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Abstract

This work gives an account and applications of recently developed meth-
ods in the investigation of small gaps between prime numbers that extended
the state of the art, namely the Goldston-Pintz-Yildirim method and the
Maynard-Tao method. We give brief expositions of the ideas involved in each
in Chapters 2 and 4 respectively, and apply the Goldston-Pintz-Yildirim
method to prime elements in totally real number fields in Chapter 3 and
the Maynard-Tao method to the problem of finding uniform gaps between

primes in arithmetic progressions over a range of moduli in chapters 5 and 6.

iii






Acknowledgements

I’d first and foremost like to express my deepest gratitude for my su-
pervisor Janos Pintz for accepting me as a student, his guidance, mentoring
and support.

I am indebted to my second supervisor Gergely Harcos for looking out
for me when I first arrived in Budapest, his instruction and encouragement.

I am grateful for the ongoing guidance and influence of my teacher Cem
Yalgin Yildirim.

I thank Selin Cagatay for her invaluable friendship over the years.






Remark on notation

We use ¢ and C' to denote constants which need not be the same in each

instance, so we will freely write things like (logz)¢ Y. - n~! < (logz)®.

n<zx

If we need to track them, we will employ subscripts or superscripts.
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CHAPTER 1

Introduction

In the last decade, the study of small gaps between prime numbers has
seen breakthrough results owing to the developments of new methods. The
present work aims to give some applications of these methods.

An outstanding problem in the study of the distribution of primes is
the twin prime conjecture, to the effect that there are infinitely many prime
pairs pn, pn+1 (with p, denoting the n-th prime) such that p,11 — p, = 2.
Though probably dating back to antiquity, the assertion first appears in

print in a work of de Polignac from 1849 [25], in a generalized form:

PoriaNAC’S CONJECTURE. FEwery even number can be expressed in an

infinitude of ways as the difference of two consecutive primes.

Such a number, of course, has to be even, since one of any two numbers
with odd difference has to be even, and can’t be a prime unless it’s exactly
2, which occurs only once. Generalising this trivial obstruction to more than

two numbers, one is led to make the following definition.

DEFINITION. A set H = {h1,...,hi} of k integers is called an admissible

k-tuple if H does not cover all residue classes (mod p) for any prime p.

Clearly, this condition needs to be checked only for primes up to k. With
this definition Dickson conjectured in 1904 [5] the following generalization

of Polignac’s conjecture.

DICKSON’S CONJECTURE. If a k-tuple H = {h1,...,hi} is admissible,
then there are infinitely many integers n such that the numbers n + h;,

i1=1,...,k, are simultaneously prime.

1



2 1. INTRODUCTION

Hardy and Littlewood refined this to conjecture an asymptotic formula
for the number of such prime tuples up to x. For an admissible k-tuple H
and a given prime p, write vy (p) to denote the number of residue classes
(mod p) occupied by elements of H. Define the singular series

(1.1) 6(%):1_[(1— ”H(p)> (1—1>k.

» p p

With these Hardy and Littlewood [13] made the following conjecture.

HARDY-LITTLEWOOD PRIME TUPLE CONJECTURE. Let H be an admis-

sible k-tuple. Then

T du
1.2 <z hy s pri . ~ pov
(1.2)  #{n <z :n+h; is prime for all h; € H} G(H)/2 (Tog )

Even the weakest of these assertions remained virtually unassailable for
a long time, so efforts were directed towards obtaining suitably weakened
forms of such statements. Since we are looking for primes that are close,

failing to obtain a result of the form

(1.3) liminf(ppr1 —pn) < ¢

n—
for some absolute constant ¢ (this assertion was called the Bounded Gap
Conjecture, and is now a theorem), the natural thing to do is to consider,
with a slowly increasing function g(n), the quantity

(1.4) liminf 2241~ Pn o

n—oo g(pn> -

The first natural g(n) to consider is the average distance between primes
around n, which by the Prime Number Theorem is log n, so that we trivially

have

(1.5) A := liminf 2L " Pn <
nheo logpy

Thus the investigation of small gaps between primes was launched in search
of results of the form A < ¢ < 1. The first such result is due to Hardy and
Littlewood [14] who in 1926 showed A < 2/3 conditionally on the General-
ized Riemann Hypothesis. Again on GRH, Rankin [28] established A < 3/5



1. INTRODUCTION 3

in 1940. That same year, Erd6s [4] provided the first unconditional result
A < 1 — ¢, with an unspecified but effective constant ¢. Bombieri and
Davenport [1] made a breakthrough in 1966 by substituting the Bombieri-
Vinogradov Theorem for GRH and obtained A < (2 4+ /3)/8 = 0.4665.. .. .
The next two decades saw only small incremental improvements over this
result. Finally, Maier [19] in 1988 used his matrix method to improve Hux-
ley’s [17] estimate A < 0.4425. .. by a factor e~ 7, where  is Euler’s constant,
to obtain A <0.2484... .

In 2005, D. A. Goldston, J. Pintz and C. Y. Yildirim made the break-
through of settling the so-called Small Gap Conjecture when they proved
that A = 0 [11]. They were subsequently able to refine this [12] to the even

stronger assertion

(1.6) lim inf Prt Ll

< .
noo (log p)/2(loglogpn)?

Conditionally, assuming the Elliott-Halberstam conjecture, the method ac-

tually yields the Boounded Gap Conjecture in the form

(1.7) liminf(py41 — pn) < 16.

n—

We shall give an overview of their method (abbreviated “the GPY method”
in the sequel) in Chapter 2, and proceed to apply it to prove the existence
of “close” primes in totally real number fields in Chapter 3.

The GPY method was refined by Zhang [29] in 2013 to obtain an uncon-
ditional proof of the Bounded Gap Conjecture, with the bound 70 000 000
(through a collaborative online Polymath project [26], the method was opti-
mized to reduce this bound to 4680). Zhang obtained his result by proving
a strengthening of the Bombieri-Vinogradov Theorem which manages to go
beyond the level 1/2 for a class of certain smooth moduli. That such a
theorem would imply the Bounded Gaps Conjecture was previously proved

by Motohashi and Pintz [24].



4 1. INTRODUCTION

Soon after Zhang, another refinement of the GPY method in a differ-
ent direction was devised independently by Maynard [20] and Tao (unpub-
lished). This approach involves a more general choice of sieve weights, and
produces not only smaller gaps (namely 600, later optimized to 246 in a
Polymath project [27]) between two primes, but can also show the existence
of any number of primes within a bounded length interval infinitely often,
while the best result concerning p,2 — p, obtainable by previous methods,

including Zhang’s, was

(1.8) liminf 22— Pn _ g
n—oo  logpy

and even this was conditional on the Elliott-Halberstam Conjecture.
We will briefly discuss the Maynard-Tao method in Chapter 4 and then

apply it to primes in arithmetic progressions in chapters 5 and 6.



CHAPTER 2

The GPY method

The aim of this chapter is to give an overview of the ideas involved in the
GPY method. The method can be regarded as a sieving process in that it
relies on estimating a sum of certain appropriately chosen weight functions
over a given set of numbers, with the aim of detecting two primes among
n+hi,...,n+h; for some n in the set. The basic idea is to find a non-negative
function w(n), such that for a given admissible k-tuple H = hy, ..., hy, there
holds

(2.1) Z #{1 <i<k:n+ h; prime } w(n) > Z w(n),

X<n<2X X<n<2X

which implies that there’s at least one n € (z,2x] with at least two of the
numbers n + h; prime. Such a function should clearly be concentrated on
those n for which the numbers n + h; are prime. Taking a cue from the
classical theory of 7(z) = #{p < z} leading to the Prime Number Theorem,

which goes through a consideration of > __ A(n) with the von Mangoldt

n<x
function
log p, if n = p™ for some prime p,
(2.2) A(n) =
0, otherwise,

the most natural weight to consider would be
(2.3) An;H) = A(n+ hy)...A(n+ hg).

In fact in its original formulation the Hardy-Littlewood Conjecture predicts

Yonex M, H) ~ W(G(H) + o(1)), from which one can derive (1.2)

with little effort.
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No effective way to handle > _ A(n,H) directly is known. However,

n<x

motivated by the elementary identity

(2.4) A(n) = Y~ u(d)log =,

dn
one can expect the truncation
R
(2.5) Ap(n) =) p(d)log —
d|n
iLn

to be a useful approximation to A(n) and in turn to approximate A(n;H)

by
(2.6) AR(TI-Fhl)...AR(n-Fhk).

Indeed, Goldston and Yildirim, in a series of papers [8-10] devised methods
to handle sums of the form >, v Ag(n + h1)...Ar(n + hg) and applied

their results to the problem of prime tuples to obtain

_ s e Pntl — Pn 1
(2.7) A= hnrglorolf Tlogpn < 1

A different kind of approximation was needed to obtain A = 0. The gener-

alized von Mangoldt function

(28) Axn) = 3 ) (105 )

d|n

vanishes when n has more than k distinct prime factors (the notational
conflict between Ay and Apg is tolerable within the expository nature of the

present chapter). Defining the polynomial
(2.9) P(n;H) = (n+ h1)(n+ h2)...(n+ hg),

we have Ay (P(n;H)) # 0if {n+h;}; is a prime tuple; there will be overcounts

due to prime powers but the contribution of those can be expected to be
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negligible. Implementing also the smoothed truncation from (2.5) as well,

we can hope to detect prime tuples with the weights

1 R\"
(2.10) Ap(n;H) = i Z p(d) <log d) .
d|P(n,H)
d<R
This however is also not enough to obtain A = 0. The final crucial idea is to

compromise and look for at most k + ¢ primes dividing P(n;H) with ¢ < k.

Thus we arrive at

(2.11) Ap(n;H,0) =

1 Z R k+¢
p(d) <10g > :
|
(k+0)! d|P(n,H) d
d<R
Returning to (2.1) we take w(n) to be Ar(n;H,k + £)?, and also counting
the primes among n + h; weighted by

log(n + h;), if n + h; is prime,
(2.12) O(n+ h;) = ( )

0, otherwise,

we arrive at the expression

k
(2.13) S= > (Zﬂ(n—khi)—logSX) Ar(n;H, 0)%

X<n<2X \i=1
Showing that this is positive amounts to showing the existence of two primes
among the numbers n + h; for some n € (X,2X]. Thus one needs to be able

to estimate sums of the form

(2.14) > Ar(nH, 07
X<n<2X
and
(2.15) > Ar(n;H,0%60(n + hy).
X<n<2X

Such sums can be handled in an analytic fashion, by expressing them in
terms of contour integrals of zeta-functions, or through purely sieve-theoretic

arguments; we shall see an application of the first approach in Chapter 3 and
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the second in Chapter 6. Eschewing the technicalities for now, the results

turn out to be

1 2/
2.16 Ag(n; H, 0)* ~ ( )6 H) X (log R)*+%
(2.16) Xg;zx S v\ e ) )
and
(217) > Ar(n;H,0)%0(n + hy)
X<n<2X
1 2042 &
~ X (1 +20+1
(k+2€+1)!<€+1>6<%> (log R) ’
so that we have
2k 20+1

(2.18) S~ < logR—log?)X)

E+204+10+1

X (k:+12€)' <2€£> S(H)X (log R)*2.

Now we need to scratch the surface of how (2.15) is handled in order to
expose the relationship of the method with the distribution of primes in
arithmetic progressions. Expanding the square in (2.15) and rearranging

the sum, we get

(2.19)
> Ar(iH,0)%0(n + hy)
X<n<2X
R k+¢ R k+¢
= Z O(n + hi) Z p(dy)p(da) <10g> <1og )
dy ds
X<n<2X [d1,d2]|P(n;H)
d1,do<R
R k+¢ R k+¢
= > pldy)p(dz) <logd> <logd) > bn+h).
di,d2<R ! 2 X<n<2X
[d1,d2]| P(n;H)

Since [dy, do] is squarefree, the condition [dy,ds] | P(n;H) in the innermost
sum is equivalent to the condition that p | P(n; #H) for each prime p | [d1, d2],
or what is the same, that n (mod p) lies in the set Q(p) := {—h; (mod p) :
i =1,...,k} for each p | [d1,d2]. By the Chinese Remainder theorem, we

can extend the definition of ) to squarefree integers multiplicatively, so that
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n (mod d) € Q(d) if and only if n (mod p) € Q(p) for all p | d. With this
notation, we can write the innermost sum as (ignoring an inconsequential

shift by h;),

(2.20) > > 0(n).

bEQ([dl,dQ]) r<n<2X
(b+hi,[d1,d2])=1 n=b+h; (mod [d1,d2])

Now the inner sum here is a weighted count of primes between X and 2X
lying in an arithmetic progression. It is natural to expect that the primes
in (X,2X] will be more or less evenly distributed among the ¢(gq) reduced
residue classes modulo ¢, specifically, that for (a,q) = 1,

(2.21) > b(n)~ ey

r<n<2X (,O(Q)
n=a (mod q)

The Prime Number Theorem for Arithmetic Progressions grants us this
uniformly for ¢ up to (log X)©, beyond which the error term becomes larger
than the main term. However, in our case, the modulus [d;,ds] runs up
to R?, and we’d like to be able to take R much larger than a power of
(log X'). However, even though we can’t approximate the desired counts of
primes uniformly for each modulus over a larger range, we can control their

deviation from the expected value on average, by using an estimate of the

form
X X
(2.22) S max’ S o) - < .
=) (@a)=1 ooy plg)) — (log X)
n=a (mod ¢q

We say that the primes have level of distribution 9 if an estimate of the
form (2.22) holds with Q@ = X”~¢ for all € and A. The Bombieri-Vinogradov
Theorem states that primes have level of distribution 1/2, and the Elliott-
Halberstam Conjecture predicts level of distribution 1. Thus, if primes have
level of distribution ¥, then in order to replace the inner sum in (2.20) by
X/p([dy, d3]) within acceptable error, we must have [dy, ds] < X%, which

in turn forces us to take R at most X2 <. Thus, if we return to (2.18), we
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see that the left hand side is positive if

k2041
9.9 1.
(2.23) Frariir1’”

As k, ¢ — oo with ¢ = o(k), the left hand side has limit 2¢, thus the method
fails by a hair’s breadth to detect bounded gaps between primes. However
we can deduce conditionally that if primes have level of distribution ¥ for
any U strictly greater than 1/2, then there are bounded gaps between primes.

In order to salvage A = 0 unconditionally, one last modification is
needed. We average over all k-tuples with diameter < H for some parameter

H, and consider

(2.24) Z Z O(n + hy) —log3X Z Ag(n;H, 0)2.

X<n<2X \1<ho<H 1<hi,....hpy<H
distinct

Note that this time in the first sum we consider n + hg for all hy € [1, H]
and not only the components of a given tuple. So we also need the estimate,

for ho ¢ H,

(225) > Ar(n;H,0)%60(n + ho)

X<n<2X

- (/-c+12€)' (2;> S(H U {ho})X (log R)* 2.

This differs from (2.16) only in that we have G(H U {ho}) in place of S(H),
thus by appealing to Gallagher’s average result [6],

(2.26) Y 8H) =1 +o(1)HF, (H—o0),

1<hi,...hi<H
distinct

the sums of type (2.25) produce a term with an extra factor of H, so that
when we put everything together, the positivity of the whole expression

relies on whether or not

H . k 20+ 1 S
logX  k+204+1/0+1 ’

(2.27)
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instead of (2.23). For any ¢ > 0, if H = elog X and 9 = 1/2, the inequality

(2.27) is satisfied by taking k and ¢ = o(k) large enough, thus establishing

(2.28) lim inf 2L Pn _ g
W% logpn






CHAPTER 3

An application of the GPY method to number
fields

1. Introduction

In this chapter, we generalize the work of Goldston, Pintz and Yildirim

to totally real number fields. We show

N r_
(3.1) liminf | NWL=@0)
wo,w1 €Ok prime log NOJ()
woFw1

’:0.

We follow closely the exposition in their paper with Motohashi [7] which
contains a simplified and more condensed proof of the result. A key ingredi-
ent is Hinz’s generalization of the Bombieri-Vinogradov theorem to number
fields [16], which gives the level of distribution 1/2 only in the totally real
case, whence our restriction. His result in the totally real case is reproduced
here as Lemma 3.10. The method requires the analogue of Gallagher’s com-
putation of the singular series [6], which is proved in Lemma 3.12. We shall
also prove some estimates for the Dedekind zeta-function (i that will be
needed to evaluate contour integrals.

Throughout K denotes a totally real number field of degree k over the
rationals with ring of integers Ok. Ideals of Ok are denoted by Gothic
letters, and p denotes a prime ideal. For Res > 1, the Dedekind zeta-
function of the field K is given by

(3.2) TOED> (Nla)s,
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and there admits the Euler product expansion

(33) ) =11 (1 <N1p>s>l |

Ry will denote the set of integers o € O such that

(3.4) 0<a® <y, i=1,...,k,

where y = (y1,...,Yyx). We shall write y for y1ys - - - Y, and, multiplying by
a totally positive unit if necessary (see, for instance, [15, p. 62]) we may

1/k We shall sometimes write

assume without loss of generality that y; < y
ARy instead of R4y for ease of legibility. The lower-case letter ¢ denotes a
positive constant which need not be the same at every instant; when we need
to keep track of a particular constant, we employ subscripts. In this chapter,
the arithmetic functions u, A, ¢, etc. are the number field generalizations

of their classical counterparts.

All implicit constants depend on K.

2. Lemmata

LEMMA 3.1. Let K be a totally real number field of degree k and discrim-
inant D, and let a be an ideal of O . Denote by R the subset of integers o
of Ok satisfying

(3.5) 0<a® <y, i=1,...,x,

and put y = y1y2 - . . Y. Then for any v € Ok, there holds

(3.6) 3 1:\/%M+0<<1\3I/a) ‘n).

acR
a=v (mod a)

PrROOF. Consider the canonical image of Ok in the Minkowski space
which in our case is R*. We may fix a fundamental parallelepiped of the
lattice formed by the image of a, and view the space as tiled with a-translates
of it. Since every translate of the fundamental parallelepiped contains the

image of exactly one number from every equivalence class (mod a), our
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problem amounts to counting the parallelepipeds entirely contained in R =
{(z1,...,24) : 0 < x; < y;}, up to an error the number of parallelepipeds
intersecting the boundary, for the congruence class representative in those
intersecting parallelepipeds may or may not lie in R.

Now fix ideal class representatives 2,...,2, of K, not necessarily in-
tegral ideals, where h is the class number of K. Fix also a fundamental
parallelepiped associated to each 2(;. For any one of those representatives,
say %l;, a certain number, say NNV, of the 2;-translates of the fundamental
parallelepiped will intersect the boundary of R. Call them P;,..., Py and
denote by v; for i = 1,..., N the volume of RN P;. Then the volume

(3.7) Y= Z Vg

is comprised of all the parallelepipeds entirely contained in R, and only

them. Since each has volume /|D|N%;, their number is

. N
(3.8) 7\/WN913' (y — ; Ui) ,

and thus the number of integers of K in 9 which are congruent to v (mod ;)
is

N

1
(3.9) \/W@'/ij - TN ;v + O(N).
The second term is also clearly
1 O 1 O
(3.10) \/WN%;% < NQlj;NQlj < N,

so it suffices to estimate V.

Let D; be the diameter of our fundamental parallelepiped. If we expand
and shrink R by an amount 2D; in all directions along basis vectors and form
R* and R~ respectively, every parallelepiped that intersects the original

boundary will lie entirely outside R~ and entirely inside R*. Since the



16 3. AN APPLICATION OF THE GPY METHOD TO NUMBER FIELDS

1
volume of R™ is [[,(y; + 2D;) = y + O, <y1n>, and likewise for R~, the

1
intermediate region has volume O; <y1_n>, and hence

(3.11) veo, [ 1" )_o < i )PH
' P\ VDN ) AN,
Now let a be any ideal of Og. We need the same parallelepiped count
as before. We have a = 82; for some 3 € K and some j. As before, by

/K Now

multiplying with a unit if necessary, we may suppose 5 = N(B)
the parallelepiped grid of a is simply that of 2; dilated in the x; axis by
a factor of (). But counting 2; parallelepipeds scaled by 8(9)’s which are
contained in or intersects the boundary of R is the same thing as counting
original parallelepipeds which are contained in or intersects R scaled by

(ﬂ(i))_l’s. So our count is identical to the special case but with (5))~1y;

in place of y;, which by the above is

1
y/N(B) y/NBN#\ oy Y\ x
(3.12) mij+0j <N2lj> _mNa+Oj<<Na> )

Since there are finitely many possibilities for the ideal class j, we may choose

the weakest implicit constant and the proof is complete. O

LEMMA 3.2. We have, with the classical notation s = o + it,
(3.13) C(s) < 7271/,

uniformly for |t| > 1, 0 > 1 —1/k+ 6. Here T denotes |t| + 4 and 0 is an

arbitrary positive constant.

PROOF. Let r(n) be the number of ideals with norm n, and let M (z) =

Y n<z (). Tt is well known that M(z) = pxx + O(z'~1/%), where px is
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the residue of (x(s) at s =1. Put E(x) = M(x) — pgz. Then for o > 1,

(3.14)

SO

1-s 00
(8:15) Ck(s) =D r(mn™" +pr— +a " E(@) +5 / E(u)u~"du.

n<x

s —

In particular, since F(1) = 1 — pg, with = 1 the above gives,

(3.16) Ck(s) = sszl + 8/00 E(u)u™*"du.
- 1

This furnishes an analytic continuation of (i to the half plane ¢ > 1 —1/k.

We can estimate the integral in (3.15) trivially,

[e'e) 1 0 1/ wlfl/:‘@*o’

1 E - TR =
o /w e du<</a: " du oc—14+1/k
Now
(3.18)

= (zexror) P (mar0) (14 [ o)

uniformly for o > 0. Clearly r(n) is multiplicative. Suppose p factors in O

as p = pS' ... pg° with Np; = p/i. Then
#{GCO}(:Na:pm}:#{(kl,...,kg):klfl—i-...—l-kgfg:m}
<#{(a1,...,a9) :a1+...+a,=m}

(3.19) =#{(dy,...,dg) 1 dy...dyg=p"}
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so that r(n) < n® for any positive . Thus
(3.20) Z r(n)n™ % <« a° (1 + /Z u_Udu> .
n<z 1

Now if 0 < o < 1 —1/logz, the integral is < x!77/(1 — o). If |0 — 1] <
1/logz, then v~ < u~! uniformly for 1 < u < x, so that the integral is
< logx. If 0 > 1+ 1/logx, then the integral is < [[“u %du =1/(c — 1).
Thus
(3.21) Z r(n)n™* < 25(1+2'"7)min (jo — 1|7, log z)

n<z
uniformly for 0 < ¢ < 2. Using this and (3.17) in (3.15) with = = 7 yields
the desired result. (]

We reproduce here Lemma 6.3 of [23].

LEMMA 3.3. Suppose that f(z) is analytic in a domain containing the
disc |z| <1, that |f(z)| < M in this disc, and that f(0) # 0. Let r and R
be fizred, 0 < r < R < 1. Then for |z| <r we have

F=S L 0 1og M
(3:22) 70 =3 =5 +0 (lx 7y

k=1
where the sum is extended over all zeros zy, of f for which |zi| < R. (The

implicit constant depends on r and R but is otherwise absolute.)
Now we apply this to (x(s).

LEMMA 3.4. If [t| >2 and 1 —1/k+ 0 < 0 < 2, we have
(3.23) i (5) S L 4 0(lgn)
: K (s) = ),
CK s—p &

where Y denotes summation over those zeros p of Ci(s) with |p — (3/2 +

it) <1/2+1/k — 0.

PROOF. We apply Lemma 3.3 to the function f(z) = (x (2 + (3/2+it)),
with R =1/24+1/k — 3§ and r = 1/2 + 1/Kk — 26, in which case f(0) > 1
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by the absolute convergence of the Euler product and f(z) < 72 by Lemma
3.2. U

We note here that de la Valée-Poussin’s classical argument for the non-

vanishing of the Riemann zeta-function on the line o = 1 applies verbatim

to Ck(s).

LEMMA 3.5. For o > 1,

(3.24) Re (—3%(0) 48K ity — K 2it)> > 0.
(K CK CK

LEMMA 3.6. The function (x(s) does not vanish on the line o = 1.
Now we are in a position to establish a zero-free region for (x(s).

PROPOSITION 3.7. There is a constant ¢ depending on K such that the
function (i (s) does not vanish in the region

(3.25) P

logT

PROOF. Suppose pg = By + i7o is a zero of (x(s) with 1 — 1/k+ 6 <
Bo < 1, |70| > 2. Since Rep < 1 for any zero p of (x(s), we have Re ﬁ >0
whenever ¢ > 1. Thus, using Lemma 3.4 with s = 1 4+ ¢ + iy and s =

1+ € + 2¢~yg respectively, we obtain

Ck :
3.26 Re——=(1+¢+ <——+4 1l +4
(3.26) e CK( €+1i) < 1 7e 5, 7@ og([7o| +4)
and
!/
(3.27) Re —gK(l + €+ 2iv0) < c1log(|270| + 4).
K

Also, by virtue of the simple pole of (x(s) at s =1, we have

!/
1

(3.28) —C—K(1+€) =—-+0(1).

Ck €
Using these in Lemma 3.5, we obtain

3

3.29 - 1 4) > 0.
(3.29) S bl +4) >
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We take ¢ = 1/(2¢c21og(|y0| + 4)), whence

4
(3.30) Tea log(|yol +4) > m7
or,
1 4
(3.31) — B >

1+ ,
2cslog([ol +4) 70 Teslog([ro| + 4)

so we have

1
14co log(|70| + 4) '

(3.32) Bo<1

Choosing ¢ small enough so as to exclude the finitely many zeros with

v < 2, we obtain the desired result. O

PRrOPOSITION 3.8. Let ¢ be the constant in Proposition 3.7. Then for

o>1—c¢/(2logT) and |t| > 2, we have

!
(3.33) \g—K(S)] < logT,
CK
(3.34) llog (re(s)] < loglog ™ + O(1),
and
3.35 < logT.
(3.35) ) g
ProoOF. It is plain that for o > 1,
!/ !
1
(3.36) |C—K S

()] < -2 (0) < =

CK

Let sy =1+ 1/logT +it. So

(k

CK

Then from Lemma 3.4 we deduce that

(3.37) (s1) < logT.

! 1
3.38 Re < log T,
(3.38) ; o <log
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where the sum is taken over those zeros p for which |p — (3/2 + it)| <
1/24+1/k—0. If 1 —¢/(2logT) < o <1+ 1/logT, then again by Lemma
3.4 we have

%57%5 = ' 1 - 1 ogT
CEUNN 0 @J”‘?(s—p L) +Ottog ),

We have |s — p| < |s1 — p| so it follows that

1 1 1 1
(3.40) — < 3 < Re ,
s—p s1—p |s1—pl|?logT s1—p

whence we obtain (3.33). Now we know that for o > 1, (i (o) < pg /(0 —
1)+ O(1). Soif s =1+ 1/logT + it,
A(a)

N —1-1/logT
log N(a) (a)

log Cre(s1)| < Y
(3.41) a£0K

= log (x (1 + @) <loglog T+ O(1).

Then if s is in the indicated region,
S C}(
S1 CK

by (3.33), and (3.34) follows. Then (3.35) follows from (3.34) by exponenti-

(3.42) log (i (s) —logCx(s1) = (w)dw = O(1)

ation. |

3. Main results

Let y be a parameter tending to infinity. We have four other parameters

H, R,k and ¢ obeying the following restrictions.

(3.43) H < logy < log R < logy,
and
(3.44) integers k,¢ > 0 are arbitrary but bounded.

Implicit constants may depend on these k& and £.

Let

(3.45) H={h1,ha,..., b} C 9,
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where $) = Hl/”i)fi(L_._,l) and the h; are distinct. For a prime ideal p of O,
we put

(3.46) Q (p) = {distinct residue classes among —h (mod p), h € H},

and write o € Q (p) as a shorthand for a(mod p) € Q (p) for a« € O. We
say that H is admissible if |Q (p)| < Np for every prime ideal p, and assume
this unless otherwise stated.

We extend 2 multiplicatively, so that « € Q (a) for a square-free ideal a

if and only if o € Q (p) for all p | a. This is equivalent to
(3.47) P(o;H) € a, P(a;H) = (a+ h1)(a+ ha) - (a+ hy).

We put, with p denoting the usual generalization of the Mobius function

to ideals,

0, if Na > R,
(3.48) Ar(a;n) = 1

E,u(a) (log R/Na)", if Na <R,
and

1 n
(349)  Agr(asH,n) = E Ar(a;n) = ] E w(a) (log R/Na)™.
ac(a) P(oyH)€ea
Na<R

With these we shall evaluate
(3.50) > Ar(esH k+0)7,
ag2l/ "Ry \Ry

which, on expanding out the square, equals

(3.51) > Arl(ar;k + O)Ag(azi k +0) > 1.
ap,az a€eN(ay),xeN(az)
ac2V/ Ry \ Ry

Now the condition o € © (a1), o € Q2 (a2) on the inner sum is equivalent to

a € Q(a; Nag), thus that sum can be written as

(3.52) > > 1.

heQ(aiNaz) a=h (mod ai;Naz)
a€2V/F Ry \Ry
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The inner sum is amenable to Lemma 3.1, so we have

1
_ Yy # i
(3.53) ) Z L= VIDIN (a1 N az) +0 (N(cu N a2)>

a=h (mod aijNaz)
a€2l/ "Ry \Ry

Hence, we have

(3.54)
S ArlesHE+0?= T
ag2l/r Ry \ Ry D]
Qa1 N
+ 9] yl_é(log R)Qk‘-ﬁ-?ﬁ Z ’ (al af_)l/n ’
Nai,Nax<R N(ai Nay)
where
’Q a; N C12 ] ]
(3.55) Z N(a e )\R(al, k+ O)Agr(ag; k+ 0).
a1,a2
Now
(a1 Nay)| 7i:(a)73(a)
Z — K << Z — K
Noi Now<R N(a; Nag)! 1/ NazR? (Na)t 1/
a squarefree
(3.56)

T3k
< Z Na 1- 1//~c
Na <R2

< R**(log R)%*

since 3, T3k (a)(Na)"1+1/5=s = ¢(3¥(s + 1 — 1/k) which has a pole of order
3k at s = 1/k. Thus,

(357) Y ArlasHk+ 0= —=T+0 (y" V"R (l0g R)°).

) )
a€2l/rRy\ Ry \ D

We can express Ag(a,n) as

~ p(a) R\’ ds

where (o) denotes the line Re s = . Thus

RS1+82

515 525
182)k+£+1

(359) dsldSQ,
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where

Fs1,82:9) = ) plar)p(az) o

ai,a2

-l (=55 (o o~ 7))

in the region of absolute convergence. We put

€2 (a1 N ag)|
(Cll N CLQ)(NCll)Sl (Na2)52

(3.60)

(3.61)

k
G(s1,52;Q) = F(s1,52; ) (CK(S1 + 1)Cr(s2 + 1))

Cr(s1+s2+1)
Ci(,leml (1 L
_1;[<1 N (@ m )

(= ) (- ) (=)

In particular, we have the singular series

(3.62) SH) =G0, =[] ( A '?\(IZ)’) (1 _ 1\;) -

p

Suppose min(Re s1, Re s2,0) = 09 > —c. For Np > 2°H | we have |Q(p)| = k,
for if p | h; — h; then Np | |[[[,(h] — h7)[ < 2%H. Taking logarithms of only

those factors in the above product yields

(3.63)

> <log <1 - 1\1; <(N113)51 + (N;)SQ - (Np)181+32)>

P
Np>2rH
k1 1 71 k1l 1 71
+hrlog(l— (Np)sitsa+l ) — og i\t~ (Np)si+1
1
— klog <1 — (Np)52+1> )

1. 1 1 1 m
= 2 Zm<k (e * gy~ )
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Now the m = 1 term in the inner sum cancels to zero, so the last double

series in absolute value is

<Y % 3 m(200+1)
" N(p)g H
(3.64) — i % Z p—m(200+1)
m=2  n>2~
- k; *m (o)
= Z E g (200+1)+ ,

where 7*(n) is the number of prime ideals with norm n, so that r*(n) <
r(n) < nf. Then provided that 209 +1 > 1/2 and H is large enough, the
above is
ZHH m(200+1)+e+1
< Z
m m(200+1)—e—1

1
< .
E — <1
m=2

Thus, the part of the product in question is uniformly bounded. Logarithm

(3.65)

of the factors k* < Np < 2¢H is

(3.66)

=1 1 1 1 m
T Z z:: m< ((Np)”‘l“ " (Np)s2t1 (Np)“*”“)

p
kE2<Np<2*H

r ()t

The m > 2 terms above are < 1 as before, and the m = 1 term is
(3.67)
< Y (Np) o lem o 3 (Np) < H % loglog H.

p p
E2<Np<2¢H Np<2~H

Bounding the remaining k? terms is trivial, so we obtain

(3.68) G(s1, s2; ) < exp (c(log )29 log log log y) .
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Now we write (3.59) as

1
3.69 7'—,/ / G(s1,82; 92
(3:69) 2mi)* Jay J (81,52

Cr(si+s2+1) \F  Rsits
ds1dss.
- (CK(Sl + 1) Cx(s2+ 1)) (s182)kttH1 51082

We put U = exp (\/log y), and shift the s; and sy contours to the vertical
lines co(logU)~! + it and co(2logU) ™! + it, ¢y being half the constant of
Proposition 3.7, and truncate them to |t| < U and [t| < U/2, and denote

the results by L; and Lo respectively. We have

(3.70)
(co(2logU)~1) (co(logU)— Ly Ln |t2|>U/2 L1 (co(2logU)— [t1|>U

ga=co(2logU)~1 Ulzco(log U)~!

Now using (3.68), and the fact that (g (1 + 0 + it), (x (1 + 6 +it) ™1 < 1/6,

we have
(3.71)
Cre(s1+s2+1) >’“ RSt
G(s1,82; dsid
/ (o1, )(<K<sl+1>¢;<(82+1> (spg) Rt T 4142
‘t2|>U/2 L1
oo=co(2logU)~1
3k dsil||ds
< exp (clogloglogy) (\/log y) / m

[t2|>U/2 L1
ga=co(2logU)~?!

4k+04+1 ds
< exp (clogloglogy) (x/log y) exp (%\/log y) / |32‘]’“r2€’+1

[t2|>U/2
oo=cp(2logU)~1

< exp (clogloglogy) (\/log ) SRR exp( vlIog )
exp ((k + 0)vIog 3)

< exp (—c\/lo@) .
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Similarly,
(3.72)
) CK(Sl + 59 + 1) k
/ [ (cmsl 1) + 1))

(co(2logU)—1) [t1|>U
o1=co(logU)~!

RSt +s2

X -
(8182)k+€+1

< exp (clogloglog y)(1/log y)3F exp (% \/log y)

X

d81 d82

|ds1||dss]

(’8182’k+€+1>
(co(210gU)1)  [n]>U
o1=co(logU)~1

Also,
|ds1| k-t
[t1|>U
0'1100(10g U)71
and
3.74 |ds1] ] k041
( . ) |81|k+£+1 < (Og U) )

(co(2logU)~1)
and we obtain the same bound as before. Thus
(3.75)

1 . Cr(s1+s2+1) FoRsite
T (2mi)? //G(Sl’ o Q)<CK(81 +1)(r(s2 + 1)> (5152)k+”1d51d82
Lo Ly

410 (exp (—c\/@)) .

Now we shift the Ly contour to Lg: —co(log U)~!+it, [t| < U. We encounter

singularities at s; = 0 and s; = —s2. Now

. CK(Sl + So + 1) k Rs1ts2
//G(Sh 52 8) (CK(Sl +1)Ck (52 + 1)) (s189)k 0+ dsrdsy

(3.76) L, Ls
< exp (—c\/log y)
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as well, thus we have

1

BT T =G /L2 < Res + Res> dsy + O (exp (—c\/@)) .

§1=—582 s1=0

Now,

(3.78)
1 CK(SI + 59+ 1) k Rs1ts2
= — ; Q
SlEgSsz o / G(817 52, ) <CK(31 4 1)<K(82 + 1) (8182)k+€+1 d317
C(s2)

with the circle C(s2): |s1 + s2| = (logy)~!. So G(s1,52;Q) < (loglogy);
Cr(s1+s2+1) <logy; RS1T52 <« 1. Also, since |ss| < |s1| < |s2|, we have
(s1Cx (51 + 1))~ < log(|sa] + 2)(|s2| +1)~t. Thus,

k-1 o (log(s2l + 2\ s
(3.79) Res < (logy)" *(loglogy)® | ——————= | |s2 .
S§1=—52 |821 +1

Using this in (3.77), we obtain

$1=0

(3.80) T = (2711,)2 /L2 (Res) dsy + O <(log y)k+€_1/2(log log y)c) .

Now we put

(51 + s2)Cr (51 + 52+ 1) )k
)

(3.81) Z(s1,52) = G(s1,52; Q) <sng(sl + 1)s2Ck (s2 + 1

This is regular around (0,0). Then

(3.82) Res — 10 < 0 )e {MRsl}.

s1=0 E!Sg+1 0s1 $1=0 (51—|—52)k

We use this in (3.80) and shift the sy-contour to Ly: —co(logU)~t + it,
|t| < U/2. Now using Cauchy’s theorem,

o \* Z(s1,82) sl 1 Z(w, s2) w
(383) <(951>81:0 {(51 T 52)kR } = % /C1 —w5+1(w n 52)kR dw,

where Cj is the circle around 0 with radius co(2logU)~!. Thus on Cj,
(w+s2)"! < VIogy; R* < exp (—%H/log y); Z(w, s2) < (loglogy)®. From
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this we see that the integral over Ly is < exp(—cy/logy). Thus,

T = Res Res +O((log y)* )

s2=0s51=0

(3.84)

271'2

31,52 R51+52 oy
ds1dsy 4+ O((lo ),
/Cs /Cg (s1+ s2) 8182)Z+1 1622 ((logy)™™)

where Cy and C3 are the circles |s1| = 7, |s2| = 2n, with a small n > 0. We

write s1 = s, s = s€. Then the double integral is equal to

(s, s€) Rs(6+1)

. dsd
(3.85) (2ri)? /04 /02 (€ + 1)Felrlghv2ttT 3
where Cj is the circle |£| = 2. This is equal to
(3.86)

2(0,0) €+ 1) y .
Sy Uoe B /. e + 0 ((logy)+ loglogy)”).

We note that Z(0,0) = &(H)/pk and obtain

LEMMA 3.9. If (3.43) and (3.44) hold, and R < y'/?/(logy)®, where C

is a sufficiently large constant depending only on k and £,

SH) () v k426
Arfoithk+ 07" = < ) (log R)**
(3.87) ae?l%y\my ph(k+20'\ ¢ ) \/|D|

+0 (y(logy)* '~ (loglogy)* ) .

Now we quote here a result generalizing the Bombieri-Vinogradov The-

orem to number fields [16]. Henceforth we denote by w prime elements of

K.

LEmMA 3.10. Let yi,...,yx be positive real numbers, and write y for the

product yy ... Yyx. Then for any constant A > 0,

Ix

(3.88) Z max max 20

<o Z
Nq<y'/2/(logy)B ns =t

ﬂ(%x;qf}/) - <

(log y)4

where B is some constant depending on A,

(3.89) TRea,y) = >, L

wemx
w=~ (mod q)
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and

duy ..
3.90 Iy
(3.90) T on 1hR/ /log (ug .

Here h is the class number and R the requlator of K.

If we put

(3.91) T(Raqr) = YL

wte/me\mx

w=~ (mod q)
then the lemma clearly entails

Loiyns, — Ix Yy
(3.92) max max |7*(Ry;q,7y) — =X <
ngyl/;(logy) 2i<yi (1,)=1 ¢(q) (log y)4

Now suppose that ¢ is an absolute constant 0 < ¢ < 1 such that for any
A > 0 we have

Ioiny — Ix

o(q)

In particular, we may take 9 to be any number less than 1/2 by the preceding

Y

3.93 max max
(3.93) (log3)?

™ S}{Xa y V) —
Na<y 5 TisVi (v,9)=1 "9 )

discussion.
Now let () be be the characteristic function of the prime elements in
Ogk. We shall evaluate
(3.94) > wla+h)Ar(esH, k+0)°
ac2l/FRy\Ry

with an arbitrary algebraic integer h € £. We note that this is equal to

(3.95) > wla+h)Ar(esH\{R} k+0)°
a€2l/F Ry \Ry
if h e H.
Assume that R < y?/? and h ¢ H. Expanding out the square in (3.94),
we obtain
(3.96) > Ar(ak+OAp(aik+0) Y w(a+h),

a1,a2 ac2V/r Ry \ Ry
a€Q(a1Naz)
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which in turn equals

(3.97)
> Arlarsk+ OAg(ag; k + 0)
ay,az
X Z I((b+ h,a1 Nag))m* (Ry; a1 Nag, b+ h)
beQ(aiNaz)
+O0(y" " (log y)°),
where §(x) is the unit measure placed at © = 1. To see how the error

term arises, note that if S is the set 2!/ "Ry \ Ry and A denotes symmetric

difference, the change in the inner sum introduces an error

(3.98) > Arlak+OAglagik+0) > w(a+h).
ai,a2 a€(S+h)AS
a€Q(a1Naz)

Since the volume of the set we sum over is < y'~1/#logy, this is majorized
by

_ Q(Cll N 02)‘

399 1 l/li ]. R 2k+20+1 |

(3.99) y~/"(log R) > NCGIE
Nai,Nax<R

and we deal with this sum as we did for the error term in (3.54), this time
we obtain only a log-power since the exponent of N(a; Naz) is —1 in this

case. Now the main term of (3.97) is equal to

(3.100)
121/"€y - Iy
> Ar(ak+OAglazik+0) Y 6((b+h,aNag))———2—
—~ , P(a1 Nay)
’ €Q(arNaz)

+ O( Z )\R(Cll; k+ g))\R(ClQ; k+ f)

ai,a2

Iyywy — Iy
5((b+ hyar N “RysarNagb+h) — =¥ ),
S b D) (5O et ) Mmﬁ®0>
€Q(aiNaz)

In the error term consider those aj, as satisfying

(3.101) Qa1 Nag)| < (a1 Nag) < (logy)™?,
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Alog3
in which case we have [{aj,a2 : a1 Nay = a}| = m3(a) < (logy) 2losk . Then

using (3.93), their contribution is

Y

AJ3"

(3.102) < (log ) 473

Now for square-free a,

om0

pla p|Na

(3.103) = ¢(Na) )

Na

it |

(loglog Na)* )

Also,
. I 1/ky — I

(3104) T (%y;a’ f}/) — ﬂ(%21/ny;a,'y) _W(my;aa 7) <K W

by the main theorem of [21], and by a trivial induction I, < y/logy, so,

Y Y
s(@logy = Na’

Thus the contribution of the terms in the error not satisfying (3.101) is

(3.105) ™Ry 0,7) <

Tk(al n 02) ]Q(al M Cl2)|
(3.106) < y(log R)**+0) .
Nal,%;ﬁR (logy)A/2 N(a; Nay)
Now
2
(3.107) T (a1 fllra2)|2(a1 Nag)l « ¥ Tk(ﬁll\)Im(a)'
Nai,Naz<R (a1 N az) Na<R2 a4

Accordingly, we consider

> has = TIS s
NCl 1+s 1+s
a n=0

(3108) = H <1 + 1+5 +0 ((Np)—20—2)>
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and using Perron’s formula, we see that
2
7, (a)73(a)
1 A 1 ‘.
(3.109) > BN <(ogR)
Na<R?

Putting everything together, we obtain

(3.110)
> Arlank + O)Ar(ag; k +0)
ag,az
XY (b hyay Nag))mt (Rys ar Nag, b+ 1)
beQ(aiNaz)
_ _ * _ ¥y
= (IZl/I‘Cy Iy)T + O <(logy)A/3> B
where

3111 T =3 Ar(aik £ HAr(osik + ) 3 S((b+ hoarNay)).

ap,az ¢(a1 4 Clg) beQ(aiNaz)

It remains to evaluate 7*. The inner sum in (3.111) is equal to

(3.112) 11 (Z 5((b+ h,p) ) IT (e -,

p|a1ﬁa2 bEQ(p |a1ﬂa2

where Q" corresponds to the set Ht = H U {h}. As before, we have
(3.113)

e [ LI

X + 1 1 R31+82 d d
(Np) (Np) (Np)81+82 (8132)k+5+1 51a89.

We consider the function

)l -1/ 1 1
H<1 e (o (Np>81+82>>

(3.114) P .
Cr(s1+1)Ck(s2+1)
% < Cr(s1+s2+1) )

33
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If H* is admissible, then the singular series is §(H 1) and the estimation of

the integrals is analogous to the previous case. Thus we obtain

(3.115) T* =

S(H) <2e
ok +0)!

/ ) (log R)** + 0 ((log y)F 21 (log log y)c) :

On the other hand, if HT is not admissable, then the Euler product vanishes
at s1 = 0 and sy = 0 to the order equal to the number of prime ideals with
|2 (p)| = Np, in which case we necessarily have Np < k + 1. The number
of such ideals is bounded. Thus the effect of the vanishing factors in the
product is only to annhiliate the main term, while the estimation of the
error terms remain intact.

Finally, if h € H, the preceding discussion applies with the translation
k—k—1,0— ¢+ 1.

Thus, we obtain

LEMMA 3.11. Suppose (3.43), (3.44) and (3.93) hold, then for R < y/?,

we have
(3.116)
Z w(a+ h)Ar(o; H, k + £)*
a€2l/rRy\ Ry
S(HU{h}) [2¢ k20
—_ Ly, — Iy)(log R

+ O (y(logy)*t*~2(log log y)°) , ifh ¢ H,

S(H) (2(£+1)
PRtk 420410\ £+1

+0 (y(log y)F 2~ 1(loglog y)c) , if h e H.

) (Iy/ny — Iy)(log R)FF2H1

\

Now we use our lemmata to obtain our main theorem. First we need a
lemma concerning the average size of &(#H). The proof follows Gallagher’s

[6, §2] computation for the rational case.



3. MAIN RESULTS 35

LEMMA 3.12. For fixed k, there holds

k
(3.117) > SH) ~ (;%)

HCH
M=k

as H — oo, where in the sum the permutations of elements of H are counted.

Proor. Put
(3.118) Dy = [ (hi = 1y).
1<j

Then 1 < |Q(p)| < k, with equality at the right unless p | Dy. Now

-0 ()

p

Np)* — |Q(p)|(Np)*~—1 — (Np — 1)k
(3.119) =H<1+( p)* | (p()1’\(1pi)1)k (Np ))

p

=[]+ a.12m)).
p

The product converges by the discussion preceding the bound (3.68) for
G(s1, s2,9). Also, we have the bounds
(Np—1)72,  if |Q(p)| = K,
(3.120) a(p, [22p)]) <
(Np— 1), i [9(p)] < k.
Since when H is fixed, the |Q(p)| are determined, we can write ay (p) for

the sake of brevity. We extend a3 multiplicatively to square-free ideals, so

that
(3.121) S(H) = ay(a).
By the bounds in (3.120), “
(3122) PCTIES ) D o0, D),

where ¢ is an implicit constant coming from (3.120), which we may assume

is an integer, and w(a) is the number of distinct prime divisors of a (there’s
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no risk of ambiguity with our use of w to denote primes due to the presence
of an argument). Put a = de with ? | Dy and (e, Dy) = 1. Then the right
hand side of the above equals

w(e)

(3.123) Z” Da) 3 “ )

d|Dy Ne>x/No
(e,D3)=1

We first deal with the inner sum. We have

2 w(e)
(3.124) 3 “ '« Z 3 %
Ne>z/ND n=mng 2n < Ne<2n+1 ¢
(e,D30)=

where ng = [%}. Then provided

(3.125) 3 ”;( Alosn).”

n<Ne<2n

we get

(3.126) Z Z qu(;) < Z — << 270 < N7(10g z)°.

n=ng 2" <Ne<2n+1 n=ng

Now we show (3.125). We have
Z 'u w(e Z Ne'u ( ) w(e)
¢2 no @2(e)

(3.127) n<Ne<2n Ne<2n
1 Nep?(e)c©)
= —,
n Ne<2n (z) (e)
thus showing
Ne 2 w(e)
(3.128) > Q‘;Q((ez)c < (log z)°

Ne<zx



3. MAIN RESULTS 37

suffices. We form the corresponding Dirichlet series.
(3.129)

Nw )tV (Np)" 4 (p") ™)
Z HZ ¢?(p")(Np)"*

p n=0

The product is bounded for o > —1/4, say, hence Perron’s formula gives us

(3.128). Thus (3.123) is

(log )¢ 12 (0)c*@ND
3.130 .y
@15 <o X

and we have

Z M (U)Na H ZM W(U)No

0| Dy pi || Dy 2pd
(3.131) I (1+c+ c
Np—-1
plDy

S CIW(DH) < (NDH)E < HE,

so we obtain

(3.132) S(H)= ) an(a)+0 <(H;)€> .

We sum this over all H C §) with |H| = k and get

(3.133) Yo=Y Y au(@+0 <Hk (H;”)E)

HCSH Na<z HC$H
M=k [H]=k
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The inner sum here can be rewritten

(3.134) ST ate, 120)]) (Z'1+0(Hk—1)).

v pla

Here v runs over “vectors” (..., [Q2(p)l,...)pja With 1 < [Q(p)] < Np, and
ZI 1 is the number of k-tuples hi,...,hr € $ of not necessarily distinct
integers which, for each prime ideal p | a occupy exactly |2(p)| residue classes
modulo p. The error term arises because we dropped the restriction that
the h; be distinct.

For each p | a, there are (|§lz\(lg)|) ways of choosing the |Q(p)| to be occu-
pied, and once these are chosen, o(k, |Q2(p)|) ways of assigning one of them
to each h;, where o(r, |€2(p)]) is the number of surjective maps from a set of
k elements into a set of [2(p)| elements. Then using the Chinese Remainder

Theorem and appealing to Lemma 3.1, we see that

(3.135)
k k—1/k
y H H Np -

21- <WN> »o <(Na> ) 1l (100 26

Thus the inner sum in (3.133) is
H k H k—1/k 1
(3.136) (\/WNJ Afa) + 0 <<Na> B(a)) + O(H*'C(a)),
where
= a Np g
6= 311 w1200 g )75 26)D,

(3.137) 5(0) = 3 [Tt 1201 ( gy )k 92

v opla

Cla) =Y [Tlate. 12011

v pla
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Rearranging, we get

Np
(3.139) B@ =] ( o () ot u>> ,
Np
cto) =T (3t 01).

pla \v=1

Now for Na > 1, we show that A(a) = 0. Plugging in the explicit expression

for a(p,v), the p-factor becomes

v

(3139) (Np - 1)*( (9~ (Np - 1) 3 (" )ate)

v=1
Np
4 Np
(N k—1 k
e S ()t >)
and using the combinatorial identities [6, (i) and (ii) of §3]

(3.140) zn: <Z>J(r, V) =n"

and .
(3.141) i " (”) o(r,v) =n"t — (n— 1)n,

1%
v=1

the sums are (Np)* and (Np)*+! — (Np — 1)*Np respectively, so the fac-
tor vanishes. In the same manner, using the weaker bound in (3.120),
namely that a(p,v) < (Np — 1)~1, we find that the p-th factor in B(a)
is < (Np)*/(Np — 1), whence

(Na)*
(3.142) B(a) < ¢ OB
Likewise, the p-th factor in C'(a) is < Np/(Np — 1), so

() Na
(3.143) C(a) < )W'
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Thus we see that (3.133) is (H/+/]D]|)* plus an error term, which is

g
(3.144) < HFUR ST o) Na e (H2)®
N, ¢ T

To deal with the sum, we again form the corresponding Dirichlet series with

a view to using Perron’s formula. We have

(3.145)
Cw(a) Na — CN]J —5 —2s .
2 Ny 1;[<”Np—1((N‘“) LORES)

(c(Np) ™ + e(Np) 2 4 - -))

and Perron’s formula yields that the sum in question is < z(log x)¢ < x1*¢.
Thus (3.144) is
< kal//@lers +Hk(xH)€/:c

(3.146)
< HFaete

upon choosing = = H'/2%. This completes the proof. O

Now we are in a position to prove our main theorem. We shall evaluate

(3.147) >y (Z w(a+h) — 1) Ar(a; H, b+ 0)?
%Q:ﬁk a€2l/mRy\Ry \hEN
to see that it is positive, for if this is the case, then there is an algebraic

integer a € 2159, \ Ry such that

(3.148) Y wla+h)—1>0.
heH
Hence
(3.149) min  |N(w; —wo)| < H.
wo,w1EQ+H

woFw1
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Assume R = y?/2, so that lemmata 3.9 and 3.12 hold. We also note that
a simple induction (where the assumption that y; < y/r s relevant) shows
that
(3.150) Ij=-— 2 — (1+0(1)).
Y 2+~1hRlogy

Then using these we see that (3.147) is asymptotically equal to

> 2 {Z Z} (a+ h)Ag(o; H, b + 0)?

|zCJﬁ a€2l/mRy\Ry \hgH  hehH

1
 (V/IDDFHLpE (k + 20)!

>k+2£+1)

<2££> ka (lOg R)k‘-i-QZ’

with an error of size o(yH*(logy , and using lemmata 3.11 and 3.12

together with (3.150) this is asymptotically equal in the same sense to

(3.151)

1 20\ 'y Lk k
H + loe R +2¢
2“1(\/|D|)k+1th’;((k:+2£)!(5)10gy (log )

k 2(0 + 1)) Y ok k2041
+ H"(log R
2”1(\/|D|)thpII€<1(k¢+2€+1)!< t+1 Jlogy (log )

1 20
_ (B (h 1 20 <€ >ka(log R)k+2¢

B . k 2(20+ 1)
~ \2v-1/[DIhRpx 27" 'hR(k+20+1) (+]1

log R

2

1
 VIDlpx 10gy> - (/| D)*pkt (K + 20)! <€ log y
so it suffices to show that the expression in the parentheses is positive. Recall
that the analytic class number formula in the totally real case is given by
_ 2" hR
PK = 7@ .

Thus with further simplication (3.147) is positive provided

> <1 +e— i 2@0+1) 19) 26~ 1hRAVD.

(3.152)

(3.153)

logy kE+20+1 41 2
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Choosing ¢ = [vV/k], we get

N —
(3.154)  liminf | &L= %0)
wo,w1 €0 K lOg NWO
wWoFAW1L

‘ — 2" IhRVD inf max{0,1— 20} =0,
¥<1/2
hence we obtain our

THEOREM 3.13. Let K be a totally real number field. Then

N _
(3.155) liminf | L= %0)
log Nwy

wo,w1 €Ok prime
woFwW1

’:0.



CHAPTER 4

The Maynard-Tao method

The aim of this chapter is to give an informal outline of the workings
of the Maynard-Tao modification of the GPY method. As in Chapter 2, we
will by no means aim for rigour, since the the technical details of the method
will be demonstrated through application in the next chapter.

To understand the effect of the modification, we take a step back and
reformulate the latter in more general terms. Recall that in the GPY method

we were interested in establishing the positivity of an expression of the form

2

k
(4.1) S = Z < H(n—l—hi)—logSX) Z Ad) |,
1

X<n<2X \i= d|P(n;H)

where A(d) was given by

Md) (B ke i
(4.2) Ad) = { (k+0)! (lgd) , d<R,

0, otherwise.

Here, for purposes of generality, we leave A(d) unspecified, but assume that
it is supported on square-free integers d < R. Expanding the square and

rearranging, we find that (4.1) equals

(4.3)
k
S=" Adi)A(dy) (Z Y 0(n+hi)—(log3X) > 1)
dy,d2 =1 X<n<2X X<n<2X
[d1d2]| P(n;H) [dr.da]| P(niH)

The second sum counts the number of n € (X,2X] that fall into one of

the vy ([d1,dz]) residue classes (mod [dy,ds]), so the contribution (within

43
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acceptable error) of the inner sum is

(D)

(4.4) X(log3X) > Adi)A
Difé(f,zdz}

The first sum, on the other hand, can be approximated for each residue
class n (mod [dy,d2]) € Q([d1,d2]) by X/¢([d1,d2]) only when n + h; runs
over residue classes relatively prime to [dy,ds], or what is the same, if n €
Q([dy1,d2]) but n # —h; (mod p) for any p | [d1,d2]. So we must have n €
Q;(p) = Qp)\{—h; (mod p)} for each p | [d1,ds] by the Chinese Remainder
Theorem. Thus |€;(D)| = v3,(D) where 5, (D) is the multiplicative function

defined on primes by v}, (p) = v3(p) — 1. With these, the first (double) sum

contributes
vy (D)
4.5 Xk Md) A (dg) ==,
Df[dl,dz]
and our expression becomes
(4.6)
vi(D) VH(D)
X(k > Ad)M(dy) (D) (log3X) > A 5|
di,d2 di,ds
D=[d1,d2] D=[d,d2]

We have dealt with sums of type (4.4) and (4.5) in Chapter 3 using ana-
lytic methods by approximating them with integrals of zeta-functions. It is
also possible to deal with them using elementary sieve-theoretic arguments.
We have the following reciprocity law: Let L(d) and Y (r) be sequences of

numbers supported on square-free integers. If

(4.7) L(d) = p(d) Y Y (n) for all d > 1,

then

(4.8) Y(r) = u(r) ZL(m) for all r > 1.
rlm

This is easily seen by plugging in the definition and rearranging the sums.

Also, it is clear that if L(d) is supported on d < R, then Y (r) is supported
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on r < R. Now put

(4.9) L(d) =

Then since vy ((di,ds))vy (D) = vy(di)vy(de), we can write the sum in
(4.4) as

e T D
Di@(f?dz]
(4.10) (dy, do)
=SYOWe) 3 e
di|r, da|s

The inner sum is multiplicative, and for a prime dividing only one of r» and
s, it is easily worked out to be zero. Since r and s are square-free, it follows
that the inner sum is non-vanishing only when r» = s, in which case for a
prime divisor p of r its value is seen to be 1 — 1 — 1 + p/vy(p). Letting w
be the multiplicative function defined on primes by w(p) = p — vu(p), we

obtain

vu(r)

(4.11) S = ZY(T)2 w(r) _ Z WZ}Q(I;?;(T)’

where we have put Y (r) = y(r)vy(r)/w(r). Now for a multiplicative func-

tion g(n), if g(p) is “sufficiently close” to a constant k on primes, we have

n ogx k
(1.12) S A gy, 0B

n<x

where

() |, 90? 1"
413)  Gugn).s) =] (1+ 52+ T2 L4 ) (1- o= ) .
k . < p1+ p2(1+) > ( p1+ >

and the condition that g(n) is “sufficiently close” to k is essentially that

Gr(g(n), s) converges at s = 0. To see why this is so, consider the associated
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Dirichlet series,
— g(n L 90
STl ( e R
k
(4.14) L 90 1 k
H 1+s p2(1+s) o I- p1+5 C(]' + S)
p
G

(9(n), 5)¢(L + 8),

and if Gi(g(n), s) is bounded in a region o > —§, Perron’s formula will pick
up the main term asserted in (4.12). Now we assume that in (4.11), y(r) is
given by

(4.15) v =F (52,

where F'(t) is some measurable function supported on [0,1]. Then we can

use (4.12) and summation by parts to deduce that

(4.16)

vy (r ogr \ 2 1 k-1

S(H)S :G(H)z; ;(E”))F<lloggR> ~ (logR)k/O F(t)Q(kt_ it

where

~(vu)n \7!

G(H)—G< () ,0

_ vu(p) \ 1"

i () ()

vy Ald)vg(d)
(4.18) L*(d) = o(d)
and
(4.19) yr(r) = L),
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one obtains

_ v3(D)
Sy = dlz@ A(d1)M(do) o(D)
(4.20) D=ld1,ds]
oY)
—Zr: w(r)

We can work out y*(r) in terms of F' using the reciprocity law as follows.

We have

(4.21)
v =2y = 20 S 1)
H r|d
)~ vild) d
=m0 L @
o)) 4~ y(mn(n)
= 50" Ly o@D )

() v
= 5 > uldr) L S v (n ),

r|n d ‘ n
rtr
Now the summand of the inner sum is multiplicative, so working it out prime

by prime we see that it equals w(n/r)/¢(n/r). Hence

iy =Y y(mr)
A P Rt T B DS

m<R/r
(4.22) (m.r)=1
1
~ (log R) F(t)dt,
oe R
since with k =1 and
n/o(n), if (n,r) =1,
(4.23) g(n) =
0, otherwise,
the product G1(g(n),0) = ¢(r)/r. Using this in (4.12) and summing by

parts yields

1 1 2 k-2
(4.24) G*(H)Sy ~ (log R)FH1 / ( /t F(u)du) (kt_z)!dt,

0
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with
S*(H) : = Gp_1 (V?ZEZ;RO) 1
( vu(p) — 1) <1 B 1)—(k_1)
(4.25) p—— !

o-2) 1 2) "=

With these, we find that (4.6) is asymptotically

o k k72
a20) W (w1 ([ )
1 tk: 1
- (logSX)/O F(t)z(k i dt)

In other words, recalling that we can take R as large as X7/, the positivity

11
0G5 (5)05)
Il

of S hinges on the positivity of

(4.27) gpk(F) -1,

where pi(F) is the ratio

(4.28) k:/ </ du — dt// 0% tk 1 Gt

In fact it is easy to see that we can more generally find m + 1 primes if
we can show 5y (F) > m. Choosing F(t) = (1 — t)k+¢/(k + £)! here yields
pr(F) =4 —0(1) as k, £ — oo with £ = o(k), corresponding to the results
discussed in Chapter 2, i.e., we only just fail to produce bounded gaps with
level of distribution ¢ = 1/2, but any level > 1/2 suffices. Moreover, it can
be shown that for any polynomial F'(¢), the inequality px(F) < 4 holds, so
that the results obtained are essentially the limit of the method.
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The novelty introduced by the Maynard-Tao method is that instead of

weights of type
2

(4.29) Y@ |,

they consider
2

(4.30) Yoo M |

di|n+hi,i=1,...k
where d; ...d < R. With these “higher dimensional” weights, all the sieve
manipulations go through in an analogous fashion, and one can again use
a change of variables y,, . to diagonalize the sums over A’s, and in turn

put

log log ry,
4.31 A :
(4.31) Yriseeor (logR log R

with F(t1,...,t;) € R where R is the set of Riemann-integrable functions
supported on the set {(t1,...,tx) € [0,1]% : St; < 1}. Skipping all the
technicalities (the method will be sufficiently exposed through application
in Chapter 6), the effect of this modification is to replace p(F') by
(432 () = k[ ([ F(ty,... t)dty) dty_...dt

JF(t1, ... t)2%dtg ... dt

The freedom to optimise over a much larger space of functions has a very

dramatic effect. It is possible to choose F' to satisfy not only p) (F) >
4, but in fact Maynard demonstrates the existence of F' = F} such that
P (F) koo, 00, so that one can find not just two but any number of primes
within a bounded distance of each other, and that with any positive level
of distribution ¥ > 0, a consequence much stronger than the previously

available results.






CHAPTER 5

A Bombieri-Vinogradov type theorem

In this chapter we prove a Bombieri-Vinogradov type theorem tailored
to the problem of finding prime tuples in an arithmetic progression. In order
to find bounds in terms of the moduli that are uniform over as large a range
of the moduli as possible, we will have to restrict ourselves to arithmetic pro-
gressions in which primes are reasonably well-distributed, i.e. progressions
to moduli whose associated Dirichlet L-functions don’t vanish too close to
s = 1. We first recall relevant facts about the zeros of Dirichlet L-functions
and set some notation.

For the imaginary part 7 of a zero of an L-function, we shall denote |y|+1
by 7 for the sake of brevity. We first recall some basic facts concerning zero-
free regions of L-functions [3, §14]. There is a constant ¢y (the bounds cited
below are known in fact for different constants, but we take ¢y to be the
minimum of those to simplify notation) such that an L-function L(s,x) to
the modulus ¢ has no zero 8 + iy in the region

€0

5.1 B>1-— —,
(5.1) log gy

except possibly a single real zero, which can exist for at most one real char-
acter y (mod ¢). We call a modulus to which there’s such a primitive char-
acter an exceptional modulus, and the corresponding zero an exceptional
zero. Exceptional moduli are of the form ¢ = 2¥py ... py,, where v < 3 and
p1 < p2 < ...<pny are distinct odd primes, whence, by the Prime Number

Theorem, we have p,, > > log p > logg. On the other hand we have,

P<pm
for the real zeros, the unconditional bound

G
q'/?(log q)*
51

(5.2) B<1
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Also, if x1 and o are distinct real primitive characters to moduli ¢; and ¢
respectively and the corresponding L-functions have real zeros 51 and (o,

then the Landau-Page theorem states that these zeros must satisfy

. €0
5.3 min(f1, B2) <1 — .
>3 PP <1 g s

We shall have to confine ourselves to L-functions which don’t have a

zero in the region
*loglog X  _
(5.4) 521—%, v < exp (cﬁ\/logX)
log X
for a parameter X and given constants ¢* and ¢f. This is a consequence of
2
(5.2) when ¢ <« <(10;°1§7gXX)2) . We suppose that X is large enough in terms
of ¢f and ¢* such that

(5.5) 4 < 0 Vieg X
’ ~ 4c* loglog X

holds, and argue that there’s at most one modulus < exp (QCﬁ\/m ) to
which there’s a primitive character whose L-function vanishes in the region
(5.4). By (5.1), no non-exceptional zeros exist in the region stated, so we
only need to consider real zeros. Suppose there are two such moduli ¢; and

g2, with corresponding real zeros 51 and (3. Then using (5.3) we have,

1 c*loglog X co
(5.6) log X log qclgg

4ct\/log X’
which is impossible by (5.5). We denote this possibly existing unique mod-

ulus by ¢p and the greatest prime dividing qg by pg, or set pgp = 1 in case

2
qo does not exist. We note that gg > (%) , whence py > loglog X.
We put
1, if f(X) < (log X)°,
(5.7) P =
0, otherwise.

Our main parameter X is large enough and f(X) is a given increasing

function of X with f(X) <« X127¢" for some positive number 9 < 1/2. The
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modulus M of the arithmetic progression does not exceed f(X) and is not

a multiple of any number in a set Z of exceptions whose size Z; satisfies

0, if f(X) < (log X)%,
(5.8) Zp =141, if f(X) < exp (cy/log X),
O ((loglog X)C) , otherwise.

We denote characters modulo ¢, M, and ¢M by v, £, and x respectively.
A summation Z; over characters with an asterisk in the superscript denotes
that the summation is over primitive characters only.

We first quote here a zero-density result [18, Theorem 10.4 and the

following remark]| which we will need in our proof.

THEOREM 5.1. Let m be given and N(1—9,T,x) be the number of zeros
B+ iy of L(s,x) in the region 1 —§ < B, |y| < T. Put

(5.9)  NA-omQT)= > S Y N1-5T).

¢<Q 1 (mod q) ¢ (mod m)
(g;m)=1

Then for § < 1/2 and any € > 0, we have
(5.10)  N(1-8m,Q.T) < ((mQT)* + (mQT)") (logmQT)",

for some constant A, where

(5.11) ¢(8) = min <1i5 2_335> .

We estimate the number of the moduli we will have to exclude in the

following proposition.

PROPOSITION 5.2. Let ¢* and ¢! be given constants. There is a set Z
of exceptions with |Z| < (log X)¢ such that if X is large enough, then
for all M < f(X) that is not a multiple of any number in Z and all
g < exp (cﬁ\/W) with (¢, Mpg) = 1, the L-functions L(s,¢€), where
¥ (mod q) is primitive and & is any character (mod M), have no zeros in

the region 1 — < lﬁ)gglg(gx <B <1, |y <exp (cﬁ\/log ) The set Z can have
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elements < exp (cﬁ\/log X) only if qo exists, in which case those elements

are all multiples of po.

PROOF. Suppose that M is a modulus such that for some character £
(mod M) and a primitive character ¢ (mod q), L(s,%€) has a zero in the
region indicated. Then ¢ must be induced by a character of the form &*,
where £* (mod m) is a primitive character modulo m | M. We estimate the

number of such m. Let

(5.12)
Z ={m < f(X) : there exist ¢ < exp (cﬁ log X) and x (mod mgq)

with (¢, mpg) =1 and x primitive, such that L(5 + iy, x) =0

_ c*loglog X
for some 8 > 1 — =575}

be the set of exceptions whose size we wish to bound. We divide the ranges

1 <m< f(X),1<q<exp (cﬁ\/logX), and 7 < exp (cﬁ\/logX) into
dyadic segments [M)/2, M), [Q,./2,Qu) and [T,,/2,T,) respectively. Then,

(5.13)  #Z< Z > Y 1— CREREX T, X).

“u,,I/ m<M>\ q<Q,U« (mOd qm)
(q7mp0) 1

Using Theorem 5.1 with m = 1 and M@, in place of Q, the above is

12¢* log log X
(5.14) < ST (MBQAT,) eex (log QuT,)C < (log X)©,
A,V

where C and the implicit constant depend on ¢* and ¢f. Now suppose that X
is large enough to satisfy (5.5). Then if m € Z with m < exp (c*y/log X ), so
that mgq < exp (2¢*y/log X), then by the discussion in Section 1, L(s, x) = 0
with primitive x (mod mgq) implies mqg = qo, and since py 1 ¢, we have

po‘m. O

REMARK. If f(X) <exp (c\/log X) for some constant ¢, then choosing
¢ to be such a constant, one sees that Z can be taken to be at most a

singleton.
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REMARK. We see that asymptotically almost all moduli remain after

exceptions, because the excluded moduli number at most < 0 J(X)

TToglog X)» Since

po > loglog X.

Using this proposition, we prove the following theorem. We indulge in
a slight notational conflict between the Chebyshev function ¥ (X) and the
character 1(n) (mod ¢), which should be tolerable given the context. The
functions ¥ (X;q, a) and ¥ (X, x) are distinguished by their arguments.

THEOREM 5.3. Let A be a given positive number. There exists a positive
number B such that for all M < f(X), except those that are multiples of
numbers in a set of size Zy, we have

(5.15)
. 4 D(X) X ow XA
L PO = | < S (o8

1/2 _
q<X6/5 (log X) B

(Q7Mp0):1

where the implicit constants depend on A.

PROOF. Let ¢* be a constant to be specified later in terms of A, and
pick ¢ arbitrarily (or, in case f(X) < exp (cy/log X) for some ¢, pick cf
according to the first remark following Proposition 5.2), so that Proposition
5.2 furnishes us with a set Z of size Zy. Then if M is not a multiple of any
number in Z, ¢ < exp (cﬁ\/m) and (¢, Mpo) = 1 then no L(s,¢) with
¢ primitive has a zero in the region > 1— < lﬁ)gglg(gx, 5y < exp (cﬁ\/m)
We put Q = X1/20/-6/5(1og X)~B for the sake of brevity. We have

1 -
(5.16) V(XiaM.a) = o X<m§qM>X(W(X’X)
and
(5.17) (X x0) = (X)| < D Aln) < (loggM)(log X),
n<X

(n,gM)>1
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so it suffices to consider, within acceptable error,

1
(5.18) > max > X(@g(X,x)|-
= (aad=1 ‘ plaM) e
(g,Mpo)=1 XFX0

Since (M, q) = 1, we can factorize x as &, where 1) and & are characters to

the moduli ¢ and M respectively, so that (5.18) is

1
(5.19) > max |——— »  pE(a)p(X,vE)|.
=5 (aad=1 ‘s@(qM) b (k. &)
(¢, Mpo)=1 € (mod M)
YE£X0

We replace each character ¢ with the primitive character * inducing it.

This leads to an error of
(5.20)
x1/2

> S5 Al o exp (—ehyon ) log X%

q<Q Qp( )¢(mod q) n<X
(a,Mpo)=1 € (mod M) (n,q)>1

and this is acceptable. Using the explicit formula for (X, x) in the form

XP
(5.21) PX o)== S T+ O(X(log X)),
lexirz X
Bx>1/2

we are left to bound

1 1 XPyrs

62 ap X s > 2 X
< ¢ (mod M) v (mod q) |7w*§\§X1/2
(Q7Mp0):1 5w*5>1/2

We rearrange the sum according to the moduli of the primitive characters
1¥* that occur, hence after relabelling the dummy variables so that ¢ is now

the modulus of ¥*, we have

(5.23)
- Z Z Z* Z R Z 1
M) L M) (o e Pl ¢ (kq)
< mo mod q) |y, |<X1/2 k<Q/q
(q,Mpo)=1 Bpe>1/2 (k,Mpo)=1

X (log X)? X —(1=Bye)
R D VNP VR DD D
q<Q2 f (mod M) (mod q) e |<x1/2
(g, Mpo)= Bye>1/2
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We divide the ranges for ¢ and 7 into dyadic segments, and the range for
into segments of length (log X)~! as follows.

(5.24) ¢ €[Qu/2,Qu),  FE[L/2,T), 1-PF€ldr—(logX)™" ),

where 2 < Q, = 2# < 20,2 < T, = 2¥ < 2X"/2 and (log X)™' < 6, =
A(log X)~1 < 1/2. So our expression is

X (log X)° N*(1 -6, M T,
(525) < ( og ) sup ( Ay 7Q/J7 V)X_(S)‘,
(M) (Mu,v) Q.T,
where
(5.26)

N*(l_(s)\vM?Qu:TI/): Z Z Z 1_5)\7Tl/7w‘5)'

QH/2<q<Qu v (mod q) & (mod M)
(‘LMPO)

Thus we need to show, for all triples (A, u, ), dropping the subscripts for

economy of notation, the upper bound

(5.27) N*(1-6,M,Q,T) < QT X°(log X) 45

To this end we use the Theorem 5.1, which for our ranges of Q) and 7 yields,
(528)  N*(1—06,M,R,T) < ((MQT)2<S +(MQ*T)C ) (log X)©’

where C’ is an absolute constant.
Since for 0 < ¢ < 1/2, we have
(MQT)*
QT
the contribution of the first term on the right hand side of (5.28) is accept-
able if § >

(5.29) (log X)°" < M (log X',

15, say. So we only need to show

2\ c(6)d ,
(5.30) (MQQTT) < X%(log X )~ (AF+C+D)
for 0 < 4§ <1/2, and
20
(5.31) (MS;F ) < X%(log X )~ (A+C"+5)

for 0 <6 < .
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If § <0< 3, we have ¢(§) = 125. Here 66/(1+6) —1 < 26, 36/(1 +

§) —1<0and 35/(1+40) < 4, so

(MQXT)™5s _ (MQ?)rs
or @

19
124 Xl/? 2
(5.32) KM=T) g ——
: M (log X)B

< X%(log X)~208

< X(5(10g X)*(A+C/+5)’

if B>2(A+C"+5).
If 2 <6<1 wehavec() =3/(2—35). Here also 36/(2 — 35) < 120,
0<65/(2—30)—1<26and 36/(2—35) —1 <0, so
MQPT)Ts _ (M@Y)>s

or S q

EY)
1/2 5
(5.33) o[ X
M5 (log X)B

< M%éX%‘S(log X)fé‘SB,

and this is < X°(log X)W+ +9) if M <« X5/'2 and B > B (A+ O +5).
Now suppose § < . Then 66/(2 —35) —1 < —1 and 3§/(2 — 30) < 20,

50
(5.34) W%?Q% < MP(QT)™/?,
as well as

(5.35) ng)% < M*(QT)"V/2.

Now if M < X2 and QT > exp (cﬁ\/log X), the right hand side is

(5.36) < M* exp (*%\/@) < X9(log X)~(A+C"+5),
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Otherwise, if QT < exp (cfy/log X), we use the fact that § > mﬁ)gg# by

our assumption on M, and we have

M2 3 *
< <> < exp <—C loglogX>
(5.37) X 5

< (IOg X)*(A+C/+5)’

provided ¢* > 5(A + C' +5). O

REMARK. Note that when M indeed reaches X°/12, the sum is vacuous
and the theorem is trivial. We will apply it with M <« X 8% for some

positive ¥ to get “level of distribution” 1.

For the shorter range M < (log X)®, we can simply use the classical
Bombieri-Vinogradov theorem (see, for instance, [3, §28]) with A 4+ C in
place of A, and gain a factor of ¢(M) without any further modifications.

THEOREM 5.4. Let A be a given positive number and let M < (log X)©
be an integer. Then there is a positive number B such that

(5.38)

Z max W(X;qM,a) — w(()]\?) < ();4) (log X)~4,
Jex A xy-p (@M= o(q @
(g, M)=1

where the implicit constant depends on A and C.

We would like to express these results in a unified fashion. To that end,
given an increasing function f(X) of X such that f(X) < X 12767 with

¥ > 0, we introduce the following notation.

1 if f(X) < exp (CyIog X),

9, otherwise.

(5.39) ef =

With this we have

THEOREM b5.5. Let A be given positive numbers and f(X) an increasing
function of X satisfying f(X) < X¢ with C < 5/12. Then for all M <
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f(X), except multiples of numbers in a set of size at most Z¢, and all § > 0,
we have

P(X) X —A
. < |w(XiqM,a) - log X)~A.
(5.40) q<§_6 L [Y(XsaM,a) - 2P| < S (log X)

(¢, M Py)=1

Now we are in a position to prove our main results.



CHAPTER 6

Bounded gaps between primes in arithmetic

progressions

In this chapter we apply the Maynard-Tao method to the problem of
finding primes in arithmetic progressions in tuples with diameter that is
bounded uniformly in terms of the moduli. We first fix some notation and

describe our set-up.

1. Notation and setup

We retain the notation introduced in Chapter 5, so that X is our main
parameter, and f(X), Z¢, Py and ey are as described. Put 2 = X/M and let
W = HpgDop be the product of primes not exceeding Dy = logloglog X,
and in turn put W = W/(W, PsM) and V = W'M. Also put R = N29-0 for
some small positive §. Let H = {hq,...,hi} be an admissible k-tuple with
diam(#H) < DoM such that h; = a (mod M), i=1,...,k for a given residue

class a (mod M) coprime to M. The weights Ag, 4, are supported on

k
(I1,di,VPs) =1, [[;di < R, and u([];d;)? = 1 (the last condition implies,
of course, that (d;,d;) = 1). We also choose v such that (Mvy+h;, W) =1
for i = 1,...,k (this is possible because H is admissible).

With these, we will consider the sum

61) SV = " <§:X1‘P’(nM"‘hi)_P>< > >\d1,...,dk>2a

z<n<2zx i=1 d;InM+h;
n=vg (mod W')

where xp is the characteristic function of primes. Clearly, the positivity of

S() implies that for at least one n € [,2z), the inner sum is positive, and

this establishes the existence of at least |p + 1] primes among the numbers

61
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nM+h;, i =1,...,k but nM lies in [X,2X) and each nM + h; is congruent
to a (mod M) by the condition on H.

2. Results

Our main theorem is the following.

THEOREM 6.1. Let k be a given integer, 9 < 1/2, and f(X) < Xi6Y
an increasing function of X. Further, let Sy be the set of all piecewise
differentiable functions R¥ — R supported on the set Ry = {(z1,...,x3) €
0,1% : S8 2 =13}, and put

(m)
Yo i (F)
6.2 My = sup ="=——"——,

where

1 1
(6.3) Ik(F):/ / F(ty,... tg)%dty ... dty,
0 0

2
1 1 1
(6.4) J,§m>(F):/ / (/ F(tl,...,tk)dtm> dty ... dty—1dtmirdiy.
0 0 0

Then, if X is large enough, then for all M < f(X), except those which
are multiples of numbers in a set of size Zy, all residue classes a (mod M)
coprime to M, and all admissible k-tuples H = {h1,..., hi} such that h; = a
(mod M), i = 1,...,k, there is a multiple nM of M with nM € [X,2X]
such that at least r, = [9M}, /2] of the numbers nM + h;, i = 1,...,k are

PTiMmes.

We can instantiate this to some concrete cases to deduce certain facts.
We denote by p/, the n-th prime that is congruent to a (mod M). First
note that if f(X) < exp (c\/m ) for some ¢, we can apply the theorem
with 9 as close to 1/2 as we like, and the set of exceptions will be empty
or a singleton according as f(X) < (log X)¢ for some C or not. In either
case taking k£ = 105 suffices to produce two primes, by Proposition 4.3 of
Maynard [20], and if we use the refinement Ms4 > 4.002 from the Polymath

project [27, Theorem 23], an admissible 54-tuple, which exists with diameter
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270 [27, Theorem 17], is sufficient. To produce r primes with arbitrary r, we
use the bound Mj, > log k+O(1) [27, Theorem 23] to see that a [+ ]-tuple
suffices. From any admissible tuple {h;}; we can obtain a tuple {Mh; + a};
whose members are all congruent to a (mod M), with diameter dilated by
M. Using the admissible tuple { Mpr(x)+1+a, ..., Mpr(p)4+r+a} of diameter
< Mklogk when r is large, we have the following theorems.

THEOREM 6.2. Let C be a given positive constant. Then if X is suffi-
ciently large, for all M < (log X)© and all a with (a, M) = 1, there is a
pl, € [X,2X] such that

(6.5) Pra1 — Pp < 270M.

THEOREM 6.3. Let ¢ be a given positive constant. Then if X is suffi-
ciently large, for all M < exp (CM) except those that are a multiple of
a single number, and all a with (a, M) = 1, there is a p), € [X,2X] such
that

(6.6) Plyi1 = Py < 270M.

THEOREM 6.4. Let r be a positive integer and C be a given positive
constant. Then if X is sufficiently large, for all M < (log X)¢ and all a
with (a, M) =1, there is a p}, € [X,2X] such that

(6.7) D — Dy L 1€ M.

THEOREM 6.5. Let r be a positive integer and c be a given positive con-
stant. Then if X is sufficiently large, for all M < exp (c\/log X) except
those that are a multiple of a single number, and all a with (a, M) = 1,

there is a pl, € [X,2X] such that
(6.8) Dl — Py K 1" M.

When M is allowed to grow as large as a power of X our tuple lengths

have to grow and our bounds get much weaker. Suppose M <« X 277 for
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some positive 7. In that case Theorem 6.1 applies with ¥ = 61/5, so that
to find r 4+ 1 primes we need k such that

M,
(6.9) My
5
We again use the fact that
(6.10) My, > logk 4+ O(1)

5r
when £ is sufficiently large to see that if k¥ > Ce3n for some absolute con-
5r
stant C, (6.9) is satisfied. We take k = [Ce37], take the admissible tuple
{Mpr(ky41 + @ - ., Mpr(py+r + a} of diameter Mklogk, and obtain

THEOREM 6.6. Let n be given with 0 < n < 5/12, and let r be a positive
integer. Then if X is sufficiently large, for all M < X" except those
that are multiples of numbers in a set of size < (log X)¢ , and all a with
(a, M) =1, there is a p), € [X,2X] such that

51
(6.11) Ppgr = Pp < (;) 1 M.

In order to prove Theorem 6.1, we write

(6.12) S0 = Sy — pSi,
where
2
(613) Sl == Z ( Z )\dl,...,dk> I
r<n<2z dilnM+h;
n=vg (mod W’)
and
k
Sp=> 55"

m=1
(6.14) L 2

m=1 r<n<2z diInM+h;

so that we can estimate S() by the following proposition.
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PROPOSITION 6.7. Let k be a given integer and let X be a parameter
that is large enough. Let Ag, . 4, be defined in terms of a fized piecewise

differentiable function F by

(6.15)
k k 2
(Il ri)” . logry log 7
A = d;)d; F AR )
d;|riVi
(ri,V)=1¥i

whenever (Hf:1 d;,VPr) =1, and let \q, ... q, = 0 otherwise. Moreover, let
F be supported on Ry = {(z1,...,2x) € [0,1% : S8 2, < 1}. Then we

have
616) = (o) LTI
(6.17) Sy = (1 + o(1)) (VP X (log R & Z T (F),

V(VPp)Flog X

provided Iy(F) # 0 and ka) (F) # 0 for each m, where I;(F) and J,E,m)(F)
are given by (6.3) and (6.4) respectively.

From this, Theorem 6.1 immediately follows.

PROOF OF THEOREM 6.1. Let S; and My, be as in Theorem 6.1. Then
for any § > 0, we can find Fy € Sk such that Zﬁzl J,Sm)(Fo) > (M —
0) I (Fp). With this Fy, we have, by (6.12) and Proposition 6.7

VP log R)* (log R m
5t P X;EVPJE) <1O§N Zﬂ () - Pfk(Fo)-l-O(l))

o(VPp)*X (log R)* 9
e

If p = 9IMy/2 — ¢, then with § sufficiently small, we have 5 > 0 for all

—6) (M, — 9) —p+0(1)).

large enough X, implying that at least [p + 1] of the nM + h; are prime.
Since |p+ 1| = [9M}/2] for ' small enough, we obtain our result. O
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3. Proof of Proposition 6.7

This section consists of lemmata that establish Proposition 6.7. They
follow the corresponding results in [20] mutatis mutandis. In [20], the pa-

rameter W features in a dual role: first in that the weights Ay . 4, are

k
supported for ([[d;, W) = 1, and second in the “W-trick”, i.e. in restricting
n ton = vy (mod W). In our case we have V Py in the first role and W’ in

the second.

LEMMA 6.8. Let

k
_ | | r - >‘d1,~~-,dk
(618) Yri,iry = ( ,UJ( 1)80( 1)) E Hk 1di’

i=1 1y
ri|d;Vi

and let Ymaz = SUPy,  yp [Yry,...r,|- Then we have

Yarr, oot s <y§iam¢(VPf)’“X(log X)’“)

X
(6.19) Si== >
Vo I () V(VP;)kDy

PROOF. We start by rearranging the sum on the right hand side of (6.13)

to obtain
(6'20) S = Z /\d1,~-,dk)‘61,~~76k Z L.
di,...,d rz<n<2z
€1,.,€k n=vg (mod W')
[di,ei“nM-i—hi
Now when W', [dy, e1], ... [d, €] are pairwise coprime, the inner sum is over

a single residue class modulo ¢ = W’[[,[d;, e;] by the Chinese Remainder
Theorem, otherwise it is empty, in the case p | (W', [d;, €;]) because of the
condition (W', Mg+ h;) = 1, and in the case p | ([d;, €;], [d;, €]) because it
would imply p | h; — hj, but h; — h; = fM for some f < Dg since h; and h;
lie in the same residue class modulo M, but pt M and p can’t be a prime
less than Dy by the support of A. Since f < Dg by the diameter of H, we

deduce that there’s no contribution when ([d;, €;], [d}, e;]) > 1.
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Thus the inner sum is x/q + O(1), and we have

X rA Aeqoe !
(621)  S=7 3 W+O( > IAdl,..,,dkAel,,..,ekl),

dl,...,dk Hi:l[di’ei] dl,...,dk
€1,--,€k €1,--,€k

/
where Z denotes the coprimality restrictions. The error term is plainly

2
(6.22) <A (Z Tk(d)> < A2, R%*(log X)%*,
d<R

where Aae = SUDg, .. dy Ady,...d,- To deal with the main term, we use the

identity

| 1
(6.23) del " de Z.(P(Ui)

and rewrite it as

(E 21) Z ﬁ ( ) y )\dly-.-ydk>\ely...76k
150k

€1,..,€k
u;|d;,e; Vi

By the support of X\, we may drop the requirement that W’ is coprime
to [d;,e;]. Also by the support of A, terms with (d;,d;) > 1 with i # j
have no contribution. Thus our restrictions boil down to (d;,ej) = 1 for
1 # j. We may remove this requirement by multiplying our expression with
ZSi,dei,ej (i 5) for all 4, j. Then our main term becomes

(6.25)

X Ady,...dyAer,....e
v > (Hw(ui)> > ( 11 #(Si,j)> > dl_[fildiei‘

UL,eeyUg \G=1 51,25k —1,k 1<4,j<k dy,....dg
i#j €1,--,€k
u;i|d;,e; Vi

s4,5]di,e;ViFE]

We may restrict s; ; to be coprime to u;, u;, s;, and sp; for all a # ¢ and
b # j since these have no contribution by the support of \. We denote

the summation with these restrictions by >_*. We introduce the change of
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variable
. Ady,od
(6.26) yrl,...,m:(HM(mﬁp(m)) > T
=1 di,....dr [Tizy di
ri|d; Vi

Thus yp,, .. r, is supported on r = [[, 7 < R, (r,VPf) =1 and p(r)? = 1.

This change is invertible and we have

Yri,ry )\dl,...,dk
(6.27) - = — .
7“6[1,'.2.,@;? Hi:l o(r;) Hi:l p(di)d;

Hence any choice of y,, ., with the above mentioned support will yield a
choice of Ay, . q4,. We note here that Maynard’s estimate of Ay,q, in terms

of Ymaz = SUP,, _ , Yry,...,r, DOlds verbatim and we have

So our error term (6.22) is O(y2,,,R*(log X)*¥). Using our change of vari-

ymax

ables we obtain

s-X % (f[go ) > (T e

ULyeesUf \1=1 81,25-58k—1,k 1<i,j<k
(6.29) #]
p(ai) (b
(H ()0 )yal, sag Yor,....by, +0 (ymaZ’RQ(lOg X) )

where aj = u; [, .;sj; and bj = u; [],,; si,j. Since there’s no contribution
when a; or b; are not squarefree, we may rewrite pi(a;) as p(u;) [[; .5 1(s54),

and similarly for ¢(a;), 1(b;) and ¢(b;). This gives us
(6.30)

Sy = Z (]j

ul,‘..,uk

* l’L SZ,]
Z o(51)2 Ya,...,ap Yb1,....b
1<4,j<k i

81,2538k, k—1
()

+0 (yfmzRQ(log X)4k> .
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There is no contribution from s;; with 1 < s;; < Dp because of the re-

stricted support of . The contribution when s; ; > Dy is

(6.31)
2 E2—k—1
ymazX< > ( u >< pu(s) >
< > > P
4 u<R ('0 s”>D s>1 SO S
(u,VPf)
PtV P X (l0g X)*
V(VPf)kDO

Our previous error of y2,,, R?(log X)* can be absorbed into this error, and

the terms with s; ; = 1 give us our desired main term. O

LEMMA 6.9. Let S(m) be as defined in (6.14), and let

(6.32) y”, (Hu 7i)g m) Z /\dl’ ’d

17 ) k
ri|d;Vi
dm=1
where g is the totally multiplicative function defined on primes by g(p) =

p—2. Let y’r(na)x = sup,, . Tk|yr17 il Then for any fized A > 0, we have

(6.33)

s Xy (i)’

Toe(M)log X = TTE (i)

+O<<y&"§é)%(vpf>’“1X(logX>“> +O< ( Yaa X )

p(V)(VPs)E=1Dy M)(log X)4

Proor. We first rearrange the sum to obtain

(6.34) S5 = N Myt derner Y. Xe(nM A+ hy).

dy,...,dg r<n<2z
€1,..,Ck n=vy (mod W)
[di,eiHnM—l—hi
In the inner sum, when W', [dy, e1],. .., [dk, ex] are pairwise relatively prime,

the conditions determine n modulo ¢ = W'T],[d;, e;], because (M, [d;, e;]) =
1 by the support of A. In turn, nM + h,, is determined modulo ¢M =
V 11,[di, ei]. Note that here (g, P¢) = 1. Also, if ([d;, e;],nM + hy,) > 1 with
i # m, then p | |h; — hy| = fM for some p | [d;,e;] and f < Dy by the
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diameter of H, and since d; and e; are relatively prime to both M and W
by the support of A, this is not possible. So nM + h,, is relatively prime to

the modulus if and only if d,,, = e,,, = 1. Thus we can write

(6.35)
> xe(nM+hy) = > xe(n)
r<n<2x X+hm<n<2X-+hm,
n=vg (mod W) n=b (mod gM)
[di,ei“?’LM-‘rhi
= Px + E(X,qM) + O(1)
(V) I1; e([di, ei]) ’ ’
where
(6.36) Bxan=| ¥ w2
X<n<2X QO(QM)

n=b (mod q¢M)

Px is the number of primes in [X,2X], and the O(1) term arises from

ignoring the shift by h,, in the sum. Thus the main term becomes

77)( 1 Ny ... e
6.37 ZF. cu. <5
(6.57) P ey

81’ 7ek
where S’ denotes that W', [dy,e1], ..., [dy, ex] are pairwise relatively prime.
As before, there is no contribution when (W', [d;,e;]) > 1 or (d;,d;) > 1
and we remove the conditions (d;, e;) = 1 by multiplying our expression by

> sigldise; 1(si ). We also use the identity (valid for squarefree d; and e;),

1 1
(6.38) el = pldpley 2 90

ug|ds,e;

where ¢ is the totally multiplicative function defined on primes by g(p) =

p — 2. The main term then becomes

(6.39)
P i A
X di,....d yers
7(‘/) Z (Hg(uﬁ) Z ( H ,u(sw > Z 1yees @i )el(e )k
v ULyl 1=1 51,2,98k—1,k 1<0,5<k di,.. Pl
1#] €1;.. 761@
w;|d;,e;Vi

si,jldi,e;Vity

dm=em=1
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We again restrict s; ; to be coprime to u;, uj, s;, and s ; for all a # ¢ and

b # j as before, and make the change of variable

(6.40) w (H“” ”) Z P[dh (’dk)

-----

This is invertible, and yﬁn)rk is supported on ([ [, 7, VPf) =1, [, < R,
w(I1;7:)> =1 and ry, = 1. Then the main term becomes

(6. 41)

Z( M ) > (H ilsig) )yal,),akyéf)._,k,

ULy =1 81,258k —1,k 1<1]<k ’]

i#]

90(

where a; = u; [, ,; s;j: and bj = u; [], ;8,5 for each 1 < j < k. Because
of the restricted support of y, there is no contribution from terms with
(sij, VPf) > 1. So we only need to consider s;; = 1 or s;; > Dy. The

contribution when s; ; > Dy is

(6.42)
(yimie) X )\ F=1 g pi(s)? nlsig)?
< o(V) logX< ug}; g(u) ) (XS: g(s)? ) . Z:D Sij)
(u,VPs)=1 pIme

(ySr) 2 (V Pr)F=1 X (log X )F~2
o(V)(VPy)F=1Dq

<

The contribution from s; ; = 1 gives us the main term which is

Px (W)
(6.43) = AUV

By the prime number theorem, Py = X/log X + O(X/(log X)?)), and the
error here contributes
(6.44)

(ym))2x P>\ E-1 (yimae) >0 (V PR 1 X (log X3
(V)(logX)2< > ) < o(V)(V PpyF-1 ’

u<R
(u,VPy)=1

which can be absorbed in the error term from (6.42).
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Now we turn to the contribution of the error terms in (6.35), which is

(6.45) < Y Pyt Aer e (B(X, gM) + 1)
di,...,dg
€1,..,ek

From the support of A\, we see that we only need to consider square-free ¢
with ¢ < W/R? and (¢, M P¢) = 1. Since for a square-free integer ¢ there are
at most 73x(g) choices of di,...,dg,e1,...,e; for which ¢ = W'[[,[d;, ei],

we see that the error is

(6.46)
Mo > 1@ e @BX, qM) + X Y () 7sk(a).
q<W’R2 q<W/R2
(q,MPf):l (q,MPf):l

W’'R%log(W'R?)3~1. For the first term
we use the Cauchy-Schwarz inequality and the trivial bound E(X,¢M) <
X/p(gM) to see that it is

Now the second term is < A2, .

(6.47)
i Y @) (Y warEan)
L — (@) 3(q) —— w(q)"E(X,q :
Q(M)1/2 ( , @(Q)> < , )
W'R W'R
(5541’,:#1 (g,prf)ﬂ

The first sum is < X log(W'R?)3*. Now for X large enough, W'R? <

X¢=% so that Theorem 5.5 applies to yield that the second sum is <

w()Jf/I) (log X)~4 for A arbitrarily large. Thus the total contribution is

2
ymamX

(6.48) < (M) (log X)A"

and this completes the proof. O

LEmMMA 6.10. If r, =1,

Yri, e Pon—1,Gm s Tyl yeeesT ymam(tp(vpf) IOgX
6.49 (m) _ 10 1,Am,"m+1,--5Tk 0 )
( ) y?"1,...,7"k ; So(am) + VPfDO
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PROOF. We assume that r,,, = 1. We substitute (6.27) into (6.40) and

obtain
: b ud)d; y
(6.50) yf” = ([T wtrg(r: ( : > Y
' " (H )d1,z:dk H Sp(dl) al;ak H?:l Sp(ai)
ri|d;Vi d;|a;Vi
m=1

Swapping summations over d and a, we have

Yas,...,ak
(6.51) wl" (Hun () D et
" aroar 1Lz ©(as) di,dy  i=1 p(di)

rila;vi d;la;,ri|d;Vi

m=

e

The inner sum can be directly computed when a; is squarefree, which is the

only case that matters by the support of y. We have

,U _ u(ra)ri pu(di)d;
2 Sl T e 2 el

d;lag,ri|d;

i) -1

(0:52) () 1|_[ -
_ pra)ri plai/ri)  plai)ri
o(ri) elai/ri)  pla;)

Hence
k

653) = ([Tueoge)) 3o = HM

a
i=1 ai,...,ak 1= 190 CL@ i#£m SO v
rila;Vi

By the support of y, we need only consider a; with (aj,VP;) = 1. This

implies a; = r; or a; > Dgrj. The total contribution from a; # r; when

k
L Ymaz (H 9(%‘)%’) ( H )
i=1 a]>D0T]

1(ay p(ai)
(6.54) X( a;R o ﬂ)lgk(w (ai) >

(am,VPf)=1 i#£j,m

H g 7’% 7'2 ymaxSO(VPf) log R < yma:cQO(VPf) log X
i1 TZ VPfD() VPfD() .

JjF#mis
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Thus we find that

k
(6.55) yn (H ) Z Yr1 e Prrn—1,Gm Tt 1y Tk

an p(am)
Lo Ymazp(V Pr)log X '
VP D,
Since the product is 1 4+ O(Dy '), we have the result. O

LEMMA 6.11. Let y,,....r, be given in terms of a piecewise differentiable

function F supported on Ry, = {(x1,...,21) € [0,1] ZZ Lz =1} by

log 1 log r,
(6.56) Yoo (logR logR)

whenever r =[], r; is squarefree and satisfies (r,V Ps) = 1. Put

(657) Fmax: sup ’ t17-" ‘+Z‘7 t1,...,1 )‘
(t1,---,t)€[0,1]%
Then
p(VPy)" X (log R)*
6.58) S1 = Iy (F
658) 8 = 2h B ()
n O(anaxcp(VPf)kX(log X)Flog logX>
V(VPy)kDy ’

where

(6.59) / / (tr,... t,)%dt, ... dtg

PROOF. We use (6.56) in our expression for S; from Lemma 6.8 and

obtain
X 'UJ ul log U1 log Uk~ 2
S TV ...
v ulz“k (}_[1 (ui) > logR’" " log R)
(6.60) (ui,uj)=1itj

(us,V Py)=1Vi

+0 FEnamQO(VPf)kX(log X)k
V(VPy)kDy .
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Now if (us,u;) > 1 for some i # j and (u;, V Pr) = (uj, VP) = 1, then there
is a prime p | (us,u;) with p { V.Py, so a fortiori pt W and p > Dy. Thus

the cost of dropping the condition (u;,u;) = 1 is an error of size

(6.61)

k
max § : 2 : HM(U’Z)
(7
p>Do  u1,...,up<R =1 Pl

plug,uj
(ui,V Py)=1Vi

F2 X 1 2\k F2 V PE X (log X))k
< mazx Z 2( Z :u(u) ) max@p( f) - (Og )
\%4 p>Do (p - 1) V(VPf) D()

Thus we are left to evaluate

() log Uy log ug \ 2

(6.62) § < > )"

i Zl_Il (u;) log R log R
(us,VPp)=1Vi

This differs from the corresponding sum in Maynard’s work only in that we
have a V Py, which does not have as small prime factors, in place of W. We
put,

1, if py VP,

(6.63) v(p) =
0, otherwise.

Then we can use Lemma 6.1 of [20] with kK =1,

Lt Y (3 4 3 )

p|V Py p<logR  p|MPs
(6.64) p>log R

log M Py
log R

< loglog R + < loglog X,

and Ay and A, suitable constants. The lemma then yields

(6.65)
k 2
() log uq log ug \ 2
E UL yeeny U F N
(weVB)=1vi (H p(ui) ) (10gR 10gR)

. @(fo)k(log R)k maz(p(vpf) (1Og X)k_l log IOgX
=y 0o (VP )
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with
1 1
(6.66) I (F) :/ / F(ty, ... tg)2dty ... dty,
0 0
and the proof is complete. ([l

LEMMA 6.12. Let yp,....r., F', and Fyq. be as in Lemma 6.11. Then

(6.67)
§m) _ sO(VPf)’“X(logR)’”lJ(m)(F)+O F2 oo p(V Pp)F X (log X)F
2 V(VPpklogX F V(V P)kDy ’

where

(6.68)

2
1 1 1
J,gm><p):/0 /0 (/O F(tl,...,tk)dtm> dt1 ... dtm_1dtmsr - . . dty.

ProOOF. From Lemma 6.9, we want to evaluate the sum

() )?
(6.69) AUyt )
ul,z;uk Hf:l g(ul)

First we estimate yﬁ’ln)rk Recall that the weights y,(ﬂ:n)rk are supported

on (IT;r,VPs) = 1, w(I1;7:)> = 1, (rs,7;) = 1 when i # j and 7, = 1.
(m)

Then substituting (6.56) into our expression for yﬁﬁ,m from Lemma 6.10,

we obtain
(6.70)
> (u)?
(m) _ % F(log 1 logrm—1 logu logrmi1 log rk)
Yy, = logR>" "7’ logR ’logR’ logR ' "’ logR

(w,VPI],rs)=1

Fono(VP) log X
10 p(VPy)log X\
VP Do

From this it is plain that
VP

(671) y,(fz)z < UFmax 10g X.
VP,

Now we use Lemma 6.1 of [20] again, with x = 1,

1, if ptVPIIE,
(6.72) v(p) =

0, otherwise.
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673) Leit Y Bl (Y 4 ¥ )1°§p<<1oglogX,

plVII;mi p<logR p|MP;I];r;
p>log R

and Ay, Ay suitable constants to obtain

(6.74)
k
o(V Py) (VPr)log X
(m) 1 r) o(r Frazp f
Y= (log R) 5 VP, (1;[1 ) O VP Dy ’
where
L logr log 71 log 71 log ry,
75) E = [ F "L b el dt .
(6 75) T1,..sTk / (1OgR7 Y logR Y Y IOgR Y Y ]ogR)

This is valid if 7,,, = 1, and r = [[*_, r; satisfies (r, VP;) = 1 and pu(r)? = 1,
otherwise y,(fln)rk = 0. Squared, (6.74) gives

(047, =tog R 25T GIW D E,
(6.76)
(Fmaz) SO(VPf) (10g X)
+O< (VP;)2D, )'

(m)

Using this in the expression for S5 7 from Lemma 6.9, we have

) _ ¢(VP;)?X(log R)? b )20 r)®N  m

(r4,V Py)=1
(risr)=1¥it]
rm=1
L0 F2 (VPP X (log X)*
V(V.Pf)kDg ’

We drop the condition (r;,7;) =1 as before, this time introducing an error

of size

Frnas(V Py)"X (log R)* p(p)! p(r)* \
e(V)(VPs)?log X <P§l;o g(p)2p4> ( Z g(r)rz)
(6.78) (r,V Py)=1
Fr%Lax@(VPf)k—i_lX(lOg X)k
@(V)(V Py)¥1Dyo
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Thus we are left to evaluate

2
w(ri)?po(r;)?
o7 ORI ) G e eI
T1yeesT'm— 1’7"m+1: STk =1 g Z i
(rs,VPp)=1

Again we apply Lemma 6.1 from Maynard with x = 1, with

1 _p2=3ptl if pt VP,

3_ 2 _ )
(6.80) yp) =4 T
0, otherwise,
(6.81) L<1+ Z 2P < 1oglog X,
p|V Py

and Ay, As suitable constants. The singular series in this case is

o(V Pr)

1
.82 = 1
and we obtain
k+1 k+1

p(V)(VPp)ktllog X 7F

F2 .00 (V Pp)*1 X (log X)*
o ( S(V)(VP)F1Dy > |

Now in the main term we have
oVP) 1V @(VPy
o(V)(V Py)

(6.84) v P 1p\VPf p

This last product is either vacuous, or consists of a single factor (1 — p, 1),
which is 1+0O ((log log X)_l). Thus we may replace (6.83), within acceptable
error, with

(6.85)
S(m) . SO(VPf)kX(IOg R)k—H J(m) (F) +0 FVQnarso(VPf)kX(log X)k
2 V(VPp)klogXx F V(V Pp)kDy ’
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where we have replaced SD‘P(VPf ) with 1 /V in the error term as well. [

(V)(VPy)

4. Discussion

There is a result due to Baker and Zhao [2] where they also consider
primes in arithmetic progressions, except they prove their result for cer-
tain smooth moduli (recall that a number is called y-smooth if it has no
prime factor exceeding y). The techniques they employ involve estimating
Dirichlet polynomials and appealing to a zero-free region described in terms
of the largest prime and the squarefree kernel of M to obtain the required
Bombieri-Vinogradov type theorem. Their result [2, Theorem 1] reads as

follows (with the notation adapted where applicable to avoid confusion).

THEOREM (BAKER-ZHAO). Let n > 0, r > 1, and let M = X% with
0<0<5/12—mn, (a,M)=1. Let

e if0 <2/5—¢,
K(Q): 1-26 f /

o if0>2/5—¢,

Suppose that M satisfies

‘ log X 5
max{p:p| M} < exp (BloglogX)’ Hp<X , wiM
pIM
with
Ch 4(7’—1—1)) Csn < 4(r + 1)>
B _ — —_— y (5 = —_——
n P ( K(0) r+log(l/n) 0\ K(O)

for suitable absolute positive constants C1 and C3, and w denotes the possibly
existing unique exceptional modulus to which there’s a Dirichlet L-function
with a zero in the region B > c1/log X. There are primes p, < ... < DPptr
in (X/2, X], with p; = a (mod M) such that

Prtr — Pn < CoMrexp (K(Q)T‘) :

Here Cs is a positive absolute constant.
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Recalling our Theorem 6.6,

T or
pror = () o (5 a1
one immediately sees that the Baker-Zhao bound is stronger as r grows, and
also has the advantage of describing the moduli for which it holds (apart from
the possibility of being a multiple of the exceptional modulus if it exists). On
the other hand, as per the second remark following Proposition 5.2, the re-
sults of the present work holds for at least X°/12= (1 — ¢/loglog X') moduli
up to X121 while by Dickman’s Theorem (see, for instance, [23, The-
orem 7.2]), there are o(X°/12=7) integers with no prime divisors exceeding
exp <%) for which the Baker-Zhao result holds. Hence the present
result is valid for a much larger class of arithmetic progressions. With these
considerations the two can be regarded as complementary results concerning

uniform small gaps between primes in arithmetic progressions over a range

of moduli.
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