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STATIC ANALYSIS OF STIFFENED LAMINATED COMPOSITE PLATES
BY USING GDQM

SUMMARY

Due to their extensive use in the aerospace and maritime industries, stiffened
laminated composite plates represent an important study topic in engineering. Due to
their superior mechanical qualities and high strength-to-weight ratio, stiffened
laminated composite plates are frequently employed in a variety of technical
applications. This study examines an eccentric stiffener-equipped laminated
composite plate's static analysis. First order shear deformation theory is used to
mathematically model the main plate under investigation, which includes four layers
of carbon/epoxy, while Timoshenko beam theory is used to mathematically describe
the isotropic stiffener. A torsional coefficient is also employed and included in the
mathematical beam model for isotropic stiffeners. Also, for modelling isotropic plate,
Mindlin plate theory is used. The theoretical investigations seek to determine how
the insertion of stiffeners impacts the lamination of composite plates' static behavior.
The stiffened laminated composite plate's motion equations are derived in the
theoretical analysis using Hamilton's principle. A numerical method known as the
Generalized Differential Quadrature Method (GDQM) has demonstrated
considerable promise in resolving challenging engineering issues. The GDQM
approach, which discretizes the partial differential equations into a set of algebraic
equations, is used in this study to solve the governing equation that represents the
free vibration of eccentrically stiffened laminated composite plates. For each edge of
the plate, the clamped boundary conditions are taken into account. The Wolfram
Mathematica application is an effective suite of tools for numerical analysis and
scientific computing. It is used for numerical problem solving and result
visualization. This study investigates the natural frequencies and mode shapes of
isotropic stiffened plate for isotropic plate, [0,90,90,0] and [45,60,60,45] fiber angle
carbon fiber laminated composite. The findings demonstrate that the GDQM method
is a reliable and accurate approach for determining the free vibrations of such plates.
The results also show that changing the fiber angle orientation significantly affects
the mode shapes and can vary the natural frequencies. These findings are applicable
in a variety of engineering disciplines for the design and analysis of stiffened
laminated composite plates.
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GUCLENDIRILMIiS LAMINE KOMPOZIT LEVHALARIN DQEM iLE
STATIK ANALIZIi

OZET

Havacilik ve denizcilik endiistrilerindeki yaygin kullanimlari nedeniyle,
sertlestirilmis lamine kompozit levhalar, mithendislikte 6nemli bir ¢alisma konusunu
temsil etmektedir. Ustiin mekanik kaliteleri ve yiiksek mukavemet-agirlik oranlart
nedeniyle, sertlestirilmis lamine kompozit levhalar, ¢esitli teknik uygulamalarda
siklikla kullanilmaktadir. Bu ¢alisma, eksantrik takviye donanimli lamine kompozit
levhanin statik analizini incelemektedir. Birinci mertebe kayma deformasyonu
teorisi, dort karbon/epoksi tabakasi igeren, arastirilmakta olan ana levhay1
matematiksel olarak modellemek i¢in kullanilirken, Timoshenko kiris teorisi
izotropik sertlestiriciyi matematiksel olarak tanimlamak igin kullamlir. izotropik
sertlestiriciler i¢in bir burulma katsayisi da kullanilir ve matematiksel kiris modeline
dahil edilir. Ayrica, izotropik plakanin modellenmesi i¢in Mindlin plaka teorisi
kullanilmistir. Teorik arastirmalar, sertlestiricilerin yerlestirilmesinin kompozit
plakalarin statik davranigini nasil etkiledigini belirlemeye calisir. Sertlestirilmis
lamine kompozit levhanin hareket denklemleri teorik analizde Hamilton prensibi
kullanilarak tiiretilmistir. Diferansiyel Quadrature Eleman Metodu (DQEM) olarak
bilinen sayisal bir yontem, zorlu miithendislik sorunlarinin ¢éziimiinde 6nemli bir
umut vaat etmistir. Kismi diferansiyel denklemleri bir dizi cebirsel denklem halinde
ayriklastiran DQEM yaklasimi, bu ¢alismada eksantrik olarak sertlestirilmis lamine
kompozit plakalarin serbest titresimini temsil eden yonetici denklemi ¢ézmek igin
kullanilmistir. Plakanin her bir kenar1 i¢in kenetlenmis sinir kosullar1 dikkate alinir.
Wolfram Mathematica uygulamasi, sayisal analiz ve bilimsel hesaplama i¢in etkili
bir ara¢ paketidir. Sayisal problem ¢6zme ve sonug gorsellestirme igin kullanilir. Bu
calisma, izotropik plaka, [0,90,90,0] ve [45,60,60,45] fiber agil1 karbon fiber lamine
kompozit i¢in izotropik takviyeli levhanin dogal frekanslarini ve mod sekillerini
arastirmaktadir. Bulgular, DQEM yonteminin bu tiir plakalarin serbest titresimlerini
belirlemek i¢in giivenilir ve dogru bir yaklasim oldugunu gostermektedir. Sonuclar
ayn1 zamanda fiber a¢1 oryantasyonunun degistirilmesinin mod sekillerini 6nemli
olciide etkiledigini ve dogal frekanslar degistirebilecegini gostermektedir. Bu
bulgular, sertlestirilmis lamine kompozit levhalarin tasarimi ve analizi i¢in ¢esitli
miithendislik disiplinlerinde uygulanabilir
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1. INTRODUCTION

In the introduction, the main topics of stiffened composite laminated plates,
modeling of stiffened composite laminated plates, Hamilton's principle application,

and GDQM and other numerical method applications are discussed in detail.

1.1 Stiffened Composite Laminated Plates

In the field of structural engineering, stiffened laminated composite plates have
attracted a lot of interest as a result of their remarkable mechanical qualities and
diverse range of uses. These plates are made of several different materials—usually
fiber-reinforced polymers—Ilayered and then joined together to create a composite
structure. Their load-carrying capacity and rigidity are further enhanced by the
inclusion of stiffeners, making them useful for a variety of sectors, including civil

engineering, automotive, marine, and aerospace.

Stiffened laminated composite plates’ special material composition enables the
adjustment of their qualities to certain design specifications. Engineers may
maximize the mechanical strength, stiffness, and lightweight properties of the
composite by determining the right fiber orientation, fiber type, and resin matrix. By
enhancing overall load distribution, decreasing buckling and vibration, and raising
bending and torsional stiffness, the use of stiffeners like stringers or ribs further

enhances the structural performance.

Stiffened laminated composite plate design and analysis provide a number of issues,
including the choice of the best layup configurations, effective modeling methods,
precise failure mode prediction, and efficient production procedures. To solve these
issues and guarantee accurate and affordable designs, researchers and engineers have

created a variety of analytical, numerical, and experimental methodologies.



1.2 Modelling of Stiffened Laminated Composite Plates

The design and analysis of these structures heavily rely on the modeling of stiffened
laminated composite plates. Engineers may improve their performance, guarantee
structural integrity, and lower the danger of failure by precisely simulating their
mechanical behavior and reaction to external stresses. There are several different
modeling methods for stiffened laminated composite plates, including analytical

formulations, numerical simulations, and experimental validation.

It is required to take into account a number of parameters, including material
anisotropy, geometric nonlinearity, and the interaction between the stiffeners and the
plate, in order to appropriately describe the complicated behavior of stiffened
laminated composite plates. The behavior of these structures may be better
understood using analytical formulations based on traditional plate theories, such as
the Kirchhoff plate theory or the first-order shear deformation theory. They could be
constrained, nevertheless, by challenging loading scenarios or asymmetric

geometries.

Modeling stiffened laminated composite plates requires the use of numerical
simulations, such as finite element analysis (FEA). The plate and stiffener geometries
may be discretized into finite elements using FEA, which enables precise description
of the material characteristics and boundary conditions. Delamination phenomena
and through-thickness changes in material characteristics may be captured using
advanced computational approaches, such as the layer-wise approach, which are
essential in composite constructions. To forecast the beginning and spread of
deterioration in the structure, numerical models may also include progressive damage

and failure criteria.

To guarantee the correctness and dependability of the modeling methodologies,
experimental validation is crucial. Physical testing at full or reduced scales might
provide useful information for calibration and validation needs. For comparison with
the numerical predictions, these tests entail applying controlled loads and observing

the behavior of the stiffened laminated composite plates.

In this research study, we address analytical formulations and numerical simulations
to provide an overview of the modeling approaches used for stiffened laminated

composite plates.



1.3 Hamilton’s Principle

In order to analyze stiffened laminated composite plates’ dynamic behavior and
reaction to external loads, the equation of motion for these plates must be solved. A
methodical and effective way to find the governing equations of motion for these
intricate systems is provided by the Hamilton's principle. The Hamilton's principle
enables the development of equations that precisely describe the plate's dynamic
behavior while taking into account the interaction between the plate and the

stiffeners by framing the issue in terms of variational principles.

The concept of least action, on which the Hamilton's principle is founded, argues that
the motion of a system that minimizes the action functional is its genuine motion.
The action functional for stiffened laminated composite plates is the difference
between Kkinetic energy and potential energy. The potential energy denotes the work
done by outside forces operating on the structure, while the kinetic energy accounts

for the inertia of the plate.

It is required to take into account the plate's kinematics, strain-displacement
connections, and constitutive equations that regulate the behavior of the material in
order to apply the Hamilton's principle to stiffened laminated composite plates. The
total potential and kinetic energy of the system may be expressed by taking into
account the stiffness and mass contributions from the stiffeners and including the
relevant plate theory, such as the Kirchhoff plate theory or the first-order shear

deformation theory.

A set of partial differential equations that reflect the equations of motion for the
stiffened laminated composite plate may be constructed by modifying the action
functional with regard to the permissible changes in the deflection field. With the use
of suitable methods, such as finite element analysis or modal analysis, these
equations may then be numerically solved to determine how the structure will

respond to various loading scenarios.

One of the goals of this research study is to provide a general overview of applying
Hamilton's principle to solve the equation of motion for laminated composite plates
that have been stiffened. The theoretical underpinnings of the Hamilton's principle,

the formulation of the action functional for stiffened laminated composite plates, and



the numerical methods used to resolve the ensuing equations of motion will all be

covered in this work.

1.4 GDQM and Other Numerical Methods

An essential first step in examining the dynamic behavior of diverse structures is the
solution of the equations of motion. Numerous numerical methods, such as the
Generalized Differential Quadrature Method (GDQM) and other numerical
techniques, provide effective ways to acquire precise answers when it comes to
stiffened laminated composite plates. With the use of these techniques, the equations
of motion may be approximated and discretized, allowing for the prediction of the
dynamic response of stiffened laminated composite plates under various loading

scenarios.

By evaluating a function at discrete places, the Generalized Differential Quadrature
Method (GDQM) is a numerical approach that approximates the derivatives of a
function. GDQM discretizes the spatial domain of the plate into a set of grid points in
order to solve equations of motion, and it depicts the deflection field as a collection
of unknowns. The governing equations may be converted into a set of algebraic
equations using the GDQM, which can then be solved numerically to determine the

plate's deflection and response.

Other numerical techniques, in addition to GDQM, are often used to solve the
equations of motion for stiffened laminated composite plates. One of these often used
numerical techniques is the finite element method (FEM). FEM approximates the
deflection field inside each element by discretizing the plate into smaller finite
elements, each with a set of nodes. The equations of motion may be calculated and
computationally solved to determine the dynamic response of the structure by

building the stiffness and mass matrices.

In order to solve the equations of motion, other numerical approaches, including as
the Spectral Element Method (SEM), the Finite Difference Method (FDM), and the
Boundary Element Method (BEM), are also used in the study of stiffened laminated
composite plates. When dealing with unbounded domains, addressing unusual

geometries, or capturing high-frequency events, these approaches have benefits.



2. LITERATURE REVIEW

Understanding the structural behavior of stiffened laminated composite plates and
guaranteeing their safe and effective design depend heavily on static analysis. The
Generalized Differential Quadrature Method (GDQM), one of several numerical
techniques used to solve the governing equations, is showing promise. The current
developments in the static analysis of stiffened laminated composite plates using
various numerical approaches are summarized in this review of the literature, along

with the benefits, drawbacks, and potential uses of each numerical method.

The analysis of stiffened laminated composite plates has been successfully
completed by many scholars. For instance, Zhang et al. (2018) looked at the static
behavior of composite plates that had been stiffened and loaded under different
circumstances. The variational technique was used to study the static deformation of
eccentrically stiffened plates with partial composite action. The governing
differential equations were developed using the variational technique based on the
concept of the minimal potential energy, taking into account the strain energy of the
connections between the plate and the stiffeners as well as the accompanying

boundary conditions.

The stiffened laminated composite plate's equations of motion are developed using
the virtual work concept in another research by Demet Balkan (2020). Galerkin's

approach is used to discretize the equations of motion into the time domain.

The natural frequencies and mode forms of a freely vibrating, integrally stiffened
and/or stepped plate were also studied by [2] Ahmad and Kapania (2016). Instead of
the more common rib stiffeners, plate-strip stiffeners were utilized in this case. The
first-order shear deformation theory was used to examine the plate as well as the
stiffeners. According to the specified boundary conditions, it was assumed that the
deflections and rotations were a tensor product of Timoshenko beam functions. The
method described in this study may be used to completely clamped, free, and
cantilever supported stiffened plates, unlike Navier and Levy solution approaches.
The Rayleigh-Ritz technique was used to resolve the governing differential

equations.

In addition, [1] Wang (2015)'s paper introduces two improvements to help solve the

problem of employing the GDQM to solve differential equations using Dirac-delta



functions. The governing equation is numerically integrated before it is discretized in
terms of the differential quadrature, and the moving point load is work-equivalent to
loads applied at all grid points. With these adjustments, it is now possible to study
the static behavior and forced vibration of beams under a fixed or moving point load
directly using the GDQM. It is shown that the improved GDQM may provide very
precise results. A time-dependent Dirac-delta function is used to solve the partial
differential equations while retaining the compactness and computing effectiveness
of the GDQM.



3. HYPOTHESIS

In comparison to other numerical approaches, the Generalized Differential
Quadrature Method (GDQM) will provide precise and effective findings when used

to the static analysis of stiffened laminated composite plates.

Due to its intrinsic correctness and computational economy, it can be said that the
GDQM will be a viable numerical approach for the static analysis of stiffened
laminated composite plates. We anticipate being able to forecast the structural
response—including deflections, stresses, and strains—exactly using the GDQM

under a range of loading scenarios.

GDQM's precision in approximating derivatives is what gives it its accuracy. When
working with stiffened laminated composite plates, which display complicated
mechanical behavior as a result of the interaction between the plate and the
stiffeners, this property is very helpful. We expect to achieve credible findings that
closely resemble the real plate behavior by precisely capturing the derivatives and
including suitable plate theories, such as the Kirchhoff plate theory or the first-order

shear deformation theory.

Additionally, compared to certain other numerical techniques, including the Finite
Element Method (FEM), GDQM's computing efficiency enables quicker
calculations. GDQM's spectrum convergence qualities make it possible to achieve
precise solutions with fewer grid points, which saves time and computing resources.
When working with large-scale or parametric studies using stiffened laminated
composite plates, where the effectiveness of the numerical technique is critical, this

benefit is essential.

By employing GDQM and other numerical approaches, such as FEM or BEM
(Boundary Element Method), to solve the static analysis issue of stiffened laminated
composite plates, a comparison study may be done to verify this theory. The
accuracy, computational effectiveness, and convergence behavior of the findings
may be compared. The hypothesis may also be confirmed or disproven by statistical

analysis and validation against experimental evidence.



In conclusion, it can be mentioned that GDQM will be a viable numerical approach
for the static analysis of stiffened laminated composite plates, providing accurate and

effective results.



4. THEORY

4.1 Modelling of Laminated Composite Plate

The governing equations and boundary conditions that explain the behavior of thin
plates while including the effects of transverse shear deformation are established as
part of the development of the Mindlin plate theory. An summary of the formulation

is given below.

The three components u(x, vy, z, t), v(x, y, z, t), and w(x, v, z, t), which correspond to
the in-plane displacements in the x and y directions and the out-of-plane
displacement, respectively, characterize the displacement field of the plate. It is

presumpted that the displacement field varies linearly with plate thickness.

The kinematic relations for the plate are,

u(x, y,z,t) =z¢, (x, y,t)
v(x, v, z,t) =—z¢h, (x,y,t) (4.1)
w(x, y,z,l‘) = w(x,y,t)

where ¢, and ¢,, are rotations of the plate section about x and y axes respectively

and w is the transverse displacement.

The displacement field is used to calculate the plate's stresses. The strains in the

Mindlin plate theory are the transverse shear strains y,, and y,,,, the shear strain y,,,,
and the in-plane normal strains &, and &,,. Through the use of the proper derivatives,

these stresses are connected to the displacement components.

Strain displacement relations are shown below.



E. =Z—
w ox
oy
0
09, 99 (4.2)
N Ox oy
_ +5_W
I}/.)L'Z V ax
ow
Y. =9, 5

These equations link the stresses and plate strains via the plate's constitutive relationship. For
isotropic materials, the Young's modulus (E), Poisson's ratio (v), and shear modulus (G) of the
plate are all factors in the stress-strain equations. For orthotropic composite material, modulus
of elasticity for principle axis E1, E2, poisson ratio v12, v21 and shear modulus G12, G23 and

G13 used to define stiffness matrices.

The reduced stiffness matrix [Q] is calculated for each layer.

vyzEs

Q) =—"— Q)= Qua (i) = —2—

1-1y 505 1-1y 505y e L

Qse (1) =Gy Qus (1) =Gy3 Oss (1) = G35

(4.3)

By using this reduced stiffness matrix, the transformed reduced stiffness matrix [Q] is

calculated for each layer.
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Q[l",j i,‘,’{,m“‘p' + Z(Qm — "Q"J)sm picosf; + Qg‘jjsm i
o\ = (Q” + 0 - 400 )sin’ficos’f + Q{"(xin“"ﬁ,- + cos'f,)
04 = O\ ]sin*p; + Z(Q“] + EQLﬁ)un ficosfi; + 05 cos* f;
o) = (o} - 012 - 20 sinpicos’p,
( 0\ - 0% + "Q“jsm*,ﬁ cos f3;
E{: = ( o' — m - "Q;,'f])smﬂl')' cos fi; (4.2)
(Q{l'j -0V + "Qm) sin 3.cos’f
QE{: _ (Q“} + 0% —20% - Q:rJ)qiﬂzﬁ‘_cmzﬁ;
b7 (sin“{},- + cus"‘ﬁ,-)
_,m i"{,us “f + Q{'}singﬁ,-
M (Qm m) sin f§; cos f3;
QEJ.: = Q%cos?p; + OY)sin?p,
And the stress strain relations for the orthotropic lamina are demonsrated below.
Gl 100 oY O o0 0 |[e.]
o) | |& OF OF 0 0 |lg,
170 (=196 Q6 Ok 0 0 i, #5)
7 0 0 0 Q0F 027,
t) Lo 0 0 0f OF 7.

4.2 Modelling of Isotropic Stiffener

A traditional beam theory that offers a sophisticated mathematical model for examining the

behavior of thin beams is the Timoshenko beam theory, sometimes referred to as the
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Timoshenko-Bernoulli beam theory. Timoshenko beam theory takes into account the effects
of both axial and shear deformations, in contrast to the traditional Euler-Bernoulli beam

theory, which assumes that beams only experience minor shear deformation.

Timoshenko beam theory makes the following assumptions. The beam is narrow, which
means that its length is much larger than its cross-sectional dimensions. The beam
experiences slight deformations but maintains its linear elastic properties. Throughout

deformation, the beam's cross sections stay level and perpendicular to the longitudinal axis.

Axial displacement is represented by ug,(X, z, t) and wg,(X, z, t), which represents the
transverse deflection, make up the displacement field of the beam. It is presumpted that the

displacement field varies linearly over the beam's cross-section.

For the bending of stiffener in x direction, the kinematic relations are shown below.

U, (x,z,t) =—Z (x, r)

0,0 (52.0) = (5, 311) “

where ug;, and wg, are displacements of stiffeners in x and z directions, ¢ is the shear
deformation, 6, is the angle of twist of the cross-section and y, is the y location of the

stiffener.

And for the torsion, the kinematic relations are indicated below.

9,5* (x,t) - (bx (xa yS,l‘) @

where 6, is the angle of twist of the cross-section about stiffener centroid that is assumed
identical as the rotation of plate section about x axis. Neglecting the warping deformation, the

displacements associated with torsion are:
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Vs (-x,y,Z,f) = _Z¢x (X,ys,t)
We (X,y,Z,f) :yﬁf’x (x,ys,f)

u =0

s =

(4.8)

The displacement field is used to calculate the stresses in the beam. The axial strain &, ,, the
bending curvature x, and the shear strain yy,, , are the strains in the Timoshenko beam theory.

Through the use of the proper derivatives, these stresses are connected to the displacement

components.

The strain displacement relations for the stiffener in bending are demonstrated below.

8;:( b =—Z a_qo
’ Oox
S ow (4.9)
y,rz,b —w (P
oz

The strain displacement relations for the stiffener in torsion are demonstrated below.

09,

5 =—z
Vavd Ox
) o0Q. (4.10)
]/,\'z,f = y ]
Ox

The beam's stresses and strains are related by the constitutive equations. For isotropic
materials, the Young's and shear moduli of the beam (E and G) have a role in the stress-strain

equations.

The stiffener is assumed isotropic and the stress strain relations in bending are shown below.
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= (4.11)

A S
T.\':.h O KG y.\':.h
The stiffener is assumed isotropic and the stress strain relations in torsion are shown below.

s Ry
Try,r _ G 0 y.xy,r (4.12)

T’ 0 G ?’;z,:

xz,t

4.3 Equation of Motion of Stiffened Laminated Composite Plate

Hamilton’s principle can be written for the symmetrically laminated composite plate and the

isotropic stiffener as follows:

P:Jjjj( o 5u+ 5v+€;—6w}dzdxdydr
00

xx,b

+bsPS]“‘j.z»]‘h¢ {azui,b Su,, + 5;‘:’5 5w, ] e bj rr 0— N ) doddeds (4.13)
B0z ‘

4 0z

2 a hoa ~2
_J. ?[ ;[ (Tm O s ¥ T OV )dA dxdt + p, ”J.[ r“ Sv C;;” s ws,,]dAgdxdt =0

04

where n is the number of plies of the composite plate, p; are the density of these plies and p

and hy are the stiffener density and thickness respectively.

The first and second terms are the virtual work of inertia forces and the virtual strain enegy of
the plate. The third and fourth terms are the virtual work of inertia forces and the virtual strain
energy of the stiffener due to bending and fifth and sixth terms are the virtual work of inertia

forces and the virtual strain energy of the stiffener due to torsion. Also, z is the distance
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between the bottom of stiffener and the stiffened-plate neutral axis and z; is the location of
ply bottom surface that can be calculated as follows:

b ob
* 2bh+2bh, (4.14)
h I
%:E_Z}f (4.15)
j=l

where h and h; are the total thickness of the plate and the thickness of each ply of the

symetrically laminated plate respectively.

The governing equations are obtained as follows:

az¢x oM, oM

2 ~2
56, : 1 ""+sz+5D(y—ys){J0p38¢x _GJSOQL}_O

oy &x or’ x>

o, oM. oM,
o, : 1, (li"’+(’q =420 =0

: Ot e

ox oy

o'w 080 00, o*w 80!
ow: 1 +—=4+——+05,(y-1.) 1 +—= =0
" oy o (=2 2

(4.16)

. ]5 azq) _ aM.:x

2
or? ox

o)

+0.. =0

where &p is the Dirac-Delta function, ], is the polar moment of inertia of the stiffener cross
section, J, is the equivalent moment of inertia of the cross section due to torsion, I’s are the

inertia terms and M’s and Q’s are section moments and forces that can be calculated as:
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I, —Zpe j z°dz _z_‘("‘f—l_ i )
i=1 z i=1 3
Zeth (4.17)

z.+h, b p
2 3 3
I;=bp, j z7dz === [(:s+hs) -z :|
3
Z:,
n Zi':l
4 (i)
M_= o zdz
i=1 z
n_ il
. (i)
M, = c,, zdz
i=| z
n zx;l
M, = t\)zdz
3 = )
n Zid

.= I tdz (4.19)

xx s xx,b
Z-f
z +h,
s s
Qrz - bs _[ rxz,hdz

In addition, J for the rectangular cross section is obtained as follows [2]:
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. _ 7 (4.20)
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2a

If a, <b, lbfa‘ 1-—
S 3 T’a

s n=l

4.4 GDQM Solution

A numerical method used to solve differential equations is called the Generalized Differential
Quadrature Method (GDQM). It works especially effectively for boundary value issues and
situations involving ordinary or partial differential equations. The GDQM method uses a
weighted sum of function values at discrete places, referred to as quadrature points, to
estimate the derivative terms in the governing equations. An outline of the GDQM

formulation and solution is provided below.

Discretization: In GDQM, the problem domain is discretized into a collection of grid points,
where an approximation of the solution is found. Although the grid points are normally
perfectly spaced, they may potentially be dispersed unevenly to increase accuracy in certain

areas.

Weighted Approximation: A weighted sum of the function values at other grid locations is
used to approximation the unknown function at each grid point. By selecting suitable basis
functions and corresponding weights, the weights are established. Polynomial or

trigonometric functions are frequent options for basis functions.

Derivatives Approximation: By adding the weighted sum of the function values at nearby grid
points, one may estimate the derivatives of an unknown function. The differentiation matrix
connected to the GDQM scheme and the selected basis functions are used to derive the
weights. The coefficients needed to approximate the derivatives are provided by the

differentiation matrix.
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Construction of Algebraic Equations: Algebraic equations are created by inserting
approximations into the governing differential equations. These equations connect the

derivatives of the function values at the grid points.

Boundary Conditions: The algebraic equations are subjected to the all edges clamped
boundary conditions. These requirements may be directly applied at the border grid points or

included through extra equations.

The resultant system of algebraic equations is solved using numerical methods such matrix
inversion, iterative approaches, or direct solution techniques. A full solution throughout the
whole domain may be reconstructed using the values of the unknown function at the grid

points provided by the solution.

For this problem, integration of the governing equations are required to remove the Dirac
delta function. A similar approach to the one presented by [1] for the GDQM solution of

moving load problems is proposed.

Let’s consider the first governing differential equation:

P,
ot O ot

op. oM, oM, o’ o’
1 X _ ) _ X) + = 6 _ ‘ GJ X X
ot oy Ox 0 =5, (» y)[ ’ (4.21)

This equation of motion when discretized at GDQM grid points that have Y=Js give:

0%, oM, M

81‘; oy ox ~ 0. =0 (4.22)

1

Let’s take the integral of both sides of the equation of motion over the y domain:

j' 1 33¢ aM,l:‘v aM
10 ox’ or’

b 2 2
XV ~ a“¢ 8L¢ (423)
”,\ . A - d?: é) ) — )&_ GJ\ 3 7'][) s : d,
C ot oy 0ox QJ ’ E‘: (=) )( | g J L
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b 2 oM oM _ o2 V. 0% (x. v, (4.24)
J ([ T +Q_\.:de=GJs kPRI RVPRAC R
0 Ox ox” ot

2 oy -

Now integration of the left hand side of this equation can be performed by Gauss quadrature

rule, with the quadrature points selected identical with the GDQM grid points.

in 2 ‘
{ 2 &0, (x_,yf,t) - oM ,, (x,yj,t) - aM.ﬂ.(x,ypf) +0. (x-’y.f’t)

b w | 1
2% o o o

/=1

(4.25)

2 2
I YCOR Y

ox? 0Ps ot

From Eq. (4.25), it is obvious that the summation will give zero value for points other than

Y=Y Then, Eq. (4.25) simplifies to:

!/ aqux (x’y.s"t) y aMJ{v (x’ys"t) » aijf(‘x’yx’t)

" X, V.1
0% (x,v. .t ' (x.,y..t
e Al 2 )—Jgps g, ( 27 )
bw, ox Ot
Similar approach applied to the third governing equation we have:
If V7 s
82 a a ; (427)
I, ?+ Q”+ Q’:O
ot oy Ox
If Y=
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0

, O w(x,,.1) . 30, (x.y,.1) . 00, (x.y,.1) L ’w(x,y,.1) . a0, (x.1)

0
or’ dy ax bw | x

(4.28)

Boundary conditions for the stiffened plate model are defined as below.

x=0 X=a y=0 y=b
M, +GJ3S, (yfy_s,)% =0 M_+GJg5, (yfy_s,)% o Mn=0 o M,=0
i ) ¢, =0 ¢, =0
or % =0 or %:=0
M, =0 __¢,=0 M, =0 __$,=0 M, =0 M =0 o)
or & =0 ¢,=0
0, =0, (r=3)0L=0 . -0 -8,(y=r)0=0  -0.=0 o -0.=0
w=0 w=0 w=0 w=0
ML =0 p=0 ML=0 . 9=0
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5. RESULT

5.1 Material Mechanical Properties and Dimensions of the Model

For isotropic plates and isotropic stiffeners, mechanical properties of structural steel are
considered. For [0/90/90/0] and [45/60/60/45] laminated composite plates, mechanical
properties of CFRP are considered.

Figure 5.1 : Dimensions of the model

Figure 5.2 : Dimensions of the model

5.2 Mesh Statistics and Resolution Time Comparison

GDQM is renowned for its potential computational efficiency as a result of its direct
integration of the governing equations without the need to generate a mesh, in contrast to
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FEA, which requires mesh generation and refinement. This efficiency can be especially
advantageous for problems with expansive and intricate domains. For the GDQM model,

35x35 equispaced grid distribution are used seperately for plate and beam model.

Table 5.1 : ANSYS mesh statistics

ANSYS Mesh Statistics
Nodes 589065
Elements 309728

Table 5.2 : Resolution time comparison

Resolution Time Comparison
ANSYS 12m 50s
GDQM 48s

The resolution time of GDQM is significantly less than that of ANSY'S, and the equispaced
grid distribution employed by GDQM has fewer nodes than ANSYS.

5.3 Isotropic Plate With Isotropic Stiffener Results

The first six natural frequency and their related mode shapes for the defined boundary
conditions in accordance with the modelled isotropic plate with an isotropic stiffener are

obtained by using ANSY'S software. The figures are shown below.

A: Modal

Total Deformation 1
Type: Total Defarmation
Frequency: 168,76 Hz

Unit: mm

2,05.2023 10:36
37,391 Max
33,236
29,082
24,927
20,773
16,618
12464
8,3091
4,1545
0 Min

Figure 5.3 : ANSYS first mode shape for isotropic plate with an isotropic stiffener
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A: Modal

Total Deformation 2
Type: Total Defarmation
Frequency: 170,52 Hz
Unit: mm

2,05.2023 10:47

35,303 Max
31,381
27458
23536
19613

15,69
11,768
78452
3,0026

0 Min

Figure 5.4 : ANSYS second mode shape for isotropic plate with an isotropic stiffener

A: Modal

Total Deformation 3
Type: Tatal Defarmation
Frequency: 242,59 Hz
Unit: rm

2,05.2023 10:48

37,13 Max
33,005
28,879
24,754
20,628
16,502
12,377
82512
4,1256
0 Min

Figure 5.5 : ANSYS third mode shape for isotropic plate with an isotropic stiffener

A: Modal

Total Deformation 4
Type: Total Deformation
Frequency: 247,69 Hz

Unit: mm

2,05,2023 10448
37,216 Max
33,081
28,046
24,811
20,676
16,541
12,408
8,2703
41352
0 Min

Figure 5.6 : ANSYS fourth mode shape for isotropic plate with an isotropic stiffener

A: Modal

Total Defarmation 5
Type: Total Deformation
Frequency: 317,34 Hz
Unit: mm
2.05.202310:49

35,432 Max
31,405
27,558
23,621
19,684
15,747
11,811
7,8737
3,0369
0 Min
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Figure 5.7 : ANSYS fifth mode shape for isotropic plate with an isotropic stiffener

Frequency: 348,17 Hz
Units mm
2,05.2023 10:49

36,689 Max
31,612
28,536
24,459
20,383
16,306

12,23

8153

24,0765
0Min

Figure 5.8 : ANSYS sixth mode shape for isotropic plate with an isotropic stiffener

The first six natural frequencies and their associated mode structures for the specified
boundary conditions in accordance with the modeled isotropic plate with an isotropic stiffener
are obtained using the Generalized Differential Quadrature Method in the Wolfram

Mathematica software. The attained figures are displayed below.

Figure 5.9 : GDQM solution first mode shape for isotropic plate with an isotropic stiffener

24



Figure 5.10 : GDQM solution second mode shape for isotropic plate with an isotropic
stiffener

Figure 5.11 : GDQM solution third mode shape for isotropic plate with an isotropic
stiffener
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Figure 5.12 : GDQM solution fourth mode shape for isotropic plate with an isotropic
stiffener

’/‘vl_"*-_

26



Figure 5.14 : GDQM solution sixth mode shape for isotropic plate with an isotropic
stiffener

Table 5.3 : ANSYS and GDQM results comparison for isotropic plate with an isotropic

stiffener
Mode GDQM (Hz) ANSYS (Hz) Relative Error %
1 169.62 168.76 0.51
2 176.01 170.52 3.22
3 247.54 242.59 2.04
4 250.80 247.69 1.26
5 340.51 317.34 7.30
6 357.42 348.17 2.66

Using the Generalized Differential Quadrature Method in the Wolfram Mathematica software,
the first six natural frequencies and their corresponding mode structures are generated for the
stated boundary conditions in line with the model taken from [3] Augustyn (2015) . The FEM
model is applied to the geometry defined in the [ref]. Below are the numbers and comparative

graphs for the various results.

Table 5.4 : [3] FEA results and GDQM results comparison for isotropic plate with an
isotropic stiffener

Mode GDQM (Hz) FEA results [3] Relative Error %

1 724.78 718.10 0.93
2 752.47 751.40 0.14
3 996.24 997.40 0.12
4 1004.65 1007.10 0.24
5 1404.52 1419.80 1.08
6 1421.37 1424.30 0.21

In the [3] Augustyn (2015), the all related mode shapes for the specified model are not
obrained. For different ratios of stiffener and plate thickness, the first mode shapes are

obtained. Therefore, the mode shapes comparison can not be carried out.

5.4 [0/90/90/0] Carbon-Fiber Plate With Isotropic Stiffener Results

By using ANSY'S software, the first six natural frequencies and their associated mode shapes
for the defined boundary conditions of the modeled [0/90/90/0] carbon-fiber plate with an

isotropic stiffener are determined. The numbers are listed below.
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C: Modal
Total Defarmation
Type: Total Deformation
Frequency: 192,11 Hz
Unit: mm
5.05.2023 19:07
82,815 Max
73,613
64412
55,21
46,008
36,807
27,605
18403
92017
0Min

0,00 100,00 200,00 (mm) ®
- —J

50,00 150,00

Figure 5.15 : ANSYS first mode shape for [0/90/90/0] carbon-fiber plate with an isotropic
stiffener

C: Modal

Total Deformation 2
Type: Total Deformation
Frequency: 134,07 Hz
Unit; mm

5.05.2023 19:07

80,845 Max
71,862
62,879
53,806
2,01
35,031
26,048
17,965
5,087
0 Min

000 100,00 200,00 trare)
]

50,00 150,00

Figure 5.16 : ANSYS second mode shape for [0/90/90/0] carbon-fiber plate with an
isotropic stiffener

C: Modal

Total Deformation 3
Type: Total Defarmation
Frequency: 310,2 Hz
Unit: mm

5.05.2023 19:08

80,195 Max
71,284
62,374
53,463
44,553
35,642
26,732
17,821
89105
0 Min

000 150,00 300,00 (mm) @
. ]

75,00 225,00
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Figure 5.17 : ANSYS third mode shape for [0/90/90/0] carbon-fiber plate with an isotropic
stiffener

000 150,00 300,00 (mrm) @
— . |
75,00 225,00

Figure 5.18 : ANSYS fourth mode shape for [0/90/90/0] carbon-fiber plate with an isotropic
stiffener

0,00 150,00 300,00 (mim)
- =i} ®
75,00 225,00 v

Figure 5.19 : ANSYS fifth mode shape for [0/90/90/0] carbon-fiber plate with an isotropic
stiffener

X
@
0,00 150,00 300,00 (mm)
- —J
75,00 225,00
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Figure 5.20 : ANSYS sixth mode shape for [0/90/90/0] carbon-fiber plate with an isotropic
stiffener

Using the Generalized Differential Quadrature Method in the Wolfram Mathematica software,
the first six natural frequencies and their associated mode structures for the specified

boundary conditions in accordance with the modeled [0/90/90/0] carbon-fiber plate with an
isotropic stiffener are obtained. The achieved figures are shown below.

Figure 5.21 : GDQM solution first mode shape for [0/90/90/0] carbon-fiber plate with an
isotropic stiffener

Figure 5.22 : GDQM solution second mode shape for [0/90/90/0] carbon-fiber plate with an
isotropic stiffener
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Figure 5.23 : GDQM solution third mode shape for [0/90/90/0] carbon-fiber plate with an
isotropic stiffener

Figure 5.24 : GDQM solution fourth mode shape for [0/90/90/0] carbon-fiber plate with an
isotropic stiffener
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Figure 5.25 : GDQM solution fifth mode shape for [0/90/90/0] carbon-fiber plate with an
isotropic stiffener

Figure 5.26 : GDQM solution sixth mode shape for [0/90/90/0] carbon-fiber plate with an
isotropic stiffener

Table 5.5 : ANSYS and GDQM results comparison for [0/90/90/0] carbon-fiber plate with an
isotropic stiffener

Mode GDQM (Hz) ANSYS (Hz) Relative Error %
1 189.07 192.27 1.66
2 191.88 195.43 1.82
3 308.16 310.70 0.82
4 310.09 312.05 0.63
5 369.67 336.05 10.00
6 464.12 469.64 1.17
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5.5 [45/60/60/45] Carbon-Fiber Plate With Isotropic Stiffener Results

The first six natural frequencies and their associated mode shapes for the specified boundary
conditions of the modeled [45/60/60/45] carbon-fiber plate with an isotropic stiffener are

determined using the ANSYS software. The numbers are listed in the table below.

C: Modal

Total Defarmation
Type: Total Deformation
Frequency: 218,74 Hz

Unit: mm

12.05.2023 14:41
72,029 Max
64,026
56,023

48,02
40,016

32,013
24,01

16,007
80033
0Min

0,00 50,00 100,00 (mm) ®
[ . ES—
25,00 75,00

Figure 5.27 : ANSYS first mode shape for [45/60/60/45] carbon-fiber plate with an
isotropic stiffener

C:Modal

Total Deformation 2
Type: Total Deformation
Frequency: 230,98 Hz
Unit mm

12,05.2023 1441

80,973 Max
71,976
62,979
53,082
44,985
35,088
26,991
17,00

8,007

0 Min

0,00 50,00 100,00 (mm) @
]
25,00 75,00
&

Figure 5.28 : ANSYS second mode shape for [45/60/60/45] carbon-fiber plate with an
isotropic stiffener
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C: Modal
Total Deformation 3
Type: Total Deformation
Frequency: 207,56 Hz

Unit: mrm

12.05.2023 14:42
88,702 Max
78,846
68,99
59,134
49,279
39423
29567
19,711
9,8557
0 Min

0,00 150,00 300,00 (mm) [ 2
- =]
75,00 225,00

Figure 5.29 : ANSYS third mode shape for [45/60/60/45] carbon-fiber plate with an
isotropic stiffener

C:Modal
Total Deformation 4
Type: Total Deformation
Frequency: 300,38 Hz
Unit: mm
12.05.2023 1442

83,731 Max

74427

65,124

55,82

26517

37,214

27,91

18,607

93034

0 Min

0,00 15000 300,00 (mrm)
- ]
75,00 225,00 ¢

Figure 5.30 : ANSYS fourth mode shape for [45/60/60/45] carbon-fiber plate with an
isotropic stiffener

71,084 Max
63,186
55,288
47,39

39491
31,593
23,695
15,797

X
0,00 150,00 300,00 (mm)
. ] m

75,00 225,00

Figure 5.31 : ANSYS fifth mode shape for [45/60/60/45] carbon-fiber plate with an
isotropic stiffener
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Total Defarmation 6
Type: Total Deformation
Frequency: 400,22 Hz
Unit; mm

12.05.2023 1443
81,617 Max
72,549

63,48

54412

45343

36,274

27,206

18137

9,0686

0Min

0,00 150,00 300,00 (mm) m
[ SSaSa—_" SSS—)
75,00 225,00 v

Figure 5.32 : ANSYS sixth mode shape for [45/60/60/45] carbon-fiber plate with an
isotropic stiffener

The first six natural frequencies and their associated mode structures are found for the given
boundary conditions in accordance with the modeled [45/60/60/45] carbon-fiber plate with an

isotropic stiffener using the Generalized Differential Quadrature Method in the Wolfram
Mathematica program. The results are shown below.

Figure 5.33 : GDQM solution first mode shape for [45/60/60/45] carbon-fiber plate with an
isotropic stiffener
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Figure 5.34 : GDQM solution second mode shape for [45/60/60/45] carbon-fiber plate with

an isotropic stiffener

Figure 5.35 : GDQM solution third mode shape for [45/60/60/45] carbon-fiber plate with an
isotropic stiffener

LELNN
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Figure 5.36 : GDQM solution fourth mode shape for [45/60/60/45] carbon-fiber plate with
an isotropic stiffener

Figure 5.37 : GDQM solution fifth mode shape for [45/60/60/45] carbon-fiber plate with an
isotropic stiffener

Figure 5.38 : GDQM solution sixth mode shape for [45/60/60/45] carbon-fiber plate with an
isotropic stiffener

Table 5.6 : ANSYS and GDQM results comparison for [45/60/60/45] carbon-fiber plate with
an isotropic stiffener

Mode GDQM (Hz) ANSYS (Hz) Relative Error %
1 224.19 218.74 2.49
2 225.23 230.98 2.49
3 297.98 297.56 0.14
4 298.90 300.38 0.49
5 397.50 349.50 13.73
6 398.36 400.22 0.47
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6. CONCLUSIONS AND DISCUSSIONS

Similar results were obtained using the Generalized Differential Quadrature Method (GDQM)
and ANSYS for the analysis of stiffened laminated composite plates, indicating that both
methods provide accurate and trustworthy solutions. There are several explanations for the

similarity of the results.

The similarity of the results suggests that the displacements and stresses predicted by GDQM
and ANSYS are in excellent agreement. This suggests that both techniques accurately predict
the behavior of stiffened laminated composite plates under the specified loading and boundary

conditions.

The accord between GDQM and ANSYS results validates the use of GDQM to analyze
stiffened laminated composite plates. It demonstrates that GDQM can be a suitable numerical
method for such analyses when correctly implemented and validated. This finding increases

confidence in the precision of GDQM and its applicability to analogous situations.

The similarity of the results suggests that the modeling assumptions and parameters utilized
by both methodologies are consistent. This comprises the material properties, laminate
construction, geometry of the stiffener, and boundary conditions. Consistency in these factors
indicates that both GDQM and ANSYS accurately depict the physical behavior of the

stiffened laminated composite plates.

Noting that the similarity of results does not assure complete accuracy or the absence of errors
is essential. There may be a need for additional verification and validation studies to establish
the results' dependability and validate their agreement with experimental data or analytical
solutions. In spite of this, the similarity between GDQM and ANSYS results for stiffened
laminated composite plates inspires confidence in the accuracy of both methods and validates

their use in engineering applications.
GDQM's advantages over other numerical techniques:

GDQM is renowned for its high precision when approximating solutions to differential
equations. GDQM can provide highly accurate solutions by employing a weighted summation
of function values at discrete points, particularly when a sufficient number of grid points are

employed.
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Compared to other numerical methodologies, GDQM s relatively simple to implement. It
does not necessitate intricate mesh generation or element connectivity, making it simpler to
configure and solve problems. This simplicity can result in shorter development timelines and

simplified implementation.

Particularly for problems with regular geometries and well-behaved solutions, GDQM can be
computationally efficient. The method entails approximating derivatives at discrete points,
which can reduce computational effort in comparison to other methods requiring the solution

of complex systems of equations.

GDQM is adaptable and can easily manage irregular domains. The method permits the use of
grid points with non-uniform spacing, making it appropriate for problems involving complex

geometries or irregular boundaries.
Compared to other numerical techniques, GDQM has the following disadvantages:

GDQM may encounter difficulties when coping with extremely complex geometries or
irregular boundary conditions. The method relies on grid-based approximation, and it can be
challenging to adapt the grid to complex domains. This can restrict its applicability in

particular circumstances.

The precision of GDQM is extremely sensitive to the distribution of grid points and the
selected basis functions. Incorrect selection or positioning of grid elements may lead to less
precise solutions. High precision may necessitate a dense distribution of grid points, which

can increase computational expenses.

Comparatively to well-established commercial software packages such as ANSYS, GDQM
may offer less support and fewer resources. This can make it more challenging to gain access
to extensive libraries, pre-built models, or technical support, which are typically offered by

commercial software vendors.

Notably, the benefits and drawbacks of GDQM should be evaluated in the context of
particular applications and problem specifications. Other numerical methods, such as finite
element methods and boundary element methods, may offer advantages in certain
circumstances; therefore, the selection of the appropriate method should be based on the

analysis’s specific requirement.
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APPENDIX A:
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Minimum distz axes | 10mm

Minimum distance between objects | 10mm o
Angle between objects 0° (Parallel)
Overall length 24mm
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