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We introduce random fluctuations on contact and recovery rates in three basic de-
terministic models in mathematical epidemiology and obtain stochastic counterparts. This
paper addresses qualitative and quantitative analysis of stochastic SIS model with disease
deaths and demographic effects, and stochastic SIR models with/without disease deaths
and demographic effects. We prove the global existence of a unique strong solution and
discuss stochastic asymptotic stability of disease free and endemic equilibria. We also in-
vestigate numerical properties of these models and prove the convergence of the Balanced
Implicit Method approximation to the analytic solution. We simulate the models with

fairly realistic parameters to visualize our conclusions.
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INTRODUCTION

SIR models are dynamical systems, as they can vary with respect to time. They are
building blocks of compartmental models in mathematical epidemiology which divide the
population into three classes; Susceptible, Infected, and Removed. Generally, these models
admit two types of equilibria; disease free and endemic equilibrium. If the disease free
equilibrium is globally asymptotically stable then the disease dies out. If the endemic
equilibrium is globally asymptotically stable then the disease persists in the population at

the equilibrium level.

The simplest SIR model, described by Kermack and McKendrick [1], is

S(t) = —BSMIW)
') = BSWIE) - al(t) (1)

R(t) = al(t)

with initial value (S(0),1(0), R(0)) = (So, {y,0), where an infection rate § and removed
rate « are positive. ST denote the number of new infections in unit time, and 1/« is the
mean of the infective period.

This model is too simple to be an effective model for most real world scenarios. It is
desirable to include more assumptions in the model in order to improve its predictive power
and its applicability. In this paper we consider models with demographic effects (births
and deaths) and disease related deaths (non-constant population).

Establishing global stability of an endemic equilibrium of epidemic model is generally
a nontrivial problem. Global stability of many epidemic models (deterministic) has been

established by applying Poincaré-Bendixson theorem and Dulacs criterion [3, 4, 5, 6, 8, 9,



10, 11].

Lyapunov’s direct method [12] and LaSalle’s invariance principle [13] has been used
in [14, 15, 16, 17] to study the stability of standard SIR models. A historic function
Vi(zy, . xg) = S0 ez —at—a¢In %) is considered as a good candidate for the Lyapunov
function for epidemic models and used in recent literature [18, 19, 20, 21, 22, 23, 25, 26,
29, 30] to prove the global stability. This function has been used in Lotka-Volterra models
24, 32, 31] and discovered by Volterra himself.

Stochastic modelling is the most natural way to describe an infectious disease, be-
cause the process of transmission of infectious diseases is inherently random. Deterministic
models describe the spread under the assumption of mass action, relying on the law of
large numbers. However, when the population is small or the number of infected is not
large, stochasticity can have a major impact [33]. Other properties that are unique to the
stochastic epidemic models include the probability of an outbreak and the eradication of
an endemic disease. In this paper we present three stochastic models for the spread of
an infectious disease. Over the last few years, Lyapunov’s direct method for the global
stability of stochastic epidemic models has been used in [27, 28, 34].

Below is a brief description of the results highlighted in each chapter. The first chap-
ter is about the preliminary. It provides the basics on mathematical epidemiology and
compartmental models. The second part of the chapter mentions some definitions and
inequalities in probability theory which will be used throughout the paper. It also con-

tains theorems on existence and uniqueness of solutions to SDE’s, stability of equilibrium

solutions, and convergence of numerical methods.



Chapter 2 deals with qualitative analysis of stochastic SIR model with demographic

effects. First of all we perturb the deterministic system (2.1), given in chapter 2, by a white

AW (1)

7 and obtain a stochastic model

noise,

dS = [-BSI+pu(N —S)] dt —SI F\(S,I)dW;
dI = [BSI— (a+ I dt+SI Fy(S,I)dW, — I Fy(S,I) dWs (2)

dR = (al — pR) dt+1 Fy(S,I) dWs

where an infection rate 3, removed rate «, per capita death rate u, and population size N
are positive, the functions F;’s are locally Lipschitz continuous on D := {(S,1) : S > 0,1 >
0,5+ 1< N} fori=1,2and W; are Wiener processes defined on a complete probability
space (Q, F,{Fi}i>0,P).

Because the total population size is constant, R (= N—S—1) is determined once S and
I are known, and we can drop the R equation from our model, leaving the two-dimensional

system

dS = [-BSI+ u(N —8)] dt —SI F\(S,I) dW;

dI = [BSI—(a+ )] dt+ SI Fy(S,I) dWy — I Fy(S,I) dWs (3)

Next the global existence of a unique strong solution on D is proven. It is then shown
that the disease free equilibrium (S,7I) = (N,0) and the endemic equilibrium (S,I) =
atp pN I

(T L= — B) of the system (3) are stochastically asymptotically stability under some

assumptions.



Chapter 3 introduces a stochastic SIS model (Susceptible-Infected-Susceptible) with

disease deaths and demographic effects

as

[—BST + uw(K — S) + af} dt — SI Fy(S,I) dWy + I F5(S,I) dWy

dI = [BSI— (a+~y+p)I] dt+ SI Fy(S,I) dWy — I Fy(S,T) dW, (4)

where K is the carrying capacity (maximum population size) and - is the per capita disease
related death rate. Since N = S + I we obtain N’ = u(K — N) — I by adding the above
equations. Therefore the population size N is not constant and may vary in time.

In this chapter, it is shown that a unique strong solution to the system (4) globally
exists on D. In addition stochastic asymptotic stability of the disease free equilibrium
(S,I) = (K,0) and the endemic equilibrium (S, 1) = (%, % - %) of the system

(4) are proven.

Chapter 4 deals with global existence of a unique strong solution and stochas-

tic asymptotic stability of the equilibria (S,I,R) = (K,0,0) and (S,I,R) =
<a+g+“ 3 fﬁm - %, afﬁm — %) of a stochastic SIR model with disease deaths and de-

mographic effects
dS = [—BSI+u(K —S)] dt—SI Fy(S,I,R) dW;
dI = [BSI—(a+~+wI]dt+SI F(S,I,R)dW, —I Fy(S,1,R) dWs (5)
dR = (ol — pR) dt+1 Fy(S,1,R) dWs.

In Chapter 5 the below balanced implicit method approximation is considered,

2
Yn+1 = Yn + f(an tn)An + Z gj (an tn)AWgL + C(an tn)(Yn - Yn+1) (6)

j=1
where ¢(Y,,,t,) = A I3x3 for the unit matrix Isxs and

K
A= (a+vy+p+pL) A+ K |F1(Y,) AW + o |Fy(Y;,) AW (7)

4



for a discretization of SIR model with disease deaths and demographic effect

dX = f(X,t) dt + g(X,t) dW (8)

S —BST + u(K — S) —SIF(X) 0
AW'!
X=|71|[ . f(X)=|8ST—(a+y+u)I|>9X.t)=| SIF(X) -IF(X)|anddW =
AW?
R ol —uR 0 IFy(X)

and the W/’s are i.i.d. Wiener processes defined on a complete probability space
(2, F,{F:}+>0,P) and independent of the initial value X (0) = xo € R? with E||z||* < oo.
Convergence of numerical approximation (6) to analytic solution X is proven by using
Invariance property and V-stability of the numerical solution Y,,, Mean Square Holder
Continuity of Martingale Part and Mean Square Contractivity of X, and Local Uniform
Boundedness, Local Mean Square Holder Continuity, Mean and Mean square Consistency
of X and Y,,.
We also show that the discretized stochastic SIS model with disease deaths and de-
mographic effect (5.26) is invariant with respect to D.
In chapter 6 we simulate two stochastic models mentioned and discretized in the

previous chapter using realistic parameters.



CHAPTER 1

PRELIMINARIES

1.1 MATHEMATICAL EPIDEMIOLOGY

Mathematical epidemiology studies the spread of diseases in populations by using
tools from mathematics, statistics, and computer science. Because of ethic concerns and
the nature of diseases, it is difficult to do experiments searching an effective strategy for
the management of diseases. Mathematical models may be needed.

An outbreak of a disease that spreads rapidly and widely is called epidemic, and
a disease that exists permanently in a particular location is called endemic. Every year
millions of people die because of infectious diseases such as measles, influenza, tuberculosis,
or pneumonia. Diseases such as malaria, typhus, cholera, and sleeping sickness are endemic
in many parts of the world. [35].

Modern mathematical epidemiology is based on compartmental models and was ini-
tially developed by R.A. Ross, W.H. Hamer, A.G. McKendrick, and W.O. Kermack between
1900 and 1935. SIR models are building blocks of compartmental models which divide the
population into three classes: Susceptible -the number of individuals who are susceptible to
the disease, that is, who are not (yet) infected, Infected - the number of infected individ-
uals, and Remowed - the number of individuals who have been infected and then removed
from the possibility of being infected again or of spreading infection [35]. SIR models can

be represented by a flow diagram shown in Figure 1.



O—=—

Figure 1.1: Flow chart for the SIR model without demography for constant population size.

The simplest SIR model, described by Kermack and McKendrick [1], is based on the

assumptions:
i) Constant population size (no births, deaths, or migration).

ii) The only way an individual can leave the susceptible class is to become infected. The
only way an individual can leave the infected class is to recover from the disease.

Once an individual has recovered, the individual received immunity.
iii) Homogeneous mixing (all members of the population have identical rates of contacts).

Under these assumptions, Kermack and McKendrick [1] purposed the model

S'(t) = —BSH)I(t)
I'ty = BSH)I(t)— al(t) (1.1)
R'(t) = al(t)

where an infection rate 5, and removed rate « are positive. 551 denote the number of new

infections in unit time, and 1/« is the mean of the infective period. This system has the

initial condition S(0) > 0, I(0) > 0, and R(0) = 0.



The basic reproduction number, universally represented by the symbol Ry, is the ex-
pected number of secondary infections produced when one infected individual entered a
fully susceptible population [36, 6]. It is one of the most important quantities in epidemi-
ology. The basic reproduction number is a threshold parameter that tells us how quickly a
disease is going to spread a population. It determines whether there is an epidemic or not.
If Ry < 1, the infection dies out (with probability 1), while if Ry > 1 there is an epidemic
(with probability > 0) [37]. R plays an important role in stability analysis of a model. If
the disease-free equilibrium is globally asymptotically stable then the disease dies out. If
the endemic equilibrium is globally asymptotically stable then the disease persists in the
population at the equilibrium level [22]. The basic reproduction number for the model (1.1)
is Rg = g

Model (1.1) is too simple to be an effective model for most real world scenarios. It
is desirable to include more assumptions in the model in order to improve its predictive
power and its applicability. We can consider models with; demographic effects (births and
deaths), disease related deaths (non-constant population), more compartments (exposed
period, asymptomatic stage, isolation, quarantine, or vaccination), vertical transmissions
(mother-to-child transmission), vector transmissions (transmissions by organisms that carry
an infectious pathogen), heterogeneous mixing (diverse population), age-saturated popula-
tions, or stochastic models [35, 3§]

If the disease confers no immunity against reinfection then infectives return to the
susceptible class. Such a model is called an SIS model. These models are appropriate for

most diseases transmitted by bacterial or helminth agents [35].



All infectious diseases are subject to randomness in terms of the nature of transmission.
This thesis addresses qualitative and quantitative analysis of three basic stochastic models
in mathematical epidemiology; SIS model with disease deaths and demographic effects,
and SIR models with/without disease deaths and demographic effects. To incorporate

stochasticity, noise is introduced directly into the deterministic models.

1.2 MATHEMATICAL BACKGROUND
1.2.1 Solutions of SDE

Consider a d-dimensional stochastic differential equation of the form
dX(t) = f(X(t),t) dt + g(X(t),t) dW () (1.2)
X(tg) = Xo, to <t <T < o0,
where f : R? x [to,T] — R? and g : R? x [t;,T] — R™ are Borel measurable, W =
{W ()} 154, is an R™-valued Wiener process, and X is an R%valued random variable.

Definition. A strong solution X = {X (t)};>4, of SDE (1.2) is a {F; }+>¢,-adapted stochastic

process defined on a filtered probability space (2, F, {F;}i>t,, P) such that

i) W is a {F}i>i,-adapted Wiener process defined on a filtered probability space
(Q, F,{Fi}+>t,, P) and the increments W(t) — W(ty) is independent of a random

variable X for ¢t > t,.

i) / (1F(X (), )| + l9(X (), ) |P) ds < oo

to

iii) X is continuous, and for all ¢ > ¢,

X(t) = Xo —l—/ f(X(s),s) ds+/ 9(X(s),s) dW(s) as. (1.3)

to to



There is another solution concept in SDE’s, a weak solution. For these solutions the
path behavior is not essential, only the distribution of a solution X is of interest. The
initial condition Xy and the coefficients f and ¢ are given, but a Wiener process W is not
given. The pair (X, W) that satisfies the equation (1.3) needs to be determined. However

we are only interested in a strong solution in this paper.

Definition. The Frobenius norm (Hilbert-Schmidt norm) of a matrix A, «, is defined by

ZZ lai;|? = Z | A; |13 = Z | A;]13 = /tr(AAT). The Frobenius norm
i=1 j=1

i=1 j=1

[Allr =

|.||F and the Euclidean vector norm ||.||2 are compatible by

m m
[Az]|3 = " [Aix> <Y [ Ail3llz)3 = Al ll«]3  for n-dimensional vector x.
=1 =1

The vector space of m x n matrices with real entries is an inner product space with the

inner product < A, B >:= tr(ABT), for matrices A,,x, and B,,x,.

Theorem 1.2.1. ([39] Existence and uniqueness of Solutions)

Consider a stochastic differential equation of the form

dX () = f(X(t),t) dt + g(X(t),t) dW(t) (1.4)

X(to):Xo, to <t<T < 0,

where f: R x [to, T] — R? and g : R? x [to, T] — R™™ are Borel measurable and W is an
R™ valued Wiener process with independent component processes. Suppose Xq is a random
variable independent of W (t) — W (ty) for t > to, and E||Xo|]* < co.

There is a unique R%-valued strong solution X of (1.4) defined on [to, T] if there exist
two positive constants Ly and Lo for all t € [to,T] and x,y € R? such that

10



i) (Lipschitz condition)

1f (2, t) = Fy, DIl + g, ) = g(y, Ol < Ly [l =y, (1.5)

ii) (Linear growth condition)

1f @, O + lg(@, OI* < Ly (1+[|2[*). (1.6)

Furthermore, the solution X is continuous with probability 1 and sup E|X(t)||* < co.

te(to,T)

Definition. The infinitesimal generator (differential operator) £ associated with the SDE

(1.4) is defined as

0 & o1& s
—_ ) T T
Lo g+ S fatig+5 32 (sl @), o

3,j=1

Definition. A continuous time stochastic process {X(t)}>¢, is invariant (a.s.) with re-

spect to fixed simply connected domain I C R? if and only if

P(X(t)eD)=1 forallt>t (1.7)

The next theorem is taken from [40] (Thm. 5, pp. 132-133).

Theorem 1.2.2. (D-invariance) (Khas'minskii [44])

Let D and D, be open sets in R™ with

D, C D1, D, €D, andD =|J D,

11



and suppose f and g satisfy the existence and uniqueness conditions for solutions of (1.4)
on each sett > ty, x € D,. Suppose, further there is a nonnegative continuous function
V D X [ty, T] — Ry with continuous partial derivatives OV /ot, OV /0z;, and 0*V/dx;0x;

and satisfying LV < ¢V for some positive constant ¢ and t > ty, x € D. If also,
inf  V(z,t) 200 asn—

t>to,z€D\Dy,

then, for any Xy independent of W such that P(X, € D) = 1, there is a unique solution X

of (1.4) with X(0) = Xo, and X(t) € D for allt > 0, that is P(p = 00) = 1.

1.2.2 Stability of Solutions

We use the following assumption to define the stability concepts.
Assumption 1. Consider a d-dimensional stochastic differential equation
dX(t) = f(X(t),t) dt + g(X(t),t) dW (L), t>to, X(to) = zo. (1.8)

Assume that f and ¢ satisfy, in addition to the assumptions of the existence and uniqueness
Theorem 1.2.1, f(z¢t) = 0 and g(x°,t) = 0 for all equilibrium solutions z¢ for ¢t > t,,
and they have continuous coefficients with respect to t. Furthermore assume that zy is a

nonrandom constant with probability 1.

12



Definition. Suppose that the Assumption 1 is satisfied.

i) Then the equilibrium solution z¢ is said to be stochastically stable (stable in proba-

bility) if for every € > 0 and s > tg

lim ]P’( sup ||X (s, zo, t)|| 26) =0 (1.9)

xo—r e to<s<oo

where X (s, zo,t) denotes the solution of (1.8) satisfying X (s) = x.

ii) The equilibrium solution z¢ is said to be stochastically asymptotically stable if it is

stochastically stable and

lim P <lim X(s,20,t) = 0) — 1, (1.10)

xo—x€ t—o0

iii) and stochastically asymptotically stable in the large if, further,

P (lim X (s, 20,1) = 0) = 1 for all 7, € R%. (1.11)

t—o00

Theorem 1.2.3. (Arnold, L. [{1]) Suppose that the Assumption 1 is satisfied.

i) Suppose that there exist a positive definite function V(x,t) € C%! (Uh X [to,oo)),

where Uy, = {z € R : ||z|| < h} for h > 0, such that
LV (z,t) <0, t>t, 0<|z| <h. (1.12)
Then, the equilibrium solution of (1.8) is stochastically stable.

it) If, in addition, V is decrescent (there exists a positive definite function Vi such that
V(z,t) < Vi(x) forallx € Uh) and LV (z,t) is negative definite, then the equilibrium
solution of (1.8) is stochastically asymptotically stable.

13



iii) If the assumptions of part i) hold for a radially unbounded function V(x,t) i.e.
V(x,t) — oo as ||z|| — oo uniformly on t, defined everywhere on R? x [tg, o), then

the equilibrium solution of (1.8) is stochastically asymptotically stable in the large.

V' is called a Lyapunov function.

1.2.3 Convergence of Numerical Methods

This section stated the main concepts of numerical approximation of stochastic pro-
cesses as appears in Schurz [46]. Let Xz ,(t), Yz(t) be the one step representations of
stochastic processes X, Y evaluated at time ¢ > s, started from Z € Hy([0,T], u, H). They
are supposed to be constructable along any F;-adapted discretization of the given deter-
ministic finite time interval [0, 7] and could depend on a certain mesh size A,,,,. Assume

that there are deterministic real constants rq, rga, 72 > 0, 0 < g < 1 such that we have

(Al) Strong (D;)-invariance of X,Y

(A2) V-Stability of Y, i.e. 3V : Ho([0,T],u, H) — R, V(Y(t)) is Fr-adapted and 3

real constant Kgf Vi,h:0<h<dy, 0<t, t+h<T

E[V (Yy.) (¢ + )| < MV (Y (1)), (1.13)

(A3) Mean Square Contractivity of X, i.e. I real constant K such that VX (¢),Y(t) €

D, Vt,h:0<h<dy, 0<t, t+h<T

E[|| X (t + h) = Xyt + 0| 1X(@),Y(0)] < S CMX0) - YO (1.14)

(A4) Mean Consistency of (X,Y) with rate ry > 0, i.e. 3 real constant K such that

14



3Z(t) €Dy VE,h: 0<h <8, 0<t, t+h<T
|E[X 2t + 1) Z(t)] = EYz@ .t + R)|Z@)]||, < KSVV(Z(t)) B (1.15)

(A5) Mean Square Consistency of (X,Y) with rate r, > 0, i.e. 3 real constant K§

such that VZ(t) e D, VE,h: 0 < h <y, 0<t, t+h<T
1/2 .
(Bl Xt + B) = Yzt + W3 12(0]) < K§VVZ@®) 02 (116)
(A6) Mean Square Hélder-type Smoothness of Martingale part of X with rate

rem € [0,0.5], i.e. 3 real constant Kgp > 0 such that VX (¢),Y(¢t) € D, Vi, h : 0 <

h<édy, 0<t, t+h<T
B[ Mx(a(t + 1) — Myt + D)% < (Ksa)? E|X(8) = Y03 h25% (1.17)
where M, ;(t+ h) = X, (t + h) — E[X,:(t + h)|F] for z = X (t),Y (¢).
(A7) Interplay between consistency rates given by rq > o + rgp > 1.
(A8) Initial moment V-boundedness E[V(X()] + E[V (Y))] < 0o

Stochastic approximation problems satisfying the assumptions (A1)-(A8) on H, are

called well-posed.

Theorem 1.2.4. (Schurz [{6]) Assume that the conditions (A1)-(A8) are satisfied and
E||Xo — Yoll%) < KinitiatQAniaz- Then stochastic processes X,Y € Hy([0,T), u, H) converge

to each other with respect to the natural induced metric
m(X,Y)=(< X -Y,X - Y >g,)"/?

with worst case convergence rate ry = ro + gy — 1.
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1.2.4 Inequalities
1. Holder’s Inequality: If D is a measurable subset of R” with the Lebesgue

measure i, and f and g are measurable functions on D, then

| <(/ ||f(u)||pdu(U)>1/p (f ug<u>|\qdu<u>)1/q (118)

for 1/p+1/g =1 with 1 < p,q < co. Also,

/D £ ()9 (u)dp(u)

IE(XY)I| < (BIX 7)Y B[V ). (1.19)

One of the most used example is |[E(X)|| < (E||X|?)">.

2. Cauchy-Bunyakovsky-Schwarz Inequality:
2
| [ stwstwaa < ([ 1seran) ([ 1stoea) (1.20)
D D D
3. Jensen’s Inequality: f(E(ZL‘)) < E(f(a:)) for the convex function f. One of

the most used example is ||Ez| < E|z]| .

4. Ito Isometry:
t 2 t )
B | [ rwavw| & [ ) (121
5. Algebraic Inequalities:

(a£0)* < 2(a*+0b%)

(a+b+ec)? < 3(a®+b+ ) (1.22)
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CHAPTER 2

STOCHASTIC SIR MODEL

2.1 DETERMINISTIC MODEL

An SIR model with births and deaths, due to Kermack and McKendrick [1], is

S'(t) = —=BSOI)+u(N—S(1))
I't) = BS@I(t) = (a+ pi(t) (2.1)

R(t) = al(t)— uR(t)

where an infection rate (, removed rate «, and per capita death rate u are positive. The
population size N = S(t) + I(t) + R(t) is held constant for all time by balancing births and

deaths. The transfer diagram for the SIR model is shown in Figure 1.

N

Figure 2.1: Flow chart for the SIR model with constant population size.

In the model, uN is the number of births (immigrants) in unit time, 557 is the number

of new infections in unit time, and 1/« is the mean of the infective period.
BN
a+p

The basic reproduction number for this model is Ry =
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2.2 STOCHASTIC MODEL

We perturbed the deterministic system (2.1) by a white noise, W) and ob-

dt
AW, (t)
dt

tained a stochastic model by replacing the rates 5, and o by 8 + Fi(S(t),1(t))

Wa(t)
dt

d . . . .
and o + Fy(S(t),1(t)) respectively, where Fj’s are locally Lipschitz-continuous on
D={(S,I)eR?® §>0, I>0, S+1< N} and W;’s are i.i.d. Wiener processes defined on

a complete probability space (2, F, {F; >0, P) for all t > 0.

Therefore stochastic SIR model is,

as(t) = ( — BS()I(t) + p(N — S(t))) dt — S(1)I(t) Fy(S(t), 1(t)) dWi(t) (2.2)
ar(t) = (BSWI() — o+ wI(1)) di+SOIE) Fy(S(), 1)) dWa(t) — 1(t) Fo(S(0), 1(t)) dWa(t)
dR(t) = (a[(t) - uR(t)) dt + I(t) Fy(S(t), 1(t)) dWal(t)

where the parameters «, § and p are positive and the functions F;’s are locally Lipschitz-

continuous on D for all ¢t > 0.

Because the total population size is constant, R (= N—S—1) is determined once S and

I are known, and we can drop the R equation from our model, leaving the two-dimensional

system
ds(t) = ( — BS(H)I(t) + u(N — S(t))) dt — S()I(t) Fy(S(t), 1(t)) dW (t) (2.3)
dI(t) = (BS(t)I(t) —(a+ u)I(t)) dt + S(1)I(t) Fy(S(t), 1(1)) dWi(t) — I(t) Fy(S(t), I(t)) dWa(t)

The disease free equilibrium is (S, I;) = (IV,0). There exist a unique endemic equi-

librium

s = (5085 5) - (meass (o)) - (o) e

if RO > 1 and E(SQ,IQ) = 0.
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2.2.1 Existence and Uniqueness of Solutions

Consider the stochastic SIR model

dS(t) —BS()I(t) + p(N — S(t))
= dt (2.5)
dI(t) BSE)I(t) — (o + p)I(t)
= (5(1),1(1),1)
. —SI)Fi(S(t),1(t)) 0 dW1(t)

SMINF (S®.1())  ~IOF(S@). 1) | \dwa()

= g(S(1),1(),1)

with initial condition (S(to),Z(t0)) = (So,lo), where the parameters «, f3, v, and p are

positive and F; are locally Lipschitz-continuouson D = {(S,I) € R%; § >0, I >0, S+I < N}

for all t > t,.

Lemma 2.2.1. The coefficient f(S,1,t) is locally Lipschitz-continuous on D with Lipschitz

constant Ly = 83*N? + 2(a + p)?.

Proof. For all t > to, (S,1) € D and (S*,I*) € D
2

2 “B(SI — §°I*) — (S — %)

Hf(S,[,t) — (ST

BST = 5I") = (a+p)(I = I7)
= (—BST -5 ~ (S 59) 4+ (B(ST—S'T) — (ot (I~ )
< 20%(ST = S*T)? 4 24°(S — 5*)? + 26%(ST — S*I")* + 2(a + p)*(I — I*)°
= AB%(SI — S I*)? + 2% (S — S*)* + 2(a + p)*(I — I*)?
= ARSI —S* I+ S*I — S*I*)* +2u*(S — S*)* + 2(a + p)*(I — I*)?
< 8BRS = S80S (1 — ') + 203 (S — S+ 2(e+ )P (I — I')?
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I<N&S*<N
< BENT (S - 87+ (88PN 4 2a+ w)?) (I - )

IA

(852N2 4 2(a+ u)?) ((s — S 4+ (I - f*)?)

2
(=5 1=1)"|" where Ly = 852N? + 2(a + p)?

]

Lemma 2.2.2. The coefficient g(S, 1,t) is locally Lipschitz-continuous on D with Lipschitz

constant Ly = sup {4Z1N4 + 8F2(S,I)N? 4+ 2LyN? + 2F2(S, ])}
(S,])e D

Proof. For all t > tg, (S,I) € D and (S*,I*) € D,

since F;’s are locally Lipschitz-continuous on D.

RIS, 1.1) — Fi(S", [*,t)Hi <L((5 =87+ (1), (2.6)

2

g(S,I,t) —g(S*, 1", t)

F
—SIF(S,T) + S*I*F,(S*, I*) 0

SIF(S,I) — S*I"Fy(S*, I*)  —IFy(S, 1)+ I*Fy(S*, I*)

F
2 2
—  o(SIF(S,1) S*]*Fl(S*,]*)> + (IFQ(S, 1) —I*FQ(S*,I*)>

(
(

2
+<IF2(S, 1) — IFy(S*, I*) + I Fy(S*, I*) — I*F5(S™, I*))

2
= o(SIF\(S,I) — SIF\(S*,I*) + SIF(S*, ") — S*[*Fl(S*,[*)>

= os1(R(S.0) - R(s' 1) + (ST-5T)R(st. 1)}

+{I(F2(S, ) - F(S7, 1*)) + (I - J*) Fy(S*, I*)}2

A
=
AN

)

2 2
45212 (Fl(S, ) — F(S", I*)) ARSI (SJ L S*]*>
2
+2I? (FQ(S, 1) — Fy(S*, I*)> 2F2(SH, 1) (I — I*)?
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(2.6) ~
4S212T, ((5 S (I — 1*)2> 8F2(S*, ) I2(S — S%)?

YSEF2(S*, I*)S*2(I — )2 + 212Ls <(S S 41 — 1*)2) FOR2(SH, ) (I — I)?

< <4ZIN4 4 8F2(S*, I")N? + 2EQN2> (S — 5%)?
+<4ElN4 +8F2(S*, I")N? + 2L, N? + 2F2(S", I*)) (I - I*)?
< sup {Ale‘* 4 8F2(S*, I")N? + 2L,N? + 2F2(S", 1*)} ((S — ST (I I*)2)
(S,I)e D
2
— (-5 1-1)|
F
where Ly = sup {4511\14 +8F(S, I)N? + 2L,N? + 2F2(S, 1)} O
(S,))e D

Lemma 2.2.3. f(S5,1,t) satisfies linear growth condition on D with the growth coefficient

Ls = max {452N2 +2(a + p)2, 22 N2, 2;8}.

Proof. For all t >ty and (S, 1)

2
—BSI + u(N - 9)
BST — (a+p)I
2
— (= BSI+u(N— S)> (551 ~(a+ u)])
< 4B 4 2% (N — S)? 4 2(a + p)?I?
< AB%SPIP 4 21 N? + 2425 + 2(a + p)?I?
4B2N2I? 4+ 2u* N? + 2u%S? + 2(a 4 p)* 1P
< max {4,62]\72 + 2(a + p)?, 20> N2, QpZ} <1 + 8%+ 12>

— L1+ S+ 1) =L <1 + (s I)TH2)

where L3 = max {452]\72 + 2(a + p)?, 20 N2, Q;LQ}. O
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Lemma 2.2.4. ¢(S,1,t) satisfies linear growth condition on D with the growth coefficient

L4:max{ sup 2N2FE(S,I), sup Fg(S,])}.
(S,])e D (S,J)e D

Proof. For all t > tg and (S,1) € D,

) —SIF\(S,I) 0)

Hg(S, L?) F

SIF\(S, 1) —IFy(S,1)

F

= 2S*I°F2(S,I) + I’F3(S, 1)

IN

ON2S?F(S, 1) + I*Fy (S, 1)

IN

max{ sup 2N2F2(S,1), sup F;(S,J)}(S2+12)

(S,1)e D (S, e D

< L1482+ =1, (1 + H (S [)THi)

where L, = max{ sup 2N?FZ(S,I), sup Fj(S, I)}
(S,])e D (S,I)e D

]
Theorem 2.2.5. Let (S(to),1(to)) = (So,Io) € D= {(S,I) e R*: S >0, >0,S+1 < N},
and (So,lo)is independent of W(t) — W (ty) for t > to. Then the stochastic SIR model
(2.8) admits a unique global solution (S(t),1(t))ont >ty and this solution is invariant with

respect to D, where o, 3, v, and p are positive and F;’s are locally Lipschitz-continuous on

D.

Proof. We use Theorem 1.2.2 and follow ideas of Schurz [43]. Since the coefficients of the
system (2.3) are locally Lipschitz-continuous and satisfy linear growth condition on D), for
any initial value (Sp, Iy) € D there is a unique local solution on ¢ € [t, 7(ID)), where 7(ID)
is the random time of first exit of stochastic process (S(t), I(t)) from the domain I, started

in (S(s),1(s)) = (So,10) € D at the initial time s € [t, 00). To make this solution global,
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we need to prove that P(7(D) = c0) =1 a.s.

Let D, = {(S,]):e"<S<N-e" e"<I<N-—e" S+I<N}forneN. The system
(2.3) has a unique solution up to stopping time 7(ID,,).

Let V(S,I) = I —InI+S—InS+N—S—In(N —S) defined on D= {($,1) €R?: 5 >0, I >

0, S+1 < N} and assume that EV (S, Iy) < co. Note that V(S,I) > 3 for (S,I) € D.

Let W(S,1,t) = e "9V (S, I) defined on D X [s, 00), where

c= é (N(N +1)B+a+2u+ sup (252}712(5, I)+ %E}(S, I))) : (2.7)
(S,h)e (ﬁ)
Then,
ov ov
LV(S. 1) = (= BSI+p(N = 8)) 5= + (BSI — (a + i) 57 + AR, F)

for (S,1) € D.

An upper bound of the last term, A in LV (S, ) can be obtained by

1 & 0*V
APy, Fy) = 5 ”zzjl (ggT)ij 90z,
V

B Lrar2rm2 PV eeppe oV *I’F} °F3 o
_ 2(51p1(5,1)852 22 IPFY(S, 1) 5oz + (SIPFL(S, 1) + IPF3(S, 1)) ap)
1 919 19 1 1 272 2 22 1

_ 2<SIF1(S,I) (52+(N_S>2>+(51Fl(SaI)”F?(S’I))I?
(e P e\ rrsn s EASD)
— 5 (N—S)2 1 ) 2 ’
1, 0 2\ 2 2 !
< S(@E+2)FS D+ F(SD) by S+I<N = =<1
S<N, I<N 1
< sup (*N2F12(S7I)+§F22(SJ)>'
(S.N)e D
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Hence,

1 1

LV (S, I) < (—=BSI+pu(N-25)) (—§+ N_S> + (BSI — (a+ p)I) (1—%)

3 1
+ s (§N2F12(S, 1)+ 5F3(S, 1))
(S,I)e D
_ BSI (N -9)
N_3S 3

IN

BI +pu+BSI—(a+wp)l —pBS+a+p

3 1
+ sup <§N2F12(S,I)+§F22(S,])>
(S,I)e(ﬁ))

3 1
LV(S,I) < PBI+p+pBSI+a+u+ sup (§N2F12(S, 1)+ 5F3(S, 1))
($1)e D

3 1
< BN+BN?+a+2u+ sup <§N2Ff(5,1)+§F§(8,])>
(S,N)e D

Therefore, LV (S,1) < ¢ V(S,I) on € D since V(S,I) >3 on € ﬁ]),
Furthermore, LW (S, I,t) = e_c(t_5)< —cV(S,I)+ LV (S, ])) <0.

Note that,

inf  V(S,I) > inf  (I-Inl)+ inf (S—InS)
(S,1)€ D\D», (S,1)€ D\Dy, (S,1)€ D\Dy,

+ inf (N-S—-In(N-2S5))
(S.)€ D\Dy,
> e "+n+e "+n+1

> 2n+ 1.
Now, define 7,, = min{t, 7(D,,)} and apply Dynkin’s formula
E W(S(r), [(r),m) = EW(S(s), I(s),5) + E / " LW (S(u), I(u), u) du
< EW(S(s), I(s),5)

= EV(S(s),1(s)) = EV(So, o).
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Next, E [ec(t_T”)V (S(7a), ](Tn))]

inf
(S,1)e D\Dy,

We have

o
D,C D

Therefore, 0<P(r(D)<t) <

IN

IN

IN

E[e

E [ec(t_s)e_c(T”_s)V (S(Tn), ](Tn)>]

o(t=s) W(S(Tn>, I(1), Tn)}

IRV (S, Io).

V(S,I)>2n+1 and E[ec(t_T")V(S(Tn), I(Tn))] < IRV (S, Iy).

P(r(D,) < t)

IP’(Tn < t)
E(lmq) where 1 is the indicator function
e V(S(2), 1(r(Dy)))
‘ inf . v(S, 1)
(S,1)e D\Dy,

ec(t—s) EV(S07 IO)

nf o V(S 1)

(S,1)e D\Dy,

e?lt=9) EV (S, o) — 0 as n — 0o

2n+1

for all (Sy, Iy) € D, (for large n), and for all fixed ¢ € [s, 00).

Thus P(r(D) < t) = P(r(D,) < t) = 0for (So, Io) €D and ¢ > 0, that is, P(r(D) = c0) = 1.

This proves the invariance property and the global existence of the solution (S(t), 1(t)) on

o

D. Uniqueness and continuity of the solution is obtained by a result from Theorem 1.2.2.

Note that I =0 and S = 0 are not in our domain . We study these cases separately.

i) If I(t) = 0, the system (2.3) becomes the ODE dS(t) = (N — S(t))dt with initial

condition S(ty) € D; = [0, N]. Since the right hand side of the ODE is continuous on D

then the solution S(t) globally exists on D, for all ¢ > t.

25



i) It S(t) = 0,

Figure 2.2: Flow chart of SIR model with disease deaths for S = 0.

the model turns out, dI(t) = (uN —(a+ u)](t))dt — I(t)F(1(t))dW (t). If the initial
condition I(ty) = Iy € Dy = (0, N] then, the above SDE has a unique global solution on
D,. One can prove that by using a function V(I) = I — In [ defined on Dy and Theorem

1.2.2.

Hence the proof is complete. The unique solution, (S (t),1 (t)) globally exists and invariant
with respect to the whole domain D = {(S, NeR*:S>01>0S+1< N} for all

(So,]()) € Dandt >t

O
2.2.2 Stability of Disease Free Equilibrium
Consider, the stochastic SIR model
S = «w%[+MN—S»drmﬁPK&DdWi
dl = @Sﬁ—m+uﬂ>ﬁ+SLﬂ@J)ﬂ%—IFx&DdW§ (2.8)

where «, 3, v, and p are positive and F;’s are locally Lipschitz continuous on D = {(S, I):
$>0,1>0,5+1<N} forallt> t.
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Theorem 2.2.6. The disease free equilibrium solution (S, 1) = (N,0) of (2.8) is stochas-

N
tically asymptotically stable on D if the basic reproduction number Ry = ﬁ+ <1 and
o [
sup F3(S, 1) < 2(a + p).

(S,1)eD

. 1 5 a+2u
Proof. Define a Lyapunov function V(5,1) = 5(5’ —N+I)*+ n NI on D. Then,

Tl

LV(S,I) = (S—NH)(fBSHu(NfS)) + ((SNHHO;T:

N> (551 — (o u)I)

+ %(SQIQFE(S, I) — 28212F2(S, I) + S2I2F2(S, I) + I*F2(S, I))

= (S N+ D[N )~ (at+nI) + 0;12:1\[(551 ~(a+mI) + %IQFQQ(S, I
= —u(N—=82+(a+p)(N -8 +ul(N—-2S)—(a+p)I?*+ O;flfﬁNSI

1
= N(a+2u)1 + S I*F5(8,1)

2
— (N =)+ (a4 20)(N = )T — (a+ I + O;tL:,BNSI ~ N(a+2u)1
+ %IQFQQ(S, I

Or 2 sNg)

= —u(N—=8)2+ (a4 2u)NI — (a +2u)ST — (o + p)I* + o

1
— N(a+2u)I + 5I2F§(S, 1)

LV(S,I) = —u(N—S8)*—(a+2u)ST — (a+p)I* + 0;12:,81\751 + %IQFQZ(S, I)
= —u(N—-8)*—(a+p)I*— (a+2u)(1- PN SI+ 1I2F2(s I)

IN

1
—u(N — 8)? — <a+u — — sup Fg(S,I)) I? — (a+2p) (1 —Rg) ST
(S,1)eD

Therefore, LV (S, I) is negative definite if Rg < 1 and sup Fy(S,I) < 2(a+ p). Theorem
(S,1)ED

1.2.3 completes the proof. O
Remark. Note that stochastic SIR model with constant F}’s

S = (—ﬁsuu(z\f—S)) dt — oy ST dW,

dl = (551 ~(a+ u)l> dt + ST dW, —as I dWs (2.9)
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has only one equilibrium solution, which is the disease free equilibrium (V,0), and it is

stochastically asymptotically stable if Ry < 1 and o5 < 2(a + p).

2.2.3 Stability of Endemic Equilibrium

The model (2.8) has a unique endemic equilibrium solution

_ (ot mN o op)N (NN L LAY (N B
(SQ,IQ)—( 5 "aid 6)_(Ro’a+ﬁ<l Ro>>_<Ro’ﬁ(R0 1)) (2.10)

if Ro>1 and Fi(SQ,IQ) = 0.

Theorem 2.2.7. The endemic equilibrium solution, (Sa, I2), of the system (2.8) is stochas-
tically asymptotically stable on D = {(S, I):5>0,1>0S+1< N} if Rg > 1 for some
F;(S,1I) such that F;(Ss, I2) = 0 and satisfies

a+2u

—u(S = 82)? = (a+ p)(I = I2)* + 25

1 2
LS2F2(S,T) + = (a; a

5 I +12) F3(S,I) < 0.  (2.11)

Proof. Note that the conditions Ry > 1 and F;(S, ) = 0 are needed for the existence of

the endemic equilibrium solution. The following identities are needed in the proof;

i 5s—<a+u>=ﬁ(s—o‘;“> — 5(5—5)) (2.12)
i)  uN-=8)—(a+pl = pN—pS—25)—pS—(a+p)l—DL)—(a+ph
= (S = 8y) — (+ p)(I — L) + puN — Sy — (o + p) I
(s =5~ (o~ 1)+ (1- )
- (a+u)oﬁvﬂ (1 - %)
= —u(S—S) — (a+p)I - D). (2.13)

Now, define a Lyapunov function

V(S,I):%(S—SQ+I—IQ)2+Q+2M(

I
[—[2—12111[—)

2
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onID):{(S,I):S>O,I>O,S+[§N}. Then,

LV(S,I) = (—BSI+u(N—S5))(S—S8s+1— 1)

+(BST — (o + p)I) (5—52+1—12+O‘;2“ (1-?))

L a2 272 12 L at2uly
=S“I°F’ I)—-S°I°F 1 = —

) (SPIPFL(S, 1) + IPF5(S,1))

= (S=Sy+1—1)(—BST+pu(N—S)+ 85— (a+p))

+O‘J/r82“ (1 _ ) (BSI — (a+ p)I)
at2u, oo L (a+2p 2\ 2
T 2 LS*F +2< I+I>F2(S,I)

(S = Sp T ) (u(N — §) — (a+ ) + E2

(I — L) (BS — (a4 p))

ot 2u <O‘“;2“12+12> F2(S,1)

2
% LL,S2F2(S, 1) +

+

N

a4+ 2u

LV(ST) = (S—S+T—D)(—p(S—5) —(a+m(T— D))+
1 2
a;—;ﬂIQSQFlQ(S,I)+ (O‘; #

2
= —p(S = 52)* = (4 p)(S = S2)(I — I2) — p(I = I2)(S = S2) — (e + p) (I — I2)*

(I —I2)B(S—52)

+ I+ 12> F2(S,1)

a+2u
20

a4+ 2u

1
+(a+2p)(I — I)(S — Sa) + LL,S2F2(S, 1) + 3 ( I + I2> F3(S,1)

= —u(S— %)~ (a+u ~ L)’

a+2u
2p

o+ 2u

* 5

[LS?F2(S, 1) + 3 ( I + 12> F3(S, 1)

LV (S,I) =0 only at (S2,I5) and by the choice of suitable functions F;(S, I) that satisfy
(2.11), one can easily obtained LV (S,I) < 0 on D\(S,l5). Hence LV (S,I) is negative
definite on D for some suitable F;(S,I). Therefore, by Theorem 1.2.3, the endemic equi-
librium is stochastically asymptotically stable if Rg > 1 and for some suitable functions

F;(S,I) such that F;(Ss, Is) = 0, and satisfies the condition (2.11). O
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Note that, F;(S,I)’s may have product terms containing such as S — Sy or I —1I; .

See below examples for illustration.

Example 2.2.1. The endemic equilibrium solution, (Ss, I3), of the system (2.8) is stochas-
tically asymptotically stable on D = {(S, I):S>0,1>08+1< N} if

B 1

1<Ry<1+
a4 2 sup(g e p S*¢1(S, 1)

(2.14)

for F1(S,I) = (S — S2)¢1(S,I) and Fy(S,I) = 0, where a Lipschitz-continuous function

¢1(S, I) defined on D such that SF;(S,I) is Lipschitz-continuous on D.

LV(S,I) = —pu(S—S)?—(a+p)(I—L)?+= ;;’“‘ %(Ro “1)82(S — S5)262(S, 1)
< - (u — (R - M) oy s, I)) (S — S5)* — (a+ p)(I - L)
28 (S,1)e D

2
LV (S, 1) is negative definite on D if 4 > (R — 1)% sup S?¢3(S,I). Therefore,
(S,1)e D
23 1

(o +24) Sup(s e o S2¢3(S, I)

endemic equilibrium solution,Rg > 1, we obtain (2.14).

Ro <1+ . By using the assumption on the existence of the

Example 2.2.2. The endemic equilibrium solution, (Ss, I3), of the system (2.8) is stochas-

tically asymptotically stable on D = {(S, I):S>0,1>0,5+1< N} if

1<Ry<1+

232 (
(e + 2p) sup g e p ¢5(5, 1)

for F1(S,I) = 0 and Fy(S,I) = (I — I3)¢2(S,I), where a Lipschitz-continuous function

a+p— sup I*¢5(S, ])) (2.15)
(S,))e D

$2(S, I) defined on D such that sup I?¢3(S,1) < o+ pu.
(S,])e D

pla + 2p)
LV(S,1) < —pu(S = S2)* — (a +u- v { (2752 (Ro—1) + 12) ¢5(S, I)}) (I - Ip)?

(2.16)
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2
LV(S, 1) is negative definite on D if a+p > sup {(M (Ro— 1)+I2> 62(S, 1)}.
(S, )e D 2ﬂ2
232

a+p— sup I?¢3 S,I)).
p(e + 24) sup (g e p #3(S, 1) ( (S1)e D !

Therefore, Ry < 1+

Example 2.2.3. The endemic equilibrium solution, (Ss, I3), of the system (2.8) is stochas-
tically asymptotically stable on D = {(S, I):S>0,1>0,5+1< N} if
23 (M — sup(s e p 1703(S, I)) 26%(cv + p)

ple+2p) sup(s e p @3(S, 1) 7 pla+2u) supgs e pS*¢3(S, 1)
(2.17)

1 <Ry<1+min

for F1(S, 1) = (I — I2)¢3(S, 1) and F5(S, 1) = (S — S2)¢4(S, I), where Lipschitz-continuous

functions ¢3(S, ), and ¢4(S,I) defined on D such that sup I*¢3(S,1) < .

(S,1)E D

LV(S,) < — (M - {(N(O;Zf/vb) (Ro—1) +12) 528, 1)}) (S — Sy)?

S,1)e D

- (u SO 1) sup S8, I)}) (I - I)*

252 (S,)e b

LV (S, 1) is negative definite on D if

po> (Re- DM G s+ sup PESD)

282 (speD (S,1)e D
262 (1 = sup(s.ne o I263(S, 1))

=Ry < 1+
pla+24) Sup(s e o ¢3(S, 1)

and

2
atp > (R0—1)“(O‘—+2“) sup  S22(S, 1)
2/ (S,1)e D

202 (N — Sup(s e p 1203(S, I))

=Ry < 1+ )
’ p(a+2p) sup(g e p @3S, 1)
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CHAPTER 3

STOCHASTIC SIS MODEL WITH DISEASE DEATHS

3.1 DETERMINISTIC MODEL

The SIS model with disease deaths has the form
S'(t) = —BSE)(t)+ p(K — S()) + al(t)
) = BSWIE) - (a+7+ i) (3.1

where the parameters «, 3, v, and u are positive.
Since N(t) = S(t) + I(t) = N'(t) = p(K — N(t)) — vI(t) the total population size N may

vary in time.

uk
— —
us (yw 1

Figure 3.1: Flow chart for SIS model with disease deaths.

In the model, uK is the number of births in unit time, K is the carrying capacity
(i.e. maximum population size), u is the per capita death rate, v is the per capita disease
related death rate, 5ST is the number of new infections in unit time, « is the per capita

recovery rate with no immunity.

BK

The basic reproduction number for this model is Ry = ———.
oa+77+p
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3.2 STOCHASTIC MODEL

We perturbed the deterministic system (3.1) by a white noise, W) “and obtained the

dat 7’
AW (t)
at

stochastic version of SIS model by replacing the rates 3, and o by g+ F1(S(t), I(t))

dWo(t . . . .
and a+ Fy(S(t), I (t));t()respectlvely, where F;’s are locally Lipschitz-continuous on D =

{(S,I) € R;S > 0,1 >0,S+1 < K}and Wy’s are i.i.d. Wiener processes defined on a

complete probability space (2, F,{F;}i>0,P).

ds(t) = ( —BSHI() + u(K — S(t)) + aI(t)) dt — S(t)I(t) Fy(S(t), (1)) dWi(t)
+1(t) Fo(S(1), I(t)) dWa(t)
dI(t) = (5S(t)l(t) (atA+ M)I(t)) dt + S)I(t) FL(S®), 1(t)) dWy (1)

— I(t) Fy(S(t), 1(t)) dWa(t) (3.2)

The disease free equilibrium is (Si, [;) = (K,0). There exist a unique endemic equi-

librium

B Tyt By + )

- (g2 ()

K opla+y+p),.,
(Ro’ By + ) (Ro 1))

(S0 1) = <a+7+/~b pK u(a+7+u))

if Rg > 1 and E(SQ,IQ) = 0.
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3.2.1 Existence and Uniqueness of Solutions

Counsider the stochastic SIS model with disease deaths

ds —BSI + p(K — 8) + al —SIF(S,1) IFy(S,1) dW,
— dt +
dl BSI — (o +~+ p)l SIF\(S,I) —IFy(S,1) AW,y
= f(kvg,f,t) = g(g,l,t)

with initial condition (S(to), I(to)) = (So, lo), where the parameters a, 3, v, and u are
positive and F;(S, ) are locally Lipschitz-continuous on D := {(S,1) € R* : S > 0,1 >

0,S+1<K}.

Lemma 3.2.1. The coefficient f(S,I,t) is locally Lipschitz-continuous on D with Lipschitz

constant Ly where L3 = max {1OB2K2 + 3, 1082 K? + 302 + 2(a + v + ,u)Q}.

Proof. For all t > ty, (S,1) € D and (S*,I*) € D,

2

2 —B(ST — S*I*) — u(S — S*) + a(l — I*)

HﬂaLw—fwtﬁ@

B(ST— §°I%) — (a4 4+ u)(I — I
_ (-5@7—9Tw—ms—5ﬂ+au—ﬁ02

4(5@1—5ﬁﬂ_«a+7+ux1_ﬁ»2

,\
=
AN

B

3B3(ST — S*I*)? 4 3p*(S — §*)* + 3a*(I — I')?

F2B2(ST — S*I*)? + 2+ v + p)*(I — I*)?

= BFSI =S I+ 3u%(S — 57 + (30 + 2(a + v+ p)?) (I - I)*

= 582((S = S+ S (I = 1) +31%(S — )2 + (3% + 2+~ + p)?) (I — I*)?
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< 10B8%(S — S*)2 4+ 108253 (I — I*)? + 313 (S — S*)?
(302 4200+ 7+ p?) (I = 1)
I<K
< (1082K2 + 312)(S — S*)2 + (10521(2 302+ 20+ + u)Q) (I — I
<  max {1OB2K2 + 317, 1082 K2 + 3% + 2(a + v + ;1,)2} ((S — S+ (I — ]*)2>
2
- (-5 1-1)|
where L? = max {1062K2 + 312, 1082 K2 + 3a® + 2(a + v + u)2}. O

Lemma 3.2.2. The coefficient g(S, I,t) is locally Lipschitz-continuous on D with Lipschitz

constant Ly where L3 = sup {421[(4 + 8F2(S, I)K? 4+ 4L, K? + 4F2(S, I)}
(S,))e D

Proof. For all t > ty, (S,1) € D and (S*,I*) € D,

since F;’s are locally Lipschitz-continuous on D.

Fi(S, I,1) — Fi(S*, I*,t)”i < Zi((s S 4 (I - J*)2). (3.4)

2
9(S,1,8) — g(S*, I* 1 )H

F

—SIF(S, 1)+ S*I"Fy(S*, I*)  IFy(S, 1) — I*Fy(S*, I*)

SIFy(S, 1) — S I*F\(S*, I*)  —IFy(S, 1)+ I*Fy(S*, I%)
F
2 2
- 2<SIF1 (S, 1) S*]*Fl(S*,I*)> +2(IF2(S, 1) —I*FQ(S*,I*)>
2
- 2<S]F1 (S,1) — SIF\(S*,I*) + SIF(S*, I*) — S*]*Fl(s*,f*))
2
+2 (IFQ(S, [) = IFy(S*, I*) + [ Fy(S*, I*) — I* Fy(S", ]*)>
2
- 2{5[(5(5, 1) — Fy(S*, I*)) + (SI - S*J*) Fi(S*, J*)}

+2{I<F2(S, 1) — Fy(S*, I*)) + (I - I*)F2(S*a I*)}2
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(1.22) 2 2
< 482]2<F1(S, 1) — (S, l*)) ARSI (51 ST+ ST — S*I*)

2
417 (FQ(S, ) — Fy(S*, I*)) FAFRY(S*, ) — I*)?

(3.4) _
< 482LL ((S — STV (I - 1*)2> F8F2(S*, I)I2(S — §%)?
YSF2(S*, I*)S™2(I — I)? + 412 L, ((S — 824 (I - 1*)2) AF2(S*, ) (I — I')?
< <4E1K4 +8F2(S*, I)K? + 4ZQK2) (S — §*)?
+ <4E1K4 F8FY(S*, I*)K? + AL, K? + AF2(S", 1*)) (I - I")?
< sup {4511(4 F8FY(S*, I*)K? + AL K? + 4F2(S™, I*)} <(S S (I — 1*)2)
(S,])e D
2 * A\ T 2
= Ly||(S—-8* I-1TIY .
where L2 = sup {4'[?1[(4 + 8F2(S, I)K? + AL, K2 + AF2(S, 1)}. O

(S,))e D

Lemma 3.2.3. f(S,1,t) satisfies linear growth condition on D with the growth coefficient

L3 = max {562}(2 + 30 +2(a + v + p)?, 3t K2, 3u2} .

Proof. For all t >ty and (S,1) € D,

2

—BST + u(K — S) +al

2
|rs.ro| =
BST — (a+~y+p)I
2 2
- <—BSI+M(K—S)+aI> + (BSI— (a+7—l—u)]>
(1.22)
< 5828217 4 3P (K — S)? 4 (30 4 2(a + vy + p)?)I?
< 5B%SPIP 4+ 3P K? + 3p2S% + (3a® + 2(a + o + p)?) 1P
S<K
< BBPKPIP + 312K 4 3u”S? + (3% 4 2(a + v + p)*)I?
<  max {5ﬁ2K2 + 30 +2(a + v+ p)?, 3P K2, 3u2} (1 + 5% + 1'2)

Li(1+ 8%+ 1) =L (1 - H(S s

)
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where L3 = max {552K2 + 30 + 2(a + v + p)?, 3P K2, 3u2}. O

Lemma 3.2.4. ¢(5,1,t) satisfies linear growth condition on D with the growth coefficient

Li:max{ sup 2K?F2(S, 1), sup ZFQZ(S,I)}.
(S.)e D (S,1)e D

Proof. For all t >ty and (S, 1) € D,

2

) _SIF\(S,I) IFy(S,I)
s, -
SIF\(S,I) —IFy(S,1)
= 2S*I°F}(S,I) + 2I°F;(S, 1)
< 2K2S*FY(S, 1)+ 2I*F3(S, 1)
< max{ sup 2K%F%(S,I), sup 2F22(S,])}(52+12)
(S,))e D (S,))e D
2
< L1+ 82+ 1) =12 <1+H(S I)THF>
where Li:max{ sup 2K?F}(S,I), sup 2F22(S,I)}. O
(8.)e D (S,)e D

Theorem 3.2.5. Let (S(to),I(to)) = (So,lo) € D= {(S,I) e RS >0,I >0,S+1< K},
and (S0, Io)is independent of W (t) — W (to) for t > ty. Then the stochastic SIR model with
disease deaths (3.2) admits a unique global solution (S(t),1(t)) ont >ty and this solution
15 1nvariant with respect to D, where o, B, v, p, and K are positive and F;’s are locally

Lipschitz-continuous on .

Proof. We use Theorem 1.2.2 and adapt ideas of [43]. Since the coefficients of the system
(3.2) are locally Lipschitz-continuous and satisfy linear growth condition on D, for any
initial value (Sp,Ip) € D there is a unique local solution on t € [to,7(D)), where 7(ID) is
the random time of first exit of stochastic process (S (t), I (t)) from the domain D, started
in (S(s),1(s)) = (So,1o) € D at the initial time s € [t, 00). To make this solution global,
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we need to prove that P(7(D) = c0) =1 a.s.

Let Dy :={(S,1):e "< S<K-e"e"<I<K-e"8+1<K} forneN. The system
(3.2) has a unique solution up to stopping time 7(ID,,).

Let V(S,]) = I —InI+ K — S — In(K — S) defined on Di= {(S,I) € R : § > 0,1 >

0,5+ I < K} and assume that EV(Sp, Iy) < oo. Note that V(S,I) > 2 for (S,1) € D

Let W(S,1,t) = e "9V (S, I) defined on D X [s, 00), where

(2ﬁK2 +20+y+2u+ sup (S2F2(S,I)+ F2(S, 1))). (3.5)
(S.I)e D
Then,
1% oV
LV(S,I) = (- BSI+ pu(K - S) —I—oz])% + (BSI — (a+ v+ p)l )W + A(Fy, Fy)
for (S,I) e D

An upper bound of the last term, A(Fy, Fy), in LV (S, ) can be obtained by

1 <& v
A(F, Fp) = 9 Z: ( )w 0z;0x;

PV PV 9V
2 72 12 22 —
(S I"FY (S, 1)+ 1 FZ(S7I))(8SZ 265’] + 812)

(SPIPFE(S, 1) + I*F5(S,1)) <(K—1S)2 + ;)

N = N = DN =

=
"

1P ooy lezs o
2(K-S)2 2 ) 2 2 )

1
K-S

S22 1
) F2(S, 1) + 5S2F12(S, I+

( _ 2
< swp (STFAS.D)+ FR(S.D) by
(S,Ne D

<1

Thus,

LV(S.I) < (=BSI+ K —S)+al) (_1+K1—S)

+(BST = (a+ 7+ ) (1 - %) + sup <52F12(S, 1)+ F2(S, 1))

(S,))e D
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I
LV(SI) < BSI—,u(K—S)—a[—ﬁKS_S+,LL+aK_S+BSI
(v + ) —BS+a+y+u+ sup (52F3(5,1)+F§(5,[))
(S,))e D
I
< 2B8ST+p+a +a+vy+pu+ sup <S2FE(S,1)+F§(S,I)>
K-S (S,1)e D
I
x5l 2 2 2 2
< 28K+ 2 +y+2u+ sup (SFI(S,])+F2(S,])>
(S,))e D
(3.5)

2c

Therefore LV (S,1) <c¢ V(S,I) on D since V(S,I)> 2 for (S,1) eD.

Hence LW (S, 1,t) = e~ (%) < —c V(S I)+ LV(S, I)) <0.

Note that ~ inf  V(S,I) >  inf (I—InI)+ inf (K—-S—In(K-29))
(S.1)€ D\Dn (S.I)€ D\Dr (S.1)€ D\D

> e "+n+1

> n+ 1
Now, define 7,, :== min{t, 7(D,,)} and apply Dynkin’s formula

E W(S(r), I(m),7) = EW(S(s),1(s),s)+E / " LWS (), 1(w), ) du
< EW(S(s),I(s),s)

= EV(S(s),1(s)) = EV (S, Iy).

Next, E|e IV (S(7,), (7)) | = E|ee IV (8(r,), 1(7,)]
= B[ W(S(ra), [(7a), )|

< eIRV(S,, ).
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We have  inf  V(S,I)>n+1 and E[ec(t_T")V(S(Tn), ](Tn))] < IRV (S, I).
(S.1)€ D\Dn

o D, C ]1%)
Therefore 0<P(r(d) <t) < P(r(D,) <t)
= P(Tn < t)
= ]E(lTn<t) where 1 is the indicator function
t V(S(T(Dn)),](T(Dn))>
S E ec( —n) N f V S ] 1Tn<t
M s ne Bpn (5, 1)

< ec(tfs) — EV(S()?]‘g)S 7
inf ;e g, ¥ (5 T)
E 1

S ec(t_s) M — 0 as 1 — o0

n+1
for all (Sy, Ip) € D, (for large n), and for all fixed ¢ € [s, 00).
Thus ]P’(T(]IO)) < t) = P(r(D,) < t) = 0 for (So, o) €D and t > to, that is,

IP’(T(]D) = oo) = 1. This proves the invariance property and the existence of the solu-

Note that I =0 and S = 0 are not in the domain ]]3) We study these cases separately.

i) If I(t) = 0, the system (3.2) becomes the ODE dS(t) = (N — S(t))dt with initial
condition S(ty) € D; = [0, K]. Since the right hand side of the ODE is continuous on D,
then the solution S(t) globally exists on D; for all ¢ > t.

i) If S() = 0 then we have dI(t) = (uK —(a+v+ u)[(t))dt I F(I(1)dW (1)

() I
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If the initial condition I(tg) = Iy € Dy = (0, K] then, the above SDE has a unique
global solution on Djy. One can prove that by using a function V(1) = I — In [ defined on
D, and similar calculations.

Hence the proof is complete. The unique solution (S(t),(t)) exists globally and
invariant with respect to the whole domain D = {(S,1) € R%S>0,1>0S+1< K} for all

(S0, o) € D and ¢ > ¢y by Theorem 1.2.2. O

3.2.2 Stability of Disease Free Equilibrium

Consider, the stochastic SIS model with disease deaths

s = ( —BSI+ u(K —S) + od) dt — SI Fy(S,1) dWy + 1 Fy(S, 1) dWs
dl = (,651 —(at+ ,u)]) dt + SI Fy(S,1) dWy — I Fy(S, 1) dWs (3.6)

where «, [, v, u, and K are positive and F;’s are locally Lipschitz-continuous on

D={(51):5>0,1>0,5+1<K}.

Theorem 3.2.6. The disease free equilibrium solution (Sy, 1) = (K,0) of (3.6) is stochas-

K
tically asymptotically stable on D if the basic reproduction number Ry = % < 1,
a+y+p

more precisely if K < .
1
Proof. Define a Lyapunov function V(S,I) = 5(5 ~K+1)?+ %(K —S) on D. Then,

LV(S,I) = (S—K+I)<—@SI+M(K—S)+0J+5SI—(a+”y+u)1>

—%(—BSI+M(K—S)+a[>
— (S—K+I)<M(K—S—I)—7]> —%(—wum—ﬂma[)
= —M(K—S—1)2—W(S—K)I—712+WSI—%KJr%S—%]
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LV (S, 1) = —M(K—S—I)2—712—751+7KI+751—%K—F%S—%I

- —M(K—S—I)2—7]2—7(%—K)]—%(K—S)

0 if % ~ K >0. (3.7)

IN

e
Rewritten the stability condition, — — K > 0, in terms of the basic reproduction

number, we have

Q 15714
——K>0 = K<a<a+~v+ = — <1
B - PK < T a+y+p

Therefore LV (S, I) is negative definite on D if Ry < 1. Theorem 1.2.3 completes the

proof. n

Remark. If the F}’s in the stochastic SIS model with disease deaths are constants

s = (—BS[+M(K—S)+aI) dt — oy ST AW, + oo dW,

Al = (BSI—(a+y+mI) di+0iSTdW) = ol AW, (3.8)

then the above system has only one equilibrium solution, which is disease free equilibrium

(K,0), and it is stochastically asymptotically stable if Rg < 1.

3.2.3 Stability of Endemic Equilibrium

The model (3.6) has a unique endemic equilibrium solution

B v+ By + )

()
- (= )

a+y+ K a+y+
(S0, 1) ( YHuop plo 4y u))

if Ro>1 and E(SQ’IQ) = 0.
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Theorem 3.2.7. The endemic equilibrium solution, (Sa, Io), of the system (3.6) is stochas-
tically asymptotically stable on D = {(S, I):S>0,1>05+1< K} if Ro > 1 for some

F;(S,I) such that F;(Ss, I3) = 0 and satisfies

2u+ )12

—u(S = S2)* = (v + p)(I — I)* + 23

(S2Ff(s, )+ F2(8, I)) <0 (3.10)

Proof. Note that the conditions Ry > 1 and F;(S, Iz) = 0 are needed for the existence of

the endemic equilibrium solution. The following identities are needed in the proof;

a+y+u

) BS—(oHr%Lu):B(S— -

) = B(S — ) (3.11)

i) (K= —(+ul = pK—p(S—25)—pS—+u—1I)—(v+upbh

—u(S = S2) = (v + p)(I — Iz) + pK — pSy — (v + p) L2

= —u(S = 8o) = (v + ) = L) + uK (1 B RLO)

ukK ( 1>
— () (1 - —
(v M)’Hu R

= —u(S=8)-(v+wl-IL) (3.12)

Now, define a Lyapunov function

S+1 21+ 1
NHN=5-— I—1 — )1 I—1,—I,ln—
VSH=5=Sh+I-L (52+2)n(52+12>+ K ( ’ 2“12)

onID):{(S,I):S>O,I>O,S+I§K}. Then,

So+ I
LV(S,I) = (=BSI+uK—S)+al) <1_ ;’+IQ)
So+ 1y 2 I
+ (BST— (a4~ +wI) <1— 52:12+ ;;;;v <1_72>>

I? I I I 2 I
* 3(52F3<S,z>+F§<5,1>)<5”2 Sl | Sath MM_Q)

5+12 “S+1° (S+I2 T BK I
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Lv(s,I) =

(3.11)&(3.12)

S—=5+1-1,

(—BSI+M(K—S)+0J+BSI—(a+7+u)l)

S+1

2/2;(7 I- 12(55 (04 +m)I

2‘;;7[2 g (SZFZ(S 1)+ F(S, 1))
S+[<S So+1— 12)<u(K—S)—(7+u)I>
+2/;;—(7(]_[2)(5S—(a+7+ﬂ)>

(2“2;—;)12 (s2F2(s. 1) + F2(S,1))
(5= 1) (—u(5 -8~ (r+ (T - 1))

2’;;7(1 - 12)<ﬁ(s - 52)) -~ (2’“‘22—;)]2(52175(57 I)+ F(S, I))
A -8t - T - by - L (s - s,)(1 - 1)
+2u;v(5_52)(1_12 2/;;; 2(s2FH(S. 1) + F(S.1)
~E (55 - WT“(I L) - 2“;7(5—52)(1—&)
P s+ (2/‘2;_;)]2(521?5(5, 1)+ F(S.1))
~L(s- sy - “T’“‘u L)? + %(sw(s 1)+ FX(S,1)).

LV (S,I) = 0 only at (53, I) and by the choice of suitable functions F;(S, ) that

satisfy (3.10), one can easily obtained LV (S,I) < 0 on D\(Ss,5). Hence LV (S,I) is

negative definite on ID for some suitable F;(S, I).

Therefore, by Theorem 1.2.3, the endemic equilibrium is stochastically asymptotically

stable on D if Ry > 1 and for some suitable functions F;(S, I') such that F;(Ss, I) = 0, and

satisfies the condition (3.10). O

44



CHAPTER 4

STOCHASTIC SIR MODEL WITH DISEASE DEATHS

4.1 DETERMINISTIC MODEL

We were able to reduce the system of three differential equations (2.2) to the system

of two differential equations (2.3) because of the assumption that the total population N

is constant. If there are deaths due to the disease the total population size N may vary

in time and it would be necessary to use a three-dimensional system as a model. The SIR

model with disease deaths has the form

S'(t) = BSWIE) + (K —5(1))
I'(t) = BSWIE) — (a+7+p)I()
R'(t) = al(t) — uR(t)

A transfer diagram for the model is

K

Figure 4.1: Flow chart for the SIR model with births and deaths.

BK

The basic reproduction number for this model is Ry = ———.
a+y+p
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4.2 STOCHASTIC MODEL

AW (1)

7> and obtained

We perturbed the deterministic system (4.1) by a white noise,

the stochastic version of SIR model with disease deaths by replacing the rates 3, and «

dWi (t) dWy(t)
dt dt

are locally Lipschitz-continuous on D = {(S,I,R) € R}, S >0, >0,R>0,S+ [+ R < K}

by 5+ Fi(S(t),1(t), R(t)) , and o+ Fy(S(t),I(t), R(t)) respectively, where F;’s

for all £ > 0 and W; are i.i.d. Wiener processes defined on a complete probability space

(Q, F,{F: >0, P). Stochastic SIR model with disease death has a form

as(t) = (= BSWI() +p(K — (1)) di — SWOI(E) Fy(S(t), 1(1), R(t)) dWa(t)
di(t) = (55(15)1(75) —(a+v+ ,u)I(t)) dt+ S(t)I(t) Fy(S(t), I(t), R(t)) dW(t)
— I(t) F2(S(t),I(t), R(t)) dWs(t)

dR(t) = (oz](t)—/,LR(t)) dt + I(t) Fy(S(t), I(t), R(t)) dWa(t) (4.2)

where an infection rate (3, removed rate «, disease-related death rate v, and per capita
death rate p are positive and locally Lipschitz-continuous functions F;’s are defined on D
for all t > 0. By adding the above equations we obtain N'(t) = u(K — N(t)) — ~vI(t). Thus
the total population size is not constant and K represents a carrying capacity (maximum

possible population size).

The disease free equilibrium is (57,1, R1) = (K,0,0). There exist a unique endemic
equilibrium
a+y+p J19:¢ 1 akK e
S 7[ 7R = ) - - 5
(52, I, ) ( B Ta+tytu B aty+p 5)
K p «
= —, = (Ro—1), =(Rg—1 4.3
(%o & Ro= 1), 5(Ra-1) (4.3

if Ro > 1 and E(SQ,IQ,RQ) =0.
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4.2.1 Existence and Uniqueness of Solutions

Consider the stochastic SIR model with disease deaths

dI@t)y | = | BS@IE) — (a+~+p)I(t) | dt (4.4)
dR(t) al(t) — pR(t)

= f(S(t),I(t),R(t),t)

—SOI(E)F1(S(t), I(t), R(t)) 0
dWi(t)
T SOIGF(S®), I(t), R(t)  —I(H)F(S(1), I(t), R(t))
dWa(t)
0 I(t)F2(S(t),1(t), R(t))

— g(S(t).I(t),R(t),t)

with initial condition S((to), I (), R(to)) = (So, lo, Ro), where the parameters «, 3, 7, and
w are positive and F; are locally Lipschitz-continuous on D = {(S,I,R) € R®: S > 0,1 >

0,R>0,S+I+R< K} forallt >{,.

Lemma 4.2.1. The coefficient f(S, I, R,t) is locally Lipschitz-continuous on D with the

Lipschitz constant L} = 832 K? + 2(a + v + p)? + 2a2.

Proof. For all t > to, (S,I,R) € D and (S*,I*, R*) € D

—B(SI — S*I*) — (S — S%)
2

Hf(S,I, R,t) — F(S*, I, R*,1)

||| BT =5T) = (a+y+p) =17

all —I*) — u(R — RY)
= (‘5(51—5*1*)—u(5—8*)>2+(5(51—S*I*>—(0‘+7+“)(1_[*)>2
+<a([—l*)—M(R—R*)>2
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(1.22)
< 2B3(SI — S*I*)* 4 2u%(S — S*)* + 28%(SI — S*I*)?

+2(a+'7+/l>2(]—]*)2+2042(]— ]*)2 +2M2(R— R*)Q
= 462<(S—S*)]+S*(I—I*>)2—|—2M2(5’_S*)2

+(2(a oyt )+ 2a2> (I — I+ 23R — R*)?

< 8BS — S*)? 86287 (I — I*) + 2p*(S — 5*)?
+<2(a v+ )+ 2a2> (I — I*)? + 24%(R — R*)?

< (BFEKZ 4 2u)(S — ) + (862K2 F 2ty + )+ 2a2) (I — I)?
+21*(R — R*)?

< <8ﬁ2K2 F 2ty + p)?+ 2a2> ((S S (I -T2+ (R — R*)2)

2
=~ 2|(s-s I1-r R—R*)TH where L2 = 882K + 2(a + 7 + )2 + 202,

]

Lemma 4.2.2. The coefficient g(S, I, R,t) is locally Lipschitz-continuous on D with the

Lipschitz constant L3 = AL K* + 4Ly K% +  sup {8K2F12(S, I,R) +4F3(S,1, R)}.
(S,I,R)e D

Proof. For all t > ty, (S,1,R) € D and (S*, I*, R*) € D,

since F;’s are locally Lipschitz-continuous on D.

2 ~
Fi(S,I,R,1) — E(S*,I*,R*,t)HF < LZ-((S SV (I-T)+ (R R*)z), (4.5)

For a simplicity in reading, let F; = F;(S,I, R) and F;* = F;(S*, I*, R*).
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—SIF, + S*I*Fy 0
2
Hg(s, IR t) — g(S", I", R*,t)HF =\|| SIF, —S*I"Fy —IFy+I"F;

0 1Fy — I"F5

- 2<SIF1 - S*]*Ff)2 + 2<]F2 - I*F2*>2
2 2

_ 2<S]F1 _SIF} 1 SIFF — S*]*Ff) + 2<IF2 —IF} +IF; — 1*F;)
2{51(}1 . Ff) v (SI - S*I*)Ff‘}z + 2{I(F2 - Fg) + (I —~ I*) F§}2
1821 (P, - F1*>2 + AR (ST - 8T+ 5T — 5*1*)2
+47? <F2 — F;)2 +AFSHI = 1)
< 452[221((5 _ S*)2 (- 1—*)2 +(R- R*)2> +8F1*2[2(S _ S*)Q

TSRS (I = T2+ 4Ly (S = 8% + (1 = I')* 4 (R — R')?)

+AFF(I — I*)?

IN

<4ZIK4 4 SFAR? 4 4ZQK2) (S — 5*)?
+ (421K4 + 8FK? 4+ 4L, K? + 4F2*2> (I —I')?

+<4Z1K4 + 4Z2K2> (R — R*)?

IA

sup {4E1K4 F8FF2K? 4 AL K2 + 4F2*2} ((S SR+ (I-T)+(R- R*)2>
(S,I,R)e D

= L2|(S-S I-I'" R—-R)"

2

F

where L2 = 4L, K* + 4T, K2 + e {8K2F12(S, I,R) +4F2(S, 1, R)}. O
I, R)E

Lemma 4.2.3. f(S, I, R,t) satisfies linear growth condition on D with the growth coefficient

L3 = max {452K4 + 42 K2 4%, 2(a 4y + p)t + 2a2}.
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Proof. For all t >ty and (S,I,R) € D,

—BSI + u(K — 8)

HJ““(SJ,R,L‘)H2 = BSI — (a+~y+p)I

al — uR

_ (—BSI+M(K— S)>2 v (551— (a—l—’y—i—u)I)Q + (a[—uR>2
< ARSI 4+ 4pi (K — S)? + (2(a+’y+u)2 +2a2>12 + 21 R?

< ABESPI? 4 4P KR AptS? (2(@ + 4+ p)+ 2a2)l2 + 2u* R?

< 462K4+4p2K2+4,u2S2+(2(a+7+ﬂ)2+2a2)12+2M2R2
2
< LA+ S*+ 1P+ R*) =Ly (1+H(S I R)TH )
where L3 = max {452K4 + 4P K2 4p?, 2(a + v + p)? +20¢2,2u2}. O

Lemma 4.2.4. ¢(S, I, R, t) satisfies linear growth condition on D with the growth coefficient

L2 = max{ sup 2K%FZ(S,I,R), sup 2F}(S,I, R)}
(S,I,R)e D (S,I,R)e D

Proof. For all t >ty and (5,1, R) € D,

—SIF(S,1,R) 0

Hg(S, I, R,t) = SIF\(S,I,R) —IFy(S,I,R)

2
F

0 IFy(S, I, R)
= 2S*I°F7(S,I,R) +2I°F;(S, I, R)

IN

2K2S2F2(S, I, R) + 2I*F2(S, 1, R)

IA

max{ sup 2K?F?(S,I,R), sup 2F;(S,1, R)}(52 + I + R?)
(S,I,R)e D (S,I,R)e D

IN

2
snes e i (s 1 w7,)
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where L] = max{ sup 2K*FZ(S,I,R), sup 2F;(S,I, R)} O
(S.I,R)E D (S.I,LR)E D

Theorem 4.2.5. Let (S(to),I(to), R(to)) = (So,Io,Ro) € D = {(S,I,R) e R*,t >ty : S >
0,] >0,R>0,S+1+R< K}, and (So, lo, Ro)is independent of W(t) — W (to)for t > t.
Then the stochastic SIR model with disease deaths (4.2) admits a unique global solution

(S(t), I(t), R(t))on t >ty and this solution is invariant with respect to D.

Proof. We use Theorem 1.2.2 and follow ideas of [43]. Since the coefficients of the system
(4.2) are locally Lipschitz-continuous and satisfy linear growth condition on D, for any
initial value (S, Iy, Ro) € D there is a unique local solution on ¢ € [to, 7(D)), where 7(ID)
is the random time of first exit of stochastic process (S(t),1(t), R(t)) from the domain D,
started in (S(s), I(s), R(t)) = (So, Lo, Ro) € D at the initial time s € [t, 00). To make this

solution global, we need to prove that P(7(D) = c0) =1 a.s.

Let D :={(S,I):e"<S<K-e"e"<I<K-e¢™e"<R<K-e¢"S+I+R<K}
for n € N. The system (4.2) has a unique solution up to stopping time 7(D,,).

Let V(S,I,R) =] ~InI+S—InS+K—S—In(K —8)+ K — R—In(K — R) defined
on D={(S.I,R) €R®t>1y:8>01>0,R>0S5+I+R<K} and assume that
EV(S,1,R) < oo

Note that V(S,1, R) > 4 for (S, 1, R) € D.

Let W(S,I,R,t) = e “"®V(S, I, R) defined on ﬁ) X [s, 00),

where ¢ = % (6K(1+K)+2a+7+3u+uK+ sup {3KZF1(S I,R)+ FX(S,1, R )

(S,I,R)e D
(4.6)
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Then,

oV A%
LV(S,I,R) = (- BSI+ w(K — S))% + (BST — (e +7 + “)])W

F(ad —uR) 00 4 A

for (S, 1, R) € D.

An upper bound of the last term, A, in LV can be obtained by

52
4 =3 Z ( )z] axlg;]

z]*
VPV VY 1 PV OV PV
_ Lo _ 1rom2 _
1

I P 1 1 2 L !
= 2SIF1(S,I,R)<(K_S)2+SQ >+ IFQ(SIR) 12 (K—R)2

1
= 3 (S*F{(S,1,R) + I’F}(S,I,R) + S*F{(S,1,R) + F3(S,1,R) + F3(S, I, R))

by <1 and <1

K-S~ K-R™

12
= <52 + 2) F2(S,1,R) + F2(S,1,R)
2
= sup {312(F1(SI R) + FJ(S,1, R)}
(S.1,R)e D

Thus,

LV(S,I,R) < (—pSI+uK—-S)) (Kl_s—%) + (BSI — (a+~+ p)I) <1—%>

1 K?
B (S,I,R)e D
BSI Wi

= K —l—ﬁf—i— —T—Fu—i—ﬁSI—ﬁS—(Oé—{—’Y-F[L)I

r 7 uR
K-R “ K_R
3K? 9 9
+osup {TF (S,I,R) + F2(S,T R)}
(S,I,R)e D

Fat+ty+tpu+a

+uR

I
:/ﬂ+u+u+&ﬂ+a+v+u+aK_R+uR

3K? 9 9
+ sup § —FXS,LR)+ F;(S,1,R)
(S,I,R)e D
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BI + BSI +2a+~ + 3+ pR

3K? _, 9

+ sup TFI(S7I7R)+F2(S7I7R)
(S,I,R)e D

K1+ K)+2a+~v+3u+ uk

3K? 9 9
+ sup §-FYS.IR) + F(S.1R)
(S,I,LR)E D

4c.

Therefore, LV (S, 1, R) < ¢ V(S, 1, R) since V(S,1,R) > 4 for (S,I,R) € D.

Hence LW (S, I, R, 1) = e—dt—s)( ¢ V(S,I,R) + LV(S, 1, R)) <0.

Note that, inf V(S,I,R) >2n+2 forn € N.

(S,I,R)€ D\Dn

Now define 7,, := min{t, 7(D,,)} and apply Dynkin’s formula

E W(S(7), I(n), R(70), T0)

IN

E W (S(s), I(s), R(s), 5) + E / " LW (S (), I(u), R(u), u) du
E W(S(s),I(s),R(s),s)

EV(S(s),I(s),R(s)) = EV(So, Io, Ro).

Next, B[V (S(r), I(ra), R(r)) | = E[e™0e 0V (S(r), (), R(r.)]

_ E[ec(t—s) W(S(Tn),[(rn),R(Tn),Tn)}

< e“USIRV(Sy, Io, Ro).

We have inf V(S,I,R) > 2n+ 2 and E[ec(t_T")V(S(Tn),](Tn),R(Tn))] <

(S,I,R)e D\Dn

e“"IREV (S, Iy, Ry). Therefore
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0<P(r(D)<t) < P(r(D,)<t)

= P(Tn < t)
= ]E(lTn<t) where 1 is the indicator function
V(S(r(D), I(7(B), R((Dn))
< Efet ™ 1. <
a inf 0 V(S,I,R) "
(S,1,R)€ D\Dy,
< pelt—s) EV (So, Io, Ro)
B inf 2 V(Sa ]7 R)
(S,I,R)€ D\D,
< et EV(So, fo, Ro) — 0 as n — 00

2n+ 2

for all (Sy, Iy, Ry) € D, (for large n), and for all fixed t € [s, c0).

Thus P(7( ﬁ])) < t) = P(r(D,) < t) = 0 for (So, Io, Ry) € D and ¢ > to, that is,
P(7( f[)) =o00) = 1.

This proves the invariance property and the global existence of the solution (S(t), I(t), R(t))

on D. Uniqueness and continuity of the solution is obtained by Theorem 1.2.2.

Note that I = 0, S = 0, and R = 0 are not in the domain ﬁ) We study these cases
separately.
i) If I(t) = 0, the system (4.2) becomes an ODE
dS(t) = p(K—S(t)dt
dR(t) = —uR(t)dt (4.7)
with initial condition (Sp, Ro) € D1 = {(S,R); S > 0,R > 0,5 + R < K}. Since the right
hand side of the ODE is continuous on Dy, the solution (S(t), R(t)) globally exists on D

for all ¢t > t,.
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ii) If S(¢) = 0,

(p+y) I uR
Figure 4.2: Flow chart of SIR model with disease deaths for S = 0.

the model becomes,
dI(t) = (uK —(a+y+ M)I(t))dt — I(t)F(I(t), R(£))dW (t)
dR(t) = (al(t)— pR(t))dt+ I(t)F(I(t), R(t))dW (). (4.8)
If the initial condition (Sy, Ry) € Dy = {(I,R);I > 0,R > 0,S + R < K} then,
the above SDE has a unique global solution on D,;. One can prove it using a function

V(I,R)=1—-Inl+ K — R—In(K — R) defined on D, in similar calculations.

iii) If R(t) = 0 (no recovery from the disease),

: @

us () I

uK

Figure 4.3: Flow chart of SIR model with disease deaths for R = 0.

the model becomes
dS(t) = (= BSWI(E) + u(K - S(1)))dt — SEOI(EF(I(L), S®)dW (2)
ai(t) = (BS(t)I(t) — (a+ p)I(t))dt + S(t)I(t)F(I(t), R(t))dW (t) (4.9)

If the initial condition (Sy, Iy) € D3 = {(1,S),t >ty : S <0, >0,5+ [ < K} then, the
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SDE (4.9) has a unique global solution on Dj. It can be proven with using the function
V(I,S)=1—-Inl+ K — S —1In(K — ) defined on Ds.

Hence the proof is complete. The unique solution (S (t),1 (t),R(t)) exists globally
and invariant with respect to the whole domain D = {(S, I,R) ¢ R*S >01>0,R>

0,S+I+R§K} for all (Sp, Iy, Ro) € D and t > t,. O

4.2.2 Stability of Disease Free Equilibrium

Consider the stochastic SIR model with disease deaths

as

(= BSI+u(K ~8)) dt— ST Fy(S,1,R) awy

ar = (BSI— (a+~+p)I) di+SIFi(S,1,R) dWy — I Fy(S, 1, R) dWy

dR = <0J - MR) dt+ 1 Fy(S,1,R) dW, (4.10)
where o, [, v, pu, and K are positive and F;’s are locally Lipschitz-continuous on
D={(S,I,R):$>0,I>0,R>0,S+I+R<K}.

Theorem 4.2.6. The disease free equilibrium solution (S, I, Ry) = (K,0,0) of (4.10)

1s stochastically asymptotically stable on D if the basic reproduction number Ry =

BK

— < 1, more precisely if BK < .
a+y+u

Proof. Define a Lyapunov function V(S,I,R) = %(S —~ K41+ R?*+ KI+ KR on D.
Then,
LV(S,I,R) = (S—K+J+R)(—ﬁSI+M(K—S)+ﬁSJ— (a+7+u)]+a[—,uR>
+K(ﬁSI —(aty+ ) +al - uR)
+%2 (S2Ff(5, I,R) — 28%F%(S, I, R) + S2F2(S,1, R)
4 F2(S,1,R) — 2F2(S,1,R) + F2(S, 1, R))
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LV(S,I,R) = (S—K+I+R)<u(K—S—]—R)—7])+K<ﬂSI—(7+,u)]—pR>
- —M(S—K+I+R)2+7(K—S—I—R)]—7])
+K(BSI—(7+M)I— uR)
= —u(S—K+1+R)y?>+~KI—~SI —~I*—-~IR
+BKSI —vKI — uKI — uKR

= —u(S—K+1+R?—~I?—-~vIR—uKI — nKR — (v — BK)SI.

Hence LV (S, I, R) is negative definite if v — K > 0.
By rewriting the stability condition, v — SK > 0, in terms of the basic reproduction
number, we have
BK

K<~vy<a+~+ = — <1
K <~ Y+ ot

Therefore LV (S, 1, R) is negative definite if Ry < 1. Theorem 1.2.3 completes the

proof. O]

4.2.3 Stability of Endemic Equilibrium

The model (4.10) has a unique endemic equilibrium solution

_ (etadkp  pK p oK
(S2, 12, Ry) = ( 3 Tat+y+p B at+y+p 5)

if Ro > 1 and E(SQ,IQ,RQ) =0.

Theorem 4.2.7. The endemic equilibrium solution, (S, I, Ry) of the system (4.10) is

stochastically asymptotically stable on D = {(S, I,R):S>0,I>0,R>0,S+I+R< K}

27



if Ro > 1 for some F;(S, 1, R) such that F;(Sy, Iy, Re) = 0 and satisfies LV < 0 where

LV = —%(S—SQ+I—IQ+R—R2)2—%(1—12)2—bu(S—S2)2 (4.12)
—cMR—Rg?+%@b+bK%S%#wJJa+%@b+bK%Eﬂ&LR)
- -
fora—/BK—i—ng,b>0andc T

Proof. Note that the conditions Ry > 1 and F;(Ss, I3, Ry) = 0 are needed for the existence

of the endemic equilibrium solution. The following identities help to prove the theorem.

i a+y+p wK I aK a v a+pu
So+ 1o+ Ry = + -+ — ==+ —— K (4.13
D S+l Ry B a+ty+p B aty+p BB atytup (4.13)
i) uK —u(S+I+R)—~v = puK—pu(S—S2+I—Ih+R—Re)—~(I—1I)
—u(S2 + Is + Ra) — 1o
= —M(S—SQ+I—IQ+R—R2)—")/(I—IQ)—i—/.LK
v, atp p
—p(t 4+ —" K)—4E (Ro—1
M(B 01+’Y+M) Vﬁ(o )
= —u(S—Sz+I—IQ+R—R2)—v(l—b)wK—%
-+ p p
_ - - f'R/ + =
aty+p B8
= —u(S—=S+I1—-I+R—-Ry)—~(I—1Iy)
a+tp p
+uK (1 - —m— | — =R,
: ( a+v+u> 7"
= —/,L(S—SQ+[—IQ+R—R2)—’Y(I—IQ)
gl p
Hu— — =R
WK R
= —M(S—SQ+I—IQ+R—R2)—’7([—[2) (4.14)
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i) — BSI+ (K — S)

—ﬂ(S — SQ)I — BSoI + uK — M(S — SQ) — ,uSQ
= —B(S = 8)I = BSo(I — 1) — (S — S2) — BS2lz + pK — pSs

= B(S— )T — BSa(I —I) — (S — 82) — f P (Ry — 1)

Ro B
K
K — n—
ik =
= —B(S = 52)1 — BS2(I — Iz) — u(S — S2) (4.15)
: +y+
iv) BS—(at+y+p) =8 (s . W) = B(S—S5) (4.16)
v) ol —uR = ol —1L)—u(R— Ry)+aly— puRy
7 Q@
= ol —-1)— u(R—Rs) + QE(RO -1)— MB(RO -1)
= o(I—1)— u(R—Ry). (4.17)
Now we are ready to prove. Define a Lyapunov function
S+I1+R
VS, I,R) = S—S+I—-Lb+R—Ry—(So+Ih+ Ro)ln ———
( ) 2+ 2+ 2 — (S2+ 12+ 2)H52+12+R2
—|—a<[—[2—121n[> +9(S—52)2+9(R—R2)2 (4.18)
I 2 2
it - -
on D, where the positive constants a = BK +bS2, >0, and ¢ K
ov ov oV
Then, LV (S,1,R) = (—5SI+H(K—S))ﬁJr(BSI—(a+fy+u)I)§+(al—uR)@+A(FbFg)
on (5,1, R) € D, where the last term A(Fy, F») is
Ll AN
A(Fl,FQ) = QSIFl(S,I,R) <832 8SI+ BYE
15 5 0’V 0V 9*V
+5 P F3(S,1, R) (812 2575+ 5
 Se+ Db+ Ry 2 72 12 2 22
- m{s I FI(S,I,R)<1—2+1> + 1 FQ(S,I,R)(1—2+1)}
Y e re s 1 r) (b+a2) + PFS, IR 5
5 1(aa)+aﬁ+ 2(,7)C+aﬁ

1 1
= 3 (aly + I?b) S’FE(S, I, R) + 3 (cI, + I?b) F3(S, I, R)
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Then LV (S, 1, R) becomes

_SQ+IQ+R2

LV(S,I,R) = (1 STl R

>(—BSI+M(K—S)+ﬁSI—(a+'y+u)[+a[—uR)

I—-1

+b(S — S2)(— BSI+ (K —8)) +a 7

(BST — (a+~ + p)I)

+c(R — Ry)(al — pR) + A(Fy, F»)

 S—S+I-IL+R-R
— S (= m(S =S+ T-L+R-Ry) = (I - 1))

+5(S — 52)( = B(S — S)I = BT — o) = (S — $2)) +aB(I — )(S ~ $2)

+c(R — Ry) (a([ —I) — u(R — Rg)) + A(F, Fy) by the above identities

1 2 i 2
P (G-I +R—Ry)?—— 1 (-1
ST RY %t 2t R Rp) = (- 1)
v vy
Y (S-S -D)— — T (I-DL)R-
S+I+R(S So)( 2) S+I+R( 2)(R — Ry)

—b BI(S — S2)> — b BS2(S — S2)(I — Iz) — b (S — S2)?

+a B(S — So)(I — L) + ¢ a(I — I)(R— Ry) — ¢ u(R — Ry)* + A(Fy, Fy)

IN

e _ B 2 Ty 2 B 2
E(S =S+ T =T+ R—Ro)* = (I = I)* = b (B +11)(S = S2)

—¢ (R — Ry)? — (% +b S —a 5) (S — So)(I — I)

_ (% p a) (I = L)(I — Ry) + A(Fy, Fy).

Since A(Fy,Fy) = L (aly + I%) S*F2(S, 1, R) + & (cly + %) FZ(S, I, R), a = ﬁiK + 1Sy and

LV(SILR) < —B(S— 84 T- D+ R—Ro)* = L(I =L b (81 +p)(5 - Sa)?

1 1
—c (R — R2)* + 3 (aly + I%b) S*FE(S, I, R) + 3 (cI + I*b) F}(S,I,R)

—%(S—S2+I—IQ+R—R2)2—%(1—12)2—bp(5—52)2

IN

1 1
—c u(R—Ry)* + 5 (al + bK?) S?F2(S,1,R) + 5 (cI + bK?) F3(S, I, R).

LV (S,I,R) =0 only at (S, I, Rs) and by the choice of suitable functions F;(S, I, R),
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one can easily obtained LV (S, I, R) < 0 on D\(Ss, I, Rs). Hence LV (S, 1, R) is negative
definite on D for some suitable F;(S, I, R).

Therefore, by Theorem 1.2.3, the endemic equilibrium is stochastically asymptotically
stable on D if Ry > 1 and for some suitable functions F;(S, I, R) such that F;(Ss, I, Ry) = 0

and satisfies the condition (4.12).

n
Remark. If the F;’s in the stochastic SIR model with disease deaths are constant
as = (—6SI+M(K—S)> dt — oy ST dW,
ar = (BSI—(a+~+p)I) dt+oy STdWy - oy T W,
dR = (OJ - uR) dt + o9 I dWy (4.19)

then the above system has only one equilibrium solution, which is disease free equilibrium

(K,0,0) and it is stochastically asymptotically stable if Ry < 1.
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CHAPTER 5
NUMERICAL ANALYSIS OF STOCHASTIC MODELS IN

EPIDEMIOLOGY

5.1 BALANCED IMPLICIT METHOD

Consider d-dimensional stochastic differential equation
dX (1) = a(X(t),t) dt + D V(X(t),t) dW(t) (5.1)
j=1

with adapted initial values X (0) = zo € R?, where WJ’s are independent Wiener processes
on the complete probability space (2, F,{F:}i>0,P) and a, and b are continuous vector
fields.

The balanced implicit outer theta method (Schurz [45]) is defined by

Xpp1 = Xnt [@n a(Xni1stnit) + (I — ©)) a(Xn,tn)] hn (5.2)

+ Y V(X ) AW+ (X, ) (X = K1) [AW]]

j=1 Jj=0
where I is the unit matrix in R4 AW? = h,,, and AWJ = Wi(t,,,) — Wi(t,) along
partitions 0 =ty < t; <ty < ..... <tp <tpp1 < .... <tp, =T < oo of finite time intervals
[0, T], with appropriate (bounded) matrices ¢/ with continuous entries.
The parameter matrices {0, },en € R¥? determine the degree of implicitness. The
most used are with scalar choices ©,, = 6,1, where 6,, € R! and [ is unit matrix in R%*¢.
Throughout this chapter, the initial time is fixed [0, 7] with non-random and finite
terminal time 7. Let ||.|| = ||.||¢ be Euclidean vector norm on R¢, and ||.||r be Frobenius

norm on R4*4,
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5.2 NUMERICAL ANALYSIS OF STOCHASTIC SIR MODEL WITH DIS-

EASE DEATHS

Consider the below balanced implicit method

2

j=1
where ¢(Y,,,t,) = A I3x3 for the unit matrix /3,3 and

K
A= (a+vy+pu+pBL) A, + K |Fi(Y,) AW} + i |Fy(Y,) AW?|

for a discretization of SIR model with disease deaths

AX(t) = f(X(t),t) dt + g(X (1), 1) dW(t) (5.4)
where
S(t) —BSM)I(t) + u(K — S(t))
X(@) = 1) |, JX@O.0)=]8St)I(t)— (a+v+p)It)

R(t) al(t) — pR(t)

=S (X(1)) 0
dW1(t)

g(X(@).1) = | SHIMF(X(t) —It)F(X(@®)|,and dW(t)=
dW?2(t)
0 I(t)F2(X (1))

Recall that, the parameters «, (3, 7, u, and K are positive. F;’s locally Lipschitz-
continuous functions defined on D = {(S,I,R) : S >0, I >0, R>0, S+I+ R < K}
for all ¢ > 0 with coefficients Z, respectively, i=1,2. The W/’s are i.i.d. Wiener processes
defined on a complete probability space (2, F, {F;}i>0,P) and independent of the initial
value X (0) = z¢ € R? with E||zo]|> < co. Coefficients f and g are Lipschitz-continuous
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and satisfy linear growth condition on . Furthermore, let’s assume that f, g are Holder

continuous with order 1/2 in time and 1 in space on D.

[F(X @), 1) = F(Y(2), 8)]]

IA
&
<
=

|
>~.<
=
+
~
|
'3
Ay
o}
N—

lg(X(8),8) — g(¥ (1), 8)|| 7

IN
h
[\l
=
=
|
~
=
o
_|_
T~
|
V2)
N

IF(X@®), 01" < L

lg(X (), )7 < L3 1+||X(t)|!2)
where

L7 = 8K+ 2(a+ v+ u)?* + 202
[2 = AL K'+4L,K*+ sup {8K2FE(S, I,R) + 4F%(S, 1, R)}
(S.I,R)€ D

L; = max{452K4+4,u2K2, 412, 2(a+7+u)2+2o¢2}

L7 = max{ sup 2K?F2(S,I,R), sup 2F22(S,[,R)}. (5.5)
(S,I,R)E D (S,I,R)E D

5.2.1 Invariance property of the numerical solution Y,, with respect to D

Definition. A random sequence {Y;};cn is called invariant with respect to given domain

D C R? if and only if P(Y; € D) =1 for all i € N.

Theorem 5.2.1. Assume that the initial condition Yy = (S, Io, Ry) € D = {(Sp, I, R,) :
Sp >0, I, >0, R, >0, S, +1I,+ R, < K} is independent of W(t) fort > 0. The

numerical solution {Y;}ien governed by (5.4) is invariant with respect to D.
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Proof. By rewriting the numerical method (5.3) we obtained,

Spii = St [ — BSnIn + p(K — sn)] A — SnInFy (V) AWL + A(S), — Spst)

L1 = In+ [ﬁsnfn (et + M)In} A+ Sl FL (V) AW — I, Fy(Y) AW + A(L, — Init)

Rn+1 - Rn + [aln - NRn} An + InF2(Yn)AWV% + A(Rn - Rn-‘rl) (56)
S = S+L{[—BSI+ (K — S,)]A —SIF(Y)AWI}
n+1 n 1 + A nin H n n nind 1\In n
1
[n+1 = In + H—A{[ﬁsn[n — (Oé + v+ ,u)[n]An + SnInF1<Yn>AW7}L - [nF2<Yn)AW3}
_ 1 2
Ry = R+ H—A{[a[n ~uRA, + [an(Yn)AWn}. (5.7)

Let’s use an induction on n € N. Assume that Sqg+ Ip + R < K, and S, + I, + R, < K

with S, R,, > 0 and I, > 0. Then,

,uAn 'YInAn
Spit + Rosr + it So ot Lo+ But =5 o
A,
1+ A
A A
= — 1 K
(1 1+A)(S"+ wt Bo) + 1
< — K <1
< (1 1+A)K+1+A since A4S
= K.

Positivity of numerical solution can be proven by substituting A = (o + v + p +

BL)AL+ K [Fi(Y)AWL] + | Fy(Y,) AWZ| into (5.7),
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1 1
Spiy = H—A{Sn 4 ASy 4 [=BSuI, + (K — S)]A, — SnInFl(Yn)AWn}

= HlA{S + (@ + 5+ p+ BL)Sn A, + KSu|Fi(Yo) AW, |
_KS,
"R,

uK A, Sh

_ 1 1
— 1+A +1+A{1+(a+7)A K B (Y,)AWY] — I, F (Y,) AW

o | R(V)AW}

|F2( n)AW3| + [_6Snln + M(K - Sn)]An - SnInFl (Yn>AW5}

> 0 (5.8)

Lot {1+A+[BS — (a+ 7+ )] A, + S Fy(Y,) AW — FQ(YH)AI/V?f}

1—|—A

I, K
= 1 ) A, + K|F(Y,) AW 4+ —|Fy(Y,) AW?
{1 @y L) A KIR(Y,) AW+ R(Y,) AW

85, = (ot + A+ S F (V) AWE = By(v,)AW2 )

_ I 1 1
= A s A+ K IRM)AW 4 SAY)AW,

_B(Y,)AW? + —\Fz( )AW2|}

v

0 since >1 (5.9)

R,

1 2
Ry = 1+A{R + AR, + [l = pRa) A + LB (V) AWE |

1
= L)R.A, + K| F(Y,) AW}
T Bt @ty 4t BLIR.AL + KIR(V)AWR,

+R—|F2(Yn)AW3|Rn + [0hy = PR A + L F(Ya)AWE
1
— H_A{R +(a+ v+ BL)RaAy + al, A,
FEIR (V) AW Ry + K| Fo(Ya)AWE| + L Fy(Y,) AW}
> 0. (5.10)
Therefore, for all n € N: P(Y,, = (S,, [, R,) € D) = 1. O
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5.2.2 V-stability of the Numerical Solution Y,

We have

dX(t) = f(X(),1) dt + g(X(t),t) dW(t), t>0, X(0) =m0

1 1

Yn+1 - Yn + — f(Yn)An +

T Y,)AW,, Y, = .

1JrAg()

The one step representations of the solution X and the numerical solution Y are

Xups(t) = x0+/ f(X du—l—/ g(X(u),u) dW (u)

Yios(t) = $o+rf(33o, )/ du+LAg(3§0, )/ dW (u) (5.11)

forallt >s>0, |t —s| <1,and X(s) =z, € D.

Now,
Vs = 1 o g Sas) (- )+ g ot (V00 - W) |
= bl g ) (- 9) + g0, s) (V) - W) 2
20, [0,5) (6= 8) + gla0,9) (WD) - W ()] )
< ool + || 1@ -9+ aten s W0 - W)
20, 1 [Flw,9) (6= 5) + glao, 5) (W (0 = W(s)] )
S ol 4 1) € 917+ lg(o. s) (W (2) = W ()"
+2(f (w0, ) (t = 5), glwo,s)(W (1) = W(s)))
2(w0, o [Fla0.s) (6= 5)+ glao,s) (W)~ W(s)] )

Since W (t) — W (s) ~ N(0,¢ — s)
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IN

1+ E[|Yao,s(t)]?

IN

L+ [lzol® + || £(zo, 9)I* (= 9)* + llg(xo, s) [F E(W(t) = W(s))*

1

T+ 4 f(zo,8) (t — 3)>

+2<.ﬁ(}0,
L+ [Jzoll + LE(L + fJzol*) (¢ — 5)° + LE(L + [lzo]|*)(t — 9)

#2llaol | | 1ol 6 0

1+ A
(14 (L3 + L = ) (1 + wol®) + 2Lsllzoll v/T+ ol (¢~ s)
(14 2Ls + L3 + L)t = 5)) (1 + lJzoll?)

eRLa+LEHLD(E=5) (1 4 ||20[|2) (5.12)

the last step obtained by the Taylor series expansion around s, i.e. e®*=%) > 14 a(t — s).

Hence, the approximation Y is V-stable with V(zo) = 1 + ||zo]|?.

5.2.3 Mean Square Contractivity of X

E HXxo,S(t) -

IN

By the Holder’s inequality,

/s t a(u) dW (u)

Ito isometry, E ‘

o =0+ [ [l ) = F X, 0]

2

o {g<xxo,s<u>,u>—g<xyos< )] aw(w)|

I”

Xags(u),u) — f( Xy s(u), u ] duH

3”5’50 — Yo

—|—3EH/ Xag,s(w), 1) — g( Xy, s(u), )} dW (u H

[ ot < (/ e du) (/ Ja(wlP du) , and
=E/ la()? du,
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t
E HXa:o,S(t) - Xyo,S(t)HQ < 3lzo — yO”2 +3(t —s) E/ Hf(Xxo,s(U), u) — f(Xyo,S(U)7U)H2 du

t
13E / 19(X a0 (10), ) — g(X o o), )3 s

s<1 t
< 3llwo - Z/OH2 + 3(L% + Lg) / E[| Xzo,s(u) — Xyo,S(u)Hz du
After applying the Gronwall inequality, we obtained

E || Xag,s(t) = Xyo,s (D)7 < 3llzg — gol* X HHH202), (5.13)

We may choose K such that €25¢ (=) < 3e3(F+ID)(=2) for instance K¥ = 3(L? + L2) +

In

3
5 -

Hence E | Xog. (t) = Xous (0] < o — ol® €%

5.2.4 Local Uniform Boundedness of X and Y,,

1+ E[[ X s () = 1+E||$o+/ f(X(u),u) dU+/ g(X (), u) dW (u)[|*

2 2

IN

1+ 3||zo* + 3E / f(X(u),u) du / g(X (u),u) dW (u)

+3E‘

IN

14 3ol +3(t — ) E / 1F(X (), w)|*du + 3E / 19X (), ) [

IN

t
1+ 3|jxo|* +3L3 / (14 E||2(uw)||*)du + 3L} / (1+ El|lz(u)|*)du

S

IN

t
3+ 3o ||” + 3(L2 + I2) / (1 + Elle(w)]?) du
= 3(1 4 ||zo|f?) BEBTLDE) (5.14)
= 1+ [|zol?)

2 T2V
where ¢ = 3e3(Fa+LD)(t=s),
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L+ [[¥aps (D)1

1+ E[|Yo,s(8)]?

IN

IN

1 2

xo—l—%f(xo,s)/s du—l——Ag(xo,s)/s dW (u)

2

1+

2

1/ (0, s)
2

g (o, 5)II%

1+ 3|22 + 3 H

du

/st dW (u)

1+ 3||wol? + 3L5(1 + ||lzol|?) (£ — ) + 3LE(1 + ||zo||?)

1+ A
2

+3)

1+ A
2

/S LW ()

1+ 3||@ol” + 3L3(1 + ||lzo||*)(t — )* + 3L3(1 + ||zo|*) E

2

t dW(u)

14 3llzoll? + 3L2(1 + 2ol?)(t — ) + 3L2(1 + [lzoll) / 111Pdu
3+ 3||@o|* + 3L3(1 + [|zol|*)(t — s)* + 3LI(L + [|zo|*) (¢t — s)
3[1+ (L3 + L3t - 9)| (1 + llzoll?)

c3(1+ [lzolf*) (5.15)

where ¢3 = 3 [1 + (L3 + L3)(t — s)} :

5.2.5 Local Mean Square Holder Continuity of X and Y,

EHXa?O’S

- l’o||2

2

du+/ g(X(u),u) dW(u)

2

IN

2 U

/ 9(X (u), u) dW (u)

+2E‘

IN

2t — ) /||f Nk du+2E/ 19X (), )12 du

2(L2+L2)/ (1+E|X(w)|?) du (5.16)

s

IN
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By the local uniform boundedness of X (5.14)

t
E|| Xao,s(t) = zol* < 2(L3+ L1+ ||$0H2)/ M5 TN gy
e3(L§+LZ)(tfs) -1
3(L§ + L3)

— 9| BEEHLD(E—s) _ 1} (1 + [|zo||?)

= 6(L5+ L1+ [lo]*)

63(L§+Li)(t—s) 1 )
= 2 T (14 ||zol|*)(t — s). (5.17)
63(L§+Li)z -1
We may choose ¢3 < 2max ——————— < 00.
|2|<1 z
Hence,
E|| Xao,s — zoll* < e5(1 + [|zol|*) (2 — 5) (5.18)

. That proves the local Holder continuity of X in the mean square sense (with exponent

1/2 in time).

2

t 1 t
Voo aal® = ||y /Gans) [ o g [ awe

2
s)|I” lg(o, )13

2

du

/S t AW (u)

<
< [gal] v s

+2<1+—Af(x0, )/St du, H;Ag(xo,s) /St dW(u)>

/S t AW (u) 2

+2<1+;Af(x0,s) /St du, H;Ag(xo,s) /St dW(u)>

< L1+ [laol*)(t = 5)* + Li(1 + [lwol)
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2
E|[Yags — ol < L3(1+ [lwol*)(t — 5)* + Li(1 + [|lwo||*)E ‘

/ t AW (u)
1 s

+2E<H—Af(xo,s) /St du, H_;Ag(xo,s) /: dW(u)>

t
L2(1+ [lzo]2)(t — )% + L2(1 + 20 |2)E / 1P du

IN

IA

(L5 + LDt = s)(1+ [|lzol*)
= it —s)(1+ [|zol) (5.19)

where ¢2 = L3+ L3. That completes the proof of the local Holder continuity of the numerical

solution Y, in mean square sense.

5.2.6 Mean Consistency of X, Y,
First, let’s estimate E (HLA), and E (1%4 fst dW(u)) for
A = (a7 +p+BL)(t—s)+ K [F(Xas(t) (WH(E) = W(s))]
K 2 2
+ o [Fa(Xa s (0) (W (1) = W2(5))

< a(t—s)+ bW (t) — W(s)| (5.20)
for finite constants a, and b. Since Yy, () is invariant with respect to the bounded domain
D.

SinceO<1J+A<1,then0<1+iA<A.

)y E (HLA) <E(A) <a (t—s)+bEW(t) — W(s)
We know that |W(t) — W(s)| ~ Half-Normal (\/g Vit —s, (1 — %) (t — s)) by W (t) —
W(s) ~N(0,t — s).
Therefore
E(H—LA) <a(t—s)+b \/g(zf—s)l/2 <a(t—s)+b(t—s)? (5.21)
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ii)E(HiA/:dmu)) < a(t—s)E/StdW( )+bE{ |/dW }

= 0 (5.22)
Now,

Kooty — Yaoull) = / F(X (), ) du + / 9(X (), w) dW ()
F(zo, 9) /: du — 1Ag(x0,s) /: AV ()

t

- / (X (), ) — fxo, )] dut / [9(X (u), ) — glzo, s)] VW (u)

+ (1 - HLA) F(zo, s) /St du + (1 - HLA) o(zo0, 5) /St AV ()

E(Xpalt) — Yuult) = E / F(X(u)w) — f(xo,9)] du
+f (20, 8)(t — 5) E (%)

+g(o, ) < A/dW)

(5.21),(5.22)

S / (X (), u) — f(z0,9)] du+a f(zo,s)(t - 5)°

1+A

+b f(xo,s)(t — 5)3/2

+a | f (o, 5)|(t — 5)°

B Xy (0) — Yoou0))]| < H / F(0,5)] du

+b [[f (o, s)lI(t = 5)*2

< B [ 17000 - a0, o +a Lo VTF Tl -
+b Ly /1 + [[wol2(t — )%
< [ BN — S ] duta Ly TF Tl - o)

—f-b L3 ].—f— H[E0||2(t—8)3/2
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1B (Xags(t) = Ve () < L / {lu— s + E[| X (u) — 2ol|} du

+a Lz /1 + ||2o||2(t — 8)* +b Ly /1 + ||zo)|2(t — 5)3/2

IN

2 t
SLyle— s 4 L / (EJ|X (w) — xol?)"? du

S

+a Lz /1 + ||zo]2(t — 8)2 +b Lz /1 + ||| 2(t — 5)*?

(5.18)

2 t
< ZLili- s 4 Lo / IF [zolPu? du

+a Lz /14 [Jzo]]2(t — 8)2 +b L3 \/1+ ||zol|?(t — 3)3/2

2 2

< {ng + (ng cs+aLs+b L3) V1+ ||$0||2} (t — s)3/?
2 2

< <§L1+—L1 c3+a L3+bL3> 1+ ||l’0”2(t—8)3/2

3

by 1 < /1 + ||zo||?. Therefore, the numerical method is mean consistent with rate ro = 1.5.

5.2.7 Mean Square Consistency of X, Y,

t 2
First, we estimate E HHAA / dW (u)|| , using Cauchy-Bunyakovsky-Schwarz inequality,

[t0 isometry and properties of Wiener processes.

A K < A

v < ] [ aw) <4 / AW (u)
ol = e
< Jap)| [ avew
e 22t — ) + B (W(t) ~ W(5)") (W(1) = W(s))”
H1+A W(u)|| < 2a%(t—s)’E(W(t) — W(s))” + 2°E(W (t) — W(s))"

< 2a%(t — 8)*(t — s) + 26*3(t — 5)?
= 2a*(t — s)® + 6b%(t — 5)°. (5.23)
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Then,

E | Xooa(t) — Yaou ()2 = E| / (X (), ) — f(xo, )] du
" / (9(X (u), ) — glzo, s)] dWV(u)

+<1—1+LA> f(xo,s)/: du
(

Lﬁéﬁ)mmmlfwwww

2

_|_

IA

IE / F(X (), w) — fr0,9)] du

2

| [ 9(X(w),0) = oo, s)) W)

2

A t
+4E 1+Af(:v0,s)/s du

2

R 1ng(x0 s)/ 4V (u)

4(t — s) /Hf f(xo, 9| du
+4]E/ lg(X a:osH du + 4(t — 3)2EHf(xo s)H2
A [t 2
) / AW (u) }

4(t — S)L%/ {(u —5)+ E|| Xys(u) — $0||2} du

IN

+4]E{||9(:vo,8)||p

IN

t
+4Lg/ [(u— )+ E||Xops (1) — o]} du
4t = 5)PL3 (1 + oo )

+4LZ(2a2(t 5)? 4+ 6b*(t — s ><1+||x0||2>

IN

A(L3—s) + 13) B( —s)’ +5§(t—s)2(1+\|x0”2)]

+4 [Lgu —5)? 4 Li(2a°(t — 5)° + 60 (t — s)z)} (1 + ||xo||2)
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Bl Xea(0) - Yara O < (8300 =)+ 12) |06 = 97 (14 )

ra(ze -+ 13) S - 92 (14 laal?)

FA[ L3 = )% + L3(20%(t — 5)° + 60%(t — 5)2)| (1 + 1o )
= 201+ ) [L3t —s) + L3 (t = 5 (1+ o)

FA[L3( — 5)? + L(20%(t — ) + 667(t — 5)2)] (1 + [Jol?)

< &t —9)?(1+ llaoll?) (5.24)
where ¢2 = 2(1+¢3)(L¥+ L3) +4L% +8(a* + 3b?) L3. Hence, the numerical method is mean
square consistent with rate ro = 1.

5.2.8 Mean Square Holder Continuity of Martingale Part of X

E \ [ 10600, = 9Ky 20] (0

t
— [ Ellg(Xapala). ) = 9K, 1)
t
<12 [ B|Xayu(0) = Xpal)| du

(5.13) t
S 3 Lg ||ZL’0 o y0||2 / 63(L%+L§)(u—s)du
3(L3+L3)(t—s) _ 1

3(L1+ L3)
L% eSLA+L)(t—s) _

e

=3 L [E

= t—5) ||lzo — yol?
L2+ 12 PR ( ) lzo = yoll
1.2 e3Li+L3)z _ |
We may choose 753y = 0.5 and Kgpy < L%TQI% tmax —————— < 0.

2

Hence, E‘ = Ksn|lmo — yol*(t — s). The

/ 19(X a0 0 (), 1) — 9(Xyo o(0), )] W (2)

martingale part of X is Holder continuous in mean square sense with rate rgy; = 0.5.
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5.2.9 Local Moment V-Boundedness and Convergence Rate

The local moment V-boundedness is satisfied with V(zg) = 1 + [|z]|?
B[V (z0)] + E[V(y0)] = E[1+ zoll’] + E[1 + [lyo]|]
= 2+ E||zo* + Eljwol* < o0 (5.25)
by the view of assumptions on initial condition X (0) = 2y € D, and E||z|* < oc.

We obtained, ro = 1.5, 1o = 1, and rgy;, = 0.5 and they satisfy the condition ry >

ro +rsar > 1. Hence the convergence rate is 0.5 by ry =17y + 15y —1=14+0.5—-1=0.5.

Theorem 5.2.2. Numerical approximation Yy, (5.3) converges in L*(Q, F,P) to an analytic

solution X with the rate 0.5 for the stochastic SIR model (5.4).

Proof. The problem is well posed, i.e. it satisfied the conditions (A1)-(A8) in the section
(1.2.3). Hence, numerical approximation Y;, converge to analytic solution X with the rate

rg = 0.5 by the convergence Theorem 1.2.4. O]

5.3 NUMERICAL ANALYSIS OF STOCHASTIC SIS MODEL WITH DIS-

EASE DEATHS

Consider the below balanced implicit method

2
Vo1 = Yo t)Ap + > ¢ (Yo, tn) AW + e(Yo, t) (Yo = Y1) (5.26)

j=1

where ¢(Y,,,t,) = A Iy for the unit matrix I« and
1 K 2
A= (a+y+p+pL) Ay + K |Fi(Y,) AW, | + 5 |Fo(Yy,) AW
for a discretization of SIS model with disease deaths

dX(t) = F(X(2),8) dt + g(X(t),1)) AW (t) (5.27)

7



where

(1)

X(t) = WE{OR)
{0

—=S()I(t)Fi(X(t

o < | SOTORX®)

SWIORXD)

I(t)F(X (1))

—I(t) (X (1))

dW1(t)
,and  dW(t) =

dW?2(t)

Recall that, the parameters «, (5, 7, u, and K are positive. F;’s locally Lipschitz-

continuous functions defined on D = {(S(t), (¢)) : S(t) > 0, I(t) >0, S(t) + I(t) < K}

for all ¢ > 0 with coefficients Zl respectively, i=1,2. The W/’s are i.i.d. Wiener processes

defined on a complete probability basis (2, F, {F;}i>0, P) and independent of the initial

value X (0) = 2y € R? with E||zg||* < oo. Coefficients f and ¢ are Lipschitz-continuous

and satisfy linear growth condition on D. Furthermore, let’s assume that f, g are Holder

continuous with order 1/2, 1 in time respectively, and with order 1, 2 in space respectively

on D.
1F(X(@),8) = F(Y(2),5)l
lg(X (t),8) = 9(Y (), 5)II%
1F (X (), )]
lg(X (1), )%
where

L3 =

L = sup
(S,J)e D

L =

LZ = max{

(S,])e D

IN

IN

IN

IN

sup 2K2F2(S,1), sup 2F22(S,I)}.

max {1082K2 + 3%, 106°K2 + 30° + 2(a + 7 + 1)}
{451K4 +8F2(S, K2 + 4Ly K2 + 4F2(S, 1)}

max {5ﬁ2K2 + 302 +2(a+ v+ p)?, 32 K2, 3u2}

5.28
(S,)e D ( )

78



5.3.1 Invariance property of the numerical solution Y, with respect to D
Theorem 5.3.1. Assume that the initial condition Yy = (So, ly) € D = {(Sp, I,) : Sp >
0, I, >0, S,+ 1, < K} is independent of W(t) fort > 0. The numerical solution {Y;}ien

governed by (5.27) is invariant with respect to D.

Proof. By rewriting the numerical method (5.26) we obtained,

— S L V(Y ) AW + 1, Fy (Y ) AW? 4 A(S,, — Sny1)

S, L FL (Y, ) AW — I Fy (V) AW?2 + A(I, — Li1) (5.29)

Suit = Su+ ——{[=8Suln+ p(K = 5,) + al,] Ay — Syl Fy (Vo) AW} + L, Fy(Y,) AW2 )
I = I+ ﬁ{[ﬁsnln — (a7 + )] A, + SpInFy (V) AW — InFQ(Yn)AWT%}.

(5.30)

Let’s use an induction on n € N. Assume that Sy + Iy < K, and S,, + I, < K with S,, > 0

and I, > 0. Then,

A YA,
n ]n - n In <K - Pn — In) -
Sna1 + Loyt Sp+ 1, + 1+ A S T A

< 8, 41,4+ 1o <K—Sn—ln>

1+ A
_ A pA,
B (1 1+A)<S”+I”)+1+AK
1A, HA, ) JT7ANS
< — <
< (1 1+A>K+1—|—AK since 1+A_1
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Positivity of numerical solution can be proven by substituting A = (a + v+ p+ 51,) A, +

K |Fy(Ya)AWY| + £ |Fy(Y,) AW2| into (5.30),
1
Sir = H—A{Sn AS, 4 [=BSuly + (K — S,) + al,]A,
— S, L F (V) AW! + InFQ(Yn)ij}

KS
Sn

1 1
— 1+A{S F(a ot BL)S A, + K S| By (Y,) AW +

| Fy(

Y, ) AW

4 [=BSul + p(E — Sp) + al,] Ay — Sl P (Y,) AW! + 1 FQ(YH)AW,E}

1
- 1+A{S 4 (a4 7)8un + K S| By (V) AW + K| Fy(Y,) AW?)|

K S, Ay + LA, — SpL Fy(Y) AW + I, FQ(YH)AWg}

(5.31)

Y,) AW

(5.32)

> 0
I,

it = 195 650 — (a7 + 1) An + SR (V) AW — Fy(¥,)AW2 }

S (@t 7+ i+ BL) A + KIF(Y,) A+ 2By

- 1—|—A 67 Y H n 1I\In n Sn 2
F[BS, — (a+7+ W] A + SuFy (V) AW — FQ(Yn)ij}

_ In 1 1

— 1_M{Hﬁ(lﬁsm+K|F]()AW|+SF]<)Aw

—Fg(Y)AW2+—\F2( SINIAY
> 0 since SE > 1.

Therefore, P(Y,, = (S,, I,) € D) = 1.

5.3.2 Convergence of the numerical solution Y,,

Theorem 5.3.2. Numerical approzimation Y, (5.26) converges in L*(Q, F,P) to analytic

solution X with the rate 0.5 for the stochastic SIS model (5.27).
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Proof. The numerical solution Y,, is invariant with respect to D, and the coefficients f and
g are uniformly Lipschitz continuous and satisfy linear growth condition on the domain D.
Furthermore, the problem is well-posed. Hence the numerical approximation Y,, converges
to an analytic solution X with the rate 0.5 by the convergence Theorem 1.2.4. We omit
the details due to similar calculations as in the proof of convergence of the numerical
solution for the stochastic SIR model with disease deaths. The only differences appear in

the coefficients. O
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CHAPTER 6

SIMULATIONS WITH USING BALANCED IMPLICIT METHOD

We simulate two stochastic models mentioned and discretized on the previous chapter
(SIR and SIS model with disease deaths). From a mathematical point of view we are only
interested in models with non-negative parameters «, 3, v, and p. But all these parameters

have meaning in epidemiology.

(i) K > 0 is a maximum population size, i.e. carrying capacity.

(ii) p is a per capita death rate (birth rate) per unit time. Hence pK is a number natural
births and .S a the number of natural deaths in the susceptible population. In our

simulations, we used p = 1/75 corresponding to a human life expectancy of 75 years.

(iii) 1/cv is a mean of the infective period. We used o = 73, 52,26, and 13 corresponding
to infectives recover after a mean infective period of 1/73,1/52,1/26, and 1/13 year

(5 days, 1 week, 2, and 4 weeks) respectively.

(iv) 1/~ is a mean of the disease related death period. We used v = 73,52,26, and 13
describing a disease from which infectives die because of the disease after a mean

period of 1/73,1/52,1/26, and 1/13 year respectively.

(v) B is an infection rate (contact rate), (ST is the number of new infectives in unit
time. We used 8 = 0.1 and 0.05 explaining that average infectives makes contact

sufficiently to transmit infection with 0.1K and 0.05K others per year.
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6.1 STOCHASTIC SIR MODEL WITH DISEASE DEATHS

Consider the model
1
s = ( — BSI + (K — 5)) dt — = SI(S = S) dWi

1 1
dl = (651— (a—i—'y—i—,u)f) dt + ﬁSI(S— Sz) AWy — ﬁf(f—b) dwy  (6.1)

1
dR = (aI - MR) dt+ = I(1 = I) AW,

where «, 3,7, u and K are positive constants and (S, Iz, R2) = <7I§, %(RO -1), %(RO - 1))
0
for Rg = afﬁru'

Theorem 4.2.5 proved the global existence of a unique solution of the system (6.1) in
D={(5I,R eR:S8>01>0R>05+I+R<K} for all t > t, if the initial value
(So, o, Ro) € D.

Theorem 4.2.6 proved stochastic asymptotic stability of disease free equilibrium so-
lution (51,11, R1) = (K,0,0) to the SDE (6.1) by the help of the Lyapunov function

1
V(S,I,R) = §(S — K+I1+R)*+ KI+ KR. The following simulations verify the theorem.
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Figure 6.1: The disease free equilibrium (5,1, R) = (1000,0,0) is stochastically asymptotically stable

since Rp = 0.96 < 1 for @« = 52, 8 = 0.1, v = 52, u = 0.013, K = 1000. Here we use initial value

(So, In, Ro) = (600,50,350) and step size A = 1073.

trajectories.
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Figure 6.2: Expected value of the Lyapunov function V(S,I,R) = %(S — K+ 1+ R)?+ KI + KR, which
is used in the proof of stochastic asymptotic stability of the disease free equilibrium solution (S, I, R) =
(1000,0,0) to the system (6.1). Here we use the same parameters o = 52, § = 0.1, v = 52, p = 0.013,
K = 1000 i.e. Rg = 0.96 < 1 and the initial value (Sp, Iy, Ro) = (600, 50, 350) with step size A = 1073.

Expectations are taken for 10000 trajectories.
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Theorem 4.2.7 proved stochastic asymptotic stability of the endemic equilibrium so-

lution (Ss, I, Ro) = (g %(Ro —1), %(Ro - 1)> to the system (6.1) on {(S,I,R): S >0, >
0
0,R > 0,541+ R < K} under the assumptions Ry = afﬁru > 1 and LV is negative def-

inite, which requires nonnegativity of the constants ¢ := b p — 5=(a I + b K?) and

YL — (e I+ b K?), where

EVZ-%(S—SQ—FI—IQ—FR—RQ)Q—zZ)(1—12)2—(;5(S—Sg)z—c,u(R—Rg)Q

anda:ﬂlK+bSQ,b>Oandc:%.

Recall that we used

N S+I1+R
I b 5,  C 9

—|—CL I—[Q—[QIHI— +§(S—5’2) +§(R—R2>

2

V(S,I,R) = S—Sy+1—L+R—Ry— (Sa+ 1L+ Ry)l

as a Lyapunov function in the proof of the Theorem 4.2.7.
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Figure 6.3: The endemic equilibrium (Ss, I3, R2) = (390.13,0.203, 203.222) is stochastically asymptotically

stable since Rg = 2.56 > 1 and LV < 0 (¢ = 0.013,¢ = 0.026) for « = 13, § = 0.1, v = 26, p = 0.013,

K = 1000, b = 1. We use initial value (So, In, Ry) = (600, 50, 350) and step size A = 10~3. Expectations

and variances are taken for 10000 trajectories.
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Figure 6.4: Expected value of the Lyapunov function V(S,I,R) = S —So+ 1 —Io + R— Ry — (S2 +
I +R2)ln% —|—a([—12 —Igh’lé) + g(S— So)2 + S(R— R3)? where a = ﬁiK + bS5, b > 0, and
¢ = %=, which is used in the proof of stochastic asymptotic stability of the endemic equilibrium solution
(S2, I, Ra) = (390.13,0.203, 203.222) to the SDE (6.1). Here we use the same parameters « = 13, § = 0.1,
v =26, p = 0.013, K =1000, b =11ie. Ry=256>1, LV <0 (¢ = 0.013,% = 0.026) and the initial

value (Sy, I, Ro) = (600, 50,350) with step size A = 1073. Expectations are taken for 10000 trajectories.

88



014

012

120
\\\\‘\\\\“\\\ R 4
\\\\‘\\‘\\\-‘\‘\\\O\‘\‘\‘\|\‘\\‘\“\\‘\‘\\\“\“‘“\““‘"0
f by AR AR, e

8
E[S®] 5o

ER®] 80

i 7
[l'lIl’llllIll'lIllllllllllllllll’lll’lllllllll
|\(lIlll'lIllllIllllllllllllllllllllll'lll'llllll’l
!
y . o l"lIIIlﬂ'llm’l’l’Illm’ll"lll’lllll!ﬂll]
i L S ©1 008 E
,,,,,,.',',',',:,n,,.,.,,,,,,,,,,:,:,, e
et """"l':':’:',',','mm"":'l."'""'.m
llm""l':':'.',"'"':" i ] 004
,’,’l"l'l'l"’,',"llll "l""l"'l'l'l"ll’l'l’llllll'lll"lll
mlul:nnmuunn' v e 100
’l"'"l' ’Illllll. ll.l,l'l'llll'l 7
/:"""."’”"’" sy ll'll'

77 iy
1 7
mn":':':',’,',mnm"’ i ettt
Jieariyis i ey tryd 008
T A
frasit Sttt
et i i
LAyt it
ey A
A,
A 7
g
AErelrp s

numm""l'l':’.','

7/ nml"':'"""':"" A

Atsaots

Ihgpal I",’""','l':',',’,',',l':’t':',l,.,’,',","'l""

i Ty u.;m./lmmml‘

R i 7,
AR 0%

t

= 0.1,
d g =
nd fixe
iable a a
d for var
. d Remove
tible, Infective, an
s of Susceptible,
lues o
ected va
. 6.5: Exp
Flgure

ilibrium
e equili
ists Only on
there exis
100 <1, and
Ro = s30137a
48 then
fa>
=1000. I
K =

= 0.013,
=052, u=
v =

ndemic
1 and an e
Ro >

< 47 then

ble. If o <

lly asymptotically sta

i hastically

ich is stoc

0), whic

= (1000, 0,

R) = (

(S7 -[7

1000a
B, "52.013 + a
52013+ a

tions are
—3. Expecta
=10"".

ize A —

tep size

0) and s

507107 0

e e lvalue (

se 1nitia

ble. We u

Cally sta

mptoti-
tically asy

— 10 ) is stochas

10c,

I,R) =

ilibrium (S, I,

equilibriu

‘akell fOI 1()()()() tIa eCtOIleS.

ER®]
E[®]

I
E[S®]

= 52,
d o=
nd fixe
iable /8 a .
d for var uilibrium
: d Remove ' one eq
ibl InfeCthea an here exists Only an
of Susceptible, 615 < 1. and ¢ Ro > 1 and
lues —9. 1 then
ected va then Rg f 38 >0. icall
. 6.6: Exp B <0.1 table. I totically
Figure 1000. If g < tically s ically asymp
K= : sympto 52 o ctochastic

= 0.013, ally a is s ken

V=52, = hich is stochastic 0-013 199,938 — B Expectations are ta
w — -3 X
1,R) = (1000,0,0), 0125 - 2 Size A = 105,
., =\—a tep
(S ilibrium (S, I, R) B (650,50, 350) and s
ic equili Ry) = ’
endemic e (S0, Lo, Ro
. lue
initial va
We use in

stable.

for 10000 trajectories.
or

89



Jo

014

I
e
eoxsytitrsy, aiesy,
T EY AT e
T
R A e AT
T
LA
T I ]
7t R T
L

01 [
T
% i

E[I@] 0.08

8
E[S©)] 0.06

l’ 0.04
Jrevey,
ST
LT
sy rasn ety biasy,
S
e
VLAY
ll~

0.02

e

Iy
R
R,

T

ity
R

R
ERE©) R
iRt
O

Figure 6.7: Expected values of Susceptible, Infective, and Removed for variable v and fixed 5 = 0.1, o = 52,

100

< 1, and there exists only one equilibrium (5,1, R) =

(1000, 0,0), which is stochastically asymptotically stable. If v < 47 then R > 1 and an endemic equilibrium

13
(S,I,R) = (520.13+ 10+,

B 52000
52013+~ 52013

iy 520) is stochastically asymptotically stable.
Y

We use initial value (Sp, Iy, Ro) = (650,50, 350) and step size A = 1072, Expectations are taken for 10000

trajectories.

6.2 STOCHASTIC SIS MODEL WITH DISEASE DEATHS

Counsider the model

as

dl

(551— (a+7+,u)[) dt + —

where «, 3,7, and K are positive constants

BK
a+y+p

inD={(S,])eR*:$>0,1>0,5+1<K} for all t > ¢, if the initial value (Sy, I)

If the basic reproduction number Ry <

(—ﬂSI—iru(K—S)—i—aI) dt— L s1

ST

(S — SQ) dWi + K2

= I(I - L) dWs

1
(S — Sa) dW1 — 25 (I — Ir) AWy (6.2)

K pK

and (SQ,IQ) = (Rio’ﬁ"‘rﬂ

(1 _ %)) for Ry =

. Theorem 3.2.5 proved the existence of a unique global solution of the system (6.2)

e D.

1 then the disease free equilibrium solution

(S,I) = (K,0) to the system (6.2) is stochastically asymptotically stable on D) by Theorem

1
3.2.6 with the help of the Lyapunov function V(S,1) = 5(5 - K+1)?*+
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Figure 6.8: The disease free equilibrium (S, I) = (450, 0) is stochastically asymptotically stable since Rg =
0.87 < 1 for o = 26, 5 = 0.1, v = 26, p = 0.013, K = 450. Here we use initial value (Sp, Iy) = (400, 10)

and step size A = 1073, Expectations and variances are taken for 10000 trajectories.
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Figure 6.9: Expected value of the Lyapunov function V' (S,I) = 5(5 ~K+1)?+ E(K —S), which is used

in the proof of stochastic asymptotic stability of the disease free equilibrium solution (S, I) = (450,0) to

the system (6.2). Here we use the same parameters o = 26, 8 = 0.1, v = 26, u = 0.013, K = 450 i.e.

Ro = 0.87 < 1 and the initial value (Sp, In) = (400, 10) with step size A = 1073, Expectations are taken

for 10000 trajectories.
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Theorem 3.2.7 proved stochastic asymptotic stability of the endemic equilibrium solu-

tion (Sy, Iy) = (%, % (1 - 7%0)) to the system (6.2) on {(S,1):5>0,1>0,S+1I< K} under

BK
a+y+p

the assumptions Ry = > 1 and LV is negative definite, which requires nonnegativity

of the constants ¢ := ,u—ggzl I and ¢ : ,u—i—v—ggltz I, where LV = —¢ (S—S2)2— (I-15)%.

Recall that we used V(S,I) = S—So+1—1o—(S2+13) In (Sgﬂg) +2’5% (I — I —IIn é)

as a Lyapunov function in the proof of the Theorem 3.2.7.
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Figure 6.10: The endemic equilibrium (S, Is) = (1720.26,1.278) is stochastically asymptotically stable
since Ro = 1.74 > 1 and LV < 0 (¢ = 0.013,% = 13.013) for a = 73, § = 0.05, v = 13, y = 0.013,
K = 3000. We use initial value (Sp, In) = (2990, 10) and step size A = 10~3. Expectations and variances

are taken for 10000 trajectories.
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Figure 6.11: Expected value of the Lyapunov function V(S,I) =S — Sy + 1 — Iy — (S2 + I2) In (Siﬂz) +

2’5}7 (I —Ib—In é), which is used in the proof of stochastic asymptotic stability of the endemic equi-

librium solution (S2, I>) = (1720.26,1.278) to the system (6.2). Here we use the same parameters o = 73,
B =005, =13, u=0.013, K = 3000 i.e. Ro = 1.74 > 1, LV < 0 (¢ = 0.013,4) = 13.013) and the initial

value (Sp, Ip) = (2990, 10) with step size A = 1073. Expectations are taken for 10000 trajectories.
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value (Sp, Ip) = (400, 10) and step size A = 1073. Expectations are taken for 10000 trajectories.
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Figure 6.13: Expected values of Susceptible and Infective for variable § and fixed a = 26, v = 26,
pw = 0.013, K = 450. If g < 0.115 then Ry = 8.6528 < 1, and there exists only one equilibrium
(S,I) = (450,0), which is stochastically asymptotically stable. If § > 0.116 then Ry > 1 and an endemic
52./;)13’0.225 ~0.0260

(S0, Ip) = (400, 10) and step size A = 10~3. Expectations are taken for 10000 trajectories.

equilibrium (S, I) = ( ) is stochastically asymptotically stable. We use initial value
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which is stochastically asymptotically stable. If v < 18 then Ry > 1 and an endemic equilibrium (S, 1) =

(260.13 + 107,

2.468 — 0.13~

0.013 + v

> is stochastically asymptotically stable. We use initial value (Sp,Iy) =

(400, 10) and step size A = 1073, Expectations are taken for 10000 trajectories.
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21

23

Below is a C++ code that we used to simulate the stochastic SIR model with disease

deaths (6.1). The random number generating routine is provided by Dr. Schurz.

/* Plotting Balanced Implicit Method approximations for Ito SDEx*/

/* dS(t)=[-BETA*S*I+MU*x(K-S)+ALPHA*I]* dt -F_1*S*Ix* dW_1(t), S(0)=S0 */

/* dI(t)=[BETA*S*I-(ALPHA+GAMMA+MU)*I]* dt +F1*S*I* dW_1(t)-F_2*xI*dW_2(t), I(0)=I0%/

/* dR(t)=[ALPHA*I-\MU*R]* dt +F_2*IxdW_2(t), R(0)=R0Ox/

/* THE BASIC REPRODUCTIVE NUMBER R_O=BETA*K/(ALPHA+GAMMA+MU) */

/* F_1=(8-S_2)/K"3, F_2=(I-I_2)/K"2 */

#include

#include

#include

#include

#define

#define

#define

#define

#define

#define

year

<math.h>

<stdlib.h>

<stdio.h>

<time.h>

pi
TO

T1

3.141592653
0.0 /* Time Interval lower bound */

1.0 /* Time Interval upper bound */

DELTA 0.001 /* Step size for BIM approximation */

BETA 0.1 /* CONTACT RATE average infective makes 0.1%1000=100 contacts per year */

ALPHA 13 /x REMOVED RATE infectives recover after a mean infective period of 1/13

s

i.e. four weeksx*/

#define MU 0.013 /* DEATH RATE 1/75=0.013 corresponding to a human life expectancy of 75

years*/

#define GAMMA 26 /* DISEASE related death RATE infectives dead after a mean death period

of 1/26 year, i.e. two weeks*/

#define

#define

#define

#define

#define

#define

#define

#define

K 1000.0 /* MAXIMUM POPULATION SIZEx/

S_2 (ALPHA+GAMMA+MU)/BETA

I_2 ((MU*K)/(ALPHA+GAMMA+MU))-(MU/BETA)

R_2 ((MU*K)/(ALPHA+GAMMA+MU))-(ALPHA/BETA)

SO

I0

RO

Vo

600.0 /* Initial value SO of S at TO */
50.0
350.0

(80)-(s_2)+(I10)-(I_2)+(RO)-(R_2)-((S_2)+(I_2)+(R_2))*1og (((S0)+(I0)+(RO))/((S_2
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Y)+(I_2)+(R_2)))+ a*((I0)-(I_2)-(I_2)*1og((I0)/(I_2)))+(0.5)*b*((S0)-(S_2))*((S0)-(S_2)
)+(0.5)*c*x((RO)-(R_2))*((RO)-(R_2));

#define j 10000 /*number of trajectories*/

#define a (GAMMA/(BETA*K))+b*(S_2) /*constant in the Lyapunov functionx*/

#define b 1 /*constant in the Lyapunov functionx*/

#define ¢ (GAMMA/(ALPHA*K)) /*constant in the Lyapunov function*/

double dwtl,dwt2;
const double scale_factor=RAND_MAX+1.0;

double uniform();

main ()

{

void pol_mas(double t);

void variance( double *arr, int no, double *var);
double tn=0.0,Sn,In,Rn,Vn;

int n=0;

int counter;

double arrSn[jl, arrIn[jl, arrRn[j]l;

double varSn, varIn, varRn;

double Sn_tot,In_tot,Rn_tot,Vn_tot;

FILE *pFile=NULL;

srand ((unsigned int)time (NULL));
pFile=fopen("SIRdd-mean-variance2.dat","w+");

fprintf (pFile,"tn\tESn\tEIn\tERn\tEVn\tVSn\tVIn\tVRn\n") ;

tn=0.0;
Sn=S0;
In=I0;
Rn=RO;

Vn=VO0;

fprintf (pFile , "%f\t%Af\t%E\t%AE\t%hE\t%E\t%f\t%f\n" ,tn,Sn,In,Rn,Vn,varSn,varln,varRn);
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pol_mas (DELTA);
tn=TO+n*DELTA ;
Sn_tot=0;
In_tot=0;
Rn_tot=0;

Vn_tot=0;

for(counter=0; counter<j; counter++)

Sn=Sn+((-BETA*(Sn) *(In)+MU*(K-(Sn)))*DELTA-((Sn)*(In)*((Sn)-(S_2))/(K*K*K))*dwtl)
/((1+ALPHA+GAMMA+MU+BETA* (In))*DELTA+K*fabs ((((Sn)-(S_2))/(K*K*K))*dwt1)+(K/(Rn))
*fabs ((((In)-(I_2))/(K*K))*dwt2));

In=In+((BETA*(Sn)*(In)-(ALPHA+GAMMA+MU)*(In))*DELTA+((Sn)*(In)*((Sn)-(S_2))/(K*K*K))*
dwtl-((In)/(K*K))*((In)-(I_2))*dwt2)/((1+ALPHA+GAMMA+MU+BETA*(In))*DELTA+K*fabs
((((8Sn)-(8_2)) /(K*K*K))*dwt1)+(K/(Rn))*fabs ((((In)-(I_2))/(K*K))*dwt2));

Rn=Rn+((ALPHA*(In)-MUx*(Rn))*DELTA+((In)/(K*K))*((In)-(I_2))*dwt2)/((1+ALPHA+GAMMA+MU+
BETA*(In))*DELTA+K*fabs ((((Sn)-(S_2))/(K*K*K))*dwt1)+(K/(Rn))*fabs ((((In)-(I_2))
/(KxK))*dwt2)) ;

Vn=(Sn)-(S_2)+(In)-(I_2)+(Rn)-(R_2)-((S_2)+(I_2)+(R_2))*log(((Sn)+(In)+(Rn))/((S_2)+(
I_2)+(R_2)))+ a*x((In)-(I_2)-(I_2)*1og((In)/(I_2)))+(0.5)*b*((Sn)-(S_2))*((Sn)-(

$.2))+(0.5) *xc*x((Rn) -(R_2))*((Rn) -(R_2));

Sn_tot=(Sn_tot)+(Sn);
In_tot=(In_tot)+(In);
Rn_tot=(Rn_tot)+(Rn);

Vn_tot=Vn_tot+Vn;

arrSn[counter]=Sn;

arrIn[counter]=1In;

arrRn[counter]=Rn;
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variance (arrSn, j, &varSmn);
variance (arrIn, j, &varIn);

variance (arrRn, j, &varRm);

fprintf (pFile, "%E\tAE\tAENtAENtAENt)E\tY%Ef\t%f\n" ,tn,Sn_tot/j,In_tot/j,Rn_tot/j,Vn_tot
/j,varSn,varIn,varRn);
n=n+1;
}while (tn<T1);

fclose(pFile);

return O;

}

void pol_mas (double t)

{

double ul,u2,vl,v2,w,wn;
ul=uniform() ;

vi=2*ul-1;

u2=uniform() ;

v2=2%u2-1;
W=v1*v1+v2*v2;

if ((w <= 1.0)&&(w >0.0))

wn=sqrt (-2*log(w)/w);
dwtl=sqrt(t)*vi*wn;
dwt2=sqrt (t)*v2*wn;

}

else

pol_mas(t);

return ;

double uniform()

71 {

double u,U;

U=rand () ;
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u=U/scale_factor;
return (u) ;

}

void variance( double *arr,

sum2 =

i++)

i++)

sum2 / (double) (no -

{

int i;
double sum = 0.0,
for (i = 0; i < no;

sum += arr[il;
tavg = sum / (double) no;
for (i = 0; i < no;

sum2 += (tavg - arr[il)
xvar =
}

int no,

double

0.0, tavg;

* (tavg - arr[il);

1)

*var)
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