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ABSTRACT

VARYING MASS MISSILE DYNAMICS, GUIDANCE & CONTROL

Gunbatar, Yakup
M.S., Department of Electrical and Electronics Eegiring

Supervisor: Prof. Dr. Kemal Leblebi@in

September 2007, 150 pages

The focus of this study is to be able to contiwé tir-to-surface missile
throughout the entire flight, with emphasis on grepulsion phase to increase the
impact range of the missile.

A major difficulty in controlling the missile durg the propulsion phase is the
important change in mass of the missile. This tegul sliding the center of gravity
(cg) point and changing inertias. Moreover, aeraaiyic coefficients and stability
derivatives are not assumed to be constant at {eredi@ed ranges; conversely, they
depend on Mach number, angle of attack, and sigeaslgle. Consequently, as the
change of missile mass, cg point, inertia termsj atability and aerodynamic
coefficients come together apart from flight operation stagesgreat number of
points need to be taken into account when desigtiegcontroller. This makes
controlling the missile all the more complicated.

In this thesis, first the equations of motion degived, in which, mass of the
missile is not assumed constant. Thus, not onlyvHr@ation of mass but also the

variation of inertias is incorporated in the eqoas of motion. From the derived



equations of motion, a nonlinear inverse dynamasgroller that can achieve desired
guidance for a conceptually developed air-to-s@fadissile has been designed,
tested and verified for a modeled missile withd@grees of freedom. For brevity of
the study, conceptual design and aerodynamic @dlouk are not given in detail.
Nevertheless, improvements for conceptual desigrsaggested.

As a result, it is shown that the controller woefBciently: the missile is able
to hit the target with less than 12 m circular erod probability (CEP). Finally,

studies and improvements are proposed.

Keywords: Guidance, control, missile



Oz

DEGISKEN KUTLELI FUZENIN DINAMiGi, GUDUMU & KONTROLU

Gunbatar, Yakup
M.S., Department of Electrical and Electronics Eegiring

Supervisor : Prof. Dr. Kemal Leblebigioi

Eylul 2007, 150 sayfa

Bu calsmanin konusu, havadan yere flizenin tim ugusu bayudzellikle
motor yanmasi samasinda kontrolini gamak ve bu sekilde hedefi imha
edebilecgi olasi alani gegietmektir.

Motorun yanmasis@masinda fuzenin kontrolinde kdasilan temel zorluk,
bu sirada kitlede meydana gelen dnemfiigiedir. Bunun sonucu olarak flizenin
agirlik merkezi ve eylemsizlik momentleri gigmektedir. Ayrica, aerodinamik
katsayilar ve denge tirevleri belirlenen aralikdarshbit kabil edilmeyip, tersine
Mach sayisina, hicum acisina ve yana kayma achsiiaolarak dgismektedir.
Sonucta uguasamalarina ek olarak, kutlegialik merkezi, aerodinamik katsayilar ve
denge terimleri d&@simleri bir araya geldiinde, kontrol Unitesi dizayninda yuksek
saylda aragin hesaba katilmasi gerekmektedir. Bu islem fuzdwintroliiniin daha
karmaik hale getirir.

Bu tezde, ilk olarak kutle @geimi ihmal edilmeden hareket denklemleri
turetilmistir. Boylece, kitlenin dg@siminin yaninda eylemsizlik momentlerinin
degsisimi de hareket denklemlerinde vyerini almaktadir. refilen hareket

denklemlerinden, tasarlanan havadan karaya fupeaidu edilen gidimu keran,

Vi



dogrusal olmayan, kontrol uUnitesi test edilmekte veaydanmaktadir. Flzenin
modellemesi alti serbestlik dereceli olarak yapktadir. Tezin sadeli ve odak
noktasinin kontrol Unitesi olmasi nedeni ile furenkavramsal tasarimi ve
aerodinamik katsayilarin hesaplanmasinda ayrigigenemistir. Fakat, kavramsal
tasarimla ilgili dgerlendirmeler ve iyilgtirme tavsiyeleri verilmektedir.

Ulasilan sonuclarda gorilmektedir ki kontrol Gnitediketsekilde calsmakta
akabinde fuze, hedefi 12 metreden daha az hateurgbilmektedir. Sonuc olarak

gerekli iyilestirmeler ve cakmalar 6nerilmektedir.

Anahtar Kelimeler: Gidum, kontrol, fize
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NOMENCLATURE

b Span

c Chord

Co Drag coefficient

Cp, Drag coefficient at zero lift coefficient
Co, oC, /oa

Cp, (0C, 10a)(2v, Ic)

CD&e (0C,109,)

Co, 0C, /0 (u/V,)

Ce Force coefficient

G Rolling moment coefficient

G Rolling moment coefficient for zero sideslip amgind zero control

surface deflections

C, (aC, /av)

G, (aC, 10p)

G (C, 1ap)(2v, /b)
C, (ac, 1ar)(2v., /b)
c, (6C, /35
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(oC, /04,)

Lift coefficient for zero angle of attack
(oC_102,)

Lift coefficient

oC /o (u/V,)

oC, /oa

(aC, 10a)(2V, Ic)

(oC, /0q)(2v, Ic)

Maximum lift coefficient

Trim lift coefficient

Pitching moment coefficient

Pitching moment coefficient for zero angle ohakt
oC,,/9(u/V,)

aC, /ow

aC,,/ow

(oC.,/0q)(2V,, /c)

(0C,,/09,)

Yawing moment coefficient

XX



Yawing moment coefficient for zero sideslip angled zero control

surface deflections

(ac, /v
(ac,136)
(ac, 1ap) (2. 10
(ac,10r) (2v, It)
(ac,103,)
(ac,103))

Force coefficient alongX, axis

Force coefficient alon, axis for zero angle of attack
aC, /oa

(9C,/04)(2V, Ic)

oC,/9(u/V,)

aC, /ow

(3G, /ow)(2V,, /c)

(oc,/04.)

Side force coefficient

XXi



C Side force coefficient for zero sideslip anglel aero control surface

deflections
Cy, (ac, /av)
Cy, (ac, 108)
Cy, (ac, 1p)(2v,, /b)
o (ac, 1or)(2v., /b)
C, (ac, 105,
Cys. (ac,105,)
CZ Force coefficient alond; -axis
C,, Force coefficient along; -axis for zero angle of attack
C, aC, /0
C,, (oC,/0a)(2v, Ic)
C,, aC, /9 (u/V,)
C,, aC, /ow
C,, (oC,/ow)(2v,, /c)
C,, (oC,/aq)(2v, /c)
Cas (ac,/d3,)
D, Time derivative operator for the franfig(O)

XXii



L, M, N,

T’MT’NT

nstructura]

P,Q,R

p.q.r

Time derivative operator for the franfe(C)

Aerodynamic force components aloixgY;Z,
Thrust force components alon{,Y,Z,

Earth-fixed frame
Body-fixed frame

Force

Acceleration of gravity

Altitude

Inertia tensor about center of mass

Aircraft moments of inertia aboX;Y,Z,

Aircraft product of inertia abouX Y;Z,

Distance vector from aircraft to center of anestd area
Aerodynamic moment components abofy,Z,

Thrust moment components aboitY,Z,

Aircraft mass

Moment

Load factor, the ratio of an external load towesght of the aircraft

Structural load factor
Aircraft angular velocity components aba¥tY;Z,

Perturbed values oP,Q, R

XXili



XeYele

XBYBZB

Pilot command penalty function
Controller command penalty function

Vector which defines the position of any massnelet dm with
respect to body-fixed frame

Vector which defines the position of any massneletdm with

respect to Earth-fixed frame

Vector which defines the position of center &f gravity of the
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CHAPTER 1

INTRODUCTION

In missile design, especially in the propulsiontunsage of solid propellant
will provide missile with high acceleration, as Wa$ a simpler propulsion unit. Less
complex propulsion sections are very important guthe fact that they reduce both
the cost and the size of the missile. However, tteaye out with non-negligible rate
of change of missile mass unless the solid propelias a low burn rate.

Moreover, guided missiles have naturally nonlinégnamics because of
inertial coupling, aerodynamic effects, and grdiotaal forces. Therefore, linear
autopilots which are designed on linearized dynanoé the vehicle face the
nonlinearities that significantly influence thesgdmics.

For coherence with the methods, it is necessabgdiin with a discussion of a
second difficulty, the nonlinear dynamics of thessiles. Much of the studies in
literature apply the liner robust control methodshwgain scheduling to deal with
nonlinearities [1-7]. Implementation of gain schiy methodology to autopilot
design is based on determination of the group nétamt operating points, designing
a family of linear autopilots corresponding to eamnstant operating point, and
finally building a gain scheduled autopilot thatdarizes to the proper linear autopilot.
This can actually be called a nonlinear controtsithe outcome is a nonlinear closed
loop feedback system. The use of a nonlinear clhatrto cope with nonlinearities
was encouraged in the early 1980's by Hunt, Su, Bi®yer who showed the
successful execution of dynamic inversion for ftigtontrol [8]. In this study,
dynamic inversion was used to get feedback linetiam of the nonlinear system.
Lane and Stengel developed flight controllers faaneuvers via several sets of
desired output variables that were based on dynamersion [9]. Moreover, Azam

and Singh designed a nonlinear controller for siemdous lateral and longitudinal



maneuvers [10]. In the early 1990’s, studies onlinear control designs accelerated.
Many studies have since been conducted, some afhwdrie based on nonlinear
optimal control method by using the solutions tortifeon-Jacobi-Bellman (HJB) and

Hamilton-Jacobi-Isaacs (HJI) equations [11,12]. the later study mentioned

feedback controllers are designed by full nonlindyamamics of the system. There is
no linearization involved and optimal controllerse aacquired by the numerical
solution of the Hamilton-Jacobi-Bellman equatiofeTmain contribution of the use
of a nonlinear controller is to widen the stabilitpundaries and to improve the
precision.

The first challenge, rate of change of mass of thissile, explained
previously can be taken into account via variodient approaches. One of these is
the initiation of the autopilot after burn-out. i$hs a very common method and
extensively used. The main disadvantage of thishatkicomes to light when the
target is at a distance shorter than burn-out mistaFor a 2.75” anti-tank missile
burn-out distance is about 1.5 km. For a stanavadkile with 100 km range it can be
approximated from 40-60 km. What is obvious frorasth burn-out distances is that
these two missiles are not capable of hitting theyets at a distance less than
corresponding burn-out distances unless they aeel xactly towards the targets
with the assumption that their paths are not digtdr Another approach is generating
a huge family of linear autopilots from an immemsdiection of point designs for
every flight condition and for a series of predetiered mass ranges each of which
has a different mass, center of gravity and moroeintertias.

To avoid large numbers of operating points, to devathe stability borders
and to get better the accuracy, a nonlinear dynamversion controller is designed
and implemented using PID dynamics in this studige Tesign of the nonlinear
controller is similar to the one in [13, 14]. Inder to deal with the mass variation,
equations of motions are derived without assuntiegmass of the vehicle is constant.

In this thesis, equations of motion for the missite derived that include the
rate of change of missile, and inertias. This dgion is explicated in CHAPTER 2.
CHAPTER 3 covers the acquiring stability and aerwdyic coefficients via



MISSILE DATCOM. This chapter also gives a brief &qation about the stability

derivatives. CHAPTER 4 explores the target, missited the guidance section of the
study. The following chapter articulates the theamyd implementation of the

controller that serves for guidance. Nonlinear iseedynamic controller is derived

and implemented by PID controller in this chapt@HAPTER 6 consists of the

simulation results for 6 different cases which are, two cruises, and two diving

trajectories and one case with moving target. Sathwhs are carried out in the
MATLAB Environment with some of the symbolic derti@ans are obtained using

MAPLE 9.



CHAPTER 2

EQUATIONS OF MOTION

2.1 Equations of motion in general aspect

With the aim of getting a general understandingaw€rafts, equations of
motion are first derived for an aircraft and theadified for the missile involved in
this research. Newton’s Second law is applied ¢odincraft given in the Figure 2-1.
In this law, it is stated that time derivative ohdar momenta is equal to the
externally applied forces, and the time derivatve@ngular momenta is equal to the

externally applied moments.

Figure 2-1 Earth and body fixed coordinate systems



where:
X Y.Z. is Earth-Fixed axis system

XpYgZ; is Body-Fixed axis system

2.1.1 Force Equation
In Figure 2-1, r, connects the origin oK YZ. with each mass element,

dm. In the case of aircraft these mass elements theld distance relative to each
other except for the mass elements which are padtating machines or part of the
fuel. Every mass element is subject to the accsberaf gravity § and as seen in
Figure 2-1 the vectog is directed along the positiv&. axis. This states the flat
Earth assumption. It is convenient to uSeand r, which formr, as given in
Equation(2.1).

=T +T (2.1)
Here, 1, is the vector which defines the position of anysmalementdm, with
respect to Earth-fixed frameX.Y.Z. , and can alternatively be written Bg,. Also,
r. is the vector which defines the position of cemtethe gravity of the aircraft with

respect to Earth-fixed frameX.Y.Z., and can alternatively be written &s, .

Additionally, i is the vector which defines the position of anyssmalementdm,

with respect to body-fixed frameX;Y;Z, , and can alternatively be written B, .
In the time of application of Newton’s Second Ldhe time derivative of

is needed. As a result, it is better to find timeetiderivative of r, with respect to the

frameF, (O).
Fp/o = I7c/o + Fp/c (22)
Dorp = Dorc/o + Dorp/c (23)
DOFP :\7[3 :\7c + Dbrp/c + a)c/o X Fp/c (24)



Where D, and D, are the time derivative operators for the fraRgO) and F,(C)
respectively.\7p is the velocity of the point p (mass element,) on the aircraft,\7C

is the velocity of the CG (center of gravity) poaitthe aircraft, ando

c/o

the angular

velocity of F, (C) with respect toF,(O) . Since the mass of the aircraft changes with

time:
DT, %0 (2.5)
then:
V, =V, + Gy X Ty + T =V, + @ XT +T (2.6)
- ood -
Vv, :a(rp) =Doly/0 (2.7)

Newton’s Second Law states that [15]:

%(Angular Momenta) = Externally Applied dients (2.8)

%(Linear Momenta) = Externally Applied Faes (2.9)

Equation (2.10) can be expanded as follows:
dl r- e ~
a['v[vppdv} = {pgdv+JS' Fds (2.11)
Where,jdv andjds are volume integral and surface integral respebtiandF is
v S

the combination of aerodynamic and thrust forcevliech the aircraft is exposed:

F=F,+F (2.12)
When Equations (2.2) and (2.7) are inserted indqoaton (2.11), the left hand side
of the Equation (2.11) becomes:

d(d d d
—| |=(r. +F)pdv |=——| | F.pdv+ | T pdv 2.13
m“m(°)p:]dmi£w {p} &1



Wherej I pdv =0, since the poinC is the center of mass. Therefore, Equation (2.13)

yields:
d(¢d d|d
— |—=(r =—| |—(T. 2.14
dtu dt(rc)pdv] dth Olt(rc)polv} (2.14)
then:
%[ V, | = mV, +riv, (2.15)

The left hand side of the Equation (2.11) can bigevr as follows:

jpgo|v+j|fds=mg+ﬁA+ﬁT (2.16)
\Y S

Finally, as Equations (2.15) and (2.16) are put {t11) Equation (2.17) is obtained:

mV. + 1V, =mg+F, +F, (2.17)

2.1.2 Moment equation

In this section, the moment equation is derived Eguation(2.8). The left

hand side of this equation is equal to:

%(Angular Momenta) :%U(FC + F)prdv} (2.18)
%(Angular Momenta) :%D‘r} X\7ppdV+£fx\7p,0dV} (2.19)

where:
V, =V, +%r Do =%r (2.20)

Then, Equation (2.19) takes the form:
d d - d - d
— (Angular Momenta) =—| | I, xV pdv |+—| | TX| V. +—T | pd 2.21
dt( i ) dt“c "pv} dt“ ( dt jpv} (2.21)

\7C Is independent of the integral since C is the erenf mass. Change of angular

momentum would then yield the equation as below:



d|¢. d . = L f.od
EL[Q xvppdv}+aHJv'rpdvj XV, +Jv'r xarpdv} (2.22)
jrpdv: 0 (2.23)

Therefore, the left hand side of Equation (2.8takhe form as given in Equation
(2.24).

d d - d d
—( Angular Momenta) =—| | . xV_pdv |+—| | F x—T pod 2.24
dt( i ) dt D e VoP V} dt D dt P V} (2.24)

Meanwhile, the right hand side of Equation (2.8)
Externally Applied Momentsj:?p x pgdv + J' r, % Fds (2.25)
\ S

When Equation (2.1) is placed into Equation (2.2% following equation is

obtained:
fcXngdv{J'r”pdv]xg+fc><jlfds+jfxIfds (2.26)
v v s s
After solving Equation (2.11) fof Fds and using Equation (2.23), the right hand
s
side of Equation (2.8) takes the form as givenqudion (2.27).
Externally Applied Moments %D r ><\7ppdv} +£f x Fds (2.27)

Placing Equations (2.24) and (2.27) into Equat&8) results in:

Drx%rpdv}jrxﬁds:l\ﬁﬁm (2.28)
\ S

d
dt

WhereM, andM; are total aerodynamic moment vector and totalsthrooment

vector respectively.

2.1.3 Orientation and position of the aircraft

As seen in the Figure 2-1, the aircraft’'s oriemtatand position are given

relative to the Earth-fixed frantg . Orientation of the aircraft from Earth-fixed



frame F, to Body-fixed frameF, is provided by Euler angles composed of three
consecutive rotations whose order is (3,2,1) asrgin Figure 2-2 and in Equation
(2.29). ThereF_ andF, are intermediate frames. Wheif’ corresponds to the x
axis of theF. frame andi{” andd” corresponds to y and z axes respectively of the
F. frame.

U?EO) l—jém) UJ(-I”I)

Fb - F, - F, - K (2.29)
W C] O

Zg 2l . 7, Iz
T, i — = Ty
=4 w2
Ty &
%1 i
K E *2 e 4

Figure 2-2 Aircraft orientation with Euler angles

First rotation is the rotation oK_Y.Z. coordinate system about & axis

through an angleP, called the heading (azimuth) angle. After thisation, the
coordinate system is renamed>$Y1Z1 coordinate system.

Second rotation is the rotation &f1Y1Z1 coordinate system about ¥4 axis
through an angl®, called the pitch attitude angle. After this ratati the coordinate
system is renamed a§2Y 2Z 2 coordinate system.

Third rotation is the rotation oK 2Y 2Z 2coordinate system about 62 axis
through an angl@®, called the roll (or bank) angle. After this rotatj the coordinate
system is renamed as3Y 3Z 3 coordinate system.

There is a problem in using Euler angles wign £90° since in this cas®
bank angle looses its meaning. Also in steady imtatolling time variation of® is
discontinuous.



This situation can be overcome by Quaternion methsigad of Euler angles.
The reason why Euler angles would be used is tiegt give a more physical picture
of the aircraft attitude than the other methods.
Direct cosine matrix is used to transform a veétom one frame to another. Direct

cosine matrix from framé, to F_, is given as:

cosW -siny
Clm =| sinW  cog¥ =gh¥ (2.30)
0 0 1

Direct cosine matrix from framé&,_ to F, is given as:

cos® 0 sim
cm=| o 1 o0 [=&® (2.31)
-sSin® 0 coP

Direct cosine matrix from framg, to F, is given as:

1 0 0
CM™ =0 cosp - sinp|=e*® (2.32)
0 sin® cosgb

Hence, direct cosine matrix from Earth-fixed frafg to body-fixed frameF, is

obtained from the multiplication of these three edir cosine matrices:
clmcmc®) (see Ref.16 for detailed exponential matrix repméstéon). Then
overall direct cosine matrix is

cosO cosV sid si® cd¥- cds g cbs .Gin bs dxsin Y5|n
C =| cosO si¥  sind si® siP+ cob cs  cds .6n $ir  &in o
-sin® sind® co® co® c@
(2.33)

Position of the aircraft with respect to the editled frame is determined by

the vector,. In order to track the flight path of the aircraftiative to earth-fixed

frame, velocity components in Earth-fixed frame ché® be acquired. Consequently,

this is achieved by taking the time derivativen inertial frame (Earth-fixed frame)

through direct cosine matré® .
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{DF @ =C{DF }? (2.34)

Then:
Xe
0= YE = COPF O =Clbf © (2.35)
Ze
where:
U
=V (2.36)
W

Then, the final equation is:

Xe cosO codV s si® cof- cds S cbs @n ®bs dsin Usi[U

Y. |=|| cos@ sif¥ simd si® si+ coB cls ods €n Yk &in \Y
Z. -sin® sin® co® co® c®Bd w
(2.37)

Its alternative form is:

Xg =U (cos® cod¥)+V ( sid si® cof- cds $)+w( obs Gn ¥bs dsin Wn
Y. =U (cosO sin¥)+V ( sid si® sit¥+ cod cls)+w( ods €n Y  @in Qs
Z. =U (-sin®@)+V (sin® co®)+W( co® cdd)

(2.38)

2.1.4 Body-axis system'’s forces, moments and veloci  ties

Force equations can be written in any frame desiremhetheless, it is
preferred to be expressed in Body-fixed Frame. fouthe fact that Equation (2.28)
involves the derivative of angular momentum whiantains the moments and
products of inertia with respect to any axes systhosen. Picking the axes system to
be fixed relative to inertial space results in wagyinertia terms in the equations. This

is most undesirable and can be avoided by writegequations in the frantg , in

which all the inertias are constant except theqgaein which the propellant burns.
All the velocity vectors seen in the Figure 2-3 dedined in Table 2-1.

11



Figure 2-3 Angular and linear velocity componentsn body-fixed frame

Table 2-1 Velocity vectors in body-fixed frame

U Along-track velocity component in body-fixed frame
\Vj Side velocity component in body-fixed frame

w | Downward velocity component in body-fixed frame
p | Roll rate in body-fixed frame

Q Pitch rate in body-fixed frame

R | Yaw rate in body-fixed frame

Aerodynamic and thrust forces and moments are isefeigure 2-4.

12




Figure 2-4 Aerodynamic and thrust forces and momerst exposed on the aircraft

in Body-fixed frame.

Aerodynamic forces and moments are expanded ireTa8l

Table 2-2 Aerodynamic and thrust forces and moments

Aerodynamic force o= P+ Fo +Fy
Thrust force Fr=Fy +F, +F,

Aerodynamic moment M,=L,+M,+N,
Thrust moment M, =L, +M, +N,

To write moment and force equations in Body-fixeahie, the time derivative of/,
and acceleration of gravitg should be expressed in this frame (see Figure AlL)
the steps to acquire the time derivative\79ﬁn body-fixed frame are summarized
from Equations (2.39) to (2.51).

v, ={pN}” =¢en{py}” (2.39)

o°C

13



Where,C®” is the direct cosine matrix obtained in sectich2andV. is :
V. = é(o,b>\7c(b) (2.40)

Then, the time derivative of Equation (2.39) yields

VO = é(°'b\7 ®) 4 ClobNy ® (2.41)
This can be written as:
V.0 = gen| Conge® 0| (2.42)
where:
EoocEn =gy (2.43)
Then:
V. = Gleb [\Z ®© 4y V. (b)} (2.44)
Equation (2.44) can be expressed in the form &swWel
{ Do\7c} © = é(O,b){ Db\7<: + a’l)/o x\7c}(b) (245)
Do\70 = Db\7c + dl)/o ><\7c (246)
Thus,
{ Do\7c} (b) :{ Db\7<: + CQ)/O X\7c}(b) (247)
where:
5]
{@D/O}“’) = (2.48)
R
U
0 |5
v} =v (2.49)
W

14



AR (2.50)

For that reason time derivative \4f in body-fixed frame becomes:

Ul [QW-VR
V.=|V |+|UR-PW (2.51)
W| | PV-UQ

Next step is to express acceleration of gragityn body-fixed frame.

{g) ®) _ ko) {g} © (2.52)
where:
¢eo =(gen)” (2.53)
g® =Ceoge (2.54)

The vectorg is directed along the positive axis in earth-fixed frame (see Figure

2-1) andz, axis can be expressed will) axis. Then:

g® =Clq(w,) (2.55)
where:
Cb0) = g i g 0,0 50 (2.56)
Then:
g¥ = e e g g (2.57)
g® =(-U, sin@+U, co® sib+U, co® cad g) (2.58)

Therefore, the representation of acceleration aivigy g in body-fixed frame is
found as:
—-gsinou,
g® =| gcosO sindd, (2.59)
g cosO cospbu,

15



Now writing force equation (2.17) in body-fixed fn@ via Equations (2.51) and
(2.59) in scalar form results in:

U U+QW-VR -mgsin@+F, +F,
m V |+m|V +UR-PW |=| mgcosO sird +F, +F, (2.60)
W W+PV-UQ| |mgcos® cosP+F, +F,

The moment equation obtained in Section 2.1.2 ndedée expanded. From
Equations (2.4) and (2.20) the left-hand side efrtitoment Equation (2.28) takes the

form:

%“”%fﬂdv} =%uf><(Dor*)pdV} (2.61)
then:
iDr“X(Dor“)pdV} =ijrx(Dbr+a)D,o x ") pdv (2.62)
dt|+ dt+
where:
D,r =0 (2.63)
%{rx(a)ﬁm xf)ﬁd”%ﬁc (2.64)

Where, H_ is the angular momentum about center of mass efided as:

H, = [Tx (@, %) pdv = [T % (@, xT)dm (2.65)
Fx (@, xF) = Far (2.66)
Where, the cap ~ denotes skew symmetric matrix.
{Fx(@,,x)}” =FOaF® =2 (2.67)
where:
P =7 @ =@ (2.68)
then:
—rza):[r—rt—r—tr—F]w{rzf—r—r—t]@ (2.69)
then:

16



H, = [[r?l -7 Jadm= (v -rr)aom=J.o (2.70)

m

Where, J, is inertia tensor about center of mass and defised

J, =j(r2.r—r.r).dm (2.71)

H.=J.@ (2.72)
The right hand-side of the Equation (2.64) can bétem as in Equation (2.78)
through Equations (2.73) to (2.77).

EHC:DOHc:DbHC+d)D,OXI:|C:ZMC (2.73)
D,H, =D, (J.@) + @, x(J.@) (2.74)
D,H, =(D,J; ) (@) +(J. ) (D,@) + & (J.@) (2.75)
D,H, = 3,0+ 3.+ @x(J3,@) (2.76)
d - - S - -
aHc:DOHC:D,)Hc+a)n,o><Hc:ZMc (2.77)
le ‘Jll 12 ‘J13 a)l ‘Jll 'J 12 ‘J 13| Q
ZMZ = ‘J21 22 'J23 6_02 + ‘J21 'J22 'J 2 &)
ZMS 'J31 32 33 @3 'J 31 ‘J 32 ‘J 33 C(% (278)
0 W W, 11 J12 J13 5{
T @ 0 — J21 ‘Jzz ‘Jz3 a)z
—&, W 0 ‘J31 J32 J33 5)3
Where:
@ P
@ |=|Q (2.79)
@ | |R
‘311 le J13 Ixx _Ixy _Ixz
o Jo Jps|= N, 1y, (2.80)
‘]31 J32 J33 _lzx _Izy Izz
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SM, | [ Lat+L;
DM, |=| M +M;
DMy | | NA+N;

‘{111 ‘?12 ‘?13— _I.>.<x _.I.xy _I:xz
Ja Ja J33_ __lzx _Izy |
Im:I(y2+22)dm
Iwzj(x2+22)dm
IZ:j(x2+y2)dm
Ixy:IYX:J'xydm
|, =1, = [ xadm
l,, =1, = [ yzim

Equations (2.82) through (2.88) are defined suett ftf), |

of inertia aboutX;Y;Z; and I, I,

(2.81)

(2.82)

(2.83)
(2.84)
(2.85)
(2.86)
(2.87)

(2.88)

-+ andl, are moments

and |, are products of inertia about

XgYsZg . Therefore, the final form of the moment equatisin i

[ P=1, Q=T R+1,P-1(Q°-R?)-1,(R+PQ)-1,(Q-RP)
1,Q-1,P-I R+, ,Q-1,(R-P?)-I_(P+QR)-1,(R-PQ)

I,R-1,P-1,Q+1,R-1,(P*-Q*)-1,(Q+RP)-1,(P-QR)-

1, )RQ=L,+L,
| )RP=M, +M;

_(|W_
_(|ZZ_

(la=1y)PQ=N,+N,

(2.89)

2.1.5 Kinematics equations

The aircraft has an angular velocityicka can be represented in the body-
fixed frame as well as the inertial frame. Thus dngular velocity in the body-fixed
frame can be stated via rates of Euler angles. iShegtualized along the Equations
(2.90) to (2.97).
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pel

@=|Q|=wa® +00,™ + du™ = Wi +Ou ™ + b (2.90)
R
P
@™ =| Q |=Wr,*™ +6u,™ + oy, (2.91)
R
@ = WCPIG, + OCO™h, + dCO, (2.92)
o = PePe ey, + Oe e P, + ey, (2.93)

A =We™® (U, cos0 -, sid)+0O(U, cosP-u, sib)+du,  (2.94)
@ =W (cosO (T, cosp+1, si)-T, si®)+Ou, cod-Ou, sih+du, (2.95)

cTJ"’):Ul(Cb—quin@)+Uz(©cos<D+LiJ co® sirD)+U3(qJ c® cds-0 sm) (2.96)

P -sin® 0 1| v
Q|=| cosO@ sid  co® © (2.97)
R| |cos® cosP - si ®

Through equation (2.97) it is obvious to define tla@es of Euler angles as in
Equation (2.98).

W =(Rcos® +Q sind) se®
© =Qcos® - R sind (2.98)
¢ =P +(Rcos® +Q sind) tar®

2.1.6 Summary of the equations of motion

Up to this point, 3 force equations, 3 momentatigms and 3 angular
velocity equations in the body-fixed frame, as vasl3 linear velocity equations of
the center of mass in the Earth-fixed frame andfférdntial equations for Euler
angles are derived. Mass change of aircraft resuitechange in force and moment

equations compared differently from constant massat.

U +m(U +QW -VR) = -mgsin®+ F,, +F, (2.99)
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v +m(V +UR~PW) = mg coso sind +F, +Fy (2.100)

W +m(W + PV ~UQ) = mg cos® cosb +F,, +F, (2.101)
I P-1.Q-I R+l P-1_(Q*-R?)-I,(R+PQ)-1_(Q-RP
, (@R (Repa) o f0R)
(1, —-1.)RR=L,+L,
1,Q-1,P-I R+, Q-1,(R-P?*)-I (P+QR)-1,(R-PQ)
(2.103)
(1.1, )RP=M, + M,
I, R-1,P-1,Q+1,R-1_(P*-Q*)-1,(Q+RP)-1,(P-QR
~(1a=1,)PQ=N, +N;
P=d-¥sin® (2.105)
Q=0cosP+W co® sip (2.106)
R=YcosO cosp-0O simp (2.107)
Xg =U (cos® cosP)+V ( sib si® co- cds i) (2.108)
+W (cos® sin® cod + sid siw) '
Y. =U (cos® sinW)+V ( sinb si® sitP+ cob cas) (2.109)
+W (cos® sind sirt¥ - sid cod) '
Z. =U (-sin®)+V (sin® co®)+W( co® cd) (2.110)
W =(Rcos® +Q sind) se® (2.111)
© =Qcosd - R sind (2.112)
¢ =P +(Rcos® +Q sind) tar® (2.113)

2.2 Equations of motion for variable mass missile

The baseline missile is given in Figure 2-5. Trhissile has two fin sets first
of which can be also called the wing section ofrthissile and the second fin set can
called the tail fin set. The first fin of the wirsgction is placed on fuselage at 0°,

second one is at 90°, third one is at 180°, andtlioone is at 270°. The tail fin set
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(second fin set) arrangement is similar to the firsset. Second and third fins of the
first set are movable, and all fins of the secandskt are movable to provide the
missile with automatic control systems. Necesshryst is accommodated by virtue
of the motor section, which uses end burning tygel propellant. The body of the

missile includes also a guidance section, eleatrparts, and a warhead.

Figure 2-5 Baseline missile

It is obvious from the Figure 2-5 that the miss#eaxisymmetric, thence the missile

products of inertia abouX,Y,Z; are zero and moment of inertia terms about Y and

Z axes are equal:

I, =0 (2.114)
=0 (2.115)
|yz =0 (2116)
=1, (2.117)
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During the burning period of the motor propellants assumed that rate of
change of mass of propellant and rate of changmass of the missile is constant.
Due to the fact that, the propulsion unit has astam rate end burning type

propellant. As a result of this, provided thrusinfr the motor section is constant and
the thrust vector is assumed to be directed inXpeaxis of the body-fixed frame.
Hence apart frorf, , other components of the thrust vectors are Z8wing to the
fact thatX;, Yy, andZ, axes intersect in the center of missile therecismoment

caused by the thrust vector; so all the momentacmount of the thrust vector are

zero. The consequences of this are:

|

", =0 (2.118)
=0 (2.119)
L, =0 (2.120)
M, =0 (2.121)
N; =0 (2.122)

Consequently, missile equations of motion araiolkd as follows:
mu + m(u' +QW —VR) =-mgsin®@+F, +F, (2.123)
v +m(V +UR-PW) = mg coso sind +F,, (2.124)
W +m(W + PV ~UQ) = mg cos® cosh+F,, (2.125)
| P+l P=L, (2.126)
1,Q+1,Q-(1,~1,)RP=M, (2.127)
I,R+1,R-(1,-1,)PQ=N, (2.128)
P=b-Wsin® (2.129)
Q=0cosP+W co® sip (2.130)
R=Wcos® cosp -0 simd (2.131)
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Xg =U (cos® cosP)+V ( si si® co- cds i)
+HW (cos® sin® cos + sid sit)

Y. =U (cos® sinW) +V ( sid si® sik¥+ cob cls)
+W (cos® sind sirt - s cod/)

Z. =U (-sin®)+V (sin® co®)+W( co® cdd)
P =(Rcos® +Q sind) se®
© =Qcosd - R sind
¢ =P +(Rcos® +Q sind) tar®
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(2.135)
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CHAPTER 3

STABILITY DERIVATIVES

3.1 Survey of stability derivatives
The forces and moments presented in CHAPTER 2bearepresented by

stability derivatives. The general force terrk ) is formulated in terms of force
coefficient (C. ), dynamic pressure d, ), and cross-sectional areaS{ (see
Equation(3.1)). The general moment teri J is formulated in terms of moment
coefficient (C,, ), dynamic pressure, cross-sectional area, andichw$ either mean
geometric chord or diameter of the fuselage (nafélee Equation(3.2)). On account
of the fact that the missile is concerned in thiglg, c is taken as the diameter of the
missile.

F=C.qS (3.1)

M =C,q, (3.2)
where,q,, andS are formulated as:

1

a. =§ﬁ\/m (3.3)
1,
5= m (3.4)

Where, p is the air density, d is the diameter of the nesandV, is the velocity of

the center of mass of the missile and it is represkas follows:

V, = (U +U) +(V +v)° + (W +w)° (3.5)
In Equations (3.6)-(3.11) aerodynamic forces araments are written with

respect to their coefficients:
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Fa =Cy0S (3.6)

Fa, =Cy0S (3.7)
Fa, =C,0.S (3.8)
Ly =C S (3.9)
M a = Cri0eo SC (3.10)
N, =C 0 S (3.11)

Aerodynamic coefficients can be expanded via thelerivatives

u,v,w, p,q,r W and control deflections consisting of aileronyater and rudder.

Cy =Cy, +C, ,u+C, W+C, W+ dee Oe (3.12)

C, =C, +Cyvv+Cyp p+C,r +Cy6a o, + Cya, o (3.13)
C,=C,, +Cpu+C, W+C, W+C, 4+C,, &, (3.14)
G =G, +Cv+C p+Cr+C, 5,+C 4 (3.15)
Crn = Cn, + Cim, U+ Cin W+ Cip W+ iy 0+ Ci & (3.16)
Cn=Cr, +CV+Cp P+Cp T +Cp, 3, +Cp, (3.17)

The aerodynamic coefficients,,C, ,C,,C,C,,, andC,, depend on velocity

perturbations, their derivatives and control ddftets. Thrust force is directed along

X axis of body-fixed frame and it is constant duriight in which propellant

burns. That is, it does not change, so there iseeal to formulate thrust force.
Relation of aerodynamic coefficients with angleattbick, side slip angle and

with their derivatives can be observed as attaak €ide slip angle are examined.
Angle of attack is given by:
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resulting in:

'W+Wj
a = arcta
U+u

w=tan(a)(U +u)-(W)

Moreover, the sideslip angle is:

B =arcta Vv } =~ arcta
{\/(U +u)” +(W+w) 6

resulting in:

Hence:

and

then:

Since:

and

v=tan(£)(U +u) (V)

(W) (W+w)u
(U+u) (U+u)
(W +w)’

(U +u)’

a =

1+

V +v
U +u

(U +u)* >> (W w)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)



(U +u)* 5> (v +v)
one obtainsvandv as:
w=d (U +u)
and

v=4(U +u)

With the same procedure, stability derivativesttie following forms:

L ¢

C =
W U+u Yﬂ

=—— C
my U+u My

The stability derivative€, , C,, ,C, ,Cy .Gy, .C

My

zq

My Yp'

Cnr are made nondimensional by being divided byZdT'

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

Cyr , Clp' C|r , Cn , and

p

Whereas

nondimensionaﬂ?xu Crm and CZu are obtained by dividing the derivatives by/ 1/

subsequently:

u 1
C =C, +C, —+
X %o oy +u

00 00
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b b

_ 1
Cy_CYD+U +

00 00

c

-C, (tanB(U +u)-Vv)+C, P *CT 5 *C,, % %C, 3 (339)

_ u 1 . C
C.=C,+Cy g Cn (tana (U +u) —W)+c:zdag+czqq?+cz%5e (3.40)

+Uu

00 00 00

G =G, +57-G, (1anB(U +u)-v)+c, pzvi+c,rr2\/i+c,%o;+c,5r5r (3.41)
_ u 1 . C C
C,=C, +C, ermCm" (tana (U +u)-wW)+ Cmaaﬁm’LC”hqﬂm’LC%ede (3.42)

C,=C + !
° U+u

00 00

C,, (tanB(U +u)-v)+c, pzvl+ o z\/i +C, 8,+C, 3 (3.43)

For smalla andf, as a matter of experience and convenience tHewiolg

approximations can be reached:

C, (tana (U +u)-w)=C, a

U +u

1
mcyﬂ (tan,B(U +U) _V) = Cyﬂﬁ

3G (tana (U +u)-w)=C, a

1 _
e (tanB(U +u)-V)=C p

U+

B

T Cn, (tana(U +u) —W) =C,a

icnﬁ (tang(U +u)-V)=C, B

U+u s

Therefore, Equations (3.38) to (3.43) turn outéo b

_ u . d
Cx —C:X0 +C&V—+Cxaa+cxday+cxaede

00 00

d d
Cy :Cy0 +Cy/;'8+cyp py+cyrr?+cyaada +Cy45r

00 00

_ u . d d
CZ —Czo +CZuV—+CZna+CZaaW+Cqu?+CZJe56

00 00 0o
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(3.45)

(3.46)

(3.47)

(3.48)

(3.49)

(3.50)

(3.51)

(3.52)



d d

CI :C|0 +C|;;'B+C|p pyw+C,rer+C,5a5&+C,5r5r (353)
c =c +c_Yic a+c aL+c gL ic g 3.54
m = ~m rmv_ maa waﬁ mqq? m, e ( )
C =C +C_ _p+C d +C d +C 0, +C o 3.55
n = ~n, nﬂﬁ nppzv n,rz\/ ns ~a ng “r* ( )

00 00

Dynamic pressure includes airspeed. Thereforepdgeamic forces and
moments ought to include the deviation of dynamiespure with respect to the
velocity components in the body-fixed frame. THeds of the vertical and the side
velocity components are included mainly in angleatthck and sideslip angle. On
the other hand, changes in the forward velocityukhbe included as perturbations in
the magnitude of the velocity; as a result in Jv@ies of dynamic pressure.

Following equations show the effect forward velpgerturbations:

oF
A-=C,q.S+C_q, SV, (3.56)
U
a —
)
oF
A-=C,q,S+C,q, SV, (3.57)
U
a —
V)
oM
UA =C, 0.S+C,qa. SV, (3.58)
a —
V)
where:
0., = U (3.59)
PUV, =2q, (3.60)
Then:
oF
A-=C,0,5+2C q,S. (3.61)
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ljz =C,0,5S+2C,q.S (3.62)
a —

V)
M, _ q.S+2C.q.S. (3.63)

Finally aerodynamic force and moment terms can higen as:

u . d
F, {CXO +(c, +2CXO)V—+cxaa+cxaay+cxde5e}qws (3.64)

00 00

d d
FA’ :|:Cyo +CYﬂﬂ+CYp pW‘FCyrr?"‘Cydada +Cy(;r5rj|q°°8 (365)

00 00

A,

00 00 00

u ., d d
F ={C%+(C%+2C%)V—+czaa+czaazv +C, 0 +Czdeé'e}qm8 (3.66)

d d
LA = {CL, +C|Eﬂ+clp pﬁ"'clrr?"'qdada +C|a, d}qud (3-67)

00 00

u . d d
M, :{Cmo +(Crrh +2Cm0)\T+Cmga+CmaaF+C%q?+cm5e5e}qwsd (3.68)

00 00 00

_ d d
N, = {C% +C, B+C, py+cnrr?+c%da1 +C., Jr}qud (3.69)

00 00

3.2 Analysis of stability derivatives and perturbat ion for the
missile

The representation of forces and moments withe@sjo stability derivatives
is accomplished in the previous sections. Thisieedhvestigates the perturbations
on variables and control surfaces: forward velgcigteral velocity, downward
velocity, roll rate, pitch rate, yaw rate, ratecbfange of sideslip angle, rate of change
of angle of attack, and aileron, elevator, and endairfaces.

Aerodynamic characteristics of aircraft are dortedaby wings. Thus,
stability derivatives are formed by wings and canassumed constant at a specific
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flight condition, such as approach, and cruise tmrdas long as the aircraft does
not stall. However, this is not the case for messilAerodynamic characteristics of
missiles are dominated by the body. Besides thecitglrange of the missile in this
study is 0.4 M to 2 M. This states that airflowwand the missile changes importantly
in this range and so do stability derivatives. Tikialso important for military aircraft
flying at supersonic velocity.

Therefore in this research assuming the stabd#yivatives constant at a
specific flight condition is avoided.

Each stability derivative depends on velocity, langf attack and sideslip
angle. Via MISSILE DATCOM stability derivativeseapbtained at different speed,
angle of attack, and sideslip angle. The rangesesponding to velocity (Mach

number), angle of attack and sideslip angle arergim Table 3-1.

Table 3-1 Mach number, angle of attack, and sidegliangle ranges

M 04| 06| 0.8/ 0.9 0.4 1 11 12 14 146 1.8

a (deg)| 21| 18] 15| -12 | 6 -3 o 3 § ¢ 12 15 18 p1

B (deg)|-12| -10| -8| -6| -4 -2 0 2 4 6 g 10 1p

For that reasonC, , C, ,C, ,C_,C, , andC,_ cover the variation of velocity

(Cxu Crm and Czu), variation of angle of attackQ, , C, , andC, ) and sideslip

n’b )
variation C, ,C , andC, ).

Perturbations on variables are briefly explainelowd17].

3.2.1 Along track velocity (forward velocity) pertu rbation, u:

Forward speed perturbation results in change madhyc pressure},,, and
Mach number, M; consequently, change in longitudia@rodynamic forces and

moment: FAK, FAZ’ andM ,. Corresponding stability derivatives to these ésrand
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moments aré:xu, C, , and Cm,- As acknowledged previously, theses terms are

ZU )
included inC, , C, , andC, terms. Forward speed perturbation’s effects iaréit

force and momentsEAy ,La,andN,, are negligible.

3.2.2 Side velocity (lateral velocity) perturbation  , v:

The relation ship between sideslip angle and datezlocity is formulated in
Equation (3.21). Lateral speed perturbation redaltshange in lateral aerodynamic

force and momenté:zpy, La, andN,. Corresponding stability derivatives to these
forces and moments &g , G, andC,, which are already involved i€, ,C,,
B’ g B Yo ' o

andC, . Lateral speed perturbation’s effects on longrtatiforces and moment are

negligible as long as the sideslip angle is sméhle effect of lateral velocity

perturbation in dynamic pressuyge can be ignored.

3.2.3 Downward speed perturbation, w:

The relation ship between angle of attack and deavd speed is formulated
in Equation (3.19). Downward speed perturbationultesn change in longitudinal

aerodynamic forces and momefRy , Fp . andM, . Corresponding stability
derivatives to these forces and momentsCareC, andC,, . Downward speed’s
effects in lateral force and momen&w ,L, andN,, are neglected. The effect of

downward velocity perturbation in dynamic pressqggeis negligible. Downward
speed perturbation’s effects in lateral forces amainents are negligible as long as
the angle of attack is small. Besides, effectios negligible onC, for the missile.

This assumption is made based on the data obtaim@dVISSILE DATCOM.

3.2.4 Roll rate perturbation, p:

Small perturbations in roll rate cause non-symit@tichanges in local angles

of attacks over wing set and tail fin set surfateis. assumed that there are negligible
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effects on longitudinal aerodynamic moment andeferEAx, FAZ’ andM ,, owing

to changes in local angles of attacks which takegin an anti-symmetrical manner.
Roll rate perturbation results in change in later@todynamic force and moments:

pr, La, andN4. Corresponding stability derivatives to these ésrand moments

areCyp , C|p , and Cnp .

3.2.5 Pitch rate perturbation, q:

Pitch rate perturbation can cause a symmetricagl langle of attack changes
over fuselage, wing and tail fin sets. Pitch ragetyrbation results in change in

longitudinal aerodynamic forces and momént,, Fa . andM , . Corresponding

stability derivatives to these forces and momem&% ,Czq, andC_, . Pitch rate

My

perturbation’s effects in lateral force and momeﬁ;@ ,La, andN,, are neglected.:.
Moreover, stability derivativerq is neglected according to the literature and

MISSILE DATCOM. For the reason that this programeslanot give this stability

derivative as outputs.

3.2.6 Yaw rate perturbation, r:

Yaw rate perturbation not only causes a non-symoaichanges in the local
velocities of wing and tail fin sets but also taussa a non-symmetrical change in local
angle of attacks over tail fins. Yaw rate perturdmratresults in change in lateral

aerodynamic forces and momerﬁﬁ&, La, andN, . Corresponding stability

derivatives to these forces and momentCyre G, , andC,, .

3.2.7 Rate of change of angle of attack, &

When the angle of attack changes with time, witgosoduces a vortex which,
changes with time also and this results in a sicgmit effect on the tail fin set.

Nevertheless, since this missile is a long rangéoasurface missile, it does not face
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an important rate of change of alpha; as a regsltfin set does not produce a
significant vortex field. On account of those @as it is possible to neglect the

effect of rate of change of angle of attack

3.2.8 Rate of change of sideslip angle, 23:

That the sideslip angle changes with time, antiirag-fuselage combination
produce a vortex which changes with time, havegaificant effect on the tail fin set,
especially vertical on vertical ones. Neverthelesssce this missile is a long range
air-to-surface missile, it does not face an imptrtate of change of sideslip angle;

as a result, its fin set does not generate a sgnif vortex field. On account of those

reasons, it is possible to neglect the effect tf oé change of sideslip anghe

3.2.9 Control surface perturbations, 9., d,,and 4;:

It is assumed that control surface deflectiods, and J, , affect lateral

moments and forcel,:Ay ,Lp, and,N, but not longitudinal forces and moments.

Corresponding derivatives af@, ,C|6r , Ch, 'C”c» Cy, andCyér . And 1t is

assumed that longitudinal control surface deflectdp affects longitudinal moment

and forces,FAx Fa, s andM 4 .but not lateral force and moments. Corresponding

derivatives ar&;, , C, ,andC, .

Zse
Finally, with regard of these resulting stabilitgrivatives Equations through (3.50)-
(3.55) and (3.64)-(3.69) result in:

C,=C_+C_3, (3.70)
~ d d JRp
Cy‘Cyo+Cypp2\/ +Cyrr2\/ +Cy6a a+Cya, ) (3.71)
C, =C +Cc'rd+C d+CJ (3.72)
z Z, 7, 2\/00 zqq 2\/00 25, e :
c=c +C pticrdic sica (3.73)
| lo Ippzv (8 A 5 2 s T )

00 00
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_ . d d
Cm—CmD+Cmda2V +Cnhq2\/ +Cm(565e

00 00

c,=C, +C, p2+C.r-l4c a+C, 3.
Y o 5 5

00 00

Fy :[CXD +C,, e]qms

d d
pr :{Cyo +Cyp pnyCy,r?J’Cy%@ +Cy45r}qm5

00 00

B . d d
Fa —{Czo +Cza_ay+czqq?+cz%de}qms

00

_ d d
LA_|:CIO +C|ppy'*cl,r?'*claaéa‘kcl@d}qu

00 00

) d d
MA —|:Cr.nb +C%ay+cﬂhq?+cm%5e}qw8d

00 00

_ d d
NA_|:CnO +Cnp py+Cnrr?+Cnéa5a+Cn45r}qud

00 00
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CHAPTER 4

TARGET, MISSILE AND GUIDANCE

This part covers the missile’s characteristicsteptial targets, and the
approach of guidance that shapes the basis ofatlentdesign. It is apparent that the
target constructs the scenario, missile type anfibédtures or vice-versa. At this point,
guidance achieves the path of scenario endingrgettégn a way that terminates the
path with best accuracy. Therefore, starting whih target would not be a bad choice

at all.

4.1 Target

A chief goal of this missile is to shatter enemfgse-defense barrier before
the attacking force, especially military aircrafeach the zone. In other words,
mission is to destroy high-value, well defendecheavily defended land targets. A
target can be a military base, an airport or a camaation station. Actually, ships,
or any relocatable system can be a target. Morernmdtion about the target is
definitely required, especially for warhead designonetheless, this is adequate at this
point for this study.

To sum up, in this study the target is assumeckta fixed circle on the Earth’s

surface with 50 m radius. Its altitude is assunhmedsame as sea level.

4.2 Missile

As stated in the previous part, the aim of thissite is to wipe out an
opponent's defensive line. Approximate necessargerdor this missile is about 80
km +/- 20 km. These kinds of missiles are callehd off missiles as well as short
range ballistic missiles. They are like guided glidbombs. Nevertheless they have
some form of propulsion systems, such as air-biegingines or rocket motors. The

most common propulsion systems for air-breathingjress are turbojet, ramjet, and

36



scramjet. Solid propellant and liquid propellanpdyrocket motors are the most
common systems for rocket motors. Although air-iveg engines provide missiles
with more stand-off distance, they cost quite a fibre than rocket motors.
Consequently, as long as the aimed range can laénettby a rocket motor, cost
effectiveness of the rocket motors is an adequasesion which to make the design
decision of propulsion unit.

In this study, the missile propulsion system suased to be a solid propellant
rocket motor. Since it has simple structure, higliability, and high density over and
above that they are low cost systems. Furthernibeg, are easy to operate. That's
why solid propellant rockets compose the majorftthe missiles on the market.

End burning solid propellant with constant burnirade is used as in this
research. Therefore, constant thrust is acquirezligihout the burning period. This
period takes about 116 seconds. The propellantightvées approximately 35 % of
the missile. A basic scheme of the end burning fgppellant is figured in Figure
4-1.

End Burning

Figure 4-1 End burning propellant

As a result, the rate of change of center of gyam the missile depends on
the rate of change of mass of the propellamt, In addition, change of center of
gravity results in change in inertia terms. Thisaisen into account at seen equations
of motion in CHAPTER 2.
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A missile can be launched from an air vehicle @nithis case it is called as an
air-to-surface missile, whereas it is a surfaceutdace missile is lunched from a
surface unit. Modifying the missile with essentiardware and software may enable
it to be able to accomplish an air-to-surface amfiase-to-surface mission. A major
advantage of air-to-surface missiles over surfaegutface ones is the standoff
distance they provide. This permits them to lautiod artillery outside the most
intense air defenses around the target location.

In this study, an air-to-surface type launchesetected. Thus, the missile’s
flight initiates at a specified altitude. It mayeakto be capable of achieving different
trajectories such as arc, cruise, glide to cruase, diving trajectory (see Figure 4-2,
Figure 4-3, Figure 4-4, and Figure 4-5).

h (altitude) A Arc Trajectory

Figure 4-2 Arc trajectory

In Figure 4-2, phase 1 defines the initiation agulsion, phase 2 defines the
burn-out, and phase 3 defines termination. Theestagween 1 and 2 shows the

thrust-powered flight. The stage after this onthésgravity-powered flight.
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h (altitude) A Cruise

[R=]

\..i_.r \ X

Figure 4-3 Cruise trajectory

In Figure 4-3, phase 1 defines the initiation obgarision, phase 2 defines
cruise stage, and phase 3 defines terminationbliheout stage takes place towards
the end of cruise. When the velocity of the misdileps to a point which results in
lift less than weight of the missile, missile ssatd loose altitude and cruise stage
ends. Thrust-powered flight is the largest compowérruise. The stage after cruise
is the gravity-powered flight that ends at the ¢&rg

h (altitude) A

Glide-to-Cruise

1 2 \
2 >

Figure 4-4 Glide-to-cruise trajectory
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In Figure 4-4, phase 1 defines the initiation obgarision, phase 2 defines
cruise stage, and phase 3 defines termination.h&sseparation of missile from
aircraft takes place, the missile begins to glmeruise altitude by the help of gravity.
The burn-out stage takes place towards the enduidec When the velocity of the
missile falls to a point which results in lift ledgan weight of the missile, it starts to
loose altitude and cruise stage ends. The lase stadhe gravity-powered flight

towards the target.

h (altitude) A Dive

(5]

Figure 4-5 Dive trajectory

In Figure 4-5, phase 1 defines the initiation ajguision, phase 2 defines the
dive stage, and phase 3 defines termination. The-dut stage does not take place in
this trajectory. Actually, achieving especiallyghind of trajectory is the goal of this
study, since termination happens before burn-outother words, guidance of the
missile via active control that commences justrafeparation and lasts to the blast.

Details about trajectories are studied in the @dtion, and comprehensive
design of controller of the missile is studiedhi hext chapter.

Design of the missile is conducted via searchinghmetitors, first guess
sizing, airfoil and geometry selection, propulsiand fuel system integration,
aerodynamics, weight and balance, stability andtrobnperformance and flight

mechanics. Dynamics, control and guidance of th&sitei is the focus of this study.
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However, it is crucial to understand missile geownednd aerodynamics since
appreciating them builds a bridge to flight mecharand control. Hence, it is helpful
to concentrate on the missile geometry and itsrobrsurfaces somewhat. Not to
divert the object of this thesis, brevity is kepbugh. Figure 4-6 illustrates the fin
sets and control surfaces of the missile. Contrdbses are indicated in red. Second
and fourth panels of fin set 1 are used as theoail@nit to provide roll moment.
Corresponding rotation is seen in Figure 4-7. Sé@md fourth panels of fin set 2 are
used as elevator to provide pitch moment. Itstiatais given in Figure 4-8. Yaw
moment is provided by the panels 1 and 3 and té&ition direction is available in
Figure 4-9. In the figures, positive deflections diustrated.
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Fin set 1

Figure 4-6 Control surfaces

Figure 4-7 Aileron deflection rotation
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Figure 4-8 Elevator deflection angle

Figure 4-9 Rudder deflection angle

All control surfaces rotate around hinges, so #eyall called moving panels.
Rotation angle is described as incidence angleg&athe incidence angle to obtain
the stability derivatives and aerodynamic coeffitseare given for aileron, elevator,
and rudder in Table 4-1. MISSILE DATCOM is usedhtmuire these derivatives and

coefficients.
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Table 4-1 Aileron, elevator, and rudder deflectiorranges

Aileron(deg) | -20] -16[ -12] -8] -4] o 4| 8] 17 16 2p

Elevator (deg)| -20 | -16| -12| -8 -4 0 4 8 12 14 20

Rudder (deg) | -20 | -16| -12| -8 -4 0 4 8 12 14 20

4.3 Guidance

Guidance can be considered as the brain of theilmist directs the missile,
and therefore, directs its maneuvers via the cbs&ction to reach the target and be
exploded at the target by means of the armamernioseand fuzing system. As
affirmed before, the target is assumed to be firetthis study. On the other hand, in
the case that a seeker is mounted on the misstleabtarget coordinates are able to
be updated in real time, missile can be guided moo&ing target too. Assumptions
for guidance are:

* Fixed target

* Missile has Global Positioning System (GPS)
* Missile has Inertial Navigation System (INS)
* Missile does not have a seeker

Given that the missile has GPS and INS, it dodsneed to have a seeker.
Because, the target is fixed. This reduces theafaste missile significantly. Terrain
Counter Matching (TERCOM) can be integrated torthssile too. It is imperative at
correcting errors in the inertial navigation systigmedicted terrain profile data stored
in the missile's computer are compared with thetéey profile under the missile.

Figure 4-11 shows the longitudinal view of missiled target. Flight path

angle y is the angle between local horizon and velocitgtee of the missile. The

angle a between X coordinate of Body-fixed frame and viélowector of the
missile is the angle of attack. Moreover, the ¢aig given as a circle on the Earth’s
surface with a radius equal to 50 m. The reasomdethe predetermined radius of
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the target is related to the warhead. The warheadnsidered to be the payload of
the missile. It changes from one target to anotlegrending on the specific mission.
They might carry two or three different types opkssives as well. This missile has
an approximate capacity of 33 % of the overall malsshe missile reserved for
warhead. The radius of the warhead’s effective dseassumed to be 50 m.
Accordingly, the adequate circular error of proliab(CEP) can be assumed to be
equal or less than 12 m.

Although, it is stated that the target is assurmedhe Earth’ surface, it may
have an altitude. For the moment, it is importankoad the predicted terrain profile
data in the missile's computer to avoid the migsilerception of other objects like a

mountain, or a tower.

Figure 4-10 Longitudinal view of the missile and teget
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Velocity vector shows instantaneous directionhef missile (see Figure 4-10).
From the Figure 4-10, it is obvious that to guitie missile to the target, a force
needs to be applied so that missile alters itsctae towards the target.
Consequently, in order to hit the target, veloeiector should point target; in other

words, it should coincides with the vector thagors at missile’s center of mass and
ends at the center of the targ%rt. This is the goal of the longitudinal guidance.

Figure 4-11 demonstrates the perfectly guided ihaisg; longitudinal

coordinates.

Aliszile

Figure 4-11 Longitudinal Guidance

In Figure 4-11 flight path angle of the missileeigual to desired flight path

angle. In the view of that, velocity vectk?gcoincides with target vectd’f:'zT as a
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result of guidance. The realization of the guidamcg@erformed by the nonlinear
controller explained in the next chapter.

Figure 4-12 shows lateral view of the missile #meltarget. Yaw angl& is
the angle between X coordinate of Earth-fixed frammel the projection of the X
coordinate of body-fixed frame of the missile ornrtBasurface plane. The angle
between X coordinate of Body-fixed frame and velpeector of the missile is the
side slip angle. Velocity vector shows instantarseditection of the missile. Apart

from this, the required side ang(éP +,[>’) S0 as to direct the missile to the path

desired

pointing the center of the target is seen in Fighfe.

Aissile

Target

Figure 4-12 Lateral view of the missile and target

As a result, in order to hit the target, veloaigctor should point target. This

is the goal of the lateral guidance. Figure 4-kpldiys the perfectly guided missile in
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lateral coordinates. Hence, velocity vectbrcoincides with target vectdR. as a

result of guidance.

It should be noted that while commanding yaw angjiée slip angle should
be taken into account too. For the reason thabcitglvector should overlap on target
vector rather than on X axis of the body-fixed feam

This study assumes that atmosphere is at restlmavie a uniform velocity in
space and constant. Therefore, small angle ofgdigdecan be assumed. However, in
turning maneuver, missile might have non-negligibide slip angle. This can be
avoided by applying coordinated turn maneuver ictviside force is kept zero so as

to get zero side slip angle [13, 19].

Aissile

¥, F Target

Figure 4-13 Lateral guidance
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Assuming atmosphere is at rest or at uniform nmosoa special case and not
usual in real life. When there is wind, it needb®added to calculations to obtain
missile velocity terms with respect to Earth-fiXeaime [13].

In this study both thrust vector and its magnitade not controllable. Thrust
is constant and available by propulsion section dpproximately foremost 116
seconds. Afterwards, missile performs gravity-pauditight.

Above, guidance is explained in two subdivisiohkis does not mean that
longitudinal and lateral guidance are performedassely via controller. It is divided
into two parts just to make the idea easier tofll

Calculation of the yaw angle and flight path angte geometrized in Figure
4-14.
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Figure 4-14 Desired yaw and flight path angle

Where, XY, defines the distance from missile to target on Xanp of the Earth-

fixed frame and h defines the altitude of the nhesgiith respect to target. It is visible

from the figure desired flight path angle is:

Viesired = tan™ 4.1)

XY,

and desired yaw angle is equal to:
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Wi :tan’l—(Yt Yo
(XtE a Xms)

In summary, the missile has Inertial Navigatiorst8yn (INS) and Global
Positioning System (GPS). INS has three acceleensm@thich measure accelerations
along three mutually perpendicular axes. Firstgragon of these accelerations give

the velocities and second integration results sitppms. INS is entirely contained in

(4.2)

the missile and is programmed before launch. GR@stion is to correct the error in
INS and so as to attain a high accuracy. To acdshmphe explained guidance

method, yaw angle and flight path angle are senhéocontroller as the inputs and
this is achieved in the next chapter.
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CHAPTER 5

CONTROLLER

The guidance explained in previous chapter is eagld by nonlinear
dynamics inverse controller. In this chapter, des§the correspondent controller is
illustrated.

5.1 Missile flight control system

In guidance section, required control parameteesdatermined: flight path
angle and yaw angle. Overall flight control systemthe missile is composed of
target, guidance, control variables modificatiomogwrtional-integral-derivative
(PID) controller, inverse dynamic controller, adtura, and missile dynamics. A

block diagram of the missile flight control systamgiven in Figure 5-1. Where,

(de,LPd%) is the pair of desired angles, flight path angld gaw angle generated by

guidance to orient missile velocity vector in theedtion of the target. Guidance unit
generates these angles via coordinates of miseiletarget in Earth-fixed frame

represented by X, .Y,.,Z,). and(X,,Y;,Z). respectively in the block diagram.

Guidance unit's output passes through modificationthis stage, control
variables are modified either to achieve the ddsirajectory or to moderate the
control inputs to get preferred settling and transiresponses. The control method,
inverse dynamics control is implemented with PIBdieack. Thrust’s magnitude and
direction is constant and non-controllable durimg burning of propellant. Control is
accomplished by aerodynamic surfaces: aileron,agbevand rudder. In figure,
inverse dynamic controller in conjunction with Pikdthe autopilot of the system and
it has the task of stabilizing of missile and tiagkthe guidance unit's outputs.
©

e_cnd?

o) 0, ) are the respective commanded elevator, ailerod, radder

a_cnd ' ~r _cnd

surface deflections by inverse dynamics controAetuators convert the commanded
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elevator, aileron, and rudder surface deflectiooming from the autopilot into
achievable mechanical responses in order to deflextfins to steer the missile

towards the target.

I:- 'X-W: b };V -'Zv. .-.lg

=

Guidance Target

Aodification

Actuators States

li.ci.-&;.-ifl

Missile Dynamics

Figure 5-1 Missile flight control system

The transfer function of the actuators used inthissile is given in Equation (5.1).
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) 5\
f:(5+s) G-

cnd

Where, the term,, stands for commanded surface deflection gpdstands for

actual surface deflection attained by actuatorssMe dynamics in Figure 5-1 refers
to the nonlinear 6 degrees of freedom model of wagable mass missile (see
CHAPTER 2 for dynamics of the model).

5.2 PID

As affirmed previously, inverse dynamics contrel executed with PID
feedback. Consequently, the gradient of contrdlegsponse is adjusted by the
proportional, integral and derivative gains. Thare two PID controllers. One of
which is for flight path angle feedback and anothee is for heading angle feedback.
That is, each PID controller is single input singl&put type. The dynamics of the
inverse dynamics controller might be realized byPPD controller. Nonetheless, PI
controller results in unsatisfactory overshoot perfance and PD controller is not
sufficient to overcome the steady state error. B dynamic is preferred in this
study. The steepness of the response is implemégtédht path angle and heading

angle proportional gains respectively.

LY 1 PID _ | Inverse Dvnamic Controller }—--

Figure 5-2 PID controller
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Figure 5-2 illustrates the feedback loop involviPi@ controller. Actually this
PID box consists of two PID controllers which ace flight path angle and heading
angle. As seen from the figure, the inputs to th® Pontrollers are differences
between desired angles coming from guidance umit ingtantaneous true angles
obtained from the missile dynamics. Outputs of BB controllers are the second
derivatives of the flight path angle and headingl@ihat are the inputs to the inverse

dynamics controller.

5.3 Nonlinear inverse dynamic controller

Derivation method of the inverse dynamic is simita the one in [12].
Equations of motion of the missile are derived IHAPTER 2 and summarized

through (2.123)-(2.137). They are re-summarizede hior streamline of the

derivation:
U +m(U +QW -VR) = -mgsin®+ F,, +F, (5.2)
mV+m(V +UR—PW) =mg cosO sind +F,, (5.3)
W +m(W + PV ~UQ) = mg cos® cosh+F,, (5.4)
| P+l P=L, (5.5)
1,Q+1,Q-(1,~1,)RP=M, (5.6)
I,R+1,R=-(1,-1,)PQ=N, (5.7)
P=d-W¥sinod (5.8)
Q=0cosP+W co® simp (5.9)
R=WcosO cosp-0O simd (5.10)
Xe =U (cos® cosP)+V ( sip si® co- cds i) (5.11)
+HW (cos® sin® cos + sid sit)
Y. =U (cos® sinW) +V ( siP si® si¥+ cob cas) (5.12)
+W (cos® sind sirt - sid cod)
Z. =U (-sin®)+V (sin® co®)+W( co® cdd) (5.13)
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P =(Rcos® +Q sind) se® (5.14)
© =Qcos® - R sind (5.15)
@ =P +(Rcos® +Q sind) tar® (5.16)
The inputs to the inverse dynamics controller are:
-
In other words, they are the commanded terms irflidat control system. Moment
equations through (5.5)-(5.7) contains the ratehainge of angular velocities of the
missile in body-fixed frame which play the role di€tating required control surface

deflections. Rate of change of angular velocitias te obtained by taking time
derivative of Equations(5.8),(5.9) and (5.10). Tihegtude the terms:

- 0
. O

These are the resultant commanded terms of themsysiherefore, it is needed to

find ® and®, so two equations.
First one can be obtained from incorporation ofi&mpns of (5.8) and (5.10)
into Equation (5.3). Before this incorporationoutght to be noted that in coordinated

turn lateral acceleration is zero; as a res#|f, is zero in Equation (5.3) [13].

Consequently, after some manipulation, first equmis obtained as below:

rmnV+V+‘4'J(U cosO cosP +W sii®)-UO sib-g cd sih

o= (5.17)

W

Second equation can be acquired from the Figuse I6is observable from

the figure that:

U =V, cosp cosr (5.18)
V =V_sing (5.19)
W =V, cospf sinr (5.20)
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) W,
siny=—-=E 5.21
Y=~ (5.21)

where;:

W, =Z, (5.22)

Figure 5-3 Flight path angle, side slip angle andrale of attack

Hence, when Equation (5.13) integrated in EquaftoRl), Equation (5.21) takes the

form of:

U (sin®) -V (sin® co®)-W( co® cdd)
Y/

C

siny =

(5.23)

Via Equations from (5.18) to (5.203jny is obtained as:

|siny= cosf cow sSi®- sif s c@& cBs ain dos @4 (5.24)

Finally, via some derivations and manipulationstteg Equation (5.17) and

Equation (5.24), expressions & and © can be obtained.
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Next step in the inverse dynamics controlleroigyét the rates of change of
angular velocitie®?,Q and R by means ol ,© and®. Afterward, these rates are
put into force and moment equations to find theunexgl control surface deflections.

Briefly, inverse dynamic controller first gejs W then finds corresponding
® and©, subsequently calculates related rates of chahgagular velocities? , Q

and Rand lastly attains the required surface deflectioias Equations throughout
(5.2)-(5.7). This procedure is explained below.

To obtain the required elevator deflection, aenasfigic moment termM ,, in
Equation (5.25) needs to be expanded via momeriffideat, C_ (see Equation

(5.27)).

[,Q+1,Q-(1,~1,)RP=M, (5.25)

M, =C.q,d (5.26)

c =c +c_Yic a+c a-Lic gL c 5 27
0T Oy T AT Ca Gy Ol T (52)

Therefore, elevator deflection is obtained as follo

u d d
. - c +c Y+c ag+c a9 +c q O

[ Q+1.0-(1.-1.)RP “m*Cn m @+ Cn, m
5= 1»QF1,Q (1, ~ 1. )RP v, ., Vo (5.28)

¢ q.SdC,, C

M
Via the same way, aileron and rudder deflectiomslmobtained using the equations
(5.29) to (5.37).

mv+m(v +UR—PW) =mg cosO sind +F,, (5.29)
| P+l P=L, (5.30)
I,R+1,R-(1,-1,)PQ=N, (5.31)

F, =C,a.S (5.32)

L, =Ca. < (5.33)

N,=C.q, (5.34)
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d

00

d

=)

d
G =C, +C L+C, pg"'chr?"'cl[,ada"'clérd

d
Cy :Cy0 -I_C)/;;'B-I_Cyp py+cyrr?+cyaada +Cy5,5r

00

00

_ d d
C,=C, +Cnﬂ,5+Cin2V +C. 1 Y,

00

00

+ Cn5 5a + Cn5r 5r

(5.35)

(5.36)

(5.37)

Resultant equation which shows the required aileand rudder deflections apart

from sideslip angle is obtained in Equation (5.38).

1 R+IR-(1, -1_)P |
| (XX W) Q—Cno -C, p—OI —Cnr—OI
5 [c - q.d .V Y
ng ns, N, . .
I P+1,P d d
53 = CI | | ——C:I0 _Cl p_—CIrr (538)
5 oo e 9. d Y A,
" C
Vg Yo, Yo, d d
_Cyo _Cyppww _Cyrr Ww
In this study, corresponding stability derivativemre calculated at

correspondent angle of attack, sideslip angle,Mach number; as a result, variation

of C,,C

y )

C, terms. Thus, Equation (5.38) becomes:

0, i
=AB
o,
where:
.

Cng N, ng,
A=1GC, G, | |G,

C C
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andC, with respect to sideslip angle can be includedGp,C, , and

(5.39)

(5.40)



R+1,R=(1,-1,,)PQ

)
C.. Cu 9. d
) | P+l P
R Tos
CYaa Cygr

d

d

00

_C R — r——
N vancity

d d
-C, -C, p=—-C,r—
LS VRG]
d
da
7y

00

_Cy0 - Cyp py - Cyr r

00

(5.41)

Where, superscript T shows the transpose operatitire corresponding matrix.
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CHAPTER 6

RESULTS

This chapter is composed of the simulation resfits inspection and
verification of the missile design and principahyissile dynamics, guidance and
control. For this purpose more than a few casegsponding to different trajectories
were studied; nonetheless, for conciseness, decishes are presented here. In
particular, the cases in which the missile comgléate flight before burn-out are
presented so that it enables us to scrutinize dinéra characteristics of the missile
throughout the propulsion. Corresponding cases are:

» Casel : Cruise trajectory

 Casell . Arc trajectory

 Caselll : Dive trajectory

e CaselV : Immediate dive trajectory

« CaseV : High initial angle, 45 deg

 Case VI : Moving target with 8 m/s on X-axis in i@l frame

Table 6-1 summarizes the early positions of nessild target for each case. It
includes the initial velocity of the missile at barase as well.
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Table 6-1 Initial conditions and coordinates of themissile and target for cases

Missile Initial Conditions Target Coordinates Initial
X Y Release| Release X Y Z Angle
Case (m) (m) | Altitude | Velocity (m) (m) (m) (deg)
(m) (m/s)
I 0 0 4000 300 80000 25000 0 17.35
Il 0 0 4000 300 140000 25000 0 10.12
1] 0 0 4000 300 25000 3000 0 6.84
v 0 0 4000 300 15000 1000 0 3.81
\Y 0 0 4000 300 50000 5000d 0 45
\ 0 0 4000 300 80000 10000 0 7.13

Initial angle defines the angle between velocitgtoe of the missile and the
target vector,lir that connects the missile to the target, at separaff the missile

from aircratft.

In trajectory plots, X, Y, Z axes correspond totkdixed frame. It needs to be
noted that —Z is equal to the altitude of the nesand positive Z points the center of
Earth. The radius of the target is 50m for eachecaisd it is observable in the
correspondent XY plane flight path of each case.

Main difference in the last case is having moviaggét. In this case, target,

which can be a warship, moves with velocity 8 mis<eaxis of inertial frame.

6.1 Casel

This case is called cruise trajectory since kapt at constant altitude before
diving maneuver. However, it is different from gealecruise in that its velocity is
not constant. Therefore, it makes the trajectoryenttifficult to attain. Figure 6-1 and
Figure 6-2 show the trajectory of the missile in gldne and Figure 6-3 and Figure
6-4 show that in XY plane. It is obvious from thguire that missile accomplishes to
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keep the cruise altitude by an oscillation lesthd0 m around the cruise altitude
that is caused by the airspeed variation resulimdift change. Meanwhile the
airspeed of the missile increases up to 526 mé2 () in which burn-out occurs and
the airspeed starts decreasing till diving stage (Sigure 6-9 and Figure 6-10). In
diving, via gravity, speed reaches to 313 m/s ((M)2in which termination of the
target takes place.

Instead of using exact initial trim conditionstiested trim point is used to
test the adaptability of the missile and it is sé@m Figure 6-7 that, the missile
achieves its dynamic stability after a little periof time, 5 s. Sideslip angle remains
very small throughout the flight; therefore, commea heading angle steers the
missile to the target with negligibly small erraeé Figure 6-8). This steering is
actualized at the beginning of the flight in ordermaximize the effective range of
the missile. Figure 6-6 demonstrates the commaadddactual heading angles where
rise time is about 13 seconds. The settling tim@oissmall because of the nonlinear
aerodynamics of the missile wherein aerodynamicffictents and stability
derivatives change nonlinearly. Actually, this slation reveals closer results to the
real time applications. This steering is attaibgdcoordinated turn. Required bank
angle for this turn reaches up to 42 degrees (gped-6-11). Figure 6-13 and Figure
6-14 illustrate the correspondent aileron and rudfidlections for this turn. This is
obtained by very small deflection angles owing ltareoving fins. Figure 6-13 gives
an idea about the stability about the longitudemat, X. It lacks of stability about X
axis, so aileron continuously deflects to hold #eeo bank angle. This stability is
generally provided dihedral angle; neverthelessy tmay cause more contact in
shock wave and so heat dissipation problems. Bhaui of the scope of this thesis.

When the missile is as close to the target agatbsd get aimed impact angle
controller starts getting the flight path angleegivin Figure 6-5. Elevator deflection
range for this maneuver is quite reasonable (sgeréi6-12). Although, the rise time
for flight path angle is not very fast, it is qudeceptable for fixed targets. In fact, the
slow response can be improved by modifying the B#dins, especially modifying
flight path angle proportional and derivative gaimMonetheless, faster response
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makes the pitch rate steeper and that results sewere inertial coupling (see Case I
for inertial coupling) that may result in big citau error of probability owing to
disturbance in dynamic stability.

Variation of mass, center of gravity, moments ridrtia about X, Y, and Z
axis are given throughout Figure 6-15 - Figure 6RA@thermore, roll rate, pitch rate
and yaw rate related to maneuvers are given thrthgkigure 6-20 - Figure 6-22.

Circular error of probabilities on XZ and XY planean be obtained from
Figure 6-2 and Figure 6-4 respectively. It is 1 mXZ plane and less than 1 m on
XY plane.

To sum up, even though the response of longitlidimaneuvers is sort of
slow, the missile is able to achieve to terminie target by less than 1 m circular

error of probability.
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6.2 Case ll

In this case, missile starts climbing whenevas geparated from the aircraft
safely. The main advantage of the arc trajectoty increase the range of the missile.
First stage of this flight is thrust-powered fliglmid the second stage is powered by
gravity. Missile almost reaches 12000 m altitudéhis case.

Figure 6-23 and Figure 6-24 show the arc of thesi@ in XZ plane and
Figure 6-25 and Figure 6-26 show it in XY planeajéctory initiates with increasing
altitude and then ends by diving. Since, guidanué fust commands positive flight
path angle and then commands the negative onealaadhe trajectory and this is
observable in Figure 6-27. Airspeed variation @& thissile during arc trajectory is
presented in Figure 6-31and in Figure 6-32. Diifdsefrom the first case, speed
rises up to 595 m/s (2.02 M) owing to the fact thathigher altitude, air density
decreases; so, drag decreases as well. This penmsgge to fly faster.

When the burn-out occurs, missile is longitudyateered directly to the
target. On the other hand, lateral steering ontissile begins just after separation to
make the use of propellant more efficiently towatdsget which is noticeable in
Figure 6-28. Rise time is achieved about in 8 sds@and again the settling time is
not small because of the nonlinear aerodynami¢eeomissile wherein aerodynamic
coefficients and stability derivatives change nosdirly. Where sideslip angle stays
very small all over the flight; consequently, cormdaed heading angle steers the
missile to the target with negligibly small erraseé Figure 6-30). Steering is
achieved by means of coordinated turn which comedp to 35 degrees bank angle
as shown in Figure 6-33. History of the aileron amdder control surface deflections
is available in
Figure 6-35 and Figure 6-36. These figures revealquite small deflection angles
are adequate for this turn on account of all moving

At the beginning of the flight, the missile achesvits dynamic stability after a
little period of time, 6 seconds (see Figure 6-28 Rigure 6-34).
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As affirmed in the case I, aileron deflection brgtgives an idea about the
stability about the longitudinal axis, X. It doestrhave stability about X axis; so,
aileron continuously deflects to hold the zero bangle.

Another crucial thing that is salient in Figure2B-and Figure 6-33 is the
immediate bank angle disturbance as the missitanteneously pitches down about
at 117" second. This is also noticeable as a disturbandeeading angle history

(Figure 6-28). This is because of the inertial dmgpthat comes from th€Q and

PR in moment equations (2.127) and (2.128) [18]. Tikisbservable in roll, pitch
and yaw rates in Figure 6-42, Figure 6-43, and feigi+44 respectively. Rapid pitch
down rate results in instantaneous positive yaw rafidrates; as a result, positive
bank angle and yaw angle disturbances. The coatrolanages to re-stabilize the
missile after this inertial coupling though. Thiggimt be alleviated by modifying
wing and tail area or with additional improved aohtsystems. Therefore, more
studies need to be conducted to solve this issue.

Variation of mass, center of gravity, moments ridrtia about X, Y, and Z
axis are given right through Figure 6-37 - Figu+é16

Circular error of probabilities on XZ and XY planean be obtained from
Figure 6-24 and Figure 6-26 in that order. It isathl m on XZ plane and XY plane.

To sum up, the missile is able to achieve to teate the target by less than 1
m circular error of probability. Moreover, the rangf the missile is increased % 75

with respect to first case.
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6.3 Case lll

Unlike the first two cases, in this case convecgeof the missile’s trajectory
to the target takes place before burn-out. Nex¢,caase 1V, is also similar to this
case. Verification of these cases makes terminaibbriclose targets possible. That is,
even though the missile is designed for standsifgrt-ballistic (~100 km) ranges,
confirmation of these cases enable the missile alndh so as to wipe out
unexpectedly arising targets; such as ships, bundddden artillery or bases. In this
respect, validation of those may contribute sigatifitly.

Since, the most portion of the trajectory is cosgzbof diving maneuver; this
case is called dive trajectory. Figure 6-45, Figbu46, Figure 6-47, and Figure 6-48
show the trajectory of the missile on XZ plane ax¥ plane respectively. From the
figures, it is seen that first 11000 m is travegdhe altitude of 4000 m and then
diving phase commences. Along through the comlonati constant altitude diving
paths, airspeed of the missile continuously in@sdsr the reason that the thrust-
powered flight happens. Figure 6-53 and Figure 6pbdsent the speed record
wherein maximum speed is acquired at the overlahetarget as 516 m/s (1.51 M).
It is the maximum striking speed among the firse¢ghcases. This is preferred owing
to the fact that it appreciably boosts the effdcstoke. Plus, remaining propellant
may well behave like warhead that provides the iteisgith more efficient strike (see
Figure 6-59).

Figure 6-51, the record of angle of attack showw lefficient the missile
achieves dynamic stability in a short period oEl#san 5 seconds. As stated before,
the missile does not start at a predeterminedgomt. Moreover, it is apparent while
the speed of the missile rises the angle of attacknishes because required lift is
obtained at a lower angle of attack.

Sideslip angle remains very small throughout tHeght;, therefore,
commanded heading angle steers the missile tathettwith negligibly small error

(see Figure 6-52). This steering is accomplishetlebeginning of the flight alike in
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previous cases. Figure 6-50 reveals the commami¢@etual heading angles. From
this figure, rise time is read about 8 seconds.d\lmless, heading angle is disturbed
at 30th second owing to the rapid push down (nasendpitch rate). High airspeed
plays an important role at making the pitch steelgiémor unwanted-inertial-coupling
consequences are observable in Figure 6-55, andssigted control surface
deflections to minimize the disturbance are obsgmd-igure 6-57 and

Figure 6-58. This is the same issue faced in tke da

Diving maneuver to obtain -20 degrees flight patigle is shown in Figure
6-49. The corresponding elevator deflection histsrgiven in Figure 6-56. Where,
extremely steep commanded elevator deflection aftgleoitch down maneuver is
noticeable. As declared in the case I, to preweatmissile from having unwanted-
inertial-coupling outcome, smoothing the steeptpdown or pitch-up maneuvers
will be investigated in the following studies.

Center of gravity, moments of inertia about X, afd Z axis are available
through Figure 6-60 - Figure 6-63 . .Besides, raté, pitch rate and yaw rate related
to maneuvers are given in Figure 6-64, Figure 6a@8l, Figure 6-66.

Circular error of probabilities on XZ and XY plaw@re 6 m and 2 m
respectively (see Figure 6-46 and Figure 6-48).

To sum up, even though the response of longitlidiv@aeuvers is again kind
of slow, the missile is able to accomplish to terate the target by less than 8 m

circular error of probability.

92



-5000

-4000

<

x 10

X (m)

Figure 6-45 XZ plane flight path for case Il

x 10"

X(m)

Figure 6-46 XZ plane missile-target interception focase Il

93



RN

3500

1000} -

15 2.5

X (m)

0.5

<

x 10

47 XY plane flight path for case llI

Figure 6-

T T T T T T
| | | | | |
| | | | | |

k- - -———- H-———- +--——- +--——- - +
| | | | | |
| | | | | |
| | | | |
| | | ! | |
| i | ) | |

L N

|
|
|
|
|
|

\\\\\\\\\\\\\ B e S A W B

|

|

|

|

|

e R

|

|

|

|

|

|

|

|

|

|

|

|

e T el B e et

| | | |
| T | |
| | |

| | | |
| | | |

\\\\\\\\\\\\\\ S A
| | | | | |
| | | | | |
| | | | | |

i i i i i i
o o o o o o
< N o Q © <
o o o N o2} (o2}
™ ™ ™ N N N

E
>

2.5 2.502 2.504 2.506

X(m)

2.494 2496 2.498

x 10"

Figure 6-48 XY plane missile-target interception focase Il

94



Actual

\\\\\\

L _

\\\\\\\\

L _

(bap) a|bue yred b4

Time (s)

Figure 6-49 Flight path angle for case llI

— — Commanded

Actual

\\\\\\\\\\\\

\\\\\\

\\\\\\

\\\\\\

(6ap) a|bue BuipeaH

Time (s)

Figure 6-50 Heading angle for case Il

95



. . . .

| | | |

| | | |

| | | |

| | | |

| | | |

\\\\\\ T N (O RN

| | | |

| | | |

| | | |

| | | |

| | | |

| | | |
\\\\\\\ -+t —+ - === - + - —- - =

| | | |

| | | |

| | | |

| | | |

| | | |

| | | |
\\\\\\\ e e

| | | |

| | | |

| | | |

| | | |

| | | |
\\\\\\\ - —"~—"Ft—-—-——-——-——- -+t - = - - — T - - - - - - =

| | | |

| | | |

| | | |

| | | |

| | | |
\\\\\\\ L e

| | | |

| | | |

| | | |

| | | |

| | | |

| | | |
\\\\\\\ - " —"—"FF—-——-—-—-—-—t - - - -t - —-—-—- - - "

| | | |

| | | |

| | | |

| | | |

| | | |

N N N N

Te) o 19} () To)

- —

20

(6ap) xoene Jo ajfuy

70

Time (s)

Figure 6-51 Angle of attack for case Il

\\\\\

\\\\\

\\\\\

\\\\\

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

10

(6ap) aibue dijsepis

70

Time (s)

Figure 6-52 Sideslip angle for case Il
96



\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

\\\\\\\

\\\\\\\

6oof -

(s/w) paadsiiy

Time (s)

Figure 6-53 Airspeed for case Il

Time (s)

Figure 6-54 Mach number for case llI

97



(6ap) ajbue Mueq

Time (s)

Figure 6-55 Bank angle for case Il

Actual

[
o
i

-15

(Bap) a|bue uonos|jop Jorens|3

70

20

10

Time (s)

Figure 6-56 Elevator deflection angle for case lli
98



Aileron deflection angle (deg)

Aileron deflection angle (deg)

|
10 \

n
-

M,,,,; ,,,,,, L,,,,,;,, ,,JT, 7LComm,anded .

Actual

777777777777777777777777777777777777777777777777

’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’’

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
|

************************************************

————————————————————————————————————————————————

————————————————————————————————————————————————

Figure 6-57 Aileron deflection angle for case Il

99




\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

[
I
I
I
I
I

---r
I
I
I
I
I
I

Actual

—— — Commanded

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

|
|
|
|
|
|
- - -t
|
|
|
|
|
1

|
|
|
|
|
|
- - -t

- - - - 1

[

I I

I I

I I

I I

I I )
o o] o
—

|

|

|

|

H
0

10b-----

(Bap) a|bue uonoa|jop Joppny

70

60

50

Time (s)

—— — Commanded |1

Actual

L _

L _

L _

L _

(6ap) ajbue uonods|jep Jeppny

Time (s)

Figure 6-58 Rudder deflection angle for case lli

100



\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

\\\\\\\\\\\\\\\\\

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

\\\\\\\\\\\\\\\\\\

\\\\\\\\\\\\\\\\\

\\\\\\\\\\\\\\\\\\

1500

(6) sse

Time (s)

Figure 6-59 Variation of the missile’s mass for caslll

Time (s)

Figure 6-60 Center of gravity for case llI

101



(zwbx) xx|

Time (s)

Figure 6-61 Moment of inertia about X axis for caséll

1400

Time (s)

Figure 6-62 Moment of inertia about Y axis for caséll

102



e — — — — - - — — — -

e — — — - - — - — — — -

1400

(zwby) zz|

Time (s)

Figure 6-63 Moment of inertia about Z axis for casell

T

T

T

I
I
|
T
I
o

01f-

(s/pe) o101 |JOY

Time (s)

Figure 6-64 Roll rate for case Il

103



4 .
| | !
| | | -
| | | | |
e — , i , , ,
—_ T , , , ,
— - ,\\\ | , ,
(] ” ” \\\T\\\\\.,‘ ,
() | | , l\\\\\\,
G | | , , |
(] [ , | , , ,
S 1 ” ” ”
Y— , | o , ,
— O | , , il
£ = | | , , 1
o s | [ ” ” ” ”
£ = | . ” ” ”
= O , | . ; ,
= , | , -
o | | , , —
- - - - ! | , |
To) T , , ,
© | I , ,
1 , | o , ,
(o] | | , \ 3
| | | = i
o o =
R | , ,
> - F | E ,
2 | - = ,
: ” ” ” ..
| | | , :
\\\\\ | | ! — |
—--——= == ! | A |
| T | ,
| | \,'|\\\\ s ,
( ” , ,ﬂli,
s/pel SaRE
peJ) alel yalid : H l ” ”
_ T g o —
o
- 0 l : ,
3 3 3 =) -
o
g (aN]
(s/pel) " :
oJel e A v

70

Time (s)
104

Figure 6-
66 Yaw rate for case Il




6.4 Case |V

In this case, the target is at the closest positen this case is called
immediate dive trajectory. Trajectory directly begiwith dive maneuver and it is
completed at target before burn-out. Thereforedage has the same verification role
like case lll. Yet, it is different from case IIhithat trajectory does not have a
constant altitude stage.

Figure 6-67 and Figure 6-68 show the missile’sat XZ plane. Figure 6-69
and Figure 6-70 demonstrate the path of the missilXY plane. Through the diving
path, airspeed of the missile increases continypisiwever, owing to the shorter
flight distance, it is not as high as in case Higure 6-75 and Figure 6-76 illustrate
the airspeed history of the missile. Highest spsaibtained when the missile strikes
the target and it is equal to 480 m/s (1.41 M)islthe second maximum striking
speed among the all cases. Consequently, it has gfficient strike than first two
cases, if impact angle does not make a big difterent may even have more
effective strike than 3rd case because of thetfeattit has more propellant remained
(see Figure 6-81).

All over the flight, as seen in Figure 6-74 sigdesdngle variation and its
magnitude are ignorable. Thus, heading angle cogtrides the missile to the target
with negligible inaccuracy. Guidance is managedh® use of coordinated turn to
obtain required heading angle. History of headingle and bank angle is plotted in
Figure 6-72 and Figure 6-77. Corresponding rise tior heading angle is about 16
seconds. Aileron and rudder surface deflectiomsracorded in Figure 6-79 and
Figure 6-80 for equivalent heading command.

Figure 6-73 shows the history of angle of attdwk {proves how the missile
realizes dynamic stability in a short period ofditess than 5 seconds.

Pitching down maneuver to get about -20 degragktfpath angle is shown
in Figure 6-71. The related elevator deflectiondrgis given in Figure 6-78.

Center of gravity, moments of inertia about X, ahd Z axis are available

through Figure 6-82 - Figure 6-85. What's more| rale, pitch rate and yaw rate
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related to maneuvers are given in figures througiuré 6-86, Figure 6-87, and
Figure 6-88.

Circular error of probabilities on XZ and XY planare 11 m and 3.5 m
respectively (see Figure 6-68 and Figure 6-70).

Briefly, even if target is very close and contanld guidance of the missile is
performed before burn-out, missile is able to iné target with a CEP less than 12 m.
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6.5 CaseV

This case is similar to the first case. Howevehai$ higher initial angle which

is defined as the angle between velocity vectothef missile and the target vector,
ﬁrthat connects the missile to the target, at separaf the missile from aircraft.

Initial angle is 45 degrees in this case andafiservable from Figure 6-94

Figure 6-89 and Figure 6-90 show the trajectorthefmissile in XZ plane and
Figure 6-91 and Figure 6-92 show that in XY plahés noticeable from Figure 6-89
that missile achieves to keep the cruise altitugeaiy oscillation less than 130 m
around the cruise altitude that is caused by thgpeed variation resulting in lift
change. Performed coordinated turn to obtain thguired heading angle is
observable from Figure 6-91. Required heading aisglegh compare to other cases
since the initial angle is high as defined previpu€ommanded and actual heading
angles through the flight are given in Figure 6-8&. it is seen in the figure the
missile achieves to reach and sustain the desieedihg angle through the flight.
Sideslip angle remains very little throughout thghtt; consequently, commanded
heading angle steers the missile to the target matjligibly small error (see Figure
6-96). This steering is achieved by coordinated.tifecessary bank angle for this
turn reaches up to 50 degrees as observable ineF@#99. Corresponding aileron
and rudder deflections to perform this turn ardegreasonable (see Figure 6-101 and
Figure 6-102). This is obtained by very small eefion angles because of all
moving fins.

As mentioned previously, the missile lacks of digbabout X axis, so aileron
continuously deflects to hold the zero bank anglelzservable in Figure 6-101.

The flight path angle history is given in Figure98- The variation of the
elevator deflection to obtain the commanded fligath angle is given in Figure
6-100.

Variation of mass, center of gravity, moments reértia about X, Y, and Z
axis are given throughout Figure 6-103 - Figureéd@-1n addition, roll rate, pitch rate

and yaw rate related to maneuvers are given thrthgRkigure 6-108 - Figure 6-110.
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Circular error of probabilities on XZ and XY planean be found from Figure
6-90 and Figure 6-92 respectively. It is less than on XZ plane and less than 4 m
on XY plane.

To sum up, even the initial angle between velogdgtor of the missile and
the target vector at separation is high, the n@issilable to steer itself starting from

separation and terminate the target by less tharcBcular error of probability.
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6.6 Case VI

In the first five cases, the target is assumededixed. A warships is also
among the possible targets of this type of misSiterefore, in this case the target is
assumed to have a constant velocity along the X-aiinertial frame. Its velocity is
taken as the average warship velocity which is ah6lknots equal to 8 m/s.

The initial coordinates of the target are giver8@800 m on X-axis and 10000
m on Y-axis of the inertial frame. Figure 6-111 aRdjure 6-112 illustrate the
trajectory of the missile in XZ plane and Figurd B3 and Figure 6-114 illustrate that
in XY plane. It is clear from Figure 6-114 thaettarget reaches to the X coordinate
equal to 81648 m. Since the flight takes about 886onds and meanwhile target
moves 206 seconds with the velocity 8 m/s. Seaitels 1648 m during the missile’s
flight. In the Figure 6-112, it is apparent thag timissile hits the target’s center by
about 8 m error on XZ plane. According to the Fegér114, the missile hits the
target's center by about 3 m error on XY plane. réfare, circular error of
probabilities on XZ and XY planes are not more th@rm and 5 m respectively.

The variation of missile states are given througdufe 6-115 - Figure 6-124
and Figure 6-130 - Figure 6-132 and they vary iteqreasonable ranges. Moreover,
variation of mass, center of gravity, moments @friia about X, Y, and Z axis are
given throughout Figure 6-127- Figure 6-129.

In summary, the designed controller and guidamie af the missile enable

the missile to hit the moving target with the aemyrless than 8 m.
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CHAPTER 7

CONCLUSION

Equations of motion covering the variation of massl moment of inertias
were derived and modified for the conceptually gesd air-to-surface missile,
studied in this thesis. The forces and momentshé @quations of motions were
represented by stability derivatives. Using MISSIDETCOM, stability derivatives
and aerodynamic coefficients were obtained at whffe angle of attack, speed and
sideslip angle. For a fixed target with 50 m radws the Earth’s flat surface,
guidance method was developed. Furthermore, pestigjlectories were explored.
Then, nonlinear inverse dynamics controller, whgln conjunction with guidance
section, was designed. Finally, the missile wasetestlin six degrees of freedom and
the implementation of the developed dynamics, guidaand controller method was
tested on this model. Simulations were carriedroiatiab/Simulink™ environment.
Simulation results were presented for six casessey arc, dive, and immediate dive
trajectories and high initial angle and moving &rgases.

In the first two cases, cruise and arc trajectoriesget and missile
interception took place after burn-out. For boteesa less than 1 m circular error of
probability was obtained. In the third case, dacwerror of probabilities on XZ and
XY planes were recorded as 6 m and 2 m correspghdi8imilar to first two cases,
interception of the target and the missile alsktplace after burn-out in fifth case

and missile hit the target with accuracy less than. Circular error of probabilities

146



for the fourth case, which had the closest taigetXZ and XY planes were found as
11 m and 3.5 m respectively. In brief, albeit targeas very close, missile
accomplished to hit the target with a CEP less thiam. Case six illustrated that the
missile was also able to hit the moving targets. thes case, an accuracy, circular
error of probability less than 8 m was obtainecesiits show that the varying mass
missile dynamics, guidance and control were sutaissleveloped and deployed so
that the missile is capable of hitting the tardgeotigh all flight regime.

This study explores the response of the missile ithalose to the real time
response since the coupling between longitudindllateral dynamics of the missile
in nonlinear inverse dynamics controller is not aged. That is, there is no
linearization involved in the controller design.eThains, proportional, derivative and
integral constants of the PID controller, are k&ghe through the all the flight. With
the gains used in this study, response is not fasty however, it is quite acceptable
for the fixed targets. What is definite from theuks of this study is the necessity of
resolving inertial coupling challenge. Becausedbaesponding solution will enable
the missile be capable of achieving high maneuwdrsng propulsion phase.
Following, the developed control design can be tathpgo other missiles. For
instance, a 2.75” missile can be steered to tlgetsuwhich are closer than burn-out
distance. Therefore, incorporation of the dynanaind controller, developed in this

study, to any other missile may exactly enlargeetifiective strike range.
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