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ABSTRACT

BI-OBJECTIVE FACILITY LOCATION PROBLEMS IN THE PRES ENCE
OF PARTIAL COVERAGE

Silav, Ahmet
M.S., Department of Industrial Engineering

Supervisor: Assoc. Prof. Esra Karasakal

June 2009, 83 pages

In this study, we propose a bi-objective facilibcation model that considers both
partial coverage and service to uncovered demadndkis model, it is assumed that
the demand nodes within the predefined distancepehned facilities are fully
covered and after that distance the coverage Igesrly decreases. The objectives
are the maximization of the sum of full and partaverage the minimization of the
maximum distance between uncovered demand nodesthamnd closest opened
facilities. We apply two existing Multi Objective e@etic Algorithms (MOGAS),
NSGA-II and SPEA-II to the problem. We determinee tdrawbacks of these
MOGAs and develop a new MOGA called modified SPEANSPEA-II) to avoid
the drawbacks. In this method, the fithess funcodrSPEA-II is modified and the
crowding distance calculation of NSGA-II is usedheTperformance of mMSPEA-II is
tested on randomly generated problems of diffesgzés. The results are compared
with the solutions resulting from NSGA-II and SPHAOur experiments show that
MSPEA-II outperforms both NSGA-Il and SPEA-II.

Keywords: Maximal Covering Location Problem, pdrtaverage, p-center, Multi-

Objective Genetic Algorithm
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KISM I KAPSAMANIN OLDU GU DURUMDA iKi AMACLI
YERLE SiM PROBLEMLER 1

Silav, Ahmet
Yuksek lisans, Endustri MUhend@IBolumu

Tez Yoneticisi: Dog Dr. Esra Karasakal

Haziran 2009, 83 sayfa

Bu calsmada, yerlgm problemleri icin kismi kapsamanin yaninda kapsayan
talep noktalarina verilen servisin de dikkate akndiki amach bir model
onerilmigtir. Acillmis servis noktalarindan belirli uzagh kadar olan talep
noktalarinin tamamen kapsa@g bu uzakliktan sonra da kapsama derecesinin
dogrusal olarak azal@ varsayilmgtir. Birinci amag, tam ve kismi kapsama
deserlerinin toplamini minimize etmektediikinci amag ise agilngiservis noktalari
ve kapsanamayan talep noktalari arasindaki en biigéklgl minimize etmektedir.
Literattrdeki en bilinen iki Cok Amagcl Genetik Adgima olan NSGA-II ve SPEA-
II metotlar probleme uygulangtir. Ayrica bu iki metotun dezavantajlari tespit
edilmis ve problemin ¢6zUmiU icin yeni bir genetik algo@m(mMSPEA-II)
onerilmistir. MSPEA-II metodunda, SPEA-II'deki uygunluk (fass) fonksiyonu
revize edilmg ve NSGA-II'nin kuboid uzaklik hesaplamasi kullangtir. mSPEA-
I’nun performansi rassal olarak uretifriiarkli bayuklukteki problemler Gzerinde
test edilmgtir. Sonuclar NSGA-1l ve SPEA-I'nun ¢cézumleriyleakilastiriimis ve

MSPEA-II metodunun derlerinden daha iyi sonuclar vegdbelirlenmistir.

Anahtar Kelimeler: Maksimum Kapsama Yaite Problemi, kismi kapsama, p-

merkez, Cok Amacl Genetik Algoritma
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CHAPTER 1

INTRODUCTION

In Maximal Covering Location Problems, a predefinegimber of facilities are

located to cover the maximum number of demand polntthe classical approach, a
demand node is fully covered if it is within a @#l coverage distance of the facility,
and not covered if outside the critical coveragaatice. In many situations, such an
assumption, which results in a sharp drop fromyfatbvered to not covered, is not
reasonable. Thus, we take into account partial re@ein location problems. We

define another critical distance and assume thatrege level decreases while

moving from the first critical distance to the sedmne.

Although maximizing the number of covered demandasois an important issue,
uncovered demand should be considered in facditgtion problems, especially for
emergency situations. Demand nodes outside theatritistance of opened facilities
are to be serviced to provide maximal survivalnmeegency service cases. Thus, the
distances between uncovered demand nodes and ofseigks become important.
We extend the maximal covering location problemirtcorporate “the p-center”
concept into the uncovered demands. We add antolgidanction which minimizes
the maximum of the distances between uncovered migmades and their nearest
opened facilities to the maximal coverage locaposblem in the presence of partial

coverage.

Four bi-objective models are formulated in thissibe and their advantages and
disadvantages are discussed. In all these moteldjrst objective is related to the
coverage and the second is related to the serviasm¢overed demands. Among
these four models, we concentrated on the moddl hlaa the objectives of
maximizing the total coverage, including partialveage, and minimizing the

maximum distance between an uncovered demand reodksheir closest serving
1



facilities. This model is NP-Hard. For small-sizggbblems, optimal solutions can
be found. However, we were not able to generateu@a Pareto front when the
number of demand nodes and facility nodes increaBeerefore, we needed to use
heuristics to estimate the true Pareto front fogdasized problems. We apply the
two existing Multiobjective Genetic Algorithms (MGXS), Non-Dominated Sorting
GA (NSGA-II) and Strength Pareto Evolutionary Alglbm (SPEA-II) to our model.
We analyzed the results of these two MOGAs andetermined that these MOGAs
have some drawbacks related to the generationeotrtie Pareto front. Thus we
discussed the drawbacks of these state of art MOGA<liminate the drawbacks,
we developed a MOGA based on SPEA-II and NSGAH we called mSPEA-II.

The organization of the thesis is as follows: Wesharize the literature on location
coverage models and MOGA in Chapter 2. Theoreiigfrmation about thes-

constraint method, NSGA-Il and SPEA-II is presente@hapter 3. In Chapter 4, the
model formulations and a discussion on the modelgiaen. In Chapter 5, mSPEA-
Il is presented and computational results are gi@ancluding remarks and further

research suggestions are given in Chapter 6.



CHAPTER 2

DEFINITIONS AND LITERATURE REVIEW

In this chapter, we present some basic definiticosicerning multi-objective
optimization problems and summarize the literatare coverage problems. We
review the subject of genetic algorithms and als@ ghe fundamental studies of
MOGAs. We finally present the application of MOGAs location coverage
problems.

2.1 DEFINITIONS

The general form of multi-objective optimizatioroptems is as follows:

Maximize/Minimize fpy &) s 1,...M
sto
x X

where f,(X) are objective functions and each objective fumctis either to be
minimized or maximized. A solutiow is a vector of decision variableX.is the

feasible decision space.

Definition 1. A solution % dominates solutionyxf in all objectives x is not worse
than % and better thanyXor at least one objective.

Definition 2. A solution is a nhondominated solution if it is mdminated by any

other solution.

Definition 3. The set of all nondominated solutions is callesl Bareto-optimal set,

Pareto-optimal Front or True Pareto Front.



2.2 COVERAGE PROBLEMS

Many types of location models have been develomiagucovering metrics in the
last century. In these models, a demand node isatkfas being covered if it is

within the maximum service distance or time of ality.

Set covering location problems were first studigdTioregas and Revelle (1971).
They developed a model to find the minimum numbefaaility locations in which

everyone is served in a maximal covering distance.

Church and Revelle (1974) proposed a new coveragéeihthat eliminates the

obligation to cover all demands and maximizes tmewnt of demand that can be
covered by a fixed number of facility nodes. Thisdal was developed to determine
a set of facility locations that maximizes the k@mount of demand serviced by the
facilities within a predefined maximal coveragetaiee. This model is called the

Maximal Coverage Location Problem (MCLP).

MCLP originally comes from the classical p-medianippem which was introduced
by Hakimi (1964). The objective is the minimizatiohtotal weighted travel distance
between demand nodes and opened serving facilitiethe p-median model, each
demand node is assigned to a single facility arditmand at the opened facility has

to be served by itself.

In general, these models do not deal with the isgugowding within the system.
Especially in emergency situations, a facility camve only one demand node at a
time. A second call from another demand node meg at the same time, and this
demand node may not be covered. Hogan and Revel86) considered the
secondary coverage of a demand node, which isdcabekup coverage. In their
formulation, another objective is defined which nmaizes the amount of back-up
coverage. Thus, stochastic nature of demand aallareas of high demand was
handled by backup coverage.



A basic underlying assumption of the location-covggrmodels is that the facilities
being opened are uncapacitated. Current and Sto(h688) formulated capacitated
versions of the set covering problem and the malxaoeering location problem. In
these models, total demand assigned to a facitigs ashot exceed the capacity of that

facility.

Emergency service systems require that serviceebdily available to those who
need it. Pirkul and Schilling (1988) integrated Woad capacities and backup
service in the siting of emergency service faeiitilf the primary serving facility is
busy or if its capacity is inadequate, a secondacyity is assigned. The objective

function is formulated as minimizing both fixed avatiable costs.

In order to deal with the problem of availability@mergency service, Daskin (1983)
studied the maximal expected coverage locationlenebHe proposed a model in
which probabilities are given to facility nodes ttteme not available at any given
time. Church and Bianchi (1982) improved this mdmecombining the stochastic
p-median problem and the expected coverage probléry formulated a hybrid
model that aims to optimize travel time and thelabdity of facility nodes.

Daskin et al. (1988) integrated the multiple, es¢cdmckup and expected covering
models with the concepts of both set coverage amdmal coverage. Revelle et al.
(1996) proposed a maximal conditional covering nhaldat maximizes the number
of servers which are covered by another serverinvitie supporting distance.

Revelle et al. (1996) proposed two models for theximal conditional covering
problem (MCCP) and multi-objective conditional cang problem (MOCCP). The
objective of MCCP maximizes the number of demandesowhich are covered by
another server within the supporting distance. Tiniglel does not allow supporting
servers to be located at the same node as thergrimades. In MOCCP, there are
two maximization objectives. These are the maxitiopaof the number of servers

with supporting coverage, and the maximization afpydation with primary



coverage. To solve this problem, a weighting method multi-objective

programming was used.

The maximal expected coverage relocation model eefsred by Laporte et al.

(2006). They intended to use a dynamic relocatioategyy in order to respond to
waiting demand nodes, and thus to maximize theagdecovered demand. Erkut et
al. (2007) provided a maximal survival location lgeon with probabilistic response

times for emergency medical service stations.

Moore and Revelle (1982) modified the MCLP by takinto account the hierarchy
of facilities. This model is called the HierarcHiddaximal Covering Location
Problem (HMCLP). The problem’s objective is the imnaixation of coverage with
the facilities that provide hierarchically diffeteservice levels. This extension was
developed to handle the problems which occurredhen planning of the health
services. Serra et al. (1992) structured a modslukes the hierarchical concept to
locate services. This model also allows for theatimn of new facilities, beside the

relocation of existing ones.

A number of researchers have developed coverageslmadth more than one
objective. Hogan and Revelle (1986) considered lgaatoverage beside the first
coverage. The weights are assigned to each olgebiivusing the noninferior set

estimation (NISE) technique.

Storbeck and Vohra (1988) proposed a bi-objeatweerage model that allows for
trade-off between the first and secondary coverdigey combined these objectives
in a single objective by using weights, and theyinested the compromised

solutions.

Church et al. (1991) formulated a bi-objective maii covering location model. The
model takes into account the uncovered demands. dljectives are the
maximization of total coverage and the minimizatiminthe total weighted travel



distance of the demand not covered to reach itsestoopened facility. The NISE
method is used to generate an approximation afdinelominated solution set.

Rao et al. (1992) modeled a multi-objective fagiliiocation problem. They
developed a methodology for locating a single figcitonsidering three criteria.
These criteria are the maximization of the minimdistance from the facility to
demand points, the minimization of the maximum ahse from the facilities to
demand points, and the minimization of the sumllofransportation costs. A fuzzy

goal programming approach was used to solve thagmro

Badri et al. (1998) proposed a multi-objective mdde locating fire stations. They
define eleven strategic objectives related to saaspects as monetary, demand, etc.
These objectives are evaluated by the decision nmadaording to their importance.

Sensitivity and scenario analyses are performetth@proposed model.

Araz et al. (2007) proposed a multi-objective cagerbased model. They
considered the vehicle location problem for emecgeservices. The maximization
of the first coverage of demands, maximization dckup coverage and
minimization of the total travel distance betwearcavered demands and opened
facilities were stated as objectives. The aspinaigvels of fuzzy goals were defined.
An approach based on fuzzy goal programming andcdgraphic linear

programming was proposed in order to solve thelprob

In the above mentioned coverage problems, it ismaed that the demand node is
covered if it is within the critical distance of apened facility. In these models, the
abrupt finish of coverage is assumed. The demaddsare never covered beyond a
certain distance. To model the real life situationsre realistically, Krass et al.

(2003) modeled a covering location problem usirgyadual concept. The coverage

provided by the facility is assumed to decreasduaby after a certain distance.

Karasakal and Karasakal (2004) introduced the gladoverage concept in a
maximal covering location model. They expressed difculty of choosing the

critical distance value, thus they formulated MCL#P the presence of partial

7



coverage. They assumed that the demand point wdmllyacovered up to a
maximum critical distance, and fully covered withiire minimum critical distance.

They developed a solution approach based on Lageanigelaxation.

2.3 MULTI-OBJECTIVE GENETIC ALGORITHM

2.3.1 A SHORT REVIEW OF GA

Genetic Algorithm (GA) is a meta-heuristic that tates the theory of natural
genetics. The first study of GA was conducted blgnJblolland as pointed out by
Deb (2001). The algorithm of GA is quite differefrtom other optimization
techniques. GA borrows the working principle of urat genetics. All solutions
corresponding to members are represented by borargal valued strings that are
called chromosomes. Each solution has a fithesgevilat shows its performance,

and this fitness value determines the survival mieanber in a population.

The algorithm starts with random generation of fhdial population up to
predefined size. These members are evaluated atgotal fitness values. Three
main operators, namely reproduction, crossoverrauathtion, are used to create the
new population. In the reproduction stage, the ihatd solutions are selected as
being parents. Thus, bad solutions are eliminatetl duplicates of good solutions
are put into the mating pool. In the crossover phawso solutions are picked at
random from the mating pool and, according to a@iieed strategy, some portion
of the chromosomes is exchanged between these menamel two new solutions
are created. In order to maintain the diversitytr&f population, the gene(s) of the
new solution’s chromosomes are changed with a gwvebability, and this operation
is called mutation. After generating the offspritiggy are evaluated with respect to
their fitness values, and the parent populationpdated. These steps are repeated

until the stopping criteria are reached.



Over the last decade, GAs have been used to siaroptimum solutions in several

problems. Because of the population based workimgiple, GAs are adapted to

generate nondominated solutions in multi-objecpveblems, and these techniques
are called multi-objective genetic algorithms (MOSAMOGAs have become a

popular research area in recent years. Deb caregoMOGAs in two groups: Non-

Elitist MOGASs and Elitist MOGASs.

Non-Elitist MOGAS:

“Non-Elitist MOGAS” do not preserve the good sotuts in any iteration. These are
the first and simplest MOGAs. Deb (2001) reporte thist MOGA as a vector
evaluated GA developed by David Schaffer. After p@neering work of Schaffer,
many new non-elitist MOGASs were proposed by reseasc The main MOGASs in
the literature are as follows: VEGA, WBGA, RWGA, 688, NPGA, DSGA, and
VOES. Even without an elite-preserving mechanisheseé algorithms are well

converged and disturbed in their studies.

Elitist MOGAs:

“Elitist MOGAs” are faster and better than the aitjons given above. Elitist
MOGAs favor the elites of population and carry thernthe next generation. The
presence of elitism enhances the probability o&tong better offspring. In multi-
objective optimization, elitism is not as straigintfard as in the single objective case
because, in a single objective case, the elitetisokiare obtained according to one
objective function value. Thus, in elitist MOGAsnse different strategies are used
to graduate the solutions and determine the abiitions. The first study of elitism
in a multi-objective case was carried out by Rutdafp001). However, he did not
introduce the diversity preservation mechanism. BPGPEA, PAES, PESA,
NSGA-Il, SPEA-Il, e-MOEA, TDGA, SMS-EMOE are the ndamental elitist
MOGASs in the literature.



2.3.2 APPLICATION OF MOGA IN LOCATION COVERAGE PROB LEMS

To our knowledge, there are a few studies that M&GAs for multi-objective
coverage problems. Li et al. (2005) used genetgorahms in location search
problems. The problem of selecting multiple sigesalved by using the evolutionary
approach and geographical information. The objestiare the maximization of
population coverage, the minimization of total sportation costs and the
minimization of the proximity to roads. Each soduttiis represented in the space of
NxN cells, where N refers to the number of fa@hti The fitness values of solutions
are found by the weighted sum of objective funct@itues. Li et al. compared the
results of GA with those of neighborhood searchriséa and simulated annealing,

and found that GA outperformed the other methods.

Villegas et al. (2006) modeled a bi-objective uramagated facility location problem
and used NSGA-II, PAES and an algorithm based atihenaatical programming to
solve this problem. They implemented this modeltlom Colombia coffee supply
network. Each solution of the model is coded inimaty string where the-th
position indicates whether facility is open. Binary tournament selection and a
crossover pattern are used in GAs. The objecti¥éseomodel are the minimization
of the total cost of assigning facilities to rethtdemand nodes and fixed facility

opening costs, and the maximization of coverage.

Yang et al. (2007) proposed a model based on fuazlji-objective programming
and a genetic algorithm. The developed method vwgdieal to the fire station
location problem. Five objectives were defined. Thst objective was the
minimization of the total setup and operating cwstfire stations, and the rest
concerned the minimization of the longest distdnom a fire station to any incident
site. The achievement levels for fuzzy objectivesrevdefined. The fuzzy multi-
objective optimization model was converted intargke unified goal, and a genetic
algorithm was applied to the problem.

10



CHAPTER 3

THEORETICAL BACKGROUND

In this chapter, we describe three methods: thédfpsonstraint method, NSGA-II
and SPEA-II. We briefly present the basic workimmpgiples of these methods.

3.1 EPSILON () CONSTRAINT METHOD

The e-constraint method is a multiobjective optimizatitecthnique, proposed by
Haimes et al. (1971). This method converts the ioflykctive problem into single
objective and finds the nondominated solutions.

The algorithm starts with the construction of tteyqff table. To find the ranges of
each objective and construct the payoff table,grablem is solved independently
for each objective. Next, except one objective pttiler objectives are formulated as
constraints and the following single objective optation problem is obtained

assuming that all objectives are maximization.

Max f; (X)

st

f(x)2¢g, k=1,....p and k#i

xS
whereSis the feasible region ammis the number of objectives.

In order to avoid finding the weakly efficient sbans, the objective function is

modified by adding an auxiliary term, and for a thabjective maximization

problem, the model is follows:

11



p

Max f, () + 0. D f, (x)

k=1 k#i
st
f(xX)2¢g, k=1,....p and k#i
xS

wherep is a “sufficiently” small number.

For instance, a bi-objective problem, where oneedbje is maximization and the

other is minimization, is formulated as follows:

Min £, (x) Min f,(x) — 0., (X)
Max f, (X) bye-constraint method st

st f,() 2K

xS xS

The nondominated solutions are shown in Figure 1.

f2min

I I .~

I I f,

f1min f1max

Figure 1 True Pareto Front of an Example Problem
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“K” is taken as zero in the beginning. The singlgeative optimization problem is
solved and the first found solution is A. Afteattihe “K” is set to fmintp, wherep

is a very small constant, such as 0.001, and thielgmn is solved again. Solution B is
generated. This technique is repeated and all adhgi@ns in the Pareto Front are
generated. If the same solution is found, thematidominated solutions have been

generated and the algorithm is finished.

3.2 NSGA-II

The Non-Dominated Sorting Genetic Algorithm (NSGAR{roposed by Deb et al
(2000) is an elitist multiobjective evolutionarygatithm. NSGA-II incorporates
elitism by allowing the best solutions from the guar and offspring pools of
chromosomes to be retained. It also incorporate®wading distance calculation, to
ensure that solutions are spread out along thedPBrent, rather than converging to

a single solution.

NSGA-II uses nondominated sorting to keep up gaddati®ns instead of assigning a
fitness value to each member. The diversity of sladutions is maintained by
crowding distance calculations. Nondominated sgrishused to classify the entire

population of parent and offspring.

There are different strategies to find the frorftsalutions. In the basic approach, to
identify the solutions of the first nondominatedrit in a population, each solution is
compared with every other solution in the populatim determine if it is
nondominated. If it is not dominated by any oth@uson, then it is in the first front.
In order to find the next nondominated front memsbéne solutions which belong to
previous fronts are discounted temporarily andabeve procedure is repeated. The
fronts obtained in an example problem which hasimzation objectives are given

in Figure 2.
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Figure 2 The Fronts of Minimization Problem

NSGA-II uses crowding distance in order to maintaigood spread of solutions in
the solution set. The crowding distances are caledl for each front. To get an
estimate of the density of solutions surrounding $blutioni in the population, the
average distance between two solutions on two safesolutioni along each
objective is calculated. For all objectives, higbweding distance values are assigned
to boundary solutions. For the intermediate sohgjadhe crowding distance values

for each objective are calculated as follows.

()

T (fa™ - ™)

d

where;
l; denotes the solution index of tffemember in the list which is obtained by sorting

of objective m values in ascending order.

m

fm1*" and fmiZare the neighbors gf" member according to the™ objective.

fm™ and fm™" are the maximum and minimum values for tfi&objective.
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The crowding distance value of one member in atfiomeasured bi“dIm
oally

A
o @)
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b e -‘ i+1 .

v

f1

Figure 3 The Cuboid Distances of a Solution in a Front

This calculation is done for all intermediate mensbef a front and for all fronts.
The average distance between a member and its bwigh calculated for all

objectives and this gives the crowding distanca sblution in its front.

The algorithm starts by generating random memberd ereating the initial
population. Since there are no offspring at theirbegg of the algorithm,

nondominated sorting is applied only to the papagulation.

Nondominated sorting is performed and crowding asise of each solution is
calculated. Selection of members is made from Imeginof the first front. Before
filling up the mating pool, pu individuals are sebst

15
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Figure 4 The Creation of New Population

In Figure 4, Pand Q represent parent and offspring sets respectiVglsepresents
the fronts and Fhas nondominated solutions. Members pfaRd F, are taken but
the total number of individuals at hand is lessitha By adding all the members of
F3, the set will have more than p individuals. Thaet all the solutions in Jare
selected. For # the crowding distance values determine which nmemlare to be
selected. The members having larger crowding dissnare selected until p
members are chosen. Thus, a new population that hasmbers is generated.

New population members are used to fill the mapogl. The crowded tournament
selection strategy is used. Two members are sdleifthey are in different fronts,

then the member having the lower front number @sseh and put in the mating pool.
If they are in the same front, then the memberrgathe larger crowding distance is

chosen and put into the mating pool.

Next, the crossover and mutation are applied aachdw offspring’ are generated.

After obtaining an offspring population, the twopptations are combined. The
16



algorithm continues until the stopping criteria e#ached. The flow chart of NSGA-
II'is presented in Figure 5.

. Find th jectiv Find the fronts an
Generate Initial d the objective dt'e o.tsad
_| values of each .| crowding distance
Random .
. member, if not of members
Population, Po A

calculated

[ A

| . Perform crossover
Merge offspring and mutation and Create the new

and parent < < population by non-

population gf?:pe;:;es dominated sorting

Figure 5 The Flowchart of NSGA-I|

3.3 SPEA-II

Like NSGA-II, the Strength Pareto Evolutionary Afgom (SPEA-II) proposed by
Zitzler et al. (2002) is one of the most importantlti-objective evolutionary
algorithms that use the elitism approach. The SHEs#gorithm was proposed to
eliminate the possible weaknesses of its predeceSB&A (Zitzler and Thiele,
1999). SPEA uses a regular population and exteroatiominated set. The fitness
assignment is applied individually for these séftghe number of nhondominated
solutions is greater than a predefined size thelnstering technique is used. SPEA-
Il uses a regular population and an archive (erigrset. New generated offspring
are stored in a regular set, and an archive se$ed for storing the nondominated
solutions. The fitness assignment, based on theirddion concept and density

estimation, is done for the union of these setse Tiversity of solutions is
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accomplished by the density estimation techniquas Technique is an especially
useful algorithm when most individuals do not doaténeach other.

In the SPEA-II fithess assignment, not only is tHemination of a solution
considered, but also by which solution it is donola Firstly, the strength of each
solution in the archive and regular population @&calated. The strength of a
memberS(i), is defined as the number of solutions that it chates.

si) =[{i[ioR+R i~ i

where;

“>" corresponds to the Pareto dominance relation
R +5t: is the union of regular population and archive se

The greater strength means that it dominates membmars in the population, so it
may be a good solution. The raw fitness of a smiuts calculated by summing up
the strength of all the solutions that dominate gineen solution. Thus, high raw
fitness means that it is dominated by many indigldu so minimization of raw

fithess,R(i), is important.

Ri= > S(i)

JOR+R, j>i

An illustrative example is given below when botheatives are minimization.
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Figure 6 Solutions in Objective Space

The strength and raw fitness values for each swiwdre given in Table 1.

Table 1 Srength and Raw Fitness Values of Solutions

1 2 3 4 5
() 3 1 2 0 0
R() 0 0 3 5 6

Since solutions 1 and 2 are nondominated, theirfitaess values are 0. Solution 4 is
dominated by the solutions 1 and 3, so its ravefitfnvalue is the sum of the strength
values of solution 1 (S(1)=3ahnd solution 3 (S(3)=2).

The density estimation technique is used in SPEf-Itifferentiate the members

that have identical fithess values. Actually, tredue of the raw fitness for each

solution provides diversification.
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For each member in the union set, the distancedl ther members are calculated
and sorted in increasing ordel’ érder distance value gives tig value. The “k” is

determined as the square root of the sample sizee $he regular population size is

N and archive size N, k =+ N + N . For solution i, the density fitness vallgjs;

1

D =
ol +2

The nearest neighborhood of a solution is not ctamed when calculating the
distance in order to allow clustering to some eixtén is always less than 1, so
density fitness values only help ordering solutidrevzing identical raw fitness.
Finally the fitness of a solutiofi) is;

F(@i) =R(i)+D()

The algorithm starts with a randomly generated fain, in other words, a, regular
population. SPEA-II proposes an archive set whitbstto store nondominated

individuals. At the beginning of the algorithmetharchive set gis empty.

The regular population,;Rand archive population Qe combined. The objective
values are calculated, and then the raw fithessdemdity fitness are found. The
nondominated solutions from the combined populatiare obtained and copied to a
new archive set, Q. SPEA-Il has a predetermined archive size. Thusind
iteration, whether the new archive set size isstime as this predefined archive size

has to be checked. Indeed, three situations mag ®aiien filling up the archive.

If the nondominated front size is the same as thkeiae size, the new archive set is

made up entirely of these solutions.

If the nondominated front size is smaller than dhehive size, this means that some
dominated members have to be selected. This catoihe according to the fitness
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values. Members having small fitness values, whiehgreater than 1, are selected
until the predefined archive size is achieved.

If the nondominated front size is greater than dnehive size, then a truncation
procedure is implemented. Thezefik values are calculated for all members in this

temporary archive. This is very important becauserwcalculating density fitness,
all the members in the regular population and ahehive set are considered.

However, in the truncation procedurai" values are calculated only for the

members that are nondominated and in the temparahive. This means than"
values are different in the first fithess calcuatstep and in the truncation step. The
members that have the minimual® distance are removed one-by-one from the

archive until the archive size is reached.

After the new archive set is obtained, binary taument selection is performed on
these members. Two members are randomly selecédh@nmember having the

smaller fitness value is put into the mating pdblthe members have the same

fitness values, then theiUik values are compared. The member that has greater

O'ik values is preferable. After the mating pool isefil] the crossover and mutation

operations are applied and new offspring are géeerd he new solutions are set as
the new regular population and the algorithm iesatntil one of the stopping

criteria is reached. The flow chart of SPEA-II regented in Figure 7.
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Figure 7 The Flowchart of SPEA-II
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CHAPTER 4

BI-OBJECTIVE COVERAGE MODELS

In this chapter, we define four bi-objective coyganodels. The formulations of the
models are presented. We compare these modelsisngssl their weak and strong

points.

4.1 MOTIVATION

There are many types of location models and studigg) coverage objectives in the
literature. In the classical approaches, demanadssmed to be covered if it is within
Sdistance of an opened facility and is not covefeétis not within such a distance.

These models assume that any demand point is @tiverred or not covered. This

seems to be an unrealistic modeling assumption.ifstance, a demand point is

covered if the nearest opened facility distancéhtd demand point iS¢ and not

covered if the nearest opened facility distancth#d demand point iSt€.

Facility location problems dealing with the covesagoncept mainly focus on
covering the demands, but satisfying the whole dehraay not always be possible
due to certain limitations. However, in real lifalthough a demand point is not
within the coverage distance, it has to be seryedne of the facility. Thus, we have

to consider the uncovered demand and build a nealestic model.

In the literature, most of the maximal coverageatmn problems and their
extensions that obtain information about the unoededemand are generally
modeled using a single objective. The models thke the uncovered demand into
account have more than one objective. However,othjective functions of these

models are represented as the weighted linear $whbjective functions. There are
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few studies for coverage problems that have mar tine objective and generate a
true Pareto front.

In this chapter, we formulate and solve four biealtive coverage models. We find

the Pareto-optimal sets and make comparisons.

4.2 MODEL FORMULATIONS
Model-1: P Median Maximal Coverage

We firstly solve the bi-objective maximal coveragedel presented in Church et al
(1991). In this model, besides the coverage ohljectin objective that minimizes the
weighted travel distance of the demand not covecedeach its closest opened

facility is formulated.
We use this model without any modification. Thew tise NISE method to solve the
problem, whereas we use tiieonstraint method in order to find the Pareto &

call this model the “P-Median Maximal Coverage (Mbd)”.

The model is follows:
Model-1: P Median Maximal Coverage

MinZ, =3 > a.d; x

iolr joMm,
MinZ, =Y a.y,
idl
sto
D of+y 21 Didl, X
jom,
inj—yi=0 aidl, 2
oM,
fi-x% 20 Oiol, joMm,, 3)

2 fi=n (4

j0J
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x; 0{0,3 oiorn,jod,
y, 0{0,3 oigl,

f, 0{0,3 0joJ,
where;

variables

5 = {1 if a demand node i is not within 8its nearest facility,
(=

0 otherwise,

_ |1 ifademand node i is not within §its nearest facility,
' |0 otherwise,

_[1 ifafacility is sited a},
710 otherwise,
parameters

a = demand at node |,

p = number of facilities to be sited,

| =set of demand nodes,

J= set of potential facility sites,

d; =shortest travel distance seperating nioiiem node |
M, ={i| d; <8}

S =maximal coverag distance,

The objectives of Model-1 are the minimization tftal uncovered demand and the
minimization of total weighted distance between aw&red demands and their

nearest facilities.

Constraint set (1) ensures that if there is not@gned facility within the distan&

for a demand node, then that demand node is anverem demand node and the
variabley is forced to be 1. Constraint set (2) is formulate assign the uncovered
demand to an opened facility, because if the distdoetween an opened facility and

a demand nodeis less tharg, then that demand node is a covered demand node and
yi is 0 so all thex; values are O for that demand node by the constssnht(2).
However, if a demand node is not covered, theld and constraint set (2) requires

the demand node be assigned to a facility. Comstrset (3) ensures that an
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uncovered demand node will be assigned to a faahly if a facility is located at
the site. Thus, if; value is 0, this means that the facility is notwgd, so all the
corresponding;; values are 0. If th§ value is 1, then uncovered demand may be
linked to this facility, so somg; values may be 1. Constraint (4) restricts numlber o

opened facility.

Model-2: P-Center Maximal Coverage

The p-center problem, also known as the minimaklpra, is to locate p facilities
and assign demand nodes to them in order to migirtie maximum distance

between a demand node and the facility to whichatlocated.

In the literature, there are no studies that useptitenter concept for handling the
uncovered demand in MCLPs. We construct a new jaetige model, namely the
“P center Maximal coverage model” (Model-2). Thestfiobjective of the model is to
minimize the maximum distance between uncoveredadeism and their nearest

opened facilities. The second objective is to minéthe total uncovered demand.

The underlying assumption is that an uncovered denean probably be served by
its nearest opened facility when it is needed. Dhigctive is important, especially in

emergency service facility location and coveragslams, because human life is the
most important issue in emergency situations swcfiras and those requiring an
ambulance, even if there is only one person toalved Instead of using an objective
that minimizes the total distance between uncoveteshands and their nearest
opened facility, as in Model-1, using an objectibat minimizes the maximum

distance between uncovered demand points andribarest opened facility may be

more reasonable.

The model is as follows:
Model-2: P-Center Maximal Coverage
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MinZz, = A
MinZ,=> a.y

sto
Eq. (1)-(4)
> x.d, <A Oi0l, ()

iom,

Constraint set (5) calculates the maximum of thetadices between uncovered
demand nodes and their nearest facilities. Thet fiigjective minimizes the
maximum distance between an uncovered demand nuti¢ha nearest facility to

that node.

Model-3: P-Median Partial Coverage

In Model-1 and Model-2, a demand node is assumée &ither fully covered or not.

So the coverage decision variables are definednasybinteger variables. However,
in some cases demand nodes can be partially coaemeading to distance between
facilities and demand nodes (Krass et al., 2003a&akal and Karasakal, 2004)

It is more realistic to model the coverage levehasecreasing function of distance
from an opened facility in some problems relatedntedical services, delivery
problems, etc. Thus, we intended to consider thrtigd coverage concept in a new
model and the “P-Median Partial Coverage Model” (die3) was constructed.
Model-3 is the same as Model-1, except for the éalVerage. Partial coverage,
which is defined as a function of the distancehaf demand point to the facility, is

incorporated into the model.
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Model-3: P-Median Partial Coverage
MinZ =>" > a.d;.x

0l joMm;
Max Z, =Z Z G- A
0l joMm;

sto

Eqg. (1)-(4)

5-f<0  0Oi0l,jOM,, (€
D5 <1 Oiol, (
joMm;

s, 0{0.3 aigdl,joJg,
where;

1 if the demand at point i is either partially oliyficovered,
K :{O otherwise,

1 ifd; <S,
c; =1 f(dy) if S<d; <T,(0< f(d;) <2),

0 otherwise,
M, ={ i|d, <T}

T =maximal partial coverage distan
S =maximal full coverage distance,

A new critical coverage distancd, is defined. To handle partial coverage, we
assume that coverage level decreases linearly thghincrease in the distance

between the facility and demand point if the distars betweeis andT and is zero
afterT.

This model maximizes the total coverage, includnth partial and full coverage. A

linear function is used to calculate the coverayels according to distance (see Fig.
8).
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Figure 8 Coverage Level Function

In Model-1 and Model-2 the set of nodewhich can cover demand nodeM;, is
obtained according to th® maximum critical coverage distance value howewer i
Model-3 and Model-4, the valud; is determined with respect 1 whose value is
greater than that & The other remarkable point is that all #jeandy; values will
be found according td value. If a demand node is at distance betvi@andT to its
nearest opened facility, then this demand is asdumée partially covered in this

model.

The constraint sets (6) and (7) are peculiar topémial coverage concept. If thfe
facility is not opened, then all it values have to be 0, so the demand nodes will not
be assigned to that facility, but if tj{e facility is opened than the valugscan be 0

or 1 and may get a facility assigned to it or Adtis will be determined together with
the constraint set (7), because constraint seaf@yvs any demand point to be
covered by at most one of the facility locationtedi The second objective is the
maximization of total coverage, so if there is mdnan one facility covering a
demand node, then this objective determines whit¢hemn will provide service. The
first objective of this model is the same as in Mletl. We want to minimize the total

uncovered weighted distance.
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Model-4: P-Center Partial Coverage

The “P-Center Partial Coverage Model” (Model-4¥asmulated in the presence of

partial coverage concept.

Like Model-2, Model-4 also minimizes the maximunstdhnce to uncovered demand

nodes.

Model-4: P-Center Partial Coverage
MinZ =A
MaxZ,=> > c.5 4

sto |
Eq. (1))

The first objective minimizes the maximum distarween demand nodes and
opened facilities. The second objective maximizestotal coverage including both

partial and full coverage.

The four constraint sets (1), (2), (3), and (4) @@exmon in all four models. These
four constraints determine which facility or fatés will be opened, which demand
nodes are covered or uncovered, and which uncowdeetind nodes are linked to
which facility. Constraint set (5) provides the mization of the maximum distance
to the first objective. The constraint sets (6) 4@yl provide calculation of the

coverage value.

4.3 COMPARISON OF MODELS

In order to illustrate the differences betweeniphdoverage/maximal coverage and
p-center/p-median objectives, we formulate four elednd evaluate these models
on 10 randomly generated problem data. Each probkesn200 demand nodes and

10 alternative facilities and the number of fabtto be openeg, is taken as 3. 200
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demand nodes and 10 facility coordinates are ggeteraccording to uniform
distribution and the maximal coverage distarf§eand partial coverage distandeg,
are determined as 10 and 20 units respectively. déreand quantities for 200

demand nodes are also generated according to emdistribution.
Since we have bi-objective problems, theonstraint method is used in order to find
all nondominated solutions. We transformed bi-ofpjecmodels to single objective,

and formulated the second objective as constraints.

So the objectives of the new models are as follows:

Model-1:

MinZ => > a.d;x; +pY a.y,
il jOM, il

sto

Eq. (1)-(4)

D 4.y, <& (new constraint)
ial

Model-2:

MinZ = A+p> a.y
idl

sto

Eqg. (1)-(5)

D 4.y, <€ (new constrain
ial

Model-3:

MinZ =2, > a.dix - P2 2, ¢ 53
i0l joM; i0l joMm;

sto

Eq. (1)-(4), Eq. (6)-(7)
Z Z G;-S;& = € (new constraint)

i0r joMm,
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Model-4:
MinZ =A-p> > c.54

ion joMm,
sto
Eq. (1)-(7)
D> > ¢5a =& (new constrain
ior joMm,

We solve the problems by using the GAMS 2.0 Cplalxes. Each time we find a
solution, we change the value of the new constraght hand side iteratively, and in

the end we find the Pareto optimal set for all ¢heoblems.

For Model-1 and Model-2 solutions, the partial aagge values, total weighted
distance between uncovered demands and their hdacdgies (p-median values)
and maximum of the distances between uncovered mttmades and their nearest
facilities (p-center values) are calculated in oriebe able to compare the results

with those of other models in the presence of glacbverage.

In Tables 2, 3, 4 and 5 only one randomly generptetilem’s results according to

four models are presented. The results of all teblpms are given in Appendix A.

Table 2 Model-1: P-Median Maximal Coverage Results

facilities total cov. full cov. partial cov. p-median p-center

4,5,8 3716 2342 1374 164422 63.4
3,4,10 3856 2516 1340 177214 69.4
4,510 3876 2734 1142 195598 69.4

Table 3 Model-2: P-Center Maximal Coverage Results

facility  total cov. full cov. partial cov. p-median  p-center
1,8,10 4020 2161 1859 156868 54.8
1,3,10 3731 2423 1308 178756 55.0
5,8,10 3613 2432 1181 180758 63.4
45,10 3876 2734 1142 195598 69.4
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Table 4 Model-3: P-Median Partial Coverage Results

facility total cov. full cov. partial cov. p-median  p-center
1,49 3679 1951 1728 146141 55.4
14,8 3979 2071 1908 151205 54.8
1,8,10 4020 2161 1859 156868 54.8
4,8,10 4023 2254 1769 165927 70.1
1,4,10 4199 2463 1736 169019 69.3

Table 5 Model-4: P-Center Partial Coverage Results

facility total cov. full cov. partial cov. p-median  p-center
1,8,10 4020 2161 1859 156868 54.8
1,4,10 4199 2463 1736 169019 69.3

According to the results of Model-1, the best solutaccording to the p-median
objective is to site facilities at thé"45" and &' nodes. When partial coverage is
considered, Model-3 chooses th® 2" and §' nodes as the best locations with
respect to p-median objective. As seen in Tablaad}5, the best result is to site at
the ', 4" and 18" nodes according to total coverage. Tables 2 astiddv that
opening facilities at the™ 5" and 18' nodes maximizes full coverage. To minimize
the maximum distance between uncovered demand rentiethe nearest opened
facilities, the facilities have to be sited at e 8" and 18 nodes.

As seen from the first problem, the results chamgeen partial coverage is

considered. The Pareto fronts of ten problems anemted for each model. For each
problem’s model solution, the maximum, minimum, ragge values and number of
solutions in the Pareto front are calculated, awddn problems, the average values

are calculated. The results are given in Table 6.

Table 6 shows that the full coverage values of Niddend Model-2 are greater than
those of Model-3 and Model-4. However, the totalezage values are vice versa
because, the first two models do not consider gdactiverage while selecting the

facilities. Another interesting point is that theseage p-median value of Model-1 is
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worse than that of Model-4, even if Model-1 focusesp-median, while Model-4

focuses on p-center. This is also due to the maxpandial coverage distance.

Computational results show that incorporating partoverage, defining p-median
and p-center objectives have substantial effecsantions of the problems. We
argue that Model-3 and Model-4 are useful espsacialllocation problems where

coverage decreases gradually after some distance.
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Table 6 Average Results of Four Model

Model-1

Model-2

Model-3

Model-4

no.
sol.

4

total coverage

min avg

max

4608.5 4836.9 5023

4451.4 47025 5052

5109.9 5125.6 5147

4816.4 5056

5235

full coverage

min  avg max

8141.2 2312 2442

42126 2271 2442

1n978.8 2088 2182

1856 2012198

partial coverage

min  avg

2190 2525

2121 2432

2942 3038

2876 3037

max

2859

2804

3155

3282

qufian

min avg max

177235198279 222315

184710208136 227265

174759178939 183889

176204184545 193824

p-center
min avg max
584 645 7149
56.7 635 71.4
584 61.0 64.(
56.6 60.0 63.71




4.4 PROPOSED MODEL

In this section, we show the effect of p-median gndenter objectives in the
presence of partial coverage on an illustrativengla problem. The demand and
facility nodes are located in a 20x20 km area. Nosleown in Figure 9 are both
demand nodes and potential facility sites. It suased that only one facility can be

located.

o~

ow

o6

o4

Figure 9 An Example Problem

The critical maximal coverage and partial coveraigances are 7 and 10 km
respectively. The total demand is 400 units andaf&ta of the nodes are given in
Table 7.
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Table 7 Demand Quantities

No Demand
Quantities
5
20
70
100
25
30
150

~No o~ WN P

By solving Model-3 and Model-4, the following retsubre obtained.

Table 8 Model-3 Results

P-MEDIAN AND PARTIAL COV.
facility total cov. p-median p-center
3 362.00 371.83 20.510

Model-3 finds only one solution that selects tffen®de for the location of a facility.
This solution is the best according to both p-medad coverage objective. The
maximum distance between uncovered demands andshéacilities is 20.518 km.
There are only two uncovered demands which aredl5amhe maximum distance

comes from the*ldemand point.

Table 9 Model-4 Results

P-CENTER AND PARTIAL COV.

facility total cov. p-median p-center
6 231.65 1887.00 15.000
4 269.90 661.00 18.025
3 362.00 371.83 20.518

Model-4 finds three nondominated solutions. Thet lsetution according to the p-

center objective is to open a facility at nodefaghe 6" node is selected, then there
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will be two uncovered demand node, 1 and 7. Theimmamx distance, which is 15
km, comes from the®idemand point.

There is a difference of 5 km encountered wherctiatpthe 3 and 6" facilities in
this small area. Model-4 focuses on being closellt@emand nodes whatever the

amount of their demand.

This illustrative example shows that p-center peablthat focuses on the uncovered
demand nodes open the centralized facility as eggdecSo the maximum time to
reach any uncovered demand point is minimized. Bianeconsiders the total
distance to the uncovered demand nodes. In reakiitiations, a demand node is
generally served from its nearest facility. Thugngidering distance between
demand node and nearest facility would be moreoredse . The incorporation of p-
center objective into partial coverage problem essuhat emergency services are
provided to the demand points in the shortest ptssime even there is one person
to be saved. Thus, Model-4 seems more suitablethferprovision of maximal
survival rates in emergency service location pnmistethus, in the next part of the

thesis, we will focus on this model.
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CHAPTER 5

GENETIC ALGORITHM

In this chapter, the drawbacks of NSGA-Il and SPEAre given. To avoid these
drawbacks, a genetic algorithm, called mSPEA-prigposed. The parameter setting
of mMSPEA-II is performed. The computational resaltsl the discussion of the three

methods are presented.

5.1 MOTIVATION FOR PROPOSED GA

We determined our model as p-center partial cowenagpdel (Model-4) in the
previous chapter. This model can be solved-ognstraint method using GAMS for
small problems. However, as the number of demartesiopotential facility sites
and facilities to be sited increases, the computati complexity of the problem
increases. For instance, if we have 100 poterdizlify sites and we have to choose
three of them, then the number of feasible solstianl be 970,200. In real life
problems, the number of potential facility sitesl aselected facilities may be much
higher. If we have 1000 potential facility sitesdamave to choose 20 of them, then

the number of feasible solutions will be 8.25%10

A middle-size problem with 500 demand nodes, 2@ilifa nodes and 5 selected
facilities was solved using GAMS to find one eféiot solution, and the run time was
6.5 hours. The true Pareto front is unknown. Fangxe, if it has 100 efficient
solutions then the run time will be approximatelyO6hours for a middle-size
problem. Thus, it is not possible to find a truee®a front for middle or large size
problems. In this chapter, multi-objective evolu@oy algorithms are studied to
generate the true Pareto front of Model-4. Theestéithe-art algorithms NSGA-II
and SPEA-II are used. Also, a genetic algorithnsebdaon SPEA-II (mSPEA-II) is

developed.
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The NSGA-II algorithm does not use a fitness asagm. Nondominated sorting is
applied and the front of each solution is foundug;hthe sorting of members may
cause worse results, because in a front, some niemisy be dominated by many
members of the other front, and others may be dat@thby a few members. Giving
the same priority to these solutions may not beeobtr A simple bi-objective

problem where objectives are to be minimized isaeg in Figure 10.
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Figure 10 A Sample Population

There are two fronts. Solutions 7 and 9 are in sheond front. Solution 7 is
dominated only by Solution 1. Solution 9 is domathby three solutions, 3, 4 and 5.
Since they are boundary solutions in the seconak,ftbeir crowding distances are
the same and very big. So, in a selection situativey have the same importance.
However, solution 7 should have more priority widspect to solution 9, because,
according tof; values, Solution 7 should be kept in the popuhatMvhich member
dominates which member in a population is not aereid while comparing the
solutions in NSGA-II. Thus, difficulty in converginto the true Pareto-optimal front

may arise.
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In SPEA-II, the fitness value for a solution is ttetal of raw fitness and density
fitness. SPEA-II fitness assignment is quite a gsathnique. Information regarding
which solution dominates which solution is kept ahé strength value of each
member calculated. The density fitness is calcdlabedifferentiate those solutions
which have the same raw fitness values. Also, tiensstance values are used in a
truncation operation when the actual archive isagnethan the fixed archive size.
Calculating and sorting all the distances is of ptaxity O (MflogM). The worst
run-time complexity of the truncation operator i/@% and, on average, it will be
lower than O (MlogM). Actually, the computational complexity of BR-Il is
considerably greater than that of NSGA-II.

In SPEA-II, the fithess assignment already provide®rsification. Density fithess
values are always between zero and one. It doesclmmige the order of the
solutions. It only makes a difference in the fitheslues that are the same. Two

solutions in a population may have the same fitiresso different cases.

If two members are dominated by the same membes, the sum of their strength
values will be equal. For instance, Figure 11 shawsllustrative multi-objective
minimization problem population. Solutions 6 andare dominated by same

solutions 2, 3 and 4, and the raw fithess valuehftions 6 and 7 are the same.

fo
A.l
® 6

o/

Figure 11 The Solutionsin a Population
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The second situation is when two solutions are dated by different solutions, but

the sum of the strength values of these dominasimigtions are the same. The

sample population which is composed of archive esglular populations in an

iteration is displayed in Figure 12. The strengtd saw fitness values are shown in

Table 10.
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Figure 12 Union of Archive and Regular Population in an Iteration

Table 10 Srength and Raw Fitness Values

1 2 3 5 6 7 8 9 10 11 12 13 14 15

2 6 5 4 4 3 2 1 0 O

4
S() 2 10 10 0 1
2 10 20 20 26 31 20 39 42 16 55 10

R() 0 0 O

As seen in Table 10, the raw fitness values oftgwla 5 and 15 are the same. The

density fitness values are calculated accordinthéoK" order distance value. The

total population size is 15, so ¥&5<4. In the distance matrix for solution 5, the

fourth distance is calculated as the distance ktwsolution 9 and itself. For

solution 15, the fourth distance value is calculads the distance between solution
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13 and itself. To find these distance values fonsitg fithess calculations, the
computational complexity increases. There are eigbnts in this population.
Solutions 5 and 15 are in the same front. Howeyenising the density estimation

technique, the distances of different front memiagestaken into consideration.

In both situations, a different strategy should used to differentiate the fitness
values of solutions, both to decrease computati@eahplexity and keep good
solutions in order to maintain the diversity andhwergence with the true Pareto

front.

5.2 PROPOSED GA: The Modified SPEA-II (MSPEA-II)

In the new proposed GA, instead of density fitnEx§),, the objective fithess values
minO(i), are calculated. For each minimization objectthe, solutions are sorted in
ascending orderminO(i) is set to the minimum rank among all objectivEsr
instance, the objective values for a bi-objectivi@imization problem are given in
Table 11.

Table 11 Objective Function Values of Solutions

fy f2
1 2 8
2 5 7
3 8 2
4 3 20
5 6 9
6 10 3
7 30 4
8 12 5

These solutions are sorted according to both thgs; which are shown in Table
12.
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Table 12 Solutions Sorted According to Each Objective

Sol. fl Sol. fz
1 2 3 2
4 3 6 3
2 5 7 4
5 6 8 5
3 8 2 7
6 10 1 8
8 12 5 9
7 30 4 20

As seen in Table 12minO(7)=3, because it is in the seventh rank for objectine,

f1, and in the third rank for objective twig, so the minimum is 3.

A fitness value for each solution is determinefiolews:

min O()

F(@)=R(@i)+
() ) no. of solution+:

(8)

The fitness value of a solution is the sum of raness, which is same as in SPEA-
II, and objective fitness which is always less tHanTwo solutions that have the
same raw fitness values are differentiated by thbjective fithess values. Thus,
more importance is given to boundary solutions. $eone objectives, a solution may
have worse objective values, but if it has a bettgective value for at least one
objective, then its objective fitness will be smatid that solution can be kept. This

method also decreases the run time of the algorithm

SPEA-II has an archive of fixed size. If the nonduaied solutions of the regular -

and archive populations is less than this fixeé,siken the dominated solutions are
filled up to this size. The dominated solutions sekected according to fitness values
which are greater than 1, because, all nondomirsailedions have fithess values less
than 1. In this selection, if two solutions have #ame raw fitness values, then the
objective fitness values determine the selectia,ibthe nondominated solutions

are greater than the fixed archive size, then sommbers have to be discarded. In

SPEA-II, this truncation is done according to dgnsilistance values. In our

44



proposed algorithm, we do not calculate densittadise values, in order to decrease
the run time. As mentioned above, we calculateotijective fitness values. However
this may not work well when all the solutions iretharchive set are nondominated.

An illustrative example problem is shown in Figdf®
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Figure 13 Illustrative Example When All Solutions are Nondominated

In the above simple problem, all eight solutions mondominated. Th&inO(7)=1,
minO(2)=1. However, solution 2 is responsible for a bigisagn order to maintain
convergence. Therefore, selecting solutions toadisbyminO(i) or objective fitness
could avoid the convergence to the true Paretat.fil©Oor proposition is that if the
algorithm is in a truncation operation, this mealghe solutions are nondominated,
and then the crowding distances can be calculated&ch solution as in NSGA-II.
The crowding distance, which is the average digdretween two solutions on two
sides of solution along each objective, is calculated. For all ofojes, crowding
distance values set to the infinite values for lataug solutions. So the new fitness

assignment is made in this step.
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The fitness is calculated as the total of raw Bmand crowding fitness.

Fo(i) = R(i) + 9)

C(i)+1

where C(i) is the cuboid distanceiof

These two strategies are used for calculatingdgnalues. The question is, which of
the fitness values for each solution is used wiiengf up the mating pool, because
we calculate different fitness values in respecaatial archive size. In this step the
strategy is:

-if the archive size is less than the predefine@diarchive size, then the
fitness values that are calculated as the sumvofarad objective fithess are used for
binary tournament

-if the archive size is greater than the fixed arelsize, then the fitness
values that are calculated as the sum of raw amdding fitness are used for binary

tournament.

The flow chart of this new algorithm is given ingbre 14. The pseudo code of

MSPEA-II is given in Appendix B.
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Figure 14 Flowchart of mSPEA-II

5.3 PARAMETER SETTINGS

Each solution to the model was encoded in a reanpeter that indicates the facility

to be opened.

Figure 15 Representation of a Solution
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The number of opened facilities determines the efzihe string. In Figure 15, the
number of facilities to be opened is 3. The opefaailities are 5, 7 and 9. The
amount of demand of each demand node, the cooedimditthe facility and demand
nodes are inputted to the program, coded in Java.pfogram creates the matrix of
distances between demand and facility nodes. Thelideéan distances are

considered.

Each member of the population is evaluated witlpeesto two objectives; total
coverage and p-center. For instance, for facilibes/ and 9, the demand nodes
within the distanceSandT are found and demand nodes are assigned facilittbs
highest coverage levels. The amount of demanduiiptied by the coverage level
to calculate coverage of the demand node. (Iffiilly covered, then coverage level

is 1). The sum of the coverage of all demand ngde=s the total coverage.

The p-center objective is the maximum distance betwan opened facility and a
demand node. So, in the distance matrix, for faedi5, 7 and 9, the uncovered
demands according to distantare determined. For demand nagdéhe minimum

distance from the opened facilities 5, 7 and %tal how far the demand node is
from an opened facility. This distance is calculater each demand node, and the

maximum value of these distances gives the p-cemjective value.

The objectives are normalized in all MOGAs. For 8HE the distances in objective
space between members are calculated for the geasiimation technique. In
NSGA-II and mSPEA-II, crowding distances are alsdculated for the niching
mechanism. The range of objectives is differensaing has to be done. Objective
function values are divided by the estimated maxmpossible values in the Pareto

front.

In the crossover mechanism, a pattern is used.ekample, the {1,2,2,1} pattern
means taking the first and fourth genes of the fireamber, and the second and third
genes of the second member. However, after crossaeemay need to repair the

mechanism.
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In a population, two parents and offspring are shawFigure 16. The pattern is {2,
1, 2}.

5 7 9
A A # 7 7 8 5 12 9
7 12 8

Figure 16 Crossover Mechanism

The first offspring genes are 7, 7 and 8. Thus theans that Facility 7 is opened
twice. This is an infeasible solution, so one & ¢fenes should be replaced randomly
by another gene that is neither 7 nor 8.

In the mutation mechanism, only one gene is saldctemutation. All the genes are
not potentially mutable. A gene is randomly seldctand it is mutated with a
probability. After mutation, the member is agairecked for repair.

In filling up the mating pool, binary tournamentesgion is used.

For parameter setting, experimental runs are donesroall size problems. Five
different problems are randomly generated, and thifierent parameters are used.
For each parameter and each problem, five runsl@me. Thus, a total of 100 runs

are performed.

All five problems are of the same size. The chamistics of the problems are

displayed in Table 13.
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Table 13 Problem Characteristics

No. of Facility Node 50
No. of Demand Node 200
Side length of Region 200
Demand Amount Interval 0-500

No.of facilities to be opened(p) 6
Partial Coverage Distance (T) 20
Full Coverage Distance (S) 10

All coordinates are generated from a uniform dsttion between 0-200 units. All
the demand amounts are generated from a uniformbdison between 0 and 500.
The partial coverage distance is 10% of the regiae, and the full coverage

distance is 5% of the region size, which are 20Hnhdespectively.

All these problems are firstly solved by theonstraint method using GAMS, and
the true Pareto front is obtained. After that, plagameters are compared according
to the Hyper Volume Ratio (HVR). Then, for diffetgrarameter settings, mSPEA-II
is run and the results obtained from mMSPEA-II avengared with the true Pareto
front based on the Hyper Volume Ratio (HVR).

HVR is the extension of the hypervolume metric Zl&t and Thiele, 1998).
Hypervolume metric calculates the total objectipace dominated by a given set of
nondominated solutions with respect to a predefirefdrence point. This metric
evaluates both closeness and diversity of reslitts.reference can be determined as

the nadir point or worse.

HV =vol ume(U‘iQ:‘lvi)
where; Q is the nondominated front ang is the objective space dominated by
solutioni with respect to a reference point, W. Figure @ves the nondominated

solutions’ hypervolumes when the first objectivédsbe minimized and the second

objective is to be maximized.
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Figure 17 Enclosed Area by NonDominated Solutions

HVR measures the ratio of the region enclosed by tlondominated set,
HV approximation @nd the region enclosed by the true Pareto frbiMopimar The
Hypervolume and Hypervolume Ratio metrics dependtlen selected reference
point.

HVR = |_I\/Approximation (10)

Optimal
In all runs some of the parameters are set eqhakd are:

» Patternis{1,2,1,2,1,2}
* Population and Archive Size are {50,50}
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Table 14 Parametersin Problems

Iteration Mutation probability

size
Parameter | 200 0.1
Parameter Il 100 0.1
Parameter Il 200 0.3
Parameter IV 100 0.3

After these settings are implemented, runs are tlmgboose one of the parameters.

The HVR results of all these runs are depictedahld@ 15.

Table 15 HVR Results
Problem1 Problem?2  Problem 3 Problem 4 Problem 5 Average
ggﬁmeter 0.954 0.841 0.869 0.923 0.925 0.902
ggﬁ{“eter 0.883 0.835 0.846 0.863 0.908 0.867
ggﬁn"eter 0.911 0.917 0.871 0.926 0.932 0.911
Parameter ) g4q 0.872 0.827 0.908 0.931 0.896
Set IV

The average values of each run and parameter bndatad. As seen in Table 15,
the best average value, 0.911, is obtained withthivel parameter set. Thus, for
small size problems, this parameter will be usedcamputational experiments.
Iteration size is set to 200, and the mutation abdily is set to 0.3 in the
computational experiments. For big size problerhs, iteration size is increased
relatively. The HVR values obtained as the iteratgize is increased for this

problem set are depicted in Figure 18.
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Figure 18 HVR Values for Different Iteration Sze

5.4 COMPUTATIONAL RESULTS

5.4.1 PROBLEM GENERATION

To test the performance of the mSPEA-II for différgize coverage problems, six
problem sets are generated. In each problem s&t #re ten randomly generated
problems. We run each problem 5 times with diffessreds. Number of demand and
facility nodes changes between problem sets. Fcn peoblem set, iteration size is

determined by taking into account the parameteingetalues.

The problem set properties are given in Table I parameters of the second
problem set are determined according to the besitseof the previous section. For
the third, fourth, fifth and sixth problem setsg ikeration size is increased as the size
of problems increases, and for the first problemn iseration size is decreased. The

comparisons are made according to these iteraizes.s
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In Table 16, the region length value shows the &dgth of the plane where facility

and demand nodes are generated. For instance,-theo&rdinates are generated
from a uniform distribution between 0 and 200 ia finst four problem sets. Demand
amounts are generated from a uniform distributietwieen 0 and 500 for all problem
sets. Full coverage and partial coverage distanedaken as 5% and 10% of the

region size, respectively.
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Table 16 Problem Sets Characteristics

Problem Set 1 Problem Set 2 Problem Set 3

Problem Set 4 Problem Set5 Problem Set 6

No. of Demand
Nodes

No. of Facility
Nodes

No. of Facility to
be sited

lteration Size
Full Cov. Dis.
Partial Cov. Dis.

Region Length

Crossover
Pattern

Mutation Prob.

Arch/Pop. Size

Demand Amount
Interval

100

25

3and5

100

10

20

200

1,2,1,21,..

0.3

50

0-500

200

50

5and 7

200

10

20

200

1,2,1,2,1,..

0.3

50

0-500

250

75

5and 7

500

10

20

200

1,2,1,21,..

0.3

50

0-500

500

100

5and 7

1000

10

20

200

1,2,1,2,1,..

0.3

50

0-500

1000

150

5and 7

1500

20

40

400

12,1,21,..

0.3

50

0-500

1500
200
5and 7
2000
20
40
400
1,2,1,2,1,..
0.3
50

0-500



5.4.2 PERFORMANCE METRICS

To compare the performance of the algorithms, tinegérics are used for the first,
second, third and fourth test problems. These nseaire the Hyper Volume Ratio
(HVR), Inverted Generational Distance (IGD) anddeetage of Found Solutions.
For the fifth and sixth test problems, one addaiometric, Set Coverage Metric
(C(A,B)) is also used.

The Inverted Generational Distance (Bosman andriiége 2003) calculates the
average Euclidean distance between nondominatedicstd and their closest true

nondominated front member. Hence, an algorithm wigimall IGD is better.

IGD :ﬁé(minuq -z, Hz) (11)

joP

where Q denotes the nondominated set generated by GAPaddnotes the true

Pareto front set an)‘z -z Hz represents the Euclidean distance betweand z

The third metric that we use is the percentageobftions generated by MOGA in
the true Pareto front. Since, for the last thresbj@m sets, we do not know the true
Pareto front, the estimated Pareto front is crediedombining the nondominated
solutions of all algorithms. Thus, for the lastethproblem sets, this metric gives us

the contribution of that algorithm when generating estimated Pareto front.

Set coverage metric C (A, B), calculates the faactf B dominated by A.

_{oOB}|CaDA:ax-b)
i B

C(A,B) (12)

where A denotes Pareto Front generated by algorkhemd B denotes Pareto front

generated by algorithm B. C (A, B) =1 means all rhera in Algorithm B’s Pareto
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front are dominated by the A algorithm. C (A, B) represents the situation in which
no individual in B is dominated by A. The dominatioperator is not a symmetric

operator. Thus C (A, B) is not necessarily equdl-t€ (A, B).

The set coverage metric is used for only the fiftld sixth problem sets. Since we do
not know the true Pareto front in these sets, temsure is used to compare the

algorithms’ Pareto optimal sets with each other.

5.4.3 RESULTS

Small size problems are solved by theonstraint method. The true Pareto optimal
front is found for these problem sets. The firgteéh problem sets can be solved
exactly without violating the time limit. Howevethe other three problem sets
cannot be solved within 120 minutes. (Actually tlwaynot be solved within 6 hours,
but 120 minutes is taken as a constant refererie®). medium and large size
problems, all run results for the three EAs are loioed and an estimated Pareto

front is generated by combining the nondominatedlts of the three EAs.

For each problem and each p value (number of fi@silto be opened), NSGA-II,

SPEA-II and mSPEA-II are run five times using diéfiet seeds. For each run, the
HVR, IGD and percentage of found solutions metacs calculated. The average
metric values and standard deviations of problerasgaven in Table 17. For each
problem set, the average values of problems rungiaen in Appendix C.
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Table 17 Average Metric Values

NSGA-II SPEA-II MSPEA-I|
HVR IGD % of found sol. HVR IGD % of found sol. HVR IGD % of found sol.
mean stdev mean stdev mean stdev |mean st.dev mean stdev mean stdev |[mean stdev mean st.dev mean st.dev
P.Set|p=3 0.9895 0.0174 0.0004 0.0017 0.8826 0.1124]0.9898 0.0162 0.0014 0.0044 0.8586 0.1776|0.9936 0.0092 0.0003 0.0005 0.8862 0.0940
1
p=5 0.9689 0.0369 0.0025 0.0043 0.6178 0.2965|0.9769 0.0267 0.0026 0.0042 0.6470 0.2274]0.9911 0.0135 0.0005 0.0008 0.8244 0.1462
P.get p=5 0.9746 0.0243 0.0035 0.0037 0.4402 0.3306 |0.9752 0.0198 0.0029 0.0040 0.3760 0.2545)|0.9876 0.0121 0.0008 0.0012 0.6996 0.1669
p=7 0.9663 0.0260 0.0050 0.0053 0.2278 0.1885]0.9710 0.0219 0.0039 0.0042 0.2258 0.1603|0.9815 0.0135 0.0014 0.0016 0.4400 0.1716
P.get p=5 0.9608 0.0308 0.0040 0.0050 0.4326 0.2768|0.9725 0.0200 0.0017 0.0024 0.5402 0.2453|0.9831 0.0160 0.0013 0.0016 0.5936 0.1946
p=7 0.9513 0.0300 0.0064 0.0067 0.2418 0.2190]0.9665 0.0174 0.0032 0.0042 0.3208 0.1628|0.9783 0.0154 0.0009 0.0015 0.5478 0.1445
P.Set|p=5  0.9596 0.0227 0.0027 0.0024 0.3084 0.2090 | 0.9762 0.0154 0.0032 0.0066 0.3874 0.1480|0.9842 0.0148 0.0007 0.0008 0.6312 0.1759
4
p=7 0.9598 0.0215 0.0052 0.0041 0.1220 0.1506]0.9788 0.0132 0.0026 0.0025 0.3160 0.1800|0.9854 0.0090 0.0011 0.0010 0.6164 0.1368
P.Set|p=5  0.9473 0.0330 0.0030 0.0023 0.2328 0.1855|0.9649 0.0333 0.0014 0.0016 0.4150 0.2122|0.9741 0.0329 0.0008 0.0016 0.6820 0.1433
5
p=7 0.9471 0.0224 0.0048 0.0035 0.0900 0.0911]0.9701 0.0234 0.0020 0.0022 0.2956 0.1838|0.9785 0.0183 0.0009 0.0010 0.5066 0.1574
P.Set|p=5 0.9632 0.0194 0.0034 0.0038 0.1924 0.1432|0.9831 0.0128 0.0018 0.0037 0.5272 0.2011|0.9876 0.0121 0.0005 0.0006 0.7252 0.1704
6
p=7 0.9527 0.0234 0.0068 0.0054 0.0666 0.0938]0.9785 0.0132 0.0018 0.0016 0.2632 0.1425|0.9846 0.0106 0.0009 0.0008 0.4676 0.1675
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The range of HVR values is roughly between 0.95 Bné point a little worse than
the nadir point is selected as the reference pdiné HVR value depends on the
chosen reference point. For all problem sets, Wegage HVR values of mSPEA-II
are greater than those of the other algorithmso,Alse standard deviations of the
HVR values of mSPEA-II are less than those of tieoalgorithms. This means that
MSPEA-II approximated the true Pareto front betiemn the others and the HVR
values are more consistent than the others, dtleettower standard deviation. The
IGD results are normalized values. To find theatises, scaling is performed since
the range of objective functions differs greatifheTiIGD average values of mSPEA-
Il are better than those of the others. This shthas$ the generated nondominated
solutions of mMSPEA-II are closer to the true Paretmt than those of the other
algorithms. The third metric shows the percentdg®und solutions. For small size
problems, such as in problem set 1 and p=3, theesadre close to each other for all
algorithms. However, when the problem size increaske difference is more
obvious. For instance, on average, mMSPEA-II fobhd@8%, SPEA-II found 32.08%
and NSGA-II found 24.18% of true Pareto front siong. For problem set 4, 5 and
6, this metric gives the contribution of that aifon to the estimated Pareto front,
since the true Pareto fronts are unknown for th@eblem sets. In these problem
sets, MSPEA-II still outperforms the other alganthon average according to the

number of found solution metrics.

An illustration of nondominated solutions found the MOGAs and the generated
true Pareto front are depicted in Figure 19. Tigark is the result of the true Pareto
front in the tenth problem of Problem Set 3. Thenbar of facilities to be opened is
five. The shown nondominated fronts are the fitst results of MOGAs. Some

solutions of the true Pareto front cannot be geadray any of the MOGAs.
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The set coverage values for problem sets 5 and prasented in Table 18.

Table 18 Average Set Coverage Metric Values

P=5
MSPEA-Il NSGA-l SPEA-I
MSPEA-II - 031 0.16
P.SetS miscadl 0.02 - 0.04
SPEAII 0.03 0.15 -
MSPEA-Il NSGA-Il_ SPEA-I
MSPEA-II - 0.28 0.10
P.Set6 iscadl 0.01 - 0.01
SPEAII 0.03 0.23 -
p=7
MSPEA-Il NSGA-l  SPEA-I
MSPEA-II - 0.70 0.26
P.SetS INSGAI 0.00 - 0.04
SPEAII 0.10 0.64 :
MSPEA-l NSGA-l _ SPEA-I
MSPEA-II : 0.82 0.30
P.Set6 miscadll 0.01 - 0.02
SPEAII 011 0.75 :

In the C (A, B) metric, “A” corresponds to a rowtbke table and “B” corresponds to
a column of the table. This metric compares twmtlgms. In problem set 5, while
the number of selected facilities is 7 (p=7), mSHEAominates more members in
NSGA-II and SPEA-II compared to the case wherentinmber of selected facilities
is 5. This shows that if the string size increaseshe number of selected facilities
increases, the performance of the algorithm impoweor instance, on average
MSPEA-II dominates 82% of NSGA-II members and 30&GBEA-II members in
problem set 6 and p=7. Also SPEA-II dominates 750N8GA-II members on
average in this problem set. For the same probmMSGA-II dominates about 1%
of MSPEA-II and 3% of SPEA-IIl. Computational expeents show that mSPEA-II
outperforms the other algorithms and the secontgesforming algorithm is SPEA-
.
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Figure 20 shows the estimated true Pareto Frotiteofifth problem of Problem Set
4 . The number of facilities to be opened is seiperY). There are 14 nondominated
solutions in the estimated true Pareto front. Titwat is created by combining all run
results of the three MOGAs. mSPEA-II generates adlithem, while SPEA-II

generates ten of them and NSGA-II only four. Thefggenance metric values are

calculated by considering this estimated front.
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Figure 20 Estimated Pareto Front of a Problem

We test the following hypothesis at 99% significahevel in order to check whether
a significant difference exists between mSPEA-U #me other two algorithms. In a
statistical test, only the Hypervolume metric i®disThe Wilcoxon non-parametric
statistical test is performed, and p-values areuwtaled to determine the better

performing algorithm.
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|_|O : :Ur?vr = :ut?vr
Hl : ,url?vr 7 :ur?vr
whereP corresponds to the proposed algorithm (mMSPEARt) @ refers to the other

algorithm.

4. is the mean of mSPEA-Il ang),  is the med NSGA-Il or SPEA-I.

Table 19 Wilcoxon Test Results of HVR

Competitor p-value Winner

p=a NSGA-II 0.236 None

Problem SPEA-II 0.437 None
Set 1 - NSGA-II 0 MSPEA-II
P= SPEA-II 0 MSPEA-II
o5 NSGA-II 0 MSPEA-II
Problem SPEA-II 0 MSPEA-II
Set 2 _ NSGA-II 0.001 mMSPEA-II
P= SPEA-II 0.001 MSPEA-II
o5 NSGA-II 0 MSPEA-II
Problem SPEA-II 0 MSPEA-II
Set 3 07 NSGA-II 0 MSPEA-II
SPEA-II 0 MSPEA-II
o5 NSGA-II 0 MSPEA-II
Problem SPEA-II 0.002 MSPEA-II
Set 4 0= NSGA-II 0 MSPEA-II
SPEA-II 0.003 MSPEA-II
o5 NSGA-II 0 MSPEA-II
Problem SPEA-II 0 MSPEA-II
Set 5 07 NSGA-II 0 MSPEA-II
SPEA-II 0 MSPEA-II
05 NSGA-II 0 MSPEA-II
Problem SPEA-II 0.004 MSPEA-II
Set 6 07 NSGA-II 0 MSPEA-II
SPEA-II 0.002 MSPEA-II

Table 19 shows the p-values. For all problem satep@ problem set 1, the p value is

less than 0.005. Only in problem set 1 (p=3) igehsot a statistically significant
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difference. mSPEA-II performs significantly betttian the other algorithms in all
problem types. Actually, the size of problem setislvery small, and in the
predetermined iteration size, the results of al algorithms are close to each other.
The average values of mMSPEA-Il are slightly bettean those of the other

algorithms, but statistically we could not say thexra winner.

Table 20 shows the run times of the algorithmsefoech problem set and the number
of facilities to be opened. For problem sets 4n8 @, the true Pareto fronts cannot
be generated in a reasonable time. For each pra#emSPEA-Il and NSGA-II run

times are fairly close to each other. SPEA-II rumes are greater than those of the

other two algorithms for all problems.

Table 20 Average Run Times of Algorithms(sec)

True Pareto Front NSGA-II SPEA-II MSPEA-II

P.Setl p=3 54.7 1 1 1
p=5 49.9 1 1 1
P.Set2 p=5 4945 2 3 2
p=7 670.6 2 3 2
P.Set3 p=b 2827.7 6 10 6
p=7 2037.4 8 13 8
P.Set4 p=b - 18 26 18
p=7 24 32 24

P.Set5 p=5 44 53 42
p=7 53 64 51

P.Set6 p=5 83 100 77
p=7 108 124 107

We choose archive size as 50 for each problem @nekich MOGAs. In all problem
sets, the generated non-dominted solutions aréHasss0 for each MOGAs. Thus in
SPEA-II, the truncation operation according to dgnitness value is not used in
these problems. Thus, the computational complefit$PEA-11 is not significantly
higher than NSGA-Il and mSPEA-II as it expectedlyGhe distance calculation of
each solution increases the SPEA-II run times agpened to NSGA-1I and mSPEA-
.

64



CHAPTER 6

CONCLUSIONS AND FURTHER RESEARCH

MCLP is one of the basic models in the area oflifgdocation, and many studies
and extensions have been done based on this modilis study, we formulated
four bi-objective coverage models that take intcoamt partial coverage and service
to uncovered demands. We discussed the weak amygioints of the models. We
argued that the model that maximizes coverageudnf) partial coverage, and
minimizes the maximum distance between uncoveredadds and their nearest
facilities is the most reasonable one for emergesgeyice location problems where

all demand nodes are not covered by facilities.

We proposed a MOGA, called mSPEA-II, to solve owdel. In this algorithm, we
modify the fithess assignment of SPEA-II and usediowding distance calculation
of NSGA-II in order to eliminate the drawbacks ofSEA-II and SPEA-II in
reaching the true Pareto front. We experiment vadveral parameters of the
MSPEA-II to improve its performance. We tested geeormance of mSPEA-II on
randomly generated problems and compared the sesith those of NSGA-II and
SPEA-II. Our experimental results show that the B&M algorithm performs
better than the others. For small problems, theltesf these MOGAs are close to
each other, but on average MSPEA-II performs betfdso, the run time
performance of MSPEA-II is better than that of 8RE and approximately the
same as that of NSGA-II. This is due to the de@eaglistance calculation and the

elimination of the truncation operator of SPEA-II.
For future work, this bi-objective model can be esxted to handle capacity

restrictions on the facilities. The bi-objectivecddion coverage model with

capacitated facilities would be more reasonabledal life applications.
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We used MOGASs to generate the true Pareto frorteOmeta-heuristics such as
simulated annealing and Tabu search can be apisdlve the model. Another
research direction may be to develop a preferemsed MOGA to find the best

solution for the DM.
Another future research might be implementatiom&PEA-II to other models. One

could try to test performance of the mSPEA-II fanlthobjective problems that have

more than two objectives.
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APPENDIX A

FOUR MODELS RESULTS

Table 21 Model-1 Results

MODEL 1
tot. fu.
cov. cov. |par.cov| p-med p-cen no.sol.

Min 3716 2342 1142 | 164422 63.4

P.1 |Average| 3816 |2530.7| 1285.3 | 179078 67.4 3
Max 3876 2734 1374 | 195598 69.4
Min 3630 | 2530 1100 | 154179 53.9

P.2 |Average | 3634.5 | 2534 | 1100.5 | 154505.5| 53.9 2
Max 3639 2538 1101 | 154832 53.9
Min 3335 2231 796 147815 50.1

P.3 |Average | 3443.8 | 2428.6 | 1015.2 |190850.2| 65.6 5
Max 3621 2539 1390 | 245494 87.0
Min 2928 1319 1120 | 194089 61.6

P.4 | Average| 3282.3 | 1942 | 1340.3 |225736.8| 67.8 4
Max 3517 2225 1609 | 257808 73.9
Min 3722 2416 1226 | 174386 51.1

P.5 |Average| 3791.5 | 2456 | 1335.5 | 202431 60.8 2
Max 3861 2496 1445 | 230476 70.5
Min 3606 2411 941 195785 67.3

P.6 |Average| 3763.7 | 2505 | 1258.7 | 215945 70.6 3
Max 3921 2665 1482 | 252986 73.6
Min 3981 2703 1278 | 170725 57.4

P.7 |Average| 3994 |2712.5| 1281.5 | 171531 57.4 2
Max 4007 2722 1285 | 172337 57.4
Min 3444 1726 1087 | 154571 55.6

P.8 |Average| 3566.4 | 2062 | 1504.4 |165534.8| 61.1 5
Max 3671 2449 1894 | 175683 73.9
Min 2724 1701 804 241078 69.1

P.9 |Average| 2879.7 | 1861.3 | 1018.3 |277508.5| 81.1 6
Max 3030 1920 1251 | 316838 92.8
Min 2995 2034 865 175303 53.9

P.10 | Average| 3111 |2088.5| 1022.5 |199663.5| 59.3 4
Max 3280 | 2130 1246 | 221095 66.6

AVG 3528.3 |2312.1| 1216.2 1198278.4| 64.5 3.6




Table 22 Model-2 Results

MODEL 2
tot. cov. | fu.cov. | par.cov | p-med p-cen no.sol.

Min 3613 2161 1142 156868 54.8

P.1 | Average 3810 2437.5 | 13725 | 177995 60.6 4
Max 4020 2734 1859 195598 69.4
Min 3639 2538 1101 154832 53.9

P.2 | Average 3639 2538 1101 154832 53.9 1
Max 3639 2538 1101 154832 53.9
Min 3146 2417 710 161726 50.1

P.3 |Average| 3348.8 2469.6 | 879.2 | 207365 69.4 5
Max 3464 2539 1047 245494 87
Min 2551 1752 751 224610 55.6

P.4 |Average| 29954 2000.4 995 | 264262.2 65.16 5
Max 3345 2225 1272 295146 73.9
Min 3263 1790 1226 174386 48.3

P.5 |Average| 3615.3 2234 1381.3 |201668.7 56.6 3
Max 3861 2496 1473 230476 70.5
Min 3606 2411 941 195785 67.3

P.6 |Average| 3723.5 2527.5 1196 236667 70.1 4
Max 3841 2665 1353 252986 73.6
Min 3691 2317 1285 172337 56.7

P.7 | Average 3849 2519.5 | 1329.5 | 178030 57.1 2
Max 4007 2722 1374 183723 57.4
Min 3318 1931 1087 167307 55.8

P.8 |Average| 3475.6 2173.2 | 1302.4 | 171905 62.1 5
Max 3671 2449 1512 176461 73.9
Min 2724 1712 804 253946 69.1

P.9 | Average 2840 1824.4 | 1015.6 | 278360 78.5 5
Max 2981 1920 1191 316838 92.8
Min 2600 1598 865 185306 52.7

P.10 | Average 2941 1979.5 | 961.5 | 210279 57.3 4
Max 3159 2130 1072 221095 66.6
AVG 3423.8 2270.4 | 1153.4 |208136.4 63.1 3.8
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Table 23 Model-3 Results

MODEL 3
tot. fu.cov. |par.cov| p-med p-cen no.sol.
COV.

Min 3679 1951 1728 | 146141 54.76

P.1 |Average| 3980 2180 1800 | 157832 60.87 5
Max 4199 2463 1908 | 169019 70.06
Min 3539 1913 1100 | 149729 53.86

P.2 | Average| 3706.8 2243.8 1463 |168884.2| 63.7 6
Max 3942 2538 1871 | 202069 82.16
Min 3621 2231 2924 | 147815 50

P.3 |Average| 3621 2231 2924 | 147815 50 1
Max 3621 2231 2924 | 147815 50
Min 2928 1320 1185 | 194089 61.6

P.4 | Average| 3261.3 1877 1384.3 | 215046.3| 65.7 3
Max 3517 2157 1608 | 226440 73.9
Min 3666 2293 1373 | 173777 51.1

P.5 | Average| 3763.5 2354.5 1409 |174081.5| 51.1 2
Max 3861 2416 1445 | 174386 51.1
Min 3764 2415 1482 | 195785 67.3

P.6 | Average| 3842.5 2427 2226.5 |197424.5| 69.1 2
Max 3921 2439 2971 | 199064 70.8
Min 3981 2703 1278 | 170725 57.4

P.7 | Average| 3994 27125 | 1281.5 | 171531 57.4 2
Max 4007 2722 1285 | 172337 57.4
Min 3620 1726 1550 | 154571 56.6

P.8 |Average| 3708 1986 1722 | 161831 65.2 2
Max 3796 2246 1894 | 169091 73.9
Min 2952 1694 1256 | 241078 69.7

P.9 |Average| 2991 1695 1296 | 244208 71 2
Max 3030 1696 1336 | 247338 72.3
Min 3102 1735 1185 | 173880 60.8

P.10 | Average | 3185.7 1895.3 | 1290.3 | 174419 60.9 3
Max 3280 2034 1440 | 175303 61.1
AVG 3605.4 2160.2 | 1679.7 |181307.3| 61.5 2.8
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Table 24 Model-4 Results

MODEL 4
tot. fu.
cov. cov. |par.cov| p-med p-cen no.sol.

Min 4020 2161 1736 | 156868 54.8

P.1 |Average| 4109.5 | 2312 | 1797.5 |162943.5| 62.1 2
Max 4199 2463 1859 | 169019 69.4
Min 3639 1972 1101 | 154832 53.9

P.2 |Average| 3808 2344 1464 |178255.3| 68.4 3
Max 3942 2538 1871 | 202069 82.2
Min 3621 2231 2924 | 147815 50

P.3 |Average| 3621 2231 2924 | 147815 50 1
Max 3621 2231 2924 | 147815 50
Min 2551 1004 1185 | 224610 56

P.4 | Average| 2995.3 | 1658.8 | 1336.5 | 255088.8| 63.2 4
Max 3517 2157 1547 | 295146 73.9
Min 3263 1790 1445 | 174386 48.3

P.5 |Average| 3562 2103 1758 | 187265 49.7 2
Max 3861 2416 2071 | 200144 51.1
Min 3764 2415 1482 | 195785 67.3

P.6 |Average | 3842.5 | 2427 | 2226.5 |197424.5| 69.1 2
Max 3921 2439 2971 | 199064 70.8
Min 3691 2317 1285 | 172337 56.7

P.7 |Average| 3849 |2519.5| 1329.5 | 178030 57.1 2
Max 4007 2722 1374 | 183723 57.4
Min 3620 1726 1550 | 154571 56.6

P.8 |Average| 3708 1986 1722 | 161831 65.2 2
Max 3796 2246 1894 | 169091 73.9
Min 2952 1694 1256 | 241078 69

P.9 |Average| 2991 1695 1296 | 244208 70.7 2
Max 3030 1696 1336 | 247338 72.3
Min 2600 1598 1002 | 175303 52.7

P.10 |Average| 3013 |1904.3 | 1108.7 |192791.3| 55.8 3
Max 3280 2081 1246 | 217765 60.8
AVG 3549.9 | 2118.1 | 1696.3 [190565.2| 61.1 2.3
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APPENDIX B

THE PSEUDO CODE OF mSPEA-II

Load Demands Coordinates
for i to number of demand node, repeat
take the coordinates[x,y]

Load Facilities Cordinates
for i to number of facility node, repeat
take the coordinates[x,y]

Initialize DemandFacility Distance_Matrix
for i=0 to DF_Matrix.length, repeat
for j=0 to DF_Matrix[i].length, repeat
calculate distance [i,j]

Generate Initial Population
for i=1 to population size, repeat
for j=0 to No.of facilites to be opened, repeat
generate distinct opened facility4Brandom
uniform[0,facility size]
next populatior- initial population

for i=1 to iteration_size, repeat
Calculate Objective Values of next_population
for i=1 to population size, repeat
calculate totalcoverage objective
calculate pcenter objective

Unite next_population and archive population
generate distinct list
remove same members
set united_list
Copy nondominated solutions of united_list to arehlist

if archivelist_size= predefined size
set archivelist

else if archivelist_size<predefined size
Calculate F1 fitness
for i=1 to united_list size, repeat
calculate strength and raw fitness
calculate D(i)
fill dominated solutions(F1>1) up to predefingze
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else
Calculate F2 fitness
for i=1 to united_list size, repeat
calculate strength and raw fitness
calculate minO(i)

apply truncation according to F2 values.

Fill the mating pool
case where the actual archive size less than pnedesize
for i=1 to pop.size, repeat
tournament selection according to F1 values
case where the actual archive size greater thalefuned size
for i=1 to pop.size, repeat
tournament selection according to F2 values

Perform crossover
for i=0 to pop.size
select parent 1 and 2
use pattern
generate two children
Perfom mutation
for i=0 to offspring/pop size
choose a gene
change facility IB-random, with mut.prob.
Repair the members
for i=0 to pop.size
for j=0 to string_size
find the same facility 1D
replace with different ID

Finalize
set newpopulatior-offspring
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APPENDIX C

RUN RESULTS OF PROBLEM SETS

Table 25 Problem Set-1 Results

P=3
NSGA-II SPEA-II Proposed

HVR IGD No.of.sol [ HVR IGD No.of.sol |HVR |IGD No.of.sol
P.1 |0.9944|0.0005| 85.71%|0.9910]0.0006 | 80.00% [0.9902]0.0011| 85.71%
P.2 |0.99890.0001| 98.00% |0.9988]0.0002| 98.00% [0.9970]0.0001| 96.00%
P.3 |1.0000]0.0000| 100.00% |1.0000]0.0000| 100.00% [ 1.0000]0.0000] 100.00%
P.4 |0.9919|0.0000] 87.27%0.9887]0.0006 | 76.36% [0.9940]0.0002| 89.09%
P.5 |0.9795]0.0000| 85.71%|0.9889]0.0076 | 88.57%[0.9884]0.0001| 85.71%
P.6 |0.99610.0002| 85.00%|0.9997]0.0001| 90.00% [0.9930]0.0000] 80.00%
P.7 |0.9873]0.0004| 86.31%]0.9737]0.0002| 91.28%[0.9953]0.0000] 87.80%
P.8 |0.9702|0.0026| 81.36%|0.9767]0.0038| 65.53%[0.9914]0.0000] 86.16%
P.9 |0.9906|0.0002| 84.52%|0.9858]0.0007| 84.13%[0.9926]0.0005| 90.75%
P.10 | 0.9865 | 0.0002| 88.36% |0.9913]0.0004 | 84.81%[0.9942]0.0005| 84.59%
|AVG [0.9895]0.0004| 88.2206|0.9894|0.0014| 85.879%|0.9936 | 0.0003| 88.58%

P=5
NSGA-II SPEA-II Proposed

HVR IGD No.of.sol | HVR IGD No.of.sol | HVR IGD No.of.sol
P.1 |0.9996|0.0001| 94.29%|0.9800]0.0002| 82.86% [0.9902]0.0001| 94.29%
P.2 |0.9626]0.0015] 61.67%|0.9541]0.0020| 63.33%[0.9816]0.0009] 80.00%
P.3 |0.9890]0.0016| 75.00% |0.9936]0.0029| 72.50% [0.9984]0.0002] 77.50%
P.4 |0.98600.0009| 77.14%|0.9895]0.0034| 60.00% [0.9874]0.0018| 68.57%
P.5 |0.9035|0.0071| 10.00%|0.9511]0.0049| 50.00% [1.0000]0.0000]| 100.00%
P.6 |0.9760]0.0021| 41.43%|0.9839]0.0007| 58.57%0.9794]0.0004| 65.71%
P.7 |0.9604|0.0041| 54.94%|0.9741]0.0058| 50.73%[0.9931]0.0010] 72.36%
P.8 |0.9725/0.0037| 68.51%0.9767]0.0009| 77.87%0.9960]0.0000| 96.36%
P.9 |0.9777|0.0002| 74.94%|0.9848]0.0006 | 78.20% [0.9878]0.0002| 82.46%
P.10 | 0.9614 | 0.0039| 59.54% |0.9811]0.0042| 52.57%[0.9972]0.0000| 87.43%
[AvG|0.9689]0.0025| 61.74%|0.9769]|0.0026| 64.66%[0.9911|0.0005| 82.47%
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Table 26 Problem Set-2 Results

P=5
NSGA-II SPEA-II Proposed

HVR |IGD No.of.sol |HVR |IGD No.of.sol [HVR |IGD No.of.sol
P.1 [0.9952]0.0011| 71.43%0.9786]0.0021| 25.71%|0.9903[0.0005| 65.71%
P.2 [0.9326]0.0049| 13.33%0.9521[0.0038| 33.33%|0.9782[0.0023| 62.67%
P.3 [0.9687]0.0040| 13.85%|0.9884|0.0021| 33.85%|0.9964]0.0007| 60.00%
P.4 |0.9926]0.0059| 85.71%0.9746]0.0015| 68.57%|1.0000]0.0000| 100.00%
P.5 [0.9878]0.0031| 26.15%|0.9850|0.0005| 44.62% |0.9888]0.0000| 78.46%
P.6 [0.9794]0.0044 | 56.67%|0.9506|0.0091| 23.33%|0.9747[0.0004| 66.67%
P.7 [0.9801]0.0022| 56.52%(0.9752[0.0016 | 43.74%|0.9892[0.0005| 75.15%
P.8 |0.9547]0.0054| 16.54%|0.9850|0.0025| 31.38%]0.9830]0.0012| 54.97%
P.9 [0.9764]0.0019] 45.97%0.9858]0.0017| 27.97%]0.9897]0.0014| 65.63%
P.10 [0.9781]0.0023| 53.98%0.9768|0.0045| 43.35%]0.9857]0.0006| 69.91%
[AVG [0.9746]0.0035| 44.029%[0.9752{0.0029| 37.58% | 0.9876|0.0008| 69.92%

pP=7
NSGA-II SPEA-II Proposed

HVR IGD No.of.sol | HVR IGD No.of.sol | HVR IGD No.of.sol
P.1 [0.9527]0.0131] 10.00%|0.9560|0.0083| 20.00% |0.9893]0.0032| 32.50%
P.2 [0.9551]0.0047| 24.71%0.9731[0.0049| 18.82%]0.9736]0.0021| 49.41%
P.3 |0.9536]0.0055| 11.11%0.9701]0.0030| 16.67%]0.9874]0.0003| 45.56%
P.4 [0.9726]0.0021| 28.33%0.9587|0.0068 | 11.67%|0.9663]0.0023| 31.67%
P.5 [0.9675]0.0052| 7.69%|0.9824|0.0014 | 18.46%|0.9989]0.0004| 58.46%
P.6 |0.9846]0.0017 | 24.29%[0.9740[0.0035| 11.43%]0.9902]0.0013| 32.86%
P.7 [0.9562]0.0061] 17.25%|0.9795]0.0031| 30.88%|0.9743]0.0026| 53.94%
P.8 |0.9738]0.0016| 42.79%|0.9771]0.0030| 43.68%|0.9780]0.0007| 43.35%
P.9 [0.9655]0.0066 | 31.80%|0.9650|0.0024| 24.14%|0.9752[0.0008| 37.90%
P.10 [0.9812]0.0038| 30.10%0.9739]0.0019| 30.28%]0.9823]0.0006| 54.45%
[AVG [0.9663]0.0050| 22.819%[0.9710{0.0039| 22.60% |0.9815]0.0014| 44.01%
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Table 27 Problem Set-3 Results

P=5
NSGA-II SPEA-II Proposed

HVR IGD No.of.sol | HVR IGD No.of.sol | HVR IGD No.of.sol
P.1 | 0.9591] 0.0020| 26.15% 0.9530| 0.0031| 29.23%| 0.9724| 0.0018| 36.92%
P2 | 0.9837] 0.0018| 44.62%| 0.9857| 0.0011| 46.15%| 0.9908| 0.0009| 61.54%
P.3 | 0.9961] 0.0001| 83.08%| 0.9984| 0.0002| 84.62%| 0.9980| 0.0015| 83.08%
P.4 | 0.9414] 0.0040] 16.00%| 0.9667 | 0.0014| 36.80%| 0.9769| 0.0008| 50.40%
P.5 | 0.9336] 0.0066| 25.33%| 0.9599| 0.0020| 66.67%| 0.9698| 0.0000| 73.33%
P.6 | 0.9976] 0.0008| 82.50%| 0.9986| 0.0011| 95.00%| 0.9967 | 0.0024| 80.00%
P.7 | 0.9241] 0.0104| 27.28%] 0.9616| 0.0020| 44.48%| 0.9855| 0.0010| 47.25%
P.8 | 0.9781] 0.0030| 71.56%| 0.9815| 0.0010| 55.82%| 0.9926| 0.0010| 68.33%
P.9 | 0.9678] 0.0036] 35.07%| 0.9731] 0.0011| 42.53%| 0.9832] 0.0014| 49.27%
P.10 0.9263 0.0082 20.45% 0.9464 0.0044 39.34% 0.9652 0.0010 42.67%
[AVG | 0.9608| 0.0040| 43.20%| 0.9725] 0.0017| 54.06%| 0.9831] 0.0012]| 59.28%

pP=7
NSGA-II SPEA-II Proposed

HVR IGD No.of.sol | HVR IGD No.of.sol | HVR IGD No.of.sol
P.1 | 0.9468] 0.0027| 24.62%| 0.9613| 0.0038| 23.08%| 0.9499| 0.0022| 44.62%
P2 | 0.9344] 0.0141| 10.91%] 0.9641| 0.0060| 38.18%| 0.9800| 0.0006| 54.55%
P.3 | 0.9871] 0.0004| 61.43%| 0.9870| 0.0019| 50.00%| 0.9890| 0.0007| 65.71%
P.4 | 0.9358] 0.0095| 12.38%| 0.9507| 0.0026| 33.33%| 0.9670| 0.0010| 42.86%
P5 | 0.9269] 0.0078| 21.25% 0.9711| 0.0036| 35.00%| 0.9855| 0.0004| 71.25%
P.6 | 0.9626| 0.0039| 18.75%| 0.9605| 0.0046| 26.25%| 0.9842| 0.0015| 47.50%
P.7 | 0.9448] 0.0090] 11.70%| 0.9485| 0.0031| 22.03%| 0.9699| 0.0014| 42.61%
P.8 | 0.9695| 0.0040| 35.34%| 0.9764| 0.0020| 29.65% | 0.9893| 0.0003| 59.33%
P.9 | 0.9378] 0.0087| 13.85%| 0.9699| 0.0024| 25.84%| 0.9838] 0.0011| 56.89%
P.10 | 0.9672] 0.0036| 31.62%| 0.9756| 0.0024| 38.58%| 0.9841| 0.0000| 62.17%
[AvG | 0.9513] 0.0064] 24.18%| 0.9665| 0.0032] 32.20%| 0.9783] 0.0009| 54.75%
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Table 28 Problem Set-4 Results

P=5
NSGA-II SPEA-II Proposed

HVR |IGD No.of.sol |HVR |IGD No.of.sol [HVR |IGD No.of.sol
P.1 [0.9695]0.0019| 41.43%|0.9934]0.0010| 54.29%|0.9699]0.0004| 85.71%
P.2 [0.9637]0.0041| 27.27%0.9816|0.0004| 47.27%|0.9808]0.0001| 58.18%
P.3 [0.9552]0.0012| 14.78%0.9753]0.0006| 32.17%]0.9807]0.0008| 40.87%
P.4 |0.9833]0.0012] 60.00%|0.9679]0.0159| 32.00%|0.9939]0.0008| 72.00%
P.5 [0.9620]0.0031] 27.27%0.9757[0.0015| 36.36% | 0.9930]0.0000| 76.36%
P.6 [0.9679]0.0035| 26.25%|0.9841[0.0017 | 48.75%|0.9943[0.0015| 67.50%
P.7 [0.9452]0.0055| 36.45%(0.9776|0.0025| 31.98%|0.9783[0.0006| 47.27%
P.8 |0.9683]0.0025| 35.17%0.9859|0.0013| 38.79%|0.9908]0.0007| 68.52%
P.9 [0.9443]0.0010] 26.46%|0.9608]0.0018| 33.81%]0.9776]0.0011| 54.04%
P.10 [0.9366 | 0.0026 | 13.20%|0.9593|0.0057 | 32.56%]0.9825]0.0006| 60.09%
[AVG [0.9596]0.0027| 30.83%[0.9762{0.0032| 38.80% |0.9842|0.0007| 63.05%

pP=7
NSGA-II SPEA-II Proposed

HVR IGD No.of.sol | HVR IGD No.of.sol | HVR IGD No.of.sol
P.1 [0.9808]0.0030| 5.71%0.9890|0.0007 | 34.29%|0.9909]0.0005| 72.86%
P.2 [0.9575]0.0088| 14.29%|0.9745]0.0025| 35.71%]0.9855]0.0002| 70.00%
P.3 |0.9564]0.0049] 8.33%0.9874]0.0026| 19.17%]0.9872]0.0014| 53.33%
P.4 [0.9500]0.0087| 6.15%0.9778]0.0024 | 29.23%|0.9796]0.0020| 50.77%
P.5 [0.9633]0.0053| 8.89%|0.9863|0.0036 | 35.56%|0.9761]0.0016| 73.33%
P.6 [0.9508]0.0051| 20.00%|0.9801|0.0036| 28.18%|0.9852]0.0019| 55.45%
P.7 [0.9447]0.0048] 12.84%|0.9653]0.0029| 26.84%|0.9774]0.0010] 41.07%
P.8 |0.9642]0.0054| 6.23%|0.9780]0.0010| 32.32%]0.9942]0.0005| 75.01%
P.9 [0.9646]0.0032| 16.73%(0.9862[0.0021| 35.29%|0.9922[0.0013| 56.28%
P.10 [ 0.9656 | 0.0025 | 22.25%[0.9633|0.0047 | 39.50%]0.9860]0.0010| 67.75%
[AvG [0.9508]0.0052| 12.149%[0.9788[0.0026| 31.61%|0.9854|0.0011| 61.59%
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Table 29 Problem Set-5 Results

P=5
NSGA-II SPEA-II Proposed

HVR |IGD No.of.sol |HVR |IGD No.of.sol [HVR |IGD No.of.sol
P.1 [0.9469]0.0033| 15.65%|0.9694|0.0004| 37.39%|0.9915]0.0001| 80.00%
P.2 [0.9770]0.0013| 40.00%[0.9754|0.0012| 52.31%|0.9810]0.0002| 75.38%
P.3 [0.9781]0.0037| 14.74%[0.9898[0.0011| 4.21%]0.9970]0.0002| 77.89%
P.4 |0.8763]0.0023| 45.71%0.8750|0.0014| 52.86%|0.8834]0.0006| 62.86%
P.5 [0.9766]0.0012| 40.00%|0.9870[0.0010| 66.15% |0.9757]0.0000| 73.85%
P.6 [0.9410]0.0031| 5.00%[0.9812[0.0019 | 47.50%|0.9811[0.0004| 61.25%
P.7 [0.9353]0.0065| 11.32%(0.9646|0.0020| 23.52%|0.9756]0.0013| 43.41%
P.8 [0.9357[0.0033] 9.57%0.9722]0.0009| 45.87%|0.9887]0.0001| 70.60%
P.9 [0.9590]0.0026| 36.39%|0.9750|0.0008| 52.37%]0.9774]0.0015] 75.52%
P.10 [0.9472]0.0025| 14.18%0.9594|0.0032| 32.64%]0.9891]0.0008| 60.10%
[AVG [0.9473]0.0030| 23.26%[0.9649(0.0014| 41.48%|0.9741]0.0005| 68.09%

pP=7
NSGA-II SPEA-II Proposed

HVR IGD No.of.sol | HVR IGD No.of.sol | HVR IGD No.of.sol
P.1 |0.9676]0.0039| 16.80%|0.9875]0.0010| 50.40% |0.9933]0.0002| 69.60%
P.2 [0.9455]0.0069| 4.71%0.9552]0.0027 | 11.76%]0.9721]0.0008| 56.47%
P.3 |0.9446]0.0068| 3.81%0.9623]0.0018| 14.29%]0.9775]0.0011| 42.86%
P.4 [0.9423]0.0064| 6.15%|0.9785]0.0019 | 19.23%|0.9761[0.0014| 34.62%
P.5 [0.9625]0.0021| 10.00%|0.9774[0.0005| 45.71%]0.9811[0.0001| 61.43%
P.6 [0.9380]0.0045| 3.81%0.9768|0.0017 | 25.71%|0.9776]0.0008| 43.81%
P.7 [0.9320]0.0029] 15.29%[0.9480]0.0042| 18.87%]0.9589]0.0012| 42.52%
P.8 |0.9679]0.0031] 10.69%|0.9793]0.0013| 45.26%|0.9926]0.0003| 66.84%
P.9 [0.9390]0.0065| 12.28%|0.9658|0.0030| 27.22%|0.9743[0.0020| 45.96%
P.10 [0.9318]0.0054| 5.57%/0.9701]0.0020| 37.23%]0.9813]0.0011| 41.89%
[AvG[0.9471]0.0048| 8.91%[0.9701{0.0020| 29.57% | 0.9785]0.0009| 50.60%
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Table 30 Problem Set-6 Results

P=5
NSGA-II SPEA-II Proposed

HVR |IGD No.of.sol |HVR |IGD No.of.sol [HVR |IGD No.of.sol
P.1 [0.9773]0.0027| 20.00%[0.9922]0.0008| 52.31%|0.9980]0.0000| 92.31%
P.2 [0.9858]0.0011| 30.67%0.9975|0.0003| 82.67%|0.9889]0.0007| 74.67%
P.3 [0.9578]0.0036| 11.85%|0.9770]0.0016| 40.74%|0.9866]0.0003| 60.74%
P.4 |0.9564]0.0012| 31.43%0.9865|0.0006| 73.33%]0.9704]0.0001| 76.19%
P.5 [0.9702]0.0073| 16.47%0.9909|0.0067 | 47.06% |0.9993[0.0000| 77.65%
P.6 [0.9659]0.0020| 12.94%(0.9800|0.0005| 45.29%|0.9795]0.0007| 64.71%
P.7 [0.9400]0.0064| 6.24%0.9681[0.0009| 33.64%|0.9840[0.0015| 38.03%
P.8 [0.9588]0.0023| 13.65%|0.9822]0.0043| 72.60%|0.9945]0.0002| 88.39%
P.9 [0.9579]0.0041] 19.89%|0.9767]0.0012| 43.84%|0.9843]0.0008] 72.31%
P.10 [0.9619]0.0029| 27.74%0.9803]0.0010| 36.51%]0.9904|0.0003| 79.81%
[AVG [0.9632]0.0034| 19.00%[0.9831[0.0018| 52.80% |0.9876|0.0005| 72.48%

pP=7
NSGA-II SPEA-II Proposed

HVR IGD No.of.sol | HVR IGD No.of.sol | HVR IGD No.of.sol
P.1 [0.9496]0.0041| 13.33%0.9854|0.0016| 38.67%|0.9923]0.0006| 53.33%
P.2 [0.9763]0.0046] 6.00%|0.9932]0.0012| 27.00%|0.9951]0.0006| 53.00%
P.3 |0.9566]0.0063| 6.36%|0.9787]0.0023| 21.82%]0.9837]0.0016| 37.27%
P.4 [0.9473]0.0114| 5.00%0.9858|0.0025| 25.00% |0.9727]0.0004| 70.00%
P.5 [0.9429]0.0070| 3.16%0.9604|0.0024 | 16.84%|0.9851[0.0011| 28.42%
P.6 [0.9255]0.0079| 0.63%0.9852|0.0020| 18.75%|0.9776]0.0015| 33.13%
P.7 [0.9476]0.0069| 4.58%|0.9679]0.0019| 13.01%]0.9828]0.0012| 40.01%
P.8 |0.9750]0.0018| 17.67%0.9738]0.0015| 37.67%]0.9846]0.0006| 55.71%
P.9 [0.9437]0.0106] 5.33%(0.9754|0.0015| 28.54%|0.9848[0.0009 | 42.43%
P.10 [0.9630|0.0074|  4.229%]0.9789]0.0010| 34.779%]0.9874]0.0005| 54.08%
[AvG[0.9527]0.0068| 6.63%[0.9785]0.0018| 26.21% | 0.9846|0.0009| 46.74%
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