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A b s t r a c t 
Boundary-layer solvers for binary gases and a five species air model have been de-

veloped. The boundary-layer equations are solved by using the Levy-Lees-Dorodnitsyn 

transformation. The transformed boundary-layer equations are written as a first or-

der system by introdiicing new dependent variables. The equations are discretized 

using second order finite differences. Newton's method together with the block-

elimination method is used to solve the non-linear algebraic equations. The energy 

equation is solved separately after the momentum equation and the equations for 

species conservation are solved. The effect of chemical reactions on the flow is ex-

plored for chemical equilibrium, frozen, and non-equihbrium gases. The reaction 

rates and transport properties of the gases are evaluated according to Gupta et al 

(1990) [1]. 



N o m e n c l a t u r e 
cs. = mass fraction of species ,s 

CP -- Specific lieat at constant pressure 

D s m = diffusion coefficient of species s 

e — internal energy per imit mass 

/ = u / u e 

g = I / I e 

h s = enthalpy of species s 

I = total enthalpy 

k = thermal conductivity of mixtiu'e 

kb = backward reaction-rate coefficient 

kf = forward reaction-rate coefficient 

Kp-s = equilibrium constant of species s 

/J = viscosity of mixture 

n s = the number of moles of species s 

p = pressure in the mixture 

Ps = partial pressure of species s 

Q ~ c-s/ces 

qs = mass fraction function of species s 

[.s] = concentration of species s 

u ,v ,w = velocity component of the mixture 

u s , i} s ,w s = velocity component of species 5 

V = velocity vector of mixture 

Ws = source term of species s 

X — coordinate along the surface 

y = distance from the wall 
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Tij = shear stress tensor 

p = density of mixture 

Ps = density of specie s 

S u b s c r i p t s 

b = backward reaction 

e = boundary layer edge condition 

/ = forward reaction 

m = mixture component 

p = constant pressure 

s = species index 

w = wall condition 



1. I n t r o d u c t i o n 

With the rapid development of high-speed flight technology, the phenomena of high 

speed chemically reactive boundary layer flow is now of great interest. The boundary-

layer is a thin laj^er of gas formed by the flow past a body where viscous and thermal 

conductivity effects are significant. Analysis of the boundary-layer is important for 

prediction of heat transfer between a body and the surrounding flow. In order to 

properly characterize and model the boundary-layer equations for reacting gases, 

one has to include and capture other processes occurring simultaneously with the 

dominant conduction and viscous shearing processes. These other processes include 

chemical reactions, thermal property changes, mass transfer interactions, along with 

the primary viscous fluid mechanics of boundary-layers. 

Our analysis is most appropriate for boundary layers in the temperature range of 

2500K-9000K where ionization does not play a significant role in the boundary-layer 

flow under assumption of thermal eciuilibriuni. 

As early as 1938, Prandtl formulated the boundary-la3',er concept. Following the 

concept, there has been a great development in understanding of the flow physics 

and in numerical techniques. So far, there have been three categories of numerical 

techniques which are difference-differential procedure, method of integral relations, 

and finite difference schemes. 

In the difference-differential procedure, the derivatives along the surface are writ-

ten with finite difference equations, and the partial differential equations are written 

as ordinary differential equations using distance from the wall as an independent 

variable. The solution has to satisfy the same boundary conditions at the wall and 

at the boundary-layer edge. In the integral relations method, the partial differen-
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tial equations are reduced to a system of ordinary differential equations using the 

streamwise coordinate as the independent variable. In the finite difference method, 

all derivatives in the partial differential equations are approximated by finite differ-

ences, and a system of nonlinear algebraic equations are to be solved. 

Hartree and Womersley [2] originally developed the difference-differential proce-

dure for certain types of partial differential equations and Leight [3] and Manohar [4] 

apphed this method to the laminar boundary-layer equations and steady boundary-

layer flow equations, respectively. Smith and his colleagues[5] - [10] developed and 

applied this technique to the different types of problems such as incompressible lam-

inar boundary-layer equations. 

The method of integral relations is a special case of the weighted residuals method. 

It was considered and discussed by Finlayson and Scriven [11]. This method is due 

to Dorodnitsyn [12] and applied in the Russian papers [13] - [15]. The method was 

apphed by Pallone and his colleagues [16] - [17], and considered further by Bethel 

[18] - [19]. Kendall and Bartlett [20] used the integral method to exclude the normal 

derivatives while the tangential derivatives were approximated by a finite difference 

method. Thus, the partial differential equations are recast as a system of nonhnear 

algebraic equations. 

Finite difference techniques were used by Eichelbrenner and Flgge-Lotz [21] for 

the solution of the boundary-layer equations in the Crocco form. In the Crocco form, 

the continuity equation is discarded and the independent velocity variable u ju^ goes 

from zero to one. The velocity within the boundary layer should not be greater than 

the velocity at the edge in the Crocco form. Work done by Eichelbrenner and Flgge-

Lotz was extended by Baxter and Flugge-Lotz [22] using finite difference method 

where the step size along the wall is strictly dependent on stability considerations. 

Kramer and Lieberstein [23] employed another finite difference technique in order to 
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avoid the stabihty restrictions. Raetz [24] used this technique for solving the three-

dimensional boundary-layer equations. The boundary-layer equations were solved 

by Mitchell and Thomson [25] using the von Mises transformation. 

Then the development of the solution of the boundary-layer equations in non-

transformed coordinates arose in the numerical techniques. Flugge-Lotz and Yu ap-

plied the finite difference method to the compressible equations in non-transformed 

coordinates. This approach ended unsuccessful because of the strict stability re-

quirements and the problems that originated from replacement of the continuity 

equation. Wu [26] obtained more stable solution with a difference scheme. Chudov 

and Brailovskaya [27] also studied the solution of the boundary-layer equations in 

untransformed coordinates. Paskonov [28] developed another procedure into a stan-

dard program for equations of the boundary-layer type. In this procedure, couphng 

between the equations is initially neglected when the governing equations are re-

cast with finite difference relations. Then, the accuracy of the dependent variables 

are found using the iteration procedure. Flugge-Lotz and Blottner [29] developed 

similar technique independently for the boundary-layer equations in untransformed 

coordinates. The difference between this work and Chudov and Brailovskaya is that 

coupling is allowed between the equations. Flugge-Lotz and Blottner also investi-

gated the boundary-layer equations transformed with the Levy-Lees-Dorodnitsyn. 

The boundary-layer ec^uations are of parabolic type and then require an inflow 

conditions for the solutions. In all previous methods, the starting of the marching 

along the streamwise coordinate was a problem. Blottner [30] used ordinary differen-

tial equations in order to find inflow conditions for the boundary-laj^er equations. He 

[31] also applied this method to a binary gas mixture and to air boundary-layer flow 

with seven chemical species and finite reaction rates. Galowin and Gould [32] solved 

the chemically reacting boundary-layer using a finite difference scheme. In this work, 
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the boundary-layer equations were transformed into the von Mises coordinates before 

the derivatives were replaced with finite difference relations. 

Davis and Flugge-Lotz [33], Flugge-Lotz and Fannelop [34] made the application 

of the finite difference technique to the boundary-layer equations for axisymmetric 

and two-dimensional bodies. Fussell and Heliums [35] applied the finite difference 

method to the the boundary-layer equation written in a self-similar form. In this pa-

per, an iteration procedure was used for obtaining solution of the nonhnear difference 

equations at the grid points. Kleinstein [36] used finite difference method to solve 

the boundary-layer equations in the von Mises coordinates. Lane, Liberman and 

Fox [37] used a finite difference technique to solve the compressible boundary-layer 

equation in untransformed coordinates. 

Moore investigated a multi-component reacting gas with thermal diffusion effects 

included using a finite difference technique which was introduced by Farrington [38]. 

Schnauer [39] studied a finite difference scheme of the boundary-layer equations in 

nearly the Crocco form. The tangential velocity non-dimensionahzed using velocity 

at the edge of the boundary layer, therefore the independent variable goes from zero 

to one. Shchennikov [40] introduced a method for constructing finite difference equa-

tions on the basis of the conservation laws. Patankar and Spalding [41] developed a 

finite difference technique for solving boundary-layer equation where the governing 

equations were transformed with a von Mises-type coordinate system and the stream 

function was an independent variable across the layer. Koh and Price [42] studied the 

boundary-layer flow on a rotating cone with a finite difference method. Solan, Co-

hen, Sibulkin, and Dispaux [43] used the finite difference procedure for the Rayleigh 

problem and a flat-plate boundary-layer flow with radiation effects. Rayleigh prob-

lem is basically when the governing equations become ordinary differential equations 

or similarity solution is available in the absence of radiation or at the leading edge 



17 

of the fiat plate. Douglas [44] solved nonlinear algebraic boundary-layer equation by 

using iterations and this method was apphed to the Rayleigh problem. Levine [45] 

solved the boundary-layer equations for real equilibrium gases using a finite differ-

ence method. Sills [46] used a transformation that maps the infinite region of the 

boundary-layer flow into a finite interval. Blottner [47] used finite difference tech-

nique to solve the boundary-layer equations for a multi-component flow with flnite 

chemical reactions on a sharp cone and hyperboloid at re-entry conditions. 

In this work, the chemically reacted boundary-layer solver for five species air 

model and binary mixture of oxygen and nitrogen gases were studied by using the 

finite difference technique and the Levy-Lees-Dorodnitsyn transformation. We also 

studied the impact of real gas effects on the boundary-layer which forces the consid-

eration of many other parameters rather than using calorically perfect gas. 
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2. Equ i l i b r ium P r o p e r t i e s of 0 2 + 0 , N 2 + N , a n d Air 

A mixture of gases at an equilibrium state is defined by temperature and pressure of 

the mixture. The total energy of the reactants and products is constant and the total 

number of each chemical element (atoms of oxygen and nitrogen in this work) is also 

constant. With knowledge of these facts, one can determine the ratio of reactants 

and product using the equilibrium constant which can be found from experiments or 

calculated using statistical thermodynamics. 

One can define the equilibrium constant using the ratio of partial pressures of the 

products and reactants of the reaction. For the reaction: 

riiA + n2B ^ risC'+ n^D. (2-1) 

The equilibrium constant is defined using the partial pressures of the species: 

T)n3r)nj 

K,. = (2^2) 
PA PB 

According to thermodynamics, equilibrium constants depend only on temperature 

of the flow. 

The following three chemical reactions are considered in our work: 

N 2 ^ 2 N : (2.3) 

0 2 ^ 2 0 , (2.4) 

N + 0 ^ N O . (2.5) 

For the binary mixtures of oxygen and nitrogen, only equations (2.3) and (2.4) are 

considered to determine the partial pressures. For 5 species air model at temperatures 
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below 9000K, all of the three reactions above must be taken into account. 

For the binary mixture, there are two equations for each case: 

K P - N = — ^ P = P N + P N 2 , (2 .6 ) 
PN2 

K p - o = — , P = P0 + P02- (2-7) 
Po2 

One can find the partial pressure of the species for the binary mixture of oxygen 

and nitrogen: 

Pat — - (^—Kp + Kp2 + 4:pKl}j , (2.8) 

P N 2 = P - P N , (2 .9 ) 

Po = \ (^-Kp + ^ j K p
2 + 4pK1}j , (2.10) 

P 0 2 = P - P 0 - (2.11) 

For the five species air model, there are three equilibrium constants, one for each 

reaction: 

UR P N W _ P 2 o K _ PNPO ( 9 - [ 9 . J^p-N — , J^p-O — 5 J^p-NO — • 
PN2 PO2 PNO 

In addition, the pressure in the mixture can be determined as follows: 

P = Pn + PN2+P0 + P02+PN0- (2.13) 

In order to have a complete set of equations, composition of air must be defined. 

We assumed that air is comprised of 21 percent oxygen and 79 percent nitrogen 

molar fraction. The number of chemical elements remains constant in the mixture 

when dissociation occurs. Therefore, we can write the mass-balance equation as: 



2PO2 + PO + PNO _ 0 - 2 1 

2PAR2 + P N + PNO 0 . 7 9 

Using Eqs. (2.12), (2.13), and (2.14), one can derive the following: 

1 / K 2
p ^ n ' ii/Kp_N 

+ y 

1 , . / i f V o , x t K „ . o 

2 
'c 

K p - N O 

20 

(2.14) 

P N = — A K P ^ N + \ - L ^ + (2.15) 

p - vt - Pat . , 
Pw2 = , (2.16) 

p o = _ _ / V o + y ^ + ^ . (2^7) 

Po, = (2.18) 

PoPN /0 , nx P/vo — -̂ 7 • (2.19) 

where = 0.21atm. 

The five equations for the air model stated above are solved numerically using 

Newtons iterations. When the partial pressures of each component are obtained, the 

equihbrium composition and the equilibrium gas mixture thermodynamic properties 

can be determined within the boundary-layer. 
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3. Non-Equ i l i b r i um G a s M i x t u r e s 

In the non-equihbrium state, there is a finite rate of change in time for concentration 

of species s. The concentration [s] is defined as the number of moles of species s per 

unit volume of the mixture. 

For the binary mixtures of nitrogen and oxygen, the chemical reactions equation 

(2.3) and (2.4) are taken into account. These chemical reactions are written with 

their collision partners which are denoted as M. Collision partners are O and Oo for 

oxygen, N and N2 for nitrogen. 

0 2 + M ^ 2 0 + M , (3.1) 

N 2 + M ^ 2 N + M . (3.2) 

The time rates of formation for both molecules and atoms of binary mixtures of 

oxj^gen and nitrogen are: 

^ = 2A}|02 | ( |0 2 ] + 10]) - 2k l lOf ([021 + [0] ) , (3.3) 

= . f c i p , ] ([021 + | 0 | ) + fcilO]2 (|0.2] + [ 0 | ) , (3.4) 

^ = 2fcJlA'2|[A'2| + 2(!}|A'2|1A'] - 2lf[A']2 |A2 | - 2fc»|A|2|A'], (3.5) 

d - ^ = -k2
flN2\{N2] - AJ[A2|[A-] + A»2|Af[A2J + fcJlAf |W). (3.6) 

where superscripts determine the different forward and backward reaction-rate coef-

ficients of the chemical reactions. 

Unlikely oxygen, nitrogen has different forward and backward reaction rates with 

respect to the collision partners. Therefore, the time rates of formation for nitrogen 

molecules and atoms have to be written subject to the collision partners. 
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For the five species air model, the chemical reactions of nitrogen, oxygen and 

nitric oxide are taken into account and the colhsion partners are N, N2, O, Oy- and 

NO. The chemical reaction mechanism for the five species air model is: 

O2 + M ^ 2 0 + A/, (3.7) 

N2 + M ^ 2 N + M, (3.8) 

N O + M ^ N + O + AL. (3.9) 

N 0 + 0 ^ 0 2 + N, (3.10) 

N2 + 0 ^ N 0 + N. (3.11) 

There is one more extra reaction for the five species air model which is: 

N2 + 0 2 ^ 2 N 0 . (3.12) 

This reaction does not play a significant role in the energy balance, and it is 

usually omitted from consideration. 

The time rate of formation equations for all species are written as follows: 

3 ^ = 2fc^1,[02l ( | 0 2 | + |0] + [iV2] + [iVI + [.vol) 

-2fc» )[012 (|021 + |0] + 1W2| + [N] + (iVOl) 

+/cj ^[NO] ([O2] + \0\ + [A'2] + [N] + [NO]) (3.13) 

- h f ) [ N ] [ 0 ] ([02] + [O] + [Ay + [N] + [AO]) 

- k f ^ N O m + fcf)[iV][02] - 4 6 )[A 2][0] + klp[NO][N], 

i M = -ty>[o2| (io2] + |o| + [/v2i + |/v| + |A'oi) 
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+kl1 )[0]2 ([02] + [O] + [^2] + [N] + [NO]) + k f ) [ N 0 ] [ 0 ] - 4 5 ) [ ^ ] P 2 ] , (3.14) 

^ = 2kf )[N2] {[02] + [O] + [N2] + [iVO]) + 2kf )[N2][N] 

-2ki 2 ) [N] 2 i [0 2 ] + [0] + [N2] + [N0]) 

-24 3 ) [N] 2 [N] + k f [NO] ([02] + [O] + [Ar
2] + [N] + [AO]) (3.15) 

-k{
b

A)[N][0] ([02] + [O] + [A2] + [N] + [AO]) 

+ f c f [A0][0] - fc,;5)[A][02] + k{
f6)[N2][0] - A:f)[AO][A], 

® = - k f ) [ N 2 ] ([02] + [O] + [A2] + [ATO]) - 43)[A2][A] 

+k{2)[N]2 i[02] + [O] + [A2] + [AO]) + A:f)[A]2[A] (3.16) 

- 4 6 ) [ A 2 ] [ 0 ] + fcf[A0][A], 

= - k f ) [ N O ] ([02] + [O] + [A2] + [A] + [AO]) 

+ki4)[N][0] ([02] + [O] + [A2] + [A] + [AO]) (3.17) 

- f c f [A0][0] + A^)[A][02] + kf )[N2][0] - kl(i}[NO][N]. 

These equations are needed for estabhshing the source term in the mass conser-

vation equation for each species. 
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4. B o u n d a r y Layer E q u a t i o n s for R e a c t i n g Gases 

The boundary layer thickness is very small in high-speed flow and the pressure distri-

bution normal to the surface is considered constant. Therefore, it is always assumed 

that the derivative with respect to the flow direction is negligible comparing to the 

derivative with respect to the normal coordinate. In order to know the thermody-

namic properties of the flow at a point in the flow, one has to get the distribution 

of each chemical species present in the flow. The mass fraction of each chemical 

species cs{x,y) can be calculated by solving boundary-layer equations for reacting 

gases, where x is the coordinate along the wall and y is the coordinate perpendicular 

to the wall. 

According to the boundary-layer concept, viscosity and thermal conductivity do 

not have significant effect on the fiow outside of a thin layer. So, the Euler equa-

tions are to be used to find flow characteristics outside the boundary-layer. The 

flow properties found from the solution of the Euler equation are used as boundary 

conditions at the edge of the boundary-layer. In the present work, we consider ex-

amples when flow outside the boundary layer is in chemical and thermal equihbrium. 

Mciss Conse rva t i on of Species 

Mass conservation equation for two-dimensional and steady chemically reactive 

flow is: 

^ [ps {ti + -h — [ps (u -h vs)] = Ws. (4.1) 

In a mixture, the diffusion of individual species takes place by three mechanisms 

which are ordinary diffusion, pressure (baro-) diffusion, and thermal diffusion. Ne-
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glecting thermo- and baro- diffusion, and applying Pick's Law for mass diffusion: 

Ps^s pD s m ^ cs. 

the equation is recast as 

d r ( 
a i fi'(u + 

Dsrn dcs 

c, dx 
+ A 

dy Ps V + 
D-sm dCg 
Cs dy 

= IIV 

(4.2) 

(4.3) 

Using the mass fraction cs = p s /p , one can derive the mass conservation equation 

in the boundary layer approximation as follows: 

(9cs dc. d dc. 
(4.4) 

M o m e n t u m E q u a t i o n 

The X- and y-momentum equations are written in the differential form as follows: 

dipu) „ , dTxx dTvx v/ ; 1 V • [puV) = + yx 

dx dx dy 

V . (fn.V) — & + ^ +
 d T " 

(4.5) 

(4.6) 
dy dx dy 

Stoke's hypothesis( the bulk viscosity is equal to zero) is utilized here to define the 

shear stress components as follows: 

n j = iJ 
dui d u 1 \ . d u k + "ij-: 
dx j dxi dxk 

(4.7) 

where A = —(2/3)//. 

Using the boundary-layer approximation x- and y-momentTim equations become: 
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du du dp d { du 
p , ' s + f " % + & = % r % 

dv dv d ( dv 

'"\ I 1 

P U W x + p V ¥ X
 = ^ v V - d y 

(4.8) 

(4.9) 

E n e r g y E q u a t i o n 

If the flow is a chemicahy reacting mixture, there should be an energy transport 

due to diffusion. For example, x-component of the energy flux due to diffusion of all 

species at a point can be written as: 

^ ] Ps'̂ 'sh.s (4.10) 

Using Fick's Law, the flnal differential form of energy equation is obtained as: 

P | e + Y 11/ = - V pV + P A:VT + p DsjnhsVc^ + 

V - T V ] . (4.11) 

Using the total enthalpy / , the energy equation in the boundary layer approxi-

mation is derived as follows: 

d l d l d 
p U Y x + p V W y = ¥y 

jj. d I / ^ ^u '2 

+ A ' V1 _ 2 ^ 
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dtj E 
S = 1 

LeK 
1 ) pD s m h s c 

dc. 
dy 

(4.12) 

where I = h + u 2 /2 , h = J2 csf1s, Les = pD s mC' p f /k . 
6 = 1 

In our work, the viscosity /x is obtained using Wilke's rule [48] and the diffusion 

coefficient, D s m j is then determined with the help of the approximation suggested in 

Ref 
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5. N u m e r i c a l M e t h o d Desc r ip t ion 

In the present work, 2D boundary-layer flows are considered. In order to have a 

general form for the boundary-layer equation, bodies of revolution are included into 

the consideration as well. For this reason, the Levy-Lees-Dorodnitsyn transformation 

is chosen. New variables ^ and q are used for new coordinate system instead of x-y 

coordinate system. The stream-function is [48]: 

^ (e, r1) = N ( 0 ./ in, 0 , N i O = (5.1) 
PeTo 

? . 2 j u y 
where C = / PeUePeTo ds and r] = J -^dy subscript e indicates the flow param-

b 0 c 

eters at the edge of the boundary-layer, an r0{x) stands for local radius of the body 

of revolution. The parameter k=0 is for case of 2D flow, and k = l is for an axisym-

metric flow, = u /u e , where ' is derivative with respect to r}. Introduction of 

the stream function satisfies the continuity equation fot the mixture. 

Applying the transformation, the governing equations are recast in the following 

form: 

M a s s C o n s e r v a t i o n of Species 

2E q s d ^ ) \ S r n q s ) Qs cse ' ppeu'^jierlkcse 

where Sm = C = ^ , and qs{^, rf) = c s /c s e . 

In our analysis, we can exclude one mass conservation equation because we use 

the global mass conservation equation. In our five species air model work, nitrogen 



molecule species is excluded from the system of equations. 

M o m e n t u m E q u a t i o n 
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(67")' + / / " + 
ue 

- - i f f = 2 d / c l d f ' _ (5.3) 

E n e r g y E q u a t i o n 

c A ' r , 2!idJe 

n 9 + I g = X l i 9 } + E 
C 

S m . V Le, 
1 hsCse I 

—} Is 

+ -Ul 1 
- 1 O f f " 

. o i : i f l d g , 0 ! (5.4) 

where Pr = Le, = PDi^cp ; g{^,T)) = / / / e . 

Having derived all the transformed governing equations, we set up the system as 

a system of equation of the first order along the lines of Cebeci method [50]. We 

introduced new depending variables in order to have first order system of equations. 

For five species air model, the system of equations are shown in Appendix-A from 

(A.6) to (A.11). 

After setting up the system of equations of first order, we define the grid: 

e0 = 0, e" = C ' 1 + kn. n = 1,2,, N, (5.5) 

Vo = O.Vj = Vj-I + hj,:] = 1, 2,, J. (5.6) 

where kn and h j are the grid intervals. 

In the numerical method, the equations are discretized using second order finite 

differences and written for the midpoint having coordinates ^n~x^2,r]j-i/2. 
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The discretized nonlinear s3'stem of algebraic equations is iterated using Newton's 

algorithm. The function is assumed to be: 

Q(i) = + (5.7) 

where {i) indicates the iteration number, and is a correction to the solution 

from the previous iteration. 

B o u n d a r y C o n d i t i o n s 

In our work, the species indices are attributed to the chemical elements as follows: 

1 - molecules of nitrogen, 

2 - atoms of nitrogen, 

3 - molecules of oxygen, 

4 - atoms of oxygen, 

•5 - molecules of nitric oxide. 

In order to outline the boundary conditions, we need to describe the new depen-

dent variables. The new dependent variables Qsj, Qdj, Fj, and Gj are defined as 

follows: 

Q2 = QS2: 

<13 = Q S 3 , 

Qi = Qs4, 

Q5 = Qsb-. 

q2' = Qd2, 

qs = Qck, 
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Qi Qd^, 

Q-O' = Q<K-

f = Fu 

r = F2, 

f " = F:h 

9 — Gi, 

g' = G2. 

After having new notations, our boundary conditions can be written as follows: 

r? = 0 : Fjo = F2"0 = 0, lQGn
l0 + 7iG^io = 72 , (5-8) 

1 = r le-. F 2 j = Gn
1J = QSIJ = Q s l , = Q s ^ j = Q s h = 1, (5.9) 

where 70 and 71 define the heat condition at the wall. If 70 = 0 and 71 = 1 the 

boundary condition corresponds to g' = 0. If 70 = 1 and 71 = 0 the boundary 

condition defines dimensionless total enthalpy at the wall. 

In addition to these, we need a boundary condition on the wall for the concen-

trations. 

E q u i l i b r i u m Wal l 

Equilibrium wall for which chemical reactions are allowed to occur at the wall 

and so the species concentrations are at their equilibrium values. 

-SW,EQ' (5.10) 
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Fully C a t a l y t i c Wal l 

At a fully catalytic wall, the atom concentrations are equal to zero (complete 

recombination of the atoms). 

N o n - C a t a l y t i c Wal l 

No chemical reactions are occurring at the non-catalytic wall so that the deriva-

tives of the species concentrations are zero: 

1 = 0 . (5.11) 

Pa r t i a l l y C a t a l y t i c Wal l 

Chemical reactions occur at the wall, however recombination doesn't happen 

completely. So, there are still atom concentration at the wall. This type of wall is 

called " Partially Catalj^tic Wall". 

C o n s t a n t M a s s F rac t ion 

Mass fraction can be specified at the wall. 
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6. Resu l t s 

We consider real gas effect in our consideration. There is a certain difference of 

velocity and temperature distribution between perfect gas mixture and real gas mix-

ture. In order to illustrate that phenomena, we use an example of non-catalytic and 

adiabatic wall condition for oxygen binary mixture. The length of the flat plate is 2 

m, and the total enthalpy of the outside boundary layer is 11.06 MJ/kg. The outside 

flow parameters are pe = 0.01 atm, ue = 4.273 km/s, and Te = 2000 K. 

Fig. 6.1 shows comparison of the velocity profile for binary mixture of oxygen 

with the solution for a perfect gas. One can see that the real gas effects decrease the 

boundary layer thickness. 

In Fig. 6.1 and in what follows, we use the length scale H = 

1 
1 1 ! — 1 1 1 

P e r f e c t G a s 

0 . 9 / / Rea l G a s 

0 .8 / / -

0 .7 / / 
/ / 

0 . 6 / / 
/ / 

0 . 5 

• / / 
0 . 4 / / 

0 . 3 // -

0 . 2 - !' 
••/ 

0 .1 • H -

, 

10 12 14 16 

Figure 6.1 Te = 2000 K, Pe = 0.01 atm, ue = 4.273 km/s, non-catalytic and adiabatic 
wall 

Fig. 6.2 shows comparison of the temperature profile for binary mixture of oxygen 

with the solution for a perfect gas. The temperature difference can be explained by 

the dependence of the specific heat change for calorically perfect gas and real gas. 

The temperature dramatically drops when real gas effects are taken into account. 
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P e r f e c t G a s 
Rea l G a s 

\ 
\ 

\ 
N 

; \ \ 

. 1 r 

10 12 14 16 

y/H 

re 6.2 Te = 2000 K, Pe = 0.01 atm, ue = 4.273 km/s, non-catalytic and adiabatic 
wall 

These comparisons illustrate importance of the real gas effects studies for high-

speed flows. 

6.1 Binary Mixture 

Our initial step is comparing the boundary layer solver of binary mixture of oxygen 

with Probstein's integrals. If we consider the total enthalpy derivative with respect 

to x-coordinate to be zero, derivative of the mass fraction of the species at the 

edge to be zero, Prandtl and Schmidt numbers to be one, and frozen flow, the first 

Probstein's integral is [48] 

f Qsw 
Qs Qsw "I" 

1 - Qw 
(g - 9w) (6.1) 

The parameters of the external flow at zero pressure gradient are UE = 2 km/s, 

Pe = 0.01 atm, and Te = 3000 K. The wall concentration of oxygen is Cwo/CQ = 0.3 

and total enthalj^y at the wah is defined as I w / h = 0.8. The comparison of numerical 

and analytical results for mass fraction of atoms of oxygen is shown in Fig. 6.3. One 



can see good agreement of the numerical results with the Probstein's integtals in Fig. 

6.3 and 6.4. 

1 < ! 

/ 
/ 

-/ 
/ 

/ 4 
/ 

/ 
! 

! / / 
/ 

. / 
/ 

Numerica l Resu l t s 
P robs t e in 1st Integral * i 1 1 1 

0 1 2 3 4 5 6 7 

y/H 

Figure 6.3 Te = 3000 K, Fe = 0.01 atm, = 2 km/s, c w o/c e o = 0.3 and I w / I e = 0.8 

If du e /dx — 0, dcie/d^ = 0, Sm. = 1, and W = 0 (frozen flow), the second 

Probstein's integral is 

Qs = Qsw "I" (1 Qsw) f • (6-2) 

Using same boundary conditions and flow parameters as in the previous compar-

ison, the comparison of numerical and analyticril results for mass fraction of oxygen 

atoms is shown in Fig. 6.4. 
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/ 

- / 

/ 

Numerica l Solution 
P r o b s l e i n ' s 2nd Integral 

Figure 6.4 Te = 3000 K, Pe = 1 atm, ue = 2 km/s, c w o/c e o = 0.3 and I w l l e = 0.8 

Another test is illustrated by Figs. 6.5 and 6.6, where the self-similar solution was 

computed by solving a system of ordinary differential equations [48] for a boundary-

layer past a flat plate at Mach number M=2, edge temperature Te = 300 K, and 

Prandtl number P r = 0.7. In order to compare the results from the new solver with 

the self-similar solution for a non-reacting calorically perfect gas, we adjusted the 

new solver to have a constant Prandtl number and defined the enthalpy according 

to constant specific heat. Additionally, we let the viscosity be given by Sutherland's 

viscosity as a function of temperature. One can see good agreement of the numerical 

results with the self similarity solution in Fig. 6.5 and 6.6. 
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U,Self-Similar 
U' .Self-Simiiar 

U, BL Solver 
U', BL Solver 

Figure 6.5 Te 

{dl/dy)w = 0 
300 K, Pe = 1 atm, ue = 0.6607 Ism/s, equilibrium wall and 

0 1 2 3 5 6 7 8 9 10 

y/H 

Figure 6.6 Te — 300 K, P e — I atm, ue = 0.6607 km/s, equilibrium wall and 
{dl/dy)w = 0 

Now, we feel confident to examine our code with different tests to observe whether 

or not we can have physical meaning in our solution. In this example, we consider 

a flat plate1 of 2m length using a grid with 800 intervals along the surface. The 

external flow parameters are ue = 2 km/s, Te = 3000 K for oxygen binary mixture, 

Te = 5000 K for nitrogen binary mixture, and pe = I atm. Mass fraction of the 

' Actually we consider a flow with zero pressure gradient dp e /dy = 0 and zero mass fraction 
gradient dc e /dx = 0. For brevity we call such flow past "flat plate" 
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species at the boundary-layer edge are assumed to be in chemical equilibrium. We 

consider a non-catalytic wall, and the total enthalpy at the wall: I w / I e — 0.8. The 

atomic based mass fraction results for both nitrogen and oxygen are shown in Figs. 

6.7 and 6.8. 

Binary Model 

0 . 0 9 5 

0 , 0 8 5 

0 . 0 7 5 

0 . 0 6 5 

Figure 6.7 Te — 3000 K, = 1 atm, ue = 2 km/s, non-catalytic wall and l w / I e = 0.8 

Binary Model 

Figure 6.8 Te = 5000 K, Pe = 1 atm, = 2 km/s, non-catalytic wall and I w / I e = 0.8 
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In the next example, we have the flow same conditions as in the previous example 

except the pressure dropped to 0.01 atm.The atomic based mass fraction results for 

both nitrogen and oxygen are shown in Figs 6.9 and 6.10. One can see that variation 

of the mass fraction across the boundary-layer is very small. 

0 . 5 0 3 4 4 
Binary Modei 

0 . 5 0 3 4 3 

0 . 5 0 3 4 2 

0 .50341 

0 . 5 0 3 4 

0 . 5 0 3 3 9 

0 . 5 0 3 3 8 

0 . 5 0 3 3 7 

0 . 5 0 3 3 6 

0 . 5 0 3 3 5 

Figure 6.9 Te 

K l h = 0.8 
= 3000 K, Pe = 0.01 atm, u,e = 2 km/s, non-catalytic wall and 

Binary Mixture 

Figure 6.10 Te = 5000 K, Pe = 0.01 atm, ue = 2 km/s, non-catalytic wall and 
I w / h = 0.8 
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In the next example, we consider an adiabatic and non-catalytic wall. The edge 

flow parameters are ue = 2 km/s, Te — 3000 K for oxygen binary mixture, Te = 5000 

K for nitrogen binary mixture, and pe - 0.01 atm. The atomic based mass fraction 

results for both nitrogen and oxygen are shown in Figs. 6.11 and 6.12. 

Binary Model 

0 . 5 1 4 

0 . 5 1 2 

0 . 5 0 8 

0 . 5 0 6 V 0 . 5 0 4 

Figure 6.11 Te = 3000 K, Pe = 0.01 atm, ue — 2 km/s, non-catalytic and adiabatic 
wall 

0 . 1 6 7 

0 . 1 6 6 5 • 

0,166 • 

0 . 1 6 5 5 • 

0 . 1 6 5 • 

0 . 1 6 4 5 • 

0 . 1 6 4 • 

0 . 1 6 3 5 • 

0 . 1 6 3 

0 . 1 6 2 5 • 

y/H 

Figure 6.12 Te = 5000 K, Pe = 0.01 atm, ue = 2 km/s, non-catalytic and adiabatic 
wall 
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In the next example, we examine flow past equilibrium and adiabatic wall. The 

edge flow parameters are ue = 2 km/s, Te = 3000 K for oxygen case, Te = 5000 K 

for nitrogen case, and pe = 0.001 atm. The atomic based mass fraction results for 

both nitrogen and oxygen are shown 6.13 and 6.14. Because of the low pressure, the 

chemically equilibrium mixture at the edge of the boundary-layer is mainly composed 

of atoms (small fraction of molecules). 

Binary M ^ e l 

2 3 4 5 

y/H 

7 8 9 

Figure 6.13 Te 

{dl/dy)w = 0 
= 3000 K, Pe = 0.001 atm, ue = 2 km/s, equilibrium wall and 

Binary Model -

1 
1 

1-
*'

;f+
++

 

\ 

0 1 2 3 5 6 7 8 9 

Figure 6.14 Te 

{dl/dy)w = 0 
= 5000 K. Pe — 0.001 atm, ue = 2 km/s, equilibrium wall and 
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Here, we examine fully catalytic wall and temperature at the wall is formulated for 

total enthalpy: I w / U = 0.95. The edge flow parameters are ue = 2 km/s, Te = 3000 

K for oxygen case, Te = 5000 K for nitrogen case, and pe = 0.01 atm. The atomic 

based mass fraction results for both nitrogen and oxygen are shown in Figs. 6.15 

and 6.16. According to the boundary conditions, mass fractions of atoms at the wall 

are equal to zero. 

Binary Mcxlel i-

/ 
/ 

/ • 

/ 
I 

/ 

0 1 2 3 4 5 6 7 8 9 

y/H 

Figure 6.15 Te 

I w / I e = 0.95 
= 3000 K, Pe = 0.01 atm, ve = 2 km/s, fully catalytic wall and 

Binary Model 

0 1 2 3 5 6 7 8 9 

y/H 

Figure 6.16 Te = 5000 K, Pe = 0.01 atm, Ug = 2 km/s, fully catalytic wall and 
I w / I e = 0.95 
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In the next example, we examine boundary layer flow at Tw = 1000 K and 

constant mass fractions at the wall using cwolceO = 0.1 for oxygen and cU/.Ar/ce^- = 0.1 

for nitrogen. The edge flow parameters are ue = 2 km/s, Te = 3000 K for oxygen 

case, Te = 5000 K for nitrogen case, and pe = 0.01 atm. The atomic based mass 

fraction results for both nitrogen and oxygen are shown in Figs. 6.17 and 6.18. 

Binary Model 

Figure 6.17 Te = 3000 K, Pe = 0.01 atm, ue = 2 km/s, Tw = 1000 K, and c w olc e o 
0.1 

Binary Model 

Figure 6.18 Te = 5000 K, Pe = 0.01 atm, ue — 2 km/s, Tw — 1000 K, and c^o/ceo 
0.1 
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6.2 Five Species Air Model 

In this part , we want to expand our study from binary mixture to a five species air 

model. The first step is comparing the air model solver with results obtained by 

solving the binary mixture equations. 
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6.2.1 Comparison with Binary Mixture of Oxygen 

In order to compare results obtained using the five species air model solver with 

results obtained using the binary mixture solver, we needed to assign negligible mass 

fraction value at the edge for the chemical components which don't exist in the 

binary mixture model. In the five species solver, we assigned the edge mass fractions 

close to the values used in the binary nnxture solver. The other mass fractions were 

chosen very small but the sum of mass fractions for all five species was kept equal to 

one. We consider a fiat plate of 2 m length using a grid with 800 intervals along the 

surface. In this example, the external flow parameters are ue = 2 km/s, Te = 3000 

K, and pe = I atm and pe = 0.01 atm, respectively. Mass fraction of the species 

at the boundary-layer edge in the binary mixtures are assumed to be in chemical 

equihbrium. We consider a non-catalytic wafl, and the total enthalpy at the wall: 

I w / I e = 0.8. One can see good agreement between the result obtained using the five 

species air model solver and obtained using the binary mixture solver for oxygen in 

Fig. 6.19 and 6.20. 

Air Model 
Binary Model 

0 . 1 0 5 

0 . 0 9 5 

0 , 0 8 5 

0 . 0 7 5 

0 . 0 6 5 

0 , 0 5 5 

Figure 6.19 Te = 3000 K, Pe = \ atm, ue = 2 km/s, non-catalytic wall and I w / I e 
0.8 



46 
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0 , 5 0 3 4 1 • 

0 . 5 0 3 4 • 

Q 0 . 5 0 3 3 9 • 

0 . 5 0 3 3 8 • 

0 . 5 0 3 3 7 

0 . 5 0 3 3 6 

0 . 5 0 3 3 5 

0 . 5 0 3 3 4 

Air Model -
Binary Model 

0 1 2 3 4 5 

Figure 6.20 Te 

I w / l e = 0.8 
= 3000 K, Pe = 0.01 atm, ue = 2 km/s, non-catalytic wall and 

In the next example, we consider an adiabatic and non-catalytic wall. The edge 

flow parameters are ue = 2 km/s, Te = 3000 K for oxygen binary mixture, and 

Pe = 0.01 atm. Comparison of the result obtained using the five species air model 

solver with the result obtained using the binary mixture solver for oxygen is shown 

in Fig. 6.21. 

Air Model -
Binary Model 

0 1 2 3 5 6 7 8 9 

Figure 6.21 Te = 3000 K, Pe — 0.01 atm, ue = 2 km/s, non-catalytic and adiabatic 
wall 

In the next example, we examine flow past equilibrium and adiabatic wall. The 
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edge flow parameters are ue = 2 km/s, Te = 3000 K, and 'pe = 0.001 atm. Comparison 

of the result obtained using the five species air model solver with the result obtained 

using the binary mixture solver for oxygen is shown in Fig. 6.22. 

( 1 
Air Model 

Binary Model 

Figure 6.22 Te 

{dl/dy)^ = 0 
= 3000 K, Pe = 0.001 atm, ue = 2 km/s, equilibrium wall and 

We examine fully catalytic wall and the temperature at the wall is formulated for 

total enthalpy: I w / I e = 0.95. The edge flow parameters are ue = 2 km/s, Te — 3000 

K, and pe = 0.01 atm. Comparison of the result obtained using the five species air 

model solver with the result obtained using the binary mixture solver for oxygen is 

shown in Fig. 6.23. 
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Air Model 
Binary Model 

2 3 4 5 

y/H 

Figure 6.23 Te 

I w / I e = 0.95 
= 3000 K, Pe = 0.01 atm, ue = 2 Icm/s, fully catalytic wall and 

In the next example, we examine boundary layer flow at Tw = 1000 K and 

constant mass fractions at the wall using cwo/ceO = 0.1. The edge flow parameters 

are ue = 2 km/s, Te = 3000 K, and pe = 0.01 atm. Comparison of the result 

obtained using the five species air model solver with the result obtained using the 

binary mixture solver for oxygen is shown in Fig. 6.24. 

Figure 6.24 Te = 3000 K, Pe = 0.01 atm, ue = 2 km/s, Tw = 1000/^, and cwolceO 
0.1 
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6.2.2 Comparison with Binary Mixtnre of Nitrogen 

In this example, we consider a flat plate of 2m length nsing a grid with 800 intervals 

along the surface. The external flow parameters are ue = 2 km/s, Te = 5000 K, 

and Pe = 1 atm and pe = 0.01 atm, respectively. Mass fraction of the species at 

the boundary-layer edge are assumed to be in chemical equihbrium. We consider a 

non-catalytic wall, and the total enthalpy at the wall: I w / I e = 0.8. One can see 

good agreement between the result obtained using the five species air model solver 

and obtained using the binary mixture solver for nitrogen in Fig. 6.25 and 6.26. 

Air Model 
Binary Model 

0.021 

0 .019 

Figure 6.25 Te = 5000 K, Pe = 1 atm, ue — 2 km/s, non-catalytic wall and I w / Ie 
0.8 
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0 1 2 3 4 5 6 7 

y/H 

Figure 6.26 Te 

I W / I e = 0 . 8 

= 5000 K, Pe = 0.01 atm, ue = 2 km/s, non-catalytic wall and 

In the next example, we consider an adiabatic and non-catalytic wall. The edge 

flow parameters are ue = 2 km/s, Te = 5000 K for nitrogen binary mixture, and 

Pe = 0.01 atm. Comparison of the result obtained using the five species air model 

solver with the result obtained using the binary mixture solver for nitrogen is shown 

in Fig. 6.27. 
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Figure 6.27 Te = 5000 K, Pe = 0.01 atm, ue = 2 km/s, non-catalytic and adiabatic 
wall 

In the next example, we examine flow past equilibrium and adiabatic wall. The 

edge flow parameters are ue = 2 km/s, Te = 5000 K, and pe = 0.001 atm. Comparison 

of the result obtained using the five species air model solver with the result obtained 

using the binary mixture solver for nitrogen is shown in Fig. 6.28. 

Air Model 
Binary Model 

Figure 6.28 Te 

{dl/dy)w = 0 
= 5000 K, Pe = 0.001 atm, ue = 2 km/s, equilibrium wall and 

We examine fully catalytic wall and temperature at the wall is formulated for 

total enthalpy: I w / I e — 0.95. The edge flow parameters are ue = 2 km/s, Te = 5000 
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K, and pe = 0.01 atm. Comparison of the result obtained using the five species air 

model solver with the result obtained using the binary mixture solver for nitrogen is 

shown in Fig. 6.29. 

Air Model 
Binarv Model 

Figure 6.29 Te 

I e / l w = 0.95 
= 5000 K, Pe = 0.01 atm, ue = 2 km/s, fully catalytic wall and 

In the next example, we examine boundary layer flow at Tw = 1000 K and con-

stant mass fractions at the wall using c w o/c e o = 0.1. The edge flow parameters 

are ue — 2 km/s, Te = 5000 K. and pe = 0.001 atm. Comparison of the result 

obtained using the five species air model solver with the result obtained using the 

binary mixture solver for nitrogen is shown in Fig. 6.30. 



Air Model 
Binary, Model 

Figure 6.30 Te = 5000 K, Pe = 0.01 atm, ue = 2 km/s, Tw = 1000 K, and cwr^'/ceM 
0.1 

6.2.3 Tests for Five Species Air Model 

Now, we explore the five species air model with equilibrium state of the air at the 

edge of the boundary layer. In this example, the external flow parameters are ue = 2 

km/s, Te = 5000 K, and pe = 0.01 atm. Mass fraction of the species at the boundary-

layer edge are assumed to be in chemical equilibrium. We consider a non-catalytic 

waU, and the total enthalpy at the wall: I w / I e = 0.8. Outside boundary-layer, one 

can see constant mass fraction of species, however we have some osciUation in the 

oxygen molecule mass fraction at the few last steps. This comes from a numerical 

error. The order of magnitude is '"-5"' which is negligible in this manner. The mass 

fractions of the chemical component of five species air model are shown in Fig. 6.31. 
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Figure 6.31 Te = 5000 K, Pe 

K l h = 0.8 
0.01 atm, ue = 2 km/s, non-catalytic wall and 
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In the next example, we consider an adiabatic and non-catalytic wall. The edge 

flow parameters are ue = 2 km/s, Te = 5000 K, and pe = 0.01 atm. It can be still 

seen the numerical error in concentration of oxygen molecule at the last steps. The 

mass fractions of the chemical component of five species air model are shown in Fig. 

6.32. 
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Nitnc Oxide m o l e c u l e s 

Figure 6.32 Te = 5000 K, Pe = 0.01 atm, ue = 2 km/s, non-catalytic and adiabatic 
wall 

In the next example, we examine the flow past equihbrium and adiabatic wall. 

The edge flow parameters are ue = 2 km/s, Te = 5000 K, and pe = 0.001 atm. 

Around 5000K, oxygen molecules dissociate and state as atoms. It is the reason that 

oxygen molecule has small order of magnitude and we can still observe oscillation 

at the last steps. From the mass conservation, we know that air contains around 23 

percent of oxygen mass fraction in the air mixture. One can see that value from the 

mass fraction of oxygen atom figure. The mass fractions of the chemical component 

of five species air model are shown in Fig. 6.33. 
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Figure 6.33 Te = 5000 K, Pe = 0.001 atm, ue = 2 km/s, equilibrium wall and 
{dl/dy)w = 0 
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We examine fully catalytic wall and temperature at the wall is formulated for 

total enthalpy: I w / I e = 0.95. The edge flow parameters are ue = 2 km/s, Te = 5000 

K, and pe = 0.01 atm. The mass fractions of the chemical component of five species 

air model are shown in Fig. 6.34. 
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Nitric Oxide m o l e c u l e s 
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Figure 6.34 Te 

I w / I e = 0.95 
5000 K, Pe = 0.01 atm, ue = 2 km/s, fully catalytic wall and 

In the next example, we examine boundary layer flow at Tw = 1000 K and 

constant mass fractions at the wall using c w ^ / c e N = 0.1, cwo/ceO = cwo2 /ceo2 = 

CwNo/ceNO = 0. The edge flow parameters are ue = 2 km/s, Te = 5000 K, and 

Pe = 0.01 atm. The mass fractions of the chemical component of five species air 

model are shown in Fig. 6.35. 

Nitrogen a t o m s Ni t rogen m o l e c u l e s 
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O x y g e n a t o m s 

0 . 0 0 2 5 

Oxygen m o l e c u l e s 

Nitric Oxide m o l e c u l e s 

Figure 6.35 Te = 5000 K, Pe = 0.01 atm, ue = 2 km/s, Tw = 1000 K, and cwr^/cepj 
0 . 1 , C w o / C e O — C w o J c e o 2 = C w N 0 / c e N 0 = 0 
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7. Conclus ion a n d F u t u r e W o r k 

We examined high-temperatiu'e chemically reacting boundary layer flow. We used the 

Levy-Lees-Dorodnitsyn transformation which allows for the consideration of different 

body shapes. First, we developed a numerical solver for binar}- mixtures of oxygen 

atoms and molecules and nitrogen atoms and molecules. We tested the solver by 

comparing its results with the Probstein's integrals and self-similarity solutions. This 

gave us confidence to expand our study to consider a five species air model. After 

writing a numerical solver for the five species air model, we compared its results 

with those of the l^inary mixture solver. We found good agreement between the 

two models. We then considered different boundary conditions. However, the five 

species solver has a problem at the edge of the computational domain (outside of the 

boundary layer). At some flow parameters, solution for mass fractions can possess 

oscillations. As part of our future work, we plan to resolve this issue. 
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Appendix A: Numerica l Formulat ion 

The boundary layer equations are: 

o c f d q s f l , Of \ f C A ' . 2^dc s e 

PPe e r0 ^se 

i c n ' + f f + i } - - i f f 
P 

= 2 d / _ r
d L J ^9e;, 

(A.l) 

(A.2) 

6 ' ' V I f ' 2 ^ d I ' ^ 
V r g ) + f 9 ^ T e l ^ g f + 

a 1 hgCgp ! 
Sm.. \ Lcs j 1. 

W: 1 
- 1 C f ' f " 

T . i , 
,5=1 

-Qs + 

(A.3) 

In our work, the species indices are attributed to the chemical elements as follows: 

1 - molecules of nitrogen, 

2 - atoms of nitrogen, 

3 - molecules of oxygen, 

4 - atoms of oxygen, 

5 - molecules of nitric oxide. 

As we know, summation of mass fraction for all species is 1. Therefore, we have: 

CleQl + c2e(?2 + Csgf/S + <̂ 4̂ 14 + Csgf/S = 1- (A.4) 

Because we use the global mass conservation law for the mixture and introduced 

the stream function, we can exclude one of the species. In this work, we exclude 

nitrogen molecule and write mass fraction of nitrogen molecule by using mass fraction 

equation as following: 

CleQl — 1 — (c2e<72 + CSeQS + C4eg4 + • (A.5) 



68 

We need to describe the new dependent variables. Tlie new dependent variables 

Qsj, Qdj, Fj, and Gj are defined as follows: 

q-l - QS2: 

g.3 = Q.5.3, 

Qi = QS4. 

95 = Q-^5, 

q2 = Qd2, 

qs' = Q(h-

q4' = Qd4, 

qa' = Qd^, 

f = Fu 

f = ^2) 

f " = F3, 

5 = Gi, 

g' = G2. 

The boundary-layer equations are written as: 

2 ? ( £ | £ F 2 _ < ? ( I 2 ^ | ) = ( ^ 0 ( ; 2 Y + Q ( I 2 F L _ 

2^ dc2e „ i : ' - . . . • (A.6) 
C2e p p e U 2

e f l e r ^ k C 2 e ' 
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C3e "C PPeUilJERQC^E 
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2 ? | ^ F 2 _ Q r f 4 ^ ) = ( ^ Q ( i l , + Q r f 4 F l . 

2C f̂ C4e F2 + 
2eM/o 
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L Pr 
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(A . l l ) 

The definition of new notations leads to the following first-order equations: 

Qs2 — Qd2 , 
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Qs-i = Qd:i) 

QS4 Qd4 J 

Qsb = 

F[ = F2, 

F2 = F3, 

g; = G2. 
The first order equations are discretized and written for the midpoint r;j_i/2 

as fohows: 

Qs% - Qs%.x _ Qd% + Qd^i].1 = (A.12) 

= <54i-i/2: (A.13) 

= Qdl ] ^ l l 2 , (A.14) 

= Od-y , (A.15) 

h, •> - - l :" 

hj 2 

Qs% Qd'ij + Qd3j_i 
h j 2 

Q s l 1 C/^ 1 Qd'lj + Qd4j^i 
h. 2 

Qs% - Q s ' i j - i Qdl3 + Qd'ij-i 
hj 

rpn rpii rrn 1 zt'/i 
= ra-,/j. (A.W) 

J 
pn _ frn pn , pn roi " 2 j — \ r 3 j ^ r ' : 

X " 2 - i ' 3 j - 1 / 2 
2i 2,-1 _ 3J 3,-1 ^ F n { k l l ) 

v3 
/^n /r~m rm 1 C t f - G . ^ . _ C « + C « . i s ( A 1 8 ) 

h, 2 

Equations of boundary layer are also written for midpoint 1/2, ?^/j-i/2 as follows. 

We begin with the species conservation and write down the equation at the point 

e n - l / 2 . 
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Mass conservation equations for each species are; 
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Before we begin to discretize the equations, we define the mass conservation 

equations as follows: 

20VN 
F2 = ( 1 f - Q d 2 ) + Q f / 2F 1 - ^ ^ F 2 + 2 2 , 

, 'J m 2 J C2e d^ ppeuip.er^KC2e 

(A.24) 
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2C 1 F2 — Qdr} 

o ot-
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Discretize the equations for point ^n~1/2 as: 

(A.27) 

2^ !l—1/2 

2 ( P ^ I + P R 1 ) = 

( Q 4 - Q . s r 1 ) { F ' 2 1 + F r l ) {Qdii + Q d r 1 ) {F^1 - ^ r 1 ) " 
(e -e - 1 ) (EI - E - 1 ) 

(A.28) 
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n ^ n _ l l 2 Q s ' i r 2
l + Q s ' j F r 1 - - QdWi1 + Q d ' j F r 1 - Q d T ' n 1 _ 

2 , — 

- 2 4 " - " 2 { Q ' r ' F r - Q i r ' F r ^ _ P r l ( A 2 9 ) 

where kn = (^n — ^n~1). 

The other equations for species are written as follows: 

on _ . . n - m Q s ' j F j 1 + Q s ^ j F r 1 - Q s r ' F ^ - Qd'jFj1 + Q d l ^ F r 1 - Q d r ' F j ^ _ 
3 Z s 1 — 

_ 2 r - 1 / 2 Z 0 £ r ! 5 l ^ Q C ! f r ! X _ P r . ( A 3 0 ) 
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r b ZS T — 
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Next step is to write Eq. (A.29) at the point 'r]j-\/2-

pn 9 f n ^ y 2 ( QS2j-l/2F2j-l/2 + Q S 2 j - l / 2 F 2 A / 2 \ 
^ , - 1 / 2 - 2^ f r i j 

_2^,1_1 / 2 ^ - Q S 2 j \ / 2 F 2 j ^ l / 2 - Qd2 j- l /2F2j-l /2 ̂  

- 2 C ~ i r 2 |^(^C^2i-l/2F2i-1l/2 ~ Q d2j \ /2F2j- l /2S^ = {A.33) 

Ofn-1/2 ( Q S 2j \ /2 F 2j - \ /2 ~ Q d 2j- l /2 F 2j^l /2 \ p n ^ i 

Using same procedure, we obtain the discretized at the point ^j-1/2 mass conser-

vation equations for other species as follows: 

pn 9f«-l/2 ( QS3J^1/2F2}-1/2 + Q S i j - l l2 F 2) - \ /2 \ 
~ 2 i kn J 

_ 2 e - l / 2 Q d y r2 /% r . j 

2^n—l/2 l^(^d3j-l/2F2J-1l/2 " Q4JA/2F2}-1/2 ^ = (.A 3 4^ 

/Dc ? 1 _ 1 P n _ 1 _ r)rln~l F n _ 1 \ ocn-1/2 ( {^63j-l/2 r2j-l/2 ^ a3j-l/2 r2j-Y/2 \ p ? i_i 
- 2 ^ 7̂  3j—l/2 '• 

pn 0en-1/2 ( QS4j-l/2F2j^l/2 + (354j-l/2F2j-1l/2 
n i -1 /2 _ I, 

_ 2 ^ n - l / 2 / Q S A j \ / 2 F 2 j - l / 2 ^ Q d 4 j - l / 2 F 2 j - l / 2 
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_2^n-l /2 ^Q r f 4j- l /2 F £- 1 l /2 ^ (? r f4j-1 l /2F2j-l/2^ = 

9 , . - 1 / 2 _ .n-X 
^ kn

 4 J - 1 / 2 ' 

p n _ n c n - l / 2 ( ( ^ ' S 5 i - l / 2
F

2 i - l / 2 + Q S 5 j ~ l / 2 F 2 j - \ / 2 \ 
F 5 J - 1 / 2 ^ [ kn J 

_ 2 ^ , 1 - 1 / 2 ^ - Q S 5 j - l / 2 F 2 j ~ l / 2 ~ Q d 5 j - l / 2 F 2 j - l / 2 ^ 

_ 2 ^ n - l / 2 ^ C ^ d 5 j - l / 2 F 2 j - 1 l / 2 ~ Q d 5 j - \ / 2 F 2 j ~ l / 2 ^ = 

9 / r ) l-l /2 ( Q4j-1l/2^2^-1/2 ~ QC^5i-1l/2-F2}-l/2\ _ p ^ - ! 

~ 2 C ^ kn J 

From the definition Eqs. (A.24) through (A.27), we can also write the equations 

at the point ?7j-i/2 as follows: 

P r 11 
2 - 1 / 2 - h, 

{Qd2F iy jU/2 - ">4F2J W2 + m d 2 f — 1 , (A.37) 
\ P / j—l /2 
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R n 
3,-1/2 - h 

J 

{Qd.F.y ' - m 4 F ^ ; _ 1 / 2 + md!i f , (A.38) 
^ P ' ./—1/2 

,<W&-
p/1 v v / J i 

4i-l/2 - U . 
" •J 

(Qc/4F1);i_1/2 - + m < f . (A.39) 
\ -P / J —1/2 

5i-l/2 -
'J 

{Qd iF,)]'_1/2 - m 4 ' F » _ 1 / 2 + ( ^ ^ s ) . {A.40) 
V P / j—1/2 

where m..S2 = — %£,m.S3 = — = ^ c - ^ , m s 5 = md2 = z c->, (if ^ ca. at ' ^ C4« at cs. at - z C2, dC ' " l d 3 - c3e de ''"••54 ~ C4e d? ' " t 0 5 " C5£ d? ' " '"2 ~ peuiMerg''C2e ' 
3 Pe«?/tergfcC3t ' r7l£^4 PeU|/t£rgfcC4« ' niC '̂':> peu|/l«rgfcC?,. ' 
Final form of the mass conservation equations are written as; 

{Qd2Fi)n-_li2 — fnf>,^F2j-\/2 + m6^2 
P ^ J —1/2 

. /QSo.;., /oFo'_1 /o + Qs;l,_1 , 
-2C 

-n—1/2 Q S 2 j - l / 2 F 2 j ~ \ / 2 + (?6'2j^l/2-^2J-1l/2 
A:,; 
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n—1/2 [ ( ' ^ S 2 j - l / 2 F 2 j - l / 2 Q d 2 j ^ \ / 2 F 2 j - l / 2 -2e 

-2e 

_2^n-l / 2 I Vi:,2i-1/2
J 2j^l/2 ~ t^"2i-l/2J

 2 j-l /2 

kn 

_ 1 / 2 f Q ^ i 2 J - l / 2 F ^ / 2 - Q d ^ A / 2 ^ - l / 2
S 

[ 
/ f ' \Qn—\ p n — l _ / ? n — 1 

/o / t-^2/-l/2-r27-l/2 V a2;- l /2 i 27-1 
\ 'x7l 

/ \ /I—1 / \ ?l—1 
( ^ ) ^ . + ( ^ ) J , 1 Qd27-i 

hj 

{Qd2Fl y; : i / 2 + M . s r 1 F ;; i- i
1/2 - m d r 1 f — ) (A.4I) 

\ P J j — l/2 

U' x n 

(Qrf3F1);_1/2 - ( - ^ 
V P / j - 1 / 2 

_2^U-1/2 ^ (?63i- l /2F2i- l /2 + QS3j~l/2FZ~\/2^ 

_ 2 ^ n - l / 2 f ~ Q S 3 j - l / 2 F 2 j - l / 2 ~ Q d ' : i j - l / 2 F 2 j - l / 2 \ 

-2e i»—1/2 [ Q d 3 j - l / 2 F 2 j - \ / 2 Q d 3 j - l / 2 F
2 j - l / 2 

kn 

/ n-1 pn~l _ p'1 -1 
_2^".~1/2 I 2j —1/2 ^ 3j—\/2 2j—l/2 

( ^ ) R 

hi J 



+ 

H' oN M 

h j 

{QdAF1) j_ l l2 rns1lF2j^ii2-\-rndl 
P / j - l / 2 

_2̂ n-ll2 ^ S , h - l / 2 F 2 j ^ l / 2 + QS4j-l/2F2j-l/2'Sj 

2̂ 11—1/2 I ^ Q S 4 j \ / 2 F 2 j - \ / 2 ~ Q d i j - l / 2 F 2 j - l / 2^ 

_2̂ n-l/2 (Q r f4j-l/2 i i2j-1l/2 ~ Q d i j \ / 2 F 2 j - l / 2 S \ = 

kr 

' r ) c n _ 1 i 7 " i — 1 _ r ) r / ? t _ 1 F n _ 1 

11—1/2 I ^ 4J—l/2 2 j — l / 2 V % - l / 2 r 2 j - l / 2 
-24 

\ '1-7l 

( & ) r ( w s " + ( 3 f e ) n o ^ ' . 

% 

- rn.4 lF£.^1/2 + md!1 ' W n 0 

P J j —1/2 

78 

( Q I I R ) ; ; . 1 / ! , + - M R F R' ( ! ^ ) ( A - 4 2 ' 

(QikF, )^! / ,+""••R 'FJR- ' i /z - ( A ' 4 3 ) 

V P / j —1/2 
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_2^»-1/2 ^(^^,S5j-l/2jF2}-l/2 + Q65Vl/2-F2i-l/2 j 

— H e " - 1 Fn — Drl71 F n 
^ 5i-l/2 2j—1/2 ^ 5 j — l / 2 2 j — l / 2 2^ 'i 1/2 

_ 2 ^n- l /2 ( '^"5j-l/2 J 2J-1/2 ~ K ^ u ' ^ j - \ / 2 ± 2 j - l / 2 

_ 2 ^ n - \ / 2 I V ^ ' , 5 . ; - 1 / 2 J 2 j - l / 2 ~ ' ^ ' - l ' 5 j - l / 2 x 2 j - l / 2 

kn 

' D r l ' 1 F " ^ 1 _ n w " - 1 F " 
^ 57 —1/2 2) —1/2 ^ 57 — 1/2 2 7 - 1 

'k,, 

' r) n-l pn—l 
V ' i 5 i - l / 2 r 2 i - l / 2 ^ 5; —1/2 2 ) -

kji 

(\ n — l / \ n — 1 

& ) , 0 ^ ' + ( j f e V , 
A, 

m F , ) ^ ! / , + - ™ R ' ( ^ ) (A-44) 
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M o m e n t u m E q u a t i o n 

The momentum equation is written as: 

{ C F 3 ) ' + F 1 F 3 + ,3 
Pe 
p 

- F ' = 2 e ( F 2 ^ - F 3 ^ C 1 2 <9e 
(A.45) 

Before we begin to discretize the momentum equation, we define the momentum 

equation as fohows: 

L = { C F 3 ) ' + F I F 3 + 0 
LP \ 

, T^dF2 ^ dFr 

The momentum equation is discretized at 1//2 point as follows: 

(A.46) 

- (L'1 + L'1"1) = 2 f t - 1 / 2 
71—1 (F|) '1 - ( F 2 ) " ' 1 _ F31 + F ^ - 1 F{1 - F'L 

2 ( C -C ' 1 " 1 ) 2 (4n - C " 1 ) 
(A.47) 

Ln _ X n - m ( F i ) n - F . ^ F l l + F 3 » F r 1 -
k. 

2e 7 1 - 1 / 2 

kr. 
{ - { F i y ' + F r ' F ' r 1 ) - V n—1 

The next step is to write the equation at the point qj^i/2-

(A.48) 

T11 C\TN-~\L2 
J-1/2 ~ 

(x?2\n _ pn pn 1 pn pn-1 _ pn- l pn 
^ 2 / j —1/2 3 j —1/2 I j —1/2 3 j — 1 / 2 l j ~ l / 2 r 3 j - l / 2 j r l j - 1 / 2 

24 71-1/2 

kn 
pn-l pn-

j - X j l ^ 3 j —1/2 I j - 1 / 2 ) 
T 7 1 — 1 

J-l/2- (A.49) 

Finally, we can obtain final version of the momentum equation; 

r i n P n — r i n P n 
' j 3 i L ' j - 1 3 j - l , / r ^ V l -L R n 

+ (i'l/ ,3)J_1/2 + fh 
P 7 , - 1 / 2 

( m : - 1 / 2 
+ 
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2e 
- ( ^ ) ; - i / 2 + K rpn , F " F N . F 1 71—1 -J- Z?"-1 /? ^ 1 Q 1 1 /o-7 1 n—1/2 ^ ^ i - 1 / 2 ' r ^ 3 j - l / 2 J l i - 1 / 2 ' Aj i v ' l j I :' 1 ' :ij 1 2 ' I j 1.2 

2^,n—1/2 
kn 

( TP̂ Y11 1 I pn—1 fpn—l 
V 2 J j—l/2 1 3j—1/2 IJ—1/2 

7̂1—1 rp7i—l frn—l pn—i 
j 'i~l -i j -! ( f? J? V !_l 1 

/,. ^ 'i—1/2 ' 

71—1 
17-1 

J - 1 / 2 
i - 1 / 2 

(A.50) 
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E n e r g y E q u a t i o n 

The energy equation is written as: 

£ 
Pr 

G'2) +F 1C; 2 = ^ % C ; 1 F 2 + 

c ( 1 

+ 

iSm-i \ L e i 

C / 1 

- 1 

h d i 

( f;2eQ^2 ^'ieQd'i CieQcl̂  

Sm2 V Le2 

1 
Snii \ Le4 

V2 
e [ f -

h \ P r 

C2eQd2 

C^eQdi 
L 

ho 

hi 

+ 

+ 

C ( 1 
Sm, \ L e . 3 

C ( 1 

1 I 

.S'/;/5 V /-f'r, 
_ 1 I £ 5 e ^ / l 5 

2^3 + 2 < r F * ' • ' - a F ' G (A.51) 

Before we begin to discretize the energy equation, we define the energy equation 

as follows: 

C 1 
S'mi \ L e \ 

C ( 1 

^ I ( Gdo ('SeQd'Z -̂ IcQd'i CoeQd^) ̂  j 

Sm2 \Le2 

C ( 1 

_ 11 5 2 ^ , J 2 + S 
I . 

1 

Sm,i \Le4_ 
1 1 Ĉ AeQd/l , C - 1 1 : hA + — 

Sni3 \ L e 3 

1 

- 1 h 

h Snir, \ L< 5 
, 1 C-heQd̂  , . 

- 1 1 J ) + 

2 ( d l e f dCh dF I 
F ' c ' ' " 7 : ^ f ' i F 2 - 2 5 r 2 i r " 6 2 ^ 

The next step is to write the equation at the point C" 1^2-

(A.52) 

OC't—1/2 
T n + T n - l = ((-^2' + F r l ) (CI1 - o r 1 ) ) 

K'U 
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ocJi-l/2 
^ ((c's1 + G T 1 ) {Fi - 1 ) ) • ( A - 5 3 ) 

kn 

Then the point r]j-i/2 is written as fohows: 

O en— 1 /2 
rpn I n-:n-l __ "5 ( I pn , pn - l \ ( /^n _ r<n-l 
J . ,_ i /9 I , _ i / o — , I I /2 T" •' 9 i—1/9 ) \ 11 — 1 /2 ^ i—1/2 J —1/2 k n y \ I 2 j - l / 2 ' ^ l 2 j - l / 2 j \yT \ j - l /2 ^U- l /2 y 

( ( o j 1 , . , , , + ( ? - • „ , ) (F,"_i/2 - f i r - ' . / 2 ) ) • (A^54) 

At the end, we can obtain discretized energy equation: 

/ C \ n r m f C 1 ] ' 1 f f n / 9 \ i i / ' J iV1 T'" F n F n — ( ^ 1 Vl CI 1 1 F n F n 

l i ^ j j 2,' - 2j—l / \ Ipr 1 ) j ' J 1 2j 1 :>,.i Ipr 1 j j -x Uj-l-^2i-lJ'-Sj-l 

h j U e J h j 

( _C_N\ n ( -\ ]_\ n ( ~C2e Q'̂ 2 } "C.3£ ~ je Q(^4j~ C5f Qf 5̂; ) L It 
I 5f?ll I • I Lei / . /" 1. y Sf?i] y . Lei J • 

+ ^ ^ 7 
h j 

f c Y f . i V ^ ^ u n ( C Y ( . 1 V l cLQ4 ' ; , n 
^ i 1 " /-. J ; ""Tr" "-'./ ^ j ^ V1 Lea y j /." 

h j h j 

( ^ n (x _ f l _ ^ V l £ l £ ^ / l n L e J /? t l i j \ S m b ) Le,) /f" 

h j h j 

( _C_\ n (1 1 ^ " ('~c2e(3c^2j~l~ c3f-Q(l̂ j - 1 - c4 e Ql 4̂j -l~C5eQ c '̂ij - l) In 
YSmTy • ^ y Lei / - J /? ' iU~l 

h, 

( j i \ n ( ^ - ^ Y 'M32^hn ( s l \ 1 c i S 3 i ^ h n 
lvSm2j._1lv Le2 J j—I 'e '2^-1 V S ' m 3 / j - l V Le:i / j-1 3 i " 1 

h j h 1 

( ^ Y ( ^ Y R 1 _ _ L . V L '3iS^hn 
U ' ^ J y - l I L e ^ ) j - l 4 i - 1 \ S r n - o ) j _ l \ i L e 5 ) j ^ l I - 5 J - 1 

/ ' j h j 

+ ( F 1 G 2 ) ' ' _ 1 / 2 - ( | ^ ) " ( G 1 F 2 ) ; _ 1 / 2 
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2^ n—1/2 

kn 

2^71-1/2 

kn 

77171 rm pn rrn-l , pn—l rm 
2 j —1/2 1 j — l / 2 2 j —1/2 ^ 7 ] j — l / 2 "I 2 j —1/2 1 j — l /2 

I 77̂  _ i _ f111 T?n~^ rpn \ 
(v

 L T 2 j - l / 2 r l j - l / 2 T" ( - 7 2 j - l / 2 - r i j - l / 2 2 j—1/2 I j — 1 / 2 J 

/ c \ n - 1 r<n-i / c v 1 - 1 r " ' - 1 

r p n - \ _ V P r i j G 2 j l p r j j - i 2j—1 

^-1/2 /j, 

+ 
2\ ""i / I 1 \ 71-1 ^,n_i J-Tjj™! / 1 -,\n ^ pn-\ pn—1 

( P T — ) i C / j 2 j 3 j \ P r 1 j j - l C ' j - 1 / ^ 2 j - l J ^ ^ 3 j - l 

f — y 1 1 f l — L -\v ,9)711 V i e i 
n - 1 ( - c r 1Qrf?r1 - c?r19rf3r1- cr1Q<^r1- cr1Q<71) ^.n-i 

J T T ^ T " i j 

( & ) R 1 

n " 1 c '7 iQdr1 1 1 ) -2e ,^"2j C A "" 1 / l 1 y 1 C3e j n-1 1 " j , /--1 J . IV
1 Lea J • Z?"1 n3j 

( l _ j _ Y ~ ' , ) l- i f c 

+ 

h, 

3-̂ ) Le4 y 

+ 
hj 

h j 

1 1 Y""1 cge-1Qrfg-1 

•-4J \Smr0) V Le5 i . I"^-1 '5i 
J I J_ £ 

71-1 ^n-1,0 m-1 / ,̂ N 11-1 

n " 1 ' 1 A'1"1 1 1 1 -c^r 1q^5 ) i.71-1 1 ^ 1 ( 1 -ySmi J j_i \ Le j-1 
I 71-1 

n l j - l 

h J 

(^.SV)l2Ji_1
 Lp '2)j^ l /? 1 Sj-1 \Sv i 3 ) j l

 L e ' J j - l le 1 '3-'-1 

hi 

n—l 1 Y 1 1 c5t Qd5j-i L711 
S n i 5 ; i _ 1 v i / r 1 

\7i-i / 2 ^ dl( 
n~l 

+ i F 1 G 2 r ; : t / 2 - [ f f ) (G1F2Y;:L/2 
(A.55) 
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A p p e n d i x B: T h e I t e ra t ive A lgo r i t hm for t h e Discre t ized 

E q u a t i o n s 

Fi r s t E q u a t i o n 

Using the iterative algorithm (5(^, = the linearized equations for 

are written as follows 

= + . F y + _ P", - F"j-^ m n 

hj 2 2 h j ' { ^ ' 

( n ) , = i F Z - SFl'j_l - k (SF.^ + S F ; i _ l ) . (B.2) 

where {ri)^ = Fxj - F i j - i + ^ (F2J + F^j-i) . 

Second E q u a t i o n 

The second equation is the momentum equation. It has the same structure as in 

the case of non-reacting gas. 

6 ? q i , ^ F \ J F Y + S F I J - J F - J J - I F ^ S F , , + F I J . I S F 3 J . 1 

{ r 2 > i = l i j ' ~ - J T 2 + 2 

2 ( C " - 1 / 2 

—0n iF2j6F2j + F2j-]SF2j-i) iF2jSF2j -I- F2j-iSF2j^i) -I-

e?i—1/2 rn-l/2 
— - — {SFijF'ij -1- SFij^iF^j^i) 7 — {FijSF3j -I- Fij^idF^j^i) -t- (B.3) 

pi-l/2 cn-1/2 
S—^5-1/2 (IFV + <FW.,) - (SF3j + SFy.,). 

Kn r̂ n 

The definition of {r2)j is written as follows: 
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{r2)j = 

1 /2 

r?n /"m rpn 
_ C- j 3j — 1 

hi 
+ (f1F j);_1 /2 + /?" 

P / j- l /2 
- (^I)n 

j - 1 / 2 + 

_ (' F 2 y » I 7 7 7 1 _ p n p n - l , p 7 i - l p n 

\ r 2 ) j - l / 2 ^ 3 j — 1 / 2 I j — 1 / 2 S j — 1 / 2 I j — 1 / 2 ^
 r 3 j - l / 2 1

 l j - 1 / 2 

We can recast the equation in the form of: 

( ' ,2)j -- ( s O j 5F3J + (.S'2)j + { s 3 ) j S F i j + (•S4)j S F i j ^ i + (.§5) .̂ 6F2, + (-SfOj 

(B.4) 

The coefficients in (B.4) are defined as: 

C n 1 f 
{ s ' ) ' = a7 + 2 F y + 

7 1 - 1 / 2 

^ F l j -A n 

n - 1 / 2 

-K l : ?l—1 Q;] Q:" 

/.•„ l j - 1 / 2 h j ' 2 
+ 71—1 

2 i i - i /2 ' (B.5) 

where cti = 1 + a11 and a11 = ^ 
•n — 1 / 2 

(h ] - C^~1 + < y x F a F ( s2 ,-i - " 1 ^ + Y ' ' ' ~ ~ F ' 
n— 1 

2 2 l j-l/2- (B.6) 

1 CJi-l/2 

i S 3 h = 2 F ' i j ^ k — F : i j + 

ĉ i 1/2 ^ 
S f n - 1

 = —F'^ -I F n " , 
k 3,-1/2 2 -t- 2 3j —1/2' (B.7) 

I r . , e I ) . — 1 / 2 n-1/2 
{s3) j = ^ f 3 j + ^-1—f3j + ^ K f - \ / 2 = Y ^ 3 i + Y i 7 ^ r V 2 ' (B.8) 
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= f F « - . + y # 5 : U - ( b ' 9 ' 

oĉ i—1/2 
(.s5),; = - d n f 2 j - f 2 j = - a 2 f 2 j , (b. io) 

where q 2 = /5n + a" , 

(.s-g), ^"7-2j , - ^ r — f 2 j _ 1 = - a 2 f 2 j _ 1 ( b . l l ) 



T h i r d E q u a t i o n 

The third equation is energy equation. Structure of the equation will be simi-

lar to the equation in non-reacting gas with addition of two terms associated with 

concentration of species. 

f - V " \ P r / j —1 . j ' ^ e - 1 — 6 G 2 J _ 1 + ^ -

f 2 \ n ( l 1 v ' v , " / 2\ 11 (— 1 y'1 r n 
u i \ V P r ( u i \ \ P r L ) j - l L j - l 

J J % F 2 j S v 

); 
J r'lXC1'! I "e \ v t"1' L x Tpn pn 1 r ) ^ 0 / , 2j -1^3 j - r 

U 
2 \ n (t^ - l ) n ! C t l 
e \ • ? ~ 1 p n A J 7 n _|_ 

f J h, l l> : r t / ; s ' 1 1 (B.12) 

(^)n 
{ - c l S Q c q j - c^SQd^j - c l6Qd2 J - 4 e 5 Q d l 3 ) h l ^ ^ ^ 

n j 

- d Q d ^ j + 
1 y i 

''-8Qd!.l]+ 

L V L e J :
h i j h; 

^ {-clSQd^^j - cn
3eSQr3j - clSQcF^j - c l S Q d ' ^ j ) h r j . 1 ^ 

" ( A ) : 
hZ; • J SQd'^j-•v hi 

hn 
' h j - i 

" ( & ) : . 

h j 
w y - i -

V S n i s J . , 
h^: . , / J - 1 S Q d " + 

L e J 1 _ l
 5^-1 h 

( i f 1 g 2 ) » _ l / 2 + - ( f ^ ) " ( s g 1 F 2 ) ; _ 1 / 2 - ( ~ ~ J ( G m y ; . , „ 
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«ra iSF2G l) ' ; .1 / 2 - « n iF25G iy;_ l / 2 + a " iSF1G2y;_1/2 + a " {FlSG2)]l_1/2 -

R , N I j irm xt?'1 rm-\ \ (:r<n T ? n ~ l XT7n a ' 2j-l/2"LTlj-l/2 2/ —1/2 Ij —1/2 ) a I "LT2j-l/2-' lj-1/2 ("I2j-1/2"-^^lj-1/2 

The definition of (r3)j is written as follows: 

(-cy^ / c y n \Pr) j ™ ypr)j-l 

"J "-J 
' 2 \ n (2 1 v l rm ' l4 \ [pr 

I, 

2 \ n r x _ i ) n c n 

^ i ' p'' ay j pn p j — i rm i i 1 ^' 1 t7" z?'1 

h
 l t 2 j - l ' t \ r I h , 2j 3j hj 

. p n p n -l r 2 j - l 1 3j — 1 ̂  

1 
1 " z 7 ) - ^ e q d ^ j ) k j 

S nn ) 

1 \ n 

L ^ ) J h, 

h j 

qd'l, + 1 ^ 1 1 -

f ^ V 1 
V Snii I • . 

l - t ^ i ( - c l Q i t i j - c l Q d l - c ' l Q d l - c t Q € 1 ) l ' ' ! j - r 

(sfe) 
h ' ' - T r ± Q d - ' + { f ) i 1 -

_c 
Sm̂  I • 

h i : , ' . J Qdl1 

I j -. J • " h 5j 

hi 

( o „ y i 

2j—1 7, v"2j-1 

V s 'mV 7 - i 

r j l - v 
V / • , 

hn ' : , ~ 1 n d n — 4; —1 v a 4 j -1 
J - 1 f e 5 i - i 

V Srn5 I . , 
hn 
"'sj-l 

i - . / j - ( f i g 2 ) ; _ 1 / 2 (F1G2);_1 / 2 - (G1F2);_1 / 2 - a " ( (F2G0 

/ / O 

2 j - l / 2 r l j - l / 2
 [-J2j-l/2 r ij-l/2 

rvn ( F n f m — T̂ n . n n - l \ 11 I ipn-l /^in-l rpn a ^^-^^2J-l/2(-7lJ-l/2 2j — \/2^1lj — \/'2 ' a I Lt91-_1 /o-T, , /r) — Go . 1 / 0 r , A / " - 1 1 U j - i l2 



90 

We can recast the equation in the form of: 

( r3)j = (,^l) ^Cr'2j + (A) + + 5F1 j_1 + (;S5) SF2j + {36) SF2j^i + (d7) SGij + 

(ds) SGij^i+{/3g) dF'ij+ifSw) dF3j-i-\-{3\i) dQd2j+{0i2) 8Qd2j - i+{Pu) ^ Q d s j + i P u ) 8Qd3j - i+ 

ijho) SQd4 j + (/^ifj) SQdi j - i + {3n) SQd5j + (/^ig) SQd^j^i. (b.13) 

The coefficients in (B.13) are defined as: 

/ n \ I ^ ( ' F \ ' 1 I a ( T V 1 a F ' l _ 1 — ^ P r ^ - , _L 0 : 1 f P ^ 
+ 2 ^ f l ) j + t ^ ~ y ' j - 1 / 2 ~ t ^ l } j " y l j ' 1 ^ 2 1 

(b.14) 

( f t ) , = + y (F.);'_, - f f1T-1./2. (B-15) 

•», = i (cf»)7 + y ((%); + f g ; - ' 1 / 2 - 1 (c ; 2 ) ; + y g ; r _ > 1 / 2 , (b.x«) 

4), = Y (GY;., + YGJ-1 . , , , (B.17) 

71 
•* \n _ f 4 Y ( R Z } k ^ F n 

' ~ [ j j h j : i j 2 1 l ) ' + 2 2 v i. '/e 
(B.18) 
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2 \ n ( j 1 v ' r<n 

I 
F n h j - i 2 ( g i ) i _ 1 + 2 T l j _ 1 / 2 2 y I f i d ^ 

(b.19) 

a 
m , = ( f 2 ) ; - ^ f 5 : ' i / 2 - ) ( f 2 ) j 

(A), = a ^ p n - l 

(b.20) 

(b.21) 

2xn 
/ /) \ I 6 \ ^ Pr ' J J rpn ( a ) 7 - i - ) i 2 j , (b.22) 

(,̂ 10 )7- -
s x n f i . i y 1

 C n 
e . \ V P r 

hj 
pn (b.23) 

(/5ii)7- = - i 1 
(.fe): 

L e J J " h j 
1 -

lec 

" ( m : 

J 
(b.24) 

Wu)^ - l e i 1 / . / - 1 

hn 
' h j - 1 

( M i 
h, 

1 -
Sm 2 ) j _ l 

TP I " s i - l l e 2 y i _ i h j 
(b.25) 

l e i 
h ij 

(snuy / f C 3 e 

— J T ^ + hj 1 i e , j , / z 3 j h j ' 
(b.26) 
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(,̂ 14 )j = -
— V Snti 

i - 1 

L e l J :i-l 
' l i - r h i 

1 -
Le- t 

h n 

_ c L y 
S i m ) j _ 1 

hj 
(b.27) 

( -'̂ 15); -

( J I X 
111 v s " ! v j 
n A j - hi 

(b.28) 

( a c ) , = -
, (c 4 e 

h j - 1 h - v / J- l J \ ie 

1 \ m i 
h j 

(b.29) 

(/?17 • 1 -
Le.r 

h n 5j 
Sm,]. 

}U 
(b.30) 

( a s ) , = - /7n 
" i j - l /?n 

5 , - 1 
i - 1 

( S m 5 / j - l 
hJ 

(b.31) 
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Forth Equat ion 

The forth equation is conservation for specie of Nitrogen atom. In order to solve 

boundary layer equations numerically, we need to discard one of the species in the 

mixture and use the global mass conservation equation. In this work, the nitrogen 

molecule is discarded. Therefore, we will have fom- conservation of species equation 

for five species air model. 

( r4)j = 

C 
Sm2 

h. 

C 
.Smo/. , 

J-SQd'i j- / j " 1
( ^qr /^ j „ 1 + ( ( )^qd 2 f0 ;7 1 / 2 +(qn; 2 ( 5f 1 ) ;„ 1 / 2 -m4 ( ^f j}_ 1 / 2 + 

( - fe5Q4--i/2 + + c1leSQslJ_ l l2 + c l 5 Q 4 3 _ l l 2 ) ) 

Mr O2 M NO 
+ 

2rnd- {k)p)". 
M N 

j - v s m, n2 
( {c2e^Qs2j-l/2 + C,3e^QS.3j-l/2 + C4e^QS4j-l/2 + C5e^QS5J-l/2)) 

1 - + c ' i o - ' s j - i / j + c ; t q 4 - 1 / 2 + 

M \ r r N-2 

2md'i {k2
fp)n M N 

^•"V2 MN2 
(1 {C2eQS2j-\/2 + C3eQS3j-l/2 + C'LQS4j-l/2 + C 'LQS5j-l/2)) 

'c2e^Qs4j-l/2 C3eSQS3j-l/2 , C^^Q-^5j-l/2 
M( o M, 02 M NO 

+ 

27nd2 {k2fpyi. 
M, N 

(f {C2eQS2j-l/2 + C3eQS3j-l/2 + C4eQS4j-l/2 + CLQS5j-l/2)) 
- 1 / 2 Mn2 

~ (c2e^Qs2j-l/2 C:l3e^Qs3j-l/2 + c4e^Qs4j-l/2 "I" C5e,^"Q6'5j-l/2 

Mn2 

-2md'^ {k2
bp2)n 

j"1 /2 m n 
(C2e) (QS2j-l/2) 

c4e^q'''4j-1/2 +
 C 'ie^QSl j-l/2 +

 c5e^ (5s.^-l/2 

O M, 02 M NO 
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- 2 r n ( q { k y y ; _ l / 2 ^ (c^)2 ( Q 4 V i / 2 ) 2 

(C2e^QS2J'-l/2 C3e^QS3j-i/2 + c4e^QS4j-l/2 + C5e(^QS5j-l/2) ) 

M N2 

2md- ( k y ) n
j _ y 2 — {c' lf 2 {Q46Qs'i) 

C'LQS4j-ll2 +
 cJieQSlj-ll2 , C 'LQSlj-ll2 

AL o Mo. 02 Al NO 

1 -

- 2 m i i {kip2y;_ l l2 ( 4 ; f 2 { q 4 s q 4 ) j _ 1 / , 

C2eQS2j-l/2 + C3eQS3j-\/2 + C4eQS4/-l/2 C5e<5S'5i-l/2 
Ah, N2 

+2m£' ! ( 4 » ; ' _ 1 / 2 

(— (c2e<^Q,S2j-l/2 + C3e(^(3'S.3j-l/2 + c4e^QS4j-l/2 + c5e(^Q-S5i-l/2) ) 
1 

+2m.d2 {k3jp)"j_l {c2e^Qs2j-l/2) ' i - 1 ' 2 AIN2 

(1 _ {C2eQS2j-l/2 + c3eQ6'3i-l/2 + C'LQS4j-l/2 + C 'LQS5j-l/2)) 
1 ' " \3 o /^^.n\2 - 2 w 4 ! {kip2)'1 

j-1/2 (c^er3(q4)- - 1 /2<^^q4- l /2 + 

AIN 
777(̂ 2 ( f c » ; _ 1 / 2 l 7 ; ^ ( c l ^ g 4 - l / 2 ) 

c4eQs4J-l/2 C2eQS2j-]/2 c3eQs3j-l/2 c5eQs5j-l/2 
A I o ALR̂  AIO2 AJJSO 

AIn 

+ 

(̂ 1 — (C2e<3S2/-l/2 + C3eQ'S'3j-l/2 + C4eQ'S4j-l/2 + C5e(3'5'5J-l/2) ) 
M 

+md!^ {kjpy1 

N2 

Al N 
J-1/2 M NO 

K Q s l - x r z ) 
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C4e')^QS4i-l/2 +
 C2eSQS2j-l/2 +

 C3eSQS3j-l/2 +
 C5e()"Q'S,5J-l/2 

A / ( O M N Mo. 02 Mno 

+md'i {kjp)11 A/a 
i - v s M NO 

( c l q 4 - 1 / 2 ) 

( - (c2e'^<54;-l/2 + C3eSQS3j-l/2 + C4e^QS2j-l/2 + C5e(^Q<5j-l/2) ) 

Ml N2 

C4eQS4j-l/2 CLQ"S2j-1/2 C3eQS3j-l/2 C5eQ-S5j-l/2 
A/( o A / .(v 

1 

A/ , 02 A/ , aro 

(a:,v2);_1/2 J J ^ K S Q s 2 j _ 1 / 2 ) {c^Qs^ j . l / 2 ) 

1 — (K
C2eQS2j-l/2 C3eQS3j-l/2 C4eQ'S4j-l/2 C5eQ'S5i-l/2) ) 

A / , ar2 

-mrf" { k t p 2 ) ^ ^ K Q s l - l / 2 ) {c1ie5Q4 j_ l /2) 

c'leQsn4j-l/2 + 2̂e Q 2 j'—1/2 +
 C3eQ4j-l/2 +

 C5eQ-S5J-l/2 
a/( o A / , af 

1 

Mn. O2 M. NO 

- m d i (fcbv2);_1/2 k q ^ ^ i - 1 / 2 ) ( 4 e ' ^ q 4 - l / 2 ) 

1 — (C2eQS2j-l/2 C3eQS:ij-l/2 + C4eQS4j-l/2 C5eQ,S'5j-l/2) ) 
A / iv2 

- m d j (i^p2); '_1/2 (c; eq. s ; '_1 / 2) ( < 4 0 4 . , ; , ) 

C4e^QS4j-l/2 C2e^QS2j-l/2 C3e^QS3j-l/2 C5e^QS5j-l/2 
, x/o + + ato^ + M ^ , 

k q 4 - 1 / 2 ) 

( - ( c 2 e ^ q 4 j - l / 2 + C3eSQS3j-l/2 + 1/2 + d ' l s q S 5j~l /2 

M. N2 



" 4 ' rni-v, K m - 1 / 2 ) « Y O 4 - . / 2 ) -

>"< («:iv);_1/2 ( ^ ^ f Q 4 U / , ) ( 4 e « 4 j - i / 2 ) -

m(/2 (fcfc/l)J_1/2 "jtt ( cfeq s3j-l /2) (cl'^q-^aj-l/s) + lyiQ-z 

(i — {c2eQS2j-l/2 + c3eQS.3j-l/2 + C4e(5s4i-l/2 + C5eQ'S5i-l/2)) ^ 

m r f s ( l > ) " - . / 2 a £ k ( c - 0 s ; ' - ' ' 2 ) 

( _ (C2e(^(3S2j-l/2 + C3e(^(5S3j-l/2 + C4e^QS4j-l/2 + CL<^(3S'5i-l/2)) ~ 

m<f2" ( i fp) ; ,_ 1 / 2 feq4-./2) -

m d 2 (fc6P)"_ 
1 

•' ' Mjvo (c5eQs5j-1/2) {c2e^Qs2j-1/2) 

a {SQs2F2),^_1/2 + (q-s2<^f2)"_1/2 a 

96 

{6qd2f1)]'^1/2 + iqd2sf 1 ) ]_ 1 / 2 

a sQ4 3 - , / 2F^ 1 A / 2 - Q s ^ A / 2 S F ^ - y 2 + SQd^ J- i /2Fl l- \ / 2 - Qdn
2-\ /2SF^ ]

l
J.1/2 

(B.32) 

The definition of (r4)J- is written as fohows: 

(r t)i = 1 — - 1 r — — + ( W i ) ; _ 1 / 2 - m. 5 ;F5_ 1 / 2 + 

2mrf; ^ ( 1 - ( < 4 « 4 . w + c l q 4 : , - i / 2 + c ' 4 « 4 - i / 2 + < 4 < ? 4 - w ) ) 
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c4eQs4j-l/2 c3eQs3j-l/2 +
 <^LQs'ij-l/2 

Mo M 02 AIno 
+ 

2 m 4 ' ( a » ; . 1 / 2 ^ (1 - ( a q 4 j - m + < 4 9 4 - v » + + 4 ' ,<34- . /2 ) ) 

'1 - ( 4 . q ' ; j - i / 2 + + ' i Q » v - I / 2 + 

m k , 

2m.,II ( k y y ; _ 1 / 2 j - ( ^ j 2 ( 0 4 . , ^ ) ' 

C'LQS4j-l/2 C3eQS3j^l/2 C'LQSFjj-l/2 
Mo M02 Alf^o 

2md'i (/c62p2)"_1/2 - ]^ r (C2e)2 —1/2)~ 

(̂ 1 — (C2eQS2i-l/2 + C3eQS'3i-l/2 + C4e<5'S4j-l/2 + C5e(^'S5i-l/2) ) 
u , . 

+ 2 ^ , 4 ' (k3
fp): 

1 
/ j - 1 /2 a/ iv2 

(1 — (C2eQS2j-l/2 + ''3 e Q 3j — 1/2 + C4eQS4j-l/2 + C5e<5-s5j-l/2) ) 
1 ' .. \3 „ \3 -2m,d'2t (k^p2)'1 

j-1/2 a'j 
( 4 l e ) ' 5 ( q 4 - l / 2 ) + 

^^^2 w p ) ; _ v 2 ( C ^ q s i - 1 / 2 ) 

« 4 - 1 / 2 ^; lq^^-1/2 ^eQs^ J - l / 2 
Mo Mo2 

rnxq {kjp)n 

M NO 
+ 

C2eQS2j-\/2 
M N 

M N ( c ^ q 4 _ 1 / 2 ) j l l 2 Mno 

1 - ( c ^ q 4 - 1 / 2 + c l lq -^ l - l l2 + ^n4eqsl^v2 + ^ g e q 4 - 1 / 2 ) ) 

M N 2 

md'i {ktp2)n
j_ l /2 ^ ( c 3 e Q 4 _ l / 2 ) feQ4_1/2) 

4 e q 4 - l / 2 ^ Q ^ l - l / 2 j l ^ l q 4 - 1 / 2 +
 c ^ q 4 - 1 / 2 

^/o - A / , o2 AIno 
+ 
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mrf; j l q 4 _ , / 2 ) { c ^ Q 4 j _ i n ) 

( ' — (c2e'3's2j-l/2 4r i v + c4i;
,5-54j-l/2 cse*5's5_i_ 1/2) ) 

Mn2 

(fc?p);l1/2 (<;':?c0'>;j-1,2) ( 4 0 4 - 1 / 2 ) -

" ' 4 ' (fciv);l1 / 2 ( o i q 4 s - m 2 ) ( 4 ' e « 4 - i / 2 ) + 

™ r fS( f cK'-1 /2S70fo( c-< ? s«- ' '2) 

(1 — (C2e(3,''2j-l/2 + C3K'3-s3i-l/2 + c4e(5'-S'4j-l/2 + c5eQS'5?-l/2)) " 

jnd'^ (A.fp)j_1^2 (c5e(5 ,s5j-l/2) (C2e<5-'',2j-l/2) — 

r,rn-l/2 {PS2j-'i-/2F2j-l/2 + QS2j-l/2F2j-\/2 " (36'2j-1l/2
i?2j-l/2) 

2^ ^ 

2e 71-1/2 Qd'2j-l/2Flj-\/2 + Qd12j_ii2F\j-i/2 Qd2j-\/2Flj~l/2 

kn 
n—l rii-l Dr/'l—1 /T"1-1 

Of'n-1/2 ^ 2j-l/2 2 j - l / 2 0 ( - n - l / 2 V 2J-1/27 lJ-1/2 _ p n - i 
"Z^ + ?. 2j —1/2 

n . 

We can recast the equation in the form of: 

{r4) j = {e l) j SF l j+{e^) j SF1 j- l + ie9) j 5F2 j+{e rs) j SF2 j- l + {e l7) j 6Qs2j+ie1s) j 6Qs2j-i + 

ie19)j ^QSsj + (e2o)j ̂ Q-SS.-I + (e2l)j 8Qs4j + (e22)j SQs4j-i + (623)j SQs;ij + 

i e
2 i ) j 8q s oj - i + (e49)j 8qd2j + (eso); 8qd 2 j - i - (b.33) 



The coefficients in (B.33) are defined as: 
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1 a a 
( e l ) j = 2(5rf2j + + "y<5,^2j-1l/2 - + ~^Q d 2j \ /2^ (B.34) 

(es),- = i^qd'h-i + \ q d % - i + y q 4 7 - 1 i / 2 = (b.35) 

{e,)i = -
a 

-QS2j + y (5S2j-l/2' (B.36) 

n „ , 7 i msA a a 
(^13), = - : y q 4 - i + ^ ^ 4 7 - 1 / 2 . (B.37) 

(e17). = md12 {k2
fp)n. M 

- 1 / 2 M , 

N . _ ^ 
2e) 

N2 
c U M j + + <f^QS

n
5j 

o M( 02 M 

+md2 {k2fp)n M N 

N O 

- C o 

M N 2
 V ^ 2 E ) 

(f _ {C
2eQS2j + C3eQS3j + C4eQS4j + C:5eQS5j)) 

M . N2 
Af (—r11 ) 

md'i ( f e » ; _ l / 2 ( c ^ Q 4 + <^Q^% + + « 4 ) ) 2 
a/, yv2 

' n < ' s f t v ) ; ' - i / 2 ] ^ k ) 2 ( 0 4 ) 2 ( c 4 ) 
a/,v.: .v2 

1 
2 m r f ; ( f c t v 2 ) ; _ 1 / 2 ^ 7 ; ^ ( < 4 ) 2 e 4 
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cZQs^j + c^Qs^j c^eQsl 
•5i 

AIo AIO2 AINO 
1 
N 

- 2 m < i ; ( * : , y ) ; _ 1 / 2 ~ ( 4 ) 2 e 4 

(1 - (c lQs% + c ' ^ Q i l + + rf^Qs'.,'.)) 
m n , 

( « » ; - , / 2 ( -<&) ( ' i eess i ) + 

m'<s (<-»"-1/2 (cjy 

(1 - (c;eQs». + cS.Qs;, + c ; e Q 4 + ) -

md; (1-4v2);_1/2 ^ (<&)' 3 ( q s r 2 s2/i 

A /.V A//V 2 

n-f- ( K i ^ y U n (4'e) 

, cgeq-sgj | cgeq'ssj | c2eqg2j 
AL o AIO2 AIno Al N 

^ (^^v 2 ) ; - . , , (<=;.<?•'«) ( 4 ' j 

(1 - (c;,!?.;;,. + d^Qs% + ctq.;;-, + 4 ' eq.^;y) 
M,r 

mdn 
i k t p % U 2 JTo ( 4 Q s ; ; ' ) {-d^'Qs ' ' '^ 

2e 2 e 

AI N AI. N2 
mdo 

( k l p Y l u . - ^ K Q ^ i ) ( 4 y + 

mdo 
2 

(^b
6p)"_ 

m 
i - v s AIn2AIo ( c l Q s l ) ( - d 

j- ' /2 m, ,¥0 
( c s e q ^ ) ( 4 y -tn—1 7?n _ __ 2 2j 2 2,-1/2' (b.38) 
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M j = m c ^ { k ' 2
f p ) n

j _ l / 2 ^ ( - C 2 e 

c ,
4

l
e Q s 7

4
l j ^ 1 + I + c ; 5

l
e Q 4 l j _ ] ' 

M o M o 2 M N o 
+ 

md1i (/c/p)"_ 
M m 

i-Vs M, - c •2e> 

(1 - { c 1 i e Q s l j _ l + + d l e Q s l l j _ l + 4 t
eq.sg j^1)) 

mN2 

mcci ( t5p);_1 / 2 ^ (1 - ( < 4 0 4 - 1 + < « . q 4 - i + < 4 0 4 - 1 + 

">4' (a t v 2 ) ;_ 1 / 2 5 ^ ( 4 ) ' ( 0 4 - . ) ' ^ -

2 m 4 ' ( k ' i p 2 ) " i _ 1 / 2 { c ' i , . ) 2 Q 4 j -

e O ^ 
Mo2 

^ ^ (^LQ€j-x 
1 ^ — 

M o 

1 
2mfc; i j 4 / ) j _ l / 2 ( 4 ' e ) 2 0 4 - i 

_ sj —1 
^Ino 

4 -

(1 - ( < 4 0 4 - 1 + < 4 0 4 - . + < 4 0 4 - 1 + c ^Q s ' { j - i )} 
Mn, 

" < m n j . m ( • < ) ( 4 0 4 - . ) + 

mds (A.» ;_ 1 / 2 (1 - ( < 4 0 4 - 1 + <&<?4- i + <4<?»«-i + < 4 0 4 - i ) ) (<4) -

™ « (*i.V2);_1/2 t t j - a (<4) ' 3 ( Q 4 ) U + 

A f r r-n 
i ' - 'A ' / ?1 \ 2e _ 2e 

' Mso 1 •v - ' j [.u.v .\/,v, 

^ ( i - l v 2 ) ; _ l / 2 l ^ ( 4 0 4 - i ) k ) 

m<^2 / ,4 \'i 
9 \ k f P ) j -
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r ' iQ s l l j i 
Mo 

C5eQS5?-l , C2eQ-S2j-l li'v'r-i; i l-'5ev^05j-l +
 l'2ev^02i-

A / ( o2 a/wl a'o 
1 

(1 - (cs .qss j - i + + 4 ' . a < ' , - i + 4 . q 4 - i ) ) 

md. 
2 W ^ 2 ) ; -

m r i2 / ;,5 

md2 

M I\i.2 

{c';eQ43-i) K Q ^ ^ j - d 

1 

+ 

•'2e --26 

•b>JJ j-1/2 M o 2 

M N 

771̂ 2 

1/2 a/^'2a/o 

W p ) ; _ 1 / 2 l i ^ ( c ; e Q 4 - 1 ) ( ' 4 ) 

a//v a/v2 

( < 4 « ^ | ) ( < 4 ) + 

( c i q s ; , - . ) ( - 4 . ) -

rtn a11 1 l-t r̂ n p " - 1 

2 r
2 j - i 2 s j -v s ' (b.39) 

a /v 
(e19) j - 7774' (fe/p) j_1 /2 ( C3e) 

, ' 3 / ^ 3 ; ! c5eq^5 ; 

A / o 02 

+m f^2 {k2fp)j 
M N 

MjmO 

i-C^e) MN2 

(1 - { n i c M j + + '-IQ-'l, + ' • • J H i ) ) _ 

m d 2 {f^2fp)U/2 + c^eqs2 j + <^q«5i)) 

r . / i c3e c3e 
. Mo2 U.v. 

m 4 (<4) ' ( 0 4 ) 3e ŝe 
A/o2 A/¥2 

+ 

mrfS {kjpr ;_ l / 2 J I - i - c l ) ( . i Q ^ j ) + 
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md2 
m i 

" ' 4 ' /,.4 'i-i-"~t~ yki>p j7_ 

Mn 
j-1 /2 Mpfo 

1 

.3e 

Mo-. 
"Se 

O2 A'2 J 

^ / 0 

m d : 

K Q - ' S j ) ( c l Q ^ j ) "3e C.' 3e 

i\/( o2 az/v", 

( '• lV);-1 / 2 (cStQ'zy) (4'e) + 

mr/: A / 
(b.40) 

at 
' C 3 e ) (e2o) J = n u q { k 2

f p ) n
j _ l / 2 

' • V M j , + + 

A / o A/r o2 M n . NO 

+ m d ' i { k ) p ) n M N 

' i - 1 ! 2 MN2
 v 3 e / 

(1 - + c ^ g ^ ^ - o ) 
Mn2 

ar2 

(1 - (<4Q4., + <4Q4-I+ <4<?4-i + <404-.)) f n 
c 3 e r-n 

3e 

A / o 2 A / / V 2 _ 

" •4 ' (Si2p2);_1/2 5 7 ; ( 4 ) 2 ( C 4 - i ) ! 
a/ a r 

• "4 ' ( a w ; - 1 / 2 

c 3 e c 3 e 

a/o2 a/7v2 

1 (-4) (404-1) + 
mdo 

( a » ; . 1 / 2 1 ^ ( 4 0 4 - . ) 
-'3e 03e 

a/o2 a/a-2_ 

rnd2 
« p 2 ) ; - 1 / 2 j ^ ( c s . « 4 - . ) ( 4 0 4 - 1 ) 

r.n 
3e 3e 

a/o2 a/a'2 _ 

^ m i - v , ( 4 0 4 - . ) ( 4 
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M N 

J - 1 / 2 M N . 2 M O ( 4 q 4 - i ) ( - 4 ) , (b.41) 

(621)̂  = rru^ {l^jpy1 M N 
j-1/2 a/zv-n2 

c l q s 2 , + d^eqsi^j + 

-4e J 

Mo ml 02 Mno 

+ m d 2 ( ^ » --1/2 ^ ^-c4e) 

( 1 ~ { c 2 e Q S 2 j + + C 1 e Q S 4 j + C5e (3-S5j)) 

MN 2 

(1 - ( < s , « 4 + + < 4 , 0 4 + « & < ? « ) ) 

+ 

(a: tv2);'_1/2 ( ' 4 ) 2 

jiv ( 0 4 ) ' 
r.n c4e 
M( 'O 

c4e 
[ A / O M N 2 

r " 1 c 4 e + 
MN2_ 

+ 

" ' 4 (''}p)';-, /2 5 ^ ( - < 4 ) ( < S , O 4 ) + 

md2 rn 
ie rn 

4e 

777c/2 

a /o a/v, 

c 4 e 

_Mo 

a]o ( < 4 ) 

, <'l Q 4 i , '•"rQ-^5; | 

c 4 e 

A/a-2 _ 

A/ , 
+ • + 

o A/o2 A/ajo Mn 

mdlj 
2 ( i i 4 " 2 ) ; - . / = ^ ( c : i y ( ' 4 0 4 ) 

(1 - {c'lQs'ij + 
MN 2 
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nid'o 
( m i 

M N 
J 1/2 M n 0 M 0 

( < 4 ) 

md12 6 n 2 \ n M N 
(<^e) 2 VV' / j - i / 2 M i v , 2 M o 

(1 - + ^ q s i - + c i q s ^ j + <4<?4y) 

md'o M n (b.42) 

M. 
{e22)J = rnd'i ( fc»^ ,_ 1 / 2 ^ ( " ^ e ) 

c^eQs^j-i . 1 + i 
A/o M( (h M N O 

+ m d 2 (^/p) •_! 
M N -c : 4e / / i-1 /2 m n 2 

(1 - + r l o s l l i , + + c ^ q ^ - o ) 
MN.2 

( l _ ( C 2 e ( 3 ' S 2 j - l + CSeQS3j-l + ^ e g 6 ' " ^ - ! + C 5e 

a'2 

4 q 4 - i ) ) 
r . n 

4e r-n 

4 e 

a /o a / A ; 2 . 

mrf? ( a f p 2 ) ; ! , , , j l ( 4 j 2 ( q s » _ 1) ! 
r ,n 

4e 4e 

a/(9 a/yvo 
+ 

md. 

mc?2 ( a ^ » j _ 1 / 2 ^ ( - 4 ) ( c 2 e q 4 v i ) + 

r c 4 l
e 

AIq A/jv.> 
m f / 2 ( I 4 2 

r,'i 4e r
n 

4e 

A/o A//v2 

" " ' ! ' , « p 2 ) ; ' _ 1 / 2 j ^ k e ) ( 4 ' , 0 4 - , 2 

'• ' . .q-u 
A/( 

+ 
o 

o s n 
ev-b5 

a/02 a / w o 
+

 C 'LQ s t j + 
r,n r)Qn -'2eK^b2j-l 

MM 
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1 
2 (a- '"2)"-./2 afo (c: '«) 

(1 - {c lq s ' { j + c ' l q s s j + < ^ < ? 4 + <&<?4)) 

md^ 

mdo 

Mn 2 

M N 

+ 

1/2 Mno Mo 

6 „2\ '1 

(<&04-i) (<&) + 

A/at 
( 4 e ) 2 v j 1/2 mnomo 

(1 - ( < 4 q 4 . , + ( 4 0 4 . , + + < ^ « 4 - i ) ) + 

rndn 
( 4 p ) ; 

A/, /v 
- v 2 Mn2MO 

K Q s ^ j ^ i ) i-c 'L) (b.43) 

(e23) j = nuq {k)p)"j_ll2 ^ i - d L ) 

c'lQs'lj r t Q 4 i f5, Q ^ j 
M q Mo-, a/, 

+777.̂ 2 (fc/p)' 
A / 

jyvo 

( - c ^ ) ; J - 1 / 2 A/tv, 

(1 - {<J;rQ4j + 
M N 2 

M N 
nid'i {kjp)". j-1/2 /\/.r. A ' t 

(1 - ( c ^ q s l + l ' ^ e q 4 j + c l q s l + c i q . 3 ^ ) ) 
n ,•36 ôe 

a / v A'O A / , .v2 j 

777.4 (^bp2) ̂ •-1/2 a / n
 l c 2^ j 

! ( Q 4 ) ; ",56 .5e 

AIno a/* ar
2 

+ 

"«« m U n i k (-cS ' ) < < Q 4 ' ' ) + 
777̂ 2 

( 4 p ) " 
A / at 

J - 1 / 2 A / wo 
'•5e c'r1 

.5e 

M NO M N2 

{ 4 ' q 4 j ) .5e -'.5e 

A/ , A'O A / N2 

+ 
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nidi 2 {k)p2T 
hU 

M N 0 M 0 

M N 

{ c l Q s D (c'4) + 

^ " 4 i 7 6 n'« 

/ j - 1 /2 a / w 2 a / 0 

7" I 

^ - 1 / 2 A / A T O 
( c L Q 4 ) (cL), (b.44) 

M j = ' " 4 ( t » ' ' _ , / 2 ( - c ) i" 1 / 2 ^/, AR2 

, +
 c3eq53j-l ) ' ' - .g-n; , 

A / r A / , Oi A/ , N O 

a/,v 

(1 - ( c ^ g 5 ^ _ 1 + + c l q ^ ^ - o ) 

777.̂ 2 (fcjp) 

Mn2 

n A/yv 
^•^1/2 a/a.2 

(1 - ( c l q i j - i + + c l o - s l - , + « « « . , ) ) 5̂e 
A/ato a / 

5e 

N2. 

m<i5 ( a :» ; ' _ , / 2 ( - 4 ' . ) ( 4 0 4 - l ) + 

'mc^2 //,4 y» /'.." n o " 
^ a T ; ^ ( t5=<3 sy-i) 

+ 

r-'1 

A/yvO A / a ' 2 

( ' 4 < 3 4 - . ) ( « 4 « 4 - . ) 5e 5e 

a/a^o a//v2 
+ 

^ ( ^ > 2 ) n m a ' 

m.d.2 / , 6 yi a/^v 
2 ( l » : ' - . / 2 r a ( c w • s « - ) ( - 4 • • , -
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m 4 ' ( o ) ; _ 1 / 2 ~ ( 4 0 4 - . ) ( c 

N O 
(B.45) 

I Sm-i J • 1 Q/n (xn 

(B.46) 

c 
( p \ — \ s f"2 j - l 1 r y n ct a p(1_l 
^e50^i - h. + 2 y - 1 + Y ] j~ 1 ~ t ii-1/2- (B.47) 
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F i f t h E q u a t i o n 

i r ^) j = M 
h j 

< m ' , l 

YSNII J 

hi 
( 5 q ( / ^ _ 1 + ( 5 q ( i 3 / 7 \ ) ; _ 1 / 2 + ( q f / 3 5 j f \ ) ; _ 1 / 2 - m 4 ' ^ ^ - i / 2 

rnd'^ {k1fp) j_ l / 2 (c3e^"(5S3j-l/2) 

c4eQ6'4j~l/2 C3eQS3j-l/2 C5eQS5J-l/2 C2eQS2j-l/2 

1 -

Mo M02 Mno 

- m d : ; (k}p)"_ I / 2 ( c S J Q 4 i - , / 2 ) 

c '^^Q s
2j-l/2 + c3eQS3J-l/2 + c4eQ s4j-l/2 + C5eQS5j-1/2^^ 

MN 2 

-md!^ (fc}p) i_1 /2 ( c ' j g Q s 3 J - _ ] / / 2 ) 

^̂4 e ̂  Q 4 j—1/2 C3e^QS3j-l/2 C5e^QS5j-l/2 C
2e^QS2j-l/2 

M O MO2 MNO ^IN 

- m d l {k1
fp) j_1 / 2 (c3eQs3j_1/2) 

(̂ — (_C2e^QS2j~]/2 + C3e^QS3j-l/2 C4e^QS4j-l/2 + C5e(^'3S5j-l/2) ) 

A / N2 
M, 

+ m d ^ {klp2y;_1 / 2 ( c l ) 2 2 { Q s 2 J ^ l / 2 6 Q 4 J _ l / 2 } 

c4eQS4j-l/2 C3eQS3j-l/2 C5eQS5j-l/2 C2eQS2j-\/2 
M< O 

+ m ( q {klp 2) n 

M02 

M 0 2 
j - v a a/2 

M n o M N 

( C 4 e ) ' 2 ( ( 5 - S 4 j - ] / 2 ( ^ " Q s 4 j - l / 2 ) 

_ + C3eQS3j~l/2 + C4e.QS4j-\/2 + C5eQSbj-\/2
S)) 

m n 2 

M02 
+md^ { k l p 2 ) n

j . 1 / 2 l ^ { d L ) 2 { Q s n
4 j _ 1 / 2 ) 

(b.48) 
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C'ie^QS4j-\/2 C3el^QS3j-l/2 C'L^QS'ij-l/2 C2e^QS2j-l/2 
Mo Mo 2 Mno A/y 

+md3 {klp2) j_1 / 2 (c4e)' (Q54J-1/2) 

(c2e^QS2j-l/2 + C3e^QS3j-l/2 ^ c4e ,^q64j-l/2 c5e(^(3-s5j-1/2) ) 
y\/ n2 

a 

( c y 0 4 - . / » ) ( < s . < 7 4 - w ) + 

( i » ( < 4 « ? 4 - . / » ) -

nirfj (/•;,'/1) , i - j j^ ('' '! i j j (c2e,^-,2i-l/2) -

m<i; (a t v) ;_ 1 / 2 ( ^ q ^ - v j ) ( < : s s « q 4 - . / 2 ) -

(5q.s3i72)"„1/2 + (q.s35f2)jl1/2 + a'1 ((^'(5(1'3fi)"_1y2 + [Qd^SFi) 

^ q 3,7 — 1 / 2 -̂ 2 j—1/2 — (5's3j_l/2<^'-^2i-l/2 + (^~qc^j-l/2^1j-l/2 — (56^3i-l/2^-^u-l/2 

) ^ l / 2 

The definition of (rs), is written as fohows: 

(n.), = ^ + iQd3F l)'1 '_1/2 - m4 ,Fi5_1 / 2 

- m x q {k1
fpyi1 / 2 {( [ICMj 12) 

cieQS ' lj-l/2 C3eQS3j~\/2 C'ieQS5j-l/2 C2eQS2j-l/2 
Mo a/o2 a/ivo a/at 

- m r f 3 ( f c /p )^ l /2 (c3e^?6:(,-l/2) 

1 — (^c2eqs2j-l/2 C3eQS3j-l/2 "i" C4eQS4j~l/2 C5eQS5j-l/2^^ __ 



I l l 

+ " < (Hp2)';.,,, 

C4eQS4j-l /2 C3eQS3j-l/2 C 5 e < 3 ' S 5 j - l / 2 C2eQS''2j-l/2 
M O MO.2 MAJO M]\F 

mo2 / n „ \ 2 
f2o 

w 3 1 ( a > 2 ) ; _ 1 / 2 1 ^ { c ! j e ) 2 ( q 4 _ 1 / 2 ) ' 

(^1 — ( C 2 e Q ' S 2 j - l / 2 C 3 e Q ' S ' 3 j - l / 2 + C4eQS4j-l /2 C 5 e Q ' S 5 j - l / 2 ) ) 

A / yv2 
Mo 2 

j 1/2 MNO AIo 
1 

( c l q 4 - i / 2 ) feq4-l/2) 

- m d g (fcbP) ,_1/2 (<-'3eQ3j — 1 /2) { c 2eQ s 2j - l /2 ) 

2e 1/2 

j"1 /2 /\/ar 

fn^ .n pn I f) i .n pn~ l _ /1„n- l pn A 
3,7 — 1 / 2 2 j —1/2 ^ V ' s 3 j - l / 2 ' f 2 j - l / 2 v^ t 'Sj-l /21 2 j - l /2J 

2C n-1/2 ( Q —1/2 } — 1/2 + Q^sj — 1 /2 ̂ 1 j —1/2 Qd3j-1/2^1)-1/2 

We can recast the equation in the form of: 

(r^), = (e2)j ^f,ij-|-(e6)j- (^fij_i-|-(eio)j ^"f,2j-|-(ei4):/. 6F2j-i+ie2o)j SQs2j+{e26)j dQs2j- i+ 

i e 2 7 ) j ^ Q s s j + {C'28)j SQss j^ i + (629)^. 6Qs4j + (e3o);- SQs4j-.i + (esi)^- SQs5j + 

{e32)j ^ Q - ' ' 5 j - i + i e o i ) j SQdsj + (652), SQdsj-1- (B.49) 

The coefficients in (B.49) are defined as: 
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1 rvn cv̂  (y 1 q71 

ie2) j = ^Qd^j + Y Q d n
3 j + t q r f r - i / 2 = y < ? 4 i + yq r f^7 - i / 2 ' (b.50) 

(ee), = + ^ Q d ' i A / 2 = + y 1 / 2 ' (b.51) 

a 
(eio)# = - ^ - y Q s I + y Q 5 - \ / 2 , (b.52) 

_ m.s.: 
(e14)j 2 

rnd' 

3 a 
y 

a 

I 'm d3 (iJ 2\n ^do2 2 / n n \2 
+ 2 \ hP )j-1/2 A/2 ' 4e^ ( ^ 4̂ 7 

md!, n„ 1 
2 

md1-

(Mp}".V2 j r N (cS-c?-'«) ( c ; ' ) 

( e 2 6 ) J = - ^ ( s . » ; _ 1 / 2 ( 4 ' t ( ? 4 _ 1 ) 

I m(^3 /';,l„2yl a j o . / (i \2 n y 
+ 2 V '̂b/9 / j — l/2 yi/2 ^ 46/ ig-S4j-lj 

m d 3 / / , 5 X « 1 (,,n .,11 

1 
-1/2' 

r n 1 c2e 
A/A' MN2 _ 

c
2e C2e 

a/N MNA 

(4le) 1 

r r-n 
2e c2e 

.A/iv A/A-2 

C2e r n 
_ 2e 

.A'/AT M N 2 

( 4 ) , 

(b.53) 

(b.54) 

(b.55) 
' N 

(627).; = 
mdg 

( 4 p ) ; - i / 2 ( c ^ ) 

+ + c^eQs^ j l c ^ e q 4 
A / r A / , 02 M N O A / , ./v 



113 

mcK 
{k)p) j - i n (C3e) 2 

(1 - {c,ieQs'ij + d^eQs,.^j + d l Q s l + c1}eQs%)) 
M N-2 

md 1n 
( ' = » ; l l ; 2 ( < ; : t < 3 4 ) 

r '3e 

+ 

2 vv'-/ j-1/2 

{ H i n ' - y , i f (4' t)2 ( 0 4 ) 

iifo, 

2 

ar
2 

?n(io 
w (<8.04) (4) 

a 

c l r.n 1 3e 
a/O2 a /a'2 _ 

. F" -2j 
a " _ z_ /?"" 
2 2> 

-1 
-1/2' (b.56) 

md3 

ie28)j = {k'fpTj-,^ (C3e) 

, 4e<5s3/-l_ +
 c l q g ^ - l +

 C^eQS2j-l 
hh O M ( 02 Mki NO M M 

m d ' h k l n \ n ( r n \ 2 \ k f P ) j -1 /2 iC3e) 

(1 - , + r i q ^ - r , + ri;,o.s^ ,)) 
M , No 

md'.1. 
( « m ; - 1 / 2 ( c s . e 4 ^ - i ) 

rridg A/o2 

3e 
A / O 2 

"3e 
A/jv 

2 ^ fcbp a iq 

1 

(c^)2 ( q 4 - i ) s -3e -3e 
M , O2 M. N2 

•W;_ 1 / 2 FEQ^-O ( ^ ) - y 

(629), = ( a / p ) ' - 1 / 2 

a 

4e 

/?"-1 

2 2j —1/2' 

--46 
_A/o A//v2 _ 

7 7 ^ z p g y , a /O 2 n 2 . n . 
+ 2 ^ /i-1/2 ' 4e^ \ '̂  -ij) 

+ + ^geq4!; + 

A / r AIn. O2 M NO A / , ar 

(b.57) 
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mcB 
2 a # w (<?•'«) 

~ (C2eQ'S2j + C3eQ5'3i + C 4 e Q S 4 j + 

M N . 2 

m<^3 (-t.l _2\" a7o2 
(fc 'l/92);-l/2 i f (c4e)2 ( q 4 ) 

•̂46 "4e 

md'^ 
m i 

Mo, 

( e 3 o ) ; -

I - I / S M 0 M N O 

( f c /^)7-l /2 (C3e(5'S3j-l) 

Mo2 MN2 

K Q ^ j ) (cl), 

''4e 4̂e 

+ -
mxHl 

( k y y i 
a/02 

j"1 /2 "a72' 

Mq Mn2 

W u f ( Q ' t j - d 

< 4 q 4 - i i < & 0 4 - i i 4 , 0 4 - 1 , "£,<34-1 
A/o A/02 A/wo A/at 

md' A / , 
+ ; : f 1 (fc^2)°_1 / 2 ( 4 ) 2 ( 0 4 - 1 ) 

(j- ~ (C2e(?'S'2j-l + C 3 e Q S 3 j - l + C A e Q S 4 j - l + ) ) 

a//v2 

rndo 
( t ; p 2 ) ; - , / 2 ^ (£*>2 ( o - ' i - i ) 1 •'4e 

a / 02 
4e 

M \ r ^ 
+ 

rrtrfo 

(631 ),• = 

w o , ( c l o s j - i ) ( 4 ) • 
^ I - 1 / 2 M 0 M N 0 

(*7p)';-,« ( 4 0 4 y 

rnrf! A/r 3 w p 2 ) ; _ 1 / 2 ^ ( c 2 e ) 2 ( q 4 ) 2 

A / O 2 

rn c5e c5e 
A/A'O A/A'2. 

rn c5e ctl 1 l-'oe 
A/ATO A/A'2 . 

+ 

2 v-//^; j-i/2 a / a / a , 0 
( 4 Q 4 ) (c^)' 

(b.58) 

(b.59) 

(b.60) 
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md-
ikfr'yiu2 ( 4 0 4 - . ) 

{ k y r 

2 V V V j - l / 2 

u , 
, - . , 2 7 f ( 4 ) 2 ( ( 3 4 - i ) : 

rn 
5e 

r.n He 
MNO MN2 

rn 5c rn 1 L5e 
Mno MN2_ 

+ 

3 (i A/o2 

2 a / 0 a / a . o 
(b.61) 

I .97/2,3 / • 1 A"'1 

fe.)3 = v i + k . " + t f - " - t f . " - w (b.62) 

( p \ — V*5'"3 / j-1 , 1 pjt . ^ rpn 0 pn-. (e52)j + 9 l i j - i + — ^ i j - 1 - i7z—1 
2 j ii-i/2- (b.63) 
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S i x t h E q u a t i o n 

i r 6) j = 

fn 4j-l 

hi 
h m a f l ) , ; _ m h q d a 6 f ] ) n

j _ l / 2 - m s n
i 5 f : i ) 2j-l/2 

+2mxQ { k } P ) l l / 2 : . ) 

c : l q 4 - i / 2 ' ' i i 2 c ^ q g ^ - i / 2 c ^ q 4 - i / 2 

o 02 NO 

+ 2 n 1 r f j { k ] l , y ; _ i r ! ( c ; e i ( 3 S j _ 1 / 2 ) 

1 — (^c2eq-52j-l/2 "i- ''3eq3j—1/2 C4eQS4j-l/2 + c5eq- s5j-l/2) ) 

Mn2 

Mr 
+ 2 . r < ( a » ; _ 1 / 2 l 7 ^ ( 4 ' e q , 5 ^ _ 1 / 2 ) 

•c4e^'q4 t
j-l/2 c^e^qs^ j- l /2 , 

a / o + a/ ( 

-.jj 1/2 l-5ec'^"s5j-l/2 C2e^QS2j-l/2 

O2 M NO M N 

+ 2 r n d ^ { k } p ) l 1 / 2 j ] ^ { 4 e q s ^ ] _ l / 2 ) 

( - (c ' l s q- s 2j - l /2 + r':l i 2 + c 4e s q s 2 j - l /2 + c 5e^ ( 54i - l /2) ) 

M]\J2 

- 2 m d i ( k i p 2 y ; _ l / 2 (cy2 2 
c4eQ s2j-l/2 C3eQ s l i- l /2 CbeQs 

Mo Mo, + M 

n rn /'')an 
- 5j —1/2 , 2e^ 2j — l/2 

i — 1 — 1 
•^no M N 

- 2 m d ' i {klp2y;_1 / 2 ^ i c l f 2 { Q s 2 j . l / 2 6 Q S l . l / 2 ) 

( i - {C:2eQS2j-l/2 + C3eQS3j-i/2 + C4eQS4j-\/2 + ^eQ^'s j - l / s ) ) 

(b.64) 

-nid '^ (fc6V2) •1_1/2 ~ ( c l ) 2 {Qs^j- i / iY 
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c2eSQsA j- l /2 + 4e<^"Q4-l/2 + +
 C l S Q S 2 j - l / 2 

Mo A/o2 A//VO A/a' 

- m < (A,V2);'_1/2 — ( c l ) 2 ( Q 4 _ 1 / 2 ) 

(^^2e^Q'''2j—l/2 C3e(^(5S3j-l/2 + C4e^QS4j-l/2 C^e<^QS5j-l/2 

Mn-A ' 2 

y\/( 
( 4 p ) ; _ 1 / 2 i 7 ; ^ ( c 4 j q 4 _ 1 / 2 ) 

C4eQS4j-l/2 ^ C3eQS3j-l/2 ^ CrLQS5j-l/2 C2eQS2j-l/2 
Mo Mo.2 A/tvo M n 

+md!l {kjp)11 M, o 
j - v s a/, NO 

{ c5e^q s5j-l /2) 

1 (C2eg62j-l /2 + C3eQS3j-l/2 + C4eQS
4j-l/2 C5eQS5j-l/2^') 

MN n2 

+md2 {k4
fp)n

j_ l /2 ^ { c ' l q 4 j - i / 2 ) 

c4e^QS4j-l/2 C3e(^"QS'3i-l/2 C 'L^QSnj-l/2
 C2e^QS2j-l/2 

Mo A/o2 A/̂ vO A/y 

+777< (a^p)" ! 
a/, 

/ j - l / 2 M n o ( C 5 e Q 4 l , - l / 2 ) 

(^C2e^(3'S2J-l/2 + C3e^QS3j-l/2 C4e^QS4j~l/2 + C5e(^(3'S5j-l/2 

M n2 

- m d ' l {ktp2y^^ l / 2 ^ {c l6qs2 j _ l / 2 ) (4eqs2 i - l /2 ) 

c4eQS
4 j - l /2 C3eQS3j-l/2 C5eQS5j^l/2 C2eQS2j-l/2 

a to ato^; a / , + jo2 

1 
I NO 

1 -

mdA {kbp )j_1^2 {c4e^QS4j-l/2) iC
2eQS2j-l/2) 

C2eQS2j-l/2 + C3eQS3j~l/2 + c4eQSiJ-l/2 + c JL,QStj-l/ '^S^ 
_ _ 
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- r n d ' l ( f e y ) ; _ 1 / 2 — { d L Q s l j - 1 / 2 ) { c I S Q 4 j _ ] / 2 ) 

C 4eQ S 4j - l /2 C3eQS3J-l /2 C 5eQ S 5j- l /2 C 2eQ S 2j - l /2 

M( o M n -o2 
1 

M N O M . N 

1 -

- r n < { k t p 2 y ; _ l / 2 J J ^ ( 4 . Q 4 - 1 / 2 ) feWi-1/2) 

MN.2 

-nirf:; ( f c t v 2 ) ; _ 1 / 2 ^ ^ ( t 4 < 3 4 - i / 2 ) ( 4 ' i e 4 - i / 2 ) 

c 4 e ^ Q S 4 j - l / 2 C 3 e < ^ Q S ' 3 j - l / 2 C 5 e < ^ " ( 3 5 5 , - 1 / 2 C 2 e ^ ^ ^ S 2 J - l / 2 

o a/ ( O2 
1 

AIm, N O Ahr 

- m d 2 { k t p % 1 / 2 — ( c L Q 4 - 1 / 2 ) ( c 2 e Q 4 : ; - l / 2 ) 

- {c2e S Q S 2j - l /2 + C 3 e
( 5 ( 3 4 i - l / 2 + C 2e S Q S 4 i - l /2 + C 5 e 5 ( 5 4 V 4 J - 1 / 2 sj -1/2 

A / , ̂ 2 

fe^q4-i/2) ( c ^ q 4 - i / 2 ) 

-md'l {kjpy1 1 
J - 1 / 2 A / , a'o 

( 4 e q 4 - l / 2 ) ( 4 l
e <5q4- l / 2) + 

A / r 
( ^ W , - 1 / 2 ) K 0 4 - v 2 ) + 

a / o 
m u / 2 j j j 1 ^ feq4-l/2) ( ^ ^ q 4 - 1 / 2 ) -

- c : l q 4 ) - i ; j - 1 / 2 a / w 2
 4 j - 1 / 2 

( — (C2e^" (3S2j-l/2 + C3e^"QS3j-l/2 + C 4e^Q S 4j - l /2 + C5e '^QS5j- l /2)) 

- m d ' l (A4/j)"_ 1 / 2 j j ^ c I S Q s , ; i _ i / 2 

(1 - ( < 4 « 4 . v , + < 4 0 4 - , / , + < - w l 1 - x n + < & 0 ' ^ i / » ) ) 

m o 
^ < 5 0 4 - 1 / 2 ) ( < 4 0 4 - i / » ) + 
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md2 {k6
bp)n ml o 

j i/2 M N q ] \ ] n 
{c'leQs1lj__ 1/2) {c2e^Q s2j- 172) 

a i s q s 4 f 2 ) ; _ ] / 2 + i q . s 4 6 f 2 y ; _ y 2 + a
n { 6 q d 4 f l y j

i _ l / 2 + i q d 4 s f l y ^ _ 1 / 2 

a - Q s ' : A / 2 S F - - 1 / 2 + S Q d ' ^ _ 1 / 2 F - r \ / 2 - Q d ^ J i \ / 2 5 F r j . 1 / 2 

The definition of (rg)^ is written as fohows: 

( r6)j = 

2md ,l {k l
fpy i M, o 

J - 1 / 2 Mo2 

+ iQd 4 F i y j_ ] / 2 - rn .s 4F 2 j_ 1 / 2+ 

{ c ' l q s 3 j - l / 2 ) 

C4eQS
4j-l/2 C3eQS3j~l/2 C:'5eQS5j-l/2 C2eQS2j-l/2 

M, o M, O2 M. NO m n 

m o 
2 m d 2 {k}py;_ l / 2 ( c ; l q 4 - i / 2 ) 

C2eQS2j-l/2 "I" C3eQS3j-l/2 C ' ieQS
4j-l/2 "I" CheQShj^ll'^S^ 

_ _ 

2 m d i ( k y y ; _ I / 2 1 ^ ( < t ) ' ( Q ^ , „ ) ' 
C4eQ-S

4j-l/2 C3eQS3j-l/2 C5eQS5J-l/2 C2 eQs2-_ l i2 

m o m( 02 m,\', NO m N 

2md'' ( k y ) l l / 2 

- {^eQ i 2J- l /2 + c 'LQ s ' i j -] /2 + C4eQS4J~i/2 + 4 0 4 - 1 / 2 

m, N2 

" < ( f c » ; - 1 / 2 ] ^ ( 4 0 4 - . / 2 ) 
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C 'LQS4j-l/2 C'3eQS3j-l/2 C>ieQSnj-l/2 C2eQS2j-'i/2 
MT ' o m 02 M n o M. N 

+ 

^ r u l l ( k ) p ) ] _ y 2 j ^ ( < ^ q s l _ y l 2 ) 

(1 - (ci^eQs'i ]_ l /2 + c ^ Q 4 _ 1 / 2 + c l Q s ' l j 1 ^ , ; , ) ) 

M. N2 

null ( < & 0 « - l / » ) 

c4e(5-S4j-l/2 C3e(3'S3;-l/2 C5e(5A5j-l/2 C2eQS2j-l/2 

Mo M02 AIno A/v 

1 
In 

md'l w p 2 ) ; _ 1 / 2 ( c 2 e q 4 - l / 2 ) feq4i-l/2) 

(1 - ( < 4 0 ^ , / , + < 4 0 - ^ , / , + '•4<3'4i-i/2 + < & « ^ i / 2 ) ) 

ii/ iv2 

-m<' (fc»p);_|/2 — (4'04-./2) (<4,0<«-v») + 

/2 ( r i w 4 - i / 2 ) fe04-./2) -

(1 — (C2e(3S2i-l/2 + C3e(5S'ij-l/2 + c4e(3s4i-l/2 + c^<3s5j-l/2)) C4e(5s4j-l/2 + 

2c fi-1/2 

{ k t p y U , 2 feq4-l/2) -

4j —1/2 2,-1/2 _ L o s " f " - 1 — h s " - 1 f n 
4,-1/2̂ 2,-1/2 ^4,-1/2 2,-1/2 

2e ?i—1/2 qd l j _ i j 2 — 1/2 + n p;i-l _ /Q̂ jn-l /?. 
4j-l/2i 1,-1/2 V"4i-l/2il 

71— 1 
'4,-1/2''],-1/2 

kn 
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We can recast the ecjuation in the form of: 

irr))j = (es)^ s f i j + { e 7 ) j d f l j _ i + ( e n ) i 8f2j+iei ? , ) j s f 2 j - ] + {e33)j dqs2j+ie34) j s q s 2 j - i + 

(e.ss)^ + (e36)j 5Qs3 j - i + (637)̂ . 6QsAj + ie3s) j SQsi j - i + (639)̂  5Qssj + 

(640) • 6Qs^j-\ + (653) • SQdij + (654) • SQdij-i- (B.65) 

The coefficients in (B.65) are defined as: 

(es)^ - tzqd'ij + i r q d i j + - ; r q d l l j \ j 2 - 9 qd-lj + 9
 (3(^4j-1 

1 /2 ' (B.66) 

(ev), = i Q r f i - i + y O r f J j M + = y a i i - i + y <3'i^A/2. f 0 ' 6 7 ) 

( , ^ •"•"'4 " I ^ /Or.'1-1 

( c i i ) j — 2 2 4-7 2 4 i _ 1 / 2 ' 

..II ^,'1 
\ m s 4 a n q « - i (e15)j = ^ ^QS4 j_ 1 + — Q s A j _ l l 2 . 

(B.68) 

(B.69) 

(e m ) i = (*}p);_1 /2 

" < ( k W y U , . , « ' e f ( Q 4 ) 

m(^4 (la ( rn n c " "i 

-26 r.n 
2e 

a7 af a//\r, 
rn ,.n 
^-26 2e 

A/A? Mn-2 

r.n „n c2e 2e 

+ 

a / A ' a / a j t 
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rnd7,! 
{ k y y ; . , , , k q ' v ) ( 4 ) 

4 Q 4 4 Q 4 4 Q 4 4 a 4 i 
Mo Mo 2 A//VO 

md1} 1 
( * : ' ' ' 2 ) " - . / 2 7 r ( f i 0 s « ) ( 4 y 

2 ~ • j -/ - 71,̂  /y 

(1 - ( c ^ q 4 + c'^eqs'sj + 
MJV2 

md'J: oMi 1 
( f c f / ) ; ' - . , , (4'e<34:,) -2e -2e 

M. N M n2 
m d 

m d ' l 

4 [klp) 

{k)p) 

' | •:, .U.v.Wo. 

1 

m o { c ' l q 4 j ) (c^) -

2 v"//^yj-l/2 7 ^ ( c 4 l
e

( 34) ( c2e) + 

(<&«»&) (<4) . 

+ 

(B.70) 

m o 
(e34)j. = n < ( f e » ; _ 1 / 2 ( c l q 4 - i ) "2e c: , 1 1 

2e 

a/, iV 

1 
(^>2) ; !_1 / 2 (c4e)2 (qs4 j - l ) 

mc^4 /';.4 y4 (r.n f) n \ 

r" c
2e r.n c

2e 

1 >- MM2 

r.n c2e 

\ C
cs 

O
 

M N MN2 _ 

MN.1 J 

+ 

md7} jrn (c''qs''--^ <<«.) 
4 q 4 - 1 4 q 4 - 1 

m o a7o2 a7yvo ajyv 

" t - w t , - v i s i <<4) 

(1 - {c'ieqs7ij_l + , + r i ( ) s ' : j , + ,)) 
mN 2 
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m d 1 } 1 

rn(i4 o 

r n 
2c "26 

M N M 
+ 

N2_ 

rruli 

B T J H - I N M N M 0 2 

1 

( 4 . 0 4 , - 1 ) ( 4 u -

2 v / ^ / j - i / 2 j / a , ! 

n 

- { k t p ) j - l l 2 M N O M N 
M o ( < 4 ) . (B.71) 

(ess), = (fc}p)"_1/2 ^ ( c l ) 

' • i q - ' i j + c1ieqs% + d1
eqs'}] | c ' i e qs l 

M, o M o . 02 M, NO M N 
+ 

md'l {ki
fp) 

M, o 
i 4 e ) /^-1/2 m02 

(1 - ( 4 l
e q 4 j + c l q s ' i j + c ' lqs ' l j + c^eqs^j)) 

M n2 

( a M ; - , / 2 ^ ( 4 . 0 4 ) 
3e c. -3e 

A/, o2 A/ A ' 2 . 

' » < (fcjp2); '-.^ ( 4 . ) 2 ( 0 4 j ) 

m,d2 
m i 

io 

m o 

L3e d -ie 
m02 a//v, 

+ 
./V2. 

i - i / s i\./A,.0 
( ^ . o ^ ) 3e 

r.»t 
3e 

A/, 02 A/ 2 

( h p 1 ) - - , , , ( 4 . 0 4 ) ( 4 . 0 4 ) 3e c.' , , 7 t 

3e 

A/( o2 M, 
+ 

N2. 
md'l 

(B.72) 

(636), = mdl (fc}p)"_ 
A/, o 

J - 1 / 2 M0.2 
(c!L) 
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c l q ^ 4 j - i , , c ' l q s b j - i ] < 0 4 : i 
Mo2 AIno a/yv' A/, o 

+ 

ind l [k l
}p)n Mr 

Mo2 ' : ie ' 

(1 - i + c^eq^^ j -d ) 

mdn
A {k)p)n 

j - v 2 Mo2 

MN 2 

M o k q ^ i - c i 
rn 
c 3 e 

MO2 AI, 

rn 
c 3 e 

c:: 3e 

Mo2 

w2 

"--se 
A/n2 

+ 

md'} c: 3e 

A/, 02 

! ! ^ fcv2);_l/2 ( < 4 0 ^ , ) K < ? 4 -

3e 

A / j Y , 

-36 r.« 
c 3 e 

m,dl AIo 
J-1/2 AINAIo2 

AIo2 a /y2 

( c g e Q ^ ^ j - l ) ( C 3 e ) 

+ 

i - v 2 . u v ./v2 
( < 5 . « » W (-<4. ) • (b.73) 

-Wo 
( e , 7 ) . = ™,< (fc;p);'_, /2 ( c 4 q 4 ) ' 4 e CA 4e 

A/o A/ a'2 

torf;(fc,;p2);ll/2l(^(cjt)22((34) 

cg.qsg, 

a / o a /o 2 a / y o a/at 

o 
K J 2 2 ( 0 4 ) 

( i _ {C2eQS2j + C3eQS'ij + C4eQS4j + ^ e q ^ S j ) ) 
A/ ar2 

m d : a k i p 2 ) i ; - l / 2 j j ^ i c ' l ) 2 { q ^ a j f 
4̂e 

AI o 

L-4e 
A/a, 

+ 
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md'4 f i A n \ n f r n /O.n 
— ( C r « Q s « ) 

,^71 . . / I 
("4e 4e 

A/o A/ a'2 
m d ] in 1 

2 - W p 2 ) ; _ 1 / 2 ] j 7 ^ K ) ( « 4 , ) 

, ' K M J + n i .CMj ' ' • u m i , c^eq^sj + c ' l q s i j 
A/o A/o2 A/yvO A// 

m d , ' l 

T n d [ 

2 ( t 4 0 s « ) 

(1 - ( 4 0 4 + < 4 < ? 4 + 4 q 4 + 4 q 4 ) ) 
A / V 2 

r.n „n 
4̂6 04e 

A/o Mn2 
( * 6 v ) ; _ 1 / 2 7 ^ ^ ( 4 0 4 ) ( 4 0 4 ) 

( 4 0 4 ) (' 

n u k 

: f p ) j - y 2 M n o 
c l ) -

r ( ' ; w ; - . , 2 1 ^ ( 4 0 4 ) ( - 4 ) -

m rJn 1 
2 { r"" ) ( l - + 4 0 4 + 4 0 4 + 4 0 4 , ) ) 

a' rv 
I T H t p > t — 1 

" 2 2i 2 2-'-1/2 , (b.74) 

(e38), = md'l ( k ] P ) ] _ l l , ^ ( 4 0 4 - i ) 4e c 4 e 

A/o A/ AR2 J 

" ' < ( ' - > 2 ) ; ' _ l / 2 x i ( 4 ) 2 2 ( 0 4 - i ) 

a/, • + M n o A'/a 

C 4 e Q 5 ' 4 j - l
 C3eQS3j-l C5eQS5j-l C2eQ-'S2j-l 

A / O 2 

mrfi' (A:;p2);_, /2 ~ ( c l f 2 (Q., 

(1 - ( 4 0 4 - 1 + 4 q » . t , - 1 + 4 0 « s , , - 1 + < & 0 « ^ , ) ) 
M N 2 

m < ( a ^ 2 ) ; _ 1 / 2 ( 4 ) 2 ( o s ; ' - . ) 1 -4e ' 4 e 

a / o a-/a'2 
+ 
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m d ' l 

m d ' l 

i i i d ' , 

M N O 

{ k t p 2 ) u 

rn 
ie He 

M n M , N-, 

2 v " o r y j - 1 /2 m n 

r ' L X M j , , ' I Q -

1 « j ( 4 0 4 - i ) 

cse<34' j-. 
M , o 

md'a 

M . 

3j-l , c5eQS5J-l , 
• H r-;— h 

o2 M N O M . N 

( K p r i ^ t r i ~ ( c l l c ) K Q 4 1 - i ) 
— J V 

I 1 ~ { C 2 e Q S 2 j - l + C 3 e Q - S 3 j - l + C 4 e Q S 4 j - l + 

Mim2 

r n d l n A 2 y i 

- I T y k b P > i -j - 1 ! 2 M n 

m d ' ' 

( 4 e 4 - i ) 
ie i e 

M o M N 2 _ 

J - 1 / 2 M N O 

m ^ { k > ) n _ 1 
( c 4 e q 4 - l ) ( - c 4e) " 

1/2 a/iv2 

M N 2 

(cz) (1 - + ^ e q ^ s y - l + c l q 4 - 1 + c l 0 4 - l ) ) 

- y f £ - 1 - ( b ' 7 5 ) 

A/, 
= ,7,4' ('^}p);'_ i /2 ™ (4e<9«3,) 

( l ' i p 2 ) " - I / 2 5 ^ ( ' i f ( Q ^ ) 1 

a/, ,vo A/m n2 j 

-5e 

A / N O 

L-5e 

A/a'2 
+ 

m d ' l M , o 

j i/2 m N O 
( c l ) 

a /o M n . o 2 

m x l ' l 

M n o 

A/o 

A / , w 
+ 

(4 l
e ) 2 y j - j j - i / 2 j \ j n o 

(1 - { c ' i e Q s ' i J + r!;rOs!;; + r ' l , Q . ' l l + c ' ^ e Q . s ' 5 ) ) ) 

M . n2 
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r n d ' I 

m i 

m d'l / ; 4 2 y 
O [ k b P ) i 

j 1 /2 M n o 

1 

a / o (=^<3-';,) 
c; 5e 

j - " 2 .w^• ( c o . ' s , ) (4 , (3s2j) 

r10 
-̂ e 

l\jl\t0 ĵ̂ no 

cll r.n 
•5e 

rnd,'} 
m i , 

1 

a/a 'o 

i q ' l ) (c; 4 y 2 ^ ' j 1/2 h i NO 

f j h K O - W + 

r n d 
' { k t p ) l 

'a'2 
m o 

i - i / 2 M n o M n 
{c2eQS2j} (C 5e 7 1 (b.76) 

(640)̂ - = "1-0̂ 4 
M Q 

^•-V2 MO2 
( 4 0 4 - , ) 

-5e -'5e 
M NO M n2 _ 

" < 4 ' ( * ^ - i p 2 ) ; _ 1 / 2 ] j 7 ^ ( 4 ) 2 ( < 3 4 - . ) : 

a/», A'O a//v.-a'2 j 
+ 

m o 
0 \ k f p ) j - i / 2 (.-5e) 

A'O 

< 4 9 4 - 1 ^ c s , 0 4 - i ^ 4 0 4 - 1 ^ 4 0 4 , - 1 
^ 0 ; ^ + + + ^ 1 7 ; ^ 

+ 

2 v ' j ' ' ; j - i / 2 M n o 

( f " + C3eQS3J-l + C ^ e Q ^ ' ^ J - l + C 5 f i Q - ' ' ' 5 ; - l ) ) 

A/ 

md 

w2 

M 0 { c t ! q 4 1 _ i ) i k j p ) " . ^- 1 / 2 A/A.0 

'se 
_ a/ato a /v 2 _ 

2 ( i : ' > 2 ) " - i /2 ( 4 0 4 - I ) ( 4 0 4 - 1 ) 

r . n 
(-^5e 5e 

A/, a'o A/, ̂ 2] 

rnd^l 
~ 2 " 

n i d 4 

m i 
1 

j-1/2 a/.to 

1 

( t ! ; e 0 4 - i ) ( 4 ) -

( a w ; - i / 2 A 7 - ( < ' = « 4 - . ) ( - 4 ) + 



\ Sni4 I • 1 Q;n q'1 
^ / J I rm I T?n Z7"-1 

53;, -r 2 i j 2 i j 2 l.i-1/2' 
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( b - 7 ) 

• + + ^ p t i - ^ f i r ' (b.78) 

i sim i • , 1 a'1 q'n . 
(^54), = + 2 f : u + y f ; } _ i - y f ; p i / 2 . (b.79) 
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Seven th E q u a t i o n 

(r7)i = 
. 1 

h., 
+ {dQd^Fy )n

j_ l / 2 + { Q d r , 8 F i Tj-1 / 2 - m s 5 S F 2 j - 1 /2 

c^eq'^i 

nid'r̂  { k j p ) J _ l ^ 2 {c'^e^qs1^j_l/2) 

'4j—l/2 C3eQS3j- l /2 C!ieQS5j-l/2 
u z mm 

c 2 e q 4 2j-1/2 
' N O m . M o J W o 2 

~ n | 4 ' ( '•/p);_1 /2 ( 4 ' 5 0 4 ' , - , / 2 ) 

— ( i
C2eQS2j-l /2 + C3eQS3j- l /2 C4eQS4j- l /2 + C5e'5-S5j-l/2) ) 

M n 2 

- m d - { k j p ) l 1 / 2 { r u m , , .) 

'C'ISQS2J_1 / 2
 c 3e^Q s 3 j - i / 2 C5edV-'i5j-l/2 ' c 2 e S Q s 2 j - l / 2 

1 1 — 1 
M R M N O Mm M O 2 

-mxl l {k jp ) j _ l / 2 (c5eq'55j-l/2) 

{ c 2e^Q S 2 j - l /2 + C3e^QS3j- \ /2 + C 'L^Q S 4j - l /2 + C 'L^QS5J~l/2^^ 
A 

+ m 4 ' ( t t v 2 ) ; _ 1 / 2 { 4 ^ 0 % . , „ ) ( < ? , « « - , / , ) 

c 4 e Q 6 ' 4 j - l / 2 C 3 e g - S 3 J - l / 2 C 5 e ( 5 S 5 j - l / 2 C 2 e < 5 ' S 2 j - l / 2 

o A/o2 

il/ 
A'O Ar 

+ m < (fc tv2);_ l / 2 5 ^ ( 4 y q - s ; i - , / 2 ) ( < 4 0 ^ , / , ) 

C2 e(54j-l /2 + + ' - t Q S 4 j - l / 2 + C;5e(3S5j-l/2)) 

+md» ( < 4 0 4 . , / , ) ( < 4 « ? ^ w ) 

c 4 e ( 5 6 ' 4 i - l / 2 +
 C3eQS3j- l /2 c5eQS5j-l/2 c2eQS2j~l/2 

(b.80) 
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M 
+ m d ^ {kf,p2) j_1 / 2 (<"4eQ4j—1 /2) iC2e^QS2j-l/2) 

— (^c72eQS2j-l/2 + C:LQS3j-l/2 + CAeQS4j-l/2 C5e (3S5i-l/2) ) 

A / / V , N-2 

+ m d ^ { k t p 2 y _ 
M n o 

J - 1 / 2 M N M O 
{c4e.QS4j-l/2) (C2eQS2j-1/2) 

c4e^QS4j-l/2 C3e^QS3j-l/2 C 'L^QS5j-\/2 C2e^QS2j-l/2 
m o ai02 a i n o ^ i n 

+ m . d ^ { k t p r 

'o2 

M n o 
{c'leqs^j-1 /2) (c&q• s2j-1 /2) 

> ^ - 1 / 2 M N M O 

( - ( c l 6 Q s - j _ l / 2 + + c t d Q s l _ i r 2 + rl<)Qsi! j | . 2 ) ) 

AIn2 

- m d - ( k ) p ) ] _ m ^ o ( c ' l s q 4 j _ v , ) ( c i q s ' 1 ' J _ , / 2 ) -

1 

AINO 

m d i ( * • » ; 

i-1/2 m n M 0 2 

•n ( l5 n ^ I n O 
j - 1 / 2 a ina io2 

6 'l 

" !< ' (s^sv') 

( 4 ' e e 4 - i / 2 ) ( 4 ' 5 q 4 : / - , / 2 ) + 

(<-3'e^q's.sj-l/2) (c2eq's '2j-l/2) 

( < 4 « 4 - w ) ( < 4 « ? 4 - i / » ) + 

(1 - (c2eQs2j_l/2 + C3e(5S3j-l/2 + C 'LQS4j-l/2 + C.5e(3S5j-l/2)) + 

n /^ rn 
4j-\/2 7j-1/2 a / w 2 a / o 

( _ ( c2e^^S2Vl/2 + C3e^(5'S3j-l/2 + C4e^QS4j-l/2 + C5e(^g-S5j-1/2)) _ 

i k t p } U / 2 5 ^ ( « . « ? • & - „ . ) ( 4 . 0 4 - 1 / 2 ) -

( c 5 e q 6 5j - l /2 ) {c ' ' lc^q s2j-\/2) — 

a ( ( 5 q s 5 f 2 ) y i / 2 + (QS5SF2)j_1/2 a (SQd 5F iyj_ 1 / 2 + {Qdr-,5Fi)n
j_li2 
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a ^Q s 5j - l /2 F 2j - \ /2 g 5 j — 1 / 2 ^ — 1/2 j r ^ q d l j - l j 2 F l j - l / 2 q d r o j f i j - i / 2 

The definition of {r7)j is written as fohows: 

{ r7)i = 

11 

+ i qd5 f i ) j _ 1 ^ 2 — rns'^f2j_ l/2 

' J - 1 / 2 

c4eQS4j-l/2 C 'ieQS3j-l/2 C5e'3S'5j-1/2 C2eQ'S2j-l/2 
Mo Mo2 M n o M n 

- m d ^ {kjp) n
j_ l / 2 ( c ^ Q 4 - 1 / 2 ) 

— (^C2eQS2j-l/2 C3eQS3j-l/2 C4eQS4j-l/2 C5eQS5j-l/2^^ 

( k y y - fl/'vo 

A/v2 

(<'4e g 4 J — 1 / 2 ) (''2 e g 2j — 1 / 2 ) 

+ 

/ j - 1 / 2 m n m o 
c4eQS4j-l/2 C3eQS3j-l/2 CteQShj-l/2 C2eQ'S2J-l/2 

A / o A / O 2 M n o M N 

rnd^ w p 2 ) ; _ 1 / 2 ] i ^ ( « 4 - i / 2 ) ( c l q 4 - 1 / 2 ) 

— (^CLgS2j-l/2 "I" C3e(5,S.3y-l/2 + C4eQS4j-l/2 + C5eg'S5i-l/2) ) 

A / W . ^2 

+ 

(1 

"^^5 (Al/O; , , ^ ( ^ l q 4 - 1 / 2 ) ( c 4 e g 4 - l / 2 ) 

rnd" {k lp) j ^ 1 / 2 j [ jnJ^J0 (C3e(5-S3J-l/2) (C2e(3S2j-l/2) + 

rnd1} {k b
fp) j_ l / 2 A l N j I o

c ' ^ e Q s 4 j - i / 2 

- {c 2 eQs 2 j_ 1 / 2 + C3e(3S'3j-l/2 + C4eQS4j-l/2 + C5e (5S5i-l/2)) 
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? t — 1 / 2 

m d j {k^p) j _ l ^ 2 { c 5 e Q s 5 j - } / 2 ) i c 2 e Q s 2 j - l / 2 ) 

„n p n - ^ n s " p n - 1 _ ( O c ' 1 - 1 p n b5j-l/2J 2j-l/2 ^ 1:' 5 j —1/2 2 J - 1 / 2 V ' \ 5 J _ i / 2 i 2 , - 1 / 2 
2e 

9 f » i - l / 2 ( g ' ^ 5 , — 1 / 2 ^ 1 } — 1 / 2 + J - 1 / 2 _ ( 3 f ( 5 i - l / 2 - ? r i ? J - l / 2 

r k l 

We can recast the equation in the form of: 

( r7)j = i e i ) j ^fi j ' ir{ e8)j ̂ f i j - i + {ei2)j sf2j+{eig)j sf2j^i+{e4] )j sqs2j+{e42)j sqs2 j - i + 

(643) , - + ( 6 4 4 ) , ^ Q s s j - l + (645)y ^ Q s 4 j + ( e 4 6 ) j ^ Q - ^ 4 j — l + ( e 4 7 ) j <^~<5s'5j + 

(e48)j (^QS'5J-I + (655), SQdij + (ese), SQCIAĴ I. (B.81) 

The coefficients in (B.81) are defined as: 

i e i ) j = ^Qd'l, + - Q d l , + T ( ? d ^ r \ / 2 = (B.82) 

(es), = + ^ Q d l . , + ^ Q d ^ j l V 2 = y Q r f ^ - i + ~ Q d ' l - \ / 2 . (B.83) 

(^12), = y Q 4 + 7 g - : , 2- (b.84) 
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(eie); -
m s 5 _ ^ 0 s n , 

2 ^ 5-'-1 2 ^ ry- ]/2' (b.85) 

md, -2e c 2e 
a / \ ' Mn2 

md7' 1 i k y y ; 
M no 

-i/a m n m o k q ' w ( ' 4 ) 

c l q ' h l | < 4 0 « 5 I 
m o a/o2 a/^vo ^ in 

+ 

m.d^ 
{ k y y ; . , 

AIno 
(c'lQ^^'W (4e) 

2 v " 0 ' ' M N M 0 

( l - {C2eQs1ij + C3eQS3j + C4eQS4j + C5eQ'S5j)) 
M MR ni 

mdji 
( K P 2 ) 

AIno 
J - 1 / 2 A I N A I O 

MD1^ ( h5 nyi _ M n o 

md": 

( c i q 4 ) ( c l q s ^ j ) 

+ 

2̂e -26 

n 
bh) -j i / 2 A / j v A / o 2 

v ) " -
AIno 

J - 1 / 2 AIAT, A/O 

a//v a/w 2 

( 4 ' e q 4 ) (4'e) + 

( c l q s ' i ) ( - 4 ) -

mdJ: 
m : 

1 
j - v s i\/a, ( c L Q 4 ) ( c ^ ) ' 

+ 

(b.86) 

mrf'c1 

( « « ) j = m i u , ( < 4 . 0 - ^ . ) 2 
md!} 

{ktp2)";. 

J - 1 / 2 

AIno 
i/2 aim aio 

-'2e '2e 
a /a? aij\'2 _ 

{c lQs ' l , . , ) id 

+ 

4) 

C4eQ.S-4J_1 cgeQ^Sj-l +
 c2eQ52j-l 

A/o A/o., A/a'o a/a? 

m.f/r' 

+ 

AIno 
j 1/2 a / a t a /o 

( 4 ' j 

( l — (C2eg,S2j-l + c3eQ5'3j-l C4eQ,S4tj-l C5eQ,S5i-l)) 
A / / V - . 

+ 
w2 
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/ ,4 2 \ n m n o , x f n s c2e c2p 

- t { k b P m m [ I [ I n A/yv. 
a a . 

/'2e) + 

• (fc iv);'_1/2 (<4) . 
mdr 

+ 

(B.87) 

m d 
( e u j j = ( s » ; l 1 / 2 ( c o . s j ) "3e c. 3e 

a/o2 a/ar2 
+ 

/7 4 2\n A/Wo C, 3e - 3 e 

A / O 2 m, n2 

rof(a''')^i/2«(c-0sa(c-i) + 2 

+ 

(B.88) 

md? 
(644), - 2 («-»;-1/2 

- 3 e 

m, O2 

m,d ' r l 
ik lp 2 ) ' ' 

M n o 
•' ^z2 .\ / \ m() 

mdc 

( c i o s j - i ) ( c ' 2 . ( 3 4 - i ) 

C:3le + 
MN2 _ 

+ 

rn 
3e 

r . 7 t 

3e 

A / O 2 MN2 

(l-fp)"-
a/ivo 

J " 1 / 2 A / A R A / o 2 

M n o 
j - 1 / 2 m y , m() 

( 4 q 4 - . ) ( 4 ) + 

( 4 0 4 - i ) ( - 4 ) . (B.89) 

(645)i — 
m,d':l 

2 

ik tp 2 ) 

m i u , ( 4 Q - ' : i ) 
"ae '4e 

m o m. 

md'i /,,, ,N ( l A / n o 
J " 1 / 2 M N J [ J 0 

{c lq s ' i j ) (a 

c2eQ4j +
 cSeQ s3j + (^ieQ^j , c2eQs2j 

A / O A / , o2 a'/w, A'O A / 

n2 

+ 

+ 
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" # ' a q 4 ; ) (c'i 

(1 - {dieqs- ] + + d l q s l + c t q s l ) ) 

c 4 e J 

m.d!i 
{kbp2) 

M N . 2 

md1} 

r-'1 r>"' c 4 e _ c 4 e 

mo m, 

' 4e ) " f 

n2 

md^ 
2 (<«.) (1 - (<404 + c3eOsl + + <404)) • 

(b.90) 

md]} 

(e46)j — 
md1} 

2 

c"-.1?2) 

-'4e -46 
m, o m, â 2 _ 

+ 

( l a j . \ n m n 0 / n n n \ . ; 
j -v2 m n m o [^c2^ l!s2^-'> (c ' 46.1 

I '•i 'g-S '(/ I ! C ' L Q S l j - l | 

m o mo2 m N o m n 
+ 

tud 5 {iar,2\n 
- [ H P j.,-! a / ' t o ( 4 < ? 4 - i ) w . ) 2 v " o r j^-1 /2 m n m o 

(1 — { C 2eQ S 2j - l + c 3 e Q s 3 j _ l + C l l eQs'l j_ l + cgeQ^'Sj-l)) 

md'} 
{ ' 4 p 2 r -

M n o 
j -va m n m o 

M n 2 

{ c l q s l _ l ) k q 4 , - , ) -'4e -'4e 

1 

md; 
- ( i ' m 

J-VJ A/o 

M n o 
•i 1 .\/,v, .\/(, 

Mo M n 2 _ 

fe<34-i)«.) + 

(c4pq5'4j_i) (-c4e) + 

m, wo 
j-1 /2 m n 2 m o ( c 4 e ) ( 1 ( C L < 5 , S 2 i - l + C . L g ' S . 3 i - l + C 4 e Q . s l j _ 1 + C g g Q s , " , . . ! ) ) , 

(b.91) 
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(647)., - -
rnd'} 

c'ieqs'li ^ < ' lq s 3j ^ 
n u J T + l u o T + ^ + ^ 

+ 

rndj, 
2 V - V ' V i - l / 2 

(1 - {c'2eqs'2j + 4 l
eqgg i + r - - /g4 ; + 

a//v2 

( * m ; 1 / 2 « o 0 4 : , ) 
r " -'Se 

. a/a^o 

4 0 4 ) 
/'7,4 2v" / n n n \ / 

~ ('"•p '2-1/2 < c" 0 s - '2) ( c 2 ' , 

. .7/1 1 
; ( < 4 0 4 ) W 

r n 

M n 2 _ 

c 5 e 

+ 

4 ) ( i , ^ n \ n J L 
2 ( v ) j - l / 2 m o 

TO(/5 / , 6 N " M ^ 0 / .n n c n ^ 
2 ( j-1/2 a / ^ 2 a / 0 (c4eg's4j) ( c5 

m r f5 /' 7,6 \ " 1 

2 y k b p h ~ y 2 m n 

il ) oe) 

( ' 4 0 4 ! , ) l a •'} ) 
' o e / 

.11 n n 
_ p»- l 
2 2y—1/2" 

q; _ / ? " 9 2j 

5e 

a//vo a/a'2_ 

(B.92) 

c'lQsn
Aj_ l i c,ieQs'^j_l 

Mo MO2 M N O M N 

711 rp̂  
- ! ^ r ( A W ; - . / 2 K = ) 

+ 

2 v / ' -y j - i /2 

(1 -
a/ ( a'2 

md: 
- c - w ; ' - , / , (=^0 ' 'S , - . ) 

r . n "-se n oe 
a/( a'o A / i ̂ 2 j 

+ 
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mf/g . 4 2v,i 
(ktp 2 ) : 

AIm, NO 
- V S A I n M O k q ' v - i ) 

-5e 
A/; wo a/w. 

md?;1 

(4?p)" 
1 

( 4 . ) " 

j-! /2 m o 

AINO 

r n d 

j - v 2 a / n 2 a / o 

1 

k q ^ v - , ) (--4) + 

( - c j j -

• (<«.)-

1/1 i 
2 ^ 2 i - 1 2 1 2j-1/2" 

a a 71—1 

A ' 2 . 

(b.93) 

( SMS I . 1 a ' 
j h j 

+ 7:fl l
i + — f l ) 

a" 
f , h-l 

2 2 2 1 j _ 1 / 2 ' 
(b.94) 

/ \ 7 

/ \ \SNI5 J J - L 1 „ q; n q; P N - l 
(656),- - 1 ^ 2 l i " 1 T l i " 1 _ Y li-V2" hi 

(b.95) 



E i g h t h E q u a t i o n 

/ j —1 a 3 2 

where (•r8)J_1 = Fi l
j_1 - + hjF^j 

N i n e t h E q u a t i o n 

2 

where (no) •_! - QS2V1 _ Q s2j + hjQd'i j_ l . 
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(n , ) . . , = iFi'i - f f Z - i - h i + i f ^ i ) . ( B ^ ) 

(r ,) . , = iG» - SG^_ I - (SG'l + . (B,97) 
' J -

where {r9)j_ l = G y . ! - G'lj + h jG1iJ_ l. 

T e n t h E q u a t i o n 

(rio),-! = SQs'ij - 5Q.sl_x - ^ [dQd^ + 5Qdn
2]_l) , (b.98) 
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E l e v e n t h E q u a t i o n 

, = 'icml, - - y { m i + , (b.99) 

where {rn) j _ l = Qs'^-i - Q ^ j + hjQd'^:j_v 

T w e l v e t h E q u a t i o n 

(r1 2) i_1 = 5 q 4 - ^ {5Qdl] + S Q d l . , ) , (b.loo) 

where {ri2) j- l = Qs'lj-i - + h ]Qd'l j_ l . 

T h i r t e e n t h E q u a t i o n 

- ^ ( • h j : - % { w h + l) • 

where (r13) j_1 - Q-s';, , - Qssj + hJQd]^ j_v 
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Append ix C: Block Elimination M e t h o d 

The hnear system has a block tridiagonal structure and can be expressed in matrix-

vector form: 

A S = r . (C.l) 

The energy equation is solved separately after the nromentum equation and the 

equations for species conservation are solved in this work. Solving momentum and 

mass conservation equation using enthalpy from previous iteration provides us the 

mass fractions of species and velocity profile of the flow. The eleven dimensional 

vectors, f and 6 , for each value of J with the coefficient matrix A and the compound 

vectors are given: 

= 

( \ 
5 f 2 
d f 3 

S Q S 2 

6 Q s s 

s q s i 
S Q s - a 

sqd2 
d Q d 3 

5qd4 
v sqdt> j 

( A 0 CO 

B L YLI C \ 

A = 
b i 

\ 

; r .i = 

(rs), 
(7̂ 4 sj 
( r5)j 
( r6) j 

('>). 
(rg), 

( r i o ) j 

( n i i j 

v (r13)i / 

5 . 7 - 1 

c j 
A J - l C j - i 

b j y 

(C.2) 

(C.3) 

and the 11x11 matrices are given bv: 
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/ 1 
0 

AQ — 

0 0 
0 
0 
0 
0 
0 
0 0 
0 0 

V 0 0 

0 
0 
0 
0 
0 
0 

- 1 1 1 . 
2 

0 
0 
0 
0 

0 
0 
1 
0 
0 
0 
0 

- 1 

0 
0 
0 

0 
0 
0 
1 
0 
0 
0 
0 

- 1 

0 
0 

0 
0 
0 
0 
1 
0 
0 
0 
0 

- 1 

0 

0 
0 
0 
0 
0 
1 
0 
0 
0 
0 

- 1 

0 
0 

-73 
0 
0 
0 
0 
_/iL 

2 
0 
0 
0 

0 
0 
0 

"73 
0 
0 
0 
0 

J J ± 
2 

0 
0 

0 
0 
0 
0 

- 7 3 
0 
0 
0 
0 

_ hi. 
2 

0 \ 
0 
0 
0 
0 

- 7 3 
0 
0 
0 
0 

0 / 

(C.4) 

1 lt± 9 0 0 0 0 0 0 0 0 0 

( •S3 ) , ( S 5 ) j ( • S i ) , 0 0 0 0 0 0 0 0 

( e l ) j 0 M j ( 6 1 9 ) , ( 6 2 1 ) , ( 6 2 3 ) , ( 6 4 9 ) , - 0 0 0 

( e 2 ) , ( e i o ) j 0 ( 6 2 5 ) , ( 6 2 7 ) , ( 6 2 9 ) , ( 6 3 1 ) , 0 ( 6 5 1 ) , - 0 0 

( e i i ) j 0 ( 6 3 3 ) , ( 6 3 5 ) , ( 6 3 7 ) , ( 6 3 9 ) , 0 0 ( 6 5 3 ) , - 0 

( 6 4 ) , ( e i s ) , - 0 ( 6 4 1 ) , - ( 6 4 3 ) , - ( 6 4 5 ) , ( 6 4 7 ) , 0 0 0 ( 6 5 5 ) , -

0 - 1 
h.i+l 

2 0 0 0 0 0 0 0 0 

0 0 0 - 1 0 0 0 
hj+i 

2 0 0 0 

0 0 0 0 - 1 0 0 0 
/ lJ+1 

2 0 0 

0 0 0 0 0 - 1 0 0 0 
/ l j+1 

2 0 

0 0 0 0 0 

( 1 < J 1 
0 

V
I 

- 1 
1) 

0 0 0 

(C.5) 

/ l , + l 
2 
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a l = 

B : = 

/ 1 2 0 0 0 0 0 0 0 0 0 

(•S3)j (6'5)J (•si)j 0 0 0 0 0 0 0 0 

(el)j (eg)./ 0 (e17)j (ei9)j (62I)j (623)J (649)7 0 0 0 

(e2)j (eio)j 0 (e25)j (627)j ( 6 2 9 ) , ; ( 6 3 1 ) j 0 (65I)J 0 0 

(63 ) j ( e n ) j 0 (633)j (e.35) J ( 6 3 7 ) , / (e.39)j 0 0 ( 6 5 3 ) 7 0 

( e4)j ( e 1 2 ) j 0 (e4i)j (643)7 (645),; (647)7 0 0 0 ( 6 5 5 ) 7 

0 - 1 0 0 0 0 0 0 0 0 0 

0 0 0 - 1 0 0 0 0 0 0 0 

0 0 0 0 - 1 0 0 0 0 0 0 

0 0 0 0 0 - 1 0 0 0 0 0 

V 0 0 0 0 0 0 - 1 0 0 0 0 V 0 
( C . 6 ) 

/ - 1 
hj 
2 0 0 0 0 0 0 0 0 0 \ 

(.se),- (.52),- 0 0 0 0 0 0 0 0 

(e5)j (613), 0 (eig). ( e 2 o ) , - ( 6 2 2 ) , - (624),- 0 0 0 

(ee), (ei4),- 0 (626),- ( 6 2 8 ) , - (630), (e.32)j 0 (e52),- 0 0 

(e?),- (ei,5)i 0 (634),- (636),- (638),- ( 6 4 0 ) , 0 0 (654),' 0 

(eg), (eie),- 0 (642),- (644),- (646),- (648),- 0 0 0 (655), 
0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 

V 0 0 0 0 0 0 0 0 0 0 0 / 
(1 < j < j ) 

(C.7) 



143 

q 

0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 
0 1 /tJ+1 

2 0 0 0 0 0 0 0 0 
0 0 0 1 0 0 0 - ' ' j + l 

2 0 0 0 
0 0 0 0 1 0 0 0 ' l J + l 

2 0 0 
0 0 0 0 0 1 0 0 0 ' l j + l 

2 0 
0 0 0 0 0 0 1 0 0 0 2 

(0 < vi - 1 ) 

Using the boundary conditions, the vectors TQ, r, are defined by: 

to = 

( 0 \ ( ( r l ) j \ 
0 i r 2 ) J 

0 ( r 4 ) j 

0 ( ? , 5 ) j 

0 

0 ; r j = ( r 7 ) j 

( r 8 ) o 0 

(^^10)0 0 

( ' • 1 1 ) 0 0 

( r 1 2 ) o 0 

\ ( r 1 3 ) o / V 0 ) 

(C.8) 

(C.9) 

After solving the momentum and mass fraction equations, we solve the energj-

equation assuming the mass fraction and velocity profiles are known. The energy 

ecjuation is recast as an algebraic system of two equations written similarly (C.l). 

The matrices and vectors are defined as follows: 

A n — 
7o 7i 

./il _ 1 
L 2 

(C.IO) 
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l j = ( (!r
1

)-' ( c . i i ) 

/ ' J = ( ( - t i a o J I • ( C - 1 2 ' 

b j = ( { ; 3 ^ ' ) (1 < j < j ) , (c.13) 

q = ( j ) (0 < j < j - !)• (c.14) 

Using the boundary conditions, the vectors f^, r j are defined by: 

r o = ( ) ! r - ^ = ( ( r n ) j )• (c - 1 5 ) 
(r9)o / ' v 0 

The procedure of the iteration is repeated until the criteria for small change of 

the solution is satisfied. The criteria depends on the boundary conditions on the 

wall. 


