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Abstract

Motivated by the paper [18] of Langlands, we show how one can study the elliptic part of the trace
formula in analytic applications. The thesis consists of several parts. First, by using an appropriate
approximate functional equation we show how to rewrite the elliptic part of the trace formula which
allows one to control the Artin L-functions that that appear in the formula and to smooth out
the singularities of orbital integrals. In the second part we analyze the resulting formula, isolate
contributions of special representations an develop asymptotic expansions of various functions that
are involved in the analysis which are needed in various analytic applications (in particular for the
one suggested in [18]). In the final part we apply the theory developed in the previous parts to
give a new proof of the i—bound of Kuznetsov ([15]) towards the Ramanujan conjecture, and to
carry out the analysis suggested in [18] for the standard representation. This last part in particular
establishes the first case of the method as suggested in [18].
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Chapter 1

Introduction

1.1 Motivation and a little bit of history

1.1.1 Beyond Endoscopy

Beyond endoscopy, suggested by Langlands in [18], is an attempt to attack the general functoriality
conjectures. It can be described as a two step process. The first step is to identify, for a given
reductive algebraic group G, those automorphic representations 7 of G that are functorial transfers
from other groups. The second step is to compare this data for different groups. In order to isolate
those representations 7w one considers the behavior of the automorphic L-functions L(s,7,p) at
s = 1 for various finite dimensional representations p of the dual group “G. One expects those 7
for which L(s,m, p) has a pole at s = 1 for some non-trivial p to be functorial transfers from other
groups. Thus a central problem is

Problem. Given G, F as above and p : G — G L, (C) for some n, isolate those cuspidal automor-
phic representations m of G(Ar) for which L(s,m,p) has a pole at s = 1.

In [18], Langlands proposed attacking this problem by the trace formula. For what follows, in order
to simplify the notation, let us take the base fields F' = Q, the field of rational numbers. Also let
us fix a finite dimensional representation, p, of the dual group “G. In order to count those forms
for which the automorphic L-function, L(s,, p), has a pole at s = 1, he starts with the logarithmic
derivative of the L-function. Term by term differentiation leads to

~og((smp) = 0 Y T 1oy (1)

ds
p r=1

Where A(7p) are the local parameters of 7 at prime p. In order to capture the pole of —%L(s, T, p)
one considers the partial averages

lim 3 tr(p(A(m,))") los(p) (12)

Langlands’ idea is to use the trace formula to express (a weighted average of) each term, tr(p(A(mp))"),
explicitly and to analyze the resulting expression. More precisely, for a test function fo € C°(G(R))
(although the compactly supported assumption is not necessary) one can consider

D> tr(meo(foo)) tr(p(A(my))") (1.3)

pr<X m

11
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Where the inner sum over 7 runs over the cuspidal automorphic representations of G. For a suitable
choice of test function fP"* € C>°(G(A)) the inner sum over 7 can be expressed as the trace of the
operator Reyusp(fP ) (see §8.1 for more on this), and hence one can use the trace formula to get an
expression for this sum. The trace formula expresses the sum over 7 in (1.3) as a sum of spectral
and geometric terms:

Z t1 (oo (foo)) tr(p(A(mp))") = Z(geometm’c) - Z(spectral) (1.4)

The idea proposed in [18] is to replace the sum over 7w with (1.4) and to analyze the resulting
expression in.

In [18] Langlands carries a preliminary analysis of each term on the right hand side of the sum
in (1.4) for the group GL(2), F = Q and p = Sym*, the k’th symmetric power representation
L@ = GL(2,C), for various n.

Spectral terms in (1.4) are fairly explicit (at least in the case of GL(2)) and can be treated in a
straight forward fashion. The sum over geometric terms on the other hand runs over conjugacy
classes of elements in GL2(Q) and the part that has the arithmetical information, and needs special
attention, is the sum over elliptic conjugacy classes, i.e. the classes whose eigenvalues determine a
quadratic extension of Q. Analyzing these sums, even in the rather elementary first non-trivial case
of GL(2), is a major task and so far is open except for a few cases.

1.1.2 Related works with the Peterson-Kuznetsov formula

Soon after [18], Sarnak, in [24], had a rough analysis of the problem for the group GL(2) and
symmetric power representations. In his letter, he first points out that the averages like (1.2) that
run over prime power coefficients become technically difficult and may not even be within reach.
Rather than taking the logarithmic derivative, he suggested taking the L-functions themselves and
considering averages of the form

tim < 3" an(p(r)) (15)
Where a,,(p(m)) is defined by,

L(s,m,p) = Hdet (Id - w>_l
p

[e.o]

=Y enlelr)

n=1

Instead of the order of the pole, these averages are to capture the residue of the pole of L(s, 7, p)
at s = 1, so in particular the limit in (1.5) is expected to be more complicated than the one in
(1.2). On the other hand the sum running over integers rather than primes makes it technically
friendlier. In order to analyze sums of type (1.5), in this specific case of GL(2) and symmetric power
representations, Sarnak proposed using the Petersson-Kuznetsov formula, a relative trace formula.
In his letter he then went on to give a sketch of how this was to be carried out and pointed out
to the difficulties that may arise. The relative trace formula approach was then carried out for
G = GL(2) and p = Sym?, the symmetric square representation, by Venkatesh in his thesis, [29].
Moreover, Herman in his thesis, [9], carried the same approach and isolated those forms that are
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base changes by analyzing the so-called Asai L-function again by using the Petersson-Kuznetsov
formula.

1.2 This thesis

This thesis contains the first worked out case of Langlands’ original suggestion in [18] to use the
trace formula (as opposed to the relative trace formulae which, as mentioned before, was the subject
matter of [29] and [9]) to analyze the behavior of the automorphic L-functions, L(s, 7, p), as s — 1T.
As is already observed in §2.2 of [18], the problematic part of the analysis is to analyze the averages
of the so-called “elliptic terms'” in the geometric side of (1.4). The main aim of the thesis is to
rewrite the elliptic part of the trace formula by using the approximate functional equation and to
analyze the resulting expression. This results in a form of the elliptic part (and hence the trace
formula itself) which is suitable for analytic applications. We then go on and give two applications
of the developed theory. In the first of these applications, in Chapter 8, we recover the classical
i—bound of Kuznetsov’s (cf. [15]) towards Ramanujan conjectures using the trace formula and prove
(cf. Theorem 8.4.1):

Theorem 1.2.1. Let? f., € C°(R\GL2(R)) and p be a prime. Then for any e > 0,

D e foo) tr(A(my)) = O (p7+)

Where A(mp) is the local parameter at the prime p and the lo the sum is running over cuspidal
automorphic representations w with trivial central character and unramified at every finite place.

The second application is to Beyond Endoscopy. In Chapter 9 we carry out the first case of Beyond
Endoscopy as described in [18] by using the trace formula. We analyze the asymptotic behavior of
the averages in (1.5) for p = the standard representation and prove (cf. Corollary 9.12.1):
Theorem 1.2.2. Let k > 4 be an even integer. Then,

D3 MAUR

n<X f

Where the sum is running over cuspidal Hecke eigenforms of weight k with full level and a,(f) is
the n’th coefficient of the attached L-function as defined in (1.5).

We would like to also emphasize that, although not included in here, the methods of Chapter 9
are also capable of carrying out the limit of (1.5) for p = Sym?, the symmetric square representa-
tion.

Below, we will give a more detailed description and main results of each chapter. In order to be able
to describe the results we briefly need to go over the elliptic part of the trace formula. For most of
the thesis (everything except Chapter 9) we will be working with the setup in [18]. That is, we will
be considering the space® L?(R;\GL2(A)), and automorphic representations that are unramified
at every finite place. Rather than going through the details of the choice of the test functions and

Note here that the terminology “elliptic term” is used slightly different than the way we are using it here. In
[18] it is used as the difference of the terms that comes from elliptic conjugacy classes with the contribution of the
non-Ramanujan terms, however here we are using it for the contribution of the elliptic conjugacy classes.

2We note that the notation R4y\GL2(R) is not standard. We identify Ry with the scalar matrices with positive
entries.

30nce again the notation is not standard, and what we mean by R, is the scalar matrices with positive entries.
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orbital integrals, here we simply quote the elliptic part of the trace formula* for (1.4). We refer the
interested reader to [18] (pg. 19) for details.

Let n > 1 be an integer. The elliptic part of the trace formula for (1.4) is
o) E () o

mfz f2|(m?+4n)
m2Edn g 1 104 4
2

Where (Q) is the Kronecker symbol and 6, is a certain function on R which depends on f., (for
precise definition and properties see Chapter 4). Then the averages (as in (1.5)) to be analyzed

S () Y ni(n) 1)
n<X m:EZ 2f2 |(m?+4n)
mfiﬂg‘*"zo,l mod 4

1.2.1 Chapter by chapter contents

e Chapter 2.

In this chapter we review the elliptic part of the trace formula. We start by equation (60)
of [18], and then step by step rewrite the elliptic part so that it becomes more suitable for
analytic applications. The main result of the chapter is Theorem 2.1.2.

e Chapter 3.

This chapter starts with a review basic facts about the approximate functional equation. Then
using a result of Soundararajan and Young in [28] (which they attribute to Bykovskii, [3], and
Zaiger, [31]) we derive an approximate functional equation for

(m24p)/ f
fZ(WZL;ﬂlp) L(1,< - >> -

2
%50,1 mod 4

The interesting point here is that the approximate functional equation is for the whole
weighted sum of L-functions instead of summing an approximate functional equations of each
L-function®. This is the content of Corollary 3.2.4.

We also would like to mention that the estimates of lemmas 3.2.1 and 3.3.1 are used throughout
the thesis.

e Chapter 4.

Chapter 4 is quite technical but at the same time fundamental for the rest of the thesis. It is
concerned with the analysis of the singularities of archimedean orbital integrals. The overall
idea is to apply Poisson summation to the m-sum in (1.6). This however is not straightforward

4We note that the sum over 7 in (1.4) runs over cuspidal automorphic representations that are unramified at every
finite place. Although this restricts the automorphic representations we are dealing with, from an analytical point of
view does not create extra difficulties, since allowing ramification brings in only finitely many congruence conditions
which do not create analytical problems. Therefore the case considered here more or less is analytically the “generic
case”.

®This makes the formula much more suitable to use since otherwise one needs to deal with issues that arise because
of the fact that the corresponding quadratic characters are not necessarily primitive.
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since the function 6., is not smooth. On the other hand we know exactly the type of the
singularity (cf. (4.1)). In this chapter we first show that by choosing the parameters in the
approximate functional equation of the previous chapter appropriately (cf. §4.3) one can
“smooth-out” f. The idea is the following: The function 6 (z) has a singularity of the form
/|1 — 22|. Let ® be Schwarz class. Since ® decays faster than any polynomial, the product

Oco () P (ﬁ) (1.9)

is smooth for any o > 0 and C € R\{0}, and one can poly Poisson summation to this
product function. This is the content of Proposition 4.3.1 and resolves the problem related
to singularities, however, introduces parameters (the function ® and the parameters C' and
a). The importance of these parameters, of which the most important one is C, is that they
control the behavior of the Fourier transform of (1.9). More precisely, we are interested in
the asymptotic behavior and decay properties of

/Hoo(x)q) <I1—%Ia> e(—xn)dx (1.10)

We note that the asymptotic behavior of (1.10) depends on the relative sizes of C' and n (The
precise quantity determining the asymptotic expansions is the size of C én) The important
point is that in the context we will be using (1.10), C and n will depend on other parameters
(for example f and n) and these parameters ail be summed over as in (1.7). Therefore we
need to know exactly how the asymptotic behavior of (1.10) depends on these parameters.
The asymptotic expansion of (1.10) (and related functions) occupies the rest of the chapter
and the results are sumrrllarized in theorems 4.8.1 and 4.8.2. The important point in these
theorems is that when C'«n is large the Fourier transform decays fast. However when this is
not the case, the Forier transform does not decay that fast but rather oscillates due to the
appearance of the factor e(£n) up front. We use this in the last chapter to estimate certain
sums related to beyond endoscopy.

Chapter 5.

Throughout Chapter 5 we fix a positive integer n and consider (1.6) for this fixed n. In this
chapter we apply Poisson summation to the m-sum in (1.6) and isolate the contribution of
certain special representations that appears in [18].

w_»

We only consider the sign in (1.6) in the first three sections. In the first two sections we
rewrite (1.6) and apply Poisson summation. The dual sum is given in lemmas 5.2.1 to 5.2.4
(There are four pieces of the sum coming from the approximate functional equation and the
sign of the quadratic character.) The third section is dedicated to the analysis of the dominant
term in the dual sum (i.e. the term corresponding to £ = 0) and isolation of the contribution
of special representations.

We take a moment to elaborate on the contribution of special representations. In [18] (cf.
beginning of §2.2 and/or page 36) it is emphasized that the (possible) contribution of rep-
resentations that are not of Ramanujan type is to be isolated. These are one dimensional
representations and for our setting the only such representation is the trivial representation.
Moreover, in equations (31), (32) of [18] the contribution of another special representation,
denoted there by tr(&o(fsc)), is brought into attention. It is concluded in [18] that this repre-
sentation in general gives a non-zero contribution to the limit in (1.5) and should, in principle,
cancel with a part of the contribution of the elliptic term.

Lemmas 5.3.6 to 5.3.9 is is concerned with the isolation of the contribution of the two special
representations. Lemmas 5.3.6 and 5.3.7 isolates (a part of) the contribution of the trivial
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representation, whereas Lemma 5.3.8 isolates (a part of) the contribution of tr(£p(f). All of
these lemmas are based on contour shifts.

§5.4 goes through the content of the previous sections for the “+” sign in (1.6), and isolates
the contribution of the special representations in lemmas 5.4.3 to 5.4.5.

The final result of the chapter is summarized in Theorem 5.5.2. The estimate in Proposition
5.5.3 is not very important, and will be used only in Chapter 8.

Chapter 6.

Chapter 6 is a about the analysis of certain character sums that appear after applying Poisson
summation to the elliptic part. and in the analysis of the limit in (1.6). The pertinent sums
are denoted by

Kigen = > () e () e (L)

a, mod 4t f?
a?=4b mod f2
2
@ f;‘“’ =0,1 mod 4

and

e 5 ()

a,b, mod 4t f?
a?=4n mod f2
2

d f—;‘" =0,1 mod 4

The reason for the notation “K1{” is because these sums are analogues of classical Kloosterman
sums (cf. [24] equation 70). The bounds we get for Kl (£, n) are based on the Weil bound
on Kloosterman sums.

The character sums wy (€, ), on the other hand, will appear in Chapter 9 and are related to
beyond endoscopy limit for the standard representation (these appear after a second Poisson
sum on the n-sum in (1.7)). These are bounded by explicit calculation. We note there that
the fact that these sums are explicitly computable only in special cases (like the standard
representation and symmetric square).

Chapter 7.

Chapter 7 consists of estimates on the sums that appear after Poisson summation. We sepa-
rated this chapter from the rest of the exposition because the analysis involved is tedious but
straightforward. The results of this chapter are used in establishing the results of the next
two chapters.

This chapter is very technical and can be skipped in a first read.
Chapter 8.

In Chapter 8 we give a new proof of the classical result of Kuznetsov towards Ramanujan con-
jectures. Recall that the Ramanujan conjecture (for GL(2), see [25] for the general statement)
states that the trace of the local parameters A(m,) (the parameters in (1.1)) for a cuspidal
automorphic representation 7 is bounded by 2. For special® 7 this conjecture is a celebrated
theorem of Deligne ([5]), and in general is wide open. It is also well known (cf. [20]) that the
Ramanujan conjecture (in its general form) follows from functoriality conjectures, however
these conjectures as well (if not more) are wide open.

Sz for which the infinity component, 7o, is holomorphic discrete series.
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It is worthwhile to note that although the Ramanujan conjecture itself seems to not be within
reach of the current techniques, for applications in analytic number theory one often does not
need the full conjecture and some improvement on the trivial bound, tr(A(m,)) = O(p%), (For
GL(n) the trivial bound is tr(A(mp)) = O(pnT_l), cf. [25]) is good enough. For any 6 > 0, let
R~ (6) denote the bound

tr(A(my)) = Op(p”) (Rx(0))

Note that the Ramanujan conjecture would imply R, (0) and the trivial bound is Ry (3).

This chapter is devoted (roughly) to prove the bound Ry (5 + €) for any € > 0 More precisely,
we prove the bound

3 (oo (foo)) tr(A(my)) = Op o (pT)

where 7 runs over cuspidal automorphic representations that are unramified at every finite
place and fo, is more or less arbitrary, cf. Theorem 8.4.1. This bound, of course, is well
known’ and was first proved by Kuznetsov (in [15]) by using Kuznetsov trace formula (a
relative trace formula). The novelty here is in the method than the result. The proof we give
here is entirely based on the trace formula. We also mention that the only attempt, that we
know of, in the literature using the trace formula appears to be by Moreno in [22], where he

recovers the trivial bound p%.
e Chapter 9.

Finally in Chapter 9 we carry out the promised application to Beyond Endoscopy and show
that the limit in (1.5) is O for p = Sym!, the standard representation. We note that this result
follows form the well known holomorphy of the standard L-function (known in much greater
generality, cf. [8]), and once again here the novelty is in the method rather than the result.

Since the result is not new, we do not aim for any generality and instead of using the general
trace formula, use the Selberg trace formula for holomorphic forms of weight k£ > 2 (formula
9.1). This formula comes as a sum of three different terms, and correspondingly the average
in 1.5 has three different contribution, denoted in Chapter 8 by A, B and C. The final result
is Corollary 9.12.1 where we show that the sum of A, B and C is 0.

There is an interesting point here that we would like to draw attention to. Although the sum
of A, B and C is 0, each one of them individually is not necessarily 0. Indeed we show that
(B) is 0 (Proposition 9.2.1) and (C) = 2(;7_11) (Proposition 9.2.2). We then go on and show
that the contribution of the elliptic part, (A), is also non-zero and equals exactly ﬁ and
cancels the contribution of (C).

1.3 Final comments

First, we would like to have a few words about the contents and generality of the methods. The
main idea, as mentioned before, is to use an approximate functional equation on the elliptic part
of the trace formula to handle the Artin L-functions, which appear in the trace formula as volume
factors, as well as to smooth-out the singularities of orbital integrals, and then to apply Poisson
summation on, what is called in [7], Hitchin basis. Although we carry out this idea in the setting
of [18] (i.e. L?*(Ry\GLy(A)) with representations unramified at every finite place) we would like
to mention that the theory is completely general and applicable in the most general case. The

"In fact much better bounds are known, cf. [25].
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important points are the approximate functional equation of Chapter 2 and the analysis of Chapter
3, both of which are completely general.

Second, we would like to say a few words about the trace formula and Beyond Endoscopy. Histor-
ically, the use of the trace formula in establishing functoriality has been via comparison of trace
formulae of different groups (as in the case of endoscopy). The idea of Beyond Endoscopy is to
use the trace formula, possibly combined with the techniques of analytic number theory, in a way
to pass beyond this comparative approach. This thesis establishes a basis for such an approach
and gives the first applications to Beyond Endoscopy. As mentioned before, with the methods of
Chapter 9 one can also carry out the analysis for the symmetric square representation. We also
would like to mention that for higher symmetric powers the sum over n in (1.5) starts running
over sparse sequences and the second Poisson summation (on the n-sum) of Chapter 9 seems to be
problematic. We however believe that there is a lot more structure in the singularities of orbital
integrals to be uncovered and the methods of chapters 2 to 7 are open to further analysis and
potential results.

Finally we would like to draw attention to the following interesting feature, appearing in chapters
4 and 8.

Let us start with Chapter 4. As we mentioned above, there are special representations that we
isolate in the elliptic part after applying Poisson summation. In the context we are working there
are two such representations, the trivial representation, 1, and the representation denoted by & in
[18] equation (31) and (32).

The trivial representation gives the main contribution® to the trace formula, and hence gives the
main contribution to Poisson summation too. It is therefore expected to appear in the term cor-
responding to £ = 0 (with the notation of Chapter 4) after applying Poisson summation. As we
explained above, this indeed is the case and we show it in lemmas 5.3.6 and 5.3.7. We also mention
here that in [7] this idea of applying Poisson summation and isolating the contribution of the trivial
representation is carried out by different means for groups G that are semisimple, simply connected
and for which® G = Gge,.

On the other hand the second representation, &g, is quite mysterious. Its contribution to the trace
formula survives the limit of (1.5). Langlands, in [18] page 25, calls this “accidental” and says that
this contribution should also appear in the elliptic term and cancel. In lemmas 5.3.8 and 5.4.5 we
show that this is indeed the case and the contribution of & does appear in the elliptic term with
opposite sign.

Similarly in Chapter 8, the last term in 9.1 gives a non-zero contribution to the limit (Proposition
9.2.2). Since we know that the standard automorphic L-function, L(s, ), is holomorphic we expect
this contribution to cancel with contribution of the rest of (9.1). Once again this turns out to be
the case and this contribution indeed cancels with the non-zero contribution of the elliptic term (cf.
Theroem 9.6.3).

In order to explain the phenomenon we first recall the approximate functional equation (cf. Corollary

8Tts contribution to 1.4 is p% whereas the Ramanujan conjecture tells us that 1.4 should be bounded by 2.
9Where Gger denotes the derived group. A typical example for such a group is G = SL(2). We also mention that
G = GL(2) is not such a group however with a slight modification the results of [7] still applies to GL(2).
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3.2.4). It expresses (1.8) as,

S pTH(EmRs) . > g () () (*

f?l(m?—4n) t=1 f?|(m?—4n) t=1
mfig‘*"zo,l mod 4 mfig“zo,l mod 4
2 l > 2 2 2
2 —4
f?|(m?—4n) t=1

77"?54" =0,1 mod 4
(o)

Where A > 0 is a parameter that we are free to choose, F' is a test function and H4 is a certain
transform of F'. One should think of the functions F' and H+ as smooth approximations to char-
acteristic functions of (0,1) since their role is to truncate the sums essentially to ¢tf? < A and

2 |m2—4n)|
tf? <
The sum in (o) essentially the Dirichlet series in (1.6) truncated to the range tf2 < A, whereas the

dual sum in (ee) appears because of the functional equation (cf. (3.1)) and is not apparent in (1.6).

Accordingly the elliptic part of the trace formula breaks up into a sum of two parts (cf. Lemma
5.1.1).

The point is that after using the approximate functional equation, the contribution of &, and that
of the last term of (9.1) both appear in the parts corresponding to the dual sums, in particular
in the part which is does not originally appear in (1.6). This seems to be quite interesting and
mysterious feature of the approach.

1.3.1 Notation

The notation (hopefully) is consistent throughout the thesis. Below are a few symbols that we use
without defining.

o e(z).
Unless otherwise stated e(x) := e2miT,

e Fourier transforms.

AH Fourier transforms are with respect to the character e(z) and normalized so that we have
fz) = f(~x).

o <.
We use this symbol and the big-O notation more or less interchangeably. We hope that the

way we use it will be clear from context. We use the notation f(x) <, g(z) to mean that
there is a constant, K, > 0, depending only on « (note that o can be a multi-index) such

that |f(z)] < Kalg(z)|.
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Chapter 2

Elliptic Part of the Trace Formula

In this chapter we will quickly review the elliptic part of the trace formula as given in equation (60)
of [18]. We will be working in the setting of [18] as explained at the end of page 13 and the top of
page 14 as well as at the beginning of §2.1 of that reference. We will be considering automorphic
representations on L?(R; G Ly(Q)\GLy(A)) that are unramified at every finite place.

Let p be a prime, & > 1 and n > 1 be integers. Let! fpk be as in equation (11) of [18]. Then
equation (60) of [18] gives the following expression for the elliptic part of the trace formula for the
trace of the operator R(f?")

Zw(mip D ZfH(l_(f) ) (2.1)

mGZ fls  dlf

Where?,

e )(m, £p¥) is the archimedean orbital integral of f,, as given in equation (26) of [18], and
computed with respect to the normalizations of §2.1 of [18].

m? — 4pk =s*D

Where D is the fundamental discriminant.

b = vol(R4 G (Q)\G,)(4)
Where v is an element in GLo(Q) with trace m and determinant +p¥, and the volume is
computed with respect to the normalizations of §2.1 of [18].

Since everything is multiplicative, It is trivial to see that the same formula carries to the case when

vg(n)
an Ta" " L
any integer k > 0 the notation T} is as on page (19) of [18]. i.c. The elliptic part of the trace

formula for R(f") is
5= s, T 1 (2)07) o2

mGZ fls alf

we change our function fpk to f" = fo |1 Tg for an arbitrary integer n, where for

!Note the slight difference in notation. In equation (11) of [18] there appears the representation, p, of the dual
group and the function f depends on this. For our purposes we take p = Sym*, and in order to emphasize the
dependence of fP (with the notation of [18]) on k we write it as f”k. We remark that this indeed corresponds to
considering the p™’th Hecke operator instead of p’th in classical language.

2Note that the dependence of the variables s, D adnd v on m and p* are suppressed.
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Where D and s are defined by the equation m? #+ 4n = s2D.

2.1 Rewriting the elliptic part

In this section by using Dirichlet’s class number formula we will rewrite (2.2) so that it will become
more suitable for analysis. We first quote some more results on the functions that appear in
(2.2).

By the paragraph at the end of page 21 of [18] we know that for any r > 0, ¥(rm, £r?n) = (m, £n).

Taking r = ﬁ we see that there exist functions 8% (z) € C,(R) such that

w(m, +n) = 0% (%) (2.3)
By the computations® of §2.1 of [18] we have,

MD_{%u»Run it D>0 (2.4

2uliy if D <0

wp

Where h(D) denotes the class number of the field Q(v/D), R(D) is the regulator of Q(v/D)
(which is given by In || for a fundamental unit €) and wp denotes the number of roots of unity in

QD).

Recall Dirichlet’s class number formula (cf. Corollary following Theorem 5 of Chapter 8 in [17]),

2MDRID) 3¢ p 5
L (1» (2)) = 27rh(|Il)))‘

DI

2.5
it D <0 (25)

Using (2.4) and (2.5) we then see that

wp = /IDIL (1, (2) 2.6
Combining (2.3), (2.6) and (2.2) we get that the elliptic part can be written as

> Ve () L Zf H (1-(2)a) (2.7)

meZ
+

Note that D = @. Therefore /|D| = ivmim’. Using this we get that (2.7) is

S g () L1, (2)) ZJ;]'I (1-(2)a) (2.8
mez fls  alf

Lettting

= Va2 — 1|05 (x)
0 () ) ST (2)7) oo

mGZ fls qlf

we see that (2.8) is

We now turn to the L-value and the sum over f.

3Note that in the computation at the end of page 17 of [18] it is assumed that D # —2 or —3. It can be easily
seen that the formula in (2.3) is the general form of the volume.
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Lemma 2.1.1.

Proof. Using the change of variables f +— % we get

LN (2)a ) =2 ()T (- (2) 0 )

fls alf fls 4}
Note that
LT (- (9)) ~TL0- (2)) T (2) )
~I0-(3)) IL (- (9)0)
TI0-(2))
-5(0(222)
The lemma follows. O

Using Lemma 2.1.1 we can rewrite (2.9) as

23" 0% (%) Y (1, (M» (2.10)

meZ s
g5 1l

Finally using Theorem 26.39 of [14] we see that the requirement that f | s is equivalent to f2 |
Ds? = m? T 4n and ”12%4 = 0,1 mod 4. Therefore we finally get,
Theorem 2.1.2. The elliptic part of the trace formula in the setting of this chapter can be written

as
23" oF (%) 3 ir (1, (M» (2.11)
mez F2m2F4an
+ 2
%{4”50,1 mod 4
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Chapter 3

Approximate Functional Equation

In this chapter we will derive an approximate functional equation for the weighted sum of the
L-values that appear in (2.11). We will first review the functional equation that the sum over f
of the L-values satisfy. The point to pay attention is that the weights (i.e. the f-sum) in (2.11)
are arranged so that the whole f-sum itself satisfies'! a functional equation. Once we have the
functional equation we will derive an approximate functional equation in the usual way. For most
of the material on the approximate functional equation we will follow §10.4 of [11].

3.1 Functional Equation

Let 0 € Z be a discriminant, i.e. § = 0,1 mod 4, and D = Dy be the fundamental discriminant it
defines. Let L(z,d) be defined by

Lo = Y gL (= (%))
5/f2§{)2,|16m0d 4

Let A(z, ) be the completed L-function, i.e.
A(z,8) = ()71 (5%52) L(=,9)

Where es = 0,1 depending on § > 0 or < 0 respectively. Then the completed L-function satisfies
the following functional equation:
Proposition 3.1.1.

A(z,0) = A(1 — z,9) (3.1)
In particular we have
l_z r 1—z+65
L(z0) = (1) %;)La — 2,0) (3.1')

r()

Proof. This is the content of Lemma 2.1 of [28]. We only note that in the indicated lemma it is
implicit that in the sum over f the integer d is a fundamental discriminant. This is the same as
replacing the f-sum which runs df? = 6 by f | [. It turns out that this functional equation was also
observed earlier by several other authors in related contexts (Bykovskii, [3], and Zagier, [31]). We

"We would like to thank Matthew Young for pointing this out, and referring us to his paper with Soundararajan
[28] (cf. Lemma 2.1 of [28]).
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refer the reader to the proof of Lemma 2.1 of [28] and the references in §2 of the same reference for
more on the history.

O]

3.2 Approximate Functional Equation

For any Dirichlet series that has a functional equation we can write an approximate functional
equation. We will take almost all of this material from Chapter 10 §10.4 of [11] but instead of using
the classical functional equation we will use (3.1").

Let F € C®(R™) be
o0 1
F@%=%&m/ e e (3.2)

Where K,(z) denotes the s’th modified Bessel function of the second kind. Then,

Lemma 3.2.1. For every x > 0 we have

—x

0< F(z) < 35 (3.3)

and )
0<1-F(x)< 557 (3.4)
Proof. [11] pg. 257. O

Let F(z) denote the Mellin transform of F. i.e.

We have the following lemma about the analytic behavior of F:

Lemma 3.2.2. Ezxplicitly; F(Z) = %Sg :

with residue 1. Furthermore, F(z) is odd, and for z = o + it € C we have the uniform bound

—

It is holomorphic except for a simple pole at z = 0

~

™
F(z) < |z|lol=1e 21

Proof. [11] pg. 257-258.
O

Proposition 3.2.3 (Approximate functional equation). The setting is as above. Then for any
z € C we have,

S () Y ()

1216 1216
§/f?=0,1 mod 4 §/f?=0,1 mod 4
1 o0
16 \2~* 1 1 (5/f> tf2A
+ <?) Z [iE Z == ( i )Hé,z ( 3] )
1216 t=1

§/f?=0,1 mod 4
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Where,

1+ufz+55
Hs . (y) == 21/ L Z- >(7ry)*”F (u) du
) T z—uteg
R(u)=1 F<72 )

Proof. Let F denote the mellon transform of F. For ®(u) = o > 0 by Mellin inversion we have

o
1 1 (6/f? tf2\ _ 1 1
Y. ) # ( i >F (7) = 7m Y. pEro
7218 =1 Rw=e e
§/£?=0,1 mod 4 §/£2=0,1 mod 4

L (z + u, (M)> AYF (u) du

=L L(z + u, 6)A%F (u) du

RE (u)=0c

Then shifting the contour to R(u) = ¢’ < 0 picks up the pole of F(u) at u = 0 and gives

0 Lz + u, 8)A"F (u) du = L(=,0) + 2= / L(z + u, ) A“F () du
R(u)=c R(u)=0’

Using the change of variables u — —u and using the oddness of F transforms the ¢’-integral to

o L(z 4 u, 0)A%F (u) du = — e L(z — u,0)A™"F (u) du
R(u)=0’ R(u)=—0"
Finally using the functional equation (3.1") gives
. iu—z p(Hrztes .
L L(z—u, 6)A™F (u) du = 5= ('iﬂ‘) 2T WL(1—2+U, §)A™UF (u) du
R(u)=0’ R(u)=—0' 2

Therefore we get,

S ()= 8 e ()r (%)

1216 1216
§/f?=0,1 mod 4 §/f?=0,1 mod 4
1 o
|61\ 2% 1 1 (5/f? tf2A
+ (y) Z FT-2= Ztlj ( i )Hé,z ( 3] )
1216 t=1

§/f2=0,1 mod 4

We note that in the statement of the proposition we took ¢’ = 1 for convenience.

Corollary 3.2.4. The setting is as above.

1 /2NN
> () -
el

§/f?=0,1 mod 4

N|=

oo o0
1 1(6/f? tf? f? 8/f? tf*A
) 72?(T)F<7>+ﬁ > (W) Z(T)HtS(m)
f2‘5 t=1 f2|(5 t=1
§/f?=0,1 mod 4 §/f?=0,1 mod 4

Where by abuse of notation we denote Hsq by Hs.
We note that although there seems to be a dependence of Hs, on 4, it is no way serious. H; .
depends only on the sign of § and once we fix the sign it is independent of §. For this reason, from
now on we will call Hs . as Hy ,, (similarly for Hs) where it is implicitly understood that the sign,

=+, is the sign of §.
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3.3 Estimates on H.

We have the following bound on Hy:

Lemma 3.3.1. For any R(x) > 1 we have

NG

Hy(r) < te 2 (3.5)

Proof. The only difference between H; and H_ is the difference in the I'-factors, so we start with
bounding those. By Stirling’s formula we have

F(HTU) w\u-3 1\5 (2 u—l
r(z—T“)N(Te) 2(1+3)2 (G -1) 2
R(u

(u)
Since |1+ %| < /e and for R(u) > 1, |2 — 1| <372 we have

F(lit) 1

Where the implied constant is absolute. On the other hand, by equation 10.63 of [11] (pg. 259) we
have ) ’ .
r(% _1 _1
2y < | — 1072 M72
()

Which, for (u) > 1 gives the bound

u 1
Ay < o2
r(5*

Where the implied constant is, once more, absolute. Substituting these bounds into the definitions
for Hy(x), and using the bound on F(z) given in Lemma 3.2.2 we get

1 ™
1)
Shifting the contour to R(u) = max{1, \/%} then gives

Hi($) <K le/4€_ 3

ol

< le”

Where the implied constant is absolute. ]



Chapter 4

Analysis of the Singularities of
Archimedean Orbital Integrals and
Asymptotic Expansions

4.1 Singularities of orbital integrals

We start by recalling the asymptotic behavior of archimedean orbital integrals. We will be very brief
and present only what we need without going into detail or proofs. For a more detailed introduction
we refer to [1] and the references therein, and for the asymptotic behavior of orbital integrals see
[13], [16] and [27] and references therein.

For a test function, f € C2°(GL2(R)), let us denote the orbital integral of f at the (regular) element
v € GLa(R) by Orb(f;7). i.e.

Orb(f;7) := / flgvg~")dg

T,\GLa(R)

Where T, is the centralizer of v in GLy(R) which is a maximal torus (since 7 is regular). The
measure normalizations are as given in [27]. We are interested in the behavior of Orb(f;~v) as v
approaches a central element. As is given in [18] (page 21 equation (26)) and [27] (equation (1)),
around z € Z(R): There exists a Weyl group invariant neighborhood, N, of z and smooth functions
G1,G2 € C°(N,) (depending on the point z) such that

1
Orb(f;7) = G1(7) + 225G ()

Where 71,72 are the eigenvalues of the element v. Note that as v approaches a central element
Orb(f;v) has a singularity of the prescribed form form —112- (the discriminant function of

(11—2)?
GL(2)).

When we parametrize the element v with its trace = m, and determinant = n, the discriminant

(11—2)? — (Wj _ 4)
Y172 n

becomes

Therefore, in the (m, n) coordinates, the asymptotic behavior of the orbital integral can be expressed

as L 1—1/2
Orb(f57) = Gy (m,m) + [4 — =2

Ga(m,n)
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Furthermore, by choosing a central character (as we do when using the trace formula), we can
m

further assume that G; and G2 depend only on the ratio S and the sign of n. Also, when sign
n

of n is negative, the element that (m,n) parametrizes is in the split torus and G vanishes.

For what follows, by abuse of notation we will write the variables of our functions as % instead of

NG

functions 0 (%) which are the products of Orb(v, f) with the square root of the discriminant

and a sign, and will keep the dependence on the sign of n implicit. We will be considering the

and the local volume factors as defined in [18]. Let z := % By the above decomposition (see

Lemma 2.a.4 of [18]) we see that around x = £2 (Note that this is not the same z as in Lemma
2.a.4 of [18].) we have

1
Ooc(2) = [4 = 2720001 () + O 2(2) (4.1)
Where 0 1(,) is smooth and supported inside (—2,2) and € 2(z) is smooth and compactly sup-

ported. The most important property of these functions that we will use is the following asymptotic
expansions around £2 (see Theorem 2.4.a of [21]):

Ooop(£2+7) = >  ofa’ (4.1-a)

4— (£2F 2)* 201 (£2F2) = D BFalts (4.1-b)
=1 (0)

4.2 A very brief summary of the context

Since it has been some time since the last time we discussed any of these I will quickly recall the
context in which the approximate functional equation arise. For convenience assume that everything
is unramified outside co and the central character is trivial.

Recall that the approximate functional equation allows one to express the values of an L-function
as a sum of two absolutely convergent series. More precisely for a primitive Dirichlet character
x (for this discussion there is no loss of generality in assuming that the character is primitive) of
conductor f, it reads as

o] 1 oo ) i
Lz =Y %o (5) + Wi (£)° - 32e, (1)
t=1

t=1

Here A > 0 is a parameter that is to be chosen, Wy is the root number for the complex conjugate
character and ® is a smooth cut-off function (in particular it is rapidly decreasing, say in the Schwarz
space), and (i)x is a certain transform of ®, whose dependence on x is actually only on y(—1), and
itself is rapidly decreasing.

Fix a test function fo € C°(G(R)). For any n, by choosing the standard functions, f,, at each
place v, to give the trace of the n’th Hecke operator, form f := foo [[ fo.n € C°(G(A)). Then (after
fixing measures etc.) the elliptic part of the geometric side of the trace formula for the operator

R(f) (roughly) reads as
L (1 (=)

So(m) X
meZ F£2[(m?—4n)
m2—4n

f2

el

=0,1 mod 4
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We will be treating the above sum one f at a time and for our purpose of explaining the smoothing
of the archimedean orbital integral we can (and do) ignore it and pretend that f = 1. Then we

have the sum,
NCORIES)

Our aim is to apply Poisson summation to the m-sum. We would like to expand the L-function into
the Dirichlet series and then interchange the two sums. In order to do so, we replace the L-function
with the approximate functional equation and get

S (S ()00 25 5 (7))

Where e, = (1 + sign(m? — 4n))/2. Since the e, and ®
first split the sum into two parts

S o (25) {0 (=) 000 + oy 3 (250) (i)

m2—4n<0

depend on the sign of m? — 4n we

€m,n

T () S () o) 3 () b () |

m2—4n>0 t=1

We can now interchange the inner and outer sums, break the m-sum into arithmetic progressions
mod? and get

00
1 a’—4n m m t
> (5 Yoot (m)eh)+ Y () (k)
t=1 amodt m2—4n<0 m2—4n>0
m=a mod t m=a mod t
4n 1 m T tA
+\fz Z { (3 (\/ﬁ) d_ (|m274n|)
t=1 amod t 2_4n<0
m=a mod t

m2—4n>0
m=a mod t

Where _ and <i>+ are the transforms which we used to label by the subscript €, .

4.3 Smoothing orbital integrals

We would now like to apply Poisson summation to the m-sums that appear above. There are two
problems in applying Poisson summation to the above sum: The first problem is that the sums are
not complete (the m-sums are running over either |m| < 24/n or |n| > 2y/n). The second is the
problems about the singularities of the function |m? — 4n|=2

To get around these problems at once we will use the rapid decay of our test function ¢ (and of
o 2). Recall that we still haven’t chosen the parameter A. Let 1 > a > 0 be a constant (we will
later choose a ~ %) and let

= |m? — 4n|®
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With this choice, the sum above is

For any function ® and constants C' > 0 and 1 > a > 0, define © o c,a,+ by

Ooo (2)® (ﬁ) if Ja| < 2

0 otherwise

Oo (1) (ﬁ) if ] > 2

0 otherwise

@oo,<1>,C,oz,— (x) = {

@oo,@,C',oc,—i- (.Z') = {

Then the above sum can be rewritten as

51 Y () T enanen ()¢ T onunens ()]

a mod t m=a mod t m=a mod ¢
o0
2_
+\/7T-E : z : (a t4n> z : ! 1®oo<i> tnl—o‘lfaf(%>
|m2_4n|§ s E — ) s n
t=1amodt m=a mod t

1 - m
M Z ‘m2—4n\% ®oo,<1>+,tn1*a,1—a,_ (\/ﬁ) }

m=a mod t

m

Next proposition shows that as N +2 the test functions ® and & decay faster than any poly-

1
1
a2

m

nomial which makes the functions © ¢ 1o q + (ﬁ) and () smooth.

00,®4 tnl— 1—q,+

More precisely, we have the following:

Proposition 4.3.1. Let C > 0 and 1 > a > 0 be constants. For any Schwarz function ®(z), the
: 1

Junctions O ¢ 1o o+ () and m@m@i,tnlﬂ,l—a,i (z) are smooth.

Proof. The only problem is around x = 42 and everything is symmetric so without loss of gen-

erality we will analyze the derivative only near x = 2. We will also show the result only for

Thetao, ¢ 1n-o o — () because the argument carries verbatim to the other function.

We will show that the left and right limits of the difference quotient are both 0. The right derivative
is trivially 0 because the function is 0 there. Consider the left limit of the difference quotient,

lim

C
ot2-1)F (=)
h—0+t h B

Gm(th)F((Llh_%)
3
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Since ® is Schwarz class, for any M > 0 we have
®(x) = On(z™ ™)

From this we conclude that as h — 01

(o) -ox ((22)")

Therefore,

C
o0 (i) 0 <9w<2h> (<4hh2>“)M)

h M h c
Since by equation (4.1) 0 is bounded we get that the limit is 0, proving the differentiability. Since
M was arbitrary, this indeed proves that all the derivatives exists. The argument for the rest of the
functions are exactly the same.

O]

Proposition 4.3.1 allows us to apply Poisson summation to the m-sums. However, in order to be
able to analyze the resulting dual sum we need to understand the decay properties of the Fourier

. 1 _
transforms of the functions © ¢ 4,~a o + () and ym—r O o by tni-a1—a+ (T)-

Recall that the functions ©., ¢ tn-o o+ (z) are defined by (#), and are the product of . (z) with
the appropriate cut-off function. On the other hand the function 6. (z), by (4.1) is the sum of
11— xz\%ﬁoo,l(x) and 6 2(x), where 0 1(z) is supported in (—2,2) and is smooth there, and
00,2(x) is smooth of compact support.

Therefore, in order to analyze the Fourier transform of © ¢ ¢~ o + (%) and

ﬁ@m & tni-a1_q+ (@) weneed to understand the Fourier transforms of functions of type
—x2|2 ) ) ) )

14
12| g(@) (=S )

Where p = 0,£1 and |1 — x2|g g(z) has an asymptotic expansion around +1 of the form given in
(4.1-a) or (4.1-b) depending on p. We will do this in the following sections.

Important note. It might not be clear at this point as to why we need to analyze the asymptotic
expansion of Fourier transforms of the above functions since by Proposition 4.3.1 they are all smooth
and therefore decay faster than any polynomial. This is indeed correct, that they are smooth and
they do decay faster than any polynomial. However the constants involved depend on the parameters
«a and C. For us C = n% and since in the applications we have in mind we will be summing on ¢
and n, we need the explicit dependence of the Fourier transforms on C. This is subtler than the
crude decay estimate that comes for free from the smoothness of the involved functions.

4.4 Asymptotic expansions Fourier transforms - 1

In this section we will derive the asymptotic behavior of the following type of Fourier trans-
forms:

/1 g(z)® <ﬁ) e(—zn)dx (4.2)

-1
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Where ®(z) is a Schwarz class functions, g(x) is smooth of compact support and the integral is
taken over (—1,1). We want the explicit dependence on the variables n and C, when 0 < a < 1 is
a fixed constant. (For future reference, a will be around %) The asymptotic behavior will depend

on the support of g(z), size of C' and the relative sizes of C * and 71, and we will treat each one of
these cases separately.

Throughout the proofs we will be using integration by parts on composition of functions multiple
times, so it is convenient to recall the so called Faa di Bruno’s formula: Let £ € N and f and g be
k-times differentiable functions. Then the k’th derivative of the composition f o g(x) is given by
the explicit formula (cf. [23])

Lie@)= Y a0 (427 (42)" () ws)

a1+2a2+3az+---+kap==k
a:=a1+a2+-+ag
a; EN

Proposition 4.4.1. Let 1 > X\ > 0. Then for any integer k > 0 there exists a constant k(a, k) > 0
such that for =1+ X <z <1 — X we have

dk C —k § ay—aaF(a
a14+2a2+3az+-+kap=k
a:=ai1+az2+--+ag
a; €N

Proof. This is a direct consequence of equation (4.3) with g(x) = ﬁ and f(z) = ®(z). Applying
the formula we get

i () = 2 st ® (%)

al +2a2+3a3+---+kak =k
a:=a1+az2+-+ag
a; EN

(i ()" (3 (7)) (2 ()
=Y e ()

a1+2a2+3a3+-+kap=k
1.d 1 AN 1 a2 1 d* 1 Ok
(3 (7)) (G (o)) (b (o)) (49)

a:=ai1+az+--+ag
a; EN

For any b € Z~¢, using the binomial theorem and the fact that —1 + A <z <1 — A, we have

b

db 1 _ b\ & 1 -t 1
dab ((17932)‘1) - Z <l> da! (1—2)® de1-1 (14x)>

=0

_ a(a+1)-(atabl) Yo la(ad1)--(atl—1)a(a+1)-(at+b—1—1)
i [(1 o T (1+z>b} +Z< ) (=)= (1=2) (1+2)""

< k(a, b)A™@7?

where k(a,a) is a constant depending only on a and «. Substituting this bound into (4.5) we then
get

e ® () < > s ® (=)

a1+2a2+3a3+--+kar=k
a:=a1+az2++ag
a; EN
ag

(%H(Oz, 1))\_04—1)(11 (%ﬁ(a, 2))\—01—2)112 .. (%H(O&, k))\_o‘_k>



4.4. ASYMPTOTIC EXPANSIONS FOURIER TRANSFORMS - 1 35

<Ak 3 o )N (G

a1+2az2+3a3+-+kap=k
a:=ai+az+--+ag
a; EN

Where #(c, k) > 0 is a constant that only depends on « and k. O
For the rest of this chapter we will analyze the Fourier transform (4.2). We will see that depending
on the support of g and the relative sizes of C and 7, the Fourier transform behaves differently. The

main case is when the support of ¢ is (—1,1), and C' — 0 and C’én < €9 for any ¢ > 0, in which
case we will get an asymptotic expansion which will be used in later chapters.

For the rest of the section we will work our way to this final case step by step starting from simple
cases where the Fourier transform decays very fast independent of any parameter.

4.4.1 Warm-up I: C' > K for some constant K.

In this case integration by parts implies that the Fourier transform decays faster than any polyno-
mial, and this decay is independent of C'. More precisely,
Proposition 4.4.2. Let C > K for some constant K > 0. Then for any M > 0

1
[ 8@ (=g el—am)da = Ongaaec 7

Proof. Integrating by parts M-times we get

1 1
M
/1 g(z)® (ﬁ) e(—an)de = W /1 ddxw {g(x)(ﬁ (ﬁ) } e(—an)dx (4.6)
By the binomial theorem we have

XM
i {o@ (%)} = 3 () o) e (oG (4.7

=0

Substituting equation (4.7) into equation (4.6) gives

' c LN (MY [ e d! c
g9(z)® (W) e(—an)de = 5 psm > / 1 2o 19(@) 37 ® <m> e(—zn)dz (4.8)
1=0 -

-1

Since g(x) is smooth for any 0 <! < k we have

aM—l1

Wg(@ = Ogm(1) (4.9)
On the other hand, for any 0 <[ < M, by (4.3)

ddTﬁll(I) (ﬁ) - Z al!ggﬁal!@(a) ((1—22)11)

a1+2az+3a3+-+la;=l
a:=ai1+a2+-+a;
a; EN

(1 () (e ()™ 32 () 020
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Furthermore by the binomial theorem we have

& (=)

~1
_ ala+1)-(at+b-1) 1 (—1)b b (=1)b=ma(a+1)--(a+m—1)a(a+1)-(a+b—m—1)
= gt [+ G|+ 2 ( > (A=) (= (L) (411)

Substituting (4.11) into (4.10) we see that if we can bound generic term

1 (a) C
(1—22)a (1—2)™"F (142) =™ ® <(1712)")

(4.12)

where a; < Jl and 0 < m < j. Since ® is of Schwarz class and a < M, for any A > 0 we have

W (2) = Og pralz™)

Using this we get

@ (ﬁ)zQ%M’A((l—g?M) (4.13)

Substituting (4.13) into (4.12) we get

1 (a) C r (1_m2)aA
(1—z2)(1—z)™% (1+2)P~™% & ((1—w2)“> = Oam,4 ((1x2)a(1x)m%'(uz)(jm)%'m) (4.14)

Since jm < jaj < 1 < M Choose (and fix) A such that |¢A|] = |[M + « + 5/, and note that
0<1-—22<1. We then get

(1—:22)0“4
(1—22)a(1-2)™" (1+a)

G=maj oA O@,a,M(CiA) (4.15)

Substituting (4.15) back into (4.14), (4.11) and then into (4.10) we get

d c _ ce

TP <(1,mz)a) = Og,a,M (@) (4.16)
Recalling o < 1 we get A — M > 0. Then noting that a <1 < M and substituting (4.16) into (4.8)

gives

1
| 909 (=S5 ) el=amde = Ong~ M=)

Finally using C > K, we get the proposition. O

4.4.2 Warm-up II: C' < K for some constant K, and the support of g(x) does not
intersect {+1}.

If the support of g(z) does not intersect {+1}, then the integrand is smooth and we can again use
integration by parts to get the decay of the Fourier transform.
Lemma 4.4.3. Let 1 > X\ > 0. Then for any integer k > 0 and for —1 + X <z <1 — X we have

k
e ® (ﬁ) = O 0,k K (1) (4.17)
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Proof. Since C' < K,
CNT* < KN (4.18)
Substituting (4.18) into (4.4) we get
dk C —k ~ ay—aaqF(a C
W@ (W) S )\ Z K/(Oé,k)K )\ (b( ) <(l_x2)a) (419)
a1+2a2+3a3+---+kap=F~k

a:=a1+az+--+ag
a; EN

Since C < K, for -1+ A<z <1— ),
C —«
e < KX
Therefore for —1 + X <z <1 — X and for any 0 < a < k we have
‘I)(a) <ﬁ) = O<I>,a,k,K,>\(1)

Substituting this bound into (4.19) we then get

L0 (Sm7) = Ovans | X Hl0 k) 3 Kopoe

a1+2as +3a3+-~+kak =k
a:=a1+a2+-+ag
a; N

= O@,a,k,K,)\(l)
]

Corollary 4.4.4. Assume that C < K for some constant K, and the support of g(x) does not
intersect {+1}. Then for every M > 0 we have

1
| 98 (=S5 el=endo = On (™)
Proof. Integrating by parts M-times gives
1 1
C _ 1 aM C
/1 g(l‘)(b (m) 6(—5677)dﬂf = W /1 W {g(.’]})@ (m) } 6(_5677)6135 (420)

By the binomial theorem we have

M &l MY\ .
o {g(x)(I) (ﬁ)} =2 ( l >jiaug(:v)jﬂc1> (ﬁ)
=0

Let A > 0 be a constant such that the support of g(z) be contained in (=1 + X\,1 — X). Then by
Lemma 4.4.3 we have

aM C M M aM—1
e {9(-77)(1’ (m)} = 0¢,0,M )\ K Z ( I )dac]\/[lg(x)
=0

Since g(x) is smooth and its support is in (—1,1), gD (z) = Og m—1(1). Combining these, we get

dM

i {9@)® (557 } Ovgiav (1)

Substituting this back into (4.20) finishes the proof.
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4.4.3 Support of g(z) intersects {1} non-trivially and C' — 0.

There are two sub cases of this case depending on the size of n relative to Ca.

There exists § > 0 such that n > C a0,

In this case, once again integration by parts resolves the problem. )
Proposition 4.4.5. Assume that there exists § > 0 such that n > C~a~°. Then for any M > 0
we have

1
[ 9@ (155w el=on)de = Ouganraln™)

-1

Proof. We proceed as in the proof of Proposition 4.4.2. For any integer My > 0, integration by
parts Mo-times and going through steps (4.6) to (4.12) reduces the problem to bounding terms of
the form

1 (a) c
(1—2)(1—2)™ (142)0 ™% ¢ <(1,xz)a> (4.21)

where [ < My, 1 <a<l, a; < é, 0<m<jand —1 <z < 1. We split (—1,1) into three parts,

I=LUILLUI;
Where,
Y
I :=(-1,-1+Co"2)
1,9 1,9
I = (—1+CO¢+271—C<>¢+2)

Iy = (1—Cats,1)

For z belonging to each of the Iy, I, Is we will bound(4.21) separately.

e €13 Since x € I3, (1 —2%)~* >272C~1-9* Hence ﬁ > 272C~% and in particular

ﬁ — 00. Therefore, since @ is of Schwarz class for any A > 0 we have

) (z) = Op 1p,a(a™?)

Therefore,

o () = O () 4z

Substituting this back into (4.21) gives

1 (a) o _ (1—a?)~4
() ()™ (1) T (<1—w2>") v 1p.4 (CA(I12)0‘(1x)ma'j(lJr:r)(jm)aj)

Since z € I3, (1 — 22)*4 < CA+t2%4 Therefore

1 (a) C _ cooA
(17x2)a(17x)ma]- (1+x)(j_m)aj (I) ((1_12)a> — O<I>7M07A ((1x2)a(1x)maj (1+x)(]’—m)a]- > (423)

Substituting (4.23) into equation (4.10) gives

ddTil(I) (ﬁ) = Oppty A6 (Ca(SAC—l—da)
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Choosing |A] = [ % | and noting that C' < 1 then gives

1
L0 (%52 ) = Ovas(1) (4.24)

Finally, using (4.9) and substituting (4.24) into (4.6) we get

1 d]WO C o — M,
(—2min) Mo /13 2o {g(:c)@ (4(1_352)0[) } e(—zn)dr = Orb,g,a,Mo,é(n °) (4.25)

This finishes the treatment of I3.
e z € I;. This case is the exact symmetric of € I3 and the same bound in (4.25) applies.

e z € I. In this case since (1 — 22)* > C1+9 we have ﬁ < C7%. Hence, for any a > 0

we have

) <m> = Os My,a(1)

Substituting this back into (4.12) gives

L (a) C — 1 .
(1_x2)a(1_1)maj (1+I)(j—m)aj d ((1—&?2)0‘) O<I>7M07(l <(1—:C2)°‘(1—I)maj (1+x)(]—m)aj )
Substituting this back into (4.10) then gives
d C _ C
i (%) = Ovons () (4.26)

Substituting (4.26) into (4.7), and using (4.9) we get

C _ M, 1
/ 9(2)® (=S ) (=) = O gt (" "Cmanc{ (gl ﬂ)a%})

Iz
=0 —ko
®,g,0,Mo | 11 é <Q+MO)
a 5Mg m

=Oq>,g,a,M< Mo (B 50 > (%)

Where we used (1 -z l<cC &+ when passing from the first to second equality. Note that
since > C~a % we have
c 1< nﬁ

Finally, substituting this in () gives

o (éa 5MO MO
/g(x)q) (ﬁ) e(—an)dz = Op g,0,M, (n_M‘)nl”"( e ))

b
504]\40_"_ daMg +
— O‘I),g,a,Mo 77 1+6a 2(1+6a) 2(1+§D<)

,M+£
=0y gaMo | 1 2(1+6a) T 2(146a) (**)

Now choosing My > (Héa) (M + 1) and combining (4.25) and (xx) finishes the proof.
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T]Cé < C~9 for every & > 0.

In this case the integral behaves quite differently. It does not decay arbitrarily fast in 1. The first
term in the asymptotic expansion is n~! times an oscillating factor, and the rest of the asymptotic
expansion comes as a polynomial in n and C'an.

Proposition 4.4.6. For any M > 0, there exists constants an(l),d,(s) which depend only on the
indicated parameters such that the following asymptotic expansions hold:

/1 g(z)® (ﬁ) e(—xn)dx

1
2M 2M 2M 2sM

Z Z Z Z o amS' )dr(s) (ﬂﬁ)m+r+s+1 Tomsirion(®) (Cén)

ll+mls =0 r=0

2M 2M 2M 2sM

)Y DY S eplOle) ()™ g (@) (—C)

llmlsOrO

+ O<I>,97M(77_M)

Where,

= Z o (zF 1)

I=lF

is the asymptotic expansion of g(z) around £1, and for 1 > a >0, >0 and k € Z>o, T(P)(2) is
defined by

Tor®@)) 1= [ M) (&) T+ 0z 4 )i

—100

where M denotes the Mellin transform.

Proof. Let > € > 0 be fixed. We break the integral into three parts according to the size of x.

Let,
(—1,1) = (=1L, =1 = [l U (=1 = [n| L, /1 = [n]< ) 1—n=1,1)

We will analyze the integral on each of these regions separately. The middle region will be small
compared to the first and last (this is because x stays away from the singularities in the middle
region) and the main asymptotic contribution will come from the first and the last.

In order to formally carry the above argument, it is more convenient (due to the integration by parts
argument in the middle region) to introduce a smooth cut-off function that separates the middle
region from the rest.

Smoothing the cut-off. The general idea is to introduce an even function ¢ (which will depend
on 1 and €) that is 1 up to a neighborhood of /1 — |n|¢~! and smoothly decays to 0 again in a
small neighborhood of /1 — |n|¢~1.

Let ¢ be a function such that:
o supp(¢) = (0,1) and [¢ =1,
4 limm_>0+ ¢(x) = 07 hmw—ﬂ* ¢($) = 17

e ¢ is smooth, positive and monotonically increasing,
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e ¢ decays faster than any power of x around 0,

e All the right derivatives of ¢ at 0 and the left derivatives at 1 vanishes,

1 1
(Note that for example ¢(z) = /fféc e 1-v vdy, where k is normalized so that the value at z = 1 is
1, is such a function.) Using ¢ we construct ¢ as follows:

0 if |z| < /1 —2|n|c!

~ z|—+/1=2|n|e—1 .

d(z) =14 ¢ <\/1_|7|7|6V1_\/|?l_2|n|51> if \/T— 2T < |z| < /1T— g ! (4.27)
1 if \/1—[n]=! < |zl

Using qg we rewrite the integral as follows

1

[ o@® () el-one = [ g (555 ) (11 ) + 601 el -my
=A+B

Where,
A= / 2(1 = 0(2))9(@)® (=57 ) e(—an)da

B := /_11 d(x)g(z)® (ﬁ) e(—xn)dz

We will analyze A and B separately. Note that the integration in the A integral is over |z| <

1 —|n|<1 and the integration in B is over 1 > |z| > /1 — 2|n|*~!. Furthermore the integrands
in A and B are the same as the original integrand except for \/1 — 2|n|c=! < |z| < /1 — |n|~L.

Lemma 4.4.7. For any M > 0,
A= O gagar (Cln*=n|=)

Proof. Without loss of generality we can assume 1 > 0 (if not, we can replace n with —n without
changing the argument). For any My > 0, repeated integration by parts My-times yields,

A= o / 11 Lt { (1= 0@)g(@)® (Coy= ) } e(—am)da (4.28)

By the multinomial theorem we have
M, ~
s {0 = @)@ (S ) }
— Mo dl1 7 dl2 dls C
- 2 (ll Iy z3> 2o (L= (@) 175 9(2) 17 ® (m) (4.29)

l1+la+13=Mp

Since g(x) is smooth we have,
1
47 9(x) = Og 01 (1) (4.30)
for all 0 <1 < Mjy. On the other hand by definition (4.27), and noting that

VI-nt=y/1=2p1 = It + O Y)
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for any 0 <1 < My we have

(1 3(o)) < oo ( A ZE ) 41

dzt = dal \/17175—17\/172775—1
_ I(1—€) ,(1) |z[—/1—2n1
=0 (77 ¢ <\/1_n61_\/1_2n61> + 1)

= Opy (/07 (1)

Finally, once again, let 0 < [ < My. Then® by Proposition 4.4.1 there are constants #(c, ko) such
that

dt C ~ a, (I+aa)(l—e a C
aar® (m) < > F(a, Mo)CtHeati=99(®) (aﬁz)a)
a1+2a2+3a3+~~-+lal:l
a:=a1+az2+-+a;
a; EN
= > R(®, a, M)t Hoa) =) (t1)

al +2a2+3a3+---+lal =7
a:=ai+taz+-+a
a; N

for some constant <(®, a, My). Substituting (4.30), (1) and (ff) into (4.29) gives

iy {9@)e@)® (557 ) |

= O@,g,a,qﬁ,MO Z nll(l—f) Z Can(lg—i-aa)(l—e)
l1+l2+13=Mpy a1+2az+--+lza;, =l3
a:=ai+az+--+ap
a; EN
1, _\oa R
:O<I>,g,a,¢,M0 Z < anl 6) n(l1+l5)(1 €) (431)

li+1l2+13=Mo
a1+2a2+-+lza;,=l3
a:=a1+az+-+ay,
a; €N

Since n < Ca 0 for every § > 0, n'=¢ < C . Therefore the maximum of (4.31) occurs when
l1 =1lo =0 and l3 = My. Hence we get,

51— 390 (e ) } = Ow gty (O Ipo01=9) (4.32)
Substituting (4.32) into (4.28) then gives
A = 09,g,0,6,Mp (Cn“(l‘e)n‘M“) (4.33)

Choosing My = % gives the result.

O

!Note that since we have smoothed our integrand, ¢(z)g(x)® (ﬁ), it and all its derivatives are differentiable

around the boundary and furthermore all of these derivatives vanish because ¢ and all its derivatives vanish to infinite
order at the boundary. This is what allows us to use Proposition (4.4.1).
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We will now analyze the integral in B. By definition,

/ qb = mQ)a>e(—$n)dx
- [ o6 1x2)a)e<—xn>dx+ [ o1 () et-mita

= B1 + By
The analysis of By and By are symmetric. So without loss of generality we analyze Bs in detail and
sketch the analysis for Bj.

Lemma 4.4.8. For any M > 0, there exists constants am(l),d,(s) which depend only on the
indicated parameters such that the following asymptotic expansions hold:

2M 2M 2M 2sM

Z Z Z Z ey ama s (#};)MHSH Tomtr+2s (Cén> + O go0r(n™)

=1 m=ls= 0 r=0

Where,

= Z oz;r(a: — 1)l

1=l

is the asymptotic expansion of g(x) around x =1, and for 1 >a >0, >0 and k € Z>g, T (P)(2)
1s defined by
B+ioco L\ oz
T n(®)(y) = 2;/  M@)() () T+ ez 1)dz

where M denotes the Mellin transform.

Proof. The analysis will be tedious but the idea is simple. We will use the asymptotic expansion of
g(x) around = = 1, and then use the Taylor expansion of the exponential together with the binomial

theorem to control e(—nv1 —u=1).

Substituting the asymptotic expansion of g(x) into By we get
Z Q / <ﬁ> e(—zn)dx (4.34)

Since the support of qg(x) isin (/1 —2n<"1,1), for any Ay > 0 we have

Z o / 7= 1) 9(2)® (-Soy ) e(—am)da = Oy, (VA1) (4.35)

1=Ap+1

Let u=! =1 — 22. Then the integral becomes,

Ao o
Z o : %qb (\/ 1-— ufl) o (Cu*)e <777 1— ufl) du (4.36)
I=ly
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and the Taylor expansion of /1 — 2z — 1 around « =0 is

Vicz-1- mi:l C@(-@m

Using these we get

00
Vi—ul-D' 1 4 Z
2u2y/1—u—1t ~ I+ldu

Where the coefficients a,,(l) depend only on m and [. Substituting (f) into (4.36) gives

Z Z o am(l / Tt (\/ 1— ufl) O (Cu)e (—77\/ 1— u*1> du

ll+ml

Once again, since the support of ¢(z) is in (y/1 — 2|n[<1,1), the support of ¢ (\/1 - u*1> is in

('"‘;6 ,00). Therefore for any 4; > Ay we have,

Z Z o am(l / T (\/ 1- ufl) ®(Cu)e (—n 1-— ufl) du

1= l+ m=A1+1

= Og, g, (In“"V1+) - (4.37)

Next, we analyze the exponential. By the binomial theorem we have
o0
1/2
1—ul= —u)""
=g (V)

Substituting this into the exponential we get

e(-nV/T—u) =e (_ni (1£2> (_u)_2T>
(o) e (et S () )

For notational convenience, let b, = (% 2)(—1)7". Then,

e (—n 1— u—1> =e (—77 + ”“2_1) e (—nu2 ibru’"”)

r=2

By the Taylor expansion of the exponential we get

e (—nu2 i bru”z) Z l, [ 2minu 2 Z b u’””]
r=2 s=0

r=2

27rmu 2) b —7’+2]
=

m



4.4. ASYMPTOTIC EXPANSIONS FOURIER TRANSFORMS - 1 45

Substituting this back into the integral in (4.37) we get
Ao A

Z Z o am(l / um2¢ (\/ 1-— u_1> D (Cu®)

l+ml

( n+ nu )i 27r”7u 2) [Zb u—r+2rdu (4.38)

s=0 r=2

Since the support of ¢ limits the lower limit of integration to u >

i i o am(l / u "2 (m) o (Cu®)e (—n n nu2‘1>
=1} m=l

S

du = OQ,AQ,A1(|77’_A2_2_1971 |77|E(lg'1+2A2+3)) (439)

io: (—27ri;7!u’2)S [i bru—r+2

s=Ao+1 r=2

Similarly for any As > 2 we have

Ao A1 Az

Z Z Z o am(l)(=2min)® am(z —2min)® / u—m225 (m) d (Cu®) e (%)

l+mls 1 1

S
o

3" b | du = Oy ag,ay,a, (In] Ao | AaHan )y (4.40)
r=As+1

Therefore we are left with

A1 As sAs

A
O‘l am(l S)( 2min)®
/OO u—m—r—Zs—qu (m) P (Cuo‘) e <77u2’1) du (441)
1

Where d..(s) depend only on 7 and s. Hence we need to analyze the asymptotic behavior of integrals

of the form -
/1 w2 (\/ 1- u_l) O (Cu*)e (n“;l) du

for integers k > ly1. Let u u~1. Then we have

1
/ (VI 0) @ (2) e (™) du (4.42)
0
Recall that the support of qz~5 (\/1 — u) is u < 2! and for u < n° 1, gz; (\/1 — u) = 1. Therefore,
,'7671 277671 _
(4.42) = / WD () e (1) du + / W3 (VI=0) @ () e (™) du
0 ,,76—1

We will analyze these two integrals one by one. The analysis will depend on the sign of . We will
give the detailed analysis for n > 0 and then sketch the necessary modifications for n < 0.

e n>0.
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- fgf_l u® (Cu*)e (%) du.

Let M(®)(z) denote the Mellin transform of ®. Then by the Mellin inversion formula
for some 8 > 0, we have

—100

[ weernempya= [T el [T e o et a

Interchanging the integrals we get

n B+ioco A n
M(@)(2)C { /

B—ico

e—1

ut%e (1) du} dz (4.43)

We treat the inner integral separately by treating it as a complex function. By the
Cauchy integral formula, we can write the integral as the sum of two integrals on the
vertical lines 0 — ico and ¢! + joo — L.

e—1 e—1

U] 00 n
/ ute%e (%) du = / ute%e (%) du + / uh e (%) du
0 0 n

e=1liico

100 0
= / u e (B du+e (’7{) / (! +u) % () du

0 100

.\ ktaz+1 28 n
(i) u T e du
™ 0

0
+ ie (%) / (™1 4 du) e dy (o)

o0

In the next paragraph we will show that (o) cancels (o0). Ignoring that for now, we have

N\ ktaz+1 S n .
Z) e " dudz
0

™

B+ico

27
B—i0c0

: K1 ) B+ioco . az
= <7r—17> 27”/6 M(®)(2) (wcén) ['(k+az+1)dz

—100

M(@)(:)07* (

™

o\ k1 1
= (&) Taw(@)(Can) (4.44)
This finishes this part of the analysis.
e—1 ~
- f,72£1 u ¢ (V1—u)® (u%) e (%) du.
As before, using the Mellin transform of F' we get that the integral is equal to

1 B1+ico 2n
.. M(®)(21)C /
n

e—1

e g (VI—u)e (%) du} dz

B1—ioco 1
B1+ico 2ne—1
—z Kktaz V1-u—4/1-2n—1 ”
= 2%” s M(®)(z1)C™ {/7761 uFte g <\/1—77€1—\/1—7]2n51> e (%) du} dz,
1—100

Consider the inner integral,

-1
2 Kktaz Vi-u—y/1-2n<1 nu
U ¢ e (—) du
ne—1 Vi1-nI—y/1-2p<1 2
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Using Mellin inversion once again, this time on ¢,

,32+ioo 772671 2
ktaz V1—u—y/1-2nc-1 m
L’ . M(¢)(22)/7 u Fon <\/1_n5—1_\/1_772ne—1> € (%) dUdZQ

Note that,
\/Hf /172775—1 . 2 u + O(u2+,’72(671))

\/1—775*1—\/1_277671 - 7]5*1 T]efl

Also, since ¢(z) decays faster than any polynomial at 0 it’s Mellin transform is holomor-
phic. Therefore, shifting the contour to R(z2) = —As we see that

e—1

B2+ioco 2n w2p2(e1)\ 22 .
% M(¢)(22) {/ aReZat (%) e (%) du p dzo
n

B2 —ico e—1

= Op,a5 (™) (4.45)

Using this, we are left with analyzing

N B2+ico 2nc—1 N 2
RTQz Uu U
g f, M@ [ (2 ) e () dudsy
Letting u = 7! + v gives
Ba+ioco ne—1 . _
% M(Qb)(ZQ)/ (™t 4 p)rto (1 _ Ev_l) e (M) dvdzs
B2—ico 0 n

We again shift the contours in the integral so that it becomes an integral over the vertical

lines 0 — 0o and ! 4 ico — L.
B2+ioco 100 2 (1)
% ; ./\/l(¢)(22)/ (ne—l + v)n-i—am (1 _ 7751)71) e <%) dvdzy
2—100 0
1 Ba+ioco ¢~ 4+ioco B . o
o MO [ ey (1 ) e (M) dy
2 —100 n

By the binomial theorem we have

Substituting this back into the first integral (and using the normalization that [ ¢ = 1)
we get

B2+ico

ﬁ ./\/l(¢)(22)/ (=1 4 v)tene (’7(77%1“))) dvdzs
0

B2—ico

=ic (%) / (" + ) e (00)

0
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Hence this integral cancels the second integral in (o). Therefore we are left with
B2+ioco 0 —2 100 - o B ¥ 1y,
b [ e S (1) [T o () e (2 duay

B2—ioo st

271”, ::o M()(22) /:wioo(nel b (1 ) e (M54
=5 :Qj:o M(¢)(2’2)§:1 <_;2> /Oioo(vfl + v)fitos ({—ﬂ)f e <(71+”)> dvdzy
+ % Bff:o M(9)(z2) /0 gt g e () e () dudz

4
. 52+i00 S
= je (%) 217rz/ < ) e 1 + Zv)n+az1 (77—6717111) e~ ™ dudzy
By—i

2 —100

+ie (%) o /;Ww@(@) / 1 1 iy ()

270 J B, —ico 0 n

(ST

. —_14+£ _ _ 145 -1+ 5 . o145y
Note that if v > 5712, then e ™ = e~m™(v—n 240 72) — e=mn(v—n"2) =7
Therefore, we have

o0 1 . —z2
/ (2" av)res (S25) T ey

0 n

Pe 1 . —Z2
/ (20! 4 dv)rten < :’ﬂ) e ™Yy
TfH% n
(2
0

nits
<
— O(e?

. —2z9
gy ()7 gy

1+5

n
(e7) + / T gt e () ey ()

n

Taking out the exponentially small error in (1) we have,

. 1 B2+ioco 0o » N
e (%) - / M(qb)(zz)/ (2776_1 + qu)rtes (%) e ™ dudzg
B 0

211 J gy—ioo n
. 1 Ba+ico n- % . » ' 722
=€ (%) 27”/6 , M(¢)(Z2)/O (201 4 dv)rten (7;1_”1> e ™ dvdzo
2 —100

Finally, once again, since ¢ vanishes to infinite order at 0, it’s Mellin transform is holo-
morphic, and hence for any M > 0, shifting the contour to R(z2) = —Ag, we get

i 1 B2+ioco n_1+% -z
€ (772 ) / M(Qb)(zz)/ (2L 4 dp)rtox (‘—T’) e ™Ydudzy
B 0

e—1
270 J gy —ico n
—Age

= 0pas(n>") (4.46)

Now for any M > 0, choosing A1 = --- = Ay = 2M and A; = Ag = %, and combining
(4.35), (4.37), (4.39), (4.40), (4.44), (4.45) and (4.46) gives the asymptotic of By as

2M 2M 2M 2sM

Z Z Z Z oy am()dr(s) am(l )dr(s (%})MHSH Tam+r+2s(P) (Céﬂ) +Op (™)

l+m 1 s=0 r=0
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Where d,(s) = 2°d](s). This finishes the proof of Lemma 4.4.8 when 1 > 0.
o 1 <0.

In this case we again use Mellin inversion, but this time instead of using the Cauchy integral
formula on the upper half-plane, we use it on the lower half plane. Then, for example, the
inner integral in (4.43) becomes

|671

n —i00 Il
/ w e (1) du = / u e (1) du + / u e (1) du
0 0 [ne=1—ic0
i rraztl . —|nl¢ Ktaz T
= (777) Nk+az+1)—ie (T) (|77] i) du
oo
We then carry the rest of the analysis exactly the same as the case for n > 0. The result stays

the same.

O

We will now sketch the analysis for Bj.

Lemma 4.4.9. For any M > 0, there exists constants am(l),d,(s) which depend only on the
indicated parameters such that the following asymptotic expansions hold:

2M 2M 2M 2sM

Bi=el) 3 D03 ER O (G @) (<0%)

lmlsOrO

+ O gom(n ™M)

Where,
x) = Zal_(x + 1)
-

is the asymptotic expansion of g(x) around x = —1, and for 1 > o > 0, B > 0 and kK € Zx>o,
T(®)(z) is defined by

Tenl®)0) = 2 [ T M@)) () T+ az +

—1400

where M denotes the Mellin transform

Proof. The proof goes through the same steps as in the proof of Lemma 4.4.8, and we will only
indicate the necessary modifications. All the error bounds apply verbatim so we will ignore those
throughout the proof.

Since the integral is now around —1, we use the asymptotic expansion around z = —1 given above.
The substitution u~! = 1 — 22 stays the same with the modification that since x < 0 we now have
r = —v1—u"! in the formulas starting with (4.36). With this modification (and noting that the
limits of integration in (4.36) is reversed, which brings in an extra factor of —1) a,, () gets changed
to (—1)'a(1). For the rest of the analysis the only changes are that 1 becomes —n and the contour
shifts take place in the lower half plane rather than the upper one. Therefore we get,

2M 2M 2M 2sM

Z Z Z Z 0‘1 am (D)dr(s) (ﬁ)m-i-r—&-s—&-l Toirans(®) (_Cén> (447)

lmlsOrO
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Combining lemmas 4.4.7, 4.4.8 and 4.4.9 finishes the proof of Proposition 4.4.6.

4.5 Asymptotic expansions of Fourier transforms - 2

This section is complementary to the previous section. We are concerned with the asymptotic
behavior of the following type of Fourier transforms:

/]1%\(_171) h(w)® (ﬁ) e(—an)dx (4.48)

Where ®(z) is again Schwarz class and h(z) is smooth of compact support, but this time the integral
is over R\(—1,1). We again want the decay properties of (4.48) explicitly in terms of n and C. We
will be very brief in this section as the methods and results are exactly the same as the ones of the
previous section.

4.5.1 Warm-up I: C' > K for some constant K.

Proposition 4.5.1. Let C > K for some constant K > 0. Then for any M > 0
[ h@) () e-ondo = Onpapra(n™)
R\(=1,1)

Proof. See the proof of Proposition 4.4.2. O

4.5.2 Warm-up II: ¢ < K for some constant K, and the support of h(z) does
not intersect {+1}.

Proposition 4.5.2. Assume that C < K for some constant K, and the support of h(x) does not
intersect {+1}. Then for every M > 0 we have

[ h@) () el-ondo = Onpaaran™)
R\(-1,1)

Proof. See the proof of Corollary 4.4.4. O

4.5.3 Support of h(z) intersects {£1} non-trivially and C' — 0.

There exists 6 > 0 such that n > C—w 0,

Proposition 4.5.3. Assume that there exists § > 0 such that n > C~a=5. Then for any M > 0
we have

/ h(x)® (ﬁ) e(—zn)dr = Og parrs(n ™M)
R\(=1,1)

Proof. See the proof of Proposition 4.4.5 O
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T]Cé < C~9 for every & > 0.

Proposition 4.5.4. For any M > 0, there exists constants an(l),d,(s) (note that these are the
same constants that appear in Proposition 4.4.6) which depend only on the indicated parameters
such that the following asymptotic expansions hold:

h(z)® | %5 ) e(—xn)dx
L 1@ () elam)
2M 2M 2sM

2M a;ram(l)dr(s) i m+r+s+1 1
B s (i ()
1=1F m=ls=0 r=
2M ]\fl 2M
Z 2.2

1 s=0

Z o am(l dy(s) (ﬁ)errJrSJrl Ta,mtr+2s(®P) (Cén)

2sM
r=0

+ O<I>,97M(77_M)
Where,

= Z af(zF 1)

+
1=l

is the asymptotic expansion of h(z) around £2, and for 1 > a >0, 8> 0 and k € Z>o, T(P)(z) is
defined by

Bico L\ az
A«@x@(i) T(k + az + 1)dz

Y

Toon(®)(y) = o1 /

where M denotes the Mellin transform.

—100

Proof. The proof of Proposition 4.4.6 goes through and gives the desired asymptotic expansion. For
completeness we present the necessary changes here, this is essentially a repetition of the proof of
Proposition 4.4.6.

Note. Since essentially the same argument goes through for the analysis of n > 0 and n < 0
(The only change is at the very last part of analysis where we us the opposite half-plane while
analyzing the integrals is (4.58), see the last paragraph of Lemma 4.4.8.) throughout the proof we
will, without loss of generality, assume that n > 0.

We introduce the cut-off function as follows:

1 if 1< |2] < T+ ]
~ _ vV 14+2ne—1—|z| . p— T
P(x) =4 ¢ (\/1+2n€1\/1+17€1 if /1407l <|z| <1427

0 if \/1+ 272 < |z

Where ¢(z) is the same function introduced in the proof of Proposition 4.4.6. Using this, we
decompose the integral as

h(z)® % e(—xn)dx
[y 10 () eem

= /R\(_Ll) h(z)(1 — ¢(z))® (ﬁ) e(—an)dr + /R\(_M) h(z)p(z)® <($2(_fl)a> e(—zn)dz
—A+B
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A is bounded exactly in Lemma 4.4.7 and gives

A= O pag (Cr0==) (4.49)

Moving on to B, we break it into two as

b= h ® % — d
R\(—1,1) (z)() ((x 1) )e( an)dx

—1 00
= [ o) () el=amde+ [ h@o@)® (s ) el=endo
=B+ B
We analyze Bs exactly as in the proof of Proposition 4.4.6. Expand h(x) around = = 1,
Z of (z — 1)!
=l

Substituting this into By we get

) /1 (@ 1'6(@)0 (o) el—am)da (4.50)

7+
1=l

Since the support of &(a:) isin (1,4/1+ 2n<1), for any Ay > 0 we have

2 af 100(95 ~1)'9(2)® (2 ) e(=zn)dw = Opay (n<~HA0HD) (4.51)

Let v~! = 22 — 1. Then the integral becomes,

00 (= N\
Z o ; %qb (\/ u~t 4 1) O (Cu)e (—77 ul + 1) du (4.52)
1=l

Next, note that for any [ > 0,
Vu=T+1-1)! _ _1 ¢ _ I+1
eve T Vet +1=1)
and the Taylor expansion of /z + 1 — 1 around z =0 is

\/m—lzi <1n/12>xm

m=1

Using these we get

- I+1
VuTF1-1)! 1 4 [Z (1/2>u—m]
2u2vu—141 ~ I+ldu m

m=1
00 ! 0

S e

=1 i(—l)mam(l)u m (1)
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Where the coefficients a,, (1) are the same coefficients that appear in Lemma 4.4.8. Substituting (})
into (4.52) gives

Z Z o (=1)"am (1) /000 T (\/ u™t 4 1) o (Cu*)e <—77 ul+ 1) du

ll+ml

Once again, since the support of <z~5(x) is in (1,4/1+ 2n<=1), the support of ) (x/u—l + 1) is in
nl—e

(15—, 00). Therefore for any A; > Ay we have,

io: i o (=1)™am (1) /000 w24 (\/ u™l + 1) o (Cu*)e (—77 w4 1) du

I=1 m=A1+1

= Oh,A07A1 (77(671)(A1+2)) (4'53)

Next, we analyze the exponential. By the binomial theorem we have
o0
1/2
_4l _ —r
Vilt1=% ( / >u
r=0
Substituting this into the exponential we get
o0
1/2
_ —1 1) E _ —2r
e(nu+ e<n§<r>u )
[e.e]
1 _ 1/2\ _
~ (e (o3 (7))
For notational convenience and consistence with Proposition (4.4.6), let b, = (1£ 2)(—1)7’. Then,

e(=nVuT 1) =e(—n- 2 e <77u Zb 7’+2>

By the Taylor expansion of the exponential we get

e (—nu_Q Zbr(—u)_r+2> L [ 2minu~ Z by ( ’"+2]
r=2

s=0

00 s
o Z 2mnu 2 [Z b r+2]

s=0 r=2

Substituting this back into the integral in (4.52) we get

f: Z o (=1)"am () /OOO w2 (Va4 1) @ (Cu)
1=l m=l

e < ) i 27”"“ ) [i br(—u)_r+2] s du (4.54)

s=0 r=2
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Since the support of ¢ limits the lower limit of integration to u > L—, for any Ay > 0 we have
Ao Ay o ) B
Z Z o (=1)"ap, )/ w20 <\/ ut+ 1) ®(Cu*)e (—77 — 15— >
1=l m=l 0
00 S
2
P [Z br( 7‘“] = Op g, (422 oy lo324259) (4 55
s=As+1

Similarly for any As > 2 we have

Ap A1 Az

Z Z Z o ( 1)m (1) (=2min)® /oo w2524 (m) 3 (Cu)e (#)

I=l;, m=l s=1 0

s

o0
3" be(—w) TR du = Op g g,y (e Ty As e+ D) (4 56)
r=As+1

Therefore we are left with

Ao A1 Ao sAs

az( 1)m+7(lm 0)d.(s)(—2min)*®
o0 ~
| (V) e cuy e (=2
0

Where d](s) are the same constants that appear in Lemma 4.4.8. We now need to analyze the
asymptotic behavior of integrals of the form

/OO T (\/ w4+ 1) O (Cu)e <7’712‘71> du

0

’1) du (4.57)

for integers k >l 1. Let u — uw~!. Then we have
oo
/ WG (VITu) @ (L) e (Z10) du (4.58)
0

Recall that the support of QB (\/1 + u) is u < 2n°~! and for u < n° 1, ¢~> (\/1 + u) = 1. Therefore,
,,7671 277671 _
(4.57) = / W@ (C) e (Z1) du +/ WO (VITR)® (S e (21) du
0 77671
We will analyze these two integrals one by one.

o fo u® (Cu=) e () du.

Let M(®)(z) denote the Mellin transform of ®. Then by the Mellin inversion formula for
some 3 > 0, we have

77671 ,,7571 ﬁ-‘r’LOO . .
[7we@ema- [0 e [T Mm@ o) ()
0 0 —ico
Interchanging the integrals we get

N B+ioco . n
L[ Mm@ { /

B—ioco

e—1

ut e (S du} dz (4.59)
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We treat the inner integral separately by treating it as a complex function. By the Cauchy
integral formula, we can write the integral as the sum of two integrals on the vertical lines
0 — —ioo and n¢ !

e—1 ; e—1

n n
/ un-{—aze (
0

) du = /_ u e (1) du + / u e (514 du
0

ne—l—ico
—100 . 0
— [ ey aure () [ ot atee () du
0 —100
N ktaz+l [0
(_—Z> / Ut ey,
™
0
—ie(5) [t e (©)

In the next paragraph we will show that (o) cancels (0o). Ignoring that for now, we have

o
<

B+ioco

2mi .
B—ico

- (4)”*1;7%/;“%/\4(@)@)( i )azl“(ﬁ—kaz—kl)dz

N

N ktaz+l [
M(®)(z)C (;’) 4 +/0 u"T e dudz

—ioco mCon

i k41 1
= ()" Tan(@)(-C2n) (4.60)
This finishes this part of the analysis.

o [ wrd (VIF )@ (S e (FF) du

As before, using the Mellin transform of F' we get that the integral is equal to

B1—ioco et

B1+ico ope—t —
= ﬁ M((I))(zl)c—31 {/ un+az1¢< V1+2ne— 11—/ T+u ) e (—gu) du} dZ1
n

B14i00 ope—1 _
i M@ e [T e (VTEa) e () duf da
n

B1—i0co e—1 \/1—‘,—2775*1_\/1_’_7]671 2

Consider the inner integral,

e—1

[ v (B
776—1

\/1+27]s—1,\/1+ne—1

Using Mellin inversion once again, this time on ¢,

—1

Ba2+ico n2e — 2
L M(¢)(Z2)/ uftes < V1t —vitu ) e () dudz
e—1

21 52—1'00 n \/1_;'_27]671_\/1_;'_77671

Note that,

Vit2ne—1—/TFu u w24 p2(e—1)
\/1+2ne—1,\/l+ne—1 = 2 - 77671 + O( 77e—l )

Also, since ¢(z) decays faster than any polynomial at 0 it’s Mellin transform is holomorphic.
Therefore, shifting the contour to R(z2) = —As we see that

B2+ioco 2n
L M z
(6)(22) { /

B2—ioco el

e—1

ktazl u2+n2(€’1) 72 —nu
U (7775_1 e(—Q )du dzo

= 04,45 (™) (4.61)
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Using this, we are left with analyzing

1 B2+ioco 2ne—1 N 2
RT—Qz u —nu
i i M(9)(22) /7761 u 1 (2 — F) e (%) dudzs
Letting u = 776_1 + v gives
62+i00 7]5*1 . B o
ﬁ /\/l(gb)(ZQ)/ (™t 4 v)rten (1 — #) e <M) dvdzy
B2—ioco 0

We again shift the contours in the integral so that it becomes an integral over the vertical

lines 0 — —ico and n°~! —joo — n L.
B2+ioco —i00 . -
ﬁ M((ﬁ)(Zg)/ (ne—l 4 U)n—i—om (1 - 77:)7’1> e (M) dvdzs
B2—ioco 0
1 Batioo net—ico A . —22 e—1
. - toz (1 _ _v_ M)
278 J gy —ioo M(#)(=2) /,761 (™" + ) (1 776’1) ¢ ( 2 dvdz

By the binomial theorem we have

=) =18 (7))

f=1

Substituting this back into the first integral (and using the normalization that [ ¢ = 1) we
get

B2+ico —300 .
ﬁ M(¢)(ZZ)/O (ne—l T U)n+ome (M) dvdzy

B2 —i00

€

= —ie <_277 ) /0 (1 — du)" Tz Iy, (00)

Hence this integral cancels the second integral in (o). Therefore we are left with

Ba+ico x s —ioco o
ﬁ M(¢)(22) Z ( fzz) /0 (77671 + v)ften (%)f e <w> dvdzy

B2—ioco =1

1 Patico n—ioo e—1 K4az1 v 2 *7](776_1+v)
+ I i M(p)(z2) /,761 (N 4v) (1 — —ne,l) e <72 ) dvdzo
Ba+ioco o s —i00 ¥ 3
1 z2 e—1 k+ozy —v —n(n°~1+v)
= M(cb)(zQ)J;( ) [ o () e (P42 dua,
1 Patico o e—1 Ktz —v \ 2 —n(2n°~14v)
2mi Ly i M(¢)(Z2)/O (207" +v) (F) e (f) dvdzy
. ne 1 Patico - —z2 > e—1 . \Nk+oazr v f - g
= —je (7) 57 s M(9)(22) E f ; (™" —iv) (F) e vdzo
2 —100 le

. € 1 Ba-+ico o0 _ . . —z2
— ie (%) /ﬁ M(¢)(22)/0 (20t — dv)rton (%) e ™ dvudzy

2 —100
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€

. _ € o - _ —1+ £ —1+ £ - - —1+ £ o —
Note that if v > 57 1F%, then e ™Y = e~™v=—n " "2+4n 72) — g=m(v—n"""2)e=mn"2  There-
fore, we have

o0 1 . —2z2
/ (2ne— _iv)n—i-azl (#721) e—rm)dv
0

0 1 . —z2
:/ ) (20t — du)rton (nifl) e ™Ydy
ntte
7)71+% —29
e—=1 . \ktoazi v —TnvU
+/ (2n iv) (—ne,l) e dv
0
ntte
-0 _77% ) e—1 . \ktozi w T2 —vad
—0(e ) + @1 — qwyren (i) T gy (+)
0

Taking out the exponentially small error in (1) we have,

. 1 B2+ico 0o ' 2
ne e—1 - \k+az [ —Tnv
(%) 3= /5 M()(2) /0 (2! —avytes () T e dudz

278 J 8y —ioo
€ 1 B2+ico 7771+% i » N ' —m
—e($)gm [ MO [1 e iy () ey
2 —100 0

Finally, once again, since ¢ vanishes to infinite order at 0, it’s Mellin transform is holomorphic,
and hence for any M > 0, shifting the contour to R(z2) = —Ag, we get

e 1 P2tico n 3 ) —z2
(5) g [ M@ [T ot iy () e v
27 J gy—ioco 0 n
—Age
=0g4,(n"2") (4.62)
Now for any M > 0, choosing A; = --- = Ay = 2M and A5 = Ag = %, and combining (4.51),

(4.53), (4.55), (4.56), (4.60), (4.61) and (4.62) gives the asymptotic of By as

2M 2M 2M 2sM

330303 L (35) T i) (<) + O

ll+mls 0 r=0

Where d,(s) = 2%d).(s) (note that the power of (—1)™"" cancels, it is not a typo that it is (#ﬂ))
Finally, the asymptotic expansion of Bj is obtained by following the same steps as

2M 2M 2M 2sM

B33 ST (e ( ;727-)7”*”““ Tovmsrsas(®) <Cén) + O 01 (n ™)

llmlsOrO

The proposition follows.

4.6 Asymptotic expansion of Fourier transforms - 3

In this section we will state an asymptotic expansion for the integrals of the form

/l (1= 22)5g(@)® ((1-Soye ) e(~am)de (4.63)

-1
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Where g(z) is a smooth function and p is an integer. The methods are the same as the pre-
vious sections. To carry the integration by parts arguments, one just needs to note that the

function (1 — x2)§<13 (ﬁ) is smooth and its derivatives are dominated by the derivatives of
c

? (%).

4.6.1 Warm-up I: C' > K for some constant K.

Proposition 4.6.1. Let C > K for some constant K > 0. Then for any M > 0

1
/1(1 - x2)%g($)@ (ﬁ) e(_q"n)daj = O(I)vg’C“:M’K’p(T/_M)

Proof. See the proof of Proposition 4.4.2. O

4.6.2 Warm-up II: C' < K for some constant K, and the support of g(z) does not
intersect {£1}.

Proposition 4.6.2. Assume that C < K for some constant K, and the support of g(x) does not
intersect {x1}. Then for every M > 0 we have

1
| =590 ((1-Saye) el-on)do = Ongnasico ™)

-1

Proof. See the proof of Corollary 4.4.4. O

4.6.3 Support of g(z) intersects {1} non-trivially and C' — 0.

There exists § > 0 such that n > C—w 0,

Proposition 4.6.3. Assume that there exists § > 0 such that n > C~a=9. Then for any M > 0
we have

1
| 1= 5g(@)® (S0 ) e(-am)de = Ovgenry(7)

-1

Proof. See the proof of Proposition 4.4.5 O

nCé < C~9 for every ¢ > 0.

Proposition 4.6.4. For any M > 0, there exists constants an(l),d,(s) (note that these are the
same constants that appear in Proposition 4.4.6) which depend only on the indicated parameters
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such that the following asymptotic expansions hold:

1

2\ 2 C

/_1(1 —x*)2g(x)® (7(1_172)(1) e(—zn)dx
oM 2M 2M 2sM

-n) Z Z Z Z ﬁframg)dr(S) (win

1=l m=ls=0 r=0

m+r+s+% 1
) 771,m+r+2s+§ (@) (CQ 77)

2M 2M 2M 2sM

)Y S U (YT @) (~C)

llmlsOrO

+ O@,Q,M,p(ﬁiM)

Where,

is the asymptotic expansion of (1 — acg)gg(x) around £1, and for 1 > a >0, B > 0 and k € Z>y,
T(®)(2) is defined by

B+ioco

Ton(®)(y) = o1 /

—100

where M denotes the Mellin transform.

Proof. The proof follows the same lines as the proof of Proposition 4.4.6. With the difference that
since we have an extra factor of (z2 — 1) in the numerator, (1) becomes

0
Y e
v m=l

which brings the shift by £.

O
4.7 Asymptotic expansion of Fourier transforms - 4
In this section we will state an asymptotic expansion for the integrals of the form
P
/ (% = 1)2h(z)® (ﬁ) e(—zn)dx (4.64)
R\(_lvl)

Where h(z) is a smooth function of compact support and the integral is taken outside of (—1,1).
The methods are the same as the previous sections. To carry the integration by parts arguments,

) ) is smooth and its derivatives decay

one just needs to note that the function (22 — 1)§<I> (@2%
faster than the derivatives of ® (ﬁ)
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4.7.1 Warm-up I: C' > K for some constant K.

Proposition 4.7.1. Let C > K for some constant K > 0. Then for any M > 0
/ & DI () el = Onnaassc ™)

Proof. See the proof of Proposition 4.4.2. ]

4.7.2 Warm-up II: C < K for some constant K, and the support of h(zr) does
not intersect {£1}.

Proposition 4.7.2. Assume that C < K for some constant K, and the support of h(x) does not
intersect {1}. Then for every M > 0 we have

/}R\( 1)(952 _ 1)gh(m)<1) <ﬁ) e(—zn)dx = Oé,h,a,M,K,p(nfM)

Proof. See the proof of Corollary 4.4.4. O

4.7.3 Support of h(x) intersects {£1} non-trivially and C' — 0.

There exists 6 > 0 such that n > C—a 9,

Proposition 4.7.3. Assume that there exists § > 0 such that n > C~a=9. Then for any M > 0
we have

/ (7~ 1)h(@)® (=l ) el—em)dz = O s ()
R\(-1,1)

Proof. See the proof of Proposition 4.4.5 O

nCé < C~9 for every ¢ > 0.

Proposition 4.7.4. For any M > 0, there exists constants an(l),d.(s) (note that these are the
same constants that appear in Proposition 4.4.6) which depend only on the indicated parameters
such that the following asymptotic expansions hold:

/]R\( )(xz - 1)gh<q:)CI) ﬁ) e(—zn)dx
2M 2M 2M 2sM s 42
Z leg Zo Bl emdr(s) (ﬁ) rtst 2 Tomirsonss (@) (_cén)
2sM

2
ZM? ZM3 > e L0 ()T s @) (Ch)
~-m=ls=0r

+ OQ,h,M,p(ﬁ_M)
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Where,
(@2 £ 1)2h(z) = (2 £1)5 Y BF(aF1)

+
1=l

is the asymptotic expansion of (v + 1)59(1’) around £1, and for 1 > a >0, B > 0 and k € Z>o,
T(®)(2) is defined by

fico L\ az

Ton(®)(y) = Q}T/ M(@)(z) ()" Tl + 0z + 1)d
B—ioco

where M denotes the Mellin transform.

Proof. The proof follows the same lines as the proof of Proposition 4.5.4 with the change of v ™2

p
becoming w22 in (1).

O]
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4.8 Asymptotic expansions of Fourier transforms of smoothed or-
bital integrals

In this section we collect the results of the previous sections and give the promised asymptotic
expansion of the smoothed orbital integrals depending on the relevant parameters.

Recall the definitions,

_C )
Oc0,0,Cr0,—(T) {900(33)@ ((47x2)a) if |z| <2

0 otherwise

O0.0,C,0,+ () :

{@Jw@QﬁgP)iﬂm>2

0 otherwise
Also recall that by (4.1) we have
1
Ooc (@) = |4 — 2%|2000,1(2) + bo0,2()

Substituting this in the definition above and noting that 6 ; is supported only in |z| < 2 we
have,

{@—x%%wﬂ@+ﬂwﬂ@}¢Q¥%W)iHﬂ<2

0 otherwise

Owﬂ@¢Gp%F)iﬂﬂ>2

0 otherwise

®oo,<I>,C,a,f(5L‘) = {
®oo,<I>,C,a,+($) = {

Using this we get,
Theorem 4.8.1. For any ®1, P2 € S(R), and any M > 0, there exists constants an(l),d,(s) which
depend only on the indicated parameters such that the following asymptotic expansions hold:

@oo'ibl,Ca—l-( )+@oo(I>2,Ca—(77)
2M 2M 2sM

Z Z Z Z e am(l 2t (#)m+’”+s+1 {7&,m+r+2s(<1>2) (Céﬁ) — Tam+r+2s(P1) (—6%77)}

1= l+,9)m 1 s=0r=0
2M 2M 2sM

Z Z Z Z p et am Het) (%)mwﬂﬂ {m,m+r+25(q)2) (—C§ﬁ> — Tamr+2s(P1) (Céﬁ)}

ym= 1 s=0 r=0
2M 2M 2sM

DS SN et (YR ) (o)

lfrg)m 1 s=0 r=0

2M 2M 2sM

Z ZZZ B (=D 'am(Ddr(s) 1) am dy(s) (7”7>

I=l7 ) m=L s=0 r=0
—M)

m+r+s+37;m+r+25+ (@ )( ot )

+ 0<1>1,<1>2,000,M(77



4.8. ASYMPTOTIC EXPANSIONS 63

Where,

[e.e]
1 1
1= (1 F 22001 (£l F o) = [1 - (1 F2)%Z ) pia'

are the asymptotic expansions around +1, and for 1 > a > 0, 8 > 0 and k € Z>o, T(P®)(2) is

defined by
B+ioco az
M(D)(2) (f) T(k+az +1)dz

Y

Toon(®)(y) = o1 /

where M denotes the Mellin transform.
Theorem 4.8.2. For any ®1, P2 € S(R), and any M > 0, there exists constants am,(1),d,(s) which
depend only on the indicated parameters such that the following asymptotic expansions hold:

1
0o0,2(2) & _ O0,2() C _
/ (900,1($) + V122 ) Dy ((1_,32)a) e(—zn)dx + /R\(l,l) Vz?—1 i) ((Iz_l)a> e(—zn)dz

1

—100

2M 2M 2sM

Z Z Z Z - am(l = (%)mHHH Ta,m+r+2s(P1) (Céﬁ)

1= l+9)m 1 s=0 r=0
2M 2M 2sM

Z Z Z Z i (m)mﬂﬂﬂ To,mtr+2s(P1) (—6%77)

mlsOrO

2M 2M 2sM

Z Z Z Z L am(l)dr(s (%)m”ﬂ% {Tx,m+r+2s—%(®1) (Cé??> - 7:1,m+r+25—%(q)2) (—0%77)}

1= l+g)m 1 s=0r=0
2M 2M 2sM

Z Z Z Z o (W enBdr(s) am D (o) <;;.)m+r+s+§ {7:)4,m+7’+25—%<q)1) (—Cé?ﬁ - 7:1,m+r+25—%(q)2) (Cin)}

=15 (9) M= 1 s=0 r=0
-M
+ 0<1>1,<1>2,9w,M(7l )

Where,

1 1 >
11— (£1 7 2)2 20001 (1 F2) = [1 — (£1 T )22 Z B!
I=15 (6)

“ are the asymptotic expansions around £1, and for 1 > a > 0, f > 0 and k € Z>o, T(P)(2) is
defined by

Tonl®)) = o | M@ (£) T+ az + s

Y
—100

where M denotes the Mellin transform.
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Chapter 5

Poisson Summation

By Theorem 2.1.2 the elliptic part of the trace formula for the n’th Hecke operator is given by

. m2—4N)/ 2

' Y e <2 |N> > (1 (s) (5.1)
o, <2 F2|(m2=4N)

N:=%nm2 _4N£0 %;041110(14

Where 0 is given by
0% (2) := O(foo; (z,F1))\/ |22 £ 1

and by (z,F1) we denote the element v € GLy(R) that has trace x and determinant F1.

The sums for N =n and N = —n will be treated separately, however the methods are general and
carries verbatim to both cases. Keeping this in mind we will only go into detail for N = n in what
follows, and state the results for N = —n. To avoid extra notation we will denote 01 simply by
O

5.1 Rewriting the formula (N > 0)

Our aim in this section will be to rewrite (5.1) and isolate the contribution of the special represen-
tations as indicated in [18] (i.e. the trivial representation and the contribution of formula (31) of
[18], denoted by &y(f~) in that reference) while keeping track of the rest of the terms. We note that
the isolation of the trivial representation in a far more general context is carried out in an adelic
setting in the recent paper of Frenkel, Langlands and Ngo, [7]. They isolate the contribution of the
trivial representation as the dominant term in the dual sum of the elliptic part, after performing
Poisson summation on the Hitchin base. We note however that in [7] no attempt is made on the
analysis of the remaining terms. This is for a good reason that the approach of [7] is based on a
multiplicative truncation of the Artin L-functions that appear in the elliptic part, and the resulting
expression, after applying Poisson summation, does not seem to be suitable for analysis.

To the extent of using Poisson summation on the Hitchin base (more or less the Poisson sum on
the m-sum in our context, see the lemma below) our approach will be the same as the one in [7].
The main difference, which allows us to go further than [7], is that instead of the truncation used
in [7] we will use the approximate functional equation (cf. Corollary 3.2.4). This not only allows
us to isolate the special representations, but also lets us to control the remaining terms for further
analysis.

65
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Lemma 5.1.1. For any A > 0 we have

—~
ot
—_

N—
=
Vv
<)
1
)
>
8
/N
w‘s
3
N——
i
[]e
|

/N

3

[ V)

~ HL
=

I~

—

(V)

N———
S|

/N
~

o5

~
—
)
)
SN—

(5.3)
Where,
Hy (z):= 1./ ﬂ (mx) ™" F(u)du
oy r(F5) ’
the sign in Hy is the sign of m®> —4n, e =1 and ey = 0.
Proof. Follows from Corollary 3.2.4.
O

Note that both F(z) and Hy(x) are rapidly decreasing which means for large values of t the
corresponding terms in (5.4) and (5.5) are very small, hence the ¢-sums in (5.4) and (5.5) essentially

—m2 ,
run up to A and ‘47}22" | respectively.

We would like to apply Poisson summation to the m-sums in (5.4) and (5.5) however in order to do
so we need to have a sum over complete lattice Z. The sums in (5.4) and (5.5) are missing the m
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for which m? — 4n is a perfect square. We add and subtract! these values and rewrite (5.1) as

(5.1) yog :21712;2900 () fz|(§2:4n) }i; (e2=amir?) p (4 (5.2))

2
m f;“” =0,1 mod 4

F2l(m2—4n) t=1
%50,1 mod 4

o0

_ _m_

2 Y (%) >
2meZ F2|(m?—4n) t=1
—An=

=" 2542 20,1 mod 4

P(e=E) () (1)

=

b () S (i (A YL o
£2|(m?—4n) t=1

m f;4" =0,1 mod 4

For the rest of this chapter we will be only concerned with (5.2") and (5.3") and leave (1) and ({t)
as the way they are. We also note that if the support of 0 is in [—2,2] then since there are no
(m,n) with m? — 4n = 0 and m? — 4n < 0, (1) and ({f) are both empty.

We take a moment to explain the manipulations to come. We introduced the approximate functional
equation in order to be able to be able to approximate the L-values with relatively short sums
(i.e. truncating the t-sum) while keeping the error small. How short we can truncate, and the
error, depends on the conductor of the quadratic character. In particular by the symmetry of the
approximate functional equation we can truncate both (5.2') and (5.3') at the square root of the
conductor of the quadratic characters that appear in (5.1).

Furthermore note that since the support of 0., is compact the m-sum is finite and goes only up
to Cn'/? for some constant C' > 0 that depends on the support of 6. We will denote this by
m < n'/2. Also since m < n'/? and f2 | m? — 4n, we necessarily have f < n'/2. We will be using
these observation repeatedly without reference in the text.

We now interchange the f sum with the m sum (note that the f-sum is a finite sum because of the
compact support of ) and rewrite (5.2") and (5.3') as

5.2 _22 > b (25) 3 2o () £ () n
f2|(m2 —4n)

m f54" =0,1 mod 4

!Note that we cannot do this directly to (5.1) since the L-functions corresponding to m? — 4n = [J are modified
(-functions which are not defined at 1. Therefore we need to introduce some type of truncation to the t-sums before
adding and subtracting these values. After introducing the approximate functional equation, as explained in the
paragraph above the t-sums essentially become finite sums and we can add and subtract the missing terms.
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(5.3) = Qﬁif > () i (=i b (4) 69)
7=

meE”Z t=1
f2|(m?—4n)

2
m j;‘*” =0,1 mod 4

In what follows, we will apply Poisson summation to the m-sums in (5.4) and (5.5). We remark
tf2A

that the functions 6 (ﬁ) F <%) and \/ﬁﬁw <%) Hy (W) are in general singular,
therefore care must be taken in applying Poisson summation.

We resolve this problem by choosing? A = |m? — 4n|®, for some 1 > « > 0, as in Chapter 4. With
this choice (5.4) and (5.5) respectively become

Gay=2Y Y o () d 30 (Y () (5.4

f=1 meEZ 1=1.
f?|(m?—4n)
m274n_
72 =0,1 mod 4
- m o~ [ (m2—dn)/ o /
BH-EST N e () e 3 () () 63)
= 2|(m§Z ) Vvn |m2—4n)| =1
fel(m*—4n

'"107—2“50,1 mod 4

Furthermore define ©u p o +(m,n,t) and Ou H,o+(m,n,t) by

9"°<L>F<%) if m? —4n >0
@qu,a,-{—(m,n,t) = 2v/n (m2—4n) 1 m2 n
0 ifm*—4n <0

L_0o(52)Hy (ot ) ifm?—4n>0
() H+ (=t

600 H.a +(m7n’t) = 'm2—A4n 2\/6 m2_4n)17a
Ha, 0 iftm2—4n <0
o 0 if m?—4n >0
_(m,n,t) := .
oo, Fa, ( ) O (ﬁ)p(ﬁ) iftm2—4n <0
0 if m2 —4n >0

Ooo,H,a,— (M, 0, 1) 1= {\/ﬁaw (%) H_ (W) ifm2—4n <0

By Proposition 4.3.1 the functions Ou o +(m,n,t) and O g.q,+(m,n,t) are smooth and we
have

cay=2y Y }fﬁ(mzwﬁﬁ@mﬁwwmmw% (5.4-a)
f=1 7

me t=1
f2l(m?—4n)

mf754"5071 mod 4

2 Y (e ) (G
f=1 meZ t=1

2For Beyond Endoscopy purposes we will be taking a = % We are leaving « as a variable here with applications
to bounds towards the Ramanujan conjecture in mind.
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(5.5/) = 2\/7?2 f Z Z ( m? 4n /f2> @oo,H,a,+(m7nvtf2)
f=1

f2|( 5 —4n)
2
m f;‘l" =0,1 mod 4

BESE T S () o e
f=1

f2|( 5 —4n)

mfif() 1 mod 4
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(5.5"-a)

(5.5'-b)

In the next section we will apply Poisson summation to all of the sums above. However before
applying Poisson summation we would like to note that the ¢-sums in (5.4'-a), (5.4’-b), (5.5-a)
and (5.5'-b) are effectively limited to a short range with respect to n. More precisely we have the

following;:
Proposition 5.1.2. For any dy > 0 we have,

Nk
=

meZ t=1
F2l(m2—4n) tf2>>na+50

mf754”50,1 mod 4

~
Il
—

[e.9]

3 S (Y o g i (mum 1) = O, (n

meZ t=1
F2l(m2—4n)  tfZ>nl-ot

mf754"50,1 mod 4

NE
Kﬂ
[N

T
I

Z i % <(m27§n)/f2> @oo,F,a,ﬂ:(manvth) = Oy, (ne_n%)

Proof. First of all note that since 0, is of compact support there exists a constant K such that the
m-sum runs only up to K+/n. Furthermore, since f? | m? — 4n we necessarily have f < K+/n too.

Recall that by (3.3) we know that F'(z) = O(e™"), therefore we have

tf?

@oo,F,a,i (m, n, tf2) = O@OQ (efnia)

Therefore the first sum is bounded by,

1 1 ‘2{2
ROV D DD DR
meEZ
f<<\/ﬁ f2|( 2 4n)tf2>>n°‘+50
[e%] L2
1 1 =
<n ) Fm D gen
f<<\/ﬁ tf2>t>ia+50
< ne ™" Z %
f<yn
n%0

1

2 \2

@ t 2 —O nl—o _(ntl_a)
oo,H,a,i(mvna f ) - am(n%tfz
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Then the second sum is bounded by,

< X5 XX Ane

f</n meEZ t=1
vn f2|(m274n) tf2>>n1—a+5()

L1}
3_, —n?2
<«Ln2 % 2 Z %
1—a+46
fon—z oF
Sg
3 —n 2
< nz % 2
The proposition follows. O

By Proposition 5.1.2 we immediately get,
Corollary 5.1.3. For any 6y > 0 we have,

Gaay=2 Y Y b Y () e pa (mn, 1) + Op (ne ™)

atdg meZ t
f<n 2 f2|(m2—4n) tf2<<n“+50

2
m f54" =0,1 mod 4

(54b) =2 Y~ > Y (") Opa, (monatf?) + O (ne ™)
mEZ

a+9, t
f<<n 20 f2|(m2—4n) tf2<<n°‘+50
%7_24”50,1 mod 4
2_4 2
G5a)=2/7 S f % > (") O s (monstf)
]‘<<f7117(12+(S f2|(7:1§%4n) tf2<<nt17a+§0

2
m f54n =0,1 mod 4

3 —n 2

+Og (n27% 2 )
(5.5’—1)) = Qﬁ Z f Z Z (M) @oo,H,a,f(m) n, tf2)

1—a+dg meZ t
f<n 2 f2|(m2—4n) tf2<<n17a+50
2
mfifnzo,l mod 4
o}
3 —n 2

Proof. Obvious.
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5.2 Poisson summation (N > 0)

5.2.1 Poisson summation on (5.4’-a)

Lemma 5.2.1.

(542)=vnY H> & { / L@ (£ e (5547) dx} Klg(&n)  (5.6)
€7 z

Where,

T
—
o
Il
_
m

Kigen)= 3 (E=m)e(5)
a mod 4t f?
a?—4n=0 mod f2
“2;24” =0,1 mod 4

Proof. Everything converges absolutely so we can interchange the sums freely. Interchange the ¢
and m-sums:

(5.4'-a) = 2 f: f: 1 > i (M) Ovo, a4 (0,1, Ef?)

f?|(m?—4n)

%50,1 mod 4

Observe that the Legendre symbol and the divisibility condition are periodic mod4f? so once we
fix the value of m modulo 4t f? all the arithmetic dependence is fixed and we get

(5.4"-a) = 2 Z Z 1 Z H (M) Z Oso,Fat (M, 0,y tf?)

f=1t=1 a mod 4t f?2 m=a mod 4t f2

a?—4n=0 mod f?
2
af;;‘”EO,l mod 4

By Poisson summation on the m-sum we get

S )= e YO (st e (485)

m=a mod 4t f? EEZ
Where,
@)oo,p,a7+ <45T,n7tf2> = / Oco, Fa,+(z,n,t)e (%) dz
R
_ x tf? —x€
—/mﬂﬁeoo (557) F (o) e (552 o
2(4n)— —x€\/n
=2yn o Oco () F (t{x§_1))a ) e < gtgf\[> dx
The lemma follows. O

5.2.2 Poisson summation on (5.4’-b)

We handle (5.4’-b) in the same way as (5.4"-a).
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Lemma 5.2.2.
> = 2(4n) —x€/n
(54-b)=VnY K> & {/ O (z) F (t{1£4x2))a )6( fo[) daz} Kli¢(&n)  (5.7)
f=1 =1 gez \Vll<1
Where,
a?—4n)/f? a.
Kligem) = > () e (5)
a mod 4t f?
a?—4n=0 mod f2
a?—4n
Sz =01 mod 4

Proof. Identical to the proof of Lemma 5.2.1.

O
5.2.3 Poisson summation on (5.5-a)
Lemma 5.2.3.
IS = - 0o (x 2(4n)e—t —xz+/n
(5.5-a) = Z 3 131 { /| ¢ St g, (L) e (555) d:c} Klip(&,n)  (5.8)
f=1 t=1 ¢cZ L
Where,
a?—4n)/f? a
Bugem= 5 (R ()
a mod 4t f
a?2—4n=0 mod f2
a’—4n
Sz =0,1mod 4

Proof. Interchanging ¢t and m sums and breaking the m-sum into arithmetic progressions mod4t f?
(as in Lemma 5.2.1) gives

G5a)=2vay > Y () S e (montf?)
f=1 t=1

= a mod 4t f? m=1 mod 4t f2
f21(a®~4n)
2
“f;;"zo,l mod 4
Applying Poisson summation to the m-sum gives,

> Owmaslmntf) = g 3 Osan (7t tr?) o (35:)

m=a mod 4t f2 13/

Where,

~

o

oo, H,a,+ <#7 n, tf2> - / @oo,sz,-i-(x? n, tf2)€ (%) dx
R

- /|ac|>2\/ﬁ \/ziﬁeoo (ﬁ) Hy (%) e (%) d

[ e ) B () () o

The lemma follows. O
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5.2.4 Poisson summation on (5.5'-b)

Lemma 5.2.4.
o0 oo 5 ]
Ooo tf2(4n)*— —
65 = F SIS [ G (P e () | st o
f=1 t=1 ¢ez z
Where,
Kl ¢(§n) :== Z <7(“2_i”)/f2) e <4‘ZJ§2>
a mod 4t f2
a?—4n=0 mod f?
2
“;—;“"50,1 mod 4
Proof. Identical to the proof of Lemma 5.2.3. O

5.3 The terms corresponding to £ =0 (N > 0)

In this section we will analyze the terms corresponding to & =0 in (5.6), (5.7), (5.8) and (5.9). We
will show that the sum of these terms gives the contribution of the trivial representation plus an
explicit error term (which, in order of of magnitude in a precise sense, is small).

5.3.1 An auxiliary Dirichlet series

In this subsection we will explicitly calculate a Dirichlet series that will occur frequently in the
upcoming analysis of the dominant term. Let D(z;n) be defined by,

) )
K1, £(0,
D(ZS n) = Z f2z1+1 Z tt’szfl n) (5.10)
f=1 t=1

Lemma 5.3.1.

D(z;n) = H Dy(z;n)

p

Where for each prime p D,(z;n) is defined by

> Kl 1 (0.n)

. L 1 l’ kU,

Dp(z7n) = E PERFT) E ;l(zz)+l)
k=0 =0

Proof. Chinese remainder theorem.

Lemma 5.3.2. Let pt2n be an odd prime. Then,

1
Dy(eim) = )

(1_p22>

Proof. In order to compute Dy (z;n) we need to compute Kl ,(0,n) for various values of k, .
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o [=k=0.
In this case the Kl 1(0,n) is obviously 1.

e [>0,k=0.

Kl (0n) = Y (a2;4“)

This last sum depends on the parity of [.
— [ =0 mod 2.

In this case

— ! =1mod 2.
In this case
(i) =~ (i)
Where we used Lemma 2 of Appendix A of [18].
o 1=0,k>0.

Since p # 2,

Kl p(0n)= > 1
a mod p2k
a?=4n mod p?k

—1+(2) (iv)

e [k > 0. First of all the sum is clearly 0 unless n is a square modp. If n is a square modp,
since p # 2, then there are two exactly square-roots of 4n modulo p?*. Let us denote them by
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ni,n9. Then,

Klpzypk(()?n) = Z (W_anizl)/p%)

a mod pl+2k

a?=4n mod p?F

_ -1 (ag—4n)/p**
ap mod ptt2k

a354n mod p2Fk

— Z ((aﬁ—iﬁ)/ﬂ)

ap mod ptt2k
ap=n; mod p2k

Y (a;:lj)

a2 mod p
j=12
1 )0 if | =1mod 2
-P (p—1)<1+(%>> if I =0 mod 2 )

We can now compute D) (z;n).

Kl oL, k (0,n)
Dy(z;n) = Z k(2z+1) Z l(z+1)
Kl l k On

Kl ll(On Kll k(O,TL)
=i Z l(z+1) Z pk(I;z+1) Z k(22+1) Z l(z+1)

k=1

o0
lll()n Kl x(0,n) Kll k()n
Dp(zin) =1+ Z NG Z pk’(gzﬂ) Z k(22+1) Z l(z+1)

k=1
Kl 2[ On) Kl 20+1 (O,H) Kl k(O,n) Kl 2l k On
=1+ Z 2l(z1+1) Z W + Z I;Q@Tn Z k(22+1) Z 2l(z+1)
=0 k=1
> 21 > 20+1 >
(b () S S + (14 (3) St
=1 =0 =
1
+ (1 - 5) (1 + (%)) Z pk(2z+1) Z 21( z+1)
k=
oo oo oo
_ 1 1 1 1 1
=1 (13 (14 (3) Xt - gt + (14 (3)) X e
=1 =0 k=1
o0 o0
1 1
() Lot ;
=1 =1

1-—15
= l_p 1+1 + (14 (%) Z pk(2z+1) % ( <B)> Z k(22+1) Z 20z
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Lemma 5.3.3. Let p | n be an odd prime, and let vy,(n) denote the p-adic valuation of n. Then,

( - z('u (n)+1)) Z+1
D (zim) = D)

(=) (F)

Proof. The computation depends on the parity of the p-adic valuation of n. Let r = v,(n) through-
out the proof. As in the proof of Lemma 5.3.2 we need to compute the values of Kl ,»(0,7)
first.

e r =1 mod 2. We divide the computation into cases depending on the values of [ and k.
—l=k=0.

In this case K1, ,x(0,n) is obviously 1.

—-1>0,k=0.
Since p | n
2
Kl 1(0,n) = ( p;*”)
amodp
a2
- > (%)
a mod p!
=pt—p! (i)
— 2k >r.

In this case we use the assumption that r = 1 mod 2 and that p # 2. Note that in this
case the sum runs over a mod p?* such that a®> = 4n mod p?*. If a mod p?* is such that

T+l _Tfl . .
a2 = 4n mod p?* then we need to have a = p 2 ag for some ag mod p>*~ "2 . But in this
case a®> = p"aZ = 0 mod p"*1, therefore we cannot have a®> = 4n mod p**. Hence in

this case the sum is 0.

- r>2k>0,1>0.

2 _

In this case n = 0 mod p?* and hence in order to have a a mod p** we necessarily

have a = 0 mod p*. Then the sum is,

Klpl’pk (0,n) = Z (W_ii?)/p%)

a mod p!t2k
a?=4n mod p2k

2
- > () 2
ag mod pltk
= phtt — pFtit (i4)
Where in passing to (x) we used the assumption that r = 1 mod 2 so that a/p?* =
0 mod p.
—r>2k>0,1=0.

In this case,
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Kl x(0n)= > 1

a mod p2F
a?=4n mod p3k

= (iii)

Using (), (i%), (#i7) and the argument above we see that,

Klll()n Kll k(O,n) Kll kOTL
D (z;n —1+Z TG Zpk(giz-‘—l) Z k(2z+1) Z l(z+1)

k=1
r—l T—l
o
- 1
=1+ (1 - ;) E l(z+1) + E k(22+1) + (1 ) E : k(2z+1> E : l<z+1)
=1 k=1
r—1 r—1
2 o0 2
1 1 1 1
B SRS SRR S
k=0 =1 k=0
r—1
2
. 1- z{kl 1
- 1_% kaz

1 1
(15t 1pm$)

T H )

Which finishes the proof in the case of r = 1 mod 2.

e =0 mod 2.

Let » = 2rg. We proceed as before and first compute K lpl7pk(0,n). The computation once
again depends on the values of [ and k.

- l=k=0.
Once again K1 1(0,n) = 1.
—1>0,k=0.

In this case the result of (i) is still valid.

ro>k>0,1=0.
In this case (i4i) is still valid.
—k>rg, I =0.

In this case we need to compute,

Kle(On)= > 1

a mod p2F
a?=4n mod p3k
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Let n = p?"ng. Then the sum vanishes unless (%) = 1. If this is the case then we have,

Kl . (0,n) = oo

a mod p2k
a?2=4n mod p2k

- Z 1

ap mod pZk—70
a(2)54n0 mod p?F—270

70

Therefore in this case,

K1y, (0,n) = (1 + (%)) pro (i)

ro>k>0,1>0.
In this case (i7) is still valid.
k=mrg,1>0.

In this case we have,

Klpzypk(()?n) = Z <w2_%077;)/pzk)

a mod plt2k

a?=4n mod p?k

-3 )

ag mod pltk
_pl+k*1 ifl =1 mod 2
plth _ pltk—1 (1 + <%)> if | =0 mod 2

Where we used Lemma 2 of Appendix A of [18] in the first line.
k>rg, I >0.

In this case we need to compute,

a2 —4mn) /p2k
KOy = > (L)
a mod p!t2k

a?=4n mod p2k

Let n = p*"ong, where vp(no) = 0. Then, since p # 2, in order to have a? = 4n mod p*

20 ) =1, i.e. ngis asquare modulo p. This, by Hensel’s lemma, implies

2k—2rp+1

we need to have

. Let us assume that this is the case and denote the
2k—2rg+1

that ng is a square modulo p

square-roots (which there are exactly two since p # 2) of ng modulo p by w1, us,
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ie. u? = ng mod p*~201 Then Kl ,(0,n) can be written as,

Klplpk(o,n) = Z ((112_4;77})/])%>

a mod plt2k

a?=4n mod p2*

— Z <(a3*ifll)/p2k)

ap mod ptt2k
a%zlln mod p2k

_ 2_4 2(k—rqg)
— p1 Z ((a1 no;{p )

a1 mod p1+2k77‘0
a%54n0 mod p2(k=70)

l+r0 12 Z (asuj>

7=1,2 a3 mod p

:pl+r0712 0 ifl=1mod 2
—1 ifl=0mod?2

We therefore get,

I C RO} ok

We can now compute Dy(z;n). By using (i) to (v) we get,

KL, (0, 0\ Kl 5.(0,n) . KL, (0n)

l 1 TL 1, k\Un 1, k\U,n

D Z n =1 +Z l(z+1) Z pk(gz+l) + Z pk(gz+1)
k=1 k=ro+1

ro—1

o0
Kl k(On) 1 Kl ; ro(0,n)
=+ Z k(22+1 Z l(z+1) + pro(22+1) Z ppl(pz+1)

=1 =1

Kl ol k (0,n)
=+ Z k(22+1) Z l(z+1)

k‘_T‘0+1

o0
=1+ (1 %) Z% +Z 5wz +D"° ( (%)) Z pk(2lz+1)

=1 k=ro+1

oo oo
F(173) X e o+ e (15 (15 (3))) X

k=1 =1 =1

oo [ee]
profl 1 70 1 no 1 1
P02+ MEIESNE +p (1 - ;) (1 + (?)) Z PEEETT) P20z
=1

=0 k=ro+1

79
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00 0 ro—1 0
1 1 1 1 1 1
:1+< —5)Zlﬁ+ p2k2+<—§) pzkzzlﬁ
=1 k=1 k=1 =1
(o] o0
70 1 To—1 1
+ pT0(Z=FD) § p2E T pro(ZD) § Pz
=1 =
ro—1 00 T0 (L_l)
_ 1 1 1 1 p* p
=1+ (L-3) X D et e =
k=0 =1 k=1 p=F

o0 o0
=1 1 E 1 1 1 1 E 1 1
+ p2kz Piz + P2z P P2z plz p2ro+1)z+1 (1_ 1 )

p2z

(1= ) (=53
(1=5) (1—3%)

This finishes the proof of the lemma.

Lemma 5.3.4.
(1-2)
~ =/ if 2t n

Ds(z;n) =4 072;2)
(o )Ost) Ly

(1-5) (-2)

Proof. The proof follows the same lines of the proofs of lemmas 5.3.2 and 5.3.3. The the only
difference is we use properties of the Kronecker symbol modulo 2. We skip the details.

O
Corollary 5.3.5.
D(zn) = 4525 T (1 - o) (1- ;)_1
pln
Proof. Follows from lemmas 5.3.2, 5.3.3 and 5.3.4.
O]

5.3.2 Analysis of (5.6) for £ =0

In this subsection we will analyze the term corresponding to £ = 0 in (5.6). Let

(5-6)§=0 = \/ﬁz % Z t% {/
f=1 t=1 \

z|>1

2 n)—o
0o () F (%) dw} Kly.¢(0,n)
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Lemma 5.3.6.

(5.6)¢—g = D(1;n)v/n O (x) dx

lz|>1
2y/nF(5) —a 1-p~(p(M+1)/2
+v/n O () [217” / F(u)D(u+ 1;n) (%)_u du] dx
|z[>1 (=1

Proof. By Mellin inversion we have,
Fly) = 54 /( Fy
1

Substituting this into the expression for (5.6),_ leaves,

fZ i Z # { /|| boo (@) [ /( P () du] d:c} K, £(0.n)

Interchanging the ¢ and f-sums with the integral (everything converges a bsolutely) we have

Kl 0n) | ( n)=e U
\/ﬁ o1 0o (x) 2m/ Z FEuF3 Z ;1{+2 (((xg_)l)a> dul dx

t=1

- 3 . (4n)—> \
o \/ﬁ . 600 (.’E) [2;1/()F<U)D(U+ 1,77,) ((;2_1)(1) du] dx (.)

—1
2(u+t1
By Corollary 5.3.5 we know that D(u + 1;n) = 442((5”))) [ (1 — m> (1 — Zﬁ) .

In particular this shows that D(u+ 1;n) is holomorphic for f(u) > _71, has a simple pole at u = _71

-1
with residue® —2~ L (1 — (u(ln>+1)) (1 - 11> , and is holomorphic for —1 < R(u) < 3.

2

Also recall that by Lemma 3.2.2 we know that F (u) is holomorphic everywhere except for a simple
pole at u = 0 with residue 1.

Therefore, shifting the count our of integration in the u-integral to _71 < R(u) = o < 0 only picks
up the pole of F(u) at u = 0 and gives the equality,

(¢) = D(L;n)v/n Ooo (1) d

392 is not a typo
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82
=1

Then moving the o-contour to —1 < R(u) = ¢’ < S picks up the pole of D(1+ u;n) at u = 5

and leaves,
2y/nk (=t e\ 2 (vp(n)+1)/2
(¢) = D(L;n)v/n Ooc (:c)dx+“§(§)2)/ e ((;42)1 ) o [
|z[>1 2 |z[>1 ol
++/n 0o () [2}” F(u)D(u +1;n) (7((;2”_)1;)_ du] dx
|$|>1 (o”)

Finally note that D(u+ 1;n) is holomorphic all the way to R(u) = —1 (D(u+ 1;n) is easily shown
to be 0 at u = —1 (L’Hospital’s rule)), and by moving the ¢’-contour to R(u) = —1 we finally get

2y/nk (=t e\ 2 (vp(n)+1)/2
(o) = D(1;n)Van eoo(x>dx+“;(§)2)/ 0 () ({2 ) o [ P
|z[>1 2 |z[>1 ol
+v/n 0o () {217” F(u)D(u + 1;n) (7((;271_);&)_ du] dz
|z|>1 (-1)

5.3.3 Analysis of (5.7) for £ =0

Let,

(57£O_fz_:fgzt2{/ oo:c)F((( s )dx}mnf(o,n)

z|<1

Lemma 5.3.7.

(5.1)¢zg = D(1;n)v/n 0o () dx

|z|<1
2vnF () (dn) 1—p~Cpm+1)/2 <u;;<n)+1>/2
+ 4(%) 2] <1 900( ) ( 1— :(:Z)a) dx g iz

+/n 0o () [217”/( 5 F(u)D(u +1;n) (%)*“ du] dx

Proof. Identical to the proof of Lemma 5.3.6.

5.3.4 Analysis of (5.8) for £ =0

Let,

T > = oo (x 2(4n)e—1
(58)520 = 2 Z% % {/ \/x2(_)1H+ (t(fZQ(:ll))lfa ) dm} Klt,f(()’n)
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Lemma 5.3.8.

wpm)+1)/2 [, (vp(n)+1) oo (z
) dx Hl pl 1;71/2 - ; /|>1 \/a:Q(—)ldx

pln

i foo(z) | 1 F(%)ﬁ(u) . m(4n)e—1 —u
T /x|>1 z?—1 [2” /Ce r(i3%) D(u;n) ((xz_l)ua) du] dz

(8e=0 = ~c(1)

Where € > 0 be such that ((u+ 1) does not have any zeros for |u| < € (Such an epsilon exists since
C(u+1) is non-zero at u =0 and the zeta function is meropmorphic.),
Ce = {(0,it) | t € (—o0,—€) U (e,00)} U, and Cc denotes the left-half of the circle of radius €

around 0.

Proof. Recall the definition of Hy (z),

7TOO = o (z D(Y)F(u) [ rtf2(an)e—1\ ¥
690 LIS H [ s [ [ 1980 (e ) a0

f=1 t=1 z|>
_ VT b () 1 L(%)F(u) e 1 > Kl £(0,n) r(4n)e—1 ) TU
=5 [>1 Va2—1 27ri/(1) 1“(21—7“) Z: F2uTT Z_: futl ((xQ—l)l—ﬂ> du| dx
L f=1 t=1
=¥ foo (2) _L F(%)F(U) . r(an)e—1 \ 7Y
=3 /|x|>1 VaZ—1 | 2mi /(1) F(kTu) D(U, n) <($2_1)17a> du] dx (.)

Where the interchange of sums and the integral is justified by the absolute convergence for $(u)

large.

-1
Recall that D(u;n) = 45(22}3) [ (1 - W) (1 - I%) . We see that D(u;n) has a simple

-1
pole at u = % with residue ﬁ Hp‘n (1 — m> <1 — 1—/2) . Hence shifting the contour to
2

0 < R(u) = o < § picks up the pole of D(u;n) at u = 4 and gives,

_ 2VnF(3) (4n) 1—p~ (w0412 (vp(n>+1>/z
(¢) = ¢«(3) |z|>1 oo (@ )<I2 1)0‘) dz H 172

N boo(@) | 1 L(5)F@) e oy wn)e=t )7
+ | o =y D(w; =) du|d
2 Joor Vor T [27rz /(U) (o) (u;n) <(x2_1)1 ) u] T

Now note the following: I" (%) has a simple pole at v = 0 (with residue 2),
D(u;n) = udC(2u) I [, (vp(n) +1) + O(u 2) around u = 0 (by L’Hospital), and finally F(u) has a

simple pole at u = 0 (with residue 1). Therefore we see that the product a () (SL)D( n) has a
2
—4[Ipjn (vp(n)+1)
VT '

simple pole at © = 0 with residue -
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By the above paragraph, moving the line of integration to C picks up the simple pole of the product
L(3)F(w AT, (vp(n)+1)
@D(u n) with residue — s Therefore we have,

_2ymB(d) n—a 3 - <vp<n>+1>/2 000 ()
) == /m|>19°°()( )de S 2] [ + 1) Ve 19%

lz|>1

i boc(@) | 1 [ D(BF@ e oy wan)a=t N7
T /z|>1 Vai-1 [2” /Ce r(3%) D(u;n) (( )= a) du] dx

The lemma follows.

5.3.5 Analysis of (5.9) for £ =0

Let,

T = = @ 2(4n)e—1
6900 = FNSH [ S () s 0

1p~ (e +D/2
) dz H 1—pl/2

pln

U m(dn)e—1 \ 7Y
7)D(u; n) (%) du:| dx

4
“‘:1
—

A
A
>
=18
=
awjj,
| —
no
-
<
m\
—
—
= ‘)—‘
o
v |2
il
\_/:El

Where € > 0 be such that ((u+ 1) does not have any zeros for |u| < € (Such an epsilon ezists since
C(u+1) is non-zero at u =0 and the zeta function is meropmorphic.),

Ce = {(0,it) | t € (—o0,—€) U (€,00)} U C¢, and C. denotes the left-half of the circle of radius e
around 0.

Proof. The proof goes exactly as in the proof of Lemma 5.3.8. We shift the contour picking up the

R

2
at u = 0 therefore we do not pick up the second term in the first line of Lemma 5.3.8.

pole of D(u;n) at u = 5. The only difference is that this time the I-quotient, is holomorphic

5.4 N <0.

We essentially just change n to —n and everything in the previous sections go through without a
change. We just note that when N < 0, we necessarily have m? — 4N = m? + 4n > 0, hence we do
not have to break the summation range for m into two cases as in the equations (5.4"-a) to (5.5'-b).
Let us start by the analogue of Lemma 5.1.1.
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Lemma 5.4.1. For any A > 0 we have

o0
— - LN 1 ((mP4dn)/f? tf?
(Byeo=2 Y. 0z (%) > () R () (5.11)
e Plm2+an) =1
m~+4n# %50,1 mod 4

1 oo
2 \2 (m2+4n)/ f? tf2A
+ Z (mg+4n) Z ( t ) H+ (m2+4n>
£2|(m?+4n) 1
%50,1 mod 4

-+
I

(5.12)

Where,

Hy (z) = 5= /(1) FIES?) (mx) ™" F(u)du

Proof. Follows from Corollary 3.2.4.

Next we add and subtract the split elements.

(510 =2 0 (%) S () () (5.11)
meZ Pl +an) 1=l
%50,1 mod 4

1 oo
PN ((mPn) 124
+ Z <m72r+4n> Z ( = tn )H+ (mg—&-zln) (5'12/)
72| (m? +4n) =
%50,1 mod 4

—_

R ) IR PG L ORI
m24+4n=0 ﬂﬁfééln(:oj n:())d 4

DY (m’éﬁn)éi(m+4”/f2)H+(nié”ii;‘n) (H11h)
£2|(m?-+4n) t=1
%zo,lmow

Once again, we will leave (11) and (} T 1) to be handled later.
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As in equations (5.4) and (5.5) we interchange the f-sum with the m-sum, rewrite (5.11’) and
(5.12"), and choose A = (m? + 4n)“. This results in,

(5.11) i > (%) %i% (=) P () (5.13)
= pimisan) =

2
mf7'54"50,1 mod 4

(5.12') = Qﬁif > (W) N i (“” +4n) /f2) H, (#EH) (5.14)
F=1

meZ t=1
[2[(m?+4n)
2
mfigzlnzo,l mod 4

We note that since m? +4n do not need to go through the definitions of Ou Fa + O Oue H a4+ since
m? + 4n is always positive.

Next step are the truncations in Proposition 5.1.2. The analogue of Corollary 5.1.3 is:
Corollary 5.4.2. For any dy > 0 we have,

sim=2 3 3§ X () () F (e
a+3g meZ n@+9o1
f<nTT p2mitan) ST

2
Mfig‘*"zo,l mod 4

Oy, (Vlog?(n)e™*" + Vnlog(n)e™"")
0 ( 52
(5.14) = 2¢/w Z f Z Z <(m2+;m)/f2) \/ngﬁn) Hy ((m2—i£721)1—a)

1—a+3g meZ nl—atdy
f<n T2 F2(m2+4n) T2

2
mfig‘lnzo,l mod 4

Next is the application of Poisson summation. The following lemma is the analogue of lemmas 5.2.1
and 5.2.3.
Lemma 5.4.3.

(5.13) = \/HZ%Z}Q

2(4n) @ —z€\/1n
0 () F(t{éi - )e( g ) dx} Kl g(&,-n)  (5.15)

T 2 n a—1 —z/n
/ x/oazo2(+)1 Hy (t(];Q(fl))l—“ ) € ( 2t\]g§> dx} Kl p(§,—n) (5.16)

f=1 t=1 ¢
Where
2_ 2
Kl j(§,n) := 3 ((a in)/ ) e <4§§2)
a mod 4t f2
—4n=0 mod f?
a —4n

=0,1 mod 4
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We are only left with analyzing the terms corresponding to £ = 0 in (5.15) and (5.16). For that we
simply note that the Dirichlet series D(z;n) does not depend on the sign of n, therefore D(z;n) =

D(z;—n).

The analogue of Lemma 5.3.6 is
Lemma 5.4.4.

R
2ynF(5) - an)—@ \ 2 1—p—(op(m)+1)/2
+ 20 | e @) (8 ) do 1|I T
pln
Jn 0= (2) |- [ FD+ 1) (40N gyl d
+Vvn Oo(x) 271 (U) (U+ ,’I’l) (1‘2-1-1)0‘ (Y X
jaf>1 (1)

The analogue of Lemma 5.3.8 is
Lemma 5.4.5.

_ 2VnF 1 0 (z) ( (4n)~= \2 —(vp(n)+1)/2 0= (z
(5 16) C(3%2) / \/J32(+)1 <(£E2—~)-1 ) dxH = — p1/2 - 2H(Up(n) + 1)/R /$2(+)1d$

pln pln
+ ¥ /

oox FEF(U) al4n)e—1 \ ~U

Where € > 0 be such that ((u+ 1) does not have any zeros for |u| < e (Such an epsilon exists since
C(u+1) is non-zero at u =0 and the zeta function is meropmorphic.),
Ce = {(0,it) | t € (—o0,—€) U (€,00)} U C¢, and C¢ denotes the left-half of the circle of radius €

around 0.
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5.5 Identification of the contribution of special representations
and a summary of results so far

In this section we will combine the results of the previous sections, identify the contribution of the
trivial representation to the trace formula, as given in equation (65) of [18], and the contribution
given in equation (32) in [18]%.

We start by rewriting the elliptic part of the trace formula after Poisson summation.
Lemma 5.5.1. For any 0 < a < 1 we have,

0% (x) tf?(4n)~1
{/Ia:>1 ‘/x2*1H+ ( (z2-1)T=2

1 gez
MR PP { / S i (FC ) e () do § K1y p(€m)
f=1 t=1 ¢cZ |z|]<1
2 JZ_:I Z O (ﬁ) % Z 1 ((m%;m)/ﬂ P ((m;-{in)a)

meEZ
f2|(m?+4n)

2
mfig‘l"zo,l mod 4

SEST N o () () 1 ()

f=1 meEZ t=1
f2l(m?+4n)

2
%24"50,1 mod 4

(O + D+ G+ 1)

Proof. Just collected the results of previous sections.

Next, we isolate the contribution of the trivial representation in the sum of the £ = 0 terms.
Theorem 5.5.2. Let (5.1)?:0 denote the contribution of the £ = 0 term to the Poisson sum where
+ denotes the sign of N in (5.1). Then,

“We note that there is a slight error in equation (65) of the [18]. The integer m in the exponent of p should be
m+ 1.
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(5:1)e=g + (5.1) = = tr(1(f)) — tr(&o(f))

89

+vn O () lzi / F(u)D(u+ 15n) ( (fgj;)“a)* du] dz
|z|>1 (—1)
Haf 0@ [z [ Pt ()™ du] "
|z|<1 (—1)
VT 0L(x) | 1 T(4)F(u) (n)e—1 \ "
+ a|>1 VaZ—1 |:27m /Ce F(ZpTu) D(u;n) ((ﬂ L a) du:| dx
vi [ ok [ [ IC5)Fe r(an)e= \ 7
+ le|<1 Vi-a? [sz /Ce FQ%TU) D(u;n) ((1 221 a) du] dx

va [ bx(@) | 1 L(5)F) m(dn)o—t \ T
+2/Rm [%/c rtiza) Dlwin) (i) d“] o

Where the notation &y is as in equation (32) of [18].

Proof. By lemmas 5.3.6, 5.3.7, 5.3.8 and 5.3.9 we have,
(5. = D(l;n)\/ﬁ/RHOO (z)dx

aynf () —a\3 g
+ ¢(3) |z|>1000( )< ) dxH C1-pz7

pln

H 1—p~p(M+1)/2 —(vp(n)+1)/2
1— p1/2

pln

- <vp(n>+1
) do [[ == —

pln

1— 1—p~(p(m+1)/2 ('Up(n)+1)/2
) de [[ =2

pln

\_/

((5-1)¢=o-2)

((5.1);_y-b)
((5.1);-c)
((5.1)74-d)
(5.1 =ye)
((5.1)7_o-f)
((5-1)r_g2)
((5.1)=y7h)

((5-1)g—p-1)

((5-De=o7))
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On the other hand lemmas 5.4.4 and 5.4.5 gives,

(500 = Dlim)ir [ 0 (a) da (CRIY
71 a —(vp(n)+1)/2
%(2 /9 (2 1)&) do | [ =5 ((5:1)¢=g-b)
pln
Qﬁﬁ’(l) 0% () —o 1—p—(vp(n)+1)/2 +
+ 200 [ (i oK H BT (5-1)¢=oc)
—2]J(vp(n) + 1) / ﬁ ((5.1){¢-d)
pln
++v/n et 0 () [217” - F(u)D(u + 1;n) (%) du} dx ((5.1)2:O—e)
T o (T Fgﬁ(u) m(An)e—1 \ "¢
| /R Do trt [Z; /C ﬁ()_) D) (=) du] dz (5.1){_o-H)

Up(n)+

Recall that D(1;n) = 4
with equation® (65) of [18] we ﬁrst get:

, therefore by comparing the formulas for ((5.1)_y-a)+((5. I3p ¢=0-2)

t1(1(f)) = ((5.1)¢ga) + ((5.1)¢_g-a) (x)

Then by comparing the sum ((5.l)gzo—f)+((5.1)§:0—d) with equation (32) of [18] we see that (with
the notation of [18])

—tr(§(f) = (5-1)g_of) + ((5.1)¢_p-d) (%)

Now recall that by Lemma 3.2.2 we know that F is odd®. Therefore we get

((5.1)g—g-b) + ((5.1)¢_-c) = 0 (o)
((5:1) ) + (5.1)g_g-e) = 0 (o0)
((5.1)¢Zg-b) + ((5.1){_-¢) = 0 (o0e)
Finally
Combining (%), (%), (e), (ee), (e @ @) finishes the proof of the proposition. O

We will now show that the extra terms in Theorem 5.5.2 are small, which will be useful in §8.3.
We note that the estimate in Proposition 5.5.3 is very crude and one can actually do better with
slightly more effort (One can for example use the zero-free region of the (-function together with
an integration by parts argument.), however since we will only be using this proposition in §8.3 we
do not aim for the best bound. We also note that once we further average the sums in Proposition
5.5.3 over n, then one gets even better bounds (cf. §9.4 and §9.5).

®The integer m of equation (65) of [18] (which should be m + 1) in our notation is vp(n).
SWe note that the oddness of F' is completely inessential for the argument. The whole argument is valid for an
arbitrary F. If F is not odd, then we would get fF(fv) in the dual part of the approximate functional equation.
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Proposition 5.5.3. For any x > 0,

91

VT 0@ | 1 [ T(%)F r(an)a—1 \ U
+ 2 lz|>1 22—1 |:27ri /CE FEIE“) D(Uan) ((xQ 1 a) du] dx
VT bl@) | 1 [ TEZ)F@) b oy (ramyot Y70
T g Vi [2” /c rgn P (=) d“] dz
ti e @ [; /( F()Dut 1n) (&) du] da
z|>1 -1
VT o[ 0%(x) | 1 T'(%)F(u) e
Ty x2+1 |:2m /Ce F<21—Tu) D(u;n) ((xzﬂ)l_a) du} dz

D(usn) = 482 TT (1= st ) (1 -

for any k > 0. The lemma follows.

5.6 Final form of the formula

After applying Poisson summation to the elliptic term we have the following expression for any

do, €,k > O:
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+vn Y H Y E D ElgEn)

+dg t
f<<'n,a 2 tf2<<na+60 fEZ\{O}

{/|w>190+o (z) F ( {5 )) ) (’55@) dx+/|m|<19;r° (z) F (t{f(_zl;));‘*) B (gtgf\z/ﬁ) dx}
" f Z % Z Z Kl 7(&,n)

¢ezZ\{0}

fen— 20 tf2<<n —a+dg

{ - S b, (L) e (540 do+ /|x<1 Vele) pr_ (Y o (S34) dw}

Vi Y Y b Y wigen ] [on e r (B ) e (S57) ao)
f<nE e SO0

X F X Y Khylen {/ s (=)« (57) dm}
1—a+dg t Z\{0
f<n™ 2 tf2gnl—atdo Ee Mo

+tr(1(f)) — tr(&(f)) + Oz = 4 1)




Chapter 6

Analysis of Certain Character Sums

In this chapter we will analyze the character sums Kl (£, n) and certain relatives of them, denoted

by w (f, v) (see (6.4)), and give bounds on them. The bounds on Kl (£, v) we will derive will
essentlally be the Weil bound on the Kloosterman sums [30]. The important factor in the bounds
will be the dependence on the ¢t and f-parameters, since those will be summed over later. The

bound on wt{;}(f , V) is obtained by explicit computation of the sum.

6.1 Klt,f(f,n)

We start by Kl r(§,v). Note the following twisted multiplicativity of the sums in question which
will allow us to reduce bounding the sums for general tuples (¢, f) to prime powers.

Before stating the lemma let us introduce some notation. For any integer a € Z\{0} and any
prime p, let v,(a) denote the p-adic valuation of a as usual. Also, for any two non-zero integer
A, B € Z\{0} let Ap denote the B-part of A. i.e.

Ap={C|Zs|p|C=p|B, ged(4,B) =1} )

Note that with this notation we have pv»(4) = A, for any prime p.

Lemma 6.1.1. Let t,f € Z~g and £ € Z. Then,
2 \—1
Kltf 6’ HKltpafp << 44ttfj;) ) 5’”)

Where for any a,b € Z such that ged(a,b) =1, (a)g1 denotes the inverse of a mod b.

Proof. By the Chinese remainder theorem we know that the map

l

-1

4t f? 4t f?
(apys apys - s ap,) 5 Zapg 4tf2 )p; ((4tf2)pj .
J

= (p(aplv T 7a1’z)

gives an isomorphism of szl Z/(4tf?)p,Z onto Z/4tf*Z. Furthermore note that ¢(a1,--- ,a;)
ap, mod (4t f?),,, Therefore we have,

93
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saen- 5 () ()

a mod 4t f2
a?—4n=0 mod f?
2
%50,1 mod 4

13

(W(apl ) 5Apy )274n)/~f2 )

t;

Il
g
/~

5
5
=
(7
~| 7.
| :
[V Y
5}
=
~
N——
/N

<.
I

1 ap; mod (4tf2)p]. Jj=1
agj —4n=0 mod fgj

12, . —4n
15—=0,1 mod 4p;

Pj

a

-1
! 4t 52 atf?
Z 4t f2
1 ap; mod (4tf2)pj J
2 = 2
ap; —4n=0 mod fpj

2
a.pj

I
-M“
,EN

(a2, —n)/ 2,
1 %

J

—4n
7—=0,1 mod 4,

Pj
-1
4t52 )
ap. | —5— I3
Z H (agj 74”)/fgj Pj ((4tf2)1)j P,
% " le| — P
] tp; (4tf2)17j
1 ap; mod(4tf2)pj Jj=1

agj —4n=0 mod fgj

2
a,pj —

2
5,

|
MN

.
Il

4n

=0,1 mod 4y,

4152 -t
l (@3,-m)/52 \ [ (w555, ) ¢
o H Z tp; € (4tf)p;
Jj=1 ap; mod (4tf2)pj
af,j —4n=0 mod fgj
a127j —4n
7—=0,1 mod 4,

Pj

~1
= l;IKltp,fp (((4%”];2);)1) £’n>

Lemma 6.1.1 reduces bounding Kl ¢(£,n) to bounding?
a?—4n) /p?* a
Kl iz (§51) = Z <( p’“i/p 2) € <p'“1+§2’“2>

a mod pF1t+2k2
a?—4n=0 mod p2k2

2
—4n _
“p%?" =0,1 mod 4

where p is a prime and k1, k2 and k3 are non-negative integers. We start by bounding the sum when
ko = 0 and p # 2.

-1
!By abuse of notation we absorb the factor of ( ( 44ttff22) ) is £&. Note that this does not change the bounds to
P/p

t 2

follow since (m

-1
) is relatively prime to p.
P
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Lemma 6.1.2. Let p # 2 be a prime. Then,

p—1 ifp|§andp]dn

Kly1(&,n) = {O(\/ﬁ) otherwise

Proof. By definition,

K= 3 (55) (%)

a mod p

We divide the proof into two cases according to p | £ or not.
e ged(§,p) =p.
In this case we have e (%) = 1 so the sum reduces to

2o _ Jp—1 ifp[dn
2 ( p >_{—1 if ptdn

a mod p

e ged(§,p) = 1.

In this case Klp,1(&,n) is a Kloosterman sum (see [?] equation (70)). Therefore by the Weil
bound (cf. [30]) we then have

Klp,1(€7 n) S 2\/]3

The lemma follows. O

Corollary 6.1.3.
O™)  ifup(€) > ks

Kl 1(60) = 00" 72) ifup(€) = k1 — 1
0 if vp(§) < k1 —1

Proof. There are two cases depending on the parity of k.
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e k1 = 0 mod 2. In this case the sum reduces to

2_
Kl = Z <7apkl4n) e (paTgl)

a mod pk1
- af
o Z € (pkl)
a mod pF1

2 _4n=#0 mod p

= X () X e(m5)

a mod p a1 mod pkl’1
3—477,7&0 mod p

ap mod p
37471750 mod p

(1 () e

o ifpk”(fand (%) =1 {0 ifpkl_lff}
-1 if pP1§ ¢ and p | 4n pht it phh g
—2cos (47;5,9‘1%) if p*1 4 ¢ and (4—”) =1
0 if vp(§) <k1—1
p— (1 + (7”)) if 0,(€) > ki
=pi-1{0 if v,(€) = ky — 1 and ( ) L ) )
-1 if vp(§) =k1—1and p|4n
~2c0s () ifuy(§) = ki — 1 and (1) =1

Where /n denotes the square root of n modulo p.

e k1 =1 mod 2. Proceeding as in the previous case we get

2_
Ky = Z (%) € (%)

a mod pk1
a?2—4n a a
- X () X e(me)
ap mod p a