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Abstract

Motivated by the paper [18] of Langlands, we show how one can study the elliptic part of the trace
formula in analytic applications. The thesis consists of several parts. First, by using an appropriate
approximate functional equation we show how to rewrite the elliptic part of the trace formula which
allows one to control the Artin L-functions that that appear in the formula and to smooth out
the singularities of orbital integrals. In the second part we analyze the resulting formula, isolate
contributions of special representations an develop asymptotic expansions of various functions that
are involved in the analysis which are needed in various analytic applications (in particular for the
one suggested in [18]). In the final part we apply the theory developed in the previous parts to
give a new proof of the 1

4 -bound of Kuznetsov ([15]) towards the Ramanujan conjecture, and to
carry out the analysis suggested in [18] for the standard representation. This last part in particular
establishes the first case of the method as suggested in [18].
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Chapter 1

Introduction

1.1 Motivation and a little bit of history

1.1.1 Beyond Endoscopy

Beyond endoscopy, suggested by Langlands in [18], is an attempt to attack the general functoriality
conjectures. It can be described as a two step process. The first step is to identify, for a given
reductive algebraic group G, those automorphic representations π of G that are functorial transfers
from other groups. The second step is to compare this data for different groups. In order to isolate
those representations π one considers the behavior of the automorphic L-functions L(s, π, ρ) at
s = 1 for various finite dimensional representations ρ of the dual group LG. One expects those π
for which L(s, π, ρ) has a pole at s = 1 for some non-trivial ρ to be functorial transfers from other
groups. Thus a central problem is
Problem. Given G, F as above and ρ : LG→ GLn(C) for some n, isolate those cuspidal automor-
phic representations π of G(AF ) for which L(s, π, ρ) has a pole at s = 1.

In [18], Langlands proposed attacking this problem by the trace formula. For what follows, in order
to simplify the notation, let us take the base fields F = Q, the field of rational numbers. Also let
us fix a finite dimensional representation, ρ, of the dual group LG. In order to count those forms
for which the automorphic L-function, L(s, π, ρ), has a pole at s = 1, he starts with the logarithmic
derivative of the L-function. Term by term differentiation leads to

− d

ds
log(L(s, π, ρ)) =

∑
p

∞∑
r=1

tr(ρr(A(πp)))

prs
log(p) (1.1)

Where A(πp) are the local parameters of π at prime p. In order to capture the pole of − d
dsL(s, π, ρ)

one considers the partial averages

lim
X→∞

1

X

∑
pr<X

tr(ρ(A(πp))
r) log(p) (1.2)

Langlands’ idea is to use the trace formula to express (a weighted average of) each term, tr(ρ(A(πp))
r),

explicitly and to analyze the resulting expression. More precisely, for a test function f∞ ∈ C∞c (G(R))
(although the compactly supported assumption is not necessary) one can consider∑

pr<X

∑
π

tr(π∞(f∞)) tr(ρ(A(πp))
r) (1.3)

11



12 CHAPTER 1. INTRODUCTION

Where the inner sum over π runs over the cuspidal automorphic representations of G. For a suitable
choice of test function fp

r,ρ ∈ C∞c (G(A)) the inner sum over π can be expressed as the trace of the
operator Rcusp(f

pr,ρ) (see §8.1 for more on this), and hence one can use the trace formula to get an
expression for this sum. The trace formula expresses the sum over π in (1.3) as a sum of spectral
and geometric terms:∑

π

tr(π∞(f∞)) tr(ρ(A(πp))
r) =

∑
(geometric)−

∑
(spectral) (1.4)

The idea proposed in [18] is to replace the sum over π with (1.4) and to analyze the resulting
expression in.

In [18] Langlands carries a preliminary analysis of each term on the right hand side of the sum
in (1.4) for the group GL(2), F = Q and ρ = Symk, the k’th symmetric power representation
LG = GL(2,C), for various n.

Spectral terms in (1.4) are fairly explicit (at least in the case of GL(2)) and can be treated in a
straight forward fashion. The sum over geometric terms on the other hand runs over conjugacy
classes of elements in GL2(Q) and the part that has the arithmetical information, and needs special
attention, is the sum over elliptic conjugacy classes, i.e. the classes whose eigenvalues determine a
quadratic extension of Q. Analyzing these sums, even in the rather elementary first non-trivial case
of GL(2), is a major task and so far is open except for a few cases.

1.1.2 Related works with the Peterson-Kuznetsov formula

Soon after [18], Sarnak, in [24], had a rough analysis of the problem for the group GL(2) and
symmetric power representations. In his letter, he first points out that the averages like (1.2) that
run over prime power coefficients become technically difficult and may not even be within reach.
Rather than taking the logarithmic derivative, he suggested taking the L-functions themselves and
considering averages of the form

lim
X→∞

1

X

∑
n<X

an(ρ(π)) (1.5)

Where an(ρ(π)) is defined by,

L(s, π, ρ) =
∏
p

det
(
Id− ρ(A(πp))

ps

)−1

=
∞∑
n=1

an(ρ(π))
ns

Instead of the order of the pole, these averages are to capture the residue of the pole of L(s, π, ρ)
at s = 1, so in particular the limit in (1.5) is expected to be more complicated than the one in
(1.2). On the other hand the sum running over integers rather than primes makes it technically
friendlier. In order to analyze sums of type (1.5), in this specific case of GL(2) and symmetric power
representations, Sarnak proposed using the Petersson-Kuznetsov formula, a relative trace formula.
In his letter he then went on to give a sketch of how this was to be carried out and pointed out
to the difficulties that may arise. The relative trace formula approach was then carried out for
G = GL(2) and ρ = Sym2, the symmetric square representation, by Venkatesh in his thesis, [29].
Moreover, Herman in his thesis, [9], carried the same approach and isolated those forms that are
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base changes by analyzing the so-called Asai L-function again by using the Petersson-Kuznetsov
formula.

1.2 This thesis

This thesis contains the first worked out case of Langlands’ original suggestion in [18] to use the
trace formula (as opposed to the relative trace formulae which, as mentioned before, was the subject
matter of [29] and [9]) to analyze the behavior of the automorphic L-functions, L(s, π, ρ), as s→ 1+.
As is already observed in §2.2 of [18], the problematic part of the analysis is to analyze the averages
of the so-called “elliptic terms1” in the geometric side of (1.4). The main aim of the thesis is to
rewrite the elliptic part of the trace formula by using the approximate functional equation and to
analyze the resulting expression. This results in a form of the elliptic part (and hence the trace
formula itself) which is suitable for analytic applications. We then go on and give two applications
of the developed theory. In the first of these applications, in Chapter 8, we recover the classical
1
4 -bound of Kuznetsov’s (cf. [15]) towards Ramanujan conjectures using the trace formula and prove
(cf. Theorem 8.4.1):
Theorem 1.2.1. Let2 f∞ ∈ C∞c (R+\GL2(R)) and p be a prime. Then for any ε > 0,∑

π

trπ∞(f∞) tr(A(πp)) = Of∞,ε(p
1
4

+ε)

Where A(πp) is the local parameter at the prime p and the lo the sum is running over cuspidal
automorphic representations π with trivial central character and unramified at every finite place.

The second application is to Beyond Endoscopy. In Chapter 9 we carry out the first case of Beyond
Endoscopy as described in [18] by using the trace formula. We analyze the asymptotic behavior of
the averages in (1.5) for ρ = the standard representation and prove (cf. Corollary 9.12.1):
Theorem 1.2.2. Let k ≥ 4 be an even integer. Then,

lim
X→∞

1
X

∑
n<X

∑
f

an(f) = 0

Where the sum is running over cuspidal Hecke eigenforms of weight k with full level and an(f) is
the n’th coefficient of the attached L-function as defined in (1.5).

We would like to also emphasize that, although not included in here, the methods of Chapter 9
are also capable of carrying out the limit of (1.5) for ρ = Sym2, the symmetric square representa-
tion.

Below, we will give a more detailed description and main results of each chapter. In order to be able
to describe the results we briefly need to go over the elliptic part of the trace formula. For most of
the thesis (everything except Chapter 9) we will be working with the setup in [18]. That is, we will
be considering the space3 L2(R+\GL2(A)), and automorphic representations that are unramified
at every finite place. Rather than going through the details of the choice of the test functions and

1Note here that the terminology “elliptic term” is used slightly different than the way we are using it here. In
[18] it is used as the difference of the terms that comes from elliptic conjugacy classes with the contribution of the
non-Ramanujan terms, however here we are using it for the contribution of the elliptic conjugacy classes.

2We note that the notation R+\GL2(R) is not standard. We identify R+ with the scalar matrices with positive
entries.

3Once again the notation is not standard, and what we mean by R+ is the scalar matrices with positive entries.
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orbital integrals, here we simply quote the elliptic part of the trace formula4 for (1.4). We refer the
interested reader to [18] (pg. 19) for details.

Let n ≥ 1 be an integer. The elliptic part of the trace formula for (1.4) is∑
m∈Z
±

θ±∞

(
m

2
√
n

) ∑
f2|(m2±4n)

m2±4n

f2
≡0,1 mod 4

L
(

1,
(

(m2±4n)/f2

·

))
(1.6)

Where
(
D
·
)

is the Kronecker symbol and θ∞ is a certain function on R which depends on f∞ (for
precise definition and properties see Chapter 4). Then the averages (as in (1.5)) to be analyzed
are ∑

n<X

∑
m∈Z
±

θ±∞

(
m

2
√
n

) ∑
f2|(m2±4n)

m2±4n

f2
≡0,1 mod 4

L
(

1,
(

(m2±4n)/f2

·

))
(1.7)

1.2.1 Chapter by chapter contents

• Chapter 2.

In this chapter we review the elliptic part of the trace formula. We start by equation (60)
of [18], and then step by step rewrite the elliptic part so that it becomes more suitable for
analytic applications. The main result of the chapter is Theorem 2.1.2.

• Chapter 3.

This chapter starts with a review basic facts about the approximate functional equation. Then
using a result of Soundararajan and Young in [28] (which they attribute to Bykovskii, [3], and
Zaiger, [31]) we derive an approximate functional equation for∑

f2|(m2±4p)
m2±4p

f2
≡0,1 mod 4

L
(

1,
(

(m2±4p)/f2

·

))
(1.8)

The interesting point here is that the approximate functional equation is for the whole
weighted sum of L-functions instead of summing an approximate functional equations of each
L-function5. This is the content of Corollary 3.2.4.

We also would like to mention that the estimates of lemmas 3.2.1 and 3.3.1 are used throughout
the thesis.

• Chapter 4.

Chapter 4 is quite technical but at the same time fundamental for the rest of the thesis. It is
concerned with the analysis of the singularities of archimedean orbital integrals. The overall
idea is to apply Poisson summation to the m-sum in (1.6). This however is not straightforward

4We note that the sum over π in (1.4) runs over cuspidal automorphic representations that are unramified at every
finite place. Although this restricts the automorphic representations we are dealing with, from an analytical point of
view does not create extra difficulties, since allowing ramification brings in only finitely many congruence conditions
which do not create analytical problems. Therefore the case considered here more or less is analytically the “generic
case”.

5This makes the formula much more suitable to use since otherwise one needs to deal with issues that arise because
of the fact that the corresponding quadratic characters are not necessarily primitive.
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since the function θ∞ is not smooth. On the other hand we know exactly the type of the
singularity (cf. (4.1)). In this chapter we first show that by choosing the parameters in the
approximate functional equation of the previous chapter appropriately (cf. §4.3) one can
“smooth-out” θ∞. The idea is the following: The function θ∞(x) has a singularity of the form√
|1− x2|. Let Φ be Schwarz class. Since Φ decays faster than any polynomial, the product

θ∞ (x) Φ
(

C
|1−x2|α

)
(1.9)

is smooth for any α > 0 and C ∈ R\{0}, and one can poly Poisson summation to this
product function. This is the content of Proposition 4.3.1 and resolves the problem related
to singularities, however, introduces parameters (the function Φ and the parameters C and
α). The importance of these parameters, of which the most important one is C, is that they
control the behavior of the Fourier transform of (1.9). More precisely, we are interested in
the asymptotic behavior and decay properties of∫

θ∞(x)Φ
(

C
|1−x2|α

)
e(−xη)dx (1.10)

We note that the asymptotic behavior of (1.10) depends on the relative sizes of C and η (The

precise quantity determining the asymptotic expansions is the size of C
1
α η.). The important

point is that in the context we will be using (1.10), C and η will depend on other parameters
(for example f and n) and these parameters ail be summed over as in (1.7). Therefore we
need to know exactly how the asymptotic behavior of (1.10) depends on these parameters.
The asymptotic expansion of (1.10) (and related functions) occupies the rest of the chapter
and the results are summarized in theorems 4.8.1 and 4.8.2. The important point in these
theorems is that when C

1
α η is large the Fourier transform decays fast. However when this is

not the case, the Forier transform does not decay that fast but rather oscillates due to the
appearance of the factor e(±η) up front. We use this in the last chapter to estimate certain
sums related to beyond endoscopy.

• Chapter 5.

Throughout Chapter 5 we fix a positive integer n and consider (1.6) for this fixed n. In this
chapter we apply Poisson summation to the m-sum in (1.6) and isolate the contribution of
certain special representations that appears in [18].

We only consider the “− ” sign in (1.6) in the first three sections. In the first two sections we
rewrite (1.6) and apply Poisson summation. The dual sum is given in lemmas 5.2.1 to 5.2.4
(There are four pieces of the sum coming from the approximate functional equation and the
sign of the quadratic character.) The third section is dedicated to the analysis of the dominant
term in the dual sum (i.e. the term corresponding to ξ = 0) and isolation of the contribution
of special representations.

We take a moment to elaborate on the contribution of special representations. In [18] (cf.
beginning of §2.2 and/or page 36) it is emphasized that the (possible) contribution of rep-
resentations that are not of Ramanujan type is to be isolated. These are one dimensional
representations and for our setting the only such representation is the trivial representation.
Moreover, in equations (31), (32) of [18] the contribution of another special representation,
denoted there by tr(ξ0(f∞)), is brought into attention. It is concluded in [18] that this repre-
sentation in general gives a non-zero contribution to the limit in (1.5) and should, in principle,
cancel with a part of the contribution of the elliptic term.

Lemmas 5.3.6 to 5.3.9 is is concerned with the isolation of the contribution of the two special
representations. Lemmas 5.3.6 and 5.3.7 isolates (a part of) the contribution of the trivial
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representation, whereas Lemma 5.3.8 isolates (a part of) the contribution of tr(ξ0(f∞). All of
these lemmas are based on contour shifts.

§5.4 goes through the content of the previous sections for the “ + ” sign in (1.6), and isolates
the contribution of the special representations in lemmas 5.4.3 to 5.4.5.

The final result of the chapter is summarized in Theorem 5.5.2. The estimate in Proposition
5.5.3 is not very important, and will be used only in Chapter 8.

• Chapter 6.

Chapter 6 is a about the analysis of certain character sums that appear after applying Poisson
summation to the elliptic part. and in the analysis of the limit in (1.6). The pertinent sums
are denoted by

Klt,f (ξ, n) :=
∑

a, mod 4tf2

a2≡4b mod f2

a2−4b

f2
≡0,1 mod 4

(
(a2−4b)/f2

t

)
e
(

aξ
4tf2

)
e
(

bν
4tf2

)

and

ωt,f (ξ, ν) :=
∑

a,b, mod 4tf2

a2≡4n mod f2

a2−4n

f2
≡0,1 mod 4

(
(a2−4n)/f2

t

)
e
(

aξ
4tf2

)

The reason for the notation “Kl” is because these sums are analogues of classical Kloosterman
sums (cf. [24] equation 70). The bounds we get for Klt,f (ξ, n) are based on the Weil bound
on Kloosterman sums.

The character sums ωt,f (ξ, ν), on the other hand, will appear in Chapter 9 and are related to
beyond endoscopy limit for the standard representation (these appear after a second Poisson
sum on the n-sum in (1.7)). These are bounded by explicit calculation. We note there that
the fact that these sums are explicitly computable only in special cases (like the standard
representation and symmetric square).

• Chapter 7.

Chapter 7 consists of estimates on the sums that appear after Poisson summation. We sepa-
rated this chapter from the rest of the exposition because the analysis involved is tedious but
straightforward. The results of this chapter are used in establishing the results of the next
two chapters.

This chapter is very technical and can be skipped in a first read.

• Chapter 8.

In Chapter 8 we give a new proof of the classical result of Kuznetsov towards Ramanujan con-
jectures. Recall that the Ramanujan conjecture (for GL(2), see [25] for the general statement)
states that the trace of the local parameters A(πp) (the parameters in (1.1)) for a cuspidal
automorphic representation π is bounded by 2. For special6 π this conjecture is a celebrated
theorem of Deligne ([5]), and in general is wide open. It is also well known (cf. [20]) that the
Ramanujan conjecture (in its general form) follows from functoriality conjectures, however
these conjectures as well (if not more) are wide open.

6π for which the infinity component, π∞, is holomorphic discrete series.
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It is worthwhile to note that although the Ramanujan conjecture itself seems to not be within
reach of the current techniques, for applications in analytic number theory one often does not
need the full conjecture and some improvement on the trivial bound, tr(A(πp)) = O(p

1
2 ), (For

GL(n) the trivial bound is tr(A(πp)) = O(p
n−1
2 ), cf. [25]) is good enough. For any θ ≥ 0, let

Rπ(θ) denote the bound

tr(A(πp)) = Oθ(p
θ) (Rπ(θ))

Note that the Ramanujan conjecture would imply Rπ(0) and the trivial bound is Rπ(1
2).

This chapter is devoted (roughly) to prove the bound Rπ(1
4 + ε) for any ε > 0 More precisely,

we prove the bound ∑
π

tr(π∞(f∞)) tr(A(πp)) = Of∞,ε(p
1
4

+ε)

where π runs over cuspidal automorphic representations that are unramified at every finite
place and f∞ is more or less arbitrary, cf. Theorem 8.4.1. This bound, of course, is well
known7 and was first proved by Kuznetsov (in [15]) by using Kuznetsov trace formula (a
relative trace formula). The novelty here is in the method than the result. The proof we give
here is entirely based on the trace formula. We also mention that the only attempt, that we
know of, in the literature using the trace formula appears to be by Moreno in [22], where he

recovers the trivial bound p
1
2 .

• Chapter 9.

Finally in Chapter 9 we carry out the promised application to Beyond Endoscopy and show
that the limit in (1.5) is 0 for ρ = Sym1, the standard representation. We note that this result
follows form the well known holomorphy of the standard L-function (known in much greater
generality, cf. [8]), and once again here the novelty is in the method rather than the result.

Since the result is not new, we do not aim for any generality and instead of using the general
trace formula, use the Selberg trace formula for holomorphic forms of weight k > 2 (formula
9.1). This formula comes as a sum of three different terms, and correspondingly the average
in 1.5 has three different contribution, denoted in Chapter 8 by A, B and C. The final result
is Corollary 9.12.1 where we show that the sum of A, B and C is 0.

There is an interesting point here that we would like to draw attention to. Although the sum
of A, B and C is 0, each one of them individually is not necessarily 0. Indeed we show that
(B) is 0 (Proposition 9.2.1) and (C) = −1

2(k−1) (Proposition 9.2.2). We then go on and show

that the contribution of the elliptic part, (A), is also non-zero and equals exactly 1
2(k−1) and

cancels the contribution of (C).

1.3 Final comments

First, we would like to have a few words about the contents and generality of the methods. The
main idea, as mentioned before, is to use an approximate functional equation on the elliptic part
of the trace formula to handle the Artin L-functions, which appear in the trace formula as volume
factors, as well as to smooth-out the singularities of orbital integrals, and then to apply Poisson
summation on, what is called in [7], Hitchin basis. Although we carry out this idea in the setting
of [18] (i.e. L2(R+\GL2(A)) with representations unramified at every finite place) we would like
to mention that the theory is completely general and applicable in the most general case. The

7In fact much better bounds are known, cf. [25].
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important points are the approximate functional equation of Chapter 2 and the analysis of Chapter
3, both of which are completely general.

Second, we would like to say a few words about the trace formula and Beyond Endoscopy. Histor-
ically, the use of the trace formula in establishing functoriality has been via comparison of trace
formulae of different groups (as in the case of endoscopy). The idea of Beyond Endoscopy is to
use the trace formula, possibly combined with the techniques of analytic number theory, in a way
to pass beyond this comparative approach. This thesis establishes a basis for such an approach
and gives the first applications to Beyond Endoscopy. As mentioned before, with the methods of
Chapter 9 one can also carry out the analysis for the symmetric square representation. We also
would like to mention that for higher symmetric powers the sum over n in (1.5) starts running
over sparse sequences and the second Poisson summation (on the n-sum) of Chapter 9 seems to be
problematic. We however believe that there is a lot more structure in the singularities of orbital
integrals to be uncovered and the methods of chapters 2 to 7 are open to further analysis and
potential results.

Finally we would like to draw attention to the following interesting feature, appearing in chapters
4 and 8.

Let us start with Chapter 4. As we mentioned above, there are special representations that we
isolate in the elliptic part after applying Poisson summation. In the context we are working there
are two such representations, the trivial representation, 1, and the representation denoted by ξ0 in
[18] equation (31) and (32).

The trivial representation gives the main contribution8 to the trace formula, and hence gives the
main contribution to Poisson summation too. It is therefore expected to appear in the term cor-
responding to ξ = 0 (with the notation of Chapter 4) after applying Poisson summation. As we
explained above, this indeed is the case and we show it in lemmas 5.3.6 and 5.3.7. We also mention
here that in [7] this idea of applying Poisson summation and isolating the contribution of the trivial
representation is carried out by different means for groups G that are semisimple, simply connected
and for which9 G = Gder.

On the other hand the second representation, ξ0, is quite mysterious. Its contribution to the trace
formula survives the limit of (1.5). Langlands, in [18] page 25, calls this “accidental” and says that
this contribution should also appear in the elliptic term and cancel. In lemmas 5.3.8 and 5.4.5 we
show that this is indeed the case and the contribution of ξ0 does appear in the elliptic term with
opposite sign.

Similarly in Chapter 8, the last term in 9.1 gives a non-zero contribution to the limit (Proposition
9.2.2). Since we know that the standard automorphic L-function, L(s, π), is holomorphic we expect
this contribution to cancel with contribution of the rest of (9.1). Once again this turns out to be
the case and this contribution indeed cancels with the non-zero contribution of the elliptic term (cf.
Theroem 9.6.3).

In order to explain the phenomenon we first recall the approximate functional equation (cf. Corollary

8Its contribution to 1.4 is p
1
2 whereas the Ramanujan conjecture tells us that 1.4 should be bounded by 2.

9Where Gder denotes the derived group. A typical example for such a group is G = SL(2). We also mention that
G = GL(2) is not such a group however with a slight modification the results of [7] still applies to GL(2).
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3.2.4). It expresses (1.8) as,

∑
f2|(m2−4n)

m2−4n

f2
≡0,1 mod 4

1
f

∞∑
t=1

1
t

(
(m2−4n)/f2

t

)
=

∑
f2|(m2−4n)

m2−4n

f2
≡0,1 mod 4

1
f

∞∑
t=1

1
t

(
(m2−4n)/f2

t

)
F
(
tf2

A

)
(•)

+
∑

f2|(m2−4n)
m2−4n

f2
≡0,1 mod 4

(
πf2

|4n−m2|

)1
2
∞∑
t=1

(
(m2−4n)/f2

t

)
H±

(
tf2A
|m2−4n|

)

(••)

Where A > 0 is a parameter that we are free to choose, F is a test function and H± is a certain
transform of F . One should think of the functions F and H± as smooth approximations to char-
acteristic functions of (0, 1) since their role is to truncate the sums essentially to tf2 � A and

tf2 � |m2−4n|
A .

The sum in (•) essentially the Dirichlet series in (1.6) truncated to the range tf2 � A, whereas the
dual sum in (••) appears because of the functional equation (cf. (3.1)) and is not apparent in (1.6).
Accordingly the elliptic part of the trace formula breaks up into a sum of two parts (cf. Lemma
5.1.1).

The point is that after using the approximate functional equation, the contribution of ξ∞ and that
of the last term of (9.1) both appear in the parts corresponding to the dual sums, in particular
in the part which is does not originally appear in (1.6). This seems to be quite interesting and
mysterious feature of the approach.

1.3.1 Notation

The notation (hopefully) is consistent throughout the thesis. Below are a few symbols that we use
without defining.

• e(x).

Unless otherwise stated e(x) := e2πix.

• Fourier transforms.

All Fourier transforms are with respect to the character e(x) and normalized so that we have
ˆ̂
f(x) = f(−x).

• �.

We use this symbol and the big-O notation more or less interchangeably. We hope that the
way we use it will be clear from context. We use the notation f(x) �α g(x) to mean that
there is a constant, Kα > 0, depending only on α (note that α can be a multi-index) such
that |f(x)| < Kα|g(x)|.
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Chapter 2

Elliptic Part of the Trace Formula

In this chapter we will quickly review the elliptic part of the trace formula as given in equation (60)
of [18]. We will be working in the setting of [18] as explained at the end of page 13 and the top of
page 14 as well as at the beginning of §2.1 of that reference. We will be considering automorphic
representations on L2(R+GL2(Q)\GL2(A)) that are unramified at every finite place.

Let p be a prime, k ≥ 1 and n ≥ 1 be integers. Let1 fp
k

be as in equation (11) of [18]. Then
equation (60) of [18] gives the following expression for the elliptic part of the trace formula for the

trace of the operator R(fp
k
) ∑
m∈Z
±

ψ(m,±pk)

p
k
2

µD
∑
f |s

f
∏
q|f

(
1−

(
D
q

)
q−1
)

(2.1)

Where2,

• ψ(m,±pk) is the archimedean orbital integral of f∞ as given in equation (26) of [18], and
computed with respect to the normalizations of §2.1 of [18].

•
m2 − 4pk = s2D

Where D is the fundamental discriminant.

•
µD = vol(R+Gγ(Q)\Gγ)(A)

Where γ is an element in GL2(Q) with trace m and determinant ±pk, and the volume is
computed with respect to the normalizations of §2.1 of [18].

Since everything is multiplicative, It is trivial to see that the same formula carries to the case when

we change our function fp
k

to fn := f∞
∏
q|n T

vq(n)
q

∏
q-n T

0
q for an arbitrary integer n, where for

any integer k ≥ 0 the notation T kq is as on page (19) of [18]. i.e. The elliptic part of the trace
formula for R(fn) is ∑

m∈Z
±

ψ(m,±n)√
n

µD
∑
f |s

f
∏
q|f

(
1−

(
D
q

)
q−1
)

(2.2)

1Note the slight difference in notation. In equation (11) of [18] there appears the representation, ρ, of the dual
group and the function f depends on this. For our purposes we take ρ = Symk, and in order to emphasize the

dependence of fp (with the notation of [18]) on k we write it as fp
k

. We remark that this indeed corresponds to
considering the pn’th Hecke operator instead of p’th in classical language.

2Note that the dependence of the variables s,D adnd γ on m and pk are suppressed.
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Where D and s are defined by the equation m2 ± 4n = s2D.

2.1 Rewriting the elliptic part

In this section by using Dirichlet’s class number formula we will rewrite (2.2) so that it will become
more suitable for analysis. We first quote some more results on the functions that appear in
(2.2).

By the paragraph at the end of page 21 of [18] we know that for any r > 0, ψ(rm,±r2n) = ψ(m,±n).
Taking r = 1

2
√
n

we see that there exist functions θ̃±∞(x) ∈ Cc(R) such that

ψ(m,±n) = θ̃±∞

(
m

2
√
n

)
(2.3)

By the computations3 of §2.1 of [18] we have,

µD =

{
2h(D)R(D) if D > 0
2πh(D)
ωD

if D < 0
(2.4)

Where h(D) denotes the class number of the field Q(
√
D), R(D) is the regulator of Q(

√
D)

(which is given by ln |ε| for a fundamental unit ε) and ωD denotes the number of roots of unity in
Q(
√
D).

Recall Dirichlet’s class number formula (cf. Corollary following Theorem 5 of Chapter 8 in [17]),

L
(
1,
(
D
·
))

=


2h(D)R(D)√

|D|
if D > 0

2πh(D)

ωD
√
|D|

if D < 0
(2.5)

Using (2.4) and (2.5) we then see that

µD =
√
|D|L

(
1,
(
D
·
))

(2.6)

Combining (2.3), (2.6) and (2.2) we get that the elliptic part can be written as∑
m∈Z
±

√
|D|√
n
θ̃±∞

(
m

2
√
n

)
L
(
1,
(
D
·
))∑

f |s

f
∏
q|f

(
1−

(
D
q

)
q−1
)

(2.7)

Note that D = m2∓4n
s2

. Therefore
√
|D| =

√
m2∓4n
s . Using this we get that (2.7) is∑

m∈Z
±

√
|m2∓4n|√

n
θ̃±∞

(
m

2
√
n

)
L
(
1,
(
D
·
))∑

f |s

f
s

∏
q|f

(
1−

(
D
q

)
q−1
)

(2.8)

Lettting
θ±∞(x) :=

√
|x2 − 1|θ̃±∞(x)

we see that (2.8) is

2
∑
m∈Z
±

θ±∞

(
m

2
√
n

)
L
(
1,
(
D
·
))∑

f |s

f
s

∏
q|f

(
1−

(
D
q

)
q−1
)

(2.9)

We now turn to the L-value and the sum over f .

3Note that in the computation at the end of page 17 of [18] it is assumed that D 6= −2 or −3. It can be easily
seen that the formula in (2.3) is the general form of the volume.
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Lemma 2.1.1.

L
(
1,
(
D
·
))∑

f |s

f
s

∏
q|f

(
1−

(
D
q

)
q−1
)

=
∑
f |s

1
fL
(

1,
(
Ds2/f2

·

))
Proof. Using the change of variables f 7→ s

f we get

L
(
1,
(
D
·
))∑

f |s

f
s

∏
q|f

(
1−

(
D
q

)
q−1
)

= L
(
1,
(
D
·
))∑

f |s

1
f

∏
q| s
f

(
1−

(
D
q

)
q−1
)

Note that

L
(
1,
(
D
·
))∏

q| s
f

(
1−

(
D
q

)
q−1
)

=
∏
p

(
1−

(
D
p

)
p−1
)−1∏

q| s
f

(
1−

(
D
q

)
q−1
)

=
∏
p

(
1−

(
D
p

)
p−1
)−1 ∏

q|Ds2
f2

(
1−

(
D
q

)
q−1
)

=
∏
p

(
1−

(
Ds2/f2

p

)
p−1
)−1

= L
(

1,
(
Ds2/f2

·

))
The lemma follows.

Using Lemma 2.1.1 we can rewrite (2.9) as

2
∑
m∈Z
±

θ±∞

(
m

2
√
n

)∑
f |s

1
fL
(

1,
(
Ds2/f2

·

))
(2.10)

Finally using Theorem 26.39 of [14] we see that the requirement that f | s is equivalent to f2 |
Ds2 = m2 ∓ 4n and m2∓4n

f2
≡ 0, 1 mod 4. Therefore we finally get,

Theorem 2.1.2. The elliptic part of the trace formula in the setting of this chapter can be written
as

2
∑
m∈Z
±

θ±∞

(
m

2
√
n

) ∑
f2|m2∓4n

m2∓4n

f2
≡0,1 mod 4

1
fL
(

1,
(
Ds2/f2

·

))
(2.11)
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Chapter 3

Approximate Functional Equation

In this chapter we will derive an approximate functional equation for the weighted sum of the
L-values that appear in (2.11). We will first review the functional equation that the sum over f
of the L-values satisfy. The point to pay attention is that the weights (i.e. the f -sum) in (2.11)
are arranged so that the whole f -sum itself satisfies1 a functional equation. Once we have the
functional equation we will derive an approximate functional equation in the usual way. For most
of the material on the approximate functional equation we will follow §10.4 of [11].

3.1 Functional Equation

Let δ ∈ Z be a discriminant, i.e. δ ≡ 0, 1 mod 4, and D = Dδ be the fundamental discriminant it
defines. Let L(z, δ) be defined by

L(z, δ) :=
∑
f2|δ

δ/f2≡0,1 mod 4

1
f2z−1L

(
z,
(
δ/f2

·

))

Let Λ(z, δ) be the completed L-function, i.e.

Λ(z, δ) :=
(
|δ|
π

) z
2

Γ
(
z+eδ

2

)
L(z, δ)

Where eδ = 0, 1 depending on δ > 0 or < 0 respectively. Then the completed L-function satisfies
the following functional equation:
Proposition 3.1.1.

Λ(z, δ) = Λ(1− z, δ) (3.1)

In particular we have

L(z, δ) =
(
|δ|
π

) 1
2
−z Γ

(
1−z+eδ

2

)
Γ
(
z+eδ

2

) L(1− z, δ) (3.1′)

Proof. This is the content of Lemma 2.1 of [28]. We only note that in the indicated lemma it is
implicit that in the sum over f the integer d is a fundamental discriminant. This is the same as
replacing the f -sum which runs df2 = δ by f | l. It turns out that this functional equation was also
observed earlier by several other authors in related contexts (Bykovskii, [3], and Zagier, [31]). We

1We would like to thank Matthew Young for pointing this out, and referring us to his paper with Soundararajan
[28] (cf. Lemma 2.1 of [28]).
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refer the reader to the proof of Lemma 2.1 of [28] and the references in §2 of the same reference for
more on the history.

3.2 Approximate Functional Equation

For any Dirichlet series that has a functional equation we can write an approximate functional
equation. We will take almost all of this material from Chapter 10 §10.4 of [11] but instead of using
the classical functional equation we will use (3.1′).

Let F ∈ C∞(R+) be

F (x) = 1
2K0(2)

∫ ∞
x

e
−y− 1

y dy
y (3.2)

Where Ks(z) denotes the s’th modified Bessel function of the second kind. Then,

Lemma 3.2.1. For every x > 0 we have

0 < F (x) < e−x

2K0(2) (3.3)

and

0 < 1− F (x) < e
−

1
x

2K0(2) (3.4)

Proof. [11] pg. 257.

Let F̃ (z) denote the Mellin transform of F . i.e.

F̃ (z) =

∫ ∞
0

F (u)uz duu

We have the following lemma about the analytic behavior of F̃ :

Lemma 3.2.2. Explicitly; F̃ (z) = 1
z
Kz(2)
K0(2) . It is holomorphic except for a simple pole at z = 0

with residue 1. Furthermore, F̃ (z) is odd, and for z = σ + it ∈ C we have the uniform bound

F̃ (z)� |z||σ|−1e−
π
2 |t|

Proof. [11] pg. 257-258.

Proposition 3.2.3 (Approximate functional equation). The setting is as above. Then for any
z ∈ C we have,

∑
f2|δ

δ/f2≡0,1 mod 4

1
f2z−1L

(
z,
(
δ/f2

·

))
=

∑
f2|δ

δ/f2≡0,1 mod 4

1
f2z−1

∞∑
t=1

1
tz

(
δ/f2

t

)
F
(
tf2

A

)

+
(
|δ|
π

) 1
2
−z ∑

f2|δ
δ/f2≡0,1 mod 4

1
f1−2z

∞∑
t=1

1
t1−z

(
δ/f2

t

)
Hδ,z

(
tf2A
|δ|

)
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Where,

Hδ,z(y) := 1
2πi

∫
<(u)=1

Γ
(

1+u−z+eδ
2

)
Γ
(
z−u+eδ

2

) (πy)−uF̃ (u) du

Proof. Let F̃ denote the mellon transform of F . For <(u) = σ � 0 by Mellin inversion we have∑
f2|δ

δ/f2≡0,1 mod 4

1
f2z−1

∞∑
t=1

1
tz

(
δ/f2

t

)
F
(
tf2

A

)
= 1

2πi

∫
<(u)=σ

∑
f2|δ

δ/f2≡0,1 mod 4

1
f2(z+u)−1

L
(
z + u,

(
δ/f2

·

))
AuF̃ (u) du

= 1
2πi

∫
<F̃ (u)=σ

L(z + u, δ)AuF̃ (u) du

Then shifting the contour to <(u) = σ′ < 0 picks up the pole of F̃ (u) at u = 0 and gives

1
2πi

∫
<(u)=σ

L(z + u, δ)AuF̃ (u) du = L(z, δ) + 1
2πi

∫
<(u)=σ′

L(z + u, δ)AuF̃ (u) du

Using the change of variables u 7→ −u and using the oddness of F̃ transforms the σ′-integral to

1
2πi

∫
<(u)=σ′

L(z + u, δ)AuF̃ (u) du = − 1
2πi

∫
<(u)=−σ′

L(z − u, δ)A−uF̃ (u) du

Finally using the functional equation (3.1′) gives

1
2πi

∫
<(u)=σ′

L(z−u, δ)A−uF̃ (u) du = 1
2πi

∫
<(u)=−σ′

(
|δ|
π

) 1
2

+u−z Γ
(

1+u−z+eδ
2

)
Γ
(
z−u+eδ

2

) L(1−z+u, δ)A−uF̃ (u) du

Therefore we get,∑
f2|δ

δ/f2≡0,1 mod 4

1
f2z−1L

(
z,
(
δ/f2

·

))
=

∑
f2|δ

δ/f2≡0,1 mod 4

1
f2z−1

∞∑
t=1

1
tz

(
δ/f2

t

)
F
(
tf2

A

)

+
(
|δ|
π

) 1
2
−z ∑

f2|δ
δ/f2≡0,1 mod 4

1
f1−2z

∞∑
t=1

1
t1−z

(
δ/f2

t

)
Hδ,z

(
tf2A
|δ|

)

We note that in the statement of the proposition we took σ′ = 1 for convenience.

Corollary 3.2.4. The setting is as above.∑
f2|δ

δ/f2≡0,1 mod 4

1
fL
(

1,
(
δ/f2

·

))
=

∑
f2|δ

δ/f2≡0,1 mod 4

1
f

∞∑
t=1

1
t

(
δ/f2

t

)
F
(
tf2

A

)
+
√
π

∑
f2|δ

δ/f2≡0,1 mod 4

(
f2

|δ|

) 1
2
∞∑
t=1

(
δ/f2

t

)
Hδ

(
tf2A
|δ|

)

Where by abuse of notation we denote Hδ,1 by Hδ.

We note that although there seems to be a dependence of Hδ,z on δ, it is no way serious. Hδ,z

depends only on the sign of δ and once we fix the sign it is independent of δ. For this reason, from
now on we will call Hδ,z as H±,z, (similarly for Hδ) where it is implicitly understood that the sign,
±, is the sign of δ.
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3.3 Estimates on H±

We have the following bound on H±:

Lemma 3.3.1. For any <(x) ≥ 1 we have

H±(x)� 1
xe
−
√
x

2 (3.5)

Proof. The only difference between H+ and H− is the difference in the Γ-factors, so we start with
bounding those. By Stirling’s formula we have

Γ
(

1+u
2

)
Γ
(

2−u
2

) ∼ ( u2e)u−1
2
(
1 + 1

u

)u
2
(

2
u − 1

)u−1
2

Since |1 + u
2 | ≤

√
e and for <(u) ≥ 1, | 2u − 1| ≤ 3

<(u)
2 we have

Γ
(

1+u
2

)
Γ
(

2−u
2

) � (
3u
2e

)u−1
2

Where the implied constant is absolute. On the other hand, by equation 10.63 of [11] (pg. 259) we
have

Γ(u2 )

Γ
(

1−u
2

) � | 1u − 1|<(u)−1
2 |u|<(u)−1

2

Which, for <(u) ≥ 1 gives the bound

Γ(u2 )

Γ
(

1−u
2

) � |u|<(u)−1
2

Where the implied constant is, once more, absolute. Substituting these bounds into the definitions
for H±(x), and using the bound on F̃ (x) given in Lemma 3.2.2 we get

H±(x)�
∫

(1)
|3u2e |

<(u)−1
2 |x|−<(u)|u|<(u)−1e−

π|=(u)|
2 du

=

∫
(1)

(
3
2e

)<(u)−1
2 |u|2<(u)−3

2 |x|−<(u)e−
π|=(u)|

2 du

Shifting the contour to <(u) = max{1,
√

2x
3 } then gives

H±(x)� 1
x3/4

e−
√

2u
3

� 1
xe
−
√
x

2

Where the implied constant is absolute.



Chapter 4

Analysis of the Singularities of
Archimedean Orbital Integrals and
Asymptotic Expansions

4.1 Singularities of orbital integrals

We start by recalling the asymptotic behavior of archimedean orbital integrals. We will be very brief
and present only what we need without going into detail or proofs. For a more detailed introduction
we refer to [1] and the references therein, and for the asymptotic behavior of orbital integrals see
[13], [16] and [27] and references therein.

For a test function, f ∈ C∞c (GL2(R)), let us denote the orbital integral of f at the (regular) element
γ ∈ GL2(R) by Orb(f ; γ). i.e.

Orb(f ; γ) :=

∫
Tγ\GL2(R)

f(gγg−1)dḡ

Where Tγ is the centralizer of γ in GL2(R) which is a maximal torus (since γ is regular). The
measure normalizations are as given in [27]. We are interested in the behavior of Orb(f ; γ) as γ
approaches a central element. As is given in [18] (page 21 equation (26)) and [27] (equation (1)),
around z ∈ Z(R): There exists a Weyl group invariant neighborhood, Nz, of z and smooth functions
G1, G2 ∈ C∞c (Nz) (depending on the point z) such that

Orb(f ; γ) = G1(γ) + |γ1γ2|
1
2

|γ1−γ2|G2(γ)

Where γ1, γ2 are the eigenvalues of the element γ. Note that as γ approaches a central element
Orb(f ; γ) has a singularity of the prescribed form form γ1γ2

(γ1−γ2)2
(the discriminant function of

GL(2)).

When we parametrize the element γ with its trace = m, and determinant = n, the discriminant
becomes

(γ1−γ2)2

γ1γ2
=
(
m2

n − 4
)

Therefore, in the (m,n) coordinates, the asymptotic behavior of the orbital integral can be expressed
as

Orb(f ; γ) = G1(m,n) +
∣∣∣4− m2

n

∣∣∣−1/2
G2(m,n)

29
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Furthermore, by choosing a central character (as we do when using the trace formula), we can
further assume that G1 and G2 depend only on the ratio m√

|n|
and the sign of n. Also, when sign

of n is negative, the element that (m,n) parametrizes is in the split torus and G1 vanishes.

For what follows, by abuse of notation we will write the variables of our functions as m√
n

instead of
m√
|x|

and a sign, and will keep the dependence on the sign of n implicit. We will be considering the

functions θ∞

(
m√
n

)
which are the products of Orb(γ, f) with the square root of the discriminant

and the local volume factors as defined in [18]. Let x := m√
n

. By the above decomposition (see

Lemma 2.a.4 of [18]) we see that around x = ±2 (Note that this is not the same x as in Lemma
2.a.4 of [18].) we have

θ∞(x) = |4− x2|
1
2 θ∞,1(x) + θ∞,2(x) (4.1)

Where θ∞,1(x) is smooth and supported inside (−2, 2) and θ∞,2(x) is smooth and compactly sup-
ported. The most important property of these functions that we will use is the following asymptotic
expansions around ±2 (see Theorem 2.4.a of [21]):

θ∞,2(±2 + x) =
∞∑

l=l±2 (θ)

α±l x
l (4.1-a)

|4− (±2∓ x)2|
1
2 θ∞,1(±2∓ x) =

∞∑
l=l±1 (θ)

β±l x
l+ 1

2 (4.1-b)

4.2 A very brief summary of the context

Since it has been some time since the last time we discussed any of these I will quickly recall the
context in which the approximate functional equation arise. For convenience assume that everything
is unramified outside ∞ and the central character is trivial.

Recall that the approximate functional equation allows one to express the values of an L-function
as a sum of two absolutely convergent series. More precisely for a primitive Dirichlet character
χ (for this discussion there is no loss of generality in assuming that the character is primitive) of
conductor fχ it reads as

L(z, χ) =
∞∑
t=1

χ(t)
tz Φ

(
t
A

)
+Wχ̄

(
π
fχ

)1
2
∞∑
t=1

χ̄(t)
t1−z Φ̃χ

(
tA
fχ

)
Here A > 0 is a parameter that is to be chosen, Wχ̄ is the root number for the complex conjugate
character and Φ is a smooth cut-off function (in particular it is rapidly decreasing, say in the Schwarz
space), and Φ̃χ is a certain transform of Φ, whose dependence on χ is actually only on χ(−1), and
itself is rapidly decreasing.

Fix a test function f∞ ∈ C∞c (G(R)). For any n, by choosing the standard functions, fv,n at each
place v, to give the trace of the n’th Hecke operator, form f := f∞

∏
fv,n ∈ C∞c (G(A)). Then (after

fixing measures etc.) the elliptic part of the geometric side of the trace formula for the operator
R(f) (roughly) reads as∑

m∈Z
θ∞

(
m√
n

) ∑
f2|(m2−4n)

m2−4n
f2

≡0,1 mod 4

1
fL
(

1,
(

(m2−4n)/f2

·

))
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We will be treating the above sum one f at a time and for our purpose of explaining the smoothing
of the archimedean orbital integral we can (and do) ignore it and pretend that f = 1. Then we
have the sum, ∑

m∈Z
θ∞

(
m√
n

)
L
(

1,
(
m2−4n
·

))
Our aim is to apply Poisson summation to the m-sum. We would like to expand the L-function into
the Dirichlet series and then interchange the two sums. In order to do so, we replace the L-function
with the approximate functional equation and get∑

m∈Z
θ∞

(
m√
n

){ ∞∑
t=1

1
t

(
m2−4n

t

)
Φ
(
t
A

)
+

√
π

|m2−4n|
1
2

∞∑
t=1

(
m2−4n

t

)
Φ̃em,n

(
tA

|m2−4n|

)}

Where em,n = (1 + sign(m2 − 4n))/2. Since the em,n and Φ̃em,n depend on the sign of m2 − 4n we
first split the sum into two parts

∑
m2−4n<0

θ∞

(
m√
n

){ ∞∑
t=1

1
t

(
m2−4n

t

)
Φ
(
t
A

)
+

√
π

|m2−4n|
1
2

∞∑
t=1

(
m2−4n

t

)
Φ̃em,n

(
tA

|m2−4n|

)}

+
∑

m2−4n>0

θ∞

(
m√
n

){ ∞∑
t=1

1
t

(
m2−4n

t

)
Φ
(
t
A

)
+

√
π

|m2−4n|
1
2

∞∑
t=1

(
m2−4n

t

)
Φ̃em,n

(
tA

|m2−4n|

)}

We can now interchange the inner and outer sums, break the m-sum into arithmetic progressions
modt and get

∞∑
t=1

1
t

∑
a mod t

(
a2−4n
t

)
∑

m2−4n<0
m≡a mod t

θ∞

(
m√
n

)
Φ
(
t
A

)
+

∑
m2−4n>0
m≡a mod t

θ∞

(
m√
n

)
Φ
(
t
A

)
+
√
π
∞∑
t=1

∑
a mod t

(
a2−4n
t

)
∑

m2−4n<0
m≡a mod t

1

|m2−4n|
1
2
θ∞

(
m√
n

)
Φ̃−

(
tA

|m2−4n|

)

+
∑

m2−4n>0
m≡a mod t

1

|m2−4n|
1
2
θ∞

(
m√
n

)
Φ̃+

(
tA

|m2−4n|

)
Where Φ̃− and Φ̃+ are the transforms which we used to label by the subscript em,n.

4.3 Smoothing orbital integrals

We would now like to apply Poisson summation to the m-sums that appear above. There are two
problems in applying Poisson summation to the above sum: The first problem is that the sums are
not complete (the m-sums are running over either |m| < 2

√
n or |n| > 2

√
n). The second is the

problems about the singularities of the function |m2 − 4n|
−1
2 .

To get around these problems at once we will use the rapid decay of our test function Φ (and of
Φ̃1,2). Recall that we still haven’t chosen the parameter A. Let 1 > α > 0 be a constant (we will
later choose α ∼ 1

2) and let
A = |m2 − 4n|α
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With this choice, the sum above is

∞∑
t=1

1
t

∑
a mod t

(
a2−4n
t

)
∑

m2−4n<0
m≡a mod t

θ∞

(
m√
n

)
Φ
(

t
(m2−4n)α

)
+

∑
m2−4n>0
m≡a mod t

θ∞

(
m√
n

)
Φ
(

t
(4n−m2)α

)
+
√
π
∞∑
t=1

∑
a mod t

(
a2−4n
t

)
∑

m2−4n<0
m≡a mod t

1

|m2−4n|
1
2
θ∞,−

(
m√
n

)
Φ̃−

(
t

(m2−4n)1−α

)

+
∑

m2−4n>0
m≡a mod t

1

|m2−4n|
1
2
θ∞,+

(
m√
n

)
Φ̃+

(
t

(4n−m2)1−α

)
For any function Φ and constants C > 0 and 1 > α > 0, define Θ∞,Φ,C,α,± by

Θ∞,Φ,C,α,−(x) :=

{
θ∞(x)Φ

(
C

(4−x2)α

)
if |x| < 2

0 otherwise
(#)

Θ∞,Φ,C,α,+(x) :=

{
θ∞(x)Φ

(
C

(x2−4)α

)
if |x| > 2

0 otherwise

Then the above sum can be rewritten as

∞∑
t=1

1
t

∑
a mod t

(
a2−4n
t

){ ∑
m≡a mod t

Θ∞,Φ,tn−α,α,−

(
m√
n

)
+

∑
m≡a mod t

Θ∞,Φ,tn−α,α,+

(
m√
n

)}

+
√
π

∞∑
t=1

∑
a mod t

(
a2−4n
t

){ ∑
m≡a mod t

1

|m2−4n|
1
2

Θ∞,Φ̃−,tn1−α,1−α,−

(
m√
n

)
+

∑
m≡a mod t

1

|m2−4n|
1
2

Θ∞,Φ̃+,tn1−α,1−α,−

(
m√
n

)}

Next proposition shows that as m√
n
→ ±2 the test functions Φ and Φ̃ decay faster than any poly-

nomial which makes the functions Θ∞,Φ,tn−α,α,±

(
m√
n

)
and 1

|4−x2|
1
2

Θ∞,Φ̃±,tn1−α,1−α,± (x) smooth.

More precisely, we have the following:
Proposition 4.3.1. Let C > 0 and 1 > α > 0 be constants. For any Schwarz function Φ(x), the
functions Θ∞,Φ,tn−α,α,± (x) and 1

|4−x2|
1
2

Θ∞,Φ̃±,tn1−α,1−α,± (x) are smooth.

Proof. The only problem is around x = ±2 and everything is symmetric so without loss of gen-
erality we will analyze the derivative only near x = 2. We will also show the result only for
Theta∞,Φ,tn−α,α,− (x) because the argument carries verbatim to the other function.

We will show that the left and right limits of the difference quotient are both 0. The right derivative
is trivially 0 because the function is 0 there. Consider the left limit of the difference quotient,

lim
h→0+

θ∞(2−h)F

(
C

(4−(2−h)2)α

)
h = lim

h→0+

θ∞(2−h)F

(
C

(4h−h2)α

)
h
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Since Φ is Schwarz class, for any M > 0 we have

Φ(x) = OM (x−M )

From this we conclude that as h→ 0+

Φ
(

C
(4h−h2)α

)
= OM

((
(4h−h2)α

C

)M)
Therefore,

θ∞(2−h)F

(
C

(4h−h2)α

)
h = OM

(
θ∞(2−h)

h

(
(4h−h2)α

C

)M)
Since by equation (4.1) θ∞ is bounded we get that the limit is 0, proving the differentiability. Since
M was arbitrary, this indeed proves that all the derivatives exists. The argument for the rest of the
functions are exactly the same.

Proposition 4.3.1 allows us to apply Poisson summation to the m-sums. However, in order to be
able to analyze the resulting dual sum we need to understand the decay properties of the Fourier
transforms of the functions Θ∞,Φ,tn−α,α,± (x) and 1

|4−x2|
1
2

Θ∞,Φ̃±,tn1−α,1−α,± (x).

Recall that the functions Θ∞,Φ,tn−α,α,± (x) are defined by (#), and are the product of θ∞(x) with
the appropriate cut-off function. On the other hand the function θ∞(x), by (4.1) is the sum of

|1 − x2|
1
2 θ∞,1(x) and θ∞,2(x), where θ∞,1(x) is supported in (−2, 2) and is smooth there, and

θ∞,2(x) is smooth of compact support.

Therefore, in order to analyze the Fourier transform of Θ∞,Φ,tn−α,α,± (x) and
1

|4−x2|
1
2

Θ∞,Φ̃±,tn1−α,1−α,± (x) we need to understand the Fourier transforms of functions of type

|1− x2|
ρ
2 g(x)Φ

(
C

|1−x2|α

)
Where ρ = 0,±1 and |1 − x2|

ρ
2 g(x) has an asymptotic expansion around ±1 of the form given in

(4.1-a) or (4.1-b) depending on ρ. We will do this in the following sections.

Important note. It might not be clear at this point as to why we need to analyze the asymptotic
expansion of Fourier transforms of the above functions since by Proposition 4.3.1 they are all smooth
and therefore decay faster than any polynomial. This is indeed correct, that they are smooth and
they do decay faster than any polynomial. However the constants involved depend on the parameters
α and C. For us C = t

nα and since in the applications we have in mind we will be summing on t
and n, we need the explicit dependence of the Fourier transforms on C. This is subtler than the
crude decay estimate that comes for free from the smoothness of the involved functions.

4.4 Asymptotic expansions Fourier transforms - 1

In this section we will derive the asymptotic behavior of the following type of Fourier trans-
forms: ∫ 1

−1
g(x)Φ

(
C

(1−x2)α

)
e(−xη)dx (4.2)
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Where Φ(x) is a Schwarz class functions, g(x) is smooth of compact support and the integral is
taken over (−1, 1). We want the explicit dependence on the variables η and C, when 0 < α < 1 is
a fixed constant. (For future reference, α will be around 1

2 .) The asymptotic behavior will depend

on the support of g(x), size of C and the relative sizes of C
1
α and η, and we will treat each one of

these cases separately.

Throughout the proofs we will be using integration by parts on composition of functions multiple
times, so it is convenient to recall the so called Faà di Bruno’s formula: Let k ∈ N and f and g be
k-times differentiable functions. Then the k’th derivative of the composition f ◦ g(x) is given by
the explicit formula (cf. [23])

dk

dxk
f(g(x)) =

∑
a1+2a2+3a3+···+kak=k

a:=a1+a2+···+ak
ai∈N

k!
a1!a2!···ak!f

(a)(g(x))
(
g′(x)

1!

)a1 (g′′(x)
2!

)a2
· · ·
(
g(k)(x)
k!

)ak
(4.3)

Proposition 4.4.1. Let 1 > λ > 0. Then for any integer k > 0 there exists a constant κ̃(α, k) > 0
such that for −1 + λ < x < 1− λ we have

dk

dxk
Φ
(

C
(1−x2)α

)
≤ λ−k

∑
a1+2a2+3a3+···+kak=k

a:=a1+a2+···+ak
ai∈N

κ̃(α, k)Caλ−aαΦ(a)
(

C
(1−x2)α

)
(4.4)

Proof. This is a direct consequence of equation (4.3) with g(x) = C
(1−x2)α

and f(x) = Φ(x). Applying

the formula we get

dk

dxk
Φ
(

C
((1−x2)α)

)
=

∑
a1+2a2+3a3+···+kak=k

a:=a1+a2+···+ak
ai∈N

k!
a1!a2!···ak!Φ

(a)
(

C
(1−x2)α

)
(

1
1!

d
dx

(
C

(1−x2)α

))a1 (
1
2!

d2

dx2

(
C

(1−x2)α

))a2
· · ·
(

1
k!

dk

dxk

(
C

(1−x2)α

))ak
=

∑
a1+2a2+3a3+···+kak=k

a:=a1+a2+···+ak
ai∈N

k!Ca

a1!a2!···ak!Φ
(a)
(

C
(1−x2)α

)
(

1
1!

d
dx

(
1

(1−x2)α

))a1 (
1
2!

d2

dx2

(
1

(1−x2)α

))a2
· · ·
(

1
k!

dk

dxk

(
1

(1−x2)α

))ak
(4.5)

For any b ∈ Z>0, using the binomial theorem and the fact that −1 + λ < x < 1− λ, we have

db

dxb

(
1

(1−x2)α

)
=

b∑
l=0

(
b

l

)
dl

dxl
1

(1−x)α
d1−l

dx1−l
1

(1+x)α

= α(α+1)···(α+ab1)
(1−x2)α

[
1

(1−x)b
+ (−1)b

(1+x)b

]
+

b−1∑
l=1

(
a

l

)
(−1)a−lα(α+1)···(α+l−1)α(α+1)···(α+b−l−1)

(1−x2)α(1−x)l(1+x)b−l

≤ κ(α, b)λ−α−b

where κ(α, a) is a constant depending only on a and α. Substituting this bound into (4.5) we then
get

dk

dxk
Φ
(

C
((1−x2)α)

)
≤

∑
a1+2a2+3a3+···+kak=k

a:=a1+a2+···+ak
ai∈N

k!Ca

a1!a2!···ak!Φ
(a)
(

C
(1−x2)α

)

(
1
1!κ(α, 1)λ−α−1

)a1 ( 1
2!κ(α, 2)λ−α−2

)a2 · · ·( 1
k!κ(α, k)λ−α−k

)ak
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≤ λ−k
∑

a1+2a2+3a3+···+kak=k
a:=a1+a2+···+ak

ai∈N

κ̃(α, k)Caλ−aαΦ(a)
(

C
(1−x2)α

)

Where κ̃(α, k) > 0 is a constant that only depends on α and k.

For the rest of this chapter we will analyze the Fourier transform (4.2). We will see that depending
on the support of g and the relative sizes of C and η, the Fourier transform behaves differently. The
main case is when the support of g is (−1, 1), and C → 0 and C

1
α η < Cδ for any δ > 0, in which

case we will get an asymptotic expansion which will be used in later chapters.

For the rest of the section we will work our way to this final case step by step starting from simple
cases where the Fourier transform decays very fast independent of any parameter.

4.4.1 Warm-up I: C > K for some constant K.

In this case integration by parts implies that the Fourier transform decays faster than any polyno-
mial, and this decay is independent of C. More precisely,
Proposition 4.4.2. Let C > K for some constant K > 0. Then for any M > 0∫ 1

−1
g(x)Φ

(
C

(1−x2)α

)
e(−xη)dx = OΦ,g,α,M,K(η−M )

Proof. Integrating by parts M -times we get∫ 1

−1
g(x)Φ

(
C

(1−x2)α

)
e(−xη)dx = 1

(−2πiη)M

∫ 1

−1

dM

dxM

{
g(x)Φ

(
C

(1−x2)α

)}
e(−xη)dx (4.6)

By the binomial theorem we have

dM

dxM

{
g(x)Φ

(
C

(1−x2)α

)}
=

M∑
l=0

(
M

l

)
dM−l

dxM−l
g(x) dl

dxl
Φ
(

C
(1−x2)α

)
(4.7)

Substituting equation (4.7) into equation (4.6) gives

∫ 1

−1
g(x)Φ

(
C

(1−x2)α

)
e(−xη)dx = 1

(−2πiη)M

M∑
l=0

(
M

l

)∫ 1

−1

dM−l

dxM−l
g(x) dl

dxl
Φ
(

C
(1−x2)α

)
e(−xη)dx (4.8)

Since g(x) is smooth for any 0 ≤ l ≤ k we have

dM−l

dxM−l
g(x) = Og,M (1) (4.9)

On the other hand, for any 0 ≤ l ≤M , by (4.3)

dl

dxl
Φ
(

C
(1−x2)α

)
=

∑
a1+2a2+3a3+···+lal=l
a:=a1+a2+···+al

ai∈N

l!Ca

a1!a2!···al!Φ
(a)
(

C
(1−x2)α

)
(

1
1!

d
dx

(
1

(1−x2)α

))a1 (
1
2!

d2

dx2

(
1

(1−x2)α

))a2
· · ·
(

1
l!
dl

dxl

(
1

(1−x2)α

))al
(4.10)
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Furthermore by the binomial theorem we have

db

dxb

(
1

(1−x2)α

)
= α(α+1)···(α+b−1)

(1−x2)α

[
1

(1−x)b
+ (−1)b

(1+x)b

]
+

b−1∑
m=1

(
b

m

)
(−1)b−mα(α+1)···(α+m−1)α(α+1)···(α+b−m−1)

(1−x2)α(1−x)m(1+x)b−m
(4.11)

Substituting (4.11) into (4.10) we see that if we can bound generic term

1

(1−x2)α(1−x)maj (1+x)(j−m)aj
Φ(a)

(
C

(1−x2)α

)
(4.12)

where aj ≤ l
j and 0 ≤ m ≤ j. Since Φ is of Schwarz class and a < M , for any A > 0 we have

Φ(a)(x) = OΦ,M,A(x−A)

Using this we get

Φ(a)
(

C
(1−x2)α

)
= OΦ,M,A

(
(1−x2)αA

CA

)
(4.13)

Substituting (4.13) into (4.12) we get

1

(1−x2)α(1−x)maj (1+x)(b−m)aj
Φ(a)

(
C

(1−x2)α

)
= OΦ,M,A

(
(1−x2)αA

(1−x2)α(1−x)maj (1+x)(j−m)ajCA

)
(4.14)

Since jm ≤ jaj ≤ l ≤ M Choose (and fix) A such that bαAc = bM + α + 5c, and note that
0 ≤ 1− x2 ≤ 1. We then get

(1−x2)αA

(1−x2)α(1−x)maj (1+x)(b−m)ajCA
= OΦ,α,M (C−A) (4.15)

Substituting (4.15) back into (4.14), (4.11) and then into (4.10) we get

dl

dxl
Φ
(

C
(1−x2)α

)
= OΦ,α,M

(
Ca

CA

)
(4.16)

Recalling α < 1 we get A−M > 0. Then noting that a ≤ l ≤M and substituting (4.16) into (4.8)
gives ∫ 1

−1
g(x)Φ

(
C

(1−x2)α

)
e(−xη)dx = OΦ,g,α,M (η−MCM−A)

Finally using C > K, we get the proposition.

4.4.2 Warm-up II: C < K for some constant K, and the support of g(x) does not
intersect {±1}.

If the support of g(x) does not intersect {±1}, then the integrand is smooth and we can again use
integration by parts to get the decay of the Fourier transform.
Lemma 4.4.3. Let 1 > λ > 0. Then for any integer k > 0 and for −1 + λ < x < 1− λ we have

dk

dxk
Φ
(

C
(1−x2)α

)
= OΦ,α,k,K,λ(1) (4.17)



4.4. ASYMPTOTIC EXPANSIONS FOURIER TRANSFORMS - 1 37

Proof. Since C < K,
Caλ−aα ≤ Kaλ−aα (4.18)

Substituting (4.18) into (4.4) we get

dk

dxk
Φ
(

C
((1−x2)α)

)
≤ λ−k

∑
a1+2a2+3a3+···+kak=k

a:=a1+a2+···+ak
ai∈N

κ̃(α, k)Kaλ−aαΦ(a)
(

C
(1−x2)α

)
(4.19)

Since C < K, for −1 + λ < x < 1− λ,

C
(1−x2)α

< Kλ−α

Therefore for −1 + λ < x < 1− λ and for any 0 < a < k we have

Φ(a)
(

C
(1−x2)α

)
= OΦ,α,k,K,λ(1)

Substituting this bound into (4.19) we then get

dk

dxk
Φ
(

C
((1−x2)α)

)
= OΦ,α,k,κ

λ−kκ̃(α, k)
∑

a1+2a2+3a3+···+kak=k
a:=a1+a2+···+ak

ai∈N

Kaλ−aα


= OΦ,α,k,K,λ(1)

Corollary 4.4.4. Assume that C < K for some constant K, and the support of g(x) does not
intersect {±1}. Then for every M > 0 we have∫ 1

−1
g(x)Φ

(
C

(1−x2)α

)
e(−xη)dx = OΦ,g,α,M,K(η−M )

Proof. Integrating by parts M -times gives∫ 1

−1
g(x)Φ

(
C

(1−x2)α

)
e(−xη)dx = 1

(−2πiη)M

∫ 1

−1

dM

dxM

{
g(x)Φ

(
C

(1−x2)α

)}
e(−xη)dx (4.20)

By the binomial theorem we have

dM

dxM

{
g(x)Φ

(
C

(1−x2)α

)}
=

M∑
l=0

(
M

l

)
dM−l

dxM−l
g(x) dl

dxl
Φ
(

C
(1−x2)α

)
Let λ > 0 be a constant such that the support of g(x) be contained in (−1 + λ, 1 − λ). Then by
Lemma 4.4.3 we have

dM

dxM

{
g(x)Φ

(
C

(1−x2)α

)}
= OΦ,α,M,λ,K

(
M∑
l=0

(
M

l

)
dM−l

dxM−l
g(x)

)

Since g(x) is smooth and its support is in (−1, 1), g(M−l)(x) = Og,M−l(1). Combining these, we get

dM

dxM

{
g(x)Φ

(
C

(1−x2)α

)}
OΦ,g,α,M,K(1)

Substituting this back into (4.20) finishes the proof.
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4.4.3 Support of g(x) intersects {±1} non-trivially and C → 0.

There are two sub cases of this case depending on the size of η relative to C−
1
α .

There exists δ > 0 such that η > C−
1
α
−δ.

In this case, once again integration by parts resolves the problem.
Proposition 4.4.5. Assume that there exists δ > 0 such that η > C−

1
α
−δ. Then for any M > 0

we have ∫ 1

−1
g(x)Φ

(
C

(1−x2)α

)
e(−xη)dx = OΦ,g,α,M,δ(η

−M )

Proof. We proceed as in the proof of Proposition 4.4.2. For any integer M0 > 0, integration by
parts M0-times and going through steps (4.6) to (4.12) reduces the problem to bounding terms of
the form

1

(1−x2)α(1−x)maj (1+x)(j−m)aj
Φ(a)

(
C

(1−x2)α

)
(4.21)

where l ≤M0, 1 ≤ a ≤ l, aj ≤ l
j , 0 ≤ m ≤ j and −1 < x < 1. We split (−1, 1) into three parts,

I = I1 ∪ I2 ∪ I3

Where,

I1 := (−1,−1 + C
1
α

+ δ
2 )

I2 := (−1 + C
1
α

+ δ
2 , 1− C

1
α

+ δ
2 )

I3 := (1− C
1
α

+ δ
2 , 1)

For x belonging to each of the I1, I2, I3 we will bound(4.21) separately.

• x ∈ I3. Since x ∈ I3, (1− x2)−α ≥ 2−αC−1−δα. Hence C
(1−x2)α

≥ 2−αC−δα, and in particular
C

(1−x2)α
→∞. Therefore, since Φ is of Schwarz class for any A > 0 we have

Φ(a)(x) = OΦ,M0,A(x−A)

Therefore,

Φ(a)
(

C
(1−x2)α

)
= OΦ,M0,A

(
(1−x2)αA

CA

)
(4.22)

Substituting this back into (4.21) gives

1

(1−x2)α(1−x)maj (1+x)(j−m)aj
Φ(a)

(
C

(1−x2)α

)
= OΦ,M0,A

(
(1−x2)αA

CA(1−x2)α(1−x)maj (1+x)(j−m)aj

)
Since x ∈ I3, (1− x2)αA ≤ CA+αδA. Therefore

1

(1−x2)α(1−x)maj (1+x)(j−m)aj
Φ(a)

(
C

(1−x2)α

)
= OΦ,M0,A

(
CαδA

(1−x2)α(1−x)maj (1+x)(j−m)aj

)
(4.23)

Substituting (4.23) into equation (4.10) gives

dl

dxl
Φ
(

C
(1−x2)α

)
= OΦ,M0,A,δ

(
CαδAC−1−δα

)
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Choosing bAc = b 2
αδ c and noting that C < 1 then gives

dl

dxl
Φ
(

C
(1−x2)α

)
= OΦ,α,δ(1) (4.24)

Finally, using (4.9) and substituting (4.24) into (4.6) we get

1
(−2πiη)M0

∫
I3

dM0

dxM0

{
g(x)Φ

(
C

(1−x2)α

)}
e(−xη)dx = OΦ,g,α,M0,δ(η

−M0) (4.25)

This finishes the treatment of I3.

• x ∈ I1. This case is the exact symmetric of x ∈ I3 and the same bound in (4.25) applies.

• x ∈ I2. In this case since (1− x2)α ≥ C1+δα, we have C
(1−x2)α

≤ C−δα. Hence, for any a > 0

we have

Φ(a)
(

C
(1−x2)α

)
= OΦ,M0,a(1)

Substituting this back into (4.12) gives

1

(1−x2)α(1−x)maj (1+x)(j−m)aj
Φ(a)

(
C

(1−x2)α

)
= OΦ,M0,a

(
1

(1−x2)α(1−x)maj (1+x)(j−m)aj

)
Substituting this back into (4.10) then gives

dl

dxl
Φ
(

C
(1−x2)α

)
= OΦ,α,M0

(
C

(1−x2)α(1−x2)l

)
(4.26)

Substituting (4.26) into (4.7), and using (4.9) we get∫
I2

g(x)Φ
(

C
(1−x2)α

)
e(−xη)dx = OΦ,g,α,M0

(
η−M0C max

x∈I2

{
1

(1−x2)α+M0

})
= OΦ,g,α,M0

(
η−k0 C

C( 1
α+ δ2)(α+M0)

)
= OΦ,g,α,M

(
η−M0C

−
(
δα
2

+
δM0
2

+
M0
α

))
(?)

Where we used (1− x2)−1 ≤ C
1
α

+δ when passing from the first to second equality. Note that

since η > C−
1
α
−δ we have

C−1 < η
α

1+δα

Finally, substituting this in (?) gives∫
I2

g(x)Φ
(

C
(1−x2)α

)
e(−xη)dx = OΦ,g,α,M0

(
η−M0η

α
1+δα

(
δα
2

+
δM0
2

+
M0
α

))
= OΦ,g,α,M0

(
η
− δαM0

1+δα
+

δαM0
2(1+δα)

+ δα2

2(1+δα)

)
= OΦ,g,α,M0

(
η
− δαM0

2(1+δα)
+ δα2

2(1+δα)

)
(??)

Now choosing M0 >
2(1+δα)
δα (M + 1) and combining (4.25) and (??) finishes the proof.
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ηC
1
α < C−δ for every δ > 0.

In this case the integral behaves quite differently. It does not decay arbitrarily fast in η. The first
term in the asymptotic expansion is η−1 times an oscillating factor, and the rest of the asymptotic
expansion comes as a polynomial in η and C

1
α η.

Proposition 4.4.6. For any M > 0, there exists constants am(l), dr(s) which depend only on the
indicated parameters such that the following asymptotic expansions hold:∫ 1

−1
g(x)Φ

(
C

(1−x2)α

)
e(−xη)dx

= e(−η)
2M∑
l=l+g

2M∑
m=l

2M∑
s=0

2sM∑
r=0

α+
l am(l)dr(s)

s!

(
i
πη

)m+r+s+1
Tα,m+r+2s(Φ)

(
C

1
α η
)

+ e(η)
2M∑
l=l−g

2M∑
m=l

2M∑
s=0

2sM∑
r=0

(−1)lα−l am(l)dr(s)

s!

(
−i
πη

)m+r+s+1
Tα,m+r+2s(Φ)

(
−C

1
α η
)

+OΦ,g,M (η−M )

Where,

g(x) =
∞∑
l=l±g

α±l (x∓ 1)l

is the asymptotic expansion of g(x) around ±1, and for 1 > α > 0, β > 0 and κ ∈ Z≥0, T (Φ)(z) is
defined by

Tα,κ(Φ)(y) := 1
2πi

∫ β+i∞

β−i∞
M(Φ)(z)

(
i
πy

)αz
Γ(κ+ αz + 1)dz

where M denotes the Mellin transform.

Proof. Let 1
2 > ε > 0 be fixed. We break the integral into three parts according to the size of x.

Let,

(−1, 1) = (−1,−
√

1− |η|ε−1) ∪ (−
√

1− |η|ε−1,
√

1− |η|ε−1) ∪ (
√

1− |η|ε−1, 1)

We will analyze the integral on each of these regions separately. The middle region will be small
compared to the first and last (this is because x stays away from the singularities in the middle
region) and the main asymptotic contribution will come from the first and the last.

In order to formally carry the above argument, it is more convenient (due to the integration by parts
argument in the middle region) to introduce a smooth cut-off function that separates the middle
region from the rest.

Smoothing the cut-off. The general idea is to introduce an even function φ̃ (which will depend
on η and ε) that is 1 up to a neighborhood of

√
1− |η|ε−1 and smoothly decays to 0 again in a

small neighborhood of
√

1− |η|ε−1.

Let φ be a function such that:

• supp(φ) = (0, 1) and
∫
φ = 1,

• limx→0+ φ(x) = 0, limx→1− φ(x) = 1,

• φ is smooth, positive and monotonically increasing,
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• φ decays faster than any power of x around 0,

• All the right derivatives of φ at 0 and the left derivatives at 1 vanishes,

(Note that for example φ(x) = κ
∫ x

0 e
− 1

1−y−
1
y dy, where κ is normalized so that the value at x = 1 is

1, is such a function.) Using φ we construct φ̃ as follows:

φ̃(x) =


0 if |x| ≤

√
1− 2|η|ε−1

φ

(
|x|−
√

1−2|η|ε−1√
1−|η|ε−1−

√
1−2|η|ε−1

)
if
√

1− 2|η|ε−1 < |x| <
√

1− |η|ε−1

1 if
√

1− |η|ε−1 ≤ |x|

(4.27)

Using φ̃ we rewrite the integral as follows∫ 1

−1
g(x)Φ

(
C

(1−x2)α

)
e(−xη)dx =

∫ 1

−1
g(x)Φ

(
C

(1−x2)α

)(
(1− φ̃(x)) + φ̃(x)

)
e(−xη)dx

= A+B

Where,

A :=

∫ 1

−1
(1− φ̃(x))g(x)Φ

(
C

(1−x2)α

)
e(−xη)dx

B :=

∫ 1

−1
φ̃(x)g(x)Φ

(
C

(1−x2)α

)
e(−xη)dx

We will analyze A and B separately. Note that the integration in the A integral is over |x| <√
1− |η|ε−1 and the integration in B is over 1 > |x| >

√
1− 2|η|ε−1. Furthermore the integrands

in A and B are the same as the original integrand except for
√

1− 2|η|ε−1 < |x| <
√

1− |η|ε−1.

Lemma 4.4.7. For any M > 0,

A = OΦ,g,α,φ,M

(
C|η|α(1−ε)|η|−M

)
Proof. Without loss of generality we can assume η > 0 (if not, we can replace η with −η without
changing the argument). For any M0 > 0, repeated integration by parts M0-times yields,

A = 1
(−2πiη)M0

∫ 1

−1

dM0

dxM0

{
(1− φ̃(x))g(x)Φ

(
C

(1−x2)α

)}
e(−xη)dx (4.28)

By the multinomial theorem we have

dM0

dxM0

{
(1− φ̃(x))g(x)Φ

(
C

(1−x2)α

)}
=

∑
l1+l2+l3=M0

(
M0

l1 l2 l3

)
dl1

dxl1
(1− φ̃(x)) dl2

dxl2
g(x) dl3

dxl3
Φ
(

C
(1−x2)α

)
(4.29)

Since g(x) is smooth we have,
dl

dxl
g(x) = Og,M0(1) (4.30)

for all 0 ≤ l ≤M0. On the other hand by definition (4.27), and noting that√
1− ηε−1 −

√
1− 2ηε−1 = 1

2η
ε−1 +O(η2(ε−1))
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for any 0 ≤ l ≤M0 we have

dl

dxl
(1− φ̃(x)) ≤ dl

dxl
φ

(
|x|−
√

1−2ηε−1√
1−ηε−1−

√
1−2ηε−1

)
+ 1

= O

(
ηl(1−ε)φ(l)

(
|x|−
√

1−2ηε−1√
1−ηε−1−

√
1−2ηε−1

)
+ 1

)
= Oφ,M0

(
ηl(1−ε)

)
(†)

Finally, once again, let 0 ≤ l ≤ M0. Then1 by Proposition 4.4.1 there are constants κ̃(α, k0) such
that

dl

dxl
Φ
(

C
(1−x2)α

)
≤

∑
a1+2a2+3a3+···+lal=l
a:=a1+a2+···+al

ai∈N

κ̃(α,M0)Caη(l+αa)(1−ε)Φ(a)
(

C
(1−x2)α

)

=
∑

a1+2a2+3a3+···+lal=l
a:=a1+a2+···+al

ai∈N

κ̄(Φ, α,M0)Caη(l+αa)(1−ε) (††)

for some constant κ̄(Φ, α,M0). Substituting (4.30), (†) and (††) into (4.29) gives

dM0

dxM0

{
φ̃(x)g(x)Φ

(
C

(1−x2)α

)}

= OΦ,g,α,φ,M0


∑

l1+l2+l3=M0

ηl1(1−ε)
∑

a1+2a2+···+l3al3=l3
a:=a1+a2+···+al3

ai∈N

Caη(l3+αa)(1−ε)



= OΦ,g,α,φ,M0


∑

l1+l2+l3=M0
a1+2a2+···+l3al3=l3
a:=a1+a2+···+al3

ai∈N

(
C

1
α η1−ε

)αa
η(l1+l3)(1−ε)


(4.31)

Since η < C
−1
α

+δ for every δ > 0, η1−ε < C
−1
α . Therefore the maximum of (4.31) occurs when

l1 = l2 = 0 and l3 = M0. Hence we get,

dM0

dxM0

{
(1− φ̃(x))g(x)Φ

(
C

(1−x2)α

)}
= OΦ,g,α,φ,M0

(
Cηα(1−ε)ηM0(1−ε)

)
(4.32)

Substituting (4.32) into (4.28) then gives

A = OΦ,g,α,φ,M0

(
Cηα(1−ε)η−M0ε

)
(4.33)

Choosing M0 = M
ε gives the result.

1Note that since we have smoothed our integrand, φ̃(x)g(x)Φ
(

C
(1−x2)α

)
, it and all its derivatives are differentiable

around the boundary and furthermore all of these derivatives vanish because φ̃ and all its derivatives vanish to infinite
order at the boundary. This is what allows us to use Proposition (4.4.1).
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We will now analyze the integral in B. By definition,

B =

∫ 1

−1
φ̃(x)g(x)Φ

(
C

(1−x2)α

)
e(−xη)dx

=

∫ 0

−1
φ̃(x)g(x)Φ

(
C

(1−x2)α

)
e(−xη)dx+

∫ 1

0
φ̃(x)g(x)Φ

(
C

(1−x2)α

)
e(−xη)dx

= B1 +B2

The analysis of B1 and B2 are symmetric. So without loss of generality we analyze B2 in detail and
sketch the analysis for B1.

Lemma 4.4.8. For any M > 0, there exists constants am(l), dr(s) which depend only on the
indicated parameters such that the following asymptotic expansions hold:

B2 = e(−η)

2M∑
l=l+g

2M∑
m=l

2M∑
s=0

2sM∑
r=0

α+
l am(l)dr(s)

s!

(
i
πη

)m+r+s+1
Tα,m+r+2s

(
C

1
α η
)

+OΦ,g,φ,M (η−M )

Where,

g(x) =

∞∑
l=l+g

α+
l (x− 1)l

is the asymptotic expansion of g(x) around x = 1, and for 1 > α > 0, β > 0 and κ ∈ Z≥0, T (Φ)(z)
is defined by

Tα,κ(Φ)(y) := 1
2πi

∫ β+i∞

β−i∞
M(Φ)(z)

(
i
πy

)αz
Γ(κ+ αz + 1)dz

where M denotes the Mellin transform.

Proof. The analysis will be tedious but the idea is simple. We will use the asymptotic expansion of
g(x) around x = 1, and then use the Taylor expansion of the exponential together with the binomial
theorem to control e(−η

√
1− u−1).

Substituting the asymptotic expansion of g(x) into B2 we get

∞∑
l=l+g

α+
l

∫ 1

0
(x− 1)lφ̃(x)Φ

(
C

(1−x2)α

)
e(−xη)dx (4.34)

Since the support of φ̃(x) is in (
√

1− 2ηε−1, 1), for any A0 > 0 we have

∞∑
l=A0+1

α+
l

∫ 1

0
(x− 1)lφ̃(x)Φ

(
C

(1−x2)α

)
e(−xη)dx = Og,A0(η(ε−1)(A0+1)) (4.35)

Let u−1 = 1− x2. Then the integral becomes,

A0∑
l=l+g

α+
l

∫ ∞
1

(
√

1−u−1−1)
l

2u2
√

1−u−1
φ̃
(√

1− u−1
)

Φ (Cuα) e
(
−η
√

1− u−1
)
du (4.36)

Next, note that for any l ≥ 0,

(
√

1−u−1−1)l

2u2
√

1−u−1
= 1

l+1
d
du(
√

1− u−1 − 1)l+1
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and the Taylor expansion of
√

1− x− 1 around x = 0 is

√
1− x− 1 =

∞∑
m=1

(
1/2

m

)
(−x)m

Using these we get

(
√

1−u−1−1)l

2u2
√

1−u−1
= 1

l+1
d
du

[ ∞∑
m=1

(
1/2

m

)
(−u)−m

]l+1

=

[ ∞∑
m=1

(
1/2

m

)
(−u)−m

]l [ ∞∑
m=1

(
1/2

m

)
m(−u)−m−1

]

= 1
u2

∞∑
m=l

am(l)u−m (†)

Where the coefficients am(l) depend only on m and l. Substituting (†) into (4.36) gives

A0∑
l=l+g

∞∑
m=l

α+
l am(l)

∫ ∞
1

u−m−2φ̃
(√

1− u−1
)

Φ (Cuα) e
(
−η
√

1− u−1
)
du

Once again, since the support of φ̃(x) is in (
√

1− 2|η|ε−1, 1), the support of φ̃
(√

1− u−1
)

is in

( |η|
1−ε

2 ,∞). Therefore for any A1 ≥ A0 we have,

A0∑
l=l+g

∞∑
m=A1+1

α+
l am(l)

∫ ∞
1

u−m−2φ̃
(√

1− u−1
)

Φ (Cuα) e
(
−η
√

1− u−1
)
du

= Og,A0,A1(|η|(ε−1)(A1+2)) (4.37)

Next, we analyze the exponential. By the binomial theorem we have√
1− u−1 =

∞∑
r=0

(
1/2

r

)
(−u)−r

Substituting this into the exponential we get

e
(
−η
√

1− u−1
)

= e

(
−η

∞∑
r=0

(
1/2

r

)
(−u)−2r

)

= e
(
−η + ηu−1

2

)
e

(
−ηu−2

∞∑
r=2

(
1/2

r

)
(−u)−r+2

)

For notational convenience, let br =
(

1/2
r

)
(−1)r. Then,

e
(
−η
√

1− u−1
)

= e
(
−η + ηu−1

2

)
e

(
−ηu−2

∞∑
r=2

bru
−r+2

)
By the Taylor expansion of the exponential we get

e

(
−ηu−2

∞∑
r=2

bru
−r+2

)
=

∞∑
s=0

1
s!

[
−2πiηu−2

∞∑
r=2

bru
−r+2

]s

=

∞∑
s=0

(−2πiηu−2)s

s!

[ ∞∑
r=2

bru
−r+2

]s
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Substituting this back into the integral in (4.37) we get

A0∑
l=l+g

A1∑
m=l

α+
l am(l)

∫ ∞
1

u−m−2φ̃
(√

1− u−1
)

Φ (Cuα)

e
(
−η + ηu−1

2

) ∞∑
s=0

(−2πiηu−2)s

s!

[ ∞∑
r=2

bru
−r+2

]s
du (4.38)

Since the support of φ̃ limits the lower limit of integration to u > |η|1−ε
2 , for any A2 > 0 we have

A0∑
l=l+g

A1∑
m=l

α+
l am(l)

∫ ∞
1

u−m−2φ̃
(√

1− u−1
)

Φ (Cuα) e
(
−η + ηu−1

2

)
∞∑

s=A2+1

(−2πiηu−2)s

s!

[ ∞∑
r=2

bru
−r+2

]s
du = Og,A0,A1(|η|−A2−2−lg,1 |η|ε(lg,1+2A2+3)) (4.39)

Similarly for any A3 ≥ 2 we have

e(−η)

A0∑
l=l+g

A1∑
m=l

A2∑
s=1

α+
l am(l)(−2πiη)s

s!

∫ ∞
1

u−m−2s−2φ̃
(√

1− u−1
)

Φ (Cuα) e
(
ηu−1

2

)
 ∞∑
r=A3+1

bru
−r+2

s du = Og,A0,A1,A2(|η|−A3−lg,1−1|η|ε(A3+lg,1+2)) (4.40)

Therefore we are left with

e(−η)

A0∑
l=l+g

A1∑
m=l

A2∑
s=0

sA3∑
r=0

α+
l am(l)d′r(s)(−2πiη)s

s! ∫ ∞
1

u−m−r−2s−2φ̃
(√

1− u−1
)

Φ (Cuα) e
(
ηu−1

2

)
du (4.41)

Where d′r(s) depend only on r and s. Hence we need to analyze the asymptotic behavior of integrals
of the form ∫ ∞

1
u−κ−2φ̃

(√
1− u−1

)
Φ (Cuα) e

(
ηu−1

2

)
du

for integers κ ≥ lg,1. Let u 7→ u−1. Then we have∫ 1

0
uκφ̃

(√
1− u

)
Φ
(
C
uα

)
e
(ηu

2

)
du (4.42)

Recall that the support of φ̃
(√

1− u
)

is u < 2ηε−1 and for u < ηε−1, φ̃
(√

1− u
)

= 1. Therefore,

(4.42) =

∫ ηε−1

0
uκΦ

(
C
uα

)
e
(ηu

2

)
du+

∫ 2ηε−1

ηε−1

uκφ̃
(√

1− u
)

Φ
(
C
uα

)
e
(ηu

2

)
du

We will analyze these two integrals one by one. The analysis will depend on the sign of η. We will
give the detailed analysis for η > 0 and then sketch the necessary modifications for η < 0.

• η > 0.
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–
∫ ηε−1

0 uκΦ (Cu−α) e
(ηu

2

)
du.

Let M(Φ)(z) denote the Mellin transform of Φ. Then by the Mellin inversion formula
for some β > 0, we have∫ ηε−1

0
uκΦ

(
Cu−α

)
e
(ηu

2

)
du =

∫ ηε−1

0
uκ
{

1
2πi

∫ β+i∞

β−i∞
M(Φ)(z)

(
Cu−α

)−z
dz

}
e
(ηu

2

)
du

Interchanging the integrals we get

1
2πi

∫ β+i∞

β−i∞
M(Φ)(z)C−z

{∫ ηε−1

0
uκ+αze

(ηu
2

)
du

}
dz (4.43)

We treat the inner integral separately by treating it as a complex function. By the
Cauchy integral formula, we can write the integral as the sum of two integrals on the
vertical lines 0→ i∞ and ηε−1 + i∞→ ηε−1.∫ ηε−1

0
uκ+αze

(ηu
2

)
du =

∫ i∞

0
uκ+αze

(ηu
2

)
du+

∫ ηε−1

ηε−1+i∞
uκ+αze

(ηu
2

)
du

=

∫ i∞

0
uκ+αse

(ηu
2

)
du+ e

(
ηε

2

)∫ 0

i∞
(ηε−1 + u)κ+αse

(ηu
2

)
du

=
(

i
πη

)κ+αz+1
∫ ∞

0
uκ+αze−udu

+ ie
(
ηε

2

)∫ 0

∞
(ηε−1 + iu)κ+αze−πηudu (◦)

In the next paragraph we will show that (◦) cancels (◦◦). Ignoring that for now, we have

1
2πi

∫ β+i∞

β−i∞
M(Φ)(z)C−z

(
i
πη

)κ+αz+1
∫ ∞

0
uκ+αze−ududz

=
(

i
πη

)κ+1
1

2πi

∫ β+i∞

β−i∞
M(Φ)(z)

(
i

πC
1
α η

)αz
Γ(κ+ αz + 1)dz

=
(

i
πη

)κ+1
Tα,κ(Φ)(C

1
α η) (4.44)

This finishes this part of the analysis.

–
∫ 2ηε−1

ηε−1 uκφ̃
(√

1− u
)

Φ
(
C
uα

)
e
(ηu

2

)
du.

As before, using the Mellin transform of F we get that the integral is equal to

1
2πi

∫ β1+i∞

β1−i∞
M(Φ)(z1)C−z1

{∫ 2ηε−1

ηε−1

uκ+αz1 φ̃
(√

1− u
)
e
(ηu

2

)
du

}
dz1

= 1
2πi

∫ β1+i∞

β1−i∞
M(Φ)(z1)C−z1

{∫ 2ηε−1

ηε−1

uκ+αz1φ

( √
1−u−

√
1−2ηε−1√

1−ηε−1−
√

1−2ηε−1

)
e
(ηu

2

)
du

}
dz1

Consider the inner integral,∫ 2ηε−1

ηε−1

uκ+αz1φ

( √
1−u−

√
1−2ηε−1√

1−ηε−1−
√

1−2ηε−1

)
e
(ηu

2

)
du
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Using Mellin inversion once again, this time on φ,

1
2πi

∫ β2+i∞

β2−i∞
M(φ)(z2)

∫ η2ε−1

ηε−1

uκ+αz1

( √
1−u−

√
1−2ηε−1√

1−ηε−1−
√

1−2ηε−1

)−z2
e
(ηu

2

)
dudz2

Note that,
√

1−u−
√

1−2ηε−1√
1−ηε−1−

√
1−2ηε−1

= 2− u
ηε−1 +O(u

2+η2(ε−1)

ηε−1 )

Also, since φ(x) decays faster than any polynomial at 0 it’s Mellin transform is holomor-
phic. Therefore, shifting the contour to <(z2) = −A5 we see that

1
2πi

∫ β2+i∞

β2−i∞
M(φ)(z2)

{∫ 2ηε−1

ηε−1

uκ+αz1
(
u2+η2(ε−1)

ηε−1

)−z2
e
(ηu

2

)
du

}
dz2

= Oφ,A5(ηA5(ε−1)) (4.45)

Using this, we are left with analyzing

1
2πi

∫ β2+i∞

β2−i∞
M(φ)(z2)

∫ 2ηε−1

ηε−1

uκ+αz1
(

2− u
ηε−1

)−z2
e
(ηu

2

)
dudz2

Letting u = ηε−1 + v gives

1
2πi

∫ β2+i∞

β2−i∞
M(φ)(z2)

∫ ηε−1

0
(ηε−1 + v)κ+αz1

(
1− v

ηε−1

)−z2
e
(
η(ηε−1+v)

2

)
dvdz2

We again shift the contours in the integral so that it becomes an integral over the vertical
lines 0→ i∞ and ηε−1 + i∞→ ηε−1.

1
2πi

∫ β2+i∞

β2−i∞
M(φ)(z2)

∫ i∞

0
(ηε−1 + v)κ+αz1

(
1− v

ηε−1

)−z2
e
(
η(ηε−1+v)

2

)
dvdz2

+
1

2πi

∫ β2+i∞

β2−i∞
M(φ)(z2)

∫ ηε−1+i∞

ηε−1

(ηε−1 + v)κ+αz1
(

1− v
ηε−1

)−z2
e
(
η(ηε−1+v)

2

)
dvdz2

By the binomial theorem we have

(
1− v

ηε−1

)−z2
= 1 +

∞∑
f=1

(
−z2

f

)(
v

ηε−1

)f
Substituting this back into the first integral (and using the normalization that

∫
φ = 1)

we get

1
2πi

∫ β2+i∞

β2−i∞
M(φ)(z2)

∫ i∞

0
(ηε−1 + v)κ+αz1e

(
η(ηε−1+v)

2

)
dvdz2

= ie
(
ηε

2

)∫ ∞
0

(ηε−1 + iu)κ+αze−πηudu (◦◦)
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Hence this integral cancels the second integral in (◦). Therefore we are left with

1
2πi

∫ β2+i∞

β2−i∞
M(φ)(z2)

∞∑
f=1

(
−z2

f

)∫ i∞

0
(ηε−1 + v)κ+αz1

(
−v
ηε−1

)f
e
(
η(ηε−1+v)

2

)
dvdz2

+
1

2πi

∫ β2+i∞

β2−i∞
M(φ)(z2)

∫ ηε−1+i∞

ηε−1

(ηε−1 + v)κ+αz1
(

1− v
ηε−1

)−z2
e
(
η(ηε−1+v)

2

)
dvdz2

= 1
2πi

∫ β2+i∞

β2−i∞
M(φ)(z2)

∞∑
f=1

(
−z2

f

)∫ i∞

0
(ηε−1 + v)κ+αz1

(
−v
ηε−1

)f
e
(
η(ηε−1+v)

2

)
dvdz2

+
1

2πi

∫ β2+i∞

β2−i∞
M(φ)(z2)

∫ i∞

0
(2ηε−1 + v)κ+αz1

(
−v
ηε−1

)−z2
e
(
η(2ηε−1+v)

2

)
dvdz2

= ie
(
ηε

2

)
1

2πi

∫ β2+i∞

β2−i∞
M(φ)(z2)

∞∑
f=1

(
−z2

f

)∫ ∞
0

(ηε−1 + iv)κ+αz1
(
−iv
ηε−1

)f
e−πηvdvdz2

+ ie
(
ηε

2

) 1

2πi

∫ β2+i∞

β2−i∞
M(φ)(z2)

∫ ∞
0

(2ηε−1 + iv)κ+αz1
(
−iv
ηε−1

)−z2
e−πηvdvdz2

Note that if v > η−1+ ε
2 , then e−πηv = e−πη(v−η−1+ ε

2 +η−1+ ε
2 ) = e−πη(v−η−1+ ε

2 )e−πη
− ε2 .

Therefore, we have∫ ∞
0

(2ηε−1 + iv)κ+αz1
(
−iv
ηε−1

)−z2
e−πηvdv

=

∫ ∞
η−1+ ε

2

(2ηε−1 + iv)κ+αz1
(
−iv
ηε−1

)−z2
e−πηvdv

+

∫ η−1+ ε
2

0
(2ηε−1 + iv)κ+αz1

(
−iv
ηε−1

)−z2
e−πηvdv

= O(e−η
ε
2 ) +

∫ η−1+ ε
2

0
(2ηε−1 + iv)κ+αz1

(
−iv
ηε−1

)−z2
e−πηvdv (††)

Taking out the exponentially small error in (††) we have,

e
(
ηε

2

) 1

2πi

∫ β2+i∞

β2−i∞
M(φ)(z2)

∫ ∞
0

(2ηε−1 + iv)κ+αz1
(
−iv
ηε−1

)−z2
e−πηvdvdz2

= e
(
ηε

2

) 1

2πi

∫ β2+i∞

β2−i∞
M(φ)(z2)

∫ η−1+1
2

0
(2ηε−1 + iv)κ+αz1

(
−iv
ηε−1

)−z2
e−πηvdvdz2

Finally, once again, since φ vanishes to infinite order at 0, it’s Mellin transform is holo-
morphic, and hence for any M > 0, shifting the contour to <(z2) = −A6, we get

e
(
ηε

2

) 1

2πi

∫ β2+i∞

β2−i∞
M(φ)(z2)

∫ η−1+1
2

0
(2ηε−1 + iv)κ+αz1

(
−iv
ηε−1

)−z2
e−πηvdvdz2

= Oφ,A6(η
−A6ε

2 ) (4.46)

Now for any M > 0, choosing A1 = · · · = A4 = 2M and A5 = A6 = 2M
ε , and combining

(4.35), (4.37), (4.39), (4.40), (4.44), (4.45) and (4.46) gives the asymptotic of B2 as

B2 = e(−η)

2M∑
l=l+g

2M∑
m=l

2M∑
s=0

2sM∑
r=0

α+
l am(l)dr(s)

s!

(
i
πη

)m+r+s+1
Tα,m+r+2s(Φ)

(
C

1
α η
)

+OΦ,M (η−M )
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Where dr(s) = 2sd′r(s). This finishes the proof of Lemma 4.4.8 when η > 0.

• η < 0.

In this case we again use Mellin inversion, but this time instead of using the Cauchy integral
formula on the upper half-plane, we use it on the lower half plane. Then, for example, the
inner integral in (4.43) becomes∫ |η|ε−1

0
uκ+αze

(ηu
2

)
du =

∫ −i∞
0

uκ+αze
(ηu

2

)
du+

∫ |η|ε−1

|η|ε−1−i∞
uκ+αze

(ηu
2

)
du

=
(

i
πη

)κ+αz+1
Γ(κ+ αz + 1)− ie

(
−|η|ε

2

)∫ 0

∞
(|η|ε−1 − iu)κ+αzeπηudu

We then carry the rest of the analysis exactly the same as the case for η > 0. The result stays
the same.

We will now sketch the analysis for B1.

Lemma 4.4.9. For any M > 0, there exists constants am(l), dr(s) which depend only on the
indicated parameters such that the following asymptotic expansions hold:

B1 = e(η)

2M∑
l=l−g

2M∑
m=l

2M∑
s=0

2sM∑
r=0

(−1)lα−l am(l)dr(s)

s!

(
−i
πη

)m+r+s+1
Tα,m+r+2s(Φ)

(
−C

1
α η
)
+OΦ,g,φ,M (η−M )

Where,

g(x) =
∞∑
l−g

α−l (x+ 1)l

is the asymptotic expansion of g(x) around x = −1, and for 1 > α > 0, β > 0 and κ ∈ Z≥0,
T (Φ)(z) is defined by

Tα,κ(Φ)(y) := 1
2πi

∫ β+i∞

β−i∞
M(Φ)(z)

(
i
πy

)αz
Γ(κ+ αz + 1)dz

where M denotes the Mellin transform

Proof. The proof goes through the same steps as in the proof of Lemma 4.4.8, and we will only
indicate the necessary modifications. All the error bounds apply verbatim so we will ignore those
throughout the proof.

Since the integral is now around −1, we use the asymptotic expansion around x = −1 given above.
The substitution u−1 = 1− x2 stays the same with the modification that since x < 0 we now have
x = −

√
1− u−1 in the formulas starting with (4.36). With this modification (and noting that the

limits of integration in (4.36) is reversed, which brings in an extra factor of −1) am(l) gets changed
to (−1)lam(l). For the rest of the analysis the only changes are that η becomes −η and the contour
shifts take place in the lower half plane rather than the upper one. Therefore we get,

B1 = e(η)
2M∑
l=l−g

2M∑
m=l

2M∑
s=0

2sM∑
r=0

(−1)lα−l am(l)dr(s)

s!

(
−i
πη

)m+r+s+1
Tα,m+r+2s(Φ)

(
−C

1
α η
)

(4.47)
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Combining lemmas 4.4.7, 4.4.8 and 4.4.9 finishes the proof of Proposition 4.4.6.

4.5 Asymptotic expansions of Fourier transforms - 2

This section is complementary to the previous section. We are concerned with the asymptotic
behavior of the following type of Fourier transforms:∫

R\(−1,1)
h(x)Φ

(
C

(x2−1)α

)
e(−xη)dx (4.48)

Where Φ(x) is again Schwarz class and h(x) is smooth of compact support, but this time the integral
is over R\(−1, 1). We again want the decay properties of (4.48) explicitly in terms of η and C. We
will be very brief in this section as the methods and results are exactly the same as the ones of the
previous section.

4.5.1 Warm-up I: C > K for some constant K.

Proposition 4.5.1. Let C > K for some constant K > 0. Then for any M > 0∫
R\(−1,1)

h(x)Φ
(

C
(x2−1)α

)
e(−xη)dx = OΦ,h,α,M,K(η−M )

Proof. See the proof of Proposition 4.4.2.

4.5.2 Warm-up II: C < K for some constant K, and the support of h(x) does
not intersect {±1}.

Proposition 4.5.2. Assume that C < K for some constant K, and the support of h(x) does not
intersect {±1}. Then for every M > 0 we have∫

R\(−1,1)
h(x)Φ

(
C

(x2−1)α

)
e(−xη)dx = OΦ,h,α,M,K(η−M )

Proof. See the proof of Corollary 4.4.4.

4.5.3 Support of h(x) intersects {±1} non-trivially and C → 0.

There exists δ > 0 such that η > C−
1
α
−δ.

Proposition 4.5.3. Assume that there exists δ > 0 such that η > C−
1
α
−δ. Then for any M > 0

we have ∫
R\(−1,1)

h(x)Φ
(

C
(x2−1)α

)
e(−xη)dx = OΦ,h,α,M,δ(η

−M )

Proof. See the proof of Proposition 4.4.5
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ηC
1
α < C−δ for every δ > 0.

Proposition 4.5.4. For any M > 0, there exists constants am(l), dr(s) (note that these are the
same constants that appear in Proposition 4.4.6) which depend only on the indicated parameters
such that the following asymptotic expansions hold:∫

R\(−1,1)
h(x)Φ

(
C

(x2−1)α

)
e(−xη)dx

= −e(−η)

2M∑
l=l+h

2M∑
m=l

2M∑
s=0

2sM∑
r=0

α+
l am(l)dr(s)

s!

(
i
πη

)m+r+s+1
Tα,m+r+2s(Φ)

(
−C

1
α η
)

− e(η)

2M∑
l=l−h

2M∑
m=l

2M∑
s=0

2sM∑
r=0

(−1)lα−l am(l)dr(s)

s!

(
−i
πη

)m+r+s+1
Tα,m+r+2s(Φ)

(
C

1
α η
)

+OΦ,g,M (η−M )

Where,

h(x) =
∞∑
l=l±h

α±l (x∓ 1)l

is the asymptotic expansion of h(x) around ±2, and for 1 > α > 0, β > 0 and κ ∈ Z≥0, T (Φ)(z) is
defined by

Tα,κ(Φ)(y) := 1
2πi

∫ β+i∞

β−i∞
M(Φ)(z)

(
i
πy

)αz
Γ(κ+ αz + 1)dz

where M denotes the Mellin transform.

Proof. The proof of Proposition 4.4.6 goes through and gives the desired asymptotic expansion. For
completeness we present the necessary changes here, this is essentially a repetition of the proof of
Proposition 4.4.6.

Note. Since essentially the same argument goes through for the analysis of η > 0 and η < 0
(The only change is at the very last part of analysis where we us the opposite half-plane while
analyzing the integrals is (4.58), see the last paragraph of Lemma 4.4.8.) throughout the proof we
will, without loss of generality, assume that η > 0.

We introduce the cut-off function as follows:

φ̃(x) =


1 if 1 < |x| ≤

√
1 + ηε−1

φ

( √
1+2ηε−1−|x|√

1+2ηε−1−
√

1+ηε−1

)
if
√

1 + ηε−1 < |x| <
√

1 + 2ηε−1

0 if
√

1 + 2ηε−2 ≤ |x|

Where φ(x) is the same function introduced in the proof of Proposition 4.4.6. Using this, we
decompose the integral as∫

R\(−1,1)
h(x)Φ

(
C

(x2−1)α

)
e(−xη)dx

=

∫
R\(−1,1)

h(x)(1− φ(x))Φ
(

C
(x2−1)α

)
e(−xη)dx+

∫
R\(−1,1)

h(x)φ(x)Φ
(

C
(x2−1)α

)
e(−xη)dx

= A+B
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A is bounded exactly in Lemma 4.4.7 and gives

A = OΦ,h,α,φ,M

(
Cηα(1−ε)η−M

)
(4.49)

Moving on to B, we break it into two as

B =

∫
R\(−1,1)

h(x)φ(x)Φ
(

C
(x2−1)α

)
e(−xη)dx

=

∫ −1

−∞
h(x)φ(x)Φ

(
C

(x2−1)α

)
e(−xη)dx+

∫ ∞
1

h(x)φ(x)Φ
(

C
(x2−1)α

)
e(−xη)dx

= B1 +B2

We analyze B2 exactly as in the proof of Proposition 4.4.6. Expand h(x) around x = 1,

∞∑
l=l+h

α+
l (x− 1)l

Substituting this into B2 we get

∞∑
l=l+h

α+
l

∫ ∞
1

(x− 1)lφ̃(x)Φ
(

C
(x2−1)α

)
e(−xη)dx (4.50)

Since the support of φ̃(x) is in (1,
√

1 + 2ηε−1), for any A0 > 0 we have

∞∑
l=A0+1

α+
l

∫ ∞
1

(x− 1)lφ̃(x)Φ
(

C
(x2−1)α

)
e(−xη)dx = Oh,A0(η(ε−1)(A0+1)) (4.51)

Let u−1 = x2 − 1. Then the integral becomes,

A0∑
l=l+h

α+
l

∫ ∞
0

(
√
u−1+1−1)

l

2u2
√
u−1+1

φ̃
(√

u−1 + 1
)

Φ (Cuα) e
(
−η
√
u−1 + 1

)
du (4.52)

Next, note that for any l ≥ 0,

(
√
u−1+1−1)l

2u2
√
u−1+1

= −1
l+1

d
du(
√
u−1 + 1− 1)l+1

and the Taylor expansion of
√
x+ 1− 1 around x = 0 is

√
x+ 1− 1 =

∞∑
m=1

(
1/2

m

)
xm

Using these we get

(
√
u−1+1−1)l

2u2
√
u−1+1

= −1
l+1

d
du

[ ∞∑
m=1

(
1/2

m

)
u−m

]l+1

= −

[ ∞∑
m=1

(
1/2

m

)
u−m

]l [ ∞∑
m=1

(
1/2

m

)
(−m)u−m−1

]

= 1
u2

∞∑
m=l

(−1)mam(l)u−m (†)
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Where the coefficients am(l) are the same coefficients that appear in Lemma 4.4.8. Substituting (†)
into (4.52) gives

A0∑
l=l+h

∞∑
m=l

α+
l (−1)mam(l)

∫ ∞
0

u−m−2φ̃
(√

u−1 + 1
)

Φ (Cuα) e
(
−η
√
u−1 + 1

)
du

Once again, since the support of φ̃(x) is in (1,
√

1 + 2ηε−1), the support of φ̃
(√

u−1 + 1
)

is in

(η
1−ε

2 ,∞). Therefore for any A1 ≥ A0 we have,

A0∑
l=l+h

∞∑
m=A1+1

α+
l (−1)mam(l)

∫ ∞
0

u−m−2φ̃
(√

u−1 + 1
)

Φ (Cuα) e
(
−η
√
u−1 + 1

)
du

= Oh,A0,A1(η(ε−1)(A1+2)) (4.53)

Next, we analyze the exponential. By the binomial theorem we have

√
u−1 + 1 =

∞∑
r=0

(
1/2

r

)
u−r

Substituting this into the exponential we get

e
(
−η
√
u−1 + 1

)
= e

(
−η

∞∑
r=0

(
1/2

r

)
u−2r

)

= e
(
−η − ηu−1

2

)
e

(
−ηu−2

∞∑
r=2

(
1/2

r

)
u−r+2

)

For notational convenience and consistence with Proposition (4.4.6), let br =
(

1/2
r

)
(−1)r. Then,

e
(
−η
√
u−1 + 1

)
= e

(
−η − ηu−1

2

)
e

(
−ηu−2

∞∑
r=2

br(−u)−r+2

)

By the Taylor expansion of the exponential we get

e

(
−ηu−2

∞∑
r=2

br(−u)−r+2

)
=

∞∑
s=0

1
s!

[
−2πiηu−2

∞∑
r=2

br(−u)−r+2

]s

=
∞∑
s=0

(−2πiηu−2)s

s!

[ ∞∑
r=2

br(−u)−r+2

]s

Substituting this back into the integral in (4.52) we get

A0∑
l=l+h

A1∑
m=l

α+
l (−1)mam(l)

∫ ∞
0

u−m−2φ̃
(√

u−1 + 1
)

Φ (Cuα)

e
(
−η − ηu−1

2

) ∞∑
s=0

(−2πiηu−2)s

s!

[ ∞∑
r=2

br(−u)−r+2

]s
du (4.54)
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Since the support of φ̃ limits the lower limit of integration to u > η1−ε

2 , for any A2 > 0 we have

A0∑
l=l+h

A1∑
m=l

α+
l (−1)mam(l)

∫ ∞
0

u−m−2φ̃
(√

u−1 + 1
)

Φ (Cuα) e
(
−η − ηu−1

2

)
∞∑

s=A2+1

(−2πiηu−2)s

s!

[ ∞∑
r=2

br(−u)−r+2

]s
du = Oh,A0,A1(η−A2−2−lg,1ηε(lg,1+2A2+3)) (4.55)

Similarly for any A3 ≥ 2 we have

e(−η)

A0∑
l=lh

A1∑
m=l

A2∑
s=1

α+
l (−1)mam(l)(−2πiη)s

s!

∫ ∞
0

u−m−2s−2φ̃
(√

u−1 + 1
)

Φ (Cuα) e
(
−ηu−1

2

)
 ∞∑
r=A3+1

br(−u)−r+2

s du = Oh,A0,A1,A2(η−A3−lg,1−1ηε(A3+lg,1+2)) (4.56)

Therefore we are left with

e(−η)

A0∑
l=lh

A1∑
m=l

A2∑
s=0

sA3∑
r=0

α+
l (−1)m+ram(l)d′r(s)(−2πiη)s

s! ∫ ∞
0

u−m−r−2s−2φ̃
(√

u−1 + 1
)

Φ (Cuα) e
(
−ηu−1

2

)
du (4.57)

Where d′r(s) are the same constants that appear in Lemma 4.4.8. We now need to analyze the
asymptotic behavior of integrals of the form∫ ∞

0
u−κ−2φ̃

(√
u−1 + 1

)
Φ (Cuα) e

(
−ηu−1

2

)
du

for integers κ ≥ lh,1. Let u 7→ u−1. Then we have∫ ∞
0

uκφ̃
(√

1 + u
)

Φ
(
C
uα

)
e
(−ηu

2

)
du (4.58)

Recall that the support of φ̃
(√

1 + u
)

is u < 2ηε−1 and for u < ηε−1, φ̃
(√

1 + u
)

= 1. Therefore,

(4.57) =

∫ ηε−1

0
uκΦ

(
C
uα

)
e
(−ηu

2

)
du+

∫ 2ηε−1

ηε−1

uκφ̃
(√

1 + u
)

Φ
(
C
uα

)
e
(−ηu

2

)
du

We will analyze these two integrals one by one.

•
∫ ηε−1

0 uκΦ (Cu−α) e
(−ηu

2

)
du.

Let M(Φ)(z) denote the Mellin transform of Φ. Then by the Mellin inversion formula for
some β > 0, we have∫ ηε−1

0
uκΦ

(
C
uα

)
e
(−ηu

2

)
du =

∫ ηε−1

0
uκ
{

1
2πi

∫ β+i∞

β−i∞
M(Φ)(z)

(
Cu−α

)−z
dz

}
e
(
xiu
2

)
du

Interchanging the integrals we get

1
2πi

∫ β+i∞

β−i∞
M(Φ)(z)C−z

{∫ ηε−1

0
uκ+αze

(−ηu
2

)
du

}
dz (4.59)
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We treat the inner integral separately by treating it as a complex function. By the Cauchy
integral formula, we can write the integral as the sum of two integrals on the vertical lines
0→ −i∞ and ηε−1 − i∞→ ηε−1.∫ ηε−1

0
uκ+αze

(−ηu
2

)
du =

∫ −i∞
0

uκ+αze
(−ηu

2

)
du+

∫ ηε−1

ηε−1−i∞
uκ+αze

(−ηu
2

)
du

=

∫ −i∞
0

uκ+αse
(−ηu

2

)
du+ e

(
−ηε

2

)∫ 0

−i∞
(ηε−1 + u)κ+αse

(−ηu
2

)
du

=
(
−i
πη

)κ+αz+1
∫ ∞

0
uκ+αze−udu

− ie
(
ηε

2

)∫ 0

∞
(ηε−1 − iu)κ+αze−πηudu (◦)

In the next paragraph we will show that (◦) cancels (◦◦). Ignoring that for now, we have

1
2πi

∫ β+i∞

β−i∞
M(Φ)(z)C−z

(
−i
πη

)κ+αz+1
∫ ∞

0
uκ+αze−ududz

=
(
−i
πη

)κ+1
1

2πi

∫ β+i∞

β−i∞
M(Φ)(z)

(
−i

πC
1
α η

)αz
Γ(κ+ αz + 1)dz

=
(
−i
πη

)κ+1
Tα,κ(Φ)(−C

1
α η) (4.60)

This finishes this part of the analysis.

•
∫ 2ηε−1

ηε−1 uκφ̃
(√

1 + u
)

Φ
(
C
uα

)
e
(−ηu

2

)
du.

As before, using the Mellin transform of F we get that the integral is equal to

1
2πi

∫ β1+i∞

β1−i∞
M(Φ)(z1)C−z1

{∫ 2ηε−1

ηε−1

uκ+αz1 φ̃
(√

1 + u
)
e
(−ηu

2

)
du

}
dz1

= 1
2πi

∫ β1+i∞

β1−i∞
M(Φ)(z1)C−z1

{∫ 2ηε−1

ηε−1

uκ+αz1φ

( √
1+2ηε−1−

√
1+u√

1+2ηε−1−
√

1+ηε−1

)
e
(−ηu

2

)
du

}
dz1

Consider the inner integral,∫ 2ηε−1

ηε−1

uκ+αz1φ

( √
1+2ηε−1−

√
1+u√

1+2ηε−1−
√

1+ηε−1

)
e
(−ηu

2

)
du

Using Mellin inversion once again, this time on φ,

1
2πi

∫ β2+i∞

β2−i∞
M(φ)(z2)

∫ η2ε−1

ηε−1

uκ+αz1

( √
1+2ηε−1−

√
1+u√

1+2ηε−1−
√

1+ηε−1

)−z2
e
(−ηu

2

)
dudz2

Note that, √
1+2ηε−1−

√
1+u√

1+2ηε−1−
√

1+ηε−1
= 2− u

ηε−1 +O(u
2+η2(ε−1)

ηε−1 )

Also, since φ(x) decays faster than any polynomial at 0 it’s Mellin transform is holomorphic.
Therefore, shifting the contour to <(z2) = −A5 we see that

1
2πi

∫ β2+i∞

β2−i∞
M(φ)(z2)

{∫ 2ηε−1

ηε−1

uκ+αz1
(
u2+η2(ε−1)

ηε−1

)−z2
e
(−ηu

2

)
du

}
dz2

= Oφ,A5(ηA5(ε−1)) (4.61)
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Using this, we are left with analyzing

1
2πi

∫ β2+i∞

β2−i∞
M(φ)(z2)

∫ 2ηε−1

ηε−1

uκ+αz1
(

2− u
ηε−1

)−z2
e
(−ηu

2

)
dudz2

Letting u = ηε−1 + v gives

1
2πi

∫ β2+i∞

β2−i∞
M(φ)(z2)

∫ ηε−1

0
(ηε−1 + v)κ+αz1

(
1− v

ηε−1

)−z2
e
(
−η(ηε−1+v)

2

)
dvdz2

We again shift the contours in the integral so that it becomes an integral over the vertical
lines 0→ −i∞ and ηε−1 − i∞→ ηε−1.

1
2πi

∫ β2+i∞

β2−i∞
M(φ)(z2)

∫ −i∞
0

(ηε−1 + v)κ+αz1
(

1− v
ηε−1

)−z2
e
(
−η(ηε−1+v)

2

)
dvdz2

+
1

2πi

∫ β2+i∞

β2−i∞
M(φ)(z2)

∫ ηε−1−i∞

ηε−1

(ηε−1 + v)κ+αz1
(

1− v
ηε−1

)−z2
e
(
−η(ηε−1+v)

2

)
dvdz2

By the binomial theorem we have

(
1− v

ηε−1

)−z2
= 1 +

∞∑
f=1

(
−z2

f

)(
v

ηε−1

)f
Substituting this back into the first integral (and using the normalization that

∫
φ = 1) we

get

1
2πi

∫ β2+i∞

β2−i∞
M(φ)(z2)

∫ −i∞
0

(ηε−1 + v)κ+αz1e
(
−η(ηε−1+v)

2

)
dvdz2

= −ie
(
−ηε

2

)∫ ∞
0

(ηε−1 − iu)κ+αze−πηudu (◦◦)

Hence this integral cancels the second integral in (◦). Therefore we are left with

1
2πi

∫ β2+i∞

β2−i∞
M(φ)(z2)

∞∑
f=1

(
−z2

f

)∫ −i∞
0

(ηε−1 + v)κ+αz1
(
−v
ηε−1

)f
e
(
−η(ηε−1+v)

2

)
dvdz2

+
1

2πi

∫ β2+i∞

β2−i∞
M(φ)(z2)

∫ ηε−1−i∞

ηε−1

(ηε−1 + v)κ+αz1
(

1− v
ηε−1

)−z2
e
(
−η(ηε−1+v)

2

)
dvdz2

= 1
2πi

∫ β2+i∞

β2−i∞
M(φ)(z2)

∞∑
f=1

(
−z2

f

)∫ −i∞
0

(ηε−1 + v)κ+αz1
(
−v
ηε−1

)f
e
(
−η(ηε−1+v)

2

)
dvdz2

+
1

2πi

∫ β2+i∞

β2−i∞
M(φ)(z2)

∫ −i∞
0

(2ηε−1 + v)κ+αz1
(
−v
ηε−1

)−z2
e
(
−η(2ηε−1+v)

2

)
dvdz2

= −ie
(
ηε

2

)
1

2πi

∫ β2+i∞

β2−i∞
M(φ)(z2)

∞∑
f=1

(
−z2

f

)∫ ∞
0

(ηε−1 − iv)κ+αz1
(

iv
ηε−1

)f
e−πηvdvdz2

− ie
(
ηε

2

) 1

2πi

∫ β2+i∞

β2−i∞
M(φ)(z2)

∫ ∞
0

(2ηε−1 − iv)κ+αz1
(

iv
ηε−1

)−z2
e−πηvdvdz2
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Note that if v > η−1+ ε
2 , then e−πηv = e−πη(v−η−1+ ε

2 +η−1+ ε
2 ) = e−πη(v−η−1+ ε

2 )e−πη
− ε2 . There-

fore, we have ∫ ∞
0

(2ηε−1 − iv)κ+αz1
(

iv
ηε−1

)−z2
e−πηvdv

=

∫ ∞
η−1+ ε

2

(2ηε−1 − iv)κ+αz1
(

iv
ηε−1

)−z2
e−πηvdv

+

∫ η−1+ ε
2

0
(2ηε−1 − iv)κ+αz1

(
iv
ηε−1

)−z2
e−πηvdv

= O(e−η
ε
2 ) +

∫ η−1+ ε
2

0
(2ηε−1 − iv)κ+αz1

(
iv
ηε−1

)−z2
e−πηvdv (††)

Taking out the exponentially small error in (††) we have,

e
(
ηε

2

) 1

2πi

∫ β2+i∞

β2−i∞
M(φ)(z2)

∫ ∞
0

(2ηε−1 − iv)κ+αz1
(

iv
ηε−1

)−z2
e−πηvdvdz2

= e
(
ηε

2

) 1

2πi

∫ β2+i∞

β2−i∞
M(φ)(z2)

∫ η−1+1
2

0
(2ηε−1 − iv)κ+αz1

(
iv
ηε−1

)−z2
e−πηvdvdz2

Finally, once again, since φ vanishes to infinite order at 0, it’s Mellin transform is holomorphic,
and hence for any M > 0, shifting the contour to <(z2) = −A6, we get

e
(
ηε

2

) 1

2πi

∫ β2+i∞

β2−i∞
M(φ)(z2)

∫ η−1+1
2

0
(2ηε−1 − iv)κ+αz1

(
iv
ηε−1

)−z2
e−πηvdvdz2

= Oφ,A6(η
−A6ε

2 ) (4.62)

Now for any M > 0, choosing A1 = · · · = A4 = 2M and A5 = A6 = 2M
ε , and combining (4.51),

(4.53), (4.55), (4.56), (4.60), (4.61) and (4.62) gives the asymptotic of B2 as

B2 = −e(−η)
2M∑
l=l+h

2M∑
m=l

2M∑
s=0

2sM∑
r=0

α+
l am(l)dr(s)

s!

(
i
πη

)m+r+s+1
Tα,m+r+2s(Φ)

(
−C

1
α η
)

+OΦ,M (η−M )

Where dr(s) = 2sd′r(s) (note that the power of (−1)m+r cancels, it is not a typo that it is
(

i
πη

)
).

Finally, the asymptotic expansion of B1 is obtained by following the same steps as

B1 = −e(η)

2M∑
l=l−h

2M∑
m=l

2M∑
s=0

2sM∑
r=0

(−1)lα−l am(l)dr(s)

s!

(
−i
πη

)m+r+s+1
Tα,m+r+2s(Φ)

(
C

1
α η
)

+OΦ,M (η−M )

The proposition follows.

4.6 Asymptotic expansion of Fourier transforms - 3

In this section we will state an asymptotic expansion for the integrals of the form∫ 1

−1
(1− x2)

ρ
2 g(x)Φ

(
C

(1−x2)α

)
e(−xη)dx (4.63)
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Where g(x) is a smooth function and ρ is an integer. The methods are the same as the pre-
vious sections. To carry the integration by parts arguments, one just needs to note that the

function (1 − x2)
ρ
2 Φ
(

C
(1−x2)α

)
is smooth and its derivatives are dominated by the derivatives of

Φ
(

C
(1−x2)α

)
.

4.6.1 Warm-up I: C > K for some constant K.

Proposition 4.6.1. Let C > K for some constant K > 0. Then for any M > 0∫ 1

−1
(1− x2)

ρ
2 g(x)Φ

(
C

(1−x2)α

)
e(−xη)dx = OΦ,g,α,M,K,ρ(η

−M )

Proof. See the proof of Proposition 4.4.2.

4.6.2 Warm-up II: C < K for some constant K, and the support of g(x) does not
intersect {±1}.

Proposition 4.6.2. Assume that C < K for some constant K, and the support of g(x) does not
intersect {±1}. Then for every M > 0 we have

∫ 1

−1
(1− x2)

ρ
2 g(x)Φ

(
C

(1−x2)α

)
e(−xη)dx = OΦ,g,α,M,K,ρ(η

−M )

Proof. See the proof of Corollary 4.4.4.

4.6.3 Support of g(x) intersects {±1} non-trivially and C → 0.

There exists δ > 0 such that η > C−
1
α
−δ.

Proposition 4.6.3. Assume that there exists δ > 0 such that η > C−
1
α
−δ. Then for any M > 0

we have ∫ 1

−1
(1− x2)

ρ
2 g(x)Φ

(
C

(1−x2)α

)
e(−xη)dx = OΦ,g,α,M,δ,ρ(η

−M )

Proof. See the proof of Proposition 4.4.5

ηC
1
α < C−δ for every δ > 0.

Proposition 4.6.4. For any M > 0, there exists constants am(l), dr(s) (note that these are the
same constants that appear in Proposition 4.4.6) which depend only on the indicated parameters
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such that the following asymptotic expansions hold:∫ 1

−1
(1− x2)

ρ
2 g(x)Φ

(
C

(1−x2)α

)
e(−xη)dx

= e(−η)

2M∑
l=l+g

2M∑
m=l

2M∑
s=0

2sM∑
r=0

β+
l am(l)dr(s)

s!

(
i
πη

)m+r+s+ ρ+2
2 Tα,m+r+2s+ ρ

2
(Φ)

(
C

1
α η
)

+ e(η)
2M∑
l=l−g

2M∑
m=l

2M∑
s=0

2sM∑
r=0

(−1)lβ−l am(l)dr(s)

s!

(
−i
πη

)m+r+s+ ρ+2
2 Tα,m+r+2s+ ρ

2
(Φ)

(
−C

1
α η
)

+OΦ,g,M,ρ(η
−M )

Where,

(1− x2)
ρ
2 g(x) = (1− x2)

ρ
2

∞∑
l=l±g

β±l (x∓ 1)l

is the asymptotic expansion of (1 − x2)
ρ
2 g(x) around ±1, and for 1 > α > 0, β > 0 and κ ∈ Z≥0,

T (Φ)(z) is defined by

Tα,κ(Φ)(y) := 1
2πi

∫ β+i∞

β−i∞
M(Φ)(z)

(
i
πy

)αz
Γ(κ+ αz + 1)dz

where M denotes the Mellin transform.

Proof. The proof follows the same lines as the proof of Proposition 4.4.6. With the difference that
since we have an extra factor of (x2 − 1)

ρ
2 in the numerator, (†) becomes

1

u2+
ρ
2

∞∑
m=l

am(l)u−m

which brings the shift by ρ
2 .

4.7 Asymptotic expansion of Fourier transforms - 4

In this section we will state an asymptotic expansion for the integrals of the form∫
R\(−1,1)

(x2 − 1)
ρ
2h(x)Φ

(
C

(x2−1)α

)
e(−xη)dx (4.64)

Where h(x) is a smooth function of compact support and the integral is taken outside of (−1, 1).
The methods are the same as the previous sections. To carry the integration by parts arguments,

one just needs to note that the function (x2 − 1)
ρ
2 Φ
(

C
(x2−1)α

)
is smooth and its derivatives decay

faster than the derivatives of Φ
(

C
(x2−1)α

)
.
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4.7.1 Warm-up I: C > K for some constant K.

Proposition 4.7.1. Let C > K for some constant K > 0. Then for any M > 0∫
R\(−1,1)

(x2 − 1)
ρ
2h(x)Φ

(
C

(x2−1)α

)
e(−xη)dx = OΦ,h,α,M,K,ρ(η

−M )

Proof. See the proof of Proposition 4.4.2.

4.7.2 Warm-up II: C < K for some constant K, and the support of h(x) does
not intersect {±1}.

Proposition 4.7.2. Assume that C < K for some constant K, and the support of h(x) does not
intersect {±1}. Then for every M > 0 we have∫

R\(−1,1)
(x2 − 1)

ρ
2h(x)Φ

(
C

(x2−1)α

)
e(−xη)dx = OΦ,h,α,M,K,ρ(η

−M )

Proof. See the proof of Corollary 4.4.4.

4.7.3 Support of h(x) intersects {±1} non-trivially and C → 0.

There exists δ > 0 such that η > C−
1
α
−δ.

Proposition 4.7.3. Assume that there exists δ > 0 such that η > C−
1
α
−δ. Then for any M > 0

we have ∫
R\(−1,1)

(x2 − 1)
ρ
2h(x)Φ

(
C

(x2−1)α

)
e(−xη)dx = OΦ,h,α,M,δ,ρ(η

−M )

Proof. See the proof of Proposition 4.4.5

ηC
1
α < C−δ for every δ > 0.

Proposition 4.7.4. For any M > 0, there exists constants am(l), dr(s) (note that these are the
same constants that appear in Proposition 4.4.6) which depend only on the indicated parameters
such that the following asymptotic expansions hold:∫

R\(−1,1)
(x2 − 1)

ρ
2h(x)Φ

(
C

(x2−1)α

)
e(−xη)dx

= −e(−η)
2M∑
l=l+h

2M∑
m=l

2M∑
s=0

2sM∑
r=0

β+
l am(l)dr(s)

s!

(
i
πη

)m+r+s+ ρ+2
2 Tα,m+r+2s+ ρ

2
(Φ)

(
−C

1
α η
)

− e(η)

2M∑
l=l−h

2M∑
m=l

2M∑
s=0

2sM∑
r=0

β−l (−1)lam(l)dr(s)

s!

(
−i
πη

)m+r+s+ ρ+2
2 Tα,m+r+2s+ ρ

2
(Φ)

(
C

1
α η
)

+OΦ,h,M,ρ(η
−M )
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Where,

(x2 ± 1)
ρ
2h(x) = (x2 ± 1)

ρ
2

∑
l=l±h

β±l (x∓ 1)l

is the asymptotic expansion of (x2 ± 1)
ρ
2 g(x) around ±1, and for 1 > α > 0, β > 0 and κ ∈ Z≥0,

T (Φ)(z) is defined by

Tα,κ(Φ)(y) := 1
2πi

∫ β+i∞

β−i∞
M(Φ)(z)

(
i
πy

)αz
Γ(κ+ αz + 1)dz

where M denotes the Mellin transform.

Proof. The proof follows the same lines as the proof of Proposition 4.5.4 with the change of u−2

becoming u−2−ρ2 in (†).
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4.8 Asymptotic expansions of Fourier transforms of smoothed or-
bital integrals

In this section we collect the results of the previous sections and give the promised asymptotic
expansion of the smoothed orbital integrals depending on the relevant parameters.

Recall the definitions,

Θ∞,Φ,C,α,−(x) :=

{
θ∞(x)Φ

(
C

(4−x2)α

)
if |x| < 2

0 otherwise

Θ∞,Φ,C,α,+(x) :=

{
θ∞(x)Φ

(
C

(x2−4)α

)
if |x| > 2

0 otherwise

Also recall that by (4.1) we have

θ∞(x) = |4− x2|
1
2 θ∞,1(x) + θ∞,2(x)

Substituting this in the definition above and noting that θ∞,1 is supported only in |x| < 2 we
have,

Θ∞,Φ,C,α,−(x) :=

{{
(4− x2)

1
2 θ∞,1(x) + θ∞,2(x)

}
Φ
(

C
(4−x2)α

)
if |x| < 2

0 otherwise

Θ∞,Φ,C,α,+(x) :=

{
θ∞,2(x)Φ

(
C

(x2−4)α

)
if |x| > 2

0 otherwise

Using this we get,
Theorem 4.8.1. For any Φ1,Φ2 ∈ S(R), and any M > 0, there exists constants am(l), dr(s) which
depend only on the indicated parameters such that the following asymptotic expansions hold:

Θ̂∞,Φ1,C,α,+(η) + Θ̂∞,Φ2,C,α,−(η)

= e(−η)
2M∑

l=l+2 (θ)

2M∑
m=l

2M∑
s=0

2sM∑
r=0

α+
l am(l)dr(s)

s!

(
i
πη

)m+r+s+1 {
Tα,m+r+2s(Φ2)

(
C

1
α η
)
− Tα,m+r+2s(Φ1)

(
−C

1
α η
)}

+ e(η)

2M∑
l=l−2 (θ)

2M∑
m=l

2M∑
s=0

2sM∑
r=0

α−l (−1)lam(l)dr(s)

s!

(
−i
πη

)m+r+s+1 {
Tα,m+r+2s(Φ2)

(
−C

1
α η
)
− Tα,m+r+2s(Φ1)

(
C

1
α η
)}

+ e(−η)

2M∑
l=l+1 (θ)

2M∑
m=l

2M∑
s=0

2sM∑
r=0

β+
l am(l)dr(s)

s!

(
i
πη

)m+r+s+ 3
2 Tα,m+r+2s+ 1

2
(Φ2)

(
C

1
α η
)

+ e(η)
2M∑

l=l−1 (θ)

2M∑
m=l

2M∑
s=0

2sM∑
r=0

β−l (−1)lam(l)dr(s)

s!

(
−i
πη

)m+r+s+ 3
2 Tα,m+r+2s+ 1

2
(Φ2)

(
−C

1
α η
)

+OΦ1,Φ2,θ∞,M (η−M )



4.8. ASYMPTOTIC EXPANSIONS 63

Where,

θ∞,2(±1 + x) =
∞∑

l=l±2 (θ)

α±l x
l

|1− (±1∓ x)2|
1
2 θ∞,1(±1∓ x) = |1− (±1∓ x)2|

1
2

∞∑
l=l±1 (θ)

β±l x
l

are the asymptotic expansions around ±1, and for 1 > α > 0, β > 0 and κ ∈ Z≥0, T (Φ)(z) is
defined by

Tα,κ(Φ)(y) := 1
2πi

∫ β+i∞

β−i∞
M(Φ)(z)

(
i
πy

)αz
Γ(κ+ αz + 1)dz

where M denotes the Mellin transform.
Theorem 4.8.2. For any Φ1,Φ2 ∈ S(R), and any M > 0, there exists constants am(l), dr(s) which
depend only on the indicated parameters such that the following asymptotic expansions hold:∫ 1

−1

(
θ∞,1(x) +

θ∞,2(x)√
1−x2

)
Φ1

(
C

(1−x2)α

)
e(−xη)dx+

∫
R\(−1,1)

θ∞,2(x)√
x2−1

Φ2

(
C

(x2−1)α

)
e(−xη)dx

= e(−η)
2M∑

l=l+1 (θ)

2M∑
m=l

2M∑
s=0

2sM∑
r=0

β+
l am(l)dr(s)

s!

(
i
πη

)m+r+s+1
Tα,m+r+2s(Φ1)

(
C

1
α η
)

+ e(η)
2M∑

l=l−1 (θ)

2M∑
m=l

2M∑
s=0

2sM∑
r=0

β−l (−1)lam(l)dr(s)

s!

(
−i
πη

)m+r+s+1
Tα,m+r+2s(Φ1)

(
−C

1
α η
)

+ e(−η)
2M∑

l=l+2 (θ)

2M∑
m=l

2M∑
s=0

2sM∑
r=0

α+
l am(l)dr(s)

s!

(
i
πη

)m+r+s+ 1
2
{
Tα,m+r+2s− 1

2
(Φ1)

(
C

1
α η
)
− Tα,m+r+2s− 1

2
(Φ2)

(
−C

1
α η
)}

+ e(η)

2M∑
l=l−2 (θ)

2M∑
m=l

2M∑
s=0

2sM∑
r=0

α−l (−1)lam(l)dr(s)

s!

(
−i
πη

)m+r+s+ 1
2
{
Tα,m+r+2s− 1

2
(Φ1)

(
−C

1
α η
)
− Tα,m+r+2s− 1

2
(Φ2)

(
C

1
α η
)}

+OΦ1,Φ2,θ∞,M (η−M )

Where,

θ∞,2(±1 + x) =
∞∑

l=l±2 (θ)

α±l x
l

|1− (±1∓ x)2|
1
2 θ∞,1(±1∓ x) = |1− (±1∓ x)2|

1
2

∞∑
l=l±1 (θ)

β±l x
l

‘ are the asymptotic expansions around ±1, and for 1 > α > 0, β > 0 and κ ∈ Z≥0, T (Φ)(z) is
defined by

Tα,κ(Φ)(y) := 1
2πi

∫ β+i∞

β−i∞
M(Φ)(z)

(
i
πy

)αz
Γ(κ+ αz + 1)dz

where M denotes the Mellin transform.
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Chapter 5

Poisson Summation

By Theorem 2.1.2 the elliptic part of the trace formula for the n’th Hecke operator is given by

2
∑
±

N :=±n

∑
m∈Z

m2−4N 6=�

θ±∞

(
m

2
√
|N |

) ∑
f2|(m2−4N)

m2−4N

f2
≡0,1 mod 4

1
fL
(

1,
(

(m2−4N)/f2

·

))
(5.1)

Where θ±∞ is given by

θ∓∞(x) := O(f∞; (x,∓1))
√
|x2 ± 1|

and by (x,∓1) we denote the element γ ∈ GL2(R) that has trace x and determinant ∓1.

The sums for N = n and N = −n will be treated separately, however the methods are general and
carries verbatim to both cases. Keeping this in mind we will only go into detail for N = n in what
follows, and state the results for N = −n. To avoid extra notation we will denote θ+

∞ simply by
θ∞.

5.1 Rewriting the formula (N > 0)

Our aim in this section will be to rewrite (5.1) and isolate the contribution of the special represen-
tations as indicated in [18] (i.e. the trivial representation and the contribution of formula (31) of
[18], denoted by ξ0(f∞) in that reference) while keeping track of the rest of the terms. We note that
the isolation of the trivial representation in a far more general context is carried out in an adelic
setting in the recent paper of Frenkel, Langlands and Ngo, [7]. They isolate the contribution of the
trivial representation as the dominant term in the dual sum of the elliptic part, after performing
Poisson summation on the Hitchin base. We note however that in [7] no attempt is made on the
analysis of the remaining terms. This is for a good reason that the approach of [7] is based on a
multiplicative truncation of the Artin L-functions that appear in the elliptic part, and the resulting
expression, after applying Poisson summation, does not seem to be suitable for analysis.

To the extent of using Poisson summation on the Hitchin base (more or less the Poisson sum on
the m-sum in our context, see the lemma below) our approach will be the same as the one in [7].
The main difference, which allows us to go further than [7], is that instead of the truncation used
in [7] we will use the approximate functional equation (cf. Corollary 3.2.4). This not only allows
us to isolate the special representations, but also lets us to control the remaining terms for further
analysis.

65
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Lemma 5.1.1. For any A > 0 we have

(5.1)N>0 = 2
∑
m∈Z

m2−4n6=�

θ∞

(
m

2
√
n

)


∑
f2|(m2−4n)

m2−4n

f2
≡0,1 mod 4

1
f

∞∑
t=1

1
t

(
(m2−4n)/f2

t

)
F
(
tf2

A

)
(5.2)

+
∑

f2|(m2−4n)
m2−4n

f2
≡0,1 mod 4

(
πf2

|4n−m2|

)1
2
∞∑
t=1

(
(m2−4n)/f2

t

)
H±

(
tf2A
|m2−4n|

)

(5.3)

Where,

H± (x) := 1
2πi

∫
(1)

Γ
(
e±+u

2

)
Γ
(

1+e±−u
2

) (πx)−u F̃ (u)du,

the sign in H± is the sign of m2 − 4n, e− = 1 and e+ = 0.

Proof. Follows from Corollary 3.2.4.

Note that both F (x) and H±(x) are rapidly decreasing which means for large values of t the
corresponding terms in (5.4) and (5.5) are very small, hence the t-sums in (5.4) and (5.5) essentially

run up to A and |4n−m
2|

f2A
respectively.

We would like to apply Poisson summation to the m-sums in (5.4) and (5.5) however in order to do
so we need to have a sum over complete lattice Z. The sums in (5.4) and (5.5) are missing the m
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for which m2−4n is a perfect square. We add and subtract1 these values and rewrite (5.1) as

(5.1)N>0 =2
∑
m∈Z

θ∞

(
m

2
√
n

)


∑
f2|(m2−4n)

m2−4n

f2
≡0,1 mod 4

1
f

∞∑
t=1

1
t

(
(m2−4n)/f2

t

)
F
(
tf2

A

)
(5.2′)

+
∑

f2|(m2−4n)
m2−4n

f2
≡0,1 mod 4

(
πf2

|4n−m2|

)1
2
∞∑
t=1

(
(m2−4n)/f2

t

)
H±

(
tf2A
|m2−4n|

)


(5.3′)

− 2
∑
m∈Z

m2−4n=�

θ∞

(
m

2
√
n

)


∑
f2|(m2−4n)

m2−4n

f2
≡0,1 mod 4

1
f

∞∑
t=1

1
t

(
(m2−4n)/f2

t

)
F
(
tf2

A

)
(†)

+
∑

f2|(m2−4n)
m2−4n

f2
≡0,1 mod 4

(
πf2

|4n−m2|

)1
2
∞∑
t=1

(
(m2−4n)/f2

t

)
H±

(
tf2A
|m2−4n|

)


(††)

For the rest of this chapter we will be only concerned with (5.2′) and (5.3′) and leave (†) and (††)
as the way they are. We also note that if the support of θ∞ is in [−2, 2] then since there are no
(m,n) with m2 − 4n = � and m2 − 4n < 0, (†) and (††) are both empty.

We take a moment to explain the manipulations to come. We introduced the approximate functional
equation in order to be able to be able to approximate the L-values with relatively short sums
(i.e. truncating the t-sum) while keeping the error small. How short we can truncate, and the
error, depends on the conductor of the quadratic character. In particular by the symmetry of the
approximate functional equation we can truncate both (5.2′) and (5.3′) at the square root of the
conductor of the quadratic characters that appear in (5.1).

Furthermore note that since the support of θ∞ is compact the m-sum is finite and goes only up
to Cn1/2 for some constant C > 0 that depends on the support of θ∞. We will denote this by
m� n1/2. Also since m� n1/2 and f2 | m2 − 4n, we necessarily have f � n1/2. We will be using
these observation repeatedly without reference in the text.

We now interchange the f sum with the m sum (note that the f -sum is a finite sum because of the
compact support of θ∞) and rewrite (5.2′) and (5.3′) as

(5.2′) = 2
∞∑
f=1

∑
m∈Z

f2|(m2−4n)
m2−4n

f2
≡0,1 mod 4

θ∞

(
m

2
√
n

)
1
f

∞∑
t=1

1
t

(
(m2−4n)/f2

t

)
F
(
tf2

A

)
(5.4)

1Note that we cannot do this directly to (5.1) since the L-functions corresponding to m2 − 4n = � are modified
ζ-functions which are not defined at 1. Therefore we need to introduce some type of truncation to the t-sums before
adding and subtracting these values. After introducing the approximate functional equation, as explained in the
paragraph above the t-sums essentially become finite sums and we can add and subtract the missing terms.
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(5.3′) = 2
√
π

∞∑
f=1

f
∑
m∈Z

f2|(m2−4n)
m2−4n

f2
≡0,1 mod 4

θ∞

(
m

2
√
n

)
1√

|m2−4n|

∞∑
t=1

(
(m2−4n)/f2

t

)
H±

(
tf2A
|m2−4n|

)
(5.5)

In what follows, we will apply Poisson summation to the m-sums in (5.4) and (5.5). We remark

that the functions θ∞

(
m

2
√
n

)
F
(
tf2

A

)
and 1√

|m2−4n|
θ∞

(
m

2
√
n

)
H±

(
tf2A
|4n−m2|

)
are in general singular,

therefore care must be taken in applying Poisson summation.

We resolve this problem by choosing2 A = |m2 − 4n|α, for some 1 > α > 0, as in Chapter 4. With
this choice (5.4) and (5.5) respectively become

(5.4) = 2
∞∑
f=1

∑
m∈Z

f2|(m2−4n)
m2−4n

f2
≡0,1 mod 4

θ∞

(
m

2
√
n

)
1
f

∞∑
t=1

1
t

(
(m2−4n)/f2

t

)
F
(

tf2

|m2−4n|α

)
(5.4′)

(5.5) = 2
√
π
∞∑
f=1

f
∑
m∈Z

f2|(m2−4n)
m2−4n

f2
≡0,1 mod 4

θ∞

(
m

2
√
n

)
1√

|m2−4n|

∞∑
t=1

(
(m2−4n)/f2

t

)
H±

(
tf2

|m2−4n|1−α

)
(5.5′)

Furthermore define Θ∞,F,α,±(m,n, t) and Θ∞,H,α,±(m,n, t) by

Θ∞,F,α,+(m,n, t) :=

{
θ∞

(
m

2
√
n

)
F
(

t
(m2−4n)α

)
if m2 − 4n > 0

0 if m2 − 4n ≤ 0

Θ∞,H,α,+(m,n, t) :=

{
1√

m2−4n
θ∞

(
m

2
√
n

)
H+

(
t

(m2−4n)1−α

)
if m2 − 4n > 0

0 if m2 − 4n ≤ 0

Θ∞,F,α,−(m,n, t) :=

{
0 if m2 − 4n ≥ 0

θ∞

(
m

2
√
n

)
F
(

t
(4n−m2)α

)
if m2 − 4n < 0

Θ∞,H,α,−(m,n, t) :=

{
0 if m2 − 4n ≥ 0

1√
4n−m2

θ∞

(
m

2
√
n

)
H−

(
t

(4n−m2)1−α

)
if m2 − 4n < 0

By Proposition 4.3.1 the functions Θ∞,F,α,±(m,n, t) and Θ∞,H,α,±(m,n, t) are smooth and we
have

(5.4′) = 2
∞∑
f=1

∑
m∈Z

f2|(m2−4n)
m2−4n

f2
≡0,1 mod 4

1
f

∞∑
t=1

1
t

(
(m2−4n)/f2

t

)
Θ∞,F,α,+(m,n, tf2) (5.4′-a)

+ 2
∞∑
f=1

∑
m∈Z

f2|(m2−4n)
m2−4n

f2
≡0,1 mod 4

1
f

∞∑
t=1

1
t

(
(m2−4n)/f2

t

)
Θ∞,F,α,−(m,n, tf2) (5.4′-b)

2For Beyond Endoscopy purposes we will be taking α = 1
2
. We are leaving α as a variable here with applications

to bounds towards the Ramanujan conjecture in mind.
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(5.5′) = 2
√
π

∞∑
f=1

f
∑
m∈Z

f2|(m2−4n)
m2−4n

f2
≡0,1 mod 4

∞∑
t=1

(
(m2−4n)/f2

t

)
Θ∞,H,α,+(m,n, tf2) (5.5′-a)

+ 2
√
π
∞∑
f=1

f
∑
m∈Z

f2|(m2−4n)
m2−4n

f2
≡0,1 mod 4

∞∑
t=1

(
(m2−4n)/f2

t

)
Θ∞,H,α,−(m,n, tf2) (5.5′-b)

In the next section we will apply Poisson summation to all of the sums above. However before
applying Poisson summation we would like to note that the t-sums in (5.4′-a), (5.4′-b), (5.5′-a)
and (5.5′-b) are effectively limited to a short range with respect to n. More precisely we have the
following:
Proposition 5.1.2. For any δ0 > 0 we have,

∞∑
f=1

1
f

∑
m∈Z

f2|(m2−4n)
m2−4n

f2
≡0,1 mod 4

∞∑
t=1

tf2�nα+δ0

1
t

(
(m2−4n)/f2

t

)
Θ∞,F,α,±(m,n, tf2) = Oθ∞

(
ne−n

δ0
)

∞∑
f=1

f
∑
m∈Z

f2|(m2−4n)
m2−4n

f2
≡0,1 mod 4

∞∑
t=1

tf2�n1−α+δ0

(
(m2−4n)/f2

t

)
Θ∞,H,α,±(m,n, tf2) = Oθ∞

(
n

3
2
−αe

−n
δ0
2

2

)

Proof. First of all note that since θ∞ is of compact support there exists a constant K such that the
m-sum runs only up to K

√
n. Furthermore, since f2 | m2 − 4n we necessarily have f < K

√
n too.

Recall that by (3.3) we know that F (x) = O(e−x), therefore we have

Θ∞,F,α,±(m,n, tf2) = Oθ∞(e−
tf2

nα )

Therefore the first sum is bounded by,

�θ∞

∑
f�
√
n

1
f

∑
m∈Z

f2|(m2−4n)

∞∑
t=1

tf2�nα+δ0

1
t e
−tf2
nα

≤ n
∑
f�
√
n

1
f3

∞∑
t=1

tf2�nα+δ0

1
t e
−tf2
nα

� ne−n
δ0
∑
f�
√
n

1
f3

≤ ne−nδ0

To bound the second sum we use the bound in (3.5) which gives

Θ∞,H,α,±(m,n, tf2) = Oθ∞( n
1−α

n
1
2 tf2

e−

(
tf2

n1−α

) 1
2

2 )
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Then the second sum is bounded by,

�θ∞

∑
f�
√
n

f
∑
m∈Z

f2|(m2−4n)

∞∑
t=1

tf2�n1−α+δ0

n1−α

n
1
2 tf2

e−

(
tf2

n1−α

) 1
2

2

≤ n
3
2
−α

∑
f�
√
n

1
f3

∞∑
t=1

tf2�n1−α+δ0

1
t e
−

(
tf2

n1−α

) 1
2

2

� n
3
2
−αe

−n
δ0
2

2

∑
f>n

1−α+δ0
2 +

1
f3

≤ n
3
2
−αe

−n
δ0
2

2

The proposition follows.

By Proposition 5.1.2 we immediately get,
Corollary 5.1.3. For any δ0 > 0 we have,

(5.4′-a) = 2
∑

f�n
α+δ0

2

∑
m∈Z

f2|(m2−4n)
m2−4n

f2
≡0,1 mod 4

1
f

∑
t

tf2�nα+δ0

1
t

(
(m2−4n)/f2

t

)
Θ∞,F,α,+(m,n, tf2) +Oθ∞(ne−n

δ0
)

(5.4′-b) = 2
∑

f�n
α+δ0

2

∑
m∈Z

f2|(m2−4n)
m2−4n

f2
≡0,1 mod 4

1
f

∑
t

tf2�nα+δ0

1
t

(
(m2−4n)/f2

t

)
Θ∞,F,α,−(m,n, tf2) +Oθ∞(ne−n

δ0
)

(5.5′-a) = 2
√
π

∑
f�n

1−α+δ0
2

f
∑
m∈Z

f2|(m2−4n)
m2−4n

f2
≡0,1 mod 4

∑
t

tf2�n1−α+δ0

(
(m2−4n)/f2

t

)
Θ∞,H,α,+(m,n, tf2)

+Oθ∞(n
3
2
−αe

−n
δ0
2

2 )

(5.5′-b) = 2
√
π

∑
f�n

1−α+δ0
2

f
∑
m∈Z

f2|(m2−4n)
m2−4n

f2
≡0,1 mod 4

∑
t

tf2�n1−α+δ0

(
(m2−4n)/f2

t

)
Θ∞,H,α,−(m,n, tf2)

+Oθ∞(n
3
2
−αe

−n
δ0
2

2 )

Proof. Obvious.
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5.2 Poisson summation (N > 0)

5.2.1 Poisson summation on (5.4′-a)

Lemma 5.2.1.

(5.4′-a) =
√
n

∞∑
f=1

1
f3

∞∑
t=1

1
t2

∑
ξ∈Z

{∫
|x|>1

θ∞ (x)F
(
tf2(4n)−α

(x2−1)α

)
e
(
−xξ
√
n

2tf2

)
dx

}
Klt,f (ξ, n) (5.6)

Where,

Klt,f (ξ, n) :=
∑

a mod 4tf2

a2−4n≡0 mod f2

a2−4n
f2

≡0,1 mod 4

(
(a2−4n)/f2

t

)
e
(

aξ
4tf2

)

Proof. Everything converges absolutely so we can interchange the sums freely. Interchange the t
and m-sums:

(5.4′-a) = 2

∞∑
f=1

∞∑
t=1

1
t

∑
m∈Z

f2|(m2−4n)
m2−4n

f2
≡0,1 mod 4

1
f

(
(m2−4n)/f2

t

)
Θ∞,F,α,+(m,n, tf2)

Observe that the Legendre symbol and the divisibility condition are periodic mod4f2 so once we
fix the value of m modulo 4tf2 all the arithmetic dependence is fixed and we get

(5.4′-a) = 2
∞∑
f=1

∞∑
t=1

1
t

∑
a mod 4tf2

a2−4n≡0 mod f2

a2−4n

f2
≡0,1 mod 4

1
f

(
(a2−4n)/f2

t

) ∑
m≡a mod 4tf2

Θ∞,F,α,+(m,n, tf2)

By Poisson summation on the m-sum we get∑
m≡a mod 4tf2

Θ∞,F,α,+(m,n, t) = 1
4tf2

∑
ξ∈Z

Θ̂∞,F,α,+

(
ξ

4tf2
, n, tf2

)
e
(

aξ
4tf2

)
Where,

Θ̂∞,F,α,+

(
ξ

4tf2
, n, tf2

)
=

∫
R

Θ∞,F,α,+(x, n, t)e
(
−xξ
4tf2

)
dx

=

∫
|x|>2

√
n
θ∞

(
x

2
√
n

)
F
(

tf2

(x2−4n)α

)
e
(
−xξ
4tf2

)
dx

= 2
√
n

∫
|x|>1

θ∞ (x)F
(
tf2(4n)−α

(x2−1)α

)
e
(
−xξ
√
n

2tf2

)
dx

The lemma follows.

5.2.2 Poisson summation on (5.4′-b)

We handle (5.4′-b) in the same way as (5.4′-a).
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Lemma 5.2.2.

(5.4′-b) =
√
n

∞∑
f=1

1
f3

∞∑
t=1

1
t2

∑
ξ∈Z

{∫
|x|<1

θ∞ (x)F
(
tf2(4n)−α

(1−x2)α

)
e
(
−xξ
√
n

2tf2

)
dx

}
Klt,f (ξ, n) (5.7)

Where,

Klt,f (ξ, n) :=
∑

a mod 4tf2

a2−4n≡0 mod f2

a2−4n
f2

≡0,1 mod 4

(
(a2−4n)/f2

t

)
e
(

aξ
4tf2

)

Proof. Identical to the proof of Lemma 5.2.1.

5.2.3 Poisson summation on (5.5′-a)

Lemma 5.2.3.

(5.5′-a) =
√
π

2

∞∑
f=1

1
f

∞∑
t=1

1
t

∑
ξ∈Z

{∫
|x|>1

θ∞(x)√
x2−1

H+

(
tf2(4n)α−1

(x2−1)1−α

)
e
(
−x
√
nξ

2tf2

)
dx

}
Klt,f (ξ, n) (5.8)

Where,

Klt,f (ξ, n) :=
∑

a mod 4tf2

a2−4n≡0 mod f2

a2−4n
f2

≡0,1 mod 4

(
(a2−4n)/f2

t

)
e
(

aξ
4tf2

)

Proof. Interchanging t and m sums and breaking the m-sum into arithmetic progressions mod4tf2

(as in Lemma 5.2.1) gives

(5.5′-a) = 2
√
π

∞∑
f=1

f

∞∑
t=1

∑
a mod 4tf2

f2|(a2−4n)
a2−4n

f2
≡0,1 mod 4

(
(a2−4n)/f2

t

) ∑
m≡1 mod 4tf2

Θ∞,H,α,+(m,n, tf2)

Applying Poisson summation to the m-sum gives,∑
m≡a mod 4tf2

Θ∞,H,α,+(m,n, tf2) = 1
4tf2

∑
ξ∈Z

Θ̂∞,H,α,+

(
ξ

4tf2
, n, tf2

)
e
(

aξ
4tf2

)
Where,

Θ̂∞,H,α,+

(
ξ

4tf2
, n, tf2

)
=

∫
R

Θ∞,H,α,+(x, n, tf2)e
(
−xξ
4tf2

)
dx

=

∫
|x|>2

√
n

1√
x2−4n

θ∞

(
x

2
√
n

)
H+

(
tf2

(x2−4n)1−α

)
e
(
−xξ
4tf2

)
dx

=

∫
|x|>1

1√
x2−1

θ∞ (x)H+

(
tf2(4n)α−1

(x2−1)1−α

)
e
(
−x
√
nξ

2tf2

)
dx

The lemma follows.



5.3. THE TERMS CORRESPONDING TO ξ = 0 (N > 0) 73

5.2.4 Poisson summation on (5.5′-b)

Lemma 5.2.4.

(5.5′-b) =
√
π

2

∞∑
f=1

1
f

∞∑
t=1

1
t

∑
ξ∈Z

{∫
|x|<1

θ∞(x)√
1−x2H−

(
tf2(4n)α−1

(1−x2)1−α

)
e
(
−x
√
nξ

2tf2

)
dx

}
Klt,f (ξ, n) (5.9)

Where,

Klt,f (ξ, n) :=
∑

a mod 4tf2

a2−4n≡0 mod f2

a2−4n
f2

≡0,1 mod 4

(
(a2−4n)/f2

t

)
e
(

aξ
4tf2

)

Proof. Identical to the proof of Lemma 5.2.3.

5.3 The terms corresponding to ξ = 0 (N > 0)

In this section we will analyze the terms corresponding to ξ = 0 in (5.6), (5.7), (5.8) and (5.9). We
will show that the sum of these terms gives the contribution of the trivial representation plus an
explicit error term (which, in order of of magnitude in a precise sense, is small).

5.3.1 An auxiliary Dirichlet series

In this subsection we will explicitly calculate a Dirichlet series that will occur frequently in the
upcoming analysis of the dominant term. Let D(z;n) be defined by,

D(z;n) :=
∞∑
f=1

1
f2z+1

∞∑
t=1

Klt,f (0,n)

tz+1 (5.10)

Lemma 5.3.1.

D(z;n) =
∏
p

Dp(z;n)

Where for each prime p Dp(z;n) is defined by

Dp(z;n) :=

∞∑
k=0

1
pk(2z+1)

∞∑
l=0

Kl
pl,pk

(0,n)

pl(z+1)

Proof. Chinese remainder theorem.

Lemma 5.3.2. Let p - 2n be an odd prime. Then,

Dp(z;n) =

(
1− 1

pz+1

)
(

1− 1
p2z

)

Proof. In order to compute Dp(z;n) we need to compute Klpl,pk(0, n) for various values of k, l.
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• l = k = 0.

In this case the Kl1,1(0, n) is obviously 1.

• l > 0, k = 0.

Klpl,1(0, n) =
∑

a mod pl

(
a2−4n
pl

)
=

∑
a0 mod p

(
a20−4n

pl

) ∑
a1 mod pl−1

1

= pl−1
∑

a0 mod p

(
a20−4n

pl

)
(i)

This last sum depends on the parity of l.

– l ≡ 0 mod 2.

In this case

(i) = pl−1
∑

a0 mod p
a20 6=4n

1

= pl − pl−1
(

1 +
(
n
p

))
(ii)

– l ≡ 1 mod 2.

In this case

(i) = −pl−1 (iii)

Where we used Lemma 2 of Appendix A of [18].

• l = 0, k > 0.

Since p 6= 2,

Kl1,pk(0, n) =
∑

a mod p2k

a2≡4n mod p2k

1

= 1 +
(
n
p

)
(iv)

• l, k > 0. First of all the sum is clearly 0 unless n is a square modp. If n is a square modp,
since p 6= 2, then there are two exactly square-roots of 4n modulo p2k. Let us denote them by
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n1, n2. Then,

Klpl,pk(0, n) =
∑

a mod pl+2k

a2≡4n mod p2k

(
(a2−4n)/p2k

pl

)

= pl−1
∑

a0 mod p1+2k

a20≡4n mod p2k

(
(a20−4n)/p2k

pl

)

= pl−1
∑

a0 mod p1+2k

a0≡nj mod p2k

(
(a20−4n)/p2k

pl

)

= pl−1
∑

a2 mod p
j=1,2

(
a2nj
pl

)

= pl−1

{
0 if l ≡ 1 mod 2

(p− 1)
(

1 +
(
n
p

))
if l ≡ 0 mod 2

(v)

We can now compute Dp(z;n).

Dp(z;n) =

∞∑
k=0

1
pk(2z+1)

∞∑
l=0

Kl
pl,pk

(0,n)

pl(z+1)

= 1 +

∞∑
l=1

Kl
pl,1

(0,n)

pl(z+1) +

∞∑
k=1

Kl
1,pk

(0,n)

pk(2z+1) +

∞∑
k=1

1
pk(2z+1)

∞∑
l=1

Kl
pl,pk

(0,n)

pl(z+1)

Using (i) to (v), we then get:

Dp(z;n) = 1 +

∞∑
l=1

Kl
pl,1

(0,n)

pl(z+1) +

∞∑
k=1

Kl
1,pk

(0,n)

pk(2z+1) +

∞∑
k=1

1
pk(2z+1)

∞∑
l=1

Kl
pl,pk

(0,n)

pl(z+1)

= 1 +
∞∑
l=1

Kl
p2l,1

(0,n)

p2l(z+1) +
∞∑
l=0

Kl
p2l+1,1

(0,n)

p(2l+1)(z+1) +
∞∑
k=1

Kl
1,pk

(0,n)

pk(2z+1) +
∞∑
k=1

1
pk(2z+1)

∞∑
l=1

Kl
p2l,pk

(0,n)

p2l(z+1)

= 1 +
(

1− 1
p

(
1 +

(
n
p

))) ∞∑
l=1

p2l

p2l(z+1) − 1
p

∞∑
l=0

p2l+1

p(2l+1)(z+1) +
(

1 +
(
n
p

)) ∞∑
k=1

1
pk(2z+1)

+
(

1− 1
p

)(
1 +

(
n
p

)) ∞∑
k=1

1
pk(2z+1)

∞∑
l=1

p2l

p2l(z+1)

= 1 +
(

1− 1
p

(
1 +

(
n
p

))) ∞∑
l=1

1
p2lz
− 1

p

∞∑
l=0

1
p(2l+1)z +

(
1 +

(
n
p

)) ∞∑
k=1

1
pk(2z+1)

+
(

1− 1
p

)(
1 +

(
n
p

)) ∞∑
k=1

1
pk(2z+1)

∞∑
l=1

1
p2lz

=
1− 1

pz+1

1− 1
p2z

+
(

1 +
(
n
p

)) ∞∑
k=1

1
pk(2z+1)

∞∑
l=0

1
p2lz
− 1

p

(
1 +

(
n
p

)) ∞∑
k=0

1
pk(2z+1)

∞∑
l=1

1
p2lz

=
1− 1

pz+1

1− 1
p2z
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Lemma 5.3.3. Let p | n be an odd prime, and let vp(n) denote the p-adic valuation of n. Then,

Dp(z;n) =

(
1− 1

pz(vp(n)+1)

)(
1− 1

pz+1

)
(

1− 1
p2z

)(
1− 1

pz

)

Proof. The computation depends on the parity of the p-adic valuation of n. Let r = vp(n) through-
out the proof. As in the proof of Lemma 5.3.2 we need to compute the values of Klpl,pk(0, n)
first.

• r ≡ 1 mod 2. We divide the computation into cases depending on the values of l and k.

– l = k = 0.

In this case Klpl,pk(0, n) is obviously 1.

– l > 0, k = 0.

Since p | n,

Klpl,1(0, n) =
∑

a mod pl

(
a2−4n
pl

)
=

∑
a mod pl

(
a2

pl

)
= pl − pl−1 (i)

– 2k > r.

In this case we use the assumption that r ≡ 1 mod 2 and that p 6= 2. Note that in this
case the sum runs over a mod p2k such that a2 ≡ 4n mod p2k. If a mod p2k is such that

a2 ≡ 4n mod p2k then we need to have a = p
r+1
2 a0 for some a0 mod p2k− r+1

2 . But in this
case a2 = pr+1a2

0 ≡ 0 mod pr+1, therefore we cannot have a2 ≡ 4n mod p2k. Hence in
this case the sum is 0.

– r > 2k > 0, l > 0.

In this case n ≡ 0 mod p2k and hence in order to have a2 ≡ a mod p2k we necessarily
have a ≡ 0 mod pk. Then the sum is,

Klpl,pk(0, n) =
∑

a mod pl+2k

a2≡4n mod p2k

(
(a2−4n)/p2k

pl

)

=
∑

a0 mod pl+k

(
a20
pl

)
(?)

= pk+l − pk+l−1 (ii)

Where in passing to (?) we used the assumption that r ≡ 1 mod 2 so that a/p2k ≡
0 mod p.

– r > 2k > 0, l = 0.

In this case,
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Kl1,pk(0, n) =
∑

a mod p2k

a2≡4n mod p2k

1

= pk (iii)

Using (i), (ii), (iii) and the argument above we see that,

Dp(z;n) = 1 +

∞∑
l=1

Kl
pl,1

(0,n)

pl(z+1) +

∞∑
k=1

Kl
1,pk

(0,n)

pk(2z+1) +

∞∑
k=1

1
pk(2z+1)

∞∑
l=1

Kl
pl,pk

(0,n)

pl(z+1)

= 1 +
(

1− 1
p

) ∞∑
l=1

pl

pl(z+1) +

r−1
2∑

k=1

pk

pk(2z+1) +
(

1− 1
p

) r−1
2∑

k=1

pk

pk(2z+1)

∞∑
l=1

pl

pl(z+1)

=
(

1− 1
p

) r−1
2∑

k=0

1
p2kz

∞∑
l=1

1
plz

+

r−1
2∑

k=0

1
p2kz

=
1− 1

pz+1

1− 1
pz

r−1
2∑

k=0

1
p2kz

=

(
1− 1

pz+1

)(
1− 1

pz(r+1)

)
(

1− 1
pz

)(
1− 1

p2z

)

Which finishes the proof in the case of r ≡ 1 mod 2.

• r ≡ 0 mod 2.

Let r = 2r0. We proceed as before and first compute Klpl,pk(0, n). The computation once
again depends on the values of l and k.

– l = k = 0.

Once again Kl1,1(0, n) = 1.

– l > 0, k = 0.

In this case the result of (i) is still valid.

– r0 ≥ k > 0, l = 0.

In this case (iii) is still valid.

– k > r0, l = 0.

In this case we need to compute,

Kl1,pk(0, n) =
∑

a mod p2k

a2≡4n mod p2k

1
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Let n = p2r0n0. Then the sum vanishes unless
(
n0
p

)
= 1. If this is the case then we have,

Kl1,pk(0, n) =
∑

a mod p2k

a2≡4n mod p2k

1

=
∑

a0 mod p2k−r0

a20≡4n0 mod p2k−2r0

1

= 2pr0

Therefore in this case,

Kl1,pk(0, n) =
(

1 +
(
n0
p

))
pr0 (iv)

– r0 > k > 0, l > 0.

In this case (ii) is still valid.

– k = r0, l > 0.

In this case we have,

Klpl,pk(0, n) =
∑

a mod pl+2k

a2≡4n mod p2k

(
(a2−4n)/p2k

pl

)

=
∑

a0 mod pl+k

(
a20−4n0

pl

)

=

{
−pl+k−1 if l ≡ 1 mod 2

pl+k − pl+k−1
(

1 +
(
n0
p

))
if l ≡ 0 mod 2

Where we used Lemma 2 of Appendix A of [18] in the first line.

– k > r0, l > 0.

In this case we need to compute,

Klpl,pk(0, n) =
∑

a mod pl+2k

a2≡4n mod p2k

(
(a2−4n)/p2k

pl

)

Let n = p2r0n0, where vp(n0) = 0. Then, since p 6= 2, in order to have a2 ≡ 4n mod p2k

we need to have
(
n0
p

)
= 1, i.e. n0 is a square modulo p. This, by Hensel’s lemma, implies

that n0 is a square modulo p2k−2r0+1. Let us assume that this is the case and denote the
square-roots (which there are exactly two since p 6= 2) of n0 modulo p2k−2r0+1 by u1, u2,
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i.e. u2
j ≡ n0 mod p2k−2r0+1. Then Klpl,pk(0, n) can be written as,

Klpl,pk(0, n) =
∑

a mod pl+2k

a2≡4n mod p2k

(
(a2−4n)/p2k

pl

)

= pl−1
∑

a0 mod p1+2k

a20≡4n mod p2k

(
(a20−4n)/p2k

pl

)

= pl−1
∑

a1 mod p1+2k−r0

a21≡4n0 mod p2(k−r0)

(
(a21−4n0)/p2(k−r0)

pl

)

= pl+r0−1
∑
j=1,2

∑
a3 mod p

(
a3uj
pl

)

= pl+r0−12

{
0 if l ≡ 1 mod 2

p− 1 if l ≡ 0 mod 2

We therefore get,

Klpl,pk(0, n) = pl+r0
(

1− 1
p

)(
1 +

(
n0
p

)){0 if l ≡ 1 mod 2

1 if l ≡ 0 mod 2
(v)

We can now compute Dp(z;n). By using (i) to (v) we get,

Dp(z;n) = 1 +

∞∑
l=1

Kl
pl,1

(0,n)

pl(z+1) +

r0∑
k=1

Kl
1,pk

(0,n)

pk(2z+1) +

∞∑
k=r0+1

Kl
1,pk

(0,n)

pk(2z+1)

+

r0−1∑
k=1

1
pk(2z+1)

∞∑
l=1

Kl
pl,pk

(0,n)

pl(z+1) + 1
pr0(2z+1)

∞∑
l=1

Kl
pl,pr0

(0,n)

pl(z+1)

+

∞∑
k=r0+1

1
pk(2z+1)

∞∑
l=1

Kl
pl,pk

(0,n)

pl(z+1)

= 1 +
(

1− 1
p

) ∞∑
l=1

1
plz

+

r0∑
k=1

1
p2kz

+ pr0
(

1 +
(
n0
p

)) ∞∑
k=r0+1

1
pk(2z+1)

+
(

1− 1
p

) r0−1∑
k=1

1
p2kz

∞∑
l=1

1
plz

+ pr0

pr0(2z+1)

(
1− 1

p

(
1 +

(
n0
p

))) ∞∑
l=1

1
p2lz

− pr0−1

pr0(2z+1)

∞∑
l=0

1
p(2l+1)z + pr0

(
1− 1

p

)(
1 +

(
n0
p

)) ∞∑
k=r0+1

1
pk(2z+1)

∞∑
l=1

1
p2lz
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= 1 +
(

1− 1
p

) ∞∑
l=1

1
plz

+

r0∑
k=1

1
p2kz

+
(

1− 1
p

) r0−1∑
k=1

1
p2kz

∞∑
l=1

1
plz

+ pr0

pr0(2z+1)

∞∑
l=1

1
p2lz
− pr0−1

pr0(2z+1)

∞∑
l=0

1
p(2l+1)z

= 1 +
(

1− 1
p

) r0−1∑
k=0

1
p2kz

∞∑
l=1

1
plz

+

r0∑
k=1

1
p2kz

+

(
1
pz
− 1
p

)
p(2r0+1)z

(
1− 1

p2z

)

=

(
1− 1

p2(r0+1)z

)
(

1− 1
p2z

) +

(
1− 1

p

)(
1− 1

p2r0z

)
pz
(

1− 1
p2z

)(
1− 1

pz

) +

(
1
pz
− 1
p

)
p(2r0+1)z

(
1− 1

p2z

)

= 1 +

r0−1∑
k=0

1
p2kz

∞∑
l=1

1
plz

+

r0∑
k=1

1
p2kz
− 1

p

r0−1∑
k=0

1
p2kz

∞∑
l=1

1
plz
− 1

p(2r0+1)z+1
(

1− 1
p2z

)

= 1 +

(
1− 1

p2r0z

)
p2z
(

1− 1
pz

)(
1− 1

p2z

) −
(

1− 1

p(2r0+1)z

)
pz+1

(
1− 1

pz

)(
1− 1

p2z

)

=

(
1− 1

p(2r0+1)z

)(
1− 1

pz+1

)
(

1− 1
pz

)(
1− 1

p2z

)
This finishes the proof of the lemma.

Lemma 5.3.4.

D2(z;n) = 4


(

1− 1
2z+1

)
(

1− 1
22z

) if 2 - n(
1− 1

2z(v2(n)+1)

)(
1− 1

2z+1

)
(

1− 1
22z

)(
1− 1

2z

) if 2 | n

Proof. The proof follows the same lines of the proofs of lemmas 5.3.2 and 5.3.3. The the only
difference is we use properties of the Kronecker symbol modulo 2. We skip the details.

Corollary 5.3.5.

D(z;n) = 4 ζ(2z)
ζ(z+1)

∏
p|n

(
1− 1

pz(vp(n)+1)

)(
1− 1

pz

)−1

Proof. Follows from lemmas 5.3.2, 5.3.3 and 5.3.4.

5.3.2 Analysis of (5.6) for ξ = 0

In this subsection we will analyze the term corresponding to ξ = 0 in (5.6). Let

(5.6)ξ=0 :=
√
n
∞∑
f=1

1
f3

∞∑
t=1

1
t2

{∫
|x|>1

θ∞ (x)F
(
tf2(4n)−α

(x2−1)α

)
dx

}
Klt,f (0, n)
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Lemma 5.3.6.

(5.6)ξ=0 = D(1;n)
√
n

∫
|x|>1

θ∞ (x) dx

+
2
√
nF̃(−1

2 )
ζ( 3

2)

∫
|x|>1

θ∞ (x)
(

(4n)−α

(x2−1)α

) 1
2
dx
∏
p|n

1−p−(vp(n)+1)/2

1−p1/2

+
√
n

∫
|x|>1

θ∞ (x)

[
1

2πi

∫
(−1)

F̃ (u)D(u+ 1;n)
(

(4n)−α

(x2−1)α

)−u
du

]
dx

Proof. By Mellin inversion we have,

F (y) = 1
2πi

∫
(1)
F̃ (u)y−udu

Substituting this into the expression for (5.6)ξ=0 leaves,

√
n
∞∑
f=1

1
f3

∞∑
t=1

1
t2

{∫
|x|>1

θ∞ (x)

[
1

2πi

∫
(1)
F̃ (u)

(
tf2(4n)−α

(x2−1)α

)−u
du

]
dx

}
Klt,f (0, n)

Interchanging the t and f -sums with the integral (everything converges a bsolutely) we have

√
n

∫
|x|>1

θ∞ (x)

 1
2πi

∫
(1)
F̃ (u)


∞∑
f=1

1
f2u+3

∞∑
t=1

Klt,f (0,n)

tu+2

( (4n)−α

(x2−1)α

)−u
du

 dx
=
√
n

∫
|x|>1

θ∞ (x)

[
1

2πi

∫
(1)
F̃ (u)D(u+ 1;n)

(
(4n)−α

(x2−1)α

)−u
du

]
dx (•)

By Corollary 5.3.5 we know that D(u + 1;n) = 4 ζ(2(u+1))
ζ(u+2)

∏
p|n

(
1− 1

p(u+1)(vp(n)+1)

)(
1− 1

p(u+1)

)−1
.

In particular this shows that D(u+ 1;n) is holomorphic for <(u) > −1
2 , has a simple pole at u = −1

2

with residue3 2
ζ( 3

2)

∏
p|n

(
1− 1

p
(vp(n)+1)

2

)(
1− 1

p
1
2

)−1

, and is holomorphic for −1 ≤ <(u) < −1
2 .

Also recall that by Lemma 3.2.2 we know that F̃ (u) is holomorphic everywhere except for a simple
pole at u = 0 with residue 1.

Therefore, shifting the count our of integration in the u-integral to −1
2 < <(u) = σ < 0 only picks

up the pole of F̃ (u) at u = 0 and gives the equality,

(•) = D(1;n)
√
n

∫
|x|>1

θ∞ (x) dx

+
√
n

∫
|x|>1

θ∞ (x)

[
1

2πi

∫
(σ)
F̃ (u)D(u+ 1;n)

(
(4n)−α

(x2−1)α

)−u
du

]
dx

32 is not a typo
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Then moving the σ-contour to −1 < <(u) = σ′ < −1
2 picks up the pole of D(1 + u;n) at u = −1

2
and leaves,

(•) = D(1;n)
√
n

∫
|x|>1

θ∞ (x) dx+
2
√
nF̃(−1

2 )
ζ( 3

2)

∫
|x|>1

θ∞ (x)
(

(4n)−α

(x2−1)α

) 1
2
dx
∏
p|n

1−p−(vp(n)+1)/2

1−p1/2

+
√
n

∫
|x|>1

θ∞ (x)

[
1

2πi

∫
(σ′)

F̃ (u)D(u+ 1;n)
(

(4n)−α

(x2−1)α

)−u
du

]
dx

Finally note that D(u+ 1;n) is holomorphic all the way to <(u) = −1 (D(u+ 1;n) is easily shown
to be 0 at u = −1 (L’Hospital’s rule)), and by moving the σ′-contour to <(u) = −1 we finally get

(•) = D(1;n)
√
n

∫
|x|>1

θ∞ (x) dx+
2
√
nF̃(−1

2 )
ζ( 3

2)

∫
|x|>1

θ∞ (x)
(

(4n)−α

(x2−1)α

) 1
2
dx
∏
p|n

1−p−(vp(n)+1)/2

1−p1/2

+
√
n

∫
|x|>1

θ∞ (x)

[
1

2πi

∫
(−1)

F̃ (u)D(u+ 1;n)
(

(4n)−α

(x2−1)α

)−u
du

]
dx

5.3.3 Analysis of (5.7) for ξ = 0

Let,

(5.7)ξ=0 :=
√
n

∞∑
f=1

1
f3

∞∑
t=1

1
t2

{∫
|x|<1

θ∞ (x)F
(
tf2(4n)−α

(1−x2)α

)
dx

}
Klt,f (0, n)

Lemma 5.3.7.

(5.7)ξ=0 = D(1;n)
√
n

∫
|x|<1

θ∞ (x) dx

+
2
√
nF̃(−1

2 )
ζ( 3

2)

∫
|x|<1

θ∞ (x)
(

(4n)−α

(1−x2)α

) 1
2
dx
∏
p|n

1−p−(vp(n)+1)/2

1−p1/2

+
√
n

∫
|x|<1

θ∞ (x)

[
1

2πi

∫
(−1)

F̃ (u)D(u+ 1;n)
(

(4n)−α

(1−x2)α

)−u
du

]
dx

Proof. Identical to the proof of Lemma 5.3.6.

5.3.4 Analysis of (5.8) for ξ = 0

Let,

(5.8)ξ=0 :=
√
π

2

∞∑
f=1

1
f

∞∑
t=1

1
t

{∫
|x|>1

θ∞(x)√
x2−1

H+

(
tf2(4n)α−1

(x2−1)1−α

)
dx

}
Klt,f (0, n)
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Lemma 5.3.8.

(5.8)ξ=0 =
2
√
nF̃( 1

2)
ζ( 3

2)

∫
|x|>1

θ∞(x)√
x2−1

(
(4n)−α

(x2−1)α

) 1
2
dx
∏
p|n

1−p−(vp(n)+1)/2

1−p1/2 −
∏
p|n(vp(n)+1)

2

∫
|x|>1

θ∞(x)√
x2−1

dx

+
√
π

2

∫
|x|>1

θ∞(x)√
x2−1

[
1

2πi

∫
Cε

Γ(u2 )F̃ (u)

Γ( 1−u
2 )

D(u;n)
(
π(4n)α−1

(x2−1)1−α

)−u
du

]
dx

Where ε > 0 be such that ζ(u+ 1) does not have any zeros for |u| < ε (Such an epsilon exists since
ζ(u+ 1) is non-zero at u = 0 and the zeta function is meropmorphic.),
Cε = {(0, it) | t ∈ (−∞,−ε) ∪ (ε,∞)} ∪ Cε, and Cε denotes the left-half of the circle of radius ε
around 0.

Proof. Recall the definition of H+(x),

H+(x) = 1
2πi

∫
(1)

Γ(u2 )
Γ( 1−u

2 )
(πx)−u F̃ (u)du

Substituting this into (5.8)ξ=0 gives

(5.8)ξ=0 =
√
π

2

∞∑
f=1

1
f

∞∑
t=1

1
t

{∫
|x|>1

θ∞(x)√
x2−1

[
1

2πi

∫
(1)

Γ(u2 )F̃ (u)

Γ( 1−u
2 )

(
πtf2(4n)α−1

(x2−1)1−α

)−u
du

]
dx

}
Klt,f (0, n)

=
√
π

2

∫
|x|>1

θ∞(x)√
x2−1

 1
2πi

∫
(1)

Γ(u2 )F̃ (u)

Γ( 1−u
2 )


∞∑
f=1

1
f2u+1

∞∑
t=1

Klt,f (0,n)

tu+1

( π(4n)α−1

(x2−1)1−α

)−u
du

 dx
=
√
π

2

∫
|x|>1

θ∞(x)√
x2−1

[
1

2πi

∫
(1)

Γ(u2 )F̃ (u)

Γ( 1−u
2 )

D(u;n)
(
π(4n)α−1

(x2−1)1−α

)−u
du

]
dx (•)

Where the interchange of sums and the integral is justified by the absolute convergence for <(u)
large.

Recall that D(u;n) = 4 ζ(2u)
ζ(u+1)

∏
p|n

(
1− 1

pu(vp(n)+1)

)(
1− 1

pu

)−1
. We see that D(u;n) has a simple

pole at u = 1
2 with residue 2

ζ( 3
2)

∏
p|n

(
1− 1

p(vp(n)+1)/2

)(
1− 1

p1/2

)−1
. Hence shifting the contour to

0 < <(u) = σ < 1
2 picks up the pole of D(u;n) at u = 1

2 and gives,

(•) =
2
√
nF̃( 1

2)
ζ( 3

2)

∫
|x|>1

θ∞(x)
(

(4n)−α

(x2−1)α

) 1
2
dx
∏
p|n

1−p−(vp(n)+1)/2

1−p1/2

+
√
π

2

∫
|x|>1

θ∞(x)√
x2−1

[
1

2πi

∫
(σ)

Γ(u2 )F̃ (u)

Γ( 1−u
2 )

D(u;n)
(
π(4n)α−1

(x2−1)1−α

)−u
du

]
dx

Now note the following: Γ
(
u
2

)
has a simple pole at u = 0 (with residue 2),

D(u;n) = u4ζ(2u)
∏
p|n (vp(n) + 1) + O(u2) around u = 0 (by L’Hospital), and finally F̃ (u) has a

simple pole at u = 0 (with residue 1). Therefore we see that the product
Γ(u2 )F̃ (u)

Γ( 1−u
2 )

D(u;n) has a

simple pole at u = 0 with residue
−4
∏
p|n(vp(n)+1)
√
π

.
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By the above paragraph, moving the line of integration to Cε picks up the simple pole of the product
Γ(u2 )F̃ (u)

Γ( 1−u
2 )

D(u;n) with residue
−4
∏
p|n(vp(n)+1)
√
π

. Therefore we have,

(•) =
2
√
nF̃( 1

2)
ζ( 3

2)

∫
|x|>1

θ∞(x)
(

(4n)−α

(x2−1)α

) 1
2
dx
∏
p|n

1−p−(vp(n)+1)/2

1−p1/2 − 2
∏
p|n

(vp(n) + 1)

∫
|x|>1

θ∞(x)√
x2−1

dx

+
√
π

2

∫
|x|>1

θ∞(x)√
x2−1

[
1

2πi

∫
Cε

Γ(u2 )F̃ (u)

Γ( 1−u
2 )

D(u;n)
(
π(4n)α−1

(x2−1)1−α

)−u
du

]
dx

The lemma follows.

5.3.5 Analysis of (5.9) for ξ = 0

Let,

(5.9)ξ=0 :=
√
π

2

∞∑
f=1

1
f

∞∑
t=1

1
t

{∫
|x|<1

θ∞(x)√
1−x2H−

(
tf2(4n)α−1

(1−x2)1−α

)
dx

}
Klt,f (0, n)

Lemma 5.3.9.

(5.9)ξ=0 =
2
√
nF̃( 1

2)
ζ( 3

2)

∫
|x|<1

θ∞(x)
(

(4n)−α

(1−x2)α

) 1
2
dx
∏
p|n

1−p−(vp(n)+1)/2

1−p1/2

+
√
π

2

∫
|x|<1

θ∞(x)√
1−x2

[
1

2πi

∫
Cε

Γ( 1+u
2 )F̃ (u)

Γ( 2−u
2 )

D(u;n)
(
π(4n)α−1

(1−x2)1−α

)−u
du

]
dx

Where ε > 0 be such that ζ(u+ 1) does not have any zeros for |u| < ε (Such an epsilon exists since
ζ(u+ 1) is non-zero at u = 0 and the zeta function is meropmorphic.),
Cε = {(0, it) | t ∈ (−∞,−ε) ∪ (ε,∞)} ∪ Cε, and Cε denotes the left-half of the circle of radius ε
around 0.

Proof. The proof goes exactly as in the proof of Lemma 5.3.8. We shift the contour picking up the

pole of D(u;n) at u = 1
2 . The only difference is that this time the Γ-quotient,

Γ( 1+u
2 )

Γ( 2−u
2 )

is holomorphic

at u = 0 therefore we do not pick up the second term in the first line of Lemma 5.3.8.

5.4 N < 0.

We essentially just change n to −n and everything in the previous sections go through without a
change. We just note that when N < 0, we necessarily have m2 − 4N = m2 + 4n > 0, hence we do
not have to break the summation range for m into two cases as in the equations (5.4′-a) to (5.5′-b).
Let us start by the analogue of Lemma 5.1.1.
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Lemma 5.4.1. For any A > 0 we have

(5.1)N<0 = 2
∑
m∈Z

m2+4n6=�

θ−∞

(
m

2
√
n

)


∑
f2|(m2+4n)

m2+4n

f2
≡0,1 mod 4

1
f

∞∑
t=1

1
t

(
(m2+4n)/f2

t

)
F
(
tf2

A

)
(5.11)

+
∑

f2|(m2+4n)
m2+4n

f2
≡0,1 mod 4

(
πf2

m2+4n

)1
2
∞∑
t=1

(
(m2+4n)/f2

t

)
H+

(
tf2A
m2+4n

)

(5.12)

Where,

H+ (x) := 1
2πi

∫
(1)

Γ(u2 )
Γ( 1−u

2 )
(πx)−u F̃ (u)du

Proof. Follows from Corollary 3.2.4.

Next we add and subtract the split elements.

(5.1)N<0 =2
∑
m∈Z

θ−∞

(
m

2
√
n

)


∑
f2|(m2+4n)

m2+4n

f2
≡0,1 mod 4

1
f

∞∑
t=1

1
t

(
(m2+4n)/f2

t

)
F
(
tf2

A

)
(5.11′)

+
∑

f2|(m2+4n)
m2+4n

f2
≡0,1 mod 4

(
πf2

m2+4n

)1
2
∞∑
t=1

(
(m2+4n)/f2

t

)
H+

(
tf2A
m2+4n

)


(5.12′)

− 2
∑
m∈Z

m2+4n=�

θ−∞

(
m

2
√
n

)


∑
f2|(m2+4n)

m2+4n

f2
≡0,1 mod 4

1
f

∞∑
t=1

1
t

(
(m2+4n)/f2

t

)
F
(
tf2

A

)
(† † †)

+
∑

f2|(m2+4n)
m2−4n

f2
≡0,1 mod 4

(
πf2

m2+4n

)1
2
∞∑
t=1

(
(m2+4n)/f2

t

)
H+

(
tf2A
m2+4n

)


(† † ††)

Once again, we will leave (††) and († † ††) to be handled later.
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As in equations (5.4) and (5.5) we interchange the f -sum with the m-sum, rewrite (5.11′) and
(5.12′), and choose A = (m2 + 4n)α. This results in,

(5.11′) = 2
∞∑
f=1

∑
m∈Z

f2|(m2+4n)
m2+4n

f2
≡0,1 mod 4

θ−∞

(
m

2
√
n

)
1
f

∞∑
t=1

1
t

(
(m2+4n)/f2

t

)
F
(

tf2

(m2+4n)α

)
(5.13)

(5.12′) = 2
√
π
∞∑
f=1

f
∑
m∈Z

f2|(m2+4n)
m2+4n

f2
≡0,1 mod 4

θ−∞

(
m

2
√
n

)
1√

m2+4n

∞∑
t=1

(
(m2+4n)/f2

t

)
H+

(
tf2

m2+4n1−α

)
(5.14)

We note that since m2 + 4n do not need to go through the definitions of Θ∞,F,α,+ or Θ∞,H,α,+ since
m2 + 4n is always positive.

Next step are the truncations in Proposition 5.1.2. The analogue of Corollary 5.1.3 is:
Corollary 5.4.2. For any δ0 > 0 we have,

(5.13) = 2
∑

f<n
α+δ0

2

∑
m∈Z

f2|(m2+4n)
m2+4n

f2
≡0,1 mod 4

1
f

∑
t<nα+δ1

f2

1
t

(
(m2+4n)/f2

t

)
θ−∞

(
m

2
√
n

)
F
(

tf2

(m2+4n)α

)

+Oθ−∞(
√
n log2(n)e−n

2δ0
+
√
n log(n)e−n

δ1
)

(5.14) = 2
√
π

∑
f<n

1−α+δ0
2

f
∑
m∈Z

f2|(m2+4n)
m2+4n

f2
≡0,1 mod 4

∑
t<n1−α+δ1

f2

(
(m2+4n)/f2

t

) θ−∞

(
m

2
√
n

)
√
m2+4n

H+

(
tf2

(m2+4n)1−α

)

+Oθ−∞(n1−α log2(n)e−
nδ0
2 + n1−α log(n)e

−n
δ1
2

2 )

Next is the application of Poisson summation. The following lemma is the analogue of lemmas 5.2.1
and 5.2.3.
Lemma 5.4.3.

(5.13) =
√
n
∞∑
f=1

1
f3

∞∑
t=1

1
t2

∑
ξ∈Z

{∫
R
θ−∞ (x)F

(
tf2(4n)−α

(x2+1)α

)
e
(
−xξ
√
n

2tf2

)
dx

}
Klt,f (ξ,−n) (5.15)

(5.14) =
√
π

2

∞∑
f=1

1
f

∞∑
t=1

1
t

∑
ξ∈Z

{∫
R

θ−∞(x)√
x2+1

H+

(
tf2(4n)α−1

(x2+1)1−α

)
e
(
−x
√
nξ

2tf2

)
dx

}
Klt,f (ξ,−n) (5.16)

Where,

Klt,f (ξ, n) :=
∑

a mod 4tf2

a2−4n≡0 mod f2

a2−4n
f2

≡0,1 mod 4

(
(a2−4n)/f2

t

)
e
(

aξ
4tf2

)
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We are only left with analyzing the terms corresponding to ξ = 0 in (5.15) and (5.16). For that we
simply note that the Dirichlet series D(z;n) does not depend on the sign of n, therefore D(z;n) =
D(z;−n).

The analogue of Lemma 5.3.6 is
Lemma 5.4.4.

(5.15)ξ=0 = D(1;n)
√
n

∫
R
θ−∞ (x) dx

+
2
√
nF̃(−1

2 )
ζ( 3

2)

∫
R
θ−∞ (x)

(
(4n)−α

(x2+1)α

) 1
2
dx
∏
p|n

1−p−(vp(n)+1)/2

1−p1/2

+
√
n

∫
|x|>1

θ−∞ (x)

[
1

2πi

∫
(−1)

F̃ (u)D(u+ 1;n)
(

(4n)−α

(x2+1)α

)−u
du

]
dx

The analogue of Lemma 5.3.8 is
Lemma 5.4.5.

(5.16)ξ=0 =
2
√
nF̃( 1

2)
ζ( 3

2)

∫
R

θ−∞(x)√
x2+1

(
(4n)−α

(x2+1)α

) 1
2
dx
∏
p|n

1−p−(vp(n)+1)/2

1−p1/2 − 2
∏
p|n

(vp(n) + 1)

∫
R

θ−∞(x)√
x2+1

dx

+
√
π

2

∫
R

θ−∞(x)√
x2+1

[
1

2πi

∫
Cε

Γ(u2 )F̃ (u)

Γ( 1−u
2 )

D(u;n)
(
π(4n)α−1

(x2+1)1−α

)−u
du

]
dx

Where ε > 0 be such that ζ(u+ 1) does not have any zeros for |u| < ε (Such an epsilon exists since
ζ(u+ 1) is non-zero at u = 0 and the zeta function is meropmorphic.),
Cε = {(0, it) | t ∈ (−∞,−ε) ∪ (ε,∞)} ∪ Cε, and Cε denotes the left-half of the circle of radius ε
around 0.
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5.5 Identification of the contribution of special representations
and a summary of results so far

In this section we will combine the results of the previous sections, identify the contribution of the
trivial representation to the trace formula, as given in equation (65) of [18], and the contribution
given in equation (32) in [18]4.

We start by rewriting the elliptic part of the trace formula after Poisson summation.
Lemma 5.5.1. For any 0 < α < 1 we have,

(5.1) =
√
n

∞∑
f=1

1
f3

∞∑
t=1

1
t2

∑
ξ∈Z

{∫
|x|>1

θ+
∞ (x)F

(
tf2(4n)−α

(x2−1)α

)
e
(
−xξ
√
n

2tf2

)
dx

}
Klt,f (ξ, n)

+
√
n

∞∑
f=1

1
f3

∞∑
t=1

1
t2

∑
ξ∈Z

{∫
|x|<1

θ+
∞ (x)F

(
tf2(4n)−α

(1−x2)α

)
e
(
−xξ
√
n

2tf2

)
dx

}
Klt,f (ξ, n)

+
√
π

2

∞∑
f=1

1
f

∞∑
t=1

1
t

∑
ξ∈Z

{∫
|x|>1

θ+∞(x)√
x2−1

H+

(
tf2(4n)α−1

(x2−1)1−α

)
e
(
−x
√
nξ

2tf2

)
dx

}
Klt,f (ξ, n)

+
√
π

2

∞∑
f=1

1
f

∞∑
t=1

1
t

∑
ξ∈Z

{∫
|x|<1

θ+∞(x)√
1−x2H−

(
tf2(4n)α−1

(1−x2)1−α

)
e
(
−x
√
nξ

2tf2

)
dx

}
Klt,f (ξ, n)

+ 2

∞∑
f=1

∑
m∈Z

f2|(m2+4n)
m2+4n

f2
≡0,1 mod 4

θ−∞

(
m

2
√
n

)
1
f

∞∑
t=1

1
t

(
(m2+4n)/f2

t

)
F
(

tf2

(m2+4n)α

)

+ 2
√
π
∞∑
f=1

f
∑
m∈Z

f2|(m2+4n)
m2+4n

f2
≡0,1 mod 4

θ−∞

(
m

2
√
n

)
1√

m2+4n

∞∑
t=1

(
(m2+4n)/f2

t

)
H+

(
tf2

m2+4n1−α

)

− ((†) + (††) + († † †) + († † ††))

Proof. Just collected the results of previous sections.

Next, we isolate the contribution of the trivial representation in the sum of the ξ = 0 terms.
Theorem 5.5.2. Let (5.1)±ξ=0 denote the contribution of the ξ = 0 term to the Poisson sum where
± denotes the sign of N in (5.1). Then,

4We note that there is a slight error in equation (65) of the [18]. The integer m in the exponent of p should be
m+ 1.
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(5.1)−ξ=0 + (5.1)+
ξ=0 = tr(1(f))− tr(ξ0(f))

+
√
n

∫
|x|>1

θ+
∞ (x)

[
1

2πi

∫
(−1)

F̃ (u)D(u+ 1;n)
(

(4n)−α

(x2−1)α

)−u
du

]
dx

+
√
n

∫
|x|<1

θ+
∞ (x)

[
1

2πi

∫
(−1)

F̃ (u)D(u+ 1;n)
(

(4n)−α

(1−x2)α

)−u
du

]
dx

+
√
π

2

∫
|x|>1

θ+∞(x)√
x2−1

[
1

2πi

∫
Cε

Γ(u2 )F̃ (u)

Γ( 1−u
2 )

D(u;n)
(
π(4n)α−1

(x2−1)1−α

)−u
du

]
dx

+
√
π

2

∫
|x|<1

θ+∞(x)√
1−x2

[
1

2πi

∫
Cε

Γ( 1+u
2 )F̃ (u)

Γ( 2−u
2 )

D(u;n)
(
π(4n)α−1

(1−x2)1−α

)−u
du

]
dx

+
√
n

∫
|x|>1

θ−∞ (x)

[
1

2πi

∫
(−1)

F̃ (u)D(u+ 1;n)
(

(4n)−α

(x2+1)α

)−u
du

]
dx

+
√
π

2

∫
R

θ−∞(x)√
x2+1

[
1

2πi

∫
Cε

Γ(u2 )F̃ (u)

Γ( 1−u
2 )

D(u;n)
(
π(4n)α−1

(x2+1)1−α

)−u
du

]
dx

Where the notation ξ0 is as in equation (32) of [18].

Proof. By lemmas 5.3.6, 5.3.7, 5.3.8 and 5.3.9 we have,

(5.1)−ξ=0 = D(1;n)
√
n

∫
R
θ∞ (x) dx ((5.1)−ξ=0-a)

+
2
√
nF̃(−1

2 )
ζ( 3

2)

∫
|x|>1

θ∞ (x)
(

(4n)−α

(x2−1)α

) 1
2
dx
∏
p|n

1−p−(vp(n)+1)/2

1−p1/2 ((5.1)−ξ=0-b)

+
2
√
nF̃( 1

2)
ζ( 3

2)

∫
|x|>1

θ∞(x)
(

(4n)−α

(x2−1)α

) 1
2
dx
∏
p|n

1−p−(vp(n)+1)/2

1−p1/2 ((5.1)−ξ=0-c)

+
2
√
nF̃(−1

2 )
ζ( 3

2)

∫
|x|<1

θ∞ (x)
(

(4n)−α

(1−x2)α

) 1
2
dx
∏
p|n

1−p−(vp(n)+1)/2

1−p1/2 ((5.1)−ξ=0-d)

+
2
√
nF̃( 1

2)
ζ( 3

2)

∫
|x|<1

θ∞(x)
(

(4n)−α

(1−x2)α

) 1
2
dx
∏
p|n

1−p−(vp(n)+1)/2

1−p1/2 ((5.1)−ξ=0-e)

− 2
∏
p|n

(vp(n) + 1)

∫
|x|>1

θ∞(x)√
x2−1

dx ((5.1)−ξ=0-f)

+
√
n

∫
|x|>1

θ∞ (x)

[
1

2πi

∫
(−1)

F̃ (u)D(u+ 1;n)
(

(4n)−α

(x2−1)α

)−u
du

]
dx ((5.1)−ξ=0-g)

+
√
n

∫
|x|<1

θ∞ (x)

[
1

2πi

∫
(−1)

F̃ (u)D(u+ 1;n)
(

(4n)−α

(1−x2)α

)−u
du

]
dx ((5.1)−ξ=0-h)

+
√
π

2

∫
|x|>1

θ∞(x)√
x2−1

[
1

2πi

∫
Cε

Γ(u2 )F̃ (u)

Γ( 1−u
2 )

D(u;n)
(
π(4n)α−1

(x2−1)1−α

)−u
du

]
dx ((5.1)−ξ=0-i)

+
√
π

2

∫
|x|<1

θ∞(x)√
1−x2

[
1

2πi

∫
Cε

Γ( 1+u
2 )F̃ (u)

Γ( 2−u
2 )

D(u;n)
(
π(4n)α−1

(1−x2)1−α

)−u
du

]
dx ((5.1)−ξ=0-j)
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On the other hand lemmas 5.4.4 and 5.4.5 gives,

(5.1)+
ξ=0 = D(1;n)

√
n

∫
R
θ−∞ (x) dx ((5.1)+

ξ=0-a)

+
2
√
nF̃(−1

2 )
ζ( 3

2)

∫
R
θ−∞ (x)

(
(4n)−α

(x2−1)α

) 1
2
dx
∏
p|n

1−p−(vp(n)+1)/2

1−p1/2 ((5.1)+
ξ=0-b)

+
2
√
nF̃( 1

2)
ζ( 3

2)

∫
R

θ−∞(x)√
x2+1

(
(4n)−α

(x2+1)α

) 1
2
dx
∏
p|n

1−p−(vp(n)+1)/2

1−p1/2 ((5.1)+
ξ=0-c)

− 2
∏
p|n

(vp(n) + 1)

∫
R

θ−∞(x)√
x2+1

dx ((5.1)+
ξ=0-d)

+
√
n

∫
|x|>1

θ−∞ (x)

[
1

2πi

∫
(−1)

F̃ (u)D(u+ 1;n)
(

(4n)−α

(x2+1)α

)−u
du

]
dx ((5.1)+

ξ=0-e)

+
√
π

2

∫
R

θ−∞(x)√
x2+1

[
1

2πi

∫
Cε

Γ(u2 )F̃ (u)

Γ( 1−u
2 )

D(u;n)
(
π(4n)α−1

(x2+1)1−α

)−u
du

]
dx ((5.1)+

ξ=0-f)

Recall that D(1;n) = 4
1− 1

pvp(n)+1

1− 1
p

, therefore by comparing the formulas for ((5.1)−ξ=0-a)+((5.1)+
ξ=0-a)

with equation5 (65) of [18] we first get:

tr(1(f)) = ((5.1)−ξ=0-a) + ((5.1)+
ξ=0-a) (?)

Then by comparing the sum ((5.1)−ξ=0-f)+((5.1)+
ξ=0-d) with equation (32) of [18] we see that (with

the notation of [18])

− tr(ξ0(f)) = ((5.1)−ξ=0-f) + ((5.1)+
ξ=0-d) (??)

Now recall that by Lemma 3.2.2 we know that F̃ is odd6. Therefore we get

((5.1)−ξ=0-b) + ((5.1)−ξ=0-c) = 0 (•)

((5.1)−ξ=0-d) + ((5.1)−ξ=0-e) = 0 (••)

((5.1)+
ξ=0-b) + ((5.1)+

ξ=0-c) = 0 (• • •)

Finally

Combining (?), (??), (•), (••), (• • •) finishes the proof of the proposition.

We will now show that the extra terms in Theorem 5.5.2 are small, which will be useful in §8.3.
We note that the estimate in Proposition 5.5.3 is very crude and one can actually do better with
slightly more effort (One can for example use the zero-free region of the ζ-function together with
an integration by parts argument.), however since we will only be using this proposition in §8.3 we
do not aim for the best bound. We also note that once we further average the sums in Proposition
5.5.3 over n, then one gets even better bounds (cf. §9.4 and §9.5).

5The integer m of equation (65) of [18] (which should be m+ 1) in our notation is vp(n).
6We note that the oddness of F̃ is completely inessential for the argument. The whole argument is valid for an

arbitrary F̃ . If F̃ is not odd, then we would get −F̃ (−v) in the dual part of the approximate functional equation.
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Proposition 5.5.3. For any κ > 0,

+
√
n

∫
|x|>1

θ+
∞ (x)

[
1

2πi

∫
(−1)

F̃ (u)D(u+ 1;n)
(

(4n)−α

(x2−1)α

)−u
du

]
dx

+
√
n

∫
|x|<1

θ+
∞ (x)

[
1

2πi

∫
(−1)

F̃ (u)D(u+ 1;n)
(

(4n)−α

(1−x2)α

)−u
du

]
dx

+
√
π

2

∫
|x|>1

θ+∞(x)√
x2−1

[
1

2πi

∫
Cε

Γ(u2 )F̃ (u)

Γ( 1−u
2 )

D(u;n)
(
π(4n)α−1

(x2−1)1−α

)−u
du

]
dx

+
√
π

2

∫
|x|<1

θ+∞(x)√
1−x2

[
1

2πi

∫
Cε

Γ( 1+u
2 )F̃ (u)

Γ( 2−u
2 )

D(u;n)
(
π(4n)α−1

(1−x2)1−α

)−u
du

]
dx

+
√
n

∫
|x|>1

θ−∞ (x)

[
1

2πi

∫
(−1)

F̃ (u)D(u+ 1;n)
(

(4n)−α

(x2+1)α

)−u
du

]
dx

+
√
π

2

∫
R

θ−∞(x)√
x2+1

[
1

2πi

∫
Cε

Γ(u2 )F̃ (u)

Γ( 1−u
2 )

D(u;n)
(
π(4n)α−1

(x2+1)1−α

)−u
du

]
dx

= Oθ∞,F,α,ε

(
n

1
2
−α+κ + 1

)

Proof. Observing that for <(u) = 0

D(u;n) = 4 ζ(2u)
ζ(u+1)

∏
p|n

(
1− 1

pu(vp(n)+1)

)(
1− 1

pu

)−1

= 4 ζ(2u)
ζ(u+1)

∑
d|n

1
du

= O(σ0(n))

= Oκ(nκ)

for any κ > 0. The lemma follows.

5.6 Final form of the formula

After applying Poisson summation to the elliptic term we have the following expression for any
δ0, ε, κ > 0:
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+
√
n

∑
f�n

α+δ0
2

1
f3

∑
t

tf2�nα+δ0

1
t2

∑
ξ∈Z\{0}

Klt,f (ξ, n)

{∫
|x|>1

θ+
∞ (x)F

(
tf2(4n)−α

(x2−1)α

)
e
(
−xξ
√
n

2tf2

)
dx+

∫
|x|<1

θ+
∞ (x)F

(
tf2(4n)−α

(1−x2)α

)
e
(
−xξ
√
n

2tf2

)
dx

}
+
√
π

2

∑
f<n

1−α+δ0
2

1
f

∑
t

tf2�n1−α+δ0

1
t

∑
ξ∈Z\{0}

Klt,f (ξ, n)

{∫
|x|>1

θ+∞(x)√
x2−1

H+

(
tf2(4n)α−1

(x2−1)1−α

)
e
(
−x
√
nξ

2tf2

)
dx+

∫
|x|<1

θ+∞(x)√
1−x2H−

(
tf2(4n)α−1

(1−x2)1−α

)
e
(
−x
√
nξ

2tf2

)
dx

}

+
√
n

∑
f<n

α+δ0
2

1
f3

∑
t

tf2�nα+δ0

1
t2

∑
ξ∈Z\{0}

Klt,f (ξ, n)

{∫
R
θ−∞ (x)F

(
tf2(4n)−α

(x2+1)α

)
e
(
−xξ
√
n

2tf2

)
dx

}

+
√
π

2

∑
f<n

1−α+δ0
2

1
f

∑
t

tf2�n1−α+δ0

1
t

∑
ξ∈Z\{0}

Klt,f (ξ, n)

{∫
R

θ−∞(x)√
x2+1

H+

(
tf2(4n)α−1

(x2+1)1−α

)
e
(
−x
√
nξ

2tf2

)
dx

}

+ tr(1(f))− tr(ξ0(f)) +O(n
1
2
−α+κ + 1)



Chapter 6

Analysis of Certain Character Sums

In this chapter we will analyze the character sums Klt,f (ξ, n) and certain relatives of them, denoted

by ω
{1}
t,f (ξ, ν) (see (6.4)), and give bounds on them. The bounds on Klt,f (ξ, ν) we will derive will

essentially be the Weil bound on the Kloosterman sums [30]. The important factor in the bounds
will be the dependence on the t and f -parameters, since those will be summed over later. The

bound on ω
{1}
t,f (ξ, ν) is obtained by explicit computation of the sum.

6.1 Klt,f(ξ, n)

We start by Klt,f (ξ, ν). Note the following twisted multiplicativity of the sums in question which
will allow us to reduce bounding the sums for general tuples (t, f) to prime powers.

Before stating the lemma let us introduce some notation. For any integer a ∈ Z\{0} and any
prime p, let vp(a) denote the p-adic valuation of a as usual. Also, for any two non-zero integer
A,B ∈ Z\{0} let AB denote the B-part of A. i.e.

AB :=
{
C | Z≥0 | p | C ⇒ p | B , gcd

(
A
C , B

)
= 1
}

(?)

Note that with this notation we have pvp(A) = Ap for any prime p.
Lemma 6.1.1. Let t, f ∈ Z>0 and ξ ∈ Z. Then,

Klt,f (ξ, n) =
∏
p

Kltp,fp

((
4tf2

(4tf2)p

)−1

p
ξ, n

)

Where for any a, b ∈ Z such that gcd(a, b) = 1, (a)−1
b denotes the inverse of a mod b.

Proof. By the Chinese remainder theorem we know that the map

(ap1 , ap2 , · · · , apl)
ϕ−→

l∑
j=1

apj
4tf2

(4tf2)pj

(
4tf2

(4tf2)pj

)−1

pj

:= ϕ(ap1 , · · · , apl)

gives an isomorphism of
∏l
j=1 Z/(4tf2)pjZ onto Z/4tf2Z. Furthermore note that ϕ(a1, · · · , al) ≡

apj mod (4tf2)pj Therefore we have,

93
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Klt,f (ξ, n) =
∑

a mod 4tf2

a2−4n≡0 mod f2

a2−4n

f2pj

≡0,1 mod 4

(
(a2−4n)/f2

t

)
e
(

aξ
4tf2

)

=

l∑
j=1

∑
apj mod (4tf2)pj
a2pj−4n≡0 mod f2pj
a2pj
−4n

f2pj

≡0,1 mod 4pj

e
(
ϕ(ap1 ,··· ,apl )ξ

4tf2

) l∏
j=1

(
(ϕ(ap1 ,··· ,apl )

2−4n)/f2

tpj

)

=
l∑

j=1

∑
apj mod (4tf2)pj
a2pj−4n≡0 mod f2pj
a2pj
−4n

f2pj

≡0,1 mod 4pj

e


∑l

j=1 apj
4tf2

(4tf2)pj

(
4tf2

(4tf2)pj

)−1

pj

ξ
4tf2


l∏

j=1

(
(a2pj−4n)/f2pj

tpj

)

=
l∑

j=1

∑
apj mod (4tf2)pj
a2pj−4n≡0 mod f2pj
a2pj
−4n

f2pj

≡0,1 mod 4pj

l∏
j=1

(
(a2pj−4n)/f2pj

tpj

)
e

apj

(
4tf2

(4tf2)pj

)−1

pj

ξ

(4tf2)pj



=

l∏
j=1

∑
apj mod (4tf2)pj
a2pj−4n≡0 mod f2pj
a2pj
−4n

f2pj

≡0,1 mod 4pj

(
(a2pj−4n)/f2pj

tpj

)
e

apj

(
4tf2

(4tf2)pj

)−1

pj

ξ

(4tf2)pj



=
∏
p

Kltp,fp

((
4tf2

(4tf2)p

)−1

p
ξ, n

)

Lemma 6.1.1 reduces bounding Klt,f (ξ, n) to bounding1

Klpk1 ,pk2 (ξ, n) =
∑

a mod pk1+2k2

a2−4n≡0 mod p2k2

a2−4n

p2k2
≡0,1 mod 4

(
(a2−4n)/p2k2

pk1

)
e
(

aξ
pk1+2k2

)

where p is a prime and k1, k2 and k3 are non-negative integers. We start by bounding the sum when
k2 = 0 and p 6= 2.

1By abuse of notation we absorb the factor of
(

4tf2

(4tf2)p

)−1

p
is ξ. Note that this does not change the bounds to

follow since
(

4tf2

(4tf2)p

)−1

p
is relatively prime to p.
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Lemma 6.1.2. Let p 6= 2 be a prime. Then,

Klp,1(ξ, n) =

{
p− 1 if p | ξ and p | 4n
O(
√
p) otherwise

Proof. By definition,

Klp,1(ξ, n) =
∑

a mod p

(
a2−4n
p

)
e
(
aξ
p

)

We divide the proof into two cases according to p | ξ or not.

• gcd(ξ, p) = p.

In this case we have e
(
aξ
p

)
= 1 so the sum reduces to

∑
a mod p

(
a2−4n
p

)
=

{
p− 1 if p | 4n
−1 if p - 4n

• gcd(ξ, p) = 1.

In this case Klp,1(ξ, n) is a Kloosterman sum (see [?] equation (70)). Therefore by the Weil
bound (cf. [30]) we then have

Klp,1(ξ, n) ≤ 2
√
p

The lemma follows.

Corollary 6.1.3.

Klpk1 ,1(ξ, n) =


O(pk1) if vp(ξ) ≥ k1

O(pk1−
1
2 ) if vp(ξ) = k1 − 1

0 if vp(ξ) < k1 − 1

Proof. There are two cases depending on the parity of k1.
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• k1 ≡ 0 mod 2. In this case the sum reduces to

Klpk1,1 =
∑

a mod pk1

(
a2−4n
pk1

)
e
(
aξ
pk1

)
=

∑
a mod pk1

a2−4n6=0 mod p

e
(
aξ
pk1

)

=
∑

a mod p
a20−4n6=0 mod p

e
(
a0ξ
pk1

) ∑
a1 mod pk1−1

e
(

a1ξ
pk1−1

)

=
∑

a0 mod p
a20−4n6=0 mod p

e
(
a0ξ
pk1

){0 if pk1−1 - ξ
pk1−1 if pk1−1 | ξ

=



p−
(

1 +
(

4n
p

))
if pk1 | ξ

0 if pk1 - ξ and
(

4n
p

)
= −1

−1 if pk1 - ξ and p | 4n
−2 cos

(
4πξ
√
n

pk1

)
if pk1 - ξ and

(
4n
p

)
= 1


{

0 if pk1−1 - ξ
pk1−1 if pk1−1 | ξ

}

= pk1−1



0 if vp(ξ) < k1 − 1

p−
(

1 +
(

4n
p

))
if vp(ξ) ≥ k1

0 if vp(ξ) = k1 − 1 and
(

4n
p

)
= −1

−1 if vp(ξ) = k1 − 1 and p | 4n
−2 cos

(
4πξ
√
n

pk1

)
if vp(ξ) = k1 − 1 and

(
4n
p

)
= 1

(†)

Where
√
n denotes the square root of n modulo p.

• k1 ≡ 1 mod 2. Proceeding as in the previous case we get

Klpk1 ,1 =
∑

a mod pk1

(
a2−4n
pk1

)
e
(
aξ
pk1

)
=

∑
a0 mod p

(
a20−4n
p

)
e
(
a0ξ
pk1

) ∑
a1 mod pk1−1

e
(

a1ξ
pk1−1

)

=
∑

a0 mod p

(
a20−4n
p

)
e
(
a0ξ
pk1

){0 if pk1−1 - ξ
pk1−1 if pk1−1 | ξ

= pk1−1


0 if vp(ξ) < k1 − 1

p− 1 if vp(ξ) ≥ k1 and p | 4n
−1 if vp(ξ) ≥ k1 and p - 4n

(††)

≤ pk1−1
{

2
√
p if vp(ξ) = k1 − 1

Where we used Lemma 6.1.1 to obtain the last inequality.

The lemma now follows from (†) and (††).

Next, we will bound the sum when p 6= 2 and k3 = 0, but k2 6= 0.
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Proposition 6.1.4. Let p 6= 2 be a prime. Then,

Klpk1 ,pk2 =


O
(
pk1+min{k2,

vp(n)

2
}
)

if n ≡ � mod p2k2 and vp(ξ) ≥ k1 + min{k2 +
vp(n)

2 }

O
(
pk1+min{k2+

vp(n)

2
}− 1

2

)
if n ≡ � mod p2k2 and vp(ξ) = k1 + min{k2,

vp(n)
2 } − 1

0 if 4n 6= � mod p2k2 or vp(ξ) < k1 + min{k2,
vp(n)

2 } − 1

Proof. Note that since p ≡ 1 mod 2 the condition that a2−4n
f2
≡ 0, 1 mod 4 is vacuous. We will once

again divide the computations into cases, this time depending on k1 = 0 and k1 > 0.

• k1 = 0.

In this case we have,

Kl1,pk2 (ξ, n) =
∑

a mod p2k2

a2−4n≡0 mod p2k2

e
(

aξ
p2k2

)

The sum is 0 unless n is a square modp2k2 . If n is a square we have two sub-cases depending

on
vp(n)

2 ≥ k2 or not.

–
vp(n)

2 ≥ k2.

In this case a2 ≡ 4n ≡ 0 mod p2k2 which implies (since p 6= 2) a ≡ 0 mod pk2 . Therefore
the sum is,

Kl1,pk2 =
∑

a mod p2k2

a≡0 mod pk2

e
(

aξ
p2k2

)

=
∑

a0 mod pk2

e
(
a0ξ
pk2

)

=

{
0 if vp(ξ) < k2

pk2 if vp(ξ) ≥ k2

(i)

–
vp(n)

2 < k2.

Let vp(n) = 2r (Note that vp(n) is even since otherwise the sum is necessarily 0), and
n0 mod ×p2k2−2r be such that n = n2

0p
2r. Then, a2 ≡ 2n mod p2k2 if and only if a = pra0

for some a0 mod p2k2−r where a2
0 ≡ 4n0 mod p2k2−2r. Finally a2

0 ≡ 4n0 mod p2k−2r if and
only if (note that p 6= 2) a0 = ±2

√
n0 + a1p

2k−2r for some a1 mod pr, where by abuse of
notation we use

√
n0 to denote a square root of n0 modulo p2k2−r. Hence,

Kl1,pk2 =
∑

a0 mod p2k2−r

a20≡4n2
0 mod p2k2−2r

e
(

a0ξ
p2k2−r

)

= 2 cos
(

2
√
nξ

p2k2

) ∑
a1 mod pr

e
(
a1ξ
pr

)

= 2 cos
(

2
√
nξ

p2k2

){0 if n 6= � mod p2k2 or vp(ξ) <
vp(n)

2

p
vp(n)

2 if n ≡ � mod p2k2 and vp(ξ) ≥ vp(n)
2

(ii)

Where we use
√
n to denote the square root of n modulo p2k2 .
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Combining (i) and (ii) gives

Kl1,pk2 (ξ, n) =


0 if n 6= � mod p2k2 or vp(ξ) < min{k2,

vp(n)
2 }

pk2 if n ≡ � mod p2k2 ,
vp(n)

2 ≥ k2 and vp(ξ) ≥ k2

2p
vp(n)

2 cos
(

2
√
nξ

p2k2

)
if n ≡ � mod p2k2 ,

vp(n)
2 < k2 and vp(ξ) ≥ vp(n)

2

Where
√
n denotes a square root of n modulo p2k2 . This in particular implies

Kl1,pk2 (ξ, n) =

0 if 4n 6= � mod p2k2 or vp(ξ) < min{k2,
vp(n)

2 }
O
(
pmin{k2,

vp(n)

2
}
)

if 4n ≡ � mod p2k2 and vp(ξ) ≥ min{k2,
vp(n)

2 }
(6.1)

• k1 > 0.

We once again note that the sum vanishes unless 4n ≡ � mod p2k2 . Assuming this let a =
a0 + a1p

2k2+1. Then,

Klpk1 ,pk2,1(ξ, n) =
∑

a0 mod p2k2+1

a20≡4n mod p2k2

(
(a20−4n)/p2k2

pk1

)
e
(

a0ξ
pk1+2k2

) ∑
a1 mod pk1−1

e
(

a1ξ
pk1−1

)

=
∑

a0 mod p2k2+1

a20≡4n mod p2k2

(
(a20−4n)/p2k2

pk1

)
e
(

a0ξ
pk1+2k2

){0 if vp(ξ) < k1 − 1

pk1−1 if vp(ξ) ≥ k1 − 1
(iii)

Therefore the sum vanishes unless vp(ξ) ≥ k1 − 1. We move on assuming that the sum does
not vanish. Let vp(n) = 2r (Note that vp(n) is even otherwise the sum is 0.) We have two
cases according to r ≥ k2 or r < k2.

–
vp(n)

2 ≥ k2. In this case we need to have a2
0 ≡ 0 mod p2k2 therefore a0 ≡ 0 mod pk2 .

Hence the sum becomes,

pk1−1
∑

a0 mod p2k2+1

a0≡0 mod pk2

(
(a20−4n)/p2k2

pk1

)
e
(

a0ξ
pk1+2k2

)
= pk1−1

∑
a2 mod pk2+1

(
a22−4n/p2k2

pk1

)
e
(

a2ξ
pk1+k2

)

This last sum was computed in the proof of Corollary 6.1.3. Using this we get,

Klpk1 ,pk2 (ξ, n) =

0 if vp(ξ) < k1 + k2 − 1

0 if k1 ≡ 0 mod 2, vp(ξ) = k1 − 1 and
(

4n/p2k2

p

)
= −1

−pk1+k2−1 if k1 ≡ 0 mod 2, vp(ξ) = k1 − 1 and p | 4n/p2k2

−2pk1+k2−1 cos
(

4πξ
√
n

pk1+2k2

)
if k1 ≡ 0 mod 2, vp(ξ) = k1 − 1 and

(
4n/p2k2

p

)
= 1

pk1+k2

1−
1+

(
4n/p2k2

p

)
p

 if k1 ≡ 0 mod 2 and vp(ξ) ≥ k1 + k2

ϕ
(
pk1+k2

)
if k1 ≡ 1 mod 2, vp(ξ) ≥ k1 + k2 and p | 4n/p2k2

−pk1+k2−1 if k1 ≡ 1 mod 2, vp(ξ) ≥ k1 + k2 and p - 4n/p2k2

O
(
pk1+k2− 1

2

)
if k1 ≡ 1 mod 2 and vp(ξ) = k1 + k2 − 1
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Which in particular implies,

Klpk1 ,pk2 (ξ, n) =


O
(
pk1+k2

)
if vp(ξ) ≥ k1 + k2

O
(
pk1+k2− 1

2

)
if vp(ξ) = k1 + k2 − 1

0 if vp(ξ) < k1 + k2 − 1

–
vp(n)

2 < k2.

We are summing over a0 ∈ Z/p2k2+1Z that satisfy a2
0 − 4n ≡ 0 mod p2k2 . Let n = p2rn0.

Then a2
0 ≡ 4n mod p2k2 if and only if a0 = 2pra1 for some a1 ∈ Z/p2k2−r+1Z which

satisfies a2
1 ≡ n0 mod p2k2−2r. Therefore the sum can be written as

∑
a0 mod p2k2+1

a20≡4n mod p2k2

(
(a20−4n)/p2k2

pk1

)
e
(

a0ξ
pk1+2k2

)

=
∑

a1 mod p2k2−r+1

a21≡4n0 mod p2k2−2r

(
(a21−4n0)/p2k2−2r

pk1

)
e
(

a1ξ
pk1+2k2−r

)

Let a1 = a2 + a3p
2k2−2r+1, where a2 ∈ Z/p2k2−2r+1Z and a3 ∈ Z/prZ. Substituting this

into the sum we get,

∑
a1 mod p2k2−r+1

a21≡4n0 mod p2k2−2r

(
(a21−4n0)/p2k2−2r

pk1

)
e
(

a1ξ
pk1+2k2−r

)

=
∑

a3 mod pr

a2 mod p2k2−2r+1

a22≡4n0 mod p2k2−2r

(
(a22−4n0)/p2k2−2r

pk1

)
e
(

(a2+a3p2k2−2r+1)ξ

pk1+2k2−r

)

=
∑

a2 mod p2k2−2r+1

a22≡4n0 mod p2k2−2r

(
(a22−4n0)/p2k2−2r

pk1

)
e
(

a2ξ
pk1+2k2−r

) ∑
a3 mod pr

e
(

a3ξ
pk1+r−1

)

=
∑

a2 mod p2k2−2r+1

a22≡4n0 mod p2k2−2r

(
(a22−4n0)/p2k2−2r

pk1

)
e
(

a2ξ
pk1+2k2−r

){0 if vp(ξ) < k1 + r − 1

pr if vp(ξ) ≥ k1 + r − 1
(iv)

The only remaining part is to calculate the character sum above. To do so, note that the
solutions to x2 − 4n+ 0 mod p2k2−2r where x ∈ Z/p2k2−2r+1Z are obtained by ±2

√
n0 +

a4p
2k2−2r, where by abuse of notation we denote2 a solution to x2−4n0 ≡ 0 mod p2k2−2r+1

2To keep uniformity, one can pick a p-adic solution (which exists by Hensel’s lemma) at once and consider its
reductions. Note that the sum is independent of all the choices that are made.
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by
√
n0, and a4 ∈ Z/pZ. Therefore we have,∑

a2 mod p2k2−2r+1

a22≡4n0 mod p2k2−2r

(
(a22−4n0)/p2k2−2r

pk1

)
e
(

a2ξ
pk1+2k2−r

)

=
∑

a4 mod p
±

(
±4
√
n0a4

pk1

)
e
(
±2
√
nξ

pk1+2k2

)
e
(

a4ξ
pk1+r

)

=



2(p− 1) cos
(

2
√
nξ

pk1+2k2

)
if k1 ≡ 0 mod 2 and vp(ξ) ≥ k1 + r

−2 cos
(

2
√
nξ

pk1+2k2

)
if k1 ≡ 0 mod 2 and vp(ξ) = k1 + r − 1

0 if k1 ≡ 1 mod 2 and vp(ξ) ≥ k1 + r

Gp

((√
n0ξ/ξp
p

)
e

(
2
√
nξ

pk1+2k2

))
+Gp

((−√n0ξ/ξp
p

)
e

(
−2
√
nξ

pk1+2k2

)) if k1 ≡ 1 mod 2 and vp(ξ) = k1 + r − 1

Where Gp denotes the Gauss sum modulo p, so in particular |Gp| =
√
p.

Combining this last calculation with (iii) and (iv) gives

Klpk1 ,pk2 =


O
(
pk1+

vp(n)

2

)
if n ≡ � mod p2k2 and vp(ξ) ≥ k1 +

vp(n)
2

O
(
pk1+

vp(n)

2
− 1

2

)
if n ≡ � mod p2k2 and vp(ξ) = k1 +

vp(n)
2 − 1

0 if 4n 6= � mod p2k2 or vp(ξ) < k1 +
vp(n)

2 − 1

Combining the result for the cases
vp(n)

2 ≥ k2 and
vp(n)

2 < k2 then gives the following bounds
when k1 > 0.

Klpk1 ,pk2 =
O
(
pk1+min{k2,

vp(n)

2
}
)

if n ≡ � mod p2k2 and vp(ξ) ≥ k1 + min{k2 +
vp(n)

2 }

O
(
pk1+min{k2+

vp(n)

2
}− 1

2

)
if n ≡ � mod p2k2 and vp(ξ) = k1 + min{k2,

vp(n)
2 } − 1

0 if 4n 6= � mod p2k2 or vp(ξ) < k1 + min{k2,
vp(n)

2 } − 1

(6.2)

Finally combining (6.1) and (6.2) finishes the proof of the proposition.

The same bound essentially holds for the prime p = 2. We state this as the next proposition.
Proposition 6.1.5.

Kl2k1 ,2k2 =


O
(

2k1+min{k2, v2(n)2
}
)

if n ≡ � mod 22k2 and v2(ξ) ≥ k! + min{k2 + v2(n)
2 }

O
(

2k1+min{k2+
v2(n)

2
}− 1

2

)
if n ≡ � mod 22k2 and v2(ξ) = k1 + min{k2,

v2(n)
2 } − 1

0 if 4n 6= � mod 22k2 or v2(ξ) < k1 + min{k2,
v2(n)

2 } − 1

Proof. o

Combining propositions 6.1.4 and 6.1.5 then gives,
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Corollary 6.1.6. For any prime p we have the following bound,

Klpk1 ,pk2 =


O
(
pk1+min{k2,

vp(n)

2
}
)

if n ≡ � mod p2k2 and vp(ξ) ≥ k1 + min{k2 +
vp(n)

2 }

O
(
pk1+min{k2+

vp(n)

2
}− 1

2

)
if n ≡ � mod p2k2 and vp(ξ) = k1 + min{k2,

vp(n)
2 } − 1

0 if 4n 6= � mod p2k2 or vp(ξ) < k1 + min{k2,
vp(n)

2 } − 1

Proof. Obvious.

By using Lemma 6.1.1 and corollaries 6.1.3 and 6.1.6 we get the following bound.
Corollary 6.1.7. Let ξ, t, f, n ∈ Z. For a non-zero integer A let rad(A) =

∏
p|A p be the radical of

A and A� denote the greatest square divisor of A. Then,

Klt,f (ξ, n) =


0 if 4n 6= � mod f2 or

t gcd(f,
√
n�)

rad(t) - ξ

O

(
t gcd(f,

√
n�)√

rad(t/ gcd(t,ξ))

)
if 4n ≡ � mod f2 and

t gcd(f,
√
n�)

rad(t) | ξ

This corollary finishes the treatment of Klt,f (ξ, n).

6.2 ω
{1}
t,f (ξ, ν)

We begin by defining in general for each k ∈ Z≥1,

ω
{k}
t,f (ξ, ν) :=

∑
b mod 4tf2

Klt,f,N (ξ, bk)e
(

bν
4tf2

)
(6.3)

=
∑

a,b mod 4tf2

a2−4bk≡0 mod f2

a2−4bk

f2
≡0,1 mod 4

(
(a2−4bk)/f2

t

)
e
(

aξ
4tf2

)
e
(

bν
4tf2

)
(6.4)

Lemma 6.2.1.

ω
{k}
t,f (ξ, ν) =

∏
p

ω
{k}
pvp(t),pvp(f)

((
4tf2

(4tf2)p

)−1
ξ,
(

4tf2

(4tf2)p

)−1
ν

)

Proof. Follows from the Chinese Remainder Theorem as in Lemma 6.1.1.

These character sums will be important for applications beyond endoscopy for the symmetric k’th
power representation. Since the only case of interest for this thesis is k = 1, below we fix k = 1 and

give a detailed analysis of ω
{1}
t,f (ξ, ν) that will be used in Chapter 8. We would like to note that for

k = 1, 2 the exact values of ω
{k}
pr,ps,N (ξ, ν) can be explicitly calculated and this plays a crucial role in

the determination of the limits that we consider. In general, we do not expect an answer as explicit
as the cases for k = 1, 2.
Lemma 6.2.2. Let p - 2ν. Then

ω
{1}
pr,ps(ξ, ν) =

{
0 if r > 1

pr+se
(
−ξ2ν̄
pr+2s

)
if r ≤ 1
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Proof. For the proof let εp denote the sign of the Gauss sum modulo p, and recall that ε2p =
(
−1
p

)
.

• r = s = 0. Then the sum is trivially 1.

• r > 0, s = 0. Then,

ω
{1}
pr,1,1(ξ, ν) =

∑
a,b mod pr

(
a2−4b
pr

)
e
(
aξ
pr

)
e
(
bν
pr

)
=

∑
a0,b0 mod p

(
a20−4b0
pr

)
e
(
a0ξ
pr

)
e
(
b0ν
pr

) ∑
a1,b1 mod pr−1

e
(
a1ξ
pr−1

)
e
(
b1ν
pr−1

)

Not that the inner sum vanishes unless pr−1 | ξ and pr−1 | ν. Since by the assumption
gcd(p, ν) = 1, this means that the sum vanishes unless r = 1. For r = 1, we have

ω
{1}
p,1 (ξ, ν) =

∑
a,b mod p

(
a2−4b
p

)
e
(
aξ
p

)
e
(
bν
p

)
=

∑
a mod p

e
(

2aξ+a2ν
p

) ∑
b mod p

(
−b
p

)
e
(
bν
p

)
= pe

(
−ξ2ν̄
p

)
• r = 0, s > 0. Then,

ω
{1}
1,ps(ξ, ν) =

∑
a,b mod p2s

a2≡4b mod p2s

e
(
aξ
p2s

)
e
(
bν
p2s

)

=
∑

a mod p2s

e
(

2aξ+a2ν
p2s

)
= pse

(
−ξ2ν̄
p2s

)

• r > 0, s > 0. Then, as in the case of ω
{1}
pr,1(ξ, ν), the sum vanishes unless r = 1. For r = 1 we

get,

ω
{1}
p,ps(ξ, ν) =

∑
a,b mod p1+2s

a2≡b mod p2s

(
(a2−4b)/p2s

p

)
e
(

aξ
p1+2s

)
e
(

bν
p1+2s

)

=
∑

a mod p1+2s

e
(

aξ
p1+2s

) ∑
b mod p1+2s

a2≡4b mod p2s

(
(a2−4b)/p2s

p

)
e
(

bν
p1+2s

)

=
∑

a mod p1+2s

e
(

aξ
p1+2s

) ∑
b0 mod p

(
−4b0
p

)
e
(

4̄a2ν
p1+2s

)
e
(
b0ν
p

)
=
√
p
(
−ν
p

)
εp

∑
a mod p1+2s

e
(

2aξ+a2ν
p1+2s

)
= p1+se

(
−ξ2ν̄
p1+2s

)
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Lemma 6.2.3. Let p - 2 and p | ν, p - gcd(ξ, ν). Let ν = pkν0 where p - ν0. Then,

ω
{1}
pr,ps(ξ, ν) =

{
1 if (r, s) = (0, 0)

0 if (r, s) 6= (0, 0)

Proof. • r = s = 0. The sum is trivially 1.

• r > 0, s = 0. Then,

ω
{1}
pr,1(ξ, ν) =

∑
a,b mod pr

(
a2−4b
pr

)
e
(
aξ
pr

)
e
(
bν
pr

)
=

∑
a0,b0 mod p

(
a20−4b0
pr

)
e
(
a0ξ
pr

)
e
(
b0ν
pr

) ∑
a1,b1 mod pr−1

e
(
a1ξ
pr−1

)
e
(
b1ν
pr−1

)
The sum vanishes unless pr−1 | gcd(ξ, ν). Therefore by the assumption we need to have r = 1.
For r = 1 the sum is,

ω
{1}
p,1 (ξ, ν) =

∑
a,b mod p

(
a2−4b
p

)
e
(
aξ
p

)
=

∑
a mod p

e
(
aξ
p

) ∑
b mod p

(
b
p

)
= 0

• r = 0, s > 0. Then,

ω
{1}
1,ps(ξ, ν) =

∑
a,b mod p2s

a2≡4b mod p2s

e
(
aξ
p2s

)
e
(
bν
p2s

)

=
∑

a mod p2s

e
(

2aξ+a2ν
p2s

)
This sum vanishes if k ≥ 2s. If not,

=
∑

a0 mod p2s−k

e
(

2a0ξ+a20ν
p2s

) ∑
a1 mod pk

e
(

2a1ξ
pk

)
= 0

• r > 0, s > 0. Then once again r = 1 otherwise the sum vanishes. If r = 1, then

ω
{1}
p,ps(ξ, ν) =

∑
a,b mod p1+2s

a2≡4b mod p2s

(
(a2−4b)/p2s

p

)
e
(

aξ
p1+2s

)
e
(

bν
p1+2s

)

=
∑

a mod p1+2s

e
(

aξ
p1+2s

) ∑
b mod p1+2s

a2≡4b mod p2s

(
(a2−4b)/p2s

p

)
e
(

bν
p1+2s

)

=
∑

a mod p1+2s

e
(

aξ
p1+2s

)
e
(

4̄a2ν
p1+2s

) ∑
b0 mod p

(
−b0
p

)
e
(
b0ν
p

)
= 0
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Lemma 6.2.4. Let p - 2 and p | gcd(ξ, ν). Let vp(gcd(ξ, ν)) = pk. Then,

• For r = 0,

ω
{1}
1,ps(ξ, ν) =


0 if k < 2s and pk+1 | ν
ps+

k
2 εpk

(
ν0
pk

)
e
(
−ξ20 ν̄0
p2s−k

)
if k < 2s and pk+1 - ν

p2s if k ≥ 2s

• For r > 0,

ω
{1}
pr,ps(ξ, ν) =



0 if k < r − 1

0 if k < r + 2s and pk+1 | ν
−p2(r−1)+s+ 1

2 εp

(
ν0
p

)
e
(
−ξ20 ν̄0
p

)
if k = r − 1, pk+1 - ν and r ≡ 0 mod 2

p2r+s−1e
(
−ξ20 ν̄0
p

)
if k = r − 1, pk+1 - ν and r ≡ 1 mod 2

0 if k ≥ r and r ≡ 1 mod 2

φ(pr+s)p
r+k
2 εk−r

(
ν0
pk−r

)
e
(
−ξ20 ν̄0
pr+2s−k

)
if r ≤ k < r + 2s, pk+1 - ν and r ≡ 0 mod 2

φ(p2(r+s)) if k ≥ r + 2s and r ≡ 0 mod 2

Where ξ
pk

= ξ0 and ν
pk

= ν0

Proof. • r = s = 0. The sum is trivially 1.

• r > 0, s = 0. Then,

ω
{1}
pr,1(ξ, ν) =

∑
a,b mod pr

(
a2−4b
pr

)
e
(
aξ
pr

)
e
(
bν
pr

)
=

∑
a0,b0 mod p

(
a20−4b0
pr

)
e
(
a0ξ
pr

)
e
(
b0ν
pr

) ∑
a1,b1 mod pr−1

e
(
a1ξ
pr−1

)
e
(
b1ν
pr−1

)

This last sum vanishes unless k ≥ r − 1. In which case we get,

p2(r−1)
∑

a0,b0 mod p

(
a20−4b0
pr

)
e
(
a0ξ
pr

)
e
(
b0ν
pr

)
= p2(r−1)

∑
a0 mod p

e
(

2a0ξ+a20ν
pr

) ∑
b0 mod p

(
−b0
pr

)
e
(
b0ν
pr

)

= p2(r−1)



0 if k = r − 1 and pk+1 | ν
−√pεp

(
ν0
p

)
e
(
−ξ20 ν̄0
p

)
if k = r − 1, pk+1 - ν and r ≡ 0 mod 2

pe
(
−ξ20 ν̄0
p

)
if k = r − 1, pk+1 - ν and r ≡ 1 mod 2

φ(p2) if k ≥ r and r ≡ 0 mod 2

0 if k ≥ r and r ≡ 1 mod 2
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• r = 0, s > 0. Then,

ω
{1}
1,ps(ξ, ν) =

∑
a,b mod p2s

a2≡2b mod p2s

e
(
aξ
p2s

)
e
(
bν
p2s

)

=
∑

a mod p2s

e
(

2aξ+a2ν
p2s

)

This sum is p2s if k ≥ 2s. If k < 2s,

∑
a mod p2s

e
(

2aξ+a2ν
p2s

)
= pk

∑
a0 mod p2s−k

e
(

2a0ξ+a20ν
p2s

)

=

{
0 if pk+1 | ν
ps+

k
2 εpk

(
ν0
pk

)
e
(
−ξ20 ν̄0
p2s−k

)
if pk+1 - ν

• r > 0, s > 0. Then once again the sum vanishes unless k ≥ r − 1.

– k = r − 1.

ω
{1}
pr,ps(ξ, ν)

=
∑

a,b mod pr+2s

a2≡4b mod p2s

(
(a2−4b)/p2s

pr

)
e
(

aξ
pr+2s

)
e
(

bν
pr+2s

)

= p2(r−1)
∑

a0,b0 mod p1+2s

a20≡4b0 mod p2s

(
(a20−4b0)/p2s

pr

)
e
(
a0ξ0
p1+2s

)
e
(
b0ν0
p1+2s

)

= p2(r−1)
∑

a0 mod p1+2s

e
(
a0ξ0
p1+2s

) ∑
b0 mod p1+2s

a20≡4b0 mod p2s

(
(a20−4b0)/p2s

pr

)
e
(
b0ν0
p1+2s

)

= p2(r−1)
∑

a0 mod p1+2s

e
(

2a0ξ0+a20ν0
p1+2s

) ∑
b1 mod p

(
−b0
pr

)
e
(
b1ν0
p

)

= p2(r−1)


0 if k = r − 1 and pk+1 | ν
−ps+

1
2 εp

(
ν0
p

)
e
(
−ξ20 ν̄0
p1+2s

)
if k = r − 1, pk+1 - ν and r ≡ 0 mod 2

ps+1e
(
−ξ20 ν̄0
p1+2s

)
if k = r − 1, pk+1 - ν and r ≡ 1 mod 2

– r ≤ k < r + 2s.
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Let ξ
pr−1 = ξ1 and ν

pr−1 = ν1. Then,

ω
{1}
pr,ps(ξ, ν)

=
∑

a,b mod pr+2s

a2≡4b mod p2s

(
(a2−4b)/p2s

pr

)
e
(

aξ
pr+2s

)
e
(

bν
pr+2s

)

= p2(r−1)
∑

a0,b0 mod p1+2s

a20≡4b0 mod p2s

(
(a20−4b0)/p2s

pr

)
e
(
a0ξ1
p1+2s

)
e
(
b0ν1
p1+2s

)

= p2(r−1)
∑

a0 mod p1+2s

e
(
a0ξ1
p1+2s

) ∑
b0 mod p1+2s

a20≡4b0 mod p2s

(
(a20−4b0)/p2s

pr

)
e
(
b0ν1
p1+2s

)

= p2(r−1)
∑

a0 mod p1+2s

e
(

2a0ξ1+a20ν1
p1+2s

) ∑
b1 mod p

(
−b0
pr

)
= pk+r−1

∑
a1 mod pr+2s−k

e
(

2a0ξ0+a20ν0
pr+2s−k

) ∑
b1 mod p

(
−b0
pr

)

=


0 if r ≤ k < r + 2s, pk+1 | ν

and r ≡ 0 mod 2

φ(pr+s)p
r+k
2 εpk−r

(
ν0
pk−r

)
e
(
−ξ20 ν̄0
pr+2s−k

)
if r ≤ k < r + 2s, pk+1 - ν

and r ≡ 0 mod 2

0 if r ≤ k < r + 2s
and r ≡ 1 mod 2

– k ≥ r + 2s.

ω
{1}
pr,ps(ξ, ν) =

∑
a,b mod pr+2s

a2≡4b mod p2s

(
(a2−4b)/p2s

pr

)

= p2(r−1)
∑

a0,b0 mod p1+2s

a20≡4b0 mod p2s

(
(a20−4b0)/p2s

pr

)

= p2(r−1)
∑

a0 mod p1+2s

∑
b0 mod p1+2s

a20≡4b0 mod p2s

(
(a20−4b0)/p2s

pr

)

= p2(r−1)
∑

a0 mod p1+2s

∑
b1 mod p

(
−b0
pr

)

=

{
φ(p2r+2s) if k ≥ 2s+ r and r ≡ 0 mod 2

0 if k ≥ r + 2s and r ≡ 1 mod 2



Chapter 7

Some Auxiliary Estimates

Recall the formula in §5.6 in Cahpter 5 that, for any κ > 0, after applying Poisson summation to
the m-sum we are left with

+
√
n

∑
f<n

α+δ0
2

1
f3

∑
t

tf2�nα+δ0

1
t2

∑
ξ∈Z\{0}

Klt,f (ξ, n)
{
J +
F,α,+

(
tf2

(4n)α ,
ξ
√
n

2tf2

)
+ J +

F,α,−

(
tf2

(4n)α ,
ξ
√
n

2tf2

)}

+
√
π

2

∑
f<n

1−α+δ0
2

1
f

∑
t

tf2�n1−α+δ0

1
t

∑
ξ∈Z\{0}

Klt,f (ξ, n))

{
J 1,+
H,1−α,+

(
tf2

(4n)1−α ,
ξ
√
n

2tf2

)
+ J 1,+

H,1−α,−

(
tf2

(4n)1−α ,
ξ
√
n

2tf2

)}
+
√
n

∑
f<n

α+δ0
2

1
f3

∑
t

tf2�nα+δ0

1
t2

∑
ξ∈Z\{0}

Klt,f (ξ, n)J −F,α
(

tf2

(4n)α ,
ξ
√
n

2tf2

)

+
√
π

2

∑
f<n

1−α+δ0
2

1
f

∑
t

tf2�n1−α+δ0

1
t

∑
ξ∈Z\{0}

Klt,f (ξ, n)J 1,−
H,1−α

(
tf2

(4n)1−α ,
ξ
√
n

2tf2

)

+ tr(1(f))− tr(ξ0(f)) +O(n
1
2
−α+κ + 1)

Where for any C > 0 and η ∈ C,

J +
F,α,+(C, η) =

∫
|x|>1

θ∞ (x)F
(

C
(x2−1)α

)
e (−xη) dx

J +
F,α,−(C, η) =

∫
|x|<1

θ∞ (x)F
(

C
(1−x2)α

)
e (−xη) dx

J 1,+
H,1−α,+(C, η) =

∫
|x|>1

θ∞(x)√
x2−1

H+

(
C

(x2−1)1−α

)
e (−xη) dx

J 1,+
H,1−α,−(C, η) =

∫
|x|<1

θ∞(x)√
1−x2H−

(
C

(1−x2)1−α

)
e (−xη) dx

J −F,α(C, η) =

∫
R
θ∞ (x)F

(
C

(1+x2)α

)
e (−xη) dx

J −H,1−α(C, η) =

∫
R

θ∞(x)√
1+x2

H+

(
C

(1+x2)1−α

)
e (−xη) dx

107
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and,

Klt,f (ξ, n) =
∑

a mod 4tf2

a2−4n≡0 mod f2

a2−4n

f2
≡0,1 mod 4

(
(a2−4n)/f2

t

)
e
(

aξ
4tf2

)

Note that J −F,α and J −H,1−α are both smooth.

In this chapter we will give various estimates on the ξ-sum. In particular we will show that for large
values of ξ the sum is small. We will first bound the character sums by the Weil bound and then by
using the asymptotic expansions derived in Chapter 4 to show that the sum exhibits cancellation
for certain ranges of ξ.

7.1 Asymptotic expansions and bounds on Tα,κ(Φ)

In this section we will derive asymptotic expansions and bounds for the transforms Tα,κ(Φ)(y) where
0 < α < 1, κ ∈ R+ and Φ ∈ S(R). Recall that Tα,κ(Φ)(y) is defined by

Tα,κ(Φ)(y) = 1
2πi

∫ β+i∞

β−i∞
M(Φ)(z)

(
i
πy

)αz
Γ(κ+ αz + 1)dz

Where <(β) > 0. The following proposition will be useful when the size of y is large.
Lemma 7.1.1. For any M > 0 and y 6= 0 we have,

Tα,κ(Φ)(y) = OM,,Φ,α,κ(|y|−M )

Proof. Since Φ ∈ S(R) its Mellin transform is bounded on vertical strips. Therefore shifting the
contour to <(z) = M

α gives the result.

The next proposition describes the asymptotic behavior of Tα,κ(Φ)(y) for small values of y.
Lemma 7.1.2. For any M > 0 and y 6= 0 we have,

Tα,κ(Φ)(y) =

′∑
σ

(
i
πy

)ασ
Γ(κ+ ασ + 1)Resz=σ(M(Φ)(z))

+

′∑
0≤ρ≤M

(−1)ρ

ρ! M(Φ)
(
−1+κ+ρ

α

) (πy
i

)1+κ+ρ

+
∑
τ

(
i
πy

)ατ
Resz=τ (Γ(κ+ αz + 1)M(Φ)(z))

+OM,Φ,α,κ(|y|
M+κ+1

α
+ 1

2 )

Where the first sum is over the poles of M(Φ)(z) that are in the strip −M−κ−1
α − 1

2 ≤ <(z) ≤ 0
and are not poles of of Γ(κ+ αz + 1) (hence the ′ in the summation sign), the second sum is over
non-negative integers 0 ≤ ρ ≤M such thatM(Φ)(z) does not have a pole at −1+κ+ρ

α (this is why we
have the ′ on the summation sign), and the third is over the poles that are common to bothM(Φ)(z)
and Γ(κ+ αz + 1) and are in the strip −M−κ−1

α − 1
2 ≤ <(z) ≤ 0.
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Proof. Shifting the contour to <(z) = −M−κ−1
α − 1

2 picks up the poles ofM(Φ)(z) and the poles of

the Γ-function. Recalling that Γ(x) has simple poles at integers −ρ (for ρ ≥ 0) with residue (−1)ρ

ρ!
gives

Tα,κ(Φ)(y) =

′∑
σ

(
i
πy

)ασ
Γ(κ+ ασ + 1)Resz=σ(M(Φ)(z))

+

′∑
0≤ρ≤M

(−1)ρ

ρ!

(πy
i

)1+κ+ρM(Φ)
(
−1+κ+ρ

α

)
(?)

+
∑
τ

(
i
πy

)ατ
Resz=τ (Γ(κ+ αz + 1)M(Φ)(z))

+ 1
2πi

∫
<(z)=−M−κ−1

α
− 1

2

M(Φ)(z)
(

i
πy

)αz
Γ(κ+ αz + 1)dz

Where the sums are as in the statement of the proposition. Since Φ ∈ S(R) it is bounded on vertical
strips, and we have

1
2πi

∫
<(z)=−M−κ−1

α
− 1

2

M(Φ)(z)
(

i
πy

)αz
Γ(κ+ αz + 1)dz = OM,Φ,α,κ(|y|M+κ+1+α

2 )

Combining this with (?) gives the result.
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7.2 Asymptotic expansions and bounds on
J +
F,α,+(C, η) + J +

F,α,−(C, η) and J 1,+
H,α,+(C, η) + J 1,+

H,α,−(C, η)

Recall that by Theorem 5.5.2 after applying Poisson summation to the ξ-sum we get certain sums
of the functions J +

F,α,+(C, η) +J +
F,α,−(C, η) and J 1,+

H,α,+(C, η) +J 1,+
H,α,−(C, η). In this section we will

give certain estimates and asymptotics on these functions which will be useful respectively for large
and small values of the parameter |C

1
α η|. The results of this section will be simply translations of

the results obtained in Chapter 4 on the analysis of singularities.
Proposition 7.2.1. Fo any M > 0,

J +
F,α,+(C, η) + J +

F,α,−(C, η) = OF,θ∞,α,M (|η|−M−1 + η−1|C
1
α η|−M )

J 1,+
H,α,+(C, η) + J 1,+

H,α,−(C, η) = OF,θ∞,α,M (|η|−M−1 + η−
1
2 |C

1
α η|−M )

Proof. By theorems 4.8.1 and 4.8.2 we know that J +
F,α,+(C, η) + J +

F,α,−(C, η) and J 1,+
H,α,+(C, η) +

J 1,+
H,α,−(C, η) are both bounded by sums ofM+1 terms each of which is bounded by η−1Tα,κ(F )(C

1
α η)

and η−
1
2Tα,κ(F )(C

1
α η) respectively. The proposition now follows from Lemma 7.1.1.

Proposition 7.2.2. There exist constants1 A±,jl,m,s,r,ρ ∈ C, for j = 1, 2, 3, such that, for any M > 0
we have,

J +
F,α,+(C, η) + J +

F,α,−(C, η)

= e(−η)
2M∑

l=l+2 (θ)

2M∑
m=l

2M∑
s=0

2sM∑
r=0

M∑
ρ=0

A+,1
l,m,s,r,ρ((−1)ρ + (−1)m+r)C

1+m+r+s
α (C

1
α η)s+ρ

+ e(η)
2M∑

l=l−2 (θ)

2M∑
m=l

2M∑
s=0

2sM∑
r=0

M∑
ρ=0

A−,1l,m,s,r,ρ((−1)ρ + (−1)m+r)C
1+m+r+s

α (C
1
α η)s+ρ

+ e(−η)

2M∑
l=l+1 (θ)

2M∑
m=l

2M∑
s=0

2sM∑
r=0

A+,2
l,m,s,r,ρ

(
1
η

)m+r+s+ 3
2

+ e(−η)

2M∑
l=l+2 (θ)

2M∑
m=l

2M∑
s=0

2sM∑
r=0

M∑
ρ=0

A+,3
l,m,s,r,ρC

3
2+m+r+s

α (C
1
α η)s+ρ

+ e(η)
2M∑

l=l−1 (θ)

2M∑
m=l

2M∑
s=0

2sM∑
r=0

A−,2l,m,s,r,ρ

(
1
η

)m+r+s+ 3
2

+ e(−η)
2M∑

l=l+2 (θ)

2M∑
m=l

2M∑
s=0

2sM∑
r=0

M∑
ρ=0

A−,3l,m,s,r,ρC
3
2+m+r+s

α (C
1
α η)s+ρ

+OF,θ∞,α,M (η−M + |η|−1|C
1
α η|M+1)

Where,

θ∞(x) = |4− x2|
1
2 θ∞,1(x) + θ∞,2(x)

1The superscripts ± on the constants A±,j indicates the torus, and have nothing to do with the superscripts ± in
J± which indicates the sign of the determinant.
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and l±1,2(θ) is defined by,

θ∞,2(±1 + x) =
∞∑

l=l±2 (θ)

α±l x
l

|1− (±1∓ x)2|
1
2 θ∞,1(±1∓ x) = |1− (±1∓ x)2|

1
2

∞∑
l=l±1 (θ)

β±l x
l

for some coefficients α±l and β±l in C.

Proof. We will be using Theorem 4.8.1. With the notation of Theorem 4.8.1 we have Φ1 = Φ2 = F .
To get the desired result we only need to apply Lemma 7.1.2 to Tα,κ(F )(C

1
α η) fro κ = m+ r + 2s

and κ = m+ r + 2s+ 1
2 .

In order to apply Lemma 7.1.2 we need to locate the poles of M(F )(z).By Lemma 3.2.2 we know
that the only pole of M(F )(z) is at z = 0, which is simple and has residue 1. Therefore Lemma
7.1.2 implies that

Tα,κ(F )(C
1
α η) = κ! +

M∑
ρ=0

(−1)ρ

ρ!

(
πC

1
α η
i

)1+κ+ρ

M(F )
(
−1+κ+ρ

α

)
+OM,F,α,κ(|C

1
α η|M+κ+1α+α

2 )

and

Tα,κ(F )(−C
1
α η) = κ! + (−1)κ+1

M∑
ρ=0

1
ρ!

(
πC

1
α η
i

)1+κ+ρ

M(F )
(
−1+κ+ρ

α

)
+OM,F,α,κ(|C

1
α η|M+κ+1+α

2 ) (◦)

Hence we get,

Tα,κ(F )
(
C

1
α η
)
− Tα,κ(F )

(
−C

1
α η
)

=
M∑
ρ=0

(−1)ρ+(−1)κ

ρ!

(
πC

1
α η
i

)1+κ+ρ

M(F )
(
−1+κ+ρ

α

)
+OM,F,α,κ(|C

1
α η|M+κ+1+α

2 )

In particular this implies,

Tα,m+r+2s(F )
(
C

1
α η
)
− Tα,m+r+2s(F )

(
−C

1
α η
)

=

M∑
ρ=0

(−1)ρ+(−1)m+r

ρ!

(
πC

1
α η
i

)1+m+r+2s+ρ

M(F )
(
−1+m+r+2s+ρ

α

)
+OM,F,α,m,r,s(|C

1
α η|M+m+r+2s+1+α

2 ) (◦◦)

The proposition now follows from combining Theorem 4.8.1 with (◦) and (◦◦).

Proposition 7.2.3. There exist constants2 U j,±m,r,s,σ,H±, V l,±
m,r,s,σ,H±

, for j = 1, 2, 3, l = 1, 2, depend-

2The superscripts ± on the constants U j,± and V l,± indicates the torus, and have nothing to do with the super-
scripts ± in J± which indicates the sign of the determinant.
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ing only on the indicated parameters such that for any M > 0 we have,

J 1,+
H,α,+(C, η) + J 1,+

H,α,−(C, η)

= e(−η)
2M∑

l=l+1 (θ)

2M∑
m=l

2M∑
s=0

2sM∑
r=0

{
U1,+
m,r,s,H−

η−(1+m+r+s) +
M∑
σ=0

U2,+
m,r,s,σ,H−

(Cη1−α)2σ+1η−(m+r+s+1)

+
M∑
ρ=0

U3,+
m,r,s,ρ,H−

C
1+m+r+s

1−α (C
1

1−α η)s+ρ


+ e(η)

2M∑
l=l−1 (θ)

2M∑
m=l

2M∑
s=0

2sM∑
r=0

{
U1,−
m,r,s,H−

η−(1+m+r+s) +
M∑
σ=0

U1,−
m,r,s,σ,H−

(Cη1−α)2σ+1η−(m+r+s+1)

+
M∑
ρ=0

U1,−
m,r,s,ρ,H−

C
1+m+r+s

1−α (C
1

1−α η)s+ρ


+ e(−η)

2M∑
l=l+2 (θ)

2M∑
m=l

2M∑
s=0

2sM∑
r=0

{
η−(m+r+s+ 1

2
)
M∑
σ=0

V 1,+
m,r,s,σ,H−,H+

(Cη1−α)2σ

+C
1
2+m+r+s

1−α

M∑
ρ=0

V 2,+
m,r,s,σ,H−,H+

(C
1

1−α η)s+ρ


+ e(η)

2M∑
l=l−2 (θ)

2M∑
m=l

2M∑
s=0

2sM∑
r=0

{
η−(m+r+s+ 1

2
)
M∑
σ=0

V 1,−
m,r,s,σ,H−,H+

(Cη1−α)2σ

+C
1
2+m+r+s

1−α

M∑
ρ=0

V 2,−
m,r,s,σ,H−,H+

(C
1

1−α η)s+ρ


+OH+,H−,θ∞,M (|η|−M + |η|

−1
2 |C

1
1−α η|M+1)

Proof. We will be using Theorem 4.8.2. With the notation Theorem 4.8.2 we have Φ1 = H− and

Φ2 = H+. Therefore we need to understand T1−α,m+r+2s(H−)(C
1

1−α η) and T1−α,m+r+2s− 1
2
(H±)(C

1
1−α η).

In order to do so we first need to understand the poles of the Mellin transforms M(H±)(z). By
definition H±(z) is given as a Mellin inverse, hence we have

M(H±)(z) = π−z
Γ
(
e±+z

2

)
Γ
(

1+e±−z
2

)M(F )(z)

We also recall that e− = 1 and e+ = 0.

By Lemma 3.2.2 we know that M(F )(z) has a single simple pole at z = 0 with residue 1 and
holomorphic elsewhere. Therefore all the other poles of M(H±)(z) are governed by the poles

of Γ
(
e±+z

2

)
and Γ

(
1+e±−z

2

)
. The function Γ

(
e±+z

2

)
has simple poles at z = −2σ − e± for

non-negative integers σ ∈ Z≥0. On the other hand the Γ-function does not have zeros, so that

Γ
(

1+e±−z
2

)
does not give a pole, and since it does not have a pole at 1 + 2e± + 2σ for σ ∈ Z≥0 it

does not cancel any of the previous poles. Therefore we conclude;

• M(H+)(z) has poles at z = −2σ for σ ∈ Z≥0. All of them except the one at σ = 0 are simple
and the one at σ = 0 is a double pole.
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• M(H−)(z) has poles at z = −2σ − 1 and at z = 0. All of these poles are simple.

Using the above observations we also see that none of the poles of M(H±)(z) are poles of Γ(m +
r + 2s + 1 + (1 − α)z) or Γ(m + r + 2s + 1

2 + (1 − α)z) as long as α 6= 1
2 , and in this case we get

double poles for T1−α,m+r+2s− 1
2
(H−)(C

1
1−α η). Therefore by Lemma 7.1.2 we get

T1−α,m+r+2s(H−)(C
1

1−α η) =
√
π(m+ r + 2s)!

+

M∑
σ=0

(
πC

1
1−α η
i

)(1−α)(2σ+1)

Γ(1 +m+ r + 2s− (1− α)(2σ + 1))Resz=−2σ−1(M(H−)(z))

+
M∑
ρ=0

(−1)ρ

ρ! M(H−)
(
−1+m+r+2s+ρ

1−α

)(
πC

1
1−α η
i

)1+m+r+2s+ρ

+OM,H−,α,κ(|C
1

1−α η|M+m+r+2s+1+ 1−α
2 )

T1−α,m+r+2s− 1
2
(H−)(C

1
1−α η) =

√
π(m+ r + 2s− 1

2)!

+

M∑
σ=0

(
πC

1
1−α η
i

)(1−α)(2σ+1)

Γ(
1

2
+m+ r + 2s− (1− α)(2σ + 1))Resz=−2σ−1(M(H−)(z))

+
M∑
ρ=0

(−1)ρ

ρ! M(H−)
(
−

1
2

+m+r+2s+ρ

1−α

)(
πC

1
1−α η
i

) 1
2

+m+r+2s+ρ

+OM,H−,α,κ(|C
1

1−α η|M+m+r+2s+ 1
2

+ 1−α
2 )

T1−α,m+r+2s− 1
2
(H+)(C

1
α η) =

M∑
σ=0

(
πC

1
1−α η
i

)2(1−α)σ

Γ(
1

2
+m+ r + 2s− 2(1− α)σ)Resz=−2σ(M(H+)(z))

+
M∑
ρ=0

(−1)ρ

ρ! M(H+)
(
−

1
2

+m+r+2s+ρ

1−α

)(
πC

1
1−α η
i

) 1
2

+m+r+2s+ρ

+OM,Φ,α,κ(|C
1

1−α η|M+m+r+2s+ 1
2

+ 1−α
2 )

Combining the coefficients of the σ-sums (including the constatnt
√
π(m+ r+ 2s− 1

2)) finishes the
proof of the lemma.

7.3 Rewriting the sums

In the upcoming sections we will be estimating our sums for certain ranges of the parameters.
However because of the dependence of Klt,f (ξ, n) on various primes dividing n we would like to first
rewrite the sums so that the gcd becomes easily tractable.
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Lemma 7.3.1. For any non-zero integer n ∈ Z let n� denote the largest square divisor of n. Then,∑
f�n

α+δ0
2

1
f3

∑
t�nα+δ0

f2

1
t2

∑
ξ 6=0

Klt,f (ξ, n)
{
JF,α,+

(
tf2α

(4n)α ,
2ξ
√
n

tf2

)
+ JF,α,−

(
tf2α

(4n)α ,
2ξ
√
n

tf2

)}

=
∑
d2n|n

1
d3n

∑
f�n

α+δ0
2

dn
gcd(f, n

d2n
)=1

1
f3

nα+δ0

(fdn)2∑
t0=1

t0:�−free

1
t20

∑
t1� nα+δ0

t0(fdn)2

rad(t1)|t0

1
t21

∑
dt0 |t0

∑
ξ 6=0

gcd(
t0
dt0

,ξ)=1

Klt0t1,fdn(t1dndt0ξ, n)

{
JF,α,+

(
t0t1(fdn)2

(4n)α ,
2dt0ξ

√
n

t0dnf2

)
+ JF,α,−

(
t0t1(fdn)2

(4n)α ,
2dt0ξ

√
n

t0dnf2

)}
Proof. The proof is a straightforward calculation. Starting from the original sum the steps that
lead to the equality are,

=
∑
d2n|n

1
d3n

∑
f�n

α+δ0
2

dn
gcd(f, n

d2n
)=1

1
f3

nα+δ0

(fdn)2∑
t0=1

t0:�−free

1
t20

∑
t1� nα+δ0

t0(fdn)2

rad(t1)|t0

1
t21

∑
ξ 6=0

Klt0t1,fdn(ξ, n)

{
JF,α,+

(
t0t1(fdn)2

(4n)α , 2ξ
√
n

t0t1(fdn)2

)
+ JF,α,−

(
t0t1(fdn)2

(4n)α , 2ξ
√
n

t0t1(fdn)2

)}

=
∑
d2n|n

1
d3n

∑
f�n

α+δ0
2

dn
gcd(f, n

d2n
)=1

1
f3

nα+δ0

(fdn)2∑
t0=1

t0:�−free

1
t20

∑
t1� nα+δ0

t0(fdn)2

rad(t1)|t0

1
t21

∑
ξ 6=0

Klt0t1,fdn(t1dnξ, n)

{
JF,α,+

(
t0t1(fdn)2

(4n)α , 2ξ
√
n

t0dnf2

)
+ JF,α,−

(
t0t1(fdn)2

(4n)α , 2ξ
√
n

t0dnf2

)}

=
∑
d2n|n

1
d3n

∑
f�n

α+δ0
2

dn
gcd(f, n

d2n
)=1

1
f3

nα+δ0

(fdn)2∑
t0=1

t0:�−free

1
t20

∑
t1� nα+δ0

t0(fdn)2

rad(t1)|t0

1
t21

∑
dt0 |t0

∑
ξ 6=0

gcd(t0,ξ)=dt0

Klt0t1,fdn(t1dnξ, n)

{
JF,α,+

(
t0t1(fdn)2

(4n)α , 2ξ
√
n

t0dnf2

)
+ JF,α,−

(
t0t1(fdn)2

(4n)α , 2ξ
√
n

t0dnf2

)}

=
∑
d2n|n

1
d3n

∑
f�n

α+δ0
2

dn
gcd(f, n

d2n
)=1

1
f3

nα+δ0

(fdn)2∑
t0=1

t0:�−free

1
t20

∑
t1� nα+δ0

t0(fdn)2

rad(t1)|t0

1
t21

∑
dt0 |t0

∑
ξ 6=0

gcd(
t0
dt0

,ξ)=1

Klt0t1,fdn(t1dndt0ξ, n)

{
JF,α,+

(
t0t1(fdn)2

(4n)α ,
2dt0ξ

√
n

t0dnf2

)
+ JF,α,−

(
t0t1(fdn)2

(4n)α ,
2dt0ξ

√
n

t0dnf2

)}
Where, in the first line we used the fact that the vacation of n at a place dividing n has to be even
for the sum to not to vanish, therefore the condition that gcd(f, n�

d2n
) = 1 (n� is the largest square

divisor of n) can be written as gcd(f, n
d2n

) = 1. Moreover in passing from the second equality to the

third we used Corollary 6.1.7 which tells us that the sum vanishes unless dnt1 | ξ and in passing to
the last line we used the fact that t1 is square-free.
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Although the formulas look complicated Lemma 7.3.1 is useful because of its explicitness. The
interesting part of the sum is the sum over ξ and t0. Since everything is explicit we will be able
to use Corollary 6.1.7 to bound the inner character sum in terms of the rest of the parameters.
Explicitly, Corollary 6.1.7 gives us

Klt0t1,dnf (t1dndt0ξ, n) = O(dnt1
√
dt0t0) (7.1)

Where the notation is as in Lemma 7.3.1.

7.4 Auxiliary estimates

In this section we will prove several lemmas that will be used in the upcoming sections to prove the
relevant bounds.
Lemma 7.4.1. For any ε > 0, and any integer M ∈ Z>0 we have,

√
n

∑
f�n

α+δ0
2

1
f3

∑
t�nα+δ0

f2

1
t2

∑
ξ
√
n

tf2
�nε

|Klt,f (ξ, n)|
(
ξ
√
n

tf2

)−M−1

= OM,α,δ0,ε

(
n

1
4

n(M+1
2 )ε)

+ n
α+δ0

2

nMε

)
(7.2)

In particular, for any δ̃ > 0 if one can chooses M = max{1, 1
4ε−

1
2 ,

α+δ0
2ε }+ δ̃, then (7.2) is OM (n−δ̃).

Proof. First note that if tf2 � n
1
2
−ε then we automatically have the condition ξ

√
n

tf2
� nε. We will

therefore separate the treatment into two cases depending on tf2 � n
1
2
−ε and tf2 � n

1
2
−ε.

• tf2 � n
1
2
−ε.

By Lemma 7.3.1 we can rewrite (7.2) as

√
n
∑
d2n|n

1
d3n

∑
f�n

α+δ0
2

dn
gcd(f, n

d2n
)=1

1
f3

nα+δ0

(fdn)2∑
t0=1

t0:�−free

1
t20

∑
t1� nα+δ0

t0(fdn)2

rad(t1)|t0
t0t1(dnf)2�n

1
2−ε

1
t21

∑
dt0 |t0

∑
ξ∈Z\{0}

gcd(
t0
dt0

,ξ)=1

|Klt0t1,fdn(t1dndt0ξ, n)|
(
dt0ξ
√
n

t0dnf2

)−M−1

By (7.1) we have |Klt0t1,dnf (t1dndt0ξ, n)| = O(dnt1
√
dt0t0). Substituting this into the equation

gives the following bound

√
n
∑
d2n|n

1
d2n

∑
f�n

α+δ0
2

dn

1
f3

nα+δ0

(fdn)2∑
t0=1

t0:�−free

1

t
3
2
0

∑
t1� nα+δ0

t0(fdn)2

rad(t1)|t0
t0t1(dnf)2�n

1
2−ε

1
t1

∑
dt0 |t0

√
dt0
∑
ξ 6=0

(
dt0ξ
√
n

t0dnf2

)−M−1
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Since tf2 � n
1
2
−ε we bound the ξ-sum trivially and are left with,

1

n
M
2

∑
d2n|n

dM−1
n

∑
f�n

α+δ0
2

dn

f2M−1

nα+δ0

(fdn)2∑
t0=1

t0:�−free

t
M− 1

2
0

∑
t1� nα+δ0

t0(fdn)2

rad(t1)|t0
t0t1(dnf)2�n

1
2−ε

1
t1

∑
dt0 |t0

1

d
M+1

2
t0

= OM,α,ε

(
n

1
4

n(M+1
2 )ε

)
(?)

Note that in the last line we used the fact that α ≥ 1
2 .

• tf2 � n
1
2
−ε.

Again by Lemma 7.3.1 we can rewrite (7.2) as

√
n
∑
d2n|n

1
d3n

∑
f�n

α+δ0
2

dn
gcd(f, n

d2n
)=1

1
f3

nα+δ0

(fdn)2∑
t0=1

t0:�−free

1
t20

∑
t1� nα+δ0

t0(fdn)2

rad(t1)|t0
t0t1(dnf)2�n

1
2−ε

1
t21

∑
dt0 |t0

∑
dt0

ξ
√
n

t0dnf
2�nε

gcd(
t0
dt0

,ξ)=1

|Klt0t1,fdn(t1dndt0ξ, n)|
(
dt0ξ
√
n

t0dnf2

)−M−1

By (7.1) we have |Klt0t1,dnf (t1dndt0ξ, n)| = O(dnt1
√
dt0t0), and also since dnf < n

α+δ0
2 we

necessarily have dn < n
α+δ0

2 . Substituting these in the equation above we get

(7.2) ≤

1

n
M
2

∑
d2n|n

dn<n
α+δ0

2

1
d2n

∑
f�n

α+δ0
2

dn

1
f3

nα+δ0

(fdn)2∑
t0=1

t0:�−free

1

t
3
2
0

∑
t1� nα+δ0

t0(fdn)2

rad(t1)|t0
t0t1(dnf)2�n

1
2−ε

1
t1

∑
dt0 |t0

√
dt0

∑
dt0

ξ
√
n

t0dnf
2�nε

(
t0dnf2

dt0ξ

)M+1

The ξ-sum is bounded trivially if
dt0
√
n

t0dnf2
� nε otherwise it is bounded by

(
dt0n

1
2−ε

t0dnf2

)M
. Then

we get the following bound for (7.2):



7.4. AUXILIARY ESTIMATES 117

(7.2)�

1

n
M
2

∑
d2n|n

dn<n
α+δ0

2

dM−1
n

∑
f�n

α+δ0
2

dn

f2M−1

nα+δ0

(fdn)2∑
t0=1

t0:�−free

t
M− 1

2
0

∑
t1� nα+δ0

t0(fdn)2

rad(t1)|t0
t0t1(dnf)2�n

1
2−ε

1
t1

∑
dt0 |t0

t0dnf
2

dt0
�n

1
2−ε

1

d
M+1

2
t0

+ 1
nMε

∑
d2n|n

dn<n
α+δ0

2

1
dn

∑
f�n

α+δ0
2

dn

1
f

nα+δ0

(fdn)2∑
t0=1

t0:�−free

1

t
1
2
0

∑
t1� nα+δ0

t0(fdn)2

rad(t1)|t0
t0t1(dnf)2�n

1
2−ε

1
t1

∑
dt0 |t0

t0dnf
2

dt0
�n

1
2−ε

1√
dt0

Using the change of variables dt0 7→ t0
dt0

, the above sum can be written as

(7.2)�

1

n
M
2

∑
d2n|n

dn<n
α+δ0

2

dM−1
n

∑
f�n

α+δ0
2

dn

f2M−1

nα+δ0

(fdn)2∑
t0=1

t0:�−free

1
t0

∑
t1� nα+δ0

t0(fdn)2

rad(t1)|t0
t0t1(dnf)2�n

1
2−ε

1
t1

∑
dt0 |t0

dt0dnf
2�n

1
2−ε

d
M+ 1

2
t0

+ 1
nMε

∑
d2n|n

dn<n
α+δ0

2

1
dn

∑
f�n

α+δ0
2

dn

1
f

nα+δ0

(fdn)2∑
t0=1

t0:�−free

1
t0

∑
t1� nα+δ0

t0(fdn)2

rad(t1)|t0
t0t1(dnf)2�n

1
2−ε

1
t1

∑
dt0 |t0

dt0dnf
2�n

1
2−ε

√
dt0

By rearranging the dt0 , t1 and t0 sums the above is bounded by

(7.2)� 1

n
M
2

∑
d2n|n

dn<n
α+δ0

2

dM−1
n

∑
f�n

α+δ0
2

dn

f2M−1
∑

d�nα+δ0

(dnf)2

ddnf2�n
1
2−ε

dM−
1
2

nα+δ0

d(fdn)2∑
t=1

1
t

+ 1
nMε

∑
d2n|n

dn<n
α+δ0

2

1
dn

∑
f�n

α+δ0
2

dn

1
f

∑
d�nα+δ0

(dnf)2

ddnf2�n
1
2−ε

1√
d

nα+δ0

d(fdn)2∑
t=1

1
t

�M,α,δ0,ε
n

1
4

n(M+1
2 )ε)

+ n
α+δ0

2

nMε (??)

Where in the last line we used that α ≥ 1
2 .

The lemma follows from combining (?) and (??)
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Lemma 7.4.2. For any ε > 0, and any integer M ∈ Z>0 we have,

√
n

∑
f�n

α+δ0
2

1
f3

∑
t�nα+δ0

f2

1
t2

∑
ξ� n

1
2+ε

(tf2)
1
α−1

|Klt,f (ξ, n)|
(
ξ
√
n

tf2

)−1
(
ξ(tf2)

1
α−1

√
n

)−M

= OM,α,δ0,ε

(
n

1
2 (α+δ0)

nMε + n

1/2+ε

2( 1
α−1)

nMε

)
(7.3)

In particular for any δ̃ > 0, we can choose M = max{1, α( 1
2

+ε)

2ε(1−α)}+ δ̃ so that (7.3) is OM,δ̃(n
−δ̃).

Proof. We proceed as in Lemma 7.4.1. Using Lemma 7.3.1 equation (7.3) can be rewritten as

√
n
∑
d2n|n

1
d3n

∑
f�n

α+δ0
2

dn
gcd(f, n

d2n
)=1

1
f3

nα+δ0

(fdn)2∑
t0=1

t0:�−free

1
t20

∑
t1� nα+δ0

t0(fdn)2

rad(t1)|t0

1
t21

∑
dt0 |t0

∑
dndt0 t1ξ�

n
1
2+ε

(t0t1d
2
nf

2)
1
α−1

|Klt0t1,fdn(t1dndt0ξ, n)| n
M−1

2

(t0t1d2nf
2)M( 1

α−1)−1(dndt0 t1ξ)
M+1

Substituting the bound Klt0t1,dnf (t1dndt0ξ, n) = O(dnt1
√
dt0t0) and recalling that dnf < n

α+δ0
2

shows that (7.3) is bounded by

n
M
2

∑
d2n|n

dn�n
α+δ0

2

1
d2n

∑
f�n

α+δ0
2

dn

1
f3

nα+δ0

(fdn)2∑
t0=1

t0:�−free

1

t
3
2
0

∑
t1� nα+δ0

t0(fdn)2

rad(t1)|t0

1
t1

∑
dt0 |t0

dt0

∑
dndt0 t1ξ�

n
1
2+ε

(t0t1d
2
nf

2)
1
α−1

1

(t0t1d2nf
2)M( 1

α−1)−1(dndt0 t1ξ)
M+1

�M n
M
2

∑
d2n|n

dn�n
α+δ0

2

1
d2n

∑
f�n

α+δ0
2

dn

1
f3

nα+δ0

(fdn)2∑
t0=1

t0:�−free

1

t
3
2
0

∑
t1� nα+δ0

t0(fdn)2

rad(t1)|t0

1
t1

∑
dt0 |t0

dt0

 (dndt0 t1)M (t0t1d2nf
2)M( 1

α−1)

(t0t1d2nf
2)M( 1

α−1)−1(dndt0 t1)M+1nM( 12+ε)
+

1
dndt0

t1�
n
1
2+ε

(t0t1d
2
nf

2)
1
α−1

(t0t1d2nf
2)M( 1

α−1)−1(dndt0 t1)M+1


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= 1
nMε

∑
d2n|n

dn�n
α+δ0

2

1
dn

∑
f�n

α+δ0
2

dn

1
f

nα+δ0

(fdn)2∑
t0=1

t0:�−free

1

t
1
2
0

∑
t1� nα+δ0

t0(fdn)2

rad(t1)|t0

1
t1

∑
dt0 |t0

dndt0 t1�
n
1
2+ε

(t0t1(dnf)
2)

1
α−1

1 (?)

+ n
M
2

∑
d2n|n

dn�n
α+δ0

2

1

d
M( 2

α−1)+1
n

∑
f�n

α+δ0
2

dn

1

f2M( 1
α−1)+1

nα+δ0

(fdn)2∑
t0=1

t0:�−free

1

t
M( 1

α−1)+1
2

0

∑
t1� nα+δ0

t0(fdn)2

rad(t1)|t0

1

t
M
α +1

1

∑
dt0 |t0

dndt0 t1�
n
1
2+ε

(t0t1d
2
nf

2)
1
α−1

1
dM+1
t0

(??)

By interchanging the dt0-sum with the t0-sum and using the fact that α ≥ 1
2 (which in particular

implies that 1−α
α ≤ 1), (?) is easily seen to be bounded by a constant (depending only on M , α

and δ0) times n
α+δ0

2

nMε log(n)}. Next we bound (??). Since dndt0t1 � n
1
2+ε

(t0t1d2nf
2)

1
α−1

we either have

dnt1 � n
1
2+ε

(t0t1d2nf
2)

1
α−1

or dt0 � n
1
2+ε

dnt1(t0t1d2nf
2)

1
α−1

. Therefore (??) is bounded by

�M n
M
2

∑
d2n|n

dn�n
α+δ0

2

1

d
M( 2

α−1)+1
n

∑
f�n

α+δ0
2

dn

1

f2M( 1
α−1)+1

nα+δ0

(fdn)2∑
t0=1

t0:�−free

1

t
M( 1

α−1)+1
2

0

∑
t1� nα+δ0

t0(fdn)2

rad(t1)|t0

1

t
M
α +1

1

( n
1
2+ε

dnt1(t0t1d2nf
2)

1
α−1

)−M
+ 1

dnt1� n
1
2+ε

(t0t1d
2
nf

2)
1
α−1



�M,α,δ0,ε
n

1
2 (α+δ0)

nMε + n
M
2

∑
d2n|n

dn�n
α+δ0

2

1

d
M( 2

α−1)+1
n

∑
f�n

α+δ0
2

dn

1

f2M( 1
α−1)+1

nα+δ0

(fdn)2∑
t0=1

t0:�−free

1

t
M( 1

α−1)+1
2

0

( n
1
2+ε

d
2
α−1
n (t0f2)

1
α−1

)−M
+ 1
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( 1
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�M,α,δ0,ε
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2 (α+δ0)
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n

∑
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M( 2

α−1)
n

nM( 12+ε)
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1
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�M,α,δ0,ε
n
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nMε + n

1/2+ε

2( 1
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nMε

The lemma follows.

Lemma 7.4.3. Let u, s, ρ ∈ Z≥0 and κ ∈ 1
2Z≥0. Then, for any ε > 0 and δ0 > 0 we have,

√
n

∑
f�n

α+δ0
2

1
f3

∑
t�nα+δ0

f2

1
t2

∑
nε
√
n

(tf2)
1
α−1

�ξ

|Klt,f (ξ, n)|
(

(tf2)
1
α

n

)κ+u+s(
(tf2)

1
α−1ξ√
n

)s+ρ

= Os,ρ,α,δ0,ε

(
n
α
2

+ε(s+ρ+1)+δ0(κ+u+s−1
α

+ 1
2

)
)

(7.4)

Proof.

(7.4) =

1

nκ+u+s+
s+ρ−1

2

∑
f�n

α+δ0
2

f
2(κ+u+2s+ρ)

α
−(2(s+ρ)+3)

∑
t�nα+δ0

f2

t
κ+u+2s+ρ

α
−(s+ρ)−2

∑
nε
√
n

t
1
α−1

�ξ

Klt,f (ξ, n)ξs+ρ

In order to bound this last sum we proceed exactly as in the proof of lemmas 7.4.1 and 7.4.2 and
first rewrite the sum and then use (7.1).
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∑
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Note that the ξ-sum is empty unless t1dndt0(t1t0(dnf)2)
1
α
−1 � n

1
2

+ε, hence by using (7.1) we can
bound the ξ-sum by
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Substituting this into the expression above for (7.4) gives,
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Lemma 7.4.4. Let u, s ∈ Z≥0 and κ ∈ 1
2Z≥ 3

2
. Then, for any ε1 > 0, 1

2 > ε2 > 0 and δ0 > 0 we

have,
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(7.5)

Proof. Once again, as in the lemmas above, we will rewrite (7.5) and use (7.1).
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(7.5) = 1
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The lemma follows.

Lemma 7.4.5. For any ε > 0, and any integer M ∈ Z>0 we have,

∑
f�n

1−α+δ0
2

1
f

∑
t�n1−α+δ0

f2

1
t

∑
ξ
√
n

tf2
�nε

|Klt,f (ξ, n)|
(
ξ
√
n

tf2

)−M−1

= OM,α,δ0,ε

(
n

1
4

n(M+3
2 )ε
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2 +δ0

nMε
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(7.6)

In particular, for any δ̃ > 0 M = max{1, 1
4ε −

3
2 ,

2−3α
2ε }+ δ̃, then (7.6) is OM (n−δ̃).

Proof. Same as the proof of Lemma 7.4.1
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Lemma 7.4.6. For any ε > 0, and any integer M ∈ Z>0 we have,
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In particular for any δ̃ > 0, we can choose M = max{1, 1
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3(1−α)( 1

2
+ε)

2α − 1
2

)
} + δ̃ so that (7.7) is

OM,δ̃(n
−δ̃).

Proof. Same as the proof of Lemma 7.4.2

Lemma 7.4.7. Let u, s, ρ ∈ Z≥0 and κ ∈ 1
2Z≥0. Then, for any ε > 0 and δ0 > 0 we have,
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Proof. Same as the proof of Lemma 7.4.3.

Lemma 7.4.8. Let u, s, τ ∈ Z≥0 and κ ∈ 1
2Z≥0. Then, for any ε > 0 and δ0 > 0 we have,
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Proof. Same as the proof of Lemma 7.4.3.

Lemma 7.4.9. Let u, s ∈ Z≥0 and κ ∈ 1
2Z≥ 3

2
. Then, for any ε1 > ε2 > 0 and δ0 > 0 we have,
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Proof. Same as the proof of Lemma 7.4.4
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Chapter 8

1
4-Bound

In this chapter we will give the first application of the theory developed in the previous chapters and
give a new proof of the so-called 1

4 -bound of Kuznetsov towards the Ramanujan conjectures.

We will prove the bound for forms that are of full level (This is because we have developed the theory
only for representations that are unramified at every finite place and have trivial central character.).
However we would like to note that nothing in the previous chapters is special to this ramification
restriction and can be generalized to ambitrary representations and forms almost verbatim.

8.1 Setup

In this section we will give a brief description of the setup in which we will be using the trace
formula. Since this material is well-known and the general definitions of various concepts (like of
an automorphic representation or the decomposition of the L2-space to come) are lengthy (and not
really needed for our purposes here) we will not be precise with the definitions and instead refer
the interested reader to [2].

Let G = GL(2). We will be considering the decomposition of the right regular representation,
R, of G(A) on the space L2(R+G(Q)\G(A)). By the theory of Eisenstein series (see [10] for the
case of GL(2) and [19] in general) we know that this L2 space decompose into an invariant direct
sum (in a precise sense which we will not define here) of a continuous integral, denoted here by
L2(R+G(Q)\G(A))cont, with a discrete part, denoted by L2

0(R+G(Q)\G(A)). i.e.

L2(R+G(Q)\G(A)) = L2
cont(R+G(Q)\G(A))⊕ L2

0(R+G(Q)\G(A))

Furthermore the discrete part, L2
0, decomposes further into a direct sum

L2
0(R+G(Q)\G(A)) = L2

disc(R+G(Q)\G(A))⊕ L2
cusp(R+G(Q)\G(A))

Where L2
res denotes those functions in L2

0 that appear as the residue of an Eisenstein series and
L2
cusp denotes the space of cuspidal functions, the orthogonal complement of L2

res in L2
0.

Corresponding to the above decomposition we get a decomposition of the right regular representation
R as

R = Rcont ⊕Rres ⊕Rcusp
and the classical spaces of automoprhic forms (as functions on the upper half plane H) embeds as
sub representation of Rcusp.
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It is well known (cf. [6]) that each automorphic representation π is unramified (i.e. has a vector
fixed under the hyperspecial maximal compact subgroup) at almost every place, and at each such
place there is an associated semi simple conjugacy class in the dual group, LG, the so-called Satake
parameter of π. We will denote this conjugacy class at the place p by A(πp) ⊂ GL(2,C) and will
be concerned with its trace when π is cuspidal.

By a suitable choice of test functions we will compute this trace by the trace formula. For each

prime p and integer m let f
(m)
p denote the characteristic function of the set{

X ∈Mat2×2(Zp) | | det(X)|p = p−m
}

As is shown in page 19 of [18], for an unramified representation πp of the local group GL2(Qp)

trace of the operator p−
1
2πp(f

(1)
p ) is the trace of A(πp). Let f∞ ∈ C∞c (R+\GL2(R)) arbitrary and

set

f := 1√
pf∞f

(1)
p

∏
v 6=p

f (0)
v

With this choice of test functions the trace of the operator Rcusp(f) will be

tr(Rcusp(f)) =
∑
π

tr(π∞(f∞)) tr(A(πp))

where the sum runs over those π that have trivial central character and are unramified at every
finite place v.

We will be interested in the trace of Rcusp(f). Following §2.2 of [18] in order to calculate this trace
we will use the formula on page 271-272 of [12]. At this point we remark that the formula in [12]
gives the trace of the operator R0(f), therefore in order to get the trace of Rcusp(f) we need to
subtract those representations which occur discretely but are not cuspidal. For G = GL(2) these are
all one dimensional, and in our case (trivial central character and unramified at every finite place)
only the trivial representation is present. We have already isolated this contribution in Theorem
5.5.2 and in what follows will subtract this contribution and then analyze the difference.

As explained in page 23-24 of [18] the formula in [12] has to be modified slightly. For time and
space reasons we will neither give a detailed explanation of the formula in [12] nor talk about the
necessary modifications in our case. Instead we refer the interested reader to [18] and [12].

In the next section we will cite the bounds that are already established in [18]. This will leave aside
only the elliptic term (term (ii) in [12]). Then we will use the theory developed in the previous
chapters to handle the elliptic term and establish the desired bound.

8.2 Everything but the elliptic term

In this section we will cite the relevant bounds from [18]. As in page 19 of [18], for a place v and an in-

teger k ≥ 0, let f
(k)
v denote the characteristic function of the set

{
X ∈Mat2×2(Zv) | | det(X)|v = q−kv

}
divided by q

k/2
v . The function Φ of [12] is then the function

f (p,1) = f∞f
(1)
p

∏
v 6=p

f (0)
v

In the following lemmas the number on the left of the inequality refers to the corresponding term
on page 271-272 of [12].
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Lemma 8.2.1. The contribution of (i) of [12] is,

(i) = Of∞(1)

Proof. By equation (TF.1) of [18] we have

(i) =
∑

z∈Z(Q)

µ(R+G(Q)\G(A))f (p,1)(z)

The lemma is now obvious.

Lemma 8.2.2. The contribution of (iv) of [12] is,

(iv) = Of∞(1)

Proof. By the first paragraph of §2.3 of [18] we know that once we fix f∞ (which we did) this term
only contributes for finitely many p. The lemma follows

Lemma 8.2.3. The contribution of (v) of [12] is,

(v) = 0

Proof. Follows from the second paragraph of §2.3 of [18].

Lemma 8.2.4. The contribution of (vi) of [12] is,

(vi) =

∫
|x|>1

θ∞(x)√
x2−1

dx+

∫
R

θ−∞(x)√
x2+1

dx

Proof. This is already mentioned several times in chapter 5. The lemma is a consequence of equation
(32) of [18] (taking into account that the factor of 2 is a mistake in [18] which comes from a mistake
in equation (30), the 4 up front in the latter equation should be a 2) where m = 1.

Lemma 8.2.5. The contribution of (vii) of [12] is,

(vii) = Of∞(1)

Proof. By (33), (34) and (35) of [18] we have,

(vii) = 1
4π

∫ i∞

−i∞
tr(ξs(f∞))(p

is
2 + p

−is
2 )

{
−1

2

Γ′( 1−s
2 )

Γ( 1−s
2 )
− 1

2

Γ′( 1+s
2 )

Γ( 1+s
2 )
− ζ′(1−s)

ζ(1−s) −
ζ′(1+s)
ζ(1+s)

}
d|s|

The lemma now follows from the fact that the only dependence on p is on p
is
2 + p−

is
2 , which is

bounded by 2.

Lemma 8.2.6. The contribution of (viii) of [12] is,

(viii) = Of∞(1)
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Proof. From the last paragraph of §2.6 of [18] we see that the contribution of (viii) is given by

1
4π

∫ i∞

−i∞
tr(R−1(s)R′(s)ξs(f∞))(pis + p−is)d|s|

Again by the same paragraph we also know that,

| tr(R−1(s)R′(s)ξs(f∞))| = Of∞(s−2)

Therefore we get

(viii) = 1
4π

∫ i∞

−i∞
tr(R−1(s)R′(s)ξs(f∞))(pis + p−is)d|s|

= Of∞(

∫ ∞
−∞

s−2ds)

= Of∞(1)

8.3 The elliptic term

Recall from Chapter 2 Theorem 2.1.2 that the elliptic term (term (ii) of [12]) of the trace formula
is given by

2
∑
±

N :=±p

∑
m∈Z

m2−4N 6=�

θ∓∞

(
m

2
√
|N |

) ∑
f2|(m2−4N)

m2−4N

f2
≡0,1 mod 4

1
fL
(

1,
(

(m2−4N)/f2

·

))
(8.1)

Where θ±∞ is given by
θ∓∞(x) := O(f∞; (x,∓1))

√
|x2 ± 1|

and by (x,∓1) we denote the element γ ∈ GL2(R) that has trace x and determinant ∓1.

We proceed as in that section and replace the L-functions with the corresponding approximate
functional equation and get

(8.1) = 2
∑
m∈Z
±

m2∓4p 6=�
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√
p

)

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1
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(
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t

)
F
(

tf2

|m2∓4p|α

)

+
∑
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f2
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(
πf2

|m2∓4p|

)1
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H±

(
tf2

|m2∓4p|1−α

)


Where 0 < α < 1 and

H± (x) := 1
2πi

∫
(1)

Γ
(
e±+u

2

)
Γ
(

1+e±−u
2

) (πx)−u F̃ (u)du,
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the sign in H± is the sign of m2−4p, e− = 1 and e+ = 0. For our purposes here we will choose

α = 1
2

We then add and subtract the missing elements in the sum above and get

(8.1) =2
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m2∓4p

f2
≡0,1 mod 4

(
πf2

|m2∓4p|

)1
2
∞∑
t=1

(
(m2∓4p)/f2

t

)
H±

(
tf2√
|m2∓4p|

)


(8.3)

− 2
∑
m∈Z
±

m2∓4p=�

θ±∞

(
m

2
√
p

)


∑
f2|(m2∓4p)

m2∓4n

f2
≡0,1 mod 4

1
f

∞∑
t=1

1
t

(
(m2∓4p)/f2

t

)
F

(
tf2√
|m2∓4p|

)
(8.4)

+
∑

f2|(m2∓4p)
m2∓4p

f2
≡0,1 mod 4

(
πf2

|m2∓4p|

)1
2
∞∑
t=1

(
(m2∓4p)/f2

t

)
H±

(
tf2√
|m2∓4p|

)


(8.5)

Let us first bound (8.4) and (8.5)
Lemma 8.3.1. There exists a constant Kf∞ > 0 depending only on f∞ such that for any ε > 0 we
have

(8.4) + (8.5) =

{
Oε(p

ε) if p < Kf∞

0 if p > Kf∞

Proof. The m-sum is running over integers m such that m2 ∓ 4p = a2 for some a ∈ Z. Letting
u = (m+ a) and v = ±(m− a)(the sign depending on the sign of m2 ∓ 4p), using the fact that p is
odd we see that the tuples (m, a) satisfying m2 ∓ 4p = a2 are given by

(m, a) ∈ {(2, 2p), (2p, 2)}

Therefore there are at most two terms in the sum. Moreover for each one of these we have m2∓4p =
(p − 1)2 or (p + 1)2 depending on the sign and because of the compact support of θ∞ we observe
that for large p (8.4) and (8.5) are 0. Using these and the rapid decay of F and H± which limits

both t-sums to t < p
1
2

+ε for any ε > 0 (cf. Proposition 5.1.2) we get that there is a constant K
depending only on f∞ such that,

(8.4) + (8.5) =

{
Oε(p

ε) if p < K

0 if p > K

for any ε > 0. The lemma follows.
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By Lemma 8.3.1 we get

(8.1) =2
∑
m∈Z
±

θ±∞

(
m

2
√
p

)


∑
f2|(m2∓4p)

m2∓4p

f2
≡0,1 mod 4

1
f

∞∑
t=1

1
t

(
(m2∓4p)/f2

t

)
F

(
tf2√
|m2∓4p|

)

+
∑

f2|(m2∓4p)
m2∓4p

f2
≡0,1 mod 4

(
πf2

|m2∓4p|

)1
2
∞∑
t=1

(
(m2∓4p)/f2

t

)
H±

(
tf2√
|m2∓4p|

)


+

{
Oε(p

ε) if p < Kf∞

0 if p > Kf∞

(•)

Next, we apply Poisson summation to the m-sum. By the formula in §5.6, for any δ0, ε > 0 we
have

(8.2) + (8.3)

= tr(1(f))− tr(ξ0(f))

+
√
p

∑
f�p

1+δ0
4

1
f3

∑
t

tf2�p
1+δ0

2

1
t2

∑
ξ∈Z\{0}

Klt,f (ξ, p)

{∫
|x|>1

θ+
∞ (x)F

(
tf2(4p)−

1
2√

x2−1

)
e
(
−xξ√p

2tf2

)
dx+

∫
|x|<1

θ+
∞ (x)F

(
tf2(4p)−

1
2√

1−x2

)
e
(
−xξ√p

2tf2

)
dx

}
+
√
π

2

∑
f<p

1+δ0
4

1
f

∑
t

tf2�p
1+δ0

2

1
t

∑
ξ∈Z\{0}

Klt,f (ξ, p)

{∫
|x|>1

θ+∞(x)√
x2−1

H+

(
tf2(4p)−

1
2√

x2−1

)
e
(
−x√pξ

2tf2

)
dx+

∫
|x|<1

θ+∞(x)√
1−x2H−

(
tf2(4p)−

1
2√

1−x2

)
e
(
−x√pξ

2tf2

)
dx

}

+
√
p
∑

f<p
1+δ0

4

1
f3

∑
t

tf2�p
1+δ0

2

1
t2

∑
ξ∈Z\{0}

Klt,f (ξ, p)

{∫
R
θ−∞ (x)F

(
tf2(4p)−

1
2√

x2+1

)
e
(
−xξ√p

2tf2

)
dx

}

+
√
π

2

∑
f<p

1+δ0
4

1
f

∑
t

tf2�p
1+δ0

2

1
t

∑
ξ∈Z\{0}

Klt,f (ξ, n)

{∫
R

θ−∞(x)√
x2+1

H+

(
tf2(4p)−

1
2√

x2+1

)
e
(
−x√pξ

2tf2

)
dx

}

+O(1 + p−ε + p
3
2
−αe−δ0)

Where,

tr(ξ0(f)) =

∫
|x|>1

θ∞(x)√
x2−1

dx+

∫
R

θ−∞(x)√
x2+1

dx

We also note that the exponent κ that appears in the formula in §5.6 disappears since it comes
from bounding the number of divisors, σ0(n) (cf. the proof of Proposition 5.5.3) and since in our
case n = p, a prime, σ0(p) = 2, and hence κ = 0. Also since α = 1

2 we have 1
2 − α+ κ = 0.
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We will now give estimates on the sums above.
Lemma 8.3.2. For any ε > 0 and M ∈ Z≥1 we have,

√
p
∑

f<p
1+δ0

4

1
f3

∑
t

tf2�p
1+δ0

2

1
t2

∑
ξ
√
p

tf2
�pε

Klt,f (ξ, p)

{∫
R
θ−∞ (x)F

(
tf2(4p)−

1
2√

x2+1

)
e
(
−xξ√p

2tf2

)
dx

}

= OM,δ0,ε

(
p
1
4

p(M+1
2 )ε)

+ p
1+δ0

4

pMε

)

Proof. Note that tf2(4p)−α

(x2+1)α
is a smooth function, therefore the integral, being the Fourier transform

of a smooth function, decays faster than any polynomial. (We note that this case is different than
the first two cases where the integrand is still smooth however the so to speak“smoothness” of the
function depends on the parameters which are reflected on the decay of the Fourier transform.)
Therefore by Lemma 7.4.1 for any M > 0 we get

√
p
∑

f<p
1+δ0

4

1
f3

∑
t

tf2�p
1+δ0

2

1
t2

∑
ξ
√
p

tf2
�pε

Klt,f (ξ, p)

{∫
R
θ−∞ (x)F

(
tf2(4p)−

1
2√

x2+1

)
e
(
−xξ√p

2tf2

)
dx

}

= OM,δ0,ε

(
p
1
4

p(M+1
2 )ε)

+ p
1+δ0

4

pMε

)

Lemma 8.3.3. For any ε > 0,

√
p
∑

f<p
1+δ0

4

1
f3

∑
t

tf2�p
1+δ0

2

1
t2

∑
ξ
√
p

tf2
�pε

Klt,f (ξ, p)

{∫
R
θ−∞ (x)F

(
tf2(4p)−

1
2√

x2+1

)
e
(
−xξ√p

2tf2

)
dx

}

= Oθ∞,F,ε

(
p

1
4

+ ε
2

)

Proof. Note that if tf2 � p
1
2
−ε then

√
p

tf2
� pε therefore we necessarily have tf2 � p

1
2
−ε. Therefore

we need to bound,

√
p
∑

f<p
1+δ0

4

1
f3

∑
t

tf2�p
1+δ0

2

tf2�p
1
2−ε

1
t2

∑
ξ
√
p

tf2
�pε

Klt,f (ξ, p)

{∫
R
θ−∞ (x)F

(
tf2(4p)−

1
2√

x2+1

)
e
(
−xξ√p

2tf2

)
dx

}
(?)

We proceed as in Lemma 7.4.1, first rewrite the sum and then use (6.2).

(?)�θ∞,F
√
p

∑
f�p

1+δ0
4

1
f3

p
1+δ0

2

f2∑
t0=1

t0:�−free

1
t20

∑
t1� p

1+δ0
2

t0f
2

rad(t1)|t0
t0t1f2�p

1
2−ε

1
t21

∑
dt0 |t0

∑
dt0 t1ξ�p

ε

ξ 6=0

gcd(
t0
dt0

,ξ)=1

|Klt0t1,f (t1dt0ξ, p)|
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Using (6.2) we bound this sum by

(?) ≤ p
1
2

+ε
∑

f<p
1+δ0

4

1
f3

∑
t

tf2�p
1+δ0

2

tf2�p
1
2−ε

1

t
3
2

≤ p
1
4

+ ε
2

The lemma follows.

Lemma 8.3.4. For any ε > 0 and M ∈ Z≥2,

√
π

2

∑
f<p

1+δ0
4

1
f

∑
t

tf2�p
1+δ0

2

1
t

∑
ξ
√
p

tf2
�pε

Klt,f (ξ, n)

{∫
R

θ−∞(x)√
x2+1

H+

(
tf2(4p)−

1
2√

x2+1

)
e
(
−x√pξ

2tf2

)
dx

}

= OM,α,δ0,ε

(
n

1
4

n(M+3
2 )ε

+ n1− 3α
2 +δ0

nMε

)
Proof. The proof of Lemma 8.3.2 goes through, we only need to change the reference to Lemma
7.4.1 to Lemma 7.4.5.

Lemma 8.3.5. For any ε > 0,

√
π

2

∑
f<p

1+δ0
4

1
f

∑
t

tf2�p
1+δ0

2

1
t

∑
ξ
√
p

tf2
�pε

Klt,f (ξ, n)

{∫
R

θ−∞(x)√
x2+1

H+

(
tf2(4p)−

1
2√

x2+1

)
e
(
−x√pξ

2tf2

)
dx

}

= Oθ∞,H+,δ0,ε

(
p

1
4

+
3δ0
4

+ε
)

Proof. Same as the proof of Lemma 8.3.3.

Lemma 8.3.6. For any ε > 0 such that ε > δ0 and M ∈ Z≥2,

√
p

∑
f�p

1+δ0
4

1
f3

∑
t

tf2�p
1+δ0

2

1
t2

∑
ξ� p

1
2+ε

tf2

Klt,f (ξ, p)

{∫
|x|>1

θ+
∞ (x)F

(
tf2(4p)−

1
2√

x2−1

)
e
(
−xξ√p

2tf2

)
dx+

∫
|x|<1

θ+
∞ (x)F

(
tf2(4p)−

1
2√

1−x2

)
e
(
−xξ√p

2tf2

)
dx

}

= OM,δ0,ε

(
p
1
4+

δ0
2

pMε + p
1
4+ ε

2

pMε + p
1
4

p(M+1
2 )(ε−2δ0)

+ p
1
4+

δ0
2

pM(ε−2δ0)

)

Proof. By Proposition 7.2.1, when ξ � n
1
2+ε

tf2
we have{∫

|x|>1
θ+
∞ (x)F

(
tf2(4p)−

1
2√

x2−1

)
e
(
−xξ√p

2tf2

)
dx+

∫
|x|<1

θ+
∞ (x)F

(
tf2(4p)−

1
2√

1−x2

)
e
(
−xξ√p

2tf2

)
dx

}

= OF,θ∞,M

((√
pξ

tf2

)−M−1
+
(√

pξ

tf2

)−1 (
tf2ξ√
p

)−M)
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Therefore we need to only bound,

• √p
∑

f�p
1+δ0

4

1
f3

∑
t

tf2�p
1+δ0

2

1
t2

∑
ξ� p

1
2+ε

tf2

|Klt,f (ξ, p)|
(√

pξ

tf2

)−M−1
(8.6)

• √p
∑

f�p
1+δ0

4

1
f3

∑
t

tf2�p
1+δ0

2

1
t2

∑
ξ� p

1
2+ε

tf2

|Klt,f (ξ, p)|
(√

pξ

tf2

)−1 (
tf2ξ√
p

)−M
(8.7)

For (8.6) note that since tf2 � p
1+δ0

2 we necessarily have
ξ
√
p

tf2
� nε−δ0 . Since ε > δ0, ε − δ0 > 0

and we can apply Lemma 7.4.1 to conclude that

(8.6) = OM,δ0,ε

(
p
1
4

p(M+1
2 )(ε−2δ0)

+ p
1
4+

δ0
2

pM(ε−2δ0)

)
For (8.7) we use Lemma 7.4.2 to conclude

(8.7) = OM,δ0,ε

(
p
1
4+

δ0
2

pMε + p
1
4+ ε

2

pMε

)
The lemma follows.

Lemma 8.3.7. For any ε > 0 such that ε > δ0, and M ∈ Z≥2, and m, s, ρ ≤ 2M , r ≤ sM ,

√
p

∑
f�p

1+δ0
4

1
f3

∑
t

tf2�p
1+δ0

2

1
t2

∑
ξ� p

1
2+ε

tf2

Klt,f (ξ, p)

{∫
|x|>1

θ+
∞ (x)F

(
tf2(4p)−

1
2√

x2−1

)
e
(
−xξ√p

2tf2

)
dx+

∫
|x|<1

θ+
∞ (x)F

(
tf2(4p)−

1
2√

1−x2

)
e
(
−xξ√p

2tf2

)
dx

}
= OM,δ0,ε

(
p

1
4

+ε(M+2)−δ0 + (pδ0(1+m+r+s) + pδ0(M+ 1
2

))p
1
4

+ε + p
1
4

+ε(s+ρ+1)+2δ0( 3
4

+m+r+s)
)

Proof. By Proposition 7.2.2 we know that for any M ∈ Z≥2 the function{∫
|x|>1

θ+
∞ (x)F

(
tf2(4p)−

1
2√

x2−1

)
e
(
−xξ√p

2tf2

)
dx+

∫
|x|<1

θ+
∞ (x)F

(
tf2(4p)−

1
2√

1−x2

)
e
(
−xξ√p

2tf2

)
dx

}

has an asymptotic expansion which is a is sum of terms of the form

•
(
t2f4

4p

)1+m+r+s (
tf2ξ
8
√
p

)s+ρ
•
(

2tf2√
pξ

)m+r+s+ 3
2

•
(
t2f4

4p

) 3
2

+m+r+s (
tf2ξ
8
√
p

)s+ρ
where m, s, ρ ≤ 2M and r ≤ sM , with an error of size(

2tf2√
pξ

)M+1
+
(

2tf2√
pξ

)(
tf2ξ
8
√
p

)M+1



134 CHAPTER 8. 1
4 -BOUND

We will bound each one of those separately. Therefore we need to bound:

• √p
∑

f�p
1+δ0

4

1
f3

∑
t

tf2�p
1+δ0

2

1
t2

∑
ξ� p

1
2+ε

tf2

|Klt,f (ξ, p)|
(
t2f4

4p

)1+m+r+s (
tf2ξ
8
√
p

)s+ρ
(8.8)

• √p
∑

f�p
1+δ0

4

1
f3

∑
t

tf2�p
1+δ0

2

1
t2

∑
ξ� p

1
2+ε

tf2

|Klt,f (ξ, p)|
(

2tf2√
pξ

)m+r+s+ 3
2

(8.9)

• √p
∑

f�p
1+δ0

4

1
f3

∑
t

tf2�p
1+δ0

2

1
t2

∑
ξ� p

1
2+ε

tf2

|Klt,f (ξ, p)|
(
t2f4

4p

) 3
2

+m+r+s (
tf2ξ
8
√
p

)s+ρ
(8.10)

• √p
∑

f�p
1+δ0

4

1
f3

∑
t

tf2�p
1+δ0

2

1
t2

∑
ξ� p

1
2+ε

tf2

|Klt,f (ξ, p)|
(

2tf2√
pξ

)(
tf2ξ
8
√
p

)M+1
(8.11)

• √p
∑

f�p
1+δ0

4

1
f3

∑
t

tf2�p
1+δ0

2

1
t2

∑
ξ� p

1
2+ε

tf2

|Klt,f (ξ, p)|
(

2tf2√
pξ

)M+1
(8.12)

• (8.8), (8.10)

By Lemma 7.4.3 (where we take κ = 1 for (8.8) and κ = 3
2 for (8.10) u = m + r and α = 1

2)
we immediately get the bound

(8.8) + (8.10) = Os,ρ,δ0,ε(p
1
4

+ε(s+ρ+1)+2δ0( 3
4

+m+r+s))

• (8.9), (8.12)

This time we use Lemma 7.4.4 (where for (8.9) we take κ = 3
2 , u = m+ r, and for (8.12) we

take κ+ u+ s = M + 1, and for both α = 1
2 and ε1 = ε2 = ε) and get

(8.9) + (8.12) = OM,m,r,s,ε

(
(pδ0(1+m+r+s) + pδ0(M+ 1

2
))p

1
4

+ε
)

• (8.11)

Since ξ 6= 0 and tf2 � p
1+δ0

2 we have tf2√
pξ � p

δ0
2 . Therefore,

(8.11) ≤ p
1+δ0

2

∑
f�p

1+δ0
4

1
f3

∑
t

tf2�p
1+δ0

2

1
t2

∑
pε�ξ� p

1
2+ε

tf2

|Klt,f (ξ, p)|
(
tf2ξ
8
√
p

)M+1

Now using Lemma 7.4.3 (where we take κ = u = s = 0, ρ = M + 1 and α = 1
2) we get

(8.11) = Oδ0,ε,M

(
p

1
4

+ε(M+2)−δ0
)
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Lemma 8.3.8. For any ε > 0 such that ε > δ0 and M ∈ Z≥2,

√
π

2
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f�p

1+δ0
4

1
f

∑
t

tf2�p
1+δ0

2

1
t

∑
ξ� p

1
2+ε

tf2

Klt,f (ξ, p)

{∫
|x|>1

θ+∞(x)√
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H+

(
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1
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)
e
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−x√pξ
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)
dx+

∫
|x|<1

θ+∞(x)√
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(
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1
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)
e
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−x√pξ

2tf2

)
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}

= OM,δ0,ε

(
p
1
4

p(M+3
2 )ε

+ p
1
4+δ0

pMε + p
1
4 log(p)

p(M−
3
2 )ε

)
Proof. Same as the proof of Lemma 8.3.6 except that we refer to lemmas 7.4.5 and 7.4.6 instead of
lemmas 7.4.1 and 7.4.2 respectively.

Lemma 8.3.9. For any ε > 0 such that ε > δ0, and M ∈ Z≥2, and m, s, ρ, σ ≤ 2M , r ≤ sM ,

√
π
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f�p

1+δ0
4

1
f

∑
t

tf2�p
1+δ0

2

1
t

∑
ξ� p

1
2+ε

tf2

Klt,f (ξ, p)

{∫
|x|>1

θ+∞(x)√
x2−1

H+

(
tf2(4p)−

1
2√

x2−1

)
e
(
−x√pξ

2tf2

)
dx+

∫
|x|<1

θ+∞(x)√
1−x2H−

(
tf2(4p)−

1
2√

1−x2

)
e
(
−x√pξ

2tf2

)
dx

}
= OM,δ0,ε

(
p

1
4

+δ0( 3
2

+m+r+s) + p
1
4

+2ε(σ+1)+2δ0(m+r+s+ 3
4

) + p
1
4

+ε(s+ρ+1)+2δ0(m+r+s+ 3
4

)

+p
1
4

+2ε(σ+ 1
2

)+2δ0(m+r+s+ 1
2

) + p
1
4

+ε(s+ρ+1)+2δ0(m+r+s+ 1
4

) + p
1
4

+2ε(M+ 3
2

)+
δ0
2 + p

1
4

+δ0(M+1)
)

Proof. Same as the proof of Lemma 8.3.7, the only modification is that instead of referring to
lemmas 7.4.3 and 7.4.4 we refer to lemmas 7.4.6 and 7.4.8 respectively and there is an extra term
coming from the additional term involving the sum in Lemma 7.4.7 in the asymptotic expansion of
Proposition 7.2.3.

Corollary 8.3.10. For any ε̃ > 0 we have

(8.2) + (8.3) = tr(1(f))− tr(ξ0(f)) +Of∞,F,H±,ε̃(p
1
4

+ε̃)

Where

tr(ξ0(f)) =

∫
|x|>1

θ∞(x)√
x2−1

dx+

∫
R

θ−∞(x)√
x2+1

dx

Proof. We choose M = 2, ε = 2δ0 = ε̃
10 . The rest follows from lemmas 8.3.2 to 8.3.9.
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8.4 The 1
4-Bound

Theorem 8.4.1 (1
4 -Bound). Let f∞ ∈ C∞c (R+\GL2(R)) and p be a prime. Then for any ε > 0,∑

π

trπ∞(f∞)A(πp) = Of∞,ε(p
1
4

+ε)

Where the sum is running over cuspidal automorphic representations π with trivial central character
and unramified at every finite place.

Proof. As already observed in §8.1 we use the trace formula on pages 271-272 of [12] to calculate the
sum on the left. There are seven terms of the formula, labeled by (i) to (viii) ((iii) is not present
since we are in characteristic zero). By lemmas 8.2.1 to 8.2.6 we have

(i) + (iv) + (v) + (vi) + (vii) + (viii) =

∫
|x|>1

θ∞(x)√
x2−1

dx+

∫
R

θ−∞(x)√
x2+1

dx+Of∞(1)

Then the elliptic term, (ii), by Corollary 8.3.10 is

(ii) = tr(1(f))−
∫
|x|>1

θ∞(x)√
x2−1

dx+

∫
R

θ−∞(x)√
x2+1

dx+Of∞,ε(p
1
4

+ε)

Therefore we have

(i) + (ii) + (iv) + (v) + (vi) + (vii) + (viii)− tr(1(f)) = Of∞,ε(p
1
4

+ε)



Chapter 9

Standard Representation

In this last chapter we will give another application of the theory developed above, which actually
was the motivation for all the thesis. We will calculate the average of the trace of the n’th Hecke
operator on the space of cuspidal automorphic representations as prescribed in [18] by the trace
formula.

9.1 The Result

Because of time and space concerns we will not be aiming for any generality and instead of using
the general trace formula, as we have been doing previously, we will instead use the Selberg trace
formula (the formula at the end of [26], for a recent account see Proposition 28.5 of [14]). This
choice is inessential since the analysis of previous chapters are completely general and is not the
main point we would like to emphasize here.

Let k > 2 be an even integer. Recall (cf. [26] or [14]) that the Selberg trace formula expresses the
trace of the n’th Hecke operator acting on modular forms of weight k and full level as the sum

−1
2

∑
m<
√
n

ρ̄k−1−ρk−1

ρ−ρ̄

∑
f2|(4n−m2)

m2−4n

f2
≡0,1 mod 4

hw

(
m2−4n
f2

)
+ k−1

12
√
n
�n − 1

2

∑
d|n

min
(

d√
n
,
√
n
d

)k−1
(9.1)

Where,

ρ = m+
√
m2 − 4n

�n =

{
1 if n is a square

0 otherwise

hw

(
m2−4n
f2

)
=

class number of the order with discriminant m2−4n
f2

number of roots of unity in Q(
√
m2 − 4n)

Note. Our normalization for the Hecke operators is such that the Ramanujan conjecture takes the
form |ap| ≤ 2. In particular this means we are taking the formula for the trace of Tn in [26] and

dividing it by n
k−1
2 .

137
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As in Chapter 2 by using Dirichlet’s class number formula, we can rewrite 9.1 as∑
m∈Z

θ∞

(
m

2
√
n

) ∑
f2|(m2−4n)

m2−4n

f2
≡0,1 mod 4

1
fL
(

1,
(

(m2−4n)/f2

·

))
(9.2)

+ k−1
12
√
n
�n − 1

2

∑
d|n

min
(

d√
n
,
√
n
d

)k−1
(9.3)

Where θ∞ is given by

θ∞(x) :=

{
i

8π [(x+
√
x2 − 1)k−1 − (x−

√
x2 − 1)k−1] if |x| < 1

0 if |x| > 1

and �n = 1, 0 if n is a perfect square or not respectively. We will be analyzing the averages of both
(9.2) and (9.3) over n. More precisely, we will be interested in

lim
X→∞

2
X

∑
n<X

∑
m∈Z

θ∞

(
m

2
√
n

) ∑
f2|(m2−4n)

m2−4n

f2
≡0,1 mod 4

1
fL
(

1,
(

(m2−4n)/f2

·

))
(A)

lim
X→∞

1
X

∑
n<X

k−1
12
√
n
�n (B)

−1
2 lim
X→∞

1
X

∑
n<X

∑
d|n

min
(

d√
n
,
√
n
d

)k−1
(C)

The rest of the chapter will be devoted to showing that

B = 0

and

A = −C

The second equality is coincidental and will not be the main point. The main point is to control
what is left over once we isolate C in A. In order to do this we will use the theory developed in
chapters 3 to 7.

9.2 (B) and (C)

Proposition 9.2.1.

lim
X→∞

1
X

∑
n<X

k−1
12
√
n
�n = 0

Proof. The first is obvious since
∑

n<X n
− 1

2 = O(
√
X).

Proposition 9.2.2.

−1
2 lim
X→∞

1
X

∑
n<X

∑
d|n

d≤
√
n

(
d√
n

)k−1
= −1

2(k−1)
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Proof. We can rewrite the sum as ∑
ab<X
a≤b

(
a
b

) k−1
2

Comparing this sum with the double integral∫∫
a,b≥1
ab<X
a≤b

(
a
b

) k−1
2 dadb = X

k−1

finishes the proof.

9.3 Analysis of (A) - 1: Poisson Summation

As in Chapter 5 in order to analyze the elliptic term, we will apply Poisson summation to the
m-sum. Note that we are in a simpler situation now that the m-sum actually runs over all integers
and we do not have to add the split elements as we had to in Chapter 5. We note that although
this is convenient it is completely inessential to the general argument.

Fix n for the time being. For 0 < α < 1 (to be chosen later, it will be slightly larger than 1
2), using

the approximate functional equation (cf. Lemma 6.1.1) and then applying Poisson summation to
the m-sum (cf. §5.6) we get

√
n

∑
f�n

α+δ0
2

1
f3

∑
t

tf2�nα+δ0

1
t2

∑
ξ∈Z\{0}

Klt,f (ξ, n)

{∫
|x|<1

θ∞ (x)F
(
tf2(4n)−α

(1−x2)α

)
e
(
−xξ
√
n

2tf2

)
dx

}
(9.2-a)

+
√
π

2

∑
f<n

1−α+δ0
2

1
f

∑
t

tf2�n1−α+δ0

1
t

∑
ξ∈Z\{0}

Klt,f (ξ, n)

{∫
|x|<1

θ∞(x)√
1−x2H−

(
tf2(4n)α−1

(1−x2)1−α

)
e
(
−x
√
nξ

2tf2

)
dx

}

(9.2-b)

+
√
n
∞∑
f=1

1
f3

∞∑
t=1

Klt,f (0,n)

t2

{∫
|x|<1

θ∞ (x)F
(
tf2(4n)−α

(1−x2)α

)
dx

}
(9.2-c)

+
√
π

2

∞∑
f=1

1
f

∞∑
t=1

Klt,f (0,n)
t

{∫
|x|<1

θ∞(x)√
1−x2H−

(
tf2(4n)α−1

(1−x2)1−α

)
dx

}
(9.2-d)

Note that the extra terms in §5.6 are not present since θ∞(x) is not supported outside of |x| < 1.
We will analyze the average over n of (9.2-a) to (9.2-d).

9.4 Analysis of (A) - 1: Average of (9.2-c)

In this section we will analyze

∑
n<X

√
n
∞∑
f=1

1
f3

∞∑
t=1

Klt,f (0,n)

t2

{∫
|x|<1

θ∞ (x)F
(
tf2(4n)−α

(1−x2)α

)
dx

}
(9.3X)
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Lemma 9.4.1. For τ > 0,

(9.3X) = 4

∫
θ∞(x)

[
1

2πi

∫
(τ)
ζ(2(u+ 1))F̃ (u)X

3
2+αu

3
2

+αu
4αu(1− x2)αudu

]
dx+ oθ∞,F (X)

Proof. We will follow the analysis of Chapter 5. By Perron’s formula we have

(9.3X) = 1
2πi

∫
(σ)

 ∞∑
n=1

1

nz−
1
2

∞∑
f=1

1
f3

∞∑
t=1

Klt,f (0,n)

t2

{∫
|x|<1

θ∞ (x)F
(
tf2(4n)−α

(1−x2)α

)
dx

} Xz

z dz

Then (as in Lemma 7.4.4) we use Mellin inversion on F and get,

(9.3X) =∫
θ∞(x)

 1
(2πi)2

∫
(σ)

∫
(τ)


∞∑
n=1

1

nz−αu−
1
2

∞∑
f=1

1
f2u+3

∞∑
t=1

Klt,f (0,n)

tu+2

 Xz

z dzF̃ (u)4αu(1− x2)αudu

 dx
Where τ > 0 and σ > αu + 3

2 (The interchange of integrals and sums is justified by the trivial
bound, Klt,f (0, n) < t, τ > 0 and σ > αu+ 3

2 .). By Corollary 5.3.5 we have

∞∑
f=1

1
f2u+3

∞∑
t=1

Klt,f (0,n)

tu+2 = 4 ζ(2(u+1))
ζ(u+2)

∏
p|n

(
1− 1

p(u+1)(vp(n)+1)

)(
1− 1

pu+1

)−1

= 4 ζ(2(u+1))
ζ(u+2)

∑
d|n

1
du+1

 (?)

Note also that

∞∑
n=1

1

nz−αu−
1
2

∑
d|n

1
du+1 =

∞∑
a=1

1

az−αu−
1
2

∞∑
b=1

1

bz+(1−α)u+1
2

= ζ(z − αu− 1
2)ζ(z + (1− α)u+ 1

2) (??)

Using (?) and (??) we get

(9.3X) =

4

∫
θ∞(x)

[
1

(2πi)2

∫
(σ)

∫
(τ)

{
ζ(z−αu− 1

2
)ζ(z+(1−α)u+ 1

2
)ζ(2(u+1))F̃ (u)

ζ(u+2)

}
Xz

z 4αu(1− x2)αudzdu

]
dx

We now shift the z-contour. Note that if we can shift the contour to a line <(z) < σ′ < 1 then
the resulting expression does not contribute to the limit. Let σ′ < 1. Then moving the z-contour
to <(z) = σ′ picks up the poles of product ζ(z − αu − 1

2)ζ(z + (1 − α)u + 1
2) at z = αu + 3

2 and
(possibly) at z = 1

2 − (1− α)u.

Therefore we get,
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(9.3X) = 4

∫
θ∞(x)

[
1

2πi

∫
(τ)

{
ζ(u+2)ζ(2(u+1))F̃ (u)

ζ(u+2)

}
X

3
2+αu

3
2

+αu
4αu(1− x2)αudu

]
dx

+ 4

∫
θ∞(x)

[
1

2πi

∫
(τ)

{
ζ(−u)ζ(2(u+1))F̃ (u)

ζ(u+2)

}
X

1
2−(1−α)u

1
2
−(1−α)u

4αu(1− x2)αudu

]
dx+ oθ∞,α(X)

The lemma follows since the second term is Oθ∞,F,α(X
1
2 ).

Lemma 9.4.2.

(9.3X) = ζ(2)4X
3
2

3

∫
θ∞(x)dx+ 2

4
−α
2 F̃(−1

2 )X
3
2−

α
2

3
2
−α

2

∫
θ∞(x)(1− x2)

−α
2 dx+ oθ∞,α(X)

Proof. We use Lemma 9.4.1. Shifting the u-contour to <(u) = τ ′ < −1
α picks up the pole of F̃ (u) at

u = 0 and the pole of the ζ-function at u = −1
2 . The first has residue 1 an the second has residue

1
2 . Therefore we get

(9.3X) = ζ(2)4X
3
2

3

∫
θ∞(x)dx+ 2

4
1−α
2 F̃(−1

2 )
3
2
−α

2

∫
θ∞(x)(1− x2)

−α
2 dx

+ 4

∫
θ∞(x)

[
1

2πi

∫
(τ ′)

ζ(2(u+ 1))F̃ (u)X
3
2+αu

3
2

+αu
4αu(1− x2)αudu

]
dx+ oθ∞,α(X)

The lemma follows.

9.5 Analysis of (A) - 2: Average of (9.2-d)

In this section we will analyze

∑
n<X

√
π

2

∞∑
f=1

1
f

∞∑
t=1

Klt,f (0,n)
t

{∫
|x|<1

θ∞(x)√
1−x2H−

(
tf2(4n)α−1

(1−x2)1−α

)
dx

}
(9.4X)

Lemma 9.5.1.

(9.4X) = 2
√
π

∫
θ∞(x)√

1−x2

[
1

2πi

∫
(1)

Γ( 1+u
2 )

Γ
(

2−u
2

) {ζ(2u)F̃ (u)
}
X1+(1−α)u

1+(1−α)u

(
π4(1−α)

(1−x2)(α−1)

)u
du

]
dx+ oθ∞,α(X)

Proof. As in the proof of Lemma 9.4.1 we use Perron’s formal and the definition

H−(x) = 1
2πi

∫
(1)

Γ( 1+u
2 )

Γ
(

2−u
2

)(πx)−uF̃ (u)du

to rewrite (9.4X) as

(9.4X) =
√
π

2

∫
θ∞(x)√

1−x2 1
(2πi)2

∫
(σ)

∫
(1)

Γ( 1+u
2 )

Γ
(

2−u
2

)

∞∑
n=1

1
nz−(1−α)u

∞∑
f=1

1
f1+2u

∞∑
t=1

Klt,f (0,n)

t1+u

 Xz

z

(
4(1−α)

π(1−x2)(α−1)

)u
F̃ (u)dudz

 dx
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Once again by Corollary 5.3.5

∞∑
f=1

1
f1+2u

∞∑
t=1

Klt,f (0,n)

t1+u
= 4 ζ(2u)

ζ(u+1)

∑
d|n

1
du



Hence,
∞∑
n=1

1
nz−(1−α)u

∞∑
f=1

1
f1+2u

∞∑
t=1

Klt,f (0,n)

t1+u
= 4 ζ(z+αu)ζ(z−(1−α)u)ζ(2u)

ζ(u+1)

Therefore,

(9.4X) =

2
√
π

∫
θ∞(x)√

1−x2

[
1

(2πi)2

∫
(σ)

∫
(1)

Γ( 1+u
2 )

Γ
(

2−u
2

) { ζ(z+αu)ζ(z−(1−α)u)ζ(2u)F̃ (u)
ζ(u+1)

}
Xz

z

(
4(1−α)

π(1−x2)(α−1)

)u
dudz

]
dx

We move the σ-contour to <(z) = σ′ < 1, picking up the poles at z = 1 + (1− α)u and (possibly)
at z = 1− αu. This gives,

(9.4X)

= 2
√
π

∫
θ∞(x)√

1−x2

[
1

2πi

∫
(1)

Γ( 1+u
2 )

Γ
(

2−u
2

) {ζ(2u)F̃ (u)
}
X1+(1−α)u

1+(1−α)u

(
4(1−α)

π(1−x2)(α−1)

)u
du

]
dx

+2
√
π

∫
θ∞(x)√

1−x2

[
1

(2πi)2

∫
(1)

Γ( 1+u
2 )

Γ
(

2−u
2

) { ζ(1−u)ζ(2u)F̃ (u)
ζ(u+1)

}
X1−(1−α)u

1−(1−αu)

(
4(1−α)

π(1−x2)(α−1)

)u
du

]
dx

+2
√
π

∫
θ∞(x)√

1−x2

[
1

(2πi)2

∫
(σ′)

∫
(1)

Γ( 1+u
2 )

Γ
(

2−u
2

) { ζ(z+αu)ζ(z−(1−α)u)ζ(2u)F̃ (u)
ζ(u+1)

}
Xz

z

(
4(1−α)

π(1−x2)(α−1)

)u
dudz

]
dx

The exponent of X is the second term and the last is smaller than 1. The lemma follows.

Lemma 9.5.2.

(9.4X) = −πX
∫

θ∞(x)√
1−x2dx+ 2

4
−α
2 F̃( 1

2)X
3
2−

α
2

3
2
−α

2

∫
θ∞(x)(1− x2)−αdx+ oθ∞,α(X)

Proof. We use Lemma 9.5.1 and shift the u-contour to <(u) = τ ′ < 0. This picks up the poles of
the ζ-function at u = 1

2 with residue 1
2 and the pole of F̃ (u) at u = 0 with residue 1. Using the

identities ζ(0) = −1
2 and Γ

(
1
2

)
=
√
π

(9.4X) = −πX
∫

θ∞(x)√
1−x2dx+ 2

4
−α
2 F̃( 1

2)X
3
2−

α
2

3
2
−α

2

∫
θ∞(x)(1− x2)−αdx

+ 2
√
π

∫
θ∞(x)√

1−x2

[
1

2πi

∫
(τ ′)

Γ( 1+u
2 )

Γ
(

2−u
2

) {ζ(2u)F̃ (u)
}
X1+(1−α)u

1+(1−α)u

(
4(1−α)

π(1−x2)(α−1)

)u
du

]
dx

+ oθ∞,α(X)

The lemma now follows from <(τ ′) < 0.
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9.6 Analysis of (A) - 3: Average of (9.2-c)+(9.2-d)

Lemma 9.6.1. ∫
θ∞(x)dx = 0

Proof. Recall that θ∞(x) = i
8π [(x+ i

√
1− x2)k−1 − (x− i

√
x2 − 1)k−1. Therefore,∫

θ∞(x)dx = i
8π

∫ 1

−1
[(x+ i

√
1− x2)k−1 − (x− i

√
x2 − 1)k−1]dx

Changing the variables to x = cos(θ) gives

i
8π

∫ 1

−1
[(x+ i

√
1− x2)k−1 − (x− i

√
x2 − 1)k−1]dx = −1

4π

∫ 0

−π
cos(θ) sin((k − 1)θ)dθ

= 0

Where, in the first equality we used the fact that the second equality follows from integration by
parts twice and using the fact that k ≡ 0 mod 2.

Lemma 9.6.2. ∫
θ∞(x)√

1−x2dx = −1
2π(k−1)

Proof. Once again recall that θ∞(x) = i
8π [(x+ i

√
1− x2)k−1 − (x− i

√
x2 − 1)k−1]. Then by using

the change of variables x = cos(θ) we get,∫
θ∞(x)√

1−x2dx = −1
4π

∫ 0

−π
cos(θ) sin((k−1)θ)

− cos(θ) dθ

= −1
2π(k−1)

Where, we used the fact that cos(θ) < 0 for the range of integration and
√

1− x2 > 0 so in the
change of variables we have

√
1− x2 = − cos(θ), and in the second equality we used k ≡ 0 mod 2

in the last equality.

Theorem 9.6.3.

(9.2-c) + (9.2-d) = 1
2(k−1) + oθ∞,α(X)

Proof. Using lemmas 9.4.2 and 9.5.2 we have

(9.2-c) + (9.2-d) = ζ(2)4X
3
2

3

∫
θ∞(x)dx+ 2

4
−α
2 F̃(−1

2 )X
3
2−

α
2

3
2
−α

2

∫
θ∞(x)(1− x2)

−α
2 dx

− π
∫

θ∞(x)√
1−x2dx+ 2

4
−α
2 F̃( 1

2)X
3
2−

α
2

3
2
−α

2

∫
θ∞(x)(1− x2)−αdx+ oθ∞,α(X)

By using lemmas 9.6.1 and 9.6.2 we then get the statement of the theorem.
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9.7 Analysis of (A) - 4: The Strategy for the averages of (9.2-a)
and (9.2-b)

We will be using the theory developed in chapters 4 to 7. Let us start with a few preliminary
observations.
Lemma 9.7.1. For any k > 0 and ε > 0

lim
X→∞

1
X

∑
n<X

n−ε = 0

lim
X→∞

1
X

∑
n<X

nke−n
ε

= 0

Proof. Obvious.

By Lemma 9.7.1 we see that the error terms in Corollary 5.1.3 do not contribute to the limits.

Next, we consider the ξ-sums. We have an auxiliary lemma which will be useful later in the sequel.
Let Φ be a smooth approximation to the characteristic function of (1

2 , 2).
Lemma 9.7.2.∑

n≡b mod 4tf2

e
(
ξ
√
n

2tf2

)
Φ
(
n
X

)
= 1

4tf2

∑
ν

e
(

bν
4tf2

)∫
e
(
ξ
√
u

2tf2

)
Φ
(
u
X

)
e
(
−uν
4tf2

)
du

Moreover for any r > 0,

∫
e
(
ξ
√
u

2tf2

)
Φ
(
u
X

)
e
(
−uν
4tf2

)
du =

{
Or,Φ

(
X1−r

(
tf2

ν

)r
+ ξ(tf2)r

Xrνr+1

)
if ν 6= 0

Or,Φ (X) if ν = 0

Proof. Applying Poisson summation gives the first statement.

1
4tf2

∑
ν

e
(

bν
4tf2

)∫
e
(
ξ
√
u

2tf2

)
Φ
(
u
X

)
e
(
−uν
4tf2

)
du

On the other hand for ν 6= 0 by completing to square we get∫
e
(
ξ
√
u

2tf2

)
Φ
(
u
X

)
e
(
−uν
4tf2

)
du = X

∫
Φ (u) e

(
−Xν(u−2ξ(Xν)−1√u)

4tf2

)
du

= X

∫
Φ(u)e

(
−Xν[(

√
u−ξ(Xν)−1)2−ξ2(Xν)−2]

4tf2

)
du

= Xe
(
ξ2(Xν)−1

4tf2

)∫
Φ(u)e

(
−Xν(

√
u−ξ(Xν)−1)2

4tf2

)
du

= Xe
(
ξ2(Xν)−1

4tf2

)∫
Φ(u2)e

(
−Xν(u−ξ(Xν)−1)2

4tf2

)
2udu

= Xe
(
ξ2(Xν)−1

4tf2

)∫
Φ(u2)e

(
−Xνu2

4tf2

)
2
(
u+ ξ

Xν

)
du

= Xe
(
ξ2(Xν)−1

4tf2

)∫
Φ(u)e

(
−Xνu
4tf2

)
du+ 2ξ

ν e
(
ξ2(Xν)−1

4tf2

)∫
Φ(u)e

(
−Xνu
4tf2

)
du√
u
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Integrating by parts r-times we get that∫
e
(
ξ
√
u

2tf2

)
Φ
(
u
X

)
e
(
−uν
4tf2

)
du = Or,Φ

(
X1−k

(
tf2

ν

)r
+ ξ(tf2)r

Xrνr+1

)
For ν = 0 we have ∫

e
(
ξ
√
u

2tf2

)
Φ
(
u
X

)
du = X

∫
e
(
ξ
√
X
√
u

2tf2

)
Φ (u) du

= 2X

∫
e
(
ξ
√
Xu

2tf2

)
Φ
(
u2
)
udu

= Or,Φ (X)

The lemma follows.

There will be various ranges of the ξ-sum we will be treating differently. Roughly speaking the idea
is the following:

• (9.2-a)

– (tf2)
1−α
α ξ√
n

� nε.

For this range we will use Proposition 7.2.1 which tells us that the integrals decay fast.

– (tf2)
1−α
α ξ√
n

� nε and ξ
√
n

tf2
� nε.

In this case we will use the asymptotic expansion in Proposition 7.2.2 which tells us that
the functions oscillate and there will be significant cancellation in the n-sum.

– ξ
√
n

tf2
� nε.

In this case we will use the cancellation in the character sum to get the desired result.

• (9.2-b).

Th analogous ranges are:

– (tf2)
α

1−α ξ√
n

� nε.

– (tf2)
α

1−α ξ√
n

� nε and ξ
√
n

tf2
� nε.

– ξ
√
n

tf2
� nε.

9.8 Analysis of (A) - 5: Estimates for the first range

In this section we will estimate (9.2-a) for the range (tf2)
1−α
α ξ√
n

� nε and (9.2-b) for the range

(tf2)
α

1−α ξ√
n

� nε.
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Lemma 9.8.1. For any ε > 0 such that ε > δ0
α and any M > 0 we have,

√
n

∑
f�n

α+δ0
2

1
f3

∑
t

tf2�nα+δ0

1
t2

∑
ξ(tf2)

1−α
α√

n
�nε

Klt,f (ξ, n)

{∫
|x|<1

θ∞ (x)F
(
tf2(4n)−α

(1−x2)α

)
e
(
−xξ
√
n

2tf2

)
dx

}

= OM,α,δ0,ε

 n
1
2 (α+δ0)

nM(ε− δ0α )
+ n

1/2+ε− δ0α
2( 1
α−1)

nM(ε− δ0α )
+ n

1
4

n(M+1
2 )ε)

+ n
α+δ0

2

nMε


Therefore, by choosing M > 1

ε− δ0
α

we see that these terms do not contribute to the limit.

Proof. By Proposition 7.2.1 we know that for any M > 0 the integral satisfy the bound

(
ξ
√
n

tf2

)−M
+
(
ξ
√
n

tf2

)−1
(
ξ(tf2)

1−α
α√

n

)−M

Note that since tf2 � nα+δ0 and ξ(tf2)
1−α
α√

n
� nε we necessarily have ξ

√
n

tf2
� nε−δ0/α. The lemma

now follows from 7.4.1 and 7.4.2.

Lemma 9.8.2. For any ε > 0 such that ε > δ0
1−α and any M > 0 we have,

√
π

2

∑
f<n

1−α+δ0
2

1
f

∑
t

tf2�n1−α+δ0

1
t

∑
ξ(tf2)

α
1−α

√
n

�nε

Klt,f (ξ, n)

{∫
|x|<1

θ∞(x)√
1−x2H−

(
tf2(4n)α−1

(1−x2)1−α

)
e
(
−x
√
nξ

2tf2

)
dx

}

= OM,α,δ0,ε

(
n

1
4

n
(M+3

2 )(ε− δ0
1−α )

+ n1− 3α
2 +δ0

n
M(ε− δ0

1−α )
+ n

3(1−α)
2α ( 12+ε) log(n)

n
1
2+Mε

)
In particular if we choose M > 1

ε− δ0
1−α

we see that these terms do not contribute to the limit.

Proof. The same as the proof of Lemma 9.8.1 but this time we refer to lemmas 7.4.5 and 7.4.6
instead of lemmas 7.4.1 and 7.4.2.

9.9 Analysis of (A) - 6: Estimates for the second range

In this section we will be estimating the average over n of (9.2-a) for the range (tf2)
1−α
α ξ√
n

� nε and

ξ
√
n

tf2
� nε and (9.2-b) for the range (tf2)

α
1−α ξ√
n

� nε and ξ
√
n

tf2
� nε.

For notational convenience let us denote the two ranges by R(ξ, t, f, n, α, ε) and R(ξ, t, f, n, 1−α, ε).
i.e.

R(ξ, t, f, n, α) =

{
(ξ, t, f, n) | (tf2)

1−α
α ξ√
n

� nε and ξ
√
n

tf2
� nε

}
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We will be summing over n. Since all the ranges of summation depend on n it is convenient to sum
n over dayadic ranges, i.e. ranges of the form X

2 < n < X. For that purpose let Φ be a smooth
approximation to the characteristic function of (1

2 , 1) and consider

log(X)−1∑
l=0

∑
n∈Z

√
nΦ
(
n2l

X

) ∑
f�

(
X

2l

)α+δ0
2

1
f3

∑
t

tf2�
(
X

2l

)α+δ0
1
t2

∑
ξ∈R(ξ,t,f,X

2l
,α,ε)

Klt,f (ξ, n)

{∫
|x|<1

θ∞ (x)F
(
tf2(4n)−α

(1−x2)α

)
e
(
−xξ
√
n

2tf2

)
dx

}

and

log(X)−1∑
l=0

∑
n∈Z

√
π

2 Φ
(
n2l

X

) ∑
f�

(
X

2l

) 1−α+δ0
2

1
f

∑
t

tf2�
(
X

2l

)1−α+δ0
1
t

∑
ξ∈R(ξ,t,f,X

2l
,1−α,ε)

Klt,f (ξ, n)

{∫
|x|<1

θ∞(x)√
1−x2H−

(
tf2(4n)α−1

(1−x2)1−α

)
e
(
−x
√
nξ

2tf2

)
dx

}
Lemma 9.9.1. For ε < 1

2 ,

lim
X→∞

1
X

log(X)−1∑
l=0

∑
f�X

α+δ0
2

1
f3

∑
t

tf2�Xα+δ0

1
t2

∑
ξ∈R(ξ,t,f,X

2l
,α,ε)

∑
n∈Z

√
nΦ
(
n
X

)
Klt,f (ξ, n)

{∫
|x|<1

θ∞ (x)F
(
tf2(4n)−α

(1−x2)α

)
e
(
−xξ
√
n

2tf2

)
dx

}
= 0

Proof. Let M ≥ k be an integer. We will consider the M ’th order asymptotic expansion of the
integral derived in Chapter 4. By Proposition 7.2.3 we know that the integral is equal to a sum of
terms of the form

•e
(
−ξ
√
n

2tf2

)(
ξ
√
n

tf2

)−( 3
2

+m+r+s)

•e
(
−ξ
√
n

2tf2

)(
(tf2)

1
α

n

)1+m+r+s(
ξ(tf2)

1−α
α√

n

)s+ρ
with an error of (

ξ
√
n

tf2

)−M−1
+
(
ξ
√
n

tf2

)−1
(
ξ(tf2)

1−α
α√

n

)M+1

We first start with the error terms. By lemmas 7.4.1 and 7.4.2 we see that the error terms contribute

OM,α,δ0,ε

(
n

1
4

n(M+1
2 )ε)

+ n
α+δ0

2

nMε + n
1
2 (α+δ0)

nMε + n

1/2+ε

2( 1
α−1)

nMε

)
which, when averaged over n ∼ X gives a contribution of

OM,α,δ0,ε

(
X

1
4

X(M+1
2 )ε)

+ X
α+δ0

2

XMε + X
1
2 (α+δ0)

XMε + X

1/2+ε

2( 1
α−1)

XMε

)
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As long as we choose M > max{1
4 ,

α+δ0
2 , 1/2+ε

2( 1
α
−1)
}ε−1, the limit of this expression as X → ∞ is 0

and does not contribute to the limit.

Next, we consider the oscillating terms. For notational convenience we will bound the term corre-
sponding to l = 0. The bound we will obtain will be a power saving in X, and since there are at
most log(X) terms in the l-sum this will imply the result.

• e
(
−ξ
√
n

2tf2

)(
ξ
√
n

tf2

)−( 3
2

+m+r+s)
.

We focus on ∑
n∈Z

√
nΦ
(
n
X

)
Klt,f (ξ, n)e

(
−ξ
√
n

2tf2

)(
ξ
√
n

tf2

)−( 3
2

+m+r+s)

Since n ∼ X by partial summation bounding the above sum is implied by bounding(
ξ
tf2

)−( 1
2

+m+r+s)
X

1
4
−m+r+s

2

∑
n

Φ
(
n
X

)
e
(
ξ
√
n

tf2

)
Klt,f (ξ, n) (?)

Breaking the n-sum into arithmetic progressions mod4tf2 and applying Poisson summation
then gives∑

n

Φ
(
n
X

)
e
(
ξ
√
n

tf2

)
Klt,f (ξ, n)

= 1
4tf2

∑
ν

{∫
e
(
ξ
√
u

2tf2

)
Φ
(
u
X

)
e
(
−uν
4tf2

)
du

} ∑
b mod 4tf2

Kltf2(ξ, n)e
(

bν
4tf2

)
Recall the notation of (6.4),

ω
{1}
t,f (ξ, n) =

∑
b mod 4tf2

Kltf2(ξ, n)e
(

bν
4tf2

)
By Lemma 9.7.2, for any e > 0, the sum above is

Oe,Φ

(
X|ω{1}t,f (ξ, 0)|+X1−e(tf2)e−1

∑
ν

|ω{1}t,f (ξ, ν)|ν−e

+X−eξ(tf2)e−1
∑
ν

|ω{1}t,f (ξ, ν)|ν−e+1

)
For ν 6= 0 by Lemma 6.2.4 we have |ω{1}t,f (ξ, ν)| ≤ f2t2. Using this, we get∑

f�X
α+δ0

2

1
f3

∑
t

tf2�Xα+δ0

1
t2

∑
ξ∈R(ξ,t,f,X,α,ε)

(
ξ
√
n

tf2

)−( 3
2

+m+r+s)
1

4tf2

∑
ν 6=0

{∫
e
(
ξ
√
u

2tf2

)
Φ
(
u
X

)
e
(
−uν
4tf2

)
du

} ∑
b mod 4tf2

Kltf2(ξ, n)e
(

bν
4tf2

)
�e,Φ X

1
4
−m+r+s

2

∑
f�X

α+δ0
2

1
f3

∑
t

tf2�Xα+δ0

1
t

∑
ξ∈R(ξ,t,f,X

2l
,α,ε)

(
ξ
tf2

)−( 3
2

+m+r+s)

(
X1−e(tf2)e−1 +X−eξ(tf2)e−1

)
�e,Φ,δ0,ε,m,r,s X

5+2α+2δ0
4

−m+r+s
2

(1−α−δ0)−e(α−1+δ0)
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Since m + r + s ≥ 0 if we choose e such that 5+2α+2δ0
4 − e(α − 1 + δ0) > 0 then the sum is

bounded by 1. Therefore this sum does not contribute to the limit.

Now we pass to the ν = 0-term. This time we use Lemma 6.2.4 and see that ω
{1}
t,f (ξ, 0) vanishes

unless tf2 | ξ. And if tf2 | ξ then it is bounded by t2f2. Then using the bound X on the
integral we get,

∑
f�X

α+δ0
2

1
f3

∑
t

tf2�Xα+δ0

1
t2

∑
ξ∈R(ξ,t,f,X

2l
,α,ε)

(
ξ
√
n

tf2

)−( 3
2

+m+r+s) ωt,f (ξ,0)

4tf2

∫
e
(
ξ
√
u

2tf2

)
Φ
(
u
X

)
du

X
∑

f�X
α+δ0

2

1
f3

∑
t

tf2�Xα+δ0

1
t

∑
tf2ξ∈R(tf2ξ,t,f,X

2l
,α,ε)

(
ξ
√
n
)−( 3

2
+m+r+s)

�α,δ0 X
1
4
−m+r+s

2

Therefore this sum does not contribute to the limit.

• e
(
−ξ
√
n

2tf2

)(
(tf2)

1
α

n

)1+m+r+s(
ξ(tf2)

1−α
α√

n

)s+ρ
We proceed as above. Consider the n-sum:

∑
n∈Z

√
nΦ
(
n
X

)
Klt,f (ξ, n)e

(
−ξ
√
n

2tf2

)(
(tf2)

1
α

n

)1+m+r+s(
ξ(tf2)

1−α
α√

n

)s+ρ
Since n ∼ X it is enough to estimate

(tf2)
1+m+r+s+(1−α)(s+ρ)

α −1ξs+ρ+1

Xm+r+s+
s+ρ
2

∑
n∈Z

Φ
(
n
X

)
Klt,f (ξ, n)e

(
−ξ
√
n

2tf2

)
(??)

Once again we apply Poisson summation to the n-sum, use lemmas 9.7.2 and 6.2.4. This gives
for any e > 0

∑
n∈Z

Φ
(
n
X

)
Klt,f (ξ, n)e

(
−ξ
√
n

2tf2

)
= 1

4tf2

∑
ν

{∫
Φ
(
u
X

)
e
(
ξ
√
u

2tf2

)
e
(
−νu
4tf2

)
du

}
ω
{1}
t,f (ξ, ν)

�Φ,e
X
tf2
|ω{1}t,f (ξ, 0)|+X1−et(tf2)e−1 +X−eξt(tf2)e−1

We substitute each one of the terms above into (??) and bound the sum over f, t and ξ.

– ∑
f�X

α+δ0
2

1
f3

∑
t

tf2�Xα+δ0

1
t2

∑
ξ∈R(ξ,t,f,X,α,ε)

(tf2)
1+m+r+s+(1−α)(s+ρ)

α −1ξs+ρ+1

Xm+r+s+
s+ρ
2

X1−et(tf2)e−1

= OΦ,e,ε,δ0,α

(
X1+α(e−2)+ε(s+ρ+2)+

δ0
α

(1+m+r+s−2+eα)−e
)

Therefore as long as e > 1 +α(e− 2) + ε(s+ ρ+ 2) + δ0
α (1 +m+ r+ s− 2 + eα) this part

does not contribute to the limit (recall that 0 < α < 1).
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– ∑
f�X

α+δ0
2

1
f3

∑
t

tf2�Xα+δ0

1
t2

∑
ξ∈R(ξ,t,f,X,α,ε)

(tf2)
1+m+r+s+(1−α)(s+ρ)

α −1ξs+ρ+2

Xm+r+s+
s+ρ
2

X−et(tf2)e−1

= OΦ,e,ε,δ0,α

(
Xα− 1

2
+eα+ε(s+ρ+3)+δ0(

1+m+r+s−3(1−α)
α

+e−2)−e
)

Therefore as long as e > α− 1
2 + eα+ ε(s+ ρ+ 3) + δ0(1+m+r+s−3(1−α)

α + e− 2) this does
not contribute to the limit.

– ∑
f�X

α+δ0
2

1
f3

∑
t

tf2�Xα+δ0

1
t2

∑
ξ∈R(ξ,t,f,X,α,ε)

(tf2)
1+m+r+s+(1−α)(s+ρ)

α −1ξs+ρ+1

Xm+r+s+
s+ρ
2

X
tf2
|ω{1}t,f (ξ, 0)|

Once again by Lemma 6.2.4 and see that ω
{1}
t,f (ξ, 0) vanishes unless tf2 | ξ and is bounded

by t2f2 if tf2 | ξ. Since we are in the range ξ(tf2)
1−α
α√

X
� Xε, if we let ξ = tf2ξ0 we see

that ξ0(tf2)
1
α � X

1
2

+ε. Therefore we need to have tf2 � Xα( 1
2

+ε). Using this we get

∑
f�X

α+δ0
2

1
f3

∑
t

tf2�Xα+δ0

1
t

∑
tf2ξ0∈R(tf2ξ0,t,f,X,α,ε)

(tf2)
1+m+r+s+(1−α)(s+ρ)

α −1(tf2ξ0)s+ρ+1

Xm+r+s+
s+ρ
2

X

= OΦ,ε,α

(
X1+( 1

2
+ε)(m+r+s−1)−(m+r+s+ s+ρ

2
)
)

Which does not contribute to the limit as long as ε < 1
2 .

This finishes the proof of the lemma.

Lemma 9.9.2. For ε < 1
2 ,

lim
X→∞

1
X

log(X)−1∑
l=0

∑
f�X

α+δ0
2

1
f

∑
t

tf2�X1−α+δ0

1
t

∑
ξ∈R(ξ,t,f,X

2l
,1−α,ε)

∑
n∈Z

Φ
(
n
X

)
Klt,f (ξ, n)

{∫
|x|<1

θ∞(x)√
1−x2H−

(
tf2(4n)α−1

(1−x2)1−α

)
e
(
−x
√
nξ

2tf2

)
dx

}
= 0

Proof. The proof follows the same line of argument as the proof of Lemma 9.9.1 the only difference
is now one refers to the asymptotic expansion in Proposition 7.2.3 rather than 7.2.2.

9.10 Analysis of (A) - 7: Estimates for the third range and the
choice of the parameter α

In this section we will estimate the average over n of (9.2-a) and (9.2-b) for the ranges ξ
√
n

tf2
�

nε.
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We first start with (9.2-d). Recall that we have tf2 � n1−α+δ0 . Here δ0 > 0 is arbitrary, and

hence can be chosen arbitrarily small. Since tf2 � n1−α+δ0 , we have ξ
√
n

tf2
� nα−

1
2−δ0 Then, by

choosing α = 1
2 + δ0 + ε we see that ξ

√
n

tf2
� nε. But on the other hand since the third range requires

ξ
√
n

tf2
� nε, we conclude that (9.2-b) is empty for the third range with this choice of α.

We turn back to (9.2-a). We would like to estimate

∑
n<X

√
n

∑
f�n

α+δ0
2

1
f3

∑
t

tf2�nα+δ0

1
t2

∑
ξ
√
n

tf2
�nε

Klt,f (ξ, n)

{∫
|x|<1

θ∞ (x)F
(
tf2(4n)−α

(1−x2)α

)
e
(
−xξ
√
n

2tf2

)
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Once again we break the n-sum into dyadic ranges by introducing, Φ, a smooth approximation to
the characteristic function of (1

2 , 1) and instead of the above sum, consider
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Applying Poisson summation to the n-sum then gives
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The next lemma shows that the terms besides ν = 0 are small in size.
Lemma 9.10.1. Let ν 6= 0. Then for any M > 0,∫
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Proof. Changing the variables to u 7→ uX, we can rewrite the integral as
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We then change the order of integration (justified since the functions are continuous and the range
of integration is compact),
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Integration by parts M -times (integrating the last exponential and differentiating the rest) then
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X
3
2

∫
|x|<1

θ∞ (x)

{∫
Φ (u)

√
uF
(
tf2(4Xu)−α

(1−x2)α

)
e
(
−xξ
√
Xu

2tf2

)
e
(
−Xuν
4tf2

)
du

}
dx

= Oθ∞,F,Φ,Φ,α,M

(
(tf2)M

νMXM− 3
2

((
tf2

Xα

)M
+
(
ξ
√
X

tf2

)M))

Lemma 9.10.2.∑
f�X

α+δ0
2

1
f5

∑
t

tf2�Xα+δ0

1
t3

∑
ξ
√
X

tf2
�Xε

∑
ν 6=0

ω
{1}
t,f (ξ, ν)

[∫
Φ
(
u
X

)√
u

{∫
|x|<1

θ∞ (x)F
(
tf2(4u)−α

(1−x2)α

)
e
(
−xξ
√
u

2tf2

)
dx

}
e
(
−uν
4tf2

)
du

]
�θ∞,F,Φ,M,α,δ0ε X

(α−1)M+2δ0(M+ 1
2

)+1+ε+α +XM(α−1+δ0)+1+α+δ0

Proof. By Lemma 9.10.1, for any M > 0 we have,∑
f�X

α+δ0
2

1
f5

∑
t

tf2�Xα+δ0

1
t3

∑
ξ
√
X

tf2
�Xε

∑
ν 6=0

ω
{1}
t,f (ξ, ν)

[∫
Φ
(
u
X

)√
u

{∫
|x|<1

θ∞ (x)F
(
tf2(4u)−α

(1−x2)α

)
e
(
−xξ
√
u

2tf2

)
dx

}
e
(
−uν
4tf2

)
du

]

�θ∞,F,Φ,α,M

∑
f�X

α+δ0
2

1
f5

∑
t

tf2�Xα+δ0

1
t3

∑
ξ
√
X

tf2
�Xε∑

ν 6=0

ω
{1}
t,f (ξ, ν)

(
(tf2)M

νMXM− 3
2

((
tf2

Xα

)M
+
(
ξ
√
X

tf2

)M))
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Lemma 9.10.3. For ε < 1
2 , the term for ν = 0 in (Σ) does not contribute to the limit.

Proof. Recall that the term for ν = 0 in (Σ) is
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t,f (ξ, 0) = 0 unless tf2 | ξ. However the sum over ξ in (•) is over

ξ 6= 0 such that ξ
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� Xε. Since tf2 | ξ and ξ 6= 0 otherwise the sum vanishes, let ξ = tf2ξ0 for

some non-zero integer ξ0. Then ξ0 needs to satisfy ξ0 � Xε− 1
2 . Since ε < 1

2 , such ξ0 is not present
in the sum for large X and the lemma follows.
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9.11 Analysis of (A) - 8: Choosing the parameters δ0, ε and M ,
and the final contribution

In this section we will finally choose the parameters δ0 and ε and show that the contribution of (A) to
the limit is 1

k−1 . We recall from the previous section that we had already chosen α = 1
2 +δ0 +ε

Theorem 9.11.1. Let δ0 = 1
64 , ε = 1

4 , M = 6. For this choice,

(A) = 1
2(k−1)

Proof. Recall from §9.3 that

(A) = lim
X→∞

1
X ((9.2-a) + (9.2-b) + (9.2-c) + (9.2-d))

Theorem 9.6.3 then shows that

lim
X→∞

1
X ((9.2-c) + (9.2-d)) = 1

2(k−1)

Note that for the choice in the statement of the theorem

α = 1
2 + δ0 + ε

= 1
2 + 1

64 + 1
4

= 49
64

1− α = 1
2 −

1
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1
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= 15
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Therefore we have,

ε = 1
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1
2 (i)

ε = 1
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1
49 = δ0

α (ii)

ε = 1
4 >
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15 = δ0

1−α (iii)

M = 6 > 196
45 = 1

ε− δ0
α

(iv)

M = 6 > 60
11 = 1

ε− δ0
1−α

(v)

(α− 1)M + 2δ0(M + 1
2) + 1 + α+ ε = 52

64 < 1 (vi)

(α− 1 + δ0)M + 1 + α+ δ0 = 15
32 < 1 (vii)

Recall that at the end of §9.7 we have divided the averages of (9.2-a) and (9.2-b) into three ranges
and estimated them in lemmas 9.8.1 to 9.10.3. Using these estimates we will now show that with
the choices we do not get any extra contribution to the limit.

• By the estimates of Lemma 9.8.1 and ii and iv there is no contribution from the range in
Lemma 9.8.1.

• By the estimates of Lemma 9.8.2 and iii and v there is no contribution from the range in
Lemma 9.8.2.

• By the estimates of lemmas 9.9.1 and 9.9.2 and i there is no contribution from the ranges in
lemmas 9.9.1 and 9.9.2.
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• By the estimates of Lemma 9.10.2 and v and vi there is no contribution from the range in
Lemma 9.10.2. (Note that for this range we will divide the estimates in Lemma 9.10.2 by X
before taking the limit, and the extra sum over l does not contribute to the limit.)

Since by the paragraph at the beginning of §9.10 and the choice of α = 1
2 + ε+δ0 and Lemma 9.10.3

the rest of the terms also do not contribute to the limit, the statement of the theorem follows.

9.12 The final answer

Corollary 9.12.1.
(A) + (B) + (C) = 0

Proof. By propositions 9.2.1 and 9.2.2 we have

(B) + C = −1
2(k−1)

By theorems 9.6.3 and 9.11.1
(A) = 1

2(k−1)

The corollary follows.
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dun Programme. Ann. Sci. Math. Québec 34 (2010), 199-243.
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