = 272 (*) - Pois (2mx, 2i). The following relates Poisson func-

tions with different parameters.

Lemma 2.28. ([19], Lemma 20) For any ¢ > 0 and integeri > 0, one may approzimate

Pois (22,1) as a linear combination Y~ o (j) Pois (z, j) such that

1. For allw 20, | Pois (2z,i) = Z;ioa (j) Pois (z, j) | <€ and
2. Z;io la(j)] < % . 200max{\4/§’ 2410g3/2 %}

Therefore, both variance and covariance of fingerprint distributions of pf;;m, &
and pi_gm,(j) can be expressed as linear combinations of Poisson functions. It is al-
ready known that fingerprint distributions of pf;; s pi_g m,p have close expectations
which themselves are expressed as linear combinations of Poisson functions. Then, at
least intuitively, fingerprint distributions of pllzz e pf;_gm, » have similar variance and

covariance.

Theorem 2.29. ([19], Theorem 1) For any positive constant ¢ < 1/4 there exists a
pair of distributions pt,p~ that are O (¢|log ¢|) — close in the relative earthmover

distance, respectively, to the uniform distributions on n and n/2 elements, but which

& . _n
32 logn

are indistinguishable to m = —sample testers.

2.1.3. Upper Bound II

In the final part of this section, we present an improved upper bound on esti-
mating entropy up to an additive A. The bounds given in [19,20] are matching in
their dependence on n, whereas for the dependence on A this is not the case. The es-
timator constructed in [20] has sample complexity O (W), while the lower bound
established in [19] is (ﬁg?l), which leaves open the question of error decrease rate.
The problem is resolved in [21] by constructing an optimal estimator which estimates
the entropy of a distribution to within additive accuracy A, with probability at least

1 — o(poly (n)), given O <#gn> independent samples from a distribution with sup-
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port size at most n. Differently than the previous one which is based on a canonical

approach, Valiant and Valiant construct an estimator focusing directly on entropy.

Definition 2.30. A symmetric property w is linear if there exists some function f, :

[0,1] — R, denoted as characteristic function of 7, such that for any distribution

p with histogram hy, ™ (p) = Y.  hy(x) fr (2).
x:hp (x)#0

Observe that Shannon entropy is a linear property, and its characteristic function
is f(x) = x|logz|. The new estimator is based on approximating the characteristic
function of entropy as a linear combination of Poisson functions. The following clarifies

the motivation behind this approach. Assume there exists a sequence of coefficients

{B;} such that for all z € (0,1], >_;°, 8; Pois (mz, i) = z|logz| = f (x). Then,

Z h(z = Z h(z Zﬁszs mx, 1)

x:h(z)#0 x:h(z)#0 i>1

:Zﬁl Z h(x) Pois (xm, 1) (2.11)

1>1 x:h(x)#0
=Y GE[F]= Zﬁiﬁ-] .
i>1

i>1

That is, the quantity > §;F; is an unbiased estimator for entropy. Recall that for
each 7, a fingerprint entry l.% is concentrated around its expectation. Then, roughly,
for > ;. F; having relatively small variance one needs the coefficients {3;} to be small
corri;z);ring to 1/4/m. However, instead of approximating the characteristic function

@ = |log x| is expressed as a linear combi-

f(z) = x|logx| directly, the function
nation of Poisson functions, Y .~ z; Pois(mx,i). Observe that these approaches are
equivalent in the sense that 3; = # - z;i—1, since z Pois(mx, i) = Pois(mz, i+ 1)“rl The
following formalizes the relationship between the magnitudes of coefficients, error in

approximating |log z| and the estimator defined above.

Proposition 2.31. ([21], Proposition 17) Given integers m,n, and a set of coefficients

20, 21, - - - such that if for positive real numbers a,b, ¢ the following conditions hold:

1. ||logz| — Y z Pois(mz,i)| <a+ 2,
i=0
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2. forall j > 1 let B; = %zj_l with By = 0, then for any 7,0 such that |j — 1| <
Vjlogm we have |3; — ()] < c\/%.

Then the estimator described in Fquation 2.11 estimates entropy with error at most
a + bn + clogm, with probability at least 1 — o (1/poly (m)) when given a fingerprint
derived from a set of m independent samples chosen from a distribution with support

size at most n.

The task of finding such coefficients {z;} is realized via linear programming. A
linear program is constructed with constraints describing the conditions of Proposi-

tion 2.31 and with the objective function minimizing error in the estimation.

Algorithm: ESTIMATOR II
e Fixm=0 ( & ) (For details see [21].)

Alogn

e Draw M ~ Pois (m) independent samples X1, ..., Xy, from p.

e Construct the linear program as in Definition 18 [21], corresponding to F.
e Find a solution {z;} to the the linear program.

e Calculate the coefficients {;}.

e Output Y 5, F;.

i>1

Figure 2.2. Linear Estimator of Shannon Entropy.

Aside from employing linear programming to find convenient coefficients {z;},

Valiant and Valiant explicitly construct an optimal estimator such that given O ( Al’ggﬂ)
independent samples from a distribution with support size at most n, it estimates
entropy of a distribution to within additive accuracy A, with probability at least
1 — o(poly (n)). We briefly describe how an optimal estimator is constructed. Re-
call that the objective is to approximate the function logz as a linear combination of
Poisson functions, Y .~ z; Pois(mx, ). A straightforward choice for coefficients {z;}
is the sequence {log #} Note that log # is a “plug-in” estimator for entropy. The

following lemma bounds the precision of any “plug-in” estimator.
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Lemma 2.32. ([21], Lemma 19) Given a function f : R — R whose fourth derivative
at x 1s bounded in magnitude by =z for x > 1 and by a for x < 1, and whose third

derivative at x is bounded by %, then for any real x, > 7, f (i) Pois(z,i) is within

O(&) of f () + bf" (x).

For a “plug-in” estimator log %, this lemma suggests that

logx — ;log (1/m) Pois (mx, 1) = ﬁ + 0 <mix2> ) (2.12)

Observe that for a high probability, error of approximation is small, whereas
for a low probability such as x < %, the right-hand side of Equation 2.12 becomes
unbounded. In other words, “plug-in” estimator is satisfactory for high probability
portion of a distribution, however, it behaves poorly for low probability portion of a
distribution. Similar techniques are used as in bump earthmoving scheme described in
Subsection 2.1.1 to resolve the issue. We only give an outline of the proof due to its

laborious details.

Two different functions are used for approximating log x as a linear combination
of Poisson functions. For probabilities z > O (logm) “plug-in” estimator log% and
for probabilities < O (logm) a function of Chebyshev polynomials referred as the
Chebyshev bumps are utilized. The next step is to establish a Chebyshev bump version
of Lemma 2.32 and to show that the Chebyshev bumps can be expressed as a linear
combination of Poisson functions with relatively small coefficients. The proof ends by

applying Proposition 2.31.
2.2. Rényi Entropy

We investigate Rényi entropy, first introduced by Alfréd Rényi [25] which is a

popular generalization of Shannon entropy. It is defined as follows:

Definition 2.33. Let a > 0 be a real number. The Rényi entropy of order a of a

distribution p, denoted by H,(p), is
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fora#1

Ha(p) = ——— log (mea) , (2.13)

and for a =1

H(p) = lim H,(p) (2.14)

a—1

For a = 0, Hy(p) = logsupp (p), where supp (p) denotes the support size of the
distribution p. For a = 1, Hy(p) = H(p), that is, Rényi entropy becomes Shannon
entropy, as easily derived via L'Hopital’s rule. For e = 0o, H,(p) is the min-entropy

H..(p), where by definition H(p) = — log max pli].

Rényi entropy has many applications. Particularly, Hs (p) is used for measuring
the quality of random number generators [26], for testing the closeness of probability
distributions [27, 28], for characterizing the number of reads needed to reconstruct a

DNA sequence [29], etc.

Recall that © (@) samples are necessary and sufficient for estimating Shannon
entropy, which are only better by a polylogarithmic factor than © (n log? n), a trivial
upper bound for this task. Thus, being a generalization of Shannon entropy, deter-
mining the complexity of estimating Rényi entropy becomes additionally intriguing.
Acharya, Orlitsky, Suresh, and Tyagi [7] provide near-optimal upper and lower bounds
for three different cases of «; it is shown that to estimate Rényi entropy to within an

/e samples (ii) for

additive error one requires (i) for a < 1, super-linear, roughly n
noninteger o > 1, near-linear, roughly n samples (iii) for integer @ > 1, sub-linear,
S} (nl’l/ C“) samples. Note that in the case of & > 1 being integer, estimating Rényi

entropy becomes substantially easier than estimating Shannon entropy.
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2.2.1. Upper Bounds

In the first part we illustrate the upper bounds established in [7]. Defining the

moment of p as M, (p) = >_ (p[i])“, Rényi entropy can be expressed as H,(p) =
i=1

—log Mo(p). Observe that estimating H,(p) to an additive accuracy of +A is

O{th

1=2) " Acharya et

equivalent to estimating M, (p) to a multiplicative accuracy of 2¥4(
al. construct two different multiplicative estimators, denoted by /\//t\g and @, the first

for a ¢ Z and the latter for a € Z.

To simplify the analysis, Poisson sampling technique is utilized as in the case of
estimating Shannon entropy whose explicit description is given in Section 2.1. Recall
that in the Pois (m)-sampling scheme NN;/m is an unbiased estimator for p [i| where

N; denotes the multiplicity of an element :. We define the aforementioned estimators

—_— —_—
Me, Mz,

Definition 2.34. For a &€ Z, let the empirical estimator for M,(p), denoted by /\//l\g,
be

M=% (%)a (2.15)

Observe that ./\//E is biased. Fora € ZT, let n® =n-(n—1)--- (n—a+1) denote

the o'® falling power of n.

Definition 2.35. For integer o > 1, let the bias-corrected estimator for M,(p), de-
noted by /\//E;, be

/\//@:Zf. (2.16)

We demonstrate the central lemma for establishing upper bounds, which essen-
tially constructs an error reduction algorithm to increase the accuracy of an estimator

given certain bounds on its bias and variance.
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Lemma 2.36. ([7], Lemma 6) For M ~ Pois(m), let the estimator M., have bias and

variance satisfying

Then, there exists an estimator M',, that uses O (mlog(1/6)) samples, and en-

sures

|

M, — Ma(p)l > w\/la(p)} <.

Proof. By Chebyshev’s inequality,

Pr || Mo — Ma(p)| > 7Ma(p)]

<re [ m [

+ ‘E [/\/4\&] - Ma(p)’ > vMa(p)}

< Pr [ M, - E [/\//ﬂ} > %Ma(p)}
4 Var |:~/T/l\a:| 1
S———= =3
V2Ma 3

M, (p) is estimated in ¢ independent rounds, and ]\/4\& is assigned to be the sample
median of these rounds. More specifically, let K/l\l denote the result of round ¢, and let
15, be the indicator function of the event F; = {’K/l\z — ./\/la(p)‘ > yMa(p)}. Then
the expectation satisfies E [1g,] < 1/3, and by the Hoeffding bound,

¢
t
Pr [Z 1g, > 5] < e t/18,
i=1

To reduce the probability of error to d, set ¢t = 18log (1/§). What this means is
that with probability at least 1 — §, the majority of the rounds, therefore, the sample
median M’,, satisfies the condition ‘./T/l\Z — ./\/la(p)’ < M, (p). O
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The next step is to bound the bias and variance of both estimators, /\//l\g, /\//l\g, in
order to apply Lemma 2.36, which finalizes the proof. Note that independence gained
due to Poisson sampling simplifies the analysis in bounding variance. We only state

related results regarding the bias-corrected estimator.

Lemma 2.37. ([7], Lemma 2) Let X ~ Pois(\). Then, for allT € N

Var[ X" < A" (A+7r)" = \).

Proof. The expected value is

O | NN
=0 j ' ' = .

1=r

We bound the following

E[(X%)’] = ZPois(A, i) - (i5)°
20N (i
- ;6 /\F (1 —r)?

=\ Z e_’\),\—' (i+7r)"

- 1
=0

=N E[(X + 1)1

=\NE ﬁ[(X+1—j)+r]

Lj=1

<VE|Y (f)Xﬂ’-r’"—j
J

Lj=0

=\ (T) N gt
, J

— N (A7)
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Hence,

Var[X"] = E[(X")’] = E[XT]2 <\ (A+7r)" = \). O

Finally, we state the upper bound results for estimating Rényi entropy.

Theorem 2.38. ([7], Theorem 9) For an integer « > 1, any A > 0, and 0 < § < 1,

there exists an algorithm estimating with probability at least 1 — & the Rényi entropy

1-1/a 1
H,(p) of an unknown distribution p on [n] to within £A with O (W log 5)

samples.

Algorithm: ESTIMATOR III
e Fixy=1-20"9%and m = O (”l_l/a). (For details see [7].)

72

e Repeat the following for t = [181og %1 independent rounds.
- Draw M ~ Pois (m) independent samples X, ..., X;; from p.
- Compute the multiplicity N; based on the samples X1, ..., X, for 1 <1 < n.
-Set/\//Yj: > N’gforroundlgjgt.

i€[n] "

e Output ﬁlog M\a where M\a is the median of the sequence {M\]}

Figure 2.3. SAMP Estimator of Rényi Entropy (of integer degree o > 1)

Theorem 2.39. ([7], Theorem 7) For a« > 1, A > 0, and 0 < 6 < 1, there ezists

an algorithm estimating with probability at least 1 — & the Rényi entropy H,(p) of an
n

1
m lOg g Samples

unknown distribution p on [n] to within £A with O (

where v =1 — 2(1=)A,

Theorem 2.40. ([7], Theorem 8) For o < 1, A > 0, and 0 < § < 1, there exists
an algorithm estimating with probability at least 1 — & the Rényi entropy H,(p) of an

1/a
unknown distribution p on [n] to within £A with O ( o
v

1
max{4,2/a} log —> samples where

5
y=1-—20@"DA
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Algorithm: ESTIMATOR IV
e Fixy=1-20"9%and m = O (W) (For details see [7].)
e Repeat the following for ¢ = [181og ¢ | independent rounds.
- Draw M ~ Pois (m) independent samples Xj, ..., X, from p.
- Compute the multiplicity /V; based on the samples X, ..., X, for 1 <i < n.
- Set M\j =3 (%)a for round 1 < j < t.

1€[n]
e Output = log M,, where M, is the median of the sequence {M;}.

Figure 2.4. SAMP Estimator of Rényi Entropy (of noninteger degree a > 1)

We skip the algorithmic view of additively estimating the Rényi entropy for o < 1,

nl/a
(172(04*1)A)max{472/a}

since it is easily obtained by setting m = O ( in Figure 2.4.

Very recently, Acharya, Orlitsky, Suresh, and Tyagi [30] have improved the upper
bound results for additively estimating the Rényi entropy for noninteger values of a.
For o < 1 and noninteger o > 1, they construct algorithms additively estimating

(with high probability) the Rényi entropy H,(p) of an unknown distribution p using

@) (ﬁg:) and O (%) samples, respectively. Both algorithms employ empirical and
bias-corrected estimators, /\//l\g and /\//l\g, and achieve a factor of logn improvement
due to exploiting the polynomial approximation technique. In particular, for domain
elements ¢ with N; > 7, the empirical estimator /\//l\g is utilized, where 7 = O (logn).
On the other hand, for domain elements ¢ with N; < 7, the task of estimating H,(p)

is conducted in two steps. Firstly, the function z“ is approximated by an integer

d
d—degree polynomial p (x) = > ¢;z’. Secondly, the quantity (p[i])* is estimated by
7=0

utilizing the bias-corrected estimator J\//l\}; for each term of p (p[7]).
2.2.2. Lower Bounds

In the second part of this section, we exhibit lower bounds [7] on the task of esti-

mating Rényi entropy to within an additive error. The techniques utilized for the task
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resemble to the ones used for establishing a lower bound on estimating Shannon entropy.
Unsurprisingly, since Rényi entropy is a symmetric property, the fingerprint of a sample
is satisfactory for the analysis, as described in Section 2.1. Acharya et al. construct
two probability distributions p and q such that the difference, |H, (p) — H. (q) |, is
sufficiently big to distinguish p from q. However, the fingerprint distributions, px, qr,
corresponding to p, q, respectively, have small total variation distance so that given a
fingerprint it is impossible to decide which distribution it is obtained from when the
number of samples is less than certain quantity. The following sets a bound on the

total variation distance between the fingerprint distributions.

Theorem 2.41. ([7], Theorem 13) Given distributions p and q such that

max max{p,, q, , for Poisson sampling with M ~ Pois (m), it holds that

€
<
}_40m

€
||p.7- - q.’F” S 5 + 5Zma|Moz(p) - Moe(q)|

Thus, it is sufficient to build p, g with distant Rényi entropies, yet having identical
n 1/r
moments. For a probability distribution p, let ||p|, = (Z p i) ‘r) , where 7 is a
i=1

positive real number. We present the main ingredients of constructing such p, g pairs.

Lemma 2.42. ([7], Lemma 14) For every d € N and noninteger «, there exist positive

vectors ©,y € R such that

lzll- = lyll-, 1<r<d-1
[2]la 7 lylla,
[2lle 7 [lylla-

Definition 2.43. For every positive integer d and every vector & = (x4, ...,z4) € R,

construct a distribution p* with support size dn as follows

R

el

5Analyzing probability distributions with support size dn instead of the ones with support size n
is only for practical reasons and does not affect the lower bound results stated above.
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It only remains to construct distributions p, g based on Lemma 2.42 and Defini-
tion 2.43 for three different cases of v and apply Theorem 2.41 to finalize the proof.
Before stating the lower bound results on estimating Rényi entropy to within additive

error, we give one last definition.

Definition 2.44. Let f (n) =0 (nﬁ) indicate that for all sufficiently large n and for all
n >0, f(n) >n’" where f : R — R and 3 € R. That is, f (n) grows polynomially

in n with exponent not less than 3.

Theorem 2.45. ([7], Theorem 15) For any integer a > 1, Q (n'='/*) samples are
necessary to estimate (with high probability) the Rényi entropy H,(p) of an unknown
distribution p on [n| to within +A.

Theorem 2.46. ([7], Theorem 16) For any noninteger o > 1,  (n) samples are
necessary to estimate (with high probability) the Rényi entropy H,(p) of an unknown

distribution p on [n] to within £A.

Theorem 2.47. ([7], Theorem 17) For any 1 > a > 0, 0 (n'/*) samples are necessary
to estimate (with high probability) the Rényi entropy H,(p) of an unknown distribution
p on [n] to within £A.
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3. SAMP+PMF MODEL

We formally define the “unconventional” model.

Definition 3.1. Let p be a probability distribution on [n] and PMF denote a type of
query which takes input i € [n] and returns its probability mass function pli]. The
SAMP+PMF model is a model of query complexity in which both SAMP and PMF

queries are utilized to interact with p.

Note that a trivial upper bound on estimating entropy is n, since one can learn p
fully via n PMF queries. We start with the results regarding multiplicatively estimating
entropy. As shown in [9, 12], estimating H (p) (with high probability) to within a

multiplicative factor of 1 4 ~ requires between

2 (s i) 31
and
o(2) 5

SAMP+PMF queries. One disadvantage of these bounds is them depending quantita-
tively on the entropy H(p) itself.

The task of estimating (with high probability) Shannon entropy to within ad-
ditive error is examined in [10]. Canonne and Rubinfeld construct an algorithm with

O (log2 n) query complexity, demonstrating superiority of SAMP+PMF model to SAMP

logn

model in which ( “ ) samples are necessary for the same task. They build the al-

gorithm on the following:

Hp) = Y plillos o= B llog o] (3.3

i€[n] ~P [Z]
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Since it is difficult to give an upper bound on the quantity log m, Identity 3.3 is

reconstructed. Note that the function f (z) = xlog (1) is increasing for z € (0, 1) and

lim f(z)=0. Then for any threshold 7 € (0, 1),

z—0t
1
H (p) = Z [i]log — + log
£ pi]
wpli|>T i p[z]<7—
1 1 (3.4)
H(p)> > plillog—— = H (p) - Z plillog —— > H (p) — n - 7log -
& p|i] & pi] T
epli|>7 ipli]<T
A
Assume 2 =<3 1, and let 7 = W, so that n - Tlog% < %. Define a function
A

¢ (x) = log %ﬂ{xzr}- Then, Equation 3.4 implies that

Consequently, estimating E;, [¢ (p[i])] to within additive £ is sufficient for es-
timating H (p) to within additive A. Observe that 0 < ¢ (pli]) < log! ~ log %.

og?
Let Xi,...,X,, be independent samples drawn from p where m = O (l gAQA ) If we

compute the quantities ¢ (p [X;]) via PMF queries and apply the Hoeffding bound on

o (p[X;])

random variables Y; = for1 <j<m,

A2m

< 2e log? ] <

o | >
OOIP—‘

Pr[}%zgo(p[xm E [p(pl)]]

Theorem 3.2. ([10], Theorem 10) In the SAMP+PMF model, there exists an algo-
rithm estimating Shannon entropy (with high probability) to within +£A with sample

g? &
Az /-

complezity O (lo

Apart from achieving an exponentially better bound, the simplicity of the algo-
rithm compared to the entangled nature of the estimators described in Section 2.1 is
sufficient to illuminate the power a PMF query adds to the model. Yet, how helpful is

it for estimating Rényi entropy? We will examine this question in Section 4.3.
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Algorithm: ESTIMATOR V

A
o Fix 7= m and m = PX—?logQH.
e Draw m independent samples X, ..., X,, from p.

e Compute Y; = log ﬁxj_]]l{p[xj]y} by evaluating PMF on X for 1 < j < m.

e Output = >~ Y.
=1

Figure 3.1. SAMP+PMF Estimator of Shannon Entropy

We can extend the SAMP+PMF model by making a slight modification on a PMF

query.

Definition 3.3. Let p be a probability distribution on [n] and CDF denote a type of
query which takes input i € [n| and returns its cumulative distribution function > p[j].
j=1

The SAMP+CDF model is a model in which both SAMP and CDF queries are utilized

to interact with p.

Observe that since PMF (i) = CDF (i) — CDF (i — 1), a PMF query is simulated
by at most two CDF queries. Canonne and Rubinfeld [10] show that in certain cases
the SAMP+CDF model is more powerful than the SAMP+PMF model in estimating
Shannon entropy. More specifically, if a probability distribution p is known to be
monotone, (2 (logn) queries are necessary for estimating H (p) in the SAMP+PMF
model, however, there exists an algorithm in the SAMP+CDF model using O (log2 log n)
queries for the same task. Does this hold true for estimating entropy of an arbitrary

distribution? Answers to these and more questions are presented in the next chapter.
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4. OPTIMAL BOUNDS FOR ESTIMATING ENTROPY
WITH PMF QUERIES

4.1. Our Results, and Comparison with Prior Work

As described in Chapter 3, Canonne and Rubinfeld [10] build a SAMP+PMF algo-
rithm estimating with high probability Shannon entropy to within 41 using O(log®n)
queries. In addition, they prove that 2(logn) queries are necessary for the task. Our

first main result is an improved, optimal lower bound:

First main theorem. In the SAMP+PMF model, Q(log” n) queries are necessary to
estimate (with high probability) the Shannon entropy H(p) of an unknown distribution
p on [n] to within £1.

Remark 4.1. Our lower bound and the lower bound for multiplicative estimation of
Shannon entropy given in Ezpression 3.1 hold even under the promise that H(p) =

O(logn). Note that Expression 3.1 yields a nonoptimal Q(logn) lower bound for addi-

1

tive estimation problem by taking v = Toem -

More precisely, Canonne and Rubinfeld show that 0(10222”) queries are sufficient

for estimating Shannon entropy to within £A.® However, this result is trivial once

A < 1‘\’%‘ since p can be learned exactly via n PMF queries. In fact, our first main

theorem gives a matching lower bound for essentially the full range of A: we prove

that Q(loizn) SAMP+PMF queries are necessary for any ﬁ <AL fgglgG.

Our second main result is regarding the estimation of Rényi entropy H,(p) for
various parameters 0 < a < oo. Recall that Acharya et al. [7] establish three different
lower and upper bound pairs on additively estimating H,(p) in the SAMP model. They

prove that @(nl_l/ @) samples are necessary and sufficient when a > 1 is an integer;

2
6They actually state O(:22%/2)) but this is the same as O(biz") because the range of interest

A
1
15%§Aglogn.
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5 (n) samples are necessary when o > 1 is a noninteger; 5 (nl/ a) samples are necessary
when 1 > a > 0. We give matching upper and lower bounds on estimating H,(p) for
all a > 1. Apparently, PMF queries provide no advantage in estimating Rényi entropy

for integer o, whereas they are advantageous for noninteger a.

Second main theorem. Let o > 1 be a real number. In the SAMP+PMF model,

pl-1/c

1-1/ .
O | 25— ) queries are necessary and O | —2———
224 q y (1_2(1—0)A)2

) queries are sufficient to estimate
(with high probability) the Rényi entropy H,(p) of an unknown distribution p on [n]

to within £A.

We show that our two bounds extend to the SAMP+CDF model, thus, answering
the question of the previous chapter. In addition, we give a matching lower bound for
estimating support size to within +en in the SAMP+CDF model. Lastly, we provide
an upper bound on additively estimating Tsallis entropy in the SAMP+PMF model.

4.2. First Main Theorem

We present a well-known fact which is of key importance in establishing a lower

bound on additively estimating Shannon entropy in the SAMP+PMF model.

Lemma 4.2. For \ € (O, }J, C] (/\—12) samples are necessary and sufficient to dis-
tinguish between the uniform distribution p; = (l l) and the biased distribution

272
pr= (A3 =N

Proof. We start with proving the upper bound. Let Xi,...,X,, be m independent

samples drawn from p which is a probability distribution promised to be either a

uniform or a biased distribution. Then - %~ 1,1} is an unbiased estimator for p [1],
i=1

where 1z} is an indicator function of an event E. We need to approximate (with

high probability) p[1] to within some e < 4 to properly distinguish between two

"The range of A can be easily extended to (0, % — 5], where £ is an arbitrarily small constant.
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distributions. By applying the Hoeffding bound,

1 - —Z€ETMm
Pr [(ggﬂ{xizl}—p[ﬂ‘%] < 2¢72m,

L

Obviously, to bound the right-hand side of the inequality m = O (/\2

) samples

are sufficient. Now we prove the lower bound.

Definition 4.3. Let dq,ds be discrete probability distributions. The Kullback-Leibler
(KL) divergence is defined as

L (d:||d2) = Zdl [2]log > ﬂ (4.1)

By convention, dy [z]logdy [z] is set to 0 if dy [x] = 0. We exploit the KL-

divergence for the particular class of probability distributions.

Fact 4.4. Let Xy,...,X,, be m i.i.d random variables drawn from dy (respectively
d3), where m € N. Let d* (respectively d3*) denote a joint probability distribution of

random variables X, ..., X,,. Then

KL (d"|[dy') = m KL (da|da) .

Proof. By definition d7* = (d1)™ and dj* = (d2)™. We prove the statement via strong

induction.

Base case: For m = 2,

X4
Xi

KL (d?|d2) szl [X1] da [Xo] - 1Og( j D
A A [Xﬂ)
da [X;)]

o]+ da [X1])  dy [Xo]log

1
da |
— Zl Z; dy [X1]dy [Xo] - (log 3: gi

= di[X1]lo i |

]
Jd
I
]

dy [ Xo]
dy [X5]
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ds [ Xo]

= di[Xi]lo

=2KL(dy|dz).

dl X1 dl X2
[Xj + ;le [X5] log ]

—

Induction step: Assume that the statement is true for all : < m — 1. Then
- dy [ X
KL dm”dm Z Z (H dy [Xi]log (H d: {XJ
J

115

o)

X1 Xm \i=1 J

:Zdl[Xl]l [Xa] - Zdl
+Zd1Xlz Z(Hdl (il iﬁ))

Xm 1=2

_Zdlxllgd2§j+z Z( di [X (Zl

=2

—

)

= KL (dy|d2) + KL (d7" ™" [|d* ")

Lemma 4.5. Let c/lz, c/l; be discrete probability distributions on the universe U, and let

f:U —=[0,C] be a real-valued function for some positive constant C'. Then

E[f(@)-E[f(@)]|<C: Iy — dal.

Proof.

:’Z@[x]—dz[x])f(x)(
< S| (@] -l |7 (@)
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=C ||y — daf). m

As a final ingredient we give an upper bound on the KL-divergence between the

biased distribution and the uniform distribution.

1 T+ A z
KL (p2||p1) = <§ + /\> log 2 + <— - )\) log 2

1
2

_ %log((l — M) (1420) + Alog (

142X
< Alog <1J—F2A)

—iln 1+ &
~ In2 1—2)\

4)? 1
L
“In2 1-2X\

8\?
§_7

In2

(4.2)

where the second inequality follows from the exponential inequality.

Suppose for the sake of contradiction that there exists a hypothetical algorithm

D such that given m = o (%) independent samples, decides whether p = p; or p = po
with probability of error at most % Let D output 1 to indicate that p = p; and
output 0 to indicate that p = p2. Denote by X the set of m independent samples

{X1,... X} Then

Pr[D (X ~p}*) = 1] zg and Pr[D (X ~py') =0] >

GV )

In other words,
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which gives

1
E DX)- E [D@X)]>-. 4.3
LE. D@ - E D)= 3 (43)
Letting c/l; = pT", Zl; = py* and f =D, Lemma 4.5 and Inequality 4.3 imply
m m 1
lpy* = P51l = 5 (4.4)
Then
0 (—2) =m= M (Fact 4.4)
A KL (p1|p2)
1 1
> —— - p" - p?|} ———— Pinsker’s i lit
= 91n?2 le p2 ||1 KL (p1||p2) ( msker's imnequall Y)
1 |
> . Inequality 4.4
= 82 KL (piffpa) (Ineduality 49
1 1 .
> e Q (ﬁ) : (Inequality 4.2)
which is a contradiction. O

We establish a tight lower bound on estimating Shannon entropy in the following

theorem.

Theorem 4.6. In the SAMP+PMF model, 2 <1°§22"> queries are necessary to estimate

(with high probability) the Shannon entropy H(p) of an unknown distribution p on [n]

Iy 1 1
to within £A, where —5a9 < A < 7555 -

Proof. We will show that a hypothetical SAMP+PMF algorithm £ that can estimate

the entropy of an unknown distribution on [n| to within £A using o (10222") queries

would contradict Lemma 4.2 stating that Q(1/A?) coin tosses are necessary to determine

whether a given coin is fair, or comes up heads with probability 1/2 + .
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The idea is to use the given coin to realize the probability distribution that £ will
work on. Let n be the smallest one millionth power of a natural number that satisfies
% < A8 Partition the domain [n] into M = n%9%% consecutive blocks I, ..., Iy,

each containing K = {7 = n0-000001 elements. Each block will be labeled either as a

tails or a heads block. The internal distribution of each heads block is uniform, i.e.
each element has probability mass ﬁ = % In each tails block, the first element has
probability mass W, while the rest of the elements have probability mass 0. Note
that the total probability mass of each block is K - ﬁ = % = W, regardless of its
label. We will now describe a costly method of constructing a probability distribution

p of this kind, using a coin that comes up heads with probability d:

e Throw the coin M times to obtain the outcomes X,..., Xy,

e Set the label of block I,,, to X,,, for all m € [M].

Let X be the number of heads blocks in p. Then p = E[X] = Md. Let X = £
denote the proportion of heads blocks in p. Then we can calculate the entropy H (p)
by calculating the individual entropies of the blocks. For a heads block, the entropy is
K - 577 - log(MK) = 5;logn. The entropy of a tails block is —gisms log(n®?999%) =
% logn. Since there are M X heads blocks and M (1 — X) tails blocks, the total

entropy becomes

H(p)=MX - ﬁlogn—i— M(1—-X)- 095;\3999 log n
= X logn + 0.999999(1 — X)logn (4.5)

= (0.999999 + 0.000001X) log n.

Note that this function is monotone with respect to X. Define two families
of distributions P; and P, constructed by the above process, taking d to be p; = %
and py = % + A, respectively. Let p; ( respectively ps) be a probability distribution

randomly chosen from P; (respectively Ps).

8Since Lemma 4.2 holds for A € (0,3 —¢], where £ is an arbitrarily small constant, the upper
(1-2¢)logn

bound on A can be extended to ~—g5s
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Proposition 4.7. p; has entropy at most 0.9999995log n + A with high probability.

Proof. We prove this by using the Chernoff bound on the number of heads blocks in

the distribution.

~ logn(logn + 106A)
1012 . 70-999999 /70999998

p log® n(1 + 10°) )
1012 . ;0000001
 log? n(1+ 106)>

(
( 102A%2M )
(
(

The last term indicates that the number of heads blocks X < (p1 + 106A)M , and

logn

the proportion of the heads blocks X < (p1 + %) with high probability. Thus, with

high probability
H{[p1] = (0.999999 + 0.000001.X) logn < 0.9999995log n + A. O

Proposition 4.8. py has entropy at least 0.9999995 log n + 3A with high probability.

Proof. We find a similar bound by;

Pr[X < (p — 122) M| = Pr|X < oM (1 - 08 )]

logn p2logn
1012A2
e
102A%2M
- ( ; 2ps 10g2n>

( 1012A2 M )
exp

B 2(%+)\)10g2n
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1,0-000001
sexp - 1og2n

=o(1).

The last term indicates that the number of heads blocks X > (p2 — i?;ﬁ)M , and
the proportion of the heads blocks X > (p2 - %) with high probability. Thus, with

high probability

H{ps) = (0.999999 4 0.000001X) log n

logn

1
> (0.999999 -+ 0.000001 (5 + A - 10%)) logn

= 0.9999995 log n + 0.000001(\ — %) logn (4.6)

> 0.9999995 log n + 0.000001 (2202 ) log n

= 0.9999995 log n + 3A. [l

Since the entropies of p; and po are sufficiently far apart from each other, our
hypothetical estimator £ can be used to determine whether the underlying coin has
probability p; or py associated with it. To arrive at the contradiction we want, we must
ensure that the coin is not thrown too many times during this process. This is achieved
by constructing the distribution “on-the-fly” [10] during the execution of &, throwing

the coin only when it is required to determine the label of a previously undefined block:

When £ makes a SAMP query, we choose a block I,,, uniformly at random (since
each block has probability mass %), and then flip the coin for I,, to decide its label
if it is yet undetermined. We then draw a sample ¢ ~ d,, from I,,, where d,, is the

normalized distribution of the m® block.

When € makes a PMF query on i € [n], we flip the coin to determine the label of
the associated block I, if it is yet undetermined. We then return the probability mass

of 1.
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By this procedure, the queries of £ about the probability distribution p (known
to be either p; or ps) can be answered by using at most one coin flip per query, i.e.
0 (%) times in total.

Since we selected n so that 1/)\? = @(loi#), this would mean that it is possible to

distinguish between the two coins using only o(1/A?) throws, which is a contradiction,

letting us conclude that no algorithm can estimate the Shannon entropy H(p) of an

unknown distribution p on [n] to within +A with high probability making o (10222">

queries. O

We now give a similar lower bound for the SAMP-+CDF model.

Corollary 4.9. In the SAMP+CDF model, any algorithm estimating (with high prob-
ability) the Shannon entropy H(p) of an unknown distribution p on [n] to within £A

2 .
must make € <1°§Q"> queries.

Proof. The construction is identical to the one in the proof of Theorem 4.6, except
that we now have to describe how the CDF queries of the estimation algorithm must

be answered using the coin:

When &€ makes a CDF query on ¢ € [n], we flip the coin to determine the label

of the associated block I,,, if this is necessary. We then return the sum of the total

m—1

57> since each block has a total

probability mass of the blocks preceding I, (which is
probability mass of ﬁ regardless of its label) and the probability masses of the elements
from the beginning of I,, up to and including ¢ itself. At most one coin flip per CDF

query is therefore sufficient. O]
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4.3. Second Main Theorem
4.3.1. Lower Bound

We present another well-known fact about distinguishing coins.

Fact 4.10. () (%) samples are necessary to distinguish between the distribution p; =

(1,0) and the distribution pa = (1 — A\, A).

Proof. Let Xy,..., X, be m independent samples drawn from p, which is a probability
distribution promised to be either p; or p2. Note that observing the domain element
2 even once suffices to distinguish between two distributions, since p;y [2] = 0. The

probability of the most unfortunate case, not observing any 2 when p = pa, is

Pr [Z Lix,=1} = m] =(1-N"<em (4.7)
i=1

where the inequality follows from the exponential inequality. Obviously, to bound the

right-hand side of Inequality 4.7, m = (2 (%) samples are necessary. [

We establish a lower bound on estimating Rényi entropy in the following theorem.

1-1/«

Theorem 4.11. For any a > 1, €} SAMP+PMF queries are necessary to

922A
estimate (with high probability) the Rényi entropy H,(p) of an unknown distribution p

on [n] to within +A.

Proof. We will first prove the theorem for rational «, and show that it remains valid

for irrationals at the end.

The proof has the same structure as that of Theorem 4.6. One difference is that
we reduce from the problem of distinguishing a maximally biased coin that never comes
up tails from a less biased one (instead of the problem of distinguishing a fair coin from

a biased one).
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Suppose that we are given a coin whose probability of coming up heads is promised
to be either p; = 1 or py = 1— A for a specified number A\, and we must determine which
is the case. As Fact 4.10 indicates, this task requires at least €(1/\) coin throws. We
will show that this fact is contradicted if one assumes that there exist natural numbers
s and t, where a = ; > 1, such that it is possible to estimate (with high probability)
the Rényi entropy H,(p) of an unknown distribution p on [n| to within £A using an

1-1/a
algorithm, say R, that makes only 0(7127) SAMP-+PMF queries.

Let n be the smallest number of the form ((QMW j)S that satisfies ‘:’lEﬁ] < A
where j is some natural number. Partition [n| into M = % consecutive blocks
I, I, ... Iy, each of size K = [2224]-n'/®. As in the proof of Theorem 4.6, a probability
distribution p can be realized by throwing a given coin M times to obtain the outcomes
Xy, ..., Xu, and setting the label of block I, to X,,, for all m € [M], where each
member of each heads block again has probability mass 1/n. The first member of each

tails block has probability mass n[fffﬂa, and the remaining members have probability

K |’22A'|n1/a . i

mass 0. We again have that each block has total probability mass - - i

regardless of its label, so this process always results in a legal probability distribution.

If the coin is maximally biased, then p becomes the uniform distribution, and
H,(p) =logn. We will examine the probability of the same distribution being obtained
using the less biased coin. Let Py be the family of distributions constructed by the
process described above, using a coin with probability p, of coming up heads. Let ps be
a probability distribution randomly chosen from P,. The probability of the undesired

case where ps is the uniform distribution is

52287\ M _sp2a 1
Pr[py = U ([n))] = pif = (1— )™ < <1 _ #) P N

That is, with probability > 0.999, p, has at least one element with probability

[222]n

1
mass T& Let X be the number of heads outcomes, and let B and W denote the

1
number of elements with probability mass % and Dm%, respectively. It is not difficult

to see that B = K- X and W = M — X. We just showed that X < M with high
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probability.

Then the Rényi entropy of the constructed distribution ps € Ps is, with high

1 1 22875\ °
Ha(pz)zl_alog<B-E+W- <%) )

1 _ log (K - X/n+ (M- X) [22A1a>

probability:

1— no—1
1
=logn — _1log(K-X/n+(M—X) [2227%)
<logn — log ([2%}0‘) < logn — 2A.

a—1

Because H,(U([n])) — Ha (p2) > 2A, R has to be able to distinguish ¢([n]) and
p2 with high probability. We can then perform a simulation of R involving an “on-the-
fly” construction of distribution p exactly as described in the proof of Theorem 4.6. As
discussed in Section 4.2, this process requires no more coin throws than the number of
SAMP-+PMF queries made by R, allowing us to determine the type of the coin using

1-1/«
only O(nQT)’ that is, o(1/A) tosses with high probability, a contradiction.

Having thus proven the statement for rational «;, it is straightforward to cover the
case of irrational a: Note that H,(p) is a continuous function of « for fixed p. Given
any p and ¢, for any irrational number «; greater than 1, there exists a rational «,
which is so close to «; such that H,, (p) — H,,(p) < . An efficient entropy estimation
method for some irrational value of a would therefore imply the existence of an equally

efficient method for some rational value, contradicting the result obtained above. [J

These results are generalized to the SAMP+CDF model in the same way as in
Section 4.2.

1-1/a

Corollary 4.12. For any o > 1, €2 (QQ—A) SAMP+PMF or SAMP+CDF queries are
necessary to estimate (with high probability) the Rényi entropy H,(p) of an unknown

distribution p on [n] to within +A.
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4.3.2. Upper Bound

We now show that PMF queries are useful for estimating H, for noninteger «.

Theorem 4.13. For any number o > 1, there exists an algorithm estimating (with high

probability) the Rényi entropy H,(p) of an unknown distribution p on [n] to within £A
nlfl/a

Proof. We will prove this statement for rational . The generalization to irrational

a discussed in the proof of Theorem 4.11 can be applied. Recall that Rényi entropy

n

can be expressed as Ho(p) = 1 log M, (p), where M,(p) = > (pli])* is the o
i=1

moment of p. Then, estimating H,(p) to an additive accuracy of £A is equivalent to

estimating M, (p) to a multiplicative accuracy of 2+21=%) Therefore, we construct a

multiplicative estimator for M, (p).

100n!—1/*
2
variables drawn from p. Define V; = (p [X;])*™", where p[X;] can be calculated using

Let v =1 —20-4 and m = { W, and let Xi,...,X,, beii.d. random

a PMF query on X; for 1 <7 < m. Note that

B[] =>_ pll L) = (pli)" = Malp).

Moreover,

Var[Y]] =E [Y?] —E[Y;* =Y plj] (p[j])** — EYi]* = Mau_i1(p) — MZ(p).
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Since the Y;’s are also i.i.d. random variables,

1 m
Var [E;K

1 « m 1
=3 ZVar [Yi] = 3 Var [Y] = p. (Maa-1 (p) = M2 (D)) -
i=1
We use the following fact from [7] to find an upper bound for the variance of our
empirical estimator.
Fact 4.14. ([7], Lemma 1) Fora>1 and 0 < g < «

My s (p) < nleDe=B/apg2 (p)

By taking = a — 1, we get

We obtain a similar upper bound for the standard deviation of our empirical estimator,

o= \/Var [% iYZ] < %M?X (p) < HM. (p).

=1

By Chebyshev’s inequality we have

Pr ‘—Z}Q—Ma(p)‘> 100

Pr ‘— Y, — M, (p) ‘ <M, (p)] > 0.99
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Thus we can estimate M, (p) to a desired multiplicative accuracy with

1-1/a
@) (ﬁ) queries, which ends the proof. [

Algorithm: ESTIMATOR VI

100 1-1/a
eFixy=1-— 20=a)A and m = [n——‘

,-y2
e Draw m independent samples X, ..., X,, from p.

e Compute V; = (p [X;])* " by evaluating PMF on X for 1 < i < m.
e Output = log (% > Yi).
i=1

Figure 4.1. SAMP+PMF Estimator of Rényi Entropy (of degree o > 1)

4.4. Support Size

Definition 4.15. For a probability distribution p, support size of p is defined as
supp (p) = |{i: pli] #0}|, the number of domain elements with nonzero probabil-

1ty.

Recall that Hy (p) = log supp (p). The techniques described in Section 2.1 should
be applicable to the distribution support size, since it is a symmetric property. In fact,
Valiant and Valiant [19,20] prove that for any positive constant € < }L, estimating the
support size of a distribution whose support members occur with probability at least
%,9 to within 4en requires @(ﬁ) independent samples. In addition, Canonne and
Rubinfeld [10] show that ©(1/e?) SAMP+PMF queries are necessary (and sufficient)
for estimating supp (p) with the guarantee that p [i] > % for all support members 7, to
within £en. We modify their proof to establish a matching lower bound for this task

in the SAMP-+CDF model.

2
probability) the support size of an unknown distribution p on domain [n] to within

1
Theorem 4.16. () <—> SAMP+CDF queries are necessary to estimate (with high

+en.

9Tt is typical to assume that all elements in the support occur with probability at least %; since
without such a lower bound it is impossible to estimate support size.
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Proof. Assume that there exists a program S which can accomplish the task specified
in the theorem statement with only o (}2) queries. Let us show how S can be used to

determine whether a given a coin is fair, or comes up heads with probability ps = %—k)\.

Set € = %, and let n be the smallest even number satisfying n > 10/e2. Partition
the domain [n] into M = % blocks Iy, ..., Iy where I,,, = {2m — 1,2m} for all m € [M].

The construction of a probability distribution p based on coin flips is as follows:

e Throw the coin M times, with outcomes X1, ..., Xy,
e Set p[2m — 1] = 2 and p[2m] = 0 if X, is heads,
e Set p[2m — 1] = p[2m] = 1 if X,, is tails, for each m € [M].

Note that by construction p[2m — 1] + p[2m] = 2 for all m € [M]. Let P; and
Py be the families of distributions constructed by the above process, using the fair
and biased coin, respectively. Let p; ( respectively pa) be a probability distribution
randomly chosen from P; ( respectively Ps). Then

Bupp (pr)] = n - Ay =n (1= 22) = 3

2 4
E [supp (p2)] = n — Mp, zn(l—%> =n G—%) = G —36> n,
and via the additive Chernoff bound,
Pr [Supp (p1) < §n - —n} < e_ezn <e b < L
4 2 1000
Pr {supp (p2) > zn — %n} < e_ezn <et< ﬁ

In other words, the resulting distributions will satisfy (with high probability)
supp (p1) — supp (p2) > 2en, distant enough for S to distinguish between two families.

As in our previous proofs, we could use S (if only it existed) to distinguish between
the two possible coin types by using the coin for an on-the-fly construction of p. As

before, SAMP and CDF queries are answered by picking a block randomly, throwing
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the coin if the type of this block has not been fixed before, and returning the answer

1

depending on the type of the block. Since o (6%):0 (/\—2) coin tosses would suffice for

this task, we have reached a contradiction based on Lemma 4.2. O

4.5. Tsallis Entropy

Tsallis entropy [31], defined as

a—1 ,

2

Sulp) = 5 (1— (pw‘), (4.8)

is a generalization of Boltzmann-Gibbs entropy where e« € R and kg is the Boltzmann
constant. Harvey et al. [17] gives an algorithm to estimate the Tsallis entropy which is
also used to approximate the Shannon entropy in the most general streaming model.
Without loss of generality we focus on additively estimating the quantity 7, (p) := SZ—J(:’)
which appears to be a generalization of Shannon entropy, easily derived via L’Hopital’s

rule.

Lemma 4.17. For any number a > 1, there exists an algorithm estimating (with high
probability) the Tsallis entropy of an unknown distribution p on [n| to within £A with
O <m> SAMP+PMF queries.

Proof. Observe that for a > 1

1 -«

Fae < Mu(p) <1 = 0<T,(p) < L
Tt < Ma(p) < <TaP) s 5~ 7

To estimate T, (p) to within additive error A, one needs to estimate M, (p) to
within v = (v — 1) A. Note that A < ﬁ, therefore, 7 < 1 must satisfy for achieving
nontrivial approximations of T, (p) and M,(p), respectively. We use the estimator

constructed for Rényi entropy in Theorem 4.13.
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Let m = [ﬁww and draw m independent samples X, ..., X,, from p. Define

(
Y; = (p[Xi)* " where p[X,] is computed using a PMF query on X; for 1 < i < m.

Recall that

m

Obviously, - > Y; is an unbiased estimator of M, (p). Observe that ¥; € [0, 1]
i=1
since a > 1. By applying the Hoeffding bound, we get

L 2
p ‘— Y, — M, ‘> < 9e2Pm,

It easily follows that m = O <m> = (%) queries are sufficient to bound
the right-hand side of the inequality. O]

Jiao, Venkat and Weissman [32] construct an algorithm approximating Tsallis
entropy S,(p) of a distribution p to within additive error using O (nz/ O‘*l) SAMP
queries for 1 < a < 2. More interestingly, they also prove that one requires only

constant number of SAMP queries to additively estimate S, (p) for o > 2.0

10Acharya et al. [30] improve this result by constructing an algorithm for this task using only O (1)
samples for all a > 1.
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5. CONCLUSION

In this work, we investigate the task of additively estimating entropy in two
settings based on two types of queries. A SAMP query takes no input and returns
x € [n| with probability p[z]|; a PMF query takes as input x € [n] and returns the value
plz]. The first setting is the SAMP model, where only SAMP queries are allowed. The
second setting is the SAMP+PMF model in which both SAMP and PMF queries are

utilized.

The motivation behind this work has both practical and theoretical reasons.
Firstly, the SAMP+PMF model can be practical in many applications. For a concrete
example, consider the Google n-gram database in which the frequency of each n-gram
is published, and a random n-gram is easily obtained from the underlying text corpus.
Secondly, the SAMP+PMF model is strongly related to the streaming model of com-
putation which is an important field of computer science. Moreover, the SAMP+PMF

model may illuminate the limitations of estimating entropy in the SAMP model.

We thoroughly analyzed the optimal bounds for estimating the Shannon entropy
and the near-optimal bounds for estimating the Rényi entropy in the SAMP model. We
described the exponentially faster algorithm constructed for estimating the Shannon
entropy in the SAMP+PMF model. We established a matching lower bound for the
estimation of the Shannon entropy H (p) in the SAMP-+PMF model, (log2 n) We
gave optimal bounds for the estimation of the Rényi entropy H, (p) in the SAMP-+PMF
model, © (nlfl/a).

Apparently, PMF queries provided no advantage in estimating Rényi entropy
for integer a > 1, whereas they were advantageous for noninteger « > 1. However,
the proximity between 2 (nlfl/ a) and O (n), the lower and upper bound results for
estimating Rényi entropy H, (p) for noninteger o > 1 in the SAMP+PMF and SAMP
models, respectively, indicated the amount of the advantage a PMF query added to
the model. In addition, the exponential gap between O (log2 n) and €2 (nlfl/a), the
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upper and lower bound results for estimating Shannon entropy and Rényi entropy in

the SAMP+PMF model, respectively, implied the difficulty of the latter problem.

We proved that the bounds were easily extended to the SAMP+CDF model, where
SAMP and CDF queries (given z, return ., ply]) were allowed. We gave a matching
lower bound for estimating support size to within 4+en in the SAMP+CDF model.
Lastly, we constructed an algorithm for additively estimating Tsallis entropy S, (p)
using a constant number of SAMP+PMF queries.

One problem left open by our work is that of optimal bounds for estimating
the Rényi entropy H,(p) in the SAMP+PMF model for v < 1. The work [7] shows
that in the model where only SAMP are allowed, Q (n'/) queries are necessary when
0 < a < 1. It is interesting to ask whether there exists a sublinear algorithm for this

task in the SAMP+PMF model.

Moreover, it is obvious that the SAMP+PMF model is superior to the SAMP
model. However, degree of the superiority of the SAMP+PMF model is an open prob-
lem. In other words, how is the SAMP+PMF model affected if one has restricted

number of such as O (1) or o(log”n) PMF queries?
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APPENDIX A: INEQUALITIES

Theorem A.1. (Chebyshev’s Inequality) Let X be a real-valued random variable such
that Var [X] is well-defined. Then, ¥Vt > 0,

Var [ X|

Pr(X -EX]|> 1 <~

Theorem A.2. (Jensen’s Inequality) Let X be an integrable random variable and

¢ : R — R be a convex function. Then,
Efp (X)] = ¢ (E[X]).

Theorem A.3. (Pinsker’s Inequality) Let p1 and pa be two probability distributions

on the universe U. Then

1
KL (p1||p2) > oo lp1 — P27

Theorem A.4. (Exponential Inequality) Let x be a real number. Then,
1+z< <1+£> <e® forn>1,|z] <n.
n

Theorem A.5. (Chernoff Bound) Let X3, ...X,, be m independent random variables

that take on values in [0,1], where E[X;] = p;, and Y p; = P. For any v € (0,1] we
i=1
have

< e‘”QP/Q.

Pr [iXi>(1~l—’y)P

=1

<e PR pr [Z X;<(1-7)P

=1
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Theorem A.6. (Hoeffding Bound)!' Let X,...X,, be m independent random vari-
ables that take on values in [0, 1], where E[X;] = p;, and > p; = P. For any vy € (0, 1]
i=1

we have

Pr [iXi>P+fym

i=1

< e’272m, Pr [Z X, <P — fym] < e 2m,

=1

" Usually, the Hoeffding bound is referred to as the additive Chernoff bound, whereas Theorem A.5
is referred to as the multiplicative Chernoff bound.



