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ABSTRACT

Investigations of the Exact and Numerical Solutions of Some Nonlinear Partial

Differential Equations

This study investigates a search for analytical solutions, exact and numerical
approximations to distinct nonlinear models in distinct nonlinear science areas. The
symbolic methods used to explore this search are: the sine-Gordon expansion technique, the
extended sinh-Gordon expansion technique, and the finite forward difference process for the
exact and numerical approximations. In addition, the extended technique of sinh-Gordon
expansion is simplified in order to obtain multiple solitary wave solutions. The nonlinear
models we address in this work are; the Korteweg-de Vries (KdV) equation with dual-power
law nonlinearity, the coupled nonlinear Maccari’s system, the (2+1)-dimensional Zakharov-
Kuznetsov modified equal width equation, the resonant nonlinear Schrédinger equation with
both spatio-temporal and inter-modal dispersions, the conformable space-time fractional
second order nonlinear Schrodinger equation, the decoupled nonlinear Schrddinger equation
arising in dual-core optical fibers, the long-short-wave interaction system, the (2+1)-
dimensional nonlinear Chiral Schrodinger equation, Benjamin-Bona-Mahony equation, and
the coupled Boussinesq equation. Various kind of solitary wave solutions are presented. The
reported results are compared with the previous results. On the other hand, the numerical

and exact approximations to some of the studied models are presented.

Keywords: Analytical Methods; Solitons Solutions; Stability Analysis; Exact and

Numerical Approximations.
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OZET

Baz1 Lineer Olmayan Kismi Diferansiyel Denklemlerin Tam ve Sayisal CézUmlerinin

Incelenmesi

Bu ¢alisma, farkli lineer olmayan bilim alanlarinda farkli lineer olmayan modellere
analitik ¢Ozlimler, tam ve sayisal yaklasimlar i¢in bir arastirmayi incelemektedir. Bu
arastirmayi incelemek icin kullanilan sembolik yontemler sunlardir: sine-Gordon genlesme
teknigi, genisletilmis sinh-Gordon genlesme teknigi ve tam ve sayisal yaklagimlar i¢in sonlu
ileri fark islemi. Ek olarak, katli solitary dalga ¢oziimleri elde etmek i¢in genisletilmis sinh-
Gordon genlesme teknigi sadelestirilmistir. Bu caligmada ele aldigimiz lineer olmayan
modeller; dual-kuvvet yasasi nonlineerite ile Korteweg-de Vries (KdV) denklemi, bagh
lineer olmayan Maccari sistemi, (2 + 1)- boyutlu Zakharov-Kuznetsov modifiye es genislik
denklemi, hem uzay-zamanli hem de inter-modal dagilimli rezonant lineer olmayan
Schrédinger denklemi, conformable uzay-zaman kesirli ikinci mertebeden lineer olmayan
Schrodinger denklemi, cift cekirdekli optik fiberlerde ortaya ¢ikan ayristirilmis lineer
olmayan Schrodinger denklemi, uzun-kisa-dalga etkilesim sistemi, (2 + 1)-boyutlu-lineer
olmayan Chiral Schrédinger denklemi, Benjamin-Bona-Mahony denklemi ve birlesik
Boussinesq denklemi. Solitary dalga ¢oziimlerinin gesitli tipleri sunulmaktadir. Rapor edilen
sonuglar dnceki sonuglarla karsilastirilmistir. Ote yandan, ¢alisilan modellerin bazilarina

sayisal ve tam yaklasimlar sunulmustur.

Anahtar Kelimeler: Analitik Metodlar; Solitons Céziimleri; Kararlilik Analizi; Tam

ve Sayisal Yaklasimlar.

Vil
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1. INTRODUCTION

Nonlinear partial differential equations (NPDEs) are often utilized to define several
complicated nonlinear phenomena that arise in different areas of nonlinear sciences like
plasma physics, optical fibers, chemical processes, biological sciences, mathematical
physics, etc. Nonlinear partial differential equations have a broad range of roles in applied
mathematics, that make it of paramount important to secure their analytical solutions and
approximate numerical solutions different kinds of alternatives to this type of equations.

The general form of NPDE may be given as

P (U, Uy, U UP, Uy, Ungeps ) = 0, (1.1)

where u = u(x,y,t) is unknown function, P is a polynomial in u(x,y,t) and it is
derivatives and the subscripts stand for the partial derivatives of u(x,y,t) with respect to
x,y and t.

Nonlinear Schrodinger type equations (NLSEs) are unique types of nonlinear
evolution equations which may be utilized to define distinct complicated nonlinear aspects
in distinct areas of nonlinear science such as nonlinear optics, water waves, photonics,

quantum electronics, electromagnetism, and so on [1-6 ].
The NLSE is given by [7]
U + Uy + Blul?u =0, (1.2)

The parameter g in Eq. (1.2) is a nonzero constant. The "+ " and " — " that are
attached to the nonlinear term |u|?u are the focusing and de-focusing nonlinearities,
respectively. The focusing NLSE provides a pulse-like soliton while a kink-shaped soliton
is admitted by the de-focusing one. In nonlinear optics, bright and dark solitons, respectively,
are called pulse-like and kink-like solitons[8].

Fractional calculus is a vital and useful mathematics branch with an extensive range
of applications in different nonlinear science fields [9]. Fractional calculus can be elucidated

as an distension of the approach of a derivative operator from integer order n to arbitrary



order a, where « is a real, complex value or a complex-valued function a = a(x, t) [10].
The literature contains different definitions of fractional differential equations, including the
definitions Riemann-Liouville, Caputo, Grunwald-Letnikov, Atangana-Baleanu derivative
in the Caputo sense, Atangana-Baleanu fractional derivative in the Riemann-Liouville sense,
modified Riemann-Liouville fractional derivative [11, 12] and the conformable fractional
derivative [13-15]. Recently, the fresh truncated M-fractional derivative was created by
Sousa and Oliveira[16 ]. This fresh fractional derivative generalizes Khalil et al. [ 15 ]

suggested conformable derivative.

Different effective techniques have been developed by multiple academics such as the
simple equation method [17], the simplified Hirota’s method [18], the Cole-Hopf
transformation method [19], the sine-cosine method [20], the tanh method [21], the improved
generalized tanh function method [22], the improved F-expansion method with Riccati
equation [23, 24], the modified exp (—Q(&))-expansion function method [25, 26], the
homogeneous balance method [27], the Homotopy analysis method [28], the simple equation
method [29], the extended mapping approach [30], the differential transform method [31],
the Ricatti-Bernoulli sub-ODE method [32], the biHamiltonian property [33], the Backlund
Transformation [34, 35], the tanh-coth method [36, 37], the solitary wave ansatz [38], the
tanh function method [39], the improved F-expansion method [40-42], the modified
homogeneous balance method [43], the Homotopy Pade method [44-46], the differential
transform method [47], the Ricatti-Bernoulli (RB) sub-ODE method [48], the reductive
perturbation technique [49], the Ansatz method [50], the extended generalized Riccati
equation mapping method [52], the exp-function method [53], the functional variable method

[54], and many other integral techniques [55- 60].

1.1. Aim of the Thesis

The aim of this thesis is to investigate the analytical and numerical solutions to several
nonlinear partial differential equations. Various kind of travelling wave solutions will be
constructed to these nonlinear partial differential equations by using three integral schemes.
On the orther hand, the simplified version and application of one of these integral schemes
will be presented. Moreover, the finite different method will also be applied to generate

numerical and exact approximations to some of these nonlinear partial differential equations.



1.2. Outline of Thesis

The organization of this thesis is outlined as follows: Part 1 entails the introduction
about classical and nonclassical nonlinear partial differential equations. Part 2 of this thesis
gives the definetions of some important terms partaining classical/nonclassical differential
equations and solitary wave solutions. In part 3 we give the descriptions of the used analytic
and numerical techniques in this thesis. Part 4 presents the applications of the decribed
analytical and numerical methods to some nonlinear physical models. In part 5 we presents
the results and discussion of the reported results in part 4. We present the conclusion of this
study in part 6.



2. FUNDAMENTAL DEFINITIONS

Definition 2.1 A differential equation with partial derivatives of one or more
dependent variable is called a partial differential equation with regard to more than one
independent variable.

Example 2.1 The equation

ou 0d0%*u  10u .
=32 Tr5 Thku kisa constant (2.1)

which governs the nuclear fission, the equation

9 9?2 :
a—’: = ﬁﬁ, B is a constant (2.2)

which governs the one dimensional heat flow and the equation which governs the motion of

vibrating string problems

0%u _ 0%

atz = 9xz

(2.3)

are examples of partial differential equations.

Definition 2.2 The order of a differential equation is the order that appears in the

equation as the largest derivative.

Example 2.2 The (1+1)-dimensional nonlinear dispersive modified BBM equation

—+—X—(Xu —X+—:O (24)

is a third order equation



Definition 2.3 A partial differential equation is said to be linear if:

1. the power of the dependent variable and each partial derivative enclosed in the

equation is one.

2. the power of the dependent variable and each partial derivative contained in the

equation is one. And, its said to be nonlinear if any of these conditions failed to satisfy.

Some examples of linear partial differential equation:

1. The heat equation in one dimensional space which is provided by

U = KUy,

where k is nonzero constant.

2. The Laplace equation which is provided by

Uy + Uyy = 0.

3. The Telegraph equation which is provided by

Uyy = AU + buyy + cu = 0,where a and b are constants.

Some examples of nonlinear partial differential equation:

1. The Advection equation which is provided by

u; +uu, = f(x,t).

2. The modified KdV equation (mKdV) is given by

Up — 6UZ Uy + Uyyy = O.

3. The Boussinesq equation which is given by

(2.5)

(2.6)

2.7)

(2.8)

(2.9)



Upr — Uyy + 3(u2)xx = Uyxx = 0. (2-10)

Definition 2.4 In addition, partial differential equations are regarded as homogenous
or inhomogeneous. A partial differential equation of any order is referred as homogeneous

if each term of the PDE includes the dependent variable u or one of its derivatives.
Examples of homogeneous PDE:

1. uy = 4uy,

2. Uyy +uyy, =0.

Examples of inhomogeneous PDE:
1. up =uy, +x,

2. uytu,=u+4.

Definition 2.5 Soliton is a localized nonlinear wave that upholds its shape when
moving at steady speed and can communicate heavily with other solitons and preserve
unchanged identity (except with exception of phase shift) [61, 62].

Definition 2.6 The dark soliton is a wave solution describing the waves with reduced
intensity than the background, the bright soliton is a wave solution describing the waves
whose maximum intensity is greater than the background [63].

Definition 2.7 The singular soliton solutions is a solitary wave with discontinuous
derivatives; instances of such solitary waves are compactions, which have finite (compact)
assistance, and peakons, whose peaks have a discontinuous first derivative [64, 65].

Definition 2.8 A PDE’s solution is a function u that meets the equation being
discussed and also meets the conditions. In other words, the left side of the PDE and the right
side shall be the same when replacing the derived result for u into the equation.

Definition 2.9 Let g: (0, ) = R, then the conformable derivative of g of order «

is provided as

To(9)(®) = lim L0290 ¢ 50, 0<a <1, (2.11)
€



The conformable derivative [15] bears the following properties:

1. To(pg + qh) = pT,(g) + qT,(h), p.q €R,

2. T,(tH =AtP% 1€R,

3. T,(gh) = gT,(h) + hT,(9),

g hTg(g9)—9gTa(h)
4. TO.’ (Z) = Ta

5. if g isdifferentiable, then T,(g)(t) = t1~¢ %.

Theorem 2.10 Let g, h:(0,0) = R be differentiable and also a differentiable

functions, then the following guide happens:

To(g ° W)(0) = 7' (D) g’ (R(D)). (2.12)

Definition 2.11 Let h: [0, 00) — R, then the new truncated M-derivative of h of order

a is provided as

, . h(tEg(et'~*))-h(t)
D () ()} = lim ==

-0 €

, Vt>0, 0<a<1 >0, (2.13)

where Eg(.) is a truncated Mittag-Leffler function of one parameter [16].

Theorem 212 Let 0<a <1, >0, q, r €R, and g, h «a-differentiable at a
point t > 0. Then:

1. DEf{(qg +rh)(®)} = qDg {g(®)} + D {h(D)}.

2. Dyf{(g . W)Y = gD’ (h(®)} + R(ODy (g(6)}.



h()DEP(g(0)}-g(t)DEP (h(t)}
[h(6)]? :

3. D) =
4. DEP{c} =0, where g(t) = c is a constant.

5. If g is differentiable, then D&F{g(t)} = Fz;:) dff).




3. FUNDAMENTAL CONCEPTS AND METHODOLOGY

3.1. The sine-Gordon Expansion Method

In this chapter, we describe the sine-Gordon expansion technique [67, 68] by
illustrating how the technique can be implemented in the search for some fresh results to

different nonlinear equations.

Considering the given sine-Gordon equation [69]:

Uyy — U = V2sin(u), (3.1)

where u = u(x, t) and V € R\{0}.

Utilizing the wave transformation u = u(x, t) = U({), { = u(x — kt) on Eq. (3.1),

provides the following nonlinear ordinary differential equation (NODE):

" V2 .
= mSln(U), (32)

where U = U({) and ¢ stands for the amplitude of the travelling wave and k is the

velocity of the travelling wave.

Multiplying both sides of Eq. (3.2) by U’, provides

V2

nyrr
vty T uz(1-k2)

U'sin(U). (3.3)

Integrating Eq. (3.3), provides

[(%),]2 - uz(‘l/icz) sin® (%) *q (3.4)

where g is the constant of integration.

2

Placing g = 0, w({) =% and a? = into Eq. (3.4), provides

u*(1-k?)

w' = asin(w), (3.5)



inserting a = 1 into Eq. (3.5), provides

w' = sin(w). (3.6)
One may write Eq. (3.5) in the form

w _ .
v sin(w). (3.7)

Eq. (3.7) is a variable separable equation.

simplifying Eq. (3.7), provides the following major equations:

2zef

sin(w) = sin(w({)) = -, (3.8)
2028_

cos(w) = cos(w({)) = S, (3.9)
where z is the integration constant resulting from Eq. (3.7) simplification.
At z =1, sin(w) = sech({) and cos(w) = tanh({).

To look for the solution of the following nonlinear partial differential equation:

P(u, Uy, UrU?, Uyyy, Uyzes - ) =0, (3.10)
we consider,

U@) = i, tanhi=1(0)[Bisech(() + Aitanh()] + Ao, (3.11)

Eqg. (3.11) can be re-written by using Eg. (3.8) and (3.9) accordingly as

U(w) = ¥, cost"(w)[B;sin(w) + A;cos(w)] + Ao. (3.12)

By using the balancing technique on the extracted NODE, the value n can be derived
by taking into account the highest order derivative and nonlinear term. We then assemble a
class of algebraic equations by summing the coefficients of the trigonometric functions
" sinf(w)cos’(w), (0<i<n0<j<n)" of the same power and equating each
summation to zero. Explicating this class of algebraic equations, provides the values of
coefficients; A;, B;, u and k. Finally, when we place the values of these coefficients into

Eq. (3.11), we generate up with the new results to Eq. (3.10).

10



3.2. The Extended ShGEEM

This section discusses the assessment of the extended sinh-Gordon equation expansion
method [70-74].

We follow the following steps to apply the ShGEEM:
Step-1: Consider the following NPDE:
P (U, Uy, U U, Uneys Uty ) = 0, (3.13)

where F is a polynomial in g, the subscripts show that the partial derivative of g with

respectto x or t.
Placing the travelling wave transformation

q=®m), n=x-—ct (3.14)
into Eq. (3.13), the following NODE is produced:

Q(d, ', ", P2P’, ...) =0, (3.15)

where Q is a polynomial in & and the superscripts show that the ordinary derivative of &

with respect to 7.
Step-2: The test result to Eq. (3.15) shall be in the form [75]

D) = ?:1 [bjsinh(6) + ajcosh(G)]j + a,, (3.16)
where ao, a;, bj (j =1, 2, ..., k) are constants to be secured later and 6 is a function

of n which meets the following ordinary differential equation:

0’ = sinh(6). (3.17)

To get the value of k, the homogeneous balance principle is implemented on the

11



largest derivatives and biggest power nonlinear term in Eq. (3.15).

Eq. (3.17) is derived from the sinh-Gordon equation provided by [76]

Qxt = Asinh(q). (3.18)
Eqg. (3.18) earns the following solutions [76]:

sinh(0) = +csch(n) or  sinh(8) = + i sech(n) (3.19)
and

cosh(8) = tcoth(n) or cosh(f) == tanh(n), (3.20)
where i = v/—1.

Step-3: Placing Eq. (3.16), its derivatives at a set value of k along with Eq. (3.17)
into Eq. (3.15), provides a polynomial equation in 8'sinh(8)cosh’(8) (I =0,1 and i,
j=0,1, 2, ..). We generate a class of over-determined nonlinear algebraic equations in
ao, aj, aj, ¢ by setting the coefficients of 6'.sinh'(8)cosh’(6) to zero.

Step-4: The guaranteed set of over-determined nonlinear algebraic equations is then
simplified with the help of symbolic software to secure the values of the parameters a,, a;,
b;, c.

Step-5: Using Egs. (3.19) and (3.20), respectively, Eq. (3.15) has the following results:

d(n) = Xf.; [£ib; sech(n) £ ajtanh(m)]’ + ay, (3.21)

®(n) = Xy [£b; csch(n) £ ajcoth(m)] + a,. (3.22)
3.3. The Simplified Extended ShGEEM

We are presenting the overall facts of the suggested technique in this chapter.
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The following assessment is performed to reach the fresh traveling wave solutions for
a specified NEE using the suggested technique:

Consider this equation
P(u, Uy, UyU?, Uyyy, Uyyes ) =0, (3.23)

where u is a function of the autonomous variable x,y,t and the subscripts show the
derivative of u with respect to the independent variables and P is the polynomial of the

function u.
Consider the sinh-Gordon equation [76]

Uy = Asinh(u), (3.24)

where q is the unknown function of x,t and A € R\{0}.
Utilizing the wave transformation below
u=¥Y(¢), é=x+9t (3.25)

on Eq. (3.24), the following NODE is revealed:

¥ = Zsinh(¥), (3.26)
where ¥ = W(¢§), ¢ istheamplitude and 9 the velocity of the travelling wave respectively.

Multiplying both sides of Eq. (3.26), provides

PP = 29 sinh (W) (3.27)

Integrating Eq. (3.27), provides

142

67 = 2o () % 620

where § is the integration constant.

: y 20 28 .
Setting 6 = 5 and ¢ = - =5 provides

13



0’ = o cosh(6). (3.29)
One may write Eq. (3.29) in the form

% =o cosh(8). (3.30)

Eq. (3.30) is a variables separable equation, simplifying it, provides the following

important results:

cosh(6) = tan(\/o(§ +d)) or cosh(8) = cot(xJo(§é +d)), (3.31)

sinh(0) = sec(\o(§+d)) or sinh(0) = csc(o (& + ), (3.32)

where d is the integration constant.

If o =—1 and d = 0, Eq. (3.3.9) and (3.3.10) change to

cosh(8) = —i tanh(¢) or cosh(8) =i coth(§), (3.33)
and

sinh(0) = sech(§)) or sinh(8) =i csch(§), (3.34)
where i = v/—1.

To find the some new results to Eq. (3.23), the following equation is considered:
W(O) = XM, cosh* 1(0)[Bsinh(8) + Axcosh(0)] + Ay, (3.35)

and the group of series solutions

Y(§) = XL, tan* 1 (Vo (& + d))[Besec(Va (€ + d)) £ Agtan(Va (€ + d))] +
Ao, (3.36)

W(E) = Xty cot* T (Vo€ + d)[Bresc(Vo(§ + d)) £ Acot(Vo(§ + d))] + Ao, (3.37)

Y(&) =Y, tanh* 1(&)[Bysech(§) + i Agtanh(§)] + Ao, (3.38)

14



Y& =Y, coth* 1 (&)[i Bycsch(§) +i Agcoth(§)] + A,. (3.39)

The value of m is secured by balancing the maximum nonlinear power term and the
maximum derivative in the transformed NODE. A group of algebraic equations is produced
by setting each summation of the coefficients of 8'sinh!(8)cosh/(6),(s =0, 1, 0 <k <
m, 0 < j < m) with the same power to zero. With the help of the Wolfram Mathematical
Package, solving this set of algebraic equations yields the values of the coefficients. Inserting
the coefficients values acquired into one Eqg. (3.36), (3.37), (3.38) or (3.39) together with m,

provide some new results to Eq (3.23).
3.4. The Finite Difference Method

The fundamental concept of nearly any numerical technique for approximating
differential equations is to approximate the equation through an algebraic system of
equations. The algebraic system of equations is cleverly set up so that the appropriate
solution gives a good approximation of the solutions to the differential equation. The easiest
way to generate such a system is to substitute finite differences for the derivatives in the
equation.

Indeed, the fundamental concept of any finite difference scheme arises from a well-
known definition ; the definition of a smooth function derivative [77,78]

e _ e u(x+h)-u(x) (3.40)
dx h—-0 h ’ .

This means that h must be small enough to get excellent approximations. The number
of unknowns in the algebraic system is typically of order O(1/h). We therefore need to
solve very big algebraic system of equations in order to calculate excellent approximations.
The differential equation can be considered from this point of view as a linear system of
infinitely many unknowns. At the endpoints, the solution is known and the differential
equation in the domain of the internal solution is determined.

For this study, we offer the following notes to clarify the finite forward difference
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technique; Ax isthe spatial step, At isthetimestep, x; = a + iAx, i = 0,1,2,..., N points
are the coordinates of mesh and N = Z——xa, ti=jAx, j=0,12,...,M and M = ﬁ. The
u(x, t) refers to the values of solution at these grid points which are u(xi, tj) ~ u; j, where

u; ; represents the numerical solutions of the exact value of u(x,t) at the point (xi, tj). The

difference operators can be provided as

Heu;j = Uy jq — Uy j, (3.41)
Hyuij = Ui, — Ui, (3.42)
HyxxWij = Ujrgj = 2Uj41,j + 2Ui-1j — Uj—3 ). (3.43)

Thus, the partial derivatives can be approximated through the finite difference

operators as

a_u _ Htui_j

acly; At + 0(t), (3.44)
a_u _ qui,j

oxly; = ax T OO (3.45)
a3u _ Hyexx Ui, j

ol = 200 T OO (3.46)
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4. APPLICATIONS

4.1. The KdV Equation

In this chapter, the sine-Gordon expansion method is implemented in getting the

solitary wave solutions to the KdV equation with dual-power law nonlinearity given by [79]

Uy + puy, + quu, + au?u, + Py, = 0. (4.1)

Replacing the equation u = u(x, t) = U(§), & = u(x — ct) into Eq. (4.1), we have

6(p —c)U + 3qU? + 2aU3 + 6pu?U" = 0. (4.2)
Balancing the terms U3 and U" in (1.1), we get n = 1.
With n =1 Eq. (3.12) becomes

U(w) = B;sin(w) + Aicos(w) + Ay. (4.3)
Differentiating Eq. (4.3) twice, we get

U"(w) = Bycos?(w)sin(w) — Bysin3(w) — 24;sin?(w)cos(w). (4.4)

Placing Egs. (4.3) and (4.4) into Eq. (4.2), provides

—6CcAg + 6pAy + 3qA% + 2aA3 — 6¢cA cos(w) + 6pA;cos(w)
— 12Bu?A;sin*(w)cos(w) + 6qAyA,cos(w) + 6aA3A cos(w)
+ 3qA3cos?(w) + 6adyA2cos?(w) + 2aA3cos3(w) — 6¢B;sin(w)
+ 6pBsin(w) + 6Bu’B,cos?(w)sin(w) — 6u’B,sin(w)
+ 6qAyB;sin(w) + 6aA%B,sin(w) + 6qA,B;sin(w)cos(w)
+ 12aAyA, B sin(w)cos(w) + 6aA?B,cos?(w)sin(w) + 3qB%sin?(w)
+ 6adyB?sin?(w) + 6aA;B?sin?(w)cos(w) + 2aB3sin3(w) = 0.

The following group of algebraic equations is obtained by gathering the coefficients

of all trigonometric functions of the same power, and by equating the summation to zero:



Constant: —6¢cAy + 6pAg + 3qA% + 2aAd + 3qA? + 6aAyA2 = 0,
sin(w): —6¢B; + 6pB; — 6Bu*B, + 6qAyB; + 6aA%B, + 2aB3 =0,
cos(w): —6cA; + 6pA; + 6qAyA; + 6aAiA; + 2aA3 =0,
sin(w)cos(w):6qA;B, + 12aAyA1B; =0,
sin?(w): —3qA? — 6aAyA? + 3qB? + 6aA,B? =0,
sin?(w)cos(w): —12pu*A; — 2aA3 + 6aA,;B? = 0,
cos?(w)sin(w): 12u®B; + 6aA?B; — 2aB3 = 0.
To get the fresh solitary solution(s), u(x, t) to Eqg. (4.1), we simplified the above
class of equations and replace in each case the secured values of the coefficients into Eq.

(3.112).
Figs. 4.1-4.3 present the physical characteristics of the solutions.

Class-1: If
2 2
q q q q
Ap=——,A; =0,B; = — =p——
4 20"t 0,51 \/Ea'ﬁ 12ap?’ P~ 6
we get
1 2
uy(x, £) = ——(q+ V2 q sech[u(x — t(® — TN (4.5)
- ufx,t] -
--...‘\\ 4
kY -04r x":
L3
—II\;.).['! |III

Figure 4.1. The 3D and 2D figures of Eq. (4.5).
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Class-2: If

we get

iq
1™ 2«

B=-

q2

—,C =
6au?

wp(, ) = =L (1+1 sech[uCx — t(p — L)) + tanhlu(x — e — D)) (46)

. . . Imfulxal . o . . Refulsdl .
-5 -10 =3 T 3 -3 -0 -3 5 10 15
N-00sp / -0
l,lc-_w o/ -3t
-b 15 _03)
_I}IIJ;U F I|II —04]
-D_ili s I." -03
-D_sl'q -06F \
Figure 4.2. The 3D and 2D figures of Eq. (4.6).
Class-3: If
2 2
q q q
Ap=—— A =—,B,=0=———,c=p— —,
0 2’ 207t g 24au? 6a
we get
4.7)

usCx, €) = 2 (=1 + tanhlu(x - tp ~ D).
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ufx.t]

Figure 4.3. The 3D and 2D figures of Eq. (4.7).

4.2. The Coupled Nonlinear Maccari’s System

The coupled nonlinear Maccari system provided by [80] in this section

|{iQt + Qxx + RQ =0,

4i5t+5xx+RS=O,
iNt+ Ny, + RN =0,
LRt+Ry+ (lQ+S+N|»), =0,

is investigated by using the SGEM.

Assume that

Q(x, y, t) = u(x, y, t)e?,
S(x, y, t) =v(x, y, t)et,
N(x, y, t) =w(x, y, t)e%,

(4.8)

(4.9)

where Q = i(kx + ay + At + 1) in which k, a, and A are constant to be secured, [ is an

arbitrary constant.

Placing Egs. (4.9) into Eq. (4.8), provides

i(up + 2kuy) + Uy — A+ kHu+uR =0,

(

|

4 i(ve + 2kvy) + vy — (A + k*)v+ VR =0,
Li(Wt + 2kwy) + Wy — (A + kW + wR =0,

R:+ R, + (u?), =0.

(4.10)
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Making the conversion u =U(§), v=V(&), w=W (&), R=R(), E=ulx+

y — 2kt), gives

2y A+ kZ)V + VR =0,
wrw' — (/1+k2)W+WR =0,
a(U+V+W)2

u(l— Zk) 2t

Integrating the 4 t* part of Eq. (4.11), we get

IyZU” (A+k®»U+UR=0,

= 0.

— 2
R=—— Zk)(U+V+W)

Placing Eq. (4.12) into the first three parts of Eq. (4.11), provides

27711 _ 2 . 2y
Iqu A+ kHU W 2k)(U+V+W)

21711 2 2
{ 14 (/1+k)V——(1 o U+ V+W)V

2 12 2 2
Ul W"— @A+ k*HW — o 2k)(U+V+W)

We finally change Eq. (4.13) to NODE in U by letting

V=nrnU W=nrU

where r; and r, are arbitrary constants.

Placing Eq. (4.14) into Eq. (4.13), provides

pru" — (A + kU - (1+r+n)2U3=0.

(1 2k)
Balancing the terms U”" and U3, we get n = 1.

with n = 1 and Eq. (3.12), we reveal

U(w) = Bysin(w) + Ajcos(w) + A,

and

U"(w) = Bycos?(w)sin(w) — Bysin3(w) — 24;sin*(w)cos(w).
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Placing Egs. (4.16) as well as (4.17) into Eq. (4.15), provides a polynomial of
trigonometric functional powers. We secure a group of nonlinear algebraic equations by
collecting the coefficients of trigonometric functions based on their distinct strengths. We
acquire the values of the parameters engaged in simplifying the group of algebraic equations.

So we get the following results instances:

Class-1: If

V2 /@k-Dd

A0=O,A1=0,Bl=_ A—ll _kZ’

JaA+r+ rz)z'

we have
- _\/Z/(Zk—l)u3 sech[u(x+y—2kt)]
ul(x! Y, t) - \/m ) (418)
V2 114/ (2k—1)u3 sech[u(x+y—2kt)]
vl(x; Y, t) = - - \m ) (419)
_ _\/7 124/ (2k—1)u3 sech[u(x+y—2kt)]
Wl(x' Y t) _ m ' (420)
Thus,
VZ eilkxtay+u?=I)t+D) [Qr—1)u3 sech[u(x+y—2kt)]
Ql(xr Y, t) = i m ) (421)
_ _\/E 1 ei(kx*’“y*'(“z‘kz)”l),/(2k—1)/,c3 sech[u(x+y—2kt)]
Sl(xr y: t) - \m ) (422)
_ _\/7 5 ei(kx+“3’+(”2_k2)t+l)1/(2k—1)u3 sech[u(x+y—2kt)]
Nl(x: Y t) - m ) (423)
1471 +75)
Ri(x, y, ) = S8R [sechlfy (x, v, O, (4.24)
V2. (2k—1)u3
where @w; = ﬁ, fix, y, t) =u(x+y.

Fig. 4.4 gives the physical features of Eq. (4.21).
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Figure 4.4. The 3D and 2D figures of Eq. (4.21).

4.3. The (2+1)-Dimensional ZK-MEW Equation

Consider the (2+1)-dimensional Zakharov-Kuznetsov modified equal width equation

given by [81]
U + 3auPuy + b(Uyyr + Uyyy) = 0. (4.24)
Substituting the wave transformation u =U({), { = u(x +y — 2kt) into Eq.
(4.24), gives
bu?(1 — 2k)U" + aU3 — 2kU = 0. (4.25)
Balancing the terms U"’ and U3, gives n = 1.
with n = 1 and Eq. (3.12), we have
U(w) = Bysin(w) + Aicos(w) + Ay, (4.26)
differentiating Eq. (4.26) twice, yields
U" = Bycos?(w)sin(w) — Bysin3(w) — 24;sin?(w)cos(w). (4.27)
Placing Eqg. (4.26) as well as (4.27) into Eq. (4.25), provides a polynomial of

trigonometric functional powers. By summing the coefficients of the trigonometric functions

of the same power, we obtain a class of algebraic equations and equate each summation to
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zero. To achieve the values of the parameters concerned, we solve the class of algebraic

equations. We therefore have the following results:

Class-1: If
Vb u Vb g Ly
A4 =04A =——F—— B =——F———k=5+ 2 '
a(bu? —2) a@-but)y 2 (HE=2)
we have
sech[u(x+y—2t(%+(buz+2)))]
wx ¥, 0 =Vb p-——my (4.28)
tanh[u(x+y—2t(%+@))] |

Ja(buz-2)
Figs. 4.5-4.6 provide the physical features of Egs. (4.28) and (4.29).

Reluixi0)
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Imlll’-(!é"ll] Re[ulxt1]
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- [ x \ : /‘
-10 -5 f s 10 \'2aall
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Fos \
o8
/ \''f
- \/
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Figure 4.5. The kink-type and soliton figures of Eq. (4.28).
Class-2: If
V2vb u bu?

AO =O,A1 =0!Bl = —

k= :
Ja(l + bu?) 2(1+ bp?)
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we have

2btu2
vV2vb u sech[u(x+y—2(1+b”z))]

uz(x! y! t) = - /a(1+bu2) "

(4.29)

ulxy,t)

Figure 4.6. The non-topological soliton surface of Eq. (4.29).

4.4. The Resonant Nonlinear Schrodinger

In this section, the optical soliton solutions to the resonant nonlinear Schrédinger are
built using the extended ShGEEM with both spatio-temporal and inter-modal dispersions

under Kerr law nonlinearity.

The the resonant nonlinear Schrédinger is given by [82]

(e = 8) + Qe + B + AF (W2 + v (B = 0, (4.30)

where 1 (x, t) is the complex wave profile, x and t are the spatial and temporal variables,
respectively. In Eq. (4.30), @, B and & represent for the coefficients of group-velocity
dispersion, STD and IMD, respectively, whereas the coefficients A and y represent non-
Kerr law nonlinearity and resonant nonlinearity correspond to the coefficients of non-Kerr
law [82]

Inserting the wave transformation

Y(x,t) = d(Me'’, n=x—ct, ¢=—9x+ wt + ¢, (4.31)
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into Eq. (4.30), we get

(@ — Bc+y)P" + (w(BI—1) — 69 — ad?)P + AF (PP =0

from the real part and the relation below:

_ 6+2a9-Pw
T BY-1

from the imaginary part.

For Kerr law nonlinearity, F(®?) = ®2, this turns Eq. (4.32) to

(a = Bc+y)P" + (w(BY—1) — I — ad?)D + AP3 = 0.
Balancing ®" and ®3 in Eq. (4.34), yields k = 1.

For k = 1, Egs. (3.16), (3.21) and (3.22) take the shapes
®(0) = bysinh(0) + a,cosh(0) + ay,
®(n) = £ib, sech(n) £ a;tanh(n) + a,

and
®(n) = £by csch(n) £ aicoth(n) + ay.

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)

Placing Eq. (4.35) and Eq's (4.35) second derivative along with (3.17) into Eq. (4.34),

provides a polynomial of hyperbolic functional powers. The summation of the coefficients

of the same power of hyperbolic functions and the equation of each summation to zero results

in a set of algebraic equations. To get the values of the parameters, the set of algebraic

equations is simplified. For each case, replacing the secured values of the parameters into

Egs. (4.36) and (4.37), provides the new results to Eq. (4.30).
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Class-1: If

b1=0,

\/w+19(m9+6—ﬁw)
a0=0, a1=_ A )

y=(@@+92+298—93B)+ 8 + 2B —9%B) + w + Pw(—29 + B(I9? —
2)) W — 1)), we have

Pra(nt) =+ /wwnh[n], (4.38)
Pra(o0) = + [PUET0ED copp (4.39)

where A(w + 9(ad + § — Bw)) > 0 for legitimate solitons to exist.

Class-2: If

ap =0, a; =0, b, = _\/2(—19(a19 + 6)/1+ w(9p — 1))’

y=(@@+9B+9WL—-1))+6B+9WL—-1)) —w(@+B(B+I9WB —
2)))®B — 1)7*, we have

2(9(a9+8)—w(9f—1))

Yo (e 0) = [POCDDOBD oy (4.40)

where  2A(9(ad + 8) —w@B —1)) >0 or 2A@®(ad+8) — w®B —1)) <0 for

legitimate solitons to exist.

2(=9(ad+8)+w(®¥B-1))

Yoo(x,t) = i\/ - csch[n), (4.41)

where  A(@@B—1)—9(@d+8) >0 or A(w®B—1)—9(d+8)>0 for

legitimate solitons to exist.

Class-3: When

bl = al,

\/w+19(a19+6—ﬁw)
a():O, a, = — 1 )
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Y = (a1 +9(29 + B — 20%9)) + 2w + 29(8 — 2Bw) + B(S — fw) +
202B(Bw — 8))(WB — 1)71, we have

Paa(r ) = [LUEILD (4 sechfy] + tanh[n]), (4.42)

where A(w + 9(ad + 6§ — Bw)) > 0 for legitimate solitons to exist.
Figs. 4.7-4.10 provide the physical features of Eqgs. (4.38), (4.40), (4.41) and (4.42).
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Figure 4.8. The 3D and 2D figures of Eq. (4.40).
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Figure 4.9. The 3D and 2D figures of Eq. (4.41).

Figure 4.10. The 3D and 2D figures of Eq. (4.42).
4.5. The Second-Order Spatiotemporal Dispersion

Consider the space-time fractional second order NLSE with coefficient of group speed

dispersion (GSD) and spatiotemporal dispersion (STD) provided by [ 83, 84].
i(8DEp + DY) + VDY +yD + I, @B € (0,1). (4.43)

The extended ShGEEM is used in this section to build different optical solitons to Eq.
(4.43).

Inserting the wave transformation

, B a B a
Y=Yt p=prT, §=T ]

St (4.44)
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into Eq. (4.43), provides the following NODE:

(YA +v(Qpy + DHY" + A¥3 — A(r (6 + mv) + p(py + D)¥Y

from the real part, where A = (§ + 2rv)?, and the relationship below:

_ @py+1)

V=
S+2rv

from the imaginary part.

Balancing the terms ¥’ and W3 in Eq. (4.45), provides m = 1.

with m = 1, Egs. (3.16), (3.21) and (3.22) have the shapes

Y(0) = bysinh(0) + a,cosh(0) + ay,

Y(&) = xib; sech(§) + a;tanh(§) + ay,

W(&) = by csch(&) + a coth(§) + ay.

(4.45)

(4.46)

(4.47)

(4.48)

(4.49)

Placing Eq. (4.47) and its second derivative into Eq. (4.45), generates a polynomial in

powers of hyperbolic functions. The summation of each coefficient of the same power of

hyperbolic functions and the equation of each summation to zero results in an algebraic class

of equations. The class of algebraic equations is solved to secure the values of the

parameters. Insert the guaranteed parameters’ values into Eq. (4.48) and/or Eq. (4.49) , the

solutions to Eq. (4.43) are produced.

Class-1: If

_0 _ (v+yé?)
G =5 = (4v(2r?v +y) +8rvé + 262)’
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p
= —(2Qv(2r2v +y) + 4rv6 + 62

—=@2rv + 8)2(2v(2r2v +y) + 4rvs + 82) (=1 + 2y (y + 2r(rv + 6))))
/Ry (v(2r2v + ) + 4rvé + 62))),
Eqg. (4.43) admits a combination of dark and bright optical soliton

—_ |_ (v+y62) . xF £«
I'bl(x' t) - \/ (4v(2r2v+y)+8rvé+262) (il SeCh[/? tv a]
, B (4.50)
+tanh[e +v5])e' P
B a
and the paired singular soliton
. . (v+y82) xf ot
P2 (x’ t) - \/ (4v(2r2v+y)+8rv8+262) (iCOth[ B ' a]
(4.51)

B a
B a il
icsch[% + v%])el(p i),

where (v +y82)(4v(2r2v+y) +8rvd +26%) <0 and ((2v(2r2v+y)+4rvé +
5 (=14 2y(y + 2r(rv + 8)))) < 0 for legitimate solitons to exist.

Class-2: If

o 3 2(v +y6?) b =0
G =5 = 4r2v2 4+ 8vy + 4rvé + 52’ e

p
= —((4r%v% + 8vy + 41v6 + 62

—J=@2rv + 6)2(4r2v2 + 8vy + 41vS + 82) (=1 + 4y 2y + r(rv + 6))))/(2y (4r2v?
+ 8vy + 4rv8 + 62))),
Eq. (4.43) admits the dark optical soliton

. xB @
2(v+y62) xB t* i(p—+r—)
— +v— B a 4.52

¥s(x ) \/ 4r2v24+8vy+4rvé+62 tanh| B v a le ( )

and the singular soliton

31



. xB @
B a Xt
Pa(x, ) = & J 20y &%) cothlZ + 05 T, (4.53)

412v24 8vy+41rv8+62

where (v +y82)(4r2v2 +8vy +4rvd +6%) <0 and —(2rv+ 8)?(4r?v? + 8vy +
4rvé + §2)(—1 + 4y 2y + r(rv + §))) < 0 for legitimate solitons to exist.

Class-3: If

_ 0 _ 0 b = 2(v +y6?)
%o =5 =5 V7 4r2v2 — 4vy + 4rv6 + 67

p
= —((4r*v? — 4vy + 4rvé + 52

—=Q2rv + 6)2(4r2v2 — 4vy + 41rv8 + 82) (=1 + 4y (—y + r(rv + 6))))/ 2y (4r*v?
— 4vy + 41rv8 + 62))),

Eq. (4.43) admits the bright optical soliton

412V2—4vy+41rvE+62

. xP @
B X
PYs(x, t) = i\/ 2(vtyd%) sech[% + v%]el(p e (4.54)

and the singular soliton

B a
PYelx, t) =+ 204y 8%) csch[ﬁ + vf]ei(p%w%)
68 ) T =\ 4r2v2—4vy +4rvS+682 B a !

(4.55)

where  (2rv + 8)?(4r?v? — 4vy + 4rv8 + §3) (-1 + 4y(—y +r(rv + 6§))) <0  for
legitimate solitons to exist.

4.6. The Decoupled NSE in Dual-Core Optical Fibers

This section uses the extended ShGEEM to address the decoupled NSE.

The decoupled NSE is given by [85]

i(uy + A1q) + Au + As|ul*u+ 1,9 = 0,
] ) (4.56)
[(qy + Aqup) + A2q + A3lql°q + A4u = 0,
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where u and q are field envelopes, x is the proliferation co-ordinate, /11 Is the group speed
1

mismatch, A, is the group speed dispersion, A, is the linear coupling coefficient and A5 is

2mm,

provided as 1; =

— where m, is the nonlinear refractive index, k is the wavelength
eff

and B,y is effective mode area of each wave length [85].

Consider the wave transformation

u=ome"”, g=ypme¥, n=x—ct, ¥ = —ux + wt +p, (4.57)

where W is the soliton phase component, u is the frequency of the soliton, w is the soliton

wave number, p is the phase constant and c is the soliton speed.

Placing Eq. (4.57) into Eq. (4.56), provides

(1= 0 2)P + A3D° + 1) — Lo + c?1, " = 0, (4.58)

(ﬂ - wzlz)lp + A3lp3 + A4q) - Al(l)q) + Czlzlp” = O .
from the real part, and

cwl, — 1"+ Aicyy’ = 0,

QCcwl, —DY' + A4c®” = 0 (4.59)
from the imaginary part.

Integrating Eq. (4.59) once, provides

Ccwl, —1D)P +Acyp = 0, (4.60)

Ccwd, — DY + A,cP 0

As @ and y functions of n satisfy both Egs. (4.58), (4.59) and (4.60), we provide
the following relation from Eq. (4.60):
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2cwA-1 _ AqcC
/11C - ZC(A)AZ—ll

(4.61)

Solving Eq. (4.62) for c, provides

_ 1
- 2(1)).2—11.

c (4.62)

Balancing the terms @3, ®”, 3 and " in Eq. (4.58), provides k = 1.

For the value k = 1, Egs. (3.16), (3.21) and (3.22) with respectto & and i have the

shapes
®(0) = bysinh(0) + a,cosh(0) + ay, (4.63)
Y(0) = dysinh(0) + cycosh(0) + cy, (4.64)
®(n) = tib, sech(n) £ atanh(n) + a,, (4.65)
Y(n) = tid; sech(n) + cytanh(n) + ¢, (4.66)
®(n) = £by csch(n) £ a,coth(n) + ag (4.67)
and
Y(n) = +d; csch(n) £ c,coth(n) + ¢y, (4.68)

respectively.

Placing Eqgs. (4.63), (4.64) and their second derivatives into Eq. (4.58), provides a

polynomial in powers of hyperbolic functions. The summation of each hyperbolic function

coefficient of the same power and the equating each summation to zero provide a class of

algebraic equations. The class of algebraic equations is solved to reveal the values of the

parameters. For each case, putting the revealed values of the parameters into Eqgs. (4.65)-
(4.68), provides the results to Eq. (4.58).
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Class-1: If

0 ! 24, 0, b =0
Aoy = ) a, = — - ) 1= —a ) Co = ) =V,
0 1 1, — 201, 15 1 1 0 1
d1 = 0,
= 25 + (A — 2wA)* (w2 Ay + A4 — wA4)
(A1 — 2wa,)? ’
we get the dark optical solitons
. (212+(/11—2w12)2(w2/12+A4_—w/11))
Uy (6, t) = ———— /—%tanh[x — ct]e" Aa-20np)? ot (4.69)
1- 2 3
. (2).2-}-(/11—2(1)).2)2((02/12-}-/14.—(0/11))
q1(x,t) = . /— &tanh[x - ct]el( (A1-2047)? e e) (4.70)
11—20)12 A3

where 21,45 < 0 for legitimate solitons to exist, and the singular solitons

1 , 21, i PAat =200 @Ay tAa= @A) e
U, (x,t) = ———— |——=rcoth[x — ct]e (A1-2w23)? ,
2(x, t) 1= 2al, % [ ]

(4.71)
. (212+(Z.1—2w12)2(w2/12+l4—w/11))
1 21 i( xX+wt+p)
(0 t) = 3= |- T;coth[x — ctle A1-2022)? ,(4.72)
where 24,15 < 0 for legitimate solitons to exist.
Class-2: If
1 22,
ap =0, a; =0, ¢ =0, ¢ =0, by = A — 2w, B A3’ 4 ="h
_ (Al - 2(1)12)2(0)212 + 14 - wll) - Az
- (41 — 2w2,)? ,
we get the bright optical solitons
. (M—2012)% (WP A2 +A4—wA1)-2p)
us(x,t) = : &sech[x - ct]el( (A1-2027)? x+wt+p), (4.73)

11 —2(4.)12 13
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. ((11—2(1)1.2)2((1}212+l4—wﬂ.1)—12)
1 ’2/1 i X+wt+p
CI3 (x’ t) 11—2(.012 132 SeCh[x Ct]e ( (Al_zw)LZ)z ) (474)

where 24,45 > 0 for legitimate solitons to exist, and the singular solitons

. (AM1—2022)2 (W2 A+ A4 —wA1)—-22)
1 21 i( X+wt+p)
uy(x, t) = /— —2csch[x — ctle A1-2022)? , (4.75)
3

11—2(1)12

1 212 i( ((11—260/12)2(w212+14—w11)—12)x+wt+p)

x,t) =— - cschlx — ctle (A1—2wA2)? )
CI4( ) Al _ 2(‘)12 13 [ ]
(4.76)
where 24,15 < 0 for legitimate solitons to exist.
Class-3: If
VA2

ao = 0, a1 Cl - _al, CO = 0, bl = al,

[ 2h (A - 204,)2
dl = _al,

(A2 = 2(A4 — 2022)* (U + (A4 — wA3)))
2(A, — 201,)2 ’

;{4:_

we get the combination of the dark and bright optical solitons

N

ug(x, t) = \/m (i sech[x — ct] + tanh[x — ct])e!=#x+@t+p) - (4.77)
_ \//1—2 : _ _ i(—ux+wt+p)
qs(x, t) = (i sech[x — ct] + tanh[x — ct])e , (4.78)

Y, —2/13 (/11—20)/12)2

where 21,13(1; — 2wA,)? < 0 for legitimate solitons to exist, and the mixed singular

solitons
— VA2 _ _ i(—ux+wt+p)
ug(x,t) = NPT (coth[x — ct] + csch[x — ct])e , (4.79)

_ V2
qs(x, 1) = J=223 (A1 —2wAy)?

where 21,13(1; — 2wA,)? < 0 for legitimate solitons to exist.
Figs. 4.11-4.13 provide the physical features of Egs. (4.70), (4.73) and (4.75).

(coth[x — ct] + csch[x — ct])el(-Hx+wt+p), (4.80)
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(a) (b)

Figure 4.13. The 3D and 2D figures of Eq. (4.75).
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4.7. The Long-Short-Wave Interaction System

Consider the long-short-wave interaction system is given by [86]

iq; + qxx — qU = 0

4.81
v + v + (191%)y 0, (481)

where g is a complex function, v is a real function, x is the spatial coordinate, and t is

the time respectively.

Eq. (4.71) defines the interaction in a generalized elastic medium between one
longitudinal wave and one brief transverse wave. The v feature depicts the longitudinal

wave and q is the slowly variable shorter transverse wave envelope [84].

Using the wave transformation:

qg=Y(&e", v=V(E), E=x—9t, Q=px+rt. (4.82)
Placing Eq. (4.82) into Eq. (4.81), the relation 9 = 2p is secured from the imaginary

part and the following single NODE is obtained from the real part:

1-2p)¥"+¥3—(1-2p)(p*+7r)¥ =0. (4.83)
Balancing the terms ¥’ and W3 in Eq. (4.83), we get m = 1.

Thus, Eq. (3.35), (3.36), (3.37), (3.38) and (3.39) have the following shapes:

Y(0) = Bysinh(0) + A cosh(8) + A, (4.84)
Y(&) = Bysec(No (& + d)) + Ajtan(Na (£ + d)) + A, (4.85)
W(&) = Bycsc(Va(€ +d)) £ Ajcot(Va(€ + d)) + A, (4.86)
Y(&) = Bysech(§) i Ajtanh(§) + A,, (4.87)
W(&) =i Bycsch(§) i Ajcoth(§) + Ap. (4.88)

Placing Eq. (4.84) and its second derivative into Eq. (4.83), we reach a hyperbolic

function equation. We secure a class of algebraic equations after creating some hyperbolic
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function identity substitutions by equating each summation of the coefficients of hyperbolic
functions with the same power to zero. To get the results to Eq. (4.81), we put the secured
values of the coefficients into one of Eq. (4.85), (4.86), (4.87) and (4.88).

Class-I: If
1 1 1 )
Ap=0, A=—fo(p—2) Bi= |olp—-3). r=5(0—-2p%.
Class-11: If
A4p=0, A =—-J@*+1)@p-1), Bi=J@*+nQRp-1),

o=2(p*+7).
For each situation, the following set of results are acquired:

Set-1: Singular periodic waves solutions.

Placing the coefficients in case-I into Eq. (4.85) and (4.86), we reach

g1 (x,t) = / a(p - %)(sec[x/E(x — 2pt + d)] + tan[Va (x — 2pt + d)])e'P*+2@=I0),

(4.89)
v (x,t) = —”ff—j(sec[\/z(x — 2pt + d)] + tan[Vo(x — 2pt + d)])>. (4.90)
4:066) = [o(p — DtaniVG(x — 2pt + d)e P00, (4.91)
vy (x,8) = — “fj) tan?[2va (x — 2pt + d)]. (4.92)
456, t) = [o(p — eot Vo (x — 2pt + d)]eiPrHe2P0), (4.93)
vs(x,t) = — aﬁ—jcotz[gx/g(x —2pt +d)], (4.94)

where ¢ > 0 for legitimate solitons to exist.

Placing the coefficients in case-Il into Eq. (4.85) and (4.86), we reach
44(x,£) = /(p? +7)(2p — D(secly2(p* +7)(x — 2pt + )] (4.95)

+tan[/2(p? + r)(x — 2pt + d)])ei(pxﬂ“t)’
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v(x, t) = —@2+2+pp_1)(sec[,/2(p2 +7r)(x — 2pt + d)]

(4.96)
+tan[\/2(p? + r)(x — 2pt + d)])?,
qs(x,t) =/ (P2 + 1)(2p — Dtan| /% (x — 2pt + d)]e!®P*+7D), (4.97)
vg(x, t) = — D@D el n2[ |22 (x — 2pt + ), (4.98)
g6 (x,t) = /(P2 + 1)(2p — 1)cot[ f@ (x — 2pt + d)]e!®P*+70), (4.99)
ve(x, t) = _ @Hn@p-1) +r)(2p D cot?] f L (x = 2pt + d)], (4.100)
where 2(p? + 1) > 0 for Iegltlmate solitons to exist.
Set-2: The soliton solutions
Putting the coefficients in case-I into Eq. (4.87) and (4.88), we reach
. 1
q,(x,t) = |p— % (i sech[2pt — x] + tanh[2pt — x])e'P*—3(1+2P"0), (4.101)
1
v (2, t) = — (1”_22; (i sech[2pt — x| + tanh[2pt — x])2. (4.102)
. 1
g5t ) = [p— Ztanh[2 (x — 2pt)|e'P¥ 22700, (4.103)
®-3) 51
vg(x, t) = — Top tanh [5 (x — 2pt)]. (4.104)

Placing the coefficients in case-1l into Eq. (4.87) and (4.88), we reach
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qo(x,t) = %\/—1 +vV-2 - 4r(i sech[\/2(—=1—12r) t —x]

(4.105)
+tanh[\/2(—=1—2r) t — x])e i(— x+rt)
_ _ _(Fav—2oan) —— B
Vo(x,t) = i) (i sech[J2(—1—2r) t —x] 5106

+tanh[\/2(—1—2r) t — x])?,

qro(x,t) = —\/ 1++v—=2—4r tanh[- (x —J2(=1=2r) t)]e \/—x+rt) (4.107)

-1 —2—4 1
V10 (X, ) = —2((1_% V(_l_zrr)))tanhz L (x—y2(=1-2n) 1), (4.108)

where r < —1 for legitimate solitons to exist.

Set-3: The combination of singular soliton solutions

Placing the coefficients in case-1 into Eq. (4.88), we reach

. 1
g1, t) = |[p— % (coth[2pt — x] + csch[2pt — x])el(px_i(”z”z)t), (4.109)

1
v11(x,t) = — ip_zi (coth[2pt — x] + csch[2pt — x])*. (4.110)

Putting the coefficients in case-Il into Eq. (4.7.8), we reach

qi2(x,t) = \/%\/—1 +V=2 - 4r(coth[,/2(—1 —2r) t —x]

(4.111)
+csch[/2(—1—2r) t —x])e O x+rt)'
(—14=2=37)
_ _ _(Canaan J21=2r) t—
V1206 8) = = 3 oy (COtIV2(-1=2r) £ =] (4.112)

+csch[(/2(—1 = 2r) t —x])?,
where r < —1 for legitimate solitons to exist.
Figs. 4.14-4.17 provide the physical features of Egs. (4.89), (4.101), (4.103) and (4.109).
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Figure 4.14. The 3D and 2D figures of Eq. (4.89).

fatyl*

Figure 4.15. The 3D and 2D figures of Eq. (4.101).

2
¥
paat

Figure 4.16. The 3D and 2D figures of Eq. (4.103).
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|qbxry

Figure 4.17. The 3D and 2D figures of Eq. (4.109).

4.8. The (2+1)-dimensional Chiral NSE

Consider the (2+1)-dimensional Chiral nonlinear Schrodinger equation is provided by
[87]

iqe + a(qux + dyy) + i(b1(qqx — 47qx) + b2(qqy — q47qy))q = 0, (4.113)
where g is the complex function of x and t, a is the coefficient of the dispersion
terms and b,, b, are nonlinear coupling constants.

The (2 + 1)-dimensional Chiral nonlinear Schrodinger equation defines the edge

countries of the fractional impact of the quantum hall [87 ] Several studies on these models
have been carried out.

Consider the following complex wave transformation:

q=We", E=ax+Py—9t, Q=rx+sy+wt+¢
into Eq. (4.113), we get the relation

(4.114)
9 = 2a(ar + Bs) (4.115)
from the imaginary part and
a(a? + W + 2(rby + sby)¥3 — (a(r? +sH) + w)¥ =0 (4.116)
from the real part.

Balancing the terms ¥ and W3 in Eq. (4.116), provides m = 1.
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Thus, the solutions of Eq. (4.113) take the same shapes with the solutions of Eq. (4.81)
submitted in subsection 4.7 (that is Eq. (4.85), (4.86), (4.87) and (4.88)).

Continuing as before, we have the following cases:

J—ow(a? + f?)
J2(=2s2 =212 + a(a? + B2))(rb, + sby)
2w
o@Dy -2t —2r?

A0=0, A1=Blz_

\/a%o(a2+ﬁ2)<\/2(a(—252+a(a2 +£2))—2w) b1+2$b2\/5>

Case-IlI: Ay=0, Ay =B, =—

)

2J(a(—252+o(a2 +B2))—2w)b?-2as2b2

_ Ja(=252+o(a?+B2))-2w

V2a

When these coefficients with Eq. (4.85), (4.86), (4.87) and (4.88)) are utilized, we

pursue the following set of solutions:

Set-1: The singular periodic wave solutions
Placing the coefficients in case-I into Eq. (4.85) and (4.86), provide

_ [oo @Y
G (xy,t) = J2(-252-2r2+0(a?+B2))(rby+sby)
4w(ar+ps)
x (ttan[Vo(d + ax + By — - ;5‘;_252_2# )] (4.117)
—sec[Vo(d + ax + By — fw(artfs) t)])elrxtsytotte)

o(a?+p?)—2s2-2r?

_ J-ow(a?+p2)
V2(=252-2r2+0(a?+B2))(rby+sby) (4.118)

1 _ 4w(ar+ps) i(rx+sy+wt+@)
x cot[>o(d + ax + By ooy eyl U ,

_ ST C)
J2(~252-2r2+0(a2+B2))(rbs+5b3) (4.119)

1 _ 4w(ar+ps) i(rx+sy+wt+e)
x tan[; Vo(d + ax + By @725 2 )]e )

CIZ(x'yl t) =

qz(x,y,t) =
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where ¢ > 0 for legitimate solitons to exist.

Placing the coefficients in case-1l into Eq. (4.85) and (4.86), provide

\/aB/Za(a2+52)(¢z(a(—252+o(a2+/32))—2w) by+25b,Va)

CI4(xr 4 t) =

2\/(a(—252+cf(a2 +B2))-2w)b?-2as2b32

ay/a(o(a?+p2)-252)—2w

X (+tan[o(d + ax + By — 2a(Bs — oz 3] (4.120)

aJa(o(a?+B2)-2s2)-2w

—sec[Vo(d + ax + By — 2a(Bs — Nor D

) \/a(—252+a(a2+32))—2w
el(sy NeT xX+wt+@)

X

)

JaS/Za(a2+ﬁZ)(J2(a(—252+a(a2+ﬁ2))—2w) by +2sbyVa)

q5(x,y, t) &

2\/(a(—2$2+a(a2+ﬁ’2))—2w)bf—2a52b§

(4.121)

a/a(o(a?+B2)-252)—2w

" )0)]

X cot[%\/g(d + ax + By — 2a(Bs —

] Ja(—252+o'(a2+[?2))—2w
el(sy T xX+wt+@)

X

)

\/a3/20(a2+B2)(J2(a(—252+0(a2+ﬁz))—2w) by 425b,Va)

qe(x,y,t) = —
2\/(a(—252+a(a2+[:’2))—2w)b%—2a52b§

(4.122)

ay/a(o(a?+B2)-252)—2w

it )0)]

X tan[%\/g(d + ax + By — 2a(fs —

] \/a(—252+a(a2+,82))—2w
x ' e

x+wt+@)

)

where g, 2a(a(o(a? + %) — 2s%) — 2w) > 0 for legitimate solitons to exist.

Set-2: Combination of dark and bright soliton solutions

Placing the coefficients in case-I into Eq. (4.87), provides
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V2(2s2+2r2+a2+B2)(rby+sby)

. _ _Hartps)
X (i sechlax + Py + 25212124 a? 1 B2 ]

4(ar+ps) i(rx+sy+wt+¢)
ttanh[ax + By + i tDe )

CI7(xr 4 t) =

(4.123)

where 2w (a? + B?)(2s% + 2r?2 + a? + %) (rb, + sb,) > 0 for legitimate solitons
to exist.

Placing the coefficients in case-1l into Eq. (4.87), provides

\/—a3/2(a2+B2)(J—2a(252+a2 +B82)—4w by+2sby\a)

q8(x' 8z t) =

2\/(a(2$2+a2+ﬁ’2)+2w)bf+2a52b§

a/—-a(2s?2+a2+B2)—2w

X (i sech[ax + By — 2a(Bs — NpT )t] (4.124)
+tanh[ax + By — 2a(Bs — a\/—a(zﬂ;zijwz)—m)t])

-a(2s2a2+B2)

x el(sy— v x+wt+@)

where  a3?(a?+ %) <0, (2a(2s% + a? + B?) + 4w) < 0, 2a(a(2s? + a? + B?) +
2w) <0, (a(2s? + a? + %) + 2w)b? + 2as?b% > 0 and a > 0 for legitimate solitons
to exist.

Set-3: The dark soliton solutions

Placing the coefficients in case-I into Eq. (4.88), provides

_ Jw(a?+B?)
Qo(X, Y1) = e
J2(2s2+2r2+a2+B2)(rby+sby) (4.125)
1 _40@r+BS) N1 i(rrtsy+wte) '
X tanh[2 (ax + By + P2 t)]e ,

where 2w(a? + ?)(2s? + 2r% + a? + B?)(rb, + sby) > 0 for legitimate solitons to
exist.

Placing the coefficients in case-1l into Eq. (4.88), provides
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\/—a3/2 (@2+B2)(\/-2a(2s2+a?+B2)—4w bi+2sbyVa)

qu(xJ Y, t) =

2\/(a(252+a2 +B2)+2w)b?+2as2b2

(4.126)

a/—a(2s?2+a?+p2)—2w

)

X tanh[% (ax + By — 2a(fs —

—a(2s2a2+p2)

% ei(sy— NeT x+wt+@)

where  a®/?(a?+ %) <0, (2a(2s% + a? + f?) + 4w) < 0, 2a(a(2s® + a? + B?) +
2w) < 0, (a(2s? + a? + B?) + 2w)b? + 2as?b? > 0 and a > 0 for legitimate solitons
to exist.

Set-4: Singular soliton solutions

Placing the coefficients in case-I into Eq. (4.88), provides

- Jo(a®+p?)
(0 Y, ) = — e
J2(2s2+2r2+a2+p2)(rby+sby) (4.127)
1 4w(ar+ps) i(rx+sy+wt+e)
X coth[> (ax + By + 2 t)]e :

Placing the coefficients in case-I into Eq. (4.7.8), provides

J—a3/2(a2+32)(¢—2a(252+a2+ﬁ2)—4w by 425b,Va)

qi12(x,y,t) = —

2\/(a(252+a2+[:’2)+2w)b%+2a52b§

(4.128)

ay/-a2s2+a2+B2)—2w

ey )

X coth[% (ax + By — 2a(fs —

—a(2s2a?+p2)

x el(sy— NeT x+wt+@)

)

where 2a(a(2s? + a? + B%) + 2w) < 0 for legitimate solitons to exist.

4.9. The Benjamin-Bona-Mahony Equation

The approximate numerical and exact solutions to the equation Benjamin-Bona-
Mahony are provided in this section. The Benjamin-Bona-Mahony equation is provided by
[88]

Up + puy, + quUt, + TUU, + SUy,, = 0, (4.129)

where p,q,r and s are arbitrary nonzero constants.
Eq. (9.9.1) can be provided in the form of the finite difference method’s operator as
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Hu;j Hyu; j Hyu;; 2 Hxl;j HyxxUi,j
— —_— Uu; ; =+ r(u; ; =+ s = = (. 4,130
At tp Ax tqu; Ax +7( U) Ax t 2(Ax)3 ( )

Placing Eq. (3.41), (3.42) and (3.43) into Eq. (4.129), provides the following indexed
form.
1
B T 20 (= T (P + qui; + 1ul))
(2r(Ax)° (U e — uij) —
(AD)(qPui—p; — 2q%u;_q j + 2pr(Ax)®u; ; + 2qr(Ax)*uf; + 2r2(Ax)2ui3J — q*uis25))
(4.131)

where the initial values u; o = uo(x;) .

4.9.1. Von-Neumann Stability Analysis

Here, we study the stability of the Benjami-Bona-Mahony equation by utilizing the
Von-Neumann stability analysis. When the Fourier method of analyzing stability is utilized,

and &™ is taken as the amplification factor, the growth factor of a typical Fourier mode is

provided as:
ult, = Enetme, (4.132)
where i = v—1.

To check the stability of the numerical technique, the nonlinear term (u + u?)u, in
the Benjamin-Bona-Mahony equation has been linearized by taking the quantity u + u? a
local constant. Thus the nonlinear term in the equation changes into (12 + @)u, in this case
Eqg. (4.129) changes to

Up + puy + qiiu, + ri2u, + Sty = 0. (4.133)

Placing the Fourier mode (4.132) into Eq. (4.133), provides

fneim<p_€neim(p gnei(m+1)(p_5neim<p . Enei(m+1)<p_fneim(p
) + qi(
(Aat) (Ax) (Ax) (4.134)
(fnei(p_zsn_'_fne—i(p) (Sneiz‘p—2$nei‘p+26ne_i"’—fne_2i‘f’) _ 0 .
(Ax)? 2(Ax)? o
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We therefore reach the following expression by letting £™*1 = £&™ and assuming that

& = &(p) does not depend on the time "t"

¢=1+4 fof) (p(Ax) + qli(Ax) + rﬁZ(Ax))sinzg ( |
4.135

+i(:—§)sin(<p)(8s sin2(@) — (p(Ax) + qii(Ax) + r2%(Ax)))

Hence

§=X+ i (4.136)

According to the Fourier stability, for the provided scheme to be stable, the condition
|€] < 1 must be satisfied so if the following inequality holds, the scheme is unconditionally

stable.

|€]? = X2 + X2. (4.137)

We can investigate other schemes following a similar way.

49.2. L, andL o, Error Norms

The numerical approximations of the equation were achieved for the sample issue used
in the current research and all calculations in this research were achieved using the
mathematica program. To demonstrate how close to each order we use the analytical
approximations and numerical approximations L, and L. error norms. The error L,

norms provided by [89]

N
Lz — ”uexact _ .uvnumeric”2 — hz |u]¢xact _ u]numeric 2,
j=0

and L., error norm defined as

Loo — ”uexact _ unumerlclloo — M?.’XI u]t_exact _ u]numerlc
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4.9.3. Exact and Numerical Approximations

Consider the exact solutions of Eq. (4.129) presented in Yokus et al. [90]
u(x, t) = _zq_r (1++2 sech[(p — g)t - x]). (4.138)

Placing the datum r=1,p=1,g=1,0<x <1 and 0 <t <1 into Eq. (4.138),

provides

uo(x) = — 2 (1 + VZsech[x]) (4.139)

Utilizing the supposition above, the exact solution of Eq. (4.138) turns to
u(x, t) = =5 (1 + VZsech[> + x]) (4.140)

For the finite difference method, we provide the following indexed form by placing
thevalues r = 1,p = 1,q = 1, and (Ax) = (At) = 0.02 into Eq. (4.131):

Upy1; = —50(1250u;_5; — 2500u;_1j + 2u;j + uf; + uj;
—Uj jy1 + 249U j — Uj jUipr,; — UF UT ; — 1250U;45 ). (4.141)
Fig. 4.18 provides the physical feature of Eq. (4.138), and Fig. 4.19 presents the comparision
between exact and numerical approximations. Tables 4.1 and 4.2 provide the approximate

numerical/exact values of Eq. (4.138) and its numerical errors, respectively.

iz i)
-0 5:_

Figure 4.18. The 3D and 2D figures of Eq. (4.138).
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We provide in the Table 1 and 2 below, the comparison between the exact and
numerical solutions and the L, and L., error norms tables reached by ustiling the finite

difference method, respectively

Table 4.1. Numerical and exact solutions of equation (1) and absolute errors A(x) = 0.02 and 0 < x < 1.

X | ¢ Numerical Solution Exact Solution Error

0 |0.01 -1.20728 -1.20701 2.74945x10 ~*
0.01]0.01 -1.20608 -1.20710 1.01901x10 ~3
0.020.01 -1.20461 -1.20691 2.30727x10 3
0.03]0.01 -1.20286 -1.20644 3.58359x10 3
0.040.01 -1.20085 -1.20569 4.84184x10 3
0.05|0.01 -1.19858 -1.20466 6.07605x10 ~3
0.06(0.01 -1.19607 -1.20335 7.28046x10 3

Table 4.2. L, and L, errornormwhen 0 <h <1 and 0 <x <1 From Table 1 and 2 above, we may

simply observe that the numerical results are in closed agreement with the reached exact solution

X =t L, Lo
0.2 0.128064 0.171159
0.1 0.071052 0.093571
0.05 0.036889 0.048321
0.01 0.007552 0.009848

0.001 0.000759 0.000988
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—e— Numerical Solition
ExactSolution

value

_1.3 1 1 1 ! 1 1 1 ] ]
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

iteration
Figure 4.19. lllustrates the solution's physical conduct and shows that the precise value
of the solution is near the numerically calculated values. We acknowledge
that the decision is based on the truncation error of the Ax and At. There

are appointed close to zero indicates that the truncation error is very small.

4.10. The Coupled Boussinesq Equation

The exact and numerical approximations of the Boussinesq equation combined are
provided in this section. The equation of Boussinesq is provided by [91]

e e v = 0. (4.142)

Boussinesq equations are utilized to model the dynamics of shallow waves of water
that occur in various locations such as rivers, lakes and beaches of the sea [91, 92]. The
combined Boussinesq equation occurs for two layered fluid flow in the shallow water waves.
This happens whenever a ship's accidental oil spill causes a layer of oil to float above the

water layer [92].

Consider the following difference operators: For v(x, t):

Hvyj = Vije1 — Vi (4.143)

Hyvij = Vis1; = Vi, (4.144)
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HyxxVij = Vito,j = 2Vig1j + 201 — Vip ). (4.145)

For w(x, t):
Hiwgj = wij —wyj, (4.146)
HyWyj = Wity — Wi, (4.147)

Thus, one may approximate the partial derivatives into the finite difference operators

as

For v(x, t):
ov|  _ Hevij
acly; = ar T 0((A1)), (4.148)
av|  _ HxVij
axly; ~ ax T 0((Ax)), (4.149)
& _ HyxxVij 2
dx3 i,j - (Ax)3 + O((Ax) )l (4150)
For w(x, t):
ow|  _ Hewgj

ocly;, = 7ac T 0((At)), (4.151)
a_w _ HxWi,j
axly, = ax T 0((Ax)). (4.152)
One may rewrite Eq. (4.142) in the finite forward difference operator’s form as
Hevij | HxWij  Hyvij _

ac T ax T Vid Tax =0 4.153
HtWi,j_l_ Hxvi,j_l_ HxWi,j+HxxxVi,j - 0 ( : )

at T WiiTay T Vi Tax ax)3
We provide the following indexed shapes by placing Eq. (4.148-4.151) into Eq.

(4.142):
— 1 3,,2

Vit1) = T 3anar ol - antwey) ((A)v;—p; — 2(At)V;_q j — 2(Ax) v
—2(A)(Ax)*VE; + 2(Ax)3 v 0y j41 — (A)Via, + 2(Ax)3wy (4.154)

+2(At) (Ax) v jwy j — 2(AX)3 Wy j41),
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1
WL T T 20 + (8020, — (Ax)Pwy)
+2(A) ;g vy j — 2(A0) V] + 2(A%)V; 41 + (DD V40 ) — 2(AD) W,
—2(At) (Ax) 07wy j — 2(Ax)3v; jqawyj + 2(A0) (Ax)* Wi + 2(Ax)3 Vi jw; j41),
(4.155)

(—2(Ax)v;; — (A v, vy

where the initial values v; o = vo(x;) and w; o = wy(x;).

4.10.1. Von-Neumann Stability Analysis

Here, the stability of the numerical scheme is evaluated using the Fourier VVon-
Neumann stability analysis with the combined Boussinesq equation. We consider ¢" as the

amplification factor. The growth factor of a typical Fourier mode may be provided as

follows:
vrrrll — P(Tleiﬁ,W#L = W(Tleiﬁ, (4156)
where { =+ —1.

To examine the stability of the numerical scheme, the nonlinear terms in the coupled
Boussinesq equation vv,,wv, and vw, must be linearized by taking v and w local
constants. Thus, the nonlinear terms vv,,wv, and vw, changes Av,, Bv, and Aw,

respectively.

The finite difference operator form of these linearized terms is provided as

Hyv; j Hyv; j Hyw;
: Bv, =B—=, Aw,=A4A——= 4.157
Ax ’ x Ax ’ x Ax 4 ( )

Av, = A

where A = v/, and B = w}}

Employing these changes on Eq. (4.155), provides

Hvj i Hyw; i Hyvj i
L] + XYL, ] + A X L] — O’
Hiw; j + BHin,j _l_AHxWi,j + HyxxxVij :
At Ax Ax (Ax)3

Now, placing Eq. (4.157) into Eq. (4.158), provides
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P mananr (A + BYAD @) + A — 1)
+(A? — B)(At)(Ax)2cos[B] + iAt(2 + (A2 — B)Ax? — 2cos[B]sin[B]))  (4.159)
Ax3((-1)
Grrr—mama) =

P((—AAt — Ax(—1 4 BAx?)({ — 1) + AAtcos[B] — iAAtsin[B] + 2iAAtcos[B]sin[B])
X (At + (A% — B)AtAx*)™1) + W((—A%AtAx? + At(1 — BAx?) + AAx3({ — 1)
+Atcos[B] + (A? — B)AtAx?cos|[B]

+iAtsin[B] + i(A%? — B)AtAx?sin[B]) (At + (A% — B)AtAx?)™1) =0

(4.160)
where A = v, B = wl, Next, Let {"*1 = ¢¢™ and supposing that ¢ is independent of

time.
Then, we may reach the following class of algebraic equations.

Eqg. (4.159) and (4.160) are not obvious to P and W for at least one solution
necessary and sufficient condition determinant of coefficients matrix of system take the
value zero. Therefore

1
4 = 3 g (Ax4cos[[2—))] — 2iAAtAx3sin[§] — iAx“sin[g] —
Ax4cos[7] - iAx4sin[7]

2(((At%Ax* — BAtZAx6)cos[§]Zsin[§]2 - AtzAx‘*cos[g]cos[%]sin[g]2 —

iAtZAx4cos[§]sin[§]3 + iAtZAX‘}COS[%]Sin[gF - BAtzAx6sin[§]4))%)

(4.161)
(= ! ((Ax“cos[ﬁ] — 2iAAtAx3sin[E] — iAx4sin[£] +
Ax4cos[§] — iAx4sin[lzi] 2 2 2
2(((At*Ax* — BAtZAx6)cos[§]2sin[§]2 - AtzAx4cos[g]coS[%sin[g]z -

B

zncd P Brsrona BB Bos oo e Bt
iAt*Ax COS[Z]Sm[Z] + iAt*Ax*cos| > ]sm[z] BAt*Ax sm[z] )2)

(4.162)

According to the Fourier stability, numerical scheme is unconditionally stable as
161 <1, [¢1] < 1.
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410.2. L, and L ,, Error Norms

To demonstrate how near the exact and numerical solutions are, we use L, and L,
error norms.

The L, and L, error norms are defined as [89]

L, = ”uexact numerlc \/hZ o |uexact numeric|2’ (4.163)

J

— i - M t i
Ly, = ”uexact _ unumerlclloo — ;lxlujexac _ u]numerlc i (4.164)

4.10.3. Exact and Numerical Approximations of Coupled Boussinesq Equation

Consider the exact solutions of Eq. (4.142) presented in Sulaiman et al. [93]

— [32 _ _ 4u
vi1(x,t) =4 4u— A+ e 2 tanh e )] (4.165)

w1 (%, t) = 2u(A® — 4u) /(Acosh[ 1 (x, t)] + /A2 — 4usinh[ 1 (x, )])?,
(4.166)

where

Va8 = 5 (B +x— B~ ) x T~

Placing the datum k=1,1=3,u=2,E =25 into Eq. (4.165) and (4.166),

provides the following special exact solutions for the approximations:

8

ven o) == 3+tanh[(2.5-t+x)] (4.167)
-2

w(x, t) =4 (3 cosh E 25-t+ x)] + sinh E 5-t+ x)]) . (4.168)

At t =0, Eq. (4.167) and (4.167) turns to

vo(x) = =2 + 5 (4.169)

3+tanh[5(2.5+x)]
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wo(x) = 4(3cosh[5 (2.5 + x)] + sinh[> (2.5 + x)]) 2. (4.170)
Placing (Ax) = (At) = 0.01 into Eq. (4.154) and (4.155), provides

Visj = (9999.10 + vZ; — w; )71 (—4999.10v;_5 ; + 9999.10v;_
+vf + v = v jar + 499910045 ) — Wi j — VWi + W i), (4-171)
W1, = (9999.10 + v7; — w; ;)71(9999.10v; j + 4999.10v;_, jv; ;
—9999.10v;_1;v; ; + 9999.10v%; — 9999.10v; 1 — 4999.10V; jv145;  (4.172)
+9999.10w; ; + v jwyj + vy jaWij — W — Vi jWi j41),

respectively.

Fig. 4.20 provide the physical feature of Egs. (4.165) and (4.166), Fig. 4.21 gives the exact

and numerical comparison of Eg. (4.165), Fig. 4.22 gives the exact and numerical

comparison of Eq. (4.166), Fig. 4.23 presents the absolute error graph of Eg. (4.165) and

Fig. 4.24 absolute error graph of Eq. (4.166). Tables 4.3 and 4.4 provide the approximate

numerical/exact values of Eq. (4.142) via Eq. (4.165) and (4.166), respectively. Table 4.5

givethe L, and L, error norms of from Egs. (4.165) and (4.166).

The exact and numerical approximations of Eq. (4.142) are therefore presented in table

1and 2 below and L, and L, error norms in table 3.

Table 4.3. Numerical and exact approximations of Eq. (4.142) and absolute errors under Eq. (4.165).

X tj Numerical Exact Error

0 0.01 0.07960 0.07961 6.69266x10 ~©
0.01 0.01 0.07884 0.07885 6.63951x10 ~°©
0.02 0.01 0.07809 0.07809 6.58665%x10 ~©
0.03 0.01 0.07734 0.07735 6.53408x10 ~©
0.04 0.01 0.07660 0.07661 6.48180x10 ~°©
0.05 0.01 0.07587 0.07587 6.42982x10 ~°©
0.06 0.01 0.07514 0.07515 6.37813x10 ~°
0.07 0.01 0.07442 0.07443 6.32674x10 ~©
0.08 0.01 0.07371 0.07371 6.27564x10 ~©
0.09 0.01 0.07300 0.07301 6.22483x10 ~°
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Table 4.4. Numerical and exact approximations of Eq

. (4.142) and absolute errors under Eq. (4.166)

X tj Numerical EXxact Error

0 0.01 0.07644 0.07644 3.42592x10 ~©
0.01 0.01 0.07574 0.07574 3.39847x10 ~©
0.02 0.01 0.07504 0.07505 3.37117x10 ~°
0.03 0.01 0.07435 0.07436 3.34400%10 ~©
0.04 0.01 0.07367 0.07367 3.31699x10 ~°©
0.05 0.01 0.07210 0.07210 3.29012x10 ~°©
0.06 0.01 0.07232 0.07232 3.26340x10 ~©
0.07 0.01 0.07165 0.07166 3.23682x10 ~°©
0.08 0.01 0.07099 0.07010 3.21039x10 ~°
0.09 0.01 0.07034 0.07034 3.18412x10 ~°©

Table4.5. L, and L

errornormunder 0<h<1 and 0<x<1

X =t Ly(v(x, 1)) Leo(v(x, 1)) Ly(w(x, 1)) Leo(w(x, 1))
0.1 0.0004379358 | 0.0006196246 |0.0002236631| 0.0003188607
0.01 0.0000000321 | 0.0000001112 |0.0000000090| 0.0000000302

0.001 0.0000000465 | 0.0000000668 |0.0000000237 | 0.0000000346

0.0001 0.0000000005 | 0.0000000007 |0.0000000235| 0.0000000832

Figure 4.20. The (a) kink-type and (b) soliton figures of Eq. (4.165) and (4.166).
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Figure 4.21. Numerical and exact approximations graph of Eq. (4.142) via Eq. (4.165).
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Figure 4.22. Numerical and exact approximations graph of Eq. (4.142) via Eq. (4.166).
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Figure 4.24. Absolute error graph under Eq. (4.166).
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5. RESULTS AND DISCUSSION

This study focuses on building distinct solitary wave solutions and computing the
approximate accurate and numerical solutions for distinct types of nonlinear mathematical
models. On the other side, to achieve multiple types of solitary wave solutions, one of the
analytical methods used in this research has been simplified.

The reported solutions for KdV equation with dual-power law nonlinearity by secured
by using the SGEM are in the form of hyperbolic, trigonometric, complex and rational
function. Hyperbolic functions are of different physical meanings. For instance, the
hyperbolic sine comes from the gravitational potential of a cylinder. The hyperbolic cosine
function is the design of a hanging cable. The hyperbolic tangent comes from the calculation
and rapidity of special relativity. The hyperbolic secant comes from the profile of a laminar
jet. The hyperbolic cotangent arises in the Langevin function for magnetic polarization [94].
It is estimated that these solutions are related to physical features of hyperbolic functions
when we consider the solutions reported in this study.

Lie group analysis as one of the well-known approach for reaching exact solutions to
different kind of NLEESs has been employed by Khalique et al. [81] in finding the solutions
of the (2+1)-dimensional Zakharov-Kuznetsov modified equal width equation and some
soliton, singular soliton and singular periodic waves solutions with the trigonometric and
hyperbolic function structures were reported. With the sine-Gordon expansion method, we
revealed some new soliton and kink-type solutions with various hyperbolic functions
structure.

Several analytical techniques which have been developed by using the concept of the
sinh-Gordon equation and tell the differences with our newly presented simplified approach.
Under the choice of suitable values of the parameters, we also present the two- and three-
dimensional plots to some of the obtained solutions reported in this study.

Yan [95] proposed a sinh-Gordon equation expansion method which obtains the Jacobi
elliptic function solutions to some nonlinear wave equations. In Yan [95], Eq. (3.24) is
transformed into nonlinear ordinary differential equation (Eq. (3.26)) by using Eg. (2.25).
When simplifying Eq. (3.26) by Yan [95], the constant of integration is considered to be
nonzero and the following Jacobi elliptic functions are obtained:



sinh(0) = cs(&;m) and cosh(0) = ns(&;m). (5.1)

It is known that when m — 1, ¢s(&;m) = csch(§) and ns(é;m) — coth(§) and
when m —= 0, cs(&;m) - cot(§) and ns(&; m) — csc(§). For details, see Yan [93].

Xian-Lin and Jia-Shi [96] extended sinh-Gordon equation expansion method
developed by Yan [93]. In the extended sinh-Gordon equation expansion method
trigonometric and hyperbolic functions solutions can directly be secured. When simplifying
Eqg. (3.26), Xian-Lin and Jia-Shi [96] also considered the constant of integration to be zero

in the following way:

In Eq. (3.28), Xian-Lin and Jia-Shi [96] considered %A =a and %5 = b so that the

following equation is secured:

8' = \/a sinh2(8) + b. (5.2)

Thus, Xian-Lin and Jia-Shi [94] solved Eq. (5.2) considering the following two cases:

Case-l1: When a =1, b = 0, Eq. (5.2) becomes

0' = sinh(0). (5.3)

Case-l11: When b =1, a = 1, Eq. (5.2) becomes

0’ = cosh(0). (5.4)

Case-1 is solved to give hyperbolic functions solutions and Case-I11 is solved to give
trigonometric functions solutions. This leads to having two individual polynomial equations
in the power of hyperbolic functions (8'$sinh*(8)cosh’(0)), (s = 0,1 and k, j =0, 1,
2, ...) as @' varies for each case. For details, see Xian-Lin and Jia-Shi [94].

In this study, we transform the same sinh-Gordon equation Eq. (3.24) as in Yan [93],

Xian-Lin and Jia-Shi [94] by using Eqg. (3.25). We also consider a nonzero constant of
integration when simplifying Eq. (3.26), but in different way with Yan [95], Xian-Lin and
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Jia-Shi [96], as it can be seen from Eq. (3.29). Doing this, we provide Eqg. (3.30). Eq. (3.30)
is a variable separable equation, we simplify it and obtain the following trigonometric

function solutions:

cosh(6) = tan(\/o(§ +d)) or cosh(8) = cot(Jo(§é +d)), (5.5)

sinh(0) = sec(\Wa(§+d)) or sinh(0) = csc(a(& + ). (5.6)

When we consider ¢ = —1 and d = 0 in Eqg. (5.5) and (5.6), we directly obtain the

following hyperbolic function solutions:

cosh(0) = —i tanh(§¢) or cosh(6) =i coth(¢), (5.7)

sinh(6) = sech(¢)) or sinh(6) =i csch(§). (5.8)

Placing these solutions together, we have the forms of solutions to Eq. (3.1) provided
in EQ. (3.36), (3.37), (3.38) and (3.39) which can be used to obtain different travelling wave
solutions to various nonlinear evolution equations.

It can be seen that in this study, all the solutions can be generated from the equation
(Vo cosh(8)) which overcome the use of two seprate polynomial equations in the power of
hyperbolic functions (8'$sinh*(8)cosh’(0)), (s=0,1 and k, j=0, 1, 2, ...) as we
have only one 6'. Thus, one single polynomial equation can be used in collecting the system
of algebraic equations and this is enough to obtained the solutions of the considered
nonlinear model after obtaining the values of the parameters involved by solving the system
of algebraic equations.

The well-known numerical scheme, namely; the finite forward difference method is
used in obtaining the approximate exact and numerical solutions to the coupled Boussinesq
equation. We observed that as Ax = At are getting smaller the approximations are

approaching zero (see Fig. 4.21 and 4.22).
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6. CONCLUSION

This study developed several solitary wave solutions for different types of nonlinear
mathematical models using different computational methods. The technique of finite
forward difference is also used to discover approximate solutions for some nonlinear.
Topological, non-topological, combined topological-non-topological and singular soliton
solutions are reported for the Korteweg-de Vries equation with dual-power law nonlinearity,
the coupled nonlinear Maccari’s system, the (2+1)-dimensional Zakharov-Kuznetsov
modified equal width equation and the long-short-wave interaction system. Dark, bright,
combined dark-bright, singular, combined singular solitons and singular periodic wave
solutions are constructed for the resonant nonlinear Schrédinger equation with both spatio-
temporal and inter-modal dispersions, the conformable space-time fractional second order
nonlinear Schrddinger equation, the decoupled nonlinear Schrodinger equation arising in
dual-core optical fibers and the (2+1)-dimensional nonlinear Chiral Schrédinger equation.
Secondly, the extended sinh-Gordon equation expansion method is simplified. The forward
finite difference scheme is used to report the exact and numerical approximations to the
Benjamin-Bona-Mahony equation and the coupled Boussinesq equation. The mathematical
techniques used in this study are powerful and easy-handling to address various kind of
nonlinear models. The simplified extended sinh-Gordon equation expansion method
provides a simplicity in the tedious work involves in the extended sinh-Gordon equation
expansion method. The finite forward difference method provides a better approximation to

various nonlinear models when used.
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