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Abstract

This thesis explores nilpotence in the Steenrod Algebra A for an odd prime p. Three
major topic areas are discussed here. In Chapter 3, we show that the Milnor element
P; has nilpotence p[{] + p in the mod-p Steenrod Algebra A if p is an odd prime
number. A similar result was proved by K. Monks when p = 2. In Chapter 4,
we find formulas for the nilpotence of elements P(n) for certain values of n, and
generalize other results proved by Monks when p = 2. In chapter 5, we adapt to

odd primes results of Monks [19] regarding hit elements aod antiautomorplism.



Chapter 1
Introduction

The study of Steenrod algebra began with Steenrod’s work constructing stable co-
homology operations acting on cohomology theory with Z,-coefficients. In [24] and

(25] he defined operations, the Steenrod square operations
Sq': HY(X;Z3) — H*(X;Z,)

which help us to solve soine questions in algebraic fopology. By composition these
operations give rise to an algebra of operations, the mod-2 Steenrod al gebra, acting
on the Z,-cohomology groups of spaces. The structure of this algebra was elucidated
by Adem [3], Cartan {7], and Serre [20]. In particular, they showed that the mod-2
Steenrod algebra is the tensor algebra on the Sq'’s modulo the Adem relations: For
0<i<?f, |
Sqifiqj - § (ji—_kzll)sqﬂaj—ksqk'
k=0

In [20] Serre also observed that the representability of the cohomology sronps implies
that this algebra is the complete algebra of stable cohomology operations. In {15]
Miinor observed that the Steenrod algebra has the structure of a co-commutative
Hopf algebra. Therefore the dual is a commutative algebra.

The problem of determining the nilpotence height of elements of {.he Steenrod

algebra has been of recent interest. For prime 2, the nilpotence lieight of 54" was

conjectured to be 2n 4+ 2 by Steve Wilson tn 1975. In [9] Donald M. Davis showed
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that (Sq? )"+ # 0. At the same thﬁe, Davis verified by compulor caleulation that
(5q2")+2? = ( for n < 5. Kenneth Mouks also verified this for n = 6,7. In 1994
this conjecture was proved by Walker and Wood (sec [28]). Lalvr they generalized
this result for odd primes p (see [29]).

The nilpotence height of Milnor clements P was determined Ly Kenneth Monks
[18] when p = 2. We adapt Monks’ results about the nilpotence Leight of Milnor
clements P? to odd primes in Theorem 3.1.1 which says that tho nilpotence height
of Milnor elements Py is exactly p([3] + 1). In {17] Monks fous the nilpotence of
certain families of elements Sq*. In Theorem 4.1.1 and Theorcm 4.1.2, we adapt
these results to odd primes. For example, we prove that the nifpotence heights of
P(ﬂ-@’:%”lm——llﬂ) and P(p™ — 1} are m + 2, m + 1 respectively. In Theorem 4.1.3,
we find formulas for the nilpotence of elements P(n} for the coriain values of n.
In Thaearem 5,1.1 and Thearem 3.1.2, we generalize results of Monks [19] about hit

polynomials and the antiautomorphism for odd primes.



Chapter 2

The Steenrod Algebra and Its

Anti-automorphism

2.1 The Steenrod Algebra and Its Dual

In this chapter, we will review much of background knowledge nceded for the rest

of this dissertation. Let p be an odd prime number and Z, = 7Z/pZ. Let
g:HI(X;Z,) — H™'(X; Z,)
be the Bockstein coboundary operator associated to the exact seqience
0272, >Z,:—7Z,—0
It 1s known that /3 is natural for mapping of spa,cés, that 82 = 0, and that
Bzy) = B(z)y + (-1)'zB(y)

where dimz = q. Let P': HI(X;Z,) — HIH0-1)(X;Z,) be a natural homomor-
phism which has the following axioms:

VPP 2 H'( X Z,) — H(X;Z,)is the identity homomorphism.

DIf dimz = 2k, then P*{(z) = "

DI dimz > 2k, then PH{z) = 0. |



4)Cartan Formula: If z,y € H‘"(X;-Z,,), then
= 3 Pi(=)P*(y)

5)Adem Relations: If a < pb, then

(2]
Pnpb = Z(_l)a+t((p—i}(5-—t}—l) Pa-{-b—\'. Pt

a=pi
(el

If a < pb then

piaps = Z:z_ (— )a-;-f. ((P—al)pbt—tl)ﬁPa+b—tPt

+ Zmul]( )u+e ((p-l}(b— - )ﬁpu+b -:ﬂpt

a—pt=1

Let M = (M;)} be a sequence of R-modules where R is a commutative ring and
i > 0. Then M is called a graded module. We say the elements of M; have degres
i or dimension 7. A homomorphism [ :-A — B of graded modules is a sequence
of homomorphisms fi : 4; — Bi. If M and IV are graded modules, we define the
graded module M ® N = 3_; M; ® N,_;. A graded R-module A is called a graded
algebra if there is a homomorphism ¢ : A® A — A and a unit element 1. The

algebra is said be associative if the following diagram is commutative;

AQAR A ¢ D 1 A® A
I® o . @
r

A A i A

Let B be a graded algebra. Let T: A® B — B ® A be the map defined by
Ta®@b)=(~-1)""Ra

where dima = p aud dimb = q. We say the algebra is commutative if the [ollowing

diagram comimnutes;



A® A T Ao A

A homomorphism f: A — B of algebras is a homomorphism of modules which
commutes with multiplication, i.e. foa=da(f®[) and such that f(1) = 1. Let M
be a graded module and A be a graded algebra. M is called an A-module if there is
amap ¥ : AD M — M which respecis the unit of A and such that the following

diagram commutes;

AQARM —19% AR M

PR 1 _ P

AR A _ ¥ A

If Bis a graded algebra, then A ® B is given a graded algebra structure by the

multiplication

ARBRARB—-ARAQRB®B— AQB.
If N is a B-module, then M @ N is an A® B-module by the mapping

ARBIMAON - AMQRBON > MaN.

The ground ring R may be regarded as a graded module such that B; = 0if : > 0.
We say a graded algebra is augmented if there is an algebra homomorphism ¢ :
A— A o '

Now we can define the mod-p Steenrod algebra A to be a graded associative

algebra generated by the element P* of degree 2i(p—1) aad the element g of degree



1. A monomial in A can be written in the form
,6’0 Prl "3(]' PT: ﬁtg P Prgﬁ(k

where ¢ = 0 or | and ; > 0. We denote this monomial by P/ where I =

(€0171y€1y-+ - 1%y €6). A sequence [ is called admissible if r; > prigy + ¢, forz 2 1.

Hence P! will be called admissible monomial if [ is admissible.

Proposition 2.1.1 The admissibl: monomials P! form a basis for the mod-p Steen-
rod algebra A.

This can be proved by using Adem relation (see [26]).

Let A be an augmented graded algebra over a commmutative ring 2 with unit.
We say A is a Hopf algebra if

1) There is a “diagonal map” ol algebras ¥ : A — A @ A.

2) The following compositions are both the identity;

A AR A €®1 - R®A
1®e o~
A®R = A

We say 1 is associative if the {ollowing diagram commutes;

A 2 A® A
1 Pl
A®A 1Y AR A® A

We say 4 is commutative il the following diagram commutes;



Theorem 2.1.2 The mod-p Steenrod algebra A is a Hopf algebra with commutative

and associative diagonal map.
We recall the structure of dual algebra A* of A. It was computed by Milnor [15].

Proposition 2.1.3 There is a unique algebra map ¢ : A — A® A such that for
all i 20 |

$(PY= 5 PPt
k=t

and

HAH=8R1+1@4.

This can be proved by uSing the Kunneth Theorem and Cartan formula. Since
the mod-p Steenrod algebra is a co-commutative Hopf algebra, its dual A" is a

commutative Hopf algebra.

Theorem 2.1.4 (Milnor) The algebra A is the tensor product of a polynomial
algebra on generators & 1 > 1 of degree 2(p' — 1) by an exterior algebra on generators

7 1 > 0 of degree 2p' — 1. Moreover the coproduct ¢ is given by the formula

ke .
&)= iR

=0

and
k=1

pr)=ne®R1+ Y, Ezi_i R i

=0



So the monomial basis in A* can be written in the form

ria
‘f = 1" T

Then dual to the the monomial basis €/ is a basis for the mod-p Steenrod algebra
known as Miluor basis. So Q@ Q% -+~ P(ry,74,...} will denote the dual of I3

The mod p Steenrod algebra is given as a graded Z,-module on the Milnor basis
with product and coproduct defined in terms of that basis. So A is a Z,-module

with basis symbols QP Q% - -+ P(ry,7,...) such that ¢ =0 or 1, r; = 0. The degree
of

QWQH t (TIir'l: )
is given by 3; e:(2p° — 1) + 5; 2r5(p' — 1). The product is given by

P(?’I,‘Pg,...) qh‘g?s )_Zﬁ tl:t2:"') (2'1)
where the sum is taken over all matrices X = (z;;) satisfying

Z Ti; = 33 (2.2)

Zm;}'p‘i =T (2.3)
b : .

D T =1 (2.4)

i+j=k
B(X) = [[(zho, Thotity- -1 Top) € Zy, ' (2.5)

" ;
where (ny,na,...,n.) is the multmomlal coeflicient lﬂ%;;—"—;’—:—’,‘-)- mod p. The co-
product is given by

AP = R1+10Q, (2.6)
qb(P(?'},_T'g,... Z P ®P(ti,t2,...). (27)

8 HE=r;

We say that a matrix X = (zy;) is (R, §)-allowable if it satisfies the conditions

(2.2), (2.3).



2.2 The Canonical Anti-automorphism

Let A be a Hopf algebra. There iz a homomorphism y : A — A defined by the
properties: |

(i) x(1) =1

(32) U (a) = L a} @ af where dima > 0, then T ajx{al) = 0 (see [16}).

So in the Steenrod algebra therc exists a unique homomorphism y : A — A
satisfying (f) and (4i). It can be proved that x is an anti-automorphism in the sense
x{ab) = x{(b)x{a}, x is ane-to-one and onto, and so it maps basis elements of A into
new basis elements of 4. Similarly there is a canonical anti-antomorphism for the
dual Hopf algebra A~ with diagousl map ¢(&) = T, fﬂ_, @ &;. Defining relation

becomes

k ;
Z Efl.X(f:) = 0.

1=0
Donald M. Davis [8] proved nice formulae involving the canonical anti-automorphism

x of the mod-p Steenrod algebra.

Theorem 2.2.1
Y(pp“"‘-+1>"“’+~-—+p+1) — (__1)11}3»""' Pt prpY

Theorem 2.2.1 follows easily by iuduction on n from the following two results.

Let S{i) denote the sum of all Milror basis elements of the form P® in dimension i.

Theorem 2.2.2 ({15])
x(P) = (=1)'S(2i(p - 1)).

Proposition 2.2.3 (f8])

PrS(l) = Z (Erﬁr.-) pR

pm
R

10



Chapter 3

Nilpotence of the element P

3.1 The Main Results

In {17] it was shown that the element P has nilpotence height 2{2] +- 2 in the mod
2 Steenrod algebra. Here the method and result are generalized to show that for an
odd prime p the element P? has nilpotence height p[Z] 4 p in the mod p Steenrod
algebra. Recall that P? is the Milnor basis element £P(rq,1q,...,7:) with r, = p*

and 7 = 0 for ¢ < 1.

Theorem 3.1.1 Foralls >0, ¢> 1,
UENCGIGINET:
() (Pl o,

Thus the nilpotence height of P is exactly p [%] + p. The upper bound () on
the nilpotence order was proved in {17] for the case p = 2. The lower bound (i) was
proved in [18] for the case p = 2. Here we generalize these arguments. '

Let Py(ry,72,...,7) be the Milnor basis element P(sq,32,..., 84, ) where s, =
and s; = 0 if ¢ does not divide j. In particular P (p*) = P7 and Pi(n) = P(n).

I 2= (ry,r,...,r} 1s a sequence of nonnegative integers, we will write A{R)
for the corresponding Milnor basis element. The degree of F(1?) is 2|/, where

|R], = 2, (p* — 1) r; and the excess of P, (R) is 2e( R} where e(R) = £, ri. For

=1

11



a fixed ¢ let B, be the vector subspace of A with basis the set of all £ (R). For
P! € B, wtte !3} for (—1)’x(P?) where y denotes the canonical anti-automorphism
of Bg.

We will introduce the useful notation: each natural number a has a unique

expansion
a=73 aia)p’ (3.1)
=0
with 0 < ai(a) < p. Let 0 < b < p', and ¢ < ¢ . Then the following are obvious,
ai{a) = cipe(p'a + b) (3.2)
a;{b} = a','(pfa + b). (3.3)

Definition 3.1.2 We say that m and'n have no cerries if cu(m) + oy(n) < p—1
for all 1. This is equivalent to the condition that the binomial coefficient (’"r:") is

nonzero modp . [f m and n have no carries, we will write m = n.

Define vi{m) = T5! p* for any integer m > 0 and t > 1 where +,{0) = 0. The

following fact is immediate.

Fact 3.1.3 v(m + 1} = pPy(m) + 1.
Proposition 3.1.4 foranyt> 1, m >0, and < ¢,
P((p—1)p'n(m+ 1)) Prt =0 _ (3.4)

Proof: By Milnor's product formula, Pla)- P{b) = Zu; - Plla+b—(pt + 1)j,7)
where the sum is taken over all j such that (a — p'j) x (b—7), and u; is a unit mod
p. So it is sufficient to show that (p — D)p'v(m -+ 1) — p*j and p™* — j have at
least oue carry for any 0 < j < p'(p — L)y.(m). This is the content of the following

lemma.

Lemma 3.1.5 forallt> 1, m>10,i<tand0 <j < p'(p—1)7.(m), there ezists a
nonnegative integer k such that arepi(p'(p— D)yi(m+1) = p'7) + apepi (P —5) > .

12



Proof: We will proceed by induction on m. Let

={p—Dp'n(m+1)—pY (3.5)
Y = PmH-t' — j. ’ (‘}6)

Ifm =0, then =0, X = (p — 1)p*, and Y = p'. So we bhave ai( X) + (V) = p.
Assume that forall ¢ > 1,0 <4 < ¢,and 0 < j < p'(p—1)y:(mm—1), there exists a

nonnegative integer k such that cresi(p'(p~ 1)n(m) —p'7) + ess (pim=D+ ) > p.
Chooset > 1,1 < t,and 0 € j < p'(p — D)ye(m). ¥ j =0, then

=(p—Dpuim+1)=(p—-1) ( il g plmel)th p(m-z)c-q-i doonn optHe +p’.)
Y —_ pmt-i-:' ’
Hence amg+,‘(X) + CY,,;;.{,.{(Y) =p-

Suppose 7 # 0.
Case 1: a;(j ~1)#p— L

X = (p= 1P n(m) +1) = p'j = p'llp — Dp'n(m) — j1 + (p - 1},
Sinceay(j—1) #p—1,7—1=p*g+p'h+rwhere0<r<pand0<h<p—1.
Y = pmt-i-t' "'_7 zpmt-i-i - (pi+1q+Pih+7.+ I)
=pH Pt =g+ DI+ (p= 1= R)p + (' = (r + 1))

Since r < p', the term (p' —~ (r + 1)) is nonnegative and less than p'. So i X) +
ai(Y)=2p—-h—~22p.

Case 2: a;(j—1)=p— 1.

Let j ~1=plg+rwhere 0 <r < ph. Sincees{(j — 1) =p—1,p{(p-1)<r<p
by (3.3). In the assumption we have j £ p'(p — 1)yu(m). .Then p'q +r+1 <
p(p— 1)(p*ye(m — 1) + 1). Solving for ¢ + 1 shows
P (p D—r—~14p

P '
Since p'(p— 1) < r}ﬂﬂt‘ll;r;l-{-g_ < 1. Thus ¢ + 1 < p*(p — U)ye(m — 1) and so by

the inductive hypothesis there exists a nonnegative integer £ such that

q+1<p(:—1)7¢(m—1)+

areyi((p = Dpn(m) — g+ 1)) + auri(P™ M — (g + 1)) > p.

13



Let k& be any such valie. We will show that vegryei{ X) + oY) 2 p which
will complete the inluction and hence the proof. ,

Now since ei(7 — 1) = p~ 1, ai(r) = p — 1. llence o4(p' — | — r) = 0. Therefore
P —1—r+(p—1)7 < p'. Then we have o

arri((p— 1)p'1e(m) — p'(g + 1)) = aiers((p — Dp'ne(m) —p'lg + ) +p' = L = 1)

= s (2t [(P = Dpfve(m) = p' (g + 1) +p' = L= 7] + (0 = )P} = agesnyens(X)
by (3.2) and (3.3). '
Y = g = g b 1) = o0 = (g 1) + O - (14 7))
Thus
ak;+6(i’(m—l)t+£_(q4‘l)) = “(k+1)t+-‘(1’c(J’(m_l}!+i"(ﬁ'+1))‘F(Pt‘(l‘H‘))) = oepry+i(Y)
by (3.2). By the induction hypothes.is_, cr('k+1)¢+;(X) + a{k+15:+a(Y) >p. N
Using Davis’ method [8] we can dex:ive the formulae,

Proposition 3.1.6

Pi(u)- B(v) = T (F4e®) p(R) (3.7)

R
Py P(v) =3 (T P(R) (3.8)
R
where the sum is taken over oll R for which Ry = (p' — 1)(u + v).

Proof: The formula (3.7) is exactly Corollary la in [10]. So we will prove
formula (3.8). Using Gallani’s Proposition 1 that x(P?) is (—1)° times the sum of
all P(R) in the appropriate dimension, we see that the product ﬁg(?t) - P,(v) contains

a term

H (::) Pri,m,...)

14



for each Milnor matrix,

v

1
0 0
0 0 0

..
J
I
o
i
=
t
~

0 0 G 0
Ty — 82 0 g Sa
0 0 0 0

such that v = 3; s;. Thus

where S ranges over sequences (si, %3,...) having ¥; s; = v. The equation
IIWEICY
S ot
follows immediately from considering the coeflicient of z” in the expansion of
(14a) - (L)oo (L 2)

Hence we have

Bu)- P(v)=Y (Z")P(R) =3 (“P)P(R). ®

R R

Using these formulae, we can prove the following proposition.

Proposition 3.1.7 If a,b and ¢ are positive iniegers with a > ¢, then
B(p*(p~1)- P = p*(p— 1)) = P(p"* —p*(p— 1)) - P(p* ' (p— 1)) (3.9),

15



Proof: Using (3.7) and {3.8), we have

Pt = (= 1) - Pt — 1)) = 3 (a0, P 1)
T R

and

E@Wp-U)Jﬂf“—mﬂp~ﬂ)=éxfmﬂ%qQﬂUﬂ

where 1 < e(R) < p** and |Rl, = (5 — L.
In order to prove these sums are equal, we need to show that their binomial

coefficients are equivalent mod p. Note that

(P“*"’:{lff’?‘)(p-l}) = (c(R)-P:“‘(EEP‘(p—l)) (3.10)
(et 0m) = (em B S-0)- IECRY

Case 1: If 1 < e(R) < p*** — p*(p— 1}, then both binomial coefficients are zero

because e( R} — p**® 4+ p®(p — 1) is a negative integer.
Case 2: If p>** — p*(p — 1) < e( R} < p**®, then

( IRle+e(R) )_( T IR+ :-‘:o‘"‘a.-(emnpf)
e(R)~p*tops(p-1) 2:-:;:—1‘ ai{e(R)=po+brpo(p—1))p/

atbii—1 RIS ad-b—1 ()
= '=]:£-b ( ' 0 ‘) I% (“i(e(R)—;i"+"+p"(p_1))) mod P

=

R
(B(R}—paﬁb-{!p“(p—l)) mod .

" Hence
( e(R)
.pa-i»b_pa (T’"" 1 )

il

(,, [Rle+e(R) )

athit _pa(po1) ) mod p.

Case 3: If e(R) = p***, then

.(p’”' "i(;z}p—l })

(p f(:f-bl)

) =0 mod p

and

Rte

atbgt
At bhE _pa(p—1) (pp ) = 0 mod p.

(p-1)

So the resuit holds. B

16



If n, k and ¢ are positive integers with n = k + mt for some m, we define

(X = R0 -1) 2 p-1)A('G-1) (3.12)

The following coroliary is immediate from Proposition 3.0.10.

Corollary 3.1.8 Letm 2> 1,¢20, and a = c + mi. Then
X((X0%) - P (7 = p(p = 1)) = P (0" = p(p — 1)) - x((X)s™Y).

For any Milnor basis element 0, aeﬁne kg: A — Aby

=3 ke(z) B0 (3.13)

where ¢ is the diagonal map in A. These operations were first defined by Kristensen
[12]. We will call it “stripping by 7. It follows from (3.13) that stripping a Milnor
basis element by @ = P(i(,£2...) is given by

ko (P(ri,72,...)) = P(ri—ti,ra —1a,...) (3.14)

where the right hand side is taken to be 0 if r; < t; for any ¢ (see [28] and [29] for
mere details).

For any z,y € A,
> rpmy(z - y) @ P(R) = (3 kpe(z) @ PUNQ srin(y) @ P(J))

=3 kpy()spn (1) @ P(I)P(JI) = 3° Mg spy(@)np)(y) ® P(R)
where AL = (P(IYP(J),£R) and the sums are taken over all J,J, R such that
B=1+J. 50 ' '

spr)( - y) = Z M kpy (2 ()
I.J.R

In pa.rtacular if =Ry then x{(z-y) = Tieg ’*’(m)n (y) follows from the formula

#(k) = Theo E.R.--i R &

Lemma 3.1.9 [f x and y belong to B, then siripping by P} is a derivaiion, 1.e.
Ktz -y) = Ki(a) -y + 2 (D). (3.15)

17



Proof: The proof follows i-nm the formula above since all of the other terms in
thie sum correspond to strippii.g by Milnor basis elements which are not in B, and

therclore give zero. M

Definition 3.1.10 A sequence 8 = [r{,ry,...) is called a t-representation of a
positive inleger m if m = 3, m{i)ri. A junction p(m) = min{T;r; : (r1,1r2,...) 15

a t-representation of m} is called a minimum ezcess function.
Lemina 3.1.11 Form >0, 7
() = min{e{ P(R)) : |Bl: = (p' — 1)m}.

Proof: There is a 1 — 1 correspondence between Miior basis elements P(R) sat-

isfying |Rls = (p* — 1)m and t-representations of m given by
PAR) «— m =)_rinld).

Under this correspondence, e{ P(R)) corresponds to the number 22; ; which is used

in determining i (m). The lemina follows immediately from this observation. W

Thus we have following lemma which is analogous to Davis’ formula (Theorem
2.2.1).

Lemma 3.1.12 Forallm > 0 aud t > |,
Bi((p = 1) n(m)) = (X

Proof: We will prove it by induction on m. If m = 1 then the result holds since
P(p'=Y(p — 1)) is the only P,(R) in this dimension. Assume that the result holds
for m — 1. By (3.7),

CENET = P10 (KO = Pi(p= 1) B(p= Dt~ 1m—1)
=2 (ot P )
4

18



where the sum is taken over all R such that |R|, = T (p — i = (p—p " (™ —1).
By Lemma 3.1.11,

{(p — D'~ p(m)) < Zr, <(p—-1) “ty(m).

By [10], the t-representation of (p — 1)p!~'y,(m} with rpm = (p— 1)p*~" and all other
r; = 0 has minimal T; r;. Hence p((p — D)pt~1v(m)) = (p — 1}p*~’. So we have

(p— D ™ - D+ (p— ™ S o' < (- P T m(m + 1)

that is,
(p — 1)pm™ T < o pM < (p— Dp T n(m 4+ 1),

Hence ((p..%:,;(i:in-l) = | mod p. By Propoesition 1 in [10],
Pl(p = 1)p n(m)) = 3 P(R) (3.16)
R

where the sum is taken over all R Slldlit}_lat |R|, = {p— 1)p'~ ' (p™ — 1). Therelore
we have (X" = B((p = Dp~tu(m)). W

The following lemma is analogous to Lemma 1.4 in (29] .

Lemma 3.1.13 (¢) For s 20 and t > 1 let &§ denote the operation of stripping by
P?. Then ,
wi(P(k)) = Pk ")
where Pi(k —p*) =0 for k < p’.

(1) Let © be an clement in By which gives z erﬁ when stripped by P, and assume
o - Pt(t‘p ) (Pa m =0, Then @ Pt((l —_ ])p ) (Pt.g)m-i-l = 0.

Proof: (i) We will prove it by induction on k. Note that

Y Piln) - x(Pulk —n)) = 0.

neg

Hence we have

S (=D Py - Pk =) =0 (3.17)

nezZ
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with the convention that P(z) = 0 aund ﬁ,(i) =0 if 1 < 0. Applying the derivation

ki to (3.17), we have

-‘Ct(Pg k)Y + 3 (1) {x{(Pfn)) - Pt(:(. —n}+ Pg(ﬂ) AR 1} =0.

n>0

By the induction hypothesis, we obtain

s} (k) + S (-1)*P(n—p ) P;{L—n Y+ > (=) Pm —p")_-_ﬁ;(k--m) = (.
n30 mzp? :

All terms cancel except the term with n = p® in the first sum. Hence
K(Pk) = Pu(k - p*).
This compleates the indnetion,
(i) I © - B(ip} - (P)™ = 0 then
K1(0) - Pulip") - (P2 +© - mi(Bulin®)) - (PI)™ +©- Biin') - s (B2 = 0.
By part (i),
o. ﬁt((l — 1)173) . (Pts)m."{“ me . ﬁt(ip") . {P:)m-l = 0.

So .
0. B((i — 1)p*) - (BY"* = —m@ - B(ip*) - (PF)" =0. |

Let E be the exterior sub-algebra of A generated by {P°|t > 1}. There is an
algebra isomorphism between A and A//E. This 1somorphlsm F:A— A/ / Eis
- given by : ;
F(P(t1,t2,t3...)) = [P(pt1,ptz, pta...)]
where [z] is equivalence class in A//E of z € A (see [14]). Suppose (F7)* = 0. Then
[0] = [P7]* = F((P’~")"). Since F is an algebra isomorphism, (PF~")* = 0, So by
iterating we see that if (P?)" = 0 then (P)" = 0 for all ; < 5. This proves: the

following lemma.

Lemma 3.1.14 Lett > 1.
(i) If Theorem 3.1.1(2) holds for all s = —1 mod ¢, then it holds for all s.
(i} If Theorem 3.1.1(1) holds for all s = 0 mod ¢, then it holds for oll 5.
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3.2 The Proof of The Main Result

The proof the Theorem 3.1.1(f) now follows by imitating the proof of [17] for the
case p = 2. We proceed by proving the following two equations by induction on &
for 1 €k <m. o S

x((Xf)rtt—-ll . (P:mt-l)ﬁ({&-.-l)'l'-l- =0 : : (3.18)
- m—1)t-" ni=1\P% o
(XS - () =0 (3.19)

If k=1 then

XX - Pt = P ((p — 1)p ()} - PP =0

by Lemma 3.1.12 and Proposition 3.1.4. _ .
Next we show that equation (3.18) for k£ implies equation (3.19) for k. The

assumption says that

plk=1)+1

XX X (RE™ (2 = 1)) (A7) =0.

On applying Lemma 3.1.13 (p — 1) times with © = x((X,){"=1*"1), we obtain

m=-1je= mi— k
x(Xs - (Prt) " =0,

as desired.

Now we show that equation (3.19) for & implies equation (3.18) for £+ 1. Indeed
we have the following equations with z = p™ — p*~1(p — 1). At the second step we
use Corollary 3.1.8 with a = mt—1,b=1, and ¢ = kt — 1. The induction hypothesis
is used at the third step.

. - Vm - k+1 mt— Tl mt— k
X((X‘)EYI::-II)I—I) ) (Pt f ])p = X((X*)ktt—il-t»t) (P 1) ' (Pt t 12;,
] = P(z) - x((X)mS' ™) - (Pcmt"l)p
' = Pg(Z) . 0 = 0.

Thus by induction on k& we see that both equation (3.18)'.ar;cl (3.19) hold for
1 € k < m. Equation (3.19) for k = m proves the theorem for all s = —1 mod ¢.

By Lemma 3.1.14(%) this proves Theorem 3.1.1(%).
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Proof of Theorem 3.1.1(i1): We follow the method of Davis, using properties
of the coproduct ¢ in A to find elements ERm«( in the dual algebra A* for i < pm

such that
(PO gmmatiy 0. (3-20)

Hi=kptwwithd€bL<m=1land0 € w<p~1, then lot
¢ = g Oez@ i) (3.21)
where 7(2) = ai(7) + b(¢) such that

, w—p+ Dpbm=Dt if1=1
ﬂr(z)'—‘{(() p+1lp

iti>1
and
(P _ l)p{m—kul)t Hl=k+1
b{(!) — (PH-I —-p+ l)p(m-—k—l)! ifl =k
(p! _ l)p{m—l—I}H—i. if 1 < l<k

For example,
1. for k =0, R, .(¢) = (wpim=1)
2. for k = 1, Rums(i) = ({w + Dptm=1% — (p — 1)ptm=2% (p — 1)pt=~Dt)
3. for k=2, Ronu(i) = ({10 4 1)ptm—t — plm=2t1 y{m=2)t41 _ (4, _ 1)plm=3)t (p—

Eptm—2)t)

4. for k = 3’ R,ng(.) = ((w + l)p(m 1)t _ p(?u—2)£+1 (pt —- I)p{m—3)!+1,p(m—3]t+l _
(p— 1)ptm=¥, (p — 1)pbm—4t)

The proof of (3.20) depends on the following calculation.
Lemma 3.2.1

HERmD) = (z€Fmai) L e @ 8 £ T 0 0 b
5]

(m 13 t=1)t+1

where b; # &7 for all 7, &' is divisible by 6”("

ifw=0.

yand z=w ifw >0, z=1
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This implies (3.20}, since it {follows by induction on 7 that
(P) € ) = (P gm0y P 7T 20,

since the evaluation of £ on all elements of the subalgebra A(mit — 1) is zero. By
Lemma 3.1.14(zz}, this implies Theorem 3.1.1(z7).

Proof of Leinma 3.2.1 Let Rn,(z) be as in (3.21) above. Since we are only
interested in terins of the form A ® §f(m_m, we will work mod terms involving &;
for 7 > 1 in the sccond {actor. So we have

k+1

ety = {J(H &) = H (&) P = = [Ite! + &y @)D (3.22)

Note that
k41

2 rii) = (o + 1"

I=1
(m=1) .
We ounly want terms of the form A @ & Y. When w = 0, the only such term is
obtained from the praduct nf‘:: ('SU*'U‘ @ &)™) and hence

k1 -k
Pt b i i— lim-
A= [ ] f%l ll()t 1'[ ‘SP t41(9) IH&&:( 1} _ éﬂm. {i-1)
=1 =1

sincet—1l=(k—-1)p+p—1.
Suppose w > 0. The {-th factor of {3.22) can be writteri as

(G @1+ f"""k_”’)”" Hl=k+1
IR it Lt onel (B

L ,,(m»e 1]t+1 1+ 6?!(:}:3‘“ ®§z "'""')'“)P’"'l ifl<i<k
(& e RL+1@e w1 ifl=1,1<k

. (fp( o141 ff(m-m)('"ﬂ)ﬂ'-p-n fl=1, k=1

We expand each of these factors. If we choose for each ! the term with the j-th

power of the second lerm, then we must have (k > 2)

k—1

] P(m—?}t-}-l i ZJP m={-1)t41 "}'J p(m —k-1)t +Jk P —k=1}t _p[m e (32-3)
I=2
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and ((""”J;'_I‘I) isauit, 0 < <pt—llor2<I<k—1, (”mj:”“) is a unit,
and 0 < jeyr < p— 1.

To satisfly {3.23) we must have jipq + jx = 0 mmod p™*'. Since (”mj:"“) is a
unit, either 7 = 0 mod p or ji = ! mod p. ‘Dherefore either jrpq = 0 or p — 1 since
Jepr Sp— 1. ‘

If e = 0, then 7i = 0. So we have following equation

k=1 .
j]p{mul)f-l-l e Zj{pun—(—l]b%l — p(m—l}l- (3.24)
=2

Since j_ p0 =+ = 0 mod plm—t+)t+1 5 g multiple of p*. Therefore j._; = 0

since ji.; < pf — 1. By a similar argument, 7,_, = 4 = ++ = 7, = 0. So we have
o ) ]2

Fipm D = pnmUE which mplies 5 = p'~1. Therefore we obtain a term of the
17¢ ’

form A& with A = AyAs- - AyAse; whare |

wp{ m—t)d ""i“( m=1}t+1

Ay = W

t_ (m—3})+1
Ay =gl e

p _-l)p(m—k)ti-l

Ap—1 5(}. 1t

L-!—l_ (m=k=1)t
Ap - g(p pHi)p

[p—-i)p(m L2}
Akt f(k+1

Hence A = {/ime(i=1),
If ji1 = p — 1, then we have j, = p'*! ~ p + 1. From (3.23),

] p(m—-Q)t-{—l 4+ Z] p(m—-l—l}¢+l ‘I"jk p(m k)t-}-l +p(m—k]t+'l — p(m—-l)t

=2
30 jk-1 = ~1modp'. Hence je.; = p* — 1 since jiy < » — 1. By a similar
argument, jra = jr_3 = --- = j, = p' — 1. If we put these Ji in the equation
(3.23) for 2 <1 < k=2, we will have (j, + [)pt*=D81 = pn=Dt This {mplies that

p( m=1)}

j1 = p*"" — 1. Therefore we obtain the other term of the form B @ &l with
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Chapter 4

Nilpotence Of Certain P(n)

4.1 The Main Results

In this chapter we shall adapt to odd primes results proved by Monks [17] and find

formulas for nilpotence of certain P(n).

Theorem 4.1.1 Suppose r; =p—1modp forl <i < m. Then

(2) Nil(P(ri,...,rm) < min{kjr, < pls-tm+l — 1}

(it) Nil(P(r1,...,rm)} = Ni(P(pFri+pF—1,..., pFres +pF—1,pFrn, — 1‘%_—"]1))
Jorall ke N. '

Theorem 4.1.2 (i) Form >0,k > 1,

-1 N=m+2.

(i3) Form >0,
Ni(P(p™ - 1)) =m + 1.

Theorem 4.1.3 Forn > 2,

El+1 ifn<p

Nil{P(n)) = { oy me
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For any integer I, let

vp(l) = min{mll = 0 mod p™}.
Proposition 4.1.4 Ifl = —1 mod p, then Nil(P(I}) > v,(1 + 1).

Our method of proving this involves introducing sub-algebras O of A defined

as follows:
Definition 4.1.5 Ok is the Z,-subspace of A whose basis is the set of Milnor basis
elements l

k41 k+1}.

By ={P(ri,ra,...,tm) : ri=—1mod p**" fori < mand (p—1)r,, =1 modp

We will denofe O =0,.

The following two results will be proved later.

Proposition 4.1.8 O, is a subalgebra of A forallk e N .
Proposition 4.1.7 There is an algebra monomorphism A : O — O defined by
A(P(Tl:r?? LR 17'111)) = P(Pﬁ 'f'P - 1~,P7'2 + D 1, e gpr‘m—l + P I,PT'm - 1)-

If A(® is the identity map on @ , and A¥) = X o Al5=1) for k > '], then A(* is also a

monomorphism for every k. It is easy to check that

’ k
-1
AE Py, mg, o rm)) = P(pfry + 05 = 1,0 oy + 0 = 1,95, — I; I

).

From the definition of A, we have A(Ok) = Og41, and hence the restriction of
A to O is an isomorphism between Op and Oyq. Therefore for any a € O the
nilpotence of a is equal to the nilpotence of A¥}(a) for £ € N. This explanation
proves part (27} of Theorem 4.1.1.

Let n = 3°%2, a;(n)p' be the p-adic expansion of an integer n where 0 < a;(n) <
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Lemma 4.1.8 Let m = T_; aq(m)p’ and n = 3, ci(n)p’ be p-adic expansions. Then
my __ i{m)
(ﬂ) = H (a.-((,:)) (mod p}.
Proof: Note that

(142)™ = (142) 2 5 (142 ) Daoim) = TI(1427)70) = T3 (40) 237
) : 1z |

From this observation, the coefficient (™) of 2™ in the expansion {1+2)™ is equivalant
B n P q

to

(6. ™

Corollary 4.1.9 (nq,n3,...,n%) = (pn1 +p—1,pn,,... ,pﬁ,—, ...,png) mod p.

Proof: For | £ k, let Sy = ny 4+ nypq + -+ -+ 2. Then using Lemma 4.1.8, we have

(naym,- ) = (3 () - (52)
= P51+P—1) . (PS?) (”S""') mod p

ny+p—1 Pz L P

= (pn1 +p—1,png,... :pnk)- u

Lemma 4.1.10 Let P(ri,72,...,7m), P(s1,52,...,8:) € O. If B(X)P(t1,12,.. ., 81)

is a nonzero term in P(ry,ra,...,tm) - P(51,82,...,8,), then
P(tt,tz,...,fl) EO, ‘ (41)

l=m+n, (4.2)

1

and

0 mod fj>0andi <
m;jE{ mod p if 7 andi<m (4.3)

p—lmodp ifj=0,t<mori=m,j<n
Proof: By (2.3}, we have
ry= Z;ﬁz;;.
i
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Since P(ri,72,..+17m) € O, 1 = p— 1 mod p for i < m. Hence zjp = p— 1 modp
for ¢ € m. When we combine this result with (2.5) and Corollary 4.1.9, we have
z;; = Omodpfor i+ j < mand j > 0. Let d < n and assume that z,,; =
p—1lmodpfor0<j<dandzj=0modpfori+j<m+d,j>0 andi<m.
Since P(.s:,.Sg,.l. erSn) € O, 8441 = p—1mod p. Hence z,n a1 = p— 1 mod p by
(2.2). Using (2.5) again, z;;j =0modpfori+j=m+d+land j>d+ 1. Thus
by finite induction on d, we have shown that zi; = p— 1 mod p if and only if 7 = 0,
z'__<_morz'=m,j§n.

By (2.3), P(i;,ta,...,t) € Qand fy =Zma=p—1modp, m+n=1 K

4.2 The Proof of The Main Results

Proof of Proposition 4.1.7: It is convenient to define A(R) by

/\(7'1:7'23“':7'!7&) = (P7'1 +p- Lprs+p—1,...,ptm1+p— Lprm — 1)

It is easy to check that A is injective. It remains to show that A is a homoemorphism.
Let B = (Tl, Foyean, T,n), S = (81, 825444y 3,-‘), and T = (t], tg, faey tm«l—n)- Let X =
(£:;) be a (A(R), A(S))-allowable matrix. Using the proof of Lemma 4.0.11, we have

2, =p—1modpif and only if j =0, i S'm or i=m, J < n. So we can define

prij+p—1 ifj=0,i<mori=m,j<n

PTi; otherwise.

So we would like to show that X = (2;) is (A(R),A(S))-allow;xble if and only if
X = (zi;) is (R, S)-allowable, and that 8(X) = A(X).
Define

p-1 ifj<n )
&G = P
-1 ifj=n
Let A(P(S)) = P(31,32,...,3,) where §; = p-s; +¢;. We will check condition {2.2).

m m=—1 m
Zz;J-:s_,- = Zp-m;j-i-p-zmj—}-ej:p-si-l-e,- <=>Za:,-j=3j.
i=0 i=0 =0
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Let M(P(R)) = P(#1,72,...,Fm) where f; = p-ri+p—1for1 <i < m and
fm=p-rm—1. If1 <1< m,then ‘ S
ij-:'i:.-j:r"; — ij+'-:x:.-j+p-:z:.-o+p—1 =p-r;‘l'+'p—1 — Z;ﬁ-ﬁ:.—,—: T

i=0 i=1 i=0

If: = m, then

n—1

ij'ém_i:""‘:m = Ep’.-(p-a:mj-i-p—-l)-!—p“(p-a:,n,,-l):prm—l
j=0 : =0
n=1 -1
> Yy P emt p- D) P e — P = pra— 1
i=0 =0
— ijxmj =Tm.
J=0

So condition (2.3) holds for both X and X. _
By Corollary 4.1.9, (a1,a2,...,as) = (p-a1+1,p @2 +Y2y.e., p-an+74) mod p

where v; = p— 1 for at most one 1 <1 < % and is zero otherwise. Hence
H(ﬂfh,o, Tho1,14++9 xO,h) = H(ih-fh :ﬁh—I,lv IR :%o,];) (IT]O(I P)-
A h

Let P(t1,%2,. .. tman) be the summand of P(R)- P(S) associated with X and let
P(T) = P(#1,12,. . .£in) be the summand of A(P(R))- A(P(S)) associated with X.
Then for A <m +n, : - :

fh= 3 &= 3 pmj+p—l=p-th—1
i+j==h i+i=h
and

tmn = 5:1‘".", =P Tmn— 1= p- tmn - L.

Therefore P(T) = MP(T)). ™

Proof of Proposition 4.1.6:
By lemma 4.1.10 , z-y € O for all z,y € By. Since M¥{O)= Oy and A is an

algebra homomorphism, the result holds. W
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Proof of Theorem 4.1.1(21): ]

Let P(T) = P(ty,...,4) be any summand of P(ri,...,m)F" = P(R)*! with
nonzero coefficient. By Lemma 4.1.10, we have { = (k — 1}m. Let X = (z;;) be any
(R, S)-allowable matrix with nonzero coefficient. As shown in the proof of Lemma

4.1.10,2z;; =p~1mod pifi =m and j < (k — 1)m. From this and (2.5), we have

(hl)m (h=)m -
rm= 3, Prang2 o (p—1)p =pEm -1
1=0 =0

Hence when r,, < p*~U™+1 _1 an (R, S)-allowable matrix with nonzero coefficient
does not exist. Therefore P(R)*=0. M

Proof of Proposition 4.0.4: Let ! = p™a — 1 where a is not divisible by p.

For each 1 < h < m, we can define St = (S14,1, 514,21+« -2 50h4) BY

(p=1)(p"fa+1) H1<i<h
SLhi =
Lk, pm—h.-i-la -1 ifi=h.

We shall prove that S{YYP(S;,) is a nonzero term in P{I}* for 1 < h < m by
induction on h, where Y = (y;) is the matrix associated with P({)P(1)*-!, and
hence P(I)™ # 0.

If h = 1, then P(S;,) is a nonzero term in P(I). By induction hypothesis, assume
that P(S;4) has a nonzero coefficient in P(I)* for & < m. Suppose that P(Sis41) is
a nonzero term in P(I)P(R) for some P(R) = P(r(,r2,...,74) such that P(R) is a
nonzero term in P(I)*. Let X = (z;;) be the associated matrix. By (2.4), we have

Ty = Stpptaet = pmta — 1 and from (2.3)

' [ h-1
[=)Y ayp = Sz +pta— "
=0 =0

and hence TiZgzy;p7 = p* — 1. By (4.3), we have z,; = p — 1 mod p. Since

f,-‘;é z;p' = pt =1, (2.3) holds if and only if z:; = p—1for I £ j < h. However

by (2.2) and (2.4), for 1 £ j < & we have
ri=zoi+ Ty = (S —p ) Fp—1=(p- D" Ta+p—1 =2,y
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and .
Th = Zon T Tua = (Stp+1,n — P+ 1) F Sat1net
=@p-Dp"ta+1)—p+14prWHa ]
a— m—h+1
Y
So we have proved that if 3(X)P(Sis+1) is a nonzero term in P(I}P( R}, then P(R)

P(S:4). Moreover by our construction, the conditions (2.2) and (2.3) hold for the

6—1—8”;;,

matrix X associated with P()P(R). Since sjp; = p — 1 mod p , the multinomial
coefficient (p— 1, s1,4,; = p+ 1) is a unit. Therefore P(Sis+1) has nonzero coeflicient
in P(1) PS5t} extending the induction. M :

Proof of Theorem 4.1.2(ii): We know that N:'l(F(p’"—l)j < m-+1 by Theorem
4.1.1(3) and N#(P(p™ — 1)) > m by Proposition 4.1.3. Hence NzI(P( -1)) =
m+4+1. W

Proof of Theorem 4.1.2(¢}): For k > 1, m > 0, we have

/\(k—l)(P(pm-{-l 1)) = P(pk—l(pm+1 -1)- Pk_.l - 1) _ P(pk((p -1)p" —-1)+1 ).

p—1 r—1
Thus using Theorem 4.1.1(#1) and Theorem 4.1.2(zi),
: k - 1™ — '
yip p)il DE Ly o NP = 1)) =m+2. W

Proof of Theorem 4.1.3: When n = p, it is proved Ey Walker and Wood (see
[29]). - L
Let n < p. Claim P{n) = uP(nj)} if nj < p where u is nonzero. We will prove
this by induction on j. M : o ‘ _

If j = 1, it is true. Suppose the statement is true for 7 — 1. By induction
hypothesis, o
P(n) = P(r)P(n)'~" = uP(n)P(n(j —1)).

Since n < p, P(n)! = u( ) (7).

Suppose j = [2]+1. Then nj > p. By our claim, P(n)’~! = uP((j —1)n). Then

P(n)f = P(n)P(n)"! = uP(n)P((j — 1)n). Since nj 2 p,

P(ny = u(’:) P{jn) = 0 mod p.
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This completes the proof. W
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Chapter 5

On The Action of Steenrod
Operations In Polynomial

Algebras

5.1 The Main Resulil,s

Let P, = Z,]z1,%2,...,2,). A polynomial N € P, is said to be hit if it is in the
image of the action A® P, — P,, i.e. N € AP, where A is the augmentation ideal
of A, i.e. N =3 P'M; for some M; € P,.

We are interested in determining the image of the action A® P, — P, the
space of elements in P, that are hit by positive dimensional | Steenrod operations. In
(30], when p = 2 Wood showed that if a{d + s} > s then every polynomial of degree
din P, is hit where a(d + s) denotes the number of ones iv the binary expansion of
d+s. In [23] Singer generalized Wood’s result conjectured by Peterson and identified
a larg er class of hit polynomials, In [22] Silverman generalized} a result of Wood
and proved a conjecture of Singer. In {19] Monks extended a result of Wood to
determine a new family of hit polynomials in F,.

The following results are odd-primary analogues of resuits of Mouks [19].

Theorem 5.1.1 Let H and K be polynomials of degree 2%, 2k respectively. If h <
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pi(k), then HX? is hit.
Theorem 5.1.2 Fors,t>1,0<k<s, end k<1,
B —p*) = P(p - Dp " )R((p—-1)p"") - Pllp = Lp®).

We list some lemmas we need to prove Theorem 5.1.1 and Theorem 5.1.2. Most
of these lemmas involve the function g, defined in Definition 3.1.10. The following

lemma is analogous to Lemma 2.1 in [19].
Lemma 5.1.3 For allt,m > 1, ;zg(m)v < %pl(m).

Proof: There exist positive integers /1, liy vy luy(m) such that

wi{m)
m= S b,
=1
For each i, leb i = tq; + 1y where ¢ and r are nonspegative integers amdlgr <t
w1(m) _ —m(m} piritrieg
m =g nl) = T s

sr{m) p'qs..:[ pli—1 p!(q.+l)_.1
:3—-1 [L-P-— + p~1 pi=1 }

,,-1. w1 (m) LP:-I— i {m) L1
""Z: i=1 'Tt(‘}:)"]' i=1 1= 7‘(q*+)

This yields a t-decomposition of m with %‘f—fm(m) terms. This completes the proof.
|

Lemma 5.1.4 If m < p* then p,(m) =m.

Proof: Let m < p'. Then m < pt < p'+1 = 4¢(2). The only possible i-

decomposition of m is a sequence of m ones bejca.use v is strictly increasing. M

Let L = {l1,13,...,1,) be any sequence of nonnegative integers. Define

|L} = Zn:l; (5.1)

f=1
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v(L) = max % (5.2)

and .
V(L) = Yo ll)- (5.3)
i=1
Suppose that Iy > I 2 «-+ 2 I, and that |L] = 1. For this sequence, we can
define ' :
S(L) = (s Fae s 1) (5.4)
where _
e Ji—1 i =hand (ki Fhori=n) (5.5)
' I if otherwise. )
It is easy to verify that
Lzihz20h (5:6)
sy =1Ll-1 (5.7
v(8§(L}) <v(L) (5.8)
and 7
Yi(6(L)) = Yi(L) — p1B70. (5.9)

We can define 87 to be the r-fold composition of & with itself (6% is the identity
function) for 0 < r < |L|. Let Fr = (f1, f2--- , /i) be the sequence given by

fi = V(L) = Y(&'(L))- (5.10)
Since 6IH(L) = (0,0, ...,0) and Y(8(L)) =0,

1l = S V(61 (L)) — H(S(LY) = Y(6%(L)) — Y($H(L))

Lemma 5.1.5 If m < (p— 1)p’, then pe(m) € p{m + (p— 1)p°).

(5.11)

Proof: Assume that L = (li,/2,...,s) is a t-decomposition of m + (p — 1)p°.
Without loss of generality we can also assume that {; > I > --- > l,. By definition
we have V(L) = m + (p— 1)p* and so by (5.11)

i

S hi=mt(p-1)0

i=0

36



So F is a nou-increasing sequence whose power is m+ (p—1)p°. We need following

lemma

Lemma 5.1.6 If (p —1)p* < a < P T P =aq, and p™t 2 P77 2 > pr
then there is a g € {1,...,r} such that Tl p™ =(p — Dpb.

Proof: If a = (p — 1)p* then we can take ¢ = and we are done. Assume that
(p— 1)p’ < a. Since Pt > a, we have P2z 2 p’*ﬁ‘l Let q be the
largest integer such that 3, p™ < (p—1)p*. Then (p— l)p -3, p% =0 mod pTe#!
and (p—1)p* < 7941 % and hence Lia ™ = (p=1p°. W

From Lemma 5.1.6 there exists ¢ € {1,..-,|L{} such that i fi={—- 1.
Thus
q . .
SOV L) -V (D)) = V(L) -Y(6°(L)) = m+(p—1)p°* =Ye(8°(L)) = (p—1)p°
i=1

and hence Yi(67(L)) = m. Therefore ge(m) < pim+(p—1)p°). M
Using this result we can prove

Lemma 5.1.7 pe(p* =) 2 (2 — 1)p* where 5,1, and k are any integers such that
s,1>1,0<k<s, and k<.

Proof: We will prove it by induction on s. If s = k +1 then w{p® —p*) =
wel(p— Dp*) = (p— 1)p* by Lemma 5.1.4. Assume that it is true for s — 1. Then by
Lemma 5.1.5, pe(p* —pF) = pel(p— l)p"'1 +pl—pf) 2 p(p? —~p*). By inductive
hypothesis, u(p" = p*) = (p — 1)p*. Hemce wu(p =) 2 (= 1)p". W

5.9 The Proof of The Main Results

The key idea in Wood’s argument which is that for any u,w € P, and any 0 € A,
we have u - 0w = Bu - w modulo hit elements. In particular, if e(8) > deg(u), then
u - fw is hit. Using this we will prove Theorem 5.1.1. We accomplish this with the

aid of the following lemma.
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Lemma 5.2.1 If N € P, is any element of degree 9k, then for any > 1,
Pk)- N = N". (5.12)
Proof: We will prove this by induction on the qumber of variables in N. Suppose

— o hz h
N—-m;‘mgz---m"‘

Let n =1. Then o
P(k)z* = (zF) | (5.13)

So the result holds for n = 1. Assume that the result holds for all monomials
comprised of less than variables. Let N; = x?l‘ ot :c?::: so that N = NI:J:',-':. Let
v A— ADA be the diagonal map of A. Then P(P(k)) = T o P,(k-—:')@Pt(i).
S50 ' ’

Pt(k) * N = Z?:D Pg(k-— i)N‘l + ‘_Pt(i)zi‘: o L
_ st Pyl — )N - Puli)aly + Pl = )Mo Py
LT PR — DM PO _

in

Since e( Pk — 1)) > § deg(Ny) » b=t Pk — )M - Pz = O Similarly

"

TF oy Pk — )Ny - P,(i)zi» = 0 because e{Pi(1)) > 3 deg(zy . By induction, we

n
have

hin P‘

in

Pk)- N = Pe(hn— N1~ Pi)zts = N (=
Hence we obtain P(k) - N = N, W |

Wood’s argument shows that HK? = P H . K modulo hit elements. Heuce
if e(By(k)) > R, then Pi(k)H = 0 and hence H I is hit. Therefore it remains to
show that e{Pi(k)) = pel(k). The following lemma was proved by Gallant [10].

z , .

Lemma 5.2.2
Bi(k)=2_ P(R)
R

where | Rl = (7" — 1)k
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By Lemma 3.1.11, (k) is exa.c.tly the minimum excess of the element P(R)
where |Rl: = (' — 1)k. On the other hand, Pi(k) is the summand of all P,(R) where
|Rle = (' — 1)k by Lemma 5.2.2. Hence e(Pk)) = ge(k). This completes the proof
of Theorem 5.1.1. ' '

Proof of Theorem 5.1.2 : We will prove this by induction on s. Suppose that
s = k+ 1. Since for k < t the only nonzero clement P(R) of Bt with |Rl: =
(pt — (p— )¢t s PP~ 1)p*), Py — ) = B(p—1p*) = Pllp — 1)p*). This
proves the theorem for s = E+1. ,

Assume that it is true for s — 1. Using the induction hypothesis and Corollary

l.a in [10], we have

Pp— 1 PP — p=2)-- Pl(p = 1) = P{(p— 1) )P - 7*)
= £r (i Hgprrenr) PUR
where the sum is taken over all R such that {Rle = (-0 - p*). Since Pup® — ")

is the sum of all PR) where |Rl = (¢ = 0 - pF), it is sufficient to show that

e ) = 1 mod p.

{p_up:-}-a”—l
By Lemma 5.1.3 aud Lemma 5.1.7, Zi™i 2 pelp —9) 2~ 1)p*. For s>k and
¢t > 1 we have C

(-1 -7+ @ -0 ) =0 —ppt =120

Hence
ypni= St -t Yoz (- DO M-tz =T
On the other hand,

PER) IR DY ity TR e I
So i <P — pF. Using this inequality, we have
Tpitry = Tlpt = Dt Lt
<@ -D)@ =)+ P
< p
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Hence T Y =1 !
((P—'l)vl+.—1) = 1 mod p by Lucas’s theorem (13] . This completes the proot.
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