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ABSTRACT

ASYMPTOTIC BEHAVIOR OF SOLUTIONS OF THE WAVE EQUATIONS
WITH NONLINEAR DISSIPATIVE TERMS IN UNBOUNDED DOMAINS

Kdroglu, Biilent
M.Sc., Department of Mathematics
Supervisor: Assist. Prof. Dr. Davut Ugurlu

June 2008, 52 pages

In this thesis we survey asymptotic behavior of solutions to the Cauchy problem
defined in whole space for a wave equation with nonlinear dissipative term and it is
shown that under certain initial conditions the solution of this problem decays to zero
at a polynomial rate when t goes to infinity.

The thesis consists of three chapters. In the first chapter previous studies related to
the given problem are discussed and necessary definitions and theorems are given. In
the second chapter it is shown that the solution of the problem under consideration de-
cays to zero polynomially as t tends to infinity. In the last chapter the result of the thesis

and that obtained previously are compared and some open problems are discussed.

Keywords: Nonlinear Wave Equation, Dissipative Term, Asymptotic Behavior, De-

cay Rate of Energy.



OZET

SINIRLI OLMAYAN BOLGELERDE DOGRUSAL OLMAYAN SONUM TERIMLI
DALGA DENKLEMLERININ COZUMLERININ ASIMTOTIK DAVRANISI
Kdroglu, Bilent
Master Tezi, Matematik Bolimi
Tez Yoneticisi: Yard. Dog. Dr. Davut Ugurlu
Haziran 2008, 52 sayfa

Bu tezde, dogrusal olmayan sonim terimli bir dalga denklemi icin tim uzayda
tanimlanmis baslangi¢ deger probleminin ¢oziiminin asimtotik davranisi ele alinmakta
ve belirli baslangic kosullari altinda problemin ¢ziimiiniin t sonsuza giderken polinom
oraniyla sifira yaklastigi gosterilmektedir.

Tez ¢ bolimden olusmaktadir. Birinci bolimde verilen probleme iliskin dnceki
calismalardan bahsedilmekte ve tez icin gerekli olan tanimlar ve teoremler verilmek-
tedir. Ikinci boliimde ise ele alinan problemin ¢dziimiiniin polinom oraniyla sifira
yaklastiginin ispati verilmektedir. Son bolimde ise tezde verilen sonuglar ile dnceki
calismalarda elde edilen sonuglar karsilastiriimakta ve bazi agik problemlere yer ver-

ilmektedir.

Anahtar Kelimeler: Dalga Denklemi, Soniim Terimi, Asimtotik Davranis, Enerji

Azalim Orani.
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CHAPTER 1
INTRODUCTION AND PRELIMINARIES

This chapter contains the introduction of the subject and some preliminary mate-

rials which will be employed in the subsequent parts of the thesis.

1.1 Introduction

The energy decay and asymptotic behavior of solutions for nonlinear wave equa-
tions with dissipative terms are important questions and a key starting point for many
open problems. Here we discuss the energy decay and asymptotic behavior of the

Cauchy problem for a nonlinear dissipative wave equations of the form:

Uy — Au+g(t,x, ) =0, (t,x) e R, xR", (1.2)

u(0, x) = Up(x), w(0,x) =uy(x), xe€R", (1.2)

where uisthe function of (t, X) € R, x R" with the spacedimensionn > 3, R, isthe set
of nonnegative real numbers, A isthe n dimensional Laplacian, and g is a (nonlinear)
monotone differentiable function.

From the physical point of view equations of type (1.1) represents a classical vi-
brating membrane with the resistance proportional to the velocity when the function g
depends only on u; (see[1]).

The following definition will be frequently used in the sequel.

Definition 1.1 For a solution u of problem (1.1)-(1.2) we define the (entire) energy



function (or functional) E(t) (or E(u,t) ) by

ao:%l;wﬂnm+wmnmﬂmc (1.3)

Hereafter for simplicity we will use the symbol f for the integration over R" and sup-
press the variablest and x in the function u and its partial derivatives.
Global existence and uniqueness of problem (1.1)-(1.2) has been established by

Lionsand Strauss[1]: If
Up € HS*Y(RM), up € HS(R") for 0<s<1,
then there exists a unique global solution in the class
ue CR,, HSRM), u € C(R,, HSRM).

Asymptotic behavior and related energy decay problem for (1.1)-(1.2) have at-
tracted considerable attention in the recent years.
In[2] Matsumura, by using the Fourier integral transform method, has obtained the

exact polynomial decay
E(t) < Ct—271,

if the dissipation is linear, that is, if g(t, x, ) = u;. Here and hereafter C denotes a
positive generic constant.

For nonlinear dissipations g(t, X, ) = |u|™u, (m > 1), a polynomial decay rate
has been derived in the presence of a mass term in equation (1.1) by Nakao [3] (for
compactly supported initial data) and Mochizuki and Motai [4]. These authors have

considered the nonlinear dissipative Klein-Gordon equation
Ut — AU+ U+ |u/™u =0, (t,X) e RxR", (1.4)

and shown that if 1 < m< 1+ 2, then



Ef) <C(1l+t)r as t— oo,

wherey = 2 —n. They also show that if m > 1 + 2, then there exists a dense set of
initial datain H* x L? such that E(t) does not decay.
The best known decay estimate for equation (1.1) with power dissipationsis due to

[4]. They show alogarithmic decay rate of energy for the equation

Ut — AU+ Ju|™u = 0, (t,X) e R, XxR", (1.5)

with exponents satisfying 1 < m< 1 + £:

E(t) < C[In2 +1)] 7,

wherey > 0 depends on the parameter m. Although the case of equation (1.4) suggests
thaam> 1+ % could be sufficient, the corresponding non-decay result in [4] requires
that m> 1+ —=%.

It is expected, however, that the energy of (1.5) decays at a polynomial rate. The
main difficulty in establishing such results seems to be the lack of control of the L2
norm of the solution. Thisis an essentia difference with the equation in a bounded
domain or the Klein-Gordon equation. There are works improving the logarithmic
decay rate for the sake of making the dissipation linear for large |x|. Nakao and Jung
[5] consider a dissipation, which is allowed to be nonlinear only in a ball, but outside
that ball the dissipation must be linear. The linearity of the dissipation for large |X|
makes it possible to control the L2 norm of the solution.

L et us note that the initial-boundary value problem for (1.1) over Q, where Q c R"
is a bounded domain, is quite different from the Cauchy problem for (1.1). Nakao [6]
and Haraux [ 7] have found polynomial decay rates of E(t) under the Dirichlet boundary
condition u = 0 on 9Q. The current state of this problem and its generalization for

localized damping and source is presented in Lasiecka and Toundykov [8] (see also
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the references therein).

The aim of thisthesisis to show that for all solutions of problem (1.2)-(1.5) with
compactly supported data (U, U;) € H? x H* under the condition 1 < m < 22, E(t)
decays polynomialy. The main idea used here is the 'parabolic’ effect coming from
the presence of the damping term.

The thesis is organized as follows. Section 1.2 includes essential definitions and
genera facts. Especialy we give alemma, related with LP estimates for certain convo-
lution operators in weighted spaces satisfying the A, condition (see Definition 1.24),
which isused in Section 2.4.

Chapter 2 contains the main part of the thesis. Section 2.2 dealswith the decay rate

of the external energy defined as

1

Bl =5 [ (4 ITuRx (16)
2 |X|>t(l+z$)/2

where u is the solution of (1.2)-(1.5). Here we show that if the energy is localized in

the exterior region |x| > t+9/2 with § > 0 decays fast. Namely, we get the estimate
Eoe(t) < CE -0t t 5 oo

for 6 € (0,1). We see from this estimate the decay rate of Eq.(t) isfast whenm =~ 1.
On the other hand, the decay of Eex(t) isslowwhenm =~ 1+ ﬁ and no decay is expected
ifm>1+ % This observation is consistent with the non-decay result on the Klein-
Gordon equation (1.4) in [4], since the wave equation (1.5) is expected to have slower
energy decay. The exterior energy can be studied by weighted estimates. The strongest
parabolic effects are manifested in the case of linear damping, m = 1, which allows a
weight of the form

w(t, X) = eX/@)



In this case, the exterior energy of equation (1.5) decays exponentialy( see[9]):
Eex(t) <Ce™/2 t > c.
A suitable weight for nonlinear dissipationsis
W(t, x) = (1+ [x2/t)"2, (1.7)

with exponent b depending on m and n. The idea to use such aweight comes from the

asymptotic behavior of fast diffusion equations
ov"—Av =0.
In fact, every positive solution v has the asymptotic profile
v(t, X) ~ ™7 (@ + BIx?/t2™) " Vm-D), (1.8)

with positive constants «, 8, and y = (n — m(n — 2))~* (see [10] and the references
therein). The wave equation with a nonlinear damping (1.5) is formally transformed
into the fast diffusion equation if 42u is neglected, the remaining terms are differenti-
ated with respect to t, and d;u is replaced by v. In general these manipulations can not
be justified, although they are valid when the damping is linear; 62u is much smaller
than the other two termsin equation (1.5) ast — oo, see[2]. Thus we expect the phe-
nomenon to persist when the damping is close to linear. The part |x|?/t2™ of the weight
in (1.8) asymptotically approaches|x|/t whenm — 1, sincey — 1/2asm — 1. This

explainsthe weight in (1.7). The decay rate of the interior energy E;n(t), defined as

1
En®=5 [+ Fuldx
2 X |St(1+6)/2



is much slower than the decay rate of the exterior energy Eex(t). This further restricts
the decay rate of the total energy E(t).

Section 2.3 contains the decay estimates of ||u| 2. The result is based on the scal-
ing invariance of equation (1.5). In fact, we have weighted estimate of second order

involving the scaling operator S = td; + X.Vy :
I [((Su)? +VSuP)dx < C.
As a consequence, we can derive
Ul ms < Ctoma.

Using the fast decay of Eex(t) and the last inequality we get the following estimate

+on m-1_

(A+o)n 1 1
lwll 2 < Ct 2 mi~mi|n2t, t— oo,

wheres < lifm< 1+ % We should note that thisis the only place where the higher
regularity of initial dataisessential. The other results hold for datain the energy space.

Section 2.4 is devoted to the weighted space-time LP estimates for Vu. First we
establish space-time LP estimates of Vu in terms of d;u. To do so we rewrite equation

(1.5) in the parabolic form
(0; + V=A)?u = —|8u™ 26U + 2 V-Adu

and then we obtain weighted LP estimates for this equation which helps bound Vu in

terms of u.. Thefinal decay estimateis

t t
f f(s+ X223 |Vu| "™ dxds < me f(s+ 1X%)210su™ dxds + Gpas
0 0



where m and a satisfy

a m+1
n+—

2_2(m—1)<_1 and O<a<1l

A key feature of thisresult isthat F,,, depends on m but not on the parameter a. The
other constant G, depends also on the initial data up and u;. It follows that the decay
rates of Vu and ou are closely related, with the latter being slightly faster. The proof
is here based on classical estimates for convolution operators in weighted LP spaces.
Similar results hold for al LP norms of Vu and can be used to study the regularizing
effect of nonlinear dissipation.

Finally, we combine the space-time estimates of Vu with weighted energy estimates

to derive a polynomial decay rate of the energy.

1.2 Definitionsand basic facts
In this section we will give some definitions, notations and general facts. The main
references of this section are[11], [12] and [13].

Definition 1.2 Let Q be an open, connected set (domain) in R" and 1 < p be a real
number. e denote by LP(Q) the class of all measurable functions u, defined on Q for

which

flu(x)lpdx < o0,
Q

LP(Q) is a Banach space with the norm

lulls = ( fg |u(x)|pdx)l/p<oo.

For p = o0, L*(Q) is a Banach space with the norm

llulles = €sssup |u(X)|.
XeQ

7



For p = 2, L2(Q) isa Hilbert space with the inner product

(u,v) ::Lu(x)v(x)dx

for all uand v € L2(Q).

Definition 1.3 Let Q c R" be an open, connected set and let @ : Q — R beafunction.

Support of @ can be defined as

supp{®@} = {x e Q: d(x) # O}.

Definition 1.4 Let Q c R" be an open, connected set. A functionu: Q — Rissaidto

be locally integrable if for every compact set K c Q,

flu(x)ldx < 0.
K

We denote by L (€) the space of locally integrable functions defined on Q.

loc

Definition 1.5 C3(Q) is the space of infinitely differentiable functions with compact

support. This space is also known as the space of all test functions defined on Q.

Definition 1.6 Let x € R" with coordinates X = (X, -+, X,). A multi-index is an n-

tuplea = (ay,- - -, an) (@i € N). If we set

n
la| = Z ai,
i=1

then
alal

represents the a-th order partial differentiation operator.



Definition 1.7 Let Q be a domain. Suppose u,v € Lt (Q), and @ isa multi-index. We

loc

say that v is the o'"-weak partial derivative of u, written
D%u =v,

provided

qu“ngx:(—l)'“'fwbdx
Q Q

for all test functions ¢ € C3(€2).

Definition 1.8 A sequence of functions {¢} in C5’(Q2) is said to converge to O if there
exists a fixed compact set K ¢ Q such that supp (¢rm) ¢ K for all mand {¢,} and all its

derivatives converge uniformly to zero on K.

Definition 1.9 A linear functional T from C7’(2) to R is said to be a distribution, or

generalized function if whenever ¢, — 0in Cg’, we have T (¢r) — O.
Definition 1.10 The space C([0, T], X) consists of all continuous functions

u: [0, T] - Xsuch that

lUllcqomx = max lu(., t)lIx < oo.

Definition 1.11 Let k be a non-negative integer and let 1 < p < oo. Then we define

WKP(Q) to be set of all distributionsu € LP(Q) such that Du € LP(Q) for |a| < k.

In WKP(Q), we define a norm by

p
lullep = (D i0ulE) " if 1<p<os

lr|<k

and

lullceo := MaX DUl if p=co.
0<lal<k

9



For p = 2 we define an inner product by

(u, V) := ZfD“u(x)D“v(x)dx.

o<k V€2
We also use the notation H¥(Q2) for W*?(Q) and L?(Q) for W2(Q).
Definition 1.12 By W,P(€2) we denote the closure of CF(€2) in WrP(Q).

This meansthat u € W('j’p(Q) if and only if there exist functions uy, € C7°(€2) such that

Un — U € WKP(Q).

Definition 1.13 The gamma function, I'(x), is defined by

I'(x) = f e 'ttt dt.
0

for x> 0.

Theorem 1.14 (The divergence theorem) Let Q be a bounded open subset of R" with
smooth (or piecewise smooth) boundary Q. Let F be a smooth vector field defined in

R" and let n be the unit outward-pointing normal of Q. Then

fF-nds:fVFdx.
0Q Q

Lemma 1.15 [14] Let
t

Pi(x) = an’

where p, = I[(n + 1)/2] /™2 x = (X4, - - -, X,) and t > 0. Then we have
fPt(x) dx=1, Vt>0.
Theorem 1.16 [12](Integration by parts formula). Let Q be a bounded open set of R"

10



with C? boundary 6Q and let u and v e C1(Q). Then

ou ov :
— vdx = —fu—dx+f uv/'ds 19
fg 0% o O0X% Q0 (19

for eachi = 1,---,n, where' isthei-th component of the normal vector v to 0Q.
Definition 1.17 The Schwartz space, or the space of rapidly decreasing functions f
onR", S(R"), isgiven by

S(R") = {f e C () lim D" f()| = o}.

for all multi-indices a and 3.

Definition 1.18 A tempered distribution on R" is a linear mapping ¢ — (f, ¢) from
S(R") to R with the continuity property that (f, ¢,) — (f,¢) if o — ¢ € S(R"). The
set of all tempered distributions is denoted by S'(R"). We say that f, — f in S’(R") if
(f,¢n) — (f, ) for very ¢ € S(R").

Definition 1.19 [15] Given a function u € L}(R"), we defineits Fourier transform by

ae) = fR n e ¢ u(x)dx

and itsinverse Fourier transform by
) =) = 20" [ eareres

where X = (X1, -, %), & = (é1,- -+, &) and X- & = Xq&1 + Xobo + -+ - + Xnéh.

Definition 1.20 Let f, g € LY(R"). The convolution f « g of f and g defined on R" is
given by
gl = [ fx=y)g0) oy

11



Theorem 1.21 [14] If f and g belong to LY(R"), then

(f = 9)&) = F©)aE).

Theorem 1.22 [13] Let1 < pand f € LY(R"), g € LP(R"). The f = g iswell defined,
and further f = g € LP(R") with

1T+ dlle@ny < 1 FllLa@n)l9llLeny.-

Definition 1.23 Let w be a non-negative locally integrable function onR". The weighted
space LP(w) consists of functions f whose p-th power is integrable with respect to the

density function w, that is, the norm || f||_sw) < oo, where

1/p
IfllLow) = (flf(X)lpW(X)dx) )

Definition 1.24 [11] Let 1 < p < co. Aweight w is said to satisfy the A, condition in

R" if there exists a constant C such that

(%wa) (% wal‘p')p_l <C, P =p/(p-1), (1.10)

for all balls B c R". The A; conditionis

1
— f w < Cwz ae ze B. (2.11)
1Bl Js

The following properties of A, weights are consequences of the above definition.

Proposition 1.25
DA, cAy for 1<p<q

QweA, = wPecA,

12



(3) If wo and wy € Aq, then wow; P € A,

The following lemma is useful in showing the LP and weighted LP boundedness of

operators defined in terms of convolutions.

Lemma 1.26 Let K be a tempered distribution in R" which coincides with a locally

integrable function in R"\{0}. Assume that
K@)l <C, é&eRr”

and

IVK(X)| <

W’ Xe Rm\{O}

Thenfor 1 < p < oo, the convolution K « f satisfies
1K fllLe < Cpll flle.
Moreover, for w satisfying the A, condition, we have
1K fllLewy < Co(W)IIFllLeqw)-

The proof of the above lemma can be found in [11].
The next lemma verifiesthe A, condition for two weights used in Section 2.4. This

result is essentially known, but we give a short proof.

Lemma 1.27 [11] Let (t, X) be the standard coordinatesin R, x R". For 1 < p < oo,

the following hold:

(i)  IXPeAyR, xR if -n<a<n(p-1),
(i) teAR, xRY) if -1<b<p-1.

13



Proof. we can write
a:a1+(l—p)a2 with —n<a; <0, i=12

By property (ii) in Lemma 1.27 with w; = [x# , claim (i) follows from
X e Ai(Ry xR") for -n<a; <0, i=12
Clearly it is sufficient to show that |x|** isan A; weight. Consider aball B of radiusry

centered at (to, Xo). The inequality to verify is

%f;xﬁldxdt < Clyl®, ae. (sy) € B,

where C isindependent of B and (s,y). Since (to — )* + (X0 — Y)?> < r3 and a; < 0, the

strongest inequality correspondsto s = to and |y| = |Xo| + ro:

1
- f XPdxdt < C(1xol + ro)™.
o™ Jto—?+(x0-x2<r?

Notice that the range of t in included in theinterval [t — ro, to + ro]. Thus

IX*dx < C(|Xol + ro)®

ro Jio-xisro
for al xo and ro, will yield statement (i). We rewrite thisinequality as

1

_ |x2dx < C
r8(|Xo| + rO)a1 [Xo—X|<ro

and consider two casesfor xg and rq. If |Xg| > 2ro, then [Xo — X| < rg implies|x| > %Ixol.
Hence
1 (31xal)vol ({X : %o — X| < ro})

_ [X2dx <
I’8(|X0| + rO)a1 |Xo—X|<rg r8(|X0| + I’0)&11

14



which is bounded by vol(B")/2* , i.e., a constant depending only on a; and n.

If X0l < 2rg, then|Xg — X| < rg yields|X| < 3ro. Thus

1 1
Py —— IXHdX < X*dx.
ro(X%ol +r0)2 Jxg-xi<ro ro(X%ol + ro)2 Jxi<ar

Theright-hand sideis dominated by area (S"1)3%*"/(a; +n). This completes the proof

of claim (i). Similarly, we can verify claim (ii). O

1.3 Inequalities

In this section we give some basic inequalities which will be employed frequently
throughout the thesis.

Cauchy’sinequality.
a b
ab < E + E, Ya, beR.

Young'sinequality. Let 1 < p,q < coand ¢ + ; = 1. Then
P b
< +2 @b>o).
P q

Cauchy-Schwarz's Inequality. Let H be a Hilbert space associated with the inner

product (.,.) and norm ||ul| = (u, u)*2. Then
I(u, VI < lull.IM], Yu,ve H.

Holder’s Inequality. Assume 1 < p,q < o and %) +é = 1. Thenif u e LP(Q),
v e LY(Q), we have

f luvidx < [[ullLe|IVI]La.
Q

15



Gagliardo-Nirenberg'sinequality.
IDullp < CID*Ulllully™ Yu e CHRM),
where0 < 1 <6 <1,C=C(nu, j q,r,6) > 0are constants, and
%:%+9(%-%>+(1—9)é.

Hardy'sinequality. Let f be a nonnegative integrable function on R" (n > 1) and let

d be anumber such that —n < d < 0. Then the inequality

f X F 9P < f PPV £ (%) P

holds (see [16]).

16



CHAPTER 2
DECAY ESTIMATESAND ASYMPTOTIC BEHAVIOR OF
SOLUTIONS OF THE WAVE EQUATION

2.1 Introduction

In this chapter we investigate asymptotic behavior and energy decay rates of the
Cauchy problem given for equation (1.5) with the compactly supported initial data
Up € H?(R") and u; € HY(R").

The main reference of this chapter is[16]. In[17], [18] and [19], it is shown that

eguation (1.5) with
Up € H?(RM), up € HY{(R") N L2MR")

has a unique global solution u satisfying the following properties:
(&) ue C(Ry, HA(R), U € C(R,, HY(RM), Uy € L™(R,, L*(R")).
(b) The entire energy function E(t) defined by (1.3) satisfies E(t) < E(0) for all t > 0,

where

E(0) = % f (U2 + |Vug[H)dx.

(c) The solution u has a finite speed of propagation which means that if uy(x) and
uy(x) = 0for |x| > R, thenu(t,x) = Ofor [x >t+ R
It follows from the energy identity that E(t) is a decreasing function. A naturally

arising question is whether the energy E(t) decaysto zero or not ast — oo.

17



2.2 Decay rate of the external energy

In this section we will show aweighted energy estimate which implies that Eq(t)

decaysfast ast — oo if the damping iscloseto linear (m =~ 1).

Proposition 2.1 Let u be a solution of equation (1.5) with compactly supported initial

data (Up, u;) € H! x L2. Then
Eex(t) < Ct*RA-20 |0t t> 2,

foranyn > 1andé € (0, 1), Egq(t) isthe external energy in (1.6).

Proof. We begin with deriving a weighted energy identity. For thisreason, let w be a
positive continuously differentiable function whose useful forms are introduced |ater.

First let us multiply equation (1.5) by wu, and rearrange the termsto get
W o 2 - _ m1, Wi,oo 2
(E(ut + |VU|9)); — div(wu Vu) = —wju ™ + E(ut +|VU|?) + Vw - uVu.

Sincethe solution uis compactly supported, integrating the last expression over R" and

using the divergence theorem gives

%f\g(ufHVulz)dx = —fW|Ut|m+ldX+f%(utz-i'lvulz)dx

- fVW- W Vudx. (2.1

Let

2
w(t, X) = (1+ %)2,

where the optimal value of the parameter b > 0 will be chosen. We can assume that

t > 2and |x| > 0. To find estimates for the integrals on the right-hand side of identity
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(2.1), we compute the derivatives

b |x? X% by X X2 b
W= ———(1+ —)2 and Vw=b=(1+—)271,
t 5T 1+ n ) '[( + n )
Observe that
Vw2

_ 2 -1
= 20(1+ [P/

vVt

Let us find a bound for f Vw - u;Vu dx. An application of the Cauchy-Schwarz and
Cauchy’sinequality yields

\Y%
VWUVl < VoWVl Utvv\\/l
— Wt
1 e
< Z(-wW)IVuP + = uz. 2.2
—2( ol |+2_th (2.2)
By using Young's inequality with p = ™ and g = 2 we have
1vwe , 1 . om=1 VWP,
= Uy < ——wWju mIWy, 2.3
2w S MY +2(m+1)(—wtw) X (23)

where y isthe characteristic function

1, X<t+R
X(X) =
0, otherwise

of theball {x: |x| <t+ R}. By (2.2) and (2.3) we have

1 1 m-1 ,|VW? . ma
VW - U VUl < =(=wW)|VU[]? m+l mIWy. 2.4
VW VUl < S(-W)IVUE + ——— Wi +2(m+1)(_wtw) TWy (2.4)
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Thusit follows from (2.1) and (2.4) that

d W 2 2 m m+1 Wi 2
& [y maax < - f wiu e [ ivuax

IVWI
2(m+ 1 f( 1W dx. (2.5

Neglecting the negative terms on the right-hand side of (2.5), we have

d (wo, vw
g [ Fe e < st [(E

C f 1+ X /t)z—%dx, (2.6)
|X|<t+R

where C is a positive constant depending on m and b. Using the substitution x = vty

in (2.6) we get

jt f (U2 + [VuPP)dx < Ct"? f (1 + |yD)2 midy. (2.7)
lyl< Vi+R

If b/2 — (m+ 1)/(m- 1) < —n/2, then from (2.7) we have

:t f (U2 + [Vu?)dx < Ct"? f (1+ |yl ™"2dy. (2.8)
lyi< Vi+R

Since

ct"2 f (1 + y>)™2dy < Ct"2Int,
i< VE+R
from (2.8) we obtain

% f (1 + [X2/)>2(U2 + [VuP)dx < Ct™2Int.
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Integrating this last inequality over theinterval [2, t], we have the weighted estimate
f (1 + [X%/0)P2(2 + [Vu?)dx < Ct"?Int, t> 2,

foral b < 2(m+1)/(m- 1) — n. Theresult implies fast decay of the local energy in

region where the quotient [x?/t is large. In particular, since
L+ X2/0P2 > 972 for [x > td/2,

we have

IA

t/2 f (uf + [VuP)dx f (L IXP/)A(UF + [VuP)dx
|X|Zt(l+b)/2 |X|2t(l+d)/2

Ct"?1Int

IA

fort > 2. Therefore we have
Eex(t) = f (U2 + [VuP)dx < CtV2H1/2|nt
|X|Zt(1+15)/2

fort > 2. Theresult followsfromb < 2(m+ 1)/(m-1) —n. O

We should note that we have expressed the integrals in the above proof in polar
coordinates.

It is interesting to consider the two limit cases. If the exponent ism ~ 1, we have
that Eex(t) decays faster than any power of t. Thisis consistent with our knowledge of
the linear case m = 1, in which the external energy decays exponentially.

The upper bound on admissible exponents m is determined from the condition
6 < 1. Infact, 6 = 1 means that the support is no longer suppressed inside a small

subset of the ball |x] < t + R. Proposition 2.1 shows that Egx(t) (with 6 = 1) will decay
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aslong as
n m+1 n

2 m-1_2

> 0.

Solving the last inequality for m, we obtain the conditionm < 1 + 2/n.

2.3 Decay ratesof u;

In this section we obtain the decay rates of ||u|| 2 and ||u|| 1. First we observe that
the invariance of equation (1.5) under scaling transforms allows weighted estimates of

second order using the scaling operator
S = t@t + X- VX.

As a consequence we get the decay estimate of ||u| 1. Then we can find the decay
estimate for ||u| 2 by the finite propagation speed and Holder inequality.

We need the following lemmas.

Lemma 2.2 Let ubea solution of equation (1.5) with compactly supported initial data

(Uo, Uy) € H? x H* and consider the energy functional

e(u,t) = %f(ut2 + [Vu)dx.

Then

2-m 2 — m\?
< s
86u0_24&¢+m_fL®+4m_l)dum,

where Su = tu; + X- Vu and the exponent m > 1. Hence ¢(Su,t) < C for all t > 0.
Proof. Consider the family of scaled functions

u(t, X) = emitu(e't, e'x), A€R,
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and notice that

d 2-m
ﬁuﬂ(t, X)1=0 = p— 1u + Su.
It can be easily seen that u, satisfies
(Ui — AU + [(U)d™ (U = 0 (2.9)

Let w = u, — u, in which u is the solution of (1.5). Thus subtracting equation (1.5)

from equation (2.9) gives
Wi — AW + (U™ (U — [l™ M = 0. (2.10)

Multiplying Eq.(2.10) by w, integrating over R", using the divergence theorem and
finite speed of propagation we obtain

%S(W, t) + f(l(u/l)tlm_l(uxl)t - |ut|m_1ut)Wt dx <0, (2.11)

where

g(w,t) = f(vvtz+ IVwi?)dx.

Since the function f(u) = |u™*u is monotone for m > 1 and for al u € R and hence
from (2.11) we have

%S(W, t) <0.

Thus integrating this last inequality over (0, t) we get

e(w,t) < g(w,0). (2.12)
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Dividing both sides of equation (2.12) by A2 leads to
w w
Z = 2.1
&0 < &(7,0) (213

and then taking the limit as 1 — 0 we have

(—|/1 ot) < 3( |/l 0. 0). (2.14)
Substituting
dw 2-m
mh 0=Su+ m— 1U,
into (2.14) wefind
2-m 2-m
e(Su + p— 1u 1) < e(Su+ — 1u 0).

Using the inequalities

(U + V)% <2 +V2),  |Vu+ Vv < 2(Vul? + [VvP),

and by the definition of £(u, t) it is easy to see that

e(u+v,t) < 2e(u, t) + 2&(v, t).

Thus employing this last inequality and the equality

g(cu, t) = ce(u,t),

where c is any constant, we complete the proof.
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In the next lemma we express u; in terms of Su from the identities
tu = Su—-x-Vvu, (2.15)

tug = (Su— X VU); — . (2.16)

Lemma 2.3 The following identitieshold for t > O :

(i) [ugudx =22 [u2dx+ 1 [(Su)udx,

(i) - [u Audx =22 [|Vudx+ 1 [ V(Su) - Vudx.

Proof. To show (i), first we multiply (2.16) by u, and obtain the following identity.

tugly = (Su-—X- VUl — U7

(Su)b = (X~ Vugu, — Ut2

X
(Su)el — > VU - i

1. n
(Su)u; — Edlv(xutz) + (5 - DU

Afterwards integrating this identity over R" we get

ftuttutdx = f(Su)tutdx—%fdiv(xuf)dx+ nngutzdx. (2.17)

So the result follows by using the divergence theorem and compact support of u.

Identity (ii) is obtained as follows. Multiplying —Au by u;, integrating over R",

using the divergence theorem and (2.15) we get

—futAudx fVuVutdx—fV-(utVu)dx

-3 f VU V(Su - x- Vu)dx (218)

—%fVu-V(Su)dx+%fVuV(x‘Vu)dx.
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Also integration by parts formula and finite propagation speed of u it is not difficult to
see that

fVu -V(x- Vu)dx = — f(x- VuAudx = (1 - g) f|Vu|2dx.

Thus the result follows by substituting the last identity in (2.18). O

From this Lemmaand Lemma 2.2 we deduce

Proposition 2.4 Let u be a solution of (1.5) with compactly supported initial data

(Up, Ug) € H2 x HL. Then
Ullme < CE™T,  t>2,

for all dimensionsn > 1 and exponentsm > 1.
Proof. We multiply (1.5) by u, and integrate on R":
[lu™2dx = = [ugu dx+ [ Au dx.

It follows from Lemma 2.3 that

1
f ™ idx = 2= (u$+ |Vu|2) dx- ¢ f ((Su)tut +V(Su)~Vu) dx. (2.19)
Also by the Cauchy-Schwarz and Holder inequalities we can show that

f (Su)u dx < ¥3(u, t)eY?(Su, t),

fV(Su) - Vu dx < e?(u, t)e¥3(Su, t).
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Using these estimates in equation (2.19) we get

f |ut|m+ldX —

Lemma 2.2 and (2.20) imply

n

2_
2t

f lu|™1dx < Ctt

for t > 2. Thusthe proof is complete. O
Corollary 2.5 Under the assumptions of Proposition 2.4,
Il < CtERa-m1,  t>2

In particular, [luflz » 0 ast > oo if 1<m< 1+ 2holds.

C
e(u, t) + Tel/z(u, t)e¥?(Su, t).

(2.20)

Proof. First by Holder'sinequality with p = ™ and q = 2 and thefinite propagation

speed of equation (1.5) we have

_2_

m+ .
||ut||fzs( f dx) ( f |ut|m+1dx) ,
|X|<t+R

which implies
Iz < [VOl Bt + R)TTER [l .
Then by Proposition 2.4 we get

lwll 2 < C[vol(B")(t+ R)”]%% s

IA
Q
%j
|
2
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Also, the last inequality impliesthat if 1 < m< 1+ 2, then|ju]l > - Oast — c. O

Now by combining Propositions 2.1 and 2.4 we are ready to prove Proposition 2.6

which gives stronger decay estimate for ||u|.2.

Proposition 2.6 Let u be a solution of equation (1.5) with compactly supported initial

data (U, uy) € H? x H. For any n > 1,

+onm-1_ _1

1
lullz < Ct 2 mii"m1 |n2t, t>2,

_ (m=1)(m+n+3) . . 2
whereé = (D Noticethat 6 <1 if m<1+ =

Proof. We start the proof by splitting the norm ||u|| 2 over interior and exterior regions:
luelliz < lUellLzgx<taorz) + [[UellLzgxstarorz). (2.21)

The first term on the right-hand side of (2.21) is bounded by Holder’s inequality and

Proposition 2.4, while the second term is bounded by Proposition 2.1:

cooim-l 1
L0072 mel 13
lulle < [VOIBY(E+R)E™ "™ lluel .y, 1) + 22 Ede(WL)
< t(lzﬁ)%—ﬁ + Ct%[g”—(s(%i_g)] (|nt)%_

The optimal ¢ is such that the two powers of t are equal. Thus,

_ (m-1)(m+n+3)
S (Mm+1)2-(m-1n’

Itiseasy to check that 6 < 1when 1 < m < 1+ £, so the estimate here is stronger than

the estimate in Corollary 2.5. O
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2.4 Weighted LP estimatesfor vu

Thissection isdevoted to establish an LP estimate of Vu in terms of 9,u for solutions

of the wave equation with nonlinear damping
d2u— AU = —|0u™ oL, (2.22)

For our goal the exponents p < 2 are entirely sufficient, although the argument can be
modified to cover all exponents 2 < p < m+ 1. To obtain such an estimate we will

require two weighted LP estimates for linear equations of the form
u-Au=f in R, xR" (2.23)
which isrewritten as
(at ; \/E)Zu _f+2VZAdu  in R, xR". (2.24)

Thisisaparabolic equation for u with anew source depending on f and d,u. We have
an estimate of Vu by the two termsin the source.

The following lemmas are needed to obtain of the main result of this section.

Lemma 2.7 Assumethat n > 3. Let u be a solution of equation (2.23) with zero initial

data ul-o = diUl=o = 0. There exist constants C, and C, 4 such that u satisfies

t 1/p t 1/p
( f f (s+|x|2)d/2|Vu|pdxds) < Cp( f f |x|d(\/—A)1f|pdxds)
0 0
t 1/p
+ Cp,d(ffsd/zlasulpdxds) ,
0

whenever pandd satisfy1 < p<ocand-2<d <0.
Proof. The first step is to derive a suitable representation for Vu. To obtain such a
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representation we need to solve equation (2.24) for u with zero initial data. Let us

rewrite equation (2.24) as
G+ Va)’u=g,
wherea=-Aandg = f + 2V-Adu. Thenlettingv = (4; + va)u, we have
oV + Vav = g.
The solution of this equation with vji_q is
t
V= fo e =9vag(s) ds.
By back substitution we have
t
(0 + Va)u = f e =9Vag(g) ds.
0

Solving this last equation for u together with changing the order of integration we

obtain
u(t) = fot(t — 9e™IV-Af(g) ds+ Zfot(t — 9e™IVAVTAGu ds.
Applying V to the both sides of this equation and using the facts that
eV AVIA = g etV B, etV = _getVA(VoA)
we get

t t
vu(t) = — f (t — 90,Ve TIVA(VZA)1f(s) ds— 2 f (t - 96, Ve ™9V 45 uds
0 0
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Now by introducing the operator
t
TH(t,X) = - f (t - 90,Ve t9V25(sx)ds,  (t,X) € R, xR",
0
we can rewrite Vu in the form
Vu=T(V-A)"*f + 2Tou. (2.25)

The next step is to deduce weighted LP estimates for T. It is easy to see that Tis a

convolution operator:
Tf=Kr=f with Kr(t,X) = —H(t)to,VPy(X),
where H is the Heaviside function

1, t<O
H(t) =
0O, t>0

and Py(X) is the Poisson kernel

Pu(x) = (27)™" f g HExXde,

We can compute the Fourier transform Kr(z, &) using the partial Fourier transform

Pi(&) = el and identity K+ (t, X) = —H(t)td;VPy(x). First note that

VP(&) (2r)™" f VP(x)e"dx

(2n) "¢ f Pi(x)e ™ dx
i£P(£).
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Then the Fourier transform of K+ with respect to xis

Kr(t,&) = —HOWVP(&)

= —iEHOW6P(&)
= igEHOP(&),

where we have used 8;Py(&) = —|£|P(&), and the Fourier transform of Kr(t, &) with

respecttotis

Kr(né) = (20)" f Kr(t, )t

_ b (™ €] -itr
= 2ﬂ]_‘mH(t)te e "dt

_ 1&g f " ot it
= 2 . te e " dt

i£1¢] f " (i)
= 29 [ tetlrigt,
o J, €

So after integration we get

- i€l
K S 1L
108 = i+ )
and hence we have
IK(r, &)l < C, (1,€) € R x R"\{0}. (2.26)

To apply Lemma 1.26 we need to find a bound for the derivatives of Ky (t, X). Let us

first compute

6t KT (t, X) = —(9tVPt(X) - t(@tV Pt(X))té?t KT(t, X), (227)

where the explicit formula of Py(X) is given in Lemma 1.15. After substituting the
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derivatives of P;(x)

n+1 —2tx
VP(x) = ( )Pn =
2 7T + xR
X (n + 3)t2x
BVP(X) = —(n+1)pn[ __ . ]
B+ (2 + X2

3n+H(n+3IYxt  (n+1)(n+ 3)2t3x]

0t VP:(X = n[
( t t( ))t p (t2+ |X|2)niz5 (t2+ |X|2)n%7

into (2.27) we get

2 4
OKr(t,X) = pn[ (n+Dx 4N+ 1)(n+3)tx  (n+1)(n+ 3t x].

@+ (2 +x2) (2 + x2)

Using the basic inequality |X| < +/t2 + |x|2, we see that

X t21x] t]x]
0K (L, X)] <
o R+ X2 T (2 + [} (€2 + [xR)L
C
(t2 + [X2) 5=
In asimilar manner, we can show that
C n
|VKT(t, X)| < W, (t, X) e R, x R"\{0}. (229)
Thus combining (2.28) and (2.29) we have
(01, V)K+(t, X)| (t,x) € Ry x R"\{0}. (2.30)

< - -
- (tz + XZ)(n+2)/2’

It follows from (2.26) and (2.30) that Kt meets the conditions of Lemma 1.26. Hence
T is a bounded operator in LP for 1 < p < oo. Such operators are also bounded in

LP(w) for any weight w satisfying the A, conditioninR, xR". Lemma 1.27 shows that

wi(t, x) =[x, -n<d<n(p-1),
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wit,x) =t¥2  —2<d<2(p-1),

are A, weights, so T is abounded operator in LP(WY) for k = 1, 2. Thus
||Tf|||_p(wg) < Cpllflle(\,\@, -2<d<0.

Moreover, the weighted estimatesin LP(w¢) and LP(w3) admit restrictions to each finite

interval [0,t] ¢ R+ :

t 1/p t 1/p
( fo f wW(s )T f(s, x)|pdxds) <cl) ( fo wl(s ) f(s, x)|'°dxds) (2.31)

for k = 1,2. Here CY) = C, and C¥) = Cp(wd). We will write Cpq for the latter
constant. Both estimates are valid if —2 < d < 0. To compl ete the proof first we notice

that
(s+ XD < x4  and  (s+|x?)¥? < &2 (2.32)

and so by (2.25) and the triangle inequality we have

1/p
( f(s+ |x|2)d/2|Vu|pdxds)

1/
( f f (s+ |XP)YAT(V-4) 1f+2Tatu|pdxds) i

< (ff(s+|x|2)d/2|T(\/_) 1f|pdxds) ?
+ 2 f f (s+|x|2)d/2|Tatu|pdxds) p. (2.33)
0
By (2.31) and (2.32) we have

(j: f(s+ |x|2)d/2|-|-(ﬂ)_lflpdxds)l/p



<y fot f (+ )2V A) *fPabeds)
< Cp( ftf|x|d|( ﬂ)_lﬂpdxds)l/p,
0

and

! 1/p
( f f (s+ |X|2)d/2|T8tu|pdxds)
0
t 1/p
Slem(f f(5+|X|2)d/2|8tUIpdxds)
0
t 1/p
SCp,d(ffsd/zwtulpdxds) .
0

Therefore substituting the last inequalities in (2.33) completes the proof. O

The above result will be applied to the wave equation (2.22) with the damping
treated as a source. To insure zero initial data in (2.7), we subtract the solution u; of

the linear parabolic equation
0+ V-Au =0 in R, xR" (2.34)

Formula (2.22) explainswhy u, is more convenient than a solution of the wave equation
with identical initial data.
Lemma 2.8 Assumethat n > 3. Let u, be a solution of equation (2.34) with theinitial

data ugli-o = Up and d:U.li=o = Uy. There exists a constant D, 4, such that u, satisfies

t 1/p
(f f(s+ |x|2)d/2|Vu||pdxds)
0

< Dpg [Z (ICV=A)UollLs + I(V=A) UollLe) + lluals + ||u1||Lp]

k=0,1

whenever pand d satisfyn/(n—1) < p<2and-2<d<0.
Proof. First we solve equation (2.34) with the initial data up and u;. Using the Fourier
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transform we can show that

ljf (t’ 'f)

te 4 0u(€) + €10(®)) + & 0o(e)

(P (U1 + V=A10))©) + (P wo)(©)
and hence by the inverse Fourier transform we have
Ue(t, X) = Pe(X) * U(X) + tPy(X) * (Us(X) + V=AUg(X)),

where we have used the facts that (V-Auj = [£10(¢) and (f = g)(¢) = f(£)a(¢). To
estimate the two convolutions in the right-hand side of the last equality, we apply three
inequalities for Py(x) which are verified directly Lemma 1.15. First we note that by
Lemma 1.15 and Theorem 1.22 the following inequalities hold:

fO<t<1,

C
IVPe s flle < ClIVFlle and  [[VPex fllee < T”f”LP- (2.35)

Ift>1,
VP flle <

We show only the estimate of VtP;(x) = (u1(X) + V—Aug(X)), since the other estimateis

similar. Let f = uy(X) + V-Aup(X). By the second inequality in (2.35)

1 1
f ItVP * f1|P,t42dt < C|If|IP, f t9/%dt. (2.37)
0 0
Recall that d > -2, so the integral converges. Using an inequality of the form

(@+b)" < 271 (a" + bP),
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where a and b are nonnegative real numbersand p > 1, (2.37) implies
1
fo IEVPe = fI7stY2dt < C(luallfs + 11 V=Auoll7y).
We apply (2.36) to bound
fl ERGE flIf,t¥%dt < CIIfI, fl ey
Noticethat d/2—n(p-1) < —n/(n-1) for p = n/(n-1). Hencethe integral converges
jjo [tV P f[I7ptY2dt < C(llullf, + 1] ﬂuollfll
Adding the estimatesfor t € (0, 1] and [1, o0), we obtain
fo VP, + FlIPat?2dt < Cllugllly + 11 V=AUGIIZ, + lluallP; + | V=AuollP,).

for p > n/(n— 1). The proof is complete for thisterm. Thereisasimilar estimate for
the other term VPy(X) * ug(X). The main difference is that we apply the first inequality
in (2.35) to theintegral on (0, 1]. O

The following proposition, which gives the weighted LP estimate of Vu isreadily fol-

lowed by the lemmas given above.

Proposition 2.9 Assume that n > 3 and let u be a solution of (2.22) with the initial
data

Uli—o = Uo, OiUli—g = U1.

Then there exist constants By, C,, 4, and D4, such that

t 1/p
(f f(s+ |x|2)d/2|Vu|pdxds)
0
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t 1/p t 1/p
<Bp ( f f |X|d+p|83u|mpdxds) +Cpg ( f f sd/zlasulpdxds)
0 0

+Dpa [Z (I(V=2)ollus + 110 V=2)*UollLs) + llullis + ||u1||Lp)

k=0,1

for any p and d satisfying

=]

IA
o
IA
N

and —-2<d<O.

>
|
[EY

Here every constant depends only on its subscripts p, or p and d.

Proof. We first rewrite equation (2.22) as
(0 + V-A)?u = —|0u™ 28U + 2 V-Ad,u.

Then applying Lemma 2.7 and Lemma 2.8, we have

t 1/p
( f f (s+ |x|2)d/2|Vu|pdxds)
0

t 1/p
< Cp( f f |x|d|(\/—A)—1|asu|””asu|pdxds) (2.38)
0

t 1/p
+Cpd (f fsd/2|6su|pdxds)
0

+Dpa (Z (V=4 UollLs + I V=A4) UollLs) + lualls + ||u1||Lp)

k=0,1

with p and d satisfying the conditions there. To complete the proof we simplify the
integral
t
Cp f f X9 V-A)"You™ au|Pdxds,
0

so that the constant remains independent of d. First we use Hardy’s inequality with

f=(V=A)Hou™%su, 0<s<tand d>-n:
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t 1/p
( [f |x|d|(V—A)-lwsuWasquxds)
0
p t 1/p
( f f |x|d+p|V(ﬂ)—lwsumlasuwdxds) . (2.39)
0

S—
n+d

Next we need weighted LP estimates for the Riesz transform
Rf = V(V-A)f or Rf(X) = (%)‘”f%e‘f'xf(f)dg, xeR"

It iswell known that Ris a convolution transform:

T

T T

Rf = Kgx f  with Kgr(X)=r

Moreover Kr satisfies the conditions of Lemma 1.26. Since the weight
W) = [X*P,  —n<d+p<n(p- 1),

satisfies the Ay(R") condition, according to Lemma 1.27, R is a bounded operator in
the space LP(w/"P):

”V( V_A)_lf”Lp(W(;er) < Kp(\’\ltlhp)”f“l_P(V\lep)'

Therangefordis—n—p<d<n(p-1) - p, soitincludestherange -2 < d < 0 under

the condition0 < n(p—-1) — p, or

(2.40)

We use a standard convexity argument to find a uniform constant K, depending on the
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constants Kp(w;?) and Kp(wWh):
||V(V—A)—1f||Lp(Wi+p) < Kp||f||Lp(Wg+p), -2<dx<O.
Combining thisinequality with Hardy’s inequality ,we have

t 1/p pK t 1/p
( f f |x|d|(\/—A)—1|asu|””asu|pdxds) < n+‘|’o( f f |x|d+p|85u|mpdxds)
0 0

whenever the conditions -2 < d < 0 and (2.40) hold. A substitution into inequality

(2.38) yields the final estimate

t 1/p
(f f(s+ |x|2)d/2|Vu|'°dxds)
0
t 1/p
< B, ( f f |x|d+p|05u|mpdxds)
0
t 1/p
+Cpd ( f f sd/2|6su|pdxds)
0

+Dp (Z (I(V=2)Uolli + 11 V=4) Uollr) + lIUllcs + [[Ualee

k=0,1

with By, = pCyKp/(n — 2). The proof is complete. O

We conclude this section with a corollary of Proposition 2.9 relating the L™ norm

of d;u and the L(™Y/™ norm of Vu.

Corollary 2.10 Assumethat n > 3. Let u be a solution of (2.22) with initial data
Ulto = Uo, OiUli—o = Uy.
There exist constant F, and Gy, 5, such that
t a_ m+l m+l t a
f f(s+ 1X|?)2~2n |Vu| ™ dxds < me f(s+ 1X%)2|0su™ tdxds + Ga,  (2.41)
0 0
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for mand a satisfying

a m+1
n+§—m<—1 and O<ax<l1l

The constant G, , depends also on up and u;

Proof. Recall that ||u| .+ can be bounded by the damping in equation (2.22). We
choose p = (m+1)/mandd = a—(m+1)/min(2.9). Herea € (0, 1). The corresponding

estimateis

t _m_
(f f(s+|x|2)621‘ﬁ5r+nl|Vu|mn§1dxds)m+
0

t i
< B(m+1)/m(f f|x|a|3su|m+1dXd5) (2.42)
0
i

t
a_ml m+l
+C(m+1)/m,a—(m+l)/m(f fsz 2 |Jdgu| ™ dxds) + Co,
0

where Cy isaconstant depending on m, d, and theinitial data. We need an upper bound

on the L™D/M norm of o,u, i.e., the integral

t
1 1
Izszsg‘%lasulmdxds
0

We will consider separately the cases of small and larget. If t < 1, we have

t

2 < sup [|9sull T f s%ds.
O<s<1 0

Since (m+ 1)/m < 2 and u(t,-) is compactly supported, we obtain

I, <C(1+EQ), t<1.

If t > 1, the finite propagation speed and Holder’s inequality yield

t
1 1
f f s~ |9qu| ™ dxds
1
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t ol At i
< (f f sg‘zgr”kll)dxds) (f fsg|asu|m+ldxds) . (2.43)
1 IX<s+R 1

Fromvol B(s+ R) < C(s+ R)", thefirst factor is bounded by
t a m+1
f gtimamnds < K
1

ifn+a/2—(m+1)/(2(m- 1)) < —1. Applying Young's inequality,

t t "
ffs%—”ﬁ?nllasulmnﬁldxds K'® (f fs§|asu|m+1dxds)
1 1
t
C.te f f $F[0.u™ dxds,
0

IA

IA

for any € > 0. Thus

t
I, < C(1+ E(Q) + ef fsglasulm”dxds, t> 1.
0

The estimates for |, together with estimate (2.42) yield the result. o

It is sufficient to choose Fry = (2Bm:1ym)™ /™, which is still a constant indepen-
dent of a. The optimal a will be determined in Section 2.5. The above condition on m

isequivalent to
1
n+1/2+a/2

m<1+
Thusm < 1+ 1/(n+ 1) will be astronger condition independent of a. However, such
arestriction does not seem optimal. We can do better if we use the suppressed support
instead of finite propagation speed in (2.43). The resulting sharper estimate of the first
integral will imply aweaker restriction on m. We do not pursue this estimate sinceit is

unlikely to give the optimal conditionm < 1 + 2/n.
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2.5 Polynomial decay of the entire energy

In this section we prove that the energy function given in (1.5) decaysto zero at a

polynomial rateast — oo.

Theorem 2.11 Let u be a solution of Eq.(1.5) with compactly supported initial data
(U, Uy) € H2x HY. Forn > 3and (n+2)/(n+ 1) > m> 1, the entire energy defined

by (1.3) decays polynomially:
E(t) < Ct™¥2t - oo,

where the positive exponent a depends only on mand n.

Proof. We can assume that t > 2. The weighted energy identity is

d fw , 2 m+1

o E(Ut + [Vul9)dx = — | wu™dx+ Ry + Ry, (2.44)
where

R, = f "E"(ut2+|Vu|2)dx,

R, = fVW~utVudx.

Here the weight is w(t, X) = (t + [x|?)*2 with a small constant a € (0,1). The exact

conditions on a will be given later. An important property of w is that
a
W= S(t+ XYL YW= ax(t+ X

SO W; is much smaller than [Vw| when |x| is large. More precisaly, |[Vw| = 2|xjw.

Our goal is to show that the right-hand side of identity (2.44) belongs to L(R) for

43



sufficiently small a. The computations are elementary, based on Young's and Holder’s
inequalities, with the exception of an L(™Y/™ estimate for Vu established in Corollary

2.10. For convenience we restate this result. Assume that m and a satisfy

a m+1
n+—

2_2(m—1)<_1 and O<a<1l

There exist constants F,, and Gy, 5 such that the solution of equation (1.5) satisfies

t t
f f (s+ X% |Vu| ™ dxds < Fpy f f (s+ [X?) ¢ |ud ™ dxds + Gpa. (2.45)
0 0

The constant G, depends also on the initial data uy and u;. We begin with an upper

bound of R,. Applying Young's inequality, we obtain

IVw - uVul alX|(t + [x12) 2 YuIVul

IA

IA

a a
—(t+ |IXP)2|u ™t
m+1( 1X19) 2wl

am

me1 2ya_mil mel
X'm (t+(x)2" ™ |[Vul ™.
+1I| (t+1x°) [Vu|

Since x| < (t + [x)Y2, we have the following estimate after integration:

a a am
R, < t+ X% 2|u™dx +
o< [ piumio +

+1bfﬂ4ﬂxfﬂ‘%ﬂVuW#dx. (2.46)

The two terms will be bounded separately. We proceed to derive a similar estimate for

R;. One part of R; isreadily bounded by Young'sinequality:

Wt a a_
Euf = Z(”'X'2)2 Y2
a a
< ———(t+ X)) 2™
< 4(m+1)( 1X19) 2wl
a(m—l) 2 a_ml
t X|F)2" m 1,
* «m+n(+|”



Hence,

% 2 a 2y5 1
fzutdx < —4(m+l)f(t+lxl) U™ dx

+ 22213 f (t+ x5 Rddx. (2.47)

The remaining part of Ry, which involves %|Vu|2 needs a different application Young's

inequality:

Wt o 12 a 2210, 2
—|Vu* = =(@{t+[x“)2""|Vu
2| | 4( IX|9) 27|Vl

1 1 1
(t+[x?)2 % VU™ + (t+[x?)22 VU™,

IA

am a
4(m+ 1) 4(m+ 1)

Integrating the last estimate, we have

% 2 < 2 m
f2|Vu| dx < 4(m+1)f(t+|x| )2 |Vu| m dx

+ f (t + X)) " |Vu™1dx. (2.48)

4m+D

We can now substitute estimates (2.46), (2.47) and (2.48) into identity (2.44) and inte-

grate the resulting estimate on [2, t]:

1 . t
> f (s+ 1X?)2(lug® + [Vu?)dx
2

t
< dh(t) + dy(t) + ds f f (s+XP) % VU=
2

t
—d, f f (s+1X?)?|ug ™ dxds,
2

where the functions and constants are defined as follows:

_am-1) [ a_m1
() = S f2 f (s+ X)) R dxds

_ a ' 2y3-ml m+1
do(t) = mfz f(5+ 1XI9) [Vul™“dxds,
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5am 5a

Clearly d3 — 0, while the other constant d; — 1 asa — 0. Moreover, the functions
di(t), i = 1,2, are bounded on R,. See Lemma 2.12 below. The main difficulty isto
bound the third term by the fourth (damping) term. Using estimate (2.45) in the last
inequality we obtain

1 a t

> f (s+1X)2(usl” +IVU)dX - < ca(t) + da(t) + Gima

t
+ (szm—d4)ff(S+|x|2)3|us|””1dxds
2

We can choose a € (0, 1) sufficiently small to insure dsFp, — d; < 0. Assuming that

d1(t) and d,(t) are bounded on R, , we obtain

1 .
> f (t + [X%)2 (Jul? + |Vu?)dx < C.

It remainsto verify theclam d;(t) < Cfori = 1,2

Lemma2.12 Assumethatm< 1+ 1/(n+ 1). Then
(i) di(t) <C, (i) dy(t) <C, t>2.

Proof. Part (i) followsif the exponent in d,(t) satisfies

m+1

<-n-1.
m-1

a_
2

Thisisequivdenttom< 1+ 4/(2n+ a), soitholdsform< 1+ 1/(n+ 1).
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To verify part (ii), we use the Gagliardo-Nirenberg inequality. To usethisinequality

we need uniform bounds for [[Vul|.= and ||Aul| 2. Since u € C(R.,, H3(R")), we have

sup|jAulj2 < C. (2.49)

t>0

A uniform bound for Vu can be obtained by multiplying equation (1.5) by u; and inte-

grating over R". So we have

sup||Vull.2 < C. (2.50)

t>0

Now we can apply the Gagliadro-Nirenberg inequality with j =0, u =1, p=m+1
andr = q = 2tohave

0 1-6
IVUllLmes < ClAUII[UIT"

Hered = and it is easy to verify that 6 < 1if m < 1+ —=. Hence by estimates

2(m+1)

(2.49) and (2.50) we have

sup ||Vul|ma < C. (2.51)

t>0

This estimate implies

a t 2ya-ml omyl
d,(t) 4(m+1)f f(s+|x| )27 2 |Vu™ dxds

S5yl
4(m+1)ff |Vu| dxds
—su vu|™; st "% ds
e D IV |,

Cf "*ds,
2

IA

IA

IA

a7



where we have used the fact that

m+1

(s+ X232 "% <s

a_mtl
2772

if a/2—-(m+1)/2< -1

It is obvious that the integral convergesif a/2— (m+ 1)/2 < —1. This condition is met

for sufficiently small a. We have completed the proof of the lemma. o
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CHAPTER 3
CONCLUSION

In the thesis the energy decay problem of solutions to the Cauchy problem for the

wave equation with nonlinear dissipative term have been considered:

Ut — AU+ |u|™u =0, (t,x) e R, xR",

u(0, x) = Up(X), Ww(0,x) = uy(x), xeR"

It is shown that under the assumptions:

1. Theinitia conditions
Up € HZ(Rn), U, € Hl(Rn)

are compactly supported functions,
2. misaparameter satisfyingl <m< 1+ Fll when space dimensionsn > 3,

the solution u = u(t, X) to the above problem decays to zero at a polynomial order as
t — oo. Here the suitable weights, which come from the asymptotic behavior of fast
diffusion equations are constructed. So far we have seen in the previous studies the

best decay rate for this problem is logarithmic under the conditions
Ug € Hl(Rn), U, € Lz(Rn)

and

2
l<m<1l+-
n
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for n > 3( see[4]). We note that in [4], the authors have essentially derived a polyno-

mial decay rate in the presence of a mass term:

Ut — AU+ U+ Ju ™y, = 0.

As a result, for the future studies some open problems about the problem under
guestion may be listed (see [16]). There are two types of open problems, which are
either relatively accessible or very difficult.

One can generalize the polynomia decay in Theorem 2.11 for less regular initia
data (up, u;) € H? x L?. Basically this means to prove Proposition 2.6 without using
the scaling operator S and estimate more carefully d,(t) in Lemma 2.12.

The problem can be considered by removing the requirement of compactly sup-
ported initial data.

One can show that the polynomial decay in Theorem 2.11 holds for al exponents
m<1+2/n.

It seems that m = 1 + 2/n is the critical number for decay or non-decay of the
energy. Namely, there exists a dense set of initial data for the nonlinear dissipative
wave equation (1.5), such that E(t) does not decay if m> 1 + 2/n.

The hard open question is to find the exact decay rate of the energy. Here the
regularizing effect of the nonlinear damping on Vu can be used. The scaling invariance
of (1.5) with m > 1 may be crucial, as it helps transform local estimates into global

ones.

50



[1]

[2]

[3]

[4]

[5]

[6]

[7]

[8]

REFERENCES

J. L. Lions, W. A. Strauss, Some non-linear evolution equations, Bull. Soc. Math.

France 93 (1965), 43-96.

A. Matsumura, On the asymptotic behavior of solutions of semi-linear wave

eguations, Publ. Res. Inst. Math. Sci. 12 (1976/77), no. 1, 169-189.

M. Nakao, Energy decay of the wave equation with a nonlinear dissipative term,

Funkcial. Ekvac. 26 (1983), no. 3, 237-250.

K. Mochizuki, T. Motai, On energy decay-nondecay problems for wave equations
with nonlinear dissipativeterminR", J. Math. Soc. Japan, 47 (1995), no. 3,
405-421.

M. Nakao, I. Jung, Energy decay for the wave equation in exterior domains with
some half-linear dissipation, Differential Integral Equations, 16 (2003), no. 8,
927-948.

M. Nakao, Asymptotic stability of the bounded or almost periodic solution of the
wave equation with nonlinear dissipative term, J. Math. Anal. Appl. 58 (1977),
no. 2, 336-343.

A. Haraux, Comportement I’ infini pour une quation d’ ondes non linaire dissipa-

tive, C. R. Acad. Sci. Paris Sr. A-B 287 (1978), no. 7, A507—A5009.

|. Lasiecka, D. Toundykov, Energy decay rates for the semilinear wave equa-
tion with nonlinear localized damping and a source terms-an intrinsic approach,

preprint (2005).

51



[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

G. Todorova, B. Yordanov, Critical exponent for a nonlinear wave equation with

damping, J. Differential Equations 174 (2001), no. 2, 464-489.

J. A. Carrillo, J. L. Vazquez, Fine asymptoticsfor fast diffusion equations, Comm.
Partial Differential Equations, 28 (2003), no. 5-6, 1023-1056.

J. Duoandikoetxea, Fourier Analysis, trandated and revised by David Cruz-
Uribe, Providence, RI: American Mathematical Society, (2000).

L. C. Evans, Partial Differential Equations, Providence, RI: American Mathemat-
ical Society, (1998).

S. Kesavan, Topics in Functional Analysis and Applications, John Wiley and
Sons, New York, (1989).

Stein E. M., Weiss, G., Introduction to Fourier Analysis on Euclidean Spaces,

Princeton, New Jersey Princeton University Press, (1971).

R. S. Strichartz, A Guide to Distribution Theory and Fourier Transforms, CRC
Press, London, (1994).

G. Todorova, B. Yordanov, The energy decay problem for wave equation with
nonlinear dissipative termsin R", Indiana Univ. Math. J., 56(2007), no. 1, 389—
416.

J. Liang, Nonlinear hyperbolic smoothing at a focal point, preprint (2004).

T. Motai, Asymptotic behavior of solutions to the Klein-Gordon equation with a

nonlinear dissipative term, Tsukuba J. Math. 15 (1991), no. 1, 151-160.

J. Serrin, G. Todorova and E. Vitillaro, Existence for a nonlinear wave equation
with damping and source terms, Differential Integral Equations, 16 (2003), no. 1,
13-50.

52



	1.pdf
	2.pdf
	3.pdf
	45.pdf
	6.pdf
	758.pdf

