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Abstract

In real-world financial markets, traders constantly communicate and learn from each others’ ac-
tions. Yet, standard rational expectations models assume away such social interaction and let traders
interact only through the price system. Also, rational expectations models are currently far from giving
a completely satisfactory explanation regarding the causes and common features of crashes and fren-
zies. This dissertation has two general objectives: (1) to analyze the impacts of social interaction on
asset pricing, trading behavior and aggregation of dispersed pfivate information in financial markets,
and (2) to account for some common features of crashes and frenzies in stock prices.

The first essay of the dissertation proposes a generalized noisy rational expectations model which
accommodates social interaction in financial markets. On top of the information conveyed through the
price system, each trader infers additional information by observing some of the other traders’ security
demands. Whom a trader observes is determined by a directed graph that represents the social network.
The main contribution of this essay is that it shows social interaction can impair the aggregation of
dispersed private information in the price system. The essay also analyzes how the presence of disjoint
clusters in a social network can affect portfolio decision-making. In a stylized social network, we show
that agents located across different clusters of the network make different portfolio decisions while
those in the same cluster make similar ones. The latter result is broadly consistent with empirical
findings.

The second essay tries to explain two important features of large stock price movements: amplifica-
tion and asymmetry. Large price movements are often amplified reactions to tangible information and
they display an asymmetry: the number of crashes is higher than the number of frenzies. Our explana-
tion for these features involves the use of hedging (portfolio insurance) strategies in the stock market.
Hedgers, who use these strategies, sell assets as the price declings and buy when the price increases.
We show that hedgers amplify the impact of news and liquidity shocks on price movements. Convex
hedging strategies cause overreaction to negative news and liquidity shocks, hence they create an asym-
metry biased towards crashes. An important class of hedging strategies, namely put-option replication,
satisfies the convexity condition when the asset prices are highly volatile. Risk aversion is shown to be
essential for the asymmetry of price movements. Also, we show that differential information enhances

both amplification and asymmetry delivered by hedging.
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Chapter 1

Introduction

An important feature distinguishing assets from ordinary consumption goods is the uncertainty inherent
in their nature: stocks, bonds, currencies, derivatives all entail uncertain future payoffs. In financial
markets, different agents typically have different information regarding the uncertain asset payoffs.
Some have superior or even conflicting information compared to others. Some have no information.
In the presence of such asymmetry in information, agents try to infer each other’s information so
that they ca;n better assess the uncertain payoffs of assets. Rational expectations models investigate
how information is inferred and conveyed in financial markets. In these models, only asset prices
convey information across agents, that is, agents infer each other’s information only by analyzing asset
prices. However, in real-world financial markets, agents also learn from each other’s actions (sales and
purchase orders). Often there is even direct communication of information among agents. Such social
interaction is assumed away in the rational expectations models. One objective of this dissertation is to
analyze the impacts of social interaction on asset pricing, trading behavior and aggregation of dispersed
private information in financial markets.

Another shortcoming of the rational expectations theory is that it is currently far from giving a

completely satisfactory explanation regarding the causes and common features of crashes and frenzies
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CHAPTER 1. INTRODUCTION 2

in stock prices. These large price reactions, which are typically disproportionate to tangible information
triggering them, continue to puzzle both economists and laymen. The empirical fact that the number
of crashes exceeds the number of frenzies also deserves an explanation. This brings us to the second
objective of this dissertation: to account for some common features of crashes and frenzies in stock
prices.

Before embarking on the analysis, we use this introductory chapter to give a summary account of
rational expectations theory and its application to financial markets. Using a basic financial market
model, similar to the ones used in Chapters 2 and 3, we demonstrate the role of asset prices in convey-
ing information. First we discuss why ignoring informational content of asset prices leads to conceptual
difficulties. Then we explain how asset prices convey information in a rational expectations framework
and give a formal definition of rational expectations equilibrium. We also discuss how agents can infer
all private information from asset prices in this framework, and explain its problematic consequences.
Different ways to resolve these problems are shown. Next we discuss some shortcomings associated
with the application of rational expectations concept to financial markets, which motivate our disserta-

tion. Finally, we conclude by providing an overview of the essays in this dissertation.

1.1 Rational Expectations

In the presence of asymmetry in information among agents, asset prices play a dual role: they determine
agents’ budgets, and convey information. Asset prices convey information in the following sense.
Agents’ expectations about the uncertain payoffs determine their demands, hence affect asset prices
through market clearing. An agent’s expectation is conditional on her information, and all agents in
the economy are aware of this fact. Therefore, when new information causes revision of asset prices,
those, who are unaware of this new information, can infer part of it from the change in prices.

One of the earliest studies, treating prices as conveyers of information, is Hayek’s seminal 1945
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CHAPTER 1. INTRODUCTION 3

paper, "The Use of Knowledge in Society”. Since then, many economists proposed different ways to
model the informational role of asset prices. Among these proposals, rational expectations approach
has been, arguably, the most prominent. Muth introduced this approach in his 1961 paper and he
argued that agents’ subjective expectations concerning economic variables will coincide with the true
or objective conditional expectations of those variables (Snowdon, Wane and Wynarczyk, 1994). So,
in Muth’s model, agents have rational expectations about future events and therefore they do not make
systematic forecast errors when predicting the future.

In the context of financial markets, rational expectations models assume that agents know the func-
tional relation between asset prices and agents’ diverse information. Actually, modelling an economy,
in which agents ignore informational content of prices, leads to a conceptual difficulty: if agents believe
that prices do not convey information and act on this belief, the outcome of the model will still reveal
that market clearing prices are correlated with agents’ diverse information and thus convey informa-
tion. Therefore agents, who ignore informational content of prices, make systematic forecast errors.
Systematic errors are unlikely and unsustainable in an economy with rational individuals, and this is
why rational expectations models are commonly used by economists to analyze problems involving
asymmetric information.

Though we have discussed why ignoring informational content of asset prices leads to a conceptual
difficulty, we haven’t exactly explained “how”. That is, we haven’t explained how the outcome of
a model can predict that asset prices convey information even if agents believe that they do not. To
rigorously explain how this can happen, we will use a specific model. The model we will be using
is commonly employed by economists, and the same model will also help us to expose how rational
expectations theory is applied to financial markets and what some of its implications are. Here is our
model of a financial market economy:

In a two-period economy, n agents, indexed by 7 = 1, ..., n, trade and consume. Trade takes place

in the first period and consumption of a single good in the second. Trading in the first period is over
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CHAPTER 1. INTRODUCTION 4

one risk-free and one risky asset. The risky asset has a future random payoff X (in units of the single
consumption good). Agents observe the realization of X in the second period. The risk-free security
pays 1 unit of the consumption good in the second period and its first period price is normalized to 1.
Each agent 1 is endowed with deterministic wealth wp; in units of the consumption good. Therefore, if

agent i chooses to hold z; units of the risky asset, her portfolio yields the random final wealth
W1 = 2 X + (woi — p),

where p is the price of the risky asset in the first period. Also, agent ¢ has a CARA utility function,
ui(W1;) = —exp(—p1;), where p € (0, 00) denotes the absolute risk aversion coefficient, which is
identical for all agents.

Before trading takes place, agent ¢ receives a private random signal §;, §; = X + &, where X and
¢; are mutually independent and jointly normally distributed. The random vector (X, &, ..., €r) has the
mean (4,0, ...,0), and the nonsingular variance-covariance matrix (02,02, ...,02) 41, where I
denotes the (n + 1) dimensional identity matrix.

The net supply of the risky security (i.e., liquidity) is [, and this is known by all agents in the first

period.

1.1.1 Ignoring the Informational Content of Price

Following Lintner (1969), we first consider a competitive equilibrium in which agents ignore the in-
formational content of price. That is, we consider an economy where agents form their expectations
about the risky payoff conditional only on their private signals. Formally, we employ the following
equilibrium definition for the economy:

Given signal realizations (s1, ..., 8n) of (81, ..., 8.), a competitive equilibrium consists of a risky

security price p and demands {z;(s;, p)}i:1,.‘.,n such that

(@) zi(ss,p) € argmax,, Elui(1,)]s:], Vi=1,..,n,
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CHAPTER 1. INTRODUCTION 5

(b) >y #i(sip) = 1.
To determine the competitive equilibrium, we first compute the mean and variance of X conditional

on the private signal realization s;. Following joint normality of X and §;, we have

- . X, 3 2
E[X|s] = E[X]+ % (i —E&) = tat = - ~5(si = ptz),  (LL1a)
_ _ (COV(X', 51))2 ) o2
var(X|s;) = var(X)— TGy = oy (1 - m) . (1.1.1b)

Solving agent i’s problem
max E[— exp(—pi1;)[si]

s. to Wy = sz + (sz' “pzz‘)7

we derive!

E[X|si]| —p

= 1.1.2
pvar(X|s;) ( )

Zi(sivp)

as the asset demand of agent . Equation (1.1.2) presents a plausible asset demand: agent ¢ holds a
positive amount of the risky asset if and only if her expectation of the risky payoff X, conditional on

her private signal s;, exceeds the risky asset price p.

n  E[X|s;]-p

Next, the market clearing condition } ;" ; z;(s;, p) =l implies ) ;- v

= [. Solving for p
gives us a competitive equilibrium price for the risky asset in the following form:

(e T EXs)
po= (vaar()zlsi)> <vaar()2'|si) l>.

i=1 =1

Substituting for E[X|s;] and var(X|s;) from (1.1.1a)-(1.1.1b) yields

2 2 n 2 2
o7 o2 o202 p
= + ; — == =1 1.1.3
P ag+og"‘”” 02+ o2 ;Sl o2+a2n (1.13)

!'For any given normally distributed random variable 7, E[e?] = exp (E[g] + X%(gl). Thereforc,
E{— exp(~pis)lsi] =~ exp [—p (Blanlsi] — Svar(uilsi)]

and using this equality, we can easily derive (1.1.2).
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CHAPTER 1. INTRODUCTION 6

Equation (1.1.3) reveals the relationship between the signals (s1, ..., s,) and the competitive equilib-
rium risky asset price p. When agents ignore the informational content of price, as they do in this
competitive equilibrium, they essentially ignore this relationship. This means that agents’ beliefs about
the statistical relationship between their information and eventual outcomes is different from the one
predicted by the model and its equilibrium. In other words, agents make systematic forecast errors in
the competitive equilibrium. It is implausible to expect rational individuals to make systematic forecast

errors, and therefore the competitive equilibrium is conceptually unsatisfactory.

1.1.2 The Rational Expectations Approach

Suppose instead that agents initially know the functional relation between the equilibrium price and

signals (s1, ..., sp). That is, suppose agents act on the hypothesis that risky asset price is given by

where the function P : R™ — R actually delivers the risky asset price for all realizations (sy, ..., 8
of (81, ..., 8,). Then each agent 7 determines her risky asset demand using her expectation of the risky
payoff X conditional on the realizations §; = s; and P(3,,...,3,) = p. An equilibrium, where agents
act as described, rules out systematic forecast errors, because agents already know the functional rela-
tion between equilibrium price and signals and use this information while determining their demands.
Such an equilibrium is called rational expectations equilibrium since agents have rational expectations
about the functional relation between price and signals. Formally, this equilibrium is defined as follows:

A rational expectations equilibrium (REE) consists of a risky asset price function P(sy, ..., 8n) and

demands {2;(s;, ) }i=1,.. n such that for all realizations of (s, ..., $p) of (31, ..., 3n)
(@ zi(si,p) € argmaz;E [uy(Wy)]ss,p = P(s1, ..., 8n)] , Vi=1,..,n;

(b) Z?:l Zi(P(Sl, ey sn),si) =1.
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CHAPTER 1. INTRODUCTION 7

Now let us derive a rational expectations equilibrium for our financial market model. First we claim

that a rational expectations equilibrium price satisfying the following property exists:

P=P(51,...,8n) = mo + 58S, (1.1.4)

where § = % 1 8. Note that S is a sufficient statistic for signals (81, ..., 8) in the sense that
conditional distribution of risky payoff X given (%1, ..., 8n) is the same as the conditional distribution
of X given 8.2 In particular, for all realizations (s1, ..., $p, S) of (51, ..., 5, S)

E[X|s1,..,5,] = E[X]S],

var(X|s1,..., sn) = var(X|S).

Therefore, those who have access to the knowledge of S in our economy, can form their expectations
of the risky payoff as if they knew all agents’ private signals. Intuitively this is so because the sum of
signals of identical precision is more informative than any individual signal.

Using the fact that S is a sufficient statistic for (31, ..., 8, ), we compute the mean and variance of

X conditional on §; = s; and § = p:

E[X|si,p] = E[X|si,mo+ 7S] = E[X|s;,8] = E[X]S]
- cov(X,S) 5 o2 1 &
= EX]+ —220(S~E[S]) = po+ —2 (=S s — uz), (115
[ @) 8) = n U%—F%GS(H;S pe), (1.1.5)
var(X|s;,p) = var(X|si,mo + 7sS) = var(X|s;,S) = var(X|S)
L2 \2
- (cov(X,S)) ) o2
= var(X)— ——— = 1-——=—1. 1.1.6
) var(S) T o+ 102 (1.16)
Solving for agent i’s maximization problem yields3
E[X]s;, p| - E[X|S] -
zi(si,p) = EXlsupl-p _ EIXIS] —p (1.1.7)

pvar(X|s;, p) pvar(X|S)

ZFor a detailed and more formal treatment of this subject, see §2.7. It is easy to check that definitions of “sufficient

statistic” given in §2.7 and above are equivalent for this setup. Also, the reader can refer to Huang and Litzenberger (1988)

for a proof showing that § = 2 °7 | &, is a sufficient statistic for signals (31, ..., ).

3See footnote 1.
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CHAPTER 1. INTRODUCTION 8

as the risky asset demand of agent i. Imposing market clearing condition ;" ; z(s;,p) = ! and
substituting for E[X|S], var(X|S) from (1.1.5)-(1.1.6) leads us to the following rational expectations

equilibrium price:

2 2 2
_ N ~ o¢ POy oy S
PGy ) = e (P e g 1.1.8
p (81, ,Sn) ’I‘LO'% —+'O'62 <Nm n ) + 'rLO'% + 0-62 ( )

As we have claimed in the beginning, the REE price satisfies the functional form given in (1.1.4).

Grossman (1976) derives this REE using a different approach. He first considers an artificial econ-
omy identical to ours except that all agents receive a signal equal to S. He solves for the equilibrium
of this artificial economy. Then he verifies that this equilibrium is also a REE for the financial market
model analyzed above. DeMarzo and Skiadas (1998) establish uniqueness of the REE for this setup.

Equation (1.1.8) reveals an important feature of the REE price: it is a sufficient statistic for all
signals in the economy. That is, the REE price reveals all that is worth knowing about private signals.
Therefore, the REE price, which is a sufficient statistic for all signals of the economy, is called fully
revealing.

A fully revealing REE price involves an important conceptual difficulty. If the price reveals all that
is worth knowing about private signals (s, ..., ), agents do not need to act on their private signals
and can condition only on price while forming their expectations. If agents do not act on their private
signals at all, then it is unclear why the price reveals any information regarding agents’ diverse private
signals in the first place.

This difficulty can be overcome if the equilibrium price partially reveals information in the sense
that it is not a sufficient statistic for any of the private signals. In such a case, agents have to act on their

own private signals as well as price, and this solves the problem.
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CHAPTER 1. INTRODUCTION 9
1.1.3 Partially Revealing Price

Next we discuss under what conditions an equilibrium price is partially revealing. First notice from
(1.1.8) that any change in the fully revealing REE price can be due to either a change in liquidity [ or
a change in private signals (sq, ..., 8,). Since agents know the level of liquidity in our financial market
model, they can always infer the true reason for price change. For instance, when the risky asset price
increases and the liquidity level stays constant, agents infer that price change occurs because the risky
asset demand increases, which has to be due to more optimistic private signals, on average.

If there were an additional source of uncertainty in our model on top of risky payoff X, then
inference of the true reasons for a price change would be problematic. For instance, if the liquidity (net
supply of risky security) were random, i.e., if [ were taken to be the realization of a random variable I,
then agents would not be able to infer whether it is the liquidity or the signals triggering the change in
price. In such an event, the price would not be fully revealing. To illustrate this better, let us take I, " X R
€, 1 = 1,...,n, to be mutually independent and ['to be normally distributed with mean 0 and variance
o?. The presence of this new uncertainty requires us to redefine the equilibrium:

A (noisy) rational expectations equilibrium consists of a risky asset price function P(sy, ..., sp, 1)

and demands {2;(s;,p) }i=1,..n such that for all realizations of (51, ..., S, 1) 0f (81, ey 3, 1)
(2) Zi(si,p) € argmale.E [ui(ﬂ)u)|3¢,p = P(Sla ~'~73nal)] ’ Vi= 1.m;

(b) Z?:l zi(P(sl, veny Sn), Si) ={.

Next we derive the noisy REE for our revised financial market model. We first conjecture that there

exists an equilibrium price given by

n

P(§1,...,§n,l~)=7T0+7TSZ§1'—’Y[. (1.1.9)

t=1

p
Then the random vector ()~{ ,8:,D), 1 =1,...,n, is jointly normally distributed with a mean vector

(,LLz,,u,z,TLﬂ'o + TFS,U,Q;),
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CHAPTER 1. INTRODUCTION 10

and a variance-covariance matrix

2 2 2
os o: nms o4
Vit Viz | 2 2, 2 2 2
= (o o, +0; N0, + M0 )
Vo Vi
2 e 02 2 o2 27262 4 nr2e? + 4202
M50y  NWg04 + TsO, oy + nuiol + v°o;

where Vi1 = afc, Vizisal x 2 vector, Va1 isa 2 x 1 vector, and Vag is a 2 x 2 matrix. Following normal
distribution theory, the posterior distribution of X given a realization (s;, p) is normal with mean and
variance of the form

Si — Hz

E[X|si,p] = pa+ Vi2Vao™!
P — To — MWy
= ay +a1; 8 +ap, (1.1.10)
var(X|s;,p) = Vi1 — ViaVao 1V

= b, (1.1.11)

where

peo[(n — D)7io? + v20?) — 02(n — )msoim

ag; = 1.1.12
" = (o + o?)l(n ~ ol + 420f] + o202 — 1PrE’ (A
2,2 2
TZY O] 8
ay = , (1.1.12b
T T oDl — Dot + 220 + o3kl — 1P )
2 2
oi(n — )msop
az = , 1.1.12
T T roDln— Dnio? 0207 + otoRin — 12 N
. o202l(n — )rlo? + 5%0f] L
(02 + 02)[(n — V)ndo? + y20f] + 0fok(n — 1)*nZ’ -
Given that realizations of §; and p are s; and p, agent i’s demand for the risky asset is*
E[X|s;, p] ~ ap; + a1:8; + (ag; — 1
2(si,p) = [ I i p] P _ G0i T 015 (azi )p’ (L.1.13)

pvar(X|s;, p) pb;
Imposing market clearing condition 37 | z;(s;, p) = l and substituting for E[X|s;, p], var(X|s;, p)

from (1.1.10)-(1.1.11) yields

-1
p=P(s1,...,8p,0) = <Z pbfl?Z) (Z“‘L;b‘ﬂsi - z) . (1.1.14)
(3 T

i=1

4See footnote 1.
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CHAPTER 1. INTRODUCTION 11

Expectations based on the conjectured price function (1.1.9) are rational if and only if the coefficients

my, Ts, <y are the same as the corresponding coefficients in (1.1.14). Thus,

n
Ty = ,yza_gz (1.1.152)
—, PUi
ry = 428 (1.1.15b)
pbi
Z 1 — ag -
N = S (1.1.15¢)
(55)

Substituting for ag;, a1, a2, by from (1.1.12a)-(1.1.12d) yields

2
Y Yoy
= L : 1.1.16
e po? (n —1)m20? + 720, (L1160

1 n(e? +02) nn-1 —Dm—1
Lo moeto)  nln-Um((n—Lm —1) (1.1.16b)
Y POLO¢ p((n - 1)7Tsoe + 7401 )
Ny n(n — 1w,
o = — Y . 1.1.16
° poZ G ((n— Dn2a? +42?) (L1169
The unique solution for the system of equations (1.1.16a)-(1.1.16¢) is given by5
s = 74,
1+ 1 n(n—l;q
_ (n 1)q?0e24-012)
vo= — ;062 PSS (1.1.17)
pPOg=0e p((n Dg?0e%+01%)
_ pos
7o n eito | n(n=1)¢> °
poz2acr T p((n—1)¢%07Fa,?)

where

26,2q,.2 2
l 4 pTop“0 4 PTOj0e” 2q
\/2(11. 1)poe (\/1+\/1+ n— 6 \/ 1+ 1+27 n— 16 )

So, as we conjectured in the beginning , there exists a noisy REE price

n
P(.§1,...,§n,l~) = My +7r323i -,

=1

where 7, 75, and -y are defined in (1.1.17).

3See the proof of Proposition 2.1 for a detailed exposition of this derivation.
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CHAPTER 1. INTRODUCTION 12

Note that in this equilibrium, when the risky asset price increases, an agent is uncertain whether it
is because on average agents are getting better signals or because liquidity of the risky asset is lower.
Since agents cannot understand the true reasons for price changes, they cannot fully infer the overall
informational content of other agents’ signals. Therefore, the noisy REE price is not fully revealing,
i.e., it is partially revealing.

The noisy REE setup, presented in this section, is due to Hellwig (1980). Grossman and Stiglitz
(1980) introduces the random liquidity [ in a simplified setting. There are only two groups of agents
in their model: the informed, who receive the same private signal s, and the uninformed. Given the
price conjecture P(s, 1) = my + s s — <y, the price provides additional information to the uninformed
traders. Since informed traders already know s, price does not provide any additional information to
them. Also, due to the presence of random liquidity I, uninformed traders can only partially infer the
private signal of informed traders. Therefore, as in Hellwig (1980), the noisy REE of Grossman-Stiglitz
model is also partially revealing. Note one crucial difference between Hellwig’s model and Grosmann
and Stiglitz’s model: the Grossman-Stiglitz model captures the role of asset prices as conveyers of
information, however, it cannot account for the information aggregation role of asset prices since the
information is not dispersed among multiple agents in their simplified setup. On the other hand, the
noisy REE price of Hellwig setup aggregates the private signals dispersed among multiple agents, as
depicted in (1.1.9).

Our elaborations above show that both Hellwig (1980) and Grossman and Stiglitz (1980) obtain
partially revealing prices by introducing uncertainty through liquidity. Obviously, there are other ways
in which a source of uncertainty can be introduced to our financial market model: one might, for in-
stance, consider uncertainty regarding endowments or preferences. However, in such cases, tractability
of analysis is generally lost. Thus, following Hellwig (1980) and Grossman and Stiglitz (1980), most
noisy rational expectations models obtain partially revealing prices by letting liquidity of risky asset be

random. We will also do so in chapters 2 and 3. In particular, the noisy REE setup of Hellwig (1980)
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CHAPTER 1. INTRODUCTION 13

will be the backbone for the model of Chapter 2. Our model will generalize Hellwig’s model, and the
noisy REE of Hellwig setup, derived above, will provide a benchmark to evaluate the implications of
our generalization. Also, the model of Chapter 3 will be a modified version of the setup of Grossman
and Stiglitz (1980). Further particulars on the modifications carried out in Chapters 2 and 3 as well as

the implications of these modifications can be found in the following sections.

1.2 Motivation of the Dissertation

Section 1.1 has briefly explained the rational expectations approach to information transmission in fi-
nancial markets. From our discussions in that section, we learned that an equilibrium, which ignores the
informational content of price, leads to all agents making systematic forecast errors. This conceptual
difficulty brought us to the introduction of fully revealing rational expectations equilibria. We learned
that such equilibria are not very interesting as they are not likely to arise: recall that if some agent 7 uses
the information contained in the fully revealing REE price, she can afford to disregard her own private
information s;, and if all agents do so, it becomes unclear why the price should reveal anything on the
informations sy, ..., S, in the first place. That led us to change our original financial market model by
letting liquidity of risky security be random. Then we have constructed a noisy rational expectations
equilibrium, which is partially revealing and free from the conceptual difficulties associated with the
previous types of equilibria. This, of course, does not mean that noisy rational expectations approach
to information transmission has no shortcomings of its own.

For instance, questions such as why subgroups of traders tend to buy or sell the same security
en masse or to what extent the existence of this behavior is associated with asset prices cannot be

answered in the models of noisy rational expectations. Is group psychology the driving force behind
the highly correlated trading patterns among certain subgroups? Or, is it because traders make their

investment decisions by observing the decisions of those around them? Especially, in the past decade,
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CHAPTER 1. INTRODUCTION 14

both economists and laymen have become increasingly interested in these questions. According to
the recent empirical studies, the group psychology does not appear to be the predominant factor in
the highly correlated trading patterns among subgroups of traders. These studies rather suggest that
individual traders are influenced by others around them and this drives them into buying or seiling
the same security en masse. One of the earliest studies, supporting this argument, is due to Shiller
and Pound (1989). Shiller and Pound (1989) survey 131 stock market investors and ask them what
prompted their initial interest in their most recent stock purchase or sale. The survey reveals that it
was the discussions with peers for the majority of the investors. Another study due to Hong, Kubik,
and Stein (2002a) shows that mutual-fund managers are heavily influenced by the decisions of other
fund managers working in the same city: a fund manager is more likely to hold (or buy, or sell)
a particular stock in any quarter if other managers from different fund families located in the same
city are holding (or buying, or selling) that same stock. The authors interpret this using an epidemic
model where investors spread information about stocks directly to one another by word of mouth.
In a different empirical work (2002b), the same authors also argue that stock market participation is
influenced by social interaction, i.e., “social investors” find market more attractive when more of their
peers participate. In light of these empirical studies, it is obvious why noisy rational expectations
models cannot explain the en masse purchases or sales of the same stock among certain subgroups
of traders: these models assume away social interaction as conveyer of information and let agents
infer information only from the price system. In other words, in the noisy REE models, agents do not
communicate or learn from each others’ actions. That is exactly what we try to change in the rational
expectations approach to information transmission. Our first essay introduces social interaction as a
conveyer of information by generalizing Hellwig’s (1980) model, given in § 1.1.3. In this essay, we
model social interaction in the form of observations of others’ actions. In particular, we let agents infer
information from risky asset demands of some of the other agents. Whom they observe is determined

by a social network. In our generalized model, agents choose their risky asset demands conditional on
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CHAPTER 1. INTRODUCTION 15

their private signals, price, and demands of others whom they observe in the social network. Such a
generalization allows us to answer the questions posed in the beginning and compare the implications
of our theoretical setting with the empirical findings given above.

Noisy rational expectations models are also far from giving a compelling explanation regarding the
causes and common features of crashes and frenzies. One common feature of these large price swings
is that they are often disproportionate reactions to tangible information. Cutler, Poterba and Summers
(1989) document this for the postwar movements in the S&P 500 index. Another feature of crashes
and frenzies is the asymmetry in the frequency of their appearances: the number of crashes is higher
than that of frenzies. For instance, Hong and Stein (2002) report that nine of the ten largest one-day
price movements in the S&P 500 since 1947 were decreases. Boldrin and Levine’s (2001) analysis
of S&P 500 between 1889 and 1984 also confirms the asymmetry. According to their study, there is
one annual negative deviation with magnitude larger than 50% but no positive deviation exceeds this
value. The number of annual negative deviations with magnitudes larger than 40% is 3 and that of
positive deviations is none. 6 annual negative deviations have magnitudes exceeding 30% compared to
4 positive ones exceeding the same value. Magnitudes of 14 annual negative deviations exceed 20%
and magnitudes of only 10 positive deviations exceed this value.

Our second essay tries to account for the common features of large price swings, discussed above.
To do so, we modify the model of Grosmann and Stiglitz (1980), given in § 1.1.3: in addition to in-
formed and uninformed agents, we introduce hedgers to our model. Hedgers use portfolio insurance
strategies, which means they sell after the market declines and buy after the market rises. Obviously,
the strategies followed by hedgers are in contrast with the conventional supply schedules, which are
increasing functions of price. Several empirical studies provide evidence regarding the existence of
hedgers in the stock market and their role in large price swings. One of them is Brady Commission
Report (1988), which blames portfolio insurance strategies for deepening the decline hence perhaps

causing the crash during 1987. The studies of Chicago Mercantile Exchange, Miller, Hawke, Malkiel,
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and Scholes (1987), Commodity Futures Trading Commission (1987), Securities and Exchange Com-
mission (1987) also emphasize the role of hedgers in the 1987 crash. The stop-loss orders, which are
primitive portfolio insurance strategies, are also seen as a possible contributing factor to the 1929 crash
(Gennotte and Leland (1990)). All these studies validate the need for addition of hedgers to the stan-
dard Grossman-Stiglitz model while investigating large price swings. Gennotte and Leland (1990) are
the first ones making this modification, and following them, we use a similar modified model for our
analysis. We will discuss the implications of this modification in detail in the next section, but before
doing so, let us provide an intuitive explanation regarding why presence of hedgers can be the key factor
to account for the common features of crashes and frenzies. First, let us consider the stop-loss orders.
Hedgers, employing stop-loss orders, sell the asset after the asset price falls under some exercise value.
The aim of this is to protect one’s portfolio against future potential losses. However, by employing
stop-loss orders, hedgers put an additional downward pressure on the asset price once the price begins
to fall. This means that even if tangible information initially triggers a small decline in price, the use of
stop-loss orders will insure a further fall in price due to the sales coming from hedgers. Hence, we have
the desired disproportionate price reaction to tangible information. On the other hand, when asset price
increases due to new information, stop-loss orders do not bring any further purchases, hence, they do
not cause additional increase in asset price. So, we are likely to observe an asymmetry biased towards
crashes in a stock market where stop-loss orders prevail. The mechanics of modern hedging strategies,
such as put-option replication, is quite similar to that of stop-loss orders except that we see purchases
from hedgers in a bull market and sales in a bearish one. So, both price declines and increases become
disproportionate reactions to tangible information triggering the initial reaction. Moreover, if hedgers,
on average, make larger sales compared to their purchases, the number of crashes will be likely to be
higher than that of frenzies. In our second essay, we will arguc that hedgers do make larger sales than
purchases, on average, when they predominantly employ put-option replication strategies in a volatile

stock market.
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To brieflty summarize our discussions in this section, our dissertation focuses on two main short-
comings of noisy rational expectations models. First, these models cannot explain the highly correlated
trading patterns observed among subgroups of traders and how this relates to the asset prices. In light
of the recent empirical studies, our proposal to overcome this shortcoming is to introduce social inter-
action as a medium of information transmission, on top of the price system. Second, the noisy REE
models cannot provide a compelling explanation regarding certain common features of crashes and
frenzies. We argue that introducing hedgers into the noisy REE models will help us to account for the
mentioned features. Several empirical studies are in line with our argument and they provide evidence

regarding the pivotal role of hedgers in large price swings.

1.3 Overview of the Dissertation

This dissertation consists of two self-contained essays. These essays propose new models to overcome
the shortcomings of (noisy) rational expectations approach listed above.

Our first essay proposes a generalized rational expectations model which accommodates social in-
teraction in financial markets. On top of the information conveyed through the price system, each
agent infers additional information by observing some of the other agents’ security demands. Whom
an agent observes is determined by a directed graph that represents the social network. We define a
notion of equilibrium for this generalized framework and investigate the implications of our model in
several natural settings, including cyclic interaction schemes (where the social network is a cycle) and
hierarchic interaction schemes (where the network is a tree). Three results from this essay are espe-
cially worth mentioning. First, an agent’s signal affects price less than her uphill neighbor’s signal in
a hierarchic interaction scheme when social interaction is the only conveyer of information. In other
words, hierarchy in observation leads to hierarchy in influence regarding security pricing. Second, the

essay strongly suggests that agents located across different clusters of a social network make different
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portfolio decisions while those in the same cluster make similar ones. Third, social interaction can lead
to inefficient information aggregation in the price system. That is, in the presence of social interac-
tion, some agents’ signals can affect price more than other agents’ signals regardless of the signals’
precisions. This means that inefficient information aggregation allows for an imprecise signal to have a
disproportionately large impact on price. Therefore, the inefficiency brought by social interaction may
help us to account for crashes and frenzies.

Our second essay tries to explain why large price movements are often disproportionate reactions to
tangible information and why they exhibit asymmetry (i.e., why number of crashes exceed number of
frenzies). We attribute these phenomena to an asymmetric amplification mechanism which is illustrated
in a rational expectations framework. The formal setup is a simplified version of Gennotte and Leland
(1990) where the simplification allows for a unique and easily tractable equilibrium. There are four
types of traders in our model. Insider receives a private random signal on the payoff structure of
assets. In addition, we have risk averse uninformed outsiders, liquidity traders whose demands are
price inelastic, and hedgers. The hedgers employ portfolio insurance strategies and sell assets as the
price declines and buy when the price increases. The presence of such traders causes a destabilizing
effect. A small shift in other traders’ demand, possibly due to incoming news or a liquidity shock,
now causes a larger price impact since hedgers are simply following the price trend in their supply
schedules. In the case when hedging supply is a convex function of price, hedgers overreact to price
declines in their orders. Hence, convexity of hedging strategies deliver the desired asymmetry. We
prove that an important class of hedging strategies (namely, put-option replication) indeed satisfies
the convexity condition in a highly volatile market. We also analyze the roles of risk aversion and
differential information in our analysis: risk aversion is essential for the asymmetry of price movements

and differential information enhances both amplification and asymmetry delivered by hedging.
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Remarks. Section 1.1 relies on Admati (1989), Brunnermeier (2001), Hellwig (1980), and Huang
and Litzenberger (1988). For a detailed account of rational expectations equilibrium in a broader

context, reader may refer to Jordan and Radner (1982).
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Chapter 2

Rational Expectations and Social

Interaction in Financial Markets

Investing in speculative assets is a social activity. Investors spend a substantial part of their leisure
time discussing investments, reading about investments, or gossiping about others’ successes or

failures in investing.

Robert J. Shiller!

2.1 Introduction

Interaction among heterogenous agents is an important and pervasive feature of any economic environ-
ment. In standard noisy rational expectations models,? agents interact only through the price system:

they make their decisions in isolation, using only their private information and the information con-

! Shiller (1984)

ZFor a critical survey, see Admati (1989).

20
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CHAPTER 2. RATIONAL EXPECTATIONS AND SOCIAL INTERACTION 21

veyed by security prices.®> Yet, in the real world, agents communicate, and learn from each others’
actions. That is, the economic agent is also a social agent.

The general objective of this essay is to introduce social interaction into the modelling of financial
markets. In particular, we propose a rational expectations model in which each agent observes security
demands of some of the other agents, whom we refer to as “uphill neighbors”,* on top of security price
and her private signal on risky security payoff. Our model assumes that social interaction takes place
through observations of uphill neighbors’ demands. The uphill neighborhood of an agent is determined
by a given directed graph, which represents the social network. Such a model obviously encompasses
the conventional rational expectations model: once the underlying social network is taken to be a trivial
graph without any edges, all agents are isolated, and we return to the standard rational expectations
economy where only price conveys information.

Our generalized framework presents a new conveyer and aggregator of information on top of price:
uphill neighbors’ demands. The information inferred from an uphill neighbor’s demand not only refers
to that uphill neighbor’s private signal but also aggregates signals of agents observed by that uphill
neighbor, and signals of those who are observed by agents observed by that uphill neighbor, and so
on. We also have a byproduct due to this generalized framework: in addition to risk aversion and
information accuracy, asymmetric interaction patterns in the given social network are also a source of
heterogeneity for the economy.

The main novelty of this essay is that it accommodates both social interaction and price as infor-

mational conveyers in a tractable model which exploits parametric assumptions of constant absolute

3For a critical assessment of interaction in economic systems, see Kirman (1996).

*We use the term “uphill neighbor” rather than “neighbor” to emphasize that observations are not necessarily bilateral.
That is, for agents A and B of the economy, all of the following interaction patterns are possible:
- A observes B’s demand while B does not observe A’s, in which case B is an uphill neighbor of A;
- B observes A’s demand while A does not observe B’s, in which case A is an uphill neighbor of B;

- Both A and B observe each other’s demands, in which case both A and B are uphill neighbors of each other.
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risk aversion and normal distribution. These assumptions considerably simplify the analysis and they
facilitate closed-form solutions.

This essay provides a thorough investigation of social interaction’s effect on security pricing and
portfolio decision-making. In this investigation, we consider various natural settings, including cyclic
interaction schemes (where the social network is a cycle) and hierarchic interaction schemes (where
the social network is a tree). Three implications of our model are especially worth mentioning. First, it
will be seen that an agent’s signal affects price less than her uphill neighbor’s signal in a hierarchic in-
teraction scheme when social interaction is the only conveyer of information. In other words, hierarchy
in observation will lead to hierarchy in influence regarding security pricing. Second, in a stylized social
network, we will see that agents located across different clusters of the network make different portfolio
decisions while those in the same cluster make similar ones. Third, we will show that social interaction
can lead to inefficient information aggregation in the price system. That is, in the presence of social
interaction, some agents’ signals can affect price more than other agents’ signals regardless of the sig-
nals’ precisions. The inefficiency brought by social interaction may help us to account for crashes and
frenzies. Cutler, Poterba and Summers (1989) document that there were virtually no significant events
prior to many large price swings in the stock market. Since inefficient information aggregation allows
for an imprecise signal to have a disproportionate impact on price, a significant event is not necessary
to trigger a price swing in the presence of social interaction.

There have been several empirical studies highlighting the role of social interaction as a conveyer
of information in financial markets. One of the earliest studies is due to Shiller and Pound (1989): their
survey questions 131 investors in the stock market. Majority of these investors asserted that their initial
interest in their most recent stock purchase was prompted by discussions with their peers. Of course, the
evidence here is only suggestive, but the idea of information transmission via social interaction seems
very reasonable in light of this survey. Recent empirical studies provide further evidence of information

transmission through social channels in financial markets. Hong, Kubik, and Stein (2002a) show that
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mutual-fund managers are heavily influenced by the decisions of other fund managers working in the
same city. In particular, authors observe the following pattern in fund managers’ decisions: a fund
manager is likely to hold (or buy, or sell) a particular stock in any quarter if other managers from
different fund families located in the same city are holding (or buying, or selling) that same stock. The
authors interpret this using an epidemic model where investors spread information about stocks directly
to one another by word of mouth. In a different empirical work (2002b), the same authors also argue
that stock market participation is influenced by social interaction, i.e., “social investors” find market
more attractive when more of their peers participate.

It is also worth mentioning the theoretical literatures, to which our essay is related. In the models of
social learning theory?, social interaction takes place through sequential observations of others’ actions
over time. The memory of past actions may reduce (or completely prevent) social learning in these
models. This causes inefficient information aggregation, as is the case in our essay. However, unlike
social learning theory, we let agents interact according to a social network in a static financial market
economy. Another closely related paper is due to DeMarzo, Vayanos and Zwiebel (2003). Their paper
proposes a boundedly-rational model of opinion formation in social networks.% The pivotal assumption
of their model is persuasion bias, which allows double counting of repeated information. This means if
an agent receives information from different agents, who happen to share information with each other,
the agent acts as if the pieces of information received from these agents are mutually independent. This
assumption leads to social influence: agents, who are “well-connected” in the social network, may
have more influence in the overall formation of opinions in the economy regardless of their information

accuracies. We obtain a similar result in our essay, however, we do not dispense with rationality.

The seminal papers in this literature are Banerjee (1992), Bikchandani, Hirshleifer and Welch (1992), and Ellison and
Fudenberg (1995). Avery and Zemsky (1998) investigate the implications of social learning theory in the financial markets.
Bikchandani and Sharma (2001), and Devenow and Welch (1996) provide extensive literature reviews on social learning in

financial markets.

®In a companion paper (2001), the authors explore the implications of their original model in financial markets.
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Our essay is organized as follows. In Section 2.2, we recall the standard rational expectations
model (3 la Hellwig), and obtain the unique rational expectations equilibrium (REE) for the economy
consisting of agents homogenous in risk aversion and signal precision. The obtained REE serves as a
benchmark for us to assess the implications of the presence of social interaction. Section 2.3 exhibits
our generalized REE model which accommodates social interaction in the financial market. We explain
how we model social interaction and introduce the equilibrium concept for the generalized framework.
Sections 2.4 and 2.5 investigate the implications of our model in several natural settings, including
cyclic interaction schemes (cycles) and hierarchic interaction schemes (trees). In Section 2.4, we show
the non-existence of linear equilibrium price when the social network is a cycle. In Section 2.5, we
prove existence of linear equilibrium price for hierarchic interaction schemes (trees) provided there is
sufficiently volatile liquidity in the economy. Later we characterize the obtained equilibrium under
certain restrictions regarding the pattern of interaction and level of liquidity variance. Section 2.6
investigates how presence of disjoint clusters in a social network affects portfolio decision-making. In
particular, the section analyzes social networks consisting of multiple disjoint stars. Section 2.7 exhibits
that social interaction can impair aggregation of dispersed private information through the price system.

Section 2.8 concludes. The proofs are provided in the appendix.

2.2 Rational Expectations when Only Price Conveys Information

We begin by recalling the standard rational expectations approach to information transmission in fi-
nancial markets: when only price conveys information. The following description is due to Hellwig
(1980).

There are n > 2 agents, indexed by i = 1, ..., n. In a two-period economy, trade takes place in the
first period and consumption of a single good in the second. A risk-free security and a risky security

are traded. The risky security has a future stochastic payoff X, which realizes in the second period.
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The price and the payoff of the risk-free security are normalized to 1. We let p be the price of the risky
security.” Each agent 4 is endowed with deterministic wealth wo; (in units of consumption good). If

agent 5 purchases z; units of the risky security, her portfolio yields the random final wealth
Wi = %X + (wo; — pzi).-
We specify agents’ preferences by the following assumption:

Al. All agents have CARA preferences: for i = 1,...,n, agent i’s expected utility of final wealth is
E;[ui(@1;)] = Ei[—exp(—p; W1;)|, where p; € (0,00) denotes (absolute) risk aversion coeffi-

cient. The expectation operator, E;, is conditional on agent i’s information Z;.

Under this assumption, agent i’s demand is independent of her initial wealth wg;. It only depends
on price p and information Z;.

Prior to the first period, each agent i receives a private random signal §;, which communicates the
true stochastic payoff X perturbed by some additive noise &;, i.e., §; = X + &. Also, the net supply
(liquidity) of the risky security L is taken to be the realization of a random variable L. We impose

normal distributions for the random parameters of the economy:

A2. The random® vector (X, L, &, vy €n) Is normally distributed with mean (0,0, ...,0), and
nonsingular variance-covariance matrix (az2, o2, 0512, ey O’EHQ) Int2, where I, 49 denotes the

(n + 2) dimensional identity matrix.®

Price p that prevails in the market depends on the realized liquidity L and the private signals

51, .., 8n. Considering the whole range of realizations of the random variables L and &1, ..., §,, the

"From now on, the terms price and demand will be exclusively used for the risky security price and demand, respectively,

unless otherwise stated.

#Throughout the text, we use the following convention: random variables are denoted with filde (such as §), and the

realizations of random variables are denoted without tilde (such as y).

9Nonsingularity guarantees 0z2 # 0, 0.2 # 0, 0,2 #0,i=1,..,n.
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realized market prices generate a random variable p. The following assumption imposes the hypothesis

that expectations, determined through the observations of private signals and price, are rational.

A3. For i = 1,...,n, agent i knows the joint distribution of the random vector (X , 8,0, L) and
the realizations s;, p. In particular, agent i’s expectation operator, E;, is conditional on the

information I; = (s;,p).

For the described economy, the following definition is standard:
DEFINITION OF EQUILIBRIUM. A rational expectations equilibrium (REE) consists of a risky se-
curity price function P(s1, ..., sp; L) and demands {z;(s;, p)}i=1,..n such that for all realizations of

(81, .y 8n; L) of (31, ...,§n;f/)
() zi(ss,p) € argmaz,E [ui('u")u)lsi,p = P(s1, ...,sn;L)] , Vi=1,..,m

(b) Z?:l zi(P(s1y...,8n; L), s;) = L.

Hellwig (1980) shows the existence of a linear REE price under assumptions A1-A3, and provides a
partial characterization of the equilibrium. A closed-form solution for linear equilibrium is not available
in the full generality of the model. Neither is the uniqueness of linear equilibrium guaranteed. Both of
these properties have been established for the linear REE in a large economy: by Hellwig (1980), in
the limit of linear REE where the number of agents tends to infinity, and by Admati (1985), in a model
with a continuum of agents.1?

To facilitate the analysis of social interaction later in this essay, we retain the finite-agent economy.

We impose the following assumption in order to obtain a unique linear REE in closed-form:

Ad. Foralli=1,..,n, p; = pand 0612 =02

10 Admati’s (1985) model is a generalization of Hellwig’s (1980) to the multi-security case.
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Assumption A4 simplifies the analysis by ruling out heterogeneity in risk aversion and signal pre-
cision. Since we will be imposing A4 in the presence of social interaction as well, the following result

is a benchmark for us:

Proposition 2.1 Assume Al, A2, A3, and A4. There exists a unique linear REE price

n
7= P(31,...,5n; L) :71'0—}—2 T8 —vL (2.2.1)
=1
with
™= vq, i=1,..,n,
n(n— 1)gq
_ 1 + (n 1)q?0c%+0.%)
7= nU:uz'HTe + n(n—1)¢? ’
pog20? p((n 1)¢20e2+02%)
Nplx
0 nUx2+Uez 4 n(n—-1)¢® !
pU:c2U<2 p((n_l)q2062+0L2)
where

4 plop20e? 4 p2op206?
= 2(n l)poc (\/1+\/1+27 n—1 -1+ 1+ n— 1 :

The weights of agents’ signals in the REE price (2.2.1) are equal to each other. That is, each
agents’ signal has the same effect on the equilibrium price as long as agents are homogenous in their
signal precisions and risk aversions. The forthcoming sections will show that the equilibrium properties
established here do not necessarily hold in the presence of social interaction. In particular, we will see
that existence and uniqueness of a linear equilibrium price fail for certain social interaction schemes.

Also, each agent’s signal will no longer have the same effect on equilibrium price.

2.3 Rational Expectations with Social Interaction

In this section, we propose a framework which allows formation of rational expectations in the presence

of social interaction. Our model retains basic features of the model considered in §2.2 with the notable
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exception of assumption A3. In particular, we carry over the description of the physical environment,
and assumptions A1, A2, A4. Assumption A3 is replaced by S3. |

We consider financial markets in which information is transmitted not only through prices but also
through direct interaction among agents. The latter allows agents to infer information from the actions
of those whom they interact with. Each agent interacts with a few of the other agents, and the pattern
of interaction among all agents defines a social network. The social network is modelled by a simple
directed graph,!! with vertices representing the agents, and directed edges representing the directions
of information transmission. In particular, our model assumes that information transmission takes place
through demand observations. That is, agents observe the demands of those to whom they are linked
by the edges of the network, where the direction of each edge indicates the direction of observation.
Agents also observe their private signals and price.

The agents whose demands are observed by agent ¢ are called i’s uphill neighbors, and the set of
i’s uphill neighbors is denoted by N;. So, agent i observes risky security demand z; of agent j for all
J € N;. The set V; may be empty. Conditional on the information inferred from the private signal s;,
price p, and demand observations {2;} jen;, agent i derives an expectation for the risky security payoff
X, and then determines her own demand based on this expectation.

Price p and demands {2;};=1,..  that prevail in the market depend on the realized signals sy, ...,
sp and liquidity L. Therefore, the random vector (31, ..., 5p; fJ) generates random variables § and
{Z}i=1,...,n. The following assumption imposes the hypothesis that expectations, derived from private

signals, price, and demand observations, are rational.

S3. For i = 1,...,n, agent i knows the joint distribution of (X' , 8,0, {Z5 e, i), and the real-

izations s;, p, {z;} en;. In particular, agent i’s expectation operator, E;, is conditional on the

A graph is called simple if multiple edges between the same pair of vertices or edges connecting a vertex to itself
are forbidden. A graph is called directed if edges exhibit inherent direction, implying every relationship so represented is

asymmetric.
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information I; = (8;,, {25} jen;)-
We employ the following equilibrium definition for the economy described above:

DEFINITION OF EQUILIBRIUM. A rational expectations equilibrium with social interaction (REESI)
consists of a risky security price function P(s1, ..., $n; L) and demands {2; (8;,0,{2j}jeni) oy

I )

such that for all realizations (s1, ..., $n; L) of (31,...,8n; li)

@) z (si,p,{z}jen;) € argmaz;,E [ui(u")u)lsi,p = P(s1,....sn; L), {2; = 2 (s, p, {zk}k@\/j)}je/\/,],

Vi=1,..,n,

(b) Z'?zl Zi (Si,P(Sl, ...,Sn;L), {zj}jGNi) = L.

The first equilibrium condition implies that each agent maximizes her expected utility of final
wealth based on her private signal as well as information inferred from price and uphill neighbors’
demands. The second condition states that market clears. Together the two conditions are consistent in
the sense that the price and demands, which clear the market, correctly reflect the decision procedure of
agents, and agents’ optimal decisions correctly rely on information inferred from the price and uphill
neighbors’ demands.

Note that the basic REE model of §2.2 is a special case of the model introduced here: if the social
network is a graph without any edges, meaning that no agent observes another agent’s demand, then S3
reduces to A3 and REESI reduces to REE. As it is common in the literature on rational expectations,

we will focus on a REESI price that is linear in private signals and liquidity, that is, REESI of the form

n
P(s1,..y8n3 L) =m0 + Zﬂ'isi —~L.

=1
Also, from now on we will use the terms equilibrium and linear equilibrium price to refer to REESI
and linear REESI price, respectively.

In the remainder of this essay, the analysis is restricted to the social networks where each agent 4

has at most one uphill neighbor. Such restriction reflects the limited interaction capability of agents,
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but it is imposed primarily for the sake of tractability. The unique agent (if exists), who is the uphill

neighbor of ¢, will be denoted by ™.

2.4 Non-Existence of Linear Equilibrium in Cycles

In this section we explore the information transmission in a financial market economy in which the
social network is a cycle. The cycle represents a symmetric interaction scheme in the sense that each
agent observes demands of the same number of agents. We find that social interaction in a cycle leads

to non-existence of a linear equilibrium price.

agenti — 1

agent i

Figure 2.1: A CYCLE REPRESENTING SOCIAL INTERACTION
Arrows represent the direction of demand observations. For all i = 1,..,n, agent i has information that comes

Jrom demand of agent i — 1 (mod n) on top of s; and p.

Proposition 2.2 Assume Al, A2, §3, A4. If the social network is a cycle, there does not exist any linear

REESI price.

The key to this non-existence result lies in the interaction pattern created by the cycle: each agent’s
inference from social interaction contains information from all other agents’ inferences from social

interaction, including her own. Thus, the agent forms expectation on the payoff of the risky security by
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referring to her very own expectation. However, this self-referral leads to infinite regress,'? that is, the
agent cannot disentangle her own expectation from others expectations’ while she tries to infer infor-
mation from social interaction, and hence cannot form an expectation at all. Therefore an equilibrium
cannot exist.

One can also approach this infinite regress problem by considering price and demand formation in
a Walrasian tdtonnement. For clarity and simplicity, let us consider a 2-agent economy with agents 1
and 2. Obviously, 1 and 2 are uphill neighbors of each other in a cycle. The Walrasian auctioneer is
unaware of agents’ signals and begins the auction by announcing a price py au hasard. Agents know
their own signals and reveal their asset demands to the auctioneer knowing that trade at py will take
place if and only if py clears the market. Thus each agent’s revealed demand takes account of the
information carried by py, meaning that agents’ demands are of the form z; o(po; s;), ¢ = 1,2. No
actual trading occurs until each agent has a chance to revise her demand, so the auctioneer calls a new
price p; conditional on the information inferred from revealed demands at pg. Simultaneously, agents
learn their uphill neighbors’ revealed demands at pp. Thus, each agent’s revealed demand takes ac-
count of the information carried by prices pg, p1, and her uphill neighbor’s demand at py, i.e., revealed
demands at p; take the form z;1 (po, p1; 25,0(Po; S7); Si), ¢ # j. So, by the time p; is announced,
agents begin to forecast the forecasts of their uphill neighbors on the asset’s payoff. Next, auctioneer
announces price pp conditional on the revealed demands at py and p; while agents learn their uphill
neighbors’ revealed demands at py. Given this new information, agents’ revealed demands are given
by 22 (po, p1, P2; 2j,0(Pos $;), 25,1 (Po, P1; zi,0(Pos $i); 8j);8:), @ # j. Thatis, by the time p; is an-
nounced, agents not only forecast their uphill neighbors’ forecasts, but also forecast the forecasts that
their uphill neighbors make of their forecasts. As new prices are announced by the auctioneer in order
to converge to a market clearing price, this regress on forecasts continue ad infinitum. Since the auc-

tioneer announces prices conditional on agents’ revealed demands, he faces the same infinite regress

12gee Townsend (1983a, 1983b), or Singleton (1987) for more on the issues pertaining to infinite regress.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 2. RATIONAL EXPECTATIONS AND SOCIAL INTERACTION 32

problem that agents do, and cannot reach a market clearing price for given s1, s2.

Recall from Proposition 2.1 that a linear equilibrium always exists in an economy in which only
price conveys information. Proposition 2.2 shows that additional information transmission through
social interaction can cause the dissolution of linear equilibrium. Therefore, this section gives a good

indication of the large impact of social interaction on price formation in the market.

2.5 Existence and Characterization in Hierarchies

We now turn our focus to social networks in the form of acyclic graphs, in particular, trees. Trees
have a natural appeal, because they represent hierarchic schemes of social interaction. They also bring

asymmetry into the interaction pattern, hence heterogeneity into the financial market economy.

agent 1

agent i

Figure 2.2: A TREE REPRESENTING SOCIAL INTERACTION
Arrows indicate the direction of demand observations. For all i > 1, agent i has information that comes from
observing demand of agent i~ (i.e., her predecessor in the tree) on top of her private signal s; and price p. Agent

1 only observes s1 and p.

Before going into the formal analysis of trees, we introduce some convention and notation for this

interaction scheme. Without loss of generality we take agent 1 to be the root of the tree. For any
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agent i > 1, i~ (or equivalently i~') denotes the uphill neighbor of i in the tree. % 2 denotes the
uphill neighbor of i~, and i~* denotes the uphill neighbor of i =%+, k > 2. We refer to i~* as the &
predecessor of agent i, k > 1. Also, as a notational convenience, i~0 denotes agent i herself. Given j
as a predecessor of 4, we let [; ; denote the integer that satisfies i ™% = j. Thatis, [; ; gives the order of
precedence of agent j according to agent i in the tree. Thus /;; = Oand [, ;- = 1. For any agent 1, H (i)
denotes the set of predecessors of 4, i.e., H(i) = {i ™% € {1,...,n} : 1 <k <l }. Note that 1 € H(s)
for all i > 1. On the other hand, H~1(i) denotes the set of agents that are preceded by agent 1, i.c.,
HY4) = {je{l,...,n}:i=3"% k>1}. Therefore H7(1) = {2,3,..,n},and i € H~1(i")

for all i > 1. The elements of H~1(4) are referred to as the successors of agent i.

2.5.1 Existence with Sufficiently Volatile Liquidity

Section 2.4 has already established that a linear equilibrium does not necessarily exist for any given so-
cial network. The particular problem with social interaction in cycle was self-referral in the formation
of expectations. Obviously, self-referral is no more a problem in hierarchic interaction schemes (i.e.,
trees) since no agent is a predecessor of herself and therefore no agent refers back to her own expecta-
tion through social interaction. In fact, if the social network is a tree, we can prove the existence of a

linear equilibrium provided there is sufficiently volatile liquidity in the economy:

Proposition 2.3 Assume Al, A2, S3, A4. Suppose the social network is a tree. There is a level of

liquidity variance %2 < 00 such that for all 01,2 > QL_Q, a linear REESI price exists.

To see the role of liquidity variance in existence, we need to explain a complication that comes
along with information transmission through social interaction.

First, recall the dual role of price in the standard REE models: price allocates assets through market
clearing and it also conveys information. Therefore, the determination of equilibrium (REE) can be

considered as a fixed-point problem in the space of functions relating the asset price to signals and
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liquidity. Formally speaking, given any function ¢ : R**! — R, we can initially assume that all agents
act on the hypothesis that price function is given by p = ¢(31, ..., 8a, L). Foralli = 1,...,n, the
function ¢ determines the joint distribution of (X' , 8, P, f;) and therefore the conditional distribution
of X given the realized information Z; = (s;, p). This implies that each agent i’s demand z; depends
on the price p, the signal s;, and the function ¢. Since market clearing dictates > -, zi(p, ss; f) = L,
we can derive a new function T'¢ : R**1 — R™*1 such that T¢(sq, ..., $n, L) is the market clearing

price given that agents form their expectations conditional on the hypothesis that 5 = ¢(51, ..., §,, I:).

Expectations being rational, ¢ has to be a fixed point of 7', meaning that
T(s1, ..y Sny L) = ¢(51, e 8n, L), Y(81, ..., 80, L) € RV,

Such a fixed point ¢ of T delivers us a REE.

On the other hand, when social interaction is present, both equilibrium demands and price play the
so-called dual roles: they both clear the market and transmit information. Therefore, in the presence of
social interaction, the determination of equilibrium (REESI) can be formulated as a fixed-point problem
in the space of functions relating both asset price and demands to signals and liquidity. Given arbitrary
functions f : R"*1 — Rand g; : R""! — R, i = 1,...,n, suppose that each agent i acts on the
hypothesis that price function and her uphill neighbors’ demands are given by p = f(31, ..., &, i) and
Z; = g;(81, ..., 8p, I~/), J € N, respectively. Then agent i’s demand z; depends on the price p, the signal
8;» uphill neighbors’ demands {z;}jen; as well as the functions f and {g; } jen;, which determine the

joint distribution of the random vector (X, 3;, f, {Zi}ien:s L). Leth = (f, 91, ..., gn). From the market

clearing condition

zi(p, 8iy {25} jenis Fi {95 }jeny)) = L,
1

n

K2

anew function 7 h : R®"* — R™"* can be derived such that (7 A( $1, ..., Sn, L))1 is the market clearing

priceand (7 h(s1, ..., 8n, L)); 11,1 = 1,...,n, are the market clearing demands!? given that each agent ¢

For any given vector ¢ € R™, {x denotes the kth component of , i.e., { = (1., Cky oy Cn)-
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forms her expectation conditional on the hypothesis that p = f(81, ..., §p, L) and Z; = g;(51, ..., 5, L),
j € N;. The rationality of expectations requires that the vector k = (f, g1, ..., gn) is a fixed point of T,
meaning that for all (sy, ..., 8, L) € R*1,

(Th{s1,...,sn, L)), = f(s1yer8n,L), and

(Th(styes$n: L)) ip1 = Gi(s1,.80, L), i=1,..,n
In this formulation, a fixed point (f, g1, ..., gn) of T delivers us a REESL

Obviously, in the determination of REESI we face a more demanding and complicated fixed point
problem compared to the case of REE. All said and done, the main complication related to social
interaction goes back to the fact that there are two conveyers of information, namely price and social
interaction, in REESI compared to the unique conveyer of information, price, in REE.

The variance of liquidity helps us to reduce this complication. First, consider the limit case where
the variance of liquidity, o7,%, tends to infinity. In this limit case variations in price reflect variations
in liquidity rather than variations in signals, thus agents cannot infer any information from price about
others’ signals on the risky payoff. This means only social interaction conveys information in the econ-
omy. With a unique conveyer we face a less complicated fixed point problem, and proving existence of
a linear REESI in the limit 07,2 — oo is quite similar to proving existence of a linear REE since both
employ unique conveyers of information. Once we establish existence in the limit, we can extend the
existence of linear REESI from limit 67,2 — oo to an interval (J_Lz, 00) using a continuity argument

pertaining to the variance of liquidity. This gives us Proposition 2.3.

2.5.2 Linear Equilibrium when Only Social Interaction Conveys Information

Although Proposition 2.3 provides an equilibrium existence result, we have not been able to derive a
REESI in closed form. Therefore, characterization of the equilibrium in its full generality proves to be
quite a challenging task. Given this difficulty, we rather focus on the polar cases. There are two polar

cases pertaining to information transmission. One is when price is the unique conveyer of information,
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and this case is already analyzed in standard REE models. The other is when only social interaction
conveys information. As we discussed in §2.5.1, the latter is obtained in the limit when variance of

liquidity tends to infinity.
Proposition 2.4 Assume Al, A2, §3, A4. Suppose the social network is a tree. If o 1.2 — 00, then

(a) there is a sequence of linear REESI prices that converges to p* = m§ +y | 755; — 'ysf/, where

8 _ 38 n:u’x
o po;?’
7r3=*ysl+211 i=1,..,n
1 ‘ p0_627 b b b
meH~1(3)
s 1
g - n n 1 n )
por? T e t e Liza li

(b) the corresponding sequence of REESI demands of agent i, for i =1, ..., n, converges to

i1
~ 1 .
Z,?.—_ 02 pU€2ZS_k—(—+(li,1+1)p02>p3.

P €

From part (a) of Proposition 2.4, it is straightforward to see that 7} < w_, ¢ = 2,...,n. This
means that an agent’s signal affects the price less than her uphill neighbor’s signal, and therefore, by
induction, an agent’s signal affects the price less than all her predecessors’ signals. Actually, following
part (a), we can say that the weight of an agent’s signal in price is proportional to the number of
successors of that agent. To put it differently, the higher the agent is in the hierarchy (i.e., tree), the
larger the effect of her signal in price. This is so because, for a given agent, social interaction conveys
information only about her predecessors’ signals. Therefore, all agents’ demands are more sensitive
to their predecessors’ signals compared to their successors’ signals, and consequently, price becomes
more sensitive to signals of agents with larger number of successors. Note that our last comment on

demand sensitivity is justified by part (b) of Proposition 2.4.
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We can find results similar to Proposition 2.4 in the social learning theory literature. In particular,
DeMarzo, Vayanos and Zwiebel (2003) show that the position and connections of an agent in the social
network can make that agent more influential in the formation of other agents’ opinions. However,
they employ a boundedly rational model of opinion formation in social networks in order to obtain this

result whereas we do not need to dispense with rationality.

2.5.3 Social Interaction in Stars

In this section we consider social networks in the form of stars. Star is a special tree in which all
vertices except the root are terminal nodes (see Figure 2.3). So, in terms of information transmission,

we have a central agent who gets to be observed by every other agent in the economy.

agent i (2<i<n)
\ .agen?l/.
/ \.

Figure 2.3: A STAR REPRESENTING SOCIAL INTERACTION
Arrows indicate the direction of demand observation. So, for 2 < i < n, agent i has additional information that

comes from observation of agent 1’s demand on top of her private signal s; and price p.

In the analysis of star, we are motivated by the Security Exchange Commission (SEC) regulations
enforcing information disclosure. Empowered by the Securities Exchange Act of 1934 and disclosure
rules following this act, SEC can require any publicly traded company to offer full disclosure in events
related to company’s stocks such as repurchase plans, splits, defaults as well as any major portfolio

position taken in company’s stocks by directors, officers, and principal stockholders. In the latter case,
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SEC effectively imposes a star as the social network: the CEO (or the principal stockholder) of the
company can be considered as the root of the star, and the minor stockholders can be considered as the
terminal nodes.

When the social network is a star, we can prove the existence of a linear REESI without relying on

highly volatile liquidity. Moreover, the obtained equilibrium price is unique and has closed form.

Proposition 2.5 Assume Al, A2, §3, A4. Suppose the social network is a star in which agent 1 is the
root. There exists a unique linear REESI price of the form § = P (31, ...,5,; L) = o+ > T —

~* L with non-zero v*. The linear REESI price has

* * % ,
o = Yq, 1=2,...,n;
n
* *
m = )

2 n—1)q*o? (n—2)q* o,
po + Goyiter ez + (0~ Dyttt

1+ (n—1)q 11 (n=1)(n— 2)q*

vo= 5 ol PocTtes? T @) tor 2
2n-1,1__ (n—1)2(¢g%)? 1_{n-1)(n—2)2(4*)?
0012+paez )@ 202 +oLZ T P (n-2)(q") 202402
71'* _ ’Y npﬂzz
[ — _ —oVa* )
141 (n—1)g* s 41 (n—1)(n—2)q

p (n—1){(g*)?c+oL

4p 202
where ¢* = (n 2)906 (\/1+\/1+57 L e \/1+ 1+4 2

p (n—-2)(¢g*)?0+o.?

Proposition 2.5 shows that all agents’ signals but agent 1’s equally affect the price, i.e, 7} =

, Vi,7 € {2,..n}. This is so because agents 2, ..., n are completely homogenous with respect to
their signal precisions, risk aversions, and locations in the social network.

Next we investigate the case where social interaction is the only conveyer of information (i.e., when

01?2 — 00). Going back to the analogy between star and the information disclosure imposed on the

CEO by SEC, it is plausible to expect the effect of disclosure to surpass any information revelation

through price in the event of a major change in the CEO’s portfolio holdings. Therefore we believe that
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the limit case, where social interaction is the only conveyer of information, does not fall too short of

reality. Formally, we have the following result:

Corollary 2.1 Assume Al, A2, S3, A4. Suppose the social network is a star in which agent 1 is the

root. As 01,2 — 00, the linear REESI price converges to p*s = m§® + Y v | w*3; — v**L, where

Ny n 1 1 .
* X *§ _ a,*8 *§ __ *8 __ %8 —
T =7 1 =7 Y Tz T = 7 =21
PO PO =+ 2 POe
POz PTe

From Corollary 2.1, we observe that the weight of agent 1’s signal in price is greater than the sum
of the weights of all other agents’ signals, i.e., 7}® > Y""* , 77°. This discrepancy between the weight
of agent 1’s signal and others is only due to agent 1’s location in the social network, because all agents

are otherwise homogenous in their signal precisions and risk aversions.

2.6 Social Interaction in Multiple Stars

A recent paper by Hong, Kubik and Stein (2002) finds that a mutual-fund manager is more likely to
hold (or buy, or sell) a particular stock in any quarter if other managers from different fund families
located in the same city are also holding (or buying, or selling) that same stock. Another study by Feng
and Seasholes (2002) shows that the correlation of buys (as well as sells) within a geographic region
is highly significant at a weekly frequency whereas no such significant correlation can be seen across
different geographic regions.

Although it is hard for us to fully address the issues raised by these studies in our framework, we
take a small step by looking at how presence of disjoint clusters in a social network can affect portfolio
decision-making. In particular, we analyze a social network consisting of multiple disjoint stars and

examine the correlation between agents’ demands in that network.
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\ /2 (i€S1) \ /j (€52)
./r/.\‘\. — . T~

Boston New York

Figure 2.4: MULTIPLE STARS REPRESENTING SOCIAL INTERACTION

Proposition 2.6 Assume Al, A2, §3, A4. Suppose the social network consists of multiple disjoint
identical stars, 51, S, ..., Sm, withn > m > 2 and > € Z. If o1? is sufficiently large, then linear

REESI demands, {Z;}i=1,.. n, satisfy the following property
corr(Z;, 2;) > corr(Zg, %), 4,jESr, kE€ESp, LE S, 7,57, k7,07 #0, »#+".

Recall that variations in price reflect variations in liquidity rather than variations in signals if lig-
uidity is highly volatile. Therefore, when liquidity is highly volatile, social interaction becomes a more
reliable predictor of the risky payoff compared to price. Proposition 2.6 expresses the simple fact that
the correlation of demands of agents within the same star is larger than the correlation of demands
of agents located across different stars when social interaction is the more reliable predictor of risky
payoff.' If we treat each disjoint star as a social network representation of a city (or a geographical
region), then Proposition 2.6 provides a theoretical justification for the findings above. Surely, mod-
elling social network across different cities as multiple disjoint stars is a naive and primitive approach,

but the consistency between our result and empirical findings is encouraging.

*However, there is a condition for this statement to hold: all agents have to be at the terminal nodes of the stars. The
correlations become highly complicated when one of the agents in question is at the root of a star, and, in that case, the

inequality in Proposition 2.6 does not necessarily hold.
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2.7 Information Aggregation and Social Interaction

We now explore the effect of social interaction on the aggregation of information through the price
system. This is especially important in economies where information is dispersed among many agents,
because, by aggregating private signals of the agents, price also reveals some or all of the information
carried by these signals.

To facilitate the formal analysis, we first define sufficient statistic following Huang and Litzenberger
(1988):
DEFINITION. Let 7, 6 be random vectors, and 7, 0 be their corresponding realizations. Let Z be
a random variable with realization z. Also, let f(r,2|0) be the joint density function of ¥ and %
conditional on 0. The random variable % is a sufficient statistic for the joint density f if there exist

functions g1 and go such that for all realizations T, z and 0

f(7,216) = g1(7, 2) g2(2, 6).-

Using Bayes’ rule, one can verify that if Z is a sufficient statistic for f(7, z|8), the joint density of
6 conditional on 7 and  is independent of 7. Applying this to our model, if Z is a sufficient statistic for
the joint density of (51, ..., 8, Z) conditional on X, then the conditional density of X given (5, ..., 8n)

and Z is independent of (31, ..., §,). In particular,

E[X|51,..50,2] = E[X|3], (2.7.1)

var(X|51,...8,,2) = var(X|3). (2.7.2)

This means that agents, who have access to the knowledge of 2, know all the relevant information in
the economy. In order to analyze the performance of price § as an aggregator of diverse information,
we first check whether price is a sufficient statistic for the conditional density of (51, ..., §,, D) given

X. If it is, then (2.7.1) and (2.7.2) hold for Z = 5. However, price can not be a sufficient statistic in
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our framework due to the existence of random liquidity (noise). In other words, price § can not be
fully revealing. This is a crucial feature of price in our model; because if price were fully revealing,
social interaction would not convey any additional information. Therefore we rather check whether
the informational content of price relevant to risky payoff X can be a sufficient statistic. If it is, then
(2.7.1) and (2.7.2) hold with Z being the informational content of p relevant to X. With a linear price
function, we can easily identify the informational content of price relevant to the risky payoff: let price
D be a linear function of the information vector (81, ..., §) and liquidity (noise) L such that
n
P=P(31, .80 L) =m0+ »_mii — L. (2.7.3)
i=1
Then the informational content of p relevant to X is givenby > | m;5;.
Accordingly, we define efficiency of price pertaining to information aggregation as follows:
DEFINITION. Let price p be of the form (2.7.3). We say that price efficiently aggregates information
(81, .-, 8n) if the informational content of p relevant to X, Yo ™8, is a sufficient statistic for the

joint density of (81, ..., 5, Yot i8i) conditional on X, so that
n n
E |:X’sl i, stz} = E [X‘ ngi] ,
i=1 i=1
n n
var (X"él, . Zm@i) = var (X'i ng’) .
i=1 i=1

Under assumptions A2 and A4 (i.e., joint normality of signals and i.i.d. error terms), we can verify

that

S

(Il

1 n
O'gt2 + 052 Z ’
=1
is a sufficient statistic for the joint density of (31, ..., §,, S) conditional on X. Intuitively, this follows,

because the precision weighted sum of signals is more informative than any individual 3;. Taking a

glance back at Proposition 2.1, we notice that the informational content of the REE price relevant to
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X carries equal weights for all signals, i.e., it is equal to S multiplied by a constant. This means the
informational content of the REE price relevant to X is informationally equivalent to S. So we have

the following result:

Proposition 2.7 Assume Al, A2, A3, A4. Then the linear REE price efficiently aggregates information

The presence of social interaction significantly affects the performance of price as an aggregator of
information. In an economy with interacting agents, one of the determinants for the weights of signals
in the linear equilibrium price is the interaction pattern itself. In particular, asymmetry in the interaction
pattern can cause some agents’ signals be overweighed in the equilibrium price even though all signals
have the same precision. As a consequence, the information aggregation through the price system can

be impaired by social interaction. We see this happening in social networks in the form of stars.

Proposition 2.8 Assume Al, A2, §3, A4. Suppose the social network is a star in which agent 1 is the
root. Then the linear REESI price does not efficiently aggregate information (31, ..., 3,) for the generic

exogenous parameters 02, o2 and n.

Propositions 2.7 and 2.8 suggest that using REE price to assess real world markets may lead to
false implications. One problem attributed to the informationally efficient REE is its inability to explain
large price swings in the stock market. Cutler, Poterba and Summers (1989) document that there were
no significant events prior to many large price swings for the postwar S&P 500 index. Therefore, if
information is aggregated efficiently in price so that each signal is weighted proportional to its precision
(as is the case in REE), it is hard to account for large price swings. Proposition 2.8 shows a new
way out of this dilemma: the swings might be due to inefficient information aggregation brought by

social interaction. Since inefficient information aggregation allows for an imprecise signal to have a
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disproportionately large impact on price, a significant event is no more necessary for a large swing in
the presence of social interaction.

DeMarzo, Vayanos and Zwiebel (2003) provide an actual example from the stock market, which
nicely illustrates inefficient information aggregation brought by social interaction and its implications:
“[...] consider the individuals participating in internet chat rooms on financial investments. Many of
these individuals have inaccurate (and sometimes false) information. However, the fact that they have a
large audience [...] can give them enough influence to affect market prices. For example, the Wall Street
Journal (November 6, 2000) reports: ‘Preliminary figures show that market manipulation accounted for
8% of the roughly 500 cases the SEC brought in fiscal 2000, ended September 30, up from 3% in fiscal
1999. Manipulation on the Internet is where the action is, and appears to be replacing brokerage boiler

rooms of the past, said SEC enforcement-division director Richard Walker’.”

2.8 Concluding Remarks

Three significant results emerge from our analysis of social interaction in financial markets. First,
when social interaction is the only conveyer of information in a hierarchic interaction scheme, an
agent’s signal affects the price less than her predecessor’s signal. That is, the hierarchy in observation
leads to a hierarchy in influence regarding security pricing. Second, we show that presence of disjoint
clusters in a social network can cause different portfolio decisions to be taken across different clusters.
In particular, when the social network consists of multiple disjoint stars, correlation of demands of
agents within the same star is larger than correlation of demands of agents located across different stars
provided that social interaction is a more reliable predictor of risky payoff than price is. Third, and
most tentatively, in the presence of social interaction signals of some of the agents can affect price
more than others’ signals regardless of the signals’ precisions. This allows for an imprecise signal to

have a disproportionate effect on price. We refer to this situation as inefficient information aggregation.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 2. RATIONAL EXPECTATIONS AND SOCIAL INTERACTION 45

All these results are broadly consistent with the empirical findings. In particular, the second result
is consistent with the finding that fund managers located in the same city display more similar trading
patterns than those in different cities (Hong, Kubik and Stein (2002)). Also, inefficient information
aggregation brought by social interaction may possibly account for crashes and frenzies. Cutler, Poterba
and Summers (1989) document that there were virtually no significant events prior to many large price
swings in the stock market. Since inefficient information aggregation allows for an imprecise signal to
have a large impact on price, a significant event is not necessary to trigger a price swing in the presence
of social interaction.

This essay is just a step toward an understanding of the role of social interaction in the functioning
of financial markets. We shall mention several ways to extend our analysis. One is allowing for hetero-
geneity in risk aversion and signal precision among the traders. Naturally, one expects to see traders
with less risk aversion and more precise signals to have more influence in the valuation of securities.
A richer class of interaction patterns may also bring out new results. Another extension pertains to the
competitive behavior in our model. How imperfectly competitive markets would operate in the pres-
ence of social interaction remains to be seen. Above all, this essay considers social interaction only
in the form of observations of other agents’s security demands. Modelling social interaction as direct
observation of other agents’s signals, cheap talk or a strategic exchange of signals are the natural routes

to be taken to extend our analysis.

2.9 Appendix: Proofs
THE REE A LA HELLWIG

For the proof of Proposition 2.1, we use the following lemmas from Hellwig (1980):
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Lemma 2.1 Assume Al, A2, and A3. Then there exists a linear REE price

n
= P(31,...,8n; L) = mo + Z 78 —yL  with non-zero v, (29.1)

i=1

=1}

and REE price coefficients satisfy the following:

Y SkerTkiok: + Yo — mimai?

- i=1,...,n, 29.2a
i pioi% Y gy Ti20k% + y2or? — miloy?’ " ( )
1 "o lto? & T—m)? — (m—-m
N R M e e LD
v o piogtoi o pi (Lg=y ThI0K +V20L? — mitoi?)
pr = 1 = -
T — Y
T = —5 — — Y7o y (2.9.20)
0z 3 P ! 3 P (k=1 m20%2? + 7202 — mi%0?)

where m = 31 T

Proof. See Proposition 3.3 and Eqs. (7a)-(7c) in Hellwig (1980).

Lemma 2.2 Assume Al, A2, and A3. Let mo, {7;}i=1,.. n,7 be the coefficients of an REE price func-
tion.

(a) If p; > pj and o2 > Uj2, then m; < ;.

(b) If p; > pj and o = ajz, then pim; > pim;.

(c)If p; = p; and 02 > sz, then o;%m; < 0']'27l'j.

If one of the inequalities in the premises of statements (a)-(c) is strict, the inequality in the correspond-

ing conclusion is also strict.

Proof. See Proposition 4.1 in Hellwig (1980).

Proof of Proposition 2.1. The existence of a linear REE price follows from Lemma 2.1. We also have
m; = mj, Vi,j from Lemma 2.2. Define a new variable ¢ = ’—fyi Rewriting (2.9.2a), one obtains

agr, 2
poc?

(n—1ol¢®+or2q— =0. (2.9.3a)
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Let f(z) = (n — o2 2® + 0%z — 55. f is a strictly increasing continuous function, and it takes
both positive and negative values. Therefore f must take value O for a unique 2 € R. This implies the
existence of a unique solution g for equation (2.9.3a).

Rewriting (2.9.2b) and (2.9.2¢), one gets

n(n—1)q
L+ s tiedrer

N = —t e —, (2.9.3b)
N )
Nita
_ poz
To = 032402 + n(n_l)q2 ) (293C)
" poz20Z T p(n )02 10,%)

Since there exists a unique ¢ satisfying equation (2.9.3a) (which is equivalent to (2.9.2a)), v and
o are also uniquely given by the equations above. Hence uniqueness of price coefficients 7; = g4,
1 =1,...,n, follow.

To derive the closed-form solution, notice that (2.9.3a) is a cubic polynomial in ¢ without a quadratic
component. Thus by Cardano’s Formula (see, e.g., Artin (1991)), the unique (real) solution of (2.9.3a)

is given by

—3 ar2 ord o158 _3/___9? ord o8
= \/2(n—1)pa€4+\/4(71—1)2;)2058+27(n-—1)3066 2(n—1)pae4+ 4(n—1)2020€8+27(n—1)3556'

Rewriting ¢, using equations (2.9.3b), (2.9.3c), and the fact that 7; = 7 ¢, one obtains the desired result.

O

NON-EXISTENCE IN CYCLES

Lemma 2.3 Assume Al, A2, §3, and A4. Suppose that the social network is a cycle and there exists

a linear REESI price. Then, for all i = 1, ...,n, the corresponding REESI demand of agent i’s uphill

neighbor is given by

1

& b
|

Il
L
S
+
&
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such that &; is a linear function of signals (31, ..., §,). Moreover,
(a) the random vector (51, ey Sn) satisfying the property stated above is unique;
(b) foralli=1,...,n, agent i knows the joint distribution of (X, 3, p, 61, L) and the realization §;;

(c) the conditional distribution of X given (s;,p, 8;) is the same as the conditional distribution of X
given (s;,p, 2;~), i.e., the informational contents of (s;,p, 6;) and (s;, p, z;- ) related to the risky

payoff X are same.

Proof. Without loss of generality we relabel the agents in the cycle so that for i = 1,...,n, agent 1

observes demand of agent ¢ — 1,i.e.,i~ =14 — 1 (mod n). Let the linear REESI price be given by

n
P o= P(§1,...,§n;f1)=7r0+z7ri§i——’yl~/. (2.9.4)

=1
Assume, initially, that the corresponding REESI demands {Ej } j=1,...,n are normal random variables.

Then the conditional distribution of risky payoff X as assessed by agent 7 has the mean
E(X|Z;] = E[X|sj, p, zj-1] = aoj + a1 8; + az; p + az; zj1,
and the variance
var(X|Z;) = var(X|sj, p, zj—1) = bjs

where the values of coefficients agj, 015, 025, G3js bj depend on the variance-covariance matrix of
(X, 55, P, Zj—1). However, note that these coefficients are independent of the realizations (X, s 3y Dy Z5—1)-

The CARA-Gaussian setup dictates the following (risky security) demand for agent j:

o= E[X‘IJ] —PD  Goj; +a1;8; +a2;p+az; 21
G = = = .
pjvar(X|Z;) P b;

(2.9.5)
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Since (2.9.5) holds for all j = 1, ..., n, recursive substitution for {z;_z}x=1,...n yields
g , @iy a3,j-m <a0J—k a1,k a2,5—k }
z; = + — + + Sj—k + 4
’ pb; Pb p Z<H pbj— m) pbik  pbig’ pbi—k

+H a3,j—-m —m,

pb] m

Using the simple fact that j — n = j (mod n) and rearranging the terms, we get

k—1 a3 j-m
n Zo,7=m
m=0 pb;_m Goj—k | Olj—k 42,j-k
zj = E ] Py T — b, + b Sj— +~b'."—p .
T Um=0 %%, POj—k PO~k P Uik

If wetake j =i~ =i — 1 and let

k—1 azi-1—
n 3ji-1-m
G = Z Hm:o pbi—1-m
L. 1— n—1 @3i—1-m’

m=0 pbi_1_m

n Hk—l a3,i~1-m k=1 a3i-1-m

n
5 = m=0 pb;_1_pm Q0i-1-k +Z m=0 pbisim  Glizl-k
[ § : _ n—1 a3i—-1-m b, _ n—1 @3i—1—-m b, i—1—k»
1 ”m-—OﬁT— PO—1—k 1 1 m=0 phi—1om PO—1—k

then z;- = (; p + &;. Since this equality holds for all realizations (s, ..., 85, L) of {31, ..., 3y, i),

Z- = P+ (2.9.6)
with
n k=1 as;i-1-m n k—1 agi-1-m
5. = Z Hm =0 pbi—1-m  A0i-1-k n Hm 0 pbi_1—m  Oli-1—k 5
v —- n—1 43i-1-m R n—1 Qa3 i—1—m i i—1—k-
k=1 1 m=0 pb; _;__ pbl—l— k= 1- Hm 0 ﬁz—l_ sz—l—k

Since § is dependent on L, &; is the unique linear function of signals (31, ..., §,) satisfying (2.9.6).

Also, note that cov(%;—, L) = v ¢; = cov(p, L) ¢;. Following assumption S3,

¢ = cov(ii_,ﬁ)
b cov(p, L)

is a known constant for agent 7. Then, again due to S3, agent i knows the joint distribution of
(f( , 8., 63, I~,) and the realization §;.

Part (c) of the lemma simply follows from the fact that d; is a linear function of pand z;-.
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Finally, note that both § and Sj are normally distributed since they are linear functions of the
normally distributed random vector (31, ..., 8p, i) Thus our initial assumption of {Z;},=1,.n being

normal random variables is verified by equation (2.9.6). [

Proof of Proposition 2.2: Without loss of generality, relabel the agents in the cycle so that i~ =7 — 1

(mod n) for all i = 1, ..., n. Suppose there exists a linear REESI price, which is given by

P=P(81,. 80 L) =Fo+ Y %5 —F L. (2.9.7)

i=1

We have already established that there exists a random variable §; with
Zi1=GP+ 6,
satisfying the properties listed in Lemma 2.3. In particular, following part (c) of the lemma,
E[X']si,p, zi—1] = E[)Z|si,p, 8;] and var(Xlsi,p, zi-1) = var(s;, p,6;).

Let VZ denote the variance-covariance matrix of (3;, 7, Si), and Wz be the covariance matrix of X and
(3, P, Si). Since (X, 5;, B, Si) is jointly normally distributed, the conditional distribution of risky payoff

X as assessed by agent ¢ has the moments

E[X|s;,p,zi-1] = E[X|si,0,8] = oi + @1si + Goip + d3id;,

Var(X|Siap)zi—l) = Var(X|si1p75i) = Eiv

where the values of the coefficients ag;, 61, a2, G34, bz depend on V; and WZ Due to the homo-
geneity of agents, identical signals and total symmetry in the interaction pattern, we necessarily have

ag, Gy, G2, @3, b such that

doi = a9, G1; =0y, G =42, d3 =4a3, bi=b Vi=1,.,n.
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51
So given the CARA-Gaussian setup, demands of agents will be given by
5 = EX[sup2ia]l —p _ Gotdisit(@—Dpt+asd ., g
ovar(X|s;, p, zi—1) pb

Now we can derive {Si}izl,u_,n explicitly:

Claim 2.1 Foreachi=1,...,n,

b= —— n < >~ @8#11 5 ) (2.9.9)
1—(pb) ; pb b k

Proof. Following (2.9.8) and the fact that Sj =Za-Gpj=1,.,n,

° o 3 o 1 ° 5 D
21'_1 — a(] + alsz 1 + (a:Q )laf) + (13 (Z’L 2 C’L 1 p) . (2910)
P

Recursively using (2.9.10) to substitute for {z;_x }x=2,.. n, We derive

n

a\* a0 & Gg—1.\ <2 /as\*
Zi1 = Z( ) ( + =Skt ﬁ)- <—> G-k P
=1 \pb Pb pb k=1
o n
a -~ .
+ (—3) (Zimn-1 — Gi—n D).
pb

Since i —n =i (mod n) and 6 = Fi_1 — ¢; P, this equation yields

n

P Z(&“)k—l (&°+&1§ +&2—1ﬁ) 7§<&3>kc p+(&3>n5
i—1 == - -5 = Si—k S - -y i —k -y e
’ e \pb pb  pb ‘ pb ’ pb ’

k=1

Then due to Lemma 2.3,

) (i) ()
P pb pb pb 2 (2]

ob

. 1 n o k—1 o
b= ————x Z <%> (‘—12 -+ E—l— S k) O |end of claim]
1- (%%) i \pb b pb

Note that the weights of agents’ signals in price are equal to each other due to the strict homo-

geneity in the market, i.e., for all { = 1,...,n there exists some 7 dependent on demand coefficients
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&g, a1, G2, a3, b such that 7; = 7. Actually one can verify that

: ag
o . a1 pb
T = = |1+ | (2.9.11a)
pb 1- ;%
:. pb
= 7 29.11b
: g
w0 = 4230 1+~£”E , 2.9.11¢)
p 1-3
using market clearing condition

zi(sivpv 51) = L7

n
=1

k2

and solving for p.

Now we can write down the variance-covariance matrix V; of (3;, 7, 6;):

[ . 5 A ]
0p2+0c? nf o2 +% o L g 2 L2 f oe?
x € x € 1_13. x 1—(ia-)n €
pb b,
2 4
nk og2+F 02 n2%2 o 24 n#2 0 2+52 0,2 n# _LZ_E ox24+ ——%E g2
-4 1-22
It oA i (%) (8) ("
P! 2, P yd 2 2 2,2 2 L 2 p £ 2
A7) o+ 1_(%)n O¢ nﬂ-l—-a—@- Oz +7|'1_£& O¢ l_fi_{i 5 Og“+ (i3 ) . ag 5 O

L pb pb pb o b pb pb J

o

It is a straightforward observation that VZ = VJ for all 7, 5. Let V denote the variance-covariance matrix

is of the form

~—

of (5, P, 8;) for all 4. The covariance matrix of X and (5;, , &,

1
W, =W =02 | ™ |,
4
—pb_
-4
pb

o o

Normal distribution theory dictates that [a; G2 as] V = W', which further implies

" 5 ~1
2 & (dg)"
81 (022 +0e2)+ao (nioy2+Foe?)+a3 1”;& g2+ L2 ((;2 — Oe? = gz, (2.9.12a)
- i
pb pb
4 &
&1 (nfog2+hoc?)taz (R4 202 +ni20e2 +420 %)+ nfrl—ﬂ?ﬁamz—f-fr—ﬂ;?of = nioz?, (2.9.12b)
pb _pb
a a a n-1 a a
& ;bl 2 Elbr(;l%) 2 o __pb 2 ob 2
1 1—ﬂﬁ-az+ (% n— 0 | +az | nm g o+ %a( +
ob _(pb) pb pb
N 5N\ 2 s\ 2n .
a1 a9 1-{ %3 a3
&3 (”{f) » Ox+ (”nb)n > (""b 5 Oc? = —25,2(29.12¢)
(-2) (=(3)) (%) o
pb pb pb 4
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Multiplying (2.9.12a) with — I—”—b&j, adding the result to (2.9.12c¢), and dividing the derived equation
-
by pi), one acquires

The only solution to this equation is %lg = 0, which in turn implies a; = 0. Then (2.9.12a) reduces to
bdo(nFog? + 70) = 0.2, (2.9.13)

while plugging 41 = 0 in (2.9.11a) results with

(2.9.14)

2o
i
o

Egs. (2.9.13) and (2.9.14) together imply 0,2 = 0, which violates A2. Thus there cannot exist any

linear REESI price. [

HIERARCHIC INTERACTION SCHEMES (TREES)

Lemma 2.4 Assume Al, A2, §3, and A4. Suppose that the social network is a tree and there exists a
linear REESI price. Then, for all i such that i~ # 0, the corresponding REESI demand of agent i’s

uphill neighbor is given by

such that 8; is a linear function of signals (81, ..., 8n ). Moreover,

(a) the random vector (Si)z-—#@ satisfying the property stated above is unique;
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(b) for all i = 1 such that i~ # 0, agent i knows the joint distribution of (X, 5;,p, 5, L) and the

realization 6;;

(c) the conditional distribution of X given (s;,p,8;) is the same as the conditional distribution of X
given (s4,p, ;- ), i.e., the informational contents of (s;,p, ;) and (s;,p, 2;- ) related to the risky

payoff X are same.

Proof. The proof is similar to the proof of Lemma 2.3.

Lemma 2.5 Assume Al, A2, S3, A4. Let the social network be a tree. Then there exists a linear REESI
price within the class of functions of the form
-~ n ~
p=P(51,....,80; L) = wg + Z 7r£’ 5 —"L  with non-zero AP (2.9.15)
i=1
if and only if the following system of equations has a solution in ({m?};=1, . n, 7", m):

Imi—1
h h .
o= 1+ Y ] s |ek i=1.m
meH-1(3) j=0

n -1
ho_ 1 h
o= (Z . 02 # 0,

i=1 i

n
h
=1

I

h
o
where ({0&», 0'&, Ggi, bé‘}izl,,,,,n; {0§i}i=g,m,n) constitute the equilibrium demand coefficients of

1
z1(s1,p) = 60+ o7 + (931 - W) D,
POy

‘ 1 ,
2i(sip6L) = 68+ 6%+ <9£LL - W) p+ GL’;L’L'[S; , i>1
i
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such that
h 1 h .k h _h
0o = ke bh — 61y — Oy | — 6375,
gh — 1 (Choa(mp)? = whal) o + (v")?0r?
1n =
poe Zk¢1(7"k)206 + (vh)%0L?
o = o
o (Thma ()0 + (14)2012)
1( 1 -1
= 2 (rohrtht)
p p
and fori > 1
h L
0o; = Nz(,,—;g—(’{%@%ﬂh—%‘i[9{‘,i-+2k‘=lz(ﬂf 119;?1 g)offk]) —05;7,

O = g [(Siaebrera)ol vt o) (00, ) w0, ) (ne) ) +

(0h _(mh—nh )+E (mC 11031 ]) f»i—k(ﬂ-zh_ﬂ'?wk)) (9? mh +Zkl 12(1—15 1 gl ])oh_ kwf_k)gez ,
h
b0 = 55 (”h‘"lh)<(ofi—) +E (I—If ton J) (9;l _k)z)ag _

h bl (yk—1 gk h 5=t
(Gl,i—+zk:2( I15= 103@ ])eliwk ’i 7" +Z ( = 19;i—j)6f,i¥kﬂ’?_k oe? ],

h 1 L
O3 = pB; (Ek#l("k)2052+(7h)20L )(of,i—+21:;12( ;C llggl J)eil,rk) -
!
(77"-—7r£’)<0f,i_7r£1+z,:’=12(nf i )Hh_;k-trﬁ_k> 2],
bh = 1 +9 +9 rhioh o 9h gh -
1 P\ poz? 3i +E ( s,i*j) 1,4~k !

- 2 bl (rrhe 2
/Bz = g’ (Zk;&i("rl}:)2652+(7h)zal«2)((0?‘1_) +E,§:2(H§:f9§,iﬁj) (O;Li—k) ) -
gh h Fiy1 k~1nh h h 2 2
1,4~ 7".,+Zk:2(H] 10:“ 1)9 —kwrk) g |

withth =57 7h

=1 "%"
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Proof: Recall that there exists a random variable 6; with 2,1 = Gp+ b4, satisfying the properties
listed in Lemma 2.4. Assuming that risky security price p is given by (2.9.15), the random vectors
(X' ,§1,P) and (f( , 8i, D, Si)izz,“,n are jointly normally distributed. Let Vlh be the variance-covariance
matrix of (31,5), and W} be the covariance matrix of X and (81,P). Also, fori = 2,...,n, let V*
denote the variance-covariance matrix of (§;, 7, Si), and Wih denote the covariance matrix of X and
(8,7, Si). Since the social network is a tree, agent 1’s information is 7; = (s1,p), and fori =2, ..., n,
agent ¢’s information is Z; = (s1,p, 2;-). Therefore, the conditional distribution of risky payoff X as

assessed by agent 1 has the moments

E[X|51,P] = E[X'|51,p} = ag1+a?131+a}21110,

var(X|s;,p) = var(X|s1,p) = b,
and the conditional distribution of risky payoff X as assessed by agent i, i = 2, ..., n, has the moments

E[X|3iapv zi-] = E[sti,P, &) = agz + a?’isi + agip+ 0'3115@

var(X|si,p,zi_) = var(f(|si,p,5i) = b?,

where aly, a;, af;, %, and b depend on the variance-covariance matrix V}* and W for all i =
1,...,n.

Given the CARA-Gaussian setup, the demands of agents are of the form

E[X|s1,p] — ay +af h—1
5 = EBlXlsupl-p _ ag a1151+h(a21 )p, (2.9.16a)
pvar(X|s1,p) pby

andfori=2,...,n

2 E[X|Si,p, zi-]—p _ a’gi + a'}llisi + (agi — D)p + asd;
T - - .

pvar(X|s;, p, zi-) pbl

(2.9.16b)

Now we can derive the random variables {4;}i=1,... », explicitly:
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Claim 2.2 For eachi = 2, ...,n,15

g h i k-1 gL g . allz L
5 = 20i- 4 L BRI YO S (2.9.17)
B R Z (Hl Plm ) \Pby POk
Proof. First recall that Sj = Zj_1 — ¢ P § = 1,...,n. Then following (2.9.16a), for all ¢ such that
i =1,
~ a01 + 0‘1151 + (a21 1)ﬁ ~
0 = pbh =GP
ho_
Due to Lemma 2.4, (; must equal 5%15;1—1 so that
1
_ h h g
A e 1} (29.18)
pby
On the other hand, following (2.9.16a), for all ¢ with i~ > 1
h h & h = ~
5. = L (az,r = Dp+az;- (%2 — G- D) . (2.9.19)

Recursively using (2.9.18) and (2.9.19) to substitute for {z,_« }k:Q,m’lill, we derive

ab ot h
5 = @p 5~ " 74— 5 +“2,i—"1
1T - h, 1=
pbl  pbl pbl
il fk=1 ,h ah h h
3,i—™ 0,i—k A1k _ Ao,k -1
+ + 25k + =297
Z (H ) (’ObO ik pb?—k pb?*k
l‘L 1—-1 ko gh lin al
3,4~ _ 3i-m | ~
- Z <H M > Ci—’“ D+ H _—bh (Zi—li,l - Ci“li,lJrl p).
me1 PO m=1 PYi-m
BIf1;, = 1,ie., ¢ = 1, then (2.9.17) simply reduces to
h h = ~
5= Oy i~ 0y ;- 8- _ aly + a5
i Pb:t__ pbil )

which is consistent with (2.9.18).
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Since ¢4 = 1 by definition, using (2.9.18), the equation above reduces to

h h h
5. - g~ n ay - 54 Ay - — 115
! pb?_ pb?_ ¢ pb?_
lin=1 /k—1 R h h h
’ Qo . Qg g ay i a _, —1
3™ 0, 1, ~ —k ~
+ (H b,’L ) < bhi + b; si_k+————-21bh p)
k=2 m=1 P i—m P O,i_k P i~k p i—k
li1-1 k h li, h ~
1 G3-m _ T % | aby +ahs
- H bh Ci“kp+ H bh bh '
k=1 \m=1 PVi-m m=1 PV-m poy
Then due to Lemma 2.4,
h h lii=1 /k-1 . h h h
- al._  a._ : al. .. al ., at i
5 = 0,2 + 1,2 G-+ 3,7 0,2 + K I
o 2 (W ) G
lix _h ~
T3i-m \ agy +af11
+ H bh bh *
m=1 PO—m Po1

and using the relation i =% = 1 gives us

h h g /k—1

= Gyi- Oy ag ;-m g,k A,
6 = T + pl;h 5- + Z H 2 B + —2—38,—« | . O [end of claim)
PY;- i~

3
k= \m=1 Pbiem ) \POgi—k PO

Having this explicit expression for §;, we can write down the distribution matrices. For notational
convenience, we define 7 = 3"} 71, The variance-covariance matrix of (5, p) is

012 + 052 7rhaz2 + 7(‘{7’0'52
Vlh =

)

Tho? + mho? (70202 + SR () 20k + (M) 202
and the covariance matrix of X and (31, 7) is

1
Wi = o,?
h

For i > 1, the variance-covariance matrix of (5;, §, 4;) is

0.2 + 02 mho,? + who 2 cov(;,6%.)
, e
Vh=| rho? 4 Tho 2 (nh)20,2 + ZZ=1(7TZ)2UI€2 + (vM)32%L2  cov(p, 6) |
cov(§;, SZ_ ) cov(p, S:— ) var(gf_ )
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where
i o = b1 k-1 “grj “?i—k 2
cov(§;,6) = —‘ﬁ—pb + ki | 112 o ; oz,
i~ i—J i
aft ! . al j alt X h 1 O
- i~ i1 - i~ 1,47
covpo) = (ﬁ,‘i—JfEi:z(Hj:fﬁ’#—,)nﬁ‘)”” ? <—z—7r FT 2<H —%—)—z—w._k)vev
i i—J i i

R ah h e 2 h 2, .h . 2
H — 1 Ic 1 %3,—d 1 1 k—1 3 —J 1,8 2
var(d;) = (pb +Ekl 2( iy _z]pbl_ ) pb i ) g2 + (nb;_ ) +Zk’ 2(1‘[ o1 ;)htl ) (ﬂ;h__l_k ) g’
1

and the covariance matrix of X and (3:, Py Sz) is

1
Wih — Jzz ﬂ'h
ai‘l_ lin k-1 gz j a?,rk
obF +Zk=2 HJ 1 ,oblz pr’_Z_,C
Normal distribution theory dictates
b o] = oy, (2.9.202)
W= — Wk v, (2.9.20b)
- p
afy = m-WEOMT T (2.9.20¢)
o + T g
and foralls > 1
! _
ol o ab] = w7, (2.9.20d)
o= ot - W)Wk, (2.9.20¢)
fh
aly = pe - WM mh + s (2.9.20f)

ah1 lzl k 1 Sz J T,—k
+Z _gh_ Mz

After elementary but somewhat tedious manipulations, one acquires the following result:

f‘_lfll_l - 1 (Ek 1(”/}3)2 - 7’1) o+ (v1)20,2
pbt poe? Zk;ﬁl(”k) o2 + (yh)20 .2 ’
a_gl _ mh — xh

P o (S0l + ()20r2)
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and fori > 1

o

h
1

2

Y
P

ﬂh pb']
T

h h h
(“ (w-wh>+z <H 3">~r<w—w_k))

1

h P P
( W +Z <Hk 1 31 J) 1,i— kw?_k>062 ,

ah 2 ah 2
- o () i) () -

)
>
[

©
>

h ah h oft
ar; l; —k ay 4 —k
1,3 i,1 3,57 1,4 k—1 3,7 1,¢
(—‘h—pb +> :k:Q (] ] "’ﬁ—> pb ) (—";—77 +§ ( J=1 "k ) ob
i i—7 i

h ah ah . h
03, 1 hy2 . 2 hy2 2 1,i— lin k—1 "33 \ T1ik
o (kg ()20 + (") 0L )<W+Zk:2<nj=1 Eh_z) *’;{:)“
) i T

(w —7l'h)<—'h—7r (Hk 1 :};l J) ;11 K ?_k>062 :
b ol 2 al . 2
b = o (Zk#(rb%su(wh)%?)((alzf ) o (H Ca ]> ("’ﬁifk) )_

h . uh‘ X 2
k 1 31 J 1,i— h 2
(—’E"" +Z < 1 ot >_‘h_pb4 Wi"’“) T
T

—k
Now define
h h h
051 = o1 o = =L 05 = 2
- h - b - b
pb pbl pb
and fori > 1
h h
98' — Gy 0? - 91 03 _ Oy h o Q3
i = h i = R i — ’ 3 =
pb; pb; pby! topb}
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We can rewrite the equations above as follows

o = 1 (FRa P )ol 1o, 2 (2.9222)

- P03 Thp (e (e T 7
h__h

0 = ——r (2.9.22b)

p(2k¢1("}$)2052+(7h)2”L2),
2 I _ 2 2
0y, = L | ((Zra(rf)2=mtal)a?+(y)2o?) (67 )+ (T1EZ 08 ) (61—%) ) +
By )i J 3,i—J ,
L _
(0~ bt el (A )08 o tt=nt ) )
l-’l ko
(e?nfwfv'*'zkl:? (HJ‘=11 eg,rj)ef,i—k’”?_k)ae{l ' (2922C)
oh = 1 heemy((op Niasbl (rrk=tn Yi(oh ) )o.2
2% T g |7 —7¢) (1,14) +Z‘C:2(HJ'=1 ea,i—j) (1,i—k) Te” ~
h i k—1 3 li1 k-1
(91r+2;:2(nj=1 "Q,i—j)ei,rk) (0f‘i,ng_+zk’:2(njzl 9g,i_j)9f1rk7rf_k)aez} ,(2.9.22d)
3 _
Bgﬂ- = PLﬁi [(Zk;ﬁ(”E)2U€2+(’Y'L)QUL2)(ef’i_+zkl’:12(r[§=11og,i—j)ef,i—k) -
I -
(1\"‘—7\'2’)(0;”’##:‘_ +30 (H;C:11 9;@.1-)9f'i_k".?—k>”e2] ; (2.9.22¢)
2 1: 2 2
B = o2 [(Ek#i(wt)2oe2+('yh)2a[,2)((0?’1_) +Zkl’=12(nf;119;i~j) (()h‘ ))'
9h h li,l k—leh eh h 2 2
l,i—wi_+zk=2(nj=1 3,i~j) 1i—kTi—k | Te" -

Moreover, from (2.9.20b) and (2.9.20e) we have

b’f = 0'12 (1 et a}ﬁ — (Lglﬂ'h> y
h i (k-1 h A
h 2 ho_ b h_ b | FLic B33 | M,k .
bf = 0" |1—af; —agym" —ay -t Z 7 T , 1>1
Phi- i \ o1 Phs | Pb
Following these equations, one can easily acquire
o o= L(_1 Lot 4 gh b -
1 o \ ooz T T 05 ; (2.9.23a)
. 1 1 i1 k-1 -1
b= Aozt OF; + 05" + 05 |0k, + A , i>1. (29.23b)
z k=2 \j=1 7
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We also have from (2.9.20c) and (2.9.20f)

agy =z — afi iz — afy (Wg + Whﬂx) )
h lir (k-1 ,h h
ay ;- ; g -5 \ O -k '
agi = MUz — a}llz‘/sz - 01}211' (71'(’)7' + Wh/lz> - agi .b—;’ + Z H b_:L b;L s 7> 1.
p = k=2 j:l p i—J p i_k
Hence the following holds
oy = (L —oh 7r) oh wh (2.9.242)
01 Hz pb’l‘ 21 2170 9.
1 l’L 1
0 = Mo pi e N P Z H 6y | 6% | | — Ol 2.9.24b)
i

On the other hand, we have the market clearing condition given by

21(81,1)) + Zzi(siypa 5;"—) = L.
i>1

Substituting from (2.9.16a)-(2.9.16b) and solving for p, we get

- 1- a}ZIi aOz gz
— 2 & ~LJ.
p Z pb? Z pbh pbh Si + — pbh i

i=1 =1

A further substitution from (2.9.17) results with

"1 —ab ! al; o 2” afi—k
p= ZW Zpbﬁz bhstZ H pbl—h_ksrk"L

=1 i=1 i=1 P i>1 k=1 ]Opb

h
. . . h a i .
Rearranging terms and substituting {Hj,i} j=1,2,3 for {;71)-{;} j=1,2,3 yields

p=<z :’h 6) 2601+Z L+ Z H 93m1 8tsi—L|. (2925

=1 meH-1(:) j=0
We observe that the market clearing price induced by hypothesis (2.9.15) is again linear in private
signals and liquidity supply. Expectations formed relying on (2.9.15) would be rational if and only

if the coefficients 78, {m}*}i=1,.. n, ¥ in (2.9.15) are the same as the corresponding coefficients in
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(2.9.25). Therefore the following conditions hold:

Im,i—1

h i+ > Il s |0l  i=1.n (2.9.26a)
meH~1(i) j=0

n -1
1
W= E e — ok , (2.9.26b)
pb;

i=1

3
Il

n
o= "> 6 (2.9.26¢)
i=1

Recall that 9&-, 0%, 05‘1., Ggi, and bf depend on the price coefficients 776‘, 7T{7’, - 7r£l‘, ~* (see Eqns.
(2.9.222)-(2.9.24b)). The existence of a linear REESI price as given by (2.9.15) is equivalent to the
existence of a solution to the system of equations (2.9.26a)-(2.9.26¢) and (2.9.22a)-(2.9.24b) in argu-

h

ments (7f, 7P, ..., 72, 4") with v* # 0, which essentially presents a fixed point problem as given in the

statement of this lemma. O

Proof of Proposition 2.3: Suppose price j is given by (2.9.15). Let 7rg, ., 7r2, ~" be the coefficients
of our hypothetical price §. To establish that there exists a linear REESI price in a hierarchic interaction

scheme, it suffices to show that there exists a solution to the fixed point problem given in Lemma 2.5.

Define
h
7l .
Qf = Tylh" 1=1,2,..,n,
h
ho s
Q" = W’

where * = "7 7l Also let

g=1

1 (Zka (@R - @"Qt) o +01”

oh = , 2.9.27a
H po? Skt (@202 + 0.2 ( )
R~k
e = @ o : (2.9.27b)
P (Zk;ﬂ(Qz)teQ + 0'L2)
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and fori=2,...,n

Ol = o [(Sia@pr-era)ei+o?) (o, ) rrih (Mt €}, )" (ermx)) +

(r - @-@+Tit (M ef ot _(@i-Ql )

(et it (it )g)} 29270

@
P ad
|

[(Qh—Qb((e;gr)ﬁzfig(ﬂf;% ®%,5) (04,) ")t -

h L (1rk-1 gh h R h Ll (k=1 gh h h 2
(el,i—+zk=2(nj=les,i—j)eer el,i_Qi“+zk:2(Hj:les,i_j)el,i—in_k T |

(2.9.27d)
@g’z = 'plTl |:(Zk;ei(QZ)20'62+UL2)<@§L’i;+25ci’=12(1—1?:11 @g,i—j)efyi—k) -
@ -ah(eh _Qr+5ih (it ez,i-j)eﬁ,i_kcef_k)af} : (2.9.27¢)
B, = 2 hy2,, 2 2 h 2 i1 k-1 oh 2(ah 2
¢ e (E’“#(Qk) geitor )((el,i_) +E’“=2(Hi=1 es,z‘—j) (el,i_k) ) N
h h L (k-1 gh h P
el,i~Qr+Zk=2(H1=1 ea,i—j)al,i—erk) gen (2.9.276)
Notice that
@{lz' = 0{11‘7
@gi = egi;
@Q@ = 9537", i=1,..,n,

where 8;;, 7 =1,2,3,% = 1,2, ..., n, are given as in Lemma 2.5.
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From Lemma 2.5, one further has

1 1 h h
i "+ enQ"
1
1 1 h hot v eh [ eh
1
oy = L _epm
Pam2 7h,
# = Lo -op
P opo? TR
And also:
2 - (
"=
i=1
h
7['0 =

Since ©%,j =1,3,i=1,..,,

l’Ll k-1

+2_(les.-0e1

k=2 j=1

—k

i=2 ..

65

(2.9.28a)

n12.9.28b)

(2.9.28¢)

(2.9.28d)

(2.9.29a)

(2.9.29b)

(2.9.29¢)

n, only depend on {Qf}izl,_”,n, equation (2.9.29a) can be analyzed

independently from equations (2.9.29b)-(2.9.29¢). Essentially (2.9.29a) is a fixed point problem in the

arguments (Q}

proceed as follows: let

oh = [0,

€

and define F: QP - R, G : QF — Qh by the conditions

(7@ -.Qb).

and
(6@, ....,QM), =0
(G(QRh... QB)), = (F(Qh, ....QL)),
(g(Q?a aQn))l = EQ’ (1 -+ 'I’L2n)

1+ Z H@smj

meH~1(s) j=0

n
5 (1+ n2")] € R%

h
lzv

it (F(@Qh . Q), <0,

if 0<(FQ...QM),

i=1,..

L

< 2, (1+n2M),

i — poe

it (F(QF, ., QM) > 522 (1+n2"),

1=1,..
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Due to assumptions S1 and S2, Q" is compact and G is continuous. Thus we can employ Brouwer’s

Theorem, which implies G has a fixed point
Q%,...,QM e Q.
Now we would like to show

A 2
h .
O<Qi<——~p02(1+n2”), i=1,..,n

€

so that we end up with
(QF, -, Qn) = F(QF, .., Qn)-
We will be able to show this given sufficiently high level of liquidity variance o1? in price. However,

before proceeding with our arguments, let us introduce the following notation:

=0y o, i=1,2,3, i=1,..n
@b @h)=(Q)@h) ]

Claim 2.3 There exists 01,°> < 0o such thatV o> > o and ¥ (Q%,...,QM et

0 < O < —,
POe

0 < O3 < 2 i=2,..,n.

Proof. Since 0 < Q! < ,,72;2 (1 +n2"), i=1,...,n, following (2.9.27a)

. 1
lim ok = .
o200 POe

Furthermore, from (2.9.27¢) and the equality above one derives

. h
lim O3 =1.

o400

Now proceed by induction: suppose for all ¢ < k,

h —

I%m 01,01 = -
oL <—00 POe
lim e = 1
2 y
agLe—0o0
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Then from (2.9.27¢)
lim O, = ,
or,2—00 Lk 52
and from (2.9.27¢)
1 1 b,
o 1wt a2l
UL]%IBoo@&k-i—l = 2027 1 \2 1 \2 s
(=) + () Titt
= 1.

. h .
lim Oy, = 3 1=1,2,...,n,
or?2—o0 PO

lim 0% = 1, i =2,..,n.

g12—00

By continuity of ©%; and ©%; as functions of o2, there exists o2 < oo such that Vo ? > g,

A 2
0 < O < —, 1=1,2,..,n,
po

0 < 63 < 2 i=2,..,n O |end of claim]

Claim 2.4 Forallo1* > o1°

Q*>0, i=1,..,n

Proof. Let us fix liquidity variance 07,2 so that 07,2 > g_LQ. Suppose there exists 4 1<;<p, such that

Q:’ = 0. Then due to the way we defined F and G, the following must hold:

Im,i—1
Ah Ah
1+ > ]I €%, |6t <0.
meH"1(i) Jj=0 Qh=0

H : A Ak ho_ 2 "
owever Claim 2.3 shows that V (QY, ..., Q) € Q" = [0, oz (1+n2 )]

ek > 0, i=1,2,..,n,

er > o, i=2,..,n.
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Then we have a clear violation of the inequality above since

lm,i—1
h
1+ Y [ e el s
meH"1(3) j=0 Qh=0

Thus it must be true that QAf >0,i=1,..,n. [[end of claim]

Claim 2.5 Forall 0% > o2

QF < —@1+n2", i=1,.,n
€

Proof  Fix liquidity variance o2 so that 67,2 > g_ﬁ, and suppose there exists i1<;<n such that

Q’-’ = pT?eg (1 + n2™). Once again, due to the way we defined F and g, this implies

)

lm‘L

1+ Y H@g,m] er;

meH-1(3) =0

2
po

>
Qh— 7 (14n2")

5 (1+n27).

But following Claim 2.3, V (Q%, ..., Q") € 0 = [O, F%eg 1+ n2”)]n

Then one necessarily has

Im—1 9

1+ Z He:ama o < o2 I+ Z glmi

meH~1(4) Q?:ﬁg—(l%—rﬂn) meH~1(3)

2
5 (14 n2"),

PO

<

§ =

which violates the inequality stated in the beginning of our proof. Thus Qf < p%g (14 n2m),

1,...,n. O l[end of claim)]
Claims 2.3, 2.4 and 2.5 prove that (Qi’, ey QZ) is in fact a fixed point of F for o> > o2, which

directly implies that (Q%, ..., Q) is a solution to equation (2.9.29a) for 0,2 > ar?
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Now if we can show that there exists a solution to the original fixed point problem, namely the
one given in Lemma 2.5, then we will have established the existence of a linear equilibrium price.

Rewriting (2.9.29b) and (2.9.29¢) to solve for 4%, «/*, and substituting (Q", ..., Q") for (QF, ..., QM),

one gets
;?h _ 1+ Z’?:l @’217,
- A A A A A ls, k-1 Ah A !
WTZE + Z?:l (e}fz + 6}211 Zﬁzl QZ) + Z?=2 @gi <@}1L,i‘ + Zk:IQ (Hj:l es,z‘-j) @?,rk)
e
,ﬁ_g — ah pox

L+ Y5, 05

where {é?i}jzl’g’g;izl’m,n are functions of (Q’f, ,be) Also substituting for ﬁf = ﬁhQ?, 1 =
1,...,n, one derives (frf, - frﬁ, Ah, fr(’)‘) as a solution to the fixed point problem given in Lemma 2.5
for all 072 > o'_L2. Hence we have the desired existence result for the linear equilibrium price.

However, before ending this proof, we need to verify one last thing: whether " is nonzero (since

it is required by 2.9.15). First, note that (:)gl — 0 Viasop? — oo, and consecutively v* converges to

1
n n 1 n o
o2 T 502 T o 2uim1 L1

So for sufficiently large o2, 4" will be nonzero, and (if need be) by redefining o2, we can always

guarantee this. [

Proof of Proposition 2.4: The proof of Proposition 2.3 guarantees that for sufficiently large 072 there
exists a linear REESI price in the hierarchic scheme with

nh 2
[

Then for this linear equilibrium, one can show that

. 1
lim Gfi =—7,

1=1,.,n,
o1,%2—00 POe
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and

lim 62 =1 1=2,..,n
3 ’
or2—00

with arguments similar to those used in Claim 2.3 within the proof of Proposition 2.3. One also has

h 1

v n n 1 n L
poz? + P02 + po2 Zi:l 7,1

as 012 — oo. Using Lemma 2.5, it can be further shown

lim 6% = 0, i=1,..,n,
or2—00
. h 1 .
l%m by = Y 1=1,..,n.
TLTTeo p <—zp011 + g+ 1) 5= )

for the same linear equilibrium. Remainder of the proof will directly follow from the equations that

yield price coefficients in Lemma 2.5. [

Proof of Proposition 2.5: We assume risky security price 7 is given by a linear function of the form

p=P(51,..,50; L) =7} + i w8 —~* L  with non-zero v*.
i=1
Since star is a special case of hierarchic interaction, we will be able to employ Lemma 2.5 in our proof.
In particular, star has the characteristic that [, 1 = 1, Vi € {2,...,n}.

Throughout the proof, we will specify the variables pertaining to the star with the super-index *. So
in the case of star, ({65, 07;, 05;,b] }i=1,....n, {0%; }i=2,...,n) Will represent the demand coefficients such
that

alnn) = 6+ 0+ (0 - )
pbi
2i(8:,0,8%) = 03 + 0% + (0;1. - p%) p+ 038, i>1.

1
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Once again we will use the convention (as in Lemma 2.5) that 7* =

observes that following hold for the star:

where

andfori=2,...,n

*

17
65
O3i
b}

*
90i

21

01

1 =

*

*

1 (Eker(m)? — wf + wi(n] — @) 0 + (v) %01

1 (Zkey(mp)® —*nf) o + (v9)%0L”

It

n
o (1 + Zegz) 11
=2

’Y* 0{1',

" -1
<Z 'p_bf - 951) 3

g=1

n
7O
=1

*
-

poe?
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pb

P Y ka1 (M)202 + (v)20L?
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po?
1

Poepi(Th)20e2 — (11)202 4 (v*)20rL?

* * *
=Ty — My

P X opi(Tp)?02 — (w1202 + (v*)20 L2
1 (S = i =) 02+ (7)0r®

poc?

Lppal(mp)P0k — (m])20c? + (v4)%0L?

1

ql
p\po

%<

1
pb;

-1
» + 03 + 03,7 + 63, fl) ,

* * * * * *
— — 01 — Oy — 93i911> — 03,7

% )
011

K

71

From Lemma 2.5, one

(2.9.30a)
(2.9.30b)

(2.9.30c)

(2.9.30d)

(2.9.31a)

(2.9.31b)

(2.9.31¢)

(2.9.31d)

(2.9.31e)

(2.9.310)

(2.9.31g)

(2.9.31h)

(2.9.311)

Equations (2.9.30a)-(2.9.30d) and (2.9.31a)-(2.9.31i) together determine the linear equilibrium

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 2. RATIONAL EXPECTATIONS AND SOCIAL INTERACTION 72

price through the following equations:

v o oonf 1 (SR omte)ol (2o s (Srpar?—ri " —nh))oe 2+ (r7)2a, 2 (2.9.32a)
T T Y\ BT ThanpReel (v )%er2 Rt R LRI LI CADLI LA A
2 2 2 2

P 21 ST s U O Lo bz (2.9.32b)
t pael Trzilrp)Zoe2—(x]) o2 +(v*)%0

AP ¢/ NG, s Uit Vi VS Sna AR S
¥ /)012+/)0€2 Ek¢1(W;)ZUe2+(’Y*)20L2

S 1 (2 Ek#1‘i(7r]:)2+(7ri‘+1r1.*)2+1r*(7r* —2«1‘——27r;)—1r*+7rf+7rf)052+2(’7*)20L2 (2 9.32¢)
k=2 0052 Zlc;éi(7";)2052_("I)2°€2+(7*)2‘7L2 ) .

A A S v ori o . (29.32d)
0 v poyx P Ek¢1(wi)2ag2+(w*)2l’[,7 k=2 2k¢i(""i)2"62'(7r1)2052+(’Y*)2"L2

It turns out that Eqs. (2.9.32a) and (2.9.32b) can be analyzed independently of (2.9.32c) and
(2.9.32d). Define

Q=

Q" =

Then Eqgs (2.9.32a)-(2.9.32b) yield the following:

v (ZR@p?-0 ef)ec+o? (Srpa(@p)?—Q1(@* =@ )02 402 (2.9.33a)

> — 1 T
Ql - p1752 Zk#l(Q;WEQ"H’LQ +Plfei Zi=2 Ek;&i(Q;)2062—(QI)2062+‘7L2 ’
* * * 2
_ 1 (TRa@p®-0rep+Qi @ -9 )oe oy ,_
G T Rl Sl @l e (2.9.336)

The following result states that agents ¢ = 2, ..., n do not differ with respect to their proportional
weights in the price, namely Q7. This is actually straightforward given the complete homogeneity
between them in terms of signal precision, risk aversion, and location in the interaction pattern. The

rigorous proof goes as follows:

Claim 2.6 Foralli,j € {2,...,n},
Qi =Q;

Proof. Suppose not, i.e, suppose 3¢, 5 € {2, ..., n} such that Q} # Q7. Without loss of generality, we

can assume Q} > Q’J*-. Following (2.9.33b), we have

(Zpoi(@P)?-Q" Q) +Q1 (@1 -QD))oe 2402 S (SRo1(@1) -0 Q) +05 (@) -Qp))oe? 4o
Ski(Qp)20e2 (@) 202402 Tk (@502 (@) 202402 ’
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Since denominators on LHS and RHS of the inequality above are equal and positive, dropping them

does not change the direction of inequality. Further simplifications yield
Qi (Q1 - Q") > Q;(Q1 - Q).

Then it must be true that Q} < Q;- since Q* > (7. This violates our very first assumption that

Q7 > Qj. Thus we are done. [ [end of claim]

Following this claim, we know that 3 some ¢* such that

Q =q", Vie {2,..,n}.

Now one can rewrite (2.9.33a)-(2.9.33b) as

= _1_ (1@ QDo +op? 1 (n=2)a" (" ~Q])oe 4o,
@1 70 D@ ZeT40r? oo (oD@ PoeTrop? (2.9.342)
¢ = #W i=2,..,7. (2.9.34b)

Notice that (2.9.34b) is a cubic polynomial in ¢* without a quadratic component. From Cardano’s

Jormula, the unique (real) solution to (2.9.34b) is given by

._ /1, 4 pop20e? p2op 202 205
7= 2(n— 2)p¢7S (\/1+ 1+27 n— 2E \/ 1+ 1*’27 ) (29.35)

Then @7 is derived uniquely as follows:

Q = n(paf-}- (n=1)g*oe? 5+ (n—1) (n—2)g* a2 )*1 (2936)

(n—1)(@*)20e?+op, (n—2)(q*)202 4o ?

Solving for v* from (2.9.32c), we get

1+1 (n-1)q 4l (n-(n—2)q"
. — P (n=1)(¢*)20c%+0 % P (n=2)(q*)20c2+0 2 (2.9.37)
n_y2n-1,1 (n—1)2(¢*)? 1 _(n—1)(n-2)2(¢%)Z * o
I“’zz 9‘752 P (n—-1)(g* )2052+‘7L 4 ("72)(‘1*)2‘752““7[,2

Also solving for 7§ from (2.9.32d) gives us

’Y*n_ﬁli_
= T L2z (I CE (2.9.38)
P(n 1)(9*)202+02 ﬂ(n 2)(a*)20e%40,2
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Now substituting for 7} = v*¢*, i = 2,...,n, and 7] = ¥*Q7}, we have the desired result through

the equations (2.9.35)-(2.9.38). O

Proof of Corollary 2.1: Keeping in mind that 1~ = @ and i~ = 1, Vi = 2,...,n, in the star, the
limit linear REESI price given in the statement of the Corollary 2.1 immediately follows from Proposi-
tion 2.4. Since there exists a unique linear REESI price in the star, the derived limit equilibrium is also

the unique limit equilibrium.'¢ [

INTERACTION IN MULTIPLE STARS

Lemma 2.6 Assume Al, A2, S3, and A4. Suppose that the social network consists of multiple disjoint
stars and that there exists a linear REESI price. Then, for all i such that i~ # {, the corresponding

REESI demand of agent i’s uphill neighbor is given by

Zi- = GD+

7

such that 31 is a linear function of signals (31, ..., $,). Moreover,
(a) the random vector (Si)i,#ﬂ satisfying the property stated above is unique;

(b) for all i such that i~ # 0, agent i knows the joint distribution of (f( .54, D, 01, I:) and the realiza-

tion &;;

(c) the conditional distribution of X given (s4,D,6;) is the same as the conditional distribution of X
given (8;,p, 2;- ), i.e., the informational contents of (s;,p, 8;) and (s, D, ;- ) related to the risky

payoff X are same.

'5One can get the same result using Proposition 2.5, however, it will require slightly more work.
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Proof. Similar to the proof of Lemma 2.3.

Proof of Corollary 2.6: Let linear REESI price p be given by

n
ﬁ=7r0+Z7Ti§¢—’)/L.

i=1
Without loss of generality, let us relabel the agents so that & is the root of the star S, & = 1,...,m.
Having established that there exists a random variable & with %;,_; = Gp+ 5i» satisfying the properties
listed in Lemma 2.6; let V; denote the variance-covariance matrix of (§;, B, Si) and W, denote the
covariance matrix of X and (3;, p, Si) foralli € {m+1,...,n}. Also, let V; be the variance-covariance
matrix of (3;,5) and W; be the covariance matrix of X and (8;,p) for all ¢ € {1,...,m}. Since

(X’ , 81, D) is jointly normally distributed, the conditional distribution of risky payoff X as assessed by

agent 1, ¢ € {1,...,m}, has the moments
E[X|si,p] = aoi +awsi + azp,
Va‘r(XlSiap) = bia

and since (X' , Siy D, Si) is jointly normally distributed, the conditional distribution of risky payoff X as
assessed by agent 1,1 € {m + 1, ..., n}, has the moments
E[X|si,p,zi-1] = E[X|si,p,8] = aoi + aus; + azp + azd;,
var(f(]si,p, zi—l) = Var(Xlsiapv 61) = by,
where the values of the coefficients ag;, a1, a2;, as;, b; depend on V; and W; for all 5. Due to the ho-

mogeneity of agents in signal precision and risk aversion as well as the symmetry between the disjoint

stars, we necessarily have b1, bz, {a;1};=0,1,2, and {a;j2};=0,1,2,3, such that

aj; = aj1, 7=0,1,2, b =b, Vz’e{l,...,m},

aj; = aj2, 7=0,1,2,3, b, =by, Vie {m+1,...,n}.
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So given the CARA-Gaussian setup, demands of agents will be given by

E[X|s;,p] - p aor + ars; + {agy — 1)p

5y = > - o de{l,..m). (2.9.39)
* pvar(X|s;,p) pb1 { J
u = E[X'|8iip, zi-1] —p _ ao2 + a128; + (a22 — 1)P+0325i7 i {m+1,..n)
pvar(X|si, p, 2i-1) pba
(2.9.40)

Following Lemma 2.6, Vk € {1, ...,m} and Vi such that i~ = k,

001+ 0118k

2.9.41
by ( )

d;

On the other hand, due to the homogeneity of agents in signal precision and risk aversion as well

as the symmetry between the disjoint stars, we can easily show that there exist 7y and 72 such that

m o= m, 1€{1,..,m},

m o= m, t€{m+1,..,n}

Now using market clearing condition

m n
Zzi(si,p) + > zlsiup,6i) =1L,
i=1 i=m+1
and solving for p, we derive
n—mag \ a11
m = |1+ —) —_, 2942
( m pha) pbs (2:9422)
my = 42 (2.9.42b)
by’ 9.
m(l — a - 1- -1
v ( (1 —oz) | (n—m) “22)> , (2.9.42¢)
pb pb2
a1 a02
o = n— +(n —m)—= |, 2.9.42d
o = (0B -2 2.9.420)

The variance-covariance matrix V; of (§;,5),i = 1,...,m, is

g2 toe? (mmi+(n—m)ma) ox2 471 02

2

(mmi+(n—m)me) oz 2471 0 (mm1+(n—m)me)? ax2+(m7r12+(n—m)7r§) g2+~ o2

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 2. RATIONAL EXPECTATIONS AND SOCIAL INTERACTION 77

The variance-covariance matrix V; of (3;,9,0;), 1 =m+1,...,n, is

o2+ 02 cov(3,p) %ﬁ- 022
cov(3;,p)  var(p) cov(p, &) ,
- 2
Wa? cov(p,d) (%) (@2 +0d)
where
cov(3;,p) = (mm+(n—m)m)a.? +mo,
var(p) = (mmi+ (n—m)m)? 0. + (mm®+ (n —m)n3) o +v°0r?,
e a a
cov(p,b;) = —=(mm+ (= m)m) 0u® + —=m ol
pb1 pby

On the other hand, the covariance matrix W;, i = 1,...,m, of X and (8, D, 51-) is of the form

9 1
W; = og
mm + (n — m)my

and the covariance matrix W;, i = m + 1, ..., n, of X and (%,D, Si) is of the form
1

Wi = 022 | mm +(n—m)m

an
pb1

Normal distribution theory dictates that for ¢ € {1, ...,m}

lau1 aa1) = WiV, (2.9.43a)
b = o - Wi/'WV) Wi, (2.9.43b)

/ -1 o
aor = pz — Wi'(Vp) , (2.9.43¢)

7o + (mmy + (n — m)m2)uy

andfori € {m+1,...,n}

l[a12 az azp] = Wi'(V)™%, (2.9.43d)
by = 0.0 — Wi'(Vi)"'w, (2.9.43¢)

Kz
aoz = pz—Wi'(VQ)™" | mo 4+ +(mmy + (n — m)ma)pg | - (2.9.430)

a01 a1l
b1 + pb1 U
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Therefore,

an _ 1 (n—m)(m—m)mo’ +120r? (2.9.442)
ob1 pot ((m = 1)n? + (n —m)n2) 02 + y20?’ .
a1 (m —1)m + (n —m)m (2.9.44b)
pb1 p (m—1)n2 + (n —m)n2) 02 4+ y20?’ o

2 2 2 2 2 2_ 2
b1 _ _ . (((mv1)7r1+(n—7;1)7r2)cre +y%op, )ae ox (f)ro,44c)
Z;n——l)-zrl+(n-—m)1r2)a54+720520L2+(((m—1)m‘n1~2(m—1)(m—n)‘rrlﬂ'g+(1L7m+1)(n—m)1r%)052+720L2)¢71

and
a2 _ 1 (m = Vi (m1 — ) 0® + 72 o2 (2.9.44d)
pbo po? ((m—1)n2+ (n—m—1)n2) o2 ++2012’ o
a2 1 (m—-1m+(n—m-—1)m
a2 _ 1 , 2.9.44
pbo p((m—1ri+(n—m-1nf)o2++20,2 ( ©
azz 1 (n —m —1)(ma — m)m20e% + 7202 (2.9.44f)
pba poe B (((m—1)nf + (n—m —1)n3) 02 + 42 01,2) -
m—Dr? +(n—m - 1)7¢) 0.2 +v%012) 0 20,2
S (Gl D) 1) 0 +ouT) octea” (2.9.44g)
D = ((m- Dri4(n—m— Dm3) ot +v%0l01?

+ (((m2 D72 —2m - DA +m—n)mm + (-1 + (n — m)2)7r%) o+ 2720L2) 0z

Equations (2.9.42a)-(2.9.42d) and (2.9.44a)-(2.9.44g) together determine the linear equilibrium

price through the following equations:

2 2 2 2 2 2

T — 1 (n—m)(mg—my)m3 0 +y 0, n—m 1 (n—m—1)(rg—m)mgae?+y%0y

! 7 (‘W‘ ((m—1)”%+("—W)W%)062+720’L2+ ™ el (((m—1)7rf+(n—m—1)1r§)g€2+72 °'L2) ’ (294521)

2 2
= L = m - m)ol + ot 20450
po (m—1Dn2 +(n—m—1)n3) 02 + 4202’ 7

l — ﬂ(((m—1)7r%+(n—m)7r§)ae4+'y?ae?gL2+(((m——l)mw%—2(m»1)(m—n)wl7r2+(n—m+1)(n_m).,r§)a€2+,Y2UL2)0$2

Y e (((m—l)ﬂ%+(n—m)7f%)052+’720L2)ae20a:2

B {m—1m + {n—m)m n—m
((m =17+ (n—m)n3) o2 + 720L2> P
(§<m—1)w%+(n—m—1>w§)ae4+v%52n2+((<m2—1)r%—2<m~1)<1+m—nmw;;+<—1+<n~m>2)ﬁ)a€2+2v2n2)aﬁ
((tm=1wrn—m—1)72)r2 42072 ) me2os?
(m—-1)m +(n—-m—1)m
(m =172+ (n—m~1)73) 02 ++2 0L2)'

(2.9.45¢)
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Letting Q1 = 2+, Q2 = 72 yields

1 (n—m)(Q2 — Q1)Q20% +0r?

@ p052 ((m - 1)@% + ('n — m)Q%) 052 +02
J2-m 1 (n—m—1)(Q2 — Q1)Q20* + 01,2
m pol (((m-1)Q} +(n—m-1)Q3) 02 +0.2)’
Q — 1 (m —1)Q1(Q1 — Q2) 0® + 0.

o2 ((m -1)@Q?+(n—m— 1)Q%) o2 +o12

One can now verify that

im @ = & —
op2—00 m p0'52
1
lim =
0L2~—>00Q2 ,00'62
Consequently,
m m o= 401 2.9.46
0L2-—?OO 1 - ’Y m p0'527 ( b a)
lim m = L 2.9.46b
o200 2 =7 pO'ez’ ( . )
1
lim = — 29.
P oy By, (2:9:469
and
. a1 1
lim — = —, =~ 294
or2—00 pbl p062 ( ? 6d)
lim 2L _ g (2.9.46¢)
012500 pby ’ i
00,2
lim b = —£ %
,lm by P (2.9.46f)
. a12 1
Iim — =
LN ot (2.9.46g)
lim 22 _ g (2.9.46h)
or?2—o0 pbz ’ e
as2
1 == = .
g 1, (2.9.46i)
2_2
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Now fix i, € S, k € Sy and l € Sy» such that i~, j=, k™, 1™ # @, v # r”. Following

(2.9.39)-(2.9.41), we derive that cov(Z;, Z;) — cov(Z, Z;) equals
2
a2z 1 2 [an (azz 1 ) ] [au (azz 1 ) ] 2
2 AL R S e N - R DO iy e B P R (2.9.47)
((p@ pb2> P by \ bz pba) | bt \pba  pb2)
Let the function f : R — R be defined by
2 a1 a22 1 [011 <a22 1 > ]
o) =|\54—+\{———F—|m| |57 — T .
flo) [Pbl (sz Pb2> 1] pbi \pby pba) "

From equations (2.9.44a)-(2.9.45c¢), we verify that f is continuous in & 1.2. Moreover, following (2.9.46a)-

(2.9.46)),

1 \?2 2n 052 + noe? 2n 0,2 +no.’
1i = | — 1 - 1 .
I flov®) <p062> ( (2n —m)m o2 +nm 03) ( * (2n —m)maz? +nmo?

Since n > m > 2, (2n — m)m > 2n, and consequently lim, 2 ., f(o1%) > 0. Then following

continuity of f in 07,2 and (2.9.47),
cov(Z;, Z;) — cov(Zk, 2) > 0

for sufficiently large o12. Moreover, it can be easily verified that var(%) = var(%;) = var(%) =

var(Z;). Hence, the result given in the statement of the proposition follows. [0

INFORMATION AGGREGATION

Proof of Proposition 2.8: Following Proposition 2.5, the following inequality holds for generic exoge-

nous parameters:

n
T # P o
2 n—1)g*o . n—2)q*oe
P02 + tiaedee + (n — Vit o

w3 o2 3 4po 4020202
q _\/——Lﬁg(n_mae T4/ 14 g A=l ~l4f I T

where
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Then the price coefficients 7 generically satisfy
1 # T, T = T for i,5 € {2,...,n}.

Suppose to the contrary, the informational content of price p, namely > .-, 7*3;, is (generically) a

=17
sufficient statistic for the joint distribution (1, ..., 85, Y ;. 7;'8;) conditional on X . Following (2.7.1)

and the fact that ) ;" ; 77§, adds no information on top of (31, ..., §,),
n
BIX|51,.,5,] = E [X‘El, ooy By waél]
=1

- E [X‘Zn:ﬂsz] (2.9.48)
=1

On the other hand, since S = m Y o4 8 is also a sufficient statistic for the joint distribution

(81, .., 8n, S ) conditional on X, by a similar argument

E[X|31,...,5,] = B[X[51,...,5n,3]

= E[X|S]. (2.9.49)

(2.9.48) and (2.9.49) imply

E[X‘iﬂs} = E[X|S)
=1
ov (X, 20 : . cov(X,8) , 5 ~
= ”’”+Cva(r( :;S) (ZW E[ZwszD e+ 2 5)(5_}3{5])
Doy MO 1
— Zn ( ) O'xz-i-O' )(Zﬂ' 8 — Zﬂ' Hz) = aﬂ(m S Ei— W”x)

=1
= zrz izzﬂ = Z(gz‘-ﬂz)

2z () i=1 i=1

The last equality should hold for all realizations (s1, ..., s, ) of (31, ..., §,). Consider the case where

sy >0and s; = 0,1 = 2,...,n. Then we must have
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Given that 7} # m; and 7; = 7; for i,j € {2,...,n} for generic exogenous parameters, the last

equality will (generically) fail to hold. [
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Chapter 3

Amplification and Asymmetry in Crashes

and Frenzies

Large stock price movements within short periods of time have always drawn economists’ attention.
We see them in the form of frenzies, when the price movement is in the positive direction, and crashes,
when the direction is negative. This essay focuses on two characteristics of crashes and frenzies:
amplification and asymmetry.

In many cases there seems to be no significant events prior to large price movements. Cutler,
Poterba and Summers (1989) document that for the postwar movements in the S&P 500 index. This
empirical fact suggests that large price movements are most often amplified price reactions to compar-
atively insignificant information or liquidity shocks.

In addition, there is a substantial difference between the number of crashes and frenzies, and this
is what we mean by the asymmetry. Hong and Stein (2002) report that nine of the ten largest one-day
price movements in the S&P 500 since 1947 were decreases. A broader look at the data also confirms

the asymmetry. Boldrin and Levine’s (2001) analysis of S&P 500 between 1889 and 1984 reveals that

83
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annual negative deviations' are, on average, larger than positive ones. We observe the following in the
Boldrin and Levine data: There is one annual negative deviation with magnitude larger than 50% but no
positive deviation exceeds this value. The number of annual negative deviations with magnitudes larger
than 40% is 3 and that of positive deviations is none. There are 6 annual negative deviations of size
exceeding 30% compared to 4 positive ones. Finally, 14 annual negative deviations have magnitudes
larger than 20% and only 10 positive ones exceed this value. Thus the Boldrin and Levine data also
implicates the asymmetry between crashes and frenzies.

This essay offers an explanation for the two characteristics of large price movements, depicted
above. Our explanation involves the use of hedging (portfolio insurance) strategies in the stock mar-
ket. Hedgers using these strategies sell after the market has declined and buy after the market rises.
Therefore portfolio insurance is negatively price sensitive since conventional supply schedules are in-
creasing functions of price. Brady Commission Report (1988) provides evidence for the use of portfolio
insurance strategies during the crash of 1987 and furthermore blames these negatively price sensitive
strategies for deepening the decline hence perhaps causing the crash. The studies of Chicago Mercan-
tile Exchange, Miller, Hawke, Malkiel, and Scholes (1987), Commodity Futures Trading Commission
(1987), Securities and Exchange Commission (1987) also highlight the important role of these strate-
gies in the 1987 crash.? As a possible contributing factor to the crash of 1929, we also see arguments
focusing on the use of stop-loss orders which are primitive portfolio insurance strategies (Gennotte
and Leland (1990)). Gennotte and Leland (1990) explain the *87 crash in concordance with the find-
ings of Brady Report by incorporating hedging (portfolio insurance) into a conventional noisy rational
expectations model.

Following Gennotte and Leland (1990) we develop a static noisy rational expectations equilibrium

'For the years 1889-1984, Boldrin and Levine (2001) report the real S&P 500 index, and the “deviation” from the differ-

ence between the log of the index value of a year and that of a subsequent year.
2Shiller (1989)
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(REE) model with hedgers using negatively price sensitive strategies in a CARA-Gaussian environ-
ment. Our results show that hedging strategies amplify the effect of news and liquidity shocks on price
deviations. Convex hedging strategies cause overreaction to negative news and liquidity shocks, hence
they create an asymmetry biased towards crashes. An important class of hedging functions (put-option
replication strategies®) satisfies the convexity condition in a highly volatile market. We also examine
the roles of risk aversion and asymmetric information in our analysis. In particular, we show that risk
aversion is necessary for asymmetry of price deviations and asymmetric information enhances the am-
plification and the asymmetry delivered by hedging. Finally we analyze trading behavior of rational
agents in the presence of hedgers, and question the emergence of hedging in financial markets.

The focus of our essay is characteristics of certain dynamic phenomena, namely crashes and fren-
zies. This might seem puzzling since we employ a static model for the analysis. However, in our static
framework we can interpret comparative statics results on price as dynamic changes over time. In par-
ticular, the equilibrium price reactions to changes in the information or liquidity parameters are viewed
as fluctuations over time. In the same fashion, crashes and frenzies are interpreted as high sensitivity to
changes in information or liquidity parameters. That is, if we see a substantial fall in equilibrium price
as a reaction to comparatively insignificant news, we call it a crash (or a frenzy in the case of a price
increase) in our setup. Note that, by this interpretation, we also incorporate an observed characteristic,
namely amplification, into our definition of crashes and frenzies.

As mentioned above, in our setup hedging (portfolio insurance) is the cause of amplification and
asymmetry in large price movements. Hedging strategies are naturally dynamic strategies dependent on
the price trend. Before explaining how hedging strategies fit into our static environment, let us discuss
why they would cause amplified and asymmetric deviations. For intuition, we can first look at stop-loss

orders. With stop-loss orders we see sales after the market has fallen under some exercise value. The

*Put-option replication is formally defined in Section 4. See Rubinstein and Leland (1981) for a detailed exposition of the

subject.
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aim is to protect one’s portfolio against future potential losses. Here it is easy to see how a crash can be
the result of an amplified price reaction, because stop-loss itself puts a downward pressure on the price
once the price begins to fall. Moreover since there is no accompanying upward pressure, we are likely
to observe an asymmetry biased towards crashes in an environment where stop-loss orders prevail. In
modern hedging strategies, such as put-option replication, the idea is the same, but now we have both
upward and downward pressures on the price. That is, we see a buying spree from hedgers in a bull
market, and sales in a bearish one; hence comes the amplified price reactions. If the downward pressure
of the strategy were to be stronger than the upward one, we would observe asymmetry biased towards
crashes. This summarizes most of what we are trying to formalize in §3.2.

Now we can return to the interpretation of hedging in our static environment. All hedging activity
is aggregated into a deterministic supply function of price p, say h(p). As we have only one trading
period in our model, let us take p* as our (hypothetical) initial price, and let h(p*) = 0. A fall in the
security price leads to positive hedging supply, thus for p < p*, h(p) > 0. Similarly, we have positive
hedging demand (or negative supply) with increasing price, thus k(p) < 0 for p > p*. The more the
price increases, the higher the hedging demand (and vice versa); thus we want h to be a decreasing
Sunction of p. In summary, we will view hedging as the change of a deterministic supply with respect
to the change in price p compared to a hypothetical initial price p*. The supply is deterministic, because
with stop-loss there is a specific exercise value to strike on, and with others there are specific formulas
to follow, such as Black-Scholes in the case of put-option replication.

Having made an informal introduction to the functioning of our model, we can now discuss how
our results compare with others in the literature. Though there is an extensive literature on the am-
plification observed in crashes and frenzies, the asymmetric feature of these large movements has not
been addressed until recent years. Boldrin and Levine (2001), Chalkley and Lee (1998), Hong and
Stein (2002), Veldkamp (2002), and Veronesi (1999) address asymmetry of crashes and frenzies. In

Boldrin and Levine (2001) the asymmetry in large price movements is driven by the asymmetry in the
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underlying technology shocks that drive fundamentals. Chalkley and Lee (1998) propose a model with
noise traders where risk aversion prevents agents from acting promptly on receiving good news and
encourages them to act quickly on receiving bad news. Veronesi’s (1999) work is similar to Chalkley
and Lee (1998) in spirit as risk aversion makes asset price a convex function of beliefs and leads to
underreaction to good news in bad times and overreaction to bad news in good times. Hong and Stein
(2002) achieve asymmetry via short-sales constraints, which cause revelation of bad information in bad
times and hidden bad information in good times. Veldkamp (2002) explains the asymmetric feature by
asymmetric endogenous speed of learning: faster learning in good times causes quick reaction to bad
news and hence sudden crashes.

This essay is similar to studies of Chalkley and Lee (1998) and Veronesi (1999) in that we also
have risk aversion convexifying price reactions to changes in the underlying parameters, which leads to
asymmetry. The difference is that our explanation stems from the use of hedging strategies, which also
amplifies the price fluctuations. As mentioned above, hedging is introduced to REE models by Gennotte
and Leland (1990) for the first time. However their paper only focuses on the cause of *87 crash, and
they define crash as a discontinuity in the price function. Here in this essay, following the REE model
proposed by them, we offer an explanation for the asymmetry between crashes and frenzies, and we
are not seeking any discontinuities in price.* Also, Gennotte and Leland (1990) solve for a single
equilibrium, hence discard other possible equilibria from their analysis. In our proposed framework,
we are able to derive a unique equilibrium, thus our analysis on amplification and asymmetry does not
call for a specific choice of equilibrium or a pricing rule. There is another paper, Jacklin, Kleidon,
and Pfleiderer (1992), which also attributes the *87 crash to hedging strategies. Following Glosten and
Milgrom (1985), they model a market with bid-ask prices and sequential trading. What delivers crash
is the underestimation of the extent of hedging activities. This might cause a rise in the security price

due to imperfect information aggregation, and ultimately learning leads to a price correction, in this

*Actually we rule out discontinuities to ease the comparative statics exercises.
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case to a fall in price. However, as in Gennotte and Leland (1990), the asymmetry is not sought in
Jacklin, Kleidon, and Pfieiderer (1992) either.

Our essay is organized as follows. In Section 3.1 we develop a noisy REE model with hedgers
and derive the unique equilibrium. Section 3.2 provides the results on amplification and asymmetry
in price deviations. Section 3.3 checks whether the conditions for asymmetry derived in §3.2 are
satisfied in practice, then we provide a numerical example demonstrating amplification and asymmetry
in Section 3.4. Section 3.5 focuses on the roles of risk aversion and asymmetric information pertaining
to amplification and asymmetry in crashes and frenzies. Section 3.6 deals with the effect of hedging on
rational agents’ trading behavior. Finally, Section 3.7 questions the emergence of hedging in the stock

market.

3.1 CARA-Gaussian Economy

We employ a static REE model, which is a simplified version of Gennotte and Leland (1990) with one
informed trader instead of many informed traders with different Gaussian information sets. We used
the method introduced in Demange and Laroque (1995) for the computation of equilibrium price as a

simple function of parameters.

3.1.1 The model

First let us give the basic characteristics of the model and then describe how the model functions.
Basic characteristics. We assume two periods of time in our model. Economic agents, whom we
will specify later, competitively trade in the first period and consume in the second. There is only one
good in the economy, and there are two securities (i.e. two claims on the good): a risk-free security and
a risky security with a future stochastic payoff R, which realizes in the second period. The price and

the payoff of the risk-free security are normalized to 1.
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The four types of agents in our economy are as follows:

(1) insider (marketmaker)®, who observes price p of the risky security, and also observes private
random signal S on payoff R of the risky security;

(2) rational outsiders, who observe only price p of the risky security;

(3) liquidity traders, whose function is to add noise to the economy, that is, they create an exoge-
nously determined random net supply of the risky security;

(4) hedgers, who create a deterministic net supply of the risky security. This net supply, A, is a
decreasing function of the price p of the risky security.

The informational structure in our model is as follows. The distribution of signal .S' is common
knowledge whereas the realization of the signal is only known to the insider. Similarly, distribution of
liquidity supply L is common knowledge, however neither the insider nor outsiders know the realization
of L. The hedging supply function 4 is known to both insider and outsiders.

All random variables in our model are Gaussian. The future payoff of the risky security, R, is a
normal random variable with non-zero variance. Insider’s signal on R is of the form S = R + Q,
where 2 is distributed with N (0, 0q), oq # 0. The liquidity supply, L, is also normal with distribution
N(0,0r). The random variables R, 2, and L are jointly normally distributed and independent from
each other. Note that, throughout the essay, the random variables are denoted by capital letters, and
realizations of them are denoted by the corresponding small letters.

Utilities of rational agents, namely the insider and outsiders, exhibit constant absolute risk aver-
sion (CARA). The CARA-Gaussian setup allows us to aggregate outsiders into a single agent, as all
outsiders share the same information. From now on we denote the insider by 4, and the outsider by
o. The constant Arrow-Pratt measure of absolute risk aversion of insider is a;, and that of outsider is

a,. To be more precise, ﬁ is the sum of all rational outsiders’ measures of risk tolerance (as we are

SWe can justify the price-taking behavior of the single insider by assuming that she represents a continuum of mass one

of insiders who act competitively.
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aggregating all outsiders into a single agent). We define the aggregate Arrow-Pratt measure of absolute

risk aversion A by setting % = [—11:

+ % Utility functions of insider and outsider are of the form
u (W) = —e~%%s,

where W is the random final wealth (which realizes in the second period) of agent j, for j = 4, 0. Both
agents maximize expected utility of final wealth over the first period and their expectations depend on
their Gaussian information. As liquidity traders and hedgers are irrational, their preferences are not
specified. However their role and actions were specified before.

As a final note, insider and outsider are endowed with deterministic wealth (holdings of risk-free

claim on the good) e; and e,, respectively.

The functioning of the model. For j = i, 0, let ¢;, W}, and I; denote agent j’s initial (determin-
istic) endowment, final (random) wealth, and Gaussian information, respectively.
In the first period, the risky security is traded on the market against the risk-free security. If agent

J purchases D; units of the risky security at price p, j’s random final wealth would be
W; =D;R+ (6j —ij).

As the rational agent j maximizes his expected utility of consumption in the second period, the follow-

ing maximization problems are solved in the first period by j = 1, 0:
maxp, E[—e~%"i|I}) (3.1.1)
s. to DjR + (ej —ij) = Wj,

where D; is the net excess demand of risky security by agent j (negative in case of sales).
Liquidity traders and hedgers determine the total net supply of the risky security in the first period.

Thus, in the first period, total supply of the risky security at price p is

!+ h(p),
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where [ is the realization of random liquidity supply L.
In the second period, all uncertainty is resolved, and consumption takes place without any further

trade.

3.1.2 Equilibrium

Next we define the equilibrium price in the fashion of rational expectations equilibrium.

Definition 1. A rational expectations equilibrium price of the risky security is a function P(s,l) such

that, for any realization of signal and liquidity supply (s, 1),

Di(pl|s) + Do(p|P(s,1) = p) =1+ h(p), where

D;(p|s) solves insider’s maximization problem given in (3.1.1), conditional on the observation of the
price p and the signal s,
D, (p|P(s,1l) = p) solves outsider’s maximization problem given in (3.1.1), conditional on the obser-

vation of p and the knowledge about the price function P(s,!) to update the beliefs on s.

Note that as insider is the only informed trader in the economy, observation of risky security’s price
does not add any information on top of what he already has. We let ¥ denote outsider’s Gaussian
information. From the definition above we already know ¥ coincides to the knowledge of P(s,l) = p;
however we would like to express outsider’s information explicitly as a function of s and [ in the

equilibrium, hence we introduce this new notation. The excess demand functions of insider and outsider

®The random variables are denoted by capital letters and realizations of them are denoted by the corresponding small

letters.
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are given by’

E[R|s| - p E[R|o] —p
iplo = 8) = » Do(pl¥=0) = ———==- 312
DilplS = ) = T (®IS) WIE =) = o () (3.12)
The following notation is introduced:?
* " 1 1 1
a; = aivar(RIS)v a, = aovar(RIE), Z; = a—: + a—:;.

Given joint distributions of R, S, and L, A* is only a function of insider’s risk aversion a;, and out-
sider’s risk aversion a,. That is, the value of A* does not depend on the realization of insider’s signal
and liquidity supply (since normal conditional variances are independent of realizations). We introduce

the following assumption:
S1. I + A*h is strictly monotone (i.e. either strictly increasing or strictly decreasing). °

This assumption guarantees a continuous equilibrium price function that can be used for compara-
tive statics. Without assuming S1, the proof of the existence of an equilibrium still holds, but it leads

to price correspondence which may not be single-valued. One now has the following:

Proposition 3.1 (Equilibrium) Assume S1. Then the unique rational expectations equilibrium price

is given by

P(s,l) = f‘l<§E[Rls]+§E{Rla]—A*l)

2 0

= 7 (BIRIo) + 2 (0 ~ BiRIg)),

2

7Expressions of excess demand functions in CARA-Gaussian environments are well-known, however we still provide the

derivations in (B1) of Appendix B.

8Note that we abuse the notation here by writing var(R|S) instead of var(R]s). i.e. we condition the variance of R on
the distribution of signal rather than its realization. However normal conditional variances do not depend on realizations, thus

our notation for the variance fits to this characteristic of the Gaussian environment.
®I denotes the identity function, i.e. I(z) = z Vz € R..
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where f~1 is the inverse of f = I + A*h, and

o = E[R]s] — a;var(R|S)!

is the (realization of) outsider’s information.

Proof. S1 guarantees that f~! is a well-defined continuous function. Excess demand functions of
insider and outsider are also well-defined since var{2 and varR are non-zero.'® Hence market clearing

yields

_ E[R|s] E[R|o]
p+hlp) = S T avarmm) -

1 1

(aivar(RlS) + awar(R]E))
Outsider’s information o is revealed by the observation of price and the knowledge of price function.
The price function is essentially derived from the market clearing condition above, thus outsider’s
information coincides with the knowledge of market clearing condition. Since the hedging function A

and distributions of S and L are common knowledge, and values of conditional normal variances are

independent from realizations!!, outsider can induce the following information from market clearing:

BRI
a;var(R|S)
Multiplying this argument by a known constant (namely a;var(R!|S)) would not matter for the infor-

mational content, therefore outsider’s information is equivalent to the knowledge of the realization
o = E[R|s] — a;var(R|S)!.

Recall that S and L are jointly normally distributed. So % (the random distribution ¢ belongs to) is
also normally distributed, and outsider’s demand as given in (3.1.2) holds. Rewriting market clearing

condition we have

*

A* A
P+ A%h(p) = —E[R|s] + —
a; o

E[R|o] — A,

See Lemma A (C1) in Appendix C.
"See (A1) in Appendix A.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 3. AMPLIFICATION AND ASYMMETRY IN CRASHES AND FRENZIES o4

where A*, af, and a} are as defined above. Writing % =1- %, and using definition of f; the result
o 3

follows. O

Note that the equilibrium price of risky security given by Proposition 3.1 is a function of insider’s
private signal s and liquidity supply /. In the Gaussian framework E[R|s] is a linear increasing function
of s, and given s the assessment of conditional expectation does not put a burden on the agents from the
informational perspective since all the parameters necessary to extract its functional form are common
knowledge. Therefore the comparative statics results in this essay do not change qualitatively if the
equilibrium price is taken as a function of the vector (E[R|s], () rather than (s,!). For this purpose we
introduce the following notation: let IV stand for the random variable E[R|S], and let v be the realized

value, i.e. E[R|s]. Then the equilibrium price function takes the form'2

Pw,)) = f! (Q(V,l)), where (3.1.3a)
i (-
faBE) g B D, (.13

3.1.3 Asymmetric price deviations and non-linear prices

As it follows from (3.1.3a), equilibrium price!? is a function of insider’s expectation of risky payoff v,
and liquidity supply . Here we would like to discuss how the asymmetry between crashes and frenzies
emerges in our setup. If P(v,[) were linear in (v, [), negative and positive shocks of same magnitudes
would create price deviations of the same size. Then we could only attribute the asymmetry in favor

of crashes to more frequent and significant negative shocks. As there is no evidence of more frequent

12See (B2) in Appendix B for the derivation.

*Now on the term “price” stands for the risky security price unless otherwise stated.
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negative news. or liquidity shocks in the history of S&P 500, we are interested in asymmetric price

deviations triggered by symmetric shocks. Formally, we have the following:

Given (vy,lg) we say that there is an asymmetry in deviations ar the equilibrium price P{vg,ly)

if for some (Av, Al) > 04

P(w,lo) — P(vo — Av,lg) # P+ Av,lg) — P(vg, ly), or

P(vo,lo) — P(vo,lo — Al) # P(wo,lo + Al) — P(v, lo).

Clearly, non-linearity of the equilibrium price function in v or [ is necessary and sufficient for
asymmetry in price deviations. Recall that f = I + A*h. When there is no hedging supply, f = I and
P(v,1) is linear in (v, 1) by (3.1.3a)-(3.1.3b). So asymmetric information by itself can not create asym-
metric deviations in price. With non-zero A*, non-linearity of hedging supply h becomes a necessary
and sufficient condition for a non-linear equilibrium price function, and consequently for asymmetric

deviations in price.

Given (v, lo) we say information and liquidity shocks cause a bias towards negative price devia-
tions within the set Uy, X Uy, if for all (Av, Al) > 0s5.t. vg — Av, vo+ Av € Uy, and Iy — Al, o+ Al

€ Uy, the following holds:

P(l/o,lo) — P(I/() — Al/, l()) > P(V() + AI/, lo) - P(l/o, lo),

P(vg,lo) — P(vg,lo = Al) > P(vg,ly + Al) — P(vg, lo).

If the price deviations above are significantly large, then we say there exists a bias towards crashes

within Uy, X Up,.

“(Av, Al) > 0if and only if both Av and Al are strictly positive.
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Suppose equilibrium price function P is continuously differentiable. Then there exists a bias to-
wards negative price deviations within U, x Uy, if and only if P(v,!) is strictly concave in v and !
within Uy, x Uj,. This is due to the fact that for a strictly concave and continuously differentiable
function g

g(z1) < g(20) + g'(z0)(x1 — 20),

and letting x; equal zo — Ax and then z¢ + Ax one gets
g(xo) — g(zo — Az) > g(xo + Az) — g(xo).

Note the following obvious that whenever P(v, 1) is globally concave in v and {, all shocks will cause
a bias towards negative price deviations in the economy. One can also interpret the strict concavity
of equilibrium price P as overreaction to negative shocks compared to the price reaction to positive

shocks.

3.2 Amplification and Asymmetry

In this section we present comparative statics of the equilibrium price P(v,1). The first-order partial
derivatives of P(v, 1) with respect to v and | determine the sensitivity of price to changes in the informa-
tion parameter and liquidity supply, respectively, and the second-order partial derivatives determine the
concavity of price function, hence it reveals the nature of bias in the asymmetric price deviations. Qur
purpose is to see how hedging activity effects the first and second-order partial derivatives of equilib-
rium price. In particular, we would like to observe higher price sensitivity to changes in the underlying
parameters in the presence of hedging activity. This will reveal that hedging amplifies price reactions.
We also would like to see equilibrium price as a concave function of the underlying parameters in the
presence of hedging (possibly under some condition(s) imposed on hedging function), which will imply
the asymmetry biased towards crashes. On top of these, we would like to observe more amplification

and more asymmetry as the extent of hedging activity increases.
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First we examine the sensitivity of price. Taking partial derivatives of P(v, [} with respect to v and

[ yield
aP(V)l) o —~1v cov(R,%) A* __ cov(R,X)
o= (TY(Qw)D) [ vl o 4 (1 - =2dBD)) ), (3.2.1a)
op é’l”l) =~ QD) [ay =t 1 av (1 - B2, (3.2.1b)

Lemma B (C2) in Appendix C shows that %EZ < 1. Therefore!d

Il

(D) < an(57(a00)

OP(v,l)y 1y
gn(T) = —sgn<(f ) (Q(V, l)))-
Consider the case with no hedgers in the market, i.e. & = 0. Then (f~!)’ = 1 and

n(.a—Pa(ll/,—l)lhEO) <0< Sgn(aPT(Ilj,l—)‘hEO)'

This means when there are no hedgers in the market the equilibrium price is a strictly increasing func-
tion of v and a strictly decreasing function of [. This is in concordance with reality since security
prices tend to increase in the presence of good news about their payoffs whereas they tend to fall when
liquidity supply of the security increases. Theoretically, presence of hedgers may pervert this observed
characteristic of security prices, that is, prices may fall with good news and increase with liquidity sup-
ply. Naturally we want to know the condition(s) on hedging activity that would lead to price reactions

in accord with reality. So we have the following:

Lemma 3.1 Let f~! be differentiable. Then P(v,l) is strictly increasing in v and strictly decreasing

inlif and only if

I + A*h is strictly increasing. (819

133gn(.) stands for the sign function.
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The proof simply follows from (3.2.1a)-(3.2.1b) and the fact that (f~!)/(y) = m;—}—m, given y =
f(z). Also note that S1 necessarily holds whenever one assumes S1'.
For the results presented below, we need to incorporate the extent of hedging activity as a parameter

into the hedging supply function. So we introduce

h(p) = oll(p), Vp,

where «a: denotes the fraction of assets protected by hedging (portfolio insurance) and II is a decreasing

function of p. One now has the following proposition:

Proposition 3.2 (Amplification) Ler f~! be differentiable, and assume S1' holds. Then as the frac-
tion « of assets protected by hedging (portfolio insurance) increases, the equilibrium price function
becomes more sensitive to changes in the information parameter v and the liquidity parameter l. That

is, |a};(:’l) | and !aPa(;/,l) | are increasing functions of .

Proposition 3.2 reveals the amplifying effect of hedging activity on price movements. One can
easily see the intuition behind this result: once the price begins to fall (due to bad news or increasing
liquidity supply), there will be more hedging supply of the security which will further push the prices
to much lower levels. So in the presence of hedgers one will see amplified price reactions to the
triggering events (such as bad news or higher liquidity). Naturally, the more the hedgers, the larger the
price reactions. Of course, a similar argument works for the price hikes as well.

Now we would like to analyze the second characteristic of large price movements, namely the
asymmetry in favor of crashes. For this purpose, we need to check the concavity of equilibrium price

with respect to the parameters v and [ (see §3.1.3). In the case of twice-differentiable price functions,
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concavity is determined by the second-order partial derivatives:

2P (v, . v(R,%) A* R, %)\ 2
T = U@ T S0 ez
OPPwl) 1w LCOv(R,Z) cov(R, )| 2

= Y {e T h a1 - TR ) G2y

They lead us to the following result:

Proposition 3.3 (Asymmetry) Assume S1’ holds and that f = is twice-differentiable. If hedging sup-

ply h is a strictly convex function within the set
PUs, Uiy) ={p:p=P,l) st (v,1) €Uy x Uy},

then:

(a) information and liquidity shocks cause a bias towards negative price deviations within U, x Uy,;
i.e. P(v,1) is strictly concave in v and strictly concave in | for (v,1) € Uy, x Uy,;

(b) the bias becomes more significant within U,, x U, as the fraction « of assets protected by hedging

. . . 9Pl 2P, . . s
increases; that is, —z 7~ and —zpr= are decreasing functions of a within Uy, X Uy,.

It is easy to check that even if S1’ does not hold, the results above (on amplification and asymmetry)

will hold within the domain

{(w, 1) : (I + A*h) (P(v,1)) > 0}.

To sum up, under plausible conditions, whenever a shock (either of informational nature or liquidity
based) occurs in the economy, the deviation in price is amplified due to hedging. Hence with hedging,
the deviations are more likely to be significant, that is they are more likely to be a crash or a frenzy.
Moreover if the hedging function is (globally) strictly convex, then a bias towards negative deviations

is observed. We can summarize these results as follows:
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Corollary 3.1 (Main Result) Let f~! be twice-differentiable. Assume S1' holds. If hedging supply h

is a strictly convex function, then there exists a bias towards crashes in the economy.

One criticism towards the results of this section might be the extent of their dependence on hedging.
After all, having lots of irrational agents, programmed to behave in ways to create amplification and
asymmetry, would not be much of an explanation for the characteristics we are examining. Therefore
we would like to show that our results do not stem from an imposed environment with a lot of irrational
hedgers accompanied by just enough rational traders to equate supply and demand. The main difference
between rational traders (insider, outsider) and hedgers is that their demands react differently to price
deviations. That is, demand of rational traders is a decreasing function of price whereas demand of
hedgers is increasing in price. So we can determine the dominance of a group (namely rational traders

or hedgers) in the market by checking the sensitivity of market excess demand with respect to price.

Proposition 3.4 (Market Demand) Let f~! be differentiable. Then S1' holds if and only if excess

market demand of the risky security Z is strictly decreasing in p, where

Z(p) = Di(p|v) + Do(plo) — h(p) — L.

This proposition shows that demand of rational traders prevail over that of hedgers if and only if
S1’ holds. Since we get the results of this section with practically one assumption, namely S1/, we can

say that our results hold within an environment where rationality prevails.

3.3 Put-Option Replication

We now further our analysis by examining a specific hedging (portfolio insurance) strategy: the put-
option replication. Put-option replication was the most popular hedging strategy during 1980’s, in

particular, during the October "87 crash. The formula for the put-option replication is taken from
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Gennotte and Leland (1990).'® We follow their definition of the strategy using notation of our model:
Put-option replication is assumed to be applied to a fraction « of risky securities. The incremental
hedging supply when new price is p, relative to the supply at the hypothetical initial price (p* = 1), is

given by
h(p) = a(@(d(1)) - 2(d(p)),

where ®(.) is the standard cumulative normal distribution function, and d(.) is derived from the Black-

Scholes formula, that is
In (&) + Lvar(R|Z)
d(p) — (K ) 2 ( ’ )
var{ R|X)

with K as the striking price of the option (or the protection level in the replication case).!’
Unfortunately possibility of negative security prices is a caveat of the CARA-Gaussian framework.

Naturally we focus on strictly positive prices for the analysis of put-option replication. Note that

ad(d(p))
o/ (RIS

is the standard normal density function. Clearly, his decreasing in the

R(p) = -

1 _.—x2/2

where ¢(z) = 7
domain of strictly positive prices, namely (0, co). Extracting /(p), we get

exp ( . %(ln -1’—K+—Ll,var(RlE))2>

H’(p) _ _a v/ var(R|X)
P 2mvar(R|X)

Now it is easy to see the following:

5Gennotte and Leland (1990) point out the differences in their formula compared to Black and Scholes (1973). They
assume that interest rate has been normalized to zero, and assume a one-year time horizon. Moreover in theirs payoff is

normally distributed (as in our model), whereas in Black and Scholes (1973) payoff follows a lognormal process.

I the actual Black-Scholes formula, we would have

d(p) = (ln (%) + %var(R|P)) (Vvar(R[P)) "

However as we elaborated before in §3.1.2, observing P is equivalent to observing £ due to the common knowledge assump-

tions about the distribution S of insider’s signal and the distribution L of liquidity supply (see Proposition 3.1).
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Lemma 3.2 Given py > 0, there is a sufficiently low value of o which guarantees b (p) > —% for all

p € [po, o0). In particular, if

< Poy /2mvar{ R|Z)

R T

then b’ (p) > —% for all p € [po, 00). Moreover as o tends to 0, the set
s, 1
{p: W) > —ﬁ}
will converge to the domain of strictly positive prices (0, 00).

So by choosing sufficiently low o, we can make S1’ hold for h over a strict subset of positive prices.
It is easy to check that all our proofs will work over this strict subset. To be more precise, our results

on amplification and asymmetry will still hold over the domain

1

{Ww,1): B'(P(u, ) > —Z;},

and this domain will converge to {(v,!) : P(v,1) > 0} as « tends to 0. Recall that S1’ essentially
concurs with reality since we observe prices rising after good news and falling after liquidity sales, so
it is plausible to consider that « is quite low, that is the size of hedging in the stock market is small.
We will concretely see our results on amplification and asymmetry working in a numerical example
infroduced in the next section, where « and various other parameters coincide with real world values.

For the convexity of h, we need to check the second-order partial derivative:

W) = -t 2@ P)p — o(dp)
v/ var(R[%) p?
ad(d(p)) d(p)
p?y/var(R|Z) <\/Var(R|E) + 1)
_ aexp(=dp?) [ In(3)
© p?/2mvar(R[S) (Var(R|E) * 2)'

The following result can be easily proved using this equation:
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Lemma 3.3 h is strictly convex over the domain {p : p > esz({m:—)} As var(R|X) tends to oo, the

domain where b is strictly convex will converge to the set of strictly positive prices.

Using Lemma 3.2 and 3.3, one gets:

Proposition 3.5 (Put-option Replication) Whenever the vector of parameters (v,1) are in the domain

K

{0 PO D) > s}

Ky f27rvar(R|E)
A*e2var(R[E)

« is less than and hedgers employ put-option replication (i.e., h ) as the hedging strategy,
there exists a bias towards crashes in the economy.

Moreover as var(R|X) tends to oo, the domain where the bias towards crashes is observed will
converge to {(v,1) : P(v,1) > 0} (i.e. in the limit the bias towards crashes will be observed in the

whole range of strictly positive prices).

From the extraction of var(R|X),'® one can observe that high var(R|X) is equivalent to high values
of varR, varS, or varL. So high var( R|%) is essentially equivalent to high market volatility, which is
an observed characteristic of stock markets. Therefore we would expect to see a bias towards crashes

for a large domain of positive security prices with put-option replication as the hedging strategy.

Remark 3.1 Of course, one might still be concerned with the sufficiency level of market’s high volatil-
ity level to observe the bias over a large range of prices. For instance, take the protection level K to
be 85 percent of the initial equilibrium price. Recall that initial equilibrium price was fixed to be 1.
Then even if one assumes var(R|X) to be 1, the bias towards crashes will be observed for the range
of positive prices within (0.115,00). This is a strong implication that put-option replication creates

amplification and asymmetry in favor of crashes in stock market.

"8See the extraction in the proof of Lemma A (C1) in Appendix C.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 3. AMPLIFICATION AND ASYMMETRY IN CRASHES AND FRENZIES 104

Though put-option replication and other portfolio insurance strategies played an important role in
modern times, it is hard to use the same argument for the first half of the century. The sophisticated
portfolio insurance strategies did not even exist then. However there is a hedging strategy which has
been in use arguably as long as stock markets existed: stop-loss. In its most primitive form, hedgers
sell their risky securities when the price falls below a predetermined level, say K. Use of this primitive
hedging form clearly creates the asymmetry we want: there is an additional downward pressure on
sales once price falls below K whereas there is no pressure when market goes up. Hence we get an

asymmetry biased towards crashes.

3.4 A Numerical Example: Back to the 80’s

The levels of risk aversion, hedging and market volatility necessary for substantial sizes of amplifica-
tion and asymmetry are, of course, matters of concern. In other words, we do not want to generate
amplification and asymmetry through absurdly high values of these parameters. So we examine the
following numerical example:

Let us take put-option replication, the most popular portfolio insurance strategy of 80’s, as the
hedging function. We assume « to be 0.05, which is not far from the hedging size in the *87 crash. The
protection level K is assumed to be 85 percent of initial price. Let us fix the initial equilibrium price to
be 1 so that K becomes 0.85. Assuming an expected 6 percent return on the risky security compared
to a risk-free asset is reasonable for U.S. markets, thus we let E[R] = 1.06. Outsider is assumed
to be more risk averse than insider by letting a; = 0.70 and a, = 1.40. Take var(R|S), var(R|%)
and 5‘%&—’22 to be 200, 400 and 0.5, rc:spectively.19 Note that these values illustrate the informational

advantage of insider through %%?—; = 2. We assume [ to be O as liquidity supply is not biased.

Then to create a 20 percent price deviation in the negative direction it takes a 2.9 percent fall in

19 cov(R, %)
varX

always takes values between 0 and 1. See Lemma B (C2) in Appendix C.
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the insider’s expectation on risky payoff (1) whereas a positive price deviation of the same magnitude
requires a 8.5 percent increase in . This example clearly depicts the asymmetry.

Moreover if there were no hedging in the market, a 20 percent price movement in any direction
would require a 18.1 percent change in the information parameter v. Clearly in the case with put-
option replication, price is more sensitive to the parameter changes, which illustrates the amplification

brought by hedging.

3.5 Roles of Risk Aversion and Asymmetric Information

Lee (1998) makes the following conjecture in the conclusion of his paper: “Under risk aversion it is
more difficult to trigger a frenzy than a crash because a surprise of the same degree in the direction of
the good state induces a smaller response than the one in the direction of the bad state.”” Granted Lee’s
model exploits a totally different mechanism, his conjecture actually pinpoints the role of risk aversion
in our analysis. To see that, we first give the following lemma, which is a straightforward consequence

of (3) and function f’s definition:

Lemma 3.4 Assume S1'. As insider or outsider tends to be risk neutral (i.e. when one of their risk
aversion parameters converges to 0), f ~ converges to the identity function, and thus P(v, 1) converges

to a function linear in v and l.

Note that P(v,1) is a continuous function of a; and a,. If the equilibrium price converges to a
linear function, it simply means that asymmetry in price deviations vanishes (see §3.1.4). So we can

explicitly state the following obvious:

Corollary 3.2 (Risk aversion) Assume S1’. As insider or outsider tends to be risk neutral, asymmetry

vanishes in the equilibrium price deviations.
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This result also concurs with Chalkley and Lee (1998) and Veronesi (1999). Both papers emphasize
convexifying effect of risk aversion on price reactions to changes in underlying parameters. Though
risk aversion is not the central reason for asymmetry in our version of the story, it still plays a significant
role. Actually, risk aversion allows hedging to be incorporated to the price function. If traders are risk
neutral, hedging does not affect price function at all; hence price becomes a linear function, which does
not allow for asymmetric deviations.

Having elaborated on the vital role played by risk aversion in our analysis, next we would like
to discuss the role of asymmetric information. For convenience, we first define a measure for the
level of asymmetry regarding information. Notice that the ratio %ﬁ%% gives the imprecision of the
information of outsider relative to that of the insider, i.e., given the gaussian nature of our framework

this ratio delivers insider’s informational advantage over outsider. So we let

var(R|X)

H=—75

var(R|S)’
and call the ratio p, u > 1, the measure of asymmetric information.”® The bigger the measure 1 gets,
the larger the asymmetry between insider and outsider is. Now we can easily see how asymmetric

information affects our analysis:

Proposition 3.6 (Asymmetric Information) Assume S1' and that W'(.) < —=x. Also suppose that

Sl

[~V is continuously twice-differentiable and hedging supply h is strictly convex. There exits i > 1
such that within the domain ({i, 00) of the asymmetric information measure [

(a) the equilibrium price function becomes more sensitive to changes in the information parameter v

and the liquidity parameter | as y increases; i.e., IQ}#I and ]%, are increasing functions of L,

. - . - . . . . 2
(b) the bias towards negative deviations becomes more significant as | increases; that is, Q-%Q'—J—) and

8% P(v,1) d . .
gz are decreasing functions of yu.

Dgince outsider’s information is more imprecise compared to that of insider’s, the measure of asymmetric information

w= %’%% is always strictly greater than 1.
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The only new assumption in this proposition, which has not been employed before, is

1 1

W) <= "~ agvar(R|S)’

ai
and this may be justified if the information of insider is sufficiently imprecise (i.e., if var(R|S) is
sufficiently large). The proposition states that, with large enough asymmetry between insider and
outsider in terms of information owned, both amplification and asymmetry (of price deviations) will be
more significant as the measure of asymmetric information g increases. Hence asymmetric information
certainly helps our cause.

However, one can still question the necessity of asymmetric information in our analysis. After all,
risk aversion and hedging strategies are sufficient ingredients to create asymmetry in price deviations.
That is, our analysis will go through without making use of asymmetric information at all. Though,
such analysis will be hard to justify when it comes to numerical computations. For instance, in §3.4 we
are able to generate significant amplification and asymmetry with risk aversion coefficients a; = 0.7

and a, = 1.4. Without asymmetric information, the same effect would necessitate implausibly high

risk aversion coefficients for CARA utility traders.

3.6 Trading Behavior in The Presence of Hedgers

All previous sections have dealt with the effect of hedging on equilibrium price. Now we would like
to analyze the effect of hedging on rational agents® trading behavior. Recall that equilibrium demand

function of a rational trader is of the form

E[R|L] - P(»,))

D;i(P(v,1)|I;) = ajvar(RII;)

(3.6.1)

where I; stands for the Gaussian information of agent 7 = 4, 0. We can partition the rational demand
into the information effect —ﬁ—;E[Rll'] and the substitution effect — Pl The overcoming effect
ajvar(R|L;)’ ajvar(R|I;)" overco g

among these two determines the direction of the rational demand reaction whenever price deviates.
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Clearly portfolio allocation of a rational trader would be different depending on whether there are
hedgers in the market or not, because the price is affected by the presence of hedgers. However we
would like to analyze a more significant impact of hedging on the trading behavior. In particular, we
want to see whether a rational trader would change the direction of her reaction to the information and

liquidity shocks. We will elaborate on this after the following proposition.

Proposition 3.7 (Trading Behavior) Assume S1' and that f~! is differentiable. We have the follow-
ing:

(a) Do(P(v,1)|o) is decreasing in v and increasing in l.

(b) D;(P(v,)|v) is increasing in l.

(c) If the fraction « of assets protected by hedging is sufficiently small, then D;(P(v,[)|v) is increasing

inv. If « is sufficiently large, then D;(P(v,1)|v) is decreasing in v.

Part (c) of Proposition 3.7 depicts the significant impact of hedging that we are looking for. It
is easy to see from the proof that substitution and information effects move in different directions
with respect to the changes in the information parameter. To be more specific, information effect is
an increasing function of v, and substitution effect is decreasing in v. We see that without hedging
activity in the market insider would demand more of the risky security when good news arrive; that
is, information effect overcomes the substitution effect. In the presence of hedgers this may not be
true. If the size of hedging is large enough, the price (hence the substitution effect) might be amplified
excessively by hedgers, cancelling the information effect. Then insider’s demand will decrease when
good news arrive. This is certainly a significant change for insider’s trading behavior since he changes
the direction of his demand reaction to information shocks.

On the other hand, we do not see hedging affecting outsider’s trading behavior to the same extent
it affects insider’s. In particular, the direction of outsider’s demand reaction to information and lig-

uidity shocks does not differ with or without hedgers in the market. However the way outsider reacts
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to information shocks is interesting. Part (a) of Proposition 3.7 shows that whenever good news come
(i.e. when insider’s expectation about the risky security increases) outsider decreases her demand of the
risky security regardless of the size of hedging activity. This might seem puzzling at first, because con-
ventionally we would expect increasing demand following good news. The reason is actually the noise
created by liquidity traders. When good news come the price increases, but outsider is not sure whether
it is the good news or liquidity demand that increases the price. Therefore although her expectation
on the risky security return increases, the price increase overcomes this effect due to the risk premium
associated with the liquidity trading. This translates into substitution effect overcoming information
effect in outsider’s demand.

Finally, from part (b) of Proposition 3.7 we see that hedging does not change the direction of

insider’s demand reaction to liquidity shocks.

3.7 Discussion on The Emergence of Hedging

In this section we investigate the emergence of hedging strategies in the stock market. First let us
verify that hedging strategy is not optimal for an outsider to employ. We know that hedging demand (i.e,
negative hedging supply) is an increasing function of price. If the trigger for the price hike is an increase
in the information parameter v, following Proposition 6.1, outsider’s demand decreases. If the trigger
for the hike is a decrease in the liquidity supply /, outsider’s demand again decreases. So whatever the
origin of shock is, we always see hedging and rational demand dictating opposite directions in portfolio
allocation. Therefore, hedging strategy is clearly sub-optimal for the outsider, that is it will create a
significant ex-ante utility cost (given the observation of price) compared to employing the rational
demand schedule. So why do people employ hedging strategies after all?

Ex-post, hedgers might be better off compared to outsiders in the case of information shocks. The

reason is that both hedging demand and insider’s rational demand are in the same direction (and both
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are opposite to outsider’s direction of demand) when the size of hedging is sufficiently small. Since the
insider has the privileged information, it is quite likely that insider is better off compared to outsider
(however we cannot say this with certainty as insider’s signal is noisy). Hence the hedger is also
quite likely to be better off compared to outsider after an information shock. In the case of liquidity
shocks, hedger’s demand is opposite in direction to both insider and outsider. So if overwhelmingly
information shocks trigger price deviations, employing hedging strategies might prove to be ex-post
profitable due to the argument above. Of course, this explanation is far from a rigorous treatment of the
matter; however we were not able to conduct this task due to the analytical complexity associated with
the particular choice of hedging strategy (put-option replication) and normal distributions.

Another interesting point is that whenever the size of hedging is sufficiently large, the hedger’s
demand is in the opposite direction of both insider and outsider. So a possibly winning strategy for one

person will be an almost certainly losing strategy when many people employ it.

Appendix A: Mathematical Preliminaries

Al Projection theorem. For jointly normally distributed random variables X and ©, we have the

following formulas:

EX|0=6] = E[X]+3°—‘;%)r%9—)(0—Ee),
var(X|@©) = var(X)—(CLV‘gi’;)—)y.

A2 Rao’s formula. For a normal random variable X, the following formula holds:

E[eX] = e(EX+%),

Appendix B: Derivations
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B1 Derivation of excess demand functions, Since R is normal, Wj is also normal for j = ¢,0. By

Rao’s formula (A2) we have

E[uJ (W]) |I]] — _e(—ajDjE[Rle]—aj(ej—ij)+a?D]2Lﬂ(—;ﬂ{i)-) .

Agent j € {1, 0} solves the maximization problem, given in (3.1.1). The solution to this problem is

_EIRIL]-p

Dj(p) = a;var(R|I;

B2 Derivation of (3.1.3b). Recall that 0 = v — a!. Projection theorem (A1) implies

B cov(R, L) x
E[R|o) = ER + —_2=*(v — ¢;l - ER).
Then
A* cov(R, ¥ A cov(R, b))
E — (o - T T @V T Tvar
[R|o] + o (o — E[R|o]) { s ar (1 vary }U
cov(R, %) X cov(R, ¥)
{ vary’ + A1 - vary’ )}l
A* cov(R,T)
ak {1 C vars }ER'

B3 Derivatives of the function f~1. Let y = f(z). Thenas f = I + A*h, we have

1

1y A*R"(x)
T+ AW () ") =-

—1y/ — L o7
(F) () (1+A*h/(x)>3

Appendix C: Proofs

C1 Lemma A. Excess demand functions of insider and outsider are well-defined.
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Proof: We only need to show that var(R|S) and var(R|X) are non-zero (see (3.1.2)). As var{) and

var R are non-zero, using (Al) we get

Coep [OVRS? o (varR)?
var(R|S) = varR varS = var varR + var(2 ’
o (VR
var(R[Z) = varR vary
2
(cov(R, E[R|S] - aivar(RlS)L)>
= varR —
var(E[R|S] — a;var(R|S)L)
(cov(R,8))?\ 2
— varR ( varS >
(( cozglriéS))z + aiQ(var(R|S))2varL)
2
> varR— SIS RIS > 0. O
varS

C2 Lemma B. V%% < 1

vary

Proof: To prove this inequality, we extract the terms in LHS.

cov(R, ) = Cov(R,E[R|S] - aivar(RIS)L) = cov(R,E[R, S])

cov(R, 9) (cov(R, S))*

= R,ER
COV( ’ + arS varsS

(S-ER)) =

varY = var(E[R|9]) + a;*(var(R|S))?varL

varS
_ (eov(R,8))® | o 2
= m— + a;°(var(R|S))*varL.

(S - ER)) + a2 (var(R|S))?varL

Hence the result follows. 3

C3 Proof of Proposition 3.2. Note that A’ = oIl’ > —% due to S1’. We also know from (C2) that
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0AR2B) < 1. Thus from (3.2.1a)-(3.2.1b) and (B3), given p = P(v,1) one has

vary

PP(;Z,Z)' e S {Cozi?éz) +4& (1 _ coza(i{éz)) }
lanlj’ l)‘ = TRATH {a? B A (1 - —°°§§?z””) }

Since IT is a decreasing function, it is straightforward to see that | 6135 D [ and [ an;,l) | are increas-

ing functions of . O

C4 Proof of Proposition 3.3 Due to S1/, A/ > ~%. Hence from (B3) it follows that if A is strictly
convex within the set P(U,,, Uy, ), f~! is strictly concave within P(U,,, Uy, ), consequently P(v,1) is
strictly concave in v and strictly concave in [ within Uy, x Uj,. This proves (a).

Now from (3.2.22)-(3.2.2b) and (B3), given p = P(v,[) we have

Py MTW){WWﬂ+£@_WWﬂN2
ov? (1+ aA*H’(p))3 vary, af varX ’

O*P(v,1) ___ aAT(p) {(17k cov(R, ) N A*(l _ cov(R, E)>}2
ol? (1+ aA*H’(p))3 ' ovary vary ’

Recall that I is a strictly decreasing function. If & (and hence IT) is strictly convex in P (U, Uy, ),

one has II"(p) > O forp € P(U,,U, Ulo), thus 32(];”(5 Y and 321;(; D are decreasing functions of « for

(v,1) € Uy, x Uy,. Hence (b) is proved. O

C5 Proof of Proposition 3.4. We have

_ _»p E[R|s] E[R|0]
Z(p) = A i) + a;var(R|S)  a,var(R|X) —1 andthus
2 = -~ K.

Now it is straightforward to see that S1’ holds if and only if Z is strictly decreasing in p. [J
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C6 Proof of Proposition 3.6. First note that the assumptions employed in the proposition impose

1
”‘A:<h() -—.

Now take a look at the following equations for given p = P{v,l) (which were already derived in C3

and C4):
‘8P(u,l)’ B {cov (R, ) A* (1 _ cov(R, E))}
Ov 1+ A*h’ vary al vary ’
OP(v,l)| cov(R, ) . cov(R, L)\
' ol l 1 +A*h’ {a vary +A ( vary )}’
8P(v,l) ~ A*h"( ) {cov(R , ) n £(1 3 COV(R,Z})) }2
ov? B (14 A*h’(p)) vary a} vary ’
2P * I b b 2
9 (21/, h _ __ AN(p 3{a2‘COV(R’ ) +A*(1 _ cov(R, ))} _
ol (1+ A*K(p)) vary vary
It is easy to see that if we can find a limit value, say /i > 1, such that
R|IZ)
1+ A*HW (p) — = ﬂ— —
+A*h(p) =0 as p var(®@)5) P

. 2 2 . .
then |3P;9(L’—’Q] and [ap(.gz”lll will tend to oo whereas 2 gy(;' ) and 2 Igl(;’l) will converge to —oo. Given

p=Pl), i =— 1 does the job. That is, as 4 — — L
aovar(R|S) (f;%—h’(p)) aovar(R|S) (;t;_,——kh’(p))
OP(v, 1), | OP{v1) 8?P(v,l) 9*P(v,1)

|—>oo and

' ov I’I ol ;IR TF)

However, there is one thing we need to check: whether 4 = —

4y

L > 1 or not.
apvar(RIS) (—15;+h (p))

Suppose not: using our assumption that 2'(.) < —a—ﬁ we get
7

1 1 1 1 1

W 1 1Y —_— e ] — =
+ (p))> = Pp) < a,var(R|S) a © aovar(R|Z) af

(3

—aevar(R|S) (%

i
which violates another assumption of ours, &'(.) > —4. So it is also true that 4 > 1.
Now following the limit results derived above and the fact that P(v,l) is continuously twice-

differentiable, there exits fi > 1 such that within the domain (f, co) of the asymmetric information
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. . . P
measure fi; |3P3(5’l | |8P ;”l | are increasing in p and —- 5 s (" l) & gl”l are decreasing in . O

C7 Proof of Proposition 3.7.

(a) From the extraction of E[R|o] it follows

OE[R|o] cov(R,X) OE[R|o] a.*cov(R, Y)

v vary al Y vary

Recall from (3.2.1a)-(3.2.1b) that

T - {1
D — e (o2 (- )

Following Lemma B (C2),

cov(R, %) 1_4_*(1 _ cov(R,E)) S cov(R, )

vary a;

i vary

vary
Moreover h is a strictly decreasing function, hence h/(.) < 1. Then it follows from (B3) that

1

(Y @wD) = 1 AR PO =

under S1’. So
dP(v,1) S OE[R|o]  8P(v,l) < OE[R|o]
v — ov ' ol - ol !

and therefore D,{P(v,1)|o) is decreasing in v and increasing in { from (3.6.1).

(b) We have B—Eg%@ = m == (. On the other hand, BP(” D < 0 dueto SV (see Lemma 3.1). Thus from

(6) one observes that D,;(P(v,)|v) is increasing in [.
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(c) We have —[—'—1 35 = L. Recall from (3.2.1a) that

oP

= (f"l)’(Q(y,l)){COV(R’ X) + £(1 3 cov(R,Z)>}.

vary a¥ vary

7

First of all; 4¢ o = ﬂQF <1, and M < 1 from Lemma B (C2). So
cov(R, %) + %(1 _ cov(R, 2)) <1

vary vary

i
On the other hand we have shown in part (a) that (f =)' (Q(v,1)) > 1. Therefore 8P(" Y can be greater

or less than 1 depending on the exact value of (f™1)/(Q(v,1)). In particular, following from (B3),

1y 1 as a—0
(f )(Q(V’l))_) 1

0B AT T (ewD))

Note that under S1’, o cannot take values larger than — , and also note that —

1
—_—— >
aw(f-10)) =
0 as II is a decreasing function. Therefore D;(P(v,!)|v) is increasing in v with sufficiently small «,

1
A (5-10))

and it i5 decreasing in v with sufficiently large o.. (]
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