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Abstract

Boundary-layer solvers for binary gases and a five species air model have been de-
veloped. The boundary-layer equations are solved by using the Levy-Lees-Dorodnitsyn
transformation. The transformed boundary-layer equations are written as a first or-
der system by introducing new dependent variables. The equations are discretized
using second order finite differences. Newton’s method together with the block-
elimination method is used to solve the non-linear algebraic equations. The energy
equation is solved separately after the momentum equation and the equations for
species conservation are solved. The effect of chemical reactions on the flow is ex-
plored for chemical equilibrium, frozen, and non-equilibrium gases. The reaction
rates and transport properties of the gases are evaluated according to Gupta et al

(1990) [1].




Nomenclature
cs = mass fraction of species s
(), = Specific heat at constant pressure
Dy, = diffusion coefficient of species s
e = internal energy per unit mass
f=u/u.
g=1I/I
hs = enthalpy of species s
I = total enthalpy
k = thermal conductivity of mixture
ky, = backward reaction-rate coeflicient
ks = forward reaction-rate coefficient
K,_s = equilibrium constant of species s
i = viscosity of mixture
n, = the number of moles of species s
p = pressure in the mixture
ps = partial pressure of species s
q= Cs/ Ces
gs = mass fraction function of species s
[s] = concentration of species s
u,v,w = velocity component of the mixture
Ug, Vs, Wy = velocity component of species s
—
V' = velocity vector of mixture
W, = source term of species s

x = coordinate along the surface

y = distance from the wall
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7;,; = shear stress tensor

p = density of mixture

ps = density of specie s
Subscripts

b = backward reaction

e = boundary layer edge condition
f = forward reaction

m = mixture component

p = constant pressure

s = species index

w = wall condition




1. Introduction

With the rapid development of high-speed flight technology, the phenomena of high
speed chemically reactive boundary layer flow is now of great interest. The boundary-
layer is a thin layer of gas formed by the flow past a body where viscous and thermal
conductivity effects are significant. Analysis of the boundary-layer is important for
prediction of heat transfer between a body and the surrounding flow. In order to
properly characterize and model the boundary-layer equations for reacting gases,
one has to include and capture other processes occurring simultaneously with the
dominant conduction and viscous shearing processes. These other processes include
chemical reactions, thermal property changes, mass transfer interactions, along with
the primary viscous fluid mechanics of boundary-layers.

Our analysis is most appropriate for boundary layers in the temperature range of
2500K-9000K where ionization does not play a significant role in the boundary-layer
flow under assumption of thermal equilibrium.

As early as 1938, Prandtl formulated the boundary-layer concept. Following the
concept, there has been a great development in understanding of the flow physics
and in numerical techniques. So far, there have been three categories of numerical
techniques which are difference-differential procedure, method of integral relations,
and finite difference schemes.

In the difference-differential procedure, the derivatives along the surface are writ-
ten with finite difference equations, and the partial differential equations are written
as ordinary differential equations using distance from the wall as an independent
variable. The solution has to satisfy the same boundary conditions at the wall and

at the boundary-layer edge. In the integral relations method, the partial differen-



14

tial equations are reduced to a system of ordinary differential equations using the
streamwise coordinate as the independent variable. In the finite difference method,
all derivatives in the partial differential equations are approximated by finite differ-
ences, and a system of nonlinear algebraic equations are to be solved.

Hartree and Womersley [2] originally developed the difference-differential proce-
dure for certain types of partial differential equations and Leight [3] and Manohar [4]
applied this method to the laminar boundary-layer equations and steady boundary-
layer flow equations, respectively. Smith and his colleagues[5] - [10] developed and
applied this technique to the different types of problems such as incompressible lam-
inar boundary-layer equations.

The method of integral relations is a special case of the weighted residuals method.
It was considered and discussed by Finlayson and Scriven [11]. This method is due
to Dorodnitsyn [12] and applied in the Russian papers [13] - [15]. The method was
applied by Pallone and his colleagues [16] - [17], and considered further by Bethel
[18] - [19]. Kendall and Bartlett [20] used the integral method to exclude the normal
derivatives while the tangential derivatives were approximated by a finite difference
method. Thus, the partial differential equations are recast as a system of nonlinear
algebraic equations.

Finite difference techniques were used by Eichelbrenner and Flgge-Lotz [21] for
the solution of the boundary-layer equations in the Crocco form. In the Crocco form,
the continuity equation is discarded and the independent velocity variable u/u, goes
from zero to one. The velocity within the boundary layer should not be greater than
the velocity at the edge in the Crocco form. Work done by Eichelbrenner and Flgge-
Lotz was extended by Baxter and Flugge-Lotz [22] using finite difference method
where the step size along the wall is strictly dependent on stability considerations.

Kramer and Lieberstein [23] employed another finite difference technique in order to



avoid the stability restrictions. Raetz [24] used this technique for solving the three-
dimensional boundary-layer equations. The boundary-layer equations were solved
by Mitchell and Thomson [25] using the von Mises transformation.

Then the development of the solution of the boundary-layer equations in non-
transformed coordinates arose in the numerical techniques. Flugge-Lotz and Yu ap-
plied the finite difference method to the compressible equations in non-transformed
coordinates. This approach ended unsuccessful because of the strict stability re-
quirements and the problems that originated from replacement of the continuity
equation. Wu [26] obtained more stable solution with a difference scheme. Chudov
and Brailovskaya [27] also studied the solution of the boundary-layer equations in
untransformed coordinates. Paskonov [28] developed another procedure into a stan-
dard program for equations of the boundary-layer type. In this procedure, coupling
between the equations is initially neglected when the governing equations are re-
cast with finite difference relations. Then, the accuracy of the dependent variables
are found using the iteration procedure. Flugge-Lotz and Blottner [29] developed
similar technique independently for the boundary-layer equations in untransformed
coordinates. The difference between this work and Chudov and Brailovskaya is that
coupling is allowed between the equations. Flugge-Lotz and Blottner also investi-
gated the boundary-layer equations transformed with the Levy-Lees-Dorodnitsyn.

The boundary-layer equations are of parabolic type and then require an inflow
conditions for the solutions. In all previous methods, the starting of the marching
along the streamwise coordinate was a problem. Blottner [30] used ordinary differen-
tial equations in order to find inflow conditions for the boundary-layer equations. He
[31] also applied this method to a binary gas mixture and to air boundary-layer flow
with seven chemical species and finite reaction rates. Galowin and Gould [32] solved

the chemically reacting boundary-layer using a finite difference scheme. In this work,
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the boundary-layer equations were transformed into the von Mises coordinates before
the derivatives were replaced with finite difference relations.

Davis and Flugge-Lotz [33], Flugge-Lotz and Fannelop [34] made the application
of the finite difference technique to the boundary-layer equations for axisymmetric
and two-dimensional hodies. Fussell and Hellums [35] applied the finite difference
method to the the boundary-layer equation written in a self-similar form. In this pa-
per, an iteration procedure was used for obtaining solution of the nonlinear difference
equations at the grid points. Kleinstein [36] used finite difference method to solve
the boundary-layer equations in the von Mises coordinates. Lane, Liberman and
Fox [37] used a finite difference technique to solve the compressible boundary-layer
equation in untransformed coordinates.

Moore investigated a multi-component reacting gas with thermal diffusion effects
included using a finite difference technique which was introduced by Farrington [38].
Schnauer [39] studied a finite difference scheme of the houndary-layer equations in
nearly the Crocco form. The tangential velocity non-dimensionalized using velocity
at the edge of the boundary layer, therefore the independent variable goes from zero
to one. Shchennikov [40] introduced a method for constructing finite difference equa-
tions on the basis of the conservation laws. Patankar and Spalding [41] developed a
finite difference technique for solving boundary-layer equation where the governing
equations were transformed with a von Mises-type coordinate system and the stream
function was an independent variable across the layer. Koh and Price [42] studied the
boundary-layer flow on a rotating cone with a finite difference method. Solan, Co-
hen, Sibulkin, and Dispaux [43] used the finite difference procedure for the Rayleigh
problem and a flat-plate boundary-layer flow with radiation effects. Rayleigh prob-
lem is basically when the governing equations become ordinary differential equations

or similarity solution is available in the absence of radiation or at the leading edge
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of the flat plate. Douglas [44] solved nonlinear algebraic boundary-layer equation by
using iterations and this method was applied to the Rayleigh problem. Levine [45]
solved the boundary-layer equations for real equilibrium gases using a finite differ-
ence method. Sills [46] used a transformation that maps the infinite region of the
boundary-layer flow into a finite interval. Blottner [47] used finite difference tech-
nique to solve the boundary-layer equations for a multi-component flow with finite
chemical reactions on a sharp cone and hyperboloid at re-entry conditions.

In this work, the chemically reacted boundary-layer solver for five species air
model and binary mixture of oxygen and nitrogen gases were studied by using the
finite difference technique and the Levy-Lees-Dorodnitsyn transformation. We also
studied the impact of real gas effects on the boundary-layer which forces the consid-

eration of many other parameters rather than using calorically perfect gas.
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2. Equilibrium Properties of O2+0O,N2+N, and Air

A mixture of gases at an equilibrium state is defined by temperature and pressure of
the mixture. The total energy of the reactants and products is constant and the total
number of each chemical element (atoms of oxygen and nitrogen in this work) is also
constant. With knowledge of these facts, one can determine the ratio of reactants
and product using the equilibrium constant which can be found from experiments or
calculated using statistical thermodynamics.

One can define the equilibrium constant using the ratio of partial pressures of the

products and reactants of the reaction. For the reaction:

n1A+ngB<:>n3(lv'+n4D. (21)
The equilibrium constant is defined using the partial pressures of the species:

pEPY
KI) = ‘nl,l Ty " (22)
APB

According to thermodynamics, equilibrium constants depend only on temperature
of the flow.

The following three chemical reactions are considered in our work:

Ny = 2N, (2.3)
0O, 220, (24)
N +0 = NO. (2.5)

For the binary mixtures of oxygen and nitrogen, only equations (2.3) and (2.4) are

considered to determine the partial pressures. For 5 species air model at temperatures
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below 9000K, all of the three reactions above must be taken into account.

For the binary mixture, there are two equations for each case:

2

p ,

Kp—N = i,P = PN + PNys (26)
P,
%

[Xp—O = ,P="Dpo+ Do,- (27)
Do,

One can find the partial pressure of the species for the binary mixture of oxygen

and nitrogen:

PN = % (—Kp +1/K,? + 4pK,,> ., (2.8)
PN, =D — PN, (2.9)
po = % (—K,, + 4/ K,% + 4pr> , (2.10)
Po, = p — Po- (2.11)

For the five species air model, there are three equilibrium constants, one for each

reaction:

2 2
Kyn = Pv K,_0= Po K,_no = pnbo (2.12)
DN, Po, pNo

In addition, the pressure in the mixture can be determined as follows:

p = pn + PN, + Po + Po, + Dno- (2.13)

In order to have a complete set of equations, composition of air must be defined.
We assumed that air is comprised of 21 percent oxygen and 79 percent nitrogen

molar fraction. The number of chemical elements remains constant in the mixture

when dissociation occurs. Therefore, we can write the mass-balance equation as:
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2po, + po +pyvo 021

== (2.14)
2pn, + pv +PNvo 079
Using Egs. (2.12), (2.13), and (2.14), one can derive the following:
| K2, v UK, x
py=—=K,_ £ L 2.15
PN 4 p—N +\/ 16 + 9 ’ ( )
p—¥—pn
PN, = 9 s (216)
1 K2 o UK, o
=—K,_ b £ 2.17
Po=—3Hro ¥ \/ 6 2 (2.17)
¥ —po
Po, = 2 > (218)
PoPN
= ) 2.19
PNO Ky xo (2.19)

where ¥ = 0.21atm.

The five equations for the air model stated above are solved numerically using
Newtons iterations. When the partial pressures of each component are obtained, the
equilibrium composition and the equilibrium gas mixture thermodynamic properties

can be determined within the boundary-layer.
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3. Non-Equilibrium Gas Mixtures

In the non-equilibrium state, there is a finite rate of change in time for concentration
of species s. The concentration [s] is defined as the number of moles of species s per
unit volume of the mixture.

For the binary mixtures of nitrogen and oxygen, the chemical reactions equation
(2.3) and (2.4) are taken into account. These chemical reactions are written with
their collision partners which are denoted as Af. Collision partners are O and O, fbr

oxygen, N and Ny for nitrogen.

Oy + M =20 + M, (3.1)
Ny + M = 2N + M. (3.2)

The time rates of formation for both molecules and atoms of binary mixtures of

oxygen and nitrogen are:

d[0]

o = 2kj{02] (0] + [0]) = 21 [OF ([02) + [O)) (3.3)
WO _ k310410, + (0)) + HIOE (04 + [0)). a4
dﬁﬁq = 2k7[Na][Na] + 2k7[No][N] = 2KS NP [No] — 2KJ[NP[N]. (3.5)
d[jzig] = —k7[No][No] = K7 [No][N] + K [NJ*[V] + 5 [NJP[N]. (3.6)

where superscripts determine the different forward and backward reaction-rate coef-
ficients of the chemical reactions.

Unlikely oxygen, nitrogen has different forward and backward reaction rates with
respect to the collision partners. Therefore, the time rates of formation for nitrogen

molecules and atoms have to be written subject to the collision partners.
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For the five species air model, the chemical reactions of nitrogen, oxygen and
nitric oxide are taken into account and the collision partners are N, Ny, O, Os, and

NO. The chemical reaction mechanism for the five species air model is:

Oy + M =220 + M, (3.7)
No+ M = 2N + M, (3.8)
NO+M=N+ 0+ M, (3.9)
NO+0=0,+ N, (3.10)
No+0O=NO+ N. (3.11)

There is one more extra reaction for the five species air model which is:

Ny + Op 2 2NO. (3.12)

This reaction does not play a significant role in the energy balance, and it is
usually omitted from consideration.

The time rate of formation equations for all species are written as follows:

d[0]
a
—2kf V[0 (03] + [O) + [No] + [N] + [NO])

= 2k{"[00] (|02] + [O] + [Na] + [N] + [NO))

+k;" [NO] ([0] + [O] + [N] + [NV] + [NOJ) (3.13)
— kY [N[O](105] + (O] + [Na] + [N] + [NO])

—kKP[INOJO] + k{7 [N][0n] — KD [No][O] + Ky [NOJ[N],

dOd] _ ~k[04] ([02] + [0 + [N] + [N] + [NO))




TED[OP (02 + 0] + [Ne] + [N] + [NO]) + kP [NOJ[O] kP [N[03),

% = 2k P [No] (03] + [O] + [Na] + [NO]) + 2k [N] [N]
—2k,” [N]? (03] + [O] + [No] + [NO))
~2kI INP2[N] + K [NO] ([02] + (0] + [Na] + [N] + [NO))
— K" IN1[0] ([03] + [0] + [Na] + [N] + [N O))
+EPINOJ[O] — Ki5)[N1[02] + k§6)[N2][0] — Ky [NO][N],

d[Ns]
dt

= —kPNo] ([02] + (O] + [No] + [NO]) — ki [N][N]
DN ([0g] + [O] + [No] + [NOJ) + k) [N]2[N]

—kP [NR][O] + Ry [NOJ[N],

d[f;;O] — _k;ﬁl)[N()] ([02] + [O] + [Ns] + [N] + [NO])

+ELN[O] ([02] + (0] + [Ne] + [N] + [NO])

~kP[NONO] + K [N1[0a] + K [N][0] — K [NOJ[N],

23

(3.14)

(3.15)

(3.16)

(3.17)

These equations are needed for establishing the source term in the mass conser-

vation equation for each species.



4. Boundary Layer Equations for Reacting Gases

The boundary layer thickness is very small in high-speed flow and the pressure distri-
bution normal to the surface is considered constant. Therefore, it is always assumed
that the derivative with respect to the flow direction is negligible comparing to the
derivative with respect to the normal coordinate. In order to know the thermody-
namic properties of the flow at a point in the flow, one has to get the distribution
of each chemical species present in the flow. The mass fraction of each chemical
species ¢s(z,y) can be calculated by solving boundary-layer equations for reacting
gases, where z is the coordinate along the wall and y is the coordinate perpendicular
to the wall.

According to the boundary-layer concept, viscosity and thermal conductivity do
not have significant effect on the flow outside of a thin layer. So, the Euler equa-
tions are to be used to find flow characteristics outside the boundary-layer. The
flow properties found from the solution of the Euler equation are used as boundary
conditions at the edge of the boundary-layer. In the present work, we consider ex-

amples when flow outside the boundary layer is in chemical and thermal equilibrium.

Mass Conservation of Species
Mass conservation equation for two-dimensional and steady chemically reactive

flow is:

9] o]
o [0s (v + ug)] + By [ps (V+ vs)] = W (4.1)

In a mixture, the diffusion of individual species takes place by three mechanisms

which are ordinary diffusion, pressure (baro-) diffusion, and thermal diffusion. Ne-




glecting thermo- and baro- diffusion, and applying Fick’s Law for mass diffusion:

PsUs = _st7nVC37 (42)

the equation is recast as

8 DSTIl 065 0 DS?n acs
— |pslu - — |ps v - = W,. 4.
bz {p (“ s axﬂ*dy {p <1+ cs dy” (4.3)

Using the mass fraction ¢, = p,/p, one can derive the mass conservation equation

in the boundary layer approximation as follows:

dc, de 13, dc
s 4w = 2 (,p,, 2% 1w, 44
puz=+p 5~ Oy (P 8y> + W, (4.4)

Momentum Equation

The z- and y-momentum equations are written in the differential form as follows:

d(pu) - OTer  OTyz
(puVy = Ly DT 5
o + V- (puV) o + Dy (4.5)
V- (poV) = Op | Oy | OTiy (4.6)

Oy | Oz oy
Stoke’s hypothesis( the bulk viscosity is equal to zero) is utilized here to define the

shear stress components as follows:

Ou;  Ou; Ouy, -
— L :
Ty = U (036]' + (?:z:i) +>\<{')mk, i (4.7)

where A = —(2/3)u.

Using the boundary-layer approximation z- and y-momentum equations become:



26

Ou ou  Op 0 ou
” £ 7 _ 4.8
Puax + p By + 9z By </L8y> ) (4.8)
ov ov ad ov
oV = | u=1Y. 4.9
puaz + p a7 » (/1 dy) (4.9)

Energy Equation
If the flow is a chemically reacting mixture, there should be an energy transport
due to diffusion. For example, z-component of the energy flux due to diffusion of all

species at a point can be written as:

Z Pstighs, (4.10)

Using Fick’s Law, the final differential form of energy equation is obtained as:

V. [p (e + K;-) V)} - V. [pV] +p (—kVT +0> Dsmhsvcs> +

v (ﬂ_/) . (4.11)

Using the total enthalpy I, the energy equation in the boundary layer approxi-

mation is derived as follows:

ol 4 or 0 | uol (1 1Y\ 10u?
u U = e [ - ) -
Pz TF dy dy |Proy . Pr/ 2 0y



0 | = 1 dc
a —1 Dsm Sr—s' 3 .
3 {Z (Les > pDgimh dy] (4.12)

s=1

where [ = h+u?/2, h =3 cshs, Les = pDgnCpy/k.
s=1
In our work, the viscosity j is obtained using Wilke’s rule [48] and the diffusion

coefficient, Ds,,, is then determined with the help of the approximation suggested in

Ref [49)].
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5. Numerical Method Description

In the present work, 2D boundary-layer flows are considered. In order to have a
general form for the boundary-layer equation, bodies of revolution are included into
the consideration as well. For this reason, the Levy-Lees-Dorodnitsyn transformation
is chosen. New variables £ and 5 are used for new coordinate system instead of z-y
coordinate system. The stream-function is [48]:

WlEm) = N )£ (0,6) V) = L, (5.1)

Pelg

’0 psue

where £ = fpeueuergj ds and n = f ﬁdy subscript e indicates the flow param-
eters at the edge of the boundary-lag 7er, an ro(z) stands for local radius of the body
of revolution. The parameter £=0 is for case of 2D flow, and k=1 is for an axisym-
metric flow, f'(£,n) = u/u., where ’ is derivative with respect to n. Introduction of
the stream function satisfies the continuity equation fot the mixture.

Applying the transformation, the governing equations are recast in the following

form:

Mass Conservation of Species

dqs orN _(C N\ . 2des. ., 26 W,
( ! 365) - <Sm s) T Cse dE I+ /)/)euguergkcsem’ (52)

where Sm = ;—f—— C= pu ,and ¢5(&, 1) = ¢s/Cye-
In our analysis, we can exclude one mass conservation equation because we use

the global mass conservation equation. In our five species air model work, nitrogen
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molecule species is excluded from the system of equations.

Momentum Equation

LAY o 25 due Pe ! _ 8JI //a_f =
e Bl | e (p0 - P) )
Energy Equation
c N\ ,_ 26dl. C (1 hocse |
(P_rg> Tl =Tl {Z Sm. (Les _1> I qS]
w1 o o 0y 0f .
+T[(ﬁ_1) Cff] +2€< € (%), (5.4)

where Pr = “(T” Le; = pD””Cp glé&,m)y=1/I..

Having derived all the transformed governing equations, we set up the system as
a system of equation of the first order along the lines of Cebeci method [50]. We
introduced new depending variables in order to have first order system of equations.
For five species air model, the system of equations are shown in Appendix-A from

(A6) to (A.11).

After setting up the system of equations of first order, we define the grid:

E=0,"=""14+k,n=12N, (5.5)
’)’]Q:O,’I]j :77J_1+h],]: 1./2,,J. (56)

where k,, and h; are the grid intervals.
In the numerical method, the equations are discretized using second order finite

differences and written for the midpoint having coordinates £"~1/2 n;_, /2-
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The discretized nonlinear system of algebraic equations is iterated using Newton’s

algorithm. The function is assumed to be:

QW = QU= 4 5Q0—1 (5.7)

where (4) indicates the iteration number, and 6QU™Y is a correction to the solution

from the previous iteration.

Boundary Conditions

In our work, the species indices are attributed to the chemical elements as follows:
1 - molecules of nitrogen,
2 - atoms of nitrogen,
3 - molecules of oxygen,
4 - atoms of oxygen,
5 - molecules of nitric oxide.

In order to outline the boundary conditions, we need to describe the new depen-
dent variables. The new dependent variables Qs;, Qd;, Fj, and G; are defined as

follows:

qo = QSQ-,
g3 = ()ss,
qa = Qsg,
g5 = (ss,
3" = Qda,

Q3, = Qds,
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g’ = Qda,
g5 = Qds,
[ = I,
['=F,
[ = I,
g =Gy,
g = Gb.

After having new notations, our boundary conditions can be written as follows:

n=0:Fj=Fy=0%G+mGx =", (5.8)

n=mn.:Fy;, =G, =Qsy; =Qs5; =Qsy; = Qsg; =1, (5.9)

where vy and 7, define the heat condition at the wall. If 7o = 0 and v, = 1 the

boundary condition corresponds to ¢’ = 0. If 7y = 1 and y; = 0 the boundary
condition defines dimensionless total enthalpy at the wall.

In addition to these, we need a boundary condition on the wall for the concen-

trations.

Equilibrium Wall
Equilibrium wall for which chemical reactions are allowed to occur at the wall

and so the species concentrations are at their equilibrium values.

Csw = Csw,eq- (510)
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Fully Catalytic Wall
At a fully catalytic wall, the atom concentrations are equal to zero (complete

recombination of the atoms).

Non-Catalytic Wall
No chemical reactions are occurring at the non-catalytic wall so that the deriva-

tives of the species concentrations are zero:

= 0. (5.11)

Partially Catalytic Wall
Chemical reactions occur at the wall, however recombination doesn’'t happen
completely. So, there are still atom concentration at the wall. This type of wall is

called " Partially Catalytic Wall”.

Constant Mass Fraction

Mass fraction can be specified at the wall.



6. Results

We consider real gas effect in our consideration. There is a certain difference of
velocity and temperature distribution between perfect gas mixture and real gas mix-
ture. In order to illustrate that phenomena, we use an example of non-catalytic and
adiabatic wall condition for oxygen binary mixture. The length of the flat plate is 2
m, and the total enthalpy of the outside boundary layer is 11.06 MJ/kg. The outside
flow parameters are p, = 0.01 atm, u, = 4.273 km/s, and T, = 2000 K.

Fig. 6.1 shows comparison of the velocity profile for binary mixture of oxygen
with the solution for a perfect gas. One can see that the real gas effects decrease the
boundary layer thickness.

In Fig. 6.1 and in what follows, we use the length scale H = vV

Pelle

1 T T T T T T
/ Perlect Gas -
y | Gas -
os | / Real Gas B
08 | / E
o7} r
06 S/

05 | /

04 F i/

Ui,

03 | f
02 i/

o1t

[o]

yH

Figure 6.1 T, = 2000 K, P, = 0.01 atm, u, = 4.273 km/s, non-catalytic and adiabatic
wall

Fig. 6.2 shows comparison of the temperature profile for binary mixture of oxygen
with the solution for a perfect gas. The temperature difference can be explained by
the dependence of the specific heat change for calorically perfect gas and real gas.

The temperature dramatically drops when real gas effects are taken into account.
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Figure 6.2 T, = 2000 K, P, = 0.01 atm, u, = 4.273 km/s, non-catalytic and adiabatic
wall

These comparisons illustrate importance of the real gas effects studies for high-

speed flows.

6.1 Binary Mixture

Our initial step is comparing the boundary layer solver of binary mixture of oxygen
with Probstein’s integrals. If we consider the total enthalpy derivative with respect
to z-coordinate to be zero, derivative of the mass fraction of the species at the
edge to be zero, Prandtl and Schmidt numbers to be one, and frozen flow, the first

Probstein’s integral is [48]

qs = Gsw + ( (61)

The parameters of the external flow at zero pressure gradient are u, = 2 km/s,
p. = 0.01 atm, and T, = 3000 K. The wall concentration of oxygen is cyo/co = 0.3

and total enthalpy at the wall is defined as I,,/I, = 0.8. The comparison of numerical

and analytical results for mass fraction of atoms of oxygen is shown in Fig. 6.3. One




o
(@7

can see good agreement of the numerical results with the Probstein’s integtals in Fig.

6.3 and 6.4.
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Figure 6.3 T, = 3000 K, P, = 0.01 atm, v, = 2 km/s, ¢,0/cco = 0.3 and [,,/I, = 0.8

If du./dx = 0, dc;e/d€ = 0, Sm = 1, and W = 0 (frozen flow), the second
Probstein’s integral is

Qs = Qsw + (1 - QSw) f/- (62)

Using same boundary conditions and flow parameters as in the previous compar-
ison, the comparison of numerical and analytical results for mass fraction of oxygen

atoms is shown in Fig. 6.4.
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Figure 6.4 T, = 3000 K, P. = 1 atm, u, = 2 km/s, ¢yo/ceo = 0.3 and I/l = 0.8

Another test is illustrated by Figs. 6.5 and 6.6, where the self-similar solution was

computed by solving a system of ordinary differential equations [48] for a boundary-

layer past a flat plate at Mach number M=2, edge temperature 7, = 300 K, and

Prandt]l number Pr = 0.7. In order to compare the results from the new solver with

the self-similar solution for a non-reacting calorically perfect gas, we adjusted the

new solver to have a constant Prandtl number and defined the enthalpy according

to constant specific heat. Additionally, we let the viscosity be given by Sutherland’s

viscosity as a function of temperature. One can see good agreement of the numerical

results with the self similarity solution in Fig. 6.5 and 6.6.
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Figure 6.6 T, = 300 K, P, = 1 atm, u, = 0.6607 km/s, equilibrium wall and

Now, we feel confident to examine our code with different tests to observe whether
or not we can have physical meaning in our solution. In this example, we consider
a flat plate! of 2m length using a grid with 800 intervals along the surface. The
external flow parameters are u, = 2 km/s, T, = 3000 K for oxygen binary mixture,

T. = 5000 K for nitrogen binary mixture, and p. = 1 atm. Mass fraction of the

! Actually we consider a flow with zero pressure gradient dp./dy = 0 and zero mass fraction
gradient dec. /dx = 0. For brevity we call such flow past ”flat plate”
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species at the boundary-layer edge are assumed to be in chemical equilibrium. We
consider a non-catalytic wall, and the total enthalpy at the wall: [,/I, = 0.8. The
atomic based mass fraction results for both nitrogen and oxygen are shown in Figs.

6.7 and 6.8.
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Figure 6.7 T, = 3000 K, P. = 1 atm, u, = 2 km/s, non-catalytic wall and /,,/l. = 0.8

0.023

Binary Model

0.022 fbﬁ\’&i

0021

002 |- i

N

0.019

0.018 - E‘y

0.017 |- \
L L X L 1 It

0.016 L
0

Figure 6.8 T, = 5000 K, P, = 1 atm, u, = 2 km/s, non-catalytic wall and [,,/I, = 0.8
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In the next example, we have the flow same conditions as in the previous example
except the pressure dropped to 0.01 atm.The atomic based mass fraction results for

both nitrogen and oxygen are shown in Figs 6.9 and 6.10. One can see that variation

of the mass fraction across the boundary-layer is very small.
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Figure 6.9 T, = 3000 K, P, = 0.01 atm, u. = 2 km/s, non-catalytic wall and
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In the next example, we consider an adiabatic and non-catalytic wall. The edge
flow parameters are u, = 2 km/s, T, = 3000 K for oxygen binary mixture, T, = 5000
K for nitrogen binary mixture, and p, = 0.01 atm. The atomic based mass fraction

results for both nitrogen and oxygen are shown in Figs. 6.11 and 6.12.
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Figure 6.11 T, = 3000 K, P, = 0.01 atm, u, = 2 km/s, non-catalytic and adiabatic
wall
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Figure 6.12 T, = 5000 K, P, = 0.01 atm, u, = 2 km/s, non-catalytic and adiabatic
wall
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In the next example, we examine flow past equilibrium and adiabatic wall. The
edge flow parameters are u, = 2 km/s, T, = 3000 K for oxygen case, T, = 5000 K
for nitrogen case, and p, = 0.001 atm. The atomic based mass fraction results for
both nitrogen and oxygen are shown 6.13 and 6.14. Because of the low pressure, the
chemically equilibrium mixture at the edge of the boundary-layer is mainly composed
of atoms (small fraction of molecules).
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Figure 6.13 T, = 3000 K, P, = 0.001 atm, u, = 2 km/s, equilibrium wall and
(dI/dy)w =0
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Figure 6.14 T, = 5000 K. P. = 0.001 atm, u. = 2 km/s, equilibrium wall and
(dl/dy)w =0
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Here, we examine fully catalytic wall and temperature at the wall is formulated for
total enthalpy: I,/l. = 0.95. The edge flow parameters are u, = 2 km/s, T, = 3000
K for oxygen case, T, = 5000 K for nitrogen case, and p, = 0.01 atm. The atomic
based mass fraction results for both nitrogen and oxygen are shown in Figs. 6.15
and 6.16. According to the boundary conditions, mass fractions of atoms at the wall
are equal to zero.
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In the next example, we examine boundary layer flow at T,, = 1000 K and
constant mass fractions at the wall using ¢,,0/c.o = 0.1 for oxygen and c,n/ceny = 0.1
for nitrogen. The edge flow parameters are u, = 2 km/s, T, = 3000 K for oxygen
case, T, = 5000 K for nitrogen case, and p, = 0.01 atm. The atomic based mass

fraction results for both nitrogen and oxygen are shown in Figs. 6.17 and 6.18.
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Figure 6.17 T, = 3000 K, P, = 0.01 atm, u. = 2 km/s, T,, = 1000 K, and ¢,0/cco =
0.1
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Figure 6.18 T, = 5000 K, P, = 0.01 atm, u, = 2 km/s, T, = 1000 K, and ¢,0/c.o =
0.1
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6.2 Five Species Air Model

In this part, we want to expand our study from binary mixture to a five species air
model. The first step is comparing the air model solver with results obtained by

solving the binary mixture equations.



6.2.1 Comparison with Binary Mixture of Oxygen

In order to compare results obtained using the five species air model solver with
results obtained using the binary mixture solver, we needed to assign negligible mass
fraction value at the edge for the chemical components which don’t exist in the
binary mixture model. In the five species solver, we assigned the edge mass fractions
close to the values used in the binary mixture solver. The other mass fractions were
chosen very small but the sum of mass fractions for all five species was kept equal to
one. We consider a flat plate of 2 m length using a grid with 800 intervals along the
surface. In this example, the external flow parameters are u, = 2 km/s, T, = 3000
K, and p. = 1 atm and p, = 0.01 atm, respectively. Mass fraction of the species
at the boundary-layer edge in the binary mixtures are assumed to be in chemical
equilibrium. We consider a non-catalytic wall, and the total enthalpy at the wall:
I,/1. = 0.8. One can see good agreement between the result obtained using the five
species air model solver and obtained using the binary mixture solver for oxygen in

Fig. 6.19 and 6.20.
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Figure 6.19 T, = 3000 K, P. = 1 atm, u, = 2 km/s, non-catalytic wall and [,/I. =
0.8
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Figure 6.20 T, = 3000 K, P, = 0.01 atm, u, = 2 km/s, non-catalytic wall and
I,/ =0.8

In the next example, we consider an adiabatic and non-catalytic wall. The edge
flow parameters are u. = 2 km/s, T, = 3000 K for oxygen binary mixture, and
p. = 0.01 atm. Comparison of the result obtained using the five species air model
solver with the result obtained using the binary mixture solver for oxygen is shown

in Fig. 6.21.
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Figure 6.21 T, = 3000 K, P, = 0.01 atm, u. = 2 km/s, non-catalytic and adiabatic
wall

In the next example, we examine flow past equilibrium and adiabatic wall. The
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edge flow parameters are u, = 2 km/s, T, = 3000 K, and p. = 0.001 atm. Comparison
of the result obtained using the five species air model solver with the result obtained

using the binary mixture solver for oxygen is shown in Fig. 6.22.
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Figure 6.22 T, = 3000 K, P, = 0.001 atm, u, = 2 km/s, equilibrium wall and
(d1 /dy), = 0

We examine fully catalytic wall and the temperature at the wall is formulated for
total enthalpy: I,/I. = 0.95. The edge flow parameters are u. = 2 km/s, T, = 3000
K, and p. = 0.01 atm. Comparison of the result obtained using the five species air
model solver with the result obtained using the binary mixture solver for oxygen is

shown in Fig. 6.23.
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= 2 km/s, fully catalytic wall and

In the next example, we examine boundary layer flow at T, = 1000 K and

constant mass fractions at the wall using c¢,0/cco = 0.1. The edge flow parameters

are u, = 2 km/s, T, = 3000 K, and p. = 0.01 atm. Comparison of the result

obtained using the five species air model solver with the result obtained using the

binary mixture solver for oxygen is shown in Fig. 6.24.
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Figure 6.24 T, = 3000 K, P, = 0.01 atm, u, = 2 km/s, T, = 1000K, and ¢y,0/cco =

0.1
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6.2.2 Comparison with Binary Mixture of Nitrogen

In this example, we consider a flat plate of 2m length using a grid with 800 intervals
along the surface. The external flow parameters are u, = 2 km/s, T, = 5000 K,
and p, = 1 atm and p, = 0.01 atm, respectively. Mass fraction of the species at
the boundary-layer edge are assumed to be in chemical equilibrium. We consider a
non-catalytic wall, and the total enthalpy at the wall: I,,/I. = 0.8. One can see
good agreement between the result obtained using the five species air model solver

and obtained using the binary mixture solver for nitrogen in Fig. 6.25 and 6.26.
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Figure 6.25 T, = 5000 K, P, = 1 atm, u, = 2 km/s, non-catalytic wall and I,,/I, =
0.8




50

0.16252 T T Zy

0.1625 |

0.16248 |

) ‘N*"“‘*.\

0.16245 +

N

-
T

0.16244
0.16242 j
Binary Mixture - -
Air Model  +
0.1624 . . . A )
0 1 2 3 4 5 6 7 8

yiH

Figure 6.26 T, = 5000 K, P, = 0.01 atm, u, = 2 km/s, non-catalytic wall and
I,/1.=0.8

In the next example, we consider an adiabatic and non-catalytic wall. The edge
flow parameters are ue = 2 kim/s, T, = 5000 K for nitrogen binary mixture, and
p. = 0.01 atm. Comparison of the result obtained using the five species air model
solver with the result obtained using the binary mixture solver for nitrogen is shown

in Fig. 6.27.
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Figure 6.27 T, = 5000 K, P, = 0.01 atm, u, = 2 km/s, non-catalytic and adiabatic
wall

In the next example, we examine flow past equilibrium and adiabatic wall. The
edge flow parameters are u, = 2km/s, T, = 5000 K, and p, = 0.001 atm. Comparison
of the result obtained using the five species air model solver with the result obtained
using the binary mixture solver for nitrogen is shown in Fig. 6.28.
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Figure 6.28 T, = 5000 K, P. = 0.001 atm, u, = 2 km/s, equilibrium wall and
(dl/dy)y =0

We examine fully catalytic wall and temperature at the wall is formulated for

total enthalpy: I,,/I. = 0.95. The edge flow parameters are u, = 2 km/s, T, = 5000
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K, and p. = 0.01 atm. Comparison of the result obtained using the five species air

model solver with the result obtained using the binary mixture solver for nitrogen is

shown in Fig. 6.29.
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Figure 6.29 T, = 5000 K, P, = 0.01 atm, u, = 2 km/s, fully catalytic wall and

I./I, =095

In the next example, we examine boundary layer flow at T,, = 1000K and con-

stant mass fractions at the wall using c,o0/ceo0 = 0.1. The edge flow parameters

are u, = 2 km/s, T, = 5000 K, and p, = 0.001 atm. Comparison of the result

obtained using the five species air model solver with the result obtained using the

binary mixture solver for nitrogen is shown in Fig. 6.30.
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Figure 6.30 T, = 5000 K. P, = 0.01 atm, u, = 2 kmm/s, T,, = 1000 K, and c,n/cen =
0.1

6.2.3 Tests for Five Species Air Model

Now, we explore the five species air model with equilibrium state of the air at the
edge of the boundary layer. In this example, the external flow parameters are u, = 2
km/s, T, = 5000 K, and p, = 0.01 atm. Mass fraction of the species at the boundary-
layer edge are assumed to be in chemical equilibrium. We consider a non-catalytic
wall, and the total enthalpy at the wall: [,/I, = 0.8. Outside boundary-layer, one
can see constant mass fraction of species, however we have some oscillation in the
oxygen molecule mass fraction at the few last steps. This comes from a numerical
error. The order of magnitude is "-5” which is negligible in this manner. The mass

fractions of the chemical component of five species air model are shown in Fig. 6.31.
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Figure 6.31 T, = 5000 K, P, = 0.01 atm, u, = 2 km/s, non-catalytic wall and
I,/1. =038



In the next example, we consider an adiabatic and non-catalytic wall. The edge
flow parameters are u, = 2 km/s, T, = 5000 K, and p. = 0.01 atm. It can be still
seen the numerical error in concentration of oxygen molecule at the last steps. The

mass fractions of the chemical component of five species air model are shown in Fig.

6.32.
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Figure 6.32 T, = 5000 K, P. = 0.01 atm, u, = 2 kin/s, non-catalytic and adiabatic
wall

In the next example, we examine the flow past equilibrium and adiabatic wall.
The edge flow parameters are u, = 2 kin/s, T, = 5000 K, and p. = 0.001 atm.
Around 5000K, oxygen molecules dissociate and state as atoms. It is the reason that
oxygen molecule has small order of magnitude and we can still observe oscillation
at the last steps. From the mass conservation, we know that air contains around 23
percent of oxygen mass fraction in the air mixture. One can see that value from the

mass fraction of oxygen atom figure. The mass fractions of the chemical component

of five species air model are shown in Fig. 6.33.
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Figure 6.33 T, = 5000 K, P, = 0.001 atm, u, = 2 km/s, equilibrium wall and
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We examine fully catalytic wall and temperature at the wall is formulated for
total enthalpy: I,/I, = 0.95. The edge flow parameters are u, = 2 km/s, T, = 5000

K, and p. = 0.01 atm. The mass fractions of the chemical component of five species

air model are shown in Fig. 6.34.
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5000 K, P, = 0.01 atm, u, = 2 km/s, fully catalytic wall and
In/I, = 0.95

In the next example, we examine boundary layer flow at 7, = 1000 K and
constant mass fractions at the wall using cun/cen = 0.1, Cu0/Cc0 = Cw0s/Ce0s =
cuno/ceno = 0. The edge flow parameters are u, = 2 km/s, T, = 5000 K, and

pe = 0.01 atm. The mass fractions of the chemical component of five species air

model are shown in Fig. 6.35.
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7. Conclusion and Future Work

We examined high-temperature chemically reacting boundary layer flow. We used the
Levy-Lees-Dorodnitsyn transformation which allows for the consideration of different
body shapes. First, we developed a numerical solver for binary mixtures of oxygen
atoms and molecules and nitrogen atoms and molecules. We tested the solver by
comparing its results with the Probstein’s integrals and self-similarity solutions. This
gave us confidence to expand our study to consider a five species air model. After
writing a numerical solver for the five species air model, we compared its results
with those of the binary mixture solver. We found good agreement between the
two models. We then considered different boundary conditions. However, the five
species solver has a problem at the edge of the computational domain (outside of the
boundary layer). At some flow parameters, solution for mass fractions can possess

oscillations. As part of our future work, we plan to resolve this issue.
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Appendix A: Numerical Formulation

The boundary layer equations are:

i |lo | <o (- rg) . )
(i) s =3+ [ ()
?_QKI_}; _ 1) C’f’f”} +2§( gg gﬁ) (A.3)

In our work, the species indices are attributed to the chemical elements as follows:
1 - molecules of nitrogen,
2 - atoms of nitrogen,
3 - molecules of oxygen,
4 - atoms of oxygen,
5 - molecules of nitric oxide.

As we know, summation of mass fraction for all species is 1. Therefore, we have:

Creq1 + C2eGo + C3eq3 + Caeqs + Cseqs = 1. (A.4)

Because we use the global mass conservation law for the mixture and introduced
the stream function, we can exclude one of the species. In this work, we exclude
nitrogen molecule and write mass fraction of nitrogen molecule by using mass fraction

equation as following:

Crefy = 1 — (Coeqo + C3¢q3 + Caea + C5eQ5)- (A.5)
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We need to describe the new dependent variables. The new dependent variables

Qs;, Qd;, F;, and G are defined as follows:

g2 = @s2,
g3 = ()s3,
qs = Qs4,
qs = Q)ss,
¢ = Qdy,
g3’ = Qds,
g5’ = Qdy,
g5’ = Qds,
[ =F,
['=F,
f"= I,
g =G,
g = Gs.

The boundary-layer equations are written as:
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The definition of new notations leads to the following first-order equations:

62’82, = QdQs
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Qs3' = Qds,

Qs4' = Qdy,

Qss' = Qds,
Fl =Py,
Fy =F;,
G| = Go,

The first order equations are discretized and written for the midpoint £",7;_1/2

as follows:

Qsy; — sy B Qdy; + Qdy;_y

h 5 = Qdy; 19, (A12)

Qs3; _thS.ZBLj—l _ Qdy; +2Qd.’33—1 = Q&% (A.13)
Qsy; _hj 54j-1 _ Qdy; +2Qd,41]'“1 = Qd}_ 10, (A.14)
Qs —h’j sgj-1 _ Qds; +2Qd?j_1 = Qd2, 1. (A.15)
i —thl?;—l _ +2Fé'§—1 = FE (A.16)
F3; _hJF21;—1 _ 3 +2F3Z§'—1 = F}i_1 o, (A.17)

Y - jGEZ—l _ Gy +2ng_1 = (A.18)

Equations of boundary layer are also written for midpoint £"1/2,n;_; 2 as follows.

We begin with the species conservation and write down the equation at the point

‘511—1/2‘
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Mass Conservation Equations

Mass conservation equations for each species are:
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Before we begin to discretize the equations, we define the mass conservation

—~

A.23)

equations as follows:

C ! 2 dege 26 W
P2E< Qd?) +Q512F1‘—€“2 Fy + $Wx =
2

. : ok
Sm Coe dE PPUZ LTS Coe

Qs oF
2€ < 9e Fy — Qd2¥> : (A.24)



72

C ! 26 dcse 26Wo,
Py = (,_-ng> + QdsFy — 2Adese, % O
Sms

c3e d€ ppetiiierics,
(9@93 (?Fl \
— 2 — Qds—— A.25
2§< D€ Fy — Qds 0{)’ ( )
C ! 2€ deye 2Wo
o _ 26 (e o ~ _
b <Sm4 Qd4> + Qduky Cie dE 2t pPeuiterdtcs,
8@54 8F1
Fo — Qdy—— A .26
26 (PR - Q) (A.26)
C,' ! 25 dC5e 26‘/‘/]\70
= (= dyFy — =% o -
Ps (.97”5Qd5) + Qds I o dE + opeuiior 2 cy
8@.95 8F1
2 F—Qds— ) . A27
§ ( BE 2y — Qd; o€ ) ( )

Discretize the equations for point €72 as:
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Py —2¢

where k, = (" — 7)),

The other equations for species are written as follows:

12 Q83 FY + Qsy Y™ — Qs Y — QdyFY + Qdy Iy~ — Qdy ' Fy
kll B

‘ L.”IL—IF’IL—l o in—an‘l
_ogn=1/2 (Q?z 2 - Qdy” Iy ) — P (A.30)

PQZL _ an-

no12@SEFY + QsiFy ™! — Qs FY — QdiFY + QdjFy ! — QAT R
kon a

C .,'”_IF”_l _ dn~1Fn—1
_ogn1/2 ( ss I - Qdy Fy ) —pr (A.31)

PP —2¢

pr_ g 1p@EFEH QT - QT Y - QT + QAT — QyT' Iy
: k., B

’ ’ .,“’rl_an_l . dn—an~1
_26”—1/2 (QSQ 2 k Q 5 2 ) _ P;L—]. (A32)
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Next step is to write Eq. (A.29) at the point n;_y/2.
X n 1 n—1
o ggnif2 Qspj1yalaj1/0 + Q851095 110
2]—1/2 k/n
n—1 7 7 n
_25,1_1/2 _QSQJ'—1/2F2}41/2 - dej—1/2F2j—1/2
k”,
o QU Farh s — QAT P
_2€n—1/2 ( 2j—1/27 2j 1/2k 2j-1/27 2j-1/2 } _ (A.33)
n

n—1 n—-1 m—1 n—1
_ggn-1/2 Qsyi 10510 = @dyjmrpFaye | pr-l
> kn 2j—1/2>

Using same procedure, we obtain the discretized at the point 1;_; /2 mass conser-

vation equations for other species as follows:

X n—1
P, — g1 Q5% _1/0F 55 _1j2 T Q855101510
ey b

n—1 7 n n
_25”_1/2 <_QS3]'—1/2F2;'AI/2 - Qd.‘jj—l/Q‘F‘Zj—l/2>
‘ kn

n n—1 . n—1 2
_zén_l/g (Qd;}j—l/QFZj—l/?k Qde—l/QFQJ—1/2> _ (A.34)

Y1 n—1 m—1 n—1
_ggn-1/2 <Q53j—1/2F2j—1/2 Qd3j—1/2F2j—1/2> _ pr-l

A 3j—1/2°
k, j—1/

’ n—1

" ogn1/2 (Qszj—l/zF 5-1/2 + @8yl 2”1'—1/2)

vi—172 — 26 8
T

n—1 n n 2
_2€,L_1/2 <_Q54j—1/2F2j—1/2 - Qd4j—1/2F21—1/2>
‘ kll



" n—1 _ n—1 T
e (Qd4j1/2r2j—1/2k Qijoi 21"1/2> — (A.35)

n—1 n—1 o n—1 n—1
_2£n—1/2 Q'S4.7—1/2F2j—1/2 Qd4j_1/2FQJ—1/2 - Pn—l
kn 45-1/2°

Yl all n n—1
n n—1/2 QS5J'—1/2F2}—1/2 - st’j_l/Qng—l/2
5i—1/2 — 2§ A

n—1 n n 7
_ggn1/2 <_Q5.5j—1/2F2j—1/2 - stj—1/2F2;—1/2>
» k"l

n n—1 _ m—1 n
_2671_1/2 (Qd.Ej—l/QFZj—l/Qk stj—1/2F2j—1/2> — (A.36)
n

Y1 rn—1 n—1 n—1
__25,”_1/2 ‘Ssj—1/2F2j~1/2 Qde—1/2F2j—1/2 _ prn-l
k, 5j—1/2°

From the definition Egs. (A.24) through (A.27), we can also write the equations

at the point n;_,/, as follows:

c
Smy

n — J
2j—1/2 = iy +
j

n n
n o C n
Fon - (&), o

n n n n ‘1/ "
P ] j—1/2
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n n
C n o _ C m.
(Sm;;) . Q 3 (Sm;g) . Q 3j—1
n _ J Jj—1 +
3j-1/2 = )
}lJ

I/i/’ X n
(QdsFy), j — msh gy 1/Q+mdg< 0> , (A.38)

j=1/2

(5%

n _
45-1/2 = h

n ST n VV "
P/ je12

pr — J= -|—
5j—1/2 ]
h;
Wrxo\"
o\ _ S n 4
P12
5 — _QidC‘Ze . _gé_dcgg P . _%_(1645 N 2_5(1{255 2
where mso = o e msy = xSk msy = 2x e mss = S0, mdy = ———i—piuew(%%k
. : 2£ ’ 2¢
mds = —0— mds = —5 20— mdy = —5—5r—.
37T penZperiFes. mdy peti2fteTgtese’ 2 peupergtese

Final form of the mass conservation equations are written as:

(sz) Q( (Tnz)] Q 72Lj—1
._|._

hj

CWR\"
(QUaF) = sy Pl ot i ()
P Jj-12

X2 7 N n—1
n—1/2 Q52j—1/2F2j~1/2 + Q'52j~1/2F21—1/2
k’l

—2€
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n—1 n n il
oen—1/2 —Qs9; 19 l95 172 = Qg 1 T35 10

n n—1 m—1 N
_ggn-1/2 <Qd2j—1/2F2j~1/2 - CQde—1/2F27j—1/2> _
k“ll B

n—1 -1 -1 a1
_ggn-1/2 <Q5121j—1/2E213'~1/2 - Qd?QLj—I/QFQ)}—l/2>
» k'll

n—1 n—1
C n—1 C mn—1
<Sm2) o Qdyy + (sm) TR

j p

hJ'

n— n— n— ] Ivr n—1

n

C no_ C n
(Smg)j Qds; (s;ng)j_lQ(fsj—l

_+_

Wo,\"
QAL — M+ md.';( 02)
j—1/2

- n—1
_25,1_1/2 <QS§J‘—1/2F27341/2 + CJS(ZiLj~1/2F2;~1/Q>

kn

n—1 n n n
ggn—1/2 (—Q«%f;j_l/Qng_l/g - Q5131—1/2F21—1/2>
— é 2

_26%1/2 <Qd§j—1/2F27jL‘:]1/2 - Qd?;;jl/QFﬁ’;—l/2> B
K B

n—1 n—1 n—1 n—1
_26,7,_1/2 (Q'SBj—l/QFQj—l/Q - Qde—l/QFQj—l/2>
‘ kn

n—1 n—1
C n—1 C n—1
(Smg)]. Qd3j + <Sm3)]._1 Qd:3j—1

h;
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n— n— - n— Wo, "
(Qd3F})) =y +msy ™ 7Yy — mdy™! (—;O_Z) (A42)
j—1/2

n n
C n _ [_C_ m.
(Sm4>j Qd4j (Snu >j—1 Qd4J—]

hj

+

‘/‘/r 12
Qo — sty o+ (22
j-1/2
: -1
_2£n_1/2 (QSZJ'—1/2F213>1/2 + QSZj—I/QFQI;—l/2>
'I‘:'n

-1 y m n
ogn1/2 (‘QSZj—1/2F2;‘~1/2 - Qd4j—1/2F2j—1/2>
—2¢ p

? mn—1 m—1 il
n—1/2 deleI/QFQj—l/Q - Qd4j—1/2F2;'—1/2 .
—2¢ k =

n—1 n—1 n—1 n—1
_ggn-i/2 <Q54j—1/2F2j—1/2 - detj—l/QFQj—l/Q)
k?b

n—1 n—1
C n—1 C n—1
(Sm.;) o Qdy (qu) _ Qdii

J i- _
h;
‘/VO n—1
(QCZ4FI)§L_“;/2 + msff_lFé’;.'_ll/Q — md} ! <—-—> (A.43)
P/ -2
, n Y n
(%) (ds; — (s,(n) Qdg;,
J j—1 +

h;

nm n M/NO "
(QdsF1)} 1 g — msEI5; o + mdy < )
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\7 i . n—1
_ggn-1/2 (erfj—l/zFéﬁ'—l/2 + Q‘ng—l/'zej—l/Q)
ki,

n—1 n n m
_ggn-1/2 <_Q$5jf1/2p2j—1/2 — Qdg;_y 2]'—1/2)
Ky

n 17— n—1 n
_25%1/2 (Qde—l/QFQjﬁll/Q - Qde—l/QFQj—1/2> _
kn

n-—1 1n—1 _ n—1 m—1
_2€n—1/2 (C‘?‘S-ii—l/?F?J'—l/2 (l5j—1/2F2j—1/2 )
kn

n—1 n—1
C n—1 C n—1
( Sms ) . Qd5j + (Sm5 )j 1 Qd5j—1

J

hj

n— n— 71— n—| W n
(Qd5Fl)j_11/2 + msg 1F23._11/2 — mdy™! ( ;’O) , (A.44)
J—1/e
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Momentum Equation
The momentum equation is written as:

OF, (‘3F1>

} (CF) + FiFs + f {% - Fg] =2 (FQ— - Bt (A.45)

o /3

| Before we begin to discretize the momentum equation, we define the momentum

| equation as follows:

e oF: oF
L= (CF) +FiF3+8 [% - FQQ} =2 (Fga—; —F —d—gi) . (A.46)
The momentum equation is discretized at £*~/2 point as follows:

n n—1 n n— n —
l(Lrl_*_Ln—l):QEn—l/Q (FQQ) _(FQQ) _F:3+E3 1F‘1 _Fl ' (A47)
2 2 (é’n _ gn—l) 2 (in _ 671—1) ’

[ g B PR 4 PR BT
- k/‘n
9 n—1/2 e ’

¢ — (- BT - L (A.48)
The next step is to write the equation at the point n;_/o.
In AL D12 = PPl + F P le = Bt o Pl

P12 — 26 A =
2€7l_1/2 2\ n—1 n—1 n—1 n—
ko (' (FQ)j—l/Q + FBJ—1/2F1j71/2> - Lj—ll/Q' (A.49)

Finally, we can obtain final version of the momentum equation;

C’?LFg‘Ly'—(”;L_lF?szl n 7 Pe " 2\
BT e () 7]

P/ j-1/2
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2\ g I i — _ .
(FQ )j—l/‘z + Fé}—uQFf}—L/‘z - Fs}—1/2F1;—11/2 + £ 1T

25;1—1/2_ 3j—-1/2015-1/2

l’:n N

25”_1/2 2\ n—1 n—1 n—1
k, <_ (FQ )1_1/2 + FSj—l/QFlj—l/Q) -
CTL_IF"._l _ C/Y'I'L—IFH,'—I n—1
j 37 j—1+35-1 ARY ! an—1 fe n—1
— —(RF) T~ 8 (—) YLl as0)
j P/




Energy Equation

The energy equation is written as:

! 2¢dl,
<CG> + Gy == £d “Gh o+

I, d¢
1 (—C2eQds — c3Qds — c4.Qds — c5.Qd5) i /
Srm Leq I !
1 CQeQdQ C 1 c3eQd3 '
! —{——1 /
|:S7772 Ley ) 72} * {Smg <L€3 ) I s

1 Che Qd_1 C" 1 Cse Qd5 !
[Sm4 <L64 a ) h4} * [5m3 (Le5 1> I hS]

2 9G, ., OF;
-[— [(ﬁ — l) (F2F3:| + 2¢ (FQ% - Gy Y ) . (A.51)

Before we begin to discretize the energy equation, we define the energy equation

as follows:

¢ u? (1 . '
T:( Gg—[—<ﬁ_1>(,p2pg> _

(L <‘£— _ ) ( ('QEQCZQ — (3eQd3 - C4eQ(l4 —C5 eQd ) ) o
I,

C 1 CoeQdy C 1 3. Qd3 '
— -1 h ——1 hs | —
Smg <L€2 > [e nt STIL;; L€3 [e &

C 1 C4EQ(Z4 C 1 C5eQ(l5 !
=1 / —1 hs
<Sm4 <L64 ) 1. Mt Sms \ Les 1. 5 )+

26 dl, oG OF
2——515(,1172 g(FQ L@ 1)

RG (A.52)

3

The next step is to write the equation at the point &7 1/2.

2§n—1/2

T?L+T7l—1 — ((FZ’IL+F27L—1)( m Cvn ]))

vy,
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2£7L—1/‘2 . .
SR (e (- RY). (A.53)

Then the point 11,2 is written as follows:

T +Tn 25'”41/2 F G _ rnl—l _
-1/2 /2 = k 2] 1/2 2j— 1/2 T1j-1/2 1j—1/2

2511—1/2 ) .
n n— n n—
—"—k”/ (( 12]-_1/2 + 12]_1/2) ( 1]~_1/2 - 1]_1/2)> . (A54)

At the end, we can obtain discretized energy equation:

CN\NY o (CN\T n onn(l _ )" mn (1 1\" n n n
(5); 6% — (§),. 21—1+(ue> (pr = 1) CPF g — (5 = 1) 1, Cfa P51 P
hj I hj

( C )71 <1 _ __1_)”( C Qd Cgﬁngj—CZ;eQd (’Se 5_7 h

Sy j Ley j 1;’
* 7
J
c n 1 — 1 n Czede] h o n - 1 n ¢5.Qd3,; h
Sma [ Ley | . Sms /. Les J . I»
J J J J
+ - + -

J J

c \" - e n cde“} o\ 1 1 n €5, Qdz; s

Smy ) . Ley /. Sms /. Les | . I 57

J J J J -
+ - >4 -
" J
C " 1 _ L " (~CZ218 d’2’) 1 c}FQdSJ 1 C-leQd4J 1 cSeQd‘}j—l)h
_ Smy -1 Lel j-1 In 17—-1
hj
C n 1— 1 n Cgch-gj—l 1 & " 1 — 1 " CgeQ(13] lh
B Smo -1 Les j—1 Ir 2j—1 B Smag -1 Les _ Ir 35-1
h;j h
c n _ L 122 4] h c n L;lest_, N h
B Smy -1 Ley j—1 4)—1 B Sms -1 I 51

, 26dI\"
(FIG )] 1/2 <]_ed_f) (GIFQ)j__l/Q




gn~1/‘)
n n m—1 + n—1 cm
T \Fweetyee T 2] 172415172 2j-1/2%71j—1/2
n

2€n—1/2
_ —-Gm. n + G n—1 m—1 n —
L Toj-1/2415-1/2 T25-1/24 15—-1/2 ~ “Y2j-1/2° 15-1/2
n
e\l m-1 _ re\ L el
n—1 __ (Pl) 2j (Pr)_] 1 -72j-1
—1/2 .
hJ
—1(1 n=1 ~m—1 n— n—1 1\l em—1 g1 -1
+<u§ " (ﬁ—l)j C; 7 — (5 1)]‘—1 G o b5,
I, h;
J
c n—1 1 B v_l_ n—1 ( 67216_» Qd;j_l_cge 1an 1 CZE—IQ( n—1 _CQ:IQd?jﬁl)hn‘—]
Smiy Le; j 15"_1 1j
+
h.
‘]
— — - ) — — -1 n—1
c n—1 - 1 n Cze len 1 el o n—1 1 1 n C'Se de Ln—l
Smo j Ley j - 1 2 Sms j Les j r- 1 3J
+ +
h; b
] 7
n— n-— n— -1 —1 1
c n—1 1_.L n le lh”_ c n - 1 n e de;} 1”_1
Smy j Ley j ! Sms j Les j Jiat "5
+ +
h; h
J J
< o )n—l (1 _ _1_)71—1 (— C)—len—d —c 1an 1 ”C4e Q([ZJ—I1_‘IF_1Q([;J:11)} et
Smy /. Ley | . 1 1] 1
_ j-1 j-1 :
]I,j
- : - -1 -1 n—-1p,m—1
. e N\ e edy =1 c V' (1~ )" L dy =1
. Smao -1 Les -1 [ 2j—1 Sms -1 Les -1 1 3j—1
h; h;
- — n— - n— — n—1 -1
c \" ! 1— L " lcl'a len lhn— c \" ! 1 — -1 " Csle Qd;}—l n—1
Smy j-1 Les j—1 -t 451 Sms -1 Les -1 Ji 5j—1
B h; A
J J
26 dl, "
v \n—1 n—1 =
(F[Cv )J 1/2 ([ ({g ((IlFQ)] /2 (A‘OO
e O

)




Appendix B:  The Iterative Algorithm for the Discretized

Equations

First Equation
Using the iterative algorithm Q) = QU~Y + Q. the linearized equations for
5QU~Y are written as follows
SFy — 0Pl R +0Fy . Fy+ Ty - Ry,

- - = B.1
h; 2 2 h, (B-1)

7L n }L Tl n
where (Tl)j EFlJ F1] 1+ (FQJ"—FQJ 1)
Second Equation

The second equation is the momentum equation. It has the same structure as in

the case of non-reacting gas.

cr o, CF L5 OFFs; + 0F jo1Fs-1  FoFs; + Fiy 1005
(7.2)] _ ]j ()F3] _ lJ][] FSJ ) 4 J5 3] 5 J ] + J J 5 J )
9£n 1/2
=" (Fy0Fy; + Foj_10F5i_1) — £A (Fy0Fy; + Foj_10F5 1) +
én 1/2 n—1/2 i )
L (()FL,F;] + 5F1J 1F3J 1) - (FUOF,gj + Flj—l()FSj—l) + (Bg)
n n
En 1/2 ) i A gn 1/2 ) i i
T B OBy + 0P = =T (0Fs; +0Fy5-1) .

The definition of (r3); is written as follows:




86

Cﬂ-l.F-n» _ Vn F” n
, = J73 3j-1 n n Pe 9
(ra)s = hj i FS)j_UQ 7 <P )j—l/? (F )] 1/2] '
Fn n n— 1—1 7
2112 — ()i o+ By Flyone = By s + BT nFhy e

k'll

We can recast the equation in the form of:

(7"2)j = (51)j 0F3; + (52)] OFs3;_1 + (83)_]‘ O0F; + (»5‘4)J- 0Fyj—1 + (~5'5)j O F5; + (56) 0F%;_1.

(B.4)
The coefficients in (B.4) are defined as:
(s1); = %}— + %FU + g%/iﬂj énkl/QF;; e = ilj + %lFU - O;NF]";*I/Q, (B.5)
where a; = 1+ " and o = 35—52,
(s2); = — ZJ_I + %Flj 173 Ff; 11/2 (B.6)
(s3), = §F;] S”A:/Z Fy + %;EE;;Q 2= 921 L 0‘2 it (B.7)
<53)j - %E‘J + 5";”:/) F; + %F?Z?l/z = %FJJ 5 F?Z 11/2’ (B.8)



oy a® L
(s4), 7F3J—1 + —Q_Eg’}_l/ga

‘ — 2§7L»1/2F oo

(s5); = =" Iy - 2 aly;
'
where oy = 9" + o,
B o 2611—1/2F "
(s6); = —0"Fa;- 2j—1 = —0oFy;

87

(B.9)

(B.10)

(B.11)
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Third Equation
The third equation is energy equation. Structure of the equation will be simi-
lar to the equation in non-reacting gas with addition of two terms associated with

concentration of species.

CRG) IR,
) _ \Pr/j ¢ Pr/j—-1 m e Pr J ) crm o
(I"g)j hJ (SG - hj 562] 1+<[—> _TOFQJEM_*—
w\" (D (Y ) G
() = mom - () i om am-
'llg " (Fl; - 1)” 1 YJn 1 o C T
e j

C n
1 " 1 " (3 L S n 1 {1 n ( WLI) J
T 1 - Le, (5 0Qdy; — c5,0Qdy; — ¢4 0Qdy; — c5,0Qd5; )y +

j ]Zj
c n ¢ n
Coe " 1 " , (Sm )J C3e " 1 n (Smg)
=z 1 - — ho. J d =€ 1 — — ] n J
( I, ) ( L62>j Wk by I, Les ). ™ 1 0Qdy+
¢ n o n
(1Y (5, e\ (1Y (5,
2e) (1-—) my ~——sQdy + [ =2) (1-—) hy L6Qdz,~
( € ) ( Le4>j )4J }J Q ( [e L€5 J I'JJ h] Q( 9J

c n
1\" n " <S’”1 )]‘-1
I, b= Ley (= 5.0Qdy; — 5.0Qdy; — i 0Qd}; — c5.0Qdz; ) iy ————~

i1 b

hgj—lhijléQdQJ 1 ([—
J e

[_e L64 j-1 h]‘ L85 j—1 h,j
20dI\" ., 20dI.\", _, )
(BFG)! o + (Fi0Co)! 1 — (TTg) (6GL )"y — (75712 (G1OF)! 1

c \* c 7n
n n n ;
( sz) C3e 1 ’ <5m3)j_
I’ .
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((5F2(7])j 1/2 (FQ(SGl)J 1/2+CY (6F1G2)l 1/24—0( (Fl()(rg)] 1/2

n—1 m m—1 n{ crm —1 m—1 SF™
<F2] 1/26 1j—-1/2 — 21 1/2(11 1/2> o (OGQj—l/ZFIJ 1/2 CQ] 1/2 1j—1/2>’

The definition of (rs); is written as follows:

&), (&) 2\ G-
o)y = by~ Gy (%) SE
Ing " (—-_1) ’nl i 1
(—[;—) h; — F27 1F3J 1+

c \"
1 " 1 " n 7 n n n i3 n T n (S"nl >]
T 1 — Le, j (—c5.Qdy; — ¢y, Qdy; — ¢, Qdy; — c5,Qdy;)hY; I, +

() - o (2 i) o
de .\ J e ) 1\" ., ( ’( )j
(2) (- o () () o

c k13
1 " 1 " n n {1 n ( n n n ( S'Tnl >J_1
T l—— (—c3.Qdy; — ¢3,Qdy; — ¢4 Qdy; — CaeQelz;)hY; o

e Leir/ h;
) | ( ..... gz__>" | (_c_) "
C2e 1\" Sma ). e\ 1 \" Sma). .y
= 1 — — Rt A e 4ar. . —{ = 1 - — . J ar.  —
( I, ) < ~L‘6’2>j—1 . h; Oy ( I, ) < L63>J~4 871 h; Qdsj
K 1 " (S‘CV >n n 1 n (SC' )”
C4e ’ Sy 1 CSe ms
ee ] — —— h. J dn/‘ _ | e ] — — h II’l‘ n
( I, ) < Le4>j—1 v h; Q-1 < I ) ( Le5> 551 h; Qd i1t

26 dI\"
(FIGQ)J /2~ (‘[:([—£> (Cng)J /2 ((FQCH)] 1/2 (Fl(’Q)J 1/2)

n (0 AL yn—1 n n n—1 m—1 7 n—1
1 (FQj—l/QC’1j~1/2 F -1/2% 15— 1/2) —a (GQj“l/QFlj 1/2 7 M2j-1/2 lj—1/2) _MJ 172
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We can recast the equation in the form of:

(Tg)j = (,31) (SGQJ'-{-(,BQ) 6(;2j—1+(,‘33) (5F1j+(,84) 5F1j_1+(,35) 6F2j+(66) (5F2];1+(,’37) 5G1J‘+

(Bs) 6G'151+(Bo) 0 F35+(Br0) 6 F3j—1+(P11) 0Qda+(512) 0Qdaj1+(513) 0Qds;-+(514) 0Qdsj-1+

(515) 6Qda; + (B6) 0Qdaj—1 + (B17) 0Qds; + (Bis) 6Qds;1- (B.13)

The coefficients in (B.13) are defined as:

(5)) 1, o o . RN R T -
(%), = 3 2(Fl) +7(F1) — 3 Flj 2= T g(Fl)j =5 B
(B.14)
(T’C—;)j an n n—1
([3)2)_7‘ = hj + 7 (Fl)j_l FlJ 1/2 (B-15)

n

1 A\ 87 n an n— X Y A\ an n—
(B3); = 5 (Ga)} + = (Go)7 + —2—G2j_11/2 =5 (Ga) + 76121._11/2, (B.16)

n

o yn—
> R (B.17)

(/34)]' (G )J 1t

(e DO e 26 dI\" , ..
) —_—FSJ_—(G) +_C’1J 11/2 (Zdﬁ) ((’l)]‘a

(B.18)
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) u\" (5 — ) O ot 1 26 dI\"
(,66)]' = — (-—[j) h] st 1 (G )] 1+ Cl] 1275 ‘[—e"‘(ig ((71)] 19
(B.19)
/ o n a” n— 1 25 d]e " n
Oén T n 1 26 dl@ " n
(58). T (FQ)_,‘~1 9 FQ] 11/2 9 ([_pd—ﬁ) (F2)j—1 ) (B.21)
uz " (T}f B 1)7 YJn n
(8o); = (—) hj £, (B.22)
‘llg " (ﬁl; B 1)71—1 CYJ’L_I 7
(Bro); = (*:) h.; Fsi 4 (B.23)
o \" o \"
(6) ) . Cop n L 1 n h” (s’;m)j n % n - 71}71'(5"12)]
v ]e L 1/ L hj [(’ Leg j % h]
(B.24)
c n C n
Cop n 1 n <5"11>J-_1 Coe n 1 n " (5177.2>j_1
=2 S SN e T el 1— — h- ~ /i7t
(Bra), ( k) (1 Lel>j_l M o\ Les BT
(B.25)

n n ( C ) " n n ( ¢ ) "
o C:ge ]_ n Smy j C3e 1 n Sma j
/ = — | = 1 — —— ht. e 1— —/— I3 ’
o) < L ) ( Lel) ST i < I ) ( Les ) Ky
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(B.28)
( c )71
n Sy j-1
('C )'t Cae n L 1 ) hzu_l h’j
R j_1+(1 Les/ (B.29)
n 1 h71 '_1_—];}—— j
C 1oL ] ;
— “4e Lel .
(rﬁlﬁ)j - [e

c n
n 1 n (——‘5m5 )_]
C . n 1 h,; : |
" (Sml >J c_."e 1- L@S)j ] h]
n 1 ] N N :
056) <1 —_ —_— llj hJ .
VA Ley ) .
("6)17)]' - <[e

c )'n
7 (Sms j—l.
C >"L o5 n L 1 ) hgj_l hj
n <S7m j_1+(%> Les i—1
Ce n <1 _ ]_ ) hlllj_l hj ;
__ _> =)

(B.31)



Forth Equation

The forth equation is conservation for specie of Nitrogen atom. In order to solve
boundary layer equations numerically, we need to discard one of the species in the
mixture and use the global mass conservation equation. In this work, the nitrogen
molecule is discarded. Therefore, we will have four conservation of species equation

for five species air model.
c n Y n
<.S"rng ) (Smg )j—l " R " ) n ’ " n
“6Qd2_1+(OQdQF1)_ +(Qd2(sF1) . *nLSQé‘FQ'_l 2+
hJ h; J i-1/2 j-1/2 j—1/

My
=12 My,

2mdy (kQ ) ( (CQe‘SQSQJ 1j2 T C3.0Q85, 19 + CLdQsy; 10 + Cge(;Qng—l/Q))

[C4eQ54J 1/2 +CzeQ53J v Chedsg;_ 1/2} +

Mo Mo, Myo
w My RN , -
2md; (k?P);L_l/Q m (— (Cf'zle5Q321j71/2 + 05165@5&'—1/2 + sze5Q<9ZLj—1/2 + CgEOQng—l/Q))
2
( - <CQeQ92J 12t CseQS'sJ 12T (4eQ94J 12t Cre Qs Bj— 1/2)) N
My,
Omnd? (kQ )” ]\/[N ( ( Q + Q R0 + Q n 4 Q
2 \%fP) i 1/2 _]\[ 52; 172 T C3eWS3j—1/2 T CaeldSg5172 T Celed S5 1/2))
Che0Qsy;_ Y2 C.lslefSQ'S’gj—1/2 n C.'sle‘stgj—l/fz +
Mo Mo, Myo

i ]\[N 1A 7 V13 T n n (23 ¥22
2mdy (kf ) —1/2 ]\[ (1 - (C2eQ52lj—1/2 + 5085179 + QY10 + CSeQSBj—l/Q))

( (CQe(SQSQJ 1jo T C50QST;_y o+ Ci0Qsy; o + 00T, 1/2))
M,
i1} 1 2
—2md, (k )] 2 T (ch ) (QSQJ 1/2)

(4.35(254] 1/2 n /3POQS3J 1/2 +(/5e‘5Q55J 1/2
Mo Mo, Mo
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" 1 72 n =
—2mdy (k )] 12 Wy (CQG)Q (Qszj—l/Q)o

(— (°2€5Q52J 1/2+('37e5Q53J 1/2+C495Q54] 1/2+c 0QS5] 1/2))

My,
1 T
—2mdy (kip )] 12 Ty (che)*2 (Qs} 0055 ) ;170

[C4eQ54] 1/2 +(‘3er3] 1/2+(5PQ50J 1/2]

Mo Mo, Mpyo
. 1
—2mdy (kip )1 12 Ay (c5.)72(Qs% y0Q55) 1/

( _( QSQJ 1/2+C§leQ5%J 1/9+C4eQ54; 1/2+(>eQ"] 1/2))
]\/[N2

+2mdy (kjp)_, M (c2e@s35-1/2)
(= (che0Qs%j 12 + C3.0Q85; 15 + c4656252;_1/2 + 5 0Qs8;_1/2))
+2mdy (ko). _, M (c20Q55;_1/2)
(1- (c5., Qs Shi_12 + C3.(85; 10 + CZGQSZJ—l/Q + C.,")leQng—l/Q))
2 (86°)), 0 le) ()" 3(Qs3)?, 13 6083 _1jo+
mdy (K3p),_, AA[[N (c5.0Q555_1/2)

e Q@Syi_1/2 (QCQSQ.] 1/2+CseQ53, 2 Ch sy, 1/2
Mo My Mo, Mpyo

. My
mdy (k4 )] V2 Mg (ck 0Qss; 1/2)

( - (CQeQSQJ 1/2+03eQ53] 12t Qs@ 1/2+CseQ55J 1/2))
My,

M
+mds (kip)"_, , MN (ch.Qsti_1 )




C4POQ51J 1/2 N CQeOQSQJ 1/2 n Cxe‘SQszj 1/2
Mo My Mo,

C50Q)sy;_ 1/2]
Myo

+md} (kf )J " ]\/ ............ ( L Qst;_ 1/2)

< <(265Q92, 2 T 5Q93] 1/2'*‘C ‘)Q54] 1/2+Cge(stgj—1/2>>

My,

1 T T
—mdly (k )] 1/2 /\[ (C4L5Q54J 1/2) (CQEQSQJ'—I/Q)

646Q54] 1/2 CzeQSQJ 1/2 " C:’sler.lzlj—l/z

A[NO

T CjeQSSJ 1/2}

—md; (A )] 12 ]\[ (/405Q54J 1/2) (CQGQSQJ 1/2)

( - ((QLQSQJ 1/2+(38Q53J 172 T Ch, NOr/ 172+ G5, sy, 1/2>>

My,

—mdy (k )J 1/2 ]\[ ((’4LQ54J 1/2) (CgeaQ'ng—1/2>

C4PQS4J 1/2 CQeQSQJ 1/2 n CseQS's] 1/2
Mo ]\[N Mo,

QS’SJ 1/2
Myo

—mdy (kjp 2); 12 /\f (cheQ54j-1/2) (c0Qs551)0)

( (CQLQSQJ 1/2+(231er3] 1/2+C4€Q54] 1/2+dsleQ53 1/2))

Mn,

—mdy (k )] 12 ]\[ ( Q‘34J 1/2) (C;eQ'ng—l/Q)

Cr0Qsy;_ 2 50053 1/ _}_(395(353] 1/2
Mo My Mo,

C0Qsy;_ 1/2}

Myo

1 ;
—mds (k0°)} )y 57 o (cQsi_12) (chQsbi_1 o)

(— (Cze5QSQJ 172 F 50085,y o + CUOQSY;_y o +

oQSsj 1/2))

My,

9
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My
mndy (}‘fp)J 12 Mo Mo (653(56255] 1/2) ( e Q55— 1/2)
(23 ]\[N

'n'Ld;L (k;p)]_l/g m (CgeQ‘Sngfl/2) (CZE(SQSZJ'—I/Q) -

1
mdy (M,P); 12 Mo, (/'?e(SQSSLJ—l/Q) (Cgergi—l/Q) B

1
mds (kb )J 1/2 ]\[ (C3BQ53] 1/2) (CQeOQ‘SQ] 1/2)+

My,
i=1/2 M Mo Mo (Cile(sQSZj—l/?)

(1 - (CQeQSQJ 1/0  C3.Q85; 19 + CLQSY; 19 + Q855 1/2)) +
My

mdsy (kfp)] 12 My ]\[ ( QS4J 1/2)

( (6265Q52j 12t 6365Q93J 12 T C4eOQ52j—1/2 + 6,7;65@5?]-_1/2)) -

7ndn (k6 )J 1/2 ]\[ ( (5Q53] 1/2) (CgeQ‘SJQLj—l/Q) -

mds, (kfp)

1 n n
mdy (ka)j 1/2 ]\[ (C5GQS5J 1/2) (0285Q52j—1/2) -

o [(6Q2F2)} o + (Qs23F))y o) + 0 [(6QdF)]y 1+ (QaOFR))y ] -

n X2 n—1 n—1 " n 1
o [(5@.5%‘1/2}72] 172 — Q85190 sj—1/2 +0Qdy;_y o FY_ 1/2 Qd2] 12907 1/2]’

(B.32)
The definition of (r4); is written as follows:
C n
( 9m2> Qd <§E>] Qd?" 1 n 7
(7’4)1 = hj (QdQFl)jfl/Q - m'SQF] 1/2+
n ]\[N n k3 n n Vi3 n n n
2mdy (Af )J 1/2 ]\[ (1 - (CQeQSQj—uQ + 5 Q55510 + Cp@SLi_10 + C5eQ55j—1/2)>
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{%eQ%J 1/2 +C38Q53_] 1/z+(5eQ93j 1/2}
Ao Mo, Myo
- My N yon n oAy n yon
2md. (kf ) ~1/2 ]\[ ( ( Qsy; - 1/2+CBeQ'SSj—l/Q+C46Q54j—1/2+656Q55j—1/2))
(1 - <02e(2921 1/2+‘33eQS;J 1/2+C4e(354J 1/2+CQeQ'ng~1/2)>
My, a

. 1 2
2mdy (Abp )J 1/ /\[ (ch ) (QSQJ 1/2)

C4eQ91j 1/2 +(’3er3] 1/2+ QSB_] 2|
Mo Mo, Myo

’ 1 7
2mdy (kip )] 12 By (ch)? (QSQJ 1/2)

( (FQPQSZJ 172 T CeQsy; 12 T Ci, Qs 1/2+059Q55j 1/2))
My,

{23 1
+2mdy (kf )] 1/2 ]\[ ((QCQSQJ 1/2)
( (CQEQSQ_] 1/2 ‘*‘C‘Islersg 1/2 +C4€Qg4j 1/2 +C5PQS.75L_]'—1/2))

(CIQIE): (QSQJ 1/2) +

n 1
—2md, (k )J 12 (]\[N)2

. My
mdsy (kf )] 1/2 ]\[ ( Qs 55— 1/2)
CieQ@54i_1 /0 +(3eQ53] y2 "SeQngfl/Q +CQeQSQJ 1/2
Mo Mo, Myo My

M
mdn ('L”4 ) —-1/2 ]UN (C” ng—l/Q)

( - <(2eQ52] 1/2 + Bels_1je + ChQs]; 12 (5eQ5g,'—1/2)>
My,

’ ¢ n 1
mdy (lﬂ,‘f/)z)]._l/2 o (qu.s4] 1/2) (CELCQS%—UQ)

CheQSyi_1/2 4 Qs Yz CgeQng—uz i CgeQ‘ng—1/2_
Mo ]\10.2 Myo My

+




n 1 n n n 7
mdy (kﬁpQ)j_l/z Mo <C48(2$4j—1/2) (CQeQSQLj—I/Q)

(1 - (CQeQSQJ 12 T QCQ%J 12+ CZLQ%J 12t CwQS:,j 1/2))
+
My,

( QS5J 1/2) (szaQSZj—uQ) -

My

mdy (kfp)J 12 Moo

1 ‘
mdy (kop) s Vo, (5o Q555 -172) (he@s53j-172) +

n 0 A[
mds (k30); o My, Mo (€5 Qst)

(1 — (c5.Qs5;_ 12 T (’)3(’62’53].*1/2 + Q810 + CgeQng—l/Q)) -

mdy (kbp)j 1/2 M (csersj 1/2) (CgeQng—l/Q) -

) . . 1 1
(Q'sgj—1/2F2’;—1/2 + Q‘ng—l/QF;; 1/2 — Qsy; 1/2F273 1/2)

2671—1/2 _
kn
n—1 n—1

2£n—1/2< Qe 12175 1/2+Qd2J el 1/2 — Qdy; 1/2F1'3 1/2)

, ]tn =
Q n—1 - 1 dn- 1 e 1
~1/2 2] 1/2 2J 1/2 n—1/2 2j—1/2" 1j—-1/2 1
_Qé'n / +2€n / L . PQ,; s

kll

We can recast the equation in the form of:

(ra); = (e1); 0 F1j+(es); OF1j—1+(eg); 0 Foj+(ers); 0 Faj_1+(err); 0Qsa;+(e1s); 0Qs2j-1+

(619)J' 0Qs3; + (@20)]- 0Qs3;_1 + (621)j 0Q845 + (622)_]‘ 0Qs45-1 + (623)J‘ 0Qs5;+

(€24);0Qs55-1 + (e49); 0Qda; + (es0); 6Qdlzj—1. (B.33)
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The coefficients in (B.33) are defined as:

1 n a 7 . o o

(el)j = §Qd2j + 7@([2] Qd;J 11/2 ngj QdQJ Lo (B.34)
n a™ " " . o't .
(es); = deJ T Q 2j— 1+ 9 QdQJ 11/2 Qd 2j-1 1 3 —Qdy; 11/2 (B.35)
77153 an n—1
(GQ)J' = — 9 - -i“Q QSQJ 1/20 (B.36)
ms!
(1) 22 S (B.37)
n ]\[N n
(e17); = mdy (kf/))] 12 ]\[/\ (—c%,)

C4eQ5 + C3eQ5 + C5eQ5

]\[O A[()Q A[NO

My .

+mdn (kf/))] 12 7\7 .......... ( 028)
(1= (chQsy + @ty + chQsiy + 5 0s3y))
_'_
My,
) M . i , e
mdy (kf ) e MN ( ( Qg _|_(36Q5 +C4EQS + L Q55J)) <A[1\2, )_
2

P n 1 ) ) (_C‘IL )

7 2 2 n 2 n\2 o
mds (kyp )j_1/2 e (ch,)” (Qs5;) e
M No

¢ n 1 n 2 n
2md (k )] 1/2 ]\[ (CQe) QSQJ
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CieQ@sl; | Qs Qs
Mo Mo, Mo

1
—2mdy (kip )_1/2 e (2 )? sy,

( - (’ZPQS LeQng + CZIL@QSZJ + CQ@QS%)) +
My,

1
(kf’o)] 1/2 ]\[ ( Cge) (CQeQS )

mdy (k7p )J 12 W (C3e)

(1= (c5.@s5; + c5.Qs3, +cizer +LQsh)) —

n n 1
mds (kgp2)j—1/2 (M)’ (023) 3(Qsy )
m dg 4 n ]\’[ N n n C”Qle 626
> (50) 1m0 g (5:05%) [MN T My,
mdy

T (kg/)Q)] 1/2 A[ (C4eQS )(Cge)

C4eQ5 " C.Z)’eQS.‘}j i C5eQ'5'?j i CgeQS,Qlj _
My Mo, Myo My

7
mdy

7 1 n n 7
I (kfﬂg)j_l/z Mo (cieQsl;) (cke)

( (CQEQS + C‘?PQS + CZeQS4] + (’5er )) +

My,
mdn n c A C’Ile
L 40 (508 () 1 — | -
md 5 1
_2_2 (kbp)] 1/2 A[ ( Q'S ) (626)
mdy My

S (0300 i (€078) (5~

. n
md}

n 1 7 7 o o, n
T (kgp)j_l/g m (CSLeQS.?Slj) (CQe) - ?FQIS - _—FQJ 11/2a (B38)
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]\[7\,

j—1/2 ]\[ ( C‘_)e)

szeQSQLJA (39(»)33] 1 pseQ%J]

Mo Mo, Mo

mn ]\[ 7
mdy (Kip)'_, M“ (—ch,)

2e 5351 e (51 T Cr (555
(1 — (ch.Qsbj_1 + B.Qs; 1 + chQsly_, + 5.Qsh >)+

My,
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n n n n n n n N
Co. Q8551 + 3, (5551 + . QY1 + ¢k Qs5; 4

1 ol
)j—]/'2 A[ (‘26) (Q 2] 1) (A[A?"j)_

n n 1 Y
2mdy (k§p2)j_l/2 F (CQe) QSQJ 1

C4eQ54y 1 CseQSsyl CSeQ5

Mo Mo, ]\[NO

n n 1
2md; (k,?pQ)j_l/Q e (co, ) @555,

( - (CQngQJ 1+C36QS3_} l+c4eQ§4] 1+F53Qsa] 1))

]\/NQ *

mdy (Afp)j 12 7\[ (—che) (CQeQSQJ 1)

mdy (k)" j]\‘[[’v (1-(c
m (K
md (30, , 37— (
md (
md}

2

- (’QGQSZJ |+ 3. Qsy g + cpQsy;_y + chQsy; 1))(C;e)_

. n 1 n 3 n 2
k30®) 1 veE (ch)” 3(Qs3);_, +

My

4 A\ n n (/IQL _ CTQL _
2 (k'fp)j_l/g Mno ((’56 '55j71> |:J\[18V ]\[:2:|

1 n
mds

(k4p2)] 1/2 ]\[ ((1€QS4] 1 ( )
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’46(‘254] 1+C.35L8Q'ng71 i C.Z")Lergj—l +(2(Q92] 1
Mo Mo, Myo My

md” n
22 (k4p2)J 1/ 7\[ (C4eQ54J 1) (c5e)

( (02¢Q52j L+ e8.Qshi ) + Qs + g, Qs 1))+
M,

md” Che Che
(k )J 12 ]\[ ( Q5 )((QcQSQJ 1) |:]\;N o ]\[L,Vj -

mdy n 1 o
“2_2 (K0) i1 37 Mo, (c5e@Qs5;-1) (cze) +

mdy n My n
2 (l‘ﬁp)] 1/2 ]U]V ]]\\[ ( Qgélj 1) (—CQe)_

dn 6 \7 1 n 7 n n
5 (l‘ p)J Y2 Myo (CSeQSSLj—l) (c5e) — 2 Fz] 177 FQJ 11/27 (B.39)

]\/;\ n
j—1/2 ]\[ ( 636)

(4eQ9 +C3eQS +CseQ35j
Mo Mo, Myo

A[N ( n
j—1/2 ]\[ (’36)

(1 — (chQsp; + ChQsh; +cZer +c2,QsL))
+
My,

( ( QS +(’ZSLLQ53J+C4CQS +CZ6Q5 ))

Cge  Ch |
Mo, My,
1 a o
ogn (1.2 2\ n \2 n\2 “3e 3e
nldz (A‘bp )j_l/Q m (CQB) (Q'SQj) |: /\I()Z A[szl +

1
j-1/2 ]\[

(e19); = mdy (112 )

+mdy (k f/))

My

n 2
md; (K30))_ o 7

mdy (k}p); (—cie) (c2.Qs3;) +




103

mdy 4 \n My 0 0 Ce Che
*2— (llfp)J_l/Q m (CSeQ'SSj) [E—Z— a ]\/[Nz:l N
TTIle 9\ T 1 n C.ne C.Zle
T 7)) 7 () () [ — ]
mdy

n 1 n
T (kgp)j—1/2 Mo, (CQeQS ) (cze) +

md} My .
2 (kb )J 1/2 ]\[ Mo ((4f’QS )(_036)1 (B.40)

i1 ]\[ n
(620) = mds (ka)J 1/2 MN( cs,)

. T
(48Q94j 1+C36Q53j 1+(’56Q‘55j—1
Mo Mo, Myo

My,
j 1/2 A[ ( 038)

( (CQeQ92] 1+ 5 Qsy g + Qs + 5 Qs 1)) n
M,

+mdy (AQ )
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mdy (kf )] 1/2 A[N
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( ((QeQSQJ 1 + p3eQ53J 1 + (4€Q64J 1 + (, QS )) |:]\[30 B ]\";N j| a
2 Ny

n 1 5, Cle
mdy (kyp )J 12 Ay (628) (@53 #2i- 1) {A]\";Oz - ]\;NJ i

n 1 N
mdsy (k?”p)j_l/g —]WZ—V: (_CSe) (CQSQSQJ 1)

mdy ' My e %
_52 (/\‘;P);—m Myo (65:055,-1) [M}@ - ]\-;;;j )
md? n 1 Che C3e
22 (kgl)Q)j—l/Q Mo (C4€QS4J ) ((26Q521 1) [ﬁ;: - ﬁ]‘z] )

mdy , - \n 1 N
22 (kgp)j—l/Q ]”02 (“26@52J 1) (CSe>+
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mdy My N
2 (kfp)J 1/2 My ]\[ ((4L(JS47 1) (_(;36)’ (B41)

" ]\[N "
(e21); = mdy (l\fp)] V2 T, (=)

C4eQ5 J c;er J 4 CseQ55j
Mo Mo, Myo
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j—1/2 A[N C4e)

( (CQCQS + 3. Qsh; + e, Qs + 5. Wsy ))
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My,

mdy (Afp)

+mdy (k2 )

My
i~12 Ny,

n n n n Cne c"e

1 , 'np “ne
mdy (kip )J 12 My (che)” (ngj)Q []Tjo B A(;Nj i

mdy (kfp)

mdy My oy | Che Che
3 (901 T (505%) {MO_MNQ]_

mdy ! Cle i
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mdy

2\ 1 n
5 <k2‘02)j—1/2 F ((;46) ((Z(QS )

( (CQeQS +(I;PQS +CZJL€QS +C§3LGQS ))
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mdy My

5 (k p ); l/zm( Qﬁnl) (Che) +

(1= (cLQsy, + chQsy, +f'41Qs4]+c Qsg;)) +

md” n /\[ n
2 (90) e T g (6e@3) (i), (B.42)

n My -

(622) = md, (kf )J 12 M (—che)

C4PQS4J 1 (3€QS3J 1 QS5J !
Mo Mo, Mo

n A[N n
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+mdy (Afp)

( (CZEQSQJ 1 + CBeQSBJ 1 + C4€QS4J 1 + C5PQ'SJJ 1))
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22 (k4/)2)] 1/2 M (C4CQS4J 1) (CgcQsz"_l) {i B ]\'[t\/e:| -
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Iy 1
— (l‘ )J 1/2 ]\j (e, )(CZPQSQJ 1)

( (chQs + 5 Qsy; + ¢l QsY; + cl,Qst ))+

]\le2
mdy 5 g\n My n
) ( ’ p ), UQW (’SLQS'iJ l) <C4e)+
P 5, o T ()

=112 M Mo
( (CQeQSQJ |+ e3.Qsy; g + Qs + cg Qs 1))

ndy ;6 \n My .
77— ( P)J 1/2 ]\[ A[ (C4CQS4J 1) (—646)7 (B43)

M n
(623) = mdy (lva)J 1/2 MN (—C5e)

Ci. Q54 n (5,53 n C5. (s,
Mo Mo, Myo
My

/2 A[ ( 56)

( B (CQeQS +(lfc(28 +CZ€Q5 +67~L QS ))
+
My,

+mdy (hfp)

, My
mudy (Af/)) 12 ]\[A

(1 — (ch.Qsh; + 5. Qsh; + cheQsl; + c5.Qss, ) [MNO MNJ

1 cll C’Ll
7 2 92 n o 2 n 2 5e e
mdj (kyp )J;l/? I ()" (@s35) []\'[7\/0 - Mjw.z] +
1
j=1/2 ]\l
mdy 4 \n My , cs e,
—=2 (kK ) e el ()st € 2| -
2 ( fp)]—l/Q A! ((‘)eQSO‘]) ]\”-[IVO ]\’[N2

md?

n C.ne C'-I’Jbe
22 (k4p2)] 1/2 ]\[ ((4f’QS )(CQGQ ) {]\[jvo - A[Nz} "

mdy (kf ) (—cb) (5. Qsy;) +
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md” My
(k )J 1/2 A[/\OA[O (C4eQS ) (656)

mdy n My
2 (AGP)J 1/2]\[ ]U ( QS )( )_

dy 7" 1 n n n
ke (kz?/)) j Mo (C2eQ5’2j) (c5e) (B.44)

My
J 1/2 A[ ( 656)

C4€QS4_]1 C36Q53j~1 C5GQS5J1

Mo Mo, Myo

]\[N n

( (CQPQSQJ |+ Q5 + <, Q94J B Qsy; 1))
My,

(e21); = mdy (kf/))

+mdy (k'f )

+

» My
mdy (Kp)_ 2 T,
e Che

( ( QSQJ 1+636QS‘3] 1+C4€QS4] 1+C53Q93] 1)) [m - F};:l -

n 1 n n 2 Cge Cge
i (57°) o 37y, (B) (@) [MNO - MNZ]“L

. n 1 n
Tndg (k_(;p)J_I/Q m: (_(:56) (CQCQSZJ 1)

TTI/(ZIQL 4 \" A[N Cge C!,')lﬁ
5 <kfﬂ>j-l/w—, (¢5:Qs5) {‘MNO - mﬂ )
md“ n c?Le C:ne
2 (L 102)] 1/2 ]\[ ((14€Q54J 1) ((QeQSQ‘] 1) |:]\[15\() B st\/?:| +
mds M
5 (h3);- 1/2 My ]}\[ (GQst) () +
777,(1721 n A[

T (kﬁp)j 1/2 A[ A[ ((46QS4_] 1)( Z)l(’)—




mdy

1
2 (kb )J 1/2 ]\[ (CZPQSQJ 1)( )s
( c )n
sma / 1 n o n n—1
(649)j hJ J +§Flj+7FIJ__F1_] 1/2°
(L)”’
Sma i n a” n n—1
(650)]: th +2F11 1t 9 Fl] I 9 F1J 172"
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(B.46)

(B.47)
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Fifth Equation

C n C n
Smgs j Smg

(rs); = B 6Qds;— ——=6Qd; 51T (0Qds 1)y pH(Qds0 F1)y jp—ms5OFg; o
J i

—mdy (kjlep);l_ 12 (C;';LeéQS.ij—L /2)
CleQSY; 1y N C5e Q85172 " BeQs5j 172 +02€Q52] 1/2
Mp ]\[02 Myo My
—mdy (Af/)) 10 (l§e5Q~9gj—1/2)

( B (C%Q‘m 12 F GBeQsy;_1/n + CheQsy_ o + 5055, 1/2))
My,
—mdy (k}/));l_l/Q (c.Qs%j-1/2)
C4e()Q54_7 1/2 + (3;;66Q<9§j—1/2 + CQG(SQSQJ'_I/Q + CQEOQS?J 1/2
Mo Mo, Myo My
—mdy (Iff,f)) _1)2 (CaeQ'ngA/Q)

( <CQ(’OQ§2] 1/2 +C3eOQ9’;J 1/2 +C465Q§4j 12t C5e5Q55J 1/2))
My,

n ]UO n Yo
+mdy (k;pQ)j_l/Q ]\[22 (c 4e) (QS4] 1/25Q-S4j—1/2)
Mo

(B.48)

ChQsy; 12 CgeQ‘ng—l/Q n 5QS5; 170 n Q5% 179
]\[() ]\[OQ ]UNO ]UN
Mo,

I=12 M3

+mdy (l” ) ()2 (Q94J 1/25@92]—1/2)
( - ((QPQSQ_} 1/2 + C5. Q8510 T WSy 0 + Cre (s, 1/2))
My,

]\[ 2 n
+mdy (A )J 1/2 ]\/OQ ((4e) (Q54J 1/2)
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(4POQ54J 12 /3e0Q53] 1/2 +°5e0Q55J 1/2 +Cg(26QSIQLj—1/2
Mo Mo, Myo My

Mo, 9
+md; (k )]_1/2 ]\[O(Q; (c ”) (QS4J 1/2)

(_ <C2e5Q52J 1/2 + 5. 0Qsy; 1/2 +C4e5Q54J 1/2 + ¢ 5Q951 1/2))

My,
7 A[ 1 n 7 n
mds (]vj )J 1/2 ]—\7*005—[0 (CSe(sQ‘SSj—l/‘Z) (C4EQ54J>1/2) +
Mo,

mds (kf ) ( Ao 1/2) (C4eoQ94J 1/2)

=12 Myo Mo
5 \n 1 n n
Tndzil (kgp)j_l/g My ((,BPOQSE‘] 1/2) (CQeQSQj—l/Q) -

mdy (ka) (C‘sersg 1/2) (Cge(SQS,?lj—l/Z) -

=172 My
o [(5Q-§3FQ);L"1/2 + (Q-S3(5F2)}L_1/2] + a” l:(OeriFl)] 1/2 + (Qd3(5Fl)] 1/2]

N 1 7 Y — 1
o" [OQS.Z}LJ'—I/Q 2j— 1/2 = Q55,7190 2;—1/2+0ngj—1/2F1'; 1/2 BRAERY {;“1/2]'

The definition of (rs); is written as follows:

(), 0 ()" 0

(r3); = - + (QdSFl)?—l/Q —msyFo 1y
j

—mdy (ka)J 1/2 (5. Qs 12)
|:64er1_] 2 EAOT P cSergj—l/Q n c’QleQ'ng—1/2}

Mo Mo, Mpyo My
_md” (l”fp) —1/2 (636Q53J 1/2)

( - (CQeQSQJ 12 T (53,10 €l sy 1/2+CgeQ5gj—1/2>)
My,
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+mdy (k;PQ);L_I/Q —A—[g(cge)Q (QSZJ'—UQ)Q

Mo Mo, Myo My

n A[ 2 n
+mdy (ké/oQ)j_l/2 MOQ( ) (Q Sqj— 1/2)

N1 .1 Y22 T
{548(254] 1/2 n szeQ'Ssj—1/2 n C5BQS5J'~1/2 n Czle’Q] 1/2]

(1 - (CQPQSQJ 2t C’zleQS;J 12t ”4PQ54J 12t Csers, 1/2))
My,

n A, n n
+mdy (k’?p)j—l/fz WOOA?[_(; (c5eQs5;1/2) (Che@54j-12)

—mdy (kbp)J 12 7\[ (cQs;- 1/2) ((:geQ<9;j—1/2) -

. , 1 1
<Q'5gj—1/2F2';—1/2+Q‘S§lj—1/2F2,; 1/2 QSZ:] 1/2 2] 1/2)

2 n—1/2 .
¢ e
n—1 n—1
26”'_1/2 ( Q 3j—1/2 1] 1/2 + Qd37 1/2F1J 1/2 Qd?) 1/2 1] 1/2>
kn

We can recast the equation in the form of:

(Ts)j”—" (GQ)j(sFlj (e ) 0F;- 1+(f’10) 0F5;+ (Cl4>]‘6F2j—1+(625)j(5Q82j (626) 0Q)S2j-1+

(627)j 0Q)s3; + (628)j 0Qs35-1 + (629)j 0545 + (630)_,- 0Qs4j-1 + (631)]‘ 0(Q)ss5;5+

(632)]- (5Q.S5J'_1 + (651)]' (SQd:}]’ + (esg)j (Sngj_l. (B49)

The coefficients in (B.49) are defined as:



1 n o n n n
(GQ)j = §Qd3j + 7(9([31 Qd3] 11/2 Q] + _Qd’i] 11/2

1 1 7 n—1
(ee)j: 2Q 3 ]+ Q('}J 1+ Qd;'f, 12 = Q(‘Sl] 1WL Qd3) 1/2>

msy 1
(elo)j -~ Q it _Q ]313 1/2°

msy o 1
(ena); = 5 ) QSZ;J 1/2:

TTLC[ n n Cne Cne
== (K1p) 1z (5.Q5%) [Az' ) ﬁ“?}

’nl,dgl 1 2\n A[OZ n 2 n 2 Cge C'IQLC _
+T (l‘b/) )J'—l/2 ]\'[g (646) (Q'54j) My - My,

(625)j

m(l’{ 5 \1 n
5 (k)5 J\f (65:Qefy) ().

_omdy e _ Coe
(626’)_]' = ) (Afp>1 1/2 ((%Qs‘] 1) [MN My,
mdg L1 2\ A’[OQ N C'I2L€ ———-——CI?1€

2 (kor”) )12 ME ()" (@)’ My~ My,|
mdy

—23i (k p)j 1/2 M ( (53— 1) (Che) s

md” n
(e27); = (l”f )J 1/2 (¢3e)
CZeQSZILj + (’ier + (/’Ser + (QeQS
Mo Mo, Mnyo My
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(B.50)

(B.51)

(B.52)

(B.53)



mdy n "
- 2 (kfp)J 1/2 ( )

(1= (ch.Qs}, + chQsty + chQst, +cQs%))
M,

md" R C-',3L€ — ._Ege_
2 (kf )] 1/2 (p3pQ ) l:]\'[()z AINQ:|

Tn‘dg‘ APVAY ]\'[OZ n o2 n\2 Cge cge
2 (ko2")5-172 A3 (ci.)” (@st) Mo, J\/N2 -
mdy

n 1 o n 7
_53” (kg’p)j—l/Q My ((QeQS )( .) — _Q—FQj FQE 11/2’

mdy 1
fas); =~ (k) ()
c4eQS4J 1 036Q53] 1 Q‘SSJ 1 + (QeQSQJ 1
Mo Mo, Mro Mn
dn .
- 2 (kf/))J 1/2 ((‘k)
(1 - (Czngzj B Qsy;y + cQsl;q + 5. Qsy; 1))
My,

mdy k. s,
“7"3‘ (k}p)] 1/2 (cheQs5j—1) { - L}

Mo, My,

md Mo, , cl, ch,
3 (A )1—1/2 ]\[Og (ch.)? (QS4J 1) [A;O - ﬁ} _
2 -

mdg : i 1 n a” 10 n—1
5 (kbp)jﬁl/g My ((26Q52J 1)(0:36)_ “Z“sz—1 sz 1/2°

_omdy Cle Che
(629)]‘ - 9 (kf/))] 1/2 (CgeQ 3]) |:A[O B A[Nz

mdy n Al n
() 2 G (@5h)

C4eQ" n 639(’29 J L CS@QS.]'SL]' n (’ZeQS
Mo Mo, Myo My
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(B.56)

(B.57)
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+m(/ (k ) ]\I()z(n) (Qs )

j—1/2 ]\,[2
( —_((QEQS +(’73LBQ§ +()2er +(/751er ))
My,
mdn A'[O'z 2 n )2 Czlle Che
(l‘ )J—I/Q A[g (C4e) (Q'54j) |:ij02 A[Ng +
77?d_” : n ]\[O n n n
23 ( p)] o W (cb.Qs%;) (che) (B.58)
((j ): N?dn (kl ) (C QS ) CZ& _ i
30/ 2 j—1/2 \3e 3j—1 A[O A[Nz
777( R 2\ N ]\[O n
9 ( 1 )j—1/2 _ﬂ;( ) (Q S4j- 1)
(4eQ54J 1 c’;eQS:;J 1 Q5GJ L C’QLeQSTQqu
Mo Mo, Myo My
mdy n Mo,
_+__._é_.§... (k;pQ)j—l/Q ngl ( ) (Q 541 1)
(1- (C2eQ52] |+ B Qsy_ + Qs + QST )
My,
md§ . gn Mo, Che Cie
+ 2 (k )j—l/2 ]\[g ( ) (Q51] 1) [\'[02 ]\/[NQ +
’n’LdZ}l ,'5 I A[O
5 fP)jfl/zm( cQs5;_1) (Che) » (B.59)
mdy , 4 cs cs,
par) . = — k nO)glh S5e €
(6*31)J 9 ( fp)J 1/2 (C QS3J) [A[NO My,
771([_-'; RPVAL ]\102 2 n )2 CZ’)e Cse
T (K p)]#l/? MZ (che)” (Qsl) Myo My, +
Tnd” n ]\[O .
———— (.Qsl;) (cBe) - (B.60)

5 K99 M, Myo




mds Ce e
(e52); = ——5~ = (k19) 112 (5:Qs551) [szo B J\JNJ
md” A’j()z n C‘L’LC Cgle
> (B )J‘1/2 M2 (che)” (Qsly )" []UNO My, i

mdy ;= \n Mo,
Tg('"fp)j—mm( 5eQslj1) (c5e)

&

n
c
S‘ng). 1 a® )
(es1); = =+ 510 + 5 1 - F;; o
7
( c )n
Sma } . 1 Ql
— J—1 —m n—1
(e2); = hj Tyl t 3Ry Fu L2

(B.61)

(B.62)

(B.63)
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Sixth Equation

(s5:) 00y — (i) 90,

(re); = iy = +(0QdaI)] | o HQdad 1)} y=ms{OF_ 0
j
" Mo
V() 1 (5905 )
C4PQ54] 1/2 n CZ;eQ'SJSj—l/Z +CbeQS5j 1/2 n C2eQ921 1/2
Mo Mo, Myo My
Mo

+2md} (kf/)) o ( 00 S35 1/2)
J-1/ ]\[

< - (C2eQ52J 1/2+C§LeQ§3} 1/2+C4BQS4J 1/2+CaeQ551 1/2))

My,
o Mo .
+2mdy (kfp)] 12 Mg, (ch.Qsh S5 1/2) (B.64)
Che0QST;_1 /2 n C5.0Q5%;_1 + CSe‘SQSr"}jq/fz n 3,005, _ 1/2
Mo Mo, Myo My

M,
+2mdy (kf/)J 1/2 ,\[O (<4 NOLH 1/2)

( (62e5Q927 12 T CB0QS85;_y g + CLOQSY;_y )y + C50Qs85; 1/2))
My,
T 1
=2mdy (k3%); g (662 (Q511/20Q5%, -1 2)

C4eQ54J 2 ('BeQS‘}] 1/2 QSS] 2 Cgergj—l/Q
Mo Mo, Myo My

i1 1 Y n
—2md} (kzip )J 1/2 M (ci, ) (Q94J 1./20Q54j71/2)

( - <(26Q52J 12 T Czerzj 12 T C4eQ54J 12t CseQ'ng—1/2)>
My,

1
—mdy (kyp*)" " (che)” (Q'S'lej—l/Q)Q
=12 My
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Cie0QSY; 1/ + C§e5Q>9§j—1/2 n CgedQng—l/Q + €300y, 1/2
Mo Mo, Myo My

,, 1
=mdi (k") 5 (i) Qs )

< (CQP(SQSQ] 12t (5Q53_] 1/2+(4(’OQS4J 1/2+( 0Q55] 1/2))
My,

’ ‘/\[ n 7
+mdy (pr) "y ]\[O ((r 0 554,-_1/2)

CreQsy; 12 5. Qsy; 12 5. Qsy;_ 2 CIQLGQ'S;]'—I/Q
Mo Mo, Mro My

M,
+mdy (kjp ) ~1/2 A[O (c5.0Qs%; 1)

( - (CQeQSQJ 12t Qszj 1/2+(’4€QS4] 172 Che Q55] 1/2))

My,

n M,
+mdy (kfp)J 12 MO ( stj 1/2)

|:C4(’OQ54_] 2 CSeOQszj 1/2 n CSG(SQSQJ‘—I/Q + CQeOQSQJ 1/2

Mo Mo, Myo My
A,
n 4 O

+mdy (k3p),_ oo (chQsh5-1/2)
( (C2e5Q521 172 T 80085,y o + CLOQSY; ) + CB.0QsE; 1/2))

My,

—mdy ('lﬁg/) );L 1/2 ]\[ (6485Q54J 1/2) (ci?leQ'SIQLj~1/2)

’466254_] 1/2 + (36Q53_] 1/2 n C.ISLeQ'ng—l/‘Z N QSZJ 1/2
Mo Mo, Myo My

n 1 7 "
—md} (k4 Z)J 12 M ((’4EOQS4J 1/2) (CQeQSQj—l/Q)

( ( Qs 12 T C3.Qs3; 12 + ClWsy; 12 T €5, stj 1/2))
My,
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1 Y n
—md} (k )] 12 Ny ((466294, 1/2) (CIQe()Q'SQj—]/Q)

Creldsy; 1/2+C3eQ53j—1/2 N eS8 1/2+626Q52] 1/2J
Mo Mo, Mno My

n 1 r Yy n
—md} (kyp 2)] 2 i (cho@sY;1/2) (¢5.0Q8%; 1 5)

(1 - (CzerzJ 12t Cserzj 2 T szeQSZj—lm + cgeQSQj—l/2>>
My,

—mdy (A4 2)] 1/2 /\[ ((46QS4J 1/2) (Cgergj—l/Q)

Cie0QSEi_1 /0 N (50055, 2 C5.0Qs5;_ V2 5,005, 1/2
Mo /\[OZ Myo My

—mdy (k/gpQ);L 1/2 ]\[ (0466254, 1/2) (cg(eQng—l/Q)

( <02e‘5Q521 1/2"‘5%5@531 12 T 5Q94] 2 T C0Qsy;_ 1/2))

My,

1 Iy n n n
—mdy (K3p)} 1) 37 T (c50Qs3;10) (5 Qs%j1)

]. n
—mdy (k;fp)] V2 Tivg (656Q85J 1/2) (CQLeéQS4j—1/2)+

Mo
mdy (kjp )J 172 My Mo, (¢5.0Qs3_172) (c5.Qs%;_172) +

5 4 A[ n oY)
mdy (kgl)); 1/2 ]\[ Mo, ((36QS3J 1/2) (CQe(sQSZj—l/Q)_

mdy (k§p )J 1/2 ]\[ T ChQS_1/2
( (CQGOQ'SQJ 1/0 + Ch0Qs5;_yn + C4e5Q54j 1/2 + C50Qs5; 1/2))
_mdn (kfp)l 1/2 /\[
( (CQeQSZJ 12t C3 Q810 + C4eQ'5’:fj—1/2 + Cger.,’)lj~1/2))

M,
+mdy (kbﬂ)J 1/2]\[—0]\[; ((5e5Q55, 1/2) ((2eQ52J 1/2)

C4e5Q94J 1/2
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Mo

mdy (Ab/))] 12 —M/\o]\/

(CgeQ'ng—l/Q) (C,Qle(jQ'ng—'l/Q) -
[(0Q94F2>J 12t (Q545F2) 1/2] [(OdelFl)] 12 T (Qdmﬂ)} 1/2] -

Y n 1 1 13 1 1
o [OQSAj—l/ze; 12— Q84100 F 5 1p0 + 0QM; o Ty — QAT 0 {3’1/2]’

The definition of (rg); is written as follows:

c \" n c \"

Sm4>j Qd4j - (97—11.;)] Qd4} 1 "

(re); = = : +(QdaF1)] ) g — My oyt
J

n n M,
2mdy (k} )] 12 A[O ( MO 53— 1/2)

C4le’4j 1/2 CseQ53] 1/2 4 fseQSJ 1/2 i CchSQJ 1/2
Mo Mo, Myo My

n ]\
2mdy (Af )J 12 A[O (‘38@ 535 1/2)

( - (CQEQSQJ 12 T C5eQsy;_ 10 + CheQ5_1 o + cgeQ'ng~1/2))
M,

1 9 ,
2777(1” (k )] 12 7, (C4e) (QSZJ—I/Q)2

[0436294] 2 5. Qsy;._ 12 @S5 1o + ¢, (55 1/2} B

Mo Mo, Myo My
1 7
dezl (l‘ )J 1/2 Moy (046) (QS‘IJ 1/2)

< - <026Q52] 1/2 +(3PQ5§'J'—1/2 + C4eQ54J 1/2 + ¢ Qsaj 1/2))
+
My,

n M,
mdy (A“l )J 12 A[O (c5.Qs5 S55— 1/2)




(1-

Mo Mo, Myo My

A[O n n
=12 Mo (ce 55]'—1/2)

|:’4€Q54] 1/2 +CgeQ'S.‘73lj—1/2 + CaeQ53] 1/2 +C’2LeQ572lj—1/2] n

mdy (k4 )

( - (CQPQSQJ 1/2 +63eQ53J 1/2 +(4€Q54J 1/2""653@5 5j— 1/2))
My,

n"dil (l’“b/) )J 1/2 ]\[ (C46Q54j ]/2) (CELSQ'SJQLJ'—UQ)

CzeQSZLj—]/Q +63eQ‘531 1/2+ QSU 1/2 +C26Q52j /2|
Mo ]\102 Myo My

mdy (kyp )) 12 A[ (chQs%i 1) (B.Qs5; 1 j5)

( - (C2e(v)52] 12t Qszj 1/2+C QS4J 1/z+cseQ55] 1/2))
My,

—mdy (kfp)J 12 ]\[ ((56Q55] 1/2) ((4€Q§4J 1/2)+

\ Mo noyn
mdy (k )J 1/2 ]\[ Mo, ( QS%J 1/2) (C2eQ32j—1/2)“

mdy (kf/))J 1/2 ]\[ QY1)
(CQeQSQJ 12+ Cgergj—uQ + C4eQS4j—l/2 + CgcQ'ngvl/Q)) (4(’Q54_] 127t
Ao
n 6 n )
mdy (k} )J 12 Mo My (CSeQSm 1/2) (CQeQ'52j71/2)—

7 1 1 n—1 7
(Q’sdfj—l/QFQI;—l/Q"'Q*S'Zj—l/2F2nJ 12 — Qsyi kY )

- 45—172125-1/2
oLn 1/2 _
¢ E
n—1 n—1 l
2£7l~1/2< Q(4J 1/2 1] 1/2+Qd4_] I/QFIJ 1/2 Qdéll] 1/2 ]J 1/2)
k,,

120



121

We can recast the equation in the form of:

(r6); = (e3); 0F1j+(e7); 0F 11+ (enn); 0 Fpj+(ers); 6 Fj—1+(ess); 0Qs2;+(esa); 0Qs2j1+

(635) 0Q53J (P%) 5Q53J 1+(€37) 5Q54J (638)]‘ 5Q‘S4j—l+(e39)j 5@'55j+

((’40) (SQSW 1+(633) ()Qd4J (€34) (SQ(LU 1- (B65)

The coeflicients in (B.65) are defined as:

n l

1 (12 an n aQ 1L — 71, IL A

1 T an n L Y] n iy
(e7); = §Qf i1+ E'Qd4j—1 +2 Qd4] 11/2 1Qd4j—1 + = Qd4J 11/2’ (B.67)

msy ao”
(o), = =755 - Qs + S Qs (B.68)
ms) a” _
(e15); = — 24 Q Sgj-1 + “Q‘Q'SZj—ll/Qf (B.69)

a (k M, MO o 1 CZZLQ Cg_e
(e33); = mdy ( fP)J 12 Mo, (¢5.Q5%) My M|

1 . Cll C’IL

. 1 2\ n 2 n\2 2e 2e

mdy (kyp )J_l/g i, (ch)” (Qsl)) [Mw - m} +
M A

m d n M, O X Cge —CIQLP‘
5 (k ,0)] 12 Mno (CSeQSSJ) My My, B
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mdy Y n
_§i (klpz)] " ]\[ ( sy ) (che)

(4(’@5 +536Q5 +C56Q’9.")lj +(’26Q5 ]
Mo Mo, Mo Ay

7
mdy

k23 1 n n n
5 (Argpo)j_l/Q F (6‘46@54]') (C2e)

( —(’QeQ52J+C‘$eQ5 +CZ€QS + 5.0 ))_

M,

mdy 4 o\n L (o G _ G

T(kbﬂ )j—l/Qm(C4eQ i) (chQs3) My Mn, i
777( A[

= (B9 My Mo, (e} () =

dn n 1 1 n 1
-T%i (k?/)) , _— (CQCQSQ) (—c5e) +

Jj-1/2 ]\”[Nz
md" n A[ g
3 (50 gty (Q) () B0)

§ Mo Che _ Che
(e34); = mdy (]”fp), V2 Mo, (¢5:Qs51) {MN B A'[N-] -
1 5 C’l C
" . 2\ 1 ) 2e 2e
mdy (k30%)_1 s 1 CAN( TN L\[N ]\fNQ] i

md’j 4 \n A[O C,2le CZe _
3 (RiP)iy, MNO( Q55-1) My My,
mdy n
24 (k p )] 1/2 ]\[ ( Q94] 1) (CZe)
C4eQ54] 1+C3(’,Q53j—1 +CSeQ5gj—1 n ’QeQSQJ 1
Mo Mo, Myo My
mdy n
24 (l"4p2)J 1/2 ]\[ ((/4ng4] 1) (CQe>
( (CQeQSQJ |+ eQsy g + Qs + Cgergj—l)) B
My,
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mdy n Cne Cne
—’2_4 (AAPQ)J 172 ]\[ ( L Qs]_ 1) (CQPQ 59— 1) [A;N - j\'[z]\‘[j +

mdy ;5 \n Mo "

—24- (kbp)J 1/2 ]\[ ]\[ ( Q 5J 1) (CQG) -

mdy 1 "

—2_4 (l”?p)] 1/2 ]\[ ((’46(254] 1) (—ch) +

mdn 5 n ]\_[O n

5 (R0)j e g g (Be@s5) () (B.71)
M,
(eas); = md (k}p) ., 7~ (€52)

CZeQSZj + c3eQ5 + CSeQSBj + CQeQS +
Mo Mo, | Myo My

n n A-[O n
mdy (k}p)j_l/2 Mo, (cs,)

(1 - (5,Qs3, + BQsY + chQs, + AQst))
My,

A[O n n C‘ne C: 14
mdy (kfp)J 1/ ]\I (CseQS.‘sj) [A;O-g - M}Nj

’ n 1 n ”e 3
7nd2 (kll,pQ) i—1/2 x. 0 ((49)2 (QS‘U)Q |:]\C[302 B —j\—;f—\;z_:| "

m(llf 4 n A[O 2, n Cge 636
(A p)] 1/2 A[ (( Q.S'r)j) ]\[02 B ]\[}\72

md n C3e C3e
_24 (A4P2)] 1/2 ]\[ ((4er ) (CQeQ 2j) []\/[302 a F}Nz] i

771d; 5 \n M n n )
: ( p); 1/2 A[AO[ (C QS?J') (c3e) —

2
mdy g \n 1 .
24 (kj'p)j—l/Q My, ((4eQ5 ) (—c5e) s (B.72)
]\[O N
(636) = md4 (lw,«p)] 1/2 ]\[ (( )




124

546(3941 ! (‘;ersj 1+ (stj 1_|_(/zeQ52; 1}+
My Mo, Mpyo My
n /\[O n
md} (Af/))J 1/ /\/ (c5.)
(1 B (CgcQSéLj 1+(“13Le('253] l+c§1LeQS4j 1 (2551 1))
Ay,

. Mo C3e C3e
mdy (kyp )] 12 Mo, (c5.Qs% 1) [Mgoz ]\;Nz] a

1 c'@ C.e
mdy (kyp )j 12 3, (che)” (A 1) []\[3()2 B ﬁ] *
771d4 ]\[O n n C;lgle — “3e
5 (kip )] 2 g (cb.Qst; 1) [A[Oz j\[l\,j
md?} e Cie
2 = (Bsr®) 1o M (1cQsi-) (cRQs51) {7‘735; - ﬁf_;} i

mdy Mo n
24 (Ab )J 1/2 ]\[ A[ ( QSQJ l) (Cf}e)_

l n
dis (k() )J 1/2 ]\[ ( 1@ 1) (=¢5) s (B.73)
i Mo /[l e
(e37); = mdy (l”f/))] 1/2 ]\[O (c5.Qs3) [Ajo - ﬁwj N
1

Tndzll ('lﬁ/%/)Q);L_l/Q m (CZe)Q 2 (QSZ_})

RO | GO | 5O G0%)
Mo Mo, Mpo My

o\ 1 1 !
i (l56°) )y 7 (€he)* 2 (Qs)

(1~ (ch.Qs + BQsh +cLQs + hQsty))
]\[N2

1 ’ 2 C”‘,, C7l
n (1.1 2\7? n\2 n 4e 4e
mdy (kyp )j_1/2 o (che)” (Qs4;) {Mo - m] +
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Tn'dill A4\ Mo a n czlle i Cge _
R Mpyo (5:055) Mo My,

mvdll

L 1 n r n
_‘f (kgp2);_1/2 m (C4e) (CQleQ‘SQJ)

C4LQ5 J 4 CzeQS J 4 CgeQSQ;' n ’QeQS
Mo Mo, Muyo My

mvdn 1 n noMyn
___A (k}pQ)J 1/2 A[ (046) (CQC(*J)‘SQ‘]')

2
( ((zer + 3. Qsy; + . Qsy; + chst;j)) B
My,
mdy n Cle Cle
5 ()1 /\[ (ciQsiy) (5053 )[Ajo _ﬁﬂ -
mdy}

n 1 n
'"2_4' (k?p)j—l/Q Myo (c5eQs5;) (i) —

M ’l‘n n 1 N i .
T (8500 gy (ChQst) () -

dn 1 n T T
o ( p)] 1/2 ]\[ (ce) (1_(02eQ5 +(’33Q5 +(41er + c5.Qss, ))
a” i3 i3
_7F2j 9 FQJ 11/2’ (B.74)

n A[O Clle CZC
(ess); = md} (k//))J 12 Mo, (c5Qs55-1) {Mo B MNJ N

1
mdy (K, p* )J 2 3, (ch.)?2 (Qs4;_1)

C4eQ54J 1 (3eQ53J 1 CseQ95] 1 CQeQSQJ 1|
Mo Mo, Myo My

1
mdy (ké[) )] 172 ]\[ (c} ) (Q54J 1)

(1 - (’26@52_] 1+ c';er3] 1+ C4eQS4J 1+ Cgngsg 1))
My,

, n 1 cy, Cne
i (40} i G (@) | — |+
No
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mdy ;. 4 Mo i Che
) (k5P)ia/o Myo (5:055,1) L\IZ - ]UNJ -

mdy n 1 n
74 (kg[)Q)j_l/Q ]\—[N (C4e> (CQBQ'SQJ 1)

CheQ@sl;_ 1+C36QS3J Ly C5e Q551 _,_CgéQS;J_l —
Mo Mo, Myo My

md} 1
1 (k4p2)1 T (che) (5.Qs5;_1)

2
(1_ (C2€QSQJ 1T Q53] 1 CZEQSZ]' 1+ QSSJ 1))
My,
md’} 7 cne cne
74 (k4p2>] 12 ]\[ ((4,3@94] 1) (/2(»(»2 o5 1) [Ajo - ]\";N2:! —
dy
= (cBeQs81) () -

9 (l‘?p)J 1/2 ]\[

md? n 1 N
24 (k?'O)j—l/Q My, (chQs} Y45 1) (—cie) —

de 6 n 1 n n
2 ( 'f/))j~1/2 My, (che) (1 — (5eQs5; 1 + 5eQs5; 1 + cheQsy;y + c5.Qs55_1))
N
a‘n n n
— Fy_y — 5 FQJ 11/2 (B.75)

Cr
e

, Mo ;o o un | be
(ex9); = mdy (k:f )} 1/ MO (ch, QSSJ') [Mrvo - m} -
i 2

. 1 5 2| Che Cre
mdy (kyp®);_ 12 A, (ci)” (Qsiy) [Mwo N ]\'[NJ i
md4 4 \n Mo n
9 (l"fp>j_1/2 Myo (c5e)

1. Qsy; i 3. Qs J CrQs5; n Cgergj n
Mo, Mo, Myo My

TTI,(Z A\ Mo n
5 (fp)J—1/2m(c5@)

(1 B (CQeQ'S C‘."SleQS-Zilj + CZBQSQLJ‘ + cgeQ'sgj)) +
My,
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’ITL(‘[Z 4 \n Mo n n cge d‘)Lc i
2 (l”fp)j—l/Q Myo (CSeQ‘SBJ) Myo A'[Ng
mdy}

5 (kyp )J 12 7\[ (chQsy )((Q(QS )[A[NO MNQ]

d} s n 1 "
T (k})‘/)) ((’4L629 ) (056) -

2 =12 ]\'[N
mdz (k’ﬁ )n 1 (( QS ) (_Cn ) +
2 fp .}'_1/2 ]\"[]\]2 “4e 5e

mdi ooy Mo

172 TTeg T (@e@s3) (), (B.76)

M C5e Che
(640) = mdy (k:f )J 12 A[O ( NOEH 1) {]Ujvo - Y\TBN_j B

1 c ce
mdy k — Se . _he | 4
( )1_1/2 Mo ( 46) (Q S4j-- 1) [MNO MNJ
mdy Mo,
9 (l‘“fp)] 1/2 M/VO ((ge)
C4eQ54] 1+636Q53J L 5eQ‘SSjA1 +C§eQ’S§Lj—1 n
Mo Mo, Mpyo My
mdy ;4 \n ]UO .
( - ((2LQ52J 1+C3CQS?3L_[41+C2€QS4J 1+( (25)_] 1))+
My,

TTle 4 AN ]\IO |: Cge CZ’)Le :|
T (k)" Iy kil B
) ( fp)J_1/2 Myo ( Q S5j— 1) Myo ]\[N«z
mdl

n 1 d:‘l ng
o () (@) [ - | -

md’}

- 55" 1 n
ji (l”fp)J 12 Myo (che@slj—1) (c5) —

md? 1 )
0 (1500, i (2%) () +




Mo

m(
=5 (P uyo gy (@) (50,
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(B.77)

(B.78)

(B.79)
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Seventh Equation

(55, s, — (50 ) 503

(rr); = -~ - +(0Qds10)}_1 ), HQAs0FY) | jg—msgdFy5_y
j

—mdy (L ) 1/2(:;;35Q'5gj~1/2)

Cle@syi_1/2 + 5.Qs35 1/ n QS5 _1 2 n Q5% 1/
]\[O ]\[()2 A [}\7() J\'[N

—mdy (/”f/’) ~1/2 (c50Q53)-172)

( - (CQeQSQJ 12t QS}; 12t 64(’(3941 1/2 +C§er§j—1/2>>

My,
—md? (Lﬂ,;p);L_l/Q (ch.Qsi 1 )0) (B.80)
Che0QSYi 1/ + C3.0Q8%;_1 /9 N C0QS5;_1 /o + 50055 1)
Mo Mo, Myo My

—md; (]”fp) 1/2( QSW 1/2)

( <02e5Q5zj 1/2+63e5(u)53j 1/2"‘64«5(954, 1/2+6555Q55J 1/2))
My,
n Mo n n
+md; (l‘” )J 12 Ay M, (4656254]-_1/2) (CzeQ52J 1/2)

{C4eQ54j 1/2 +CseQ53] 2 Qs)_] 1/2+”26Q52J 1/2]

Mo Mo, Myo Ay
" A[NO noSoyn n n
+mdg (kyp )J 12 M Mo (ChedQsj_1/2) (5Qs5;_1/2)
( - (CQeQSQJ 1/2+C§eQ5:’3Lj 1/2+C4LeQ54J 1/2+(')6Q95J 1/2))
My,

A , ,
+mdy (l”b/) )j 12 Ay }j\(; ('ZeQSZILj—l/’Z) (C;eéQ‘ng—l/Q)

C4LQ54J vz ”‘36(*253.}—1/2 +(D(’QS)j 2 C2eQ52] 1/2
Mo Mo, Myo My




n A‘,NO
m (1.4 2 -
+md; (ka )1—1/2 m

(1 - <(28Q52J 1/2 + C'sLeQSSJ 1/2 + (4eQ54j 1/2 + C5LQ‘S3J 1/2))
My,

(CZeQSZj—l/Q) (C;e(stgj—l/Q)

n ]\[]\/O n N
+md; (k )j 112 N hMo ( Qs 1/2) (CQeQ-SQj—l/Q)
C4e06294] 1/2 4 C3e0(2531-1/2 n Cgéé(gsgj—l/Q 4 /QGOCQSQJ 1/2
Mo Ao, Myo My
n Myo
+md (k )J 12 My ]\[ (C4eQ S4j— 1/2) (CQcQ% 1/2>

( (CQe(SQS?] 2t C,;L(SQS‘}] 12t 64656254] 12t ('rfe(SQﬁ’s] 1/2)>
My,

1 ‘' I
—mds (k}0)|_ Mo (c58Q855-172) (cheQs4j-1y0) =
n 1 7 n
mdy (L p)] 2 i, ((’seraj 1/2) (C42(5Q54j—1/2) +
B\ M n oSN 7 n
mdy (kglo)j—l/Q 7\_1—1\—']]% (c3e0Qs312) (c@s3;-12) +
] 2
M n sry.n
0, 1 1 (595 (30512
2
M
mdy (L6 )J 12 Tl NAO] Che0QSy 12
(1= (cB,Qsh;_1j + Q5510 + CheQ5lj_1/0 + 5Q55i_1/2)) +
Mno

mdy (AG )] 12 Ny, Mo CleQs4 172
( (C2eOQ523 1/2+C365Q53J 1/2+CZE(SQ'SZj—l/Q+Cg66Q'ng—l/2))_

mdy (kbp)J 12 M (¢5:0Qss5;_ 1/2) (CVQL@QS%—W) -

1 ¥ n
mdy (1‘0 )J 1/2 ]\[ (:géQ’SSj—l/Q) (fze()QSQJ 1/2) -

o [(6Qss )y + (Qss0F) o] + 0 [(0QAs T o + (QAsOFY)]_ ] -
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N ) 1 ] Yy L 1 )
' [OQng—l/QFQ; l1/2 Qs 120 Fajryn + Q51 oI5 1y — Q5 0 1'«7"‘1/2]’

The definition of (r7); is written as follows:

(%), @~ (%), Q-

(”’7)]‘5 I- (stFl);—uz msg I 2,3 1/2
hj
—md” (kff))J 1/2( QS')] 1/2)
CLQsii_ 10 +CzeQ52J 12 | CBeWS5i1 4 @531y
Mo Mo, Myo My

—rmndy (L ) 12 (C5GQS5J 1/2)

( - <CQPQ52J 'l cheQsy; 1/2+CZeQ54J 172 T G QS)_] 1/2))
+
My,

]\[ n n
=12 Al }6 ( Qs S45— 1/2) (CQEQ‘SQj—l/Q)

mdy (k )

Mo Mo, Myo My

M
4 onn NO
mdy (kyp >j_1/2 MyMo

( - (CQPQSZ] 12 T QS?'J 1/2 +C4SQ54] 1/2 + ¢ Q35J 1/2))
My,

|:C4EQS4J 1/2 +C33Q53j—1/2 . CBeQs5i_1/2 +(‘26Q92J 1/2} +

(CZCQSQJ—Uz) (CSGQSSJ‘—UQ)

1 .
mdy (ka)J 12 3y (cB.Qs5-1/2) (CheQShj—1/2) +

M
mds (kbp)J 172 A X}) (c5e@s3j-1/2) (c5.Q55;1/2) +

Myo

n 6
mdz (k )j 1/2]\[ M cy.Qsy S4j—1/2

( - (CQeQSQJ 12 T C3.Q85,_1 o + CLQSj 1o T c5. Q55 1/2))
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1
mdg (kb )1 2 T (656Q55J 1/2) (C‘IzleQS"zlj—l/2) -

7 , 1 1
(Q‘ng~l/2F2jfl/2+62'ng—1/2FQI; 1/2 Qslfj 1/2 2J 1/2>

9 n—1/2 _
5 An
Fn 3y n n—1 3y gi—1 7
2671—1/2< Qdy 55— 1/2 1j— 1/2+Qd5j——1/2F]j 1/2 stj—uzFlJ 1/2)
k?L

We can recast the equation in the form of:

(re); = (ea); 0F ;4 (es); 0Fj—1+(e12); 0Foj+(es); 0Foj—1+(€ar); 0Qs25+(eaz); 6Qs9j 1+

(e43); 0Qs3; + (€aa); 0Qs3j-1 + (€15); 0Qs4; + (e46), 0Q545- 1+ (ear); 6Qss;+
(e4s); 0Qs5j-1 + (e55); 0Qda; + (es6); 0Qdaj—1. (B.81)
The coefficients in (B.81) are defined as:

a” n—1

(ea), ——Qd + 50 +—an e = 5O, +—Qd’J " (B.82)

(es); = Q L+ = Qc';J 1+—ng] L= Qd”J 42 Qd:;] e (B83)

msy
2

(e12); = — - '—Q ;+ ——QSCLJ Py (B.84)



msy a ,
(e10); = == = 5 @551 +2 Qs R (B.85)
dn 4 7 cge C‘Illc
(ear); = =5 (K39) 02 (.95) | 37~ 77 |
]\[NO

m(ﬂf n 7 n 7"
T ( N 2).,‘—1/2 m (C4eQ54j) (¢5e)

Cre @Sy " 3. ()3; +CgeQ5gj+62er ]

A[() ‘/\'[02 ]\‘[NO AIN
md? n M, L A '
5 ()1 ﬁ (c@siy) (i)
(1~ (c5.Qs8) + chQsty + ciLQsi + 5.Q53)))
My,
md” A [NO n n 6121 Cg
2 (}» )]—1/2 ]\’[NA'-[O ( Q Zfj) ((QBQ‘SQj) l:Ajjc\/ - A[:/zil +
mdy s \n M , n n
—2—5— (k'gp)j_l/2 XIN—IX?—O_Q (C.E’leQSiij) (che) +
mdy ;g M n et n
2‘ (AC )J 12 Wi N]i)[ ('46Q34j) (—che) —
m(,’rj n 1 n n n
R (kgp)j—m My (5. Qs5;) (che) (B.86)
_ dn n N 626 _ (’28
(642)]' - 2 (Afp)] 1/2 (C 55]'—1) |:]\[N A[N-z} "
]\[No

mdg n
92 (4 2)] 1/2 ]\[ Mo ( Q Saj— 1>(C‘2e)

C4eQ94] 1_+_C36Q53j—1 i '5eQ5§j—1 +C§leQ‘ng—l +
Mo Mo, Mpyo My

mdy n A "
9 (A4 2)J 1/2 ]\[ A]S' ( Q 4J 1) (C2e)

( (CQeQSQJ 1+C?3LeQ5 1+c4€Q54j 1+ sersj 1))+
My,




m(l My e
5 (]% ),—1/2 A’fN])\?( ( Q 49 1) (CQeQ 21 1) [A;N _
mdy n M Mo N
2 (k3 )J 12 My Mo, (5 Qs 1) (che) +
md" ]UN

(l‘fp)J 1/2 A[ ]\[ (‘4@@ 4] 1) (_Cge)_

Mh,

mdg n 1 "
) (kgp)j_l/g ]\'[]\/ ( QS‘S] 1) (628) ’
mdy
(ea)y = =5 (301} (.058) | — |+
Tl'l,dg ! M NO n 7 n Cil le c.l le
_—2— (klé)lpg)jl—l/Z m (CileQSZj) (CQeQ‘S2j) {A;Oz - ﬁ:‘ +
mdyp M
2 (kb,[))J 1/2 A[ 1]\\7? ((’l Q‘Sn ) (636) +
TTldg 65 \" A[NO n n 2
2 W) 3 (chesiy) (=cie).
(es1); = _mdg (“P) (C Qss ) Ge e +
J 9 NP1 RISV AL My,

=12 My Mo

mdg M e e
e (k ) NO (chQst ST ) (chQsh;_ 1) {]\73-0—— ﬁm

mdy A N §
2 (ks )J 1/2 Ny ]]\\/? (cheQshj-1) (che) +

md; Myo N
——2_5 (k?p)J 1/2 My ]\[ (‘4eQ S5 l) (—636),

n

mdg 4 Cle
(e4s); = —T (k?/), 1/2( Q55 ) []\[ B ]\—[4]\/-

mdy n M o\
2 () g (cheQssy) (che)

C4e(2S + ‘SLQ5 + CgeQ‘ng + Cz’lleQS‘IZLj +
Mo Mo, Myo My
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(B.87)

(B.88)

(B.89)



mdy

n M n oy N n
2‘ (kgpz)j_l/g ﬁ% (CQeQ'SQj) (Che)

( (C2er QS + CZPQS lergj)) +

]\JNZ
m'd/g 14 PANLS A[NO e n CZC _ _C_Ze__ _
9 (;”bp )j41/2 m (C4€Q ) (CQeQSZJ) LWO A’[Ng}
md = \r
T (ksp)]l 1/2 ]\[ (C’mQS ) te) +
Tl'ld: ]\/[ n n n
2 <A6 )J 1/2 ]\[ ]\;\O[ (C Q54j) <_C4e)+
mdn j\[NO n n 1 n
(hf )] 12 T Mo (c} )( (ch L (085; + 5, Qs5; + cQsy; + 5. Qsy ))
(B.90)
m d'll C'Tle C’V Le
() =~ (k40) (@) 1 - |+
mdl n My n
25 (kgpz)j_l/g A[NA}\O[ ( Q 2] 1) (646)
C4eQS4J 1 CaeQ53] 1 C5EQS5J 1 (28Q52J 1]
Mo Mo, Myo My
md’; n ]\[A n
2. (kgPZ)J_l/Q ]\[ }f\? ( QSQ] 1) (046)
( (CQeQSZJ I+CgLeQ'9gj 1 Q'54] 1 QSJ] 1))+
]\'[1\[2
mdp MNO ch .
o ) e rgarg (o) (5055 [Aj; __A_;N_j -
T W50 g (@) (b +
TI’L([%L 5\ ]\"[NO 7
"'—2— (k;p)]_l/Q ]\[NQA[ ( Q 4] 1) (—646) +
md" A[NO

9 (k?p)J 1/2 ]UN Mo (Che) ( (CQeQSQJ 1t (3eQ53J i C4PQS4J 1t C5eQ5’5g 1))
(B.91)



mdy " n
(647).,' =TTy (k:}p)j_1/2 (c5e)

C4EQ5 n C;EQS J CgeQ'sgj 4 CQEQSIIQZ:,' +
md-

ko) e

( (CQPQS + c’;erljj + i sy + cs.Qsy )) 3
My,

(71.

s
(kfp)_} 1/2 (CSeQS ) [A[NO m;:| +

md’lL

2 j=1/2 ]UN]\’[O J\[NO

m lg = n 1
T (K5p)" (chQsy) () +

2 =12 Mg
777(1” 6 A[NO " , i
R My, Mo (ch@sy) (—ce) —
mdy

5 n 1
_—é— (k’gp)j__l/g A[ <(‘2(>Q‘S ) ( )

04
= omn = orm—1
2 F2j FQ} 1/2:

d?l

(648)]' = - 2 (A’fp)] 1/2( ” )
C4PQ54J 1 C3eQS3] 1 CseQ(’aJ 1 CQeQSQJ 1
Mo Mo, Muyo My

m d”

= (K10) 1y o (e52)

( (C2eQ52j 1_*—C QS 16Q94J 1+C QS)/ l))
MN2

md} Che Che
5 (kip )] 12 (che@s5;_1) [A’[NO - MNzJ +

")) :|

mdy (k,‘pr)i'-L Myo (cZerﬁfj) (CgeQ'ng) [ Che /\C[L;
SNy
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(B.92)
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mdy My Myo Che Che
25 (hé)po)J 1/2 A[ 7\[ ( QS4J 1) (CQeQSQI 1) I:]\[NO B A/\;N.Z:| B

mdz
9 (l” '0)] 1/2 ]U ((46QS4J 1) (( )+

mdy Myo

6
— k) 12 My, Mo (4cQsly1) (=) =
mdy n 1
25 (kgp)j—w My (cheQs3;1) (c5.) =
an , all e
_2—F2lj—1 - 7F21—11/2* (B.93)
(,' n
(Sms)j 1 n n—1
(es5); = h; T3 ot Flz 5 Fl] 1/27 (B.94)
(L)n
Sms j—1 1 n a" n n—1
(656)] =T + §F1j_1 + —Q——Flj_l FU 1/2- (B.95)
J
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Eighth Equation

Ny AL Cm hj ¢« n §
(7"8)]'71 =0Ig; —0Fy;  — EJ (OF-‘BJ + OFSJ'—l) ’ (B.96)

where (T'g)j_l =l - B+ hiFg-i-

Nineth Equation

$m Com h; 11 n
(ro); 1 = 0Gh; = 0G_ = 5 (0G5, +0Gy; 1) | (B.97)
where (7’9)]._1 =G — G+ hGy .
Tenth Equation
Va R0 n hJ NP NV

where (‘7“10)]-41 = Qshj_y — Qsy; + ]ledgi—l'




Eleventh Equation

iy n iy n h Ny T g n
(r11);_, = 0Qsy; — 0Qs3;_, — ?J (0Qdy; +6Qd3;_,)

where (ri1);_, = @sy;_ — @s§; + h;Qds;_ .

Twelveth Equation

h; S N n
(7'12)]._1 = 0Qsy; — 0Qsy;_y — —21 ((5@( 1+ OQd4j_1) ,

where (r12);, | = Qs — Qs + hQdy; .

Thirteenth Equation

(7“13)j—1 = 0Qs5; — 0Qsg;  — %J (5ngj * 5ngj_1) '
where (T']g)j_l = stgj_1 - ngj + hy‘ngj—l'
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(B.99)

(B.100)
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Appendix C: Block Elimination Method

The linear system has a block tridiagonal structure and can be expressed in matrix-

vector form:

Ad =T. (C.1)

The energy equation is solved separately after the momentum equation and the
equations for species conservation are solved in this work. Solving momentum and
mass conservation equation using enthalpy from previous iteration provides us the
mass fractions of species and velocity profile of the flow. The eleven dimensional
vectors, 7 and 0 , for each value of j with the coefficient matrix A and the compound

vectors are given:

5F) (r1);
O—FQ (712)1'
(5F3 (T4)]‘
0Qs2 (r5)j
. 0Qs3 (rﬁ)j
o= 0Qss |;5=| (ro); |, (C.2)
3Qss (73),
0Qd (Tlo)j
0Qd; (T‘u)j
0Qdy (le)j
0Qds (r13);
Ay (Y
B, A (4
A= B, A c, ) (C.3)
By Ay Cio
BJ A]

and the 11x11 matrices are given by:
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(C.4)

0

0

-3

__A/3

0

0

-3

0

-3

0

0

-1
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oo Bo o o o
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o foooos © O
— _
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0

(1<j<d—1)
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o

o

<

0

(C.6)

0

0

0

0

0

0

(C.7)
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00 0 0000 0 0 0 0
00 0 0000 0 0 0 0
00 0 0000 O 0 0 0
00 0 0000 O 0 0 0
00 0 0000 0 0 0 0
¢;=| 00 0 0000 0 0 0 0
01 -4 9000 0 0 0 0 (C.8)
00 0 1000 -M1 ¢ 0 0
00 0 0100 0o Mo 0
00 0 0010 O hie g
00 0 0001 0 0 0
0<j<J-1)
Using the boundary conditions, the vectors 7y, 7; are defined by;
0 (),
O (7“2)]
0 (“)J
0 (TS)J
0 (TG)J
ﬁ = O ,'_T‘_]- = (T7)J . (Cg)
(7'8)0 0
(7"10)0 0
(r11)g 0
(7’12)0 0
(7‘13)0 0

After solving the momentum and mass fraction equations, we solve the energy
equation assuming the mass fraction and velocity profiles are known. The energy
equation is recast as an algebraic system of two equations written similarly (C.1).

The matrices and vectors are defined as follows:

Ao = < 101 7/1“ >, (C.10)




B- (W B asiso, (C13)

cy:(? _,,L)(ogng—m. (C.14)

2
Using the boundary conditions, the vectors 7y, 7; are defined by:

7:(£%>ﬁ:(%b) (1)

The procedure of the iteration is repeated until the criteria for small change of

the solution is satisfied. The criteria depends on the boundary conditions on the

wall.




