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Abstract

Throughout this thesis we study two types of discrete problems over finite

fields and rings.

In the first part, we study Erdős type geometric problems for vector spaces

over finite fields and modules over residue rings.

The second part starts with some basic facts about permutation polynomials

(PPs) over finite fields. We then introduce the Carlitz rank of a permutation

polynomial and study related results.
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1 Introduction

In this work we consider geometric and arithmetical configurations in discrete

settings arising in additive combinatorics, discrete geometry, and number theory.

In particular, we study various Erdős type geometric problems over finite fields

and residue rings Zq, where q = pl is an odd prime power. We also work on some

enumerative problems on permutation polynomials over finite fields.

The main focus of Erdős type problems is to determine the size of a discrete

set so that the configuration of a given type is obtained. In this setting, it is well

known that there is a rich analogy between discrete and continuous problems.

More specifically, the techniques used for the geometry in the Euclidean plane are

applicable to those in vector spaces over finite fields and conversely, the results

coming from finite field geometry shed some light on the Erdős type problems in

Euclidean settings.

Recently, Erdős type geometric problems are of great interest and several prob-

lems have been studied by various authors in the context of finite fields, see for

example [4], [3], [7], [8],[13], [14], [16] and the references therein. The results in

them are mostly achieved via Fourier analytic methods for large enough sets and

some other combinatorial and probabilistic approaches for relatively small ones.

Our main focus here is to extend the results for Erdős type geometric prob-
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lems to the setting of finite cyclic rings Zpl = Z/plZ where p is a fixed odd prime.

Among the Erdős type geometric problems, we study Erdős-Falconer distance

problem, congruence classes of k-simplices up to orthogonal transformations, dis-

tribution of r-hinges, dot product problem, and distribution of areas of triangles

determined by a given discrete set. It is worth to note here that the new problems

in the study of these questions in these rings are due to the non unit elements

that must be taken into arithmetical consideration separately.

In Chapter 2 of this thesis, we present Fourier analytic tools defined on the fi-

nite cyclic groups Zq that are used throughout this work. For a further exploration

we refer the reader to [18].

In Chapter 3 and 4, we first present various Erdős-Falconer type configuration

questions in the context of finite fields Fq together with a statement of the best

known results. We then introduce our results for finite cyclic groups Zq, where

q = pl.

Chapter 3 starts with a complete description of the distance problem. Letting

G = Fq or Zq, the distance map λ on Gd is given by the map,

λ : Gd ×Gd −→ G

(x, y) 7−→ ‖x− y‖ = (x1 − y1)2 + . . .+ (xd − yd)2.

This map does not induce a metric on Gd. However, it is invariant under orthog-

onal transformations of Gd.

For subsets E ⊂ Gd, we shall consider the restriction map

λ|E×E : E × E → G

and ask for a threshold on the size of E to guarantee that the image of the map

λ|E×E, ∆(E) = {||x − y|| : (x, y) ∈ E × E}, is about the size |G| = q. In other

words, almost all distances are achieved.
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An extension of this notion is the congruence classes of triangles, more gener-

ally, distribution of k-simplices with the vertices from the points of E. In Section

3.2, we introduce these problems on the base field G = Fq, with a brief summary

on the progress in this context. In Section 3.3, we focus on analogous problems

for G = Zq. An asymptotically sharp bound for the distance set ∆(E) for E ⊂ Zdq
is given in [9] and we first note that result. Then in Theorem 3.3.2 we prove a

sufficient lower bound on |E| to get a positive proportion of all triangle classes

up to orthogonal transformations. In the rest of this section we study the Hinges

problem. For a subset E ⊂ Zdq , and a distance set α = {αi}r−1i=1 ∈ (Z∗q)
r−1, we

define the r-hinges determined by the points of E as

Hr,α = {(x, x1, . . . , xr−1) ∈ E × . . .× E : ‖x− xi‖ = αi},

where r > 2 is an integer. In Theorem 3.3.3 we determine a sufficient condition

on the size of E so that the distribution of r-hinges among the points of E is

uniform. This result is similar to the result obtained in [8, Theorem 3.1] in the

context of finite fields.

Chapter 4 focuses on the problems of dot product and volume set determined

by subsets E of Gd where G = Fq or Zq. Given a subset E of Gd, the dot product

is defined as ∏
(E) = {x.y : x, y ∈ E},

where dot product of two vectors is defined by the usual formula

x.y = x1y1 + . . .+ xdyd,

for x = (x1, . . . , xd) and y = (y1, . . . , yd).

We define the d- dimensional non-zero volumes of (d + 1)-simplices whose

vertices are in E by

Vd(E) = {det(x1 − xd+1, . . . , xd − xd+1) : xj ∈ E} \ {0}.
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Section 4.2 is dedicated to recapping known results for dot products and vol-

ume sets in Fdq . We then move to the residue ring G = Zq in Section 4.3. First,

in Theorem 4.3.2 for the sets of the form E = A× ...× A︸ ︷︷ ︸
d-fold

with A ⊂ Zq, we find a

condition on the size of E, so that dot product set of E,
∏

(E), contains a positive

proportion of the elements of Zq. This result can be seen as a variant of the dot

product result for an arbitrary subset E of Zdq given in [9]. Later in this section,

we prove a triangle area result in Theorem 4.3.3 for subsets of Z2
q.

In Chapter 5, permutation polynomials (PPs) over finite fields Fq are studied.

A polynomial f(x) ∈ Fq[x] is said to be a PP of Fq if the induced map

Fq −→ Fq

α 7−→ f(α)

is bijective. These polynomials play an important role in the study of secure

transmission of data and combinatorial designs. In this chapter we first study the

cycle structure of a PPs. Then in Section 5.1 we turn our attention to the problem

of enumerating permutation polynomials of a given Carlitz rank. From a well

known result of L. Carlitz (see [6]), it immediately follows that any permutation

polynomial f(x) of Fq can be represented by a polynomial

Pn(x) = (. . . ((a0x+ a1)
q−2 + a2)

q−2 . . .+ an)q−2 + an+1, n ≥ 0, (1.1)

where a1, an+1 ∈ Fq, ai ∈ F∗q = Fq \ {0} for i = 0, 2, . . . , n.

This representation is not necessarily unique and we define the Carlitz rank

of a permutation polynomial f(x) to be to smallest n, i.e, smallest number of

inversions, such that Pn(x) represents f(x). In Theorem 5.1.1, we give a formula

for the number of permutations of Fq with Carlitz rank n, B(n), where 2 ≤ n <

q−1
2
. The results in Chapter 5 are published in [2].
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2 Background on Fourier Analysis

For background on Fourier analysis on finite groups we refer the reader [18]. Here

we present the necessary background for the modules Zdq over Zq.

Let f, g : Zdq → C. The Fourier transform of f is defined as

f̂(m) = q−d
∑
x∈Zd

q

χ(−x.m)f(x),

where χ(z) = exp(2πiz/q). We note the following properties:

q−d
∑
x∈Zd

q

χ(x.m) =

 1, if m = 0

0, otherwise
(Orthogonality)

f(x) =
∑
m∈Zd

q

χ(x.m)f̂(m) (Inversion)

∑
m∈Zd

q

f̂(m)ĝ(m) = q−d
∑
x∈Zd

q

f(x)g(x) (Parseval)

In particular, taking g = f in Parseval’s identity, we have∑
m∈Zd

q

|f̂(m)|2 = q−d
∑
x∈Zd

q

|f(x)|2. (Plancherel)

Finally the average value of of f(x) is given by

Avg(f) = f̂(0, . . . , 0) = q−d
∑
x∈Zd

q

f(x).
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3 Distinct Distances-Congruence

classes of k-simplices determined

by subsets of Fdq and Zdq

The classical Erdős distance problem in discrete geometry asks for the number of

distinct distances determined by n points in Euclidean space. In [11] Erdős con-

jectured that the minimum number of distinct distances determined by n points

in the Euclidean plane is C n√
logn

. Recently, Guth and Katz [12] settled the con-

jecture, up to a square log factor showing that n points determine at least C n
logn

distances. We should note that in higher dimensions the conjecture is still open,

and the best results are due to Solymosi and Vu which can be found in [20]. Before

stating the best known result in the context of finite fields and integer rings let

us first introduce the necessary background.

3.1 Preliminaries

Throughout, T dk (E) will denote the the set of congruence classes of k-simplices

determined by E ⊂ Fdq or Zdq . We simply write ∆(E) for T d1 (E), the set of distinct

distances determined by the points of E.
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3.2 Fdq Setting:

The geometry of subsets of vector spaces over finite fields is analogous to that of

discrete points in the Euclidean setting. Iosevich and Rudnev (see [15]) proved

that for E ⊂ Fdq , if |E| > 2q
d+1
2 then the points of E determine all possible

distances. They also showed that one cannot in general get Cq distinct distances,

i.e a positive proportion of all distances, if |E| ≤ q
d
2 .

In [14], the authors showed the following:

(i) Let d > 2. If |E| > Cq
d
2 with a sufficiently large constant C, then there

exist c > 0 such that |∆(E)| ≥ cq.

(ii) If d is odd, there exist c > 0 and E ⊂ Fdq such that |E| ≥ cq
d+1
2 and

∆(E) 6= Fq. Which implies that the exponent d+1
2

in [15] is sharp to get all

q distances in odd dimensions. The question of whether the exponent d
2
in (i)

can be reduced to get a positive proportion of all distances is still open in odd

dimensions.

(iii) If d > 2 is even, |E| > Cq
d
2 with a sufficiently large constant C gives

∆(E) = Fq. Also there exists c > 0 and |E| > cq
d
2 with ∆(E) 6= Fq. That is the

exponent d
2
is sharp to get all q distances in even dimensions greater than 2. The

question of whether the exponent d
2
can be smaller to get a positive proportion of

all distances is open.

For d = 2, in [7, Theorem 2.2], it was shown that if E ⊂ F2
q with |E| > q

4
3 ,

where q = 3 mod 4, then |∆(E)| > cq. In [3] this result has been generalized to

an arbitrary odd q. The question of whether the exponent 4
3
here can be reduced

is still open.

A natural generalization of distance problem is the problem of distribution of

k-simplices and in [3], it is proved that for E ⊂ F2
q, q odd, if |E| ≥ Cq

8
5 , then

T 2
2 (E) ≥ cq3, which improves the previous known result of |E| � q

7
4 in [4].
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In more general setting, the following non-trivial exponent for congruence

classes of k-simplices T dk (E) is examined in [3].

Theorem 3.2.1. Let Q be a non-degenerate quadratic form on Fdq, where q is odd

and d ≥ 2. Let E ⊂ Fdq. There exist constants C, c, depending only on 1 ≤ k ≤ d,

such that: if |E| ≥ Cqd−
d−1
k+1 , then

|T dk,Q(E)| ≥ cq(
k+1
2 ).

3.3 Zdq Setting:

In this section we concentrate on the distance relevant problems in context of

finite cyclic rings Zpl , where p is an odd prime. Compared to configurations in

vector spaces over finite fields, to overcome the difficulties arising from the zero

divisors in these cyclic rings, an extra arithmetical machinery is developed.

The distance problem for subsets of residue rings, namely for Zdq where q is an

odd prime power, is studied by Covert, Iosevich and Pakianathan in [9]. Here is

the related theorem.

Theorem 3.3.1. Let E ⊂ Zdq, where q = pl and p is odd. Suppose |E| �

l(l + 1)q
(2l−1)d

2l
+ 1

2l . Then,

∆(E) ⊃ Z∗q

where Z∗q denotes the the set of unit elements in Zq.

Given E ⊂ Z2
q, using a group theoretical approach analogous to [3], for T 2

2 (E),

the congruence classes of triangles determined by the points of E, we will prove

the following result.

Theorem 3.3.2. Suppose E ⊂ Z2
q with q = pl and p ≡ 3 mod 4. If |E| ≥ 3

√
3p2l−

1
3 ,

then |T 2
2 (E)| & q3.
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For the proof we will need the following lemmas.

Let us first denote by SO2(Zq) = {A ∈ M2(Zq) : AAT = I, det(A) = 1} the

special orthogonal group.

Lemma 3.3.1. Let ξ = (ξ1, ξ2) ∈ Z2
q, where q = pl and p is an odd prime. If

‖ξ‖ = ξ21 + ξ22 6= 0, then |Stab(ξ)| ≤ pl−1, where Stab is the stabilizer under the

action of the special orthogonal group.

Proof. Let ξ = (x, y) ∈ Z2
q. Since ‖ξ‖ 6= 0, we can write ‖ξ‖ = x2 + y2 = piu, 0 ≤

i ≤ l− 1, u ∈ Z∗q. Now if A =

 a b

−b a

 ∈ SO2(Zq) fixes ξ, then from the identity

 a b

−b a

x
y

 =

x
y


we get

(a− 1)x+ by = 0

−bx+ (a− 1)y = 0,

and hence

(a− 1)(x2 + y2) ≡ 0 mod pl,

b(x2 + y2) ≡ 0 mod pl. (3.1)

Putting x2 + y2 = piu in (3.1), we have

a = pl−ik + 1, 0 ≤ k < pi, and b = pl−im, 0 ≤ m < pi, (3.2)

where

a2 + b2 ≡ 1 mod pl. (3.3)

Now to conclude the argument, we claim that for a0 6= a if b0 and b are

satisfying a20 + b20 ≡ 1 mod pl and a2 + b2 ≡ 1 mod pl and condition (3.2),
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respectively, then b0 6= b. This will prove the lemma, for then the number of pairs

(a, b) satisfying the conditions (3.2) and (3.3) is at most the number of possibilities

of b which is pi. This is at most pl−1 as the valuation of a nonzero element is at

most l − 1.

It remains to prove the claim and we will prove its contrapositive here. Suppose

that b0 = b and a20 + b20 ≡ 1 mod pl, a2 + b2 ≡ 1 mod pl, so that a20 ≡ a2 mod pl.

Writing a0 = pl−ik0 + 1 and a = pl−ik + 1, It follows that

(pl−ik0 + 1)2 ≡ (pl−ik + 1)2 mod pl,

p2l−2ik20 + 2pl−ik0 ≡ p2l−2ik2 + 2pl−ik mod pl,

therefore,

p2l−2i(k20 − k2) + 2pl−i(k0 − k) ≡ 0 mod pl,

pl−i(k0 − k)(pl−i(k0 + k) + 2) ≡ 0 mod pl.

Thus pl | pl−i(k0−k)(pl−i(k0 +k)+2), and since p - pl−i(k0 +k)+2 as p is odd, we

must have pi | k0 − k < pi. Hence we have k0 − k = 0, i.e., k0 = k and therefore

a0 = a.

Lemma 3.3.2. Let ξ ∈ Z2
q \ (0, 0), where q = pl and p ≡ 3 mod 4. If ‖ξ‖ = 0,

then |Stab(ξ)| ≤ pl−1.

For the proof of Lemma 3.3.2 we will use Hensel’s Lemma.

Lemma 3.3.3 (Hensel’s Lemma). Let f(x) ∈ Z[x], f(r) ≡ 0 mod p and f ′(r) 6≡

0 mod p so that r is a simple root of f modulo p. Then for any k ≥ 2, there exists

a unique r̂ in Zpk such that f(r̂) ≡ 0 mod pk with r̂ ≡ r mod p.

Proof of Lemma 3.3.2. We first note that as p ≡ 3 mod 4, for ξ ∈ Z2
q \ (0, 0),

‖ξ‖ = 0 implies that ξ = (pmu, pmv) for some m ≥ l
2
and u, v ∈ Z∗q. Now if

A ∈ SO2(Zq) fixes ξ = (pmu, pmv), it can be readily shown that it also fixes

η = (−pmv, pmu). Hence A also fixes Span{ξ, η} = pm(Zpl×Zpl) ∼= Zpl−m×Zpl−m .
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Since ξ 6= (0, 0), we have m ≤ l − 1. We shall note that Zpl−m × Zpl−m is

smallest, and hence the number of matrices A that fixes Zpl−m × Zpl−m is largest,

when m = l − 1. Therefore it is sufficient to consider the case m = l − 1. In this

case A fixes pl−1(Zpl × Zpl) ∼= Zp × Zp.

We now write

A = I2 +B,

where I2 denotes the 2× 2 identity matrix and B ∈M2(Zq). Then for any y ∈ Z2
q

we have

Apl−1y = pl−1y +Bpl−1y,

so that Bpl−1y = 0 as A fixes pl−1y. This implies that B = pB′ for some B′ ∈

M2(Zq), and

A = I2 + pB′ ∈ Γ1 ∩ SO2(Zq).

where Γ1 denotes the matrices in M2(Zq) congruent to I2 mod p.

It follows that

A ∈


a −b
b a

 : a, b ∈ Zq, a2 + b2 ≡ 1 mod q, a ≡ 1 mod p, b ≡ 0 mod p

 .

(3.4)

Now we count the number of matrices in (3.4). We first fix b. Since b ≡ 0 mod p,

we have pl−1 choices for b. Then we consider the polynomial f(x) = x2−(1−b2) ∈

Z[x]. Note that f(x) = x2−1 in Zp as b ≡ 0 mod p. Hence 1 is a root of f(x) and

f ′(1) = 2 6= 0 in Zp as p is odd. Hence by Hensel’s Lemma there exists a unique

a in Zq such that f(a) = a2− (1− b2) = 0 in Zq with a ≡ 1 mod p. Therefore the

number matrices of the form in (3.4) is pl−1. This completes the proof.

We make use of the following lemma from [3].
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Lemma 3.3.4. For any finite space F , any function f : F → R≥0, and any n ≥ 2

we have∑
z∈F

fn(z) ≤ |F |
(
‖f‖1
|F |

)n
+
n(n− 1)

2
‖f‖n−2∞

∑
z∈F

(
f(z)− ‖f‖1

|F |

)2

,

where ‖f‖1 =
∑

z∈F |f(z)|, and ‖f‖∞ = maxz∈Ff(z).

Lastly, we state the following lemma from [9] and use Remark 3.3.1 for the

proof of Theorem 3.3.2.

Lemma 3.3.5. Let d ≥ 2 and j ∈ Z∗q, where q is odd. Set ||x|| = x21 + ... + x2d.

Denote by Sj = {x ∈ Zdq : ||x|| = j} the sphere of radius j. Then,

|Sj| = qd−1(1 + o(1)).

Remark 3.3.1. Note that

SO2(Zq) =


a −b
b a

 : a2 + b2 = 1

 (3.5)

and hence if we denote by S1 the sphere of radius 1 in Z2
q, then |SO2(Zq)| = |S1| ∼

q, by Lemma 3.3.5.

Proof of Theorem 3.3.2. We first recall that SO2(Zq) = {A ∈ M2(Zq) : AAT =

I, det(A) = 1} and define an equivalence relation on (Z2
q)

3 as

(a, b, c) ∼ (a′, b′, c′)

if ∃θ ∈ SO2(Zq) with a′ = θa, b′ = θb, c′ = θc.

For E ⊂ Z2
q and a, b, c ∈ Z2

q, let

µ(a, b, c) = |{(x, y, z) ∈ E3 : ∃θ ∈ SO2(Zq) such that x−y = θa, y−z = θb, x−z = θc.}|.

Note that µ(θa, θb, θc) = µ(a, b, c) for all θ ∈ SO2(Zq), so µ can be viewed as

a function µ : (Z2
q)

3/ ∼→ Z≥0.
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Then by the Cauchy-Schwarz inequality,

|E|6 =

 ∑
(a,b,c)∈(Z2

q)
3/∼

µ(a, b, c)

2

≤ |T 2
2 (E)|

 ∑
(a,b,c)∈(Z2

q)
3/∼

µ2(a, b, c)

 ,

where

|T 2
2 (E)| = |{(a, b, c) ∈ (Z2

q)
3/ ∼: µ(a, b, c) 6= 0}|,

which is equal to

|{(a, b, c) ∈ (Z2
q)

3/ ∼: ∃(x, y, z) ∈ E3and θ ∈ SO2(Zq) such that x−y = θa, y−z = θb, x−z = θc}|.

We have,

µ2(a, b, c) = |{(x, y, z, x′, y′, z′) ∈ E6 : ∃θ1, θ2 ∈ SO2(Zq) such that

x− y = θ1a, x
′ − y′ = θ2a

y − z = θ1b, y
′ − z′ = θ2b

x− z = θ1c, x
′ − z′ = θ2c}|

= |{(x, y, z, x′, y′, z′) ∈ E6 : ∃θ1, θ2 ∈ SO2(Zq) such that

θ−11 (x− y) = θ−12 (x′ − y′) = a

θ−11 (y − z) = θ−12 (y′ − z′) = b

θ−11 (x− z) = θ−12 (x′ − z′) = c}|
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so that∑
(a,b,c)∈(Z2

q)
3/∼

µ2(a, b, c) = |{(x, y, z, x′, y′, z′) ∈ E6 : ∃θ1, θ2 ∈ SO2(Zq) such that

θ−11 (x− y) = θ−12 (x′ − y′)

θ−11 (y − z) = θ−12 (y′ − z′)

θ−11 (x− z) = θ−12 (x′ − z′)}|

= |{(x, y, z, x′, y′, z′) ∈ E6 : ∃θ ∈ SO2(Zq) such that

θ(x− y) = x′ − y′, θ(y − z) = y′ − z′, θ(x− z) = x′ − z′}|

= |{(x, y, z, x′, y′, z′) ∈ E6 : ∃θ ∈ SO2(Zq) such that

x′ − θx = y′ − θy = z′ − θz}|.

For a fixed θ ∈ SO2(Zq), let

νθ(t) = |{(u, v) ∈ E × E : u− θ(v) = t}|. (3.6)

Then we have

ν3θ (t) = |{(x, y, z, x′, y′, z′) ∈ E6 : x′ − θx = y′ − θy = z′ − θz = t}|,

and therefore ∑
(a,b,c)∈(Z2

q)
3/∼

µ2(a, b, c) ≤
∑

θ∈SO2(Zq)
t∈Z2

q

ν3θ (t). (3.7)

By Lemma 3.3.4,∑
t∈Z2

q

ν3θ (t) ≤ q2
(
‖νθ‖1
q2

)3

+ 3‖νθ‖∞
∑
t∈Z2

q

(
νθ(t)−

‖νθ‖1
q2

)2

where ‖νθ‖1 =
∑

t∈Z2
q
νθ(t) = |E|2 and ‖νθ‖∞ = supt|νθ(t)| ≤ |E| as when we first

fix v in (3.6), u is uniquely determined.

It follows that∑
t∈Z2

q

ν3θ (t) ≤ q−4|E|6 + 3|E|
∑
t∈Z2

q

(
νθ(t)−

‖νθ‖1
q2

)2

≤ q−4|E|6 + 3q2|E|
∑

ξ∈Z2
q\(0,0)

|ν̂θ(ξ)|2 (by Plancherel Theorem)
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and thus ∑
θ∈SO2(Zq)

t∈Z2
q

ν3θ (t) ≤ |SO2(Zq)|q−4|E|6 + 3q2|E|
∑

θ∈SO2(Zq)
ξ∈Z2

q\(0,0)

|ν̂θ(ξ)|2

By Remark 3.3.1, |SO2(Zq)| ∼ q and hence∑
θ∈SO2(Zq)

t∈Z2
q

ν3θ (t) . q−3|E|6 + 3q2|E|
∑

θ∈SO2(Zq)
ξ∈Z2

q\(0,0)

|ν̂θ(ξ)|2 (3.8)

Noting that

νθ(t) =
∑
v∈Z2

q

E(v)E(t+ θv)

=
∑
v,α∈Z2

q

E(v)χ(α.(t+ θv))Ê(α)

=
∑
v,α∈Z2

q

Ê(α)χ(t.α)E(v)χ(α.θv)

=
∑
α∈Z2

q

Ê(α)χ(t.α)
∑
v∈Z2

q

χ(α.θv)E(v)

=
∑
α∈Z2

q

Ê(α)χ(t.α)
∑
v∈Z2

q

χ(θT (α).v)E(v)

= q2
∑
α∈Z2

q

Ê(α)χ(t.α)Ê(−θT (α)),

and

ν̂θ(ξ) = q−2
∑
t∈Z2

q

χ(−t.ξ)νθ(t)

= q−2
∑
t∈Z2

q

χ(−t.ξ)q2
∑
α∈Z2

q

Ê(α)χ(t.α)Ê(−θT (α))

=
∑
α∈Z2

q

Ê(α)Ê(−θT (α))
∑
t∈Z2

q

χ(t.(α− ξ))

= q2Ê(ξ)Ê(−θT (ξ)),
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we have∑
θ∈SO2(Zq)
ξ∈Z2

q\(0,0)

|ν̂θ(ξ)|2 = q4
∑

θ∈SO2(Zq)
ξ∈Z2

q\(0,0)

|Ê(ξ)|2|Ê(−θT (ξ))|2

= q4
∑

θ∈SO2(Zq)
ξ∈Z2

q\(0,0)

|Ê(ξ)|2|Ê(θT (ξ))|2

≤ q4
(

max
ξ∈Z2

q\(0,0)
|Stab(ξ)|

) ∑
ξ 6=(0,0)

|Ê(ξ)|2
∑

η 6=(0,0)
‖η‖=‖ξ‖

|Ê(η)|2

Plugging this value in (3.8) and using (3.7) we get∑
(a,b,c)∈(Z2

q)
3/∼

µ2(a, b, c) ≤
∑

θ∈SO2(Zq)
t∈Z2

q

ν3θ (t)

. q−3|E|6 + 3q6|E|
(

max
ξ∈Z2

q\(0,0)
|Stab(ξ)|

) ∑
ξ 6=(0,0)

|Ê(ξ)|2
∑

η 6=(0,0)
‖η‖=‖ξ‖

|Ê(η)|2

= q−3|E|6 + 3q6|E|I (3.9)

where

I =

(
max

ξ∈Z2
q\(0,0)

|Stab(ξ)|
) ∑
ξ 6=(0,0)

|Ê(ξ)|2
∑

η 6=(0,0)
‖η‖=‖ξ‖

|Ê(η)|2

We first note that |Stab(ξ)| ≤ pl−1 for ξ 6= (0, 0) by Lemma 3.3.1 and 3.3.2.

Extending the summation in η over all η and using Plancherel twice in I, we get

I ≤ pl−1q−4|E|2.

Plugging this value in (3.9) gives∑
(a,b,c)∈(Z2

q)
3/∼

µ2(a, b, c) . q−3|E|6 + 3q2|E|3pl−1, (3.10)

so that

|T 2
2 (E)| ≥ |E|6

q−3|E|6 + 3q2|E|3pl−1

≥ |E|6

2q−3|E|6
=
q3

2
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whenever |E| ≥ 3
√

3p2l−
1
3 , which completes the proof.

Another distance related problem is the hinges problem in the discrete setting.

Employing the methods of [8], we have the following related result in the context

of Zpl .

Theorem 3.3.3. Let r > 2 be an integer. For E ⊂ Zdq, where q = pl, p is an odd

prime, and a distance set α = {αi}r−1i=1 ∈ (Z∗q)
r−1, let

Hr,α = {(x, x1, . . . , xr−1) ∈ E × . . .× E : ‖x− xi‖ = αi}

denote the r-hinges with distances α determined by the points of E. Then ,

|Hr,α| =
|E|r

qr−1
(1 + o(1))

whenever |E| � l(l + 1)qd(1−
1

2l(r−2))+
1

2l(r−2) .

For the proof we shall make use of Lemma 3.3.5 and the following lemma from

[9].

Lemma 3.3.6. For j ∈ Z∗q and q = pl, we have

supm6=0

∣∣∣Ŝj(m)
∣∣∣ ≤ l(l + 1)q−

d+2l−1
2l .

Proof of Theorem 3.3.3. The proof will proceed by induction on r. We first con-

sider the basis step r = 3:

|H3,α| = {(x, x1, x2) ∈ E × E × E : ‖x− x1‖ = α1, ‖x− x2‖ = α2}

=
∑
x,x1,x2

Sα1(x− x1)Sα2(x− x2)E(x)E(x1)E(x2)

=
∑
x∈E

(∑
y

Sα1(x− y)E(y)

)(∑
y′

Sα2(x− y′)E(y′)

)
. (3.11)
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Note that∑
y

Sαi
(x− y)E(y) =

∑
m

∑
y

χ(m.(x− y))Ŝαi
(m)E(y)

=
∑
m

χ(m.x)Ŝαi
(m)

∑
y

χ(−m.y)E(y)

= qd
∑
m

χ(m.x)Ŝαi
(m)Ê(m)

= qdŜαi
(0)Ê(0) + qd

∑
m 6=0

χ(m.x)Ŝαi
(m)Ê(m)

= q−d|E||Sαi
|+ qd

∑
m 6=0

χ(m.x)Ŝαi
(m)Ê(m)

By Lemma 3.3.5, |Sαi
| = qd−1(1 + o(1)) for any αi ∈ Z∗q. Hence∑

y

Sαi
(x− y)E(y) = q−1|E|(1 + o(1)) + qd

∑
m6=0

χ(m.x)Ŝαi
(m)Ê(m),

and (3.11) is equal to

∑
x∈E

(q−1|E|(1+o(1))+qd
∑
m 6=0

χ(m.x)Ŝα1(m)Ê(m))(q−1|E|(1+o(1))+qd
∑
n6=0

χ(n.x)Ŝα2(n)Ê(n))

=
∑
x∈E

q−2|E|2(1 + o(1))

+
∑
x∈E

qd−1|E|(1 + o(1))

(∑
m 6=0

χ(m.x)Ŝα1(m)Ê(m) +
∑
n6=0

χ(n.x)Ŝα2(n)Ê(n)

)
+ q2d

∑
x∈E

∑
m 6=0
n 6=0

χ(m.x)χ(n.x)Ŝα1(m)Ê(m)Ŝα2(n)Ê(n)

=
|E|3

q2
(1 + o(1)) + I + II,

where

I =
∑
x∈E

qd−1|E|(1 + o(1))

(∑
m6=0

χ(m.x)Ŝα1(m)Ê(m) +
∑
n6=0

χ(n.x)Ŝα2(n)Ê(n)

)
,
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and

II = q2d
∑
x∈E

∑
m 6=0
n6=0

χ(m.x)χ(n.x)Ŝα1(m)Ê(m)Ŝα2(n)Ê(n).

Observe that

I ≤ 2
∑
x∈E

qd−1|E|(1 + o(1))
∑
m 6=0

χ(m.x)Ŝαi
(m)Ê(m)

= 2|E|qd−1(1 + o(1))
∑
m6=0

∑
x

χ(m.x)Ŝαi
(m)Ê(m)E(x)

= 2|E|q2d−1(1 + o(1))
∑
m6=0

Ê(−m)Ê(m)Ŝαi
(m)

= 2|E|q2d−1(1 + o(1))
∑
m6=0

|Ê(m)|2Ŝαi
(m)

so that by Lemma 3.3.6 and Plancherel equality

|I| ≤ 2|E|q2d−1(1 + o(1))l(l + 1)q−
d+2l−1

2l q−d|E|

= 2|E|2qd−1(1 + o(1))l(l + 1)q−
d+2l−1

2l .

Also,

|II| ≤ q2d
∑
x∈E

|
∑
m 6=0

χ(m.x)Ŝα1(m)Ê(m)||
∑
n6=0

χ(n.x)Ŝα2(n)Ê(n)|

≤ q2d
∑
x∈E

|
∑
m 6=0

χ(m.x)Ŝαi
(m)Ê(m)|2

≤ q2d
∑
x∈Zd

q

∑
m6=0
n6=0

χ(m.x)Ŝαi
(m)Ê(m)χ(−n.x)Ŝαi

(n) Ê(n)

= q2d
∑
m6=0
n6=0

Ŝαi
(m)Ê(m)Ŝαi

(n) Ê(n)
∑
x∈Zd

q

χ((m− n).x)

= q3d
∑
m6=0

|Ŝαi
(m)|2|Ê(m)|2

≤ q3dl2(l + 1)2q−
d+2l−1

l

∑
m 6=0

|Ê(m)|2 (by Lemma 3.3.6)

≤ q2dl2(l + 1)2q−
d+2l−1

l |E|.
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Therefore,

|H3,α| =
|E|3

q2
(1 + o(1)) + I + II

=
|E|3

q2
(1 + o(1)) +O(2|E|2qd−1(1 + o(1))l(l + 1)q−

d+2l−1
2l + q2dl2(l + 1)2q−

d+2l−1
l |E|).

It follows that if |E| � l(l + 1)qd(1−
1
2l
)+ 1

2l , then

|H3,α| =
|E|3

q2
(1 + o(1)).

Now for the inductive step we assume that |Hr,α| = |E|r
qr−1 (1 + o(1)) when |E| �

l(l + 1)qd(1−
1

2l(r−1))+
1

2l(r−1) . Setting S := Sαr , we can write

|Hr+1,α| =
∑

x,x1,...xr

Hr,α(x, x1, . . . , xr−1)E(xr)S(x− xr)

=
∑

x,x1,...xr

Hr,α(x, x1, . . . , xr−1)E(xr)
∑
m

χ(m.(x− xr))Ŝ(m)

=
∑

x,x1,...xr−1

Hr,α(x, x1, . . . , xr−1)
∑
m

Ŝ(m)χ(m.x)
∑
xr

χ(−m.xr)E(xr)

= qd
∑

x,x1,...xr−1

Hr,α(x, x1, . . . , xr−1)
∑
m

Ŝ(m)χ(m.x)Ê(m)

= qd
∑
m

Ŝ(m)Ê(m)
∑

x,x1,...xr−1

Hr,α(x, x1, . . . , xr−1)χ(m.x)

= qd(r+1)
∑
m

Ŝ(m)Ê(m)Ĥr,α(−m, 0, . . . , 0)

= q−d|S||E||Hr,α|+ qd(r+1)
∑
m 6=0

Ŝ(m)Ê(m)Ĥr,α(−m, 0, . . . , 0)

=
|E|r+1

qr
(1 + o(1)) +R (by induction hypotesis)

where

R = qd(r+1)
∑
m6=0

Ŝ(m)Ê(m)Ĥr,α(−m, 0, . . . , 0).
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Now using the Cauchy-Schwarz inequality,

R2 = |R|2

= q2d(r+1)|
∑
m 6=0

Ŝ(m)Ê(m)Ĥr,α(−m, 0, . . . , 0)|2

≤ q2d(r+1)

(∑
m6=0

|Ŝ(m)||Ê(m)||Ĥr,α(−m, 0, . . . , 0)|

)2

≤ q2d(r+1)
∑
m 6=0

|Ŝ(m)|2|Ê(m)|2
∑
m 6=0

|Ĥr,α(−m, 0, . . . , 0)|2

≤ q2d(r+1)l2(l + 1)2q−
d+2l−1

l q−d|E|
∑
m6=0

|Ĥr,α(−m, 0, . . . , 0)|2

≤ q2dr+d−
d+2l−1

l l2(l + 1)2|E|
∑
m

|Ĥr,α(m, 0, . . . , 0)|2. (3.12)

Note that the third inequality above follows from Lemma 3.3.6 and Plancherel

theorem.

Let A :=
∑

m |Ĥr,α(m, 0, . . . , 0)|2. We first see that

Ĥr,α(m, 0, . . . , 0) = q−dr
∑

x,x1,...xr−1

χ(−x.m)Hr,α(x, x1, . . . , xr−1)

= q−dr
∑

x,x1,...xr−1

χ(−x.m)E(x) . . . E(xr−1)Sα1(x− x1) . . . Sαr−1(x− xr−1)

= q−dr+df̂(m),

where

f(x) = E(x)
∑

x1,...,xr−1

E(x1) . . . E(xr−1)Sα1(x− x1) . . . Sαr−1(x− xr−1)

= E(x)
∑
x1

E(x1)Sα1(x− x1)
∑
x2

E(x2)Sα2(x− x2) . . .
∑
xr−1

E(xr−1)Sαr−1(x− xr−1)

= E(x)
∑
x1

E(x1)Sα1(x− x1)|E ∩ (x− Sα2)| . . . |E ∩ (x− Sαr−1)|

≤ q(r−2)(d−1)(1 + o(1))E(x)
∑
x1

E(x1)Sα1(x− x1)

where in the last step we used the fact that |E ∩ (x− S)| ≤ |S| = qd−1(1 + o(1)).
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It follows that

A =
∑
m

|Ĥr,α(m, 0, . . . , 0)|2

= q−2dr+2d
∑
m

|f̂(m)|2

= q−2dr+d
∑
x

|f(x)|2

≤ q−2dr+dq2(r−2)(d−1)(1 + o(1))
∑
x

E(x)
∑
x1,x2

E(x1)E(x2)Sα1(x− x1)Sα1(x− x2)

≤ q−2dr+dq2(r−2)(d−1)(1 + o(1))|H3,α|

≤ q−2dr+d(qd−1)2(r−2)|E|3q−2(1 + o(1))

Now plugging this value of A in (3.12) we get

R2 ≤ q2d−2(qd−1)2(r−2)q−
d+2l−1

l |E|4l2(l + 1)2(1 + o(1)),

so that

|R| ≤ qd−1(qd−1)r−2q−
d+2l−1

2l |E|2l(l + 1)(1 + o(1))

= q(d−1)(r−1)q−
d+2l−1

2l |E|2l(l + 1)(1 + o(1)).

We conclude that,

|Hr+1,α| =
|E|r+1

qr
(1 + o(1)) +O

(
q(d−1)(r−1)q−

d+2l−1
2l |E|2l(l + 1)(1 + o(1))

)
,

and hence

|Hr+1,α| =
|E|r+1

qr
(1 + o(1))

whenever |E| � l(l + 1)qd(1−
1

2l(r−1))+
1

2l(r−1) .



23

4 Product-Volume set of subsets of

Fdq and Zdq

An important problem in additive combinatorics is the sum-product problem for

finite subsets of abelian groups, e.g. given A ⊂ Fq or Zq, how large does A need

to be to ensure that dA2 = A.A+ . . .+ A.A︸ ︷︷ ︸
d-fold

contains all q elements or a positive

proportion of them. It is an easy observation that sum-product problem is closely

related to the dot product problem in the context of finite fields and rings.

Also, it turns out that dot product problem has immediate implications for

the volume of simplices in d-dimensional spaces, which we will discuss in detail in

the subsequent sections.

4.1 Preliminaries

Given a subset E of Fdq or Zdq , the dot product is defined as∏
(E) = {x.y : x, y ∈ E},

where dot product of two vectors is defined by the usual formula

x.y = x1y1 + . . .+ xdyd,

for x = (x1, . . . , xd) and y = (y1, . . . , yd).
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Let

A(E) = {x.y⊥ : x, y ∈ E} =
∏

(E,E⊥)

denote the set of triangle areas determined by two arbitrary points of E with the

third vertex pinned at the origin. More generally, throughout

Vd(E) = {det(x1 − xd+1, . . . , xd − xd+1) : xj ∈ E} \ {0}.

will denote the set of d-dimensional nonzero volumes, defined by (d+ 1)-simplices

whose vertices are in E.

4.2 Fdq Setting:

4.2.1 Dot Product

It is shown in [13] that for d ≥ 2, E ⊂ Fdq if |E| > q
d+1
2 , then

∏
(E) ⊃ F∗q. Later in

[14], it is shown that the exponent d+1
2

above is sharp. More precisely, in quadratic

extension of prime fields they construct a subset E of Fdq of size q
d+1
2
−ε for which

|
∏

(E)| = o(q).

4.2.2 Volume Set

For d = 2 the dot product result in [13] in particular implies that if E ⊂ F2
q

has size greater than q
3
2 , then the points of E with the third vertex at the origin

determines all possible nonzero distinct triangle areas. In [16], using a point-line

incidence approach to the area problem, Iosevich et al. prove that if E ⊂ F2
q with

|E| > q, then |V2(E)| ≥ q−1
2

and the triangles giving at least q−1
2

distinct areas

can be chosen such that they share the same base.
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4.3 Zdq Setting:

4.3.1 Dot Product

In [9], the authors prove the following.

Theorem 4.3.1. Let E ⊂ Zdq, where q = pl. Suppose |E| � lq
(2l−1)d

2l
+ 1

2l . Then,∏
(E) ⊃ Z∗q.

In particular for product sets E = A× ...× A︸ ︷︷ ︸
d-fold

⊂ Zdq , we prove the following:

Theorem 4.3.2. Let E = A× . . .× A︸ ︷︷ ︸
d-fold

be a subset Zdq , where A ⊂ Zq, q = pl.

Suppose |E| ≥ qd(
2l−1
2l

)+ 1
2l . Then

∏
(E) & q.

Proof. Let

ν(t) = |{(x, y) ∈ E × E : x.y = t}|.

Then by Cauchy-Schwarz inequality,

|E|4 =

∑
t∈Zq

ν(t)

2

≤ |
∏

(E)|
∑
t∈Zq

ν(t)2. (4.1)

We can write

ν(t) =
∑
x.y=t

E(x)E(y)

=
∑
x∈E

∑
x.y=t

E(y).

From the Cauchy-Schwarz inequality, it follows that

ν2(t) ≤ |E|
∑
x∈E

∑
x.y=x.y′=t

E(y)E(y′)
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so that ∑
t

ν2(t) ≤ |E|
∑

x.y=x.y′

E(x)E(y)E(y′)

= |E|q−1
∑
s

∑
x,y,y′

χ(s(x.y − x.y′))E(x)E(y)E(y′)

=
|E|4

q
+

l−1∑
i=0

ei, (4.2)

where

ei = |E|q−1
∑
s

υ(s)=i

∑
x,y,y′

χ(sx(y − y′))E(x)E(y)E(y′)

= |E|q2d−1
∑
s

υ(s)=i

∑
x

E(x)|Ê(sx)|2

= |E|q2d−1
∑

s′∈Z∗
pl−i

∑
x

E(x)|Ê(pis′x)|2

= |E|q2d−1
∑

s′∈Z∗
pl−i

∑
x

E(s′x)|Ê(pix)|2.

Now denoting lix = {s′x : s′ ∈ Z∗
pl−i}, we can write

ei = |E|q2d−1
∑
x

|E ∩ lix||Ê(pix)|2.

We note here that |E ∩ lix| ≤ |A| = pα. To see this, let x = (x1, . . . , xd) and

lix := {sx : s ∈ Zpl−i} ⊃ {s′x : s′ ∈ Z∗pl−i} = lix

From the definition, it is clear that |E ∩ lix| ≤ |E ∩ lix| and we will show that

|E ∩ lix| ≤ |A| where E = A× . . .× A︸ ︷︷ ︸
d-fold

.

Note that we can assume that at least one of the coordinates of x = (x1, . . . , xd)

is unit. Since otherwise if valp(xj) = n > 0 is among the smallest, we can

write x = pnx̃ where x̃ = (x̃1, . . . , x̃j, . . . , x̃d) with x̃j is unit and lix̃ = lix gives

|E ∩ lix̃| = |E ∩ lix|.
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So we assume that xj is unit. If {s1x, . . . , stx} = E ∩ lix, then the jth coor-

dinates skxj of the vectors skx, 1 ≤ k ≤ t, are all different in A. Hence t ≤ |A|.

Thus,

|E ∩ lix| ≤ |E ∩ lix| = t ≤ |A|.

Clearly, we also have |E ∩ lix| ≤ pl−i. Therefore |E ∩ lix| ≤ min{pl−i, |A|}, and

ei ≤ |E|q2d−1
∑
x

min{pl−i, pα}|Ê(pix)|2. (4.3)

Now we estimate∑
x

|Ê(pix)|2 = q−2d
∑
x

∑
u,v

χ((u− v)pix)E(u)E(v)

= q−d
∑

(u−v)pi=0

E(u)E(v)

For u = (u1, . . . , ud), v = (v1, . . . , vd) ∈ A× . . .× A︸ ︷︷ ︸
d-fold

if

pi(u− v) = pi(u1 − v1, . . . , ud − vd) = (0, . . . , 0),

then pi(uj−vj) = 0 for all 1 ≤ j ≤ d. That implies uj−vj ∈ {pl−i, 2pl−i, . . . , pipl−i}

and we have pi choices for uj − vj. If we first fix vj in |A| different ways, then uj
is uniquely determined. So we have |A|pi choices for each (uj, vj), giving |A|dpid

choices for (u, v).

It follows that ∑
x

|Ê(pix)|2 ≤ q−dpid|A|d

= |E|q−dpid
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plugging this value in (4.3) and summing over all e′is for i = 0, ..., l − 1, we get

l−1∑
i=0

ei ≤ |E|2qd−1
l−1∑
i=0

min{pl−i, pα}pid

= |E|2qd−1
(
l−α∑
i=0

pαpid +
l−1∑

i=l−α+1

pl−ipid

)
. |E|2qd−1(pαp(l−α)d + pp(l−1)d)

= |E|2qd−1(pα+ld−αd + p1+ld−d)

= |E|2qd−1pld(pα(1−d) + p1−d)

. |E|2qd−1pldp1−d

= |E|2qd−1qdq
1−d
l

= |E|2q2d−1q
1−d
l .

Plugging this value in (4.2), the inequality (4.1) yields |
∏

(E)| & |E|4

|E|2q2d−1q
1−d
l

& q,

whenever |E|2 & q2d+
1−d
l i.e. |E| & qd(

2l−1
2l

)+ 1
2l .

4.3.2 Volume Set

We first note the dot product result, Theorem 4.3.1, for d = 2 implies that if

|E| ⊂ Z2
q with |E| � lq2−

1
2l then A(E) ⊃ Z∗q. Applying an F2

q analogous point-line

incidence approach, for the subsets of Z2
q we have the following result.

Theorem 4.3.3. Let E ⊂ Z2
q where q = pl. Suppose that |E| > p2l−

1
2 . Then

|V2(E)| ≥ q
4
1+p
p
− 1.

Now before giving the proof, let us introduce the necessary background.

Let q = pl and (a, b) ∈ Z2
q. Let 〈(a, b)〉 = {t(a, b) : t ∈ Zq}be the submodule of

Z2
q generated by (a, b), which gives the line through origin and the point (a, b) in

Z2
q. Now, consider the set

Λn = {(a, b) ∈ Z2
q : pn|a, b but (a, b) 6= (0, 0) mod pn+1},
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and denote |Λn| = λn for n = 0, 1, · · · , l − 1.

Lemma 4.3.1. λn = p2(l−n) − p2(l−n−1).

Proof. Since pn|a, b in Zq we have pl−n choices for a and b each and hence p2(l−n)

choices for (a, b). Now we need to subtract p2(l−n−1) cases where pn+1 divides both

a and b to get the desired result.

Lemma 4.3.2. Let Ln = {〈(a, b)〉 : (a, b) ∈ Λn} denote the set of lines generated

by the points of Λn. Then |Ln| = pl−n + pl−n−1.

Proof. For (a, b) ∈ Λn, note that 〈(a, b)〉 is cyclic and | 〈(a, b)〉 | = pl−n. Hence

there exist φ(pl−n) = pl−n − pl−n−1 generators of the group which lies in Λn. So

that for each n, we have

p2(l−n) − p2(l−n−1)

pl−n − pl−n−1
= pl−n + pl−n−1

many lines in Ln each containing pl−n points.

We now conclude that the average number of points in a line in Z2
q is

=

∑l−1
n=0(p

l−n + pl−n−1)pl−n∑l−1
n=0 p

l−n + pl−n−1

=
p2l + p2l−1 + p2l−2 + · · ·+ p2 + p

pl + 2pl−1 + 2pl−2 + · · ·+ 2p+ 1

∼ pl

In what follows we will only consider L0, i.e. the set of all lines of full length

q in Z2
q.

Lemma 4.3.3. For any (a, b) ∈ Z2
q if (a, b) ∈ Λn, then (a, b) appears in pn distinct

lines in L0.
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Proof. Say (a, b) ∈ Λn and pn+1 - a. Then (a, b) belongs to the lines generated by(
a
pn
, ipl−n + b

pn

)
for i = 0, ..., pn − 1. Note that i0pl−n + b

pn
= i1p

l−n + b
pn

mod pl

would imply

i0p
l−n = i1p

l−n mod pl

i0 = i1 mod pn

which is not the case. Hence the given points are all distinct. Since a
pn

is a unit in

Zq, it follows that the lines determined by the given generators are all distinct.

Lemma 4.3.4. Let Ri = {(x, y) ∈ Z2
q × Z2

q : x − y ∈ Λi} and ri = |Ri|, for

i = 1, ..., l − 1. Then r := r1p+ r2p
2 + ...+ rl−1p

l−1 ≤ 2p4l−1.

Proof. Let x = (x1, x2), y = (y1, y2) in Z2
q . Now if x− y = (x1 − y1, x2 − y2) ∈ Λi

then pi|x1 − y1 and x2 − y2 but pi+1 - x1 − y1 or x2 − y2. pi|x1 − y1 gives pl−i

choices for x1 − y1 in Zq, we have q choices for y1 and y1 determines x1 uniquely.

Hence we have qpl−i choices for x1 and y1. Same argument applies for x2 and

y2. Altogether the condition pi|x1 − y1 and x2 − y2 gives qpl−iqpl−i choices for

x = (x1, x2), y = (y1, y2).

To exclude the cases where pi+1 divides both x1 − y1 and x2 − y2 we need to

subtract qpl−(i+1)qpl−(i+1) cases of x and y. Hence,

ri = qpl−iqpl−i − qpl−i−1qpl−i−1.

Now summing ripi’s over all i = 1, ..., l − 1 we get

r = (qpl−1qpl−1 − qpl−2qpl−2)p

+ (qpl−2qpl−2 − qpl−3qpl−3)p2

...

+ (qpqp− q2)pl−1

= q2(p2l−1 + p2l−2 − pl − pl−1)

≤ 2q2p2l−1 = 2p4l−1
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Proof of Theorem 4.3.3. Let L be a line in L0 and consider the sum set

E + L = {e+ l : e ∈ E, l ∈ L}

Since |L||E| > q2

e1 + l1 = e2 + l2 for some l1 6= l2

so that

l2 − l1 = e1 − e2. (4.4)

Here we aim to average the solutions of the equation (4.4) over pl + pl−1 lines

in L0. To start with, we count the number of solutions of (4.4) over all lines in

L0 in two cases:

In the case e1 = e2, there are |E| and q2 choices for e1 = e2 and l1 = l2 ,

respectively.

In the case e1 6= e2, we can choose e1 and e2 in |E|(|E| − 1) different ways,

and once we fix them, we look at the difference e1 − e2. At that point let Si =

{(e1, e2) ∈ E × E : e1 − e2 ∈ Λi} and si = |Si| for i = 0, ...l − 1. We know from

Lemma 4.3.3 that if (e1, e2) ∈ Si, then e1 − e2 lies on pi lines in L0 and when we

fix the line, l2 − l1 can be written q different ways on that line. In other words,

for all si pairs (e1, e2) ∈ Si, l1, l2 is chosen piq different ways over the lines in L0.

So altogether we have

|{(e1, e2, l1, l2) ∈ E × E × L× L : (4.4) holds for some L ∈ L0}|

= |E|q2 + s0q + s1pq + s2p
2q + ...+ sl−1p

l−1q

≤ |E|2q + (s0 + s1p+ s2p
2 + ...+ sl−1p

l−1)q

= |E|2q + (|E|2 + s)q
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where s = s1p+ s2p
2 + ...+ sl−1p

l−1. Note that s ≤ r ≤ 2p4l−1 ≤ 2|E|2 by Lemma

4.3.4 and the assumption on the size of E.

Hence we get,

|{(e1, e2, l1, l2) ∈ E × E × L× L : (4.4) holds for some L ∈ L0}| ≤ 4|E|2q

It follows that there exists a L ∈ L0 such that

|{(e1, e2, l1, l2) ∈ E × E × L× L : (4.4) holds}| ≤ 4|E|2 pl

pl + pl−1

= 4|E|2 p

1 + p
.

If we let ν(n) denote the number of representation of n as e+ l for some e ∈ E,

l ∈ L, then by Cauchy-Schwarz, for this particular L,

|E|2|L|2 =

( ∑
n∈E+L

ν(n)

)2

≤ |E + L|
∑

n∈E+L

ν2(n)

= |E + L||{(e1, e2, l1, l2) ∈ E × E × L× L : (4.4) holds}|.

Hence,

|E + L| ≥ |E|2|L|2

|{(e1, e2, l1, l2) ∈ E × E × L× L : (4.4) holds}|

≥ |E|2p2l

4|E|2 p
1+p

=
q2

4

1 + p

p
.

We conclude that there exist points of E in at least q
4
1+p
p

parallel lines. Here

we shall note that there are totally q parallel lines to L, including itself, and one of

them must contain two points of E with a unit distance in between. For otherwise,

on each of these parallel lines there would be at most pl−1 points of E yielding

|E| ≤ qpl−1 = p2l−1 which is not the case. It follows that points of E determines

at least q
4
1+p
p
− 1 distinct triangle areas with the same unit base on one of the

parallel lines and with the third vertex being on q
4
1+p
p
− 1 different parallel lines.
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5 Permutation Polynomials over

Fq

Permutation polynomials (PPs) over finite fields play an important role in com-

binatorics, cryptograph and coding theory. More specifically, they are used for

construction of several combinatorial designs, generating pseudorandom sequences

by recursive procedures, and enhancing secure transmission of data. Although

permutation polynomials have been studied for long, there are still many open

problems regarding the subject. For a detailed literature on this subject we refer

to [17] and [19]. In this chapter, we intend to introduce some basic facts about

PPs first, and then present the Carlitz rank construction described in [2].

Definition 5.0.1. Let Fq be a finite field of q elements, where q = pn, p is a

prime and n is a positive integer. A polynomial f(x) ∈ Fq[x] is said to be a PP

of Fq if the induced map α→ f(α) from Fq to itself is bijective.

Given a permutation σ of the elements of Fq, there exists a unique polynomial

fσ ∈ Fq[x] with deg(fσ) < q and fσ(c) = σ(c) for all c ∈ Fq. The polynomial fσ

can be given by the formula

fσ(x) =
∑
c ∈ Fq

σ(c)(1− (x− c)q−1). (5.1)

or by the Lagrange interpolation formula, see for instance [17]. From (5.1), we

note that deg(fσ) ≤ q − 2, since all elements of Fq sum up to zero.
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Consider an (arbitrary) polynomial f ∈ Fq[x]. One can associate f to the

reduction polynomial g ∈ Fq[x] by taking f mod (xq − x), since g and f induce

the same map over Fq, as stated in the following lemma.

Lemma 5.0.5. For f, g ∈ Fq[x], f(c) = g(c) for all c ∈ Fq if and only if f(x) ≡

g(x) mod (xq − x).

Proof. Using division algorithm we have, f(x) − g(x) = h(x)(xq − x) + r(x) for

some h, r ∈ Fq[x] with deg(r) < q. Substituting c for x, we get f(c) = g(c) for all

c ∈ Fq if and only if r(c) = 0 for all c ∈ Fq, which is equivalent to r = 0.

Definition 5.0.2. Let n be a positive integer. The set of all one-to-one mappings,

i.e. permutations, from the set {1, 2, ..., n} onto {1, 2, ..., n} forms a group under

the composition. This group is called the symmetric group of degree n, and

denoted by Sn.

Let S = {f(x)| f(x) is a PP of Fq}. Define an operation "." on the set S in

such a way that g(x).f(x) = h(x) whenever f(g(x)) ≡ h(x) mod (xq − x). Under

this operation (S, .) is a group and it is isomorphic to the symmetric group Sq.

Theorem 5.0.4. For q > 2 , Sq is generated by xq−2 and all (non-constant) linear

polynomials over Fq.

Proof. Note that the polynomial fa(x) = −a2(((x − a)q−2 + a−1)q−2 − a)q−2 rep-

resents the transposition (0a), a ∈ F∗q. Since every permutation of Fq is a prod-

uct of transpositions and every transposition (bc) can be written as a product

(0b)(0c)(0b), we conclude the proof.

Hence, as pointed out in [10], any permutation (or permutation polynomial)

of a finite field Fq can be represented by a polynomial of the form

Pn(x) = (. . . ((a0x+ a1)
q−2 + a2)

q−2 . . .+ an)q−2 + an+1, n ≥ 0, (5.2)
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where a1, an+1 ∈ Fq, ai ∈ F∗q for i = 0, 2, . . . , n.

Here, we make the following convention for Pn(x). We put Pn = Pn or P̄n in

the cases an+1 = 0 or an+1 6= 0, respectively. Obviously, in both cases n is the

number of times xq−2 occurs in the representation (5.2).

For the polynomial Pn(x), we consider the rational function

rn(x) = (. . . ((a0x+ a1)
−1 + a2)

−1 . . .+ an)−1 + an+1,

and we have the following lemma accordingly.

Lemma 5.0.6. rn(x) with its continued fraction expansion

an+1 + 1/(an + 1/(. . .+ a2 + 1/(a0x+ a1) . . .)),

can be represented by the n′th convergent

Rn(x) =
αn+1x+ βn+1

αnx+ βn
, (5.3)

where the αk and the βk are given recursively by

αk = akαk−1 + αk−2 and βk = akβk−1 + βk−2, (5.4)

for k ≥ 2, with initial values α0 = 0, α1 = a0, β0 = 1, β1 = a1. Note that αk and

βk cannot both be zero.

Proof. The proof proceeds by induction. First note that

R1(x) = a2 +
1

a0x+ a1
=
α2x+ β2
α1x+ β1

,

where α2 = a2a0, β2 = a2a1 + 1, α1 = a0, β1 = a1. Now assuming the assertion for

Rk−2, we have

Rk−1 = ak +
1

Rk−2
= ak +

1
αk−1x+βk−1

αk−2x+βk−2

= ak +
αk−2x+ βk−2
αk−1x+ βk−1

=
αkx+ βk

αk−1x+ βk−1
,

where αk = akαk−1 + αk−2 and βk = akβk−1 + βk−2.
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Note that when an+1 = 0, Rn reduces to (αn−1x+βn−1)/(αnx+βn), as αn+1 =

αn−1 and βn+1 = βn−1 in this case.

We define the set of poles, On, as

On = {xi : xi =
−βi
αi

, i = 1, . . . , n} ⊂ P1(Fq) = Fq ∪ {∞}. (5.5)

and the string of poles as On :

On = (xi)
n
i=1 = (x1, x2, . . . , xn).

Observe that a rational function R(x) = ax+b
cx+d

, c 6= 0, is onto from Fq \ {−d/c}

to Fq \ {a/c} so for every rational function Rn(x) in the form (5.3) we can define

a corresponding permutation Fn(x) via Fn(x) = Rn(x) for x 6= xn = −βn
αn

and

Fn(xn) = αn+1

αn
when xn ∈ Fq.

As for Pn, we distinguish two cases for Rn and Fn and write Rn(x) = Rn(x),

Fn(x) = Fn(x) for an+1 = 0, and Rn(x) = R̄n(x), Fn(x) = F̄n(x) for an+1 6= 0

An easy observation yields that

Pn(x) = Fn(x) for all x ∈ Fq \On.

We will explore how Pn and Fn differs from each other for the elements in On

subsequently. We will first state the following observation.

Lemma 5.0.7. Let Pm(x) = Pn(x) on Fq, with associated rational functions

Rm(x) and Rn(x), respectively. If m+ n < q − 2, then Rm(x) = Rn(x).

Proof. Let Fm(x) and Fn(x) be the permutations corresponding to Pm(x) and

Pn(x) respectively. Then Fm(x) differs from Pm(x) for at most m elements, and

Fn(x) differs from Pn(x) for at most n elements of Fq. Since Pm(x) = Pn(x)

on Fq, Fm(x) = Fn(x) for at least q − m − n elements of Fq. We know that if

Fm(x) 6= Fn(x), then Fm(x) = Fn(x) has at most two solutions on Fq. Thus,

q −m− n > 2 implies Fm = Fn.
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In sequel, for a cycle τ ∈ Sq, the length of τ will be denoted by l(τ), and

supp(τ) := {a : τ(a) 6= a} will denote the elements of Fq that are not fixed by τ.

Suppose that the permutation Pn(x) can be decomposed into Fn(x) and m

disjoint cycles τ (n)1 . . . τ
(n)
m , that is,

Pn(x) = τ
(n)
1 . . . τ (n)m Fn(x), (5.6)

where l(τ (n)i ) ≥ 2, and τ (n)i = (Fn(xi1) . . . Fn(xili)), for 1 ≤ i ≤ m.

We define the set On as

On = {y ∈ On−1 : Fn(y) ∈ supp(τ
(n)
i ) for some 1 ≤ i ≤ m} ∪ {xn}

if xn ∈ Fq. On does not contain xn if xn =∞.

Theorem 5.0.5. Let Pn−1(x) be given by

Pn−1(x) = τ
(n−1)
1 . . . τ (n−1)m Fn−1(x), (5.7)

where

1. τ (n−1)1 , . . . , τ
(n−1)
m are disjoint cycles.

2. If Pn−1(xn−1) = Fn−1(xn−1) we assume that τ (n−1)1 = (Fn−1(xn−1)) and

l(τ
(n−1)
i ) = li ≥ 2, for 2 ≤ i ≤ m.

3. If Pn−1(xn−1) 6= Fn−1(xn−1) by permuting the cycles if necessary, we assume

that Fn−1(xn−1) ∈ supp(τ
(n−1)
1 ) with x11 = xn−1, and l(τ

(n−1)
i ) = li ≥ 2, for

1 ≤ i ≤ m.

Assuming xn−1, xn ∈ Fq, we have

Pn(x) = (Fn(xn)Fn(xn−1))τ
(n)
1 . . . τ (n)m Fn(x).

Proof. We consider three cases:
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Case 1: Suppose that Fn−1(xn) is not in supp(τ
(n−1)
i ) for any i = 1, . . .m in the

decomposition (5.7), i.e. xn 6∈ On−1. we need to show the following three

properties:

(i) If x /∈ On−1 and x 6= xn, then Pn(x) = Fn(x).

(ii) If y ∈ On−1 satisfies y 6= x1l1 , and Pn−1(y) = Fn−1(y
′), then Pn(y) =

Fn(y′).

(iii) Pn(x1l1) = Fn(xn), and Pn(xn) = Fn(xn−1).

(i) If x /∈ On−1, then Pn−1(x) = Fn−1(x). Since x 6= xn−1, xn, we have

Pn(x) = (Pn−1(x) + an)q−2 =

(
αn−2x+ βn−2
αn−1x+ βn−1

+ an

)q−2
=

(
(anαn−1 + αn−2)x+ anβn−1 + βn−2

αn−1x+ βn−1

)q−2
=

(
αnx+ βn

αn−1x+ βn−1

)q−2
=
αn−1x+ βn−1
αnx+ βn

= Fn(x).

This proves (i).

(ii) Let Pn−1(y) = Fn−1(y
′). Then

Pn(y) = (Pn−1(y) + an)q−2 = (Fn−1(y
′) + an)q−2

=

(
αn−2y

′ + βn−2
αn−1y′ + βn−1

+ an

)q−2
=

(
αny

′ + βn
αn−1y′ + βn−1

)q−2
=

αn−1y
′ + βn−1

αny′ + βn
= Fn(y′).

(iii)

Pn(x1l1) = (Pn−1(x
1
l1

) + an)q−2 = (Fn−1(xn−1) + an)q−2

=

(
αn−2
αn−1

+ an

)q−2
=

(
anαn−1 + αn−2

αn−1

)q−2
=

αn−1
αn

= Fn(xn) and
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Pn(xn) = (Pn−1(xn) + an)q−2 = (Fn−1(xn) + an)q−2

=

(
αn−2xn + βn−2
αn−1xn + βn−1

+ an

)q−2
=

(
(anαn−1 + αn−2)xn + anβn−1 + βn−2

αn−1xn + βn−1

)q−2
=

(
αnxn + βn

αn−1xn + βn−1

)q−2
= 0 = Fn(xn−1),

where in the last step we used

Fn(xn−1) =
αn−1xn−1 + βn−1
αnxn−1 + βn

= 0.

Case 2: Suppose that Fn−1(xn) ∈ supp(τ
(n−1)
1 ), say xn = x1r, i.e.

τ
(n−1)
1 = (Fn−1(xn−1) . . . Fn−1(x

1
r−1) Fn−1(x

1
n) . . . Fn−1(x

1
l1

)).

In this case we need to show the following:

(i) If x /∈ On−1 then Pn(x) = Fn(x).

(ii) If y ∈ On−1 satisfies y 6= x1l1 , x
1
r−1, and Pn−1(y) = Fn−1(y

′), then

Pn(y) = Fn(y′).

(iii) Pn(x1l1) = Fn(xn), and Pn(x1r−1) = Fn(xn−1).

Note that (i), (ii) and the first statement of (iii) can be shown as in

Case (1), so we will only show Pn(x1r−1) = Fn(xn−1):

Pn(x1r−1) = (Pn−1(x
1
r−1) + an)q−2 = (Fn−1(xn) + an)q−2

=

(
αn−2xn + βn−2
αn−1xn + βn−1

+ an

)q−2
=

(
αnxn + βn

αn−1xn + βn−1

)q−2
= 0 = Fn(xn−1).

Case 3: Lastly, suppose that Fn−1(xn) is in the support of a cycle in (5.7), other

than the first one, say in supp(τn−12 ) and xn = x2s. We need to show:

(i) If x /∈ On−1, then Pn(x) = Fn(x).
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(ii) If y ∈ On−1 satisfies y 6= x1l1 , x
2
s−1, and Pn−1(y) = Fn−1(y

′), then

Pn(y) = Fn(y′).

(iii) Pn(x1l1) = Fn(xn), and Pn(x2s−1) = Fn(xn−1).

The proofs are same as that of (i), (ii) in Case 1, and (iii) in Case 2.

Corollary 5.0.1. Let xn−1, xn ∈ Fq. Let

Pn−1(x) = τ
(n−1)
1 . . . τ (n−1)m Fn−1(x) (5.8)

where

1. τ (n−1)1 , . . . , τ
(n−1)
m are disjoint cycles.

2. If Pn−1(xn−1) 6= Fn−1(xn−1) we assume without loss of generality that Fn−1(xn−1) ∈

supp(τ
(n−1)
1 ) with x11 = xn−1, and l(τ

(n−1)
i ) = li ≥ 2, for 1 ≤ i ≤ m.

3. If Pn−1(xn−1) = Fn−1(xn−1) we assume without loss of generality that τ (n−1)1 =

(Fn−1(xn−1)) and l(τ (n−1)i ) = li ≥ 2, for 2 ≤ i ≤ m.

Then Pn(x) can be decomposed as follows:

(i) If xn /∈ On−1 then

Pn(x) = (Fn(xn)Fn(xn−1) . . .Fn(x1l1))τ
(n)
2 . . . τ (n)m Fn(x), (5.9)

(ii) if Fn−1(xn) ∈ supp(τ
(n−1)
1 ), say xn = x1r, then

Pn(x) = (Fn(xn)Fn(x1r+1) . . .Fn(x1l1)) (Fn(xn−1)Fn(x12) . . .Fn(x1r−1))τ
(n)
2 . . . τ (n)m Fn(x),

(5.10)

(iii) if Fn−1(xn) ∈ supp(τ
(n−1)
i ), j 6= 1, say in supp(τ

(n−1)
2 ) and xn = x2s, then

Pn(x) = (Fn(x2s)Fn(x2s+1) . . .Fn(x2l2)Fn(x21) . . .Fn(x2s−1)Fn(x11) . . .Fn(x1l1))

τ
(n)
3 . . . τ (n)m Fn(x).
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Theorem 5.0.6. Suppose Pn−1 can be decomposed as

Pn−1(x) = τ
(n−1)
1 . . . τ (n−1)m Fn−1(x).

Let xn =∞. Then

Pn(x) = τ
(n)
1 . . . τ (n)m Fn(x)

Pn+1(x) = τ
(n+1)
1 . . . τ (n+1)

m Fn+1(x), and

Pn+2(x) = (Fn+2(xn+2)Fn+2(xn+1))τ
(n+2)
1 . . . τ (n+2)

m Fn+2(x),

where τ (k)i denotes the cycle (Fk(x
i
1) . . . Fk(x

i
li
)) as before.

Proof. To prove the first two equalities it is sufficient to show the following prop-

erties:

(i) If x /∈ On−1, then Pn(x) = Fn(x) andPn+1(x) = Fn+1(x).

(ii) If y ∈ On−1 satisfies Pn−1(y) = Fn−1(y
′), then Pn(y) = Fn(y′) and Pn+1(y) =

Fn+1(y
′).

(i) Suppose that x /∈ On−1. Then Pn−1(x) = Fn−1(x), and

Pn(x) = (Pn−1(x) + an)q−2 =

(
αn−2x+ βn−2
αn−1x+ βn−1

+ an

)q−2
=

(
(anαn−1 + αn−2)x+ anβn−1 + βn−2

αn−1x+ βn−1

)q−2
=

(
αnx+ βn

αn−1x+ βn−1

)q−2
=
αn−1x+ βn−1
αnx+ βn

= Fn(x).

For x /∈ On−1 and x 6= xn+1 the equality Pn+1(x) = Fn+1(x) also follows as above.

Finally

Pn+1(xn+1) = (Pn(xn+1) + an)q−2 =

(
αn−1xn+1 + βn−1
αnxn+1 + βn

+ an

)q−2
=

(
(anαn + αn−1)xn+1 + anβn + βn−1

αnxn+1 + βn

)q−2
=

(
αn+1xn+1 + βn+1

αnxn+1 + βn

)q−2
= 0 = Fn+1(xn+1),
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where in the last step we used Fn+1(xn+1) = αn

αn+1
= 0.

(ii) If y ∈ On−1 and Pn−1(y) = Fn−1(y
′), then

Pn(y) = (Pn−1(y) + an)q−2 = (Fn−1(y
′) + an)q−2

=

(
αn−2y

′ + βn−2
αn−1y′ + βn−1

+ an

)q−2
=

(
αny

′ + βn
αn−1y′ + βn−1

)q−2
=

αn−1y
′ + βn−1

αny′ + βn
= Fn(y′).

The identity Pn+1(y) = Fn+1(y
′) for y′ 6= xn+1 follows analogously. Finally for

y′ = xn+1 we get

Pn+1(y) = 0 = Fn+1(y
′)

since in this case

Fn+1(y
′) = Fn+1(xn+1) =

αn
αn+1

= 0.

The statement for Pn+2 follows then from Theorem 5.0.5.

Corollary 5.0.2. Let On = x1, x2, . . . , xn be the string of poles of Pn.

If xt 6=∞, 1 ≤ t ≤ n, then

Pn(x) = (Fn(xn)Fn(xn−1))(Fn(xn−1)Fn(xn−2)) . . . (Fn(x2)Fn(x1))Fn(x).

If xtj =∞ for some integers 3 ≤ tj ≤ n and s ≤ n is the largest integer such that

xs−1, xs 6=∞, then

Pn(x) = (Fn(xs)Fn(xs−1)) . . . (Fn(xtj+2)Fn(xtj+1))(Fn(xtj−1)Fn(xtj−2))

. . . (Fn(x2)Fn(x1))Fn(x).

Remark 5.0.1. Given a permutation

Pn(x) = (. . . ((a0x+ a1)
q−2 + a2)

q−2 . . .+ an)q−2 + an+1, n ≥ 0,

where a1, an+1 ∈ Fq, ai ∈ F∗q for i = 0, 2, . . . , n, we can compute the αk and the βk,

i = 2, . . . n+ 1, recursively from

αk = akαk−1 + αk−2, βk = akβk−1 + βk−2,
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with the initial values α0 = 0, α1 = a0, β0 = 1, β1 = a1. Subsequently, we

get the string of poles On = (xi)
n
i=1, Rn(x) = αn+1x+βn+1

αnx+βn
, and the corresponding

permutation Fn(x). Corollaries 5.0.1 and 5.0.2 then gives the decomposition of

Pn(x) as a product of cycles and Fn(x).

On the other hand, given Rn(x) (or the corresponding Fn(x)) with a string of

poles On ⊂ P1(Fq) we can construct the permutation Pn as follows:

Let Rn(x) = ax+b
cx+d

= εax+εb
εcx+εd

, ε 6= 0, so that

αn+1 = εa, βn+1 = εb, αn = εc, βn = εd.

Then if xk−2 6=∞, from xk−2 = −βk−2

αk−2
= −(βk−akβk−1)

αk−akαk−1
we get

xk−2αk − akxk−2αk−1 = −βk + akβk−1

βk + xk−2αk = ak(βk−1 + xk−2αk−1)

ak =
βk + xk−2αk

βk−1 + xk−2αk−1
,

and if xk−2 = ∞, i.e. αk−2 = 0, then αk = akαk−1 hence ak = αk

αk−1
for 3 ≤

k ≤ n + 1. Therefore we can get ak as a multiple of ε , 3 ≤ k ≤ n + 1, from its

recursive formulation here. Since α2 = a2α1 + α0, a2 = α2

α1
. Now a2 can be used

to determine ε for β2 = a2β1 + β0 = a2β1 + 1. Knowing a1 = β1 and a0 = α1, the

complete formulation of Pn is constructed.

5.1 Carlitz rank of a permutation polynomial

Note that given a permutation p(x) of Fq, p(x) can be represented by a polynomial

of the form Pn(x) as in (5.2) but this representation may not be unique. Accord-

ingly, we can define the Carlitz rank of a permutation polynomial as follows.

Definition 5.1.1. Let p(x) be a permutation of Fq.The smallest n satisfying

p(x) = Pn(x) for all x ∈ Fq, where Pn(x) is of the form (5.2), is called the

Carlitz rank of p(x) and denoted by Crk(p).
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We should note here that if Crk(p)=n, then p(x) is composed of at least n

“inversions" xq−2 with n (or n+ 1) linear polynomials.

Theorem 5.1.1. Let Ps(x) be given by

Ps(x) = τ1 . . . τmFs(x)

where τi are disjoint cycles of length li ≥ 2, for i = 1, . . .m. Then we have one of

the following three cases:

(i) If Fs is not linear, and Fs(xs) ∈ supp(τi) for some 1 ≤ i ≤ m, then there exists

a permutation Pn with n = m+
∑m

i=1 li − 1 and Ps(x) = Pn(x) on Fq.

(ii) If Fs is not linear, and Fs(xs) /∈ supp(τi) for any i = 1, . . . ,m, then there

exists a permutation Pn with n = m+
∑m

i=1 li + 1 and Ps(x) = Pn(x) on Fq.

(iii) If Fs is linear, then there exists a permutation Pn with n = m +
∑m

i=1 li and

Ps(x) = Pn(x) on Fq.

In all three cases, if n < q−1
2
, then Crk(Ps) = n.

Proof.

(i) Let Fs not be linear, i.e. xs 6= ∞ and Fs(xs) ∈ supp(τi) for some 1 ≤ i ≤ m.

Without loss of generality assume that xs = x11. We can choose Fn(x) = Fs(x)

with the string of poles

On = x1l1 , . . . , x
1
1, . . . , x

m
lm , . . . , x

m
1 , x

m−1
1 , xm−21 , . . . , x11.

Then Corollary 5.0.1 and Remark 5.0.1 gives us the desired Pn.

(ii) Let Fs not be linear, i.e. xs 6=∞, and Fs(xs) /∈ supp(τi) for any i = 1, . . . ,m.

We choose Fn(x) = Fs(x) with the string of poles

On = xs, x
1
l1
, . . . , x11, . . . , x

m
lm , . . . , x

m
1 , x

m−1
1 , xm−21 , . . . , x11, xs

to get the desired result.
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(iii) Lastly, if Fs is linear, i.e. xs = ∞, we choose Fn(x) = Fs(x) with the string

of poles

On = x1l1 , . . . , x
1
1, . . . , x

m
lm , . . . , x

m
1 , x

m−1
1 , xm−21 , . . . , x11,∞

to get the desired result.

Note that in all three cases above we took Fs(x) = Fn(x). Now suppose for

some n′ < n, Fn′(x) not equal to Fn(x) on Fq, but Pn′(x) = Pn(x). Then by

Lemma 5.0.7, we must have 2n > n + n′ > q − 2, i.e. n > q−2
2
. Therefore, we

conclude that Crk(Ps) = n, if n < q−1
2

in the above cases.

Example 5.1.1. Let F = F11 and

p(x) = P7(x) = (((((((2x+ 1)9 + 5)9 + 3)9 + 7)9 + 4)9 + 4)9 + 2)9

be in F11[x]. Then

String of poles: 5, 6, 8, 5,∞, 1, 6 and

p(x) = P7(x) = (F7(6)F7(8)F7(1))F7(x),

where

F7(x) =

 3x+8
6x+8

if x 6= 6

6 if x = 6.

We can reduce P7(x) to P3(x), where

P3(x) = (((10x+ 1)9 + 8)9 + 1)9 + 10.

Hence, Crk(p) is 3.

In the following theorem, we will use the Stirling numbers S(t, k,m) of the

first kind which is the number of ways of distributing k objects into m cycles each

containing at least t elements. For t = 2, the recurrence relation

S(2, k + 1,m+ 1) = kS(2, k,m+ 1) + kS(2, k − 1,m)

is known.
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Theorem 5.1.2. The number B(n) of permutations of Fq with Carlitz rank n is

given by

B(n) = (q2 − q)
bn+1

3 c∑
m=1

(
q

n+ 1−m

)
S(2, n+ 1−m,m)(n+ 1−m)

+(q2 − q)
bn−1

3 c∑
m=1

(
q

n− 1−m

)
S(2, n− 1−m,m)(q − (n− 1−m))

+(q2 − q)
bn3 c∑
m=1

(
q

n−m

)
S(2, n−m,m) (5.11)

for all 2 ≤ n < (q − 1)/2.

Proof. Let p(x) = Pn(x), where

Pn(x) = τ1 . . . τmFn(x),

where Fn(x) = ax+b
cx+d

, 2 ≤ n < (q − 1)/2.

We will distinguish the proof in three cases in parallel to Theorem 5.1.1.

We first assume that Fn(x) is not linear. Then for simplicity we can write Fn(x) =

ax+b
x+d

. Let Fn(−d) = a ∈ τi for some i = 1, . . . ,m. By part (i) of Theorem 5.1.1,

n = m +
∑m

i=1 li − 1, that is, the total number of elements in τi’s is n + 1 −m.

Hence for the product τ1 . . . τm we have
(

q
n+1−m

)
S(2, n + 1−m,m) choices. Now

we count the possible choices for Fn(x) = ax+b
x+d

. Note that for a we have n+1−m

choices, d is arbitrary so q choices for it, and lastly since ad− b 6= 0 we have q− 1

choices for b. Altogether there are (n+ 1−m)q(q − 1) choices for Fn(x). Lastly,

since li ≥ 2 for all i = 1, . . . ,m, n+ 1−m ≥ 2m, i.e. 1 ≤ m ≤
⌊
n+1
3

⌋
. Combining

what we get so far yields the first summand in 5.11.

Now assume that F(x) is not linear, so it is of the form ax+b
x+d

as in the previous

case but Fn(−d) = a /∈ τi for any i = 1, . . . ,m. Then part(ii) of Theorem 5.1.1

gives n = m+
∑m

i=1 li+1, that is, the total number of elements in τi’s is n−1−m.

Hence for the product τ1 . . . τm we have
(

q
n−1−m

)
S(2, n− 1−m,m) choices. Now
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we count the possible choices for Fx = ax+b
x+d

. For a, we have q − (n + 1 − m)

choices in this case, d is arbitrary, ad− b 6= 0 gives q− 1 choices for b. Altogether

there are q(q − 1)(q − (n + 1 − m)) choices for Fn(x). Lastly, since li ≥ 2 for

all i = 1, . . . ,m, n − 1 −m ≥ 2m, i.e. 1 ≤ m ≤
⌊
n−1
3

⌋
and we form the second

summand in 5.11.

Lastly, let F(x) be linear, say F(x) = ax+ b, a 6= 0. By part (iii) of Theorem

5.1.1, n = m +
∑m

i=1 li, that is, the total number of elements in τi’s is n − m.

Hence for the product τ1 . . . τm we have
(

q
n−m

)
S(2, n −m,m) choices. For Fn(x)

we have q(q − 1) choices in this case and n−m ≥ 2m gives 1 ≤ m ≤
⌊
n
3

⌋
, which

completes the proof.
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