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Director of the Graduate School

ii



ABSTRACT

RAPID MULTI-CONTRAST MAGNETIC RESONANCE
IMAGING AND TIME-OF-FLIGHT ANGIOGRAPHY

Toygan Kılıç

M.S. in Electrical and Electronics Engineering

Advisor: Emine Ülkü Sarıtaş Çukur

Co-Advisor: Tolga Çukur

January 2019

Magnetic resonance imaging (MRI) is a frequently used imaging modality for ex-

amining soft tissue structures. Long scanning time is the most crucial constraint

that limits the use of MRI in the clinics. Partial Fourier (PF), parallel imaging

(PI), and compressed sensing (CS) methods have been proposed to accelerate

acquisitions by undersampling the data in k-space. However, further increase in

acceleration factor as well as image quality are needed in certain applications of

MRI, such as T2-weighted imaging and time-of-flight (TOF) angiography. Pre-

vious studies have adopted SPIRiT, a popular CS method, to the problem of

multi-contrast image reconstruction. However, the mutual information across

different contrast images were not utilized in these studies. In this thesis, a new

method is proposed to benefit from the correlated structural information among

the images by emphasizing high-spatial frequencies during joint reconstruction.

The results obtained from in vivo brain scans and numerical phantom show that

the proposed method is more robust against parameter selection when compared

to conventional methods. For TOF angiography images, the goal of this thesis

is to increase the signal-to-noise-ratio and shorten the scanning time, simultane-

ously. For this purpose, a combination of 2D acceleration in the phase-encode

dimensions via CS and 1D PF data acquisition in the frequency-encode dimen-

sion to reduce echo time is proposed. Following this data acquisition, a joint

reconstruction that iteratively alternates between CS and PF is introduced. In

vivo angiography results in the brain show that the proposed time-efficient TOF

method improves the vessel-background contrast, while decreasing the scanning

time.

Keywords: Compressed sensing, joint reconstruction, multi-contrast imaging, T2-

weighted imaging, Time-of-Flight angiography.
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ÖZET

HIZLANDIRILMIŞ ÇOKLU-KONTRAST MANYETİK
REZONANS GÖRÜNTÜLEME VE UÇUŞ-ZAMANLI

ANJİYOGRAFİ

Toygan Kılıç

Elektrik ve Elektronik Mühendisliği, Yüksek Lisans

Tez Danışmanı: Emine Ülkü Sarıtaş Çukur

Ocak 2019

Manyetik rezonans görüntüleme (MRG) yumuşak dokuların incelenmesinde

sıklıkla kullanılan bir görüntüleme yöntemdir. Çekim sürelerinin uzun ol-

ması MRG’nin hastanelerde kullanımını kısıtlayan en önemli etkendir. Veri

alımını hızlandırmak için k-uzayını alt örnekleyen kısmi Fourier (KF), paralel

görüntüleme (PG) ve sıkıştırılmış algılama (SA) yöntemleri önerilmiştir. Ancak,

T2 ağırlıklı görüntüleme ve uçuş zamanlı (TOF) anjiografi gibi MRG uygula-

malarında hızlandırma faktörünün ve görüntü kalitesinin iyileştirilmesine ihtiyaç

vardır. Önceki çalışmalar çoklu kontrast görüntü geriçatımı için popüler bir

SA yöntemi olan SPIRiT yöntemini benimsemişlerdir. Ancak, bu yöntemlerde

farklı kontrastlardaki ortak bilgi, geriçatım aşamasında kullanılmamıştır. Bu

tezde, geriçatım sırasında yüksek uzaysal frekansları vurgulayarak görüntüler

arasındaki ortak yapısal bilgiden yararlanan yeni bir yöntem önerilmiştir. In vivo

beyin görüntüleme ve sayısal fantomdan elde edilen sonuçlar, önerilen yöntemin

geleneksel yöntemlere kıyasla parametre seçiminde daha gürbüz olduğunu

göstermektedir. Bu tezin TOF anjiyografi görüntüleme için amacı, hem sinyal-

gürültü oranını artırmak hem de tarama süresini kısaltmaktır. Bu amaçla, faz

kodlama yönlerinde SA kullanımı ile iki boyutlu hızlandırma, ve frekans kodlama

yönünde bir boyutlu KF veri toplama ile eko zamanı azaltan bir kombinasyon

önerilmektedir. Bu veri alımı sonrasında ise SA ve KF yöntemlerini ardışık olarak

uygulayan bütünleşik bir geriçatım sunulmaktadır. Beyinde elde edilen in vivo

anjiyografi sonuçları, önerilen zaman açısından etkin TOF yönteminin, damar-

arka plan kontrastını arttırırken tarama zamanını düşürdüğünü göstermektedir.

Anahtar sözcükler : Sıkıştırılmış algılama, bütünleşik geriçatım, çoklu kontrast

görüntüleme, T2 ağırlıklı görüntüleme, uçuş zamanlı anjiografi.
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Chapter 1

Introduction

Magnetic resonance imaging (MRI) is a widely used modality for detecting the

disorders related to soft tissue. The working principle of MRI relies on encoding

the magnetization of the hydrogen spins in the human body in frequency domain

[1]. It is possible to design different sequences of external magnetic fields to ma-

nipulate the magnetization of hydrogen spins. These sequences provide various

image contrasts that can be used in the clinical applications of MRI. Turbo-spin-

echo (TSE) [2] and time-of-flight (TOF) angiography [3] are two of the popular

MRI sequences. TSE sequence is generally used to obtain T2-weighted MRI im-

ages, and TOF sequence is a non-contrast method to acquire angiography images.

Although MRI provides flexible image contrast, it has a crucial drawback of pro-

longed scanning times. One method to reduce scanning time is to increase the

number of refocusing radio frequency (RF) pulses to acquire multiple echoes in

one repetition time (TR), which is typically long for the TSE sequence. However,

the usage of many RF pulses may result in tissue heating, as the sequence pushes

the limits of specific absorption rate (SAR) [4]. In addition, the MRI signal expe-

riences significant T2 decay with multiple refocusing RF pulses. TOF sequence,

on the other hand, typically uses short TR values, resulting in relatively short

scanning times. Nevertheless, this technique may also have extended scanning

times, especially if the region of interest is imaged via a multi-slab acquisition to

increase the image quality.

1



Novel image reconstruction methods were introduced to address the problems

mentioned above. Nowadays, parallel imaging techniques such as GRAPPA (Gen-

eralized autocalibrating partially parallel acquisitions)[5] and SENSE (Sensitivity

encoding)[6] are widely adopted in the clinics to reduce the scanning time. The

essence of these methods is to uniformly undersample the k-space. The data

acquired from multiple receiver coils, which were previously used for increasing

SNR, are then used for filling in the missing k-space data. This idea has then been

combined with compressed sensing (CS) methods such as SPIRiT to randomly

undersample the k-space, followed by a non-linear image reconstruction [7].

Although these techniques made MRI faster than before, further increase in

image quality and acceleration are needed to increase the utility of MRI in the

clinics. For this purpose, two different problems were targeted in this study.

The first problem is the prolonged scanning time of multiple T2-weighted image

acquisitions. Previously, several solutions were introduced to address this problem

[8, 9, 10]. However, these methods did not adequately take into account the

mutual information among the multiple T2-weighted images. Here, I propose a

technique that takes advantage of the correlated structural information among

the images by emphasizing the high-spatial-frequency content of the k-space data

while estimating the SPIRiT kernel.

In the second problem, the focus is on improving the image quality and reduc-

ing the scanning time of the TOF angiography sequence. In previous methods,

CS [11] and partial k-space data acquisition were performed in the phase-encode

direction, which provides high acceleration factors. However, applying the partial

k-space acquisition in the readout direction could prove more beneficial as it can

decrease the echo time (TE), which in turn increases the contrast between the

blood vessels and the background. Here, I propose an iterative technique that

alternates between two reconstructions: (1) The partial k-space data in the read-

out direction are recovered using a projection onto convex sets (POCS) based

algorithm [12]. (2) Randomly undersampled k-space data in the phase-encode

directions are then reconstructed with the SPIRiT method.

In this thesis, I first present the novel CS technique for multiple T2-weighted

2



image acquisition. This technique is demonstrated via numerical phantom sim-

ulations and in vivo imaging in the brain. The results show that the proposed

technique is more robust in the selection of reconstruction parameters compared

to the conventional CS methods. Secondly, I present the improved TOF tech-

nique via in vivo brain imaging results and show that this technique increases

image quality while decreasing the scanning time for multi-slab acquisitions.
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Chapter 2

Magnetic Resonance Imaging

Background

2.1 Principles of MRI

In the presence of an external magnetic field, hydrogen spins in the body precess

at a specific frequency, known as the Larmor frequency [13]. This frequency is

equal to the strength of the applied magnetic field multiplied by the gyromag-

netic ratio of hydrogen. MRI uses this phenomenon to image the distribution of

hydrogen spins in the human body, abundant in the form of water and fat. Main

magnetic field B0 is applied to align the randomly oriented magnetic moments of

the hydrogen spins, so that a net magnetization is formed. An additional mag-

netic field called the B1 field is applied for exciting the hydrogen spins to create

the MRI signal. This B1 field flips the net magnetization to the transverse plane

so that the MRI signal can be detected using inductive receive coils. After the

spins are excited, their magnetization returns back to the equilibrium state of

being aligned with the B0 field via two different relaxation mechanisms. The first

one is the spin-lattice or T1 relaxation, where the magnetization recovers along

the longitudinal direction with a time constant T1. The second one is called the

spin-spin relaxation or T2 relaxation, caused by the dephasing of the transverse
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magnetization after the B1 field is applied. Different tissues in the human body

have different T1 and T2 relaxation times, which enables us to obtain MRI images

with different contrasts. However, it is still needed to spatially encode the signal.

For this purpose, gradient fields are applied along x-, y-, and z-directions [1].

The resulting MRI signal corresponds to the Fourier transform of the underlying

spin distribution. In MRI, the data is collected in the spatial frequency domain,

which is called the k-space. Taking an inverse Fourier transform of the k-space

data yields the MRI image. An illustration of k-space and image domain is shown

in Figure 2.1.

Figure 2.1: After acquiring the k-space data, the MRI image can be obtained by
taking the inverse Fourier transform.

2.2 Rapid Imaging Techniques in MRI

This thesis targets multiple T2-weighted image acquisition and non-contrast an-

giography. Our goal is to accelerate the data acquisition process and increase the

signal level for these applications. The technique proposed in this thesis builds

on partial Fourier and compressed sensing methods, which are explained in detail

below.
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2.2.1 Partial Fourier Reconstruction

MRI images are complex-valued due to off-resonance induced dephasing. If they

were real-valued, it would be sufficient to acquire 50% of k-space. Then, the re-

maining half could be filled with the Hermitian symmetric version of the acquired

part. Although MRI images are complex-valued, they typically have a smoothly

varying phase in image domain. Hence, acquiring slightly more than half of the

k-space is typically sufficient to estimate this low-frequency phase. In partial

Fourier reconstruction, the phase of the image is estimated by using the symmet-

rically acquired part of the center of the k-space. The non-acquired part of the

k-space is filled via Hermitian symmetry after removing the estimated phase from

the image. This process is called partial Fourier acquisition and reconstruction.

One partial Fourier reconstruction fills the empty part of the k-space based

on a projection onto convex sets (POCS) approach [12, 14, 15]. In the equations

below, the acquired part of the k-space data in 3D and the symmetrically acquired

portion are denoted as Mpk(kx, ky, kz) and Ms(kx, ky, kz), respectively. The goal is

to fill the unacquired part of the k-space iteratively. Firstly, Ms(kx, ky, kz) is used

to estimate the low-frequency phase in image domain, p(x, y, z). Hann windowing

can be applied before transformation into the image domain, to prevent potential

Gibbs ringing artifacts in the low-resolution image ms(x, y, z). In Equation 2.1,

Hann window is denoted as H(kx, ky, kz). Hence, the slowly varying phase in

image domain is obtained as follows:

ms(x, y, z) = F−1
3D

{
Ms(kx, ky, kz)H(kx, ky, kz)

}
(2.1)

p(x, y, z) = ei∠ms(x,y,z) (2.2)

Next, an initial image is obtained using the acquired data as follows:

m1(x, y, z) = F−1
3D

{
Mpk(kx, ky, kz)

}
(2.3)

The image phase in each iteration is forced to the estimated low-resolution phase:

mi,pc(x, y, z) =| mi(x, y, z) | p(x, y, z) (2.4)
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This phase-constrained image, mi,pc(x, y, z), is transformed to k-space by Fourier

transform to obtain Mi,pc . The portion that corresponds to the acquired part of

the k-space is replaced with the actual acquired data from Mpk to provide data

consistency. The image in the next iteration, mi+1(x, y, z), is obtained by taking

Fourier transform of the resulting k-space data.

Note that, the acceleration factor for the partial Fourier method has an upper

limit of 2. As explained in the next section, parallel imaging techniques can yield

much higher acceleration factors.

2.2.2 Parallel Imaging

Multiple coils are typically used to collect MRI data, which helps to increase SNR.

In addition, the spatially varying sensitivities of the receive coils can be used

to accelerate image acquisition. An illustration of multi-coil image acquisition

is demonstrated in Figure 2.2. There are numerous acceleration methods that

exploit the simultaneous use of multiple receive coils [6, 5, 16]. Among these

methods, Generalized Autocalibrating Partial Parallel Acquisition (GRAPPA) is

the most popular and widely used technique.

The GRAPPA framework performs its algorithm in k-space. Acceleration

factor in MRI can be determined according to the ratio between the total number

of samples of k-space lines and acquired number of k-space lines. The algorithm

uniformly undersamples the k-space in the phase-encode directions, followed by

an interpolation of the unacquired data. The interpolation kernel in this step is

estimated from the fully sampled central region in k-space.

An example sampling scheme and flowchart of the method is given in Figure

2.3. In this specific example, the k-space is undersampled in both ky and kz

phase-encoding direction. The central region is fully sampled to estimate the

interpolation kernel. While estimating the kernel, both inter-coil and intra-coil

neighborhood information are used. Using this strategy, the following linear
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Figure 2.2: Multi-coil image acquisition. The image from each coil corresponds
to the full MRI image multiplied by the sensitivity map of that coil.

equation is formed:

sk = Akgk (2.5)

where k is the sampling strategy index (see Fig.2.3), Ak is the neighborhood

data taken from all coils for sampling strategy k, gk is the corresponding kernel

containing the weights between acquired and unacquired data, and sk is the

synthesis data from the calibration region. The kernel weights are estimated in

a regularized fashion using the following expression:

gk = (A∗
kAk + βI)−1A∗

ksk (2.6)

Here, β is the Tikhonov regularization parameter. This operation is repeated

for all coils and for different sampling strategies, as illustrated in Figure 2.3.

The main advantage of the GRAPPA technique is that it synthesizes the k-

space data for all coils, as opposed to image domain parallel imaging algorithms

that only yield a single combined image. In addition, it is more robust against

subject motion. However, the acceleration factor in parallel imaging techniques

are limited by a coil geometry dependent noise amplification, quantified by the

g-factor [17]. The next section describes compressed sensing, which can achieve

higher acceleration factors when compared to parallel imaging methods.
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Figure 2.3: Flowchart of GRAPPA method a) Sampling pattern in k-space. In
this toy example, 13 × 13 k-space and 5 × 5 calibration region are used. These
calibration regions are demonstrated with blue and green for coil 1 and coil 2,
respectively. b) Because of the sampling strategy, 3 different kernels are estimated
in a regularized fashion. These different kernels are denoted with red, cyan, and
gold colors, shown here for the cause of coil 1. c) Using the estimated kernels from
the calibration region, the unacquired k-space points are filled by interpolating
the nearby acquired k-space data points.

2.2.3 Compressed Sensing (CS)

CS theory indicates that it is possible to reconstruct signals without obeying

Nyquist theorem, if the following 3 requirements are satisfied [11]:

• Transform sparsity

• Incoherent undersampling

• Non-linear reconstruction

Transform sparsity means that the acquired signal should have a sparse repre-

sentation in a known domain other than the sampling domain. A domain can be

called ”sparse” if a significant portion of the pixels are zeros. In MRI, Wavelet
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domain is one of the most commonly used domain to enforce transform spar-

sity. As illustrated in Figure 2.4 a, most of the pixels in the Wavelet domain

representation of MRI images are zero or have values very close to zero.

Incoherent undersampling is another requirement for compressed sensing. Uni-

form undersampling of k-space data can create coherent aliasing artifacts. In con-

trast, a random undersampling of k-space yields incoherent (noise-like) artifacts

in the sparsifying transform domain. One example for incoherent undersampling

of k-space is demonstrated in Figure 2.4 b.

Figure 2.4: a) Wavelet domain representation of an MRI image. This repre-
sentation is sparse, as most of the pixels in Wavelet domain are zero or have
values very close to zero. b) Random undersampling of k-space. The central
part of the k-space is fully sampled, whereas the sampling density decreases at
high-spatial-frequency regions.

After incoherent undersampling, a non-linear reconstruction must be utilized

to reconstruct the images, enforcing both transform sparsity and data consistency.

This procedure basically eliminates the noise-like artifacts in the image domain,

iteratively.

The SPIRiT framework is a popular application of compressed sensing [7]. Fol-

lowing the incoherent sampling requirement, SPIRiT applies a pseudo-random

undersampling in the k-space, where the probability density function for the
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undersampling mask decreases at higher spatial frequencies (see 2.4 b). On

the image reconstruction side, it uses a similar interpolation formalization as

in GRAPPA, with one difference: SPIRiT estimates only one interpolation ker-

nel, as demonstrated in Fig.2.5, which also demonstrates the kernel estimation

scheme for SPIRiT. Estimated kernel weights in Eq 2.6 are reordered such that

they correspond to a convolution operation in a matrix form, G [7]. After the

kernel is estimated, the following optimization problem is solved to reconstruct

the k-space data:

arg min
x
‖(G− I)x+ (G− I)y‖2

2 + λ ‖x‖2
2 (2.7)

Here, x and y are the unacquired data to be recovered and acquired k-space data,

respectively. In Eq. 2.7, the first term shows the calibration consistency and the

second term shows the data consistency. In addition, an `2 regularization term

with weight λ is used to penalize the energy of the reconstructed k-space data.

2.3 Targeted Applications

2.3.1 T2-Weighted MRI Data Acquisition

In MRI, there are different sequences for achieving T2-weighted contrast. Spin-

echo sequences with long TR and medium TE can be used for this purpose [18].

While long TR is used to decrease possible T1-weighting effects, it causes pro-

longed scanning times. This problem can be alleviated by taking multiple echoes

in one TR [2]. Multiple 180◦ RF pulses are performed to obtain these echoes.

This method is called Turbo Spin Echo (TSE) and the number of RF pulses in

one repetition is called the turbo factor. Typical numbers for turbo factor range

between 12 and 30 [4]. Although TSE is widely used, it has some limitations.

SAR values increases with the number of RF pulses and their flip angles. When it

comes to 3D imaging, it is not practical to use TSE for T2-weighted imaging, due

to the additional phase-encoding direction that once again increases the scanning

time. Variable flip angle concept is introduced to solve this problem [19]. The
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Figure 2.5: Flowchart of SPIRiT. a) Sampling pattern in k-space. In this toy
example, 13× 13 k-space and 5× 5 calibration region are used. The calibration
region in k-space is demonstrated with blue and green for two coil 1 and coil
2, respectively. b) Unlike the GRAPPA method, only one kernel is estimated in
SPIRiT. In addition to this, kernel weights are computed using all neighborhoods
without considering the sampling pattern. This makes SPIRiT suitable for any
sampling strategy. c) The synthesized data can be obtained by applying the
kernel weights for interpolating the k-space data.

essence of variable flip angle concept is grounded in usage of the low flip angle RF

pulse train instead of 180◦ RF pulses. The transverse magnetization could reach

a steady state using these low flip angle RF pulses. This steady state is called

pseudo-steady state (PSS), because it is temporary due to T1 and T2 relaxation

[20]. The sequences benefiting from variable flip angle concept applies higher flip

angle RF pulses to the center of the k-space rather than the peripheral regions,

which have lower SNR. Therefore, transmitted RF energy to subject is drastically

decreased while the signal level in the center of the k-space is preserved. Up to

200 echoes can be reached using variable flip angle concept at 3T MRI machine.

While applying the aforementioned methods yield practical scanning times for

a single T2-weighted image, multi-contrast 3D T2-weighted image acquisitions

still need further accelerations. Example T2-weighted images with different echo

times are shown in Figure 2.6.
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Figure 2.6: Multiple T2-weighted coronal images with different echo times are for
a healthy subject.

2.3.2 Time-of-Flight Angiography

Time-of-flight (TOF) angiography is broadly used in non-contrast-enhanced eval-

uations of intracranial vasculature. The goal in this method is to increase the

contrast between the stationary background and the flow related non-stationary

signals. Stationary tissues are saturated in the case of short repetition time. On

the other hand, blood has regular flow and is not affected by short TR. In addi-

tion, shortening the TE also increases the signal coming from blood because of

capturing the signal before diminished. To enhance inflow effects while maintain-

ing high signal-to-noise ratio (SNR), multi-slab 3D acquisitions are commonly

preferred. However, this comes at the cost of prolonged scan times. Maximum

intensity projection (MIP) operation is performed to visualize the vessels in 2D

plane. This operation computes the maximum values in the desired direction and

maps it to a 2D plane. An example is shown in Figure 2.7 for different slices of

TOF images and the corresponding MIP image.
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Figure 2.7: Multiple slices for TOF images and the corresponding Maximum
intensity projection (MIP).
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Chapter 3

Joint Multi-contrast

Reconstruction of T2-Weighted

Images by Filtered Kernel

Estimation

3.1 Introduction

T2 relaxation time is very crucial for differentiating between normal and patho-

logical tissues. A linear correlation between water content and T2 relaxation time

was found in previous studies [21]. Since tumor tissues have high water content, it

makes T2 relaxation time a good candidate for the detection of abnormal tissues

[22, 23, 24]. It is important to increase the contrast between normal and patholog-

ical tissues to distinguish them. For T2-weighted imaging, this contrast is directly

related to echo time (TE). Acquiring multiple T2-weighted images with different

TE values can facilitate the detection of diseased tissues [22]. In addition, T2

relaxation time can be calculated from multiple T2-weighted images, which can

further help to identify the disease [25]. However, prolonged scanning time is a

problem for acquiring multiple T2-weighted images in clinical use, especially for

15



3D imaging. To increase the scan efficiency, accelerated image acquisition can be

performed, where it is essential to successfully recover the missing data.

One strategy to recover the missing data is to perform individual reconstruc-

tions of each undersampled T2-weighted acquisition. Parallel imaging and com-

pressed sensing are popular and clinically used techniques for recovering the miss-

ing points. SENSE is an image domain parallel imaging method to reconstruct

images using coil sensitivities [6]. However, this framework requires additional

scanning to obtain coil sensitivities, which makes the reconstruction sensitive to

subject motion. On the other hand, GRAPPA is a k-space based auto-calibrated

parallel imaging method, which estimates an interpolation kernel from the fully

sampled k-space region, as explained in Chapter 2.2.2 [5]. However, GRAPPA

has limited acceleration capabilities because of geometry dependent noise am-

plification. Besides these techniques, CS methods propose higher acceleration

factors using random undersampling [11]. However, using these methods individ-

ually for each image ignores the correlated structural information among multiple

T2-weighted images.

An alternative strategy is to jointly reconstruct multi-echo acquisitions to bet-

ter utilize correlated information. Some of the previously proposed multi-contrast

reconstruction methods estimate the interpolation kernel from the acquired cal-

ibration regions from all contrasts [26, 27, 28, 29, 30, 31, 33]. SPIRiT kernel

was adapted for the reconstruction of multi-contrast data in some of these meth-

ods [26, 27, 28, 32]. Besides these explicit methods, joint sparsity terms were

used to exploit common features between different contrasts [9]. A Bayesian CS

method, which utilizes sparsity in gradient domain, was also proposed to per-

form multi-contrast imaging [8]. Some of the above-mentioned multi-contrast

methods directly target the multi-echo T2-weighted image reconstruction prob-

lem [34, 35, 10]. However, all these methods neglect the fact that images share

more similarities at higher frequencies compared to lower frequencies.

This thesis proposes to jointly reconstruct multiple T2-weighted images using a

modified SPIRiT framework. To utilize correlated information between multiple

echoes, the calibration region is first filtered to give more weight to the shared
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information at higher spatial frequencies. This process results in a more optimal

kernel estimation. In the reconstruction step, this optimized kernel is used to

synthesize the images from undersampled data. Comprehensive simulations and

in vivo results demonstrate that the proposed method is significantly more robust

to changes in parameters that require tuning, such as the iteration number and

regularization parameters, when compared to conventional SPIRiT.

3.2 Methods

In the proposed method, the goal is to improve SPIRiT kernel estimation step for

multi-contrast acquisitions. As described in Chapter 2.2.3, in the conventional

SPIRiT method, interpolation kernel is computed from the calibration region

from multi-coil data. Missing points in the k-space are filled by the interpolation

kernel using weighted linear combination of acquired data. Such interpolation

operation is well-suited for multi-coil data, because spatially close regions in the

image domain are structurally similar in both low and high frequencies. However,

in multi-contrast acquisitions a higher degree of similarity is observed in tissue

boundaries captured by high spatial frequencies whereas image contrast itself or

tissue signal levels themselves can show dissimilarity as captured by low spatial

frequencies. This dissimilarity makes the SPIRiT kernel estimation suboptimal

for multi-contrast data. Therefore, the proposed method aims to improve kernel

estimation by more heavily weighting high spatial frequencies in contrast to low

spatial frequencies by applying high-pass filtering.

3.2.1 Interpolation Kernel

In the conventional SPIRiT method, the interpolation kernel across multiple coils

is computed from the calibration region. Previous attempts in adapting SPIRiT

to multi-contrast reconstructions directly use this approach, as well. Accordingly,

separate acquisitions in multi-contrast data are treated as separate channels in

the interpolation kernel. Without loss of generality, in a 3D cartesian acquisition
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there is 2D undersampling. Inverse Fourier transformation is taken along the

readout direction to reduce computational complexity [36]:

Y c (x, ky, kz) = F−1
x {Y c (kx, ky, kz)} (3.1)

Here, Y c (x , ky , kz ) are hybrid k-space undersampled data, which have Ny × Nz

phase-encode samples and Nx readout samples, kx is the k-space readout index, ky

and kz are the k-space phase-encode indexes, and x is the image domain readout

index, F−1
x is the 1D inverse Fourier transform in the readout direction, c is the

contrast index at total of Nc contrasts. Here, Y c
x = Y c(x , ky , kz ) is used to denote

readout cross section from the 3D hybrid data in this section. A calibration matrix

is constructed by reordering the calibration region of size my ×mz selected from

the k-space data, Y c
x :

Acx = T {Y c
x } (3.2)

where Ac
x is a (my − ny + 1) · (mz − nz + 1)× (ny · nz ·Nc − 1) matrix; ny and nz

denote the kernel sizes, T is a transformation operator that performs reordering.

Kernel estimation can then be cast as a linear system of equations in the following

form,

scx = Acxg
c
x (3.3)

where sc
x is synthesized data and gc

x represents the kernel weights. These weights

reflect the linear relationship between a target k-space sample and its neighbors

across all contrasts with length ny · nz · Nc − 1 for kernel size of ny × nz. The

above equation is solved using the pseudo-inverse operation, i.e.,

gcx =
(
Ac

∗

x A
c
x + βI

)−1
Acxs

c
x (3.4)

where β is a regularization weight, which facilitates matrix conditioning and noise

resilience [32], and I is the identity matrix. This process is illustrated in Figure

3.1a.

In the proposed method, the calibration region is high-pass filtered to empha-

size the structural similarities at high spatial frequencies among multi-contrast
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data:

H(kr) =


σ if 0 < kr < kstopband

σ + (1− σ) sin2
(

2π(kr−kstopband)

4w

)
if kstopband < kr < kpassband

1 if kr > kpassband

(3.5)

where,

kr =

√(
2kx
Nx

)2

+

(
2ky
Ny

)2

+

(
2kz
Nz

)2

(3.6)

Here, σ is a small non-zero number that suppresses low-spatial frequencies, kr

denotes the normalized k-space radius, kstopband and kpassband define the passband

and the stopband edge points of the high-pass filter, respectively. The user spec-

ified parameters σ, kstopband, and kpassband vary in the range [0, 1]. The transition

region of the filter, i.e. the difference between the passband and the stopband re-

gions of the highpass filter, is defined as w = kpassband−kstopband. In the proposed

method, the calibration matrix is obtained from reordering the high-pass filtered

calibration region:

Acx(hp) = T
{
F−1
x {Y c (kx, ky, kz)H (kx, ky, kz)}

}
(3.7)

where Ac
x ,(hp) is the calibration matrix. The respective kernel weights, gc

x ,(hp), are

then obtained via the following operation:

gcx(hp) =
(
Ac∗x(hp)A

c
x(hp) + βI

)−1
Acx(hp)s

c
x(hp) (3.8)

where sc
x ,(hp) are the synthesized data. A flowchart of the proposed method is

demonstrated in Figure 3.1 b.

3.2.2 Undersampling Patterns and Kernel Estimation

3D cartesian data were undersampled with isotropic acceleration in the two phase-

encode directions for both numerical phantom and in vivo data. Variable-density

random undersampling was used to achieve an acceleration factor of R = 3. [11]

Random undersampling patterns were created using probability density functions

19



Figure 3.1: Flowcharts of conventional SPIRiT and the proposed method. a)
Firstly, 1D IFFT is applied in readout dimension for different contrasts to trans-
form 3D problem into 2D problems. The same readout sample is selected from
hybrid 3D data for each contrast. Calibration region is denoted using red rect-
angles in the figure. The kernel estimation is performed using this calibration
treating each contrast as a separate channel. Sample kernel weights for each out-
put are shown. b) In the proposed method, the main difference is that a high-pass
filter is applied before 1D inverse Fourier transform to highlight the intermediate
frequencies in the kernel estimation step. This is evident in the sample kernels
shown on the right. In the 5×5 kernels, it is clear that higher weights are assigned
to pixels at higher spatial frequencies for the proposed method compared to con-
ventional SPIRiT. This shows that the proposed method puts greater emphasis
on high frequencies.
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(PDFs), which were fully-sampled in low-frequencies for kernel estimation. Sam-

pling probability decreased towards high frequencies with polynomial of degree

p = 5. Calibration regions of size 86×72 and 44×38 were used for numerical

phantom and in vivo data, respectively. These calibration regions corresponded

to nearly 20% of k-space. A Monte-Carlo procedure was deployed to select final

sampling patterns with minimal aliasing energy. For this purpose, 1000 candidate

patterns were generated. The maximum of the sidelobe-to-peak ratio (SPR) was

calculated from candidate patterns’ point spread functions (PSF), and a pattern

that minimize the SPR was selected. Disjoint patterns were used for separate con-

trasts to increase aggregate k-space coverage [31]. Different kernel sizes, which

are 5×5, 7×7, 9×9 and 11×11, were tested. It was observed that 5×5 kernel per-

formed well in both phantom and in vivo data. Filter parameters kstopband and

kpassband were varied among the following pairs: [0.05,0.15], [0.05,0.2], [0.1,0.15],

[0.1,0.2]. It was observed that [0.1 0.2] outperform the remaining parameter val-

ues. The suppression parameter σ was also evaluated at {0, 0.3, 0.5, 0.7}. Higher

values of σ yielded degraded performance, hence, σ was selected as 0.

3.2.3 Reconstruction Methods

The system of equations given in Eq. 3.2 and 3.7 were expressed in matrix form

for convenience. The kernels obtained in Eq. 3.4 and 3.8 were reordered such

that Gx for SPIRiT and Gx ,(hp) for SPIRiThp correspond to convolution operation

in a matrix form (also see Eq. 2.2.3).

The comparison methods and SPIRiThp are explained in detail in the following

sections:

• Zero-fill (ZF): Reconstructions were obtained from direct inverse Fourier

transform of undersampled k-space for comparison purposes.

• SPIRiT: The calibration consistency is enforced by the following expres-

sion:

tx = Gxtx (3.9)
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where tx is the entire 2D hybrid grid samples for all contrasts. Then, an

optimization problem was formulated, which enforced consistency between

the acquired data and the calibration consistency:

arg min
tx

‖(Gx − I)tx + (Gx − I)yx‖2
2 + λ ‖tx‖2

2 (3.10)

Here, yx presents the acquired data. In this formalization, the terms tx

and yx are separated so that reconstruction does not change the acquired

samples. An `2-regularization term with weight λ was used to penalize the

energy in recovered k-space samples. The regularization weight λ was varied

in the range (0.001, 1] and the reconstruction performance was evaluated

using peak-signal-to-noise ratio (PSNR). Except for extreme values, it is

observed that this weight does not affect PSNR results. Hence, λ = 0.01 was

selected as the optimized value. Using these parameters, the optimization

problem was solved using the iterative least squares (LSQR) method [37].

• SPIRiThp: Our proposed method changes the calibration consistency part

by applying the kernel that is obtained from filtered calibration regions.

Similar to the SPIRiT method, the proposed method enforced the calibra-

tion consistency by the following operation:

tx = Gx,(hp)tx (3.11)

Then, the following optimization problem was solved to find the k-space

values.

arg min
tx

∥∥(Gx,(hp) − I)tx + (Gx,(hp) − I)yx
∥∥2

2
+ λ ‖tx‖2

2 (3.12)

The same parameters as in the SPIRiT method were used for solving this

optimization problem.

Libraries in SPIRiT toolbox were used for implementing the proposed method

[7]. All reconstruction algorithms were performed in MATLAB 2015b (The Math-

Works, Natick, MA).
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3.2.4 Numerical Phantom

Numerical phantoms were simulated for three T2-weighted spin echo ac-

quisitions at TE = 10, 30, 50 ms, TR = 6000 ms, matrix size

434×362×88 (phase×slice×readout), 90◦ flip angle; 0.5 mm isotropic resolution

(http://www.bic.mni.mcgill.ca/brainweb). The following set of tissue parameters

were employed: T1/T2 of 2569/329 ms for cerebrospinal fluid (CSF), 833/83 ms

for gray matter, 500/70 ms for white matter, 350/70 ms for fat, and for 900/47

ms muscle [38].

Reconstructions for SPIRiT and the proposed method were obtained for reg-

ularization parameters in the range β ∈ [0.001, 0.1) with a step size of 0.002,

and iteration numbers in the range [1, 70] with a step size of 5. In addition,

ZF reconstructions were implemented for comparison. Images were normalized

according to 95th percentile of image intensities to avoid possible image scale

differences. PSNR was used to assess image quality of the proposed method,

SPIRiT, and ZF. The optimum regularization parameter for each contrast was

first determined independently from yielding the maximum PSNR and then av-

eraged across contrasts to calculate the final parameter value. 95% of the fi-

nal value was prescribed for representative images to prevent over-regularization.

Once the optimum regularization parameter was selected, PSNR was averaged

across contrasts and the number of iterations that yielded the maximum PSNR

was selected. Then, SPIRiT and the proposed method images for the optimum

parameters were compared via error maps. In addition, the reconstructed images

at iteration number 5, 15, 30, and 45 at TE = 10 ms were compared for optimum

Tikhonov regularization parameter for both SPIRiT and the proposed method.

3.2.5 In Vivo Experiments

In vivo experiments were conducted on two healthy subjects with 3D SPACE

(Sampling Perfection with Application optimized Contrasts by using different

flip angle Evolutions) [39] sequence on a 3T scanner (Magnetom Trio A Tim,
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Siemens) using a 32-channel head coil. Variable flip angle scheme was selected

for T2-weighted acquisitions. Three different TE values were used: TE = 145

ms, 257 ms and 320 ms (corresponding to effective TE values of TEeff = 57 ms,

89 ms, and 103 ms, respectively). The images were registered by taking the first

scan as reference in FSL [40]. Adaptive combination across coils was applied to

preserve phase [41]. Other scan parameters were: coronal orientation, FOVread

= 256 mm, FOVphase = 192 mm; TR = 3000 ms , voxel size = 1×1×1 mm3 ,

matrix size = 256×193×224 (readout×phase×slice), scan time = 11 min 14 sec,

readout bandwidth of 781 Hz/Px. An A/P and R/L phase-encode dimensions

and S/I readout dimension were used. Experimental procedures were approved

by the local ethics committee and written informed consent was taken from all

participants.

Fully sampled acquisitions were retrospectively undersampled. Images were re-

constructed with SPIRiT and the proposed method for T2-weighted acquisitions

at TEeff = 57, 89, and 103 ms. Regularization parameters were examined in the

range β ∈ [0.001, 0.1) with a step size of 0.002, and iteration numbers in the range

[1, 70] with a step size of 5. In addition, ZF reconstructions were implemented for

comparison. As done for the numerical phantom case, images were normalized

according to 95th percentile of image intensities. Optimum regularization param-

eters were selected following the procedure described for the numerical phantom

case.

Then, reconstruction results at the optimum parameter values were compared

with error maps. In addition, the reconstructed images at iteration numbers 5, 15,

30, and 45 at TEeff = 57 ms were compared for optimum Tikhonov regularization

parameter for both SPIRiT and the proposed method.
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3.3 Results

3.3.1 Numerical Phantom Results

The proposed method was first demonstrated on the numerical brain phantom.

Figure 3.2 shows the PSNR maps for reconstructions obtained by SPIRiT and

the proposed method as a function of iteration number and β. Per iteration, each

reconstruction took approximately 0.2 seconds for both methods. From these

maps, optimum iteration numbers were found to be 20 for SPIRiT and 45 for

SPIRiThp. Optimum Tikhonov regularization parameters were found to be 0.067

for SPIRiT and 0.095 for SPIRiThp. PSNR maps indicate that SPIRiT works well

in a very narrow region and its performance degrades when the iteration number

increases. In contrast, PSNR values for the proposed method are near-optimal

across a broad range and less dependent on changes in iteration number. This

argument is quantitatively evaluated for three situations: (1) The average PSNR

value across the entire map is 26.85±0.54 dB for SPIRiT and 29.00±1.19 dB for

SPIRiThp (mean ± SD across contrasts). (2) The average PSNR across the map

for optimized Tikhonov parameter is 26.52±0.60 dB for SPIRiT and 29.85±1.29

dB for SPIRiThp (3) The average PSNR value for the optimum iteration numbers

are 28.35±0.76 dB for SPIRiT and 29.88±1.28 dB for SPIRiThp. Note that, the

conventional ZF reconstructions yield an average PSNR value of 23.75± 0.45dB.

Figure 3.3 shows the representative reconstructions using ZF, SPIRiT, and the

proposed method. Absolute error maps are shown for SPIRiT and the proposed

method. For these images, SPIRiT improves PSNR by 4.94 ± 1.12 dB over ZF

and the proposed method improves PSNR by 7.14± 1.00 dB (mean ± SD aver-

age for TE = 10, 30, and 50 ms). It is expected that the proposed kernel would

be sensitive to correlated information across contrasts because low spatial fre-

quencies are down-weighted. Therefore, tissue boundaries that are captured by

high-frequencies are better reconstructed. As a result, proposed error levels are

lower than SPIRiT at all echo times. Errors in high frequency textures are lower

for the proposed method, especially for TE = 50 ms, which has higher spatial fre-

quency content due to enhanced contrast between gray matter and cerebrospinal
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Figure 3.2: Quantitative comparison of reconstructions obtained by SPIRiT and
the proposed method for the numerical brain phantom in the range of itera-
tions between 1-70, and Tikhonov regularization parameter β between 0.001-
0.1. PSNR maps for three different contrasts with TE = 10, 30, and 50 ms are
demonstrated. All contour plots are shown on the same scale to enable compari-
son between methods and across contrasts.These results show that the proposed
method outperforms SPIRiT, especially when robustness against iteration num-
ber is considered. Black cross signs mark iterations 5, 15, 30, and 45, with the
corresponding reconstructed images shown in Fig. 3.4

fluid.

Figure 3.4 shows the reconstructions of the numerical phantom at multiple

distinct iteration numbers for SPIRiT and SPIRiThp for TE = 10 ms. Following

iteration numbers are shown to test the reliability of each method against changes

in iteration number: 5, 15, 30, and 45. If we have a perfect kernel estimate, apply-

ing more iterations during the reconstruction should not alter the reconstructed

images. However, it is observed that SPIRiT causes increasing noise amplification

towards higher iteration numbers. In contrast, proposed method is more robust,

because kernel estimation is performed after filtering out dissimilar information

across images. PSNR comparison confirms the visual inspection (see Table 3.1).

The proposed method improves PSNR by 3.50± 2.72 dB over SPIRiT (mean ±

26



Figure 3.3: Representative results from the numerical brain phantom, showing the
reconstructed T2-weighted images with different echo times (TE = 10, 30, and 50
ms). Reconstruction and zoom-in versions of reference, zero fill method, SPIRiT,
and the proposed method are demonstrated for R = 3 acceleration. Absolute
error plots with 3 times amplification are shown for SPIRiT and the proposed
method to emphasize the differences. For the first contrast, it is observed that
SPIRiT could not eliminate noise coming from the random sampling properly.
High frequency content corresponding to tissue boundaries are better captured
by the proposed method for all three contrasts, especially for TE = 50 ms.

SD average across iterations).

3.3.2 In Vivo Results

In vivo T2-weighted brain images using three different echo times were acquired.

Reconstructions obtained by SPIRiT and the proposed method were evaluated

at various βs and number of iterations. Per iteration, each reconstruction took

approximately 0.1 seconds for both methods. Figure 3.5 demonstrates the ob-

tained PSNR values for a representative subject. For these PSNR values, the

optimum Tikhonov regularization parameters are 0.095 for SPIRiT and 0.093 for

SPIRiThp. Optimum iteration numbers are 10 for SPIRiT and 15 for SPIRiThp.

Although the SPIRiT shows close results for the optimum Tikhonov regulariza-

tion parameter and number of iterations, general evaluation of PSNR maps show
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Figure 3.4: Reconstructions of the numerical phantom at distinct iteration num-
bers for TE = 10 ms. Clearly, the proposed method is more robust against
changes in iteration number when compared to SPIRiT. Here, beta was chosen
as 0.067 and 0.095 for SPIRiT and the proposed method, respectively (see Fig.
3.2).

that the proposed method yields better results. Quantitative assessment is as-

sessed for three situations: (1) The average PSNR value across the entire map

is 29.11 ± 0.22 dB for SPIRiT and 31.12 ± 0.34 dB for SPIRiThp (mean ± SD

across contrasts). (2) The average PSNR across the map for optimized Tikhonov

parameter is 28.37 ± 0.15 dB for SPIRiT and 30.90 ± 0.28 dB for SPIRiThp (3)

The average PSNR value for the optimum iteration numbers are 31.84± 0.38 dB

for SPIRiT and 31.78 ± 0.42 dB for SPIRiThp. Note that, the conventional ZF

reconstructions yield an average PSNR value of 27.96± 0.50 dB.

Figure 3.6 shows the representative ZF, SPIRiT and the proposed reconstruc-

tions for subject 1 (S1). For representative images, SPIRiT improved PSNR by

3.95±0.21 in S1 and 3.06±0.20 dB in S2 over ZF (mean ± SD average for across

all contrasts). The proposed method improved PSNR by 4.03 ± 0.24 dB in S1

and 3.07± 0.30 dB S2 over ZF (mean ± SD average across all contrasts).

In Figure 3.7, reconstructions at different iterations are demonstrated to show
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Figure 3.5: In vivo comparison of SPIRiT and the proposed method performed
for iteration numbers between 1-70 and β between 0.001-0.1. PSNR maps for
three different contrasts with TE = 57, 89, and 103 ms are demonstrated. All
contrasts for SPIRiT and the proposed method are shown on the same scale for
the sake of clarity. PSNR maps show that the proposed method is more robust to
parameter selection compared to SPIRiT, especially for iteration number. Black
cross signs mark iteration numbers 5, 15, 30, and 45, with reconstructed images
shown in Fig. 3.7

the robustness of the proposed method against iteration number. Reconstruc-

tion results for iteration 5, 15, 30, and 45 are demonstrated for both subjects.

It observed that results are consistent for both S1 and S2. For S1, Tikhonov

regularization parameter is selected as 0.093 for SPIRiT and 0.095 the proposed

method, respectively. Visual inspection shows that all images from the proposed

method are reasonably acceptable whereas SPIRiT results are affected by noise

amplification when the iteration number is increased, which confirms the numer-

ical phantom results. Numerical results support this statement (see Table 3.1).

SPIRiT improved PSNR by 5.49 ± 2.74 dB in S1 and 6.46 ± 2.49 dB in S2 over

ZF (mean ± SD average across iterations). Whereas proposed method improved

PSNR by 8.11 ± 0.50 dB in S1 and 7.32 ± 0.46 dB in S2 over ZF (mean ± SD

average across iterations).
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Figure 3.6: Representative reconstructed in vivo brain images with TE = 57, 89
and 103 ms. Reconstructions and zoom-in versions of reference, zero fill, SPIRiT,
and the proposed methods are demonstrated for R = 3 acceleration. SPIRiT and
the proposed method provide improved image quality, with the proposed method
having the advantage of robustness against parameter choice.

Table 3.1: PSNR values for different iteration numbers for numerical phantom
for TE = 10 ms

ITERATION 5 15 30 45
SPIRiT 27.84 28.20 27.07 25.11

PROPOSED 28.46 30.30 31.47 31.96
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Figure 3.7: Reconstructions of in vivo brain images at distinct iteration numbers
for TE = 57 ms. a) For subject S1, β was chosen as 0.093 and 0.095 for SPIRiT
and the proposed method, respectively. b) For subject S2, beta was chosen as
0.095 for both methods. For both subjects, the scanning parameters and other
reconstruction parameters were kept identical.
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Table 3.2: PSNR values for different iteration numbers for subject 1 and subject
2 for TE = 103 ms

ITERATION 5 15 30 45

SUBJECT 1
SPIRiT 31.59 31.66 29.37 26.38

PROPOSED 31.19 31.99 31.62 30.83

SUBJECT 2
SPIRiT 31.47 31.27 28.68 25.61

PROPOSED 31.02 31.60 31.25 30.50
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3.4 Discussion

This thesis proposes an improved method for reconstructing multiple T2-weighted

acquisitions by filtered kernel estimation. In the SPIRiThp, the estimation of the

interpolation kernel is altered for multi-contrast data such that only the interme-

diate to high spatial frequencies within the calibration region are used. This helps

improve kernel estimations by better utilizing correlated information among mul-

tiple contrasts. In the reconstruction stage, both interpolation consistency and

data fidelity are considered. The filtered kernel estimation in SPIRiThp yields an

improved degree of robustness to selection of reconstruction parameters in both

phantom and in vivo datasets.

Note that the benefits of SPIRiThp were more pronounced in simulated phan-

tom results compared to in vivo results. This difference could be attributed to

the relatively higher spatial resolution inherent to the simulated phantom data

compared to in vivo data. With the current 3D SPACE sequence, it is challenging

to achieve comparable resolutions to the phantom data due to SAR and scan time

limitations. These results suggest that the benefits of the proposed technique will

be more dominant as the spatial frequency of the acquisitions increases.

In this study, reconstruction results for different iteration numbers and reg-

ularization parameters, β, are demonstrated. The other parameters were also

evaluated, such as `2 regularization weight λ, kernel size, scale factor σ, and

start and finish points of the high-pass filter. For λ parameter, values that are

too small or large reduce reconstruction performance for both SPIRiT and the

proposed method. Other than these extreme values, reconstruction is not signifi-

cantly affected by λ. The scale factor determines the level of emphasis for the low

frequencies during kernel estimation. In this thesis, sigma was chosen as zero.

Increasing values of sigma affect the proposed method unfavorably, ultimately

converging to the performance of SPIRiT for σ = 1.

Multi-contrast acquisitions in MRI are not limited to multiple T2-weighted
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imaging, but a broad range of contrasts that include T1, T2, PD, and diffusion-

weighted images [42, 43]. It is expected that the proposed method can be adopted

to other multi-contrast applications without major modification. However, in

that case, one consideration would be the sequence-related parameters. SNR

or robustness to B0 inhomogeneities can change the characteristics of collected

data. In that case, the similarity levels of the high frequencies may change from

one contrast to another. Thus, the kernel performance may decrease for these

scenarios.

This thesis demonstrated the proposed method via retrospective undersam-

pling. For prospective undersampling, the Siemens stock sequence for 3D SPACE

was modified to acquire the desired k-space locations only. The details of this

modification are given in Appendix A. Demonstrating the proposed method

prospectively remains a future work.

In conclusion, improved SPIRiT operator for multiple T2-weighted images was

presented in this thesis. For most of the reconstruction algorithms previously

proposed, a specific parameter tuning step is required for the reconstructions

to be useful. However, this is a big barrier ahead of the clinical usage of these

algorithms. Both simulation and in vivo results suggest that the proposed method

alleviates this problem as it provides a more flexible parameter selection than

conventional SPIRiT.

34



Chapter 4

Joint Partial Fourier and

Compressed Sensing

Reconstruction for Accelerated

Time-of-Flight Angiography

This chapter is based on the publication titled “Joint Partial Fourier and Com-

pressed Sensing Reconstruction for Accelerated Time-of-Flight MR Angiogra-

phy”, Toygan Kılıç, Tolga Çukur, Oktay Algın and Emine Ülkü Sarıtaş, Proc.

of the 26th Signal Processing and Communications Applications Conference,

(SIU’18) İzmir, Turkey, 2018.

4.1 Introduction

Time-of-flight (TOF) angiography is a widely used technique, which images in-

tracranial vessels without injecting contrast agents [44]. In this technique, the

goal is to increase the contrast between the background (i.e., stationary tissues)

and foreground (i.e., the flowing blood). The duration between the RF pulses is
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decreased as much as possible to increase this contrast. This way, the station-

ary tissues are suppressed, whereas the blood flowing inside the vessels is less

affected as it is continually renewed. To enhance inflow effects while maintain-

ing high SNR, multi-slab 3D acquisitions are commonly preferred. However, this

comes at the cost of prolonged scan times. Previous studies have proposed to

use various combinations of parallel imaging (PI) [5], compressed sensing (CS)

[7], and partial Fourier (PF) acquisition, all applied along the phase-encode di-

mensions [45, 46, 47]. Note that when PF acquisition is performed along the

phase-encoding dimensions, it interferes with the sampling requirements of PI

and, more critically, CS.

Since angiography images are naturally sparse in the spatial domain, CS recon-

struction techniques are highly suitable for accelerating their acquisitions [48, 49].

PF acquisition in frequency-encoding direction instead of phase-encoding direc-

tion can help increase the SNR due to the resulting shortened TE. In addition,

this sampling scheme is compatible with PI and CS techniques. Yet, a direct re-

construction of undersampled k-space data results in excessive blurring in image

domain. Therefore, 1D PF reconstruction in the frequency encoding direction is

crucial for preserving image resolution. In this thesis, 2D undersampling in phase-

encode dimensions and 1D PF data acquisition in frequency-encode dimension is

proposed for TOF angiography. Joint reconstruction of these two problems is pro-

posed via a projection-onto-convex-sets (POCS) approach. The proposed method

enables time-efficient TOF imaging without necessitating suboptimal sampling

patterns, while enabling lower TE to maintain high blood signal.

4.2 Methods

4.2.1 In Vivo Experiments

In vivo TOF angiograms in the brain were acquired on a 3T SIEMENS Scanner

(MAGNETOM Tim Trio Syngo) using a 32-channel receive-only head coil. R/L
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readout dimension (kx), and S/I (slab direction) (kz) and A/P phase-encode

dimensions (ky) were used. Other sequence parameters were: 0.44 mm isotropic

resolution, TE = 4.24 ms, TR = 21 ms, and 71.35% partial k-space coverage

in readout direction, TONE ramp excitation, with a 32-minute total scan time

for a fully-sampled acquisition in phase-encode dimensions. A total of 5 slabs

were used to cover the entire brain, where each slab contained 48 cross-sections

including 50% oversampling. The acquisition matrix for a single slab was of size

274×384×48.

4.2.2 Undersampling Patterns

In this work, prospective and retrospective undersampling patterns were applied

to readout and phase-encoding directions, respectively. In phase-encoding direc-

tions, a 2D variable Poisson-disc CS undersampling was performed with a 64×32

calibration region. Extra 32 center lines in ky direction were sampled, because

there were less samples in kz dimension compared to the other two dimensions

[50]. The proposed sampling pattern for R = 3.3 is demonstrated in Figure 4.1a.

For comparison purposes, PI undersampling was performed using the same cal-

ibration region size. For PI undersampling, the number of skipped lines in the

phase-encode dimension was adjusted to maintain an identical acceleration rate

of R = 3.3. The sampling pattern for PI is demonstrated in Figure 4.1b. For

both CS and PI undersampling, %71.35 partial k-space coverage in the readout

direction was performed. All compared methods had the same scanning time to

ensure a fair comparison of results.

4.2.3 Image Reconstruction

An efficient reconstruction is proposed to recover 3D multi-slab TOF acquisi-

tions undersampled via PF in the readout dimension and CS in the phase-encode

dimensions. The proposed reconstruction leverages consecutive CS and PF pro-

jections applied iteratively until convergence. The following methods were used
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Figure 4.1: Sampling patterns (384×48 matrix). (a) The proposed sampling
pattern for compressed sensing (CS) acquisition and (b) parallel imaging sam-
pling pattern (PI). Acceleration was R = 3.3 for both PI and CS. Retrospective
undersampling was performed in the two phase-encode dimensions for CS using
Poisson-disc sampling with a 64x32 calibration region. In addition to this, 32 ex-
tra calibration lines were taken in kz direction. The same calibration region was
maintained for PI, but the number of skipped lines in the phase-encode dimension
were adjusted to attain an identical acceleration rate.
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for comparison purposes:

• Zero-filled reconstruction (ZF)

• Compressed sensing reconstruction (CS)

• Parallel imaging reconstruction (PI)

• Parallel imaging reconstruction followed by partial Fourier reconstruction

(PI+PF)

Reconstruction of data from 32 coils increases the computation time for these

methods. Because of this, geometric coil compression was used to map the 32

coils in the original acquisitions to 8 virtual coils for all methods [51]. The images

obtained from different coils were combined using sum of squares (SOS) method

for all reconstruction methods. For CS reconstruction, SPIRiT was utilized [7].

The details for CS and PF reconstructions are explained in the following sections.

4.2.3.1 Reconstruction using CS

The CS projections were implemented via the conjugate-gradient formulation

of 2D SPIRiT (see 2.2.3). For the first iteration, all undersampled locations

were zero filled. 1D Fourier transformation was performed along the readout

dimension, and each readout section was processed separately. The following

optimization problem was solved:

arg min
m
‖(Dm− y)‖2

2 + λ‖((G− I)m)‖2
2 (4.1)

Here, m is the reconstructed k-space, y is the acquired data, D is the sampling

pattern, G is the interpolation operator, λ is a penalty weight enforcing con-

sistency with the calibration data, here selected as 0.001. A conjugate gradient

algorithm was used to solve the above problem. A 9x9 calibration kernel was

used for determining the interpolation operator, with a calibration Tikhonov pa-

rameter of 0.001. Ten iterations were sufficient for obtaining stable results.
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4.2.3.2 Partial Fourier Reconstruction

In this thesis, PF acquisition was applied in the readout direction to increase the

contrast between blood and the background. For this purpose, 71.35% of k-space

was acquired in the readout direction. The POCS PF algorithm (see 2.2.1) was

used to estimate the unacquired part of the k-space. In the implementation of this

method, Hann windowing was applied before transformation to image domain,

to avoid possible ringing artifacts. Additionally, a 4-pixel wide Fermi window

was applied in the transition regions between the acquired and filled parts of the

k-space.

4.2.3.3 Proposed Method

The proposed method uses POCS iterations, which utilize successive CS projec-

tions and PF projections to increase the resolution and contrast. The following

steps were performed for the proposed reconstruction:

1. 1D inverse Fourier transform was applied in the readout direction to sep-

arate the 3D problem into 2D problems. Then, each readout section was

reconstructed independently.

2. CS reconstruction with SPIRiT interpolator was performed in the phase-

encode dimensions, followed by 1D Fourier transform along the readout

direction.

3. CS reconstruction also fills the unacquired part of k-space in the readout

direction, however, the resulting values are not reliable.

4. PF reconstruction was applied along the readout direction.

5. The resulting k-space was undersampled with the original sampling pattern

along the phase-encode directions.Note that, the difference between this k-

space and the initial k-space is that the unacquired part along the readout

direction has been filled by PF reconstruction.
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6. These steps were repeated 3 times. In the last iteration, the output of the

PF reconstruction was used as the final image.

The flowchart of the algorithm is given in Figure 4.2.

Figure 4.2: Flowchart of the proposed algorithm. Firstly, CS is applied for each
readout section. Then, the unreliable values in the unacquired part along the
readout direction were replaced with zeros. This empty part was then filled by
PF reconstruction. Next, the original undersampling mask was applied along the
phase-encode directions. The algorithm iterated 3 times. Then, the output of
the PF reconstruction was used as the final image.

4.3 Results

Representative axial cross sections from a 3D TOF acquisition reconstructed by

the proposed and comparison methods are displayed in Figure 4.3. Maximum

intensity projection (MIP) across a central slab in the brain are shown in Figure

4.4. In these figures, ”reference image” refers to the result of PF reconstruction

applied on data fully sampled along the phase-encode directions. PI and PI+PF

methods suffer from spatial blurring and visible residual aliasing artifacts. CS

yields improved artifact suppression, yet it still shows some spatial blurring. In
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contrast, the proposed reconstruction achieves high spatial acuity in vessel de-

piction along with improved artifact suppression. Total processing time for the

proposed method was 7 minutes on a workstation with Fujitsu RX300 S8: 2x

Intel Xeon E5-2667v2 (16 cores, 3.3 GHz), 128 GB RAM. For PI+PF, PI, and

CS the processing times were 3 minutes, 1 minute, and 2 minutes, respectively.

Here, the increase in processing time for the proposed method was due to the

multiple iterations included. Faster reconstructions can be obtained using GPUs,

if needed.

Peak Signal-to-Noise Ratio (PSNR) metric was used to quantitatively assess

the performance of the proposed and compared methods. For calculation of

PSNR metric, first the square of the peak pixel value in reference image was

divided by the mean-square error between reference and reconstructed images.

Then, the final result for PSNR was calculated in decibel (dB) unit. MATLAB

psnr built-in function was used for this purpose. PSNR results for MIP are as

follows: 31.36 dB for ZF reconstruction, 28.61 dB for PI, 31.90 dB for CS, 28.14

dB for PI+PF, and 32.48 dB for proposed reconstruction. These results show that

the improvement in MIP seen via visual inspection is confirmed by quantitative

assessment via PSNR.

The results in this thesis were demonstrated via retrospective undersampling.

To acquire only the desired k-space locations prospectively, the Siemens stock

sequence for TOF was modified, as given in Appendix B. In vivo demonstrations

of the proposed method with prospective undersampling remains a future work.

4.4 Conclusion

Here, we considered TOF acquisitions comprising 2D acceleration in the phase-

encode directions to increase scan efficiency, along with PF in the readout-

direction to minimize signal losses. Previous work used both PF and CS in

phase-encode dimensions, with conflicting requirements. The main goal of the

proposed technique is to use PF in readout direction to increase the contrast
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Figure 4.3: Reconstruction results for the proposed and comparison methods for
a representative axial slice. (a) Zero-filled reconstruction, (b) reference image,
(c) standard PI reconstruction, (d) standard CS reconstruction (e) standard PI
followed by PF, and (f) the proposed method. PI and PI+PF methods suffer
from spatial blurring and visible residual aliasing artifacts. CS yields improved
artifact suppression, yet it still shows some spatial blurring. In contrast, the
proposed reconstruction shows high spatial acuity in vessel depiction along with
improved artifact suppression.
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Figure 4.4: Reconstruction results for MIP across a central slab in the brain (a)
Zero-filled reconstruction, (b) reference image, (c) standard PI reconstruction,
(d) standard CS reconstruction (e) standard PI followed by PF, and (f) the
proposed method.(d) Although CS usage decreases the aliasing artifacts, it does
not sufficiently improve image resolution when used alone. (f) On the other hand,
the proposed method increases the resolution and enhances the visibility of the
vessels.

44



between the background and blood signal. We proposed a reconstruction frame-

work that iteratively alternates between CS projections in the 2D phase-encode

direction and PF projections along the readout. When compared to alternative

techniques, the proposed framework yields high-spatial-resolution angiograms in

the brain with improved suppression of aliasing artifacts.
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Chapter 5

Conclusion

In this thesis, two different methods have been proposed for multiple T2-weighted

and TOF angiography MRI images to reduce the scanning time and increase the

image quality.

First, the kernel estimation of multiple T2-weighted images with acquired dif-

ferent TE values is improved for SPIRiT method. The conventional and proposed

method were comparatively evaluated for different reconstruction parameter val-

ues for both the simulated brain phantom and in vivo datasets. The results have

shown that the proposed method increases the robustness of the interpolator

against Tikhonov regularization parameter and the iteration number. Although

the improved kernel estimation for multiple T2-weighted images provides a crucial

improvement to automate parameter selection, fully automated solutions should

be considered for clinical use. Investigation of automatic parameter selection for

the proposed method remains as future work.

Second, a new framework for TOF angiography image reconstruction was in-

troduced. Previously, combinations of PI, CS and PF techniques utilized phase-

encode dimensions are introduced to reduce scanning time. The proposed method

decreases the scanning time via undersampling the phase-encode directions and
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increases the signal level in blood vessels by partial acquisition in readout direc-

tion. PSNR results of the proposed method for in vivo TOF angiography images

show that the PF reconstruction in readout direction helps to increase resolution.

Yet, in the current study partial acquisition was 71.35% in readout direction. A

future prospective study that acquires fewer data in readout direction may benefit

from reduced TE so that increased signal level for blood vessels.
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Appendix A

3D SPACE Sequence

Modification for Prospective

Undersampling

In Chapter 3, reconstruction results from retrospective undersampling cases were

shown for joint multi-contrast reconstruction of T2-weighted images. For prospec-

tive undersampling purposes, the Siemens stock sequence for 3D SPACE was

modified such that only the desired k-space points could be acquired. In this

section, timing diagrams for the modified 3D SPACE sequence are demonstrated.

In addition, phantom and in vivo validations of the prospective sampling scheme

are provided.
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Figure A.1: Sequence diagram of SPACE for one repetition time. For the case
of fully sampled k-space, consecutive phase-encoding gradient amplitudes would
vary linearly with time. Due to random undersampling of k-space, consecutive
gradient amplitudes in y and z directions vary in a nonlinear but still monotonic
fashion in the modified SPACE sequence.

Figure A.2: Validation of the prospective undersampling scheme on a doped water
phantom in axial plane. The first row shows from left to right the full k-space
acquisition, prospectively undersampled k-space, retrospectively undersampled
k-space, and the difference between prospective and retrospective undersampling
in units of dB. The second row shows the corresponding image domain results.
An acceleration factor of R = 2 was used for this validation experiment.
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Figure A.3: Difference images for the doped water phantom. [Left] The abso-
lute difference between the original (i.e., full k-space) image and retrospectively
undersampled zero-fill image, and [Right] the absolute difference between the
original image and prospectively undersampled zero-fill image, in units of dB. An
acceleration factor of R = 6 was used in this validation experiment.

Figure A.4: Validation of the prospective undersampling scheme for in vivo brain
imaging. The first row shows from left to right the full k-space reconstruction,
prospectively undersampled reconstruction, retrospectively undersampled recon-
struction, the absolute difference between retrospective undersampling and full
k-space reconstructions, and the absolute difference between prospective recon-
struction and full k-space reconstruction in units of dB. An acceleration factor of
R = 2 was used in the top row, and R = 6 was used in the bottom row.
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Appendix B

TOF Sequence Modification for

Prospective Undersampling

In Chapter 4, reconstruction results from retrospective undersampling cases were

shown for joint PF and CS reconstruction for accelerated TOF. For prospective

undersampling purposes, the Siemens stock sequence for TOF was modified such

that only the desired k-space points could be acquired. In this section, timing

diagrams for the modified TOF sequence are demonstrated. In addition, phantom

and in vivo validations of the prospective sampling scheme are provided.
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Figure B.1: The general timing diagram of the undersampled TOF sequence. The
timing diagrams of y and z gradients show that the z-axis is used as the outer
loop and the y-axis is used as the inner loop. The details for one TR of TOF
sequence is shown in Fig.B.2.

Figure B.2: One TR of the TOF sequence. A: asymmetric RF excitation, B: slice
selective gradient, C: readout gradient, D: spoiler gradient, E: phase encoding
gradients, and F: rewinder gradients.
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Figure B.3: Validation of the prospective undersampling scheme on a doped water
phantom in axial plane, for acceleration factors of R = 2, 4, and 6. Since the
PF acquisition was applied in the readout direction, 274 samples were collected
instead of the full 384 samples. The figure shows full k-space (with PF acquision),
prospectively undersampled k-space, retrospectively undersampled k-space, and
the error maps.
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Figure B.4: Zero-fill reconstruction results for prospective and restrospective un-
dersampling on the doped water phantom, for acceleration factors of R = 2, 4,
and 6.
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Figure B.5: The difference maps among zero-filled reconstructions of prospective
and retrospective undersampling, and fully sampled reconstruction obtained from
the phantom experiments are shown in units of dB, for acceleration factors of R
= 2, 4, and 6. The first and the second rows show the difference maps with re-
spect to fully sampled k-space reconstruction. The last row shows the difference
between the zero-filled reconstructions of prospective and retrospective under-
sampling. As expected, the error increases for both prospective and retrospective
undersampling as the acceleration factor increases.
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Figure B.6: Validation of the prospective undersampling scheme for in vivo brain
imaging. MIP images from zero-filled reconstructions of prospective and retro-
spective undersampling are shown for acceleration factors of R = 2, 4, and 6.
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Figure B.7: The difference maps among zero-filled reconstructions of prospective
and retrospective undersampling, and fully sampled reconstructions obtained for
in vivo brain imaging experiments are shown in units of dB, for acceleration fac-
tors of R = 2, 4, and 6. The first and the second rows show the difference maps
with respect to fully sampled k-space reconstruction. The last row shows the
difference between the zero-filled reconstructions of prospective and retrospec-
tive undersampling. As expected, the error increases for both prospective and
retrospective undersampling as the acceleration factor increases.
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