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CONTRIBUTION OF AIRBORNE GRAVIMETRY TO REGIONAL
GEOID DETERMINATION BY LEAST SQUARES COLLOCATION

SUMMARY

With the development of technology, the use of Global Navigation Satellite Systems
(GNSS) has become a widely recognized and essential element for the determination
of the 3D position and time. Along with the satellite-based positioning techniques,
the geoid based vertical datum studies for higher accuracy on height component has
gained importance as well. In order to establish high-accuracy, high-resolution geoid
models while considering the cost of the research, gravity data is started to be observed
from different platforms. In recent years, airborne gravimetry has begun to be used to
obtain gravity data over the places where the topography is challenging and therefore
the ground-based measurements are hard to conduct.

To determine an accurate geoid model, accurate, dense, and homogeneously distributed
gravity data is required. These requirements can be achieved by combining airborne
and terrestrial gravity data. However, the characteristic difference of these two data
sets (e.g. resolution, data coverage, the altitude of the observations) can cause
inconsistencies in challanged areas. For this reason, this dissertation is dedicated to the
investigation of terrestrial and airborne gravity data combination, and the contribution
of airborne gravimetry in geoid determination.

In this study, terrestrial and airborne gravity data with the preliminary analysis are used
in geoid computations of Colorado. Three geoid models with terrestrial only, airborne
only, and combined gravity data are separately calculated over the area 36° - 38° N and
251.5° -257° E using Least Squares Collocation (LSC) technique. These computations
are carried out by using a covariance model that fits empirical covariances of both
residual surfaces and downward continued airborne gravity anomalies since it is seen
that the empirical covariances of both data sets are close to each other.

The computed models are externally validated on 87 historical sparse GPS/Leveling
benchmarks. As a result, 6.6 cm, 6.4 cm, and 6.3 cm accuracy in terms of
standard deviation is achieved for terrestrial only, airborne only, and combined models
respectively. It is found that airborne gravity data shows the expected contribution
especially in areas where the terrestrial data set is poor. The numerical and statistical
outcomes are presented and discussed.
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HAVA GRAVIMETRESININ EN KUCUK KARELER KOLLOKASYON
YONTEMI ILE BOLGESEL GEOIT BELIRLENMESINE KATKISI

OZET

Uzun yillar boyunca, diinya yiizeyinde bulunan bir noktanin ortometrik yiiksekligi
nivelman yontemiyle elde edilmis olan noktalar arasindaki yiikseklik farklarina
dayanarak hesaplanmistir.  Nivelman yonteminin dogast ve pratik sinirlamalari,
bu yontemin zorlu, kullantminin kisith ve maliyetli olmasina sebep olmustur.
Teknolojinin gelismesiyle birlikte Kiiresel Uydu Navigasyon Sistemleri (GNSS)
kullanim1 daha yaygin bir hale gelerek, konum ve yiiksekliklerin belirlenmesinde
onemli bir ara¢ olmustur. Ancak, bu uydu sistemleri ile elde edilen yiiksekliklerin
referans ylizeyi elipsoit olmasindan dolay1 pratik uygulamalarda ihtiya¢ duyulan
ortometrik yiikseklik bilgisinin saglanmasinda yetersiz kalir. Bu sisteme dayanarak
yiiksek dogruluklu, verimli ve diisiik maliyetli bir yiikseklik sisteminin kurulabilmesi
icin yiiksek dogruluklu bir gravimetrik geoit modeline ihtiya¢ duyulur. Bu gravimetrik
geoit model sayesinde elde edilmis yiiksekliklerin GNSS yontemi kullanilarak elde
edilmis olan elipsoit yiiksekliklerinden ¢ikarilmasi ile pratik uygulamalarda ihtiyag
duyulan ortometrik yiikseklik bilgisi elde edilebilmektedir.

Geoidin tanimi yapilacak olur ise, fiziksel anlamda ortalama deniz yiizeyine
yakinsayan ve karalarin altindan devam ettigi varsayilan 6zel bir es potansiyel yiizeyi
olarak yapilabilir. Bir es potansiyel yiizey olan geoidin belirlenmesi, yeryiiziinde
konumu bilinen noktalarin geoit yiiksekligi bilgisinin sayisal olarak elde edilmesidir.
Bu modellemenin yapilabilmesi icin jeodezik sinir deger probleminin geoit yiizeyine
indirgenmis Ol¢iilerin Stokes integrali veya benzer formiiller yardimiyla ¢oziilmesi
gerekir.

Bununla birlikte, teoride geoit yiiksekliklerine benzer bir baska yiikseklik tanimi
daha yapilmaktadir. Ancak bu yiikseklikler, geoit yiiksekliklerine kiyasla, referans
yiizeyi ortalama deniz seviyesini degil, topografyay1 takip eder. Bu yiiksekliklerin
referans yiizeyine quasi-geoit denir. Topografya ile bu referans yiizeyi olan quasi-geoit
arasindaki mesafeye ise yiikseklik anomalisi denir. Geoit yiikseklikleri ile elipsoit
yiiksekliklerinin arasinda kurulan iligki gibi benzer bir iliski yiikseklik anomalileri
ile elipsoit yiikseklikleri arasinda da kurulabilir. Bu noktadan ve Bouger gravite
anomalilerine dayanarak geoit yiikseklikleri ile yiikseklik anomalileri arasinda bir
iliskinin de kurulmasi miimkiindiir. Bu yiikseklik anomalilerinin hesaplanmasinda,
geoit i¢in gecerli olan yontemlere bazi modifikasyonlarin yapilmasi yeterli olmaktadir.

Yeryiiziindeki her noktada tam ve siirekliligi saglayan gravite Ol¢iisiiniin varsayimi
gercekei ve miimkiin degildir. Bu durum, pratikte lokal alan icin verilen noktalarda
coziim yapilarak saglanir. Geoit modelleme sirasinda jeofiziksel yapiyr daha iyi
belirtebilmek icin veri sikli1 ve dagilimi biiyiik 6nem tagir.

Gelisen teknoloji ile birlikte, gravite lgmelerini kolaylastiran farkli yontemler ortaya
cikmaya baslamistir. Ozellikle son yillarda kullanimi artan hava gravimetresi (airborne
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gravimetry), degisken topografya yapisina sahip, yersel ol¢iim yapilamayan yerlerde
veri elde etmek i¢in kullanilmaya baglanmistir. Bu anlamda bolgesel geoit hesaplarina
oldukga biiyiik katkilarda bulunarak, dogrulugun artti§1 goriilmiistiir. Ucaktan gravite
Olciilerinin topografyaya indirilip, yersel veri ile birlestirilmesi, yiiksek dogruluklu
gravimetrik geoit hesabi i¢in ihtiya¢ duyulan verinin olusturulmasi anlaminda biiyiik
Onem tagir. Bununla birlikte, yersel ve hava gravite verilerinin ¢oziiniirliik, bu verilerin
kapladiklar1 alan ve gravite dlgmelerinin yapildig1 yiikseklikler gibi bircok yapisal
farklar1 uyusumsuzluklara neden olabilir. Bu nedenle, bu iki veri setinin uygun bir
sekilde birlestirilmesi geoit belirleme i¢in 6nemli bir basamaktir.

Bu tez kapsaminda, yukarida belirtilenlere dayanarak yersel ve hava gravite veri
kombinasyonunun yapilmas: ve hava gravimetrisinin geoit belirlemede olan katkis1
incelenmistir.  Bu calismada, halihazirda bulunan artik yersel ve topografyaya
indirgenmis airborne gravite anomalileri kullanilarak Colorado/ABD bdlgesinde En
Kiiciik Kareler Kollokasyonu yaklasimi ile geoit modellemesi yapilmistir. Bu artik
gravite anomaliler, global jeopotansiyel modelden elde edilen uzun ve topografik
veriden elde edilen kisa dalga boyu katkilarinin ¢ikarilmasi ile elde edilmistir.

Sadece yersel, sadece hava gravimetresi ve bu verilerin kombinasyonundan olugan
bir veri seti kulanilarak ii¢ adet quasi-geoit modeli hesaplanmistir. Hesaplamalar En
Kiigiik Kareler Kolokasyonu (EKK) yontemi ile gergeklestirilmistir. Hesaplamalarda
EKK metodunun kullanmasinin sebebi, bu yOntemin bozucu potansiyele baglh
herhangi bir fonksiyonun tahmininde farkli veri tipleri, bir diger anlamda farkli
karakteristik Ozelliklere sahip olan veriler ve seyrek noktalardan olusan veri setleri
ile calisabilmesidir. Bunun yani sira, ampirik degerlere dayanarak ¢6ziim i¢in veriye
uygun bir model sunuyor olmasi da bu yontemin kullanilmasindaki 6nemli noktalardan
biridir.

Hesaplamalar icin elde edilmis kovaryans modeli, hem yersel hem topografyaya
indirgenmis airborne artik gravite anomalilerinin ampirik kovaryans degerlerine uyum
saglamasindan dolayi, veri kombinasyonu ve quasi-geoit hesaplamalariin hepsinde
bu kovaryans modeli kullanilmigtir.

Oncelikli olarak sadece yersel ve sadece hava gravimetresine dayanan modeller
36° - 38° N ve 251.5° - 257° E smurlan igerisinde kalan 2’ x 2" grid iizerinde
hesaplanmigtir. Sadece hava gravite verilerine ve sadece yersel verilere dayanarak
hesaplanan yiikseklik anomalilerinden sonra temizlenmis yersel gravite anomalileri,
topografya ylizeyinde bulunan artik airborne gravite anomalileri ile yine EKK yontemi
kullamlarak, 36° - 38° N ve 251.5° - 257° E sinirlan igerisinde kalan 2’ x 2" grid
izerinde birlestirilmistir. Fakat bu birlestirilmis veriye dayanan modelin hesabinda,
olasi kenar etkilerinden kacinmak icin veri birlesiminde kullanilan alan sinirlari, 36.2°
- 37.8° N ve 251.8° - 256.8° seklinde degistirilmistir.

Elde edilen modeller, bolgedeki bagimsiz bir veri seti olan arsivsel GPS/Nivelman
nokta ag1 icindeki 87 nokta kullanilarak test edilmistir. Bunun i¢in hesaplanmis
yiikseklik anomalileri, bu noktalarda geoit yliksekliklerine doniistiiriilmiistiir. Sonug
olarak belirtilen 87 nokta iizerinde, sadece yersel, sadece hava gravimetresi ve
birlestirilmig veri ile hesaplanan modellerden sirasi ile 6.6 cm, 6.4 cm ve 6.3 cm
dogruluk elde edilmistir. Elde edilen istatistiklerde de goriildiigii iizere en iyi
sonug birlestirilmig veri setinden hesaplanan modelden alinmistir. Bu durum, hava
gravimetresinin kendisinden beklenen katkiy1 sagladigim gostermektedir. Ozellikle
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daghik bolgelerde bu katki gozlenmektedir.  Bunun sebebi ise, hizli degisen
topografyanin yersel gravite 6lgmelerini kisitlamasidir.

Fakat arsivsel GPS/Nivelman noktalar1 5-6 cm’nin altindaki sonuglar1 test etmek i¢in
yeterli dogruluga sahip degildir. Bu dogruluk probleminden dolay1 daha net bir yourm
ve kiyaslama sunulamadig i¢in, elde edilen modeller bu bolgede test amagh dl¢iilmiis
yeni veri seti ile test edilmelidir.
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1. INTRODUCTION

1.1 Statement of the Problem

The gravity field of the Earth, which reflects the inhomogeneous features of the Earth’s
interior and its surface, has been one of the topics that draws attention due to its
contribution to many subjects in geoscience. Determination of the physical shape
of the Earth, internal mass distribution, observing time variable effects, climatology,
understanding lithosphere and interior of the Earth are just a few of the reasons why
understanding the Earth’s gravity field and the potential theory is important. For that
matter, geodesy is the branch that is responsible for understanding and measuring the
gravity field of the Earth. By the recent developments in technology, measuring the
Earth’s gravity field in a global and local scale is also improved. The major impact
of this improvement can be seen especially in the developments in satellite gravity
missions. That become a way to reach the needed accuracy for the gravity field
determination. In this manner, three different successful satellite gravity missions like
Challenging Minisatellite Payload (CHAMP) in 2000 (Reigber et al., 1999), Gravity
Recovery and Climate Experiment (GRACE) in 2002 (Ward, 2004) and Gravity Field
and Steady State Ocean Circulation Explorer (GOCE) in 2003 (Rebhan et al., 2000)
came out. These extended the scientific work in determination of physical shape of the

Earth, i.e. geoid, modeling of geostrophic currents and many like these.

In the local and regional scale, in the early years of 1990’s the availability of Global
Navigation Satellite Systems (GNSS) brought different techniques such as airborne
and shipborne gravimetry to obtain accurate data at a higher resolution compare to
both satellite and terrestrial gravity measurements. Especially, airborne gravimetry
became an efficient way to collect and provide complementary data to both satellite
and terrestrial observations. Combining gravity data sets which are obtained from
different platforms, brings numerous advantages such as dense and homogeneously
distributed observations. However, merging gravity data from different platforms leads
to complexities due to the different characteristics of the data, i.e. the gravimeter used,

frequency of the signal, determination of the height. There are several completed and

1



ongoing studies on how to merge airborne gravity data with the other data types. To do
that, the downward continuation problem has to be surpassed. In the literature, many
different methods are proposed such as Least Squares Collocation (Tscherning et al.,
1998), planar collocation (Forsberg et al., 2001, 2007; Hvidegaard and Forsberg, 2002;
Hwang et al., 2007), spectral weighting (Kern et al., 2003; Sjoberg, 2011) and among
others. Also, Kern and Schwarz (2002); Li and Huang (2019); Miiller and Mayer-Girr
(2005); Tziavos et al. (2005); Wang et al. (2004) present studies that give extended

investigation and comparison of different downward continuation methods.

1.2 Thesis Objectives

The main objective of this thesis is determination and the validation of airborne gravity
only, terrestrial gravity only, and combined quasi-geoid models by using the Colorado
airborne gravity data analyzed and reduced by the AUTh and PoliMi sub-working
groups (Grigoriadis et al., 2020) included in the working group under the International
Association of Geodesy (IAG) Joint Working Group 2.2.2 JWG2.2.2 - “The 1 cm

geoid experiment”).

1.3 Thesis Outline

This thesis is structured in five chapters. In Chapter 1, the general introduction on
importance and applications of the Earth’s gravity field, airborne gravimetry and a
short review of the literature in this context are given. Chapter 2 presents the general
background for the geoid determination and the used methodology in the this study.
In Chapter 3, the used terrestrial, airborne data, and GPS/Leveling data sets are
described. Chapter 4 is dedicated to numerical results of the downward continuation
and geoid/quasi-geoid computation. As final, Chapter 5 presents the conclusion of the

obtained results, discussions and recommendations based on these results.



2. METHODOLOGY

2.1 Geodetic Boundary Value Problems

The geoid is an equipotential surface that is defined through a constant potential value
(Wp) and is estimared as the solution of a Boundary Value Problem (BVP) (Heiskanen
and Moritz, 1967). BVP is a problem expressed by an Ordinary Differential Equation
(ODE) or a Partial Differential Equation (PDE) on a domain where values are assigned
on the physical boundary (McOwen, 2004). The solution of a BVP is a function
satisfying the ODE or PDE inside the domain and taking the values given by boundary
conditions at the boundary. In Geodesy, three different kind of boundary conditions

are usually considered on the boundary (e.g. the Earth surface):

e Dirichlet: The value of the function is specified on the bounding surface.

e Neumann: On the bounding surface, the derivative of the function along the normal

to surface is given.

e Robin: Mixed boundary condition where a linear combination of the value and the

normal derivative of the function are specified on the bounding surface

The internal geodetic BVP is described by Poisson’s equation where the all attracting
masses are in the interior of the closed boundary surface, which is the Earth’s surface.
This represents the gravitational potential (V) for unit mass. For exterior domain which
is mass-free, the BVP is described by Laplace’s equation (Heiskanen and Moritz,

1967). The representation of Laplace’s in Cartesian coordinates is
AV (x,y,z) =0 (2.1)

where A is the Laplace operator. The Laplace’s in spherical coordinates is

_82V+28V+182V+cot68V+ 1 oV
dr2  rdr  r2oe? r2 90  2sin2@ dAZ

AV 0 (2.2)

where r, 0 and A are the spherical coordinates. In terms of geodesy, the

boundary functions are geopotential values for Dirichlet boundary conditions, gravity
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disturbances for Neumann, and gravity anomalies for Robin (Hofmann-Wellenhof and
Moritz, 2006). Geodetic Boundary Value Problem (GBVP) for the Laplace equation
can be classified in terms of the unknowns that one has to determine given the specified
boundary conditions. In the fixed GBVP, the surface () is considered to be known, and
also the boundary function gravity (g) (Heck, 1997). Thus, the solution for potential
(W) is given as

W=F(S,g) (2.3)

If the surface is unknown, it brings us to the definition of the free GBVP which is

represented as the following equation.
S=F(g,W) (2.4)

This GBVP is divided into two different categories depending on the type and the
number of unknowns. The vectorial-free GBVP states that three-dimensional (3D)
coordinates and the potential of the surface are unknown. Since the astronomical
coordinates are used as boundary data, the vectorial-free GBVP can be called as the
astronomical variant of Molodensky problem (Heck, 1997). In the scalar-free GBVP,
only the vertical component of the surface and the potential are unknown. The geodetic
coordinates are used in the scalar-free GBVP. Thus, it is described as the geodetic
variant of Molodensky problem. The GBVPs are solved in a linearized form. This
introduces the normal potential (U) which is an analytical approximation to the actual
potential (W), and the gradient of the normal potential is the normal gravity (y). The
physical approximation for the linearization of Molodensky problem is defined by a
known surface that is close the the surface of Earth(S). This approximate surface is

called as telluroid (}.) (Moritz, 1980).

On the other hand, if we assume that geoid is the boundary, all data has to be reduced to
the geoid. This reduction can be done in several ways, although the simplest approach
is the free-air reduction. The reduction to the sea level can be done by making
an approximation for the density of the masses above the boundary (Heiskanen and
Moritz, 1967). All the masses outside the geoid either are removed or shifted inside
the geoid (Hofmann-Wellenhof and Moritz, 2006). This results with some effects on
surface functions and normal gravity. The most common gravity observation is the

gravity anomaly i.e.



earth's
surface

=~~~ telluroid

}PO Y
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o

Figure 2.1 : Telluroid, change telluroid, Earth surface and ellipsoid (Wellenhof and
Moritz, 2006)
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Ag=gr—To 2.5)

Surface gravity anomalies (Ag) are obtained by Equation 2.5, where gp represents the
observed gravity at point P on the surface of the Earth, yp is the normal gravity on

telluroid that can be computed by using the normal gravity on ellipsoid as
H* H*\?
Yo = Y0, 1—2(1+f+m—2fsin2(p)7+3(7> ] (2.6)

where yp, is the normal gravity on ellipsoid, f is the geometrical flattening of the
ellipsoid, m is the ratio of centrifugal and gravity acceleration at its equator, a is the

radius at the equator, and H* is the normal height that is
H =h-{ (2.7)

where £ is the ellipsoidal height, and { is defined as the height anomaly which is the
height from Earth’s surface to telluroid. After surface gravity anomalies are computed,

one can solve the GBVP to determine the geoid or quasi-geoid.



2.2 General Background for Geoid Determination

Depending on the modern theory, one can determine the gravimetric geoid by using
surface gravity anomalies. Before that, one has to understand the relation of gravity
disturbance and gravity anomaly to disturbing potential which will lead to the Stokes’

equation.

2.2.1 Stokes’ Equation

The gravity disturbance (0g) is the magnitude difference between the gravity at point
P on the surface and the normal gravity () at the same point P. The linear combination
of gravity disturbance and gravity anomaly describes a boundary condition which is

known as the golden formula of physical geodesy (see Equation 2.8).
2
Ag=0g—-T (2.8)
r

In the Equation 2.8, r represents the radius of the Earth, T represents the disturbing

potential (see Equation 2.9) which is a harmonic function.
T=W-U (2.9)

0g can be expressed in another way as (Heiskanen and Moritz, 1967)

oW U aT

To understand the given equation and the relation between Ag and dg, one needs to
focus on the term —%—f. Thus, anomalous potential which is a harmonic function, can
be expressed more elegantly. Since every function which is harmonic can be expanded
into a series of surface spherical harmonics (see Equation 2.11), same procedure is

applied to expand the disturbing potential in spherical harmonics

[}

© n
f(¥,A) = Z Yo (9,4) = Z Z [@nmPrm (cos ) cosmA + by Py (cos ¥) sinmA ]
n=0 n=0m=0
(2.11)
In Equation 2.11, P,,, is the associated Legendre functions of degree n order
m, dp, and by, are the coefficients determined according to the orthogonality

relations which will bring the integral equation of the surface spherical harmonics
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(Hofmann-Wellenhof and Moritz, 2006). Thus, one can write
=T(r,0,A)=Y (—) T,(8,2) (2.12)
n=0 \T
T, in Equation 2.12 is the Laplace’s surface harmonics (see Equation 2.11) and R is the
mean Earth radius. The derivative of T given in 2.12 with respect to r gives the gravity

disturbance 6g:

R n+1
5g :——:—Z (n+1) ( ) T,(9,1) (2.13)

Inserting Equation 2.12 and 2.13 into Equation 2.8, the gravity anomaly can be

calculated as:

sg= LY (n—1) (g)m Tu(9,1)

p
Pn=0 (2.14)

=) Aga(D,1)
n=0
To obtain the gravity anomaly on geoid, r has to be taken as R which cancels the
term (%)HH. In the given equation, the term n = 0, which represents the total mass,
and n = 1, which represents the offset of the coordinate systems origin from centre of
mass, vanishes due to the fact that n = 1 results as Ag =0, and n = 0 gives Tp/R =0
because total mass (GM) is same for both actual and normal potential (Moritz, 1980).
Thus, n can start from 2. By comparing the given equivalences in Equation 2.14
and transforming the series expansion to the integral form, the following formula is

obtained (see Equation 2.15) where y is the spherical distance between two points.

T S
— o [[ stv)agdo

The term inside the brackets is the Stokes’ function in terms of Legendre polynomials

Agdo

(2.15)

(for analytical expression, see Wellenhof and Moritz,2006, eq. 2-305). From the

Brun’s theorem, the geoid undulation is then expressed as

R
=— AgS(y)d 2.16
io [ AeS(wido 2.16)

However, according to Molodensky’s theory this formula is expressed through the
definition of height anomaly by using the surface gravity anomalies. The advantage of

obtaining height anomalies is that it eliminates the error related to density assumption
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which is used in mass reduction (Hofmann-Wellenhof and Moritz, 2006). By adding
the correction terms containing the effect of topography (Molodensky’s correction)
and also the distance between the geoid and the quasi-geoid (g;777H ), it is possible to

determine the geoid from surface gravity anomalies.

__aAg 8§~
4ﬂ%y/yil g (h—hp)| S(y)do + —H (2.17)

In Equation 2.17, the term expressed in the brackets means that the surface gravity
anomalies are analytically downward continued from observation surface to level of
computation point P that is on telluroid. Analytical continuation is described as
extending the domain in which the boundary function is defined, by Taylor series
(Hofmann-Wellenhof and Moritz, 2006). Since the functions that satisfy Laplace’s
equation are harmonic, analytical continuation can be called as harmonic continuation.
To describe it better in terms of physical geodesy, the continuation of exterior potential
is possible in case of a regular harmonic function. However, the mass structure and
the density change outside the reference ellipsoid create irregularity which results
with the problems in analytical continuation down to the level of computation point
(Hofmann-Wellenhof and Moritz, 2006). Despite of this problem, it is possible to

analytically continue the function by Runge-Krarup theorem.

2.2.2 Runge-Krarup Theorem

As it is stated before a regular harmonic continuation is possible by Runge’s theorem.
Assume that there is a compact set (K) which is closed and bounded, and also there
are two open sets (I', Q) in R3 (Moritz, 1980). Their boundaries posses a similar form

a sphere and each of the sets is a subset of the other (K C I' C Q). Let there be
a harmonic and regular function (f) in the open set I', and assume a limit (€) that
is arbitrarily small. According to the given assumptions, Runge’s theorem states that

there has to be a function (g) that is harmonic in Q (see Figure 2.2) so that
| f—gl<e (2.18)

The relation of Runge’s theorem to physical geodesy is called as Runge-Krarup
theorem. In terms of physical geodesy, if there is a harmonic function that is regular
outside the boundary, in our case the surface of the Earth, it can be approximated

by functions harmonic outside a defined sphere inside the Earth which is called as
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Figure 2.2 : Compact (K) and open sets (I', 2) (Moritz, 1980)

Bjerhammar

sphere

Figure 2.3 : The relation of the sets in physical geodesy (Moritz, 1980)

Bjerhammar sphere (see Figure 2.3) (Moritz, 1980). The functions f,g in Equation
2.18 become the disturbing potentials for different domains. If a function can be
analytically continued down to the computation point, then finding the potential from

discrete data is possible.

2.2.3 Theory of Least Squares Collocation (LSC)

Least Squares Collocation can be described as an optimization problem that minimizes
the mean square error depending on a group of estimators which remain unchanged
under certain classes of transformations (Moritz, 1980). In terms of geodesy, the
function to be predicted is the disturbing potential which is obtained depending on the
Runge-Krarup theorem by saying that 7" is harmonic down to the Bjerhammar sphere.
To understand the theory of LSC, one needs to understand the basics of least squares

prediction and the covariance function on which the LSC estimation is based.



2.2.3.1 Basics of least squares prediction

LSC is based on the concept of stochastic process. Stochastic process can be described
as a family of random variables from probability space into a state space. In a stochastic

process, covariances can be computed according to the formula

Cov{f (x1),f (x2)} = E{[f (x1) = E{f (x1)}][f (x2) = E{f (x2)}]} (2.19)

Covariances of variables that belong to the same function define the auto-covariances.
If this is computed for different functions, it gives the cross-covariances. Accordingly,
one can set the relation between the observation vector (/) and the estimated signal
($) through the covariance matrices. The difference between § and s gives the error
vector which will lead to the construction of error covariance matrix (E{e€’}). The
best scenario can be defined as the unbiased linear estimation which means that the
expectation of estimation equals to zero. Thus, the matrix in the linear estimation (H)

has to be determined by the following formula
gel = (HI—s)(HI—s)T = HITHT —HIs" —sI"HT + 557 (2.20)

The expectation of this expression gives the description of error covariance matrix
(Cee). Since it is known that E{1I"}, E{ss"}, E{ls"} and E{sI"} represent the auto

and cross covariances, the equation becomes

Cee = HCyH" — CyH” — HCjs + Cyy
(2.21)

=Cys— Clel?IClS + (H - CSICZ;I)C” (H N CISCI;)I)T

The given equation has parts which are both dependent and independent from H
matrix. If H is taken as CyC); ! the part that includes the term H is eliminated from

the equation which becomes
Cee = Cys — CaCyy ' Ciy (2.22)

this leads to the description of the best linear estimate of the signal in terms of the
observation vector /, i.e.

§=CuCy'l (2.23)

The given equation is the representation of least squares prediction. In terms of
physical geodesy, the observation matrix / can include the gravity anomalies, height

anomalies or other gravity related functional. As an example, let / be a vector of

10



gravity anomalies without any errors and that s is the vector of gravity anomalies at a
given prediction point. In this case, the estimation equation (Equation 2.23) becomes

—1

ci1 ci2 o Clg Agi
1 €0 Cy Ag>

Agp=lem e o cp) |0 : : (2.24)
Cql Cq2 ' Cqq Agq

where C;; are computed based on the auto covariance of gravity anomalies.

2.2.3.2 The covariance function

As mentioned in the previous section, in collocation, the solution relies on the
covariance function of the geodetic observations that will be constructed from a
basic function K(P, Q) i.e., the covariance function of the anomalous potential 7'(P).
(Moritz, 1980). This basic function, K(P,Q), describes a relation between the
disturbing potential at point P and Q by averaging the product of 7(P) and T(Q),

that is
K(P,Q) =K(y) =M{T(P)T(Q)} (2.25)

This average operator applies over the whole sphere which describes the homogeneity
through this identity. Depending on this, the function K(P, Q) can be expressed by the
spherical distance between point P and Q as in equation above where spherical distance

() is defined as (Moritz, 1980).

cos Y = cosOcos O +sinOsin Glcos(?L - l/) (2.26)
One can represent the Equation 2.25 as

K(y) =Y knPy(cos ) (2.27)
n=2

where P, is the Legendre polynomial. In the given formula, the degree terms n =0, 1
are excluded to obtain a centered expectation by the fact that all the coefficients (n >
0) vanish to zero (Moritz, 1980). Since T is a function that is harmonic outside the
boundary, the expression stated in Equation 2.27 can turn into a form as in Equation
2.28 which is the formula of the covariance function of disturbing potential.

R2

}’prQ

oo n+1
K(P.Q)=K(w) = ¥ &, ( ) Py(cos Wrg) (2.28)
n=2

11



k, 1s the degree-variances of the disturbing potential, defined as
n
k=Y Tn, (2.29)
m=—n

However, this expression requires the knowledge of disturbing potential. Since usually
the gravity anomalies are the given data, both auto (Caga,) and cross covariances
(Crag) are needed in order to determine the quasi-geoid without the direct knowledge
of T. From Equation 2.14, the relationship between disturbing potential and gravity
anomalies is known. By introducing the linear operator (L), once can write Ag = L,{T }

(see Equation 2.8 and 2.10). Since one can also assume that

L{f} =Y Lifn (2.30)
n=2
where Lg is
=% <;> 2.31)

based on Equation 2.25 and 2.31, one can obtain the following expressions

M{AgpAgo} =Y Ly pLy oM {T, T, }
"= (2.32)

1
> (n—1)> [ R? i
LG () keosyro)

) . . . 122
By saying that degree-variances of gravity anomalies are equal to ¢, = (%) ky, one

can obtain the following equation

oo R2 n+1
C(y,rp,rg) = Z ( ) cnPy (cos Ypg) (2.33)

n=2 \TPTQ
which is the covariance function of the gravity anomaly. This holds for global
applications. In local applications, a better covariance function can be obtained with

more different models (Tscherning and Rapp, 1974).

In order to estimate parameters in the model covariances one should assume that the
stochastic process is stationary and ergodic. Stationarity refers to the distribution of
the random variables. More specifically, in a stationary stochastic process all random
variables have the same distribution function and the statistical properties do not
change in space. On the other hand, ergodicity allows estimating the covariance based

on the mean over the sphere. Thus, the estimation of covariances for given spherical
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distance can be evaluated by summation of products of a set of observed values inside

an interval (see Equation 2.34)

A A
w—%”<lm<w+7"' (2.34)

where Ay is the interval length. Hence, this gives the following equation that
represents the empirical covariances.
1N

C(y) = ﬁjkz;f(fpk,lk) -8 (01, i) (2.35)
When using local data, the empirical covariance should be fitted with local covariance
models. This can be done by the degree-variances which now should be taken into
account by the fact that in practice residual gravity anomalies are used. This leads
to the definition of error degree-variances (0 ), and to local covariance models of the

form

+oo ) R2 n+1
Crr(re,rg)= Y, o, (”PfQ) Py (cos Ypg)
. 4 (2.36)

This equation is the model of the local covariance function (Crr(rp, rQ)) where Rp
is the depth of the Bjerhammar sphere, o, is the anomaly degree variances, & is
the calibration constant, O¢ is the error degree-variances, and N, is the degree of
the geopotential model used in reducing the data. By propagation of covariance the
covariance function can be expressed for the other functionals. As an example, the

covariance function between gravity anomaly and disturbing potential is

1= R\
Crgr(PO)=— Y op(n—1)( -2 Py (cos ypg)
P n=Npax+1 rprg (2.37)

Nimax R2 n+1
2
o o, P v
i nZ'z €<rPrQ) n(COS PQ)

where the first part of the expression in Equation 2.36 is multiplied by the term %.
Similarly, the auto-covariance of the gravity anomaly and the cross-covariance between

gravity and height anomaly are

1= R\
CAgAg(P7 Q) = rpro Z | Gr%(n - 1)2 (_B) Pn (COS ll/PQ)
n=Npax+

Nmax R2 l’l+1
2
o z (o P, (cos
+ = € (”P”Q) n( l//PQ)




T RZ O\
Ceag(PQ) = 2(n—1)( =2 P
P Q)= X et () eosuno

(2.39)
Nmax RZ n+1
+a Z o2 ( > P, (cos ypp)
n=2 rprg

2.2.4 The Remove-Restore Technique

In local gravity field determination, some modifications are necessary due to the fact
that data are given only in a limited part of the Earth. The limitation of the area results
in lack of signal representation. Thus, in regional and local geoid determination, one
should follow the Remove - Restore principle which is based on the assumption that
gravity field signal can be divided into three components as long, medium and short
wavelength.

Ag =Ag1 +Ag +Ag3 (2.40)

The low frequency part of the signal includes the trends and systematic effects of
the global gravity field (Ag;) (see Equation 2.48), where the high frequency part
(Ag2) includes the information coming from topography (see Equation 2.42), and
the remaining part is coming from the residual field (Ag3) (Hofmann-Wellenhof and
Moritz, 2006). In this sense, the low frequency part of the signal is approximated by
Global Geopotential Models (GGMs) which represent functionals of the gravity field
at global scale. Therefore, in Remove - Restore procedure, a suitable GGM is chosen
to remove the effect of the gravity field outside the study area by subtracting it from

the observed data. In term of gravity anomaly, this can be computed as

GM Lmux Lmux R n
Agggm((P,/l,r) ) Z [COS(WZA{) Z (l’l— l) <_> CnmanSin<(p)+
r m=0 n=Lin r
. o (2.41)
i —1 _ nman i
+sin(mA) n_ZL:mm(n ) ( r) S sin(@)

where Ly, is the maximum degree/order of GGM, C,, and S,, are the GGM
coefficients. Subtracting the low frequency part gives a reduced gravity field where
the effect of the attraction that comes from Earth’s interior and upper mantle is
removed. However, the contribution of GGM is limited due to the fact that it contains
information about Earth’s gravity field up to a maximum degree. After removal,
the signal still contains the medium and the high frequency components, which are

the signal contribution of topography (Forsberg and Tscherning, 1997). This high
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mean elevation
surface

Figure 2.4 : The geometry of RTM reduction. Topography above the mean elevation
surface is removed and the valleys are filled(Forsberg, 1984).
frequency contribution can be computed by using the Residual Terrain Model (RTM).
A smooth mean elevation surface and a detailed Digital Terrain Model (DTM) are used
to compute the topographic effect on gravity of the RTM reduction where the crustal
density is fixed as 2.67 g/cm>. The mean elevation surface can be computed either by
using a global topography model up to the degree and order of the removed GGM or

by filtering the local terrain heights (Forsberg, 1984).

Yet, the removal of the masses below the reference surface causes inconsistencies due
to the non-harmonicity (Hirt et al., 2019). To overcome this problem, either harmonic

correction or spectral techniques should be applied.

In this thesis, topographic models which are developed by spectral solution, are
used to compute the RTM effect by combining those models. This spectral method
is a linear combination of spherical harmonics which solves the non-harmonicity
problem by dividing the gravity signal of the reference topography (Ag”®EF) into three

COI’IlpOIlGIltS as
AgHREF — AgSCM
= AgoN + AL kv FAGN L. oo (2.42)

A .SGM SGM
~ A8y N TACNTT. N

where the first term (Agg?%) is described as the bulk of the signal, and the second

term is the ultra-high degree Spectral Gravity-forward Modelling (SGM) component
(Agy™,) (Hirt et al., 2019) as

GM & R\" & o o
Agniine =53 ), (1=1) <7) Y. VunTun(9:2) (2.43)
n=N1 m=—n
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where Y, are the fully normalized surface spherical harmonics, and V,,, are the
topographic potential coefficients which are obtained (Hirt et al., 2019) based on
_ 4aR3p Pan [T0_ (n—i+4) ()

Vm = H, 2.44
(2n+1)MpZ’1 pl(n+3) ™ (244)

where p is the crustal density, M is the mass of the Earth, H,,, are fully normalized
spherical harmonic height coefficients which are generated by a Digital Elevation
Model (DEM). By using Equation 2.42, RTM effect of gravity anomaly signal (Hirt

et al., 2019) is presented as
Agrim = Ag — AgMREF (2.45)

where AgH is the gravity anomaly signal of the topographic mass with orthometric

height H at the observation point.

For instance, ERTM2160 (Earth Residual Terrain Modelled-gravity field) (Hirt et al.,
2014) and Earth2014 (Hirt and Rexer, 2015) are the models developed by the method
explained above. These models are provided in grid form for the users, and can be

downloaded from (http://ddfe.curtin.edu.au/models/).

As it is mentioned in Section 3.3, since the GGM is expanded up to d/o 720, Earth2014
model from d/o 720 (Hirt and Rexer, 2015) up to d/o 2160 and ERTM2160 (Hirt et al.,
2014) up to d/o 96000 are used to interpolate the RTM effect for the given d/o at the

observation points. The interpolated values are summed to obtain RTM effect.

After the reduction of RTM effect, the residual gravity anomalies (Ag,.s) is obtained

as
Agres = Ag — Agggm — Agrtm (2.46)

The residuals used in this thesis are obtained from Grigoriadis et al. (2020) within the
scope of the International Association of Geodesy (IAG) Joint Working Group 2.2.2
(JWG2.2.2 — “The 1 cm geoid experiment”).

The obtained residual gravity anomalies can be used to estimate the residual height
anomalies using e.g. LSC. To obtain the height anomalies, the residual height
anomalies has to be restored as they removed by using the same models and
parameters. In the restore step, the removed components are added for the height

anomaly as

&= Cres + Cgom+ Crom (2.47)
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where (o is computed as

GM
_2

max max R n .
ngm<(p A I’ Z (7) Cnman51n<(p)+

n=Lin

L . (2.48)
+sin(mA) (—) SymPoam sin((p)]
n=L, r

and {,, is obtained by interpolating RTM effect in terms of height anomaly using
Earth2014 from d/o 720 up to d/o 2160 and ERTM2160 up to d/o 96000. In these

presented models, the RTM effect in terms of height anomaly is developed as

Grim = G — CHREF (2.49)
where {HREF jg
GHRER ~ GO0V + GV v (2.50)
and S(I}MNZ is given as
GM ¥ (R\" & . -
NN = Y <—) Y VunTum(9,2) 2.51)
vr n=N1\" m=—n

2.2.5 Airborne Gravimetry in Geoid Computation

The use of airborne data in gravity field determination requires downward continuation
of the gravity data from flight altitude either to the terrain or the geoid/quasi-geoid
(Forsberg and Olesen, 2010). By downward continuation, it is possible to form a third
combined gravity data set with ground data which can be dense and homogeneously
distributed. Various different techniques can be performed to downward continue
the airborne data such as radial basis function, Fast Fourier Transformation (FFT),
Poisson’s equation, Least Squares Collocation (LSC) and so on. Many of these
methods, specifically integral based methods, require a stable flight altitude in order
to have a stable downward continuation process; however, this is not always possible
(Forsberg and Olesen, 2010). Especially, the surveys that is held in a wide area with
changing topography leads to change flight altitudes. For observations with unstable
flight altitudes, it might be better to perform downward continuation with a method
that can consider the heights. Therefore, least squares collocation can be chosen as the
method for downward continuation due to the fact that the point heights are taken into
account in LSC. Additionally, stabilization of downward continuation can be done by

using the Remove - Restore technique.
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In LSC, the estimation of the downward continued residual gravity anomalies (§) can
be computed based on the Equation 2.23 and 2.38. It should be reminded that Equation
2.23 does not consider the noise within the observation. However, observations contain

noise. Thus, Equation 2.23 becomes
§=Cy[Cs+ D) " (Ag+nag) (2.52)

where C;, and Css are the model covariances that represents the relation between the
gravity anomaly on ground (s) and at the flight altitude (x), and D is the diagonal noise

matrix.

After the downward continuation of the residual gravity anomalies to terrain, airborne
data can be used either directly for the estimation of the height anomalies or merged
with residual surface gravity anomalies. However, before any further computation,
the empirical covariance of downward continued residuals should be computed and
checked to see if the model covariance of ground data fits the empirical covariance of
downward continued residuals. If the model covariance and the empirical covariances
are in a good agreement, same parameters that are used in downward continuation
(depth of the Bjerhammar sphere, variance of the data, the degree of the error degree
variances, noise variance) can be used for combining the data sets and quasi-geoid

computation.

If the aim is forming a combined data set, it might be better to clean the terrestrial data
before combining the data sets. Downward continued airborne gravity anomalies and
the cleaned surface gravity anomalies can be combined as in Equation 2.52 to obtain a

combined grid which can be used in the estimation of residual height anomalies.

Since the residual gravity anomalies are known for downward continued airborne,

surface and combined data, the residual height anomalies (éres) can be estimated as

A -1
Cres = CCAg (CAgAg + Gy%Ag1> (Agres + nAg) (2.53)

where Ceag is the cross covariance (see Equation 2.39), Caga, is the auto covariance
(see Equation 2.38), G,%Ag is the noise variance, [ is the unit matrix, and (Agres + nAg)
represents the observation and its noise. By restoring the low and high frequency

contributions as in Equation 2.47, the quasi-geoid is obtained.

A detailed frame of the quasi-geoid computation by LSC is given in Figure 2.5 for

terrestrial data. Additionally, in Figure 2.6 same flow is given for airborne data. It
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model related gravity model
Agitiy Agoom Agrry

Surface gravity anomalies

Figure 2.5 : Flowchart of the Least Squares Collocation process for terrestrial data

starts with downward continuation of airborne data to the Earth surface, which follows
by merging the downward continued airborne gravity anomalies with surface gravity
anomalies, and compute both airborne only and combined quasi-geoid models. For
the downward continuation of the airborne data, only free-air gravity anomalies at
flight level are used. This procedure is followed by computation of both airborne only
and combined quasi-geoid model. A simplified version of these flowcharts is given in
Figure C.1 with job files descriptions given in Appendix C and directory given in Table
C.1.
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Figure 2.6 : Flowchart of the Least Squares Collocation process for airborne and
combined data
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3. DATA SETS AND STUDY AREA

In this chapter, the used data sets including terrestrial and airborne gravity
measurements, and historical GPS/Leveling data for the local geoid computations and

evaluations are introduced.

3.1 Study Area

The geography of Colorado has a mixed and diverse structure. It is surrounded by high
mountains, vast plains, canyons, and rugged terrain. The mountainous area is caused
by the Rocky Mountains that lies in the middle of the state. This complex structure
makes the area challenging and a good option for experimental studies. In the sense of
this study, the rough topography causes an uneven distribution of gravity measurements
on terrain. The need of a more homogeneous coverage cause to use of airborne in
gravity measurements. To see the effect and the contribution of airborne gravimetry,
a study area is selected in Colorado. The study area is defined as 35 < ¢ < 40 and
250 < A < 258. The mean orthometric height inside the study area is around 2015
meters, and because of the Rocky Mountains, the maximum orthometric height reaches

up to 4321 meters.

3.2 Data

Inside the given limits of the study area, airborne gravity data is distributed over
the southern-east corner, and the terrestrial gravity data is spread over a larger area.
GNSS/Leveling data sets are sparse and distributed over the whole study area. All of
these data sets are provided by The National Geodetic Survey (NGS).

3.2.1 Airborne gravity data

The airborne gravimetry measurements are held by NGS under the Gravity for the
Redefinition of the American Vertical Datum (GRAV-D) program. In this program, the

airborne measurements are done block by block which is the pre-defined geographic
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area for the airborne survey to obtain data lines and additionally cross lines for
providing the error statistics. In this thesis, the block Mountain South 05 (MSO05)
is used. This block covers 131,150 km? area and includes a part of Colorado, Kansas,

New Mexico, Oklahoma, and Texas.

As it is stated before, the study area is limited with Colorado and extended according
to the airborne data. The airborne gravity data is distributed over the southern-east
corner of the study area, and limited between 35 < ¢ < 39 and 251 < A < 258 (see
Figure 3.1). There are 49 lines along the West-East direction, and 7 lines along the
North-South direction. The spacing between the lines along the West-East direction
is 10 km, and for the cross lines it is around 80 km. The mean flight altitude is
around 6186 m where the minimum 5208 m, and the maximum is 7905 m. Basic
principles of airborne gravimetry is followed during collecting the airborne gravity
data. In Appendix A, these principles are explained. The GPS and the gravity data
preprocessing is held by NGS using a program called Inertial Explorer (IE) v8.7. First
the GPS-only kinematic data is processed, then the average position accuracy for the
data block is obtained. The average horizontal position accuracy is +0.052 m and the
average vertical position accuracy 1s £0.087 m which corresponds to 95% confidence
interval. For the preprocessing of the gravity data, a Gaussian filter with 6-sigma is
applied three times to remove the noise carefully. However, some noise still remains
in the provided data set. The first provided data set consists 2.5 million points (20 Hz).
Because of the biases in the first release, another debiased data set is provided by NGS.

The second release consists 283,716 points (1 Hz) is used in this study.

3.2.2 Terrestrial gravity data

The terrestrial data is distributed all over the study area unlike the airborne gravity data
set. Especially, this distribution gets dense in the northern parts of the mid-longitude
and the west part of the mid-latitude. Around the mountainous area, it can be seen that
the observations are held over the plane part of the topography. This gravity data is
a collection of multiple survey campaigns, thus the metadata of this gravity data set
has missing parts such as the date, the used gravimeter etc. In total, this collection has
59,303 points that is spread over the study area. In the given data, instead of providing

the measured gravity, the surface gravity anomalies are given. The cleaning of the
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Figure 3.1 : Airborne tracks over the Digital Terrain Model of the study area. Unit is
in meters.
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Figure 3.2 : Terrestrial gravity data set on the topography. Unit is in meters.
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Figure 3.3 : Historical GPS/Leveling data on the topography. Unit is in meters.

terrestrial gravity data is mentioned in the following sections.

3.2.3 GPS/Leveling data

The historical GPS/Leveling data set consists 509 benchmarks that is spread over the
study area both from Colorado and the surrounding states. This data set is sparse
due to the rough topography, especially around the mid-longitude. 467 benchmarks
are from the NGS Integrated Database (IDB) and 42 marks from NGS OPUS-Share
Tool (https://www.ngs.noaa.gov/OPUS/). Orthometric height of these GPS/Leveling
benchmarks refers to North America Vertical Datum of 1988 (NAVDS&8). For the geoid
validation, 104 benchmarks of this data set remains inside the computation area (36 <

¢ <38and 251.5 < A < 257).

3.3 Data Pre-processing and Analysis

The pre-processing of the data sets are carried out in an earlier study within the scope of
the International Association of Geodesy (IAG) Joint Working Group 2.2.2 (JWG2.2.2
—“The 1 cm geoid experiment”) (Grigoriadis et al., 2020). The pre-processing and the

computation of the residuals are summarized below.

Before any computation, possible outliers, blunders and duplicated values need to be

determined and removed from the data set. Thus, the terrestrial gravity data set is
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examined for duplicated values. In the given data set, 1 duplicated point is detected.
As a second step, possible outliers in the data are searched. At the end, 8 points with
the same latitude, longitude and orthometric height but different gravity values, less
than 0.015 mGal, are deleted and 4 points are regenerated from those values by taking
the average. Similar to this, 12 points with the same latitude, longitude and orthometric
height with a difference over 0.015 mGal are deleted. 838 points with the same latitude,
longitude, different orthometric heights and gravity, 327 points with the same latitude
and longitude are deleted. After all, the number of the points is decreased from 58,121

from 59,303.

For airborne data, the main problem is the density of the data. First, the duplicated
points are searched. However, it is seen that by down-sampling the data, those
duplicated values are removed. Depending on the Nyquist rule, down-sampling is
performed by selecting the points 1/5 along the track. Before down-sampling, airborne
data is filtered track by track to remove the effect of airborne dynamics. In order
to do so, a Butterworth filter with 0.00185 Hz cut-off frequency is used. The cut-off
frequency is determined based on the range of observed gravity values in the frequency

domain.

The residual gravity anomalies are computed as in Equation 2.40. XGM2016 (Pail
et al., 2016) up to d/o 719 is used to compute the contribution of long wavelength.
Spherical harmonic combination of Earth’s potential from the Earth2014 model from
d/o 720 (Hirt and Rexer, 2015) up to d/o 2160 and ERTM2160 (Earth Residual Terrain
Modelled-gravity field) (Hirt et al., 2014) up to d/o 96000 for higher degree effects are

used to model the short wavelength contribution.
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4. NUMERICAL RESULTS

In this chapter, the computation of three different geoid models from residual gravity
anomalies by using LSC are given. First, the airborne only model is given. This is
followed by terrestrial only and combined model. Finally, the evaluations of these

models are given in the last section of this chapter.

4.1 Geoid Computation

Three different quasi-geoid models are computed which are airborne only, terrestrial
only and combined. Terrestrial only and combined quasi-geoid computations are
carried out to observe the effect and contribution of airborne gravity data on local

gravity field modelling.

The residual airborne gravity anomalies at flight altitude are downward continued to
the Earth’s surface in an earlier study within the scope of the International Association
of Geodesy (IAG) Joint Working Group 2.2.2 (JWG2.2.2 — “The 1 cm geoid
experiment”) (Grigoriadis et al., 2020). Therefore, the given quasi-geoid computations
are held by using the obtained residual gravity anomalies from the mentioned study.
From now on, the downward continued airborne gravity anomalies on surface of the

Earth are mentioned as downward continued airborne gravity anomalies.

As a first step, the empirical covariances of both terrestrial and downward continued
airborne residual gravity anomalies are computed in order to determine the model
covariance function that is used in LSC for the determination of quasi-geoid. The
empirical covariances are computed as in Equation 2.35 by taking the sum of the
products of the data that is inside an interval as given in Equation 2.34, where the
interval length is selected as 0.03333° (equals to 2 arcminute) for downward continued
airborne data, based on its grid resolution. For surface gravity anomalies, the interval
is selected as 0.025°, which equals to 1.5 arcminute, according to distribution of
the terrestrial data set. If the downward continued airborne data had 1 arcminute

resolution, the step for the evaluation could be taken as different than 2 arcminutes.
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The computation of the empirical covariances are carried out by using the program

EMPCOV which is one of the developed softwares inside the GRAVSOFT package.

Normally, different covariance models should be computed for each data set based
on their empirical covariances. However, as it is seen in Figure 4.1, the empirical
covariances of surface (black marks) and downward continued airborne gravity
anomalies on the Earth’s surface (blue marks) are in an agreement. Therefore, a
covariance model that fits to the empirical covariances of both data sets is computed by
using COVFIT (one of the softwares inside the GRAVSOFT package). Additionally,
this agreement in the empirical covariances shows that downward continuation process
is successful, and those two data sets are consistent. Therefore, the airborne gravity

anomalies on the Earth’s surface can be used in the geoid computation.

Some parameters (e.g. depth of the Bjerhammar sphere, variance of the data , error
degree variances and the expansion degree of them) have to be determined to find a
covariance function. Since one possible solution to determination of parameters is trial
and error, different parameters are tested to find the best fitting model to the empirical

values. The tested parameters are given in the Table 4.1.

Additionally, it is seen that in Grigoriadis et al. (2020), the cross-covariances have an

off-set. Thus, the error-degree variances are computed again based on the assumption
that it might be related to error-degree variances,
s [(GM\? 7

o; = (F) (n— 1)2”;0 (d¢ +ds ) 4.1)

where dc,, and ds, are the standard errors of the GGM, in our case it is XGM2016.

In the computation of covariance function, the second model of the degree-variances

is used (Tscherning and Rapp, 1974) which is given as

A
% = D=2 5B *2

where A and B are constants to be defined. In practice, A is taken as the variance of the
data (Cp). As itis given in Table 4.1, different values are also tried for this parameter

in order to compute a covariance function that fits to empirical values of both data sets.

Additionally, the mean topographic height is taken as 2000 m for the computation

of model covariances of gravity anomalies (see Section 3.1), since it is stated that
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Table 4.1 : Tested parameters (variance of the gravity anomalies, depth of the
Bjerhammar sphere, and the error degree variances up to N with scale
factor 0.05) for the computation of model covariance based on empirical
covariances of both terrestrial and downward continued airborne data.

Co (mGal’)  Rp(km) N (d/o)

Test-1 70 -3.0 700
Test-2 70 -3.0 690
Test-3 100 -3.0 700
Test-4 100 -3.0 690

the covariance function refers to the mean topographic height of the area (Sansd and

Sideris, 2013).

Among these trials, best fit is obtained by parameters used in Test-4. The covariance
values for each test can be seen in Table B.1. The empirical covariances of both data
sets and the model covariance values reach to zero around the same spherical distance,
around 0.125°, as it is seen Figure 4.1, and this can be checked for the models obtained
from other tests (see Table B.1). As it is seen in Table B.1, covariance models obtained
from Test-1, Test-2, and Test-3 reach to zero around 0.150°, while for Test-4 it is

0.125°.

As it is seen in Figure 4.1, the model at 2000 m and the empirical covariance values
are in a good agreement. Thus, these parameters are used in LSC for the further
computations, i.e. combining terrestrial and downward continued airborne data on
the surface, computation of airborne only, terrestrial only and combined quasi-geoid
models. As a next step, the establishment of the normal equations, solution of
those equations and predictions (see Equation 2.24 and 2.53) are carried out with the
parameters of Test-4 by using GEOCOLIGS which is a program developed at PoliMi.
For the combination of airborne and terrestrial data, the related equations are 2.24 and
2.38. For the estimation of height anomalies from residuals, the relation is defined by
Equation 2.39 and 2.53. The number of observations is directly proportional to the
system of equations to be solved. Therefore, the program is re-compiled according to

the maximum number of observations.

All quasi-geoid computations are performed on a grid with 2 arcmin resolution and also
on sparse historical 104 GPS/Leveling points inside the computation area. Then, the

estimated residual height anomalies are restored with the same models and parameters

29



50

*  model
* €MDy,
40 *  emp |
>x*
>
N ]
= 30
o
E *
9 20t ]
c
o *
= *
0 X -
© *
¥
* ok K
ok X
$40.2 4 ¥4 * 04 EEE S
FeX ¥
*;}é ¥
*
-10

Spherical distance(deq)

Figure 4.1 : Covariance model at 2000 m (red) and the empirical covariances of
downward continued (blue) airborne and surface residual gravity
anomalies (black).
as in remove step, only the functional is changed from gravity anomalies to height
anomalies (see Equation 2.47). The evaluation of these solutions are performed on the
GPS/Leveling points and restricted to a common area with the combined solution in
order to have a better comparison of the different solutions. Inside this common area,
there are 87 historical GPS/Leveling points. The results of these quasi-geoid solutions
are given, in the following order, airborne only, terrestrial only and combined, under
the Sections 4.1.1, 4.1.2 and 4.1.3. The evaluation of these models are mentioned

completely under another section (see Section 4.2).
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4.1.1 Airborne only solution

The full computation scheme for airborne solution, including downward continuation,
can be seen in Figure 2.6. By using the parameters for Test-4 that is given in Table 4.1,
LSC is performed to estimate the residual height anomalies from downward continued
residual airborne gravity anomalies. The estimated residual height anomalies present a
rapidly changing surface, especially around the mid-longitude of the computation area
as seen in Figure 4.2. The rapidly changing surface is a result of the rough topography,
since the high mountains are seen in this part of the computation area (see Figure
3.1). Therefore, we can state that the RTM effect for the airborne data is not fully
sufficient to represent the topography. Additionally, some anomalies reach to -15 cm
are seen between 36.6° - 36.8° N and 254° - 255° E in Figure 4.2. This is related to
lack of data around this area. As it is seen in Figure 3.1, the distance between two
airborne tracks in the stated area is larger than the usual distance. The residual height
anomalies are restored by using Equation 2.47 as it is mentioned in the section above.
By restoring the long and short frequency components, the airborne only quasi-geoid
model is computed as seen in Figure 4.3. The statistics of the estimated residual and

the restored height anomalies are given in Table 4.2.
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Figure 4.2 : The computed residual height anomalies from residual downward
continued gravity anomalies. Unit is meters.
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Figure 4.3 : Airborne only quasi-geoid model. Unit is meters.
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4.1.2 Terrestrial only solution

The same steps are also followed for terrestrial only solution. The general scheme can
be seen in Figure 2.5. The residual height anomalies are estimated by using the sparse

residual surface gravity data which is given in Figure 4.4.

In Figure 4.5, the estimated residual height anomalies are given. As in airborne
only residual height anomalies, the surface changes very quickly again around the
mid-longitude for the estimated terrestrial only height anomalies. However, those

changes are smaller compared to airborne only solution.

Residual height anomalies are seen to be peaked in the area between 37.4° - 37.8° N
and 252° - 253° E. As one can see in Figure 3.2, there is no surface data inside the
mentioned limits. Therefore, lack of data causes such rapidly changing anomalies. In
contrast to Figure 4.2, the residual height anomalies present a good residual surface in

the plain part of topography as seen in Figure 4.5.

The terrestrial only quasi-geoid model is given in Figure 4.6. This terrestrial only
model shares some similar features which are seen in airborne only quasi-geoid model
such as rapid change towards the high mountains. The statistics of the residual and

restored height anomalies can be found in Table 4.2.
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Figure 4.5 : The terrestrial residual height anomalies. Unit is in meters.
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Figure 4.6 : Terrestrial only quasi-geoid model. Unit is in meters.

4.1.3 Combined solution

Before combining the residual surface and downward continued airborne gravity
anomalies, a data selection is performed for terrestrial data set based on the difference
between residual surface gravity anomalies and downward continued residuals. The
selection of thresholds for this procedure is done by following 2.5¢ principle. In
this procedure, o corresponds to 4.96 mGal for difference with downward continued
residuals. The terrestrial gravity points which have differences with the downward
continued residuals over +12.5 mGal are removed for combination with downward
continued airborne residuals. This corresponds to removal of 547 points from

terrestrial data set.

After data selection, the two data sets are merged in the area 36° - 38° N and 251.5°
- 257° E over 2’ x 2/ grid according to Equation 2.52 by GEOCOLIGS using the
same covariance parameters as it is stated above. As in airborne and terrestrial only
solutions, same grid resolutions is selected by considering the data distribution. In

this way, any possible oversampling issue is avoided, and the necessary amount of
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Figure 4.7 : The combined residual gravity anomalies over 2’ x 2/ grid. Unit is in
mGal.
points for the quasi-geoid computations are obtained. The combined residual gravity
anomalies are given in Figure 4.7. The lack of data still causes some discrepancies in
the area between 37.4° - 37.8° N and 252° - 253° E for both combined residual gravity
(Figure 4.7) and height anomalies (Figure 4.8). But the effect is slightly reduced.

The prediction of height anomalies are performed in a smaller area to avoid the edge
effects. The limits of the new computation area are 36.2° - 37.8° N and 251.8° - 256.8°
E.

As seen in Figure 4.8, it gives a smooth surface which is mostly centered around zero.
Combining airborne and terrestrial data decreases the discrepancies which are caused
by the lack of data and the effect of the topography. Therefore, the combined solution
presents a smoother residual surface. In Figure 4.9, the combined quasi-geoid is given.

As in Figure 4.3 and 4.6, similar features are seen for the combined model as well.

The statistics of residual and restored height anomalies are given in Table 4.2 in order
to see the statistical variations of the computed quasi-geoid models. More or less all

solutions have similar ranges. Additionally, another statistic is given in Table 4.3 to see
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Figure 4.8 : The combined residual height anomalies over 2’ x 2’ grid. Unit is in
meters.
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Figure 4.9 : The combined quasi-geoid model over 2’ x 2" grid. Unit is in meters.
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Table 4.2 : Statistics of the residual height anomalies({ggs) and computed
quasi-geoid models ({) coming from airborne only, terrestrial only, and
combined solutions. Unit is in meters.

Min Max Mean Std
Air Cres  -0.182 0.110 0.003 0.036
¢ 23304  -13476  -17.955  2.204
Ter Cres -0.220 0.126 0.003 0.039
¢ 23317 -13451  -17.954 2221
Cres -0.166 0.106 0.001 0.035
Comb ¢ 22247  -13.899  -17.721 1971

Table 4.3 : Height anomaly differences between terrestrial only model and the others
over 2/ x 2/ grid. Unit is in meters.

Min Max Mean Std
Crer — Cair -0.149 0.229 0.001 0.032
Grer — Ceomb -0.071 0.115 0.003 0.017

how much the airborne only and combined model vary from the terrestrial only model.

The visualisation of these differences are given in Figure 4.10 and 4.11.

In Figure 4.10 and 4.11, the major differences are seen in the mountainous area. As it
1s stated before, this can be related either to the RTM effect of the airborne data due
to inconsistencies around rough topographic features, or the quality of the terrestrial

gravity data set.

Once again, the indirect effect of the gap between two airborne tracks around 36.6°
N (see also Figure 3.1) on downward continued airborne gravity anomalies causes
anomalies along this latitude which can be seen clearly in Figure 4.10. Additionally,
some of the discrepancies (e.g. northern part of the area) are a result of the lack of
data in terrestrial data set (see Figure 3.2). From here, one can draw a conclusion
that the airborne data refine the area where the terrestrial data shows weakness. Aside
from the discrepancies, airborne only solution is comparable to terrestrial only model.

Therefore, the difference between those models is centered around zero (see Table 4.3).

In contrast to height anomaly differences between airborne and terrestrial only models,
difference with combined model presents a smoother surface (see Figure 4.11).
Especially, it is seen that the lack of data problems, which are mentioned above,
are slightly reduced by combining surface and downward continued airborne gravity

anomalies.
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Figure 4.10 : Height anomaly differences between terrestrial only and airborne only
model over 2" x 2’ grid. Unit is in meters.
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Figure 4.11 : Height anomaly differences between terrestrial only and combined
model over 2’ x 2/ grid. Unit is in meters.
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4.2 Evaluation of the Models

The models presented above are tested over the sparse GPS/Leveling points inside the
computation area. Inside this area, there are 104 sparse GPS/Leveling points. However,
the computation area for the combined model is slightly smaller than the others. Thus,
the area limits of the combined models are selected as a common area for the model
validations and comparisons. The common area includes 87 sparse points. Since the

geoid heights can be derived from the GPS/Leveling data as in
h—H=N (4.3)

where £ is the ellipsoidal, H is the orthometric, and N is the geoid height, it is more
convenient to test the quasi-geoid models by converting the computed height anomalies
to geoid heights. In order to do so, the height anomaly values which are computed
on these sparse 87 GPS/Leveling points are converted to geoid heights by using the
following equation

N-(= A;gBH (4.4)
where 7 is the mean normal gravity along the plumb line between the surface of the
Earth and quasi-geoid, and H is the orthometric height, and Agp which is the Bouger

anomaly is computed as

Agp = Agraa —0.1119 X H 4.5)

where Agras 1s the free-air gravity anomalies. After the conversion of height
anomalies, the obtained geoid heights are evaluated over the sparse GPS/Leveling
points. Initial statistics of the difference between geoid heights, which are obtained
by converting the computed height anomalies, and the geoid heights derived from
GPS/Leveling data are given in Table 4.4. To eliminate the effects of systematic errors

and datum inconsistencies, corrector surface fitting is applied as (Fotopoulos, 2003)
AN = NGPS/Lev — Nyodel = aTX +& (4.6)

where a is the known coefficients, x is the unknown parameters and € is the random
noise. For corrector surface fitting, a 4-parameter Helmert Similarity Trasformation is

performed which is given as

a;=1[1 cos@cosA; cos@;sinA; sing;] 4.7)
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Table 4.4 : Statistics over sparse GPS/Leveling points of the final geoid heights
obtained by converting the height anomalies. Unit is in meters.

Min Max Mean STD RMSE

Air 0.875 1.182 1.009 0.064 1.011

Before-fit Ter 0.881 1.192 1.008 0.066 1.010
Comb 0.879 1.185 1.007 0.063 1.008

Air -0.160 0.100 0.000 0.049 0.049

After-fit Ter -0.127 0.108 0.000 0.048 0.048

Comb -0.131 0.102 0.000 0.047 0.047

So-called after-fit statistics are given in Table 4.4. It can be stated that the best solution
is obtained from the combined model. This is the result of overcoming the lack of data
problem by forming a third and densely distributed data set. Especially, airborne data
has a major impact in covering the northern and mountainous part of the computation
area where the distribution of the terrestrial data is weak. Nevertheless, the worst
result belongs to the terrestrial only model. This can be explained by the quality of the

terrestrial data set.

In Figure 4.12, variations of the geoid heights which are computed by converting the
height anomalies at these 87 sparse GPS/Leveling points from geoid heights derived
from GPS/Leveling are given. Higher differences are seen in the area between 251° -
252 ° E. This might be related to rapid change of the topography which can have an
effect on accuracy of the measurements. Although, the topography changes are slightly
smoother than in the mentioned area, same explanation also applies to the middle part

of the area.
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Figure 4.12 : Differences between Ngps /1, and Nyyoqger at 87 points. (a) Airborne

only, (b) Terrestrial only, (¢) Combined. Unit is meters.
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5. CONCLUSION AND DISCUSSION

In this final chapter, a detailed explanation and conclusions of the obtained results are
given. Based on the outcomes of this study, a number of recommendations are given

for the further experiments and studies in airborne gravimetry.

The aim of this dissertation is to investigate the contribution of the airborne gravimetry
in order to determinate an accurate geoid/quasi-geoid model of Colorado which
requires a dense and homogeneously distributed gravity data. Thus, in this study both
terrestrial and airborne gravity data are used. A dense and homogeneously distributed
gravity data set is formed by combining terrestrial and airborne gravity data sets in
order to obtain an accurate quasi-geoid model. However, the characteristic difference
of these two data sets brings in some problems with itself, i.e. resolution, coverage,
data handling, topographic reductions. Therefore, it is really important to understand

their characteristics to merge them and obtain a successful gravity model.

Three different quasi-geoid models are computed based on the used data sets to see the

effect of the mentioned characteristics. These are:

e Airborne only
e Terrestrial only

e Combined

These models are computed by applying LSC to the residual gravity anomalies (see

Chapter 2 and 4). The motivation of using LSC in computations can be listed as

e Different data types can be used together in order to estimate the height anomalies

(or any functional of the disturbing potential).
e Gridded data is not required. Sparse data can be used in the computations.

e [t provides a good adaptation of the data through empirical covariances, which

makes LSC an optimal method for the estimation of height anomalies.
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The Remove-Restore technique is used to obtain the residuals used in the quasi-geoid
computations. XGM2016 up to d/o 719 is applied to remove the low frequency part of
the gravity signal, where the high frequency part is modelled by combining spherical
harmonic expansion of Earth2014 up to d/o 2160 and ERTM2160 up to d/o 96000.
LSC is applied to these three data sets to compute residual height anomalies which are
later evaluated over 87 historical sparse GPS/Leveling points by restoring the removed
effects and converting the height anomalies to geoid undulations. As a result of this

evaluation, following outcomes are obtained:

e Combined solution provides the best results over the historical sparse GPS/Leveling
points as 6.3 cm (see Table 4.4) by means of standard deviation of geoid height
differences. This is a result of using a dense and better distributed data set. The
combination of residual surface and airborne gravity anomalies resolves the lack of
data problems. Specially, airborne data shows the expected contribution in the areas

where no terrestrial gravity data is available.

e Airborne only solution has a slightly improved accuracy compare to the terrestrial
only model. This result can be enhanced by refining the long and short wavelength
contribution, especially the RTM effect, since main discrepancies between airborne
only and terrestrial only model (see Figure 4.10) are seen in the mountainous area.
The current topography related models might be insufficient to compute the RTM
effect of the high resolution airborne data. In this context, it has to be reminded that
the first released data set has 20 Hz (0.05 sec) resolution which is later resampled to
1 Hz (1 sec). Therefore, either residuals or the RTM effect might need to be filtered

along the airborne track (Forsberg and Olesen, 2010).

e The historical sparse GPS/Leveling points are not precise enough to test the results
for under 5-6 cm. Thus, the results should be tested over GSVS line which is

measured on purpose of providing a more precise test data.

e In Grigoriadis et al. (2020), three different models by using three different methods
(e.g. FFT, LSC, WLSC) are presented. However, the worst results over historical
sparse GPS/Leveling points belong to the models computed by LSC. The solutions
obtained by LSC over historical sparse GPS/Leveling points give 6.4 cm for

airborne only model, 7.7 cm for terrestrial only, and 7.4 cm for combined model
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in the mentioned study. Due to an off-set in the cross covariances, the estimated
residual height anomalies are deflected from the ones coming from the WLSC
(Window LSC). In this thesis, the off-set seen in the cross-covariances is removed
by changing the error degree variances. In this way, the LSC solutions in
Grigoriadis et al. (2020) are enhanced, especially terrestrial only and combined
model show an improvement around 1 cm. As it is given in Table 4.4, the results
over historical sparse GPS/Leveling points give 6.4 cm for airborne only model,
6.6 cm for terrestrial only, and 6.3 cm for combined model by means of standard

deviation of geoid height differences.

The studies under the context of GRAV-D project show that the airborne gravity
data improves the gravity field representation in many parts of the U.S., especially
in Iowa (Wang et al., 2017) up to 1 cm, over the Great Lakes region (Li et al., 2016)
up to 1-3 cm, and in the regional scale of the U.S. (Smith et al., 2013) up to 1 cm
improvement in the accuracy of the geoid models. However, the validation of these
models are performed by using the Geoid Slope Validation Survey data sets. Those
models show better improvements which reach up to 3 cm, since GSVS data sets
are more reliable than the historical GPS/Leveling data sets. In McCubbine et al.
(2018), high differences which reach to 12 cm are seen between airborne included
and not included height anomalies. By testing the models on GPS/Leveling points,
it is observed that airborne data has a contribution in the gravimetric quasi-geoid
of New Zealand (McCubbine et al., 2018). Aside from the contribution of airborne
data, a similar conclusion related to RTM effect of the airborne data is mentioned
in Barzaghi et al. (2015) for the discrepancies seen between airborne and terrestrial

data set around the mountainous part of Italy.
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APPENDIX A

Basic principle of airborne gravimetry relies on the acceleration measurements which
happens due to gravitational attraction (g) and some forces (f) caused by vehicle
movement. The force that accelerometer measure is

f=g—r (A.1)

where 7 is the position vector of the aircraft which is known from kinematic GPS
observations. Therefore, one can find the gravitational acceleration. However, the
given equation holds for an inertial reference system which is neither rotating nor
accelerating. In a rotating system as in local coordinate system (East, North, Up),
Equation A.1 becomes

[=8—F—QxQxr+2Qxi+Qxr (A.2)

where Q is the rotation vector. First correction term (£ X € X r) represents the
centrifugal force, second one (2Q X i) is the Coriolis force which is an inertial force
that acts on a moving object within a frame that rotates with respect to an inertial
frame. And the last correction (Q x r) is Euler term. These equations are based on the
assumption of (g) is known, position and the velocity are found from the measurements
by ring laser gyros. The general equation to obtain the vertical component, i.e. gravity
vector, from airborne gravimetry, Equation A.2 becomes

gD:aD—vU—<Z+2a)ie>cosq)~v8—gb~v1v (A.3)

where ¢ and A are latitude and longitude, vy gy represents the velocity vector,
respectively, o the sideral earth rate. In here, the Euler term is neglected due to the fact
that rotation rate is assumed to be constant. Later, the effect of the centrifugal force is
considered in normal gravity.

In another way, the observed gravity value (gp) can be expressed as the sum of gravity
anomaly (Ag) and normal gravity (y) as in

gp=Ag+vy (A4)

Since gravity is considered to be a value obtained from a relative measurement, the
fundamental equation to express the gravity becomes

Ag =a—h"— 8geot — 88iiic — Yo+ o — Y +0.3086(h — N) (A.5)

where a is the acceleration that is measured along the vertical, 2" is GPS derived
vertical acceleration, ag is the zero level of the gravimeter (e.g. airport base reading),
go is the gravity value at the airport reference, ¥y is the normal gravity at sea level.
In a normal case, the vertical acceleration measurement is carried out on a platform
which is gyro-stabilized. However, this situation changes when it is done on a moving
platform such as airborne. There will be some tilts in a, which can be corrected by the
term S gqc as in

a—q

28
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where ¢ is true horizontal acceleration. Additionally, the measurements are held over
a curved rotating surface i.e. Earth, Eotvos correction (0 geot) is a necessary term. This
term is expressed by Earth rotation rate, north and east velocity components as

O08eot = —20COS PVE — (vlzv + v%) /R (A.7)

These correction terms are important in order to have a bias-free airborne gravimetry
data. In addition to that, cross-over adjustment can be performed to eliminate residual,
unmodeled error. There are also other type of errors such as internal measurement and
calibration errors which changes according to used instrument and can be computed
in real time (VALLIANT, 1991). This situation is slightly reduced by the modern INS
(Inertial Navigation System) - grade accelerometers. These new type of instruments
provide a good quality observation due to enhanced INS-style processing and sensor
performance (Studinger et al., 2008). Even though all of the correction terms are
included, the vertical acceleration both measured and derived from GPS are highly
effected by the airborne dynamics such as turbulence, autopilot performance and of
course the aircraft type (Forsberg and Olesen, 2010). Therefore, all of the terms needs
to be filtered.
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APPENDIX B

Table B.1 : The computed covariance values of Test-1, Test-2, Test-3, and Test-4 that
is mentioned in Section 4.1 for the given spherical distance (y). [unit:

mGal?]

v (degree) Test-1 Test-2 Test-3 Test-4
0.000 28.8022 28.8023 41.1454 35.0218
0.025 26.3041 26.3042 37.5766 31.6318
0.050 20.2902 20.2903 28.9851 23.5266
0.075 13.4288 13.4289 19.1829 14.4206
0.100 7.4114 7.4115 10.5865 6.6507
0.125 2.7859 2.7860 3.9785 0.9455
0.150 -0.4736 -0.4735 -0.6779 -2.7758
0.175 -2.5794 -2.5794 -3.6862 -4.8580
0.200 -3.7709 -3.7709 -5.3883 -5.6841
0.225 -4.2644 -4.2644 -6.0932 -5.6022
0.250 -4.2432 -4.2432 -6.0627 -4.9088
0.275 -3.8599 -3.8599 -5.5150 -3.8491
0.300 -3.2403 -3.2403 -4.6298 -2.6212
0.325 -2.4879 -2.4879 -3.5547 -1.3805
0.350 -1.6862 -1.6862 -2.4094 -0.2435
0.375 -0.9016 -0.9016 -1.2883 0.7088
0.400 -0.1845 -0.1845 -0.2637 1.4274
0.425 0.4289 0.4290 0.6127 1.8913
0.450 0.9154 0.9154 1.3076 2.1035
0.475 1.2631 1.2631 1.8045 2.0864
0.500 1.4706 1.4706 2.1009 1.8768
0.525 1.5447 1.5447 2.2068 1.5215
0.550 1.4994 1.4994 2.1421 1.0718
0.575 1.3537 1.3537 1.9340 0.5795
0.600 1.1302 1.1302 1.6147 0.0931
0.625 0.8532 0.8532 1.2189 -0.3458
0.650 0.5474 0.5474 0.7820 -0.7046
0.675 0.2361 0.2361 0.3373 -0.9609
0.700 -0.0594 -0.0594 -0.0848 -1.1037
0.725 -0.3213 -0.3213 -0.4590 -1.1325
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APPENDIX C
Job file description for EMPCOV:

Step for covariance evaluation; num. of emp cov values to be computed, 1, F = plot
of cov, T = output of cov in a file, T = subtract mean value from data

Name of the output file which holds the empirical covariance values

Total number of the data points inside the input data, input data in free format =9,
T = latitude in the first record, 3 = coordinates are given in degree, data type (3 for
Ag), 0 = no other data, 1, F = all data must be considered

2 = two data are in each record, 2 = use the second one, 0 = no other data are in
each record

Name of the input file

T = no other input files

Job file description for COVFIT:

Fit (4) or not fit (1) to the(Ag = 3) empirical covariance, F, F, T, F
Model of degree variance

Depth of Bjerhammar sphere in km (Rp), variance of the signal (Cy), error degree
varinances up to degree N

Error degree variance from file = 0, minimum degree, scale factor of the error degree
variances

File containing error degree variances
Additive coefficient for error degree var
Number of sample, step for covariance evaluation, azimuth

Functional (Ag = 3), functional (Ag = 3), mean height of those functionals

Job file description for GEOCOLIGS:

Do the computation (itest = 0)
Functional of the observation (Ag = 3), consider the data at their height (0)
Input data

File format of the input data
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Variance of the data (mGal?), depth of Bjerhammar sphere (in m), covariance
model, error degree up to N, noise variance (mGalz), F, T = error degree variances
are non-zero

Functional to be predicted, prediction is point-wise
File containing prediction points

File format

Output file holding the predictions

File format

Error degree variance from file = 0, minimum degree, scale factor of the error degree
variances

File containing error degree variances
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Table C.1 : Directory structure followed in the quasi-geoid computations

Program Input Data description Explanation
filtered_airborneFAA2.dwc Downward continued airborne
EMPCOV residual gravity anomalies Compute emp.cov. separately,
Terrestrial_residuals.txt Residual surface gravity anomalies then fit the model
COVFIT ggm.edv Error degree variance file cov. to emp.cov
filtered_airborneFAA2.dwc Downward continued airborne
residual gravity anomalies Computation of airborne
GEOCOLIGS ha_airborne.pred File contains prediction points only quasi-geoid model
ggm.edv Error degree variance file
ha_airborne.est File contains the estimations
Terrestrial_residuals.txt Residual surface gravity anomalies
GEOCOLIGS ha_terr.pred File contains prediqion points Computati(?n of ‘terrestrial
ggm.edv Error degree variance file only quasi-geoid model
ha_terr.est File contains the estimations
terr_air.res Residual surface and downward
continued gravity anomalies Combining the surface
GEOCOLIGS dg_comb.pred File contains prediction points and downward continued
ggm.edv Error degree variance file airborne gravity anomalies
dg_comb.est File contains the estimations
dg_comb.est Combined grid of residual
gravity anomalies Computation of combined
GEOCOLIGS ha_comb.pred File contains prediction points quasi-geoid model
ggm.edv Error degree variance file
ha_comb.est File contains the estimations
Files contain the estimated Restore {g.s computed at GPS/Lev
res_valid.m ha_*.est height anomalies for all points convert § to N in order to validate

solutions

over sparse GPS/Lev points
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Downward continued airborne, surface
and combined residual gravity
anomalies

Figure C.1 : Quasi-geoid computation from residual gravity anomalies for airborne,
surface and combined data.
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