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A rriscous analysis which is capable of predicting the
static and quasi-static behavior of peripheral jets is performed.
The theory accounts for the large differences between data and the
previous inviscid theories by the effects of entrainment and
turbulent mixing. It predicts the equilibrium behavj-or within
3 - 47" (while the i:est of the inviscid theories, Barratt Theory,
has efrors up to 40"1). Solutions of the unbalanced jet which
the viscous theory yields give continuous curves around the
equilibrium point. This makes the prediction of the dynamic
behavior of the peripheral jet fl-uid suspensions possible. The
calculated sensj-tivities for Reynolds number of 2x104 predict
the data within BZ (the Barratt Theory on the other hand gives
errors up to LOO%). The use of the theory is simplified by the
computer programs presented in the appendices and solutions for
various Reynolds numbers can be obtained easily by use of these
Prograins.
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INTRODUCTION

Fluid suspensions, especially those which use air as working

fluid, have certain merits when compared with mechanical suspensions-

at high speeds. With a fluid suspension system the weight of the

vehicl-e ean be supported over large areas on the guideway. This

elirn-inates the concentrated loads minimizing wear and deformations

on the guideway. Unsprung mass can be made almost negligible and

this gives a soft coupling betr^reen the vehicle and road. As a

resul-t, a vehicl-e which is equipped with fluid suspensions can operate

on rougher guideways than if it were using mechanical suspensi-ons

and still- give the same or lower levels of accelerations as mechanically

suspended vehicles. At high speeds catastrophic failures of mechanical

suspensions may be hazardeous. Such a failure can take place at

bearings, at a shaft or at some other part where stress concentrations

exist. The use of fluid suspensions nr-inirnizes the chances of such

unfortunate incidents vrhich may result in loss of lives and money.

There are several types of fluid suspensions. In these systems

l-ift is maintained byviscous effects as in the case of air bearings

or momentum effects of a fluid stream or by quasistatic pressure of

the fluid pumped beneath the vehicle as in plenums or peripheral jets.

The fluid suspensions which are used today in transport vehicles are

of the latter two types with some additional features such as flexible

skirts, etc. For relatively large ground.-to-cushion clearances the

peripheral- jet requires less power for maintaining a static hovering
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height than the plenum; because of this reason most of the past

research on fluid suspensions has dealt with peripheral jets.

A peripheral jet fluid'suspension is basically an annular

Jet directed towards a flat plate; i.e. the ground beneath the

vehicle. When the jet is initially started, it irnpinges .on the

plate, and fluid fiows into the so-called cushion area beneath

the suspension, increasing the pressure in the cushion area until

the jet is forced to bend outward. Once steady flow conditions

are maintained, the jet acts as a "jet curtain" and ionfines the

static pressure in the 1-arge cushion area. The pressure within

this area supports the vehicle and the l-ift obtained is many times

the l-ift due to the jet reaction itself. This shows that a

peripheral jet suspension is a device which employs "ground effect"

to magnify jet momentum effecLs.

A diagrarn of a peripheral jet suspension, with the important

system parameters shown, is presented in figure 1. After the flow
a

conditions assume steady-state, the vehicle is supported at an

equilibrium height above the ground and there is no net flow into

or out of the cushion. This equilibrium case is referred to in the

peripheral jet literature as the t'balanced j.ttt. If the vehicle

height from the ground is somehow disturbed, the fiow patterns also
'a

change. When the vehicle moves up from its equilibrium height, the

cushion volume increases and some net flow takes place into the cushion.

The net flow into or out of the cushion is called rrcushion flowtt and

the case in which the cushion flow is into the cushion is cal1ed the

ttoverfed j.t". In an overfed jet the annular jet splits into two
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portions one of which supplies the net flow into the cushion

(Iigure 2a).

If the vehicl-e moves dor,rn from its equil-ibriuin height while

operating under the steady-state balanced condition some net flow

out of the cushion oecurs (Figure 2b). A peripheral jet operating '

under these conditions is called an 'runderfed jet". The overfed

and underfed jets are both called "unbalanced jets". The pressure-

fl-ow and displacernent-flow sensitivities of unbalanced jets are used

to determine the dynamic behavior of the suspension system as explained

by Richardson and R:ibich (1) *.

During r...rra years several theories were proposed by various

authors to predict the performance of a peripheral jet type fluid

suspension system. Almost all of the present theories assume inviscid

and incompressible flow conditions. Strand (2) deveLoped an exact

theory for the two-dirnensional incompressible, inviscid irrotational

flow based on potential flow theory. The Stanton-Jones Theory (3),

commonly called the exponential theory, condiders a differential

element on the two dimensional cross section of a constant curvature

jet, then equates the pressures to the centrifugal force per unit

area and integrates over the jet thickness to obtain an expression for

the cushion pressure as a function of the h/t ratio and angle 0.

The Velocity Distribution Theory**sssumes a potential vortex at the

tr

&&

Numbers refer to
Presented l-ater

the list of references at the end of the thesis.
in this thesis
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lrLozzf:e exit and uniform flow along the ground and then applies the

mornsntum balance equation fot a control volume ABCD (Figure 1) which

includes the cushion and the part of the jet before it becomes

parallel to the ground. The Barratt Theory (4) considers the

adjacent streamlines do\,m-stream of the jet exit to have a common

center of culvature (the curvature need not be constant along the

jet). It takes the total- head to be constant across the jet

thickness and assumes that the magnitude of the total momentum of

the jet after it is deflected is equal to the jet momentum just

dovrn-stream of the jet. The total jet momentum is calculated by using

these assumptions. Then the momentum balance in the horizontal

direction applied to the control volume of Figure 1 y'ie1-ds an

expression for the cushion pressure in terms of h/t ratio. The

Thin Jet Theory (5) which was proposed by Chaplin assumes a thin and

non-rnixing jet of circular arc cross section of radius h/(l+sin 0)

where h is the height of the nozz,Le from the grourrd. Then the

cushion pressure is determined by balancing the static pressure to the

centrlfugal force density. These theories are plotted in Figure 3

which shows the cushion pressures as a function of h/t for a

balanced jet.

An experimental program for the investigation of the pressure-

flow-displacement characteristics of peripheral jet fluid suspensions

has been carried cut over the last three years at M.i.T. The data

which has been obtained by using the t'2-D Fluid Suspension Test

Apparatusrr (I'igure 4) is adequate to describe the performance
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characteristics of a peripheral jet suspension for different nozzLe

thicknesses and heights at different Reynold's numbers. (see

Figures 10 through 17.) The dirnensionar analysis perforrned by

Richardson and rLibich (6) shows that the dynamic siruilarity for
a constant geometry suspension (h/t fixed) is maintained if
dimensionless pressures and frows are used and the product p". t
is kept constant, where pu is the ambient pressure and t the

characteristic dimension (taken to be nozzre thickness) of the

suspension. rt is also shovsn by Richardson and Rlbich that the

dynamic similarity can also be maintained if the jet exit Mach

and Reynolds numbers of a fixed geometry system are kept constant.

Therefore, the data raken and published by M.r.T (7) is shown

in terms of these dimensionress parameters (Figure 10 through 17.)

The interporation of these data curves would yield curves of
Pcg/psg vs h/t. This is done for jet thickness Reynolds number,

*"j = 2 x 103 and 4.1 x i-04 in Figure 5. The data at a specific
Reynolds number for the cases pa. t > .2 atm-in practicalry
fal-1 on the same curve. For the) case when p, . t = .1 atm-in,

the data is somewhat lower than the rest probably due to some

effects such as nozzre.losses which become pronounced when the jet
thickness is smalrl therefore, this degenerate case wilr be neglected

in comparing the data with the theories.
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The comparison of data with the invi-scid theories shows that

these theories overestimate equilibrium cushion pressures from 40"/"

at high h/t ratios and 1ow Reynolds numbers to 57" at 1ow h/t ratios

and high Reynolds numbers (Figure 5). rncreasing Reynolds number

shifts the curve upward and makes it closer to the inviscid theories,

but this shift is never enough to bring the data on the curves which

represent tire invj-scid theories.

The theories of unbalanced jets make the assumption that the

probl-em can be treated quasistatically. The knoi,,in theories, however,

are inadequate for predicting the pressure flow and displacement flow

sensitivities aroutta tn" equilibrium point (balanced jet) which are

needed to determine the dynamic behavior of the suspension. The

Barratt Theory for an unbalanced jet is shown in Figure 6. It

predicts_ a discontinuity in slope of the curves of cushion pressure

vs. cushion flow m" at the equilibrium point (*" 0) whereas the

experiments show that the sensitivities around the zero cushion flow

line are continuous as shown in the same figure. The same problem

is also encountered i-n the other inviscid theories. The results of

inviscid velocity Distribution Theory are also shovrn in the same

figure. This critical deficiency in the inviscid unbalanced jet solutions

makes them of limited vblue in predicting the dynamic behavior of the

system.

The purpose of this thesis is. to develop a new tlreorv which -wi1l

ui"ra r"." "siu.r." ."""r." :" ot.ar".r"r:"o,tiifi.ii*:""j:"r"-"o"irtl.:"*
behavior of peri-pheral iet suspen_si.cns. The large differences between

the data and the inviscid theories will be explained by the viscous

interactions which take piace betlveen the jet and the surrounding fluid
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I

I

medium. The florv patterns observed by Berr-Chie Yen (B) are

sinrilar to that of diffusing jets. Although there are standing

vortices under tlne nozzLe on both sides of the jet, they

are weak enough not to contribute anything significant to the

cushion Pressure. The fact that the effect ,of the stancling vortices

is unimportant compared. ritn tn" effects of the jet nixing is also

proved by Hsu (9). As a result in the following analysis the effect of
the standing vortices wi.ll be neglected and only the enLrainment

effects will be consiaerea. As the jet emerges from the nozzle the

high velocity gradier,rts at the bound.aries of the jet cause high shear

forces in the fluid. As a result turbulence is generated in the

flow and the eddies which are formed at the boundaries result in lateral
urixing. The fluid within the jet is decelerated and the fluid in the

surrounding region is accelerated or entrained. The diffusion process

which takes place here is similar to the process which takes place in
a submerged jet as described by Albertson et. al (10). I^Ihen the jet
hits the ground and becomes horizontal a L/7rin velocity profile prevails
along Lhe r^rall while the entrainment of stationary fluid from the

surroundings continue along the other boundary of uhe jet. rn the

subisequent sections of this thesis the velocity profile along the wall
will be described by using the furry. developeci wa11 jet velocity
profile deseribed by Glauert (11) along with some considerations

derived from the diffusi.on of jets in unbounded. sp,ace as described by

Albertson 
.

To obtain a better understanding of the jet-interaction phenomenon

a water table was set up to simulate a peripheral jet suspension. The

experiments conducted by usi.ng this table consj.sted of measuring velocity
profiles across the nozzle and the wall jet at various Reynolds numbers.

i

I

i

I
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These results are presented in Chapter 2 in greater detail.

Figure 7 shows some of the pictures taken from the water table

for the purpose of flow vi'sualization. The generation of eddies

and lateral rnixing along the boundaries of the jet are seen very

c1early from these pictures. The, velocity profiles were measured

by fo11-owing the'urrdu of dye streaks for low Reynolds numbers or

small plastic beads for high Reynolds numbers. The forms of the

velocity profiles (Figure B and 9) obtained from these experiments

are similar in shape to those obtained by Ben-Chie Yen. They wi1-1

be used for comparison with the theoretically derived velocity

profiles in the subsequent sections.

2. EXPERIMENTAL STUDIES

In this chapter the experimental results lqhich were obtained

from the broad study of fluid suspensions conducted at M.I.T. will

be reviewed. These results can be considered in two main groups.

The f,irst one of these consists of the data which were taken over

the l-ast three years from the 2*D Fluid Suspension Test Apparatus.

Most of the data have already been published by M.I.T. (7). The

results in the second group were obtained frorn the experiments rohich

were done by using a water table especially set up to visualize the

flow patterns in peripherpl jets and t'o demonstrate the validity of

some of the assumptions of the viscous analysis which will be presented

in the next chapter.

2.]. 2*-.D Flu_id SuspeJrsion Test Apparatus

Ln order to determine the behavior of a full
.*

size vehiele
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suspension from the data obtained by using a smaller model, dynamic

sinilarity parameters must be detcrmined and dynanically similar

experiments conducted. Th'e dimensionless analysis of peripheral

jets performed by Richardson and Ribich (6) shows that dimensionless

cushion pressure is a function of, the jet exit Mach nurnber, Reynolds

number and geometry or,

I (M., Ruy., geornetry)

and the geometric scaling is provided if the produ"t Pa t is kept

constant.

" The 2-D Fluid Suspension Test Apparatus was designed and

developed to test the dynamic similarity conditions and to investigate

Lhe equilibrium and non-equilibrium pressure-displacement-flow

characteristics of fluid suspensions. The design and instrumentation

of the apparatus is explained thoroughly in the the report by

Richarclson and Ribich (6). A diagrarn of the deviie is shown in

Figure 4.

The jet width in the apparatus can be adjusted by using different

size spacers. The cushion volume can be changed by modifying the

height of the base plate and the hovering height,h of tine nozzl.e can

be set by placing auxili4ry plates on.the ground board. The non-

equilibrium conditions may be tested by introducing or removing fluid

from the cushion region through the cushion orifices. The jet exhaust

region can be pressurized or subjected to vacuum so that a wide range

of ambient pressures can be maintained.

?
c

=
P

a
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The device can be used to obtain both quantitative results and

qualitative flow visualization pictures by introducing smoke into

the f1ow. The pressure taps on the base plate are connected to

U-manometers and give the pressure distribution in the cushion. There

are aLso probes to measure the upstream pressure and the ambient

pressure. The mass flows through tlne nozzLe as well as through the

cushion orifices are measured by using orifice plates.

The results are presented in Figures 10 through 17 for

equilibrium and non-equilibriuin cases at one, two and five

atmospheres ambient pressures for jet thicknesses..l and .2 inches.

As one can see from the figures, the tests cover a wide range of

Reynol-ds numbers, The data are shown along with the Barratt Theory

which gives the closest prediction among the inviscid theories.

Figures show that the equilibrium performance is overestimated by

the best of lhe inviscid theories by 5% to 407" depending on the

Reynolds number and the ratio h/t.

Some of the runs for non-equilibrium cases are shovm in Figure 6.

The data curves of pressure ratio vs. cushion flow in these figures

do not show the discontinuity of slope at the equilibrium point as

predicted by the inviscid theories" The slopes of pressure-flow

curves for underfed jet are predicted quite closely although the

data curves are shifted with respect to the inviscid theory.

2. 2. Water lable Exp-eri$.ents

Now we turn our attention to the water table experiments. The

main purpose of these u*puri*"rrts were to set up a large model of a
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peripheral jet on a plexiglas, horizontal, closed water table and

observe the fl-ow patterns and the entrainment effects more clearly

and if possible obtain some quantitative results. The top view of

the table which was used for the tests is shovm in Figure 18. The

water was supplied to the nozzle from a reservoir as shown on the

left hand side of the figure. Before the water was introduced to

tlne nozzT-e it was straine<i by a layer of glass fibers which prevented

the sma11 air bubbles to enter the t,est section. The tube bundles

which are placed right upstream of the nozzLe served two purposes.

They prevented the secondary vortex which is caused by the turning

of the flow betroeen sections A and B before tlne nozzle. They also

kept the flow entering the nozzLe laminar at relatively 1ow Reynolds

numbers at which a dye* was injected into the fluid to visualize the

flow pattern. The nozzle thickness was set to 1.0 inches during the

experiments and the ratio h/t was changed by placing additional plates

on the ground plate. The unbalanced jet flow patterns were achieved

by introducing fluid into the cushion through C or removing fluid

through D. The mass flow per unit time'was measured by using a bucket-

scale placed at the far down-stream of the flow and the Reynolds number

was based on the average mass flow per. unit time.

The water tabl-e experiments can be exanrined in two groups. The

first consists of the experiments whieh r,,/ere conducted for the purpose

of visualizi:ng the flow patterns. Visualization i^ras aehieved by

injeeting basic phenolhthalein solution into the f1ow. At re1-atively

phenolp[thalein.* Basic solution
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1ow Reynolds numbers this dye gave excellent results. Some of the

pictures taken at Reynolds numbers of 1200 and 500 are shovm in

Figure 7a and 7b. At high Reynolds numbers, howevi:r, the dye

diffused into the water very fast. The flow pattern was not so

elear but the pictures sti1l showed the boundaries of the jet.

The second set.of water table experiments was conducted for the

purpose of deterrn-ining the velocity profiles across the jet at the

nozzLe exit and at a section after it iurpinges on the ground plate

and becomes horizontal. At relatively low Reynolds numbers the

velocities were measured by taking successive pictures of the flow

with a movie camera and then by following the ends of the dye streaks

and irregul-arities on the dye lines on these pi-ctures. The profiles

for the h/t ratios of 4.0 and 5.0 at Reynolds numbers of the order of

2x103 are shor,in in Figure B. At high Reynolds numbers the dye diffused

very fast; therefore, pell-ets made out of a plastic* whose density

is very el-ose to the density of water was used. The pellets were

followed in succesively taken pictures to determine the velocities.

The results of this experiment showed a r,iide range of scattering

probably due to the unsteadiness which results from the highly

turbulent flow or from the irregularity of the shapes of the pellets.

The results are shown in Figure 9 along with the calculated wall jet
profile which will be developed in chapter 3. The calculated wall jet
profiles are also shown in Figures 8a and Bb.

*
A product called

West Virginia.
Cycolac by Morbon Chernical Co. in WashingLon,{



The inunediate and important conclusion from the water table

experiments is that the viscous effects play an important role;

there are cLear indications of entrainment and turbulent mixing

a1-ong the boundaries of the jet. The formations of eddies at the

boundaries are recognizabl-e from phe dye patterns. These results

shovl that the modentum dissipation due to turbul-ent rnixing has to

be accounted for in the theories which predict the suspensj-on

behavior. This we will do in the following chapters.

It was also observed during the water table experiments

that the standing vortices are very weak and carry negligible

momentum when compared with the momentum carried by the main jet

13.

find a
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3. VTSCOUS THE9IY FOR B{,ArrCEp P.ESTPHEML .JET

In this thesis the technique which will be used to

sol-ution to the problem will be quite straightforward.

method of approach will simply be the application of an

momentum balance applied to the control volume ABCD of

and most of our efforts will be giv'en to the evaluation
'

on the control- vol-ume and the momentum fluxes which pass

the control surface.

Now l-et us consider .the control rlolume ABCD

general, the cushion pressure can be expressed by

fluxes in and out of the control volume with the

boundary. The x-direction momentum balance gives

h.p -h D -r=M-sin€i *\f! {c 'a L -'

.'

(1)
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where \ and \, are the momentum fluxes across the boundary at

the sections I and II respectively and 'r is the total shear force

on the control surface. Howevet, an. shear force on the control

surface is small compared to the pressure forces as demonstrated

in Appendix I; therefore, it can be neglected.. As a result, the

momentum equation takes the form

tr(pa p") = \sinO+\, (2)

From here on our efforts will be directed toward the evbluation

of the momentum fluxes M, and \r. The approach to the problem is

simila; to the invjscid velocity distribution theory which is presented

in the following secticn for the,purpose of clarifying the method

of approach to the problem; moreover, some of the results from this

inviscid theory will be used in the subsequent sections.

3-l-. Invisc,L<l -Vel-ocity Distribution Theorv

Consider the peripheral jet model. as depicted in Figure 19 and

consider the control surface ABCD.

Assume the following conditions:

a) Flow leaving the nozzLe is irrotational

b) Flow is incompressible

c) ?ressure and velocity
constant

Velocity across

Shear forces are

along the free streamlines are

d)

e)

the exit jet is uniform

neglected..



The vel-ocitY Profile at the

the irrotati,onality eondition.

v(z) (z * a) =

where ttatt is a constant yet

conditions along the outer

15.

nozzLe exit can be found bY using

For a potential vortex

.av
o'z+eva

o

Z (ps

v(z)

to be determined. But the

and inner streamlines give

r p^)
d

(3)

boundary

(4a)

(4b)

for vslssigy,

v(o) =

and v(t) = 11

If these conditions

the constant ttatt can be

are substituted

shown to be

into expression

v=
o

I't
r+l (s)

(6)

(7)

(B)

where

and

Now the following quantities can be calculated directly:

P.o
1 - -----=b'-

D'sg

pavoln(*)=o"o{;h(+)

P.- P"

P"- P"

t
a1= pIo v(z)dz=

t
\ = p ,J tr.(r)12 a" 2=ov'o

2=pv tl-o



where \ i" the mass flux and \ i" the momentum flux across

Section I.

L6.

the exiL jet can be determined by using

= \r'

= \t = PVot

(e)

(10)

+^ 1" (i) (11)

o and'sg = 1 - \2i therefore,

Now the thickness tr

the continuity relbtion

of

\

or

\= Ito
Lt

1-).

^\ 
-2^

), or

h (*)

,+,

The momentu-rn flux across section II is then,

? ^-? .lt ,- ,!'
\r = pv- s' = pn; f ln (1,,

Now substituting \ and \, into the momentum equation

ho =
^ ao

2but ov =.'O

from which

0"3 t ). sino + ou2'o

t,'-

Dt no

D^sg

sino-fl;h(+) =Q (tz1

b
D'sg

I - 12 can be solved for given

values of h/t and 0;

The solution is plotted in Figure 20 in terms of h/t and p"r/p",

for 9's of 0o, :0", aSo and 600. The computer program No. t in

Appendix III gives the solutions for baLanced and unbalanced cases of

the velocity distribution theory. Results for Lhe unbalanced cases

are presented in Figure 38.
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'3. 2. Vis cous Thegrv

3.2-1 l.ncornin& Eomentum T1ux

Here the assumption will be made that the viscous losses in the

nozzLe are negligible and the flow is irrotational; therefore, an.

velocity profile is of the same form as described in the inviscid

theory. However, the boundary condition along the innermost streamline

for the viscous model. Then the mass and momentum fluxes aeross the

rrozzLe are given by

is now replaced by

and \=o"lt

l2(P:i>
", --/ _-]: where p" i" the cushion Pressure

'1 =P".+|t"(t)

where g-

(13)

(14)

(1s)

3.?:2 ._Submerged Jets in UnFounded Space

Earlier in the thesis, the water table experiments indicated that

turbulence is created along the boundaries of the peripheral jet and

the nr-ixing zor,e diffuses into the core of the jet and into the

surrounding medium. It was also suggested that the basic mechanism

which causes the cushion pressure to deviate from the theoretically

predicted values is the mixing process. The same kind of turbulent

nixing process takes place in a submerged jet in a much simpler

D

1-'cg
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fashion since the jet.is straight in the later case. Therefore,

review of some of the results obtained from.the theories of the

submerged jetsx would be useful since they are used in the calculation

to define the velocity profile across the exit jet.

When a jet emerges from an opening into a stationary fluid

medium, the eddies generated in the region of discontinuity between

the jet and the surrounding medium r^rill result in lateral mixing.

A submerged jet can be investigated in two regions as shown in,

Figure 21. The.first region starts from the nozzl-e and ends at the

point where the turbulent mixirlg zone penetrates the centerline of the

jet. It is called the zone of flow establishment. The zone of flow

establishment ends at. a distance x = 5.2 t from trre nozzLe where
o

t is the nozzLe width. Once the entire centralpart of the jet becomes

turtul-ent then the diffusion continues without changing its character.

This second region is called the zone of established flow. In this

region, the flow is dynamically similar and the velocity profile is

described by the Gaussian distribution function vx 
, f,

" 
=exP\-n)

where the constant o -'can be determined 'empiricaff$?" 6

In the zone of flow establishment

.(y+4' ,;i - t'vx
= exD (-

v1 2(Cox)2
(16)

* See reference (1-0) for a detailed analysis of submerged jets.



19.

v.max
vr-

a 1.0

exit

equal

(17)

(18)

to

and

#=t+'G'(E-Y1

where the subscript 'r1" denotes the conditions right at the

of the nozzLe and Co is an empirically deternrined constant

0. t_09 . *

1)C x
' ot

v
max

In the zone of established flow

exp(-

(le)

(20)

of Reynolds number. The

magnitude of the maximum

j et.

v
max

tl

_1
z{c;2

2

\'tx
t1

and

g
Q1

Notice that these resul-ts are independent

above equations wil-l- be used to cal-culate the

velocity and the total mass flux in the exit

3.2-3 Semicontained Jet

I,Ihen the peripher:l 3et hits the ground plate it spreads over it.

In a bal-anced jet the flow is directed into one direcLion after it

impinges on the ground and the surrounding *.airr* is of the same fluld

as the fluid coming through the nozzle. Such a jet is described as a

* See reference (10).
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semi-contained jet or sinply a wa1l jet. After the wall jet flows

along the wall for a certain distance, the flow becomes fully cleveloped

and dynarnically similar. A numericaL solution can be found for'a

fully developed wal1 Jet even though it is quite curnbersome. The

procedure was first proposed by Glauert (11-). In reference (11-) a '

more detailed analysis of the problem is given. Here we simply lay

out the procedure.

The boundary layer equations for turbuLent flow are

3uu--*'dx

a(.T") +3{*t)=odx dy

3u a , 3u\vT-= :-(e;-/dy dy dy
(21)

(zz1

with the boundary conditions u = v = 0 at Y = 0 and u -> 0 as

y + -; another boundary condition arises from the assumption that

near the wall the dimensionless veloeity profile changes as the 1/7th

power of the distance. This lasL condition will be expressed more

cLear1-y once the above equations are no.ndimensionalLzed. In the above

equations x-distance is measured along the vrall and y-distance is

neasured perpendicularly from the wal1 with u and v the respective

velocity components in these directions; e is the eddy viscosity.

The wall jet can be analyzed in two portions. The first is Lhe

inner layer which is between the wall and the point of maximum velocity.

In this region, the effect of the wall on the floi,r is dominant.
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Therefore, it has the 1-/7th profile of a turbulent boundary layer

which irnpl-ies that the eddy viscosity is proportional to ,6/7 and

nu3/4. The second region is the outer layer which starts at the

point of maximum velocity. The eddy viscosity ln this region will

be assumed to vary in the same way as in a free turbulent boundary

layer flow and it will be taken to be a constant which is proportional

to the Reynoldts number.* Since in the inner portion ,oR.3/4 trd

in the outer section eclRe, a complete similarity is no 1-onger

possible. However, e is taken proportional to Re3/4 rather than to

R al-so in the outer Layer for the sake of a dynarr-ically similar

solution.

shown that the boundary layer equations for the inner

layers can be written as follows in terms of the

quantities n and fl. Here n is the dimensionless

the wall and fj is the dimensionl-ess velocity function.
I

Layer

*,o ri6 ri) + 11 ri + B rl2 = g (23)

fr(n) = {tl5 x7

It can be

and the outer

dimensionless

distance from

For the inner

or writing fz 1x 
5 n) we get

fr ,tiu r)) + fzt';+at)2=o (24)

*See the section on Prandtlrs hypothesis in Glauert (11)



For the outer layer

The boundary

andfi(*)=0.8

number* as shovrn in

junction between the

restrictions. Here

maximum; therefore,

+Bft2=o
o

If the solutions for

solutions for f, and

the inner layer
g

.^.-( dv| - ) e_se/7)L/l

f are known
o

given by the

(26)

A and X can be found.

folloruing expressions .

(27)

na

(2s)

n+0

for the outer

expansion of

+f
o

conditions are tin'Ll7* constant as

fzir:ll - r:ll - .(:lt :- n..L - r, - l-- - u-o -1 -2

is a parameter which is determined by Reynolds

Table I. The conditions to be satisfied at the

inner and the outer layers also impose some

the interface is taken to be at the velocity

at this point

f;= fl = A;Lls x7 = i-L/s*t;cl 
-I-

o
fi

f, and

f are
o

The

For

where g(y) = f 
27 

/8 
^nd,

J-ayer for large values

the form

Y.=* (4)L/7 n.

of 11 is deternrlned

The solution

by a series

k=- 1 i=k-l
fo(n) = l+are-r+ x t ;.-___ .t-- 

- a.1-r(k-i) t(k-i)+i8ll .-kn
k=2 t'(t - 1)i=1 (2S)

where tI- = -1. Taking the coefficient a, of u-l i" equivatent

*The Reynolds number here is determined with respect to the thickness
of the wal1- jet. The distan"ce between the point of maximum veloeity
and the point where veloclty is half the maximum velocity is taken as

a measure of the thickness.



o
P Re

1.0 6

l-.1 1.4 x 106

L,2 4. 1 x l-04

l_.3 5200

r.4 l-200

1.5 380

1.5 150

1.8 33

2.0 10
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to making a suitable choice of zero of n. The above solution

also assumes arbitrarily that fo(-) = 1.0 which is the dimension-

less mass flow. A computer program which calculates fo and its

derivatives for large values of 1 is given in Appendix 2.

Ftom the series solution, fo and its derivatives can be

caLcul-ated at a suitably large val-ue of n I then the solution can

be extended to smaller val-ues of n by numerical- integration of the

differential equation (25). Then the values of fo = fo*, fl = fl*

and the dimensionless jet thickness nt can be found at the point

when f" = Q. Here n. is defined as the interval- between theom 't
1

point where the velocity is maximum and the point where fl = i fl*

Another computer program in Appendix 2 calculates the inner

and the outer J-ayers for a certain value of 8, then matches them

at the maximum velocity point and prints out n, total mass flux,

total momentum flux and some other useful quantities.

The special cases for B = 1.0 and B = 2'A can be solved in

closed forms. For the case S = 1.0

which sives ft ="om

The solution for I

n=1n

where f = G
b

= 2.0 is

'{t 1-g

= ranh +

trj(n)12 an = .333

+ 6xo, -tEs.

f

.5 and

o 
(nJ

t
o

(2e)

2+e (30)
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The results of the closed forrn solution are used for the case

when I = 1.0 to avoid the numerical error which mlght be introduced

into the solution of the p'rogram No.2 of Appendix 2. Figure 22

shows the final result as a function of B. Figure 22 along with

Tabl-e l- describes the important pArameters of a dimensi.onl-ess wall

Jet velocity profile at a given Reynolds number. The results are

also presented in analytical- form in Appendix 2. Figure 23 shows

a typical dimensi.onless velocity profile for 8 = L.4.

In the wa1l jet calculations, Reynol-ds number is defined as

whereas all experimental data is plotted in terms of the
v

jgt exit Reynolds number *!. Here 6- is the physical distanceVE

between the point of maximum veLocity and the point at which

ve1-ocity is hal-f the maximum velocity. For a meaningful eomparison

of the data and the viscous theory which will use the wa11- jet

resul-te, one of these Reynolds numbers has to be expressed in terms

of the other. The relation between them wil-l be given in the

following sections.

3.2-t+ Momentum Flux Across Section II hr
Consider one of the solutions of the wal-1 jet as presented in

itom the wall j etFigure 23. As one can see, the resuLts we have
a

analysis are in nondimensional form. If the actual- velocity profile

is needed, the vertical and the horizontal scaling of the graph has

to be detersdned. Two expressions are required to determine the two
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scaling factors by which the vertlcal and the horizontal axes have

to be nrultiplied.

One of these expressions which can be used for this purpose is

the continuity rel-ation; the other expression is the one which

determines the magnitude of the miximum velocity with reispect to the

initial jet exit .r"fo.ity vo from the nozzLe. This initial velocity

is taken to be vo since under inwiscid flow conditions the uniform

flow along the wall would have the magnitude vo.

The wall jet analysis shows that the solution is dependent on

the wall- jet Reynolds number; however, this dependency becomes less

ixportant as the Reynol-ds number increases. On the other hand the

subiirerged jet theory as proposed by Albertson (10) is not dependent

on Reynol-ds nurnber. As a result, if an expression derived from the

submerged jet theory is going to be used to correl-ate the maximum

velocity of the waL1 jet to vo, this has to be done for the.cases

when the Reynolds number dependency is weak. This means that the

results of Albertson culn only be used for the wall jet when Reynolds

number is infinite.

Submerged Jet theory gives:

v
max
vo

vmax

= 1.0i x
t

x
;t

l.z (31. a)

(3r.b)5.2
v

o
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Now a characteristic length x must be defined. Since the

entrainment occurs rnostly along the outer streamline the length of

the outer boundary of the 5.a "tn be taken as an approximate measure

of x. Here we will- define x as the length of the outer streamline

between Ehe nozzLe and the point N where the streamlines become

paral-1e1 to the wal1 at inviscid flow conditions (Figure 19).

Moreover, we shall agsume that the streamlines are circular with

points of tangency at the rrozzJ-e and at the Section II. Then

h-t!= R (1+sin0) or

R = {H* , bur x = 2nR r%ft = a*F#*r> (h-r')

x
t

2 I (90'+0)
360o (1+sino) cl - i'r (32)

where'

distribution

substituted

the maximum

tov.
o

In

cushion;

l-ine and

section

l'= ,1^ t" (h given

theory. If the value of

into equation (31) we get

velocity of a wall jet at

balanced flor,r, .there is no net flow

therefore, the ihner streamlihe is

touches the wal-1 . This means that

II is equal to the sum of the mass

by the inviscid velocity
x-
I. trom Enl-S exPressl-on 15

an expression which rel-ates

infinite Reynolds number

out of or into the

the stagnation stream-

the mass flow across

flow coruing Lhrough the
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rrozzJ.e and the entralned flovr'a1ong the outer streamline. Assunring

that this entrainment flow is of the same amount as in a submerged

Jet at x/t dinensionless di-stance from the nozzLe, we can write

5.2
Qtr.,

t6'n c x
\ '- -o t tQI

Q''

place in a submerged jet.

The values for t*8=1.0

x
t

r
=L+'t

x
t

11v't

(33. a)

QI

wher.e x/t is as defined in equation (32) 
"rd QII' is the total

volume flow across section rr. Notice that these expressions are

different from the ones given by the submerged jet theory because

entrainment only on one si-de of the jet is assumed here. The net

entrainment here is on1-y half of the net entrainment which takes

arra SrJv are

5.2 (33.b)

given in Table II for

0=30"

det"r*in" the scaling

Itktt anrd ttltt as follows:

., - 
tt8=g

t-v^
ms=g

where y is the distance from the wall, ^v_ ^__ is the actual physical

maximum velocity which a vetocir, -."";r::]tuu'r"" would measure in

the flow and V,-. ^ is the maximum dimensionless velocitynF=g

(34)

the range of h/t ratiolo berween 1 :tX 6 for

. Now, we. have the

factors of Figure 23.

k=1
v

Ewo conditions which

, Define the factors



as obtained from

g varies between

we have

1'vr8=1.0 =

!=

- YnB=L.0vmB=1.0- vo" .vo
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The parameter

1-.0, ie Re = - r

(3s)

the

by

(36)

(37)

the Glauerts theory for wall jet.

1.0 and 2.0. For the case B = g =

As a result

1=try'*u=r.o

where Uo,B=l_.' = .5 and y*e:.q is given by equation (31-). If
v

horizontal and vertical o 
"*." of Figure 23 ate rnultiplied

l/k and 1 respectively then the horizontal- axis reads y and the

maximum ve1-ocity is equal to the physical maximum ve1-ocity. The

expression for the mass flux becomes

mp=g is the dimensionless mass flux from Glauerts solution of

wall jet. However, the eontinuity rel-ation gives \t= 9(Qrr.r) =

r ,* ) Qrrr. From this k can be determined 
n

=p F 1=ptri;,ryli"

tg=n 
-vmg=l .0. v

V--- t v --l 
o'mB=1.0 '6

,*,0,"
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TABLE II

hlt
a

I t'/t xlr
vmB=l.0

v
o

Qtt-,

Qt.,

L .223 .43L .794 1_.0 1.0319

2 .4L2 .62L L.92s 1.0 L.0775

3 .565 .742 3.L52 1.0 L.L269

4 .663 .808 4.4s6 l-.0 L.L794

5 .72]. .845 5.801 .944 !.250

6 .768 .873 7,.158 .850 1. 333
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When the axes of Figure 23

monent,um flux expression becomes

MB=nM .L2

\r = o€f;- = ,q-,,*,0,"

2 Vt-g=g
(uo'u=r. 

o) 
(*u=*)

Since from the wa1l jet solution

we obtain

(40)

The x-direction momentum balance applied to the controL volume

ABCD of Figure 24 gives

tF= 4.0 (MB=s)cF{r ,*, * *,?,

t
= | - E ', the final form of the

where M^
6=g

solution.

\r
D .t
lsg

h.pcB =, uTo, sin oft,

Since p u: = 2 psB and p"*/1"*

momentum bal-ance is given bY

? ,t - e\ - 2Esino

Here \f /n"g. t has

of the terms in equation

is the 'dimensionless
Ff

But Qrr, = voft 1n

q"'*'

'c' M--II_--=(J
D .t'sg

to be substituted frorn

(401 are defined for a

4

momentum flux from the. Glauert

e "r,d 
pl2 = 2p"gi therefore,

are multiplied by 1 and 1/k, the

r
b -l

i_E 1"(? (3e)

m- =1.0andV ^- ^=5."'g=g 'nB=1.0 J '

(ra1

(41)

equation (40). A11

given wal1 jet

a

e"om
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Reynolds number and a given hft ratio with the exception of E.

means that for given values of 0 and h/t, the only unknown in

expression (41) is E. This equation can be solved for E numerically

by using a computer and then p ^^/p^- can be deterrnined by using
P.o z'tg':g

the fact that :- = 1 - E-. The bomputer program no.2 in
P"g

Appendix 3 does this for a given 8, i.e. R"r.

The final step for the complete solution of the problem is

finding a rel-ation between the wall jet Reynolds number

t*B3e ' 6t

This

R€t =
I,t

number

make an

Re.=.LJv
assumption

vt
which is used above and the jet exit Reynolds

whieh is used to plot the data. Here we will

only for the calculations relating the two

Reynolds numbers to each other. Namely, that

v_ v'mB=g rr 'mB=l.0
v.o to

This assumption is quite good for relativel-y high fleynolds numbers.

Although, for low Reynolds numbers, it introduces an error of up

to 257. into the values Reynolds numbers, it sirnplifies the

calculations enourmously. However, this will not effect our

calculations much, because the quantities which ane cal-culated by

using these Reynolds numbers are quite'insensitive to these smalL

changes of Reynolds number.



[^le now have

v- 6mF=g t
v

i$r""..n,

33.

(+2. 
")

(42.b)

,vm8=l. O.(T--_ / to' rt
oRe=

w

Substituting the relation for

vk

k from equation (37)

vk

Rew_
Re.

J

.scp)n. *h (l)

Figure 25 shows the data interpoLated for

Reynolds numbers which correspond to Re, = L.2

the jet exit

x 103 and

.IL
Re__ = 4 x 10- for a nozzLe angle 0 = 30o.

w

The same figure also shows the results of the calculations of the

r 103 and Re = boviscous theory we just developed for Re, = L.2 t .,o .

and the results of some of the earlier inviscid theories. Our

results are better than any of the inviseid theories and predict the

dimensionless cushion pressure within a few percent

. the resul-ts of the same procedure for given Re. of -r
J

lL1
2xl-0- and 2x10" are shown in Figure 26, These resul-ts are obtained

by using the program no.3 in Appendii 3 which gives the solution for

a fixed jet exit Reynol-ds nurnber Re.. This program fj-nds the corres-
J

ponding Rerts by iteration. The effect of the noz'zLe angle 0 on

solution is shown in Figure 27. Th'is figure shows the solutions
L.

Re. = 2x1O- for Ots of 0o, 30or 45o and 60o.
J

the

for
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34.

UNBALANCED JET VISCOUS THEORY

While a peripheral jet is operating under eguilibrium conditions

as described until now, if the cushion pressure drops below the

equilibrium va1ue, the jet splits and some net flow takes place into

the eushion. Simil-arly, if the cushion pressure rises above the

equilibrium value some net flow occurs out of the cushion. These

two conditions are cal-l-ed overfeeding and underfeeding respectively.

In order to describe the dynamic characteristics of the suspension

system, the fl-ow-pressure-displacernent characterj-stics of the system

must be determined while operating under these non-equilibrium

conditions. In other words, a relation between the cushion pressure,

total mass flow and the cushion flow has to be found. Moreover, it

is desired that this relation follow the data closely, espeeially

around the equilibrium value, since it is used in a linearized

solution around this point. Figure 6 shows the results from the

Barratt theory and velocity distribution theory for overfed and

underfed jets along with data taken at M..I.T. The theories show

discontinuities in slope around the equilibrium value while the

data goes srnoothly through this point. This shows that they are

inadequate to describe the dynamic behavior of the suspension.

In the following sections of this thesis, a new approach which

takes viscous effects into account will be used to predict the

suspension behavior under nonequilibrium conditions.



35.

4.L Overfed Jet

A split jet is shown in Figure 28, together with its

important parameters. If the flow were completely inviscid

then the velocity profiles across the sections II and rrl would

be uniform. Their magnitudes would have been determined by

the respective values of ps - p" and p" -. p".. l{hen viscosity

exists lateral mixing would resul-t from the eddies formed along

the boundaries due to high magnitude shear forces between the

jet and the surrounding fluid. When the jet hits the wall and

starts to flow parallel to it the effect of the wall becomes

dominant near the ground plate. Therefore, the inner layer of

the flow obeys the t'Lf7 th law" while the outer layer satisfies

the conditions of free turbulent flow. These facts'strongly indicate

that the velocity profiles across the sections IT and III will be

in the form of a wall jet profile as described in the balanced

ease in the previous. chapter. The results of the wall jet aPPly

unchanged with the exception that the profiles have to be scaled

again so that they satisfy the conservation of mass principle.

The maximum velocities of the wa1-l jets are also to be determined

again.

The momentum equation in its general form appl-ied to the

control volume PSTU would give

n . ps - h . p" = \ sin0 *\r - \U



where M'r \f "td \ff stand for the momentum fluxes across the

section I, II, and III. In the following sections of this chapter

these momentum fluxes wil-l 6e evaluated.

4.L-L Estimati-on of Momentum Fluxes

The assumptions which were mdde about the enterance section

for the balanced """. "till continue to hold true; therefore, the

mass and momentum fluxes across segtion I are given by

'1= p"o 1* t"(t) t \ = o"ltq

36.

(44)

(45)

(407

(47)

(4s1

E=[:c,/ P"s

Let

total flow

us define cr as

coming through

t3
(I=-- tl

the

the

ratio of the cushion flow to the

nozzLe. That is,

then o13=0m1 =o,pvo 
f| 

h(+)

*2= (1 -o)rnr=(1 -o)ovo* h(l)

By using a similar. argument presented for the balanced

flow, the l-factor at section II is given by

. vm8=l.0 ,vmB=l.0. to

"=fr]i=t % l"_*r"
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and by using'continuity, the k-factor l-s

t- -[^-z
F)a'(;=) Iv

Mg=n

q'

,h,,ta
2*I.t

or \r kz

Here Qtrr' is the

Qtr., t." the portion of

of the jet at the right

terms of ct it is given

o (vo'g=t.o) (*u=*)

total volume flow going

the incoming flow which

side of the stagnation

by

.T-,cffi1 o'r" (so1

across section II;

is due to the part

streamline. In

Q'r.,r=(1--o)"r#h(t)

Notice that Ot-- is the sum of Qr- and the entrained flow-IIv 'Iv

along the outer streamline.

We know that 2p",

Eherefore, .

= PVot *B=g =1.0andV^- ='mB=l.0

ts== 4.0 (Mo=B),Pt{*,r,
P"g'c - 6=

tr-o)fu t" (t) (s1)

The terms (t g=r.o/tohand (Q'tlrr/Q'

expression are yet to be determined. The

them indicates flow across section II.

f./tf in the above

subscript I'II'l under
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For the flow

vm8=l. 
0

l=*3 vnB=1.0

across section III, l-factor

- 
vm8=1.0 t" to

v.vV'c ' -o 'mB =1.0

and v
o

(sz1

(53)

III. 0"- is'Iv

due to the part

In terms of

(s+1

is given by

where v- is the magnitude of the uniform velocity across section IIIc

if the flow were completely invisCid.

By using the continuity relation, the k-factor can be obtained

readilv.

ffi,ry,,t','.
k3=

where Q"rrr' is

the portion of

Qtt-----. IIIV.(oq-) Q"..,
'lv

the total flow going across section
:i

the incoming flow through tLre nozzLe

of the jet to the left of the stagnation streamline.

cr it is given by

)
M :^*u=*lr-'Trr

o3

l'1r., 
= o"o ,* r" Ql

The momentum flux across section III can then be expressed

=ffi- e; therefore,v=
c
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v
c

-=Vo

D
'^o

1- 
vF 

=E
Dt eo

(ss)

From the wall jet solution

Vrg=1.0 = .5. Considering the

we also have

faet that p"3

m- = 1.0 and
F=g

= 2psg we get

nF =4.0 (*e-r),ry,rrr (+ff)rrr+h (l) (s6)

In the above expression the quantitie" (t U=r.0/t")III and

(Q"IIIv/Q"r.r)r' are still to be determined. The subscript III

was added to indicate that the flow takes place across, section III.

4.L2 Determinarion of (Qtrrv/Qtr.r)r,, and (Q"rrrv/Q"rv)rrr

Entrainment which contributes to the momentum flux.across section

takes irlace a1-ong the outer streamline; therefore, the length of

the outer streamline can be taken as the charaeteristic length in

the calculation of (QtIIv/Q'fr/ff. As we did in the balanced case

ne will assume the length of the outer streamline to be the length

if the flow were completely inwiscid. See Figure 29.

Assuming the shape of the streamlitre to be circular with polnts of

tangency at ,M and N we get .

\,={ffi##(h-d)

II

P"-P"
P"-P"



40.

but g=(1-

peripheral- jet

equation (9).

o)tr where tt is the

were balanced and is

Then

exit jet thickness if the

described in Chapter 3 by

,X, 2r(90o + t)*t'rr 360"(1 * sino) (i- 4t(1-0)i)=

- 2n (.90' + O)
360'(1 + sino) (r-o)1, rnf5 tI-   +-

5.2

(sz1

(58. a)

(s8. b)

Now (Q!, v/Qi JII ean be found direcrly from rhe submerged

jet theory results as sunmarized in section 3.22 keeping in mind

that entrainment takes place only on one sid.e.

,*4 (fi-t)c ; Crr's'2'*'=

,Qrr'.r.(q* )'

o,f, r,

' 
(*)rr'.o (f) r,

l_1
=-+-22 2G

(aif, ,rlOi 'lr' 
will nor be calculared in rhe same manner

but instead will be taken equal to 1.0. This is seen better if the

diagram of the two dimensLonal apparatus of Figure 30 is considered.

rt is evident from the figure that the mass flow out of the cushion

from the left side has to be exactly the same as the flow which

enters into the cushion anea through tlle nozzre. otherwise, there

would be continuous increase or decrease of mass in the closed

volume of MNOP which is physieally impossible. of course, there is



some entrained flow along the inner streamlin e zz', butghis flow

does not go out from the left end of the cushion and stays in the

stariding weak vortex which'is produced in the closed area zz'N.

The same argument j-s not true, however, for the portion of the jet

which fl-ows through section II besause the mass flow out through

section II also ihcludes the entrained flow along the outer

4.1-3 Determination of

4L.

(t, 
11. o/vo) rr tnd ("r.=t. o/}-l_ltt

streaml-ine.

Let us consider the split jet which is shown in Figure 28.

We will assume that the maximum velocity in the portion of the jet

w(rich goes through section II obeys the laws of a submerged jet

and the maximum.velocity at II is equal to the maximum velocity at

\, distance from the nozzLe of a submerged jet of thiikness trr.

This assumption is consistent with the physics of the flow because

the thinn"t aII is then the slower the velocities in section II

will be. Similarly, the velocity at section IIT wpuld be sensitive

to the thickness attt.

The thickness tII can be found'by

this region to (1 - 0)\, that is

equating the mass flow ln

ttt

t
o

avo-
-=-- dz =z+a

't--*a
savolnCfll = (1 -

I

oyo 'o*fr t" (*)

1-=-tt
t c*l 

(1-")- rt rt
(1-r)



42.

(60)and tIII=t-ttl

Then taking the inner and

shape with points of tangencies

we get

the outer streamlines

at MrNrGrFras shor^m

of circular

in Figure 29,
I

t lttl =trrr

,3', =trr

t| cr-^l - o r" tf>J 2n(eo"-o)

r (1-q) 360'(l-sino)(l-r)-t(? - 1lr.

- (1-o) * t" rll t cr-ilr*

(61)

(621

(63.a)

(63.b)

(64. a)

(64.b)

Now the submerged

approximate values for

t<|l(r-"1 - llr

,!Fr;T r.o
c

jet theory can

(*tru=r. o/to) rt

\rl

2n (90'+0)
(_-_------)
360o (l+sin0)

5.2

be used to obtain the

"ld (t*B= 1.0/vc)rrr.

fr
/-Ea;

ttrt

,. ;
^rrr

\n
tltt 5.2

Similarly for the flow

,5i*,rr = 1.0 i
v

o

,vm3=1. 0.,\ v trr-
o

across

\r
t
II

section II

< ).2

/L
-CtTt o

,=II)
^rr

Xrt
trl 5.2



.4.1-4 Wall Jet Revnolds Nurnber

We have seen in chapter 3 that the value MU-* in the

momentum expressions depend on the wall jet Reynolds number.

llere the wa1l jet Reynolds numbers for the jets which. go through

sections II and III are R.IL = (trr*g=, 6rra) /v and

R"rrr* = (trrr*g=g 6r't)/u ; howeverr.,rtl" data is presented in

terms of the jet Reynolds number Re, = *-. Now, the expressions

which relate the wall je9 Reynolds number to a given Re, will be

derived so that .the theoreti-cal results can be expressed in terms

of the parameters which were used to plot the data.

43.

(65.a;*'

in

(6s . u)R"rrt

where (alr v/ai .,r) r, i" defined by

,vm8=1 .0.to (--r, 
-) rr tttt

o

uk2 uk2

the dimensionless wall jet thickness as given

k, is given by equation (49) ; therefore,

(l--o) nrrtl
2 (1-l)

equation (S41.

'o(5?),, n't
Rtrrr=

where (nrra) is

figure 22. But

h (+) ,tT,rr R.j

Similarly,
v^ v

".(+trh(t') n'rt
co " 

,5F{,r' (}) r'rt
co

{ th. argument which to equation (42.a)

,k3

also applies here.

R"rrrt
uk3

applies
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If k3 is substituted

equal to L.0. we get

(53) with (air, ,r/Qi ,r)ril

(66)

given Re. can be found
J

.a value for nrr, and

either" graphically by

equations which are given

are determined the values

by using Table I and

=0 (67)

from equation

Rtrrrr =
2 (1-l)
otrlrrt

r" t*l *"j

The wall jet Reynolds number for a

from these expressions first by guessing

Ittlt and then iterating the expressions

using Figure 22 or analytically'by using

in Appendix 2.

Once the wa1l jet Reynolds numbers

for (M6:*)r, and (M'=g)rrr ean be found

Tigure 22.

The momentum balance applied to the control volume PSTU of

Figure 28 then becomes

Q-Ez) - 2{ sino \nh
t

\r +D .t'sg o .t'sg

The computer program in Appendix 4 gives the dimensionless

cushion pressures at a given jet Reynolds number for different

val-ues of o. The resuLts for 0 = 30o are plotted in the upper

half of Figures 34 thru 36 for Re. = 2xIO4 and Re. = -. The effect

of 0 on the results is also depicted in Figure 37. The upper

half of this figure shows the results of the viscous theory for

overfed jet for 0 = 0o, 30o , 45o 69o for h/t rati-os of 2 and 4 at



Re. =
J

until

L
2 x 10-. The discussions of lhe results will be deferred

the solution for underfed jp-t is obtained'

45.

5.0 -hk3. --r

of the print out of the computer program

value of 5.0/kr.t. This value $7as a1-ways

for the range of ors for which the ealculations

It is clear from the assumptions that the predicted effect of

the base p1-ate, i.e. the upper wall of the cushion, is negligible.

As a result, the.above theory would break down if the thickness

of the jet across section III is so big that a boundary layer

develops along the upper wa1l. Considering that when n = 5

the velocity of the wa1l jet is practicalLy zero, this breakdown

condition can be expressed by stating that the thickness of the

wall jet up to the point which corresponds to n = 5.0 has to be

less than the height h, that is 5.0/k3 < h or

The fourth coluurr

of Appendix 4 give" ittu

less than the ratio h/t
c

rrere carried out.

4.2 lJnderfed Jet

An uqderfed jet is shovm in Figure 31-. In general, by

considering the physics of the flow, the following aspects can
t

be pointed out: .

a) The flovr entering the control volume ABCD is inviscid

b)

and irrotational.

The maximum velocity vm can be determined by submerged

jet theory and is a function of P" - Pr.



46.

The velocra, r"* is determined by the rnagnitude of

D-D'c 'a
In region c, latetal mixing occurs between the low

ve1-ocity section and the high velocity section of the

exit jet.

e) fn region d, the velocity profile is the same as the

outer portion of a wall jet.

In region a, "Lf7th profile" prevails

The uniform core, region b, may or may nol exist

depending on the inner layer thickness.

h) The veLocity at section III is uniform.

However, under these approximations, the deterrnination of

the profile across section II is quite difficult. At the lirniting

case m = 0. we want the solution to approach the results of thec'
balancgd jet as described in chapter 3. But with the above

description of the f1ow, the mathematical modeling of the system
c 

this limiting condition is almost impossibfe.which satisfies this limiting condition is almor

To simplify the calculations, the rnodel which was described above

will- be revised by a few assumptions'. First, we will assume that

the rnixing along the streamline LtYt is negligible when compared

i"t U""",rse thewith the mixing along the outer boundary of the
a

former takes place between two jets which flow in the same direction

while the later takes place between a jet and a.stagnant medium.

Next, we will assume that the wa1l jet profile starts right after

c)

d)

f)

s)
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the uniform cushion flow core rather than from the peak of the

profile. This assumption does nct have any support from a

physical point of view; however, it does not introduce a large

enor into the solutj-on, This is the price paid in turn for

simplicity. Now the velocity prof,ile across section II r^rould

be similar to the one shor,m in Figure 32. We will make another

sinrpl-ifying assumption. The boundary layer along the wall is

dominated by the effects due to the wal-l; the inner layer of the

wall jet is also governed by the effects of the wa1l. We wiLl

assume that the boundary layer along the wall can be approximated

by the missing portion orct of the wa1-1- jet boundary layer. Then

the profile in Figure 32 would be equivalent to the summation of a

uniform profile with velocity v-- and m mass flow and a wall jet'cmc
profile with v maximum velocity and m,_ mass flux where m__ consists^mww--
of the flow rn- through EL.e nozzle and the entrained flow along the.I

outer stream l-ine. The momentum flux at the exit then woul-d be
a

where M
w

momentum

M--=M +MIlwc

means the momentum flux due to the

flux due to the uniform core.

M8=n .vmB=1.0. .%lr. Ft -o"o %;; t % "qr.,' 1-q r"

(68)

wall jet and M. is the

(5
E

M_
w

M
{"/ = 4.0 ('s=*),e,,P", * *,i, (6e)P .rsg



where Q -_ is the total volume flux in the wall jet. The values of
\^/\/

(t*B=r.0/to) and (o"u/Qr.,r).have yet to be deterrnined.

M_
u
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The

mvcc

momentum flux at

= cpvo+l"(lg)""

the uniforl gore is given by

2 EE - ,1. t"-oP'9.-g t"(?%

r" (r
M

u

---- 
= zd,D .t'sg

,"? ft
Now, the

approximated

conditions.

or
v=co

Bernoullirs equation gives

*P" 2 *oc 'a

Continuity gives ov h =o'co

(1. - n") ( 71)

ratio (v"/vo) will

by the value of the

Inviscid flow of an

(70)

be found. (v"/vo) will be

same ratio under inviscid flow

underfed jet is shown in Figure 33.

L2
79 t"o z

p

1-=v.pu 2orv
c

vcY=0r\

2v=
co

d, m-
t-

pn ; theretore' slt

. 
h(1_r)

(721 into

t' ,*)

(lt1 gives

v
co

vc
(72)

(73)

Substitution of v"o from equation

vc
v

o

The momentum fl-ux

M---= m vIll c co

across section IIf

.,'":+th(+)

is

v,cotv
o

1r" ?f> 12



Substituting equation (72) for r"o/ro,

zo2 
^E
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(7 4)

(7s7

(7 6. a)

(76. b)

rn tf;. rn

The values for (r* 
U=r. o/v) and (%v/Qrv) can be found by

usi.ng the submerged jet theory. Taking the characteristic length

for the problem as the length of the outer stream line of Figure 33

\rr
D .t'sg

2n (90"+O)
360'(1+sino)

<|l cr-^l (r-6)
(5

b
t.*

OfV^r
d--* v ttc

x

but

_ trt. -f l =
2 (90o+e)

3606.(i+Jio) t
-t-frt+f,lr

0v"Y=ma (xpvot

; therefore,

.h ttt- _ _tt t
x
t

2n (90"+0)
360o (l*sin0)

'v
(1+0 ;s) lc

where
* t" ,*, and volv" is given by equarion (73).

The values of (vr'=L../vo) md (Qttrr/Qlv) can then be obtained

from the submerged jet theory.

tt
t

vrn8=l.! 
= 1.0 :v

o

vmB=l.0

v
o

x
t 5.2

vi L ,5.i



and
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(77.a)

(za1

o
\^I1/

a*=
x
t'*9
x
t

(n- t) c rot 5.2

The only quantity

expression (69) i" Mo=o
vb

changes with B; that is

the case of the overfed

5.2 (77.b)

to be determined in the momentum balance

. The wall jet theory showed that this term

, with the wall jet Reynolds number. As in

jet, jet exit Reynolds number tot can be

similar to that in

in the following manner

%*'
Qt',,

11
--J--2,2

v

r€lated to the wall jet Reynolds nurnber and the values fot 
"B=,

can be found for a specific jet exit Reynolds number.

It can be shown by using a procedure

section 4.L-4 that Re, is related to Re.

E n- q-- Ipd 1'- 
jI1 

1 1- rar t
"*., = Z6;t (o) t rn (!) I Re,

The wal-l jet Reynolds number corresponding to a given Re, can

be found from this expression first by guessing a value for na

and then iterating the expression either graphical-ly by using

iigrrru 22 or analyticaify ty using the equations'which are given

in Appendix 2.



q,1

The momentum balance applied to the control volume ABCD

gr-ves

b
t e-ez) - ze

M-- M-*-
sino- lr + rrr=o

D .t D .t^sg ^sg
(7e)

where the second and the third terms on the right hand side are

given by equations (68) and (74).

The computer program which is given in Appendix 4 calculates

the dimensionless cushion pressures for underfed jets by utilizing

the viscous theory which is summarized above. The results for a

nozzLe angle of 0 = 30o which correspond to the Re- = 2 x 104 and
J

Re, = @ are plotted on the lower half of the Figures 34 thru'36. Figure
J-

37, on the other hand, shovrs the effect of varying 0 on the results.

The lower half of- this figure shows the predicted behavior of an

-^4underfed jet operating at h/t ratios of 2 and 4 and Re. = 2 x 10'

with nozzle angles of 0 = oo, 30o , 45", and 60o.
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5. ANALYTICAL PROCEDURE

In this section the procedure, ruhich must be followed to

get the results of the viscous theory without getting into the

details of. the problem, wil-l be outlined. Solutions for the

viscous peripheral- jet performance can be obtained following

the steps described below. This procedure involves the use of

the computer programs presented in the appendices. The results

of the Glauertts wall jet solution are already entered into the

conputer prograns of Appendix 3 and 4. Therefore, the results

obtained in Appendix 2 are not needed directly for the ealculations,

For the case of infinite Reynolds number (B = 1.0) we used the

resul-ts of the exact solutions. Then the results of the exact

solution for $ = 1.0 and the results from the computer program

of Appendix 2 for the other values of Brs were combined together

and anal-ytical 'expressions which give the change of certain

parameters with $ were found as given in Appendix 2.

The range of the Reynolds number which may be encountered

in a ful1 sized vehicle is given in Table III. We assumed that

the vehicLe woul-d be.10 ft. wide and would weigh from 250 lbs.

to L000 lbs;per feet along its length. As one can see, it changes

between 1.5 x 103 and lOt
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TAsLE III

Range of Reynolds Numbers of Interest

Maximum Val-ues

T=60"F
Minimum Val-ues

T=60oF

t. 3.0 in h/r=3.0

LooLb/ttZ

B. 3x103

P"g

Re.
J

L_

D'cg
Re.

J

1.0 h/t=3.0

25Lb / tt2

1.4 x 103

l
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Keeping in nrind t.he above comments, the steps for obtaining

a numerj.cal answer from the viscous theory can be outlined as

fol-1ows: '

For the balanced jet, the computer program No. 3 of

Appendix 3 for overfed and underfed jets and programs No. 1 and

No.2 of Appendix 3 will be used respectively. The following

comments apply to all of them. The use of each program is also

expl-ained more extensively in the appendices.

a) Specify the values of THETA (0 in degress), SIN (sin0)

(h/t), RG (Re.) and s(r). To find the value for s,

i,e. l, which corresponds to a given h/t use the curves

of Figure 20. Specify the limits of the DO statements

by following the instructions given before the programs.

b) The solution occurs when SUN, the first colunrr of the

" 
printout., goes through zeto. The value of PR on the line

which SUN goes through zero gives the value of p"r/p"* as

a

.the answer to the problem.

The computer programs which are given in Appendices 3 and 4

give solutions only when the wa1l jet Reynolds number is between
TL

33 and 4.1-x10' which covers the range of i.nterest. However, the

nlur" can also be
a

obtained by using the resul-ts of the viscous theory. Among these,

the sol-ution which corresponds to infinite Reynolds number is of

special interest; therefore, it was given in Figures 25 and 36.
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6- CONCLUSIONS

The theoretical resul-ts for a balanced jet are shown in

Figure 26. As one can see, the theory predicts the data within

3-4 percent, but still one can see that the difference b.etween

the cases for Re.= 2x103 and Re, = @ are more pronounced in data
JJ

than in theory. This effect is probably due to the possible

di.fferences between the actual shape of the velocity profile

along the wall and the theoretical profile or is due to nozzLe

l-osses. It is obvious that in the actual case the velocities

do not go to zero asymptotically at large distances from the wall.

It was observed clearly during the water tabl-e experiments that

standing vortices exist on both sides of the jet. Although Hsu(6)

showed that the effecL of these standi-ng vortices compared with

the effect of the mixing is negligible, there is some error

introduced into the solution because the effects of the vortices

are n'eglected. At large distances from the wa1l, the velocity

has "-x" component rather than being zera due to the standing

vortices. Another possible error may be introduced to the solution

because of the assumption that the wal1 jet is fully developed.

It is possible that the profile may dot be fu1ly'developed

jet although quite close to it. As orr'. ""r, see from Figures B and 9,

the maximum veloeity peaks of the data curves are not as pointed as

the theoretical profiles. But even under these assumptions the

theoretical- results are quite good. They clearly give much better
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results than the inviscid theories which gLve 57" to 40% errors.

The errors are now reduced to 3-4 percent by the viscous theory.

The rea! !Lel!!- - f the viscous t

case be-cause noy it makes thg pre3ic-tion of the dvnamig behavior

of the fl-uid suspension__syslens p . Until now, the pressure-

tt"" 
"*tactetistics 

of the unbalanced peripheral jet could not

be cal-cul-ated adequatel-y to describe the suspension behavior.

Inviscid theories applied to the unbalanced jet gave discontinuities

in slope about the point which the differential equations which

describe the dynamics of the suspension were linearized. Therefore,

this character of the inviscid theories made them of lirnited value 
!

from the point of view of dynamics.

The viscous theory on the other hand does not have this drawback.

AJ-though the upper and the lower hal-ves of the curves shown in

Figures 34 through 37 are calcul-ated independently, when they are

plotted they give confinuous slopes at the point of junction which is

the point corresponding to the balanced flow. Moreover, near this

point the slopes of the theoretical curves are almost the same as

the .slopes of the data curves. Since the intersection points of

these curves with the horizontal- axis is not pertinent to the dynamics

but is just an indication of error in predicting the static cushion

pressure, the theoretical results can be used satisfactorily in the

dynamic equations gi-ven by Richardson and Ribich (1).
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The reason why the upper halves of the curves in figure 34

deviate from data for the values of o greater than .2 ean be due

to two reasons. First', it rnay be due to the defects in the model

of the experimentation. Viscous theory assumes that the length

of the cushion area in the x-direction is Large compared to the

nozzleheight fr rti.tr is also true in a real vehicl-e while the

2-D Susperision Apparatus has a cushion area length of about 7 inches.

This means that the data taken may very well- be inadequate to

represent the actual phenomenon due to 2-dimensional effects.

Secondly, the assumed flow pattern in the cushion area for overfed

jet may not hold true at large values of a. However, in any case,

the behavior af very large.ors is not of great interest in practice.

Here we should note one characteristic of the viscous theory

which is also true for the Barratt theory. When the results for

balanced jet is plotted in the form p^ ^/p^^ n". E' where ft = (ft/a)/g+sino),-cg -sg

they fal-1 approximately on the same curve as shown.in Figure 39.

By'this characteristic of the theory, the results for diffetent nozzle

angles can be obtained from the results obtained for one nozzle angle

without spending too much effort.

The effect of Reynolds number

c vs. p /p- for unbalanced jets'cg' ^ sg

Figure 36. However, the slopes are

angle 0 as shown in Figure 37. The

in the graphs of Figures 40 and 41.

on the slopes of the curves of

is negligible as can be seen from

effected by changing nozzle

values of the slopes are given
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The sensitivities a _ and a_ which are used in predicting
CS

the dynamic behavior of the system* are calculated for a case

when p, = 1 atmr T = 60oF, t = 0.1", Re,= 2x104 
"nd 0 = 30o

by using the values given in Figure 40 in the below given

e)q)ressr-ons:

DDo-^c
a=----:-----;-c P"g 3(o"g/t"r)

Po P^- 8cl
. = - --3---:h.*s (n"*)= a(1"*/n"r)

(80)

The results are shown in Figures 42 and 43 respectively

along with the data and the results of the Barratt theory. The

viscous theory pre$icts the sensitivities for this exarnpLe within

a maximum error of B% rn=hile the maximum error for Barratt theory

is over 1002 in many cases. Another aspect of the viscous theory

solution is that iE follows the trends of the data for changing

h/t ratios closely as can be seen clearly in Figure 43. Barratt

theory on the other hand predicts that the sensitivity a' increases

as h/t goes from 2 to 6 while the data do not follow this. These

are good indications that the viscous theory is adequate in predicting

the dynamics of the system. Although, the sensitivities a- and acs
are calculated only for 0 = 30o here, the excellent agreement between

the data and the viscous theory for this case makes us to believe

strongly that the theory would give satisfactory resul-ts for the

other nozzLe angles. Horr,ever, we will not be able to test the theory

for other angl-es, because there is no data available for the other

val-ues of 0.

* See reference (1).
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APPENDIX 1

TIIE EFFECT OF THE SHEAR FORCE AT THE WALLS

Assume that the boundary layer starts developing from

point 0 vrhere the stagnation streamline hits the ground plate

as shovm in Figure 44. calling 1 the distance between point o

and the point N where the jet becomes parallel to the ground,

the average drag coefficient is given by*

cD=

1_

.t
)'i
o

profile

force

Lls
.1-18 ,";'

where

o=

Assuming 1/7

and the total drag

-itf u,xo)
oo

within the boundary tayer a = .0972

becomes

C Lo v2oo

-

2

Lls
= .1r8 (R"1)

,rt
f= (81)

Let

Ret
70"F,

us assume the followi_ng example:

t.
= 4xL0-, T = 70o F, t=0.1 in and 0 =

tv = .57 ft'/lnr. and p = .075 lb

30o, then

n/fr3.

at

*See reference (2)



V=
o

L4xl0' x..57 x L2
3600 x .1

Assume that 1

is circular

= 760 ft/sec p"g = 675 rat/tr2

is half the length of the innermost streamline

in shape and has point of tangencies at M and N.

"t?'o
2

which

Then 4nhx=- of
9

If the values are substituted into equation (81), the drag

force on.the control surface PSNT can be found. Table IV shows the

result for this specific example.

TABLE IV

Hlt D. lbf ? lbf

1:*=2n:,./g

1
_1

.38x10 - 5.15

2
a

.65x10 8.6

3
_'l

.90x10 - 10. 6

4 1. -114x10 * l-1. B

5 1. -137x10 - L2.3

6 1. -157x10 - L3.2

The value of the pressure term which enters the momentum equation

applied to the control volume is given by

P^^
P=hD =h -H 

D
^ cg P"g 'sg

For this specific example p^^ = 675 Lbt/fr? Taking rhe values' 'sg
of n"*h*U from the Barratt theory results P can be calculated. The

values of P is given in Table IV.

It is apparent that P >> D; therefore, the shear force term in

the momentum equation can be' neglected when compared with the pressure

term.



APPENDIX 2

SOLUTION FOR THE

il Computer Program for Large 1rs

WALL JET

Language: IBM 1130 Fortran IV

Procedure:

a) Specify the linLits of the first DO statement.
' This- sets the values of I = IQX/10.0

b) .Specify the value of D. This determines the

J-argest value of n

Outputg

D - ' Dimensiohless distanse-fiom watt, n

SOLNO - Dimensionless mass flow, f

S0LN1 - Dimensionless velocity, f'
':'

SOLN2 - Derivative of dimensionless ve1-ocity, f'l

DM0M - Dimensionl-ess menonerurnr f, ,t' U I
ERRI Maximum error in veJ-ocity

ERR2 Maximum error in momentum



I
// ro3
// v'od
*IOCS (CARD, IYPili!RITJR,KEYBOAIID,TT}2 PiiIiVTEiT)
c YUCEL Eilcall Lg67
C IIALL JEI SOLUIION F'OR THE OUTITR LAYAR
C OF Ti{il JET

DO 110 IQX=10,20
QX*IQX
ALPHA=QX /LO "0D=l.0
A1=*1" 0
42= (41*xZ "0)#'( 1" o+ALPIIA. ) /t+,0
Al= (a1x*r3. 0 )+'( t .0+ALpHA ) " ( 5" 0"r4. 0+'"ALpHA ) /72,0
A&* (4. 0'r?i g2it+t2. 0 ),* ( 1. 0-rAtPIil\)-FAl;rA3" $0. 0+6. 0,1

1ALPHA')'t /t+8.0
A5= (Al^*A&',.i (17.0"r8 

" 
0*ALPI{A )+A?xg3x ( 13" 0+12. 0*

1ALPHA) )/100.0
e6= (*, t *a, 5t" ( 2 6. c)-* 1 0 . o":TALPHA ) "r.4.2 *Alpx ( 2 0 . 0+ I 6 . ofl

1ALPHA )-r9, 0-;t (*3xx2. 0)#( 1. O+ALPHA ) ) /LBA "0
A?= (Al-':iA6r' ( 3? . A+12 

" 
gxgtrpi{A )a,12tt6 5T (2} . A+20. 0x

IALPI{A ).r43++44x (Z 5. 0-r.24. 0'iALPHA ) ) /Z9t+, A

AB= (A1'; LTtt 1J'0. 0+1ti. gxJ1trpHA )+A2*45':" ( ll0' 0+24' 0x
1ALPHA )',-43+"65* (31v." O+1Ct. griALPi{A )+ 16. g'ri ( A1'*+i2 . 0 ) +a

2 (L.O+:\LPIIA ) ) / 4+8, a
Ap= (A1'h'A8* ( 65. 0+ 16. 0rtALPHr\ )+A21tA7'v' ( 53. 0-r2B . 0t*

lA],plta )+A3*;16'x'( 45. 0+ 36 " 
O'TiALPHA )+Al|+tA 5* (39 

" 0+
24a.oiiALPIIA ) ) / 6LvB " 

o
A10= (et+49* ( 82 

" 
0+t 8.0*ALPHA )-rAZ',;-AB* ( 58. 0+32.0x

lALpi{A )+43*r17x ( 58 .0+42, OT*ALPIIA )+A4*q6* ( 50. 0+43. 0

Z#rtl,pFlA )+Z 5. 0.$ ( 45r,+t2. 0)* ( 1, O+ALpILd ) ) /900, O

Al l= ( A1 t:'A10'r+ ( 101. 0+20.O*ALPIIA ).U2''u'19-* ( 85" 0+35. O+

IALPI{A )-rA3r+ggx ( ?3. 0+l+8 
" 

O+I;\LPIIA ) +Rdrx.q7+ ( 65. o+ 5(t . o+'',

zALpi{A )+;r5*s6+r ( 6L .0+50, O+i;\LP}IA ) ) /L?IA.O
AL2=(A1xA1 7x (L22,A+2?. 0r+ALPHA )+-A2riA10{r ( 1ql'|.0+40.0

1{rALpHA )+rt3*g9-:* ( 90, 0+54,O*ALpf,A )+Al+.*-a8'; ( 7B, 0+61.!,0x
2ALPHA )+ e5x67* t?4 "O+? O. 0*ALPHA )+36. 0':f (.4'6*-*2. 0;'*
3 ( 1, O+ALPHA ) J /7 s9t+ " 0- at 3= (41#A1 2* (L45o 0+21r,. 0-FALPIIA )+A2+A1 1t (L2 5.0+44. 0' 1*ALPHA )+Al+rg1O{r (10!. 0+50.0+rAl,pHA)+A4;r,t9* (92 .0"*
2? 2 "o'?ALpnA. ) +A Jxg 6 * ( B 9 . 0"F I 0 . 0*ALpHA ) +A 6'.47x ( I 5 . 0
3+34. O-)TALPI-IA ) ) /2AZB ,0
A14= (A11'A13* ( 1 ?0.0+25. O*ALpHA )+A2*rrtt 2x (tl+8 n 0-r-/lB. 0

1*ALpi{A )+a3rn611* ( I 30 , O+66. O*;\Lpi{.A )+rt&*A1 q*' ( 116 , 0
2+ g0, oxALpH,\ )+A5;+4g;' ( I 06" 0-a- g0. OJiALPHA )+A6+rg8* ( 1 00. 0
3+95. o;lAl,piiA )+49. 0'r* (47*;:2. 0 )* ( 1, o+ALPll,{ ) ) /25ll8. 0
41J= (A1*fr14'x'( 1 9? .0+23. 0rfALPiIA)+A2-A1)'r (I7) 

"0+ 52 "0
lriALpHA )-rA3*t1 1t x (I 53 " 

O+12. 0*'ALPHA )+A4-;"A1 1+r ( 1 37 " 0
Z+BB. 0*ALPHA ),,-A5*A1 g# (t25" 0*100. 0{.ALPIIA )-p4(*'ggtr'( 1L? ,0
3+1 08. OJIALPHA )+A7"tj1gtt ( 113, 0+11?, 0T;ALPHA) ) /3L 5A "0

t-

l-



c

AL 6= (Al"';'Al" 5+| (226 
" 

0-r30. 0+ALPil:\ )+A2tii 1l.t;i ( 200. 0-l
L 5 6 . O']iAL p ilA ) -r-+\ 3 ot,, 1- 3"r- ( t? 8 . 0+ 7 I " 0 ;rAl.il i{i\ ) +Alt.* r\ 1 2 s-

2 (L60. 0.rg5. O*ALPH;\ ),ra5*i11 1 *r ( 1lJ,5. 0+ 11.0 " 0'FALPIIA )+
346"A16x ( 116. 0-r12 0 

" 
0*'ALPIL{ ) +-A7xr19rf ( 110. 0+1 26.0t"

4ALpi{A )'r64..0'"' (AE'}!+r2. 0 ) *r ( 1 . o+ALPft\) ) /3840. o
A!?=(41#A1" 6x' (25? . A+JZ. 0*ALpHr\ )+A2-xA1 5o (229 .0+ 60 

" 
0

1#'ALPHA )+,t3uu414x (2O5. 0-r84" 0+lALpHA )+Al!')iAl3;+ ( 185. 0
?+LAl+. 0{$ALpi-L\ )+a5+r412 o (L69,0+"120. onj\LpHa\ )+A6*At Lx (L57 ,0
3+L)2. 0-v'ALpiIA )+A.7t'616x ( 1&9. 0*140. 0JIALPHA )+AB+49x ( 145.0
4+t4tt'. o#ALPIIA ) ) /tt6z4. o

A 1 3= ( 41 #A1 ? " (2g 0 . 0+ 3ll. 0+TALPIIA ) +A2'rA 1 6+t (? 60 . A+ 64, odALPl{A
1 ) +A 3 x6 1 5* (231v . 0+. 9 0 . O+IALPHA ) -rAlt -..A1 ity-x (2t2. 0"r 1 1 2 . g*;1trp*O
?+a5x413# ( 1g4. 0+130. oreALpHA ) ags*gt?if (180. 0+1411. o+ALPIIA
3+47*11 1-} ( 1?0. 0+1511. 0';!ALPHA ) +A8*n10+h ( 1,64.0+ 160, OriALPi-lA
4+81. 0"lr (A9*.$A. 0.)o( 1. O+.ALpHA) ) / 55A8.O
Al g= (A1r.A1 B"v" (325 "O+36. O*ALPHA )+A2;t{l ?'x"(293.0+58.0#'ALPilA

1 ) +A 3xA 1 6'; (2 6 5 . O.y g 5. oriALpHA ) -r.,t4*a t 5+t ( 24I. 0+ 1 2 0 . O;rAtPi{A )
2+A5+r114'* (22L. 0+140. 0r'ALpHA ) +"A6*Rt 3"' (20J. 0+L 56 . o*ALPHA )

3+A7-:t1t7' +t ( 1" g3 . 0"r 168 . O+.ALPHA ) +48*-911* ( 185 " A-r!? 6. o'tiALPilA )
tl-ra9*61 0.,{- ( 181 . 0+1 30. 0+"Al,pHA ) ) / 6Lv9B, A

AOS ARi] TI{I' CO$FFICIilJ,JTS OII THE DIiI3}ISIONLESS
FlASS F'LOi'I
RZ=At)t':kZ . O

B)=4.0tiA1*Az
B4=$, 0{tA1r+A3+4. 0r'(A2*n2. 0 )
B5=B. $':A1*r\Sf 12. 0{+A2*A3
86=10. 0*A1+:A J+I5. 6";'1t2-;rEfu|9. 0* (a3*+2 . O ,
B?=tZ . 0'rAJ- 'v" L6-t20 . O{tAz *A 5+"24 .0*A4'FA3
BB= 1 4. e+ri\l -x-{/a Zl+ 

" 
O* l\2*'A5+ 3 0 . 0,tA3 '?A 5+ f 6. e+" ( {11*.*' 2, 0 )

B9=16. 0*'AL iiAB+28 . 0'lrA?*A? +36 .0*AJ#A6+40i 0*A4#A5
810=1 B . on'A1 ** t\9+32, 0+tAZJ+AB +42 " 0*A3-liA?+4E . 0-:? {4*A6+

L25"O'ts(A5#i*2r0)
B j.1=2 0. O-:iA1*A10+J5, 0*A2"FA9*118. o+tA3.1A8+J6, 0+rA4.+;\7

1+6o. ox"A5*r\6" 
BLZ=22. 0'*A1 *A 1 1 -r 40 . 0+'rA2 *tAl 0+ J4. 0 *A3*A 9*- 51t,. C*A4'*A B+

t? O.osA5+-i\?-r 36, Ax ( A6-r'*2 . 0 )
BL j=2lt-,01tA1t*ALZ+tt4. 0*A?*A11+5o r 0t{'A3ttAl o+72. 0*A4"'A9

1+B 0 
" 

0*rA5+rAB+ I 4. O.tsA5{.A?- 
Ai +=Z S, 6,:4 1 "A 1 j+ 4 3 r 0"+AZ*A1 Z+ 6 5. O*rA J 

-)rA 1 1 +. B O . 0 *A 4*A 1 O

1 + 9 0 c 0 rcA J rr{ 9 -b 9 6 . 0 -}A 5 #A B+ l+' 9 . 6 x' ( A 7 x';t 2 . O,
Bt 5=28 . 0* 4.1-x-Al" 4L+ 52 .01,A2+. At3+?2. g{tA J#A12+ BB r giiA4rrA11

1+100. 0-FA5*;110+108. g;'4$x6g +tt?. 0#A7+t4g '

BL 6=3 0 . 0-:rA 1 +t A,L 5+ 5 6o Qr:{f '/r{ | 4+? B. 0 *A 3 +iA1 3+ 9 6. Or+A&*r\1 2
1.1 I 1 0 . 0rrA5#Al 1+ 1 2 g . 9*69+41 0+ LZ 6 . O-7. l\?*A 9-r 54 . 0;. ( AB {. *2 . 0 )

BL 7= 32 . 0*A1;?A15"r 60. 0+i\2;;A1 5+ 34. 0*A3+rA1l++ 1 04. 0i{'Al};.'Al3
1+ 1Z 0 r 0riA5-xA1 ?-rL1Z. 0,f,A6#A1L+ 1&0. 0r,.rAZ+!A10+ 1114. 0{'A8-r"Ag

81 B= J4. oi'rAI * A 1 ? + 64. 0-)"A2 crA1 6+ 9 0, o'ttA JftA1 5t LL?. 0+A4#A1 4
1 + 1 3 0 . O'trA 5 *A 1 3+ 1 4 4. 0 r'A 6';l.4 1 2 t t J4 . O'* A? r: !\!1 + 1 5 0 . 0 

,'iA 3'tA l 0
2+L62. ori (A9{-+i2 . A)
Bt9=36. 0*A1 *A1 8+. 68. 0r*A2{*A1 ?+96. 0'*A3nA1 6+t20. 0*A4f'A1 5

I



1+1&0. 0'j:45+A I Lwt 56, 0*A6*41 3+t68. 0*A?sAt 2+L7 6" 0*AB+?A11
2+L80.04'A9*A10

BOS AR$ TilE COEFFTCIENTS OF THE ''SQUARED VJTLOCITY'I
SERIES
CI=EKP ( -t . O*P 1

CZ=]IXP ( -2. 0*D)
C3=trXP ( -3. Ox-o 1

C4=EXP ( -4. o+P;
CJ=EXP ( -5. 0#'D )
C5= eXP ( -6 " 0*D )
C ?=EXP ( -7 , 0*D )
CB=EXP ( -8.o+rP1
cp=.EXP (-9.0,t31
C1 O=SXP ( *1 0. 0*D )
C1I=IJXP(*11" 0*D)
C1Z=EXP (*L2. 0{'P )
C1l=6gP (-1).0#D)
c14=EXP ( =111.0*D)
C1J=65P (-L5.0-FD)
c16=itxP ( -r g. Ol|D )
C1I=EXP (-L?.o+tD)
CIB=9XP( -18.0$D)
ClP=ilXP ( -f 9.OjlD)

" SOLNO IS IH,J DI}IENSIONLESS I"LftSS FLOI,'II 
S OLN0= 1 . 0+A l,*C I+ tt?x CZ+A l xS l.p{/1ri04+A5',t C 5+ *6* C 6+ A? x C7 +

1A B riC B+ e 9* g 9* A 1 Orf C 1 0-rA L 1'*C I L+ A,t 2 x Q L2+ LL 3{' C tl+A 1 4xC 1 4+
2 At 5xq15+A1 5 *C L 6+ A1 ?'x CI7+A1 B rtg 1 B+ A1 9* CI 9

SOI,NI IS TH,E DII4TNSIOI'JI,NSS VJI,OCT TY
$0Ll{1=-A1-rC1 ^? c O4:{ L2+;C2-3. o',*AJ*C3-+. 0*A4+tC4- 5. 0*A 5'rC 5

!'-6.0;rA6*.c6- | , o-xx7t,g? -B .o.tt'A8*c8-g, 0*;19-xg g-1 0. 0oA1 0ti.C l0
2-tL. O{'Ai 1*"C1 t -t2. 0'rA12*C I?-13. oxA1 3r'Cll-tl+,0*A14*C 14
3-L 5. 0*A1 5*Ct 5*L5. 9x61$*rgf 5-1?. g-:ir\l ?*CL? -LB. 0*A13*C1 B

&-19.0*A19e'cL9
SOLN2 IS Tl{E DIRIVATIVS OF THE DIl'lBittr$IO,]'il,EilS VEL,OJIIy
S 0LN2=A1 *C 1+ ll . Qrri\f *S f + 9 . 0*A 3-xC 3+ 1 1i 

" 
9*411*9 4+ 2 5. 0*A 5-F C 5

'L+ 
3 6. 6*4$x'g $ +l+), 0*A ?-xC ?+ $11. gx63xC 8+81 . 0xA9*C 9+ t O 0' 0";;A L 0

2*cL0+ L21 , 0#A11rsc 11+ 144. 0'*A12*C t?+L69 .0xAL3r+C1 3+t96 . a't
3A 1 4-*C 1 4+ 22 5, O-x'A 1 5* CI J+2 J 6, O+!A1 6 +t"C t 6'*?8 9. g+iAl 7 x C L7
4+324.o#AL 8#C l. 8+)6t. 0'lfA19*c19

Di{Otq=Bz * CZ / 2. 0+ b 3 xg ) / } . O+94t* C4 / 4 . A+B 5x C 5 / 5 . 0+ B6'xC 6 / 6 . O+

727'*971r.0+BB*CB /8.0+R)#c9/9 " 
0+810#C1 A/L0. 0+Bl l*C,l- t /tL ,Q

2+B12FCL? /L2. 0+81 3xctJ /L3. 0+tsl4*0 L4/ 14. 0+31 5nct 5/L 5. o-t'

3BL#?C|6/L6 " 
0.181?t CL? /L?. 0+B1B''iC1B/LB. O+i319*QL9/L9.O

f;fi$*;i'r;3it'r?ri|' .

I,IR,If d () ,16 ) n, sot,trio, so]-Nl , sol,t{z , Di'10i1, 0BR1 , EtiBz
L6 FOil,tAT ( ?r10,6 )

D=D-0. 01
rt' (D)110,11,11

11 CONTINUE
rF (sot,llz-1, o) L2,L2,LLA

t2

110 CONTINUS
CALL EXI
END

// x$a



b\ Computer Pjogranl for the Comp.l-ete-Wgll Jet- Solqlion

Language: IBM 1130 Fortran IV

Procedure:

a) Given a wal-l jet Reynolds number, find the

corresponding I from Tabl-e I and enter ALPIIA = B

a-

b) Find the corresponding values of the initial

values Y(1), Y(2) ' Y(3) and DMOMI from Tabl-e V.

c) Substitute the initial- values into the program

and run it through an 1130 IBM computer.

O_utpu-ts

The first set

DMASS (r)

vEL (r)

DMOM

D(I)

DM}D(

VELMX

The second

Dlo(

E(I)

sol,o(r)'

of results includes five quantities

Dimensionl-ess rnass flow between a point
on the outer layer and the wall, fo.

- Dimensionl-ess velocity at a point on the
outer layer, ft.

- Total dimensionless momentum flux due to
the outer 1-ayei

- Dimensionless distance from tlie wa1l, n

- Dimensionl-ess mass flux between the wal1
and the point of maximum velocitY

Maximum dimensionless velocity, fl*.

set of resul-ts include five quantities
a

Dimensionless distance Eetween the point
of maximum velocity and the wa1-1, n*

Dimensionl-ess distance between the wall and
and a point on the inner LaYer.

- Dimensionless mass flow between the wall and
the above mentioned Point



sol,r (r)

EMOM

TMOM

T}4ASS

Dimensionless velocity at the above
point on the inner layer.

Dimensionl-ess momentum flux due to

Total dimensionl-ess momentum due to
wal1 jet

menti-oned

inner layer

the entire

Total dimensionless mass flux due to the entire
wall jet.

TABLE I

Values of B

to
and Re, Corresponding

each other

B Re
w B Re

I}t

1-.0

l_. 1-

L.2

1.3

l-. 4x106

l!
4.1x10 '

5200

L.4

1.6

1.8

2.0

1200

380

150

33
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//
//

JOB T EBC.qN
FOR

FUNcrroI{ r'1 (x,Yt rY? rY3,Y,+rY5rY6)
F1=Y?
RETURN
END

// DUPrfS.IOBE WS UA F'1

// ton
F'UI'ICTIoi{ FZ (X,Y1 ,Y2 rY3, Yl}', Y5,Y5 )
F2=Y3
REIURN
END

// DvP*STORE WS UA F2
// roR

FUI{CTTON F3 (X,Y1,Y2,y,3,Y4,Y5,Y5)
ALPIIA=1.4
F3=-Y1*Y3-ALPliA* (Y2.!r#2. 0 )
RETUSiV
Ei{D

}ls ua F3

FUNCTTON 14 (X,yt,y?,Y3,Y4r15,y5)
F&=0. 0
ROTURN
EI,ID

// DvP
lfsroRa
// Pon

// DUP
{rs loBE
// FaR

/ / D:JP
*STORE

/ / Fos,

'rds uA 14

FUNCTION F5 (X,Y1,Y?,y3,y4,Y5,Y5)
FJ=0.0
RETURN
END

!.Is uA F5

FUNCTTON F5 (X,Y1,Y2,y),Y4,Y5,Y6)
F6-0.0
RETURi'l
END

/ / D\rP*SIORE WS UA ?6
// yan
*LlSI ALL

'TIOCS 
( CARD, IYPEI,JRITER, KEYtsOARD ,TL3? PRIN'IER)



c
c

c
c

YUCEL EitCAN AUGUST t967
COI{PLEi.E SOLUTION FOR Tt{E WALL JET; YrS ARE
THE I]'IITIAL VALUSS OBTAINED FROI4 THE SEAIES
SoLUTION AT DII,IENSIONLESS DISTANSE 0"5 FBOi',l

TIIE I'IALL; Di'lOl'lI 15 THE i'1Oi'{ENTUil FLUX A't 'IHE SAI'lg
POINT FROi.l IHE SA|{E PROGR{I'I
EX'TERNAL Fl , F2 , F3, Fll, F5, F5
Dr:,IENSrON Yi ( oi,Vm(6, ioo),pEs(100),vnl(100)'91't4,p (100)'

tz(L00),sEs( too),n(r00i,xsr(5t+), pTHA (54),solNo(5&)'
zsol,Nl (5t+') ,SOL1 (54) ,SOL0 (54),8(5l|)

DHOHI=0,080885
YI ( 1 )=A.55606t
YI (2')=0.321t'204
YI(3)=-0,t479?7
YI (4)=0.0
yI(5)=0.0
YI(6)=0.0
XI=0.5
H=-0.01
CALL RK3(FL,F2, F3rFll,F5,F5,H,XI,YI, 1, 100rvAL)
DO 7L I=1'100
QP=I

?L D(I)=0.50+H*QP
DO 3L I=1,100

3t Pss(I)=VAL(2'I)
DO 2L f=1,100

2t sEs(1)=VAt,(1'I)
D0 4 .I=2r100
rF (pss(1)-PES(J) ) ?,4,t1'

2 TEMP=SIS(1)
Pss(1)=PEs(J)
PBS(J)=TEIqP
fEltP=SBS(1)
sES(1)=sES(J)
S,lS (J )='IEI4P

4 CONTINUS
vsiui=Pns ( r )
DI{I4X=SES ( 1 )
DO Lj f=1'100

13 VEL(I)=VAL(2,T)
DO t5 I=1'100

15 Di,lAS( I )=Vei,( I' I )
DO 33 f=l,100

33 z(r)=(vEL(l)1*x2.0
CALL QUADB.( Z, 100, 0. 01 , s, IER)
DM0l'1=S+D;'10MI
DO 11 I-1,100

11 llIRrrE (3,99) pmes(r),vnl(r),nilot'l,D(r)'Dlll'lx,vElJlilx



c

gg Fo Rr'rAT ( 6F1 0. 6 )
E=0.005
INNER LAYEII 0F TIIS 'IUIIBULEI'I'I I'JALL JilI
FARABOLIC RULE IS US$D TO CALCULATE THE INIdGBAL
T-2

B A=I
C1= (A-1 .il /100. 0
a2=(A/L00" 0) -0.005
G3=A/L00.0
F0FG1=1 .0/( (1.0-G1x*(9. O/7,0) )x-* (L.O/7.0),
F0FG2=1 .0/ ( (1. Q-62x* (9.0/?. 0) )xx (1.0/7, 0')')
F0FG3=1 .0/ ((1. 0-63+r+i( 9. Q/?,0) )*+ 0,A/7. 0) )
XSI (1 )=(H/3.0)*(1. 0+4"0+r(1,O/ ((1. 0-0. 005** (9.0/7.0),

1#*( t.a/?" 0) ) )+1,0/ ((1, 0-0,01*++ 3.0/7. 0) )*x G,0/7. 0) ) )
xsl ( I )=xsl ( r-r )+$/3.0) + (n'oFct+t+.0*F0FG2+F0FG3 )
ETr{A(r)=XSr $J / ( ft .a/8. 0}{r ( (56.a/9. 0)xx (L.0/7. 0) ) )
SOLNo ( I )=63x* (8.0/7 ,0')
sor,Nl (r )= ( (56.0/9. 0)r'( (sol,No(r ) 1x* (7,0/8. 0) -(sorno(r ) )

L**2.0 ) )xx (L,0/T ,0)
rF (r-2) 3,3,5

3 I=I+1
GOTOS

5 CONTI]{UE
rF ( (sor,nr (r-r ) )-(sol,r'rl(r) ) ) 7,LQ3,103

7 I=I+i.
GOTOB

LoJ VrfiK=SOLNl ( I-1 )
EI{X-E'IHA(I-1)
Di,lAMX=SOLI{0 ( I-f )
P=VELi{X/V;q*X
DO I I=2r54

9 SOL1 (l )=P*5sl,i\l ( 1)
e= ( Vi't;tx+ Di'{i,lx ) ,/ ( DiIAI,1XJ*VdLI'1X )
DmX=Q*rg:'rX
DO 29 I=?,54

29 fi(I)=Q*ETHA(I)
DO 39 I=2,39

39 sot'o ( r )= (sol,No ( r ) )*Q*p
DO 95 T=2,57

95 z(I)= (sor,r ( r; 1xx2, o
Z ( 1 )=0.0
OALL QUADR( Z, 53, E,S, IER)
Etloil=S*Q
T MO lt= ElI Oi'l+ DI'IO i'(
TI{ASS=1.0
DO 77 I=2,54

?? l^tRrr0 ( 3 , 10 ) Di{x } g i r ) | so[,O ( t ) , sor,t ( I ) , ei'10M, T:"1ot4,'.|}tAS,s
10 Foit-4AT (7F10.5)

CALL EKIf
END// xsa

1:-:



c) Approxirnate Analvlical Presentation of Results

the results of the wall jet calcul-ations which areSome of

used in the

Therefore,

viscous analysis will be subjected to iteration.

here we give these in analytical form.

L.7L - 0.0486

L.892 - 0.0695

1.981 - 0.082

Re
w

'B = 0' 333-0'183 ln8

It = L-762 - 0.1325 ln3

Table I also can be represented in analytical- form:

8-

B=
B=

g = 2.L06 - 0.102 1-n (Rer)

B = 2.26 - 0.L32 ln (Rer)

ln (Re )'w'

1n (Re )' v7'

ln (Re )-w'

5. 2x103<

1. 2xl-03 <

380 < Re
w

150

33<

<Re

Re < 4.1x104

Re < 5.2x103
w

< l-.2x103

< 380

< 150



APPENDIX 3

COMPIIIER PROGRAMS FOR VISCOUS TIIEORY

a) Inviscid Vel-o_c,LtV Distribution Theorv fo! BAlanced and
IlnbeJ-anced Peri0heral Jet

Language: IBM 1130 Fortran IV

Procedure:

a) Specify U(h/t) and SIN(sinO)

b) Specify the lin:its of the first DO statement.

This sets the values of o = (J-1)/10.0

c) Specify the limits of the second DO statement.

These l-imits represent the Limits of the range

of dimensionless cushion pressure in which

a solution is searched. p^^/p^^= I/100.0'cg ^ sg

Outputs

PR * Dimensionl-ess cushion pressure p /pcg' 'sg
A ' Fractional cushion f1ow, cr

OVR .l'verfed jet parameter

UND "r'lerfed jet parameter

SoLutia, -iverfed and underfed cases take place when

OVR and IJND ugh zero respectively. The values of PR and

A on the 1ir: ';h OVR and llND is zero give the solution.



i

// roB
l/ son
relocs

// KEe.

T

( cARO , TYPEI{RITiIR, KEyBOARD ,LL32 pmlmaa)
r-N\iISCID VIILOCITY DISTRIBUTION THEORY FoR
BALANCED AI{D UNBALA\ICED JET
DO L2 J-t ,5,2
AT=J-1
U=&.0
SIN=0.707L
DO 10 I=6L,7L
V=I
PR=V/I00.0
P'-SQRT(1"0-PR)
R=1. OrlP
C=2.0#'PrlPR
D=C*SIN
E=(c*(AL0G(R) ) ) /(t.o-P)
F=(1.0-A)xg
T1=}lF
T2=EsP*A
OVR=U-T1+'I2
vcvo=sQRT(pR* ( ( (a*p*(AL0G(n) ) ) /(v*(1. 0-P) )

lrCovo= {axp*(ALoG( R) ) ) / (u*( t. 0-p ) }
UND=U -D - E*.AiIVCVO -E+VC OVOrlAj! E
l-IRrr0 (3,8) pR,ovi?,uND,A
FORT"IAT (4r'10. 5 )
CONTINUlI
DUmllY=1" 0
CALL EXIT
END

)o*2,0) )

I
10
t2



b) - Visco.us lheory for a -Given--Re,

Language: IBM 1130 Fortran IV

Procedure:

a) Specify U(h/t) , trHETA (0), SIN (sing) , MW (Rer)

and S(I). tr'igure 2O can be used to determine
the val-ues of ).

b) Specify the linrirs of the DO statement. This
determines the range of dimensionl_ess pressure
in which the solution is searched.

Outp.uts

PR Dimensionless cushion

SUN A parameter

pressure

of

'Solution occurs

PR on the line on

when SIIN goes through

which SIJN goes through

zero. The value

zero is the solution.



// JaB r// roa
*IOCS (CABO,'IYP6i\'RITiIR,KEYBOARD,LL32 PNTNTEN)
C VISCOUS THSORY FOR BALANCED JEI
C GTVSN WALL JET REYNOLDS NUi'itsER

EEW=I0000.0
U=2. 0
S=0.412
TFIETA=10.0
SIN=Q' J
rF (41000.o-BEW) 7,8,8

B DUijli{Y=1.0
IF (5200.o-AEW) 9,9,10

g AG=1 .|L-0t0ll86'*(ALOG(n$i{) }
GO TO 20

10 DUiYIi,lr=l. 0
IF (1200,0-REW) 11,tL,L2

11 AG=1 .Bg2-0,0695'* (ALOG ( REW) )
co 'ro 20

L? DUi*ll{Y=l.0
rF (380.o-Rsf'.l) L3,L3,L4

1J AG=1.981-0.0824t (ALOG (nnl+ 1 1

. GOT020
14 DUi{i'{Y=l.0

rF ( 150. o-Rb-w ) L 5,! 5,L6
1J AG=2. 105-0. 102t6(ALOG ( nEi'I) )

GO TO 20
1d DUflUf=1.0

IF ( 33. 0-nEi,l ) L7 ,t7 ,7
!7 AG=Z.26-0.LJz* (ALOG(REW) )
20 CONTINUE

sH=0. 3333-0. 183* (ALOG (AG ) )
su=l .0/s
Ts(s/( L. o-s) )" (ALoc (su) )' x=( 2.9*3.141 5gx(90.0+f HEIA) ) /3e0.*(1.0+5IN) )"(U-T)
soR=l . o/ ( (SQRT (3, Lut 59) )'"'0. 1 09 )
IF (x-5;2) t,1,2

1 V=1.0
Q=1.0+0. 04AAL2344*X
coTo5

2 V=SQRT(Soil/K)
e=0.5+0,5x(s RT( (2.O/soa)*X)) '

5 DUI{iYY=1.0
DO 7 I=L '99
PR=C/I 00. 0
P=$QRT(1.o-PR)
B=1.0/P



B=U*Pil
sui,{,,g :l c oiipi:sf u-"/4 

" 
gri5r1.;r"y;r 1;i (p / ( L 

" 
0 -p ) ) * ( aLoG ( R ) )

l'trRIT.g (),tt ) SUi'i, Pn
& r'oruut (zF1o.6)
7 CONIINUiI

CALL SXII
END// na



Given Re._-_-f

Language: IBM 1130 Fortran IV

Procedure:

There. are six statements which have to be specified.

RG stands.fof Re.;.U stands for h/t. Enter the desired values

of these terms iirto the program. S stands for ),. It can

be found from the results of the inviscid velocity theory.

The Values of ). are given in Figure 20 as a function of h/t

for various 0 | s. The limits of the first DO statement should

al-so be entered into the program. These limits define the

region of p"*/n", in which a solution will be searched by

the program. The limits of I = Lrgg will always give the

solution. The other two terms are THETA the value of the

nozzle angle in degrees and SIN, the sine of tlne nozzLe angle.

t*"*t
t

The program

SI]N

.PR
{

P

The solution occurs r,rhen SIJN gpes through zero and the

corresponding PR on the same line of the computer printout"gives

the value of the dimensionless cushion pressure.

has three outputs:

A parameter

Dimensionless cushion

E= ,E-P-T;- cg -sg

Pressure rr"lrrr



// toa
/ / roa,
#r0cs

I

(CARD, TTPEWRTTBR, KEYBOARO, tt32 PETNTER, OrSit)
VISCOUS Ti{EORY FOR BALANOBD PERIPHf,BAL JCI
YUCEL ERCAN
U=1.0
S=0.223
RG=1200.0
THilTA=30.0
SfN=0. J
DGL1=1. f0
DO 110 T=75,95
V=I
PR=V,/l00.0
P=SQRT(1.0-PR)
R=L,0/P
$U=1 .O/S
B=U*PR
zL=(Z.0*r3.141 Sglr(g0.0+THETA) ) / 360.0*(1.0+SIN) )
Po= (s/( r' 0-s ) )* (ALOG (su) )
.XtTL=Zt+' (U-PO )
son,=r, o/ ( (sQRT ( 3. 141 5g) )''*0. 109 )rf (xlf1 -5.2) 2,2, 300

2 V1=1.0
Q2=1, 0+0 

" 
0+00123,$X1T1

GOTO4
300 vl=sQ,R'r ( so8/x1rl ) .

Q2=0. J+0. 5* ( SQR? ( (2. 0,/SOR) d-Xlfl ) )
,+ DUI1MY=:1.0

K=1
7 CONTINUE

Rr1=0. 5-FQ2n'DGLt*p* ( (At0c (R) ) /( 1. 0-p ) )',unc
. IF (41000.0-RT1) 38,8,8g p{Jirli{t=lo 0
rF (52A0.0-RT1) 9,9,10g AG1=1 .7t-0. oli.B6# (Ai,OC ( nu ) )
GO TO 20

10 DUI{I{Y=I , 0
IF (1200.0-RT1) 11,tL,LZ

11 ACt=1 ,Bg2-0.A595t" (AIOG(nrr 11
GO ,IO 20

t2 DUt{i{Y=l.0
rF (380.0-t?'r1 ) t3,L3,t4

t3 AG1=1. gB1-0. 0B2e'(er,oc (ntr 1 I
co To 20

1ll DU:'{.{Y=l.0' rF (150.0-RT1') 15,!5,t6
t J AGL=Z. 105-0 ,102r, (ALoc ( Af f ; 1

GO TO 20

c



t6 DUt,ti"tY=1.0
rF (33.0-RT1) L7,L?t3B

tl AQL=Z,26-Q.tJZx (ALOG(RTl) )
20 CON,IINUE
. DGL1=1 .?62-A,tJZ5x (ALOG(AG1) ). 

K=K+1
rF (K-1, 7,7 ,2L2t DUlli{Y=l' O

sr'11=Q. 3)33-0,183* (ALOG ( AG1 ) )
SUN=B-2. g+rp{,SIN_4. 0#,S}t1JrV1&qZ}* (p / (t. 0_p ) ) " (ALOG ( B) )
HRIIE (3,99) sut't,PB,P

gg FoRtiat ( 3r'r0.6 )
110 COI{TINUE
38 DUf{t{Y*{..0

CALL EXIT
END

// xBq,



APPENDIX 4

Computef,Pfegrans fot the Viscous Apalvsis of Overfed ang
llnderfed Jets

Language: IBM 1l-30 Fortran IV

Procedure: The terms UrSrR,G, THETA and SIN shoul-d be

specified in a way similar for the program of Appendix II. The

region in which the solution is being searched for can be set

by setting the limits of the second DO statement (DO 110 I = -r-)

The limits of the first DO statement (DO 120 J = -,-,-) set the

range of clrs. Here cr = (J-1)/10.

OutpuEs: In both programs solution occurs when SIJN goes

through zexo. SUN is the value of equation 67 for the overfed

jet program and the val-ue of equation 79 for the underfed jet

program. PR stands for P 

"f/V"g 
ttd p for {. The value of PR

when SIIN goes through zero is the solution p"*/p"g. The last

column of the overfed jet program gives the vaLue of 5.0/k3t.

If this is greater than h/t, i.e. U, then the assumptions

concerning the overfed jet theory may not be valid.



// JoB r
/ / Potr
*IOCS (CARD,TYPE'dAI,IE8,KSYBOARD,TL}z PRINIEN)
C VISCOUS THEORY FOR OVdBFED JET
c IUCE.L ERCAN NOVSi{BEB !967 M.LT.

U=2. 0
s=0.412
BG=20000.0
DGL1=1.70
DGL2=1.70
,1,99,14*]0.0
SIN=0' J
DO 120 J-1r5
AT=J-1
A=AT/10.0
Do 110 I=45,80

50

5L
55

V=I
PR=V/I 00. 0
P=SQRT(1.O-PR)
R=l.0/P
SU=1.0/S
B=U*PR
c=(P/ (1.0-P) )"(AroG(R) )
po= (s/( 1. o-s ) )*t (AtoG(su) )
gs6=1'. o/ ( (sQR'r (3.LL|L 59) ) *0. 1 09)

%i=iL? o*1. 1r+r 59.' (90. 
'+rHErA 

) ) / ()60. 0s ( 1 . 0+srl{ ) )
Xra=ZL#' (U- ( 1 . 0-A ) "PO )IF (XY2-5.?') 50 , 50 , 5L
Q2=1 . 0+0n 0ll00 L23 *Y'Y2
co 'ro 55
e2=0. 5*o "5s' 

( SQRT ( (2. 0 / SoR) {tXTz ) )
DUi{i'IY=1.0
z2=12. Q*3. 111L59*( g0. o*TfIgrA ) I / (360.0+t(1. o-srN) )
x1T1A=22*. (U*( 1 . 0-S ) *A* (ei,OC( SU ) ) )
xlT1B=1. 0-S-S*( ( SUr**( 1. 0-A) ) -1. 0)
XlT1=Xl.T1AlXlf 1B
rF (x1tl -5,?) 2,2,300

2 V1=1.0
GO TO LI'

300 Vl=sqRT(s0R/K1tl)ll OUttptY=1.0
. x},IzA=ZLe(U"(1. 0-S) -(r. 0-A)*5x(ALOG(SU) ) )

XZTZB=S# ( (SU-*o ( 1. 0-A) ) -1. 0)
XZTZ=XZTZA/X?r?B
rF (x2T2-5,?) 5,5,6

J V2=1.0
co To 75

6 ve=senr(son/x2tz)
75 DUI'll{Y=l.0

K=1

l



L6

L7
2A

7 CoNTIIIIJS
BT1= (A*S#DGL1# (ALOG(SU) )#',RG ) / (2.o#',( 1. 0-S ) )
rF (41000.0-RT1) lB,B,B

B DUI{}IY=I.0
rF (5?OO.o-RTl) g,g,1o

g AG1=1 o?t-}.0486*(aloc(nrr 11
GO TO 20

10 DUt{l{Y=l. 0
IF (1200.0-R'r1) 11 ,LL,L2

11 AGl=1 .Bg?-0.0695#(ALOG(ntr1 1

GO TO 20
12 DUI'IUI=I.0

rF (3Bo.o-RTl) 13,13,1&
13 AG1*1.981'0.082#(ALQG(Rff ) )

GO TO 20
1I+ DUI{I4Y=1.0

rF (150.0-B'r1'' L5rL5,L6
L 5 AGL=Z. 1 06-0 .!}?'*(AIOC(nTl ) )

co ro 20
DUMI,ly=l.0
rF (33.0-RT1) L7,L7,LAt
AGL=Z.?6-A.L)Zx (ALOG ( RT1 ) )
CONTINUE
DGL1=1 .?62-A.t3?5e (ALOG(AG1) )
K=K+1
rF (K-1) 7 ,7,2tpgllffi=1r 0
Stll=0 ,33)3-0,183x"(ALOG (AG1 ) )
co ro 104

101 SS1=0.0
101+ DUtrli'iy=l . 0

N=1
UL pg,r11qt=1.0

RTZ= ( ( 1. 0-A )xpCt2*S'r*(ALOG (SU) ) #Qz#BG) / (2. 0*(1. 0-S ) )
rF (41ooo. o-RTz) 38,22,22

ZZ DU]TIFJI=I.0
IF (5200.0-RT2) 23,23,24

23 AG?'=L. ?1-0. 0llB6* (AIOG(BTZ ) )
co ro 40

2l+ nU,rtivl!=ln 0
IF ( 1200. O-R?z J 25,25,26

2J AG?=L njg?-}. 069 

'r(ALOG 

( nre I 1

co To l+0
A5 DUX$I=I.0

IF (380.0-R.I2] 27,27,28
2? AGa=L. gB1 -0, o8z-x' (ALoG ( nre 1 I

GO TO ll0
28 DUltr{Y-l.0

IF (150.0-Rr2') 29,29,3L
2g AG2=2. 1 o5-0. L1?*(ALOG(nrZ I I

GO TO 40
3L Dutritiy=1.0

2L

/-



.\
rF (33.0-RT2) 3?,32'38

32 Ag2=2.26-0,!32*' (g.t OC ( nre I 1

40 CONTINUE
DGL2=1,? 62-0.L32 s*(ALOG (eCe I 1

N=N+1
IF (N-5) 4r,4L,t+2

42 DUMF{Y-I.0
SM2=0. 3333-0.183* (Atoc(AGz ) )
fK= (2. 0r+v1 I / ( $x(u,oc(R) ) ) / (t,0-p ) )
TUR=5.0/TK
suN=B-Z. o*,p*$sIN-$. g*g* ( sm2*v2*q2* (1 . 0-A ) -Sttt*yt*q1

1{rA{*p )'r{nITE (3,99) SUnTPRTA,TUR
99 FoBMAT ( l+nr o. 6 )

DlIll,tT:-1.0
110 CONTINUE

DUltffiy=1.0
120 CONIIT{UE
38 DUflmY=l.0

CALL EXIT
END



// JOB'/'/ ron
*rocs

F

T

(CARD, TYPEWBITBR,
YUCEI, ERCAN Ig6Z
UNDBRFSD PERiPI{ERAL
U=2.0
S=0.412
RG=Z0000.0
DGL=1.70
THfltA=1O.0
SIN=0.5 .
DO 120 J=l ,5,2
AT=J-1
A=AT/1 0. 0
DO 110 I=1,99
V=I
PR=Y h00.0
P=SQRT(1.0-PR)
R=1.0/P
SU=1 .O/S
PS=1 .0-Sri#'2 r 0
B=U*PR

KEYBOAAD, Lt32 PRINTER, DISK)

.JET VISCOUS THEOBY

c=(?/ (1.0-P) )i'(ALOG(R) )
z=(2'.0*3. t4L 5gx( g0. srTHnfA)') / (360, Or* ( l. o+srN) )
D=SQRT(Fs+( (Axs*(ALoG(su) ) )/(\J" (1.0-s) ) )*oe.o)
po=( s/(L.o-$) )"(ALOG(su) )
X=Z*( u-po'* ( 1 . 0+ (A/D) ) )
S0i=1 . O / ( (sQRf (3.Lt+t 59) )ttO. I09 )
rF (x-5.2) 8B,BB,B9

88 Q=1.0+0,0400123*X
VI*=1.0
co -to 37

89

37

Qro. J-r},5* ( sQIrT ( (7. a /soR) *K )
VIX=SQRT ( SOR/X )
DUI{i'IY=1.0
K=1
CONTINUE
RT= (P*DGL* (ALOG( n) )*Q*;rC) / (2.0*( 1, 0-P ) )
rF (111000,0-R?) 38,8,8
DUi{i{Y=1 .0
IF (5200,o-RT) 9,9,10

g AG=1 ,?L-0.0486#'(ALOG(RT) )
GO rO z0

10 DUI{liY=l .0
IF', (1200.0-B'l) 1L,tL'L2

11 AG=1 .89?-0.0695* (ALOG (Bt ) )
GO TO 20

tZ DUi4ilY=l.0
rF ( 380. o-:lT ) L3,L3 ,L4



13 AG=1. gB1 -0. 082*' (Ar,OG (RT ) )
GO TO 20

14 DUI,il,lY=1.0
rF ( 150, o-R'r ) L5,L5,t6

tJ AG=?.106-0,LOT* (ALOG(RT) )
GO TO 20
DUI{I{Y=1.0
iF 

-t l:. ir-nr ', L? ,!? ,Lol
AG=Z,26-0.L)7x(ALOc ( Rt ) )
CONTINUE
DGL=I .?6?-0.L325x (ALOG(AG) )
K=K+1
rF (K-11 7,7,?L
DUlyIIvly=1r 0
sM=0. 333)-0, Ig3x ( AI,OC (AG ) )
coTo3

1 01 Sl,l=0. 0
3 BUirt= ( (Arssz.0)xpx5x(er,gc (R) ) * (ALOG(su) ) )
L/((1.0-P)#(1.0-s) )

suid=B-2. o*PnslN-ll. oxsitlxvlx*Q*c-2. o*A{rc*'D+ ( 2. or$RuN) /u
llRrTE (3,99) SUr't,PIl,A

99 FORI,IAT (3F10.6)
110 Cor{trNU.E

T\t Iivr rrv- 1 nYVil:14-41 V

120 CONTINUS
38 DUi,ii{Y-l.0

CALL CXIT
END

// xF;q

lo

t7
20

2L




