TSR

VISCOUS EFFECTS ON PERIPHERAL
JET FLUID SUSPENSIONS

o asd
PSPPI AR

by

= YUCEL ERCAN

M.S., Dept. of M,E., June 1968




VISCOUS EFFECTS ON
PERIPHERAL JET FLUID SUSPENSIONS

by
YUCEL ERCAN

S.B., Massachusetts Institute of Technology
(1966)

SUBMITTED IN PARTIAL FULFILLMENT
OF THE REQUIREMENTS FOR THE
DEGREE OF MASTER OF
SCIENCE

at the

MASSACHUSETTS INSTITUTE OF

TECHNOLOGY
June, 1968
7 ' —
{ A g (/
Ap o n I P o it
Signature of Author ............ é%fkfﬁred(..i444&.ﬂ$;.. oo paiusa & G S R B 418

Department of Mechanicall Engineering, May 6, 1968

Certified By s.iveveeeee et SRR L 00000 c i ee G B e e
Thesis Supervisor

Accepted DY civeieecnenencasensoaes cmaie e we e e s d e e W 0 E e W e wiww e e d
Chairman, Departmental Committee on Graduate Students




ABSTRACT

VISCOUS EFFECIS ON
PERIPHERAL JET FLUID SUSPENSIONS

by
YUCEL ERCAN

Submitted to the Department of Mechanical Engineering on
May 6, 1968 in partial fulfillment of the requirements
for the Degree of Master of Science.

A viscous analysis which is capable of predicting the
static and quasi-static behavior of peripheral jets is performed.
The theory accounts for the large differences between data and the
previous inviscid theories by the effects of entrainment and
turbulent mixing. It predicts the equilibrium behavior within
3 - 4% (while the best of the inviscid theories, Barratt Theory,
has errors up to 407%). Solutions of the unbalanced jet which
the viscous theory yields give continuous curves around the
equilibrium point. This makes the prediction of the dynamic
behavior of the peripheral jet fluid suspensions possible. The
calculated sensitivities for Reynolds number of 2x10% predict
the data within 87 (the Barratt Theory on the other hand gives
errors up to 100%). The use of the theory is simplified by the
computer programs presented in the appendices and solutions for
various Reynolds numbers can be obtained easily by use of these
programs.

Thesis Adviser: Herbert H. Richardson

Title: Professor of Mechanical Engineering
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I INTRODUCTION

Fluid suspensions, especially those which use air as working
fluid, have certain merits when compared with mechanical suspensions
at high speeds. With a fluid suspension system the weight of the
vehicle can be supported over large areas on the guideway. This
eliminates the concentrated loads minimizing wear and deformations
on the guideway. Unsprung mass can be made almost negligible and
this gives a soft coupling between the vehicle and road. As a
result, a vehicle which is equipped with fluid suspensions can operate
on rougher guideways than if it were using mechanical suspensions
and still give the same or lower levels of accelerations as mechanically
suspended vehicles. At high speeds catastrophic failures of mechanical
suspensions may be hazardeous. Such a failure can take place at
bearings, at a shaft or at some other part where stress concentrations
exist. The use of fluid suspensions minimizes the chances of such

unfortunate incidents which may result in loss of lives and money.

There are several types of fluid suspensions. In these systems
lift is maintained by viscous effects as in the case of air bearings
or momentum effects of a fluid stream or by quasistatic pressure of
the fluid pumped beneath the vehicle as in plenums or peripheral jets.
The fluid suspensions which are used today in transport vehicles are
of the latter two types with some additional features such as flexible
skirts, etc. For relatively large ground—to—cusﬁion clearances the

peripheral jet requires less power for maintaining a static hovering



height than the plenum; because of this reason most of the past
research on fluid suspensions has dealt with peripheral jets.

A peripheral jet fluid suspension is basically an annular
jet directed tqwards a flat plate; i.e. the ground beneath the
vehicle. When the jet is initially started, it impinges on the
plate, and fluid flows into the so-called cushion area beneath
the suspension, increasing the pressure in the cushion area until
the jet is forced to gend outward. Once steady flow conditions
are maintained, the jet acts as a "jet curtain" and confines the
static pressure in the large cushion area. The pressure within
this area supports the vehicle and the 1ift obtained is many times
the 1lift due to the jet reaction itself. This shows thét a
peripheral jet suspension is a device which employs '"ground effect"
to magnify jet momentum effects.

A giagram of a peripheral jet suspension, with the important

system parameters shown, is presented in Figure 1. After the flow

0

conditions assume steady-state, the vehicle is supported at an

equilibrium height above the ground and there is no met flow into

or out of the cushion. This equilib;ium case is referred to in the
peripheral jet literature as the ''balanced jet'. If the vehicle

height from the ground is somehow disturbed, the flow patterns also
change. When the vehicle ﬁoveé up froé its equilibrium height, the
cushion volume increases and some net flow takes place into the cushion,

"cushion flow'" and

The net flow into or out of the cushion is called
the case in which the cushion flow is into the cushion is called the

"overfed jet". 1In an overfed jet the annular jet splits into two

.



portions oné of which supplies the net flow into the cushion
(Figure 2a).

If the vehicle moves ddwn from its equilibrium height while
operating under the steady-state balanced condition some net flow
out of the cushion occurs (Figure 2b). A peripheral jet operating -
under these conditions is called an 'underfed jet'. The overfed
and underfed jets are both called "unbalanced jets". The pressure-
flow and displacement-flow sensitivities of unbalanced jets are used
to determine the dynamic behavior of the suspension system as explained
by Richardson and Ribich (1)*.

During recen£ years several theories were proposed by various
authors to predict the performance of a peripheral jet type fluid
suspension system. Almost all of the present theories assume inviscid
and incompressible flow conditions. Strand (2) developed an exact
theory for the two-dimensional incompressible, inviscid irrotational
flow based on potential flow theory. The Stanton-Jones Theory (3),
commonly called the exponential theory, considers a differential
element on the two dimensional cross section of a constant curvature
jet, then equates the pressures to the centrifugal force per unit
area and integrates over the jet thickness to obtain an expression for
the cushion pressure aé a function of the h/t ratio and angle 6.

The Velocity Distribution Theory**assumes a potential vortex at the

* Numbers refer to the list of references at the end of the thesis.

%% Presented later in this thesis.



nozzle exit and uniform flow along the ground and then applies the
momecntum balance equation for a control volume ABCD (Figure 1) which
includes the cushion and ?he part of the jet before it becomes
parallel to the ground. The Barratt Theory (4) considers the

adjacent streamlines down-stream of the jet exit to have a common
center of curvature (the curvature need not be constant along the
jet). It takes the total head to be constant across the jet
thickness and assumes that the magnitude of the total momentum of

the jet after it is deflected is equal to the jet momentum just
down-stream of the jet. The total jet momentum is calculated by using
these assumptions. Then the momentum balance in the horizontal
direction applied to the control volume of Figure 1 yields an
expression for the cushion pressure in terms of h/t ratio. The

Thin Jet Theory (5) which was proposed by Chaplin assumes a thin and
non-mixing jet of circular arc cross section of radius h/(l+sin 6)
where h is the height of the nozzle from the ground. Then the
cushion pressure is determined by balancing the static pressure to‘the
centrifugal force density. These theories are plotted in Figure 3
which shows the cushion pressures as a fuﬁction of h/t for a

gélanced jet.

An experimental p%ogram for the investigation of the pressure-
flow-displacement characteristics of peripheral jet fluid suspensions
has been carried cut over the last three years at M.I.T. The data
which has been obtained by using the '"2-D Fluid Suspension Test

Apparatus" (Figure 4) is adequate to describe the performance



characteristics of a peripheral jet suspension for different nozzle
thicknesses and heights at different Reynold's numbers. (See
Figures 10 through 17.) The dimensional analysis performed by
Richardson and Ribich (6) shows that the dynamic similarity for

a constant geometry suspension (h/t fixed) is maintained if
dimensionless pressures and flows are used and the product P,- t

is kept constant, where P, is the ambient pressure and t the
characteristic dimension (taken to be nozzle thickness) of the
suspension. It is also shown by Richardson and Ribich that the
dynamic similarity can also be maintained if the jet exit Mach

and Reynolds numbers of a fixed geometry system are kept constant.
Therefore, the data taken and published by M.I.T (7) is shown

in terms of these dimensionless.parameters (Figure 10 through 17.)
The interpolation of these data curves would yield curves of
Pcg/Psg vs h/t. This is done for jet thickness Reynolds number,
Rej = 2 x lO3 and 4.1 x 104 in Figure 5. The data at a specific
Reynolds number for the cases p, " t > .2 atm-in practically

fall on the same curve. TFor the case when P, * t = .1 atm—in,

the data is somewhat lower than the rest probably due to some
effects such as nozzle_losses which become pronounced when the jet.
thickness is small; therefore, this degenerate case will be neglected

in comparing the data with the theories.



The comparison of data with the inviscid theories shows that
these theories overestimate equilibrium cushion pressures from 407%
at high h/t ratios and low Re&nolds numbers to 57 at low h/t ratios
and high Reynolds numbers (Figure 5); Increasing Reynolds number
shifts the curve upward and makes it closer to the inviscid theories,
but this shift is never enough to bring the data on the curves which
represent the inviscid theories.

The theories of unbalanced jets make the assumption that the
problem can be treated quasistatically. The known theories, however,
are inadequate for predicting the pressure flow and displacement flow
sensitivities around the equilibrium point (balanced jet) which are
needed to determine the-dynamic behavior of the suspension. The
Barratt Theory for an unbalanced jet is shown in Figure 6. It
predicts a discontinuity in slope of the curves of cushion pressure
vs. cushion flow m, at the equilibrium point (mc = 0) whgreas the
experiments show that the sensitivities around the zero cushion flow
line are continuous as shown in the same figure. The same problem
is also encountered in the other inviscid theories. The results of
inviscid Velocity Distribution Theory are also shown in the same
figure. This critical deficiency in the inviscid unbalanced jet solutions
makes them of limited value in predicting the dynamic behavior of the

system.

The purpose of this thesis is to develop a new theory which will

yield more accurate results in predicting equilibrium and non-equilibrium

behavior of peripheral jet suspensions. The large differences between

the data and the inviscid theories will be explained by the viscous

v

interactions which take place between the jet and the surrounding fluid



medium. The flow patterns observed by Ben-Chie Yen (8) are

similar to that of diffusing jets. Although there are étanding
vortices under the nozzle on both sides of the jet, they

are weak enough not to contribute anything significant to the

cushion pressure. The fact that the effect of the standing vortices

is unimportant compared'wi;h the effects of the jet mixing is also
proved by Hsu (9). As a result in the following analysis the effect of
the standing vortices will be neglected and only the entrainment
effects will be c;nsidered. As the jet emerges from fhe nozzle the
high velocity gradients at the boundaries of the jet cause high shear
férces in the fluid. As a result turbulence is generated in the

flow and the eddies which are formed at the boundaries result in lateral
mixing. The fluid within the jet is decelerated and the fluid in the
surrounding region is accelerated or entrained. The diffusion process
which takes place here is similar to the process which takes place in

a submerged jet as described by Albertson et. al (10). When the jet
hits the ground and becomes horizontal a 1/7th velocity profile prevails
along the wall while the entrainment of stationary fluid from the
surroundings continue along the other boundary of the jet. In the
subSeaLent sections of this thesis the velocity profile aloﬁg the wall
will be described by using the fully developed wall jet velocity
profile described by Glauert (11) along with some considerations

derived from the diffusion of jets in unbounded space as described by

Albertson. .

To obtain a better understanding of the jet-interaction phenomenon
a water table was set up to simulate a peripheral jet suspension. The
experiments conducted by using this table consisted of measuring velocity

profiles across the nozzle and the wall jet at various Reynolds numbers.

.



These results are presented iﬁ Chapter 2 in greater detail.

Figure 7 shows some of the pictures taken from the water table

for the purpose of flow visualization. The generation of eddies
and lateral mi%ing along the boundaries of the jet are seen very
clearly from these pictures. The.velocity profiles were measured
by following theaends of dye streaks for low Reynolds numbers or
small plastic beads for high Reynolds numbers. The forms of the
vélocity profiles (Figure 8 and 9) obtained from these experiments
are similar in shape to those obtained by Ben-Chie Yen. They will
be used for comparison with the theoretically derived velocity

profiles in the subsequent sections.

2. 'EXPERIMENTAL STUDIES

In this chapter the experimental results which were obtained
from the broad study of fluid suspensions conducted at M.I.T. will
be reviewed. These results can be considered in two main groups.
The first one of these consists of the data which were taken over
thé last three years from the 2-D Fluid Suspension Test Apparatus.
Most of the data have already been published by M.I.T. (7). The
results in the second group were obtained from the experiments which
were done by using a water table especially set up to visualize the
flow patterns in peripheral jets and to demonstrate the wvalidity of
some of the assumptions of the viscous analysis which will be presented

in the next chapter.

2.1. 2-D Fluid Suspension Test Apparatus

In order to determine the behavior of a full size vehicle



suspension from the data obtained by using a smaller model, dynamic
similarity parameters must be detormined and dynamically similar
ekperiments conducted; The dimensionless analysis of peripheral
jets performed by Richardson and Ribich (6) shows that dimensionless
cushion pressure is a function of. the jet exit Mach number, Reynolds
number and geomeéry or,

. B
. = f (Me, Reye, geometry)
and the geometric scaling is provided if the product P’ t is kept
constant.

The 2-D Fluid Suspension Test Apparatus was designed and
developed to test the dynamic similarity conditions and to investigate
the equilibrium and non-equilibrium pressure-displacement-flow
characteristics of fluid suspensions. The design and instrumentation
of thé apparatus is explained thoroughly in the the report by
Richardson and Ribich (6). A diagram of the device is shown in
Figure 4.

The jet width in the apparatus can be adjusted by using different
size spacers. The cushion volume can be changed by modifying the
height of the base plate and the hovefing height.h of the nozzle can
be set by placing auxiligry plates onethe ground board. The non-
equilibrium conditions may be tested by introducing or removing fluid
from the cushion region through the cushion orifices. The jet exhaust
region can be pressurized or subjected to vacuum so that a wide range

of ambient pressures can be maintained.
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The device can be used to obtain both quantitative results and
qualitative flow visualization pictures by introducing smoke into
the flow. The pressure taps on the base plate are connected to
U-manometers and give the pressure distribution in the cushion. There
are also probes to measure the upstream pressure and the ambient
pressure. The mass flows through the nozzle as well as through the
cushion orifices are measured by using orifice platés.

The results are presented in Figures 10 through 17 for
equilibrium and non-equilibrium cases at one, two and five
atmospheres ambient pressures for jet thicknesses .l and .2 inches.
As one can see from the figures, the tests cover a wide range of
Reynolds numbers. The data are shown along with the Barratt Theory
which gives the closest prediction among the inviscid theories.
Figures show that the equilibrium performance is overestimated by
the best of the inviscid theories by 5% to 40% depending on the
Reynolds number and the ratio h/t.

Some of the runs for non-equilibrium cases are shown in Figure 6.
The data curves of pressure ratio vs. cushion flow in these figures
do not show the discontinuity of slope at the equilibrium point as
predicted by the inviscid theories. The slopes of pressure-flow
curves for underfed jét are predicted quite closely although the
data curves are shifted with fespect to the inviscid theory. |

2.2. Water Table Experiments

Now we turn our attention to the water table experiments. The

main purpose of these experiments were to set up a large model of a
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peripheral jet on a plexiglas, horizontal, closed water table and
observe the flow patterns and the entrainment effects more clearly
and if possible obtain some quantitative résults. The top view of
the table which was used for the tests is shown in Figure 18. The
water was supplied to the nozzle from a reservoir as shown on the
left hand side of the figure. Before the water was introduced to
the nozzle it was strained by a layer of glass fibers which prevented
the small air bubbles to enter the test section. The tube bundles
which are placed right upstream of the nozzle served two purposes.
They prevented the secondary vortex which is caused by the turning
of the flow between sections A and B before the nozzle. They also
kept the flow entering the nozzle laminar at relatively low Reynolds
numbers at which a dye* was injected into the fluid to visualize the
flow pattern. The nozzle thickness was set to 1.0 inches during the
experiments and the ratio h/t was chaﬁged by placing additional plates
on the ground plate. The unbalanced jet flow patterns were achieved
by introducing fluid into the cushion through C or removing fluid
through D. The mass flow per unit time was measured by using a bucket-
scale placed at the far down-stream of the flow and the Reynolds number
was based on the average mass flow per unit time.

The water table e%periments can be examined in two groups. The
first consists of the experiménts which were conducted for the purpose
of visualizing the flow patterns. Visualization was achieved by

injecting basic phenobhthalein solution into the flow. At relatively

* Basic solution of phenolphthalein.



low Reynolds numbers this dye gave excellent results. Some of the
pictures taken at Reynolds numbers of 1200 and 500 are shown in
Figure 7a and 7b. At‘high Reynolds numbers; however, the dye
diffused into the water very fast; The flow pattern was not so
clear but the pictures still showed the boundaries of the jet.

The second set of water table experiments was conducted for the
purpose of determining the velocity profiles across the jet at the
ndzzle exit and at a section after it impinges on the ground plate
and becomes horizontal. At relatively low Reynolds numbers the
velocities were measured by taking successive pictures of the flow
with a movie camera and then by following the ends of the dye streaks
and irregularities on the dye lines on these pictures. The profiles
for the h/t ratios of 4.0 and 5.0 at Reynolds numbers of the order of
2x103 are shown in Figure 8. At high Reynolds numbers the dve diffused
very fast; therefore, pellets made out of a plastic®* whose density
is very close to the density of water was used. The pellets were
followed in succesively taken pictures to determine the velocities.
The results of this experiment Showedva wide range of scattering
probably due to the unsteadiness which results from the highly
turbulent flow or from the irregularity of the shapes of the pellets.
The results are shown iﬁ Figure 9 along with the calculated wall jet
profile which will be developed in chapter 3. The calculated wall jet

profiles are also shown in Figures 8a and 8b.

*
A product called Cycolac by Morbon Chemical Co. in Washington,
West Virginia. ' .
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The immediate and importént c;nclusion from the water table
experiments is that the viscous effects play an important role;
there are clear indications of entrainment and turbulent mixing
along the boundaries of the jet; The formations of eddies at the
boundaries are recognizable from the dye patterns. These results
show that the.moﬁentum dissipation due to turbulent mixing has to
be accounted for in the theories which predict the suspension
behavior. This we will do in the following chapters.

It was also observed during the water table experiments
that the standing vortices are very weak and carry negligible
momentum when compared with the momentum carried by the main jet

itself.

3. VISCOUS THEORY FOR BALANCED PERTPHERAL JET

In this thesis the technique which will be used to find a
solutign to the problem will be quite straightforward. The:general
method of aﬁprbach will simply be the application.of an x-direction
momentum balance applied to the control volume ABCD of Figure 1,
and most of our efforts will be given to the evaluation of the forces
on the control volume and the momentum fluxes which pass through
the control surface. - ¢

Now let us consider :the control Volume ABCD in Figure 1. In
general, the cushion pressure can be expressed by balancing momentum
fluxes in and out of the control volume with the forces on the
boundary. The x-direction momentum balance gives

h . P. - h . p (1)

II

by T = MIsiné + M

°
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where MI andiMII are the momentum flu%es across the boundary at
the sections I and II respectively and f is the total shear force
on the control surface. However; the shear force on the control
surface is small compared to the pressure forces as demonstrated
in Appendix I; therefore, it can be neglected. .As a result, the

momentum equation takes the form

h(pa— pc) = Mysinf+M (2)

From here on our efforts will be directed toward the evaluation
of the momentum fluxes MI and MII' The.approach to the problem is
similar to the inviscid velocity distribution theory which is presented
in the following.secticn for the purpose of clarifying the method
of approach to the problem; moreover, some of the results from this
inviscid theory will be used in the subsequent sections.

3.1. Inviscid Velocity Distribution Theory

Consider the peripheral jet model as depicted in Figure 19 and
consider the control surface ABCD.

Assume the following conditions:

a) Flow leaving the nozzle is irrotational

b) Flow is incompressible

c) Pressure and velocity along the free streamlines are
constant :

d) Velocity across the exit jet is uniform

e) Shear forces are neglected.
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The velocity profile at the nozzle exit can be found by using

the irrotationality condition. For a potential vortex

v(z) (z + a) = v a or v(z) ¥.-;r:§2;—‘ (3)

where "a" is a constant yet to be determined. But the boundary

conditions along the outer and inner streamlines give

I
<

v(o)
(4a)

and v(t) (4b)

Il
<

If these conditions are substituted into expression for velocity,

the constant "a" can be shown to be

At

8= w A W

where

P - P P .
}\.:l___c_:__é__:l____.g.g._ (6)
Vv Pg™ Pa Pse

Now the following quantities can be calculated directly:

mp = P fz v(z) dz = pav In (Eigﬁ = pvol%:x— In ( %‘) @)
and |
It 2 2 ';f“” 2

MI = p ‘o [v(z)] dz = PV, Tira T PV, tA (8)
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where my is the mass flux and MI is the momentum flux across
Section I.
Now the thickness t' of the exit jet can be determined by using
the continuity relation mp = mpo,
At 1
mp= oY, Ty I Q)

At 1
T e . PR o
or t = 1 T In <k) . (9)

- L ¢
oS LA

The momentum flux across section II is then,

_ 2 . _ 2 At 1
MII = pv_ tl = pv —T 1n (A) (10)
Now substituting MI and MII into the momentum equation
_ 2 s 2 At 1
h pcg = P t A\ sinp + v, —E:X—-ln <A) (11)
2 ch 2
but eV, = 2 Psg and =1 - X; therefore,

psg

2\ 1

h 2 ; O
o (1 - X)) - 2\ sin® - 1 1n (A) 0 (12)
: p
from which Aoor ;Eg'= 1= Xz can be solved for given
sg

values of h/t and 6.

The solution is plotted in Figure 20 in terms of h/t and pcg/pSg
i o o o) o .

for 6's of 07, 30, 45 and 60 . The computer program No. 1 in

Appendix IIT gives the solutions for balanced and unbalanced cases of

the velocity distribution theory. Results for the unbalanced cases

are presented in Figure 38.
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'3.2. Viscous Theory

" 3.2-1 Incoming Momentum Flux

Here the assumption will be made that the viscous losses in the
nozzle are negligible and the flow is irrotational; therefore, the
velocity profile is of the same form as described in the inviscid

theory. However, the boundary condition along the innermost streamline
2(p = p)
is now replaced by Vi T = where P, is the cushion pressure

for the viscous model. Then the mass and momentum fluxes across the

nozzle are given by

&t 1
e (13)

mo=p v

2
IS t £ (14)

and MI

;

where %

(15)

3.2-2 Submerged Jets in Unbounded Space

Earlier in the thesis, the water table experiments indicated that
turbulence is created along the boundaries of the peripheral jet and
the mixing zone diffuses into the core of the jet and into the
surrounding medium. It was also suggested that the basic mechanism
which causes the cushion pressure to deviate from tﬁe theoretically
predicted values is the mixing process. The same kind of turbulent

mixing process takes place in a submerged jet in a much simpler
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fashion since the jet is straight in the later case. Therefore,
review of some of the results obtained from the theories of the
submerged jets* would be useful since they are used in the calculation
to define the velocity profile across the exit jet.

When a jet emerges from an opening into a stationary fluid
medium, the eddies generated in the region of discontinuity between
the jet and the surrounding medium will result in lateral mixing.

A submerged jet can be investigated in two regions as shown in'

Figure 21. The_first region starts from the nozzle and ends at the
point where the turbulent mixing zone penetrates the centerline of the
jet. It is called the zone of flow establishment. The zone of flow
establishment ends at a distance X, = 5.2 t from the nozzle where

t is the nozzle width. Once the entire central part of the jet becomes
turbulent then the diffusion continues without changing its character.
This second region is called the zone of established flow. In this

region, the flow is dynamically similar and the velocity profile is

described by the Gaussian distribution function Vx _ X?
X (- T
; i max o
where the constant ¢ <can be determined empirically.
In the zone of flow establishment
(il c 2 5?
Vo > v 2 2
5. " exe (- 5 ) (16)
1 2(C0x) '

% See reference (10) for a detailed analysis of submerged jets.



19,

Vmax
v, - = 1.0 | (17)

and

|

Qo145 7 -1) c,

Q -(18)

where the subscript '"1" denotes the conditions right at the exit

of the nozzle and Co is an empirically determined constant equal to

0.109.%*
In the zone of established flow Vmax _ i t (19)
v /1 C X
1 o
v
max 2
g 1
vy /———————— -:; exp ( - j—*l-—°:‘2' X'Z—) (20)
/¢ - 2(c)” x
o o
and

Notice that these results are independent of Reynolds number. The
above equations will be used to calculate the magnitude of the maximum
velocity and the total mass flux in the exit jet.

3.2-3 Semicontained Jet

When the peripheral jet hits the ground plate it spreads over it.
In a balanced jet the flow is directed into one direction after it
impinges on the ground and the surrounding medium is of the same fluid

as the fluid coming through the nozzle. Such a jet is described as a

% See reference (10).
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semi-contained jet or simply a wall jet. After the wall jet flows
along the wall for a certain distance, the flow becomes fully developed
and dynamically similar. A numerical solution can be found for a

fully developed wall jet even though it is quite cumbersome. The
procedure was first proposed by Glauert (11). In reference (11) a -
more detailed analysis of the problem is given. Here we simply lay

out the procedure.

The boundary layer equations for turbulent flow are

‘Bu ., s B, "Bu
Ut v 2y - 3y (e 3y (21)
3 (xu) & a(xv) _ 0 (22)

9x oy

with the boundary conditions u=v=0 at y =0 and u~ 0 as
y » @3 another boundary condition arises from the assump&ion that
near the wall the dimensionless velocity profile changes as the 1/7th
power of the distance. This last condition will be expressed more
clearly once the above equations are nondimensionalized. In the above
equations x-distance is measured along the wall and y-distance is
measured perpendicularly frﬁm the wall with u and v the respective
velocity components in these directions; € is the eddy viscosity.

The wall jet can be analyzed in two portions. The first is the
inner layer which is between the wall and the point of maximum velocity.

In this region, the effect of the wall on the flow is dominant.
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Therefore, it has the 1/7th profile of a turbulent boundary layer
6/7

which implies that the eddy viscosity is proportional to y and

Re3/4. The second region is the outer layer which starts at the
point of maximum velocity. The eddy viscosity in this region will

be assumed to vary in the same way as in a free turbulent boundary °
layer flow and it will be taken to be a constant which is proportional

3/4

to the Reynold's number.* Since in the inner portion eaRe and

in the outer section eaRe, a complete similarity is no longer
possible. However, e is taken proportional to Re3/4 rather than to
R also in the outer layer for the sake 6f a dynamically similar
solution.

It can be shown that the boundary layer equations for the inner
and the outer layers can be written as follows in terms of the
dimensionless quantities n and fi. Here n is the dimensionless
distance from the wall and f! is the dimensionless velocity function.

1

For the inner layer

1" 1" |2 .
£) + £ £]+8 £,7 =0 (23)

16

d
A A £y

or writing fl(n) = Afl/s X7 f2 (X—5 n) we get

£148 £1% =0 (24)

d 46 n
o (B £ T 5,6 2

*See the section on Prandtl's hypothesis in Glauert (11).
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For the outer layer

£10 4+ £ £+ B féz =0 (25)

The boundary conditions are fi n—1/7+ constant as n->20

and fé (©) = 0 - B is a parameter which is determined by Reynolds -
number* as shown in Table I. The conditions to be satisfied at the
junction between the inner and the outer layers also impose some
restrictions. Here the interface is taken to be at the velocity
maximum; therefore, at this point

W W "L W - = "1/5 7 N v " —1/5 2 [
fO fl f2 0; fo f1 A X f2, f0 = fl A X f2

(26)

If the solutions for f2 and fO are known A and X can be found.

The solutions for f2 and fo are given by the following expressions.

For the inner layer

g
O (- A
L] . 9/7.1/7 ()
(1-g"")
where g(y) = f27/8 and Y = %-(2801/7 n. The solution for the outer

layer for large values of n is determined by a series expansion of

the form
ke 1 i=k-1 N
f () =ltae ™ I [ I aa  (k-1)[(k-1)+ip]] e
o 1 2 . ik-1
k=2 k' (k - 1)i=1 (28)
where al = -1. Taking the coefficient 2y of e " is equivalent

*The Reynolds number here is determined with respect to the thickness
of the wall jet. The distance between the point of maximum velocity
and the point where velocity is half the maximum velocity is taken as

a measure of the thickness.



TABLE 1

Re

1.4 x 10

4.1 x 10

5200

1200

380

150

33

10

23.
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to making a ;uitable choice of zero of n. The above solution

also assumes arbitrarily that fo(m) = 1.0 which is the dimension-
less mass flow. A computer program which calculates fo and its
derivatives for large values of n is given in Appendix 2.

From the series solution, fo and its derivatives can be
calculated at a suitably large value of n, then the solution can
be extended to smaller values of n by numerical integration of the
differential equation (25). Then the values of fo = fom’ f; = f;m
and the dimensionless jet thickness n, can be found at the point
when f;m = (0. Here nt is defined as the interval between the

. ; x ; ' . 1
point where the velocity is maximum and the point where fé = E‘f' .

om
Another computer program in Appendix 2 calculates the inner
and the outer layers for a certain value of B, then matches them
at the maximum velocity point and prints out n, total mass flux,
total momentum flux and some other useful quantities.
The special cases for 8 = 1.0 and B = 2.0 can be solved in
closed forms. For the case B = 1.0

= tanh & (29)

f (n >

(o}

.333

I

Qe §

. . ¥ ' 2
which gives fOm = .5 and [fo(n)] dn

The solution for B = 2.0 is

I 2
T LL;%&)MF /3 tanl Ba

L 2+g (30)

where fo =g .
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The results of the closed form solution are used for the case
when B8 = 1.0 to avoid the numerical error which might be introduced
into the solution of the program No.2 of Appendix 2. Figure 22
shows the final result as a function of B. Figure 22 along with
Table 1 describes the important parameters of a dimensionless wall
jet velocity profile at a given Reynolds number. The results are
also presented in analytiéal form in Appendix 2. TFigure 23 shows
a typical dimensionless velocity profile for B = 1.4.

In the wall jet calculations, Reynolds number is defined as

S

v . . .
max t whereas all experimental data is plotted in terms of the

v
jet exit Reynolds number X%Eu Here ét is the physical distance

between the point of maximum velocity and the point at which
velocity is half the maximum velocity. For a meaningful comparison
of the data and the viscous theory which will use the wall jet
results, one of these Reynolds numbers has to be expressed in terms
of the other. The relation between them will be given in the

following sections.

3.2-4  Momentum Flux Across Section II, MII

Consider one of the solutions of the wall jet as presented in

Figure 23. As one can see, the results we have from the wall jet

L]
analysis are in nondimensional form. If the actual velocity profile

is needed, the vertical and the horizontal scaling of the graph has

to be determined. Two expressions are required to determine the two
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scaling factors by which the vertical and the horizontal axes have
to be multiplied.

One of these expressions which can be used for this purpose is
the continuity relation; the other expression is the one which
determines the magnitude of the maximum velocity with respect to the
initial jet exit velocity v from the nozzle. This iﬁitial velocity
is taken to be v since under inviscid flow cdnditions the uniform
flow along the wall would have the magnitude v,

The wall jet analysis shows that the solution is dependent on
the wall jet Reynolds number; however, this dependency becomes less
important as the Reynolds number increases. On the‘other hand the
submerged jet theory as proposed by Albertson (10) is not dependent
on Reynolds number. As a result, if an expression derived from the
submerged jet theory is going to be used to correlate the maximum
velocity of the wall jet to Vs this has to be done for the‘cases
when fhe Reynolds number dependency is weak. This means that the
reéults of Albertson can only be used for the wall jet wheﬁ Reynolds

number is infinite.

Submerged jet theory gives:

V - ®
=T o 1.0s L g 23 (31.a)

<
rt

> 5.2 ' (31.b)

ot
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Now a characteristic length x must be defined. Since the
entrainment occurs mostly along the outer streamline the length of
the outer boundary of the ;et can be taken as an approximate measure
of x. Here we will define x as the length of the outer streamline
between the nozzle and the point N where the streamlines become
parallel to the wall at inviscid flow conditions (Figure 19).
Moreover, we shall assume that the streamlines are circular with

points of tangency at the nozzle and at the Section II. Then

h-t' = R (1+sind) or

. Lh-t") a 90° +6 _ 2m (90° +6) 3
R = Jiging » DUt X = 2MR T3ehe 360° (14sing) 7))
x_2m(90°+0) h t'
t  360°(1+sind) Gt ) (32)
. 1
whefe %—= l%ﬂ 1n (%) given by the inviscid velocity

distribution theory. If the value of-% from this expression is
substituted into equation (31) we get an expression which relates
the maximum velocity of a wall jet at infinite Reynolds number

to v .
o

In balanced flow, there is no net flow out of or into the
cushion; therefore, the ihner streamline is the stagnation stream-
line and touches the wall. This means that the mass flow across

section II is equal to the sum of the mass flow coming through the
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nozzle and the entrained flow along the outer streamline. Assuming
that this entrainment flow is of the same amount as in a submerged

jet at x/t dimensionless distance from the nozzle, we can write

Q

Ilv _ ., /1 x . X

q, —1+2(/2_—1)c0t, = < 5y2 ‘ (33.2a)
EZ—I—I~‘l'=—1—+l 2/m ¢ X £ 5.9 (33.b)
Q; 2 2 "% t t ’ ’

whepe x/t is as defined in equation (32) and QIIV is the total
volume flow across section II. Notice that these expressions are
different from the ones given by the submerged jet theory because
entrainment only on one side of the jet is assumed here. The net
entrainment here is only half of the net entrainment which takes
place in a submerged jet.

The values for vm8=1.0 and QIIV are given in Table II for
. L QI
the range of h/t ratios  between 1 and 6 for 6 = 30°.

Now, we have the two conditions which determine the scaling

factors of Figure 23. . Define the factors "k" and '"1" as follows:

. v
k=21 ] = _DB=g i
y Vm8=g (34)

where y is the distance from the wall,.vm

: B=¢g

maximum velocity which a velocity measuring device would measure in

is the actual physical

the flow and Vm is the maximum dimensionless velocity

R=g
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as obtained from the Glauerts theory for wall jet. The parameter

g varies between 1.0 and 2.0. For the case B = g = 1.0, ie Re = =,

we have
v
_ _ mf=1.0
b Vga1,0 = Ymg=1.0 " v, Yo
As a result
v v
=1.0
1= H},@_;_ )‘V‘O‘ (35)
o mB=1.0
where V 8=1.0 = .5 and 'mB=1.0 is given by equation (31). If the
) v
horizontal and vertical ° axes of Figure 23 are multiplied by

1/k and 1 respectively then the horizontal axis reads y and the
maximum velocity is equal to the physical maximum velocity. The

expression for the mass flux becomes

m m v v

_ B=g _ B=g mp=1.0, "o .

= p ‘1= p ( ) (36)
11 k VmB=1.0 v, k ,

where m . . . :
B=g is the dimensionless mass flux from Glauerts solution of

wall jet. However, the continuity relation gives my = Q(QIIV) =

QIIv
(=== ) Q. . From this k can be determined
Q Iv : .
Iv
mB:ﬁ (va:l-O) vO
v V.
k = mB=1.0 o) (37)
Q
IIv
Y qp,

O

v



TABLE T1

h/t A e/ e vm5=l.0 gIIV
o Iv

1 | .223 431 . 794 1.0 .0319
2 | .412 .621 | 1.925 1.0 .0775
3 | .565 742 | 3.152 1.0 .1269
4 | .663 .808 | 4.456 1.0 .1794
5 | .721 .845 | 5.801 .944 | 1.250
6 | .768 .873 .850 | 1.333

7.158
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When the axes of Figure 23 are multiplied by 1 and 1/k, the

momentum flux expression becomes

2
M = piﬁiél._ - Mo=g (mB=L.0 )(QHV)Q D
11 k e} (Vm8= l.0>(m8=g) LA QIV Iv
where MB=g is the ‘dimensionless momentum flux from the Glauert
; S 4 - L 2 _ .
solution. But QIV vol*g In (g) and oV 2psg’ therefore,
M & M Vog=1.0 . Ja1v, ° ¢
rel ( ) ( ) a1 (=) (39)
Kg* (Vm8=l.0)(m8=g) Yo Qry 1€ &
Since from the wall jet solution m6=g= 1.0 and Vm6=l.0= 5,
we obtain
v Q
My =1.0, Q11 1
£= 40 QL )T G 1 I Q) (40)
Pgg” & ) Iv

The x-direction momentum balance applied to the control volume

0

ABCD of Figure 24 gives

h-pCg =p vit sin6+MII

. 2 . f o2 ;
Sincep v = 2 psg and pcg/Psg =1 -¢7, the final form of the

momentum balance is given by '

—% (1 - gz) - 2£sinf - =0 (41)

J
.
rt

Here MII/psg°t has to be substituted from equation (40). All

of the terms in equation (40) are defined for a given wall jet



Reynolds number and a given h/t ratio with the exception of §. This
means that for given values of 6 and h/t, the only unknown in
expression (41) is &. This equation can be solved for g numerically
by using a computer and then pcg/psg can be determined by using
the fact that ggg'= 1 - 52. The computer program no.2 in
Appendix 3 does iﬁis for a given B, i.e. Rew.

The final step for the complete solution of the problem is

finding a relation between the wall jet Reynolds number

v . 6
Rew = —Eﬁ:f————E which is used above and the jet exit Reynolds
v t

o . ’ 5
number Rej = which is used to plot the data. Here we will
make an assumption only for the calculations relating the two

Reynolds numbers to each other. Namely, that

VmB=Agrg vmB=l.0

v v
o 0

This assumption is quite good for relatively high Reynolds gumbers.
Although, for low Reynolds numbers, it introduces an error of up
to 25% into the values Reynolds numbers, it simplifies the
calculations enourmously. However, this will not effect our
calculations much, because the quantities which are calculated by
using these Reynolds numbars are quite‘¢insensitive to these small

changes of Reynolds number.

32,
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We now have

v
N mB=1.0

VoB=g 5t C{?i—g Vo oeny N ( v, ) o” Mt N 4

Re = e B il - = (42.a)
v vk vk

Substituting the relation for k from equation (37)

Re -Q

W _ _ITvy & 1

Rej : D (QIV') Ne 1ot 1n (g) (42.b)

Figure 25 shows the data interpolated for the jet exit
Reynolds numbers which correspond to Rew =1.2 x lO3 and

Re = 4 x 104 for a nozzle angle 6 = 30°.

Thé same figure also shcws the results of the calculations of the
viscous theory we just developed for Rew = 1.2 x lO3 and Rew= ©
and the results of some of the earlier inviscid theories. Our
results are better than any of fhe inviscid theories and predict the
dimensi;nless cushion pressure within a few percent.

The results of the same procedure for given Réj of =,
2xlO4 and 2X103 are shown in Figure 26, These results are obtained
by using the program no.3 in Appendix 3 which gives the solution for
a fixed jet exit Reynolds number Rej. This program finds fhe corres-—
ponding Rew's by iteration. The éffect of the nozzle angle 6 on

the solution is shown in Figure 27. Th'is figure shows the solutions

for Rej = 2x104 for 8's of 0°, 30°, 45° and 60°.
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4. UNBALANCED JET VISCOUS THEORY

While a peripheral jet is operating under equilibrium conditions
as described until now, if the cushion pressure drops below the
equilibrium value, the jet splits and some net flow takes place into
the cushion. Similarly, if the cushion pressure rises above the
equilibrium value some net flow occurs out of the cushion. These
two conditions are called overfeeding and underfeeding respectively.
In order to describe the dynamic characteristics of the suspension
system, the flow;pressure—displacement characteristics of the system
must be determined while operating under these non-equilibrium
conditions. In other words, a relation between the cushion pressure,
total mass flow and the cushion flow has to be found. Moreover, it
is desired that this relation follow the data closely, especially
around the equilibrium value, since it is used in a linearized
solution around this point. Figure 6 shows the results from the
Barratt theory and velocity distribution theory for overfed and
underfed jets along with data taken at M.I.T. The theories show
discontinuities in slope around the equilibrium value while the
data goes smoothly through this point. This shows that they are
inadequate to describe the dynamic behavior of the suspension.

In the following sections of tﬁis thesis, a new approach which
takes viscous effects into account will be used to predict the

suspension behavior under nonequilibrium conditions.
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4,1 Overfed Jet

A split jet is shown in Figure 28, together with its
important parameters. If the flow were completely inviscid
then the velocity profiles across the sections II and TIT would
be uniform. Their magnitudes would ha&e been determined by
the respective values of 1 and Ps - pc, When viscosity
exists lateral mixing would fesult from the eddies formed along
the boundaries due to high magnitude shear forces between the
jet and the surrounding fluid. When the jet hits the wall and
starts to flow parallel to it the effect>of the wall becomes
dominant near the ground plate. Therefore, the inner layer of
the flow obeys the "1/7 th law" while the outer layer satisfies
the conditions of free turbulent flow. These facts étrongly indicate
that the velocity profiles across the sections II and III will be
in the form of a wall jet profile as described in the balanced
case in the previous chapter. The results of the wall jet apply
unchanged with tﬁe exception that the profiles have to be scaled
again so that they satisfy the conservation of mass principle. |
The maximum velocities of the wall jets are alsovto be determined
again.

The momentum equation in its general form applied to the

control volume PSTU would give

h - pS - h . pc = MI sin6 + MII - MIII



where MI’ MII and MIII stand for the momentum fluxes across the
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section I, II, and ITITI. In the following sections of this chapter

these momentum fluxes will be evaluated.

4.1-1 Estimation of Momentum Fluxes

The assumptions which were mdde about the enterance section

for the balanced case still continue to hold true; therefore, the

mass and momentum fluxes across section I are given by

_ &t 1
m o= eV, o In ()
pC
where £ = 1- L& .
Psy

Let us define o as the ratio of the cushion flow to the

b

MI = pvgti

total flow coming through the nozzle.

M3
@ = o
1
then ° my = omy = apv LB 1n Cl
. o .
1~g
m, =

By using a similar argument presented for th

flow, the l-factor at section II is given by

g

That is,

a1 - oc)ml = (1 - a)pvo T Bk

1-¢

1 = om8=1.0 _ “me=1.0
27V

mp=1.0 o

1n (%)

e balanced

(44)

(45)

(46)

(47)

(48)
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and by using continuity, the k-factor is

=

m, v
= =1.0
(PR (B
mB=1.0 o
k, it
( IIV)Q,
14
) Q Iv Iv
M -1 M v Q'
- B=g 2 B=g mB=1.0 IIv, ., .
or =p —==v ( ) (7)) Q (50)
My k, 0 Wogy o me) Y, Q, Yy

Here Q'IIV is the total volume flow.going across éection IT;
Q'Iv ig the portion of the incoming flow which is due to the part
of the jet at the right side of the stagnation streamline. In
terms of @ it is given by

v _ _ 2 1
Q Iv = (1 a)vo 1ot In (g)

. (] . a ] 1
Notice that Q 1Ty 18 the sum of Q Iv and the entrained flow

along the outer streamline.

= aul - - .
We know that 2psg =PV mB=g = 1.0 and Vm8=l.0 = ,5;
therefore,
! v Q'
I =1.0 IT 1
- = 4.0 1) (2 ) (G (o) o 1 () (51)
Psg” . o %1y 11

. . ' ;
The terms (vm8=l.0/vo%Iand (Q IIV/Q IV)II in the above
expression are yet to be determined. The subscript "II" under

them indicates flow across section II.
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For the flow across section III, 1-factor is given by

v v

1 - ome=1.0 _ 'me=1.0 Ye "o (52)
3 v v v

mpB=1.0 c o VmB =1.0

where v, is the magnitude of the uniform velocity across section III

if the flow were completely inviscéid.

o

By using the continuity relation, the k-factor can be obtained

readily. o v v
Boe (B0 ey
\ v v o
mp=1.0 c o
kg = o (53)
I1Iv 1t
<Q” ) Q IV
Iv
1 . O o " .
where Q IITv 1S the total flow going across section III. Q Iv 1S

the portion of the incoming flow through the nozzle due to the part
of the jet to the left of the stagnation streamline. In terms of

a it is given by

°

1" o gt _]:_
Q Iv avo 1-£ L (g) .

The momentum flux across section III can then be expressed as

2 1"
_ Meey 1y _ Mg Vag=1.0, Ve, Q ITIv, .. (54)
P pv ( ) () (—)Q
IT Kk o (m ) (V ) . A Iv
3 B=g mp=1.0 Ve Yo Q Iv

- /2, /2 Y.
but v, = 5 (pS pc) and T =S p(pS - pa), therefore,
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v P, — P P
VO pS pa pSg

From the wall jet solution we also have m8=g= 1.0 and

3 . . 2 —
VmB=l.O = .5. Considering the fagt that pvo = 2psg we get
v QH 2
Hpr m8=1.0 TITv,. & 1
— 0 ) EES L (Dl e In (D) (56)
Psg.t B=g" * v, IIT Q Iv IIT "1-¢ 3

/v ) and

In the above expression the quantities (Vm8=1.0 JIIT

" " . . .
Q IIIV/Q IV)III are still to be determined. The subscript III

was added to indicate that the flow takes place across section III.

4.12 Determination of (Q' /Q"_ ) and (Q" /Q"_ )

1] "
Ilv Iv IIT IIIv Iv III

Entrainment which contributes to the momentum flux across section II
takes place along the outer streamline; therefore, the length of
the outer streamline can be taken as the characteristic length in

the calculation of (Q' As we did in the balanced case

1
IIV/Q IV)II'
we will assume the length of the outer streamline to be the length
if the flow were completely inviscid. See Figure 29.

Assuming the shape of the streamline to be circular with points of

tangency at M and N we get , .

_ 21 (90° + 0°)
11 360° (1+sind

X s (b - 8)



40.

but & = (1 - a)t' where t' is the exit jet thickness if the
peripheral jet were balanced and is described in Chapter 3 by
equation (9). Then

X 21(90° + t

& =38 :

- E- - wl) -
t IT 360°(1 + sinB) ‘t t

3

(57)

21(90° + 8)  h e
360°(1 + sin) ¢ - -1y (D]

1 1 1
Now (QII V/QI V)II can be found directly from the submerged
jet theory results as summarized in section 3.22 keeping in mind

that entrainment takes place only on one side.

Qg T X X
Q. it (V2 - De Q3 Qg < 5-2 (58.2)
iy 1.1 X X
(QIvv ir =32t 3% 2/n @1 3 QD 52 (58.b)

GQ;II V/Q; V)III will not be calculated in thé same manner
but instead will be taken equal to 1.0. This is seen better if the
diagram of the two dimensional apparatus of Figure 30 is considered.
It is evident from the figure that the mass flow out of the cushion
. from the left side has to be exactly the same as the flow which
enters into the cushion area through tlle nozzle. Otherwise, there
would be continuous increase or decrease of mass in the closed

volume of MNOP which is physically impossible. Of course, there is
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some entrained flow along the inner streamline zz', butthis flow
does not go out from the left end of the cushion and stays in the
standing weak vortex which'is produced in the closed area zz'N.
The same argument is not true, however, for the portion of the jet
which flows through section II because the mass flow out through
section IT also includes the entrained flow aloﬁg the outer
streamline.

4.1-3 Determination of (Vm3=l.0/vo)II and (Vmﬁzl.o/\{:)III

Let us consider the split jet which is shown in Figure 28.
We will assume that the maximum velocity in the portion of the jet
which goes through section IT obeys the laws of a submgrged jet
and the maximum velocity at II is equal to the maximum velocity at
XII distance from the nozzle of a submerged jet of thickness tII'
This assumption is consistent with the physics of the flow because
the thinner tII is then the slower the velocities in Sectiog II

will be. Similarly, the velocity at section III would be sensitive

to the thickness tIII'

"The thickness tII can be found-by equating the mass flow in

this region to (1 - u)mI, that is

tII _
av ct__+a ¢
o _ _ o At 1
g — dz = pavoln( S ) = (l a)p v, 1 1n (A)
or
1 1
t =

1 (1 - )
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(60)

and tIII t II

Then taking the inner and the outer streamlines of circular

shape with points of tangencies at M,N,G,F,as shown in Figure 29,

we get
h 1
XIII [? (1-2) - o 1n (')\‘)]  21(90°=0)
(t ) = ( ) (61)
11T 1 (1-a) 360° (1-sinod)
(1—X)*[Ci) - 1]x :
h R 1
x; e 3Tyt QAT g00re) e
) = ( )
t ° ,
1T . [(%0(l—a) - 17n 360° (1+sinb)

Now the submerged jet theory can be used to obtain the

approximate values for (gfms___l-o/vo)II and (Vm5= l.O/Vc)III'

v -
LDy - 10 i—ly— < 5.2 (63.2)
¢ III '
v t : |
=1.0 1 TIT e
( va )m=/ = 5 (X ) 3 . > 5.2 (63.b)
c T O 11T I1T

Similarly for the flow across section II

i v . .
ciﬂiilLQ)II - 1.0 ; -;15 < 5.2 (64. 2)
v ) 1T

oy IL 5 5.2 (64.b)
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4.1-4 Wall Jet Reynolds Number

We have seen in chapter 3 that the value MB=g in the
momentum expressions depend on the wall jet Reynolds number.
Here the wall jet Reynolds numbers for the jets which go through

sections II and III are Re = (

ITw §.-.)/v and

ViImp=g °IIt
ReIIIW = (VIIIm8=g SIIIt)/V 3 however,vpie data is presented in
terms of the jet Reynolds number Rej = —%-. Now, the expressions

which relate the wall jet Reynolds number to a given Rej will be
derived so that the theoretical results can be expressed in terms

of the parameters which were used to plot the data.

v zﬁﬁfg) n v (zﬁ@f;LQD T
o Vo 11 Lit ny Y5 IT 11t
ReIIW= = (65.a) %
v k2 v k2
where (nIIt) is the dimensionless wall jet thickness as given in

figure 22. But kz is giveﬁ by equation (49); therefore,

(1-a) no A Q!
Re ;. = = Y (e
2(1-)) Iv

)II Rej (65.b)

where (Q'II V/Q'I v)II is defined by equation (58).

Similarly,
v v v v
mB=g, , C. , mp=1.0 G,
%y G e Y Ty 111 & MrTe
Re - C (e} o c (e}
11w " .
AY] 3 Vv 3

* The argument which applies to equation (42.a) also applies here.
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If k, is substituted from equation (53) with

3 (QIII V/QI V)III

equal to 1.0. we get

aAN
= soat In () Re, (66)

Reorin ~ Btl-0)

The wall jet Reynolds number for a given Rej can be found
from these expressions first by guessing a value for NIt and

1Tt and then iterating the expressions either graphically by

using Figure 22 or analytically by using equations which are given

in Appendix 2.

Once the wall jet Reynolds numbers are determined the values

for (MB= ) can be found by using Table I and

) TT and (MB= )

g’ 11T

Figure 22.

The momentum balance applied to the control volume PSTU of
Figure 28 then becomes

B a-e% - 2¢ stno - pMII e = S (67)

Sg.t Pagtt

The computer program in Appendix 4 gives the dimensionless
cushion pressures ;t a given jet Reynolds number for different
values of a. The results for 6 = 30° are plotted in the upper
half of Figures 34 thrujﬂsfor.Rej = 2xlO4 and Rej = o, The effeét
of O on the results is also depicted in Figure 37. The upper
half of this figure shows the results of the viscous theory for

overfed jet for © = 0°, 30°, 45° 69° for h/t ratios of 2 and 4 at
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[ .
Re, = 2 x 10*. The discussions of the results will be deferred

until the solution for underfed jet is obtained.

It is clear from the ;ssumptions that the predicted effect of
the base plate, i.e. the upper wall of the cushion, is negligible.
As a result, the above theory would break down if the thickness
of the jet across section III is so big that a boundary layer
develops élong the upper wall. Considering that when n = 5
the velocity of the wall jet is practically zero, this breakdown
condition can be expressed by stating that the thickness of the

wall jet up to the point which corresponds to n = 5.0 has to be

less than the height h, that is S.O/k3 <h or

w

.0

3t

|

ot | o

<

e

The fourth column of the print out of the computer program

of Appendix 4 gives éhe value of 5.0/k3.t. This value was always

less than the ratio h/t for the range of a's for which the calculations

were carried out.

4.2 TUnderfed Jet

An underfed jet is shown in Figure 31. In general, by
considering the physics of the flow, the following aspects can

be pointed out: .

a) The flow entering the control volume ABCD is inviscid
and irrotational.
b) The maximum velocity v, can be determined by submerged

jet theory and is a function of Py~ P,

- .
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c) The velocity Ven is determined by the magnitude of

P~ P

d) 1In region c, lateral mixing occurs between the low
velocity section and the high velocity section of the
exit jet.

e) In regigh d, the velocity profile is the same as the

outer portiqn of a wall jet.

f) In region a, "1/7th profile" prevails.

g) The uniform core, region b, may or may nof exist

depending on the inner layer thickness.

h) The velocity at section III is uniform.

However, under these approximations, the determination of
the profile across section II is quite difficult. At the limiting
case m_ = 0, we want the solution to approach the results of the
balanced jet as described in chapter 3. But with the above
description of the flow, the mathematical modeling.of the sfstem
whichnsatisfies this limiting condition is almost impossible.

To simplify the calculations, the model which was described above
will be revised by a few assumptions. First, we will assume that
the mixing along the streamline L'Y' is negligible when compared

¢

with the mixing along the outer boundary of the jet because the

former takes place between two jets which flow in the same direction
while the later takes place between a jet and a.stagnant medium.

Next, we will assume that the wall jet profile starts right after
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the uniform cushion flow core.rather than from the peak of the
profile. This assumption does nct have any support from a
physical point of view; ho%ever, it does not introduce a large
error into the solution. This is the price paid in turn for
simplicity. Now the velocity profile across section II would

be similar to thé one shown in Figure 32. We will make another
simplifying assumption. The boundary layer along the wall is
dominated by the effects due to the wall; the inner layer of the
wall jet is also governed by the effects of the wall. We will
assume that the boundary layer along the wall can be approximated
by the missing portion o'c' of the wall jet boundary layer. Then
the profile in Figure 32 would be equivalent to the summation of a
uniform profile with velocity Von and m_  mass flow and a wall jet
profile with ¥ maximum velocity and m mass flux where m consists

of the flow my through the nozzle and the entrained flow along the

outer stream line. The momentum flux at the exit then would be

°
°

MII =‘Mﬁ * Mc (68)

where Mﬁ means the momentum flux due to the wall jet and MC is the

momentum flux due to the uniform core.

M8=g ' VmBFl.O‘ Qwv gt

_ 1
N % Vig=1.0 ( Vo )(le) T-e "
or M v (lwv
—F o gy g yeEllyewe £ 5 @l (69)
Psg.t B=g vy QIv 1=§ g
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where QWv is the total volume flux in the wall jet. The values of

(vm8=1.0/vo) and \QWV/QIV)_have yet to be determined.
The momentum flux at the uniform core is given by
v
i, IR < P SURINLI-LN 4 I
Mu m.v, apv l_gln(g)vC ap Vé ¢ In (g) v,
or M v
u c £ 1
= 28 =) —v=— 1n &) (70)
psg.t . Vg 1-¢ £

Now, the ratio (VC/VO) will be found. (vc/vo) will be
approximated by the value of the same ratio under inviscid flow

conditions. Inviscid flow of an underfed jet is shown in Figure 33.

Bernoulli's equation gives

1 2 1 2 2 2 _ 2
2 ° Veo + Pe =2 PV + Pa °or V¢ vco T (pc pa) (71)
Continuity gives pvcoh P V.Y = omp
e, a v
_ . co _ o t L
Ve = oh therefore, v = Loy In (A) (72)

Substitution of Vo from equation (72) into (71) gives

L

v 2.2
2 .
=== Q-3+ B
h, 2

o] 2
COREESY

(n 17 (73)

The momentum flux across section III is

- - 2 _ gt oLy co
MIII_ mcvco = Wy 1-g [ln(g)]vo
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Substituting equation (72) for vcd/vo’

Sy _ 2" 2¢
Psgt (-1 -5

In ()-1n & (74)

The values for (vm 8=1.0/Vo) and (Qwv/QIv) can be found by
using the submerged jet theory. Taking the characteristic length

for the problem as the length of the outer stream line of Figure 33

X _ 2m(90°+0) (E _t' Yy oo 2 (90°+98) [h__ E}(l + Xy
t  360°(1+sind) ‘t  t. t 360°(1+sing) 't  t t!
— st 1
but o VCY = mC = upvot or VO Y
ay = e therefore,
c
v

X _ _21(90°+6) h t' .. o

t  360°(1+sins) e - e (o v‘C)] _ (3)
where

t' ) 1 . ; .
t = E:X-ln (A) and vo/vc is given by equation (73).

The values of (vm8=l.0/vb) and (QIIV/QIV) can then be obtained

from the submerged jet theory.

v =
2810 1.0 =, & 5B (76.2)
(8]
vmB=l 0 1 t X L
= = ok T s 502 (76.b)
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and
-—QWV=1+‘/—1(/2_—1) e = X <52 (77.a)
Q 2 ot (=
Iv
v _ 1,1 pS - X
=S+ 3 2/n c = = > 5.2 (77.b)

QIV

The only quantity to be determined in the momentum balance

expression (69) is M The wall jet theory showed that this term

=g’
changes with B; that is, with the wall jet Reynolds number. As in

3 v t
the case of the overfed jet, jet exit Reynolds number o can be
v

related to the wall jet Reynolds number and the values for M8=g

can be found for a specific jet exit Reynolds number.

It can be shown by using a procedure similar to that in

section 4.1-4 that Rew is related to Rej in the following manner

°

£ n
LB O

v w‘— 2(1-¢) Q)

1
[In () ]1Re, ’ (78)
Qry g J _

The wall jet Reynolds number corresponding to a given Rej can

be found from this expression first by guessing a value for Ne

and then iterating the expression either graphically by using

Figure 22 or analyticaily by using the equations‘which are given

in Appendix 2.
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The momentum balance applied to the control volume ABCD

gives

B (g2 - 2¢ stne - —LL 4 L _ g (79)
t p .t p .t
S8 Sg

where the second and the third terms on the right hand side are
given by equations (68) and (74).

The computer program which is given in Appendix 4 calculates
the dimensionless cushion pressures for underfed jets by utilizing
the viscous theory which is summarized above. The results for a
nozzle angle of 6 = 30° which correspond to the Rej =2 x 104 and
Rej = » are plotted on the lower half of the Figures 34 thru 36. Figure
37, on the other hand, shows the effect of varying 6 on the results.
The lower half of this figure shows the predicted behavior of an
4

underfed jet operating at h/t ratios of 2 and 4 and Rej =2 x 10

with nozzle angles of 0 = 0°, 30°, 45°, and 60°.
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5. ANALYTICAL PROCEDURE

In this section the procedure, which must be followed to
get the results of the viscous theory without getting into the
details of the problem will be outlined. Solutions for the
viscous peripheral jet performance can be obtained following
the steps described below. This procedure involves the use of
the computer programs presented in the appendices. The results
of the Glauerﬁ's wall jet solution are already entered into the
computer programs of Appendix 3 and 4. Therefore, the results
obtained in Appendix 2 are not needed directly for the calculations,
For the case of infinite Reynolds number (B = 1.0) we used the
results of the exact solutions. Then the results of the exact
solution for B = 1.0 and the results from the computer program
of Appendix 2 for the other values of B's were combined together
and analytical expressions which give the change of certain
parameters with B were found as given in Appendix 2.

The range of the Reynolds number which may be encountered
in a full sized vehicle is given in Table III. We assumed that
the vehicle would be 10 ft. wide and would weigh from 250 1bs.
to 1000 1bs,per feet along its length. As one can see, it changes

between 1.5 x lO3 and 10?



TABLE 11T

Range of Reynolds Numbers of Interest

Maximum Values

T = 60° F

Minimum Values

T = 60° F

t.= 3.0 in h/t=3.0

2
Py 1001b/ £t

Rej= 8.3xlO3

t = 1.0 h/t=3.0

2
B 251b/ft

Rej= 1.4 x lO3

53.
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Keeping in mind the above comménts, the steps fqr obtaining
a numerical answer from the viscous theory can be outlined as
follows:

For the balanced jet, the computer program No. 3 of
Appendix 3 for overfed and underfed jets and programs No. 1 and
No.2 of Appendix 4 will be used respectively. The following
comments apply to ail of them. The use of each program is also
explained moré exten;ively in the appendices.

a) Specify the values of THETA (6 in degress), SIN (sing)

U (h/t), RG‘(Rej) and S(A). To find the value for S,
i.e. X, which corresponds to a given h/t use the curves
of Figure 20. Specify the limits of the DO statements
by following the instructions given before the programs.

b) The solution occurs when SUN, the first columm of the
printout, goes through zero. The value of PR on the line
which SUN goes through zero gives the val?e of pcg/bsg as
the aﬁswer to the problem.

The computer programs which are given in Appendices 3 and 4
give solutions only when the wall jét Reynolds number is between
33 and 4.1X104 which covers the range of interest. However, the
solutions which corfespénd to other Reynolds numbérs can also be
obtained by using the results éf the viscous theory. Among these,

the solution which corresponds to infinite Reynolds number is of

special interest; therefore, it was given in Figures 25 and 36.
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6. CONCLUSIONS

The theoretical results for a balanced jet are shown in
Figure 26. As one can see, the theory predicts the data within

3-4 percent, but still one can see that the difference between

* the cases for Rejb 2XlO3 and Rej = o are more pronounced in data

than in theory. This effect is probably due to the possible
aifferences between fhe actual shape of the velocity profile

along the wall and the theoretical profile or is due to nozzle
losses. It is obvious that in the actual case the velocities

do not go to zero asymptotically at large distances from the wall.
Ié was observed clearly during the water table experiments that
standing vortices exist on both sides of the jet. Although Hsu(6)
showed that the effecf of these standing vortices compared with

the effect of the mixing is negligible, there is some error
introduced into the solution because the effects of the vorticés
are nbglegted. At large distances from the wall, Lhe velocity

has "-x" component rather than being zero due to the standing
vortices. Another ﬁossible error méy be introduced to the solution
because of the assumption that the wall jet is fully developed.

It is possible that the profile may not be fully ‘developed

jet although quite close to it. As one can see from Figures 8 and 9,
the maximum velocity peaks of the data curves are not as pointed as

the theoretical profiles. But even under these assumptions the

theoretical results are quite good. They clearly give much better
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results than the inviscid theories which give 5% to 40% errors.
The errors are now reduced to 3-4 percent by the viscous theory.

The real merit of the viscous theory comes in the unbalanced

case because now it makes the prediction of the dynamic behavior

of the fluid suspension systems possible. Until now, the pressure-

flow characteristics of the unbalanced peripheral jet could not

be calculated adequately to describe the suspension behavior.
Inviscid theories applied to the unbalanced jet gave discontinuities
in slope about the point which the differential equations which
describe the dynamics of the suspension were linearized. Therefore, -
this character of the inviscid theories made them of limited value )
from the point of view of dynamics.

The viscous theory on the other hand does not have this drawback.
Although the upper and the lower halves of the curves shown in
Figures 34 through 37 are calculated independently, when they are
plotted they give continuous slopes at the point of junction which is
the point corresponding to the balanced flow. Moreover, near this
point the slopes of the theoretical curves are almost the same as
the‘slopes of the data curves. Since the intersection points of
these curves with the horizontal axis is not pertinent to the dynamics
but is just an indication of error in predicting the static cushion

pressure, the theoretical results can be used satisfactorily in the

dynamic equations given by Richardson and Ribich (1).
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The reason why the upper halves of the curves in Figure 34
deviate from data for the values of o greater than .2 can be due
to two reasons. First, itomay be due to the defects in the model
of the experimentation. Viscous theory assumes that the length
of the cushion area in the x-direction is large compared to the
nozzle height h w%ich is also true in a real vehicle while the
2-D Suspension Appargtﬁs has a cushion area length of about 7 inches.
This means that the data taken may very well be inadequate to
represent the actual phenomenon due to 2-dimensional effects.
Secondly, the assumed flow pattern in the cushion area for overfed
jet may not hold true at large values of a. However, in any case,
the behavior ativery large‘a's is not of great interest in practice.‘
Here we should note one characteristic of the viscous theory
which‘is also true for the Barratt theory. When the results for
balanced jet is plotted in the form pcg/p

Sg

they fall approximately on the same curve as shown, in Figure 39.

°

By this characteristic of the theory, the results for different nozzle

angles can be obtained from the results obtained for ome nozzle angle

without spending too much effort.

The effect of Reynolds number on the slopes of the curves of

o Vs. pcg/pSg for unbalanced jets is negligible as can be seen from
Figure 36. However, the slopes are effected by changing nozzle

angle 6 as shown in Figure 37. The values of the slopes are given

in the graphs of Figures 40 and 41.

vs. h where h = (h/t) /A+sinod),
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The sensitivities a, and a which are used in predicting
the dynamic behavior of the system* are calculated for a case
when P, = 1 atm, T = 60°F, t = 0.1", Rej= 2xlO4 and 6 = 30°

by using the wvalues given in Figure 40 in the below given

expressions:
Q= Pe oo Q= Pq pcg - (80)
- - - 2
€ Dy a(pcg/psg) s (psg) 8(pcg/psg)

The reéults are shown in Figures 42 and 43 respectively
along with the data and the results of the Barratt theory. The
viscous theory predicts the sensitivities for this example within
a maximum error df 8% while the maximum error for Barratt theory
is over 1007 in many cases. Another aspect of the viscous theory
solution is that it follows the trends of the data for changing
h/t ratios closely as can be seen clearly in Figure 43. Barratt
theory on the other hand predicts that the sensitivity aé increases
as h/t goes from 2 to 6 while the data do not follow this. These
are good.indications that the viscous theory is adequate in predicting
the dynamics of the system. Although, the sensitivities a, and a
are calculated only for 6 = 30° here, the excellent agreement between
the data and the viscous theory for this case makes us to believe
strongly that the theory would give satisfactory results for the
other nozzle angles. However, we will not be able to test the theory
for other angles, because there is no data available for the other

values of 0.

* See reference (1).
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Fig, 21 Submerged Jet
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Fig. 28 Overfed Jet
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APPENDIX 1

THE EFFECT OF THE SHEAR FORCE AT THE WALLS

Assume that the boundary layer starts developing from
point 0 where the stagnation streamline hits the éround plate
as shown in Figure 44. Calling 1 the distance between point o
and the point N where the jet becomes parallel to the éround,

the average drag coefficient is given by*

o 1/5
CD= .118 (ie—-)
1
where <
- Y\ X ¥
o S(l V)V d(a)
A o o

Assuming 1/7 profile within the boundary layer o = .0972

and the total drag force becomes

C0 1p Vbz “ 1/5 1p Vi
D= —/———— = 118 (Re ) . (81)
2 1 2

Let us assume the following example:

Ret = 4x104, T =70° F, t=0.1 in and 6 = 30°, then at

70° F , v = .57 ft’/hr. and p = .075 1b m/ft .

*See reference (2).



4
_4x10 x..57 x 12 _ .. ft/sec P .. =

= = 675 lbf/ft2
o 3600 x .1 sg

aA

Y 2
Assume that 1 is half the length of the innermost streamline
which is circular in shape and has point of tangencies at M and N.
Then hrh

X = — or 1
9

If the values are substituted into equation (81), the drag
force on the control surface PSNT can be found. Table IV shows the

result for this specific example.

TABLE IV
“H/t D, 1bf P 1bf
- |
1 .38x10 5.15
=1
2 .65x10 8.6
-]
3 .90x10 10.6
4 1.14x107 T 11.8
5 1.37x10 % 12.3
6 1.57x10 7+ 13.2

The value of the pressure term which enters the momentum equation

applied to the control volume is given by

p
P=hp =nh —8 P

cg Py 5B

For this specific example pSg = 675 lbf/ft? Taking the wvalues
of pcg/psg from the Barratt theory results P can be calculated. The
values of P is given in Table IV.

It is apparent that P >> D; therefore, the shear forcé term in

the momentum equation can be: neglected when compared with the pressure

term.



APPENDIX 2

SOLUTION FOR THE WALL JET

a) Computer Program for Large n's

Language: 1IBM 1130 Fortran IV
Procedure:

a) Specify the limits of the first DO statement.
This sets the values of B = 1QX/10.0

b) .Specify the value of D. This determines the

largest value of n

Outputs
D - Dimensiohless distance from wall, n
SOLNO - bimensionless mass flow, f
SOLN1 - Dimensionless velocity, f'
SOLN2 - Derivative of dimensionless velocity, f"
DMOM - Dimensionless memonetum, 2 f'2 d n
ERR1 - Maximum error in welocity

ERR2 -~ Maximum error in momentum



// JOB

// FOR '
#7008 (CARD, TYPEWRITER,KEYBOARD,1132 PRINTER)
c YUCEL ERCAN 1967
¢ WALL JET SOLUTION FOR THE OUTER LAYER
¢ OF THE JET

DO 110 IQX=10,20

QX=IQX

ALPHA=QX/10.0

D=1,0

Al==1,0

A2=(A1#%2,0)%(1,0+ALPHA) /4.0 ’
A3=(A1%%3,0)%(1,04+ALPHA)* (5, 0+4, O¥ALPHA) /72,0
Al (L, 0% (A23%2,0)% (1, 0+ALPHA ) +AL¥A3%(10,0+6, 0%
1ALPHA))/48.0 _
A5=(A1¥AL¥ (17,048, O¥ALPHA ) +A2#A3% (13,0412, 0%
1ALPHA))/100,0 .
Ab=(A1#A5%(26,0+10,0FALPHA)4A2*AL*(20,0416,0%
1ALPHA)+9, 0% (A3%%2,0)#(1,0+ALPHA))/180.0
A7=(AL¥A6% (37,0412, 0%ALPHA)+A2¥A5%(29,0+20,0%
1ALPHA )+A3#AL® (25, 0424, 0%ALPHA) ) /294, 0
AB=(AL¥A7% (50, 0414 O¥ALPHA )+A2%A6% (L0, 0424, 0%
1ALPHA)+A3%A5% (34, 0430, 0¥ALPHA )+16, 0% (Al%#2,0)*
2(1.04+ALPHA) ) /BLB, 0O
AO=(A1#A8% (65,0416, 0¥ALPHA)+A2#A7#% (53, 0+28,0%
1ALPHA)+A3%A6% (45, 0+36, 0FALPHA )+ AU#A 5% (39, 0+
240, 0%ALPHA)) /648,0
A10=(A1%A9%(82,0+18,0¥ALPHA)+A2#%A8% (68, 0+32,0%
1ALPHA)+A3%A7# (58,0442, 0¥ALPHA ) +AL#A6% (50, 0+48,0
2#ALPHA)+25, 0% (A5%%2,0)#(1,0+ALPHA) ) /900, 0
A11=(A1%A10%(101.04+20,0*ALPHA)+A2#A9¥(85,0436,0%
1ALPHA )+A3#A8% (73,0448, O¥ALPHA ) +AL*A7% (65,0456, 0%
2ALPHA)+A5%A6% (61, 0+60. O¥ALPHA))/1210,0
A12=(A1¥A11%(122,04+22, 0*ALPHA)+A2*A10%(104,0+40,0
1#ALPHA)+A3%A9% (90, O+ 54, O¥ALPHA )+AL¥AB% (78, 0+ 64, 0%
2ALPHA )+A5%A7% (74,0470, O¥ALPHA)+36, 0% (46%%#2,0)%
3(1.0+ALPHA))/1584.0
A13=(A1¥A12% (1045, 0424, 0FALPHA )+AR¥AL1%(125,0+44,0
1#ALPHA)4+A3%A10% (109, 0460, O¥ALPHA )+AL#AQ* (97, 04
272, 0%ALPHA)+A5%A8% (89,0480, 0*ALPHA)+A6%A7% (85,0
3484, 0%ALPHA) ) /2028,0
All=(AL¥A13%(170,0+26,0%ALPHA )4+ AR¥A12% (148,0+48,0
1#ATLPHA )+A3¥A11% (130, 0466, 0*ALPHA)+AL*AL0%(116,0
2480, 0%ALPHA )+A5¥A9% (106, 0+90. O¥ALPHA ) +A6%¥AB8%(100,0
3495, 0O¥ALPHA )+49, 0% (A7#%2,0)% (1, 0+ALPHA) ) /2548,0
A15=(A1#A1L%(197,0428, 0%ALPHA)+A2#A13%(173,0+52,0
1#ALPHA)+A3%A12% (153, 0472, 0%ALPHA )+ AL®AL1#(137.0
2488, 0*ALPHA)+A5%A10%(125,0+100, O¥ALPHA)+A6%A9%(117,0
3+108, O¥ALPHA )+47#A8%(113,0+112, 0%ALPHA) ) /3150.0



A16=(A1%A15%(226,0+30, 0*ALPHA)+A2#ALL% (200, 0+

156, 0%ALPHA )+A3%A13% (178, 0+78, 0FALPHA ) +AL®AL2H
2(160,0+96, 0*ALPHA)4A5%A11 % (146, 0+110, 0¥ALPHA )+
3A6%A10%(136,04120, 0%ALPHA)+A7?¥A9¥ (130,04126,0%
LATPHA )+ 64, 0% (A8%%2,0)%(1,04ALPHA))/3840.0
A17=(A1%A16%(257,0+32, 0*ALPHA ) +A2%A15%(229.0460.0
1*ALPHA)+A3#A1L# (205, 0484, 0%ALPHA )+AL*A13%(185,0
24104, 0*ALPHA)+A5%A12%(169,0+120, O¥ALPHA )+A6%A11%(157,0
34132, O¥ALPHA ) +A7#A10% (149, 04140, O%ALPHA )+AB%A9* (145,0
La1lly, O¥ALPHA) ) /b624,0

A18=(A1%A17%#(290,0+34, 0O¥ALPHA)+A2#%A16% (260, 0+64, 0*ALPHA
1)+A3%A1 5% (234, 0+90, O¥ALPHA )+ AL®ALL*(212,0+112,0%ALPHA)
2+A5%A13%(194,04130, O¥ALPHA ) +A6#A12% (180, 0+144, O¥ALPHA)
3+A7FALL (170, 04154, O¥ALPHA )+A8#A10% (164, 04160, 0%ALPHA)
L4+81,0%(A9%%2,0)%(1.0+ALPHA))/5508.0
A19=(A1¥A18%(325,0+36,0%ALPHA)+A2%#A17% (293, 0+68, 0¥ALPHA
1)+A3%A16% (265, 0496, O¥ALPHA )+ AL¥AL1 5% (241 ,04120, O*ALPHA)
2+A5%A1LL# (221, 04140, 0%ALPHA )+A6%A13%#(205,0+156, 0¥ALPHA)
3+A74A12%(193,0+168, 0%¥ALPHA )+AS8*A11%(185,0+176. 0%ALPHA)
LyA9#A10%(181,0+180,0%ALPHA))/6498,0

A'S AR THE COEFFICIENTS OF THE DIMENSIONLESS

MASS PFLOW

B2=A1%%2,0

B3=l, 0%A1¥A2 A

Bl=6, 0¥AL#A3+L, 0% (A2%%2,0)

B5=8, 0%A1%AL412, 0%A2%A3

B6=10, 0¥A1¥AG+16, 0¥A2#¥AL4-9, 0% (A3%%2,0)
B7=12,0%A1%A64+20, 0%A2%AS+24, 0¥AL%AT

B8=1l, 0%AL%A7+2U , 0%A2#A64+30, 0%A3F¥A5416, 0% (ALH%2,0)
BO=16,0%A1#A8+428, 0%A2%A7436,0%A3¥A6+40, 0%AL%AS
B10=18,0%A1%A9+32, 0%A2¥A8+42, 0¥A3FA7+ 48, 0% AL*ALS
125,0%(A5%%2,0) '
B11=20,0%A1%A10436, 0%A2%A9+ 48, 0¥A3#A84 56, 0FAL%AT

1460, 0%A5%A6
" B12=22,0%A1#A11440,0%A2%A10+ 54, O%A3*A 0464, O%AL*AB:
170,0%A5%A7436,0% (A6%%2,0)

B13=24, 0%A1%A124 L0, 0%A2¥A11460, 0%A3*AL0+72, 0¥ALHAQ
1480, 0%A5%A84-84 , 0%A6%AT7 '
Bl4=26,0%A1#A134+03, 0%A2%A12466, 0%#A3*%A114-80, 0¥AL*A10
1490, 0%A5%A9+96, 0XA6%AB+49, 0% (A7#%2,0)
B15=28,0%A1%A14+52,0%A2%A13+72, 0%A3%A12+88, 0%AL%*A11
14100, 0%A5%A104108, 0%A6%A9+112, 0%A7*A8
B16=30,0%A1%A15+56,0%A2%A1 4478, 0%A3#A13496, 0%AL*AL12
14110, 0%A5%4114+120,0%A6%4104+126, 0%A7#A9+64,0%(AB%%2,0)
B17=32,0%A1%A16+60, 0%A2%A1 5484, 0%A3*A1L+104, 0%AL®AL3
1+120,0%A5%A12+132, 0%A6#A1 14140, 0%A7%A1 04144, 0%A8%AQ
B18=34,0%A1%A174+64,0%A2%A16+90, 0%A3#A154112, 0¥AL®ALY
14130, 0%A5%A134144, 0%A6%A1241 504, 0%A7#A114+160,0%A8%A10
24162,0%(A9%%2,0)
B19=36,0%A1%A18468,0%A2%A17496,0%A3%4164120,0%A4%A15



14140, 0%A 5% %lu%156,0*A6*Al§¢168.0%A7*A12+176.0%A8*All
24180, 0%A9%A10
Cc B'S ARE THE COEFFICIENTS OP THE "SQUARED VELOCITY®
C SERIES
12 C1l=EXP(-1
C2=EXP (-2
C3=EXP(=3
04~LKP( -l
C5=EXP(=~5.
) 06 L){P(Eéo
C7=EXP(~ ?o
CB8=EXP (=8,
C9= EXP (- 9 Oﬁ
Cl0=EXP(~10,0%
Cli=F AP(ML1 O
Cl2=EXP(=12.0°%
0"
0

® ?
®
<

oc;oc>o<>oc>

Cl3=EXP(=~13,
Clh=EXP(-14,
C15=0XP(=15,0%
Cl6=EXP(=16,0%D
C17=0BXP(-~17.0%D
C18=84P(-18,0%D)
Cl9zEXP(w19»O*D)
@ _ SOLNO IS TH® DIMENSIONLESS MASS FLOW
. SOLNO=1,0+A1%C1l4A2¥C24+A3%C 34+ AURCU4ASHC 5+ ABHCELAT*CT+
1A8¥CS‘“9 ‘{004+A10%*C1L0+ALLH C11+A19*u12+A13*013+A1U”“JHT
2A15%C15+A16%C164AL T "17,418*018 A19%C19
C SOLN1 IS THR DIMENSIONLESS VALOCICY
SOLN1=-A1%C1=2, O*AZ*CZvB.O*AB*CB~Q.O*A4*CM»5.0*A #C5
1-6,0%A6%C6=7,0%A7%07-8, 0%A8#C8-9,0%A9%C9~10,0%A10#*C10
2-11,0%A11%C11- 12 0%¥A12%#C12-13,0%A13%C13-14,0%A14%C1L
3w 1). 0#A15%C15-16,0%A16%C16-17,0%A17%C17-18,0%A13%C18
L19,0% A19 19
- SOLN2 I3 THE DERIVATIVE OF THE DIﬁuNaIQNLESS VuhOoIlf
SOLN2=A1%C14+L, 0%A2%C24+9,0%A3%C3+16, 0¥ALU¥ClU+25,0%A5%C5
1436, 0¥A6*CH+49, 0%A7#C 7460, 0¥AB¥CB4+81,0%A9%C9+100,0%A10
2%C104121 . 0*A11%C11+144,0%A12%C124169,0%¥A13%C13+196,0%
3A1LL%C144225,0%A15%C1 54256, 0%A16%C16+289, O*A1/%“17
L4324, 0#%A18%C184+361,0%A19%C19
DHOM=R2%C2/2 ,0+33%C03/3, 0+BL4*CL /L, 04B5%C5/5. 0+B6#C6/6. 0+
1B7#C7/7.0+B3%C8/8,0+4B9*C9/9., OwBlO*ulO/lO 0+B11%C11/11.,0
2+B12%012/12,0+B13%213/13.0+314%C14/14,04315%C15/15.0+
3B16%C16/16,0+B17%C17/17.0+B18%C18/18.,0+B19%C19/19,0
ERR1=-=19,0%A19%C19
ERR2=319%C19/19,0 ' ¥
WRITE(3,16) D,SOLNO,SOLN1,SOLN2,DMOM, ERR1,ERR2
16 FOMAT (7F10,6)
D=D-0,01
I? (D)110,11,11
11 CONTINUE
IF (SOLN2-1,0) 12,12,110
110 CONTINUE
CALI EXIT
END
// XEQ

)
)
D)
)
)
)
)
)



b) Computer Program for the Complete Wall Jet Solution

Language: IBM 1130 Fortran IV

Procedure:

a) Given a wall jet Reynolds number, find the

corresponding B from Table I and enter ALPHA = 8

b) Find the

corresponding values of the initial

values Y(1), Y(2), Y(3) and DMOMI from Table V.

¢) Substitute the initial values into the program

and run it through an 1130 IBM computer.

Outputs

The first set of results includes five quantities

DMASS (T)

!

VEL(I)

. DMOM

. D(I)

DMMX N

VELMX -
The second set

DMX =

E(T) -

SoLO(I) -

Dimensionless mass flow between a point
on the outer layer and the wall, fo.

Dimensionless velocity at a point on the
outer layer, fé.

Total dimensionless momentum flux due to
the outer layer

Dimensionless distance from the wall, n

Dimensionless mass flux between the wall
and the point of maximum velocity

Maximum dimensionless velocity, fém'
of results include five quantities
Dimensionless distance bBetween the point
of mgximum velocity and the wall, nm

Dimensionless distance between the wall and

and a point on the inner layer.

Dimensionless mass flow between the wall and

the above mentioned point



SOLI(I)

EMOM

TMOM

TMASS

Dimensionless velocity at the above mentioned
point on the inner layer
Dimensionless momentum flux due to inner layer

Total dimensionless momentum due to the entire

‘wall jet
- Total dimensionless mass flux due to the entire
wall jet.
TABLE I
B Rew R Rew
1.0 LS 1.4 1200
1.1 l.4x106 1.6 380
1.2 4.lx104 1.8 150
1.3 5200 2.0 33

Values of B and Rew Corresponding

to each other
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// JOB T ERCAN

// FOR
PUNCTION F1 (X.Yl,YZ,YB,YQ,Yﬁ,Yé)
Fl=Y2
RETURN
END
// DUP
#STORE WS UA F1
// FOR
FUNCTION F2 (X,Yl,Y2,Y3,Y4.Y5,Y6)
F2=Y3
RETURN
END
// DUP
#STORE WS UA F2
// FOR
: FUNCTION F3 (X,Y1,Y2,Y3,Y4,Y5,Y6)
ALPHA=1 .4
F3==Y1#Y3-ALPHA% (Y2%%2,0)
RETURN
BND
// DUP
#*STORA WS UA F3
// FOR
FUNCTION F4 (X,Yl,YE,YB,Yu,Y5,X6)
FL4=C.0
RETURN
END
// DUP
#3TORG WS UA F4
// FOR
FUNCTION F5 (K,Yl,YZ,YB,YQ,Y5,Y6)
F5=0,0
RETURN
END
// DUP
*STORE WS UA F5
// FOR
FUNCTION F6 (X,Y1,Y2,Y3,Y4,Y5,Y6)
F6=0.0 .
RETURN
END
// DUP
*STORD WS UA =6
// FOR

- *LIST ALL
#*T0CS(CARD, TYPEWRITER,KEYBOARD, 1132 PRINTER)



o

71
31
21

13
15
33

11

YUCEL SRCAN AUGUSI 1967
COMPLEDE SOLUTION FOR THE WALL JET; Y'S ARE
THE INITIAL VALUES OBTAINZD FROM THE SERIES
SOLUTION AT DIMENSIONLESS DISTANCE 0.5 FROM
THE WALL; DMOMI IS THE MOMENTUX FLUX AT THE SAME
POINT FROM THE 3AME PROGRAM
EXTERNAL F1,F2,F3,F4,F5,F6
DIluUSION YI(6) VAL(6 100),PES(100),VEL(100),D4A3(100),

17(100),SES(100), D(100),XSI(54), STHA(54), SOLNO(54) ,
ZSOLN1(54),SOL1(54),SOLO(5M),E(JH)

DMOMI=0,080885

YI(1)=0,556061

YI(2)=0,324204

YI(3)=~0.147977

YI(4)=0,0

Y1(5)=0,0

YI(6)=0.0

XI::O. 5

=-0,01

CALL RX3(Fl1,F2,F3,F4,Fs5,F6,H,XI,YI,1,100,VAL)

DO 71 I=1,100

QP=1

D(I)=0,50+E%QP

DO 31 I=1,100

PES(I)=VAL(2,I)

DO 21 I=1,100

SES(I)=VAL(1,I)

DO 4 J=2,100

IF (PES(1)-PES(J)) 2,4,4

TEMP=3%S(1)

PES(1)=P=23(J)

PES(J)=THEMP

TEMP=SES(1) "
S2S(J

P

[
1y~ (=} {4

SES(1)
SES(J)=T
CONTINUE
VELMX=PES3(1
DMMX=SES(1)
DO 13 I=1,100
VEL(I)=VAL(2,I)
DO 15 I=1,100

DMAS(I)=VAL(1,1)

DO 33 I=1,100

Z(I):(VEL(I))%%Z.O

CALL QUADR(Z,100,0.01,S,I&R)

DMOM=8+DM0OMI

DO 11 I=1,100

WRITE (3,99) DMAS(I),VEL(I),DMOM,D(I),DMMX,VELIX

i

L

)

I

i
S
ul

[*J

)



99 FORMAT(6F10.6)

H==0,005
C INNER LAYZR OF THE TURBULENT WALL JE&T
C FPARABOLIC RULE IS US®D TO CALCULATE THE INTASGRAL
T=2
8 A=I

Gl=(A-1.0)/100,0
G2=(A/100,0)-~0,005
G3=A/100.0
FOFGl:loo/((1.0~G1%%(9.0/7.0))%%(1.0/7.0))
FOFG2:=1,0/((1,0=G2%%(9,0/7.0))#%*(1,0/7.0)
FOFG3=1.0/((1.0-G3%%#(9.0/7.0))*#(1.0/7. 0))
XSI(1)= (H/3 0)%(L,0+4,0%(1.0/((1,0-0,005%%(9,0/7. o))
1#%(1,0/7.0)))41.0/((1.0-0,01%%(9,0/7.0))**(1,0/7.0))
XSI(I)=XSI(I=-1)+(H/3.0)*(FOFGLl+M,0%FOFG24+FOFG3)
ETHA(I)=XSI(I)/((7.0/8.0)%((56.0/9.0)%%(1.0/7.0)))
SOLNO(I)=G3*#(8,0/7.0)
SOLNL (I)=((5 6.0/9.0)*((SOLNO(I))%*(7.0/8.0)a(SOLNO(I))
1##2,0))#%(1,0/7.0)
1F (I"z) Bﬁ 15
3 I=I+1
GO TO 8
5 CONTINUE
IF {((SOLNL1(I-1))-(SOLN1(I))) 7,103,103
7 I=I+1
: GO T0 B
103 VHMAX=SOLN1(I-1)
EMY=BETHA(I=1)
DHMAMX=SOLNO(I=-1)
P=VELX/ViAX
DO 9 I=2,54
9 SOL1(I)=P#SOLN1(I)
Q=( ViAX#* DMK ) / (DHAHX*VELMX )
DHMX=Q*AML
DO 29 I=2,54
29 E(I)=Q% ET&A(I)
DO 39 I=2,39
39 SOLO(I):(SOLNO(I))*Q%P
DO 95 I=2,53
95 Z(I)=(SOL1(I))**%2,0
Z(1)=0.0
CALL QUADR(Z,53,H,S,IER)
EMOM=5%Q
TMOM=EMOM+DMOM
TASS=1,0
DO 77 I=2,54
77 WRITE (3,10) DMX,&{I),S0LO(I),SO0L1(1),Z0M,T:101, MASS
10 FORMAT (7F10.6)
CALL EXIT
END
// XEQ



c) Approximate Analvtical Presentation of Results

Some of the results of the wall jet calculations which are

used in the viscous analysis will be subjected to iteration.

Therefore, here we give these in analytical form.

=
Il

=
]

0.333-0.183 1nB

1.762 - 0.1325 1nB

I also can be represented in analytical form:

1.71 - 0.0486 1n (Rew)

1.892 - 0.0695 1n (Rew)

1.981 - 0.082 1In (Rew)
2.106 - 0.102 1n (Rew)

2.26 - 0.132 In (Rew)

5.2x103< Rew < 4.lx104
1.2X103 < Rew < 5.2x103
3

380 < Rew < 1.2x%10
150 < Re < 380
w

33 < Re < 150
w



APPENDIX 3
COMPUTER PROGRAMS FOR VISCOUS THEORY

a) Inviscid Velocity Distribution Theory for Balanced and
Unbalanced Peripheral Jet

Language: IBM 1130 Fortran IV
Procedure:
a) Specify U(h/t) and SIN(sin®)

b) Specify the limits of the first DO statement.
This sets the values of o = (J-1)/10.0

c) Specify the limits of the second DO statement.
These limits represent the limits of the range
of dimensionless cushion pressure in which

a solution is searched. ch/psg= 1/100.0

Outputs
PR - Dimensionless cushion pressure pcg/pSg
A Fractional cushion flow, «
OVR wverfed jet parameter
UND vderfed jet parameter
Solutic verfed and underfed cases take place when
OVR and UND igh zero respectively. The values of PR and

A on the 1liv ‘i OVR and UND is zero give the solution.



// JOB T
// FOR
#*T0CS {CARD,TYPEWRITER,KEYBOARD,1132 PRINTZR)
c TNVISCID VELOCITY DISTRIBUTION THEORY FOR
c BALANCED AND UNBALANCED JET
DO 12 J=1,5,2
AT:J«l
U=4.0
SIN=0,7071
DO 10 I=61,71
V=1
PR=V/100.,0
P=SQRT(1.0-~PR)
BR=1,0/P
C=2,0%P/PR
D=C*SIN
E=(C#(ALOG(R)))/(1.0-~P)
F=(1,0-A)¥E
Ti=D+P
TR2=E#PHA
OVB=U=T1+4T2
VCVO=SQRT (PR+ ( ( (A¥P#(ALOG(R)))/(U%*(1,0-P)))*#2,0))
VCOVO= (A¥P* (ALOG(R)))/(U%(1.,0-P))
UND=U=D=E*A#VCV0=E+VCOVO¥A*E
WRITE (3,8) PR,0VR,UND,A '
8 FORMAT (4F10.6)
10 CONTPINUR
12 DUMMY=1,0
CALL EXIT
END
// XEQ



b) Viscous Theory for a Given Rew

Language: IBM 1130 Fortran IV

Procedure:

a) Specify U(h/t), THETA (6), SIN (sind), REW (Rew),
and S(A). Figure 20 can be used to determine

the values of ).

b) Specify the limits of the DO statement. This
determines the range of dimensionless pressure

in which the solution is searched.

Outputs
PR - Dimensionless cushion pressure
SUN - A parameter

~Sélution occurs when SUN goes through zero. The value

of PR on the line on which SUN goes through zero is the solution.



// JOB T

// FOR
¥J0CS (CARD,TYPEYRITER,KEYBOARD,1132 PRINTER)
c VISCOUS THEORY FOR BALANCED JET
C GIVEN WALL JET REYNOLDS NUMBZR
REW=10000,0 .
U=2.0
S=0.412
THETA=30,0
SIN=0.5

IF (41000,0-REW) 7,8,8

8 DUMMY=1.,0 °
IF (5200.,0-REW) 9,9,10

9 AG=1,71-0,0486%(ALOG(REW))

GO TO 20 .

10 DUMMY=1.0
IF (1200,0-REW) 11,11,12

11 AG=1.892-0,0695%(ALOG(REW))

GO T0 20

12 DUMMY=1.,0
IF (380,0-REW) 13,13,14

13 AG=1.,981-0,082%(ALOG(REW))

. GO TO 20

14 DUMMY=1.0
IF (150,0-REW) 15,15,16

15 AG=2,106-0,102%(ALOG(REW))

GO TO 20
16 DUMMY=1.0
IF (33.0-REW) 17,17,7
17 AG=2,26-0,132%(ALOG(REW))
20 CONTINUE _
SM=0,3333-0,183%*(ALOG(AG))
SU=1,0/S
CT=(S3/(1.0-3))*(ALOG(SU)) ,
X=(2,0%3,14159%(90,0+THETA))/(360.,%(1,0+SIN))#(U=-T)
SOR=1.0/((SRRT(3.14159))%0,109)

IF (X-5.2) 1,1,2

1 V=1.0
Q=1,0+0,040012344%X
GO TO 5

2 V=SQRT(SOR/X)

Q=0.5+0.5%(SQRT((2.0/30R)*%X)) :

5 DUMMY=1,0
DO 7 I=1,99
C=I
PR=C/100,0
P=SQRT(1.0-PR)
R=1.0/P



B=U#%*PR
SUNmBmZeO%P*SINMM.O*SM*V*Q*(P/(l.Q-P))*(ALOG(R))
WRITZ (3,4) SUN,PR

L FORMAT (2F10.6)

7 CONTINUE
CALL zZXIT
END

/7 X2Q



c)

Computer Program for the Viscous Balanced Jet Theory for a

Given Re,
Language: IBM 1130 Fortran IV
Procedure:

There are six statements which have to be specified.
RG stands‘fof Rej; U stands for h/t. Enter the desired values
of these terﬁs into the program. S stands for . It can |
be found)from thé results of the inviscid velocity theory.
The values of ) are given in Figure 20 as a function of h/t
for various 6's. The limits of the first DO statement should
also be entered into the program. These limits define the
region ofvpcg/pSg in which a solution will be searéhed by
the program. The limits of I = 1,99 will always give the
solution. The other two terms are THETA the value of the

nozzle angle in degrees and SIN, the sine of the nozzle angle.

°

Outputs

The program has three outputs:

SUN = A parameter

PR - *‘Dlmen81on1ess cushion pressure,pcépsg
- ™ = -_—
P £ /1 ch/psg

The solution occurs when SUN gbes through zero and the

corresponding PR on the same line of the computer printout gives

the value of the dimensionless cushion pressure.



// JOB T
// FOR
®#J0CS

c
c

300

{CARD, TYPEWRITER, KZYBOARD, 1132 PRINTER, DISK)
VISCOU3S THHEORY FOR BALANCED PERIPHERAL J&T
YUCEL ERCAN

U=1.0

S=0.223

THETA=30,0

SIN=0,5

DGL1=1,70

DO 110 I=75,95

V=1

PR=V/100.0

P=SQRT(1,0~PR)

R=1.0/P

SU=1,0/S3

B=U%*PR

Z21=(2,0%3, 14159*(90 0+THETAY)/(360,0%(1,0+3IN))
PO={3/(1,0=3))*%(ALOG(SU))

.XlTl:Zlﬁ(U-PO)

SOR=1,0/((SQRT(3.14159))*0.109)
IF (X1T1-5.2) 2,2,300

Vi=1.0

Q2=1,0+0,0400123 *X1T1

GO TO 4

V1=S2RT(SOR/XLTL)

Q2=0, 5+0, 5% (SQRT((2.0/SOR)¥X1T1))
DUMMY=1,0

K=1

CONTINUE

BT1=0, 5%Q2%DGL1#p* ((nLOG(R))/(l 0-P))*RG
IF (41000.0-3T1) 38,8,8

DUMMY=1,0

IF (5200 0-RT1) 9,9,10
AG1=1,71-0, OL86’(ALOG(RT1))

- GO TO 20

10
11
12
13
14
15

DUMMY=1,0

IF (1200,0-~3T1) 11,11,12
AG1=1,892-0,0695%(ALOG(RT1))
GO TO 20

DUIMMY=1,0

IF (380.0-871) 13,13, 14
AG1=1,981-0,082%(ALOG (BTL))
GO TO 20

DUMAY=1.0

IF (150.0-RT1) 15,15,16
AG1=2,106-0,102%(ALOG(RTL))
GO TO 20



16

17
20

21

99
110

38

// XEQ

DUMMY=1.0

IF (33.0-3T1) 17,17,38
AGl=2,26-0,132%(ALOG(RI1))
CONTINUE
DGL1=1,762-0,1325%(ALOG(AGL))
K=K+1

IF (KE-1) 7,7,21

pDUMMY=1.0
SM1=0.3333-0,183%(ALOG(AG1))
SUN=B=2, 0#P#*SIN=l, 0¥3M1%V1#Q2%(P/(1.0~P) )*(ALOG(R))
WRITE (3,99) SUN,PR,P

FORMAT (3F10.6)

CONTINUE

DUMMY==1,0

CALL EXIT

END



APPENDIX 4

Computer Programs for the Viscous Analysis of Overfed and
Underfed Jets

Language: IBM 1130 Fortran IV

Procedure: The terms U,S,R,G, THETA and SIN should be
specified in a way similar for the program of Appendix IIL. The
region in which the solution is being searched for can be set
by setting the limits bf the second DO statement (DO 110 I = -,-).
The limits of the first DO statement (DO 120 J = -,-,-) set the

range of a's. Here a = (J-1)/10.

Outputs; In both programs solution occurs when SUN goes
through zero. SUN is the value of equation 67 for the overfed
jet program and the value of equation 79 for the underfed jet
program. PR stands for ch/pSg and p for £. The value of PR
when SUN goes through zero is the solution pcg/ps . The last

g

column of the overfed jet program gives the value of 5.0/k3t.

If this is greater than h/t, i.e. U, then the assumptions

concerning the overfed jet theory may not be valid.



// JOB T
// FOR :
#J0C3 (CARD,TYPAJRITEZR,KEYBOARD,1132 PRINIAR)
C VISCOUS THEORY FOR OVERFED JAT
¢ YUCEL ERCAN NOVEMBEZR 1967 M.I.T.
U=2.0
S=0,412
RG=20000.0
DGL1=1,70
DGL2=1,70
THETA=30,0
SIN=0,5
DO 120 J=1,6
AT=J =1
A=AT/10.0
DO 110 I=45,80
V=1
PR=V/100,0
P=SQ2RT(1,0-PR)
R=1,0/P
3U=1,.0/S
B=U#*PR .
C=(P/(1.0-P))*(ALOG(R))
PO=(S/(1.0-3))#(ALOG(SU))
SO0R=1.0/( (S2RT(3.14159))%0.109)
Ql=1,0
Z1=(2.,0%3,14159%(90, 0+THETA))/(360.0%(1,0+5IN))
XT2=71%{U=(1,0«A)*P0O)
IF (XT2-5.2) 50,50,51
50 Q2=1,0+0,0400123 *XT2
GO TO 55
51 Q2=0.5+0.5%(SQRT((2.0/SOR)*XT
55 DUMiIY=1,0
Z22=(2.,0%3,14159% (90, 0=-THETA)
X1T1A=Z2#(U%(1,0=8)=A%(ALOG(
X1T1B=1 ¢ 0=3=53%{ (SU*%(1,0=A))
X1T1=X171A/X1T1B
IF (X171-5.,2) 2,2,300
2 Vi=1,0
GO TO 4
300 V1=SQRT(SO0R/X1T1)

- 4 DUMMY=1,0 .
X2T2A=71%(U%(1,.0-8)~(1,0-A)%3%(ALOG(3U)))
X2T2B=5#((SU#*(1,0-A))=1,0)
X2T2=X2T2A/X2T28
IF (X2T2-5,2) 5,5,6

5 V2=1,0
GO TO 75
6 V2=SQRBT(S0R/X2T2)
75 DUMMY=1,0
K=1

2))
)/ (360, 0%(1,0=~SIN))
SuU)))
"190)



10
11

12

13
ik
15
16

17
20

21
101
104

L1

22
23
24
25
26
27
28
29
31

CONTINUZR

RT1= (A#S#DGL1* (ALOG(SU))#RG)/(2.0%(1.0=-3))
IF (41000,0-RTL1) 38,8,8
DUMMY=1,0

IF (5200,0-~RT1) 9,9,10
AG1l=1,71-0,0486%(ALOG(RTL))
GO TO 20

DUI’H’iY:l ° 0

IF (1200,0-RT1) 11,11,12
AG1=1,892-0,0695%(ALOG(RT1))
GO TO 20

DUMMY=1.0

IF (380,0-RT1) 13,13,14
AG1=1,981-0,082#(ALOG (RT1))
GO TO 20

DUMMY=1,0

IF (150,0-RT1) 15,15,16
AG1=2,106-0,102%(ALOG(RT1))
GO TO 20

DUMMY=1,0

IF (33.0-RT1) 17,17,101
AG1=2,26-0,132%(ALOG(RT1))
CONTINUZE
DGL1=1,762-0,1325%(ALOG(AGL))
K=K+1

IF (K‘“l) 7'7'21

DUMMY=1,.0
SHM1=0,3333-0,183%(ALOG(AGL))
GO TO 104

SM1=0,0

DUMITY=1.0

N=1

DUMMY=1,0
RT2=((1.0-A)*DGL2%38%*(ALOG(SU) )*Q2*RG)/(2.0%(1,0-3))
IF (41000,0-RT2) 38,22,22
DUMMY=1,0

IF (5200,0~RT2) 23,23,24
AG2=1,71-0,0486%(ALOG(RT2))
GO TO 40

DUA\IE’H:':]- e O

IF (1200,0-RT2) 25,25,26
AG2=1.892-0,0695%(ALOG(RT2))
GO TO 40

DUMMY=1,.0 .

IF (380.0-RT2) 27,27,28
AG2=1,981-0,082%(ALOG(RT2))
GO TO 40

DUMITY=1,0

IF (150.0-RT2) 29,29,31
AG2=2,106-0.,102%(ALOG(RT2))
GO TO 40

DUMHY=1,0



IF (33.0-RT2) 32,32,38

32 AG2=2,26-~0,132%(ALOG(RT2))

O CONTINUE
DGL2=1,762=0.1325%(ALOG(AG2))
N=N+-1
IF (N-5) 41,41,42

L2 DUMNMY=1,0
SM2=0,3333-0,183%*(ALOG(AG2))
TK=(2.0%V1)/((A*(ALOG(R)))/(1,0=P))
TUR=5.0/TK
SUN:?»Z.O%P*SIN—M.O%C%(SMZ*VZ%QZ*(l.0-A)»SM1§V1*Q1
1#A%P
WRITZ (3,99) SUN,PR,A,TUR

99 FORMAT (L4F10.6)
DUMMY=1,0

110 CONTINUE

120 CONIINUE

38 DUMMY=1,0
CALL EXIT
END



N

#I0CS (CARD, TYPEWRITER, KEYBOARD, 1132 PRINTER, DIS

C
C

© C=(P/(1.0=P))¥*(ALOG(R))

88

89
37

10
11
12

YUCEL EACAN 1967
UNDERFED PERTPHEIRAL JET VISCOUS THEORY
U=2.0

S=0,412
BG=20000, 0
DGL=1.70
THETA=30,0
SIN=0.5

DO 120 J=1,5,2
AT=J-1

A=AT/10,0

DO 110 I=1,99
V=1

PR=V/100,0
P=3QRT(1.0-PR)
B=1,0/P

SU=1.0/8
PS=1,0=3%%2,0
B=U*PR

Z=(2.0%3,14159% (90, 0+THETA)
D=SART(P3+ ((A%*3% (ALOG(SU)))
PO=(3/(1.0-3) )% (ALOG(SU))
X=7* (U-P0*(1.0+(A/D)))
S023=1.0/((SQRT(3.14159))%0,109)
IF (X-5.2) 88,88,89
Q=1.0+0.0400123%X

VIX=1,0

GO TO 37
Q=0.5+0.5%(SQRT((2.0/SOR)*X)

- VIX=SQRT(S0R/X)

DUMMY=1,.0
K=1
CONTINUE
RT= (P*D,L*(ALOG(R)) Q“RG)/(Z 0%(1,0-P))
IF (41000,0-RT) 38,8
DUMMY=1,0
IF (5200,0-RT) 9,9,10
AG=1,71-0, ou86%(AL0G(3T))
GO TO 20 . )
DUMMAY=1.0
IF (1200,0-RT) 11,11,12
AG=1.892-0,0695% (ALOG(RT))
GO TO 20
DUMIY=1.0
IF (380,0-3T) 13,13,14

K)



21

101
3

AG=1,.981-0,082% (ALOG(RT))
GO TO 20

DUMMY=1,0

IF (150,0-RT) 15,15,16
AG=2,106-0,102%(ALOG(RT))
GO TO 20

DUMMY=1.0

IF (33.0-RT) 17,17,101
AG=2,26-0,132%(ALOG(RT))
CONTINUE '
DGL=1.762-0,1325%(ALOG(AG))
K=K+1

IF (K‘l) 717121

DUMMY=1.0
SM=0,3333-0,183%(ALOG(AG))
GO TO 3

SM=0.0

RUN=( (A¥%2,0)#P*3% (ALOG (R) )% (ALOG(8U)))
1/((1,0-P)*(1,0-3)) '
SUN=B=2, 0%P#3I Nl , 0% SUFVIX¥Q¥*C =2, O¥A*C* D+ (2, 0%RUN) /U
WRITE (3,99) SUN,PR,A
FORMAT (3F10,.6)

CONTINUE

DUMAY=1,0

CONTINUZ

DUMMY=1.0

CALL ZXIT

END

- // XER






