ABANT IZZET BAYSAL UNIVERSITY

THE GRADUATE SCHOOL OF NATURAL AND APPLIED
SCIENCES

NONLINEAR BERNSTEIN TYPE OPERATORS AND ITS
APPROXIMATION PROPERTIES

DOCTOR OF PHILOSOPHY

HUSEYIN ERHAN ALTIN

BOLU, MAY 2016



ABANT IZZET BAYSAL UNIVERSITY

THE GRADUATE SCHOOL OF NATURAL AND APPLIED
SCIENCES

DEPARTMENT OF MATHEMATICS

AYS4
,\?> {
1992

&
I{\\I] s\l
|

z.
S A
W:a
&Y.

%

NONLINEAR BERNSTEIN TYPE OPERATORS AND ITS
APPROXIMATION PROPERTIES

DOCTOR OF PHILOSOPHY

HUSEYIN ERHAN ALTIN

BOLU, MAY 2016



APPROVAL OF THE THESIS

NONLINEAR BERNSTEIN TYPE OPERATORS AND ITS APPROXIMATION
PROPERTIES submitted by HUSEYIN ERHAN ALTIN in partial fulfillment of the
requirements for the degree of Doctor of Philosophy in Mathematics Department,
Abant Izzet Baysal University by,

Examining Committee Members Signature

Supervisor
Prof. Dr. Harun Karsli
Abant Izzet Baysal University

Member
Prof. Dr. Ali Aral
Kirikkale University

Member
Prof. Dr. Zafer Ercan
Abant Izzet Baysal University

Member
Prof. Dr. Mert Caglar
Istanbul Kiiltiir University

Member
Assist. Prof. Dr. Ismail Ugur Tiryaki
Abant Izzet Baysal University

May 2, 2016

Prof. Dr. Duran KARAKAS @ MG’O«AOJ}

Director, Graduate School of Natural and Applied Sciences



To my family, my wife and my supervisor...



DECLARATION

I hereby declare that all information in this document has been obtained and presented in
accordance with academic rules and ethical conduct. I also declare that, as required by these
rules and conduct, I have fully cited and referenced all material and results that are not orig-
inal to this work.

HUSEYIN ERHAN ALTIN




ABSTRACT

NONLINEAR BERNSTEIN TYPE OPERATORS AND ITS APPROXIMATION
PROPERTIES

PH.D. THESIS

HUSEYIN ERHAN ALTIN
ABANT IZZET BAYSAL UNIVERSITY GRADUATE SCHOOL OF

NATURAL AND APPLIED SCIENCES
DEPARTMENT OF MATHEMATICS
(SUPERVISOR: PROF. DR. HARUN KARSLI)

BOLU, MAY 2016

This thesis deals with approximation properties of certain nonlinear Bernstein type opera-
tors in the approximation theory. This thesis consists of four chapters. The first chapter
is devoted to the introduction. The second chapter contains concepts, definitions and also
some important inequalities which are needed in the further chapters. In the third chapter,
after giving some information about the nonlinear singular integral operators, existence the-
orem for these operators are investigated. Moreover, Fatou type convergence properties of
the derivatives of these operators are studied. Then, convergence of the nonlinear Bernstein
type operators are examined and using the modulus of continuity, the rate of convergence of
these operators are investigated. Furthermore, by means of this operators, the pointwise con-
vergence on some specified points are studied. Then, their pointwise convergence to some
functions which are derivatives of bounded variation are observed. Finally, a Voronovskaya
type formula is provided for nonlinear Bernstein type operators. In the last chapter, conclu-
sion of the thesis and some recommendations for further studies can be found.

KEYWORDS: Singular Integral, Fatou Type Convergence, Modulus of Continuity, Rate of
Convergence, Nonlinear Bernstein Type Operators, Bounded Variation, Voronovskaya Type
Formula



OZET

LINEER OLMAYAN BERNSTEIN TiPi OPERATORLER VE ONLARIN
YAKLASIM OZELLIKLERI

DOKTORA TEZI

HUSEYIN ERHAN ALTIN
ABANT iZZET BAYSAL UNIVERSITESI FEN BILIMLERI ENSTITUSU

MATEMATIK ANABILIM DALI
(TEZ DANISMANI: PROF. DR. HARUN KARSLI)

BOLU, MAYIS 2016

Bu tez, yaklasim teorisindeki nonlinear Bernstein tipli operatorlerin yaklagim 6zellikleri ile
ilgili bir calismadir. Bu tez dort boliimden olugsmaktadir. Birinci boliim giris kismina ay-
rilmistir. Tkinci boliimde ileri boliimlerde gerekli olan kavramlar, tanimlar ve bazi dnemli
esitsizlikler verilmistir. Ugiincii boliimde, lineer olmayan singiiler integral operatorler ile il-
gili baz1 bilgiler verildikten sonra bu operatorler i¢in varlik teoremi elde edilmistir. Ayrica
bu operatorlerin tiirevlerinin Fatou tipli yakinsaklik 6zellikleri arastirilmigtir. Daha sonra li-
neer olmayan Bernstein tipli operatorlerin yakinsakliklar1 incelenmis ve siireklilik modiili
kullanilarak, bu operatérler i¢in yakinsaklik hizlart aragtirilmistir. Ayrica bu operatorler yar-
dimiyla baz1 6zel noktalardaki noktasal yakinsaklik ¢aligilmigtir. Bunlara ek olarak, tiirevleri
sinirlt salinimli olan bazi fonksiyonlara bu operatorler yardimiyla noktasal yakinsaklik 6zel-
likleri incelenmistir. Son olarak lineer olmayan Bernstein tipli operatorler i¢in Voronovskaya
tipli teorem elde edilmistir. Son bdliimde ise bu tezle ilgili sonug ve daha sonraki ¢alismalar
i¢cin Oneriler bulunabilir.

ANAHTAR KELIMELER: Singiiler Integral, Fatou Tipli Yakinsaklik, Siireklilik Modiilii,
Yakinsaklik Hizi, Lineer Olmayan Bernstein Operatorleri, Sinirli Salinim, Voronovskaya
Tipi Formiiller
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1. INTRODUCTION

Approximation theory is the most popular area which is interested with the funda-
mental problem of analysis, approximating a given function f in some sensation or other
by functions having particular features, and usually, by functions which have better features

than f.

As many other fields of analysis, approximation theory has its major base in the
mathematics of the 19th century. Indeed, functions were basically viewed by means of
concrete formula, series, or as solutions of equations at the starting of the 19th century. The
modern conception of a function differentiated by its imperative properties was established

and approved with a result of the claims of Fourier and the consequences of Dirichlet.

We find some of the first results of approximation theory in the theory of Fourier
series. These results involve conditions on a function that provide the pointwise or uniform

convergence of its Fourier series.

The possibility of approximation is the first question we need to ask in approximation
theory. Is the given family of functions from which we plan to approximate dense in the set
of functions we desire to approximate? That means, can we approximate any function in

our set, as well as we might desire, using arbitrary functions from our given family?

In 1885, Weierstrass proved the density of algebraic polynomials in the class of
continuous real-valued functions on a compact interval, and also the density of trigonometric
polynomials in the class of 2r—periodic continuous real-valued functions. These results

were the first important density theorems in approximation theory.

In 1912 S. Bernstein were introduced the Bernstein polynomials (Bernstein, [1912)

to give especially a simple proof of the approximation theorem of Weierstrass.

Now, let’s talk briefly about the polynomial of Bernstein. For a function f (z) defined

on the closed interval [0, 1] the expression

=321 () (1) - L

is called the Bernstein polynomial of order n of the function f (x). (B, f) (z) is a polyno-

1



mial in x of degree < n. For if f (z) is continuous on [0, 1], then as it seen in (Lorentz,

1953),
lim (B, f) () = f (z)

n—oo

uniformly in [0, 1].

There are many other statements called singular integrals, which have, in common
with the (B, f) (z), the peculiarity of approximating the generating function f (z) and of
reproducing some of its properties. The best-known singular integral is the Dirichlet’s inte-

gral

/f SlIl +3)(t— x)dt,

2sini (t — )
representing the partial sums s,, () of the Fourier series of the function f (x) integrable on

[—7, +|. The Fejer integral is another example which represents the arithmetic means

_ (so+si+...+sn)
(n+1)

O, =

of the above s,, (x). In general, a singular integral may be written in the form

b
— /f (t) K, (x,t) dt, (1.2)

where K, (x,t) is the kernel, defined for « < z < b, a <t < b, which has the property
that for functions f () of a certain class and in a certain sense, ®,, () converges to f () as

n — o0.

The Bernstein polynomial (I.1) is a finite sum of a type corresponding to the integral
(I.2). Both (I.I) and (I.2)) are special cases of singular Stieltjes integrals. (I.I) may be

written in the form of a Stieltjes integral in the variable ¢,

- frosn

with the kernel

K, (z,t) = Z(Z):p’fu—x)“ L 0<t<1
k<nt
K, (x,0) = 0

which is constant in any interval

1
§§t<(l~c+ )
n n



and has the jump

(Z) O

at the basic point of interpolation ¢ = k/n . In this sense, the theory of the Bernstein
polynomials, as well as the theory of Fourier series, is a chapter of the theory of singular

integrals.

Now, a brief and technical explanation of the relation between approximation by
linear and nonlinear operators will be stated. In approximation theory, applications were
limited to linear operators because the concept of singularity of an integral operator was
closely connected with its linearity. Then, about thirty years ago, the notion of singular-
ity was extended to cover the case of nonlinear integral operators (Musielak, 1983). In
(Musielakl, [ 1983)), the assumption of linearity of the singular integral operators was replaced
by an assumption of a Lipschitz condition for the kernel function K, (¢, u) with respect to

the second variable.

In this thesis, the Fatou type convergence properties of the r—th and (r + 1) —th

derivatives of nonlinear singular integral operators of type

() ( /fm—xf )dt, z € (ab), (1.3)

acting on functions defined on an arbitrary interval (a, b), where the kernel K, satisfies some
suitable assumptions will be concerned. Also, as a main problem of this thesis, approxima-

tion properties of nonlinear Bernstein operators (N B,, f) of the form

(NB,f)(x ZPnk(xf( )) L, 0<z<1, neN,

acting on bounded functions f on an interval [0, 1] will be studied, where P, j, satisfy some

suitable assumptions.



2. AIM AND SCOPE OF THE STUDY

The main objective of this thesis is to consider the problem of approximating a given
real-valued function f, defined on [0, 1], by means of a sequence of nonlinear Bernstein

operators (N B,, f).

In accordance with this purpose, a number of fundamental definitions and inequali-

ties about approximation theory are listed that will be connected throughout this thesis.

2.1 Some Important Definitions

Definition 2.1.1. (Butzer and Nessel, |1971|) C' denotes the set of all functions which

are uniformly continuous and bounded on R, endowed with the norm

1flle Iiléﬂglf(w)l-

Definition 2.1.2. (Butzer and Nessel, |1971) L, is the set of functions which are
Lebesgue integrable to the pth power over R if 1 < p < oo, and essentially bounded

(bounded almost everywhere) on R if p = oc. For f € L,

11, =4 [ 17 @P s
if pis such that 1 < p < oo, and in case p = oo

[flloe = esssup[f ()]
z€eR

Definition 2.1.3. (Butzer and Nessel,|1971) Let f and g be two functions defined and

measurable on R. The expression

u*mmr;/fm—ngMu

is called the convolution of f and g.

Definition 2.1.4. (Butzer and Nessel, |1971) A point x € R is called a D-point of the

function f € Ly (1) if
h

1
hmﬁ [f(z+u)— f(z)]du=0

h—0



where [ is an arbitrary given interval on R.

Definition 2.1.5. (Butzer and Nessel, 1971) A point x € R is called a Lebesgue point
or L-point of the function f € Ly (I) if

h—0

h
lim%/\f(a:+u)—f(ac)\du:0 @1
0

where I is an arbitrary given interval on R.

Definition 2.1.6. (Natanson, |1955) The point xq is called a limit point or point of
accumulation of a point set E if every open interval containing this point contains at least

one point of E distinct from the point x,.

Definition 2.1.7. (Bardaro et al., |2003) Let A be an infinite set of indices. For the
sake of simplicity, the case will be limited, when A is an infinite subset of the interval [a, \|,
where a € R and \y € R, \g > a, or \g = +00, and )\ is a point of accumulation of the
set A. Convergence a) A ag, where ay, ag € R, A\ € A, means that for every ¢ > 0 there
exists a left neighbourhood U, of N, equal to an interval | \g — &, \o[ when g < +o0 and

equal to a halfline [\, +00[ in the case when Ny = +o00, such that |ay — ag| < € for all

AeU.NA

Definition 2.1.8. (Butzer and Nessel, 1971) Let \ be a parameter ranging over some
set A\ which is either an interval (a,b) with 0 < a < b < 400 or the set N, and let \y be one

of the points a, b or +00. A set of functions { K (x)} will be called a kernel on the real line
if Ky € Ly for each A € A\ and

/K,\(x)dle,)\EA.

A kernel { K (x)} will be said to be real, bounded or continuous if K (z) is a real, bounded
or continuous function of x for each X € A. A real kernel {K) (x)} is even or positive if

K (z) = Ky (—z) or K, () > 0 a.e. for each X € A.

Definition 2.1.9. (Butzer and Nessel, |1971)) For f € X (R) the convolution
L (i) = (P K o) = [ f (@) Ko () du

defines a singular integral generated by the kernel { Ky (x)} where X (R) is one of C' (R) or
L,(R), 1 <p < oco. The singular integral is said to be positive or continuous if the kernel

is positive or continuous.



Definition 2.1.10. (Butzer and Nessel,|1971) A kernel { K (x)} is called an approx-

imate identity if there is some constant M > 0 with
KX (@), <M, Ae A

and

lim / | K ()] dz =0, d>0. (2.2)
>\—>)\0
5< ]

Apart from ([2.2]) we sometimes use

lim [sup | K\ (x)|] =0,0>0.

A— Ao 5<|z|

Definition 2.1.11. (Natanson,|1955) Let a function f (x) be defined and bounded on

the interval [a,b]. Subdivide |a, b] into parts by means of the points
To=a<zr<..<x,=0>

and form the sum
n—1
= Z |f (@k1) = f ()] -
k=0
The least upper bound of the set of all possible sums V is called the total variation of the
b

function f (x) on |a, b] and is designated by \/ (f) or var f(z). If

a<z<b

\ () < +o,

then f (x) is said to be a function of bounded ( finite ) variation on |a,b|. The set of all

bounded variation function on |a, b] is denoted by BV [a, b].

Definition 2.1.12. (Natanson, |1955) Let f (x) and g (x) be finite functions defined

on the closed interval [a, b]. Subdivide |a, b] into parts by means of the points
ro=a<z1 <..<x, =0,

choose a point &, in [vy, xp1)| for k =0, ...,n — 1, and form the sum

3
—

o= J (&) 19 (Trg1) — g (a1)] .

0

B
Il

If the sum o tends to a finite limit I as
A =max (541 — xx) — 0,

6



independently of both the method of subdivision and the choice of the points &,,, this limit
is called the Stieltjes integral of the function f (x) with respect to the function g (x) and is

designated by
b

[f@ds ).

a

b b
The existence of one of the integrals /f (x)dg (x) or /g (x) df () implies the existence

of the other. In this case, the equality

b

/ £ (2) dg () + / g (@) df (2) = [f (@) g ()] 2.3)

a

holds, where

The relation is called the formula for integration by parts.

2.2 Some Important Inequalities

Definition 2.2.1. (Zygmund, 2002) A function ¢ () defined in an open or closed
interval (a,b) is said to be convex if for every pair of points Py, P, on the curve y = ¢ (z)
the points of the arc P, P, are below, or on, the chord P, P,. For example, x", with r > 1, is

convex in (0, +00).

Jensen’s inequality states that for any system of positive numbers py, po, ..., pn, and for any

system of points x1, %3, ..., T, in (a,b),

5 (pm + Py + ... +pnxn> < o (21) + ... + pnd (z,)
p1+p2+ ...+, o p1+ ... +D,

Definition 2.2.2. (Butzer and Nessel, 1971)) Let f (x,y) be defined and measurable
on R2f (| f (0, y)ll x(r) € L1, then

+0o0 +00
/ floydyl < / 1 (0,9) e

This inequality known as the Holder-Minkowski Inequality or the generalized Minkowski

inequality.



Lemma 2.2.3. (Natanson, 1960) Let a summable function f (x) possessing the prop-

erty
a+h

M = sup % / f(x)dz| p < +o0 (2.4)

0<h<b—a

defined on the closed interval [a, b].

For any nonnegative decreasing function g (x), defined and summable on [a, b], the integral

/ f(z)g(x)de (2.5)

exists (it might be improper for x = a) and the inequality

b

/f(x)g(x) dr| < M/bg(x) dx (2.6)

a

is valid.



3. METHODS AND RESULTS

In this chapter, by using the method of Pierre Joseph Louis Fatou, the convergence
of certain family of nonlinear singular integral operators are investigated. Then, by using
the methods applied in linear positive operator theory, singular integral operator theory and
bounded variation theory, the approximation properties of certain nonlinear Bernstein type

operators are examined.

3.1 Fatou Type Convergence of Nonlinear Singular Integral Operators

In this section the Fatou type pointwise convergence of r — th and (r + 1) — th

derivatives of certain family of nonlinear singular integral operators (7, f) of the form

(Lf) (@) :/KA(t—x,f(t))dt, v € (a,b)

acting on functions defined on an arbitrary interval (a,b) is concerned, where the kernel
function K, satisfies some suitable assumptions. Actually, convergence of the derivatives
of convolution type nonlinear singular integral operators are studied in (Karsli, 2007) and
the results presented in this section are extension of those and can be found in (Karsli and

Altin, |2013)).

In the convergence theorem of this section, the Fatou type convergence is discussed,
that is, the convergence is restricted to some subsets of the plane. In other words, whenever
the first parameter tends to an accumulation point x, at which the function f has finite r —th
and (r + 1) — th derivatives, the second parameter tends to an accumulation point Ay of a

given index set A.

3.1.1 Nonlinear Singular Integral Operators

Definition 3.1.1. Let A be a nonempty set of indices with a topology and \y be an
accumulation point of A in this topology. U (6) denote the family of all neighborhoods of

the neutral element 0 of R, and x is a fixed accumulation point of R.

9



Now some convenient assumptions about the kernel function K, are given, which
are used in the further theorems. Throughout this section, it assumed that the function

K, : R x R — R satisfies the following conditions;

a’) Let L, (t) be an integrable function such that for any fixed r € N

Ly(t—2x)u—1] (3.1)

" a" o"
K (t— 2, 0) — —K, (t — -~
{axr At ) A (t = 2,0) dx”

holds for every t, u, v € R and for any A € A.

b) lim [ Ly (t)dt =0, forevery U € U (0).
A‘))\OR\U

¢) lim [supLA (t)] = 0, for every 6 > 0.

A—=Xo [t|>6

&) lim [ Ly (t)dt = 1.

A—))\O R

Definition 3.1.2. A function } € Ly (R) is defined as

F@)  te(ab),
0 , t¢(ab)

where f € Ly (a,b).

Definition 3.1.3. Let the kernel function K (t,u) be continuous in R for every t €

R, then the kernel function is called Carathéodory kernel function.

Theorem 3.1.4. Let 1 < p < oo and assume that K, (t,u) is a Carathéodory kernel
function. If f € L, (a,b), then (I,f) € L, (a,b) and

||I)\f||Lp(a,b) < H(}) ||f||Lp(avb)
for every \ € A, where

b
HP (\) = / |Ly (t — 2)|? de.

Proof. Firstof || I\f||; ) is written as

b

1 ey = || [ (e = . ()

a p

10



and using generalized Minkowsky inequality

b
Il < / [ (¢ — 2, £ (8], de

1
b P

__/ jmﬂpmj@Wm dt

a
and taking into account (a’)

1
P

b b
18l < [ | [0msG-olis@lrar) a

a

Sl

b

ok / Ly(t— o) de | dt

|
S _

a

< HMN) Iz, @

b
where H? (\) = [ |Ly (t — )|” dx. This kind of existence theorem is also valid in general

function spaces (ﬁardaro et al., [2003)). L]

3.1.2 Convergence of the Derivatives

Before starting the approximation properties of the operators (7, f), the following
definition is introduced:

x9—T+0
D, :=< (x,\) el xA:|z— x| / [t

ro—x—9

r

0
atTLA(t)'dt<CU . (32

where I = (a, b) is an arbitrary interval in Rand C, > 0, (v = 1,2, ...,r) are any constants.

Now, the approximation for finite » — th order derivatives of the operator (7, f) in

L, (I) can be investigated.

Theorem 3.1.5. Let the function L (t) and its derivatives 2L (t), (v =1,2,...,r)
be continuous with respect to t on (—o0,00) and Ly (t) be integrable with respect to t for

each fixed A € A. Suppose that the conditions (') and (d') together with

ro—T+0

&iﬂﬂﬁ<m (3.3)

sup [ el |5

AEA
ro—T—9

11



and

lim sup
A= Aog<s<|t|

o <>’ =0 (3.4)

hold for every § > 0, are satisfied. Suppose also that the function f € Ly (I) has at xy a

finite v — th derivative.

Then

ox”
as (x,\) = (zo, o) and (z, \) € D,.

(Inf) (x) = ) (20)

lim

Proof. Suppose that

a<x9<b

and

0<|zg—2z| <d(d>0).
Set up a function

/ (t — l‘o)

g () = f (o) + (£ — m0) f (o) + ... + ——FT) (z0). (3.5)

In this way
9" () = f (wo)

holds. First of all this theorem could be proven for the function g (¢). For this sense a

function g € L; (R) is introduced as;

g(t) = (@) | (3.6)
Applying the operator I to the function g (¢), one has

(1) ( /Km—xg )t

Now using (3.6), the last equality can be rewritten as follows;

(1) (a / Ko (t=2.50) dt = (1) (@), @7

12



Differentiating r times (3.7 with respect to x, one has

T o)) = g [ K (t-050) d

_ /g(t) airLA(t—x)dt

R

- (—1)7’/5(15) ;;L,\ (t—x)dt

_ / 37 () Ly (t — @) dt.

Using (3.5)) in the last equality,

a’f‘
ox"

(h9) () = 1) @) = | [ 19 (o) Lu (¢~ 2t = £ (z0)

a

b
= |£™ (z0)] /LA(t—x)dt—l :

Taking into account the condition (d’) one has

r

(Ing) (z) = ) (x0) . (3.8)

lim
(2 \)—=(z0,20) 0T

Now denote

I (@) = o () (1) — 2o () (&),

Under favour of (3.8)), it is sufficient to show that

lim Iy (z)] =0,
(x,)\)—>(x0,)\g)| A( )|

for completing the proof of the theorem.

13



I) (z) can be regulated as follows;

n@l = | [T geiae-ad- [50 5L
— |-l gt - a)ar
< [0 - 90| gri 0| a
aonr(S 87‘
b [ 1@ =gl ot )|
To—0
[ 170 =g @5t (¢ - )| d
xo+0

= L (x,\)+ L(x,\)+ I3(x,N).

Now I (z,A), Iy (x, \) and I3 (x, A) will be estimated separately. The following method is
used to estimate I; (x, \) and I3 (z, \).

r0—0
(s, = /If(t)

(t —x)|dt

< sup (t — ) / f(t )| dt
0<s<|t] at | )
and with the same idea
b
I(z,)) — /|f(t) ‘WLA (t — )| dt
x0+6
- /
< sup ft)—g(t)|dt.
o<s<lt | Ot" | 2l

On the other hand, I (x, \) can be written as follows;

f(t o
A) |(t — — L (t — dt.
(z /’ t—a: 7o) g (t = )
For every ¢ > 0 there exists a § > 0 such that;
zo+0 a
zo—0

14



Let

:E0+5 a
_[2,1 (l‘7>\) = / |(t—$0) | 'g[/)\ (t—:L‘) dt
zo—0
To—T+0 .
= t —x)" Ly (t)| dt.
[ R A0)
ro—T—9
Now I (x, \) can be separated as follows:
T ) 5
[2#(!13',)\) — / |(t+ﬂf—l’0)T—tr+tr| ot ()‘d
xog—T—0
zro—x+9
< t — —t" (t)|dt
N =)
ro—x—9
To—T+08 87’
t)|dt
" o )‘
ro—1—9

= 1271’1 (ZL‘, )\) + 12’172 (I, /\) .

I5 15 (z, A) is finite with (3.3). So it is sufficient to show that I5 ;1 (x, A) is finite.

Using the obvious identity

a" = b =(a—b)(a" " +a" b+ ..+ ab" P+ b") (3.9)

15



I511 (x, \) can be rewritten as,

To—T+08

rT— r— aT
Lii(xz,A) = |z — x| / ‘(t+x — x0) Y4t 1| atTL/\ (t)‘ dt
ro—1—09
ro—T+9 ar
< o — o] / (t+ 2 — ZC(])T_I‘ atTL’\ (t)’ dt
ro—x—9
To—T+0 o
+ |z — o / |(t+z — xo)rﬁt} ‘atrLA (t)‘ dt
r0—x—09
(3.10)
To—T+0 o
+|IL’—CL‘0| / ‘(t—l—l’—fL’o)tT_Q} atrL)\(t)‘dt
ro—T—0
ro—+9
|z — o / 1 | )] a
0 8tT A .
To—T—08

Applying the formula (3.9) successively to the right-hand side of (3.10), it is seen that

Iiq (2, A) is less than or equal to the linear combinations of

zro—x+9

z — zo|” / 7

o
otr

L) (t)‘dt , (v=1,2,...,7).

To—T—0

Taking into account of (3.2 and (3.3)), it is seen that I5 ; (z, A) is finite on any planar set D,..

Hence

I (z)] < Li(x,\)+L(x,\)+I3(z, N

I

0
@tr L)\ (t — JI)

< ely(x,\)+2 sup
0<<t|

/|f(t) g ()d

Since f (t) — g (t) belongs to Ly (a, b), in view of (3.2)), (3.3), (3.4) and the condition (c’),

lim | (z)| =0,
(z,A)—)(zo,)\o)

that is,
lim I T) = lim I ).
(20— (z0,20) O (Inf) (x) RN e (1rg) (x)
This completes the proof of the theorem. -
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Secondly, the approximation for finite (r + 1) — th derivatives of the operator (1, f)
in L; (I) will be investigated.

Theorem 3.1.6. Let the function L) () and its derivatives 2 SSLa(t), (v=1,2,...,r,r+
1) be continuous with respect to t on (—oo, 00) and Ly (t) be integrable with respect to t for
each fixed A\ € \. Suppose that the conditions (¢') and (d') are satisfied. Also, it is assumed

that the equations

ro—T+0 ar-{—l
su ¢t L, (t)|dt < oo
wp [ S 0)

To—T—9

and
I I ] =0
im su =
A~>A00<5<I)|t‘ 8t T+l A

hold for every § > 0. Suppose also that the function f € Ly (I) has at x finite derivatives
at f} (r+1) (z0) and fU (zo).

Then
r—+1

lim 2 (If) (@) = BA (o) + (1= B) /7" (o)
as (x,\) = (zo, \o) and (z, \) € D, 1, where

o0

lim /LA(t—:c)dt:B, 0<B<I1. (3.11)
(@)= (20, 20)
x0

Proof. Assume that
and

Set up a function

o(t) im f (o) + -+ L £ (o) + L2205 T (), a <t <, a1
T —x0)" p(r T ”Ll r :
f (o) + oo + L ) (20) + S FUY (29) , mo <t <h

Here, it is noted that

(Ing) (x /K,\t—xg( ) dt = /K)\ t—xg())dt

Differentiating both sides of the last equality (r + 1) times with respect to z, one has
+1 ’
o (Ing) (z) = [ gV (t) Ly (t — z)dt
] YY) =149 A .

17



The last equality can be rewritten with (3.12) in the form

zo

b
r+1
% (Ig) (z) = £ (x0) / Ly (t —z)dt + £ (o) / Ly (t —z)dt.

a

The hypothesis (3.11) yields

8r+1

] - [ = B (T+1) 1 _ B (7‘+1) .
i it (19) () = BT () + ( ) f=7 (o)

Define I, () as

ar+1 arJrl

[ ()] = Ereas) (Ing) () — peay (Inf) ()]

In order to complete the proof of the theorem, it is sufficient to show that

lim | (z)] =0.
(I,A)H(xo,ko)

I, (x) can be regulated as follows;

b

ar—f—l
L@ = | [ O] gLt - a)ds
o 87"+1
< [ 1O 90 |gis -0 a
Tlrw—gt o
+ / ‘% |(t — z0)"™| Sl (t— )| dt
zo—0
b
ar—i—l
o REURIUEAa NI
zo+9
" - g | 07
/ ‘W |(t—$0> ‘ 8tr+1L)\(t—.T> dt
= L(x, )+ L(z,\)+ I3 (x,\)+ Iy (z,N). (3.13)

Since f has at zy a finite (r + 1) — th right and left derivatives, then for every ¢ > 0 there

exists a & > 0 such that

xo f ‘ —g " . 6r+1
Ly(z,\) = / ’% [ il (t— )| dt
— 40
)
° i r+1
< ¢ / |(t — )| Sl (=) dt (3.14)

zo—0

18



and

$0+6
f({t)—g(t 1y | 0T
_[4(1',)\) = / ‘# }(t—l’o) +1’ atr+1L)\<t—.T) dt
xo
x0+5
il =41
< ¢ / |(t — m0)" | e (t — )| dt.
x0
Thus one has
.’L'()+5
r+1 8r+1
L(x,\)+ Iy (z,\) <e |(t —z0)""| WL/\ (t —x)|dt.
To—0
Setting
x0+5
r+1 aT—H
]271 ({E,)\>+I471 (ZE,)\) = / ’(t—xo) | atr+1L>\ (t—l') dt
zo—0

(3.15)

and using the same method as in the proof of Theorem 3.1.5., I (x, A) + Iy (x,A) is

deduced less than or equal to a linear combination of

zo—+9

|t|r+1—v

ar+1
L (t)‘dt L (w=1,2,..,r+1).

|z — xo|” A\
@tr—‘rl

To—T—0

By virtue of (3.2), the term I5 (x, \) + I4 (x, A) is bounded.

Now, the integrals [; (z, A) and I3 (x, \) are considered, respectively.

xro—0 1
he) = [ 17090 |gta -0

and

b
L) = [ 17090l fate- 0| a

zo+0

< Msup |——

Using (3.14), (3.13), (3.16) and (3.17) in (3.13)) one has

| (z)] < L (z,A) + Iy (x,\) + I3 (2, A) + Iy (2, \)
< ¢ [12,1 ($, )\) + 14,1 ($, )\)]

=1

0
g i ()

+2M sup

8 <Jul
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Under the hypothesis of the theorem, (3.18)) yields

8r+1 arJrl
li I = li — (I —— (I =0.
(z,/\)%lI(I;O,AO)| A (x>| (I,A)HII(I;O,/\O) Oxr+1 ( )\g) (JZ) Oxr+1 ( )\f) (SL’) 0
This completes the proof. ]

Example 3.1.7. Define a function K (t,u) as

(r+D)XN* u+u , te o,
0 , t¢ 10,

],
],

where A = [1,00) is a set of indices with natural topology and \g = oo is an accumulation

K/\ (t,u) =

>l =

point of \ in this topology.
It is seen that K (t,u) is a kernel, that is, K, (t,0) = 0.
For every u € R, it is seen that

" 1) (r+D)\" My, t—ze]o,
aTKA(t—x,u): (=" (r+1) [~ xr [ )
Ox 0 , t—ax ¢ [0,5].

By using (3.1), it is obtained that

r —1" DIt —ax e o,
-y =] CUEHD ze|
Ox” 0 L t—a ¢ o,

]
].

>l= >l

And this implies that

(r+1)N T (t—2) |, t—x€e 0,
0 , t—x¢[0,

?

].

L)\<t—$):

M= >
—_

Moreover it is seen that

/L,\ (x)dt = / (r+ DN Tdt =1 < o0.

B [0:3]

>

It is also easy to see that

lim L)\ (t) dt = 0,

A—00
R\U

forevery U € U (0) and

lim lsupL,\ (t)] =0,
A—00

[t|=0

for every 6 > 0.
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3.2 Nonlinear Bernstein Type Operators and its Approximation Properties

In this section, approximation properties of certain families of nonlinear Bernstein

operators N B,, f of the form
- k
BN =Y P (nf (1)) 0sesiwen a9
k=0

acting on bounded functions f on an interval [0, 1] are concerned, where P, ; satisfy some

suitable assumptions.

Before introducing convergence theorems for nonlinear Bernstein type operators,

some preliminary definitions are pointed out, that will be useful in this section.

Definition 3.2.1. A function ¢ : RS — R{ is defined as continuous, concave and

nondecreasing such that

and

¢ (u) > 0foru > 0.

Such function is called a @-function and the class of all the p-functions will be denoted by
v,

Definition 3.2.2. It is defined that  : N — R* is an increasing and continuous
function such that

lim pu(n) = oo.

n—o0

Definition 3.2.3. Let { P, 1.}, _y be a sequence functions P, j, : [0, 1] x R— R defined

neN

by
Py (x,u) = ppi(z)Hy(u) (3.20)

for every x € [0,1],u € R, where H,, : R — R is such that H,(0) = 0 and p,, () is the

Bernstein basis defined as
DPng(x) = (Z) z* (1 — :c)”_k .
Now some convenient assumptions are given about the kernel function, which are
used in the further theorems. Assume that the following conditions hold:
a) H,, : R — R is such that
|Hi(u) — Ho(v)| <9 (ju—vl), eV,
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holds for every u,v € R, for every n € N. That is, H,, satisfies a (L — 1)) Lipschitz condi-

tion.
b) Now set
> pokl(x) 0<u<l,
k<nu
K,(z,u) =
0 , u=>0
and
z+(1fm)/n7/ﬁ
B,(x) == / di (K,(x,t)) forany fixed xz € (0,1), (3.21)
x—:p/n“//ﬂ
where >0,y > 1 and
t
An(z,t) = /du (K (z,u)). (3.22)
0

c¢) Denote 7, (u) as

ro(u) == Hy(u) — u,
where u € R and n € N. Assume that for n sufficiently large

ra(u)] < —
sup |rp(u)| < —,
u p(n)
holds.

Example 3.2.4. For everyn € Nand u € R, let

nlog(l1+u/n) , 0<u<l1

H, (u) =
nulog(1+1/n) , u>1,

where the definition of H,, can be extended in odd-way for w < 0. Then H, : R — R is such

that H, (0) = 0; moreover it is easy to show that
|Hy (u) = Hp ()] < |u =0

for every u,v € R and n € N. This is a simple example of H,, which can be found in
(Bardaro et al.| 12003).

Definition 3.2.5. For any function [ for which the one-sided limits f(xz+), f(x—)

exist at every point x € (0, 1), the function f,(t) is defined as

f) = flz+) , z<t<1,
fo(t) = 0 . t=u, (3.23)
ft)—=f(z—) , 0<t<um.
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Lemma 3.2.6. Forall x € (0,1) and for each n € N, let

By (x)
nV/ﬁ ’ (6

NB,((t — )% ) < > 0)

holds, where B,,(z) is defined as (3.21). Then one has

An(z,1) :/du (Kn(z,u)) < % , 0<t<ux,

0

and

1
t

Proof. (3.25) can be rewritten as

An(2,1) = /du(Kn(x>u))§/(x_u)5du (Ko (2, u))

According to (3.24), one has

Bn(x)

An(z,t) < m

In the same way (3.26) can be rewritten as

1 1

L= An(at) = /du(Kn(a:,u))g/(u_x>6du([(n(:c,u))

t—2x

1 1 3
< o / ju— o du (Fa(,0))

In view of (3.24)), one has
Bp(x)

1-— < ——m—

This completes the proof.
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3.2.1 Convergence and Rate of Convergence by Modulus of Continuity

In this section it will be considered that the problem of approximating a function f,
belonging to a continuous function space, by means of a nonlinear Bernstein type operators.

First of all the following convergence theorem for these operators can be given.

Theorem 3.2.7. Let f : I — R, f € C(I) and suppose that a kernel satisfies (a),
(b) and (c). Then

INB.f — flloc = 0asn — oo

where [ = [0, 1] and ¢ € V.

Proof. The difference [N B, f (x) — f (x)| can be rewritten as;
= k
VB @) - £ @] = 3P (0 (£)) - 1@
k=0

_ ;{Hn<f(§>)—f($)}l7n,k($)

S (s (3)) -muw
Z H, (f (@) = £ @)| pas ()

c I () + 1o (7).

and using triangle inequality

IN

INBf (x) = f ()]

Hn pn,k (ZE)
k=
+)

Considering [, » (=) and taking into account (c) one has

Lip(x) = Y |Ha(f (2) = f (@) pus (2)

1
< —.

f(n)

Now I,,; (x) can be rewritten by using (a) as follows;

i, (1(%)) - )
)pn,k ().

n

Ly (z) = )

gw(f(g)m
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Using Stieltjes integral form of the Bernstein operators

L) = [6(70)- £ @D (K, @1)

= [ O - F@d (1)

[t—z|<0

T / G () — f (@) ds (K (2,1))

jt—a|>3

< (o +v2|flle) €

holds true, since ¢ is non-decreasing and concave function. Finally, it is obtained that

1

INB,.f () — f(z)] < (e) +v 2| flle) €+m

and so, since ﬁ — 0 when n — o0, it is obtained that

limsup [NB, f () — f(x)| < () +¥ 2| fllo) €

n—oo

Hence the assertion follows, € > 0 being arbitrary. [

A problem of interest in Approximation Theory is studying the degree of approxi-
mation. The degree of approximation of a function f (z), a < x < b by polynomials may
be simply described in terms of its modulus of continuity w (§) = w (f;¢). For each § > 0,

w (f;0) is the maximum of |f (x) — f(y)| foralla < z < b, a <y <D,

r—y| < 0;
w (f;0) clearly decreases to zero with § if f (x) is continuous. Now, the certain modulus of

continuity will be defined.

Definition 3.2.8. Ler f € C'a,b] and 6 > 0 be given. Then the 1)—modulus of

continuity is given by;

wy (f;0)= sup Y (f () - f(@)]). (3.27)

[t—z|<8 | t,x€la,b]

In the next lemma some properties for the 1»—modulus of continuity will be indicated, which

will be often used in the sequel.
Lemma 3.2.9. wy, (f; ) has the following properties;
(i) wy (f;6) >0,
(ii) If 61 < Oa, then wy, (f;61) < wy (f;02),
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(iii) Let m € N, then w., (f;md) < m.wy (f;0),

(iv) Let A € R, then wy, (f; M) < (A4 1) wy (f59),
(v) lim wy (f;0) =0,

vi) o (1f () = [ (2)]) < wyp (f5 ]t —2]),

i) v (1 () = 1 (@)]) < (152 + 1) wy (£0).

Proof. The proofs of properties which are obtained in the similar ways with the classical

ones are given.

(i) Since | f (t) — f (x)| > 0 and ¢ (u) > 0 for u > 0 from the definition of ¢) function, then
wy (f;0) = sup P (|f(x) = f(y)]) = 0forevery z,y € [a, b].

lz—y[<é
(ii) If 61 < J, then the zone |t — x| < J9 is bigger than the zone |t — x| < d;. Since 1 is
non-decreasing, it is obvious from the definition that, if the zone gets bigger its supremum

value gets bigger.

(iii) From the definition it can be written;

wy (f3md) = sup e f @)= f@)]), meN

[t—z|<md , t,x€a,b]
If |t — 2| < md then
z—mo <t<zx+md.

Let t = x + mh, then |h| < ¢ and one has

wy (f;md) = max 1 (|f (z +mh) — f(2)])

|h|<6 , t,wElab]

B \h|<5 thab] ( >

then by using triangle inequality and since ¢/ is non-decreasing and concave, it can be at-

m—1

S [f @+ (k+1)h) = f (z + kh)]

k=0

tained that

|h|<6 , t xE[a b]

wy (f;mo) < ma (Z|f x + k+1)h)—f(x+kh)|)

IN

e Z O(If (4 (k+ 1)) = f (v + kh)))
-7 " k=0

m—1

Z max Y (|f(x+ (k+1)h) = f(x + kh)]|)
k

0 |n|<6 , tx€la,b]

= wy (f;0)+ ... +wy (f;0).

IN
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Therefore, it is obtained that

wy (fimd) < mwy (f;0).

(iv) Let A € RT then [\] < A < [A] 4+ 1. Then by using (ii) it can be written;
wy (f3A0) <wy (f5 ([A]+1)9).
Due to [)] is positive, (iii) can be used to the right side of inequality to get
wy (f; (A +1)0) < A+ Dwy (f50).
In conclusion, it is obtained that

wy (f500) < (A + 1wy (f;9).

(v) Let’s consider the inequality |t — x| < d. 6 — 0" means that ¢ — x. Due to function f
is continuous, if t — x then |f (¢) — f ()| — 0. And using the continuity of the function 1)

and ¢ (0) = 0, assertion follows.

(vi) Let 6 = |t — = in the wy, (f;J) then it is attained that

wy (f; [t —x[) = sup }@b(lf(t) — f()]).

t,x€la,b

Due to supremum of ¢ (| f () — f (x)]) equal to wy, (f; |t — x|), then

P @) = F@)]) < wy (F ]t —2l).

(vii) From (vi),
GO0 = F @) < we <f; 't;x'(s).

Then using (iv), it is obtained that

w70 - @ < (M55 1) e (750)

This completes the proof. [

Theorem 3.2.10. If f (z) is continuous and wy, (f;0) the 1v—modulus of continuity

of [ (x) given in (3.27), then

INBuf (2) = £ 0 £ 000 + o (£10) 4 s

1
where 6 = n 2.
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Proof. The difference can be written as in the proof of the Theorem 3.2.7.,

VB @) -5 @) = |3 P (51 (5)) - 5 @)
< Iy (6) ¢ Lo ()

where

n

Lip(x) = Y |Ha(f (2) = f (@) pus (2)

= uwy

Now, I,,1 (x) can be considered and if I,, ; (z) is thought as two sum;

Ii(2) < ('f( )= £@)| ) puste)

| |<5
) P (2)

k
v 2 el (E)-r@
Taking into account that wy, (f; 0) the »—modulus of continuity, I, ; » () can be written as

|E—a]>s
Lag(z) = kz:| (‘f( ) f(l’))pn,k (z)

< WY€)+ In12(z).
|
k_
(’ | ) Pn.k (ZL‘)
‘%fx’>5

A
&
-
=

N

IN
€
<
=
N
—_
+
1

VAN
&
<
—~
o
=
A A —N—
—_
+
(o)
Mo
Eal
Il 3
o
VR
| o
|
)
N——
o
i)
3
-
—~
a
——

IN
(S
<
—~
>
N
[u—
_l’_
—~
N
S
%)
()
~—
—
——

In conclusion;

NBuf (1) = F (@) < () +wy (£:0) {1+ (4n0?) "} 4

where 6 = n"z. ]
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3.2.2 Some Convergence Results for Nonlinear Bernstein Type Operators on

Some Specified Points

In this section, some approximation results which are dealing with the rate of point-
wise convergence of the nonlinear Bernstein operators N B, f to the limit 1o |f| and f of
functions of bounded variation on the interval [0, 1] will be obtained. At the point z, which
is a discontinuity of the first kind of f and of its derivative, it will be proved that (N B,, f) (z)
converge to the limit f (x) which can be found in (Karsli et al., [2014).

The counterpart of such kind of results for positive linear operators of functions of
bounded variation in the Jordan sense were first obtained in (Bojanic, [1979) and (Cheng,

1983).

In order to prove the main approximation result, the following preliminary lemma is

needed.
Lemma 3.2.11. (Zeng, 1998) For all x € (0,1) and for all n > %, the

following inequality holds
1

ke (T) < ;
Puie () /2enx(l — x)

where e = 2.71... is the Napierian constant.

(3.28)

Theorem 3.2.12. Let X be the set of all bounded Lebesgue measurable functions
f 00,1 — Rand ¢ € VU be such that Yo |f| € BV ([0,1]). Suppose that P, y(x,u)
satisfies conditions (a), (b) and (c). Then for every x € (0,1) and for all n > %, the

following inequality holds

) o) - [ (‘ fla+) + £ (=) D y (‘ fla+) = fla-) D]

2 2
1 (0] z+(1—2)/k/P
< By P I\ v(tD+Y. (k)
0 k=1 z—a/kl/5
z+(1—z)/n"/P
sB@) \ (k)
xfa:/n"Y/*B
e 10| eal)
+ ('f(x) 2 \/2enz(1 — x))

where

B (z) = Bu(z)max{z ", (1 —x)%}, (8>0),

n
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and
{ 1, a::%/forsome kK € IN

0, 2#% forall k¥ e€IN

and \1/ Y(| fz|) is the total variation of Y(|f.|) on [0, 1].
0

Proof. For any f € X, Bojanic-Cheng decomposition yields

oy = DI S )
6,(1) [f(w) S (H} , (3.29)
where f,(t) is defined as in (3.23) and
R
N S
Now applying the operator (3.19) to (3.29), and using (3.20) with a condition (a),
W) = 3 pu (0 (1))
- (1)
< ’;pnm)w sl
< v ( f(a+) —; f(z—) ) - o (2)
+k§:pnk<x)w ( . (S) )
+Zm (R TN
S e (Jr - 82465 (1)
Hence from (3:29),
BN @) < o ([T )
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Here it is noted that

;pn,k(x)éz (%) = en(2) Py ()

where
en(z) =1

if there exists a &’ such that x = £k’ /n and
en(r) =0

ifx # kK /nforall k € {0,1,...,n}. Thus,

(NB.f) (z) < [w (‘ ) Se) D

In view of (3.28)), it is obtained that
B, @) - o (
< S pusle) ( /. (%) D

k=0

w4) +f )| eala) ) | (3:30)

I
¥ ('f( ) 2 /2enx(1 — x)

In order to complete the proof of theorem, an estimation is needed for the term

> st (|1 (5)])

in (3.30). In view of (b) last integral is split into three parts as follows;

" z—z/nV/B a4 (1—z)/nV/P 1
0= (7T )

Hen e} g | = el

ki_opn,m)w (

z—x/nV/B x4+ (1—x)/n/B
b (£ (0)]) di (Kn(,1))
= :|L(n,x)| + |Ia(n,z)| + |I3(n,z)|. (3.31)
First, I>(n, x) is estimated. Since
fa(z) =0
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and

I)(n, x) can be written for ¢ € [x — /0" 2 + (1 — z) /n/P]
z+(1—z)/n/8
Laol= [ RO - v @D K ),

x—x/nV/bB

and also by the condition (b)

o+ (1—z)/nV/B z+(1—z)/n/B
L) <N wls) [ dEE)
qu;/n“//ﬁ z_x/n’y/ﬂ

:c-l—(l—a:)/n"f/ﬁ

Bu(z) \/ W) (3.32)

x—m/n’Y/B

IA

Next, I (n, x) is estimated. Using partial Lebesgue-Stieltjes integration, it is obtained that

z—ax/n/B

L) = [ e (RO (K (nt)

= (!fz(x - x/n’Y/ﬁ)D Kz, 2 — z/n"%)

z—x/n/P

_ / Kn(z,t)d; (¥ (1 f(t)])) -

0

Lety = 2 — 2/n7/%. By (3.23), it is clear that
K. (z,y) < Byn(z)(z — y) Pn B-1/8, (3.33)

Here, it should be noted that

\V  vf).

x—x/nV/B

IN
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Using partial integration and applying (3.33), it is obtained that
(L) <\ (L) ]|Kule,x— 2/
x—a:/n’Y/B

z—z/n/P

. / Ko(z, £)dy (—\/wfm\))

0

xT

\ ¥ (1 fel) Ba(w)z Pn0-078

J;—x/n’Y/B

IN

z—x/nV/P

+ B, (x)n~/? / (x —1) 'Bdt< \/w | f] )

0

xT

— \/ O (| fo]) Bol(a)z Py B-1/8

x—a:/n’Y/B
+Bu(a)n % | —a P/ [ e (L))
xr— x/n’}’/ﬂ
r— z/nw/ﬁ

P\ (1£l) + / V8D o

= B nW[ ﬁ\/z/» |f2])
T— m/n’Y/B

/ \/w 1£.]) a+1 dt

0

By changing the variable ¢ by x — z/u'/? in the last integral,

r— x/n“//ﬂ nY
T

dt

/ \/w Dt = [V vlfD

1 x—ax/ul/p

[n7]

xﬁz \/ (1£:])

k=1 g—x/k1/8

IN

Consequently, it obtained that

[n7]
|[i(n, 2)| < By(x)n™x [\/w |f21) +Z \/ fx].

Using the similar method for I3(n, ), it is found that

[n7] z+(1fx)/k1/5

| Is(n, )| < By(z)n"%(1 {\/w 1f) Z Vo v

33
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)] . (3.35)



Combining (3.32), (3.34) and (3.35) in (3.31), it is obtained that

kzn%pn,k(x)w < fo (%)D
< By(x)n P \/¢ |f2]) +[§ \/ (1f])

] a+(1-a) /K1

— AR (A)

k=1

z4+(1—z)/n/P

+Bu(x) \/  ¢f)

x—x/nV/B

7] z4+(1— m)/kl/ﬂ

=" \/w ED+Y,  V vlfD

k=1 z_gz/kl/6
z+(1—z)/n"/ P

+Bu(z) \/ (k). (3.36)

:137:1:/17,7/ﬁ

Collecting (3.30) and (3.36), desired result is attained. This completes the proof of the

theorem. L]

A corollary follow from this theorem.

Corollary 3.2.13. If f € C[0, 1] is chosen in the Theorem 3.2.12., then

(NB.f) (z) =¥ (|f(2)])
0] a-+(1—a)/k1/?

w1 \/w TR SEEAVARRT(TA)

k=1  o—g/kl/B
z+(1—z)/n"/P

+Bu(x)  \/ w(f)

x—x/nV/B
where B (x) = B,(z) max{z =% (1 —x)7"}, (8 > 0).

Theorem 3.2.14. Let ) € V and f € X be such that Yo |f| € BV ([0, 1]). Suppose
that P, ;(x,u) satisfies conditions (a), (b) and (c). Then for every x € (0,1) and for all

34



n > %, the following inequality holds




As in the proof of the Theorem 3.2.12., one has

flat) + flz—)

(NBuf) () - B2

(7] @ (1-a)/k1/

< n/? \/w | f2]) +Z AV (V)

k=1 x—x/K1/8
z+(1—z)/n/P

B.2) \ wlhD

x—a:/n’Y/B

@)+ o) e
v (‘ﬂ ) 2 \/2enx(1 — x))

o (U0 1)

+> pn(z) |H
k=0

In view of (¢), sup | H,,(u) — ul <2 ) is had. This completes the proof of the theorem. [

Several simple corollaries follow from this theorem.

Corollary 3.2.15. If f € C|0, 1] is chosen in the Theorem 3.2.14., then
(NB..f) (x) = f(z)|
Y] z4+(1— :t)/kl/ﬁ

< n~1/? \/w |f21) +Z AR (A

k=1 x—x/K1/6
z+(1—z)/n"/P

Bu) vk

xf:t:/nW/B

where B (1) = B, (x) max{z=? (1 —z)""}, (8 > 0).

Corollary 3.2.16. If f € C[0,1] and v(t) = t (that is, strongly Lipschitz condition)
in the Theorem 3.2.14., then

((NByf) (x) = f(z)]

1 7] z4+(1— m)/kl/ﬂ
< By " I\ (If:]) +Z Voo fD
0 k=1 x—x/K1/8

z+(1—z)/n"/B

+B.)  \/  (fD

x—x/nV/B

where B (1) = B, (x) max{z=?, (1 — )"}, (8 > 0).

36



It should be noted that Corollary (3.2.16) is a very special case of Corollary (3.2.15).

The next task in this section is to estimate the rate of pointwise convergence for the
nonlinear sequence of Bernstein operators to the point x, at the Lebesgue points of f,
as n — oo. In (Karsli, 2013), this type convergence results for nonlinear singular integral
operators can be found and also the next consequence is suitable to see in (Karsli and Altin,

20154). As a preliminary, the simple lemma about Lebesgue point is proven.

Lemma 3.2.17. Let © € R is a Lebesgue point of the function f, then

h

/¢@Hx+ﬂ—f@mﬁ=~NW)wh%0

0
where i) € V.

Proof. In order to prove the lemma, the following two statements will be shown.

/¢(|f(x+t)—f(x)|)dt — o(h) ash— 0",

and
/¢(|f(x+t)—f(x)|)dt =o(—=h) ash—0".

Since 1) is concave, one has for h < 0 and h > 0, respectively,

0
1
L [vtsarn-r@hir<y /Ux+t ()] di
h

and
1 1 /
F[etsern-sanase(; [1r@en - @i
0 0
Hence, by continuity of ¢) and ) (0) = 0, the desired result is reached. [l

Theorem 3.2.18. Let ) € W and f € Ly ([0, 1)) be such that ¢ o |f| € BV ([0, 1]).
Suppose that P, j (x,u) satisfies condition (a), (b) and (c). Then at each point x € (0,1)
for which (2.1) holds we have for each € > 0 and for sufficiently large n € N,

(VB (@)~ f @) < eB; () (n?)

B* (2) 1 [n7] a+(1—=z)/k/P
Seall AVACK(FAV RS SR VAR (F A1)
ne 0 k=1 g_g/k1/8
1

i)
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where B} (r) = B, () max {mfﬁ, (1-— x)_ﬁ} , (B> 0).

Proof. Suppose that

r+0<1,
and
xr—90>0
forany 0 < 4.
Let
(I (2) == [(NBuf) (z) = f ()]

- k
> P (w0 (£)) £ ).
n
k=0
From (3.19) and using triangle inequality, |I,, ()| can be rewritten as follows:
’ n k)
k=0 k=0

Y P (@, f(2)) = f(2)

= Inl_(a:) + Lo (7).

IN

I ()|

+

From (c) it is easy to see that the second term of the right-hand-side of the above inequality

is less than or equal to ﬁ Indeed;

]n,Q (I) = an,k (:L‘,f(ZL‘)) _f(‘r)

n

= mek (x) H, (f (z)) — an,k (z) f ()

k=0

n

= |Ho(f (@) = f (@)D poi (2)

k=0

=

holds for n sufficiently large.

As to the first term, by (a) and using Lebesgue-Stieltjes integral representation of Bernstein
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polynomial, the following inequality is available.

hat = ol (5) - s

) Pri ()

_ /¢(|f(t) — £ @) di (K, (2,1)).

According to (b), the last integral can be split into three terms as follows:

q q
z—z/nf  z4+(l—z)/nP 1
0 X ol
x—z/nP z+(1—z)/nP

(I () = f(@0)]) de (K (2, 1))
= I (n,x)+ I (n,z) + I3 (n,x).

First, I5 (n, x) is estimated. It is available for ¢ € [x — x/n%,x +(1—2) /n%

o+ (1—a)/n?
I (n,2)] = / B(F () = f @) ds (K (2,1))

J
z—x/nb

< / G(1F () = £ @)]) dy (K (2,1))

x—x/nB
i
z+(1—z)/nP

[ el 0= @D K )
= 1271 (n, x) + [272 (n, .’ﬂ) .
Setting
F) = [0l )~ £ @)y

t
then, according to the Lemma 3.2.17., for each € > 0 there exists a 9 > 0 such that

F(t) <e(x—1t) (3.37)
forall0 < x —t <.

Now, this 0 is fixed and 5 (n,x) and I55 (n, z) are estimated respectively.

First of all, the Lebesgue-Stieltjes integral representation is recalled and by using (3.22),
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I51 (n,z) can be written as

Iy (n1) = / G (F () — f @)) de, (2.1)

ol
z—x/nP

= [ WO @) g d

ol
z—x/nP

[0
— /a)\n(x,t)dF(t). (3.38)

ol
x—x/nP

By applying partial Lebesgue-Stieltjes integration (3.38)) and using (3.37), it is obtained that

Ly (n,z) = F <g: r x/n%) % ()\n (x,x — x/n%»

+ / F(t) % (M (2, 1)) dt

Integration by parts again gives

Balne) = cafni g (h (= a/nf))

IN
™M
Sy
3
—
&
EQI
iy
/N
S
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N——
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A similar method can be used for I 5 (n, z). Then, the following inequality is found,

x-l—(l—a:)/n%

Ls(n,z) < € / dy (K, (z,1))

T

< €Bp(z)(1—2)" (ng>51.

Next, I, (n,z) is estimated. Using partial Lebesgue-Stieltjes integration, it is obtained that

[y (n, 2)] = /%D(lf(t)—f(x)l)dt(Kn(%t))

- x_jnﬁzb(lfx (O 35 O (2. 0) e
= w(fx (f—%)‘) An (x,x—n%)
I

Mo (2,y) < By (z) (x — y)fﬁ (ng>61 ) (3.39)

Here it should be noted that

ol (-

2 s
N————
N———
I
<
VR

A
<
<
=



Using partial integration and applying (3.39), it is obtained that

e 3)
n

T

Lo <\ (k)

™R

1\ A1
<V ¢ULDBa@ ™ (n?)
a:f:r/n%
z—x/nP
B, (z v
N R (—\/WIJZI))
ns
0 t
x 7ﬂ . 6 1
=V ¢lLDBa@)a (n?)
z—x/nb
Bn ill’) ~ T T
gr 7 2y \/ (Ifal) + 2 \/ (Ifz])
ne ~ 0
x—z/nP
q
z—x/nP
i B
+ \/w(\fﬂ)wdt
0 t (z—1)
1
B ( ) x—z/nP
n (2
= ol \/ (Ifz) / \/l/) | f|) —5“ dt
np 0 t)
Changing the variable ¢ by # — 2 /u!/? in the last integral, it is available that
z— x/nﬁ ny
1 x
/ \/¢ |fzl) Wt = ﬁ/ \/ ¥ (|fa]) du
1 w—ax/ul/f
1l
< 72 Voowdf)
k=1 —x/kt /B
Consequently, it is obtained that
[n7]
Bn (2)
|]1(n,l’)|_ x ’ \/77/) |fm +Z \/ |fm
ne K1 gz /L/8

By using a similar method, it can be found that

(] a-+(1—a)/k1/

™) (1~ gy \/wm +Z \/ (o))

By,

n

—~

|I3 (nv JZ)| <

@
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By collecting the above estimates, the required result is attained. [

With the aid of the Theorem 3.2.18., it is easy to obtain another convergence theorem

concerning the convergence result.

Theorem 3.2.19. Let ) € W and f € L, ([0, 1)) be such that ¢ o |f| € BV ([0, 1]).
Suppose that P, i (x,u) satisfies condition (a), (b) and (c). Then at each point x € (0,1)
for which (2.1) holds we have

lim (VB,J) (z) — / ()] = 0.

n—o0

Proof. From the Theorem 3.2.18. and the definition of v function the result is reached, by

the arbitrariness of € > 0. ]

Corollary 3.2.20. Let ¢y € ¥ and f € L, ([0, 1]) be such that i) o | f| € BV ([0, 1]).
Suppose that P, i, (x,u) satisfies condition (a), (b) and (c). Then
Tim [(NB,f) (2)  f (@) = 0

holds almost everywhere in (0, 1).

Proof. Since almost all x € (0, 1) are Lebesgue points of the function f € L, ([0, 1]), then
the assertion follows by the Theorem 3.2.19. [

3.2.3 Some Convergence Results in the Space DBV

In this section the rate of pointwise convergence of the nonlinear Bernstein type op-
erators to the limit f will be investigated, where f and v o |f| are functions whose
derivatives are of bounded variation on the interval [0, 1]. At the point z € (0, 1) conver-
gence of (N B, f) (x) to the limit f (x) will be proved, which can be found in (Karsli et al.,
2016)).

It should be noted that the rate of convergence for functions in DBV (I) for positive
linear operators were first obtained in (Bojanic and Cheng, |1989) and (Bojanic and Cheng,

1992).

Definition 3.2.21. (Bojanic and Cheng| 1989) Let DBV (I) denotes the class of

differentiable functions defined on a set I C R, whose derivatives are bounded variation on

I and will be denoted as

DBV (I)={f: f' € BV (I)}.
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Theorem 3.2.22. Let ) € VU and f be a function with derivatives of bounded varia-

tion on |0, 1]. Then for every x € (0, 1), we have for sufficiently large n,

(NBuf) (@) — [ (z)] < ‘

5 VA et (1—2)/k

+7;§: \/ (ﬁ)4__%; (3.40)

k=1 z—=z/k

b
where \/ (f,) is the total variation of f, on [a,b].

Proof. The difference between (N B, f) (z) and f () can be written as a singular Stieltjes

integral as follows;

VB - 1@ = Y (nf (5)) -1
= Yo (s(F))-re

_ /Hn (f () di K, () = ()

:Q/wgﬂm—f@wmﬂﬁﬂ

+/U@—f@MﬂM%O

= Ly (2) 4 Lo (2).

Firstly, it is considered that

&ﬂw—/uw—fmwmﬂnw (3.41)
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Since f (t) € DBV [0, 1] (3.41) can be rewritten as follows;

xT

La(z) = / () = f (@)] de, (2, )

_ _/ /f’ (u) du- di K (1)

. / _ /t F () du_ &K, (2, 1)

= —Ipo1(x)+ L00(2),

where
In,2,1 (aj) = [ f/ (U) du] dtKn (ﬁ, t) (342)
[\/

and

4K, (z,1). (3.43)

Inp2 (56)2/1 [/tf' (u) du

For any f (t) € DBV [0,1], f’ (t) can be decomposed into four parts by using (3.23)) as

f'(at) = (=)

Fe) = I gy PO TE) )
#hu(t) | 7(a) - P

where

1 =1
5x(t>: Y x Y
0 , x#t.

If this equality used in (3.42) and (3.43), the following expressions is had.

Inza(z) = /x{/x%(f'(H)Jrf’(l‘))

+f1(u) + fa) ; f'(z=) sgn(u — )

1,0 |0) = 5 (7o) + 7o) | duf (o0
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and

Iz (0) (/{j%u%w)+f@»

f'lat) = (=)

sgn(u — )

Firstly, 1,, 21 () is evaluated.

[n,2,1 (1’) .CL' — t dt

dtKn (.73, t)

+/Vﬂmm

_f,(l’—l-);f/(ﬂﬁ— /(:L‘—t)dtKn(:L‘,t>

0

+ | ) - LI ]/{/a d4dt (2.1

It is obvious that

x

/ 5o (u)du = 0.

t

From this fact that, it will be obtained as

f'(a4) + f'(e—)
2

o

f'lat) = [

[n,2,1 (13) =

(x —t) d K, (x,t)

dtKn (l’, t)

- 5 _/(a:—t)dtKn(a:,t).

0
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Using a similar method, for evaluating I,, 5 » (),

1

In,2,2 (3;) — / t— .CL’ dt

[/f P P

+f“+ygflk)/fp—@dgg¢uw

' {f’@) S '(x‘)} / { / @(u)du] dok, (1)

x T

8

and it is found that

1

f(@+) + f(z—) /<t — ) d, K, (2,1)

2

+/1 [/tfg’c (u) du] di K, (2, )

Jrf/(:zc+) ; f'(z—) /(t — 2)di K, (z,1) . (3.45)

T

In,2,2 ($ ) 5

By combining (3.44) and (3.43)), it will be attained that

z+) + f'(z—
—ln21 (x) + oo (z) = At
!

I )/@—@¢KM@w
X 0

(z+)
[+

2
);f@ it — 2| d K (z, 1)

0
/fg'c () du| di K, ().

_0/ |
+/1 /f; (u) du | d Ky (2,1)

LT
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From the last expression, (3.41)) can be rewritten as follows

1

L (z) = f/(x+);f/(x_>/(t—m)dtK (2, 1)
S /|t—x|dt (z,1)
_j /f K, (2,1)
—i—/l /fg'c (u) du| di K, (z,t) . (3.46)

On the other hand, since

1
/|t—x|dtKn (2.8) = By (|t — 2 2)
0

and
1

/ (t = 2)d K, (2,1) = By ((t— 7) 7).
0
by using these equalities in (3.46)) and taking absolute value, (3.46) can be re-expressed as

follows;

f'lat) + f(x
2

# [P 15, (- af )

+ _0/ t/f; (u) du | di Ky (2,1)
| [ | ] rwau] ds, o).

Using Lebesgue-Stieltjes integration, and according to (3.22), it is obtained that

7 /mf!c (u) du| di Ky, (ﬂcat):/xfé (1) A

T

‘/ /xfg’c(u)du A, K, (z,1) g/|f;(t)mn(x,t)dt

0

[Ina ()] <

214t - 0

Thus
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and

Since
fo(x)=0
and
An (2,t) <1,
one has

T

[ o @od = [ 150 - £ @l @od

xfﬁ xfﬁ
< [ Vi

. i

7

By the change of variables ¢ = x — f’ it is obtained that

[ Vs \

Besides from (3.23), it can be written as

/'f I nde < 2522 g - w2

By the change of variables t = x — £ again, it is available that
—n) [t A=) [ o ()
A = VTR
T 2 T 2\ 2
n 0 t (iL’ - t) n 1 % (Z)
[vn]

IN
=

s
&

=
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and hence it is obtained that

e

dtKn (ZL‘, t)

Since

: ) )
e AVACAREE=) DAVETARENE=) SAVATH
Ly — k=1 QU*% k=1 :):7%
)
LIS ()
)

IN
SN
i[]
<
2

Therefore
L
/ /f )du| d K, (z,t) <= \ (£)
k=1 z—%
Using a similar method for estimating, then one has
pq o)

|:/ 1o (u) du] A K, (z,t)

T
+= \V ()

n

k=1 T
Furthermore, since
R [Vi] a5
1—x 2(1—x) ,
\ ()< \V (),
\/ﬁ x n k=1 x



the following inequality can be written

+17f Vh]x+ & . [V%]x+l%£
— P Vo s B VAT
2 [\/ﬁ] m-&—l_Tx
+ZZ \ ()
N a_:+1;”‘

VAN
S

a<

=

Thus, it is obtained that

/[/f du]dt (x,t) §%;\x/

By collecting the estimates, (3.40) is attained, i.e.,

(V7] ez
fllat) - fla—)| [a(l—z) 2 :
< —
T ()] < - — (1),
k=1 xf%
and
1
La@] = | [ (7 0) - £ @) o (2.
0
1
< [ 1.7 @)~ F O]k (2.0
0
< 1
~ p(n)
holds for sufficiently large n. This completes the proof of the theorem. [

Theorem 3.2.23. Let ) € V and f € X be such that ¢ o |f| € DBV ([0, 1]). Then
for every x € (0,1), we have for sufficiently large n,
(Wolf) (z=) = @Wolfl) ()| [z
BN -1 < : | Jr

x+1 z)/k

/ 1
+- Z \ (O!f|)x+m

= z—x/k

n

b ’ ’
where \/ (¢ o |f|), is the total variation of (¢ o |f]), on |a, b].
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Proof. The difference between (N B, f) (z) and f (x) can be written as a singular Stieltjes

integral as follows;

((NBuf) () = f(2)] =

IN
o\
=
~~
~
=
|

A
=
—

IA
$
~~
~
5
§
/-\

Note that for a concave function 1)

= (If (&) = f @) <o (f O =& (If (2)])

holds. Firstly, it is considered that

L (x) = [ (If (8) = f(2)]) difS (1) (3.47)

O\H
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Since (¢ o |f]) (t) € DBV [0, 1], (3.47) can be rewritten as follows:

La(@) < / W (1f O = ¢ (1 @) dek (2.8)

+/[¢(|f(t)l) b (1f @) IS, (2. 1)

1
T

- ]{/(wofl)’(u)du

t

T / [ / (ol fl) (u) du] AuFK, (1)

T t

= ]n,2,1 (f) - In,Q,Q (!E)

dtKn (l’, t)

where

di Ky, (2,1) (3.48)

O/I/w £1)' (1) du

and

A K, (z,1). (3.49)

= [ finnron

For any (¢ o |f|) (t) € DBV [0,1], (¢ o |f|) (t) is decomposed into four parts by using
(3.23) as

W olfl) (a+) + (o |f) (z-)
2

+ (o lf]); (1)

LWolflf (o) — (ol f) (=)
2

+0. (t) [(V o |£1) (2)

_(Wolf) (@) + Wolfl) (=)
2

Wolfl)'(t) =

sgn (t — x)

Y

where



If this equality used in (3.48) and (3.49), the following expressions become available.

Lo (z) = /{/Wof) (93+)~2F(w0|f\) (z—)

+WolfI), (w)

Lol @) — o lf) (=)
2

4. () [0 1) (@)

_(¢o |f]) (x—l—);-(?ﬂo 1) (:U—)} du} d K, (1)

sgn (u — x)

and

In,2,2 (iE)

/{ / (6o [f1) (a0 + (¢ o |f]) (a—)
2

+WolfI), (W

Lol @) — o lf) (=)
2

+. () [0 1) (@)

Wl eh) + @olf) <$—>} du}dtKn (x.1).

sgn (u — x)

Firstly, [,, 21 () is evaluated.

haa () = oLV )+ @Ol /

n / [ / (o), (u) du] Ak, (2,1

0 t

~(@olf) (z+ w D' ( / 1)

oty - ol );w HIRE >]

] [ / 5s (w) du] 4K, (z,1).

It is obvious that

/533 () du = 0.

t
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From this fact that, it is obtained as

In72,1 (ZL’) =

(W o |f]) (z+ w D' ( /

xT

+f [/(wOf);(U)du

t

_(@olfl) <x+>;<wo|f\> (z-) / (2 — 1) K, (1)

A K, (x,t) (3.50)

0

Using a similar method, for evaluating I,, 2 » (),

(¥ olf)' (+4) + (¥ o £ () / (t - 2) d K, (2, 1)

In,2,2 (x) = 9

T

; / [ / (¥ o 1Y, (u) du] diFK, (2,1)

xT x

_Wolf) (at) = (o lf]) (a—
2

) / (t —x)d K, (z,t)

i [(w o ’f|), (J;) o (¢ © |f|) (:E—i—) —g <¢ © |f|) (:E—)]

t

f|fswa

K, (x,1)

and it is found that

[n,2,2 (iU) =

Weolll) )+ wolsl (r-) [ =)d, o

+/1 [/t(woﬂ;(u)du

x x

T

d K, (2,1) (3.51)

1

_@Wolf) (=+ w D' ( /
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Combining (3.30) and (3.51), it is obtained that

1

s () Lo = LV @@V ED) [y
ol et) = wo ) [y,

z [ =

+/‘/WMWMM@1M%@M

Lt
[t

—/!/WMmﬂwwlﬂﬁWﬂ-

Lz

On the other hand, note that

1
/\t—x\dtKn(x,t) = B,(t—z|;x)
0

and

1
/ (t —2)d K, (x,t) = B, ((t —x)) (x) = 0.
0

Therefore 1,51 (x) — I, 22 (x) can be estimated as follows;

Wolfl) (a4) = (Wolf) (z=) [z(l—=)

I, -1, <
2,1 (v) 12,2 (ﬁ) > 9 n

T

+] [ wolal wdu] i, (2.t
-/

Lz

/WOWEWMu@me%

By using Lebesgue-Stieltjes integration, and according to (3.22)), it is obtained that

/{/WomﬂwwrMQmﬂ/Wofﬁ@M@ﬁﬁ-

0 t 0
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and

f[i(wof);(u)du] d I, (z,1) < /\( o [£), (1) An (,t) dt

t

d KK, (1) g% \ @elf]),

] U (W o [ £1); (u) du

0 t

_/ [/f;(u)du] dtKn(m,t)S% \VARCEIV I

In conclusion it is obtained that

(Yo |f) (a4) = @olf]) (z—)| [z(1—=)
2 n

and

]n,2 (17) S

]I+k

+Z\/ o|f]),

g2

Since

1

I (z) = / H, (f (1)) — ()] i (2,1)
1

= n(n)

holds for sufficiently large n, the proof of the theorem is now complete.
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3.2.4 A Voronovskaya-Type Theorem for Nonlinear Bernstein Type Operators

In the final section of this chapter a Voronovskaya-type theorem is mentioned. In
1932 Voronovskaya gave the first asymptotic formula for the pointwise approximation of
continuous functions which have a second derivative at a certain point x € I = [0, 1].
From than on, not a few generalized versions of Voronovskaya’s formula have been worked,
for several discrete operators, which present generalized versions of the classical Bernstein

operator.

Thereby, a formula of Voronovskaya-type was given for a general class of discrete
operators in (Bardaro and Mantellini, 2009). In this section, an asymptotic formula is pro-
vided, which can be found in (Karsli and Altin, [2015b), for a certain nonlinear Bernstein

type operators of the form (3.19).

In this instance the theory is quite different because only some estimates of the error
of approximation can be obtained in terms of limsup and absolute moments. It is noted that
the results are strict extension of the classical ones, nominately, the results deal with the

linear Bernstein operators.

The following definition is helpful in connection with the main theorem.

Definition 3.2.24. It will be expressed that the sequence (P, ), . is Y—singular if

the following assumptions are satisfied;

(V.1 ) Foreveryx € I and > 0 there holds

o X e

%—x|25

Pk (z) | =0 (n_l) , (n— 00).

(V.2 ) For every u € R and for every x € I,

lim n
n—oo

> Puplzu) - u] = 0. (3.52)

k=0

Before formulating the main theorem of this section, the following lemma is given

in virtue of (Bojanic and Cheng, |1989).
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Lemma 3.2.25. The first order absolute moment for Bernstein operator is defined as
()
——x

n

2x(1—x))5

™

n

Ml (pn,kax) - Z

k=0

Dk () (3.53)

and the inequality

Ml (pn,k’ax> S (

Bl
+
QS
7N
Si-
N—

is derived for this moment.

Theorem 3.2.26. Let f € L, [0, 1] be a function such that f' (x) exists at a point
v € (0,1). Let’s assume that the sequence (P, ), oy is Y—singular and
limsup n ¢ (My (png,z)) =l () € R, (3.54)
n—oo
where My (pn i, x) is the first order absolute moment of Bernstein operators given in @)
Then,
limsup n |(NBof) (2) — £ (2)] < My (),

n—oo

where M > 0 be a sufficiently large integer.

Proof. Since f is differentiable at the point z, then there exists a bounded function & such
that
limh (y) = 0.

y—0

By Taylor’s formula, it is available that

Now, it can be written that

n |(NBuf) (x) = f(z)] = n

= L (z)+ Iz (x).

By assumption (3.52), term 5 (x) tends to zero.The first term can be estimated in the fol-
lowing way: Let M > 0 be an integer such that

, k
|f ()] + |k E—CU <M.
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Using sub-additivity of the function ¢ (z) and = > 0, it is available that

0 = B () s (Yol
oo (G (Y e
()
< o (e

In virtue of Jensen’s Inequality, it can be written that
Prk (2 ))

ne < o (3](E-)

k=0

= nM 1/1 (Ml (pn,ka $)) o

In view of (3.54), one has
limsup n [(NB,f) (2) — f (@) < MUy ().
n—o0

This completes the proof of the theorem.
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4. CONCLUSION AND RECOMMENDATION

After the approach of (Musielakl 1983), several mathematicians have undertaken
the program of extending approximation by nonlinear operators in many ways, including
pointwise and uniform convergence, Korovkin type theorems in abstract function spaces,
sampling series and so on. We note that approximation with nonlinear integral operators of
convolution type was introduced by J. Musielak in (Musielak, |1983)) and widely developed

in (Bardaro et al., 2003). Especially, nonlinear integral operators of type

]Af /th—l’f ) ZEE(CL,b),

and its special cases were studied by several mathematican in some Lebesgue spaces (Bar-
daro et al., 2008, [2011)), (Gadjiev, 1963; Karsli, 2006, 2007, 2008)), (Karsli and Gupta, 2008}
Karsli and Ibiklil, [2007), (Swiderski and Wachnickil, 2000) and (Taberski, |[1962). Such de-
velopments delineated a theory which is nowadays referred to the theory of approximation

by nonlinear integral operators.

As a main problem of this thesis, approximation properties of nonlinear Bernstein

operators (N B, f) of the form

(NB,f)(z ZPnk(a:f( )) L, 0<z<1, neN,

acting on bounded functions f on an interval [0, 1], where P, . satisfy some suitable as-

sumptions is studied.

Actually we consider the problem of approximating a given real-valued function
f, defined on [0, 1], by means of a sequence of nonlinear Bernstein operators (N B, f).
Operators like positive, linear, convolution, moment and sampling play an important role
in several branches of Mathematics, for instance in reconstruction of signals and images, in

Fourier analysis, operator theory, probability theory and approximation theory.

For further reading, other kinds of convergence results of linear and nonlinear op-
erators in the Lebesgue spaces, Musielak-Orlicz spaces, BV —spaces and BV,,—spaces can
be studied. Also, the applications of these type operators on signal analysis and image

prossessing can be studied.
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