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Electromagnetic Form Factors of Z. and Z.. in Lattice QCD

SUMMARY

The Standard Model (SM) is the theory to explain the strong, electromagnetic
and weak forces and the interactions among all fundamental particles in nature.
In order to understand the dynamics of these fundamental forces, there are a
number of methods. One of the most successful theories is the Lattice Quantum
Chromodynamics (LQCD). The method uses the Lattice Gauge Theory in the
theoretical background. Furthermore, the Lattice Quantum Chromodynamics is not
based on any approximate or effective model and it uses computational techniques
effectively to make calculations. Lattice Gauge Theory is utilized with improvements
in computational techniques and high-technology provides golden opportunities to
compute the action of Quantum Chromodynamics (QCD) precisely. Electromagnetic
form factors provide significant knowledge for understanding composite structure
of baryons. Additionally, charmed baryons are an attractive field to investigate
fundamental mechanism behind hadron structure. The charmed baryons are compact
particles as compared to the proton. In this work, our aim is to compute the
electromagnetic form factors of singly charmed E. and Z.. baryons from 2+1-flavor
simulations of QCD. The bound states of two light (up and strange) and one heavy
(charm) quark regime is very significant to obtain baryon structure and properties. We
define a ratio to calculate the electromagnetic form factor and magnetic moment. We
express our results of the mass spectrum of Z, and Z/. as simulated on 167 x 32 lattices.
We make the statistical analysis of data. We calculate magnetic moments of charmed
baryons and discuss individual contribution of quarks to baryon structure. The
magnetic moments of singly charmed baryons are found to be dominantly determined
by the light quark contribution in aligned spin state of the light quarks. The role of the
charm quark effects are mainly explicit when spins of the light quarks are anti-aligned.
Our results also indicate that the singly charmed baryons have compact structure as
compared to proton which consists of only light quarks.
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Z. ve E. Parcaciklarinin Elektromanyetik Yap: Faktoriiniin
Orgii Kuantum Renk Dinamigi Ile Bulunmas:

OZET

Standart Model giiclii, elektromanyetik ve zayif kuvvetleri aciklamak i¢in gelistirilmig
bir teoridir. Bu temel kuvvetler dogada atomalti 6lgekte meydana gelen olaylarin
ve etkilesimlerin gerceklesmesini saglar. Standart Model cercevesinde parcaciklar
kiitleli olarak ele alinmasina ragmen, parcaciklar arasinda kiitlecekimsel etkilesimlerin
olmadig1 varsayilir. Standart Model, parcaciklarin davranisini agiklayabilmesine
karsin eksiklikleri olan bir teori olarak karsimiza c¢ikar ve giiniimiizde pek cok
arastirma Standart Model 6tesi teoriler adi altinda yiiriitiilmektedir.

Kuantum Renk Dinamigi, kuark ve gluon parcaciklar: arasindaki etkilesimleri agiklar.
Kuarklar, Fermi-Dirac istatistig¢ine uyan ve yarim-katli spin yapisina sahip olan
maddesel parcaciklar ve gluonlar ise kuarklarin birbirleriyle etkilesmesini saglayan
arac1 parcaciklar olarak karsimiza cikar.  Gluonlar, Bose-Einstein istatistiksel
dagilimina uyan ve tam-kath spin yapisina sahip olan pargaciklardir. Kuarklarin
cesnileri alt1 tanedir ve bu kuarklarin kiitleleri de farkli oldugundan dolay: hafif ve
agir kuarklar olmak {iizere iki sinifta toplanirlar. Yukar1 (up), asagi (down) ve acayip
(strange) kuarklar hafif; tilsim (charm), alt (bottom) ve iist (top) kuarklar ise agir olarak
incelenirler. Kuarklarin 6zellikleri Table 1. de gosterilmistir. Gluon ise kiitlesiz ve
elektriksel olarak nétr bir parcacik olarak karsimiza cikar.

e* : elektronun elektrik yiikii

Table 1 : Kuarklarin temel 6zellikleri

kuark kiitle elektrik yiik (e*)
yukari 2.3707 MeV (2/3)e
asagi 4.8703 MeV (—1/3)e
acayip 95+5 MeV (—1/3)e
tilsimlt 1.275+£0.025 GeV (2/3)e
alt 4.18+0.03 GeV (—1/3)e
st 173.21 £0.51 GeV (2/3)e

Bu teoriye Kuantum Renk Dinamigi adi verilmesi, niikleon igerisinde bulunan
kuark ve gluonlarin renk yiikii tasimalarindan dolayidir. Renk yiikiine sahip olan
parcaciklar birbirleriyle bu renk yiikleri sayesinde etkilesirler. Tipki Mawxell’in
Klasik Elektromanyetik Alan Teorisi’nde oldugu gibi bu renk yiiklerinin olusturdugu
renk manyetik alanlar1 da vardir. Gluonlar araci pargaciklar olduklar icin iki adet ve
kuarklar tek adet renk yiikii tagirlar. Giiniimiize kadar, heniiz hi¢cbir deneyde serbest
halde gluon yada kuarka rastlanmamistir. Ustel serbestlik (asymptotic freedom)
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ad1 verilen iligki sonucunda renk yiikii tasiyan parcaciklarin gozlenebilir olmasi icin
singlet dalga fonksiyonuna sahip olmasi gerekir. Hadronlar iki alt ana baslikta
incelenirler: baryonlar ve mezonlar. Baryonlar ii¢ adet kuarka sahip parcaciklardir
ve her kuark kirmizi, yesil ve mavi olmak iizere ii¢ ana renk yiikiinii tagirlar. Bundan
dolay1 renksiz parcaciklardir. Mezonlar ise, kuark-anti kuark c¢iftini tasidiklari i¢in
hangi renk yiikiiniin kuarklar tarafindan tasindiginin bir onemi olmaksizin singlet
parcgaciklar olarak olusurlar.

Giiclii etkilesimlerde, ciftlenim sabiti ag bu kuvvetin karakteristik ozelliklerinin
anlasilmas1 bakimindan ¢ok onemli bir yere sahiptir. Ciinkii bu sabit sayesinde
gerceklesen olaylar ve etkilesim tiirlerinin dogasi anlagilabilir. Ciftlenim sabiti ise
enerjiye bagli olarak degisen bir karaktere sahiptir. Yiiksek enerjilerde momentum
transferi yiiksek oldugundan, ¢iftlenim sabitinin degeri azalirken, diisiik enerjilerde
ise artar. Diger bir deyisle, ciftlenim sabiti diisiik enerjilerdeki kiiciik degisimlerin
etkilerinin ihmal edilebildigi bir davranis gosterirken, yiiksek enerjilerde ciftlenim
sabiti gorece daha da zayifladig1 icin enerjideki kiiciik de8isimlerin etkileri ithmal
edilemez sonuglar ortaya c¢ikartabilir. Yani hadron icerisinde bagli durumda olan
kuarklarin arasindaki etkilesme potansiyel enerjisi, Kuantum Elektrodinamigi’ne
gore dogrusal olmayan bir davranisa sahiptir. Bu etkilesme potansiyeli, lineer,
lineer olmayan ve sabit terimleri icerisinde barindirir. Bunlarin hepsi giiclii ve
elektromanyetik etkilesmelerden kaynaklidir.

Kuantum Renk Dinamigi, iistel serbestlik, giiclii etkilesmelerin c¢iftlenim sabiti ve
genel itibariyle kuark dinamigini 1yi anlamak iizere gelistirilmeye devam edilmektedir.
Bu konuda, o6zellikle charm kuarklarin olusturdugu bagli durumlar ve gecislerin
sonuglart 6nem arz etmektedir. Ciinkii charm kuark bagli duruma gecebilen agir
kuarklardan birisidir. Charm sektoriin bu 6zelligi oldukca ilgi cekici ve merak

uyandiricidir.  Bu yiizden ¢alismamizda E. ve E/ baryonlarinin fiziksel bir takim
ozelliklerinin irdelenmesine ve bulunmasina yer verdik.

Kuantum Renk Dinamigi’nin anlasilmas: adina gelistirilen metotlardan bir tanesi
de Orgii Kuantum Renk Dinamigidir. Giiclii ¢iftlenim sabitinin diisiik enerjilerde
daha biiyiik degere sahip olmasindan dolay1 pertiirbatif olmayan fiziksel yontemler
esas alinir. Formiilasyon ve teorik altyap: olarak Orgii Ayar Kuramimi kullanir.
Model bagimsiz bir yontem olmasindan dolayi analitik ¢éziimlerle ¢ok yakin sonuglar
vermektedir. Hesaplamalar temel olarak kuark ve gluon alanlarinin, dort boyutlu
uzay-zamanda, bir hiperkiip iizerine yerlestirilerek bu yapinin ¢6ziilmesine dayan-
maktadir. Bu hesaplamalar, siiper hizli bilgisayarlar yardimiyla ve paralel hesaplama
yontemleri kullanilarak gergeklestirilir. GPU grafik kartlarinin gelistirilmesi bu alana
biiyiik katkilar saglamistir. Bundan dolayi, bu yontemin en biiyiik dezavantaji
hesaplamalarin yapilmasi adina siiper bilgisayarlara ihtiya¢ duyulmasi olarak kabul
edilebilir. Hesaplama bilgisayar ortaminda yapildiktan sonra elde edilen veriler analiz
edilirken Jackknife metodu kullanilir. Bu yOntem birbirinin ardisigir olarak alinan
veriler arasindaki ilintiden (correlation) oOtiirii hatalar1 (bias) birbirlerine aktarilir.
Neticede, bir konfigiirasyon i¢inde alinan en son verilerin hata miktar1 ¢ok yiiksektir ve
yanlig sonuglara ulagilmasina sebep olur. Bunun 6niine ge¢cmek adina Jaccknife analizi
yapilir ve yeni 6rnek veriler izerinden hesaplamalar yapilir.

E. ve E. baryonlart aym kuarklari (u, s ve ¢) icermelerine ragmen, bu kuarklarin
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spin yonelimleri farklidir. Charm kuark her iki bagli durumda spin-up durumunda
bulunmasina ragmen; s ve u kuarklarin spin yonelimleri paralel spin-down yada
anti-paralel olarak bulunurlar. Spin konfigiirasyonlarindaki bu farklilik parcaciklarin
farkli kiitle kazanmalarin1 saglar. Spin-spin etkilesmelerinin Kuantum Mekaniksel
hesaplamalari, asir1 ince yap1 yarilmasi adi altinda bize bu kiitle farkini verir.

Yiiksek Enerji Fizigi’nde, parcaciklarin onemli Ozelliklerinden bir tanesi de
form faktoriidiir.  Parcaci@in hadronik yapisinin ve girebilecegi etkilesmelerin
anlagilmasinda kilit bir gorevi vardir. Form faktorii, elektrik ve manyetik form
faktorii olmak {iizere ikiye ayrilir. Aymi zamanda, parcaciklarin yapabilecekleri
sacilmala tiirleri ve bu sacilmalarin tesir kesitlerinin hesaplanmasi icin de biiyiik
onem teskil etmektedir. Ayrica parcaciklar arasinda olan veyahut ayni parcacigin
farkli kuantum mekaniksel durumlari arasindaki gecisleri de yine form faktor hesabini
yaparak anlayabiliriz. Z. ve E. baryonlarinin ise form faktorleri arasinda, kuark
dizilimleri ve ¢esnileri ayn1 olmasina karsin spin konfigiirasyonunda olan degisiklikten
dolayi, fark ortaya ¢ikmaktadir. Ayrica sifir momentum durumlarinda, elektrik
form faktorii elektrik yiikiinii verirken, manyetik form faktorii ise manyetik moment
degerine ulagmamiz1 saglar. Bu iki fiziksel o6zellik bir parcacik icin temel yapisal
karakteristiklerdendir.
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1. CHAPTER 1

1.1 Introduction

The Standard Model (SM) is the theory of three of the four fundamental forces which
are basics of particle physics. These are the strong, electromagnetic and weak forces
when they are compared to strength of interaction. The three forces have significant
roles to understand concept of nature. We are able to handle the SM as a gauge
theory with gauge groups of the three forces. Namely, the U(1) x SU(2); group is
used to express physical events related to the electroweak interaction, the SU(3) group
reveals the dynamics of strong interaction. The model is unification of all the expressed
groups. On the other hand, the gravitational force is not included in the SM, due to the

fact that there is no proof for mediator particle of gravity which is called graviton.

The elementary particles are divided into two groups which are called Fermions and
Bosons. The Bose particles have integer spin (e.g. 0,1,2, ...) and carry interaction
of fundamental forces among the Fermions. However, the Fermions are grouped as

quarks and leptons and their spins are half-integer (e.g. 1/2, 3/2, ...).

If we concentrate on strong interactions, the quarks and gluons are the only particles
to interact with this force. Except electric charge and spin numbers, these two
particles carry a new quantum number called the color charge. Hence, Quantum
Chromodynamics (QCD) arises from the color concept. One peculiarity of the strong
interaction (QCD) is different behavior of the strong coupling constant () than
the fine structure constant () in Quantum Electrodynamics . oy is decreasing with
increasing energy whereas « is not. This behavior is known as asymptotic freedom and
it allows us to make calculations perturbatively in the high energy regime. Behavior
of strong coupling constant (o) is shown in Figure 1.1 and Figure 1.3, according to
experimental and lattice QCD results. Both of the figures overlap substantially with
each other. In experiments of particle physics, we can observe all leptons and bosons,

except the particles that interact with strong forces. Up to now, no free quarks or gluons

1
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Figure 1.1 : Running of the strong coupling constant, o [2].

have been detected. It is speculated that the potential consisting of interaction between
the quarks and gluons or self-interaction of gluons are responsible for this peculiar
phenomenon. This implies that the composite particles can be observed, provided
that they have a color singlet wave function which means colorless. The composite
particles are called hadrons which are classified as baryons and mesons. The baryon
sector has three quarks and the mesons have quark-anti-quark pair in it. Ultimately, the

hadrons are colorless particles in terms of their inner color structure.

On the other hand, performed experiments for understanding the hadron structure
give signals to prove that the quarks are fundamental objects although no single quark
has been detected yet. However, investigations about inner structure of hadrons not
only provide an insight into its fundamental properties (spin distribution, electric
charge, etc.) but also estimate the parameters related to decays and transitions. If we
consider bound state of quarks as hadrons, perturbation theory is not efficient to explain
dynamics of quarks at small momentum transfers. Because of the non-linear running

of the strong coupling constant, non-perturbative QCD effects become apparent [8].

Some methods have been developed to understand the hadron structure theoretically as
the QCD Sum Rules (QCDSR) [9, 10] and Chiral Perturbation Theory (EPT) [11,12],

which are used in the non-perturbative region [12]. There is another encouraging



2.0 ,
" mass [GeV]
! ! ——
1.5F | | = Q
| | = =
i T ¥
T T A ]
1.0 - .
—_— 5—4'—
—4— i N
P
0.5 .
| vector meson octet baryon decuplet baryon
0.0

Figure 1.2 : Significant Lattice QCD results of hadron spectroscopy [3].

T T —r T T | T T 1 T T T T T T
\
\

+  P=1.95, a1 =0.0055
: o B=2.1,ap,=0.0020
\

= P=1.95, ap,=0.0035
1

— OPE+dp’
\ --- OPE

L L L
p (GeV)
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non-perturbative method called Lattice QCD (LQCD) [13-15]. The method starts
with formulating the QCD Lagrangian by discretizing space-time on a 4D-grid in
order to solve it numerically and theoretically. Hence, the method is called an ab
inito method. LQCD has proved to be an effective method and has become prominent
over years with algorithmic and technological development. It has been succesfully
used to understand the behavior running coupling constant [4, 16] and the accurate
spectroscopy measurements consistent with experimental results [17], as denoted by
Figurel.2. Lattice groups achieved convincing advancements to understand the hadron

structure. As a result, LQCD has brought improvements to other methods in particle
physics.



Figure 1.4 : Resonances of the SU(4) group [5].

The understanding of behavior of the heavy quarks (¢, b, ¢) and light quarks (s, d, u)
attract a lot of interest to the mentioned non-perturbative methods [18, 19]. Moreover,
there are still some properties of charm sector which should be determined from
LQCD [20,21]. However, it is anticipated that the charm sector is going to give clues
for realizing some secrets of the quark-gluon plasma state. Hence, the E. and E.

baryons are significant particles for heavy quark physics.

Spin configuration of the E. and Z/ baryons are arranged differently though they
consist of u, s and ¢ quarks basically, in two light and one heavy quark regime. The
hyper-fine structural effect of u and s quarks results in splitting of their masses into
two values [22-24]. Spin-3/2 baryons are included in Figurel.4.a whereas spin-1/2
baryons are indicated in Figure 1.4.b and in Figure 1.4.c. However, (usc) and (dsc)
combinations of the Z/ state at midsection of twenty-plet subgroup in Figure 1.4.b.
Four-plet subgroup possesses (usc) and (dsc) combinations of the E. baryon on upper

side of Figure 1.4.c.

Organization of this thesis is as follows; we describe theoretically the LQCD method
to explain how to discretize the QCD action in continuum and space-time in chapter 2.
The simulation technique and analysis of data are obtained in chapter 3. We express
our results and the sources of errors in chapter 4. We interpret results of the calculations

in chapter 5.



2. CHAPTER 2

In lattice QCD, derived equations should be regularized in order to extract some
physical information. Using the correlation function which describes behaviors of
quarks in quantum field theory, we obtain values of observable quantities. However,
quarks in a hadron are considered as one composite particle quantum mechanically.
Hence, these formulations give the same result. Throughout this chapter, we will use
Gattringer & Lang’s notation [6]. The energy value of such a hadron can be found

using :

1im (0(1)01(0))r = Y (0]02|n) (n|O1|0)e """ (2.1)

Also, it can be written in the path integral formalism:

(02(001(0) = - [ DI¥Ie S 051 (3.0)101 [¥(3.0)] 22)
D[¥] = []d[¥x)], (2.3)

neA
Zr = / D[W)eSeY], (2.4)

where O5(t) and O1(0) are the Euclidean operators , A is 4D lattice space and n denotes
lattice point in the A, E, is the energy of the hadronic state, Sg[¥] is discretized action
and Zr is the partition function. O, (0) operator creates any related particles from the
vacuum state (|0)) and O (¢) operator causes to annihilation of the created particle at
time t. However, operations of these operators carry both ground state and excited

states contributions with them. In this way, a production-annihilation process of an

5



hadronic state on lattice is completed.

In order to solve the correlation function by numerical methods, it is so useful to
transform correlation relation into Euclidean space from Hilbert space. So, it is
possible by doing Wick rotation. Besides, there are two beneficial results of such
a rotation. First of all, characteristic of weight factor ¢ 5E is changed to be a
well-behaved function into Euclidean space, it is not oscillating sharply as in Hilbert
space. Second one is such rotation gives us some resemblance between quantum field
theories and statistical field theories and it allows the utilization of some statistical
techniques like Monte Carlo methods, which e is accepted weight factor.

In the following sections we explain the QCD action in the continuum, naive
discretization of fermions, Wilson gauge action and improved discretization methods

in this work.

2.1 QCD On The Lattice

The form of QCD action in continuum is as noted below:

Ny
AN IEDY / d* P (x) e [y (OH +igA”(x))+m(f)]‘{‘(f)(x)ac+% / d*xTr[Fyy FMY),
f=1

(2.5)

where W) (x)ge, ¥ (x)ge are the anti-fermion and fermion spinors respectively.
Also, «, c, f are Dirac, color and flavor indexes relatively. A, (x) is the gauge field, g is
the strong coupling constant and u denotes Lorentz index (1 = 1,2,3,4), A, is gauge
field and 7, is called Dirac matrices which obey the Euclidean anti-commutation

relation,
{Yus W} =20u1, (2.6)

where [ is identity matrix. As a result of switching between Minkowski and Euclidean

spaces, we encounter the following relation,

N = _iﬁwa Y= _i)é\l?}@ = _i’}éw7’y4 = _i’y(J)VI’ (27)



where the y; = —iyé”] , 3 matrices are presented in Minkowski space. Fyy is the field

strength tensor,

Fiuy = JuAy (x) — dyAp (x) + ilAL (x), Ay (x)). 2.8)

The action is derived for a single flavor of quarks since flavour number f varies from
1 to 6. Having discussed our notation in detail, it can be said that the action describes
the relativistic wave equation for fermions by taking account of Dirac Lagrangian
density. Additionally, different flavours have different electric charges, hence couple
to the different electromagnetic fields. After all, we just describe the strong interaction
fields.

In electrodynamics, the action of fermionic fields is invariant at any space-time point
x. In QCD, we require the action should be invariant under local rotations among the
color indeces of the quarks with making an analogy to QED. At each space-time point
x we choose an independent complex 3 x3 matrix (x). The matrix is not only unitary
but also det[Q(x)] = 1 value. These type of matrices are defined as special unitary
group by SU(3). Turning back to obtain our expression of the QCD gauge invariance,

it is required that invariance of the action must be provided under the transformations:

P(x) — P(x) = Q(x)¥(x), (2.9

Px) — Px) =Px)Q(x)". (2.10)

When the transformation terms are put into the fermion action, it may be seen easily

that A, field represented as

Ap(x) — Ay (x) = Q)AL (1) Qx) T + (9, Q(x)Q(x)". (2.11)

Note that here Ay, is traceless and hermitian as expected for gauge fields. The gauge

part of action is constructed by defining the covariant derivative to provide invariance
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under local transformations. The covariant derivative defined as

Dy(x) — Dy(x) = 9y +iAy(x) = Qx)Dy (x)Q(x)". (2.12)

Now we identify field strength tensor Fj,y (x) as the commutator

Fiuy = —i[Dy(x), Dy (x)] = Ay (x) — dyAu (x) + i[Ay (x), Ay (x)]. (2.13)

Additionally, the field strength tensor ensure transformation properties as

Fuy(x) — Fuy(x)' = Q(x)FuyQ(x)". (2.14)
As aresult, we express the gluon action in terms of the field strength tensor:
1
SalA] = 5 5 / d*xtr{Fyy (x)F*Y (x)], (2.15)
8

In the covariant derivative term, g denotes coupling strength of gauge fields to the
quarks. Ay (x) indicates gauge fields as traceless and hermitian matrices. It obeys

SU(3) group properties which presented by
Au(x) = Y AV (0T, 2.17)

where 7; become a basis for traceless, hermitian 3 X 3 matrices and components
of Aﬂ) (x),i = 1,2,...,8, are real-valued fields which is assumed color components.

Inserting (2.17) into (2.13), then we obtain

8 , , 8
Fav =Y (0uAY (x) = AL ()T +i Y AL (0Al (0)[1;, 7). (2.18)
i=1 k=1



By simplifying the commutator relation is obtained and it ends up with

8 )
Fav=Y FA (0T, (2.19)
i=1
F) = 0,AY (x) — 0,A0 () — £iAd ()4 (), (2.20)

where f;j; is called structure constant. The field strength is calculated now in more
explicit form which we can see easily interactions between gluons. The gluonic action
can be written in a compact form in order to evaluate the trace of gauge action. The

equation arises that
Loy [ o0
SclA] = i ) / d*xFyy (x)Fy(x). (2.21)
i=1

From this equation, we extract that the gluonic action is a sum over all
color components. Furthermore, the interaction term resembles the action of
electrodynamics and it supplies some benefical results to make an analogy between
strong and electromagnetic interactions. On the other hand, a qualitatively new feature
of field strength glitters that color components do not act linear because of the gauge
field Ag) (x). However, cubic and quartic gluon self-interactions emerge from being
mixed the varied color components of the gluon field. Hence, we encounter not
only quadratic terms like being in electrodynamics but also cubic and quartic term
as a result of gluonic interactions. Additionally, these gluonic self-interactions causes

confinement of the color, the most outstanding property of QCD.

2.2 Discrete Space-Time

Firstly, we switch the continuum space to 4D lattice space A:

ne€ A= (ny,ny,n3,ng) | ny,mp,n3=0,1,... N—1; ng=0,1,....N;— 1 (2.22)

where N is the total number of the spatial steps and N7 is the total number of the time
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steps. Also, n € A denotes point in space-time splitted by a lattice constant @ and actual

physical space-time point x = na is not used to specify the lattice position of the quark,

¥ (x) — a3 *¥(an), ¥ (x) — a3 *P(an). (2.23)

The so-called Link Variables U, are substituted by the gauge fields of the continuum
theory to provide connection between two lattice sites. Besides, they belong to the
SU(3). group and enable to make transition from one color component to another
one with a probability density of related color components. The transition matrix is
expressed by;
Ui Ud U
Uu= U U U . (2.24)

br bg bb
Uu Uu Uu

There is a relation between link variables and the continuum fields as follows:

Up(x) =exp(iaAy(n)). (2.25)

Another important point here is to reduce infinite space-time to a finite hyper cube
construction. It is provided by periodic boundary conditions instead of anti-periodic

boundary conditions because discrete translational symmetries must be conserved.

W (0,n2,n3,n4) =¥ (N,nz,n3,n4)

lI"(I’ll,l’lz,l’l;;,o) = lP(I’ll,1’12,1’13,NT). (2.26)

2.3 Fermionic Action

The fermionic part Sg[¥,¥,A] of the QCD is bilinear functional in the fields ¥ and

Y. It is represented by

SO, 9] = / d*xP (x) (Yudy +m)¥(x). (2.27)
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Here, we set the gauge field A, (x) = O since it is a free fermion action. For our
purpose, this action must be discretized on the lattice with the integral over space-time
as well as the partial derivative. The integral term is replaced with a sum over A and

the partial derivative can be separated with the symmetric expression given by

P (x) = %(\P(H 0)—W(n—p)). (2.28)

Ultimately, we end up with the fermionic action in a form with

B (). (2.29)

In lattice QCD, we introduced that the action must be invariant in continuum.
Afterwards, we struggled to discretize the fermionic part of action. However, we
should implement the same procedure as being in (2.9) to find out it is gauge invariant

or not. When we skip from site n to n+ I, consider the term,

P(n)¥(n+ 1) — P 0)¥ (n+ 1) = P0)Q ()Qn+ )P+ ).  (2.30)

This term does not provide gauge invariance. Provided that a modified field Uy (n)

emerges with a directional index fl, then

P (n)Q' (U, (n)Q(n+ )P (n+ 1) (2.31)

is gauge invariant. If we describe the gauge transformations in terms of new field by

Up(n) — Uy (n) = Q(n)U;l(n)f.).(n~|—11)T (2.32)

After having explained gauge invariance of the link variables and their properties, now
we can generalize the free fermion action which is so-called naive fermion action in

an external gauge field U :

11



U-u(n) Uu(n)
e - ® @ - @
n-y n n n+H
Figure 2.1 : The link variables U_,(n) and Uy (n) [6].

SO, W,U] = a* ¥ P (n)(

neA

(2.33)

LU )W+ ) — U (0)P(n— )
“Zlyu : 2a -

If we recall the definition of Uy (n) field in equation (2.25), we can make the Taylor

expansion with respect to A field. We then obtain,

Uy(n) = 1+iaAy(n) + 0(a%), (2.34)
Uy(n—9)" =1—iaAy(n— V) + O(d?), (2.35)
Ap(n—D) =Au(n) + 6(a), (2.36)
¥(n+a)=Y¥(n)+0(a). (2.37)

When we rewrite the fermionic action by embedding the link variables with error &'(a),

4
Sp[¥, ¥, U] =a* Y ) Pn)(Yudu+m)¥ n)+ia* Y Z ¥(n)yAu(n)¥(n)+0(a).
neNA u=1 neN u=1
(2.38)

Note that sum over all lattice points added a term proportional 1/a*.

2.4 Gauge Action

Here, we use the gauge fields Uy (n) as basis of the gauge group SU(3) so that it is
gauge invariant. These variables have a matrix kind form and connect two different
sites on a lattice.

The link variables can be chosen in negative direction of u because they are not
independent of orientation. Moreover, negative oriented and positive oriented link
variables are relevant to each other which means one is able to be written in terms of

another one.

12



=
-

-

n-+ Uy(n+ i n+ [+
-\ . -

Us(n) Up(n+ fi)

F 1 F

FL_T L-";:-ET ) T_'."L + i

Figure 2.2 : The plaquatte of U fields [6].

U_p(n)=Uy(n— )", (2.39)

the transformation specialty of the link in negative direction

U_y(n) — U, (n) =Q(n)U’ ,(n)Q(n+p)". (2.40)

On the other hand, in consideration of physical value of Fy;y, we are able to produce a

compact object is called plaquette variable U,y (n) which defined as follows:
Upy(n) = Uy (n)Uy (n+ Q0)Uy (n+9) 0y (n)". (2.41)

In this expression, we used the equivalence (2.39). Using the plaquette definition we
can write the Wilson gauge action as,

SglU] = g Y Y Re[Tr[l —Uyy(n)]], (2.42)

nEA U<V

where fB is called the lattice coupling and it equals to 8 = 6/g>. When we take naive
limit of the Wilson action (a — 0), it actually approximates the continuum form. In
order to obtain easily resultants of the four link variables in the plaquatte, it is suitable
to use the Baker-Campbell-Hausdorff formula for the resultant of exponential of

matrices :
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exp(A)exp(B) = exp(A—i—B—i—%[A,B] +...), (2.43)

substituting the plaquatte in A and B arbitrary matrices,

2
. . N a A
Uuy = exp (zaA” (n) +iaAy(n+f1) — ?[Au(n),Av(nJru)]

2

—iaAy(n-+9) = iaAy(n) = S [Au (n+9), Ay (n)])
s P (2.44)
+?[Av(n+ﬂ)a‘4li (n+ )]+ T[AP‘ (n),Av(n)]
a2 012
+7[AH (n),Au(n+7V)]+ 7[Av(n +),Ay(n)] + ﬁ(cﬁ)) :
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3. CHAPTER 3

3.1 Mass Spectrum

The hadron correlators serve as a useful tool to calculate mass spectrum of the
corresponding hadron. When analyzing the hadron correlators, E, P and m are
multiplied by lattice constant a to make these physical quantities dimensionless.

In analysis of hadron mass, an operator O is needed with the quantum numbers of
a specific hadron. The operator O and 0" have mission of annihilation and creation
respectively. That is, @T creates a hadron from QCD vacuum when O annihilates the
hadron to the vacuum state. If the sink operator (O) is operated with zero momentum,

we reach the formula [6]:

C(ny) = (0(0,n,)0(0,0)) = ;<0|@\k> (K|O' [0)e Pk, 3.1

where E,, is discretized. If the correlation of the operators annihilates and fluctuates
around a plateau, then it gives information about the ground state energy of
corresponding particle. Since zero-momentum source method is used, excited states
do not contribute to total energy of the particle, we reach low-lying energy values as
E, =m.

In order to extract the mass spectrum and the ground state energy, we plot a graph
which behaves as a logarithmic function. Due to that result of the correlation function
ends up with an exponential form, it is useful to plot a graph in logarithmic form to
analyze the conclusions more appropriately.

Furthermore, we use a relation between correlation function for sequential n; values,

called effective mass as

1 C t
ey (m+ ) =1n (%) , 3.2)
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the correlator C(n;) is suppressed by the ground state energy quickly, hence, an

effective mass plateau emerges.

3.2 Electromagnetic Form Factor

The electromagnetic form factor depicts the spatial distribution of both current and
electric charge inside the baryon. Hence, electromagnetic form factors provide
information about the structure of the hadron, determining the form factor is useful
to get a result about the size and shape of the baryons, as well as understanding the
baryon structure in terms of the quark-gluon degrees of freedom [25-27]. We will give

more details about basis of finding the form factor.

3.2.1 Lattice formulation

In this section, we attempt to calculate the electromagnetic form factor of the =,
and E| baryons. Therefore, we should start with evaluating the transition matrix
element [28,29]:

/ _ 2 .Guqu
(B(p)IVul2(P)) = u(p)WuF1.2(q7) +i-

Mg

Fy () u(p), (3.3)

where m g denotes the baryon mass, u(p) is the Dirac spinor and g, = p;L — py is the
transferred momentum. V;, = ¥ €,G(x)yuq(x) is electromagnetic vector current where
q is summed over related quark content [30-32]. Furthermore, F| 5(¢*) and F» 5(q*)
can be expressed in terms of Sachs electric and magnetic form factors as follows:

2

Gez = F1a(q") + —5Fy.a(P), (3.4)
4mw@
G u.z=F2d")+Fsd). (3.5)

3.2.2 Correlation function and ratio

The two point and three point correlation functions are described respectively as:

(FP%(1:p:Ty)) = Y e T (0] T [n% ()7 % (0)]]0). (3.6)
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Figure 3.1 : Diagram of the two and three point correlations [7].

(F2" (0,139, piTa)) = —i Y, e P2 T4% (0| T [0 % (x2) Vi (x1)71 5 (0)]]0),
" (3.7)
where I'; = 3,954 and T'y = (1 + 74)/2. We are able to construct the ratio in terms
of the two point and three point correlation function. Then, using the ratio we can
extract the baryon electric and magnetic form factor. The equation R(tp,1;p’,p; s 1)

is expressed explicitly as [33],
(F27u? (02,0139, 93 04)) [(F77 (12 — 11393 T0) ) (F 27 (1139, ) ) (F 77 (129 Tu))

(F#%(1;p':T4)) (F#%(1, —tl;p/;F4)><F'%(t1;p;F4)><F%‘%(tz;p;F4)>3 :
(3.

If t, —t; and #; > a, then the ratio reduces to the simpler form,

. t1>a ,
R(tr,t1:p",ps T 1) > II(p', p; s ). (3.9)

th—t;>a

We arrange the ratios with appropriate Lorentz orienting of ¢ and projection of I' in

terms of forms factors G (q?) and Gy %(q°) as ,

(Ez +m@)} /2

2
4 3.10
ZE% GE7j(q )7 ( )

I1(0,-q;:Tuspp = 4) = {

) 1
1) =
2E4(Eg+my

1/2
I1(0,-q; T'j; 1 = )} giijkGM,ﬂ(qz)- (3.11)

When q is equal to zero Gg 2(0) factor gives us the electric charge and Gy 2(0)
extract the magnetic moment of the baryon. The magnetic moment is described in

nuclear magnetons as follows :

s = G (0) (,’g ) uy, (3.12)
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where myy; is the nuclear mass and iy is the nuclear magnetic moment.

3.3 Techniques For Analyzing Data

In order to handle a data set, Jackknife is one of the most useful methods. This method
not only eliminates bias parameters but also constructs sample subsets from original
data set. Suppose that we have a data set with size of N and there is a 0 parameter
which is observable. Furthermore, the value of the observable calculated for the data

set is called 6. Then, variance for O,

N A
(6,—6)% (3.13)
=1

N-1
6/\ —_—il
N n

The square root of variance gives approximately standard deviation of 6. Thus, the
biased estimator is computed as (8) = 6 + 03. Now, we try to remove bias from the

estimator (6). Alternatively, bias may be calculated from,

N

~ 1
6=—) 0 3.14
N L O (3.14)

n

which concluding to & — (N — 1)(6 — ) for the unbiased estimator for (8). Ultimately,
a favorable property of the jackknife methods is the fact that it can be used for the
finding out the statistical error for fitted quantities. In addition, it does not need any

complicated data propagation for data analysis.

3.4 Simulation Details

We employ lattices of size 16 x 32 with two flavors of dynamical quarks and the
gauge configurations we use have been generated by the CP-PACS collaboration [17]
with the renormalization group improved gauge action and the mean-field improved
clover quark action. We use the gauge configurations at § = 1.95 with the clover
coefficient csyy = 1.530, which give a lattice spacing of a = 0.1555(17) fm (a~'=
1.267 GeV) as determined from the p-meson mass. The simulations are carried out

with one hopping parameter for the sea and the u, d valence quarks, Kyn , Kyq =
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0.1410 which corresponds to quark mass of ~ 35 MeV, and we use 50 such gauge
configurations, respectively. The hopping parameter for the s valence quark is fixed
to Ky ,a= 0.1393 so that the Kaon mass is reproduced, which corresponds to a quark
mass of 90 MeV. We employ smeared source and smeared sink, which are separated
by 8 lattice units in the temporal direction. Source and sink operators are smeared in a
gauge-invariant manner with the root mean square radius of 0.6 fm. All the statistical

errors are estimated via the jackknife analysis.

The baryon interpolating-field for Z/. and . respectively are,

1
Nz, = ﬁggbc [(ug(C}g)cb) se+ (sZ(C’)g)cb) uc} , (3.15)
1
M Cabe [2(SZ(C)/5)ub)cc+ (sT(Cys)cp)ue — (daT(C)g)cb)sc] . (3.16)

V6
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4. CHAPTER 4

4.1 Results

4.1.1 Mass spectrum

After plotting the convenient ratios of correlation functions, we seek for a plateau. Due
to the fact that suitable ratio values tend to stay constant according to time, we figure
out a constant fit value (see Appendix A.). This procedure is followed for both of the
baryons we consider. We obtain the masses as in figure 4.1. and 4.2. We give our fitted

results for the baryon masses in Table 4.1.

IN[C()/C(t+1)]

L i 1 1 1 1 ,L‘, 1 1 1 1 11r 1 | — 7‘1‘7 t(tlme)

Figure 4.1 : Effective mass plot of Z., black horizontal line indicates the fit region.

Table 4.1 : Mass and fit values.

baryon mass (GeV) fit value experimental results
Ec 2375.7 £12.8 1.8618 + 0.0159 2467.8 £ 0.6
5 2512.6 +10.8 1.9691 + 0.0180 2575.6 + 3.1
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IN[C(t)/C(t+1)]

! L 1 . t(time)
5 10 20

Figure 4.2 : Effective mass plot of Z., black horizontal line indicates the fit region.

4.1.2 Electric form factor

Electric form factor plots give us electric charge of E. and E. baryons at zero
momentum. In Figure 4.3 and Figure 4.4, the electric charge is 0 for dsc combination.
In Figure 4.5 and Figure 4.6, electric form factor gives +1 at zero momentum for usc
combination. Furthermore, the electric form factor provides more valuable information
to understand inner structure of baryons at non-zero momentum since it is possible to
encounter quarks directly instead of composite structure of baryon. Because of electric

charge of quarks, the electric form factor fluctuates for different momentum values.

GE[Q"2]

0.6
0.5
0.4
0.3

N

0.2

0.1

ITIIITIIITYIIWITYIITIITIIIIIIIII

PEETERTEN REPERTUT S S UTNA BTSN SN RS RSN BRI R
0 0.2 04 06 0.8 1 1.2 1.4 16 Q'2[GeVA2]

Figure 4.3 : Electric form factor of E.(dsc).
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Figure 4.4 : Electric form factor of Z.(dsc).
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Figure 4.5 : Electric form factor of E.(usc).
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Figure 4.6 : Electric form factor of Z/,(usc).
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4.1.3 Magnetic form factor

It is also instructive to investigate the magnetic form factor of E. and E.. to discover
dynamic of baryons and individual contributions of quarks. For usc and dsc
combinations, the magnetic form factors are plotted in Figure 4.7, Figure 4.8, Figure
4.9 and Figure 4.10 with respect to different momentum. However, we can not measure
directly magnetic form factors at zero momentum due to momentum contribution
as denoted in formula 3.11. Therefore, it is reasonable to make extrapolation over
magnetic moment values to figure out Gy;(0). However, Gy;(0) is represented in Table

4.3. for usc and dsc combinations of Z, and Z/. baryons.
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Figure 4.7 : Magnetic form factor of E.(dsc).
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Figure 4.8 : Magnetic form factor of Z.(dsc).
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Figure 4.9 : Magnetic form factor of E.(usc).
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Figure 4.10 : Magnetic form factor of E..(usc).

It is convenient to evaluate magnetic moment of baryons throughout using G7(0) and

Table 4.3 represents magnetic moments of baryons in terms of nuclear magneton.

Table 4.2 : Magnetic form factor of Z. and Z/. at zero momentum.

baryon GM(0)

E.(dsc) 0.361 £0.029
E/(dsc) -2.072 £+ 0.300
E.(usc) 0.403 £ 0.022
E/ (usc) 3.121 +1.229

As mentioned in Chapter 1, spins of the light quarks in £, baryon are anti-aligned
while spins of the light quarks in E| are aligned. According to magnetic moments
=/

of £, and X, it can be said that the anti-aligned quark pair does not contribute

to magnetic moment of E. baryon and charm quark is getting more important. It
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can be seen by the differences between Z. and E/. for usc and dsc configurations.
Furthermore, u and d quarks have a significant role when they are aligned to s quark
in E], baryons since their contributions are dominant on magnetic moment of baryons
as indicated in Table 4.2. The results of magnetic moments of E. and E.. are given in

natural units.

4.2 Discussion of Errors

Systematical errors may be originated from different causes. They are able to affect
simulation results significantly. First of all, lattice spacing a has very significant role
for discretizing action, space-time and wave functions since they are discretized with
O (a). Furthermore, it is suspicious to use the same fermionic action for u, s and ¢
quarks. We assume that the lattices which have lattice spacing a = 0.1555(17) result

in small discretization errors.
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S. CONCLUSION

We have evaluated mass spectrum of E. and E|. by starting with the ab inito LQCD

method.

In the thesis, we have obtained discretization of the action of QCD which is the
fundamental characteristic of Lattice QCD method. For this discretization procedure,
the plaquette and link variable expressions emerge to ensure the gauge invariance.
After this stage, we extract the mass spectrum of the particles separately from
correlation function,

C(n:) = (0(0,n,)0(0,0)) =} (0[Ok) (k|O"|0)eMEx. (5.1)

k

Then, we computed numerical part of calculation by simulation and perform analysis
techniques to get rid of both bias and big errors. The simulations are run on 16 x 32
sized lattices with lattice spacing a = 0.1412 fm. We select the plateau region after

plotting suitable ratio values and obtain the masses in GeV unit.

Additionally, we have investigated the electromagnetic form factors of E. and E.
hadrons. Using the evaluated mass spectrum and Sachs equation we find the form
factors. Especially, understanding structure of charmed baryons is crucial to get an
idea how heavy quark baryons interact. E. and .. baryons have one heavy quark (c)
and two light quarks (z or d and s), the electromagnetic form factors present precious
information about interactions between the quarks inside a heavy baryon. We plot
the electric and magnetic form factor with respect to two different quark contents as
follows: dsc and usc. Then, we calculated magnetic moments of E. and Z/. baryons
and see the effect of spin alignment of light quarks on magnetic moment of baryons.

Calculations are performed in ROOT and Mathematica.
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APPENDIX A
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Figure A.2 : Mass spectrum plot of Z..
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Figure A.4 : Mass spectrum plot of Z/..
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