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ABSTRACT

WAVE ASYMPTOTICS USING MATCHED ASYMPTOTIC EXPANSIONS
Kanat, Kadir
Master, Department of Mathematics
Supervisor: Prof. Dr. Oguz Yilmaz
May 2005, 74 pages

First, basic definitions and theorems regarding asymptotic power series expan-
sions are presented. Matched asymptotic expansions are presented next, together
with some regular and singular simple problems. Finally, transmission past a par-
tially immersed cylinder is analyzed using matched asymptotic expansions. Fluid
domain is divided into three parts: Right and left inner regions, outer region and
surface wave regions. First, right inner region approximation is carried out for
the first two orders. Then by using matching technique, outer region is approx-
imated. Again, by applying matching technique left inner region approximation
is determined.

Keywords: Matched asymptotic expansions, Wave asymptotics, Transmission

and diffraction of surface waves, Green’s function, Wave-maker problem.
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OZET

KARSILASTIRMALI ASIMTOTIK ACILIMLAR ILE
DALGA ASIMTOTIKLERI
Kanat,Kadir
Master Tezi, Matematik Boliimi
Tez Danigmani: Prof. Dr. Oguz Yilmaz
May1s 2005, 74 sayfa

Ilk olarak, asimtotik kuvvet seri agthimlari ile ilgili temel tanimlar ve teoremler
sunulmusgtur. Kargilagtirmal asimtotik agilimlar konusu baz1 diizgiin ve tekil ba-
sit problemlerle beraber sunulmugtur. Son olarak, kismen daldirihmg silindirdeki
iletim kargilagtirmal asimtotik agihmlar kullanilarak analiz edilmigtir. Akigkan
alam sag ve sol i¢ bolgeler, dig bolge ve yiizey dalga bolgesi olmak {izere iig
parcaya ayrildi. Ik 6nce sag i¢ bolge yaklagim ilk iki derece igin yapildi. Sonra
kargilagtirma teknigi kullanilarak dig bolgeye yaklagildi. Tekrar kargilagtirma
teknigi uygulanarak sol i¢ bélge yaklagimi tammlandi.

Anahtar Kelimeler: Kargilagtirmali asimtotik acgihmliar, Dalga asimtotikleri,
Yiizey dalgalarmimn iletimi ve yansimasi, Green fonksiyonu, Dalga-yapimi prob-

lemi.
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CHAPTER 1
FUNDAMENTAL CONCEPTS

1.1 Introduction

Simply stated, asymptotic analysis is that branch of mathematics devoted to the
study of the behavior of functions at and near given points in their domains of
definition [1]. Suppose then that f(z) is a function of the complex variable z.
Suppose further that we wish to study f near the point z = z,. If f is analytic
at z = zp, then the desired behavior can be determined by studying its Taylor
series expansion about z = zg.

Now suppose that z = zg is a singularity of f. If it is either a pole or a branch
point, then again the analysis can be reduced to the investigation of convergent
series expansions. However, if z = 2 is an essential singularity of f, then no such
reduction is possible and the analysis is far more complicated. Partly for this
reason, we shall find that most often our investigations will involve the study of
functions near the points of essential singularity.

In this chapter we shall consider some of the more fundamental concepts
of the subject. It is our aim to present enough introductory material so that
the techniques to be presented in the future chapters can be well understood.
Therefore, the present chapter shall consist of several definitions and theorems
to place the subject on a firm mathematical foundation and also several heuristic
discussions.

Let us begin by considering a particular example. We define

I(z) = ze® /00 e—;—tdt. (1.1)

Here z is real and nonnegative. The integral in (1.1) is often referred to as the

1



exponential integral and is denoted by E)(x). The reason for the factor ze® will
be clear from the discussion below.

Suppose it is desired to approximate I(z) at certain values of z. More pre-
cisely, suppose that an estimate of I correct to three significant figures is required.
QOur first inclination might be to seek a series representation of I and the use the
appropriate partial sums to obtain the desired approximations.

By applying L’Hospital’s rule in (1.1) we find that

lim I = 0

z—0t

, ety 171

B o= m [ = dm - o= 0

To expand [ in a series about z = 0 is by no means a simple matter. The reason
for this is due to the fact that E;(z) has a logarithmic singularity at the origin
and hence I(z) does not have a Taylor series expansion about z = 0. Nevertheless

an expansion can be obtained. Since

et e O D i e | i
. LV AN SRR i
¢ ng nl R TIE I
oC ,—t
Ei(z) = f ert
1 t
= el — — e dt
L (G-lrg gt )
. o (_1)n+lxn
= —10g$~’)’+2n=1Tn!—* (13)
Here + is the so-called Euler-Macheroni constant and is defined by
L ~ (_1)n+1mn _
= lim [ 2y ~logm] = 0.5772157.... (1.4)
Thus, upon combining (1.1) and (1.3) we obtain
_1yrt+l,.m
I(z) = ze®[—logz — v+ E,j’:’:l(—l)—z—]. (1.5)

n.nl



We note that the series in (1.5) converges for all z and that (1.5) is a series
(although not a power series) representation of I about £ = 0. When we examine
(1.5) we discover that, for “moderate” values of z, the convergence is slow. Indeed,
for z = 10, 40 terms must be retained to achieve an estimate of 1(10) accurate to
three significant figures. Moreover, as = gets larger, the situation worsens. Upon
reflection, we realize that (1.5) is an expansion of I about z = 0 and hence we
should only expect to obtain accurate estimates using relatively few terms for z
”small.”

Thus, in trying to estimate I for z > 10 say, it is natural to seek an expansion
about z = oo. Such an expansion is readily obtained by repeatedly integrating

by parts in (1.1). Indeed, after N integrations by parts, we obtain

I(z) = xe’”[le_"’ _/oo tize'tdt]

z x

1 1 _ i —t
= zem[ge e — ’”+2/; t—3€ dt]

1 _ 1 _ 2 _ o _t
= xe’”[;e’”—? “Jrﬁe“” 6/3c t—46 dt]

N—-1

~1)"nl °°

I(z) = Zﬁm_l”_ﬂ—nf\’mxew / et (1.6)
n=0 9

which is an exact expression.
At a first glance we are pleased with (1.6) because we have represented I(z)

by a series whose terms involve inverse powers of z. In fact, we let N go to infinity

in (1.6) and set

o0

Iz) =Y (_Zn”l. (1.7)

However, we realize that the series (1.7) diverges for all z. Indeed,

l(n—l—l)st term| _n (1.8)
nthterm | =« '



which, for every fixed z, increases without bound as n — oo.
Although, generally convergent series are preferred, the divergent series (1.7)

will be more useful than the convergent series (1.5) for us.

Let us set N
-1
—1)"n!
Sn(z) = Z (—mzl_’ (1.9)
n=0
0 -t
&(z,N) = (~1)¥ Nize® / ;\,—H—dt. (1.10)

Thus Sy(z) is the Nth partial sum of the divergent series (1.7) and &(z, N) is
the error made in approximating I(z) by Sy(z). We now make the observation
that, because z is positive, £(z, N) is positive and when N is even and negative

when N is odd. This implies that

Sn(z) < I(z) < Syti1(z), N even

SN+1(£I7) < I(iIZ) < SN(CE), N odd. (111)

Hence, for any z, the actual value of I(z) must lie between two successive partial
sums of the divergent series (1.7).

As (1.11) shows, a succession of upper and lower bounds for I{z) can be
obtained by evaluating Sy(z), N = 1,2, .... We have not as yet, however, deter-
mined how good any of these bounds are. One point is clear; for fixed z, the best
approximation of I(z) by Sy(xz) is achieved for that integer N which minimizes
|é(z, N)|. Furthermore, this optimum value of N, N, must be finite because
lmpy e [€(z, N)| = oo due to the divergence of (1.7). Also, because &(z, N) al-
ternates in sign with N, |£(z, N)| is less than N!/z", the absolute value of the
first term omitted in (1.7) when approximated I(z) by Sy(z). Thus, for fixed z,
we might expect that the estimate Sy(z) improves with N so long as the absolute

value of the ratio of successive terms remains less than or equal to 1. Hence, from



(1.8) we are led to predict that

N = [z] = Greatest integer less then or equal to x. (1.12)

Finally, we observe that for fixed N, |{(x, N)| is a monotonically decreasing func-
tion of z and lim, . [€(z, N)| = 0. Thus, for any fixed N, Sy(z) becomes a
better approximation of I as x increases, but the error is zero only in the limit
x = oo.

We can conclude, therefore, that it would have been a mistake to discard the
expansion about z = oo obtained via integration by parts , because a great deal
of information about I(z) has been obtained from (1.6). We might ask what the
feature of the divergent series of (1.7) is that makes it so useful in approximating
I for z, say, greater than 10 and why the utility of the convergent series (1.5)
is rather limited in this region. The answer simply stated is that for z > 10,
the convergent series ”initially” diverges from the true value of I(z) while the
divergent series ”initially” converges toward this value. Hence, we can obtain a
reasonable approximation to I by taking relatively few terms of the divergent
series whereas many more terms of the convergent series are needed to achieve
the same degree of accuracy.

We might now conclude that, when z is "large,” we should always use the
partial sums Sy(z) to approximate I(z) rather than the partial sums of (1.5).
In using the partial sums of (1.5) to apprqximate I(z), we can make the error as
small as we please, no matter how large z is, by simply taking sufficiently many
terms. In using the partial sums Sy(z) to approximate I{z), the smallest error
obtainable is dictated by the value of z. Moreover, this minimum error is never
zero unless £ = oco. Thus, if we require I(10) to four significant figures, then we
cannot use any of the partial sums Sy(10) because, at best, they afford three
significant figures accuracy.

As a practical matter, in any problem where I(z) is to be approximated,

some a priori upper bound, say &, would be placed on the tolerable error. We



know that for fixed N, |£(x, N)| decreases monotonically to zero as z increases

to infinity. Therefore, no matter how small &; is, we can find an zy such that

|€(20, N(@0))| < &o- (1.13)

Then, for all 2 > zo, the partial sum Sg,,)(z) yields an estimate of I(z) accurate
to within the tolerable error. Actually as x increases from z;, the number of terms

required to achieve the desired accuracy decreases from N(zq).

1.2 Order Relations

In this section z represents a complex variable. Let us suppose that f(z) and

g(z) are two functions of z defined and continuous in a domain R.

Definition 1.1 LARGE “0” SYMBOL. Suppose that, as z — xq in R, there
exists o constant k, thot is, a quantity independent of x, and a neighborhood Ny

of xqg such that

|f(@)| < klg(2)| (1.14)

for all z in Ng( R. Then we say that, as x — o, f(z) is large “O” of g(x) and

write symbolically

f(z) = O(g(z)), z—zo in R. (1.15)

Definition 1.2 SMALL “0O” SYMBOL. Suppose that, for any € > 0, there

exist a neighborhood N, of xo such that

|f ()] < elg(=)] (1.16)

for all x in N. (Y R. Then we say that, as x — zo, f(z) is small “o” of g(z) and

write symbolically

f(@)=o0(g9(z)), z—xzo in R (1.17)



Thus, so long as g(z) is not zero in R, f = O(g(z)) as x — =z if the ratio £
remains bounded as £ — zp in R and f = o(g(x)) as £ — zo if the limit of
the ratio is zero as £ — xp in R. We note that if f = o(g(z)) as z — o, then

necessarily f = O(g(z)) in this limit. The converse, however, need not be true.

Example 1.3 Let z be a complex variable and let R be the sector 0 < |z| < oo,

arg(z)] < 2 —§. If0 <6 <X, then, as is easily verified,
2 2
e™® = o(z™) (1.18)

and as |x| — oo in R for all complex numbers m. On the other hand, if —5 <
d <0, then (1.18) does not hold for any complex number m as |z| — oo in R due

to the rapid growth of e=* in the left half-plane Re(z) < 0.

There are many useful formulas involving combinations of order relations whose
validity follows directly from the basic definitions. Below we list some important
ones and give proots for some of them. In each of these, the limit z — zp in R is

to be understood.

(1) o0 = 0(f)
Suppose that he(z) = O(hy(z)) and hi(z) = O(f(z)), by using the definition

of large ”()”, there exists constants ky, ks such that
lho| < kilh1(2)] and  |m| < kol f(2)], (1.19)

hence |ho| < k3| f(z)| where k3 = kiks.

Therefore,
hy = O((z)) = O(O(f(2))) = O(f(x)). O

(2) O(fg) = O(f)O(9)



Suppose that hi(z) = O(f(z)) and hs(x) = O(g(z)), by using the definition

of large ”O”, there exists constants ks, k4 such that

|| < kol f(z)] and  |hs| < Kalg(2)], (1.20)

hence |hihs| = |hi||hs| < ks|f(z)g(z)| where ks = koks.

Therefore,
hihs = O(f(2))O(g(z)) = O(f(z)g(=)). O

(3) O(f)o(g)=o(fg)-

(4) o(f)+O(f)=0(f).

(6) O(F)+0(f)=0(f)

(6} o(f)+o(f)=o(f).

(7) O(o(f))=0(O(f))=0(o(f))=o(f)-

To conclude this section we wish to point out that there are several operations
permissible with order relations. An important result is that an order relation
can be integrated with respect to the independent variable. Indeed, suppose that

R is an interval on the real line and f = O(g) as £ — x5 in R. Then

/ ® Fydt = o / P g(0ldt), o — 30 in R. (1.21)

In general, order relations cannot be differentiated. That is, if f = O(g) as

T — Iy, then it is not true in general that f' = O(g') as z — zo.

1.3 Asymptotic Power Series Expansion

Let us briefly reconsider the function

o0 e—t
I(z) = a:e“”/ Tdt. (1.22)



studied in Section 1.1 interpret the results obtained there in terms of the order

relations of Section 1.2. We have from (1.6)

m—1 n
1) - S 0 gm)

n
n=0 z
—t

m * €
= (-1) m!:ce’:/m t—mdt, m=1,2,.., (1.23)

which relates I, the mth partial sum of the divergent series (1.7) and the trun-
cation error £(x;m).
We now make the claim that £(z;m) = O(z™™) as £ — oco. Indeed, this

follows by L’Hospital’s rule which yields

lim {z™¢(z;m)} = (—=1)™m! lim 1 /oo tfr:ldt} (1.24)

T—00 2o L p—(mtl)e—a -

= (—1)™ml

Thus as previously noted, the error made in approximating I(z), as x — o0, by
the first m terms of (1.6) is of the order of the first omitted term.

It is readily seen that the preceding result can be written in the following
equivalent ways:

lim {xm [l(x) - f: w]} =0, m=0,1,2... (1.25)

Z—00 g
n=0

“ (—1)nn' —m—1
]({I,‘):Z——x——}-o(aj ), z— 00, m=0,1,2,.... (1.26)

7
n=0

It is the property expressed by (1.25) and (1.26) that makes the divergent series
(1.7) useful in approximating I(z) as z — oco. We now introduce the concept of
asymptotic power series based on just this property.

For the present we assume that z is real variable whose domain is R and that

T is a finite point in R, the closure of R. We then have the following.

Definition 1.4 Let f(z) be defined and continuous on R. The formal power

oo

series Y o o an(x — 2o)™ is said to be an asymptotic power series expansion of f,

9



as x — Ty in R, if the conditions

lim < (z—z0)™ [f — ian(x -~ xg)”] } =0, m=0,12,.. (1.27)

r—ZQ
n=0

are satisfied.

It is readily seen that conditions (1.27) are equivalent to

flz)= zan(w—a:g)”—i—O(:v—:co)m“, z—zoin R, m=0,1,2,.... (1.28)

n=0

We note that neither (1.27) and (1.28) implies the convergence of the formal power
series Y oo o an(x — o)™ They are simply statements concerning the behavior, as
T — T, of the error made in approximating f by the partial sums of this series.

Thus, in general, we cannot set f equal to the series and hence we introduce the

notation

F@) ~ Y an(z — )", 7 — 3 (1.29)

n=0
to imply that conditions (1.27) hold and, in particular, to allow for the possible
divergence of the right-hand side.

Definition 1.5 Assume that (1.27) is satisfied for m =0, ..., N — 1, but not for
m = N. Then we say that ZN"l an(z — 20)™ is an asymptotic power series of f

7=0

as £ — g to N terms and write

N-1
flz) ~ Z an(z — x0)", T — Zp. (1.30)

n=0
Under the assumptions made we can now only conclude that

N-1
flz)= Z an(x — T0)" + o(z — z0)V Y, T — m,. (1.31)

n=0
It is a simple matter to adapt our definition of asymptotic power series to the
important case where g = 0o. Indeed, we have the following.
Definition 1.6 The formal series > o, a,xz™™ is said to be an asymptotic power

n=0

10



series expansion of f as x — oo if the following equivalent sets of conditions are

satisfied:

lim {o™ [f - Zm:anx—"]} =0, m=0,1,2,.., (1.32)
n=0
flx)y= Xm:anx"" +0(z™™1), z—00, m=0,1,2,... (1.33)
n=0

If (1.32) and (1.33) hold, then we write

flz) ~ ianx“", x — 0. (1.34)

n=0
Thus, the analysis of Section 1.1 coupled with (1.24) shows that

oC

gt —1)"n!
xez/m Tdt ~ ; (—521—, z — 0. (1.35)
As we have noted, the asymptotic conditions (1.27) imply neither the convergence
nor the divergence of the formal series > - ; a,2™™. If the series converges to f(x)
throughout some neighborhood of = zg, then f is a real analytic function in this
neighborhood and can be studied by using the powerful theorems associated with
such functions. The more interesting case arises when the formal series actually
diverges in R, except of course at z = z. In that event f(z) must have some sort
of singularity at £ = g in the sense that z = x, must be a point of nonanalyticity
for f.

If the asymptotic power series diverges, then for any value of £ # x4, the
optimum number of terms of the series to be used in approximating f must be
finite and the corresponding optimum error is not zero.

Taylor’s theorem with remainder states, (0 < 6,, < 1),

— S (2o +1 p(m+1
f@) = S o ) b s = o)™ A+ e — ),

m_fln)
= L o 0™, 5, = 0,1, -1

(1.36)

11



Then it immediately follows that

N-1 n n
n=0 :

is an asymptotic power series expansion of f to N terms as z — zo.
Let us now suppose that f is infinitely differentiable at z = xy. We then say
that f belongs to the class C*®(z,). We can then let N go to infinity in (1.37) to

obtain the infinite asymptotic power series expansion

= S (x0)(x — zo)"
f(x)'vzf ( )T(:,U ), T — . (1.38)

n=0

Note that we have not set f(z) equal to its Taylor series, for nothing we have
assumed implies the convergence of this series. In other words, f need not be
analytic at z = xg.

To pursue this matter a bit further, let us define the function space C* ()
which includes those functions infinitely differentiable at x = x¢ but not analytic
there. Such functions arise often in asymptotic analysis. Unfortunately, they are
easier to define then to construct. If f € C(zp), then f™(zq) is finite for each

n but the Taylor series

does not converge to f throughout any neighborhood of = xy. This can happen
in two ways. The Taylor series may actually converge throughout some neigh-
borhood of z = zy but not to f(x). Alternately, the series might diverge for all

CB%.’E().

Example 1.7 Consider

e %, x > 0,
flz) = (1.39)

0, z < 0.

12



Here f(z) and all of its derivatives are continuous and equal to zero at x = 0.
Although f is infinitely differentioble ot x = 0, it is not analytic there because its
Taylor series sum to zero for all z, a result which disagrees with f for x positive.
However, because f is infinitely differentiable ot x = 0 we do have the asymptotic
power series erpansion

f(z) ~0, z—0. (1.40)

Example 1.8 Let us now consider

fl@) =) e™cosm’s; -1<z<l1. (141)

m=0

We first note that the infinite series is uniformly convergent for x € [—1,1] as
are all of the series obtained by successively differentiating (1.41) term-by-term.
Therefore, we can conclude thet f(z) and all of its derivatives are continuous in
[—1,1] and furthermore the derivatives of f can be obtained by successive term-
by-term differentiation of (1.41).

At the origin only the derivatives of even order are nonzero and we have

F&(0) = (-1)™ i e ™m*)™, n=012,... (1.42)

m=0

Thus, because f is infinitely differentiable at the origin, we can immediately write

f(z) ~ go (—_(12):—;7 ( Z:Oe"mm‘m), z — 0. (1.43)

Consider now the absolute value of the term of degree 2n, n > 0, in (1.43).

We have

2% (-

(et > () (S em) 2 () em o

m=0 m=0

which holds for m = 0,1,2, ..., because one term of a sum of positive number is

certainly less than the sum. Furthermore, for x # 0, strict inequality holds in

13



(1.44). If we set m = 2n, then (1.44) becomes

(St CE ee0

Because the right-hand side of (1.45) exceeds 1 for all n greater than e/2|z|, the
series in (1.43) diverges for all nonzero x. Therefore, f is infinitely differentiable

at £ = 0 but is not analytic there.

We wish to comment here, however, that the terms of any asymptotic expansion
can depend on one or more parameters. If the asymptotic conditions are satisfied
as these parameters range over some domain in parameter space, then we say that

the asymptotic expansion holds uniformly in the parameter(s) on this domain.

14



CHAPTER 2
MATCHED ASYMPTOTIC EXPANSIONS

One possible way of defining a function f(z,¢) is as the solution of a differential
equation in which z is the independent variable and € occurs as a parameter. If
one cannot solve this differential equation for arbitrary € (as, for example, if the
differential equation is nonlinear with € # 0) can one calculate the asymptotic
expansion of the solution by considering a sequence of simpler differential equa-
tions governing each term of this expansion? Here, we consider a simple example
to introduce some ideas.

The first-order equation [2]

giig b, N glz(e — 1) +e%le™

& VT T Gher o 0SeSe0<e<l (1)

with the initial condition

y(0) =0, (2.2)
has the exact solution

e(t

= = — .
y=f(r,e)=e e

(2.3)

Ignoring temporarily the origin of Eqn.(2.3), we see that f(z,¢) defines a well
behaved function, and it is interesting to consider the asymptotic expansion of
this function as € — 0. In each case, when we fix z to be some positive value and

apply the limit process, we obtain all a;’s, £ =0,1,2,- -, such that

— f(:l?,&’) 1 —xzfe e —

ao(z) = lin 200 = lim (e /—€x+8)—0 (2.4)
o flme) . qe®lt e N "

afe) =l =t (- o) =~ (25)
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—_ —zfe __ o7 + e —x
oe) = ling LEAZ DA i (C TR0 - T
a/k(a}') — hm f(ﬂ';, 6) _ Z:;L;]I: an(x)¢n(€) — (_1)ke—$ k — 1, 27 .. (27)

e—0 P (€) 7

with ¢, () = ™. Now, if we reorganize the equation

N
f= Zan(w)qbn(e) + O(¢n+1),

n=1

we find the following expansion for f, called an ”outer” expansion

N

Il
&

|
+
™

|

|
)

|
_.I._
S
N

Y () + O(e™) (2.8)

n=0

and the contribution of the e~#/¢ term is smaller than any term in the series in
(2.8). We shall refer to such a term as a ”transcendentally small” term (abbrevi-
ated as T.S.T) in this limit.

Clearly (2.8) is not uniformly valid near z = 0. In fact, it is singular there,
and this expansion is not a good approximation of the function defined by (2.3)
no matter how small ¢ is if we allow z also to become small.

It is therefore natural to seek another expansion of (2.3) which adequately
approximates this function near z = 0. Since the combination z /¢ occurs in the
first term one is led to the change of variables z* = z /¢

¥

y=g(z*,e)=e" —

(2.9)

With z* = z/e (2.9) defines the same function as f. However, the asymptotic

expansion of g with z* fixed as ¢ — 0 is quite different. To obtain the asymptotic

16



expansion of g, we find all by’s, k =0, 1,-- -, such that

« . g(m*, 5) o 1
= lim=———->""* = _—
bo(z™) 8111(1) o) e 1

*€) — bo(z* i . 1 .
bi(z") = g_»o — ¢1((;()$ ol - ll—»oe = € : == $*$+ 1
o o 9@ e) = bo(x¥)o(e) — bi(z*)i(e) z*
ba(a") = limy $2() T2z +1)

lim g(a*,e) = S50 bu(z*)¢nle) (LR

be(z") = €50 br(e) okl @+ 1)

k=1,2--.

Now, if we replace all b;’s, k = 0,1, -, in the below equation

N
9= _bn(z")bn(e) + O(¢n11);

n=1

then we can see that y has the expansion which will be referred to as the ”inner”

expansion
. 1 ex* g2x*? g3*3
— —* . O 4
I 7 i Tl 2w iD ey T OE)
N
= Zs"gn(a:*) + O(z™NF1), (2.10)
n=0

Now, this expansion is accurate for small z. In particular, the condition y = 0
at £ = z* = 0 is satisfied. However, the result fails to be uniformly valid for z*
large. Thus, the two expansions (2.8) and (2.10) have mutually exclusive domains
of validity. Hence, depending on the magnitude of £ compared to £ one expansion
or the other should be used.

We can find a transition region between two mutually exclusive domains,
which is contained in both (2.8) and (2.10). Let us consider the expansion which
would result from (2.8) by letting ¢ — 0 with z,, = z/n(e) fixed for some 7(¢)
such that ¢ <« n < 1. Thus, in such an expansion, we consider z — 0 in the

limit but at a slower rate than in the case leading to (2.10). In a sense, the above

17



defines an ”intermediate” limit process .

Setting = = n(e)x,, we write (2.3) in the form

56-”1"371

=1 > 1, = —nxnfe _ .
y =z, me) =e m——

(2.11)

Since we need the asymptotic expansion of [, we find Taylor series for ¢;’s, & =

0,1,---, such that

co(zy)

c1(zq)

ca(zy)

cs(zy)

lim (e“”’”v e g€ ) _
e—0 nxn + c
)= oan)one) _y, (7 ey
60 #1(¢) Jm - ——
22 Bad
e~ (1—nmn+Tn_Tn+'“)
T, —
S P
NZq 2 6
- NN —nzy
5 Uzy, €) — co(Tn)o(e) — ci(mn)pr(e) ) —— i
im iy :
e—0 (/52 (5) e -
1' 6—71%7/5 e—"lﬂ)n
= ( Zh NTn(NTy + 6))
2.2
e (1“7I$n+-7%”+...)
772-75% F "72-'1/’%

"I2$$, Nty 2

o Uy ©) = co(m)80(E) = a(@n)n ) = ca(zn)ale)
e—0 ¢3 (5‘)

) (e—'fl"’n/ € 1 [ e %y e %n ge %q ] )
umn

e~0 \ g3 elne, +e  nz * n°z:
el =1
e ),
e (1w T )
n’z} n’z}
1 1 1

sz n*x2  2nz,
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im l(zy,€) — Co(xn)¢0(€) - Cl(«’ﬂn)éﬁl(&) - 02(3777)452(6) - 03(:13,7)(153(8)

calzy) = i
4( "I) 0 ¢4( 8)
i (€ /e 1 e g™ geT™n g2
- _r.%( 4 3 B 202 373
& £ el lne, +¢€ %y Ty Ty

242
=1 (1—nz,,+”—2fl+---)
U ey
1 1 1

—_ + —_— e
*r)“fac;*7 7]3:1:% 27)2:1:,27

U(,€) = Fonmg Cal@n)bnle) _ (=1)Fe ™

T =1,9,---
Ck(xn) 61_1’)% ¢k (6) nkxlrg 9
and replace all ¢;’s, k = 0,1, - - -, in the below equation

I = co(zn)po(€) + ci(zy)P1(€) + ca(ay)Pale) +---.

Hence, with z, fixed (2.11) has the following expansion, called the ”interme-

diate” expansion

2 3 2

= A o A 2 ° A
nTy Nzl rzd  nz, 2
gt £
+ O(T_]Z) + O(?) + 0(82) + 0(67}2). (212)

In the above the term e~"/¢ is transcendentally small does not appear as long
as £ log e] <« n. Henceforth, we shall always ignore such a term and automatically
require that £|loge| < 7 in our calculations. This restricts somewhat the range
of ntoglloge| « n kK 1.

If we now reexpand the outer and inner expansions using the above inter-
mediate limit process, we find that if a sufficient number of terms are included
both eventually give (2.12). This means that the outer expansion, which was

constructed under the assumption € — 0 with fixed z # 0 is actually valid
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in the extended sense e — 0, z, = z/n(e) fixed for some class of functions
n(e) <« 1. Similarly, the inner expansion which was constructed under the as-
sumption € — 0, * = z/e fixed # oo is actually valid in the extended sense
e — 0, z, = z/n(e) fixed, for some class of functions 7(e) such that €|loge| < 7.

We will demonstrate next that for this example, the extended domains of
validity of the inner and outer expansions overlap in the following sense. For
each R =0,1,2,--- there exist integers P, and @, and functions 7, (e) and 1,(e)
with 71 < 72 such that

i oo Pn(120)E™ = 326 gn(n2n/2)E"] _
e—0 gR

, Ty fixed, (2.13)

for all n satisfying m < n < 7.

Equation (2.13) is a matching condition for the inner and outer expansions in
their common overlap domain of validity which is defined as the class of functions
n(e) satisfying the condition 7y € 71 <K 72.

To demonstrate the result let us first take R = 0. Assuming that P = Q =0,

the question now is whether

tim{ho(nz) — go(ne /)] =0 2y fixed (2.14)

We know that from the Eqn.(2.10)

_—a 1 zmem €
o= T+z  © €+ nzy (215)
in terms of z,, and hg = 0, but we need to find gy as the following form
N
9o = Zdn(xn)¢n(5) + O(@n+1) (2.16)

n=1

with ¢, = ", hence we obtain all d’s, k = 0,1,2, -, such that

. —n%n g
o) = () o
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€ & — 1
. e+
by = i ()L
=0 € Ty
—nzg c c
e — + .= 1
. e4nx. T
do(zy) = hm( T 77")= 53
e—0 g n x”l
e 4 e _ &
d = N €= e+nxy + NTy nxd _ 1
s(zy) = lim 3 =T33
e—0 £ n ,'1:71

. ’ - Z;l ¢n -1 k
dk(mn) — l:l—i% go(wﬂ 8) %k(go) (177]) (6) — (nkx?];; , k = 1, 2, . e

Finally, we replace all di’s in the Eqn.(2.16) and we get

2 3

£ £

go = e —— + —_— e
nT,  n’T% T

€ et
+O(3) +TST. (2.17)

Clearly (2.14) is satisfied by any 7 such that ¢|loge| « 5. Thus, the overlap

domain for the matching to O(1) is determined by
m =¢lloge|, m2=1.

To order € the matching condition (with P =@ =1 and R = 1) becomes

[ho(nxn) + ehi(nzq) — go(n®y/€) — £91(nTy/€)
€

lim
£—0

]:o, oy fixed.  (2.18)

Similarly, we obtain h; from the Eqn.(2.8) and g; from the Eqn.(2.10) such that

e’ e~
hy = ——— =~

x Ny

z* Ny
g1 = =

*+1 nz,+e

Expanding h; in terms of z, gives

2,2 3.3 4 pd
N B T R Tt R
1 = —_ - —
NZTy NTy
= _-1__{_1_%4_@;_@3_%%
nZy 2 6 24
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To expand gy in the terms of z,, we consider that g; can be written as the

following form

N
91 = Z en(Ty)Pn(€) + O(Pn+1) (2.19)
n=1
where
~ Y —m
eol7n) = i nTy+e !
M 1
. Ty+E
.
. +
32($n) = il_{,% Ty 1€ e " 7’)2:(:%
_ k—1 _ 1Yk
ek(xn) — ]jm gl(x"]J E) =0 e’”f(x’l)¢‘n(6) — ( 1) k — 17 27 cer,

=0 br(e) ek’

Hence, by replacing all ex’s in the Eqn.(2.19), we get

g 1 2 + F 4 ats
Sy | ARV NS |
N 772513% n%?l

We can use the previous results for h; and g; to calculate

ehy - te~——+ it Ofen®) (2.20)
e? g3
jmad _— - 2'2
Egs € W??% + O(-—~n2) (2.21)

Substituting (2.17), (2.20) and (2.21) into (2.18) and cancelling identical terms

gives to lowest order

3

m [ & M, € "4 oy 10 : 9
lﬁ%{ T2 +nxn+n3zg+0(n)+O(772)+O(774)} , Ty fized. (2.22)

All terms automatically vanish as long as €] loge| <« 17 < 1 except the first term.

This will vanish if /72 — 0, i.e.£/2 « . Since ¢|loge| <« €/2, the overlap
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domain to O(e) is e? <« n < 1, e, m =2, pp = 1.

To carry out the matching to O(e?), we first attempt to show that

. ho+ehy+€%hy — gy — g1 — E%go
lim =

e—0 62

0 ,z, fized, (2.23)

i.e., we assume that P =) = 2.

We find h, from the Eqn.(2.8) and expand it in the terms of 2, such that

2 2 3 4,4
_ nz; Bz 7

T — o _T%Z (0% ..
hy = e ":1 NTy + —5 e+ 52

272 22

Ty Ty

1 1 1 mmy  nms

n?z2  nT, 2 6 24

Now we have to expand g» in the terms of z,, so we now consider the case that

*2 _ n2$3]
2T T 1) T %(e +nmy)
In this case, suppose that
N
g2 = an(mn)¢n(8) + O(¢N+1) (224)
n=1
where
2.2
. ENT. ne
_ = lim——o008""1 - _
p-1(z) P 2e(e + nzy) 2
2.2
. m ne 1
-1 <_ T _’7_) -=
Po(@) Pty 2e(e +nzy) 2 2
22 ity 1
pi(e,) = lm EeoE) T T 1
13 e—0 £ 277:1,‘,7
7y My _ 1
D (117 ) = lim T 2e(etnzy) + 2: 2 + 21783:7, - 1
2\ jranvr &2 27]2:3%

i 92(@n:€) — S Pr(Tn)Pa(e) _ (=
e—0 bk (€) bl

pi(Ty) =
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Hence, by replacing all py’s in the Eqn.(2.24), we get

nt, 1 € £ o

_n _ O(E
2 2 2z, * 2n?x2 * (n3)

g2

We now calculate

2 € € 2
hy = ——— 4+ —=+0 2.25
£ Ny nzx% ’fl%'n + 2 + (6 77) ( )
EnT, &2 e
gy = — ”72 "4 >+ O(;) (2.26)

After cancelling out all terms which match identically we are left with the re-

quirement
I [——8 +’r}2$,27+0(£ ro&yro(Tyrol )+O(§)J =0 2 fized (2:27)
P n’zy  Ge 772) 77—4) oo ) 7O I TS

The first term in the above comes from go while the second comes from eh;.
Since the remainders contain the reciprocals of n?/e and e/7?, it is clear that
these terms are singular. Their counter parts must be found in the higher order
terms. In fact, it is easy to see that the leading term in e3gs will match with
—&3 [Pl

We know from the Eqn.(2.8)

2.2 3.3 4 .4
b e 1o TA A
3 n3zd 3
7 7
1 1 1 1 nz,
= — + - — =t
sy nPzr  2nz, 6 24

in the terms of z,.

In the Eqgn.(2.10), we observe that

$*3 7]3 '7"3

6(z* +1) 6e2(c +nay)

g3 =
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Similarly, we consider that

N
93 = Zrn(xn)d’n(e) + O(én+1) (2.28)
n=1
where
R
=2 = 0 6e2(e +nzy) 6
P el G2 I |
- e—0 g1 6
3,.3 2,2
rg = lim( %y _ Ty Q‘z”.)=_1_
e—0 \6e2(e +nzy) 62 Be 6
33 a2 1
. 62(etnzn) # + % B 1
ry = lim = -
e—0 € 6nzy,
k—
rk(a'; ) — lim g3(x"7’6) - Zn:(l) Tn(mﬂ)¢n(5) — (Ml)k =1.2....
K £50 éx(€) 6nkzk’ o
Hence, by replacing all r4’s in the Eqn.(2.28), we get
2,.2 2
wr ey 1 e e
e 6e2 6e 6 6nz, pr (7)2)
More precisely,
2
z
e3g3 = 6172?7’ + O(e?n) (2.29)
3 3
hy = ——— +0(= 2.30
€ ng n3m% + (772) ( )

Now, the matching condition to O(e?) with P = Q = 3 is satisfied, as long as
n3/e — 0 to eliminate the remainder term in £h;. We must also require that
(e/n? — 0) to eliminate the remainder terms in eg; and £3h®. The above two

conditions imply that 7 must be constrained as follows

e? « n < el?, (2.31)

ie., n =2 gy =e'/3
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This process can be continued indefinitely. We note that the overlap domain
shrinks as the order of the matching increases, and this is typical. We have
carried out the matching to O(g?) to point out the fact that terms of order &3
were needed. In general, the choice of P and @) is not a priori obvious and must
be deduced from the matching.

We have adopted the somewhat cumbersome formulation of writing both inner
and outer variables in terms of z, to insure that singularities are taken into
account, and perhaps more importantly, to exhibit directly the overlap domain
by requiring all remainder terms to vanish to a given order.

We now turn to the question of finding one asymptotic expansion which is
uniformly valid for all z. Proceeding heuristically, we assume (since the ingredi-
ents of both expansions are needed in their respective regions) that this uniformly
valid ”composite” expansion consists of the sum of the inner and outer expan-
sions, less those terms which are common to both. The common terms are those
that are matched and should not appear twice in the composite expansion. Of
course, the final result must be checked to verify that it leads to the inner or
outer expansions under the appropriate limit processes.

To O(1)hg = 0 therefore go(x*) is uniformly valid. This can be verified in two

ways, the first directly, by noting that
lin(l)g(w*,e) —go(z*) =0 forall z* (2.32)
e—

or indirectly by noting that the outer limit process, when applied to go, gives
zero. To order €, we note by comparing Equations (2.17), (2.20) and (2.21) that
in the sum go +€(hy + g1) the term € — 1/z* is common both in expansions thus,

the composite expansion which is uniformly valid to O(e) is

1 2
y = k(xaf)—90+€(h1+91—1+€x*)+O(5)
R 1 e® 1 1 9
= e T +6[ peull g + 533*] + O(e*). (2.33)
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To prove that (2.33) is indeed uniformly valid we must show that in the limit as
e — 0, z fixed # 0 (2.33) reduces to €hy, and that in the limit € — 0, =* fixed it
reduces to gg + £91.

To show that (2.33) leads to the outer expansion in the limit £ — 0, z fixed

# 0, we rewrite it in the form

ko= e =l —

- e _E 1] +O(e2). (2.34)

E+T T e+zxr =z

The term e~*/¢ is transcendentally small. Developing €/(e + z) gives

€ € € € e €
e—l—w—“m(l—#e/m)—5(1_5+"')_~__+”' (2.35)

and the leading term in the above cancels the term 1/z in the bracketed expression

of (2.34). Thus, to O(e) we have
.k e A
lim - = ——f hi(z) z* fixed. (2.36)

To show that (2.33) gives the inner expansion, we rewrite it in terms of z* as

follows
g 1 | 1
— e _ = O(e?). :
k=e 1+x*+6[ eT* 1+x*]+ (€% 245
Developing 1 — 75" gives ex* + - - - . Therefore
. k—go(z*) z"
1 = = * . .
lim - T O (z*) « fixed (2.38)

This proves that (2.33) is the uniformly valid asymptotic expansion of (2.3) to

O(e). Similar, more tedious arguments can be used to calculate the next term in

k.

The important feature to note here is that the uniformly valid expansion is
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not in the form

M
f(z,e) — Zan(a:)qﬁn(s) = 0(¢n) as € — € (2.39)
n=1
foreach M =1,2,---, N, because the dependence on z and ¢ cannot be factored.

The above ideas lead to the following definitions:

We say that Zﬁzl fa(@*)n(e) is a *limit process” expansion as € — 0 of
f(z,€) with respect to the sequence u, if it can be derived by making the change
of variable z = s(¢)z* for a specific s(¢) in f, and then proceeding with usual
calculation for the f, with z* fixed in the limit ¢ — 0.

Thus, the outer and inner expansions discussed in the above example are limit
process expansions with s = 1 and s = ¢, respectively. The composite expansion
is not a limit process expansion. In fact, it is a general asymptotic expansion in
the sense of the following definition.

We say that 271:’:1 kn(z,€) is a ”general asymptotic expansion” as £ — 0 of

f(z,€) to N terms with respect to the sequence u,, if for each M =1,2,---, N

tim T @8) = Fpta kn(@e) _

= [0, 2.40

&0 /"'n(g) ( )
Thus for the example considered 3 = 1,us =¢€,--- and

by = el = A1

LEe e+x (241)
e(l—e®) £

= — 2.42

k2 z etz ( )

ete.

We now turn to the very important question of whether the outer and inner
expansions can be derived from the differential equation (2.1) without knowledge
of the exact solution (2.3). This is crucial, if the above ideas are to be exploited

for problems where an exact solution is not available. Assume an outer expansion

28



of the form

Yy = p1(e)ha(z) + pa(e)ha(x) + psle)ha(z) + - (2.43)

with g, po,etc. unknown. Substituting (2.43) into (2.1) and developing the outer

expansion of the right hand side of (2.1) gives (' = d/dx)

epihy + Etighs + epizhy + pirhy + paha + pzhs + O(ua)

er  ,e® 4
= et ?—(2—1—37)—8 T+O(a ). (2.44)
The lowest order term on the left hand side is uihy, while the leading term on
the right hand side is —ee™*/z. Therefore, we must choose y; = ¢ and find
hy = —e™%/x.

In the next approximation (with u; = €) the equation
2;7 g€ "
£ hl + ,U,th =£ *{;—2—(2 + 117) (245)

contains the lowest order terms.
Thus, unless we set uy = €2 we have a contradiction [h; # (e7%/3%)(2 + z)].
This fixes pz = €2 and (2.45) defines Ay to be

— e %

€ ’

Similarly, consistency of the terms of order €2 requires that pz = €3 and one then
calculates
e—a:

hs = - (2.47)

and the process can be continued indefinitely. We see for this example that
applying the outer limit to the differential equation does indeed reproduce the
outer expansion. Since we are dealing with a first-order equation the calculation
of the outer expansion does not involve the solution of differential equations.

Consider next the inner limit applied to the differential equation (2.1). Writing
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(2.1) and y(0) = 0 in terms of z* and expanding the right hand side in the limit

process € — 0, z* fixed gives

* *2 * *3 2 %2 *
ﬁ?—i—}—y:— T +€(w +z 4;1)_82(:1: + 22 4 22*)
dz* (1+ 2*)? 1+ z%) 2(1 + z*)?

+O0(e%) (2.48)

y(0) =0 (2.49)

We assume an inner expansion of the form
y = vo(€)go(z”) + v1(e)g1 (") + va(e)ga(a™) + - -- (2.50)

The boundary condition (2.49) then implies that ¢,(0) =0, n = 0,1,---. Sub-

stituting (2.50) into (2.48) gives the first approximation

d 0 ifyg > 1,
dﬁﬂ Y= 0 (2.51)

(T;z—:)f if’l}():l.

Since the solution of (2.51) subject to go(0) = 0 identically zero, the first non-
vanishing term in (2.50) will correspond to the choice vy = 1 in which case the

solution is
1
14z

Qo(z*) =e —

(2.52)

Repeating this argument to higher orders , we see that unless we choose v; =
€,vg = £2 etc. The corresponding g;(z*) will be identically zero. Setting v; = &t
then provides a set of nonhomogeneous equations which can be solved and which
reproduce the inner expansion (2.10).

In the next chapter we will build on the above ideas and consider less trivial
examples where considering all limit process expansions and matching will provide
the uniformly valid general asymptotic expansion for cases where the differential
equation is hard (or impossible) to solve exactly if € # 0.

It can be noted here that the ideas introduced in order to construct and match

asymptotic expansions depended in no way on the linearity of the particular
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Figure 2.1: Spring-Mass System with Damping

example. Hence one can expect that these methods can be applied to nonlinear

cases also.

2.1 Limit Process Expansions Applied to Ordinary

Differential Equations

2.1.1 Linear Oscillator: Regular Perturbation

As a first example [3], consider a case for which the exact solution is easily found:
the respond of a linear spring-mass-damping system initially at rest to an impulse

Iy (see Figure (2.1)). The equation and initial conditions are

a2y dY
_ _ dy(0)
Y0) = T = 0, (2.53)

where § is the Dirac delta function.
Problem (2.53) can be replaced by an equivalent one, (2.54) by considering
an impulse-momentum balance across T = 0 or by integrating Equation (2.53)

from T =0~ to T =0t:

7Y Y L ky - 0, T>0

M dT

Y(0t) = 0
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dy (o) Iy
-/ - X 2.54
drT M (2:54)
The solution defined by this problem is the fundamental solution of this linear
equation.
The ”regular” perturbation is concerned with an approximation for small
damping coeflicient B. For small B, we expect the motion to be a slightly damped

oscillation close to the free simple harmonic oscillation of the system - the solution

of Equation (2.54) with B = 0.

Non-Dimensionalization

For the introduction of dimensionless coordinates, a suitable time scale is \/M—/— ,
the reciprocal of the natural frequency of free undamped motion, since this scale
remains in the limit B — 0. The length scale A, a measure of the amplitude, can
be chosen arbitrarily and this choice will not affect the resulting dimensionless
differential equation since it is linear. Actually, we will choose A in a form

convenient for normalizing the initial velocity.

Setting
. T Y
Y=y VT A SR
we have
d*(Ay) d(Ay)
M——— + B—————— 1+ Ay=0
d(t*/MK)? dt/ME) Y
d*y . dy
g7} + 2 P +y=0, (2.56)
where
. B
¢ T MK
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In these variables
Y(0") = Ay(0") =0 = y(0")=0

and

&y  dAy) A dy L, dy I

dT ~ d/MJK)  JMJEKdt

We find that dy(07)/dt* = 1if weset A = Iy/(MK)Y/2. It is seen that the solution

M 7 dtr VMEKA

of the problem only involves the one parameter £*. Small damping corresponds
to €* small so that an expansion with the limit process * — 0 is considered.
For this example it is evident that nontrivial correction terms can be obtained

only if y is expanded in powers of £* as follows

y(t*,e*) = got*) + g1 (t*) +---. (2.57)

By substituting the expansion (2.57) into Equation (2.56) and the initial condi-

tions, we obtain the following sequence of linear problems to solve in order

d*go dgo(0)
2 T90=0; 90)=0, —==0
d*gy dgo dg1(0)
W+gl__2dt* ; 91(@“‘%*—0
dzgi dgz'—l dQZ(O) .
e To= "2 gi(o)—w—o i=1,2,---.  (2.58)

The equation for gy is that of the free undamped motion; correction g; is computed
by the damping acting on the velocity of the free motion gy, and so on. The

solutions are

go = sint*,

g1 = —t"sint’, (2.59)
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etc. Thus, as far as the solution has been carried the result is
y = sint* — *t"sint* + O(*t*?). (2.60)

In this approximation, the amplitude decays linearly with time. If we consider

the exact solution

__e*t*
y(t*,g*) = \71__‘—6*—28111(\/ 1-— 5*2 *) (2.61)

we see that the amplitude 1 —e*t* is the expansion of e~"*" to this order. Clearly,
this expansion is only valid for ¢* fixed and finite. Thus, this regular perturbation
is identical to an inner limit process expansion as discussed in Chapter 2. For
any finite time interval 0 < ¢* < t§, €* can be chosen sufficiently small so that
Equation (2.60) is a good approximation uniformly valid to O(g) of the exact
result of (2.61).

Because in this limit e=¢"*" and sin /1 — £*2t* are approximated by power
series in £*t* and &*%t*, the results are not uniformly valid over the entire time

interval. Now we consider a perturbation problem for Equation (2.53) which is

singular at T' = 0.

2.1.2 Linear Oscillator: Singular Problem

The singular problem is connected with approximations of Equation (2.53) for
small values of the mass M. The difficulty near T' = 0 arises from the fact that the
limit equation with M = 0 is first order, so that both initial conditions of (2.54)
cannot be satisfied. The loss of an initial or boundary condition in a problem
leads, in general, to the occurrence of a boundary layer.

First, a discussion of this problem is given based on physical reasoning. After

a short time interval, it can be expected that the motion of a system is described
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by the limit form of Equation (2.53) with M = 0. Thus, we have

dy
Br + KY = I5(T). (2.62)

The initial condition in velocity is lost. By integrating both sides of Eqn.(2.62)

from 0~ to 0T, we get

B(Y(0T) +Y(07)) = Iy,

hence the effect of the impulse is to jump the initial displacement from Y (0~) =0

to
v(o*) = L. (2.63)
B

Hence, the solution of the following homogeneous equation

ay

Bd_T + KY =0

is

y = Do kB (2.64)

B . .

The solution demonstrates the exponential decay after the short initial interval
in which the displacement increased infinitely rapidly from 0 to Iy/B. In order to
describe the motion during the initial instants, we remark that inertia is certainly
dominant at T = 0 (impulse-momentum balance) and that due to the large initial
velocity, damping is important immediately but the spring is not, since deflection
must be achieved before the spring is effective. Thus, in the initial instants,

Equation (2.53) can be approximated by

e dY
772 + B—(—i? = Iy6(T) (2.65)
with the solution
Y(T) = %(1 — e~ BT/M), (2.66)
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Figure 2.2: Solution of Spring-Mass System after a short time

Y

tojs

T

Figure 2.3: Solution of Spring-Mass System at initial instants

This solution shows the approach of the deflection in a very short time (M — 0)
to the starting value for the decay solution of Equation (2.64). The curves shown
in Figures (2.2) and (2.3) give an overall picture of the motion.

Following our physical considerations, we aim to construct suitable asymptotic
expansions for expressing these physical ideas and to show how to join these
expansions. The method uses expansions valid after a short time (away from the

initial point) and expansions valid near the initial point.

Outer Expansion

For the expansion valid away from the initial point, we find that natural variables
are those based on a time scale for decay (B/K) and on an amplitude linear in

Io. Let

t=—=T, y=DB—
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so that Equation (2.54) reads

*(By)  _dBy) I d?y | dy
M-\B BB KOy =22 41 29 4 g = 2.
aBee TPy TR T T Y0 (2.67)

where ¢ = M K/B?, with initial conditions

dy 1

y(0) =0, —(0)=—. (2.68)

The expansion valid away from the initial point (outer expansion) is associated
with the limit

e — 0, tfixed (outer limit). (2.69)

An asymptotic expansion in the form
y(t,e) = vi(e)hi(t) + va(e)ho(t) + - - -, (2.70)

ia assumed.
The equations resulting from repeated application of the outer limit to Equa-
tion (2.67) or equating terms of the same order of magnitude when Equation

(2.70) is substituted in Equation (2.67) are

dh
d—tl +h1 =0, (2.11)
—Eh jfue =
dh
d—; +hy= (2.72)
0 if ’;2#6 — 0.

The initial conditions for this set of equations, as well as the orders of the various
v;(€), are unknown and have to be found by matching with an expansion valid

near £ = 0 (inner expansion), which takes account of the initial conditions.
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The solution for the outer expansion are

hl = Ale"t (273)

Il

hg Age—t - Alte"t. (274)

The term —A;te™ above would be missing if it turned out that vye/vg — 0.

Inner Expansion

Various limits can be considered in which a representative time ¢ approaches the
origin in the e—1 space at varying rates. That is, limits and associated asymptotic

expansions can be considered for which ¢, is fixed, where

t
ty = ——, g)—>0ase—0.
n "7(5) 77()

In terms of this variable, Equation (2.67) is

edy 1ldy
—pal . = =0 2.75
n*di2 - ndt, +y (275)
Three cases evidently arise, yielding different limit equations, which would be
satisfied by the dominant term of corresponding asymptotic expansions.
Case I
Inner-inner limit n < € or €/ — oo,

d*y
@ =" (2.76)

This is not a distinguished limit as Equation (2.76) holds for a class of functions
different orders. In this limit the governing equation is of second order so that
the initial conditions can be accounted for. However, the use of an inner-inner
limit is unnecessary for this problem since the expansion associated with it is

contained in Case II. The expansion associated with this limit is valid only in a
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very small time interval, ¢ < kn(e), around ¢ = 0, the inertia-dominated regime.

Case I

Initial-layer (boundary layer) limit, n = ¢

dy  dy _

R 0 (2.77)

This is called a distinguished limit since nj(e) cannot belong to a class of functions
with different orders but is definitely O(e) as t — 0. The corresponding expansion
will be a limit-process expansion. The initial conditions can be satisfied. This
limit yields the boundary-layer equation derived previously by physical reasoning.
As t, in Equation (2.77) approaches zero, the solution of Equation (2.76) are
obtained and, in that sense, Case I is contained in Case II.

Case III

Intermediate limit, e € n(e) € 1, or e/n(e) — 0

L

7 = (2.78)

This is also is not a distinguished limit but consists of a class of limits (and
expansions) intermediate to the boundary-layer limit and outer limit. Equation
(2.78) can handle neither the initial conditions nor the expected behavior at
infinity. In this example, limits of Case III are also superfluous since they are
contained in both those of Case II and the outer limit.

Thus, consider the asymptotic expansion associated with the initial layer limit
y(t;e) = ua(e)gi(t™) + pa(e)ga(t™) + -+, (2.79)

where t* = t/e, and with the sequence of approximate equations which result,

g dgi
a2 dt*

=0 (2.80)
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—q if % -1,
d*gs + dga _
dt 2 dt

(2.81)

0 if%—)(}.

The initial conditions fix ui(e) since

dy _pidgr | pedge

1
_— = = —_— e = — t* 0
dt e dt* e dt* + € ast =

Thus, p; = 1, and the initial conditions associated with (2.80) and (2.81) are

9:1(0) =0, dfil—t(*o) =1, (2.82)
g2(0) =0, dgdz—t(*o) =0. (2.83)

The solution of the initial-layer Equation (2.80) is thus
g=1—-e". (2.84)

A nonzero term is needed for g if corrections to the first term are to be found.

Thus,us must be chosen equal to €, and Equation (2.81) reads

dzg2 ng i
i TR S

The solution of this is

g =2—-t)— 2+t (2.85)

The inner expansion can be carried out in this way to any order.

Matching

The matching of inner and outer expansions serves to determine both the orders

of magnitude of the v; and the constants of integration Ay, As, - - - in the outer ex-
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pansion. Crudely speaking, the idea of matching is that the behavior of the outer
expansion as ¢ — 0 and the inner expansion as t* — oo is in agreement. More
formally, as discussed in Chapter 2, there is a domain in which both expansions
are valid, an overlap domain, and in which these expansions agree. At first, the
outer expansion is assumed valid, that is, truly asymptotic to the exact solution
for t > k; > 0 (and for as many terms as are considered). Correspondingly, the
inner expansion is valid for 0 < ¢* < ky or 0 < ¢ < kge. If the regions of validity
can be extended so that the outer expansion is valid in ¢ < 7;(¢) and the inner
expansion extended to lap domain. If we assume that overlap exists in this case,
as already indicated for the first time, an intermediate limit (corresponding to
Case IIT) must hold in the overlap domain.

Accordingly, we define the intermediate variable ¢,

for some, yet to be specified, class of functions 7(g) contained in the class ¢ <
n(e) <« 1. We will investigate whether the inner and outer expansions when
expressed in terms of ¢, agree to some order.

More precisely, matching to O(1) requires that we be able to find a class of
functions n(e) such that (R=0,P =Q =1)

. nt
}:]E)I(ll {vl(s)hl (mty) — ¢ (?’7)} =0, t,fixed (2.86)
or, using the expressions (2.73) and (2.84) in terms of ¢, that we have calculated

for hy and ¢, this means that
Iir%{vl (e)A1e™™n — [1 — e~ @/} =0, ¢, fixed. (2.87)
g

We can find the overlap domain for the matching to order unity by using the fact
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that e~(/o) ig transcendentally small, i.e.,

e~ (/e & o = —g <K loge = ¢|loge| € n(e) € 1

hence Equation (2.87) can only hold if we choose v1(¢) = 1 and A; = 1. Assuming
that v = ev; = €, matching to order £ will provide the value of As. The matching
condition, (R = 1, P = @ = 2), now assuming that the first two terms in each

expansion are sufficient, is

1 nt nt
Z = ll_I}[l) g{vl (e)hi(nty) + va(e)ho(nty) — o1 (—8"—) — z-:gg(?")} =0, t,fixed
(2.88)
If we take account of terms which have already been matched, expand the expo-

nential e~"7, and neglect transcendentally small terms, Eqn.(2.88) reduces to

Z = lm é{ﬁm 1 09(€) (Age™ — tye ™) — (1 — &~ 0/%)
— el2~ (nty/e)) — 2+ (mto/e))e ™/}
= Hm {1~ 7ty )+ o) [An(L = ity 4 --) = by~ ity - )]
(=) e[z~ (1t /)) — (24 (/)]

= lim %{—nt,, +O0(n?) +edy+nt, — 2+ O(e?)} =0, ¢, fixed. (2.89)

The O(n?) remainder results from the next term in the expansion of e~ while
the O(e?) remainder accounts for the third term, £2g,, in the inner expansion.

The terms of order 1 cancel identically, as they should (for otherwise /e — oo
matching would fail to order €). The terms of order ¢ in the numerator will cancel
if we set Ay = 2, and the most important remainder term is O(n?/e) and will
vanish if n(g) < /2. Thus, the overlap domain for the matching to order ¢ is
g|loge| < n <« €'/? and is smaller than that associated with the O(1) matching.

We note that all the assumptions that were made prior to the matching jus-

tified a posteriori: It was necessary to retain the term —A;jte™ in hg, hence the
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choice v3 = ¢ was appropriate. The number of terms needed in each expansion
to order 1 and € was one and two respectively. Failure of the matching would
have required these assumptions be reexamined and modified or abandoned. For
example, in some problems a homogeneous solution (corresponding to the choice
v1€ < vy )might be needed to carry out the matching, or the number of terms
required in one of the expansions might exceed those in the other, etc.

The result achieved so far are summarized as follows:

y(t:e) = et+ef2—tle t+ - (outer), (2.90)
yt:e) = [L—e]+e]@—t)— 2+ t)e ] +---, t* = é (inner).
(2.91)

A uniformly valid asymptotic expansion, of the general form of Equation (2.40)
can be constructed from Equations (2.90) and (2.91). The inner and outer ex-
pansions have some terms in common, namely those terms that are matched
(cancel out in the matching). If the two expansions in Equations (2.90) and
(2.91) are added together and the common part subtracted, then a uniformly
valid (0 < ¢ < t;) representation results. It is clear from the occurrence of the

~t

term ete™ in the outer expansion that uniform validity does not extend to ¢ = oc.

The remedy for this is discussed before. The common part (cp) is, for this case,

ep=14+e2—¢)+---.

In a boundary-layer problems such as this, it is possible and desirable to subtract
the common part from the inner expansion, so that the part of the uniform

expansion left in inner variables decays exponentially. The resulting expansion is

ylte)={et—e "} +e{@2 et~ 2+t e} 4. (2.92)
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This expansion falls into the class of general asymptotic expansions of the form
y(t:e)=F(t:e)+eF(t:e)+---.

defined by Equation (2.40). For this case, the general expansion takes the form
of a composite expansion: each term is composed of an inner part which decays

to zero and an outer part:
% £ g% * t
y(t:e) = [a(t) + gi ()] +elha(®) + g5 (¢)] + -, 7=~ (2.93)

where the g} are defined in Equation (2.92).

Such a form as Equation (2.93) can be assumed a priori in many boundary-
layer problems. The g}(t/¢) should have the property of correcting the incorrect
(in general) boundary condition of the first outer solution h; and should decay
exponentially from the boundary.

Finally, in this example the first term of the uniformly valid approximation
gives a good description of the physical phenomenon for small M. In physical

variables, we have,

y o %{e—KT/B _ BI/MY, (2.94)

The motion shows a rapid rise to peak at T 2 (M/B)log(B%/KM) and an
eventual decay.

If we are interested in extending the range of uniform validity of the outer
expressions to £ = oo it can be done by considering a more general outer limit
process. There is a cumulative effect of inertia which slowly shifts the time scale

for decay. For example a variable ¢
tt =t{l + aie + age® +---} (2.95)

can be considered and the associated limit process has t¥(t,¢) fixed. The con-

stant aj are to be found so as to enforce uniform validity at infinity. The outer
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expansion is now of the form

y(t:e)=hf{tt) +ehd(tt)+---. (2.96)
Note that

dy _ A (A By
dt — dit det

Py @hT (RhF . ER
a2 t+2+ {dt+2+2 n t+2}+”"

Thus the sequence replacing (2.71), (2.72) is

dhi

EF+h+ = 0 (2.97)
dhi . d?hf dhi

_dt+ +hy = —gp T 1dtJr (2.98)

The term ete~* which caused trouble at infinity arose from the right hand side
of (2.72) in particular from the presence of e, a solution of the homogeneous
equation. This term can be eliminated by the choice of a;. In this example a¢; = 1
evidently makes the right hand side of (2.98) equal to zero.

The outer expansion is now

y(t:e) = Aje™ +edpet -, tr=tl+e+---). (2.99)

This expansion is now uniform near infinity.
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CHAPTER 3
AN EXAMPLE OF WAVE ASYMPTOTICS

3.1 Introduction

The method of matched asymptotic expansions, described in Van Dyke’s book [4],
has had considerable success in dealing with a wide variety of problems, particu-
larly in fluid mechanics. The method does not have full rigour, except in a narrow
class of special problems. But the technique does provide a rational procedure in
the sense that it can often be used to predict asymptotic approximations to high

order, at least in principle.

3.2 Transmission past a partially immersed cylinder

The example (treated by [5], [6], [7], [8], [9]) concerns the transmission of short
surface waves by a partially immersed cylinder that intersects the free surface
vertically. This problem has been dealt with rigorously by Ursell [9]. Ursell
reduced to problem to that of an integral equation that is amenable to solution
by iteration. Here we follow the heuristic method of Leppington [7].

Cartesian coordinates (z,y) are chosen so that the undisturbed free surface is
at y = 0, the y — axis points downwards and the cross section S meets the free
surface (F'S) at © = +a. The geometry shown in Fig.(3.1), with the intersection
points denoted by P(z = a,y = 0) and Q(z = —a,y = 0). The fluid is forced
by an incident wave of potential R{¢i,.c~®*} where R denotes the real part of a

complex quantity and

'(w—a)—y}

—i
¢z’nc = eXp{ € (3 1)

where ¢ = g/w?. Water depth is assumed to be infinite. Henceforth the time
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incident wave

transmitted wave reflected wave

Figure 3.1: Transmission past a partially immersed cylinder.

factor e™®* and the symbol R will usually be suppressed. The velocity potential

R{d(z,y)e"™*} is specified by the following equations

V2¢=0 in the fluid (3.2)

$+ep,=0 on FS (3.3)

% =0 on S (3.4)

¢ — Pine ~ Rexpli(z +a)/e — (y/e)} as z— o0 (3.5)
¢ ~ Texp{—i(z — a)/e — (y/e)} as z— —o0 (3.6)

where € = g/w? is a measure of the wavelength, n denotes the outward normal
from S and ¢, denotes the partial derivative of ¢ with respect to y. The complex
reflection and transmission coefficients R and T are unknowns, to be determined.
Of particular interest is the asymptotic form of the potential ¢, and the constants
R and T in the limit ¢/a — +0. For details, reader is referred to [10] and [11].
The solution depends critically on the shape of the scatterer S near the inter-

section points P and @. Suppose that near P,S has the form

(o]

z—a=—fly)=) — (3.7)

for 0 < y < yg, where N > 2. If N = 2 then ay is simply the curvature of S at

point P. If N > 2, then ax can be thought of as a generalized curvature there:
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the larger the value of N, the flatter is the curve S at P. Similarly, near ) we
take

:v—{—a:fl(y):z%yr M >2. (3.8)
r=M "

Details are given here for the special case in which S is a semi-circle of radius a,
whence M = N =2 and ay = (s = 1/a.

The asymptotic solution (as € — +0) is determined by the method of matched
expansions . Different forms of approximation are postulated in various overlap-
ping regions, namely: (i) the outer region (at distances large compared with e
from the free surface;) (i) inner regions (within distances § < a and §; < a from
the intersection points P and Q); and (¢i) surface wave regions (near the free

surface) where surface waves proportional to exp{(+iz — y)/e} are significant.

3.2.1 Owuter region

Now, consider that ¢ has the form ¢ ~ go(€)do(z,y) + g1(€)p1(z,y)+- - -. Letting
€ — +0 in the specifications (3.2) — (3.6), and with the aid of Equation (3.9)

0? 0?
% + 8—;25' = (90¢0zz + gl(blmm + g2¢2mz oo )

+  (9oBoyy + G1P1yy + GaPayy + -+ +) =0,
90(Pozz + Poyy) = 0= Pooz + Poyy =0 = ¢ is harmonic,
91(P12z + D1yy) = 0=> D1y + 1y =0 = ¢ is harmonic,

92(Goze + Poyy) = 0=> oy + oy =0 => 2 is harmonic,  (3.9)

¢p is a harmonic function.

Since

09 _ 0((g0%0) + (9191) + (9262) + - -) —Oé%—%—%—
on on - on  On  On

0 onS
(3.10)
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and

¢+edy = (godo+ 9191+ gabo + ) + €(godoy + 11y + gadpay +--+) =0

gogo = 0=>¢s=0 on FS,
9161 + €godoy = 9191 =0=¢1 =0 on FS,

@02 + €910y = P2 =0= ¢ =0 on FS, (3.11)

¢g is subject to the conditions

O¢g/On =0 on S
$o =0 on FS . (3.12)

g — 0 as z2+9y?— oo

These homogeneous conditions admit a non-trivial solution only if ¢q is sin-

gular somewhere. It transpires that ¢ has a dipole singularity at the point P.

3.2.2  Right inner region

Near the intersection point P(z = a,y = 0) the dominant length scale is the
(small) wavelength parameter £. Thus, the appropriate scaled variables (X,Y)

and ® are introduced by the formulae

z=a+eX, y=¢Y;, ¢=93(X,Y). (3.13)
In particular the variables § = ((z — a)? + ¢2)% and R = (X2 + Y2)3 are related
by the identity § = ((eX)2+ (€Y)?)Y2 = (X2 +Y?)}/2 = ¢R. In terms of (X,Y)

the circle S(z? + y* = a®) has the form

P4y =(EX+a)l+ (Y = eX+a=(a+ (-2  (3.14)
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By using the binomial expansion (a + b)" = a" + na™1b+ ﬂnz;l)a,"‘zb2 e, we

obtain that

eX+a = ( 2)1/2 1/2)( 2) 1/2( 2Y2) (1/2)( 1/2)( 2)—3/2(_82y2)2+
eX+a = a—(2Y?)/(2a) — (e*Y*)/(8a®) + - -

X = —(g/2a)Y? — (£3/8a3)Y*) - = —F(Y). (3.15)
The boundary condition (3.4) on S is
Sy + F'(V)Py =0 on X =—F(Y), (3.16)

since ‘;—fi =0 = gradp.™W = (¢m? + %7).(1.7 + Fy?) =¢;+ ¢ Fy =0. It
is convenient to transform this condition on to the plane X = 0, using Taylor

series,

Ox(X,Y)=®x(0,Y) + X®xx(0,Y) + - (3.17)
Thus the right inner potential is the harmonic function ® subject to the following

body boundary condition, where (X = 0) and (Y > 0),

Bx + (=)(2Y By — Y2Bxx) +23 (4Y3<I>y —Y'®xx)+---=0.  (3.18)

2q

In order to derive this, we need the derivative of (3.15),

F'(Y) = (e/a)Y + (€3/2a®) Y3 + ... (3.19)

Since ¢, = %@y = -i—fby, equation (3.3) becomes the free surface boundary
condition

®+Py =0, Y=0, X>0. (3.20)
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If we put £ = a+€X, and y = €Y in the equations (3.1) and (3.5) we obtain the

radiation condition

& ~ exp(—iX —Y) + Rexp(iX — Y + 2ia/e) (3.21)
plus wave-free terms, as R = (X% 4+ Y?2)'/2 — oo,
3.2.8 Left inner region
A similar analysis is appropriate for the left inner region, near Q(z = —a,y = 0).
Coordinates (X1, Y1) are defined by
r=—-a—¢eX;, y=¢Y; ¢=VY(Xy,Y) (3.22)

whence 6; = Ry, with By = (X?+ Yf)é. The harmonic function ¥ is subject to

3
£
Ux, + (e/20)(2Y ¥y, — YUy x,) + @(43’13‘1’1& =Y Uy, x,) + e

where (X; =0, Y; > 0), and

U4y, =0, X;>0, Y;=0
and

U~ Texp(iX; — Y + (2ia/e))

plus wave-free terms, as Ry = (X% + Yf)% — 0.
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3.2.4 Matching

The approximations are required to match together smoothly in the various re-
gions of overlap. The wave terms (i.e those proportional to exp({Fiz — y)/e)
generated in the inner regions are simply continued into the wave region near
the free surface. The inner potentials ® and ¥ will also include wave-free terms
(such as Rsin@) that are required to match with the outer potential ¢. Roughly,
$(6 —0)~P(R—o0) and ¢ — 0) ~ ¥(R, — o00); that is, the inner limit
of the outer potential must be asymptotically equivalent to the outer limit of the

inner approximations. The precise conditions are those proposed by Van Dyke

[4].

3.2.5 Right inner approximation

It is tentatively assumed that

& ~ (X, Y) +£0y(X,Y) + 28y(X, V) + - - - (3.26)

as £/a — +0; both &g and ®; are harmonic. Note that it is not assumed that
the asymptotic expansion includes only powers of g, since intermediate terms
(for example €?loge), might well occur. A more systematic approach would
allow for the possibility of an intermediate term, say h(e)®}, with h(e) such that
€ € h(e) < 1, and to be determined by matching. It transpires that there is no
such intermediate term in this case (so ®} = 0) and this step is omitted for the
sake of brevity.
Substitution of (3.26) into (3.18) gives us

(Pox + ePix+--°)

+ (e/2a)[2Y (Do + @1y + -+ +) — Y (Poxx +ePixx + )]+ -+ =0
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hence, we obtain the following body boundary conditions

®x = 0 as X =0, Y >0,
b x = —(1/2&)(2Y@0y—y2®oxx) as X =0, Y >0,

Doy = —(1/20,)(2Y(I)1Y — Yzq)lxx) as X = 0, Y > 0. (327)

Now again we replace (3.26) in (3.24) to obtain the free surface boundary condi-

tions

Pg+ Py = 0 as X >0, Y =0,
O, +Py = 0 as X>0, Y =0,

Py 4+ Py = 0 as X >0, Y =0 (328)
Finally, we get
Dy = exp(—iX —Y) + exp(iX — Y), (3.29)

which satisfies the boundary conditions (3.27),(3.28) and the radiation condition
(3.21) as R = (X% + Y?)Y/2 — co. For the right inner potential ®, we find the

first approximation
O~ Py=exp(—iX —Y)+exp(iX -Y), as e—0.
Hence, we find from Eqn.(3.21)
R ~ exp(—2ia/e).

Now, we observe ®; corresponds to a simple wave-maker problem (See Figure

(3.2)), with solution

53



®; + 81, =0

<I>1x=£%ﬂ Ad; =0

y

Figure 3.2: ®; of the Right Inner Approximation

31(X,Y) = _% / G(X,Y;0, Y)Y’ — Y?)e ¥ dY”, (3.30)
0

where G is the fundamental source solution, or Green’s function which satisfies
the homogeneous boundary condition given in Fig.(3.3) [12]. We derive (3.30)

from the Green’s Formula [12],
/ / (®:V2G — GV23,)dA = f (®:VG — GV®,) - nds, (3.31)

where the double integral is over the semicircular region shown in Fig.(3.4). The
contour for the line integral is shown in Fig.(3.4) and n is the unit outward normal

vector. Since ®; is harmoniec, we get

(I)l = ]{(CIHVG —_ GVCI)l) -nds

= (®1VG — GV®y) -nds+ [ (VG — GV®,) - nds

L1 L2
4 / (®1VG — GV®,) - nds (3.32)
Cr
with
o oG 0P,
| (@vG-eve) nds - /0 (0,25 1 ¢2)ax

— * 8(1)1 6@1
=, (57 )(—6) + G57)dX
= 0,

o4



G+ =0

X

8 =0 | AG=6(X-X)6(¥ -Y)

Y

Figure 3.3: Boundary Value Problem for Green’s Function

and

0 _8G 0%
/I:z(q)lvc; —GV®,)-nds = L(“@lﬁ + Gﬁ)dy

I / GEY - YY)eYay.
a Jo

We evaluate the integral over the circular arc as follows:

im [ (3VC—GV®)-nds — m | (0,28 — g2

Ly A | (@igp — GHR)Rd6=0.

The last equation gives us the radiation condition

oG _ ;0

am B(@gp —G5p) =0

Using the Green’s function, which will be found next, we determine that ®; must
behave like (1/R) as R — oo.
Quarter domain in Fig.(3.3) can be reflected (See Fig.(3.5)) [13].

3.2.6 Green’s Function for the Wave Maker Problem

Green’s function can be written as
G =Kr+ Kg
where Ky is the free space Green’s function
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G+g%=0 1771)
T X
73 < !
AG =4§(X — Xp)d(Y — Yo

Ly ( 0)8(Y — Yo)
oG
ax =0 Cr~ 3,

Y

Figure 3.4: Contour used in Green’s formula

G+8¢ =0

X

AG =6(X|- X)o(Y - Y)

Y

Figure 3.5: Reflection of Green’s Function to the Region y > 0

Kp=2Ah[(X-X)2+( -Y)
and Kg
Ke=—-Lh[(X -XP+ Y +Y)]-v(XX,Y,Y)
is required to satisfy the boundary condition at Y = 0, where v(X, X,Y",Y)
satisfies the Laplace’s equation and nonhomogeneous boundary conditions

AG = A(Kp + Kg) = 6(X — X)6(Y = Y).

Since AKr = 6(X—X)6(Y-Y"), AKg = — £ Alln((X =X Y2+(Y+Y")?)]-Av =
0. Nevertheless In((X — X")2 + (Y + Y")2) has no singular point in the first and
second quadrant of the region shown in the Fig.(3.5), so A[ln((X — X' )2+ (Y +
Y")?)] = 0 and this implies

Av = 0. (3.33)
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v _ -y’
Ve T mx-x T

Figure 3.6: Boundary Value Problem for »

If we organize the following equations at Y =0

oK, 0K
G"f‘GY = Kg'f'—é?,g—f“Kp—l‘a—;:O
0Kg 0K
Koty = ~Kr=%y
—E (X - X P4V v b B - S

—HI((X — XV +Y?) - s

we get
Ov 1 Y’
U+_6Y — “%(X—X,)Q—{—le‘ (334)

Applying the Fourier Transformation in X

Viw) = \/—12_7; /_ :v(X)eindw (3.35)

to the boundary value problem (3.33) and (3.40)(See Fig.(3.6)) we obtain

2
%Y—V; _ A2V = (3.36)

oo iAX
v ¢ dx (3.37)

Yl
N /_m (X-XP2+y?2

Using the substitution X — X’ =t in (3.37) results in

7 L ’
o 1 SREINCES &) _ X 1 ooy girt _ X —II\IY’
V+ o T avor f —o0  t24Y'2 dt = T V2r f —00 $24Y72 dt = Vax ©
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ov 1 eiAX’-|A|Y’

V4t o=- at Y =0. 3.38
The solution of (3.36) is
V = e, (3.39)

If we replace (3.39) in (3.38), we obtain ¢ as follows,

! !
_1 XX -y

¢—[Ae= Ze MX'-INY' implies ¢ = Y s v

271'

Hence,

=l X Y =Y
V=T '

Now we apply Inverse Fourier Transform
v(X) = \/%—r 2 V(w)e ™ X dw

to V to obtain

1 /oo GAX =X)— (Y +Y")

SRS BN
_— _i oo COS[/\(X = X')]e_[/\l(Y-l-Y') 3 i fo's} ’LSin[)\(X —X,)]e—])\}(Y+Y')
T —o0 1— [ 21 J_ o 1—|A]
_ 1 [* cos[]A(X — X')]e—IA](Y+Y')
C T T, 1|\ d. (3.40)

The Green’s function G(X,Y; X’,Y’; K) can be written as

dr

2 oo N —AY4Y)

G- iln X-X2+({Y-Y) 4 PV/ cos[A(X — X')]e
dar (X -X")2+ (Y +Y')? 0 K-\

(3.41)

where PV denotes the principal value and K = 1. For the PV integral in (3.40)

we use the contour in Fig.(3.7). Let

' = / f(z)dz =2mif(K)(z — K) = — i KX =X) =KV +Y")

/f(z)dz+/ f(z)dz—l—/ f(z)dz+11m/ f(z)dz+ hm f()
(3.42)
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Lj

Cr

n

Figure 3.7: Contour for the Improper Integral

where

L=1L;ULyUL3sUCs(K) UCgr(K)
A X~X") g—2(Y+Y")
K—=z
Cs(K) is the circle z— K= de® m<O<or

z=A+in and f(z)=

Cr(0) is the circle z=Re® 0<f< g

We find that

2 Gi(K+8e)(X—X') o~ (K+6e0) (Y +Y)

i li _ i6e?
Y e

I

2 7 / ' 1
- _/ T RO KOAY )i . KOCX KO,

(3.43)

Nevertheless, along the line L3, z = in so0,

Py /o e~ (X=X")no—i(Y+Y")n 'd
zidz = ; an
Ls o) K — m
0 —~(X—X" Y ~i(Y+Y ) (;
/ € c - (Z”I + K) idn
oo (K —in)(K +1in)

_ /’0 ne‘(X‘X,)”[cos[n(Y + Y] —isin[p(Y + Y]]
- n? 4+ K?

dn
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+ /0 Ke‘(X‘X')”[i cos[n(Y +Y')] +sin[p(Y +Y’ )]]

< dn (3.44)

and when we use the substitution 7 = Kt and reorganize Eqn.(3.44), we get

Fyds — /oo tcos|K(Y 4 Y )t] —sin[K(Y + Y )i] KX g,
Ls 0 1+1¢2
X0 ’ . Y , )
—i/ cos[K(Y +Y )ti ‘:izsm[K( F YU k- gy
0

(3.45)

We now show that the value of the integral on Cg approaches 0 as R tends to co.

To do this, we have to know that

Iﬂ?/ f(2)dz| < l/ f(2)dz] < Rsup |f(2)| (3.46)

2eCr

where £ R is the length of Cr and R denotes the real part. By using the Jordan’s

Inequality, the following is obtained,

¢~ BX-X')sing < e )sr_XI * when 0 <6< g—
e—R(Y+Y')cost < —RU=20)Y+Y) 0o 0<6< g (3.47)
By using Eqn.(3.46) and Eqn.(3.47),
iR (X—=X") ,—Re?® (Y +Y") y
dz = . i Re* df
CRf(z) z /CR R iRe
_ f ;XX Yicos 0—sin6] ,—R(Y+Y"){cos0-+ising] 1€ o o
16
Cr K- Re
. ! . ryo. ro. ’ Reze

_ / P BX =X conf ,—iR(Y+Y')sinf — B(X~X')sin04 (Y +Y') cos] a8

Cr K - Re’o
< |~ BX—X')sing) e—R(Y+Y’)ooseH Re? 16

Cr zG
< / o~ 2BI(X-X) ~R(-26)(Y+Y") R &0
- Jog K—-—R

' ’ ’ R

< —R(Y+Y") ZR((Y4Y')~(X~X ) do 3.4
< /C K e . (3.48)
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Consequently,

,n.[e—R(X—X') _ e—R(Y+Y')]

|, 7@4 S am R vy @ 2

—0 as R—o0. (349)

Now by the Eqn.(3.42),

(X —X") g=2(Y+Y") ge(X=X") g—2(Y+Y")
/ dz + / dz =
L1 L2

K-z K-z
i K X=X K 4Y) / ® tcos[K (Y +Y')t] —sin[K (Y +Y')t] KXYt g
A 1+
L /°° cos[K (Y + Y')t] + tsin[K (Y + Y )] KX gy
o 1412
(3.50)
It is obvious that,
cos]AM(X — X')]e - ¥+Y) / cosA(X — X' )]eT+Y)
dX + dA 3.51
/]:1 K- Ls K-\ (3:51)
is the real part of integral on the left side in Eqn.(3.50). Finally,
G = i In— + sin[K (X — X')]e_K(YJ“Y’)

2r

m 0 1 —+ t2
where K =1, 7= (X - X2+ (Y =Y )2and r} = (X - X2+ (Y + Y2

Therefore, we find that
L R ~Y (9’ 2y -2y v
& (X,)Y) = - sin[X]e ™ (2Y —Y %)e ™" dY
0
1 had X2 -+ (Y Y )2 ' ’9 _Y’ ’
T )y By ® Ve A
1 0 _Xt ' ’ 4 4
+ = / / tcos[(Y+Y Y)Y —YDe Y didY
— / / ——— sin[(Y + Y2y — Y’z)e"yl dtdy’.
(3.53)
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The first term in the expression for ®;(X,Y) yields the surface wave contribution

o0 ’ ,
®, ~ —%sin[X]e“Y / QY —Y?)e Y qy
0

1
~ —Esin[X]e‘Y as X — o0. (3.54)

Since ®( has no wave-free term at all, there is no contribution to match with an

outer expansion. Now the form of the boundary condition (3.18) suggests that
D ~ (DO -+ 8@1. (355)

By using (3.21),(3.54) and (3.55) we find that the reflection constant R has the

form

~

R ~ [1 + (ie/4a)] exp(—2ia/e). (3.56)

The double-integral term can be simplified by performing the Y~ integral first.

Let
P (X,Y) ~ -ﬂ% /(; N . f e dt
where
I= /0 oo(t cos[(Y +Y')t] — sin[(Y + Y )t])(2Y — YD) Y dY’.
Since

'= / (teos|(Y +Y")] —sin[(Y + Y ))(2Y" - Y"?)e ¥ dY’
0
= 2 [Ceonly Y)Y ay ¢ [ eosl(y + Y)Y e v’
0 0

— 2 / sin[(Y + Y)Y e dY’ + / sin[(Y + Y)Y 2e~Y dy’
0 0
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2 [1 t2
B 1+e°

E 0s(Yt) — 7=z sin(¥)]

2t [ 1—3¢2 cos(Y't) — 3t—t
(L1 232 (1 + 2)372 O (11 272
2 % — 2
- Trehye st + T on (e
2 3t — 13 1 - 3¢?
aroprar e V) mrapn
2t — 263 442

= m COS(Yt) — (—m

sin(Y't))

sin(Y't)]

sin(Y¢), (3.57)

we find that

1 [~ I

. ——Xtdt
ma Jo 1 —l—tZe

3,(X,Y) ~

1, [®2t—28 st o g2 xe
~ E[/ﬂ th)_é COS(Yt)B dt — /0 m—t—z)‘g sm(Yt)e dt]
_ 2(Y? - X?) _ 8(Y3 —3X%) n
na(X2+Y2)?2 ma(X2+Y?2)3

2cos28 8sinf
2 1 +--- 3.5
o o [2cos20 + 1] + (8.58)

where (R, 0) are given by X = Rcosf and Y = Rsinf.
Setting X = 0 in (3.53), we have

'

8,00,7) = —— [ tog| X=X j2v —y2)eY @Y’
1 - 27!'0, i} Y Y
+ L Tl / " teo (Y + Y)Y — Y™ dY'dt
ma Jo 14142 Jy o8 ¢
1 o0

— T em[(Y + V)@Y — Y)Y dY'dt (35
~ 1+t2/0 sin[(Y + Y )4)( Je ¥ dY’ dt (3.59)
together with the exponentially decreasing wave term.
Hence
1 [~ T
®(0,Y) ~ —
1( ’ ) ma Jo 1+t2

1, [ 2t—263 © 442
~ Ll ety - /{; o Y]

1 2 8 48

dt
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It is readily seen that its contribution to ®; is of order Y 2. The main contri-
bution, of order Y1, arises from the logarithmic term which can be obtained by

partial integration as follows:

7 1 et X2 + (Y - Y’)2 ; 19 —Y, ’
(0, Y;X,Y) ~ ——r Y -Y dy
O.Y5XY) ~ e [Closl Gy - Y e
e 3 2 ' ’ 4 ’
1 / 4Y —l—leX AYY __y2e Yy,
dra Jo (X2+ (Y +Y)2)((X2+ (Y -Y")?)
(3.61)
setting X = 0 and Y’ = Y, we have
Y2 00 t2 -

~—i | e gy 62
1(0,Y) m/0 e (3.62)

Since |¢] < 1, and the use of Watson’s lemma shows that

Y2 [
(I)I(O,Y) ~ _EA t2(1 _t2+t4 o ..-)e_Ytdt
Y? [
~ ——/ (2 —tt 18— e Vidt
a Jo

_)_’_2_ 2 24 720

_ﬂ_a[?g_?_g.{_w_...] as Y — oc. (3.63)

To find the general far-field form for the harmonic function ®(X,Y) we use the

substitution Y’ = Yt in (3.61) then we obtain

Yt [ —Y2%4 4 (X2 + Y22 _
BXT) ~ _E/O Y4+ (2Y2X2 — (2Y4)t2 T(XZrveeE’ vt
Y4 1 Y4 - 3X2y2
~ _E/o eyt eyt
Y4 2 24(Y? — 3X2)
~ Tmlvae v T yse sy T
N UY?-3XY)
ma(X2+Y?) waY (X2 +Y?2)3
N _QSinG 24

— —W(—3cscﬂ+4sin0)+~~ as R — 00,(3.64)
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together with the surface wave (3.54), where (R, §) are given by X = Rcosf and

Y = Rsinf. Hence the first order wave-free function in terms of outer coordinates

is

®; = (—2¢/am)R™'sinf = (—2¢%/amw)§ " sin b.

3.2.7 Quter approrimation

Expression (3.65) suggests the outer development

with

pr~e*py as £—0

do ~ (—=2/am)d*sinf  as §—0.

(3.65)

(3.66)

Thus the harmonic function ¢q is subject to the boundary condition (3.66), to-

gether with (3.12). The solution can be found by conformal transformation.

Let H = ¢+ 1), where ¢g(velocity potentials) and 1fy(stream lines) satisfies

the Cauchy-Riemann equations. So, we get

_20089

1/)0= Pl + p1,

where p; is a real constant. Therefore,

where

do = — 2__ v
O 7 Tur(z—a)2+y?
2 r—a
%o ( + p2)

am(z — a)? + 2

& = (z—a)?+1  pr=(—amp/2),

z = a+dcosb, y = 0dsind.
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Figure 3.8: Graphs of ¢g and 1

Both ¢ and )y must be zero at z = —a, (see Fig.(3.8)), so we find that p, =

(1/2a).
Hence
2 Y 23 T—a 1
o — W A 2 4 - A
ar (z —a)?+y? aw((w—a)2+y2+2a)
i z+a
= —— (2, 3.69
=) (3.69)
where

z =z + 1y, r=a+dcosf, and y = dsinf.

Now, if we consider that

¢ = c

111)0 = i, (3.70)

we find the curves for ¢y and ), as shown in Fig.(3.8). In this case, for the
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smallest circles in Fig.(3.8)

1
= ¢=—-—— = —0,289372...
%o ¢ (1.)m ’ 7
Yo = o= -2 _ _1 000861 (3.71)
0 = m= 027 7 T '
and for the largest circles
= ¢=——— = —0,144686...
%o ¢ (2.2 ’ 86
Yo = __ 34 0, 450939 (3.72)
0= a= 24)r T )
We expand the rational function in (3.69) into Taylor series about z = —a, we
get
z+a z+a z+a (2+a)? (2+4a)
- _ - 2.
z—a 20,(1—52%“) ( 2q + 4a? + 8a3 Y R
(3.73)
By taking the real part of (3.73),
1 y(z +a) 1 2 3
¢0 27'['0;3[ + a ] 87T(l5 [3('7" =+ CL) Y Y ] + ’
~ 3 [615in0; — (6%2/2a) sin 264]
53
— 87;5 [3sin 6y — 4sin®6;] +---. (3.74)

Hence, using the variables of left inner approximation, (X1, Y:) or (Ry,61) we get,

1 52 1
¢ ~ 52¢0 = 62{_27(@3 [5Y1 — _(;lel] _ = [3€3X12Y1 _ €3Yl3]} c..
3 4 5R3
- —27ia,3 Py sinfy + 478m4 Rysin26; - 57ra; [3sinf; —4sin®6;] +-- -,

(3.75)
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where

r = —a—eXy, y = €Yy, o =Ry,

Xy = Rjcosby, Y, = Rysinb;.

3.2.8 Left inner approzimation

Equation (3.75) suggests the left inner form:
U~ 3o+ g(e)U; + &'y (3.76)

where g(¢) is to be determined. Now, if we replace the harmonic function ¥ given

by Eqn.(3.76) in Eqn.(3.23) we obtain the following body boundary condition,

83\110)(1 -+ g(s)\IﬁXl + 64‘1/2)(1 —+ (5/20,)[2)"1(83‘1’0}/1 + g(e)\Illyl + 64\1121/1)
3 .
£
—Y7(EWox,x, + 9(e)¥ixyx, + € Wax,x,)] + @[43’13(63‘1’0}’1 + 9(e) W1y, + " Vay;)
~YHElVox,x, + 9€)¥ix,x, +ox,x)] +---=0 as X1 =0, Y;>0.

(3.77)

From the Eqn.(3.77), we find the following boundary conditions for ¥4, ¥; and
\1127

\Ijgxl =0 as X1=0, Y >0,
\I’1X1 =0 as X1 =0, Y >0,
Uox, = —(1/20)[V1%0y; — Yi¥0x,x,] = —(ma*)7'V; as X1=0, Y;>0.

(3.78)
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Yo+ Yoy =0 Uy ~ (ma®)"1Y; as Ry — o
X1

AUy =0 Yox;, =0

Y

Figure 3.9: Boundary Value Problem for ¥,

Now again we replace the harmonic function ¥ given by Eqn.(3.76) in Eqn.(3.24)

to obtain the free surface boundary condition,

(6‘3\1’0 + g(e)\Pl + 64\112) + (63\1101/1 -+ g(&‘)qflyl + 84\112)/1) =0, X;>0, Y;=0.

(3.79)
Then the following boundary conditions occur;
\Ifo‘i‘\I/()yl = 0 as X, =0, Y > 0,
\Ill + 1I]1y1 = 0 as X1 = 0, 1/1 > 0,
Vo4 Wy, = 0 as X; =0, Y > 0. (3.80)
Matching with ¢ requires that
Uy ~ —(2ma®)"'Rysinf; as R; — oo
~ —(2ma®)7'Y; as Ry — o0 (3.81)
and
Uy ~ (Ara®)'R?sin20; as R; — oo
~ (2ma*)7'X1Y7 as R; — oo. (3.82)

Also, ¥4 can be of order R at most as By — oo.
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To obtain ¥y, we need to use the method of separation of variables. Now, the

harmonic function ¥4 can be written as,

o = W(X1)P(Ys). (3.83)

Seperation of variables gives,

WX1X1_ PYIYI._
= = (3.84)

There are three possibilities for the constant A;

Case I (A >0):

W(X;) = ¢1co8 VAX; + o sin VAX;

P(y;) = cseV ™M 4 chem VM
Case IT (A < 0):

W(Xl) = 056‘/_—)‘X1+066_\/_—)‘X1

P(Y1) = crcosvV—AY: + cgsinvV—AY;
Case III (A =0):

W(Xl) = AXi+ B

P(Y;) = CYi+D.

Briefly, the solutions for W(X3) in Case I and P(Y;) in Case II oscillates.
However, we do not expect oscillations for the boundary value problem shown
in Fig.(3.9). Finally, the solutions in Case III are the only ones suitable for this

problem. So, we find that

¥y = (AX; + B)(CY; + D).
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If we impose the boundary conditions (3.78) and (3.80) to the above equation,
we get A=0,C=—-D and

Uy = BC(Y; — 1). (3.85)

After we use the matching condition in (3.81), we obtain that BC = —(1/2wa?).
The boundary value problem for ¥, is a simple wave maker problem, so the

solution (3.30) can be used. In (3.30), if X, Y and ®; are replaced by X;, Y3 and
U, we get,

\1}2(X11 }/1) = -

Y3;0,Y)Y'dY” (3.86)

where

tog{ = X2+ (% = V77

g 1
U 24 N YV e—MtY)
G(XlaYIaX 7Y) Sln[(Xl X )]6 + (Xl i X/)z + (Yl + Y/)z

47

oc Nt _ o ’
_ 1 / el B )te‘<X1—X’>tdt, (3.87)
7 Jo 1-+¢2
thus
1 = __Yl 1 it X2 (}/]. )
\Ilz = 2 SlIl[Xl] / € Y’dY’ r mL 1 {X2 ( Y/)2}Y,dY,
1 < teos(Yy + Y}t —sin(Y; + YNt Xty ,

. / / L Y'dtdY'. (3.88)

Hence
1. —y,
Uy ~ ~ 5o sin[X1]e (3.89)

for large Ry, plus wave-free terms. Finally, we find that

'y ~ Texp(iXy — Y1+ (2ia/e))
25;; sin[X;] ~ [Re(T) + iIm(T)][cos(Xy + (2a/e)) + isin( X + (2a/e))]

71



(3.90)

from (3.89), (3.76) and (3.25), hence

84

2mat

0 = cos(2a/e)Re(T) — sin(2a/e)Im(T). (3.91)

= cos(2a/e)Im(T) + sin(2a/e) Re(T),

Therefore, the transmission coefficient T is
T ~ (i/27)(e/a)* exp(—2ia/e). (3.92)

This is the well-known result derived by Ursell [9].
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