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Abstract

Throughout this thesis we study two types of discrete problems over finite

fields and rings.

In the first part, we study Erdds type geometric problems for vector spaces

over finite fields and modules over residue rings.

The second part starts with some basic facts about permutation polynomials
(PPs) over finite fields. We then introduce the Carlitz rank of a permutation

polynomial and study related results.
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1 Introduction

In this work we consider geometric and arithmetical configurations in discrete
settings arising in additive combinatorics, discrete geometry, and number theory.
In particular, we study various Erdds type geometric problems over finite fields
and residue rings Z,, where ¢ = p' is an odd prime power. We also work on some

enumerative problems on permutation polynomials over finite fields.

The main focus of Erdés type problems is to determine the size of a discrete
set so that the configuration of a given type is obtained. In this setting, it is well
known that there is a rich analogy between discrete and continuous problems.
More specifically, the techniques used for the geometry in the Euclidean plane are
applicable to those in vector spaces over finite fields and conversely, the results
coming from finite field geometry shed some light on the Erdés type problems in
Euclidean settings.

Recently, Erdds type geometric problems are of great interest and several prob-
lems have been studied by various authors in the context of finite fields, see for
example [4], [3], [7], [8],[13], [14], [16] and the references therein. The results in
them are mostly achieved via Fourier analytic methods for large enough sets and

some other combinatorial and probabilistic approaches for relatively small ones.

Our main focus here is to extend the results for Erdés type geometric prob-



lems to the setting of finite cyclic rings Z,; = Z/ p'Z where p is a fixed odd prime.
Among the Erddés type geometric problems, we study Erd&s-Falconer distance
problem, congruence classes of k-simplices up to orthogonal transformations, dis-
tribution of r-hinges, dot product problem, and distribution of areas of triangles
determined by a given discrete set. It is worth to note here that the new problems
in the study of these questions in these rings are due to the non unit elements

that must be taken into arithmetical consideration separately.

In Chapter 2 of this thesis, we present Fourier analytic tools defined on the fi-
nite cyclic groups Z, that are used throughout this work. For a further exploration

we refer the reader to [18].

In Chapter 3 and 4, we first present various Erd&s-Falconer type configuration
questions in the context of finite fields [F, together with a statement of the best

known results. We then introduce our results for finite cyclic groups Z,, where
q=7p"

Chapter 3 starts with a complete description of the distance problem. Letting
G =T, or Z,, the distance map A on G is given by the map,

NG xGT — @
(2,y) > o=yl = (21 —y)* +... + (za — ya)*.
This map does not induce a metric on G¢. However, it is invariant under orthog-
onal transformations of G¢.

For subsets £ C G, we shall consider the restriction map
)\‘EXE' ExE—G

and ask for a threshold on the size of E to guarantee that the image of the map
Mexe, AE) ={||lzr —y|| : (z,y) € E x E}, is about the size |G| = ¢. In other

words, almost all distances are achieved.



An extension of this notion is the congruence classes of triangles, more gener-
ally, distribution of k-simplices with the vertices from the points of E. In Section
3.2, we introduce these problems on the base field G' = F,, with a brief summary
on the progress in this context. In Section 3.3, we focus on analogous problems
for G = Z,. An asymptotically sharp bound for the distance set A(E) for £ C Z;l
is given in [9] and we first note that result. Then in Theorem 3.3.2 we prove a
sufficient lower bound on |E| to get a positive proportion of all triangle classes
up to orthogonal transformations. In the rest of this section we study the Hinges
problem. For a subset £ C Z?, and a distance set a = {o;}/Z] € (ZZ)T_I, we

define the r-hinges determined by the points of E as

Hra:{(x7x17-~‘7‘rr_1) E EX X E ||"L‘—xz|| :O{Z‘}7

)

where » > 2 is an integer. In Theorem 3.3.3 we determine a sufficient condition
on the size of F so that the distribution of r-hinges among the points of E is
uniform. This result is similar to the result obtained in [8, Theorem 3.1] in the

context of finite fields.

Chapter 4 focuses on the problems of dot product and volume set determined
by subsets E of G* where G = F, or Z,. Given a subset E of G, the dot product

is defined as
[[(B)={xy: .y E},

where dot product of two vectors is defined by the usual formula
TY =T1Y1 + ...+ Tqlyq,

for z = (x1,...,2q) and y = (y1, ..., Ya)-
We define the d- dimensional non-zero volumes of (d + 1)-simplices whose

vertices are in F by

Vy(E) = {det(x* — 2%, .. a® — 24 2d € E}\ {0}.



Section 4.2 is dedicated to recapping known results for dot products and vol-
ume sets in IFZ. We then move to the residue ring G = Z, in Section 4.3. First,

in Theorem 4.3.2 for the sets of the form = A x ... x A with A C Z,, we find a
—_—

d-fold
condition on the size of E, so that dot product set of E, [[(£), contains a positive

proportion of the elements of Z,. This result can be seen as a variant of the dot
product result for an arbitrary subset E of Zg given in [9]. Later in this section,

we prove a triangle area result in Theorem 4.3.3 for subsets of Zg.

In Chapter 5, permutation polynomials (PPs) over finite fields F, are studied.
A polynomial f(z) € F,[z] is said to be a PP of F, if the induced map

F, — F,

a — f(a)

is bijective. These polynomials play an important role in the study of secure
transmission of data and combinatorial designs. In this chapter we first study the
cycle structure of a PPs. Then in Section 5.1 we turn our attention to the problem
of enumerating permutation polynomials of a given Carlitz rank. From a well
known result of L. Carlitz (see [6]), it immediately follows that any permutation

polynomial f(x) of F, can be represented by a polynomial
Po(x) = (... ((apz +a1))"? +a2)” 2. .. +a,)" >+ ane1, n >0, (1.1)

where ay, a, 1 € Fy, a; € F; = F,\ {0} fori =0,2,...,n.

This representation is not necessarily unique and we define the Carlitz rank
of a permutation polynomial f(z) to be to smallest n, i.e, smallest number of
inversions, such that P, (z) represents f(x). In Theorem 5.1.1, we give a formula
for the number of permutations of F, with Carlitz rank n, B(n), where 2 < n <

21 The results in Chapter 5 are published in [2].



2 Background on Fourier Analysis

For background on Fourier analysis on finite groups we refer the reader [18|. Here

we present the necessary background for the modules Zg over Zg.

Let f,g: ZJ — C. The Fourier transform of f is defined as
fm)=q "> x(—z.m)f(x),
z€Zd

where x(z) = exp(2miz/q). We note the following properties:

1, itm=0
g Z x(z.m) = (Orthogonality)
zezd 0, otherwise

fx) =" x(@m)f(m)  (Inversion)

meZd

> fm)gm) =q* Y fla)g(x)  (Parseval)

d d
mGZq wEZq

In particular, taking g = f in Parseval’s identity, we have
S 1fm)P =g [f(2)P.  (Plancherel)
meZLg z€Zd

Finally the average value of of f(x) is given by

Avg(f) = F(0,...,0) = ¢ > f(x).

zezd



3 Distinct Distances-Congruence

classes of k-simplices determined

by subsets of Fg and Zg

The classical Erdés distance problem in discrete geometry asks for the number of
distinct distances determined by n points in Euclidean space. In [11] Erdés con-
jectured that the minimum number of distinct distances determined by n points

in the Euclidean plane is Cﬁ. Recently, Guth and Katz [12] settled the con-

n
logn

jecture, up to a square log factor showing that n points determine at least C'
distances. We should note that in higher dimensions the conjecture is still open,
and the best results are due to Solymosi and Vu which can be found in [20]. Before
stating the best known result in the context of finite fields and integer rings let

us first introduce the necessary background.

3.1 Preliminaries

Throughout, T¢(E) will denote the the set of congruence classes of k-simplices
determined by E C F¢ or Z. We simply write A(E) for T{/(E), the set of distinct

distances determined by the points of E.
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3.2 F, Setting:

The geometry of subsets of vector spaces over finite fields is analogous to that of
discrete points in the Euclidean setting. Iosevich and Rudnev (see [15]) proved
that for £ C IF;I, if |E| > 2q% then the points of E determine all possible
distances. They also showed that one cannot in general get C'q distinct distances,

i.e a positive proportion of all distances, if |E| < q%.
In [14], the authors showed the following:

(i) Let d > 2. If |E| > Cq? with a sufficiently large constant C, then there
exist ¢ > 0 such that |A(E)| > ¢q.

1

(ii) If d is odd, there exist ¢ > 0 and E C F¢ such that |E| > cq*s and
A(E) # F,. Which implies that the exponent % in [15] is sharp to get all
g distances in odd dimensions. The question of whether the exponent %l in (i)
can be reduced to get a positive proportion of all distances is still open in odd

dimensions.

(iii) If d > 2 is even, |E| > Cq% with a sufficiently large constant C' gives
A(E) = F,. Also there exists ¢ > 0 and |E| > cq? with A(E) # F,. That is the
exponent % is sharp to get all ¢ distances in even dimensions greater than 2. The
question of whether the exponent % can be smaller to get a positive proportion of
all distances is open.

For d = 2, in [7, Theorem 2.2, it was shown that if £ C F. with |E| > qs,
where ¢ = 3 mod 4, then |A(E)| > ¢g. In [3] this result has been generalized to
an arbitrary odd g. The question of whether the exponent % here can be reduced

is still open.

A natural generalization of distance problem is the problem of distribution of
k-simplices and in [3], it is proved that for F C ]FZ, q odd, if |E| > Cqs, then

TZ(E) > ¢q®, which improves the previous known result of |E| > ¢7 in [4].



In more general setting, the following non-trivial exponent for congruence

classes of k-simplices T(E) is examined in [3].

d
q7
and d > 2. Let E C Fg. There exist constants C| ¢, depending only on 1 < k <d,

d—1

such that: if |E| > Cq™ %1, then

Theorem 3.2.1. Let Q) be a non-degenerate quadratic form on F¢, where q is odd

d I
3.3 Z, Setting:

In this section we concentrate on the distance relevant problems in context of

finite cyclic rings Z, where p is an odd prime. Compared to configurations in

ph
vector spaces over finite fields, to overcome the difficulties arising from the zero

divisors in these cyclic rings, an extra arithmetical machinery is developed.

The distance problem for subsets of residue rings, namely for Zg where ¢ is an
odd prime power, is studied by Covert, losevich and Pakianathan in [9]. Here is

the related theorem.

Theorem 3.3.1. Let £ C Zg, where ¢ = p' and p is odd. Suppose |E| >

(2l—1)d

I(l+1)g = *ta. Then,

A(E) D Z,
where Z;, denotes the the set of unit elements in Z,.
Given E C Z?], using a group theoretical approach analogous to [3], for T3 (E),

the congruence classes of triangles determined by the points of E, we will prove

the following result.

Theorem 3.3.2. Suppose E C 72 with q = p' andp = 3 mod 4. If|E| > V3p2-3,
then |T3(E)| 2 ¢



For the proof we will need the following lemmas.

Let us first denote by SO%(Z,) = {A € My(Z,) : AAT = I, det(A) = 1} the

special orthogonal group.

Lemma 3.3.1. Let £ = (&,&) € Z2

q’

1€l = & + & # 0, then |Stab(§)] < p'~1, where Stab is the stabilizer under the

where ¢ = p! and p is an odd prime. If

action of the special orthogonal group.

Proof. Let £ = (x,y) € Zg. Since [[£|| # 0, we can write ||¢]| = 2% + y* = p'u, 0 <

a b
i<l—-1, u€eZ; Nowif A= € SOy(Z,) fixes £, then from the identity
—b a
a b| |x x
—b al |y Y
we get
(a—Dz+by = 0
—br+(a—1)y = 0,
and hence

(a— 1)(x2 + y2) =0 mod pl,

b(x* +9?) =0 modp. (3.1)
Putting 22 + y? = p'u in (3.1), we have
a=p"k+1,0<k<p', and b=p"'m, 0 <m < p’, (3.2)

where

a? +b* = 1 mod p. (3.3)

Now to conclude the argument, we claim that for ag # a if by and b are

satisfying a2 + b2 = 1 mod p' and a® + b = 1 mod p' and condition (3.2),
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respectively, then by # b. This will prove the lemma, for then the number of pairs
(a, b) satisfying the conditions (3.2) and (3.3) is at most the number of possibilities

-1

of b which is p’. This is at most p'~! as the valuation of a nonzero element is at

most | — 1.

It remains to prove the claim and we will prove its contrapositive here. Suppose
that by = b and a2 + b2 = 1 mod p', a® +b? =1 mod p', so that a§ = a* mod p'.
Writing ag = p' ko + 1 and a = p'~*k + 1, It follows that

(pl_iko + 1)2 = (pl_ik: + 1)2 mod pl,

p2172ik(2) 4+ 2plfik0 = p2l72ik2 + 2pl7ik mod pl7
therefore,

p2lf2i(kg _ k2) + Qpl*i(ko — k) = 0 mod pl,

P (ko — k)P (ko + k) +2) = 0modyp.

Thus p' | p" =4 (ko — k) (p' (ko + k) +2), and since p  p' (ko + k) +2 as p is odd, we
must have p’ | kg — k < p'. Hence we have ko — k = 0, i.e., kg = k and therefore

apg = a. ]

Lemma 3.3.2. Let & € Z2\ (0,0), where ¢ = p' and p = 3 mod 4. If ||£]| = 0,
then |Stab(&)| < p'=t.

For the proof of Lemma 3.3.2 we will use Hensel’s Lemma.

Lemma 3.3.3 (Hensel’s Lemma). Let f(z) € Z[z], f(r) =0 mod p and f'(r) #
0 mod p so that r is a simple root of f modulo p. Then for any k > 2, there exists

a unique 7 in Zy. such that f(#) =0 mod p* with # = r mod p.

Proof of Lemma 3.3.2. We first note that as p = 3 mod 4, for £ € Zg \ (0,0),
€]l = 0 implies that £ = (p™u,p™v) for some m > L and u,v € Z;. Now if
A € SOy(Z,) fixes & = (p™u,p™v), it can be readily shown that it also fixes

n = (—p™v,p™u). Hence A also fixes Span{§,n} = p™ (Zy X L) = Lpi—m X Lyji—m.
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Since { # (0,0), we have m < [ — 1. We shall note that Z,-m X Zj-m is
smallest, and hence the number of matrices A that fixes Z,-m X Z,-m is largest,
when m = [ — 1. Therefore it is sufficient to consider the case m =1 — 1. In this
case A fixes p' 1 (Zy X L) = Ly X Ly,

We now write

A=1,+B,

where I, denotes the 2 x 2 identity matrix and B € M,(Z,). Then for any y € Z?

we have

ATty =p' "y + Bply,

so that Bp'~ly = 0 as A fixes p'~'y. This implies that B = pB’ for some B’ €
Ms(Z,), and
A=1, —|—pB' el''n SOQ(ZQ)

where I'; denotes the matrices in Ms(Z,) congruent to I, mod p.

It follows that

a —b
Ae :a,bEZq,a2+b251modq,aElmOdp,bEOmodp
b a

(3.4)
Now we count the number of matrices in (3.4). We first fix b. Since b = 0 mod p,
we have p!~! choices for b. Then we consider the polynomial f(x) = 22— (1—b%) €
Z[z]. Note that f(z) = 2> —1in Z, as b = 0 mod p. Hence 1 is a root of f(z) and
f'(1) =2#01in Z, as p is odd. Hence by Hensel’s Lemma there exists a unique
a in Z, such that f(a) = a* — (1 —b?) = 0 in Z, with a = 1 mod p. Therefore the

number matrices of the form in (3.4) is p!~!. This completes the proof.

We make use of the following lemma from |[3].
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Lemma 3.3.4. For any finite space F', any function f : F' — Rsq, and anyn > 2

we have
an(z) < |F| <%) + %HN&:QZ (f(z) _ H|J];H‘1> ’
z€F z€F

where || fllh = 2.cp [(2)], and [ flloo = maz.ep f(2).

Lastly, we state the following lemma from [9] and use Remark 3.3.1 for the

proof of Theorem 3.3.2.

Lemma 3.3.5. Let d > 2 and j € Z;, where q is odd. Set ||z|| = 27 + ... + z3.
Denote by S; = {x € ZI : ||z|| = j} the sphere of radius j. Then,

1Sl = ¢"(1 +o(1)).

Remark 3.3.1. Note that

50,z = | T 2o 3.5
2\4q) = ; tat+ 0" = (3.5)
a

and hence if we denote by Sy the sphere of radius 1 in Zg, then |SO9(Zy)| = |51 ~

q, by Lemma 3.3.5.

Proof of Theorem 3.3.2. We first recall that SOy(Z,) = {A € My(Z,) : AAT =

I, det(A) = 1} and define an equivalence relation on (Z?)* as
(a,b,¢) ~ (a', b, )

if 30 € SO4(Z,) with ¢’ = a, v/ = 6b, ¢ = fc.

For E C Z} and a,b,c € Z2, let

wla,b,c) = {(z,y,2) € E*: 30 € SO4(Z,) such that x—y = fa,y—z = Ob, x—z = Oc.}|.

Note that p(fa,0b,0c) = p(a, b, c) for all € SO,(Z,), so p can be viewed as

a function p : (Z2)%/ ~— Zxo.
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Then by the Cauchy-Schwarz inequality,

2

|E|6 = Z /L(a’ b, C) < |T22(E)| Z ”Q(avb7 C) )

(a,b,c)€(Z2)3 )~ (a,b,0)€(Z3)? )~

where
T5(E)| = [{(a,b,¢) € (Z3)*/ ~ p(a,b,c) # 03],
which is equal to

{(a,b,c) € (Z2)*) ~: I(z,y,z) € E’and § € SO,(Z,) such that x—y = a,y—z = b, 1—z = Oc}|.

We have,

w(a,b,c) = |{(z,y,2,2',y,72) € E°: 30,0, € SO4(Z,) such that
x—1y="0a, @ —y =ba
y—z=~0.b, y — 2 =0y

r—z=01c, ¥ — 2 = by}
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so that
Z p(a,be) = |{(z,y,2,2,y,2) € E®:30,,0, € SOy(Z,) such that
(a,b,C)G(Zg):ﬂ/N
07 (z —y) =0y («' = y/)
0 (y—2)=0;"(y — )
O (z —2) =0, (a" — )}
= H(z,y,2,2,9,7") € E°: 30 € SO,(Z,) such that
Oz —y)=a"—y, 0y —2)=y =2, 0z —z) =a" =2}
= H(z,y,2,2,y,7') € E°: 30 € SO,(Z,) such that
o —0r =y —0y=2" -0z}
For a fixed 6 € SO»(Z,), let
ve(t) = {(u,v) € EX E: u—0(v) =t} (3.6)
Then we have
vp(t) = {(z,y, 2,2y, 2") € B® 10/ — 0z =4/ — Oy =2 — 0z =t}],

and therefore

Y abo < Y ). (3.7)

(a7b7c)e(Zg)3/N OGSOQ(ZQ)
tez?

By Lemma 3.3.4,
3 2
S < ¢ w1 3  lvells
vp(t) < g )+ 3lwalle Y wa(t) —
tGZ?I q tezg q
where ||vglli = 3 _,cz0 Vo(t) = |E|* and ||vg||oc = supi|ve(t)| < |E| as when we first
q

fix v in (3.6), u is uniquely determined.

It follows that
2
_ U,
SR < B 3E Y (w(t) - U)
tezg tezg q

< ¢ YEI°+ 3¢ E]| Z 1D5(€)|? (by Plancherel Theorem)
£€72\(0,0)



and thus

2.

0€S02(Zyq)

By Remark 3.3.1, [SOy(Z

Noting that

and

2
tez?

2.

vy(t) < [SO(Zg)lg*|EI° + 3% 1Bl Y [me(©)F

0€S02(Zq)
€€Z3\(0,0)

¢)| ~ ¢ and hence

vi(t) S PEP +33El > Be(©))

0€S02(Zq)

2
tez2

V@(t)

0eS02(Zg)
€€23\(0,0)

— ZE E(t + 6v)
_ Z E()x(a.(t + 6v)) E()

= > E(a)x(t.a)E(v)x(e.0v)

v,a€Z2

= > E(a)x(t

acZ?

= ) E(a)x(t

acZ?

= QZE

aEZ2

@) Z X(c.0v)E(v)

vELE

vELE

(=0 (),

23 X(~tw(t)

tez2

2 x(—t&yq

tez2

> E(a)

anz

)

a€Z?

@) > x(t(

teZ2

PEE)E(-07(€)),

) Y x("(a).0)E(v)

(—0" (@)

15

(3.8)
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we have
ST P = ¢t Y IEQPIE-T(©))
0€S02(Zy) 0€S02(Zy)
£€72\(0,0) £€Z2\(0,0)
_ A E 2 E o7 2
¢ > EQPIEWO" ()
0€S02(Zy)

€€Z3\(0,0)

< A 2 oy 2
< o (e Isa©l) X IE©F X Eo)

£#(0,0) n#(0,0)
lInll=lI€l]

Plugging this value in (3.8) and using (3.7) we get

S b < Y B0

(a,b,c)G(Zg)?’/N 0€S02(Zq)
teZ2

< q—3|E\6+3q6|E\( max | Stab(¢ ) S EOP Y Em)P

£€Z2\(0,0)

£#(0,0) n7(0,0)
lInll=IIll

= ¢ *|E" +3¢°|E]I

where

1= (s, Ista@) 3 B 3 (B

££(0,0) n#(0,0)
Inll=lle]

We first note that |Stab(&)] < p'=! for € # (0,0) by Lemma 3.3.1 and 3.3.2.

Extending the summation in 7 over all n and using Plancherel twice in I, we get
I S pl71q74|E|2.

Plugging this value in (3.9) gives

S i2abe) S q 0B+ 367 B, (3.10)
(ayb,C)G(Zg):)’/N
so that
E|S
T2(E)| > |
BB = i+ agEp
E°

2¢73|E| 2

(3.9)
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whenever |E| > V/3p?~3, which completes the proof. O

Another distance related problem is the hinges problem in the discrete setting.
Employing the methods of [8], we have the following related result in the context
of Zpl.

Theorem 3.3.3. Let r > 2 be an integer. For 2 C Zg, where ¢ = p', p is an odd

prime, and a distance set a = {a;}/—1 € (Z(’;)Pl, let
H.,={(z,z1,...,0,1) € EX ... X E: |z -z = a;}

denote the r-hinges with distances o determined by the points of E. Then ,

B
|Hr,a’ -

qrfl

(1+0(1))
whenever |E| > (1 + 1)qd(1_ﬁ)+ﬁ,

For the proof we shall make use of Lemma 3.3.5 and the following lemma from
[9].
Lemma 3.3.6. For j € Z; and g = p', we have

_d+2i-1
SUPm=#£0 21

Sm)| <10+ 1)g

Proof of Theorem 3.3.3. The proof will proceed by induction on r. We first con-
sider the basis step r = 3:

|Hs ol = {(z,21,20) e EXEXE: ||z — x| = ay, ||z — 23] = s}
= Y Soy(z = 1) S, (x — 22) E(x) E(x1) E(x2)
T,T1,T2

-3 (Z Sy (2 y>E<y>) (Z Seal y')E(y'>) NESEY

zeFE Y
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Note that

Y Sa@—v)EW) = Y. x(m.(z—y))Sa,(m)E(y)

Y

By Lemma 3.3.5, |S,,| = ¢ (1 + 0(1)) for any o; € Z;. Hence

> Sax =y E@y) = ¢ EI(1+0(1) +¢* > x(m.x)S,,(m)E(m),

m7#0

and (3.11) is equal to

> (@ ME(+o(1)+¢" Y x(m.x)Sa, (m)E(m)) (g E|(14+0(1)+¢" Y x(n.z) (n))

el m##0 n#0

= > a?|BEP(1+0(1))

+ qufl‘E‘(l—ko (ZX m.x) Sy, (m)E(m )+Zx(nx)§a2(n)ﬁ(n)>
el m;éO n#0
+ @YY x(ma)x(n.)Sa, (m) E(m) S, () E(n)
x€E m#0

n#0

where

I=> ¢ 'E|(1+0(1 (ZX m.x) S, (m) E(m) +Zx(n-$)Aa2(n)E(n)> :

zeE m=#0 n#0



and

I1 = ¢* Z Z x(m.x)x(n.x S,

Observe that

IN

z€E m#0
n#0

el m#o
2Bl 1+ 0(1) 3 3 S x(ma) S, (m) E(m) E()
m#0
2| Elq* 7' (14 0(1)) Y E(=m)E(m)Sa,(m)
m#0
2Bl (14 0(1)) 3 |E(m)[*S, (m
m#0

so that by Lemma 3.3.6 and Plancherel equality

Also,

1]

IA

VAN

IA

IN

1| < 2|E|¢* 11+ o(1))I(l + 1)g

d+2l 1

q B

d+2l—1

= 2|EP¢" (1 +o()I(l+1)g =

3

B
R
=
513
S

25" S ()G (m) E(m

erd m;éO

¢ Z Sas (M Sea(n) % Z x((m —n).x)
mZ0 TEZY
n#0 q

@3 (S, (m) | E(m) 2

m##0

3dl2(l—|— d+2l 1 Z ’E

m##0
£l

> (by Lemma 3.3.6)

2 _d+2l 1

2dl2(l + )

19



Therefore,

|H3,a‘ =

20

2R

q

El(i4o(1) 41411

@(1 +o(1)) + OQ2|E2¢" (1 + o(1)I(I + 1)~

C U1+ 1)

It follows that if | E] > (I 4+ 1)¢?~20% 21 then

EP
‘Hg,a| = ?(1 + O(l))
Now for the inductive step we assume that |H,. .| = ‘ 1 (14 0(1)) when |E| >

{1+ 1)qd<1_2l<7}—1>>+21(T1—1>. Setting S := S,,, we can write

|Hr+l,o¢’

where

S° Healwa,..o,200)BE()S(@ — @)
> .Hw(x,xl,...,xr D E(z,) ZX (z —2,))S(m)

> Hpalw,z,... 20 ZS x(m.x ZX —m.z,)E(x,)
¢ Y Healw,o,...,7, ZS )E(m)

Z,T15---Lp—1

¢ Z §(m)E(m) Z H, o(x,2q,...,2,21)x(m.x)

Z,X1,--Tr—1

T“ZS ra(—m,0,...,0)

~

*d]SHEHHm]Jrq 0N S(m) E(m) Hyo(—m, 0, ..., 0)
m#0
|E‘7‘+1

m ———(1+40(1)) + R (by induction hypotesis)

= "N " S(m)E(m)H,o(—m, 0, ..., 0).

m7#0

9 _d+2l 1

|E]).
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Now using the Cauchy-Schwarz inequality;,

R* = |RJ
_ T+1|ZS VE(m)H, o(—m,0,...,0)]
m#0
2
< ) <Z|S )| E(m ||Hr7a(—m,0,...,0)|>
m#0
< S BB a0, 0
m#£0 m#0
< DR 412t Y B Z |H,o(—m,0,...,0)
m#0
< q2dr+d7%l2<l+1)2|E|Z\ﬁT,a(m,O,...,O)P- (3.12)

Note that the third inequality above follows from Lemma 3.3.6 and Plancherel

theorem.

Let A:=)" \f]r,a(m, 0,...,0)]%. We first see that

flr,a(m, 0,...,0) = ¢* Z X(—z.m)H, o (2,21, ..., 2_1)

Z,T15---Lpr—1

— q*dr Z X(—J:m)E(:L’) . E(Irq)sal(x - xl) ces Sav-fl(x - xrfl)

T, Tp—1

= ¢ f(m),

f(z) = E(x) Z E(zy)...E(x—1)Sa,(x —x1) ... S8, ,(x —xp_1)

L1yeeey Tr—1

= E(x) ZE(xl o ( ZE 23) Sy (1 = 22) ... Y E(27-1)Sa,_, (x — 2,21)

Tr—1

= ZE 21)S0, (x —x1)|[EN (2 — Sa,)| ... [EN(z = S,,_,)]
E(z) ) E(x1)Sa, (x — 1)

where in the last step we used the fact that |[E N (z — 9)| < |S] = ¢ (1 + o(1)).

IN
Qm
I
/:
—_
+
S
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It follows that
A = Y |Hpa(m,0,...,0)]
qud”Zd > 1Fm)P?
= (J”Mdiélf(x)2

< g AT 4 o Z E(x) Y E(21)E(%2)Sa, (x — 21)Sa, (x — 72)

1,22

IN

g X221 41 )| Hs.al

< g TPOEPG T (1 + (1))

Now plugging this value of A in (3.12) we get

d+2l 1

R? < ¢*2(¢"1)* g B[+ 1)*(1 + (1)),

so that

IRl < ¢ Mgy 25 BRI+ 1) (1 + o(1))

= @D BRI+ 1)(1 + o(1)).
We conclude that,

’E|r+1

+2l 1

[Hy10] = (1+0(1)) + O (VD=3 BRI+ 1)(1 +0(1)))

and hence

E r+1
|Hr+1,a’ - | |

(1+0(1))

whenever |E| > (I + 1)#(“%)*%_ ]
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4 Product-Volume set of subsets of

d d
IF'q and Zq

An important problem in additive combinatorics is the sum-product problem for
finite subsets of abelian groups, e.g. given A C F, or Z,, how large does A need

to be to ensure that dA* = A.A+ ...+ A.A contains all ¢ elements or a positive

d-fold
proportion of them. It is an easy observation that sum-product problem is closely

related to the dot product problem in the context of finite fields and rings.

Also, it turns out that dot product problem has immediate implications for
the volume of simplices in d-dimensional spaces, which we will discuss in detail in

the subsequent sections.

4.1 Preliminaries

Given a subset E of IFZ or Zfll, the dot product is defined as
[[E)={zy: 2.y E},
where dot product of two vectors is defined by the usual formula
T.Y =Ty + ...+ TaYd,

for v = (z1,...,2q) and y = (Y1, ..., Ya)-



24

Let
AE) ={xy": z,yc B}y =][(E, EY)

denote the set of triangle areas determined by two arbitrary points of £ with the

third vertex pinned at the origin. More generally, throughout
Vi(E) = {det(z* — 2%, .. 2% — 2 . 27 € E}\ {0}.

will denote the set of d-dimensional nonzero volumes, defined by (d + 1)-simplices

whose vertices are in F.

d I
4.2 T, Setting:

4.2.1 Dot Product

It is shown in [13] that for d > 2, E C F¢ if [E| > ¢t then [I(E) D F;. Later in
[14], it is shown that the exponent % above is sharp. More precisely, in quadratic

dtl
2

extension of prime fields they construct a subset E of Fg of size ¢ “=¢ for which

[ TI(E)| = olg)-

4.2.2 Volume Set

For d = 2 the dot product result in [13] in particular implies that if £ C F;
has size greater than q%, then the points of E with the third vertex at the origin
determines all possible nonzero distinct triangle areas. In [16], using a point-line
incidence approach to the area problem, losevich et al. prove that if £ C Iﬁ‘g with
|E| > g, then [V(E)| > %% and the triangles giving at least 45 distinct areas

can be chosen such that they share the same base.
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d I
4.3 Z; Setting:

4.3.1 Dot Product

In [9], the authors prove the following.

(20—1)d

Theorem 4.3.1. Let E C ZZ, where q = p'. Suppose |E| > lq~ = +31. Then,

[[E) >z,

In particular for product sets E = A x ... x A C Zg, we prove the following:
—_——
d-fold

q 7’

Theorem 4.3.2. Let E = Ax ... x A be a subset Z¢ , where A C Z,, ¢ = p'.
—_——
d-fold
Suppose |E| > ¢*Cs) %2 Then [[(E) 2 q.
Proof. Let
v(t) = {(z,y) € EX E:x.y=t}.

Then by Cauchy-Schwarz inequality,

Bt = > vy | <ITI®NY vty (4.1)

tEZq t€EZq
We can write

v(t) = ) E(2)E(y)

x.y=t

= Y Y E(@y).

el x.y=t

From the Cauchy-Schwarz inequality, it follows that

) <IEIY Y EWEW)

reF z.y=x.y'=t
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so that
d V) < Bl ) E@EWE®W)
= [Elg" )Y x(s(zy —z.y)E(x)E(y)E(Y)
_ B S,
- = +FO ; (4.2)
where

e = |Blg™! Z Z X(sz(y —y))E(x)E(y) E(y)

(s) it

= |B|g*! Z ZE )| E(sz)

u(s) 7

= [El¢" ) ZE E@p's'z)?

SGZZ i

= |E|g*! Z ZE s'z)|E(p'z)[>.

sGZl i

Now denoting I} = {s'z : s’ € Ly}, we can write
= [Elg™ Y |EN L E(p')]
x

We note here that |[E N 1L < |A| = p® To see this, let z = (z1,...,24) and
IL={sx:s€ly i} D{sw:s €y} =1L

From the definition, it is clear that |E NI.| < |[ENI¢| and we will show that
IENT| <|A| where E=AXx ... x A,
—_———

d-fold

Note that we can assume that at least one of the coordinates of x = (z1,...,z4)
is unit. Since otherwise if val,(z;) = n > 0 is among the smallest, we can
write x = p"% where T = (23,...,2;,...,24) with £; is unit and E = [i gives

[ENT|=|ENT|.
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So we assume that z; is unit. If {s;z,...,s;2} = EN E, then the jth coor-
dinates syz; of the vectors spz, 1 < k < 't, are all different in A. Hence t < |A|.
Thus,

[ENL| <|ENi| =t <|Al

Clearly, we also have |E N 1| < p'~%. Therefore |ENIL| < min{p'~* |A|}, and
e < Bl Y min{p™ p HE @) (4.3)
Now we estimate

STIEG )P = ¢ > x((u—v)p'z)E(u)E(v)

T U

= ¢ Y EE(®)

(u—v)p'=0

For u = (uy,...,uq),v = (v1,...,0q) € AX ... x Aif
—_——
d-fold

pl(u_v) :pl(ul _Uly"'aud_vd) = (07"‘70)a
then pi(u;—v;) = 0forall 1 < j < d. That implies u;—v; € {p"~%,2p', ..., pp'~'}
and we have p’ choices for u; — v;. If we first fix v; in |A]| different ways, then wu;
is uniquely determined. So we have |A|p’ choices for each (u;,v;), giving |A|%p™

choices for (u,v).

It follows that

S IE@D)P < ¢ Al

= |Elgp"
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plugging this value in (4.3) and summing over all e}s for i =0, ...,1 — 1, we get

e; < |E‘2 d— 1Zmin{pl_i,pa}pd

_ ’E‘2d1<zpo¢ zd+ Z plzzd)
1

i=l—a+
S EPg T (prpt o+ ppthY)

o ’E‘Z d— 1( adead_i_lerldfd)

|E|2 d—1 ld(pa(l—d)+p1—d)

’E‘qu 1pldp1 —d

N

Bl gl T
= |[EP¢ g

Plugging this value in (4.2), the inequality (4.1) yields |[[(E)| 2 IIQ% q,
E q 1

whenever |E|? > ¢+ 7 ie. |E| > ¢ ) Ta,

U

4.3.2 Volume Set

We first note the dot product result, Theorem 4.3.1, for d = 2 implies that if
|E| C Z2 with |E| > lg>~ = then A(E) D Z;. Applying an F? analogous point-line

incidence approach, for the subsets of Zg we have the following result.

Theorem 4.3.3. Let E C Z2 where ¢ = p'. Suppose that |E| > =2, Then
14
Va(E)| > 452 — 1.

Now before giving the proof, let us introduce the necessary background.

Let ¢ = p' and (a,b) € Z2. Let ((a,b)) = {t(a,b): t € Zg}be the submodule of
Zg generated by (a,b), which gives the line through origin and the point (a,b) in

Z:. Now, consider the set

Ay ={(a,b) € Z% : p"|a,b but (a,b) # (0,0) mod p"*'},
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and denote [A,| = A, forn =0,1,---,1 1.
Lemma 4.3.1. )\, = p?(=7) — p2l-n-1),

Proof. Since p™|a,b in Z, we have p'~™ choices for a and b each and hence p2=n)

choices for (a,b). Now we need to subtract p>="~1 cases where p"*! divides both

a and b to get the desired result. O]

Lemma 4.3.2. Let £,, = {{(a,b)) : (a,b) € A,,} denote the set of lines generated
by the points of A,. Then |L,| = p'=" + p'=""L.

Proof. For (a,b) € A,, note that ((a,b)) is cyclic and | {(a,b))| = p"~™. Hence
there exist ¢(p!™") = p'=™ — p!="~1 generators of the group which lies in A,. So

that for each n, we have

pQ(an) _ p2(lfn71) i A
l—n l—n—1 =P +p
p - D
many lines in £,, each containing p'~" points. O

We now conclude that the average number of points in a line in Zg is

Z;;lo(plfn _‘_plfn71>plfn

Z;_:lo pl—n + pl—n—l
p2l_‘_p2171_‘_p2l72+_“+p2_‘_p
pl+2pl—1 +2pl—2++2p+1

~ pl

In what follows we will only consider Ly, i.e. the set of all lines of full length

q in Zg.

Lemma 4.3.3. For any (a,b) € Zg if (a,b) € A,,, then (a,b) appears in p" distinct

lines in L.
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Proof. Say (a,b) € A, and p"** { a. Then (a,b) belongs to the lines generated by
<]%, ip "+ p—i) for i = 0,...,p" — 1. Note that igp'™" + ]% = i1pt " + p—l; mod p!
would imply

iop ™" = d1p' " mod p!

o = 141 mod p"
which is not the case. Hence the given points are all distinct. Since ]% is a unit in

Zg, it follows that the lines determined by the given generators are all distinct. [

Lemma 4.3.4. Let R, = {(z,y) € Z; x Z, : x —y € Ni} and r; = |Ry|, for
i=1,..,0—1. Thenr:=rip+ryp® + .. +r_p~t < 2pt-1.

Proof. Let x = (z1,22),y = (y1,92) in Zq2. Now if x —y = (1 —y1, 220 — y2) € Ay
then p’lzy — y1 and o — yp but p™™' {2y — 1 or x5 — Y. play — y1 gives p

choices for x; — y; in Z4, we have ¢ choices for y; and y; determines z; uniquely.

Hence we have ¢p'~ choices for z; and y;. Same argument applies for z, and

l—i

yo. Altogether the condition pi|lr; — y; and zy — y» gives gp'~iqp!~* choices for

r = (21,22), ¥y = (Y1, 92)-
To exclude the cases where p'™! divides both z; — y; and x5 — y» we need to

I—(i+1

subtract gp )gp'~ (1) cases of x and y. Hence,

r; = qptigptt — qpt i lgpt L

Now summing 7;p’s over all i = 1,...,1 — 1 we get

ro= (@' - )p

+ (@' = @ PP’

+ (qpap — ¢@*)p'™

A1y 22 ) plfl)

S 2q2p21—l — 2p4l—l

= ¢
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0
Proof of Theorem 4.3.3. Let L be a line in Ly and consider the sum set
E+L={e+l:ecE lecl}
Since |L||E| > ¢
e1 + 11 = eg + ls for some ] # Iy
so that
Iy — 1y = e — eq. (4.4)

Here we aim to average the solutions of the equation (4.4) over p' + p'=! lines
in L£y. To start with, we count the number of solutions of (4.4) over all lines in

Ly in two cases:
In the case e; = ey, there are |E| and q* choices for e; = ey and [} = Iy ,

respectively.

In the case e; # ey, we can choose e; and e in |E|(|E| — 1) different ways,
and once we fix them, we look at the difference e; — e. At that point let S; =
{(e1,e2) e EX E ey —ey € Aj} and s; = |S;| for i = 0,...0 — 1. We know from
Lemma 4.3.3 that if (e;, es) € S;, then e; — ey lies on p' lines in £y and when we
fix the line, Iy — [; can be written ¢ different ways on that line. In other words,

for all s; pairs (e1, ez) € S;, Iy, o is chosen p'q different ways over the lines in L.

So altogether we have

{(e1,e2,l1,l3) € EX Ex L x L: (4.4) holds for some L € Ly}|
= |E|¢® + s0q + s1pq + sop*q + ... + si_1p' g
< |EPq+ (so+sip+sap” + ... + 519 Y)g

= |EPq+ ([E +s)q
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where s = s1p+ sop® + ... + 5;_1p' L. Note that s <r < 2p~! < 2|E|? by Lemma

4.3.4 and the assumption on the size of E.

Hence we get,

{(e1,e0,11,15) € Ex Ex L x L: (4.4) holds for some L € Lo}| < 4|E|*q

It follows that there exists a L € L such that

pl

pl+pl—1
_r
1+p

{(e1,e2,11,l5) € Ex Ex L x L: (4.4) holds}| < 4|E|?

= 4|EJ?

If we let v(n) denote the number of representation of n as e+ for some e € E,

l € L, then by Cauchy-Schwarz, for this particular L,

[EPILP = (Z V(n)>

neE+L

< [E+L] Y Vn)
nekE+L

= |E + L||{(61,62,l1,l2) ceExEXLXxL: (44) hOldS}l

Hence,

[E]?|L?
|{(€1,€2,ll,l2) ceExExLxL: (44) hOldS}’
EPp” ¢ 1+p

T OAEPRS 4 p

|E+ L|

We conclude that there exist points of E in at least %% parallel lines. Here
we shall note that there are totally ¢ parallel lines to L, including itself, and one of
them must contain two points of FE/ with a unit distance in between. For otherwise,
on each of these parallel lines there would be at most p'~! points of E yielding
|E| < qp'~! = p*~! which is not the case. It follows that points of E determines
at least %% — 1 distinct triangle areas with the same unit base on one of the

parallel lines and with the third vertex being on %% — 1 different parallel lines.

O
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5 Permutation Polynomials over

I

Permutation polynomials (PPs) over finite fields play an important role in com-
binatorics, cryptograph and coding theory. More specifically, they are used for
construction of several combinatorial designs, generating pseudorandom sequences
by recursive procedures, and enhancing secure transmission of data. Although
permutation polynomials have been studied for long, there are still many open
problems regarding the subject. For a detailed literature on this subject we refer
to [17] and [19]. In this chapter, we intend to introduce some basic facts about

PPs first, and then present the Carlitz rank construction described in [2].

Definition 5.0.1. Let F, be a finite field of q elements, where ¢ = p", p is a
prime and n is a positive integer. A polynomial f(x) € F,[z| is said to be a PP

of F, if the induced map oo — f(a) from F to itself is bijective.

Given a permutation o of the elements of F,, there exists a unique polynomial
fo € Fy[z] with deg(f,) < ¢ and f,(c) = o(c) for all ¢ € F,. The polynomial f,
can be given by the formula
folz)= Y o()(1—(z—c)"). (5.1)
cely
or by the Lagrange interpolation formula, see for instance [17]. From (5.1), we

note that deg(f,) < g — 2, since all elements of F, sum up to zero.
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Consider an (arbitrary) polynomial f € F,[z]. One can associate f to the
reduction polynomial g € F [z] by taking f mod (27 — z), since g and f induce

the same map over F,, as stated in the following lemma.

Lemma 5.0.5. For f,g € F,[z], f(c) = g(c) for all ¢ € F, if and only if f(x) =
g(x) mod (7 — x).

Proof. Using division algorithm we have, f(z) — g(z) = h(z)(z? — z) + r(z) for
some h,r € F [z] with deg(r) < ¢. Substituting ¢ for z, we get f(c) = g(c) for all
c € F, if and only if r(¢) = 0 for all ¢ € F,, which is equivalent to r = 0. O

Definition 5.0.2. Let n be a positive integer. The set of all one-to-one mappings,
i.e. permutations, from the set {1,2,...,n} onto {1,2,...,n} forms a group under

the composition. This group is called the symmetric group of degree n, and

denoted by S,,.

Let S = {f(x)| f(z) is a PP of F,}. Define an operation "." on the set S in
such a way that g(z).f(z) = h(xz) whenever f(g(z)) = h(z) mod (z9 — z). Under

this operation (5, .) is a group and it is isomorphic to the symmetric group S,.

Theorem 5.0.4. Forq > 2, S, is generated by x> and all (non-constant) linear

polynomials over F,,.

Proof. Note that the polynomial f,(z) = —a?(((x — a)72 + a™1)92 — )72 rep-
resents the transposition (0a), a € F;. Since every permutation of F, is a prod-

uct of transpositions and every transposition (bc) can be written as a product

(0b)(0c)(0b), we conclude the proof. O

Hence, as pointed out in [10], any permutation (or permutation polynomial)

of a finite field IF, can be represented by a polynomial of the form

Po(z) = (... ((apr +a) T2 +a2)"2 ...+ apn)T 2 + app1, n >0, (5.2)
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where a1, a,11 € Fy,a; € Fy for i =0,2,...,n.

Here, we make the following convention for P,(z). We put P, = P, or P, in
the cases a,.1 = 0 or a,y1 # 0, respectively. Obviously, in both cases n is the

number of times x772 occurs in the representation (5.2).

For the polynomial P, (z), we consider the rational function
(@) = (.. ((apz +a)) P 4 ag)™ .o+ an) ™t + anga,
and we have the following lemma accordingly.

Lemma 5.0.6. r,(z) with its continued fraction expansion
a1+ 1/(an +1/(...+ a2+ 1/(aox + a1) .. .)),

can be represented by the n'th convergent

Ro(r) = —O‘";z j: g”“ , (5.3)

where the ay and the By are given recursively by

o = ap0g—1 + ap—g  and By = apfr—1 + Pr—2, (5.4)

for k > 2, with initial values ag = 0,01 = ag, o = 1,51 = ay. Note that oy, and

B cannot both be zero.

Proof. The proof proceeds by induction. First note that

1 . 0425(3—1-52
ar +a; o+ Gy

Rl(l') = a2 +

where ag = asag, fo = asa; + 1, a7 = ag, 1 = a;. Now assuming the assertion for
Ryi_o, we have

1

o 1T+BK_1
ap_2x+PBr_2

Q2T + Pr—2 gt Br
Q1% + Pr-1 Q1%+ Pr1’

Rie—1 = ap+

Ry

where oy = apog—1 + ag—p and By = apBr_1 + Br—2. []
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Note that when a,, .1 = 0, R,, reduces to (a,_ 12+ Bn_1)/(anx+ Bn), as apy1 =

an—1 and B,41 = B,_1 in this case.
We define the set of poles, O,,, as

On:{xi:xi:%@,izl,...,n}CIP’I(JFQ):]FQU{OO}. (5.5)

and the string of poles as O,, :

On = ()i = (21,22, ..., Tp).

Observe that a rational function R(z) = Z;”Ig, ¢ # 0, is onto from F,\ {—d/c}

to IF, \ {a/c} so for every rational function R, (z) in the form (5.3) we can define
—bn

Qn

a corresponding permutation F,(x) via F,(z) = R,(z) for x # x, = and

Folzyn) = O%f when z,, € F,.

As for P, we distinguish two cases for R,, and F,, and write R, (z) = R,(x),

Fo(x) = E,(2) for a1 =0, and R, (z) = R, (), Fu(z) = F,(x) for a,.1 #0

An easy observation yields that
Po(z) = Fu(z) for allz € F, \ O,,.

We will explore how P, and F, differs from each other for the elements in O,,

subsequently. We will first state the following observation.

Lemma 5.0.7. Let P, (z) = P,(z) on F,, with associated rational functions

Rm(x) and R, (), respectively. If m +n < g — 2, then R,(x) = Ry(x).

Proof. Let F,,(x) and F,(x) be the permutations corresponding to P,,(z) and
P, (x) respectively. Then F,,(z) differs from P,,(z) for at most m elements, and
Fu(z) differs from P,(z) for at most n elements of F,. Since Pp(z) = P.(z)
on F,, F,(z) = F,(z) for at least ¢ — m — n elements of F,. We know that if
Fm(x) # Fo(z), then F,,(z) = F,(x) has at most two solutions on F,. Thus,
q —m —n > 2 implies F,, = F,. O]
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In sequel, for a cycle 7 € 5, the length of 7 will be denoted by [(7), and
supp(7) :={a: 7(a) # a} will denote the elements of F, that are not fixed by 7.

Suppose that the permutation P,(z) can be decomposed into F,(z) and m

disjoint cycles 7 ... 7", that is,
Po(z)=7".. TME (), (5.6)

where {(7(™) > 2, and 7" = (F,(2}) ... Fo(x})), for 1 <i <m.

We define the set O,, as
0,={yc0,.1:F(y) ¢ supp(Ti(n)) for some 1 <i<m}U{z,}

if z,, € IF,. 0,, does not contain =z, if z,, = co.

Theorem 5.0.5. Let P, 1(x) be given by

Poa(z) = 7"V 0 DE,_ (2), (5.7)
where
1. 7'1(”_1), e ,7'7(,?_1) are disjoint cycles.
2. If Poo1(xp-1) = Fh_1(xn—1) we assume that 7'1(”_1) = (Fh_1(xy_1)) and

F" Dy =1,>2 for2<i<m.

)

3. If Py_1(xp_1) # Fu_1(xn_1) by permuting the cycles if necessary, we assume
that Fp_1(z,_1) € supp(r{"™") with 2} = 21, and (7)) = I; > 2, for

1< <m.
Assuming x,_1,x, € F,, we have
Po(z) = (Fo(xn) Fy (2 )™ . 7 FL(2).

Proof. We consider three cases:
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Case 1: Suppose that F,_i(x,) is not in supp(r("_l)) for any ¢ = 1,...m in the

decomposition (5.7), i.e. z, € O,_1. we need to show the following three

properties:

(i) If z ¢ O,_; and = # =, then P,(x) = F,().

(ii) If y € O,y satisfies y # ], and P,_1(y) = F,_1(y'), then P,(y) =
F.(y).

(iil) Pu(x)) = Fo(zn), and Py(z,) = Fy(zn-1).

(i) If v ¢ O,_1, then P,_i(z) = F,_1(z). Since z # x,,_1, x,, we have

_ Ap 2T + ﬂn—Q 2
P, (z) = (P1(2x)+a,)?=——"=14q,
@) = (Palo) ot = (2202 4, )

_ <(anan—1 + an—?)x + anﬁn—l + 671—2)(1_2
Qp_1T + ﬁn—l
< ¥ + B )q2 Q1T + Pp_1

Qp1T + anl anT + 671 ( )

This proves (i).

(i) Let P,—1(y) = Foim1(y'). Then

Pu(y) = (Puaa(y) + @n)q72 = (anl(y/) + an)q72

(an—2y/ + 671—2 >q2 ( any, + ﬂn >q2

= —/ + an = —/

Qp_1Y + ﬁn—l An—1Y + Bn—l
Oénfly/ + anl

= —:Fn ! .
any' + B &)

(i)

Pn(xll1> = (Pn—l(xlll) + an>q_2 = (Fn—l(xn—l) + an)q_2

q—2 q—2
Qp—2 ApQip—1 + Op—2
= —|— an
Op—1 Qp—1
Qp—1

- (x,) an
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Pn(xn) = ( n—1 xn) + a'n) 12 = (Fn—l(xn) + an)q_2
(an 2Tn + Bn 2 )q_2
+ a,

Qp_1Tn +ﬁn 1

_ ( Qp,Clpy— 1+Oén Q)xn"'anﬁn 1+Bn 2)(12
Ap—1Tn _I_Bn—l

q—2
( nTn + Bn ) =0=F,(z,1),

Qp_1Tn +Bn 1

where in the last step we used

Op—1Tn—1 + Bn—l

=0.
OnTp—1 + Bn

Fn(xn—l) -

Case 2: Suppose that F,_1(z,) € supp(r\" ™), say z, = 22, i.e.
Tl(n_l) = (Fn—l(xn—l) e Fn—l(xyl«_l) Fn_l(l'}J e Fn—l(xlll))‘
In this case we need to show the following:

(i) If z ¢ O, then P,(z) = F,(z).
(i) If y € O,y satisfies y # =,z |, and P,_1(y) = F,_1(y), then
Puly) = Fu(y').
(i) Pu(zh) = Fu(en), and Pafely) = Fu(ra_s).
Note that (i), (ii) and the first statement of (iii) can be shown as in

Case (1), so we will only show P,(z}_,) = F,(x,_1):
Pn(xi—l) = (Pn 1( ) + an) (Fn 1($n> + an>q 2
g

Qp—_2Tn + ﬁn—Q 2 (7% %) + Bn -2
= + an

Qp—_1Tn + ﬁn—l Qp_1Tn + 5n—1
= 0= Fn(.’ﬂnfl).

Case 3: Lastly, suppose that F, ;(z,) is in the support of a cycle in (5.7), other

than the first one, say in supp(m'~ ') and x,, = 22. We need to show:

(i) If ¢ O,,_1, then P,(z) = F,(x).
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(ii) If y € O, satisfies y # z{,2_,, and P,_i(y) = F,_1(y'), then
Po(y) = Fu(y').
(iil) Pu(2,) = Fo(zy), and P,(22_,) = Fp(@n-1).

The proofs are same as that of (i), (ii) in Case 1, and (iii) in Case 2.

O
Corollary 5.0.1. Let x,_1,z, € F,. Let
Poi(z) = 7"V 0 DFE - (2) (5.8)
where
170 Y are disjoint cycles.

2. If Po1(xn_1) # Fn_1(xn_1) we assume without loss of generality that F,,_1(x,_1) €

supp(Tl(n_l)) with 1 = x,_1, and l(Ti(n_l)) =1;>2, for1 <i<m,.

3. If Pu_1(xp_1) = Fu_1(Tn_1) we assume without loss of generality that Tl(n_l) =

(Fpor(zn1)) and 1(z"D) =1, > 2, for 2 < i < m.
Then P, (x) can be decomposed as follows:
(i) If z,, ¢ O,_1 then
Pa(®) = (Faltn) Fal@n) ... Falzf ) 70 Fu(@),  (5.9)

(ii) if Far(an) € supp(r" ™), say z, =, then

Pa(t) = (Fultn) Falwly) .. Fal@l)) (Fa(@a)Falzd) ... Fulalo))m" .1 F(x),
(5.10)

(111) if Fo1(z,) € supp(Ti(n_l)), Jj# 1, say in Supp(Tz(n_l)) and x, = 2, then

Pn(x> = (]:n(xi)fn(x;_l) .. fn(xlé)‘/_-'n(x%) . fn(wi—l)"rn(x%) . }—N(Illl»
T3(n) . .T(")]:n(x).

m
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Theorem 5.0.6. Suppose P, can be decomposed as

P, 1(x) = 7'1(”_1) VR ().

m

Let x,, = co. Then

Pu(z) = 7. tWE,(z)

Poa(z) = #"™ B, (), and
Poia(x) = (Fusa(@nio) Fosa(@np))n" i Fy s (),

where ¥ denotes the cycle (Fre(z}) ... Fi(x})) as before.

Proof. To prove the first two equalities it is sufficient to show the following prop-
erties:
(i) If x ¢ O,,_1, then P,(z) = F,(x) andP, 1 (z) = F, (7).

(ii) If y € O,_, satisfies P,_1(y) = F,_1('), then P,(y) = F,(v') and P, ;1 (y) =
Fn+l(y,)'

(i) Suppose that x ¢ O,_;. Then P, ,(v) = F,,_;(x), and

_ Qp_2T + 67172 -2
Pn = Pn— n 7= | s n
@) = (Bale) by = (220 )

o (anan—l + Oén—2>x + anﬁn—l + Bn—? a2
Qp_1T + ﬁnfl

_ (M)Q _ Gt B

= F,(x).
Qp_1T + 671—1 anl + Bn ( )

For x ¢ O,_; and = # 2,4, the equality P,,,(z) = F,,;1(x) also follows as above.

Finally

—2
_ O 1Tpy1 + Bnot !
Pori(@nn) = (Pa(@nr1) +an)? = o
+1(Tnt) CACRY ) ( QpTpgr + Pn )

((anén + O‘n—l)xn—‘rl + aﬂnﬁn + /Bn—l a2
OnTn+1 + Bn

_ <Oén+1$n+1 + Brt1

q—2
=0= Fn T )
ApTpt1 + ﬁn ) —H( +1)
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where in the last step we used F, 4 1(,41) = s =0

(i) If y € O,_1 and P,_1(y) = F,_1(%/), then

Pn(y) = (Pn71<y) + an>q72 = (anl(y/> + an>q72
Oéany/ + ﬁnf2 -2 any/ + ﬁn -2
Op_1Y + Bn—l Op—1Y + 511—1
anfly, + 5n71
Yy + By
The identity P,1(y) = Fno(y/) for v # x,., follows analogously. Finally for

= Fn(yl)'

Yy = x4 we get

Po(y) =0=F.(y)
since in this case
an
FnJrl(yI) = Fn+1(£n+1> = =0.
(e 7m |
The statement for P, s follows then from Theorem 5.0.5. O

Corollary 5.0.2. Let O, = x1, 2, ...,x, be the string of poles of P,.
If x; # 00, 1 <t <n, then

Pu(x) = (Fulwn) Ful@n-1) ) (Fu(wn-1)Fu(@n-2)) - . . (Ful2) Fulw1)) Fu().

If x4, = oo for some integers 3 < t; <mn and s < n is the largest integer such that

Ts_1,Ts # 00, then

Pu(x) = (Fulws)Fu(s-1)) .- (‘Fn(Itj-i-Q)Fn(l‘tj-i-l))(Fn(xtj—ﬁfn(xtj—Q))
o (Fulzo) Folzr)) Fulx).

Remark 5.0.1. Given a permutation
Po(z) = (... ((apr +a) T2 +a2) 2. ..+ a,)" 2 + app1, n >0,

where ay, any1 € Fy,a; € Fy fori=10,2,...,n, we can compute the oy, and the Py,

1=2,...n+ 1, recursively from

ap = ap0g—1 + Qp—2, B = apBr—1 + Br—2,
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with the initial values ag = 0, a1 = ag, By = 1, f1 = ay. Subsequently, we
get the string of poles O, = (), Ru(z) = %, and the corresponding
permutation F,(z). Corollaries 5.0.1 and 5.0.2 then gives the decomposition of

Pn(x) as a product of cycles and F,(x).

On the other hand, given R, (x) (or the corresponding F,(x)) with a string of

poles O,, C PY(F,) we can construct the permutation P, as follows:

Let Ry (x) = 4 — catxd ¢ 5L 0, 50 that

Qpi1 = €a, Pry1 = €b, oy, = €c, B, = ed.

. _ =Br—2 _ —(Be—arBr-1)

Then if o # 00, from xj_o = s T onaran . we get
Th_oQp — QpTp—20p_1 = —[ + apfr_1

B + T = ap(Br-1 + Tp_20k_1)
Br + Tp_20p

ar = )
Br—1+ Tp_o_1
and if xp_o = 00, i.e. ap_g = 0, then ap = agap_1 hence ap = =& for 3 <

o1
k < n—+ 1. Therefore we can get a, as a multiple of € , 3 < k < n+ 1, from its
recursiwe formulation here. Since ag = asaq + g, ag = 3—? Now as can be used
to determine € for By = asf + By = asfby + 1. Knowing ay = 1 and ag = o, the

complete formulation of P, is constructed.

5.1 Carlitz rank of a permutation polynomial

Note that given a permutation p(z) of IF, p(x) can be represented by a polynomial
of the form P,(z) as in (5.2) but this representation may not be unique. Accord-

ingly, we can define the Carlitz rank of a permutation polynomial as follows.

Definition 5.1.1. Let p(z) be a permutation of F,.The smallest n satisfying
p(x) = Pu(z) for all x € F,, where P,(z) is of the form (5.2), is called the
Carlitz rank of p(x) and denoted by Crk(p).
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We should note here that if Crk(p)=n, then p(z) is composed of at least n

“inversions" 972 with n (or n + 1) linear polynomials.
Theorem 5.1.1. Let Py(z) be given by
Po(z) =11... T Fs(x)

where 7; are disjoint cycles of length l; > 2, for i =1,...m. Then we have one of

the following three cases:

(i) If Fs is not linear, and Fy(xs) € supp(r;) for some 1 < i < m, then there exists

a permutation P, withn=m+ Y ", l; =1 and Py(zx) = P,(x) on F,.

(ii) If Fs is not linear, and Fs(xs) ¢ supp(m) for any i = 1,...,m, then there
exists a permutation P, withn =m+ > ;" l; +1 and Ps(x) = P,(z) on F,.

(iii) If Fy is linear, then there exists a permutation P, withn =m+ > 1; and
Ps(x) = Po(x) on F,.

In all three cases, if n < q;21, then Crk(Ps) = n.

Proof.

(i) Let Fs not be linear, i.e. x5 # oo and Fs(zs) € supp(r;) for some 1 < i < m.
Without loss of generality assume that x; = z7. We can choose F,(x) = Fs(z)

with the string of poles

_ 1 1 m m ,m—1 _m—2 1
On=xy,...,00,...,% ..., ¢,z o), .

Then Corollary 5.0.1 and Remark 5.0.1 gives us the desired P,,.

(ii) Let Fs not be linear, i.e. x5 # oo, and Fs(zs) ¢ supp(m;) for any i = 1,...,m.
We choose F,(z) = Fy(x) with the string of poles

m—1 , m—2 1

_ 1 1 m m
On =Ts,@py ooy Ty e Ty, T @y T 5 T, T

to get the desired result.
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(iii) Lastly, if F is linear, i.e. x; = oo, we choose F,(x) = Fs(z) with the string
of poles

1 1 m m m—1 m—2 1
On=uxy,...,00,...,¢] ..., 20",z 2" ", ... 2,00

to get the desired result.

Note that in all three cases above we took Fs(z) = F,(z). Now suppose for

some n’ < n, F,(r) not equal to F,(z) on Fy, but P, (z) = P,(x). Then by
q—2

Lemma 5.0.7, we must have 2n > n +n' > ¢ — 2, i.e. n > %= Therefore, we
conclude that Crk(P;) = n, if n < &* in the above cases. O
Example 5.1.1. Let ' =TF; and

p(x) =Pr(z) = ((((2z + 1) +5)" +3)? + 7)? +4)? + 4)? +2)°

be in Fi1[z]. Then
String of poles: 5,6,8,5,00,1,6 and

p(x) = Pr(x) = (F7(6) F7(8) F7(1)) F7 (x),

where
3x+8 if © 6
F7(ZE) — 6x+8 f 7&
6 if t = 6.

We can reduce Pr(x) to Ps(z), where
Ps(x) = (((10z + 1)? + 8)? + 1) 4 10.
Hence, Crk(p) is 3.

In the following theorem, we will use the Stirling numbers S(¢,k,m) of the
first kind which is the number of ways of distributing k objects into m cycles each

containing at least ¢ elements. For ¢ = 2, the recurrence relation
S2,k+1,m+1)=kS2,k,m+1)+kS(2,k—1,m)

is known.
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Theorem 5.1.2. The number B(n) of permutations of F, with Carlitz rank n is
given by

125
B(n) = (¢* — q) Z (n+161_m>8(2,n+1—m,m)(n+ 1 —m)

]

(n—l— )S(Z”—l—m,m)(q—(n—l—m))

m=1

I

Lnl
+@®—q) Y
3]
+* — q) ( E >S(2,n—m,m) (5.11)

n—im
m=

forall2 <n < (q—1)/2.
Proof. Let p(x) = P, (x), where

Po(z) =71 ... T Fn(x),

where F,(z) = 242 2 <n < (¢ —1)/2.

We will distinguish the proof in three cases in parallel to Theorem 5.1.1.

We first assume that F,,(z) is not linear. Then for simplicity we can write F,(z) =

Cf:db. Let F,(—d) = a € 7; for some i = 1,...,m. By part (i) of Theorem 5.1.1,

n=m+ Yy . I, — 1, that is, the total number of elements in 7;’s is n +1 —m

Hence for the product 7 ..., we have ( S(2,mn 4+ 1 —m,m) choices. Now

)
n+l—-m

ax+b

vl Note that for ¢ we have n+1—m

we count the possible choices for F,(z) =
choices, d is arbitrary so ¢ choices for it, and lastly since ad — b # 0 we have ¢ — 1
choices for b. Altogether there are (n +1 —m)q(q — 1) choices for F,(x). Lastly,
since [; >2forallt=1,... m,n+1—m>2m,ie. 1 <m< VTHJ Combining

what we get so far yields the first summand in 5.11.

az+b
r+d

case but F,,(—d) = a ¢ 7, for any i = 1,...,m. Then part(ii) of Theorem 5.1.1

Now assume that F(z) is not linear, so it is of the form

as in the previous

gives n =m-+Y ", l;+1, that is, the total number of elements in 7;’s is n — 1 —m.

Hence for the product 7 ... 7, we have (n_f_m)S(Q, n —1—m,m) choices. Now
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ax+b

we count the possible choices for F, = <57

For a, we have ¢ — (n + 1 — m)
choices in this case, d is arbitrary, ad — b # 0 gives ¢ — 1 choices for b. Altogether
there are ¢(¢ — 1)(¢ — (n + 1 — m)) choices for F,,(z). Lastly, since |; > 2 for
alli=1,....m,n—1—m >2m,ie. 1 <m < VT_IJ and we form the second
summand in 5.11.

Lastly, let F(x) be linear, say F(z) = ax + b, a # 0. By part (iii) of Theorem
5.1.1, n = m + >_;" l;, that is, the total number of elements in 7;’s is n — m.
Hence for the product 7; ...7,, we have (¢ )S(2,n —m,m) choices. For F,(z)

we have g(q — 1) choices in this case and n —m > 2m gives 1 < m < L%J, which

completes the proof. O
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