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Abstract

In 1992, Bellantoni and Cook developed a new recursion theoretic characterisa-
tion of the polytime functions, BC, in which it is shown that a natural two-sorted
re-interpretation of the ususal primitive recursion schemes characterises polynomially
bounded computation over the binary representation of numbers.

This thesis is based on Bellantoni-Cook’s variable separation over unary notation.
We first define a two-sorted Peano Arithmetic, PA(;), formulated with this variable
separation, with quantification allowed only aver one sort, output (safe) variables,
and induction allowed only over the other sort, input (normal) variables.

From PA(;) we obtained its two-sorted fragment ¥;-Induction, £4(;) — IND,
by restricting the induction rule to X;{;)-formulas. We then get the result that
the provably terminating functions of the Ty(;) — IN D turn out to be exactly the
Grzegorezyk £? functions, such functions being computable on a Turing Machine in
Linear Space (bounded by a linear function of the length of its binary input).

We develop the two-sorted higher type Gédel primitive recursive functionals T'(; )
by applying this variable separation. We then get the result that every provably
recursive function of two-sorted full PA(; ) is characterised by the two-sorted Godel's
Dialectica interpretation of arithmetic, and we show that every elementary function,
in Grzegorczyk’s class £%, is definable in 7°(;). We then prove that the converse of
this result, that every definable function in 7°(;) is elementary. This is proved by
using normalisation and transfinite counting by means of infinite terms.

This work is related to other results of Buss, Bellantoni, Beckmann-Weiermann,
Leivant and Ostrin but our context and methods are quite different. The bounding
functions for the two-sorted theory are now the Slow Growing ones rather than
the Fast Growing functions which bound computations in the usual single-sorted

versions of Peano Arithmetic.
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Chapter 1

Introduction

Our work may be roughly divided into two parts: functional classes and arithmetical
theory. The aim is to use tiered arithmetic, its functional interpretation and slow
growing bounds to explore feasible functional classes and their proof theory. We
will introduce and discuss some fundamental connections between proof-theoretic
complexity and computational complexity — the structural links between formal ter-
mination proofs and theoretical complexity bounds.

The difficulty is knowing where to start since there are so many preliminary
issues that need to be addressed. Our basic functional class is the primitive recursive
functions, PRIM, introduced explicitly by Skolem {25} in 1923. Although PRIM is
a natural and very extensive class and plays an important vole in the abstract part
of computing science, it does not, include all computable functions. PRIM can be
analysed by breaking it down into Grzegorczyk’s hierarchy £”, n > 0, developed by
Grzegorczyk [10] in 1953. In this thesis we are interested particularly in the classes
&2 and &3, because they differentiate between polynomial and super-exponential
complexity. They are very important in computer science since they isolate the
feasible computable functions from infeasible. The PRIM and £" classes will be
introduced respectively in the sections 1.1 and 1.2 of this chapter.

It is well known that PRIM contains many fast-growing non-feasible functions.
But the recent works of Buss [5], Bellantoni 3], Leivant [15] and others obtained

feasibly computable functions by using a natural two-sorted restriction of primitive
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recursion. In other words, they show how a natural two-sorted restriction of primitive
recursion serves to characterise complexity classes such as polynomial-time and linear
space. The main contribution here is to show how classical ideas and methods can be
applied quite naturally in more computationally feasible contexts to provide proof-
theoretic characterisations of well-known complexity classes.

Because of the above results, we shall motivate here especially the elegant nor-
mal/safe recursion schemes of Bellantoni and Cock. Around 1992, in their original
paper [2], they introduced a new class of functions, BC, to develop a more foun-
dational characterisation of polynomial-time. They have done this by taking the
primitive recursive function schemes and separating the variables into two sorts:
Input (normal) and Output (safe} variables depending on their computational roles.
The BC scheme was applied over the binary representation of numbers in order to
characterise the class PTIME of functions computable in time bounded by a poly-
nomial in the binary lengths of the inputs. We, however, will work exclusively with
unary representations, giving the related class BCu.

It is worth pointing out that a recursion-theoretic characterisation of polynomial
time was first given by Cobbam [6] using recursion on notations. He used explicit
polynomial bounds to control the size of the output.

The variable separation was also independently introduced by Simmons [24] and
Leivant [14] and in many other papers. Simmons used tiering to control the power
of recursion in a paper delineating the primitive recursive functions. To achieve this
he formulated more restrictive closure schemes, allowable composition and allow-
able recursion. Leivant introduce the notion of tiered/ramified primitive recursion
and defined a sub-recursive hierarchy which manages to isolate polynomial from
exporential numeric functions, whereas the natural sub-recursive clagsification of
functions, by counting the recursion-nesting depth fails, since exponentiation can be
defined from addition by single recursion.

Around 1995, Handley, in his unpublished note, formulated a new class of func-
tions, BC'u, by using unary representation instead of binary in the BC. That is, the

By is a rework of the Bellantoni and Cook variable separation result over unary no-
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tation. The BCu serves to define the class of functions computable in time bounded
by a polynomial of their numerical argument, whereby the length of a number is the
actual numerical value. Handley and Wainer [11] details this characterisation of
Grzegorczyk's £2, equivalently the class LINSPACE of functions computable on a
Turing Machine in linear space. BCu will be introduced briefly in the section 1.3 of
this chapter. |

In Chapter 2, we shall pass from functional class to a corresponding arithmetical
theory in two-sorted form. We will present there a simple two-sorted version of first
order Peano Arithmetic, PA(; ), in which induction is allowed only over input vari-
ables and gquantification is allowed only over oufput variables. This system provides
a natural setting where classical proof-theoretic methods can be used to characterise
the hierarchy of complexity classes between polynomial time and super-exponential
time. The theory PA(;) was first developed and studied by Ostrin in his PhD thesis
[18]. We then obtain the theory of two-sorted Xi-Induction, %;(;) — IND, from
PA(;) by restricting the induction rule to apply only to ¥4{; )-formulas, and get the
result that the class of provably terminating functions of 3 (; ) — /N D is exactly the
class BCwu. This means that ¥1(;)—IN D provides a proof theoretic characterisation
of Grzegorczyk's 2.

In Chapter 3, and in the rest of the thesis, we shall apply the variable separation
to Godel’s functional interpretation, vielding a two-sorted version of Gédel’s prim-
itive recursive functionals, denoted T(;}. {Another different approach is worked by
Ostrin [18] where this variable separation is applied to ordinal analysis in a low sub-
recursive context, showing that PA(; ) proves the totality of at most the elementary
functions, analogous to classical PA). Our main contribution here is to develop the
Gédel-Shoenfield [23] dialectica style interpretion of PA(; }, using a BCu-version of
higher type primitive recursion. It follows that every provably recursive function of
PA(;) is characterised by a two-sorted Godel-Dialectica functional in T'(; }. In the
final section of this chapter we will show explicitly how every elementary function
can be defined in 7°(; ).

In Chapter 4, we prove the converse to the result of the previous chapter: every
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definable function in 7(;) is elementary. This is proved by using normalisation of
infinitary A-terms with tree-ordinal bounds, and is the main technical work of this
thesis. The infinite terms were first introduced by Tait [26] and Schwichtenberg [22].
In order to fulfil our aim we shall first formulate an infinitary version of Gédel’s T'(; )
by replacing the substitution, primitive recursion and finite list by A-abstraction,
infinite sequences and cartesian products respeétively. Every functional of 7'(;) is
represented by a termn of this new infinitary system 7°°(;) and the tree-ordinal
bounds allow us to measure complexity in terms of the Slow Growing Hierarchy
below 9. We then get the result that every number-theoretic function definable in
T(;) is elementary, since every function computable within an elementary-bounded
number of steps is itself elementary. The result is related to the work of Beckmann

and Weiermann [1], but the context and the proof are quite different.

1.1 Primitive Recursive Functions

PRIM is the smallest class of functions that contains the initial functions, and is

closed under the operations of substitution and primitive recursion.

Definition 1.1.1 (Initial Functions). There are three initial function which are
(a)  The zero function, Z(z) =0 for every z € N

(b)  The successor function, S(z) =z + 1 for every z € N

(c)  The projection functions, UMZ) = z; for every z; € N where ¥ = 24, ..., Tn.

Definition 1.1.2 (Substitution). A common way of manufacturing new functions
from old is to substitute into other functions. To be precise, suppose that g(z, ..., zx)
and hy(Z), .., he(Z) are functions which are already defined, then compesition yields

the new function f{%) by
F(&) = g(ha(E), ., ha(Z))

Definition 1.1.3 (Primitive Recursion). Recursion is a method of defining a

function by specifying each of its values in term of previously defined values, and
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possibly using other already defined functions. To be precise, suppose functions g
and h are already defined, then f is given by primitive recursion on h with basis g
by
£0,%) =g(@)
flz+ 1,8 =h(z f{z2),%)
We can refer to Péter [20], Mendelson [16] and Rose [21] for background details

concerning primitive recursion functions.

1.2 Grzegorczyk’s Hierarchy

Grzegorczyk’s class £ is the smallest class containing the zero, mazimum and pro-
jection functions as well ag £, (defined below) which is closed under substitution

and {imited recursion.

Definition 1.2.1 (£,). E, arises by primitive recursion from E, ; as follows:

Ey(z) =z+1

Ei(z) =2z
CBy(z) =4a?

By{z) =27

and for n > 3
En(z) =E;.{(2)
where, for any function f of one variable f* is the xz-times iterate of f given by
Py = v
Fy) = W)
Definition 1.2.2 (Limited Primitive Recursion). If g,/ and p are functions

which have been introduced previously in the class, then we define a new function

f from g, h,p by limited primitive recursion as follows
f(0,2) = g{7)
fly+1,7) Ry, f(y, ), %)
J,@) < py )

l
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Here we are interested particularly in the classes £2 and £2, because they differ-
entiate between polynomial and super-exponential complexity.

The following are well-known facts about £% and £%. See Rose [21], Chapter 2.

Theorem 1.2.3. The following are equivalent:
(i) feé&?

(i) [ is computable by a register-machine within o number of steps bounded by

a polynomial of its arguments.

(1)  f is computable by o Turing machine within space bounded by a linear func-

tion of the binary lengths of its arguments.

Theorem 1.2.4. The following are equivalent:
(i) fe&l

(ii)  f is computable within time or space bounded by an iterated exponential

function of its arguments.

(it} [ is elementory functions.

Note that the class of elementary functions was introduced by Kalmar [13] in 1943

and by Csillag [7] in 1947 intependently. It is definable from the zero, successor,

projection, addition and modified subtraction functions, and it is closed under the

operations of substitution, bounded summation and bounded products.

Definition 1.2.5 (Super-Exponentiation). The super-ezponentiation function,
x

m

exp® (z) = m™
7 many m
isin &3 for fixed n € N. Tt is defined from ezponentiation function, E(m,n) = m",
by the primitive recursion
eopfy(z) =2

ewpp (x) = E(m, ezpp(2))

which we will use throughout the thesis.
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1.3 Bellantoni-Cook System

The Bellantoni and Cook normal/safe recursion schemes, BC', are formulated by
taking the primitive recursive function schemes and separating the variables into

two sorts, depending on their computational roles:

e Normal (input) variables are represented by z,y,z,... with or without sub-

scripts.

o Safe {output) variables are represented by a, b, ¢, ... with or without subscripts.

To formalise this distinction, in any formula the input variables will always be
listed first and followed immediately by a semi-colon to distinguish them from the
remaining output variables (if any). We think of f(z;a) as denoting a function of
type I x O — O, taking an input argument z and an output argument e to an
output value.

The class BC was formulated with numbers represented in a binary notation.
Handley and Wainer [11] present a BCu scheme, which is a unary version of BC,
by showing directly that BCu schemes characterise Grzegorezyk’s £

Here and in the rest of this thesis, we consider BCu since our work will be based

on unary representation of numbers.
Notations 1.3.1. We shall adopt the following notations:

1. & stands for a tuple z1, 23, ..., #,, of input variables, and henceforth we use @

to stand for a tuple ay, ag, -.., @ of output variables.

2. To specify that a function f has a n input and m output variables, we write

[ e BCW™™.

3. We will use BCUnormar for U, oy BC¥™?, that is, the subscript “normal”

refers to the restriction to function of input arguments only.
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Definition 1.3.2 (BCwu). BCu is the smallest class which contains the following

initial functions:

(a) Zero, Z € BCu"?, where Z(;) =10

(b} Successor, S € BCu™', where S(;a) =a-+1.

(¢) Predecessor, P € BCu™*, where P(;0) = mam(a -1,0).

(d) Projections, U™ € BCu"™, where U(;@) =a; 1<i1<m

(e) Choice, C € BCu™, where C{;a,b,c) = b e=0
¢ if a#£0.

and is closed under BCu-composition over output variables and BCu-recursion over

input variables, as below

Definition 1.3.3 (BCu-Composition). In order to preserve the idea of I and O-
typing as described above, BCu-composiiion is only allowed over output variables.

In this two-sorted formalism, BCu-compositions have to be of the form
F(E8) = g(ziys oy Tiy; 11 (T @Y, oo he(Z5 E))

since we can only substitute computed values E(f, @) inside output positions. Thus

if hy,.... 0 € BCu™™, g € BCu*, {4,...,5x} € {1,2,...,n}, then f € BCW™.

Definition 1.3.4 (BCu-Recursion). Similarly, the BCu-recursion is only allowed
over input variables but the composition has to be at output places, so it takes the

" form

f(0,7;a) = g(%;d),

flz+ 1,88 =h(z%4a f(zTd),
where g € BCu™™, h € BCu™™™*! and then f € BCy™H™,

We furthermore allow “simultaneous” BCu-recursion.

Remark 1.3.5. The BCu-composition and BCu-recursion are essentially the so-
called safe composition and safe recursion schemes of Bellantoni and Cook [2].

There is a small difference between therm.
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o In the safe composition, Bellantoni and Cook also allow substitution of func-
tions with input variables only for the input arguments inside the function g

in the BCu-composition, thus
f(z;a) = g(r(z); h{z;a})

It turns out however, that even with these more general schemes the same class
of functions would be obtained (see Handley and Wainer [11]). We restrict our

attention here to the restrictive form of BCwu-composition given above,
Examples 1.3.6.
1. The constant function Cy(x;a) =k is in BCu. By induction on k;
Co(z;a) = 0
Crsilzia) = S(C{z5a)
2. Almiay=z+aisin BC’u.
Al0;a) = a
Alz +1;0) = S(A(z:a))
3. The usual primitive recursion definition of M(z;e) =z -a
M0;a) = 0
Mz +1a) = Ala;M(z;a))
is not in BCu since it fails to type correctly, a ¢ [. Instead, we can define
M'{z,y;a) = x -y + o which is in BCu.
M'(0,y;0) = a
M'(z+Lya) = Aly; M'(z,ya))

Thus we can multiply two input variables.

4. However we cannot multiply an output variable by an input variable, since one
more BCu-recursion would then give exponentiation E(z} = 2% as defined recur-
sively by

E{D) =1
E(x+1) = M{(2,E(z))

which is not in BCu because it contradicts the Lemma 1.3.7 below.
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Lemma 1.3.7. For every BCu-function f(£;@) there exist a polynomial ps{T) such
that for all ¥ and @

F(#: @) < maz(@) + p4(7)

Proof. The proof is by induction on the definition of BCu function. Our poly-
nomials will always have positive coefficients and will therefore be maonotone in all
their arguments. The claim clearly holds for all of the initial functions. As for the

closure properties:
Case (BCu-composition). Suppose that
F(# @) = g(F h(Z @), ..., hal{Z @)
Then by induction hypothesis on g and h we get

f(z;a) maz(hi(Z; @), ..., b (T; T)) + 0g(Z)

IA

1/

maz(maz(@) + pa, (Z), .., maz (@) + prn (Z)) + py(7)

1A

maz(@) + maz(pr, (Z), .., +0rn (£)) + py(T)
maz(@) + 3 oeq Pr (L) + Pg ()

maz(&) + ps{Z)

IN

15

Case (BCu-recursion). Suppose that

F(0,7a) = g(z;4)
flz+1,%a) = hiz,5a f(2,53)

&3

Then by induction hypothesis on g and & and by induction on z:

— Base case, z =0, we get
£(0,%,a) < max(d) + py()
— Induction case, assume that for z = n we already have
f(n, Zd) < maz{@) +ps(n, I)

Hence for z = n + 1 we get
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Fln+1,838) = hiz5d f(2,73))

< maz(a, fin, £ d) + pp{n, T)

< maz(d, ma:n(fa) +pp(n, Ty +pu(n, ) Dby ind. hyp.
< maz(d) + pe(n, &) + pu(E)

< maz(@) + (p(Z) + pe(1,2) + ... + paln, 2)) + pa{n, T)
< mex(E) + py(Z) +n - pa(n, L) + pa(n, T)

< max(@) + py(F) + {n-+ 1) - pa(n, T)

< maz(@) +ps(n+1,3)

Theorem 1.3.8 {Handley-Wainer).
BCUpprmal = &

Proof. See Handley and Wainer [11].



Chapter 2

PA(;), its Fragment >((;) — IND,
and &2

In this chapter we shall obtain a new logical theory, two-sorted Peano Arithmetic
PA(;), from the formal proof system of single-sorted Peano Arithmetic, PA, by us-
ing the Bellantoni-Cook variable separation. In PA(;), quantification is exclusively
applied aver output variables whereas induction is formulated only over input vari-
ables, which remain free throughout. We then obtain the theory of ¥4(;) — IND
from PA(;) by restricting the induction rule to apply only to ¥, (; )-formulas, and
get the result that the provably terminating functions of ¥(;) — IND are exactly
the functions of BCu.

2.1 PA(;)

In this section the notion of the Bellantoni-Cook variable separation is applied to
the standard formulation of the Peano Arithmetic to obtain a new logical theory of
two-sorted Peano Arithmetic, PA(;). Here the semi-colon is not part of the official
syntax, we still use it to clarify the separation of the input variables from the output

variables.

13
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Definition 2.1.1 (Variables). The variables in the language of PA(;) are distin-
guished into two-sorts as in BCu, both intended to range over to natural numbers.
e The tnput variables which are called I-variables denoted by 2.y, z, ... with
subscript.
o The output variables which are called O-variables denoted by «,b,¢, ... with

subscript.

Definition 2.1.2 (Terms). The basic terms are defined by
{a}  0is a basic term.
(b)  Either sort of variable is a basic term.
(c) Iftis a basic term, then St and P# are basic terms.

Where S and P are the successor and predecessor functidn—symbols. Note that we

will use Sz and z + 1 interchangeable.

More general terms denoted by s,¢,7,... are constructed from basic terms with
use of function symbaols, f, g, A, ..., standing for (primitive} recursive functions, for-
mulated over either sort of variables. These are given by their primitive recursive

definitions which will be assumed ag axioms.

Definition 2.1.3 (Formulas). PA{;) is formulated here classically in the style of
Tait [27] with {inite sets of formulas for sequences.

Atomic formulas are expressions between terms with respect to the hasic relations
and exist in complementary pair, R(s,t) and R(s,t) for any terms s and ¢. For
example, if v and v are either sort, v = v and u < v are the complement of u # v
and u &£ v respectively.

More complex formulas A, B, C, ... are built out of atomic formulas R and their
complements & by applying the logical connectives; V (or}, A (and), 3 (some) and ¥
(all). Tt is sometimes convenient to display the free variables occurring in formula A

by writing A{zy, ..., T} @1, ..., @ ). The T denotes finite sets of formulas, {4, ..., 4,},
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the intending meaning being A; or Ay or ... or A,. Furthermore I', A denotes [U{A}.

Hence the judgements will be of the form
PA(*) - r: A(Ila vy Ty Uy ey a’m)

Note that negation — and implication — are not included as basic logical symbols.

The negation is defined by De Morgan’s Laws:

-R = R

-R = R
—(AVB) = ~AA-B
~(AAB) = -Av-B
~(30A(a)) = VanA(a)
-(VaA(;a)) = Za-A(a)

The implication is defined by
A— B=-AvVDE

The reason for presenting logic in this way is merely one of choice, buf it makes
it possible to exploit the duality between V and A, and between 3 and ¥V for the
purposes of simple cut-reduction.

The “=" is the syntactic identity of terms.

Definition 2.1.4 (Axioms and Rules). For any T' the arithmetical axioms and

logical rules are highlighted in the following list.
Arithmetical Azioms. The substitution-instances (all terms for variables) of
(a) FT,u=v u#v
by FILu<v, udv
() EI, Su#0
(dy FI, Su#Sv, u=v

(e) ©T, PO=0
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) +Iu=0 SPu)=u
(g FT, P(Su)=u

(hy +HI,u=u

i) FLLu#Fv, v=u

G) FLu#v,véw u=w
(k) FT,ug0

) FT, u<Su

(m) FI[, ugdv,u<v, u=v
(n) FT,udu

o) FT,ugv,vdw u<w
(p) FLu<v, u=v, v<u

() FT, utv, ~Alu), Alv) with A atomic.

Where to simplify the list, both variables safe and normal are represented by u,v,w,
and A(u) means appropriate A(u;) or A(;u) in arithmetical axioms. From (g) one

can easily derive T, u# v, ~A(u), A(v} for all formulas A.

Recursion Azioms. For each primitive recursive function f, defined over input or
output variables, we add its defining equations as new axioms. These new primitive
recursive function-symbols can be used to generate arbitrary terms in the normal
way. But these are not basic terms. For each defining equation f{Z7; a) = t, the
corresponding axiom is,
R f(Ed) =t

Further Arithmetical Azioms are added, expressing the associativity, commutativity
and distributivity of addition, multiplication, and the usual index laws of exponen-

tiation.



CHAPTER 2. PA(;), ITS FRAGMENT %,(;) — IND, AND £? 17

Logical Rules.
(v) I:—-I%j where i = 0 or 1.
0 s
(3) = ;’gaﬂ(‘i 2] where t is a basic term.
(¥) %ﬁ%&% where b is not free in I'.

(Cut) F P,A F F, - A

T i »”
T where 4 is the “cut formula”.

FT,A0) R -A(m), Alz 4 L)

FT,A(%) where z is not free in T,

(Ind)

Where in all the rules the active variables are the output variables, except in the
induction rule. In the induction rule, A is said to be the induction formula and ¢
is any basic term over an input variable. Thus if ¢ = z the logic prevent us from
subsequently quantifying over x, because it is not output, but we may quentify

existentially. We have to point out that
o Quantification is exclusively over output variables.
o Induction is formulated over input variables.

We are allowed to introduce any function or term, but writing the defining schemes

down is not enough. To use the function, we must first prove that it terminates.

Definition 2.1.5 (Defined Term). Apart from the variable separation another
major difference between this arithmetic and the more usual formulations of single
sorted Peano Arithmetic is the non-standard existential rule. Whereas in PA we
allow any term to act as a witness for an existential rule, (similar for the conclusion

of an induction), here we restrict our witnesses to be only basic terms. On the other
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hand, we can obtain such a rule for more general witnessing terms, the only proviso
being that we must first prove

- 3b{t = b)

In such circumstances we call such a term defined and often we will use the shorthand

tl

Remark 2.1.6. If ¢ is a basic term, then we can prove t | immediately by applying
the 3-rule to the axiom ¢ = {. Furthermore, from the equality axiom, with & a new

variable not in ¢,
t £ b, —A(L), A(b)
we easily obtain (since the term b is basic)

—(t |), —A(), 3bAD)

In other words we can only use provably-defined terms to witness existential formu-

las, that is
It] I, A{t)
I, 3bA(b)

Lemma 2.1.7 (V-inversion). Assume that - I',VaA(z;0) where VaA(z;a) is no-

where used as an induction formula. Then b T, A{z;b), and the height of the new

proof is not incregsed.

Proof. By induction on the height of the given PA(; )-derivation of I',VaA(; a),

according to the last rule which is applied:
Case 1. 1f I',VaA(; a) is an axiom, so is I, A(; b).

Case 2. If last rule applied (v}, (A), (3) and {Cut), then VaA(; a) is side formula in

premises. For instance
[.VeA(;a), B,C
I, VaA(;a), (BV C)

We can use the induction hypothesis to replace I', VaA(; a) by I', A(; b) in

the premises. Then re-apply that rule

T, A(b), B,C
TLA(b), (BV ()
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Case 3. If last rule applied ({V), and VaA(; a) is a side formula in premises:

VaA(a),T, B(i¢)
VaA(;a), T, VaB(;a)

We can use the induction hypothesis to replace I',VaA(;a) by T, A(;b) in
the premises ( ¢ # b, if ¢ = b we can change it ). Then re-apply that rule

A(8), T, B(;¢)
A(b), I, VaB(; a)

Case 4. If last rule applied (V), VaA(;a) is the main formula in premise.

I A( e
VaA(; o)

we can change variable ¢ to b, then T', A(; b).

Case 5. If last rule applied is (Ind), then YaA(z; o) will only occur as a side fromula,

so we can preceed as in Case 2.

2.2 ()~ IND

Tn this section, we obtain the two-sorted fragment £y(;) — IND from PA(;) by

restricting induction formulas to being T4 (; }-formulas.

Definition 2.2.1 (¥.(;)-formula). Two-sorted (; )-formulas A(Z; B) will be of
the form

J2A' (& @, b)
where A’ is a quantifier free formula.

Definition 2.2.2 (Truth). To say that a £;{; }-formula 3dA'(7; @, b) is true, means
that there are selection functions f (Z, 5) = fi(; g), ooy S (s E) which satisfy the
formula in the sense that for all # and & the formula A'(Z; f(Z;5),b) is true in the

standard model. We often denote this as

-+

fl#b) F 3gA' (#,d,0)  or E A(Z fl2;D),0)
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-

It Iz, 5) = {A(Z, g), o An(E, E)} and g(¥, b) is any sequence of functions (all with
arguments 7, b) then we write
gET
to mean that for arbitrary, fixed value of # and g, there is an ¢ such that
fl@8) F A& D)

for some subsequence f of functions from the sequence §.

Definition 2.2.3 (Provably Recursive). Let a function f be defined by a prim-
itive recursive program. Then we say that it is provably recursive (provably termi-
nating) in a two-sorted theory, if for each function g introduced in the program with

variables of the appropriate sorts we have
b 3e.g(Z;d) =¢

In particular, if f is the final function defined by the program, with input variables
only, we have also

Facf(®)=c
We will actually be interested in extracting those functions f which have input

variables only.

We ask how is a proof of 34A'(; a, 5) related to the complexity of the selection
function fi (%, E;) ?7 It ts an old and classical result of logic which was given by
Parsons [19], Mints [17] and others that the PRI M functions are exactly those which
are provably recursive in the fragment 3 — IND of PA. Below we investigate the

two-sorted analogue of this result.

2.3 Provably Recursive Functions of X:(;) — IND
same as BCu

Tn this section, we want to prove that if a two-sorted function f(z;a) is provably

terminating in B¢(;) — IND, then f is definable in BCu, and vice versa. It gives us
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that the provably recursive functions of ,(;) — IND are the same as the function

of €2 since BCUngrmar = £%-

Theorem 2.3.1. Assume that $,(;)—IND b T where [ is @ set of Z1(;)-formudas.

— -,

Then there are BCu functions f(Z;b) which satisfies I', i.e.,

fFET
Proof. The lemma says that for every Xi(;)-formula provable in the theory of
¥:(;) — IND, there are BCu functions F&: b} such that A'(F F(& E), E) is true for
every ¥ and b.
by induction on the height of the derivation in ¥,{;) — IND.

Note that a standard cut elimination argument shows that any X,(;) — IND
derivation can be transformed into one with only X1(; ) cut formulas. The idea is to
prove that given derivations of I', ~C and I, C' where C' is either DV E or JaD(a)
and T', C does not arise by an induction on formula C, we can obtain a derivation
of I" wherein cut formulas are less complex than €. The proof goes by induction
on the height of derivation - T', C. For example, suppose C' = JaD(a) and by the

J-rule
T, D(t)
T,D

where £ is a basic term. By the V-inversion we obtain T',=D(t) from T',Va-Df{a).

Then by the cut-rule
r,-D) T,D{)
r

with cut-formula D less complex than C. By repeating this process we can transform

the original proof into one in which cut formulas are at worst ¥, and II;. We now

return to the proof.

Case (Azs). The axioms all contain true quantifier-free formulas, so any BCu

function f will do for them.

Case (V),(A). The (V} and (A)-rules respectively

I, Ag I, Ap T Ay
[, (Ag v Ar) T, (Ao A Ap)
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They are trivial since I contains only ¥4 (; )-formulas and A, and A; must be
quantifier free otherwise Ay V A; and Ay A A; can not be ¥4(; }-formula. We

are therefore concerned merely that their truth is preserved.

Case (3). The (3)-rule

—I‘M t is a basic term
I, 3dA(E; d, b)
where A(:E’;t,g) = JaA(Z; c'i,t,g) and then 3dA(Z;d, 5) = AddaA'(Z, d, d, I;)
Then the {3)-rule will be
T, 33A4'(F,d,t,b)
T, 3d33A'(#; @, d, b)

Applying the induction hypothesis we have BCu functions f (%, i’;) such that
for all Z and b

= T, A'(&; f(2: 6),1,b)
where t is a basic term, 3d(t = d) ( see Remark 2.1.6), so we have a BCu

function g(Z: 5) such that for all 7,5

g(#;b) =

—

Now we define BCu functions h(#;b) such that for all b

-,

=T, A(Z g(;i?, g), P (75 0), g)

s

where hy(Z:8) = fi(Z;8), i=1,....k, and hyq1(%; ) = g(#; b). This completes the

proof of this case.

Case (V). The (¥)-rule

T, A(%;b)
T, VdA(Z; d)

bisnot freein T

which is not applicable since in conclusion YdA({#, d) can not be X; (; )-formula

because it contains universal quantifier ¥d.
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Case (Cut). The (Cut)-rule
T, A T A

r

where we can crucially assume thai the (Cut)-formula A is in 24(; }-form,
say A = A/ (¥ d, 5), then ~A = Va-A'(7, a, E) But the right premise now
contains a V& which must be removed in order to continue the proof. V-
inversion allows the proof of I, Vd~A'(%,d, B’) to be replaced by a proof of
I',—A(Z;C, b) but containing new variable ¢. So the application of (Cut) will

be

I, 3aA'(%,d,b) I, —A'(%,¢b)
T

Applying the induction hypothesis to left premise, we have BCu functions
FUED), ooy Ful@ D), forr (75 B) such that

— =

F{AUE F@D).0) Yoo A& Fra(Z:0),5) (2.1)

-

and from right premise, we have BCu functions §i(Z; by, ..., Gi{T; &, E) such
that
= { AU GUF E0).B) Yoy, A (#ED) (22)

Now we add to the sequence fi, ..., fi new BCu functions I B, .., f;;(:ﬁ’, g)
defined by

hi{#:8) = G, frer (), b)

such that if f;, .., fo £ail to satisfy I then B, o, h; succeed in satisfying T, thus
{ ALE Bl 5),0) Yamy

Cuase {(Ind). The (Ind)-rule

T, A0, 7, b) T,-A(z,Z,b), Az + 1, %;b)
I, Ay, %; b)

—

where z not free in I'. The A is in ;{; )-form, A(z,, 5) = J3A'(z,%4;d,b)

b
and —=A{z, Z; E) = VYi-A'(z, T, d, E) In order to continue the proof ¥a must be
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removed. Y-inversion allows the formula to be replaced by —A'(z, %, &, 5) but

containing new variables & The ({nd}-rule becomes

=,

FGA'(D, 7, d,b) ~A'(z, % Eb), JdA (2 + 1,7, &, b)
334/ (y, %, d,b)

where we ignored the I for the sake of brevity since it does not change the

proof. Applying the induction hypothesis to left premise, we have BCu func-
tions f{ (% g}, such that for all Z,b, ¢

-

= A0, %, f(Z,D),b) (2.3)

and applying the induction hypothesis to right premise, we have BCu functions

(7, é, b) such that for Z, b

-,

b Az, 7 8,0), A'(z + 1, & §(%; 2 b), b) (2.4)

Now we define BCu functions E(z, X 5) by the primitive recursion from f and

g by
RO, 28 = (@D
hz+ 1,70 = Gl h(z5b),b)

such that F A'(y, ¥ h(y, ) 5) for every y. We can prove this by induction

on y:
~ Base case, y = 0 is (2.3).

— Induction case, for y we suppose that

-+

= A'(y, & h(y, £;b), b)

—

Then by butting & = k(y, ;b) in (2.4) we obtain

=

= Ay, & by, 2, 5), ), A'(y + 1, % h(y + 1,7 5),5)

- =t

because A{y + 1, :b) = §(Z, R(y, #;b),b) by definition. Thus we have

-

Ay + 1,8 hiy + 1,7 5),b)

asg required.
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Corollary 2.3.2. All provably recursive functions of £1(;) — IND, with input ar-

guments only, are BCu functions.

Proof. We mentioned in the Remark 1.3.5 that in the more general (safej com-
position of Bellantoni and Cook, substitution of functions with input variables, at
input places is allowed.

Suppose L1(;) — IND & 3b(f(£) = b) and similarly for all other functions used
in the given primitive recursive program defining f.

By the Theorem 2.3.1 we have BCu-definable functions &4 (Z), ..., b, (£) such that

for all Z,
rM{B)ET(F(D)=0b) or .. or h,(Z)FEI(f(E)—=b)
that is,

r(@) = f(Z) or .. or hu() = f(&)

Now assume, inductively, that we already have established a BCu definition of each
of the functions 7 used in the given program before the final line defining f itself.

There are two cases to consider (the initial cases being easy):

Case {Composition). Suppose f(Z) is defined explicitly from go and g; by

&) = aol&, 92(7))

By the induction hypothesis, both gy and g; are BCu-definable. Therefore,
immediately, so is f, provided we use the more general (safe) composition
scheme of Bellantoni-Cook (in the case where gg might be previously defined

by recursion on its last argument).
Case (Recursion). Suppose f(z,Z) is defined explicitly from gy and g, by

f0.8) = gol&)
flz+1,%) = a7, f(%7)
Again by the induction hypothesis, go and g, are BCu-definable, but g, is

previously defined by recursion on its last argument which must be “input”.
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In this case we again use the more general composition scheme to define in
BCu,

q1i(z, ) = 91(z, Z, hi(2, 7)) foreach i=1,..,n

Then we can give the following BCwu definition for f:

f(0,2) = go(@)
Fz+1,8) = F(z,@ fl2, 7))

where )

gz, %) if a=hi(z2)

.7y if = holz,7
Plo. 7, a):J gi(z, @y i «a ofz, 7)

| G1a(2®) i a=ha(2,7)

Hence F is definable in BCw by using definition by cases, where the cases
are determined by the characteristic function of equality @ = y where y is an
input, varisble (later substituted by h;i(z, #)). Buf the characteristic function
of @ = y is just C{a = 4,y ~ a,1) and this is BCu-definable because both of

the functions a = y and y = a are easily defined by BC'u-recursion over y,

a—-0 = a
a-(y+1) = Pla=y)
and
o—a = 0
(y+1=a = Cla=y,S{y-a),0)
Thus the above safe recursion now gives a BCu definition of f.

-

Theorem 2.3.3. If f(Z;b) is a BCu-definable function, then it is provably recursive
in ¥1(;) - IND, ie,

$1G) — IND F Ja(f(#;6) = a)
Proof. The lemma says that for every BCu function f(%; b), there is a Zl(;.)-
formula 3TA'(Z, &, b) in theory of ¥1(;) — IN D such that A'(Z, f(%; b),b) is true for

every 2 and b.

It can be proved by induetion on the length of the BCu definition:
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Clase (Initiol Functions). Suppose f is one of the initial functions respectively,
(8) %1(;)—INDF Ja(Z(F;b) = a) with basic witness a =0,
(b)  %4(;) — INDF Ja(S(£;b) = a) with basic witness a = 5(;b),
(¢}  X:1(;) = INDF 3a(P{x;b) = a) with basic witness o = P(;b),
(@) Ti() — IND v 3a(Uy{;b) = a) with basic witness a = b;,

() Xi(;) — INDF 3a(C(%;b,¢,d) = a) with witness

¢ if b=0
1 =
d if b#0
Since b =0 V & = S(P(h) is an axiom, and C(Z,0,c,d) = ¢ and

C(&: S(P(8)),¢,d) = d, so by logic

F 3a(C(Z;b,c,d) = a)

Case (BCu-Composition). Suppose f,g,h € BCu and f is defined explicitly from
g and h by

F(Z;8) = g(F; h(Z; D)) (2.5)

where g and h are already assumed that

Y1(;) - INDE 3e(h(Z;b) = ¢)
()Y~ INDV 3a(g(Z,c) = a)

We have to show that ©,(;) — IND F Ja(f(Z; b) = a). We start with the
arithmatical axiom (q) which is = T',u # v, ~A(u), A(v). If we choose ¢ and
h{#; b) instead of u, v, then for g we get "Jaf{g(Z; ¢) = o) and Ja(g(F; h(F; b)) =
a) instead of —A(u) and A(v). So the axiom (q) will be

F h{Eb) # ¢,~3a(g(F; c) = a), Ja{g(# A(T; b)) = a)
by using (2.5) the axiom

 B{(E;b) 3 ¢, ~Ta(g(F; ¢) = a), Ja(f(Z;5) = a)
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hence

Jag(Fic) =a)  h(#;b) # ¢, ~Fa(g(F;c) = a), Fa(f(Z;b) = a)
MED) £ e Tof@EH =)
Yea(h{(Z;b) = ¢), Ja(f(F; b) = a)
Je(h(T; b) = ¢) ~3e(h(Z;b) = ¢), Ja(f () = a) (
Su(f(#6) = a)

(Cut)

Cut)

where we used (V) since ¢ is not free in the side formula.

Case (BCu-Recursion). Suppose f,g,h € BCu and f is defined explicitly from g
and h by

F0,308) = g(a;b) (2.6)
Flz+ 1,70 = hiz, & f(z,%b),b) (2.7)

where g and h are already assumed that
T.(;) — INDF 3a(g(Z; b} = a)

-,

() — INDF 3a(h(Z, ¢, b)

a)
First using (2.6) and first assumption we get
F 3a(£(0, 7, 5) =a)

Now we have to show that &, (; )—IND + Ja(f(z, 7 g) = a). We start with the
arithmetical axiom (q) as in previous case. If we choose ¢ and f{z, %; b) instead
of w, v, then for h we get —Ja(h(Z;c,b) = a) and Ja(A{F; f(z, T; b),b) = a)
instead of —A(u) and A(v). So the axiom (q) will be

- f(2,2:8) # ¢, ~Fa(h(F; ¢, b) = a), Ja(h(F; f(z,%:b),b) = a)
by using (2.7) the axiom

188 £ 6 Fa(h(E e B) = 2), 3a(f( +1,55) = )

hence
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Ja(m(Fc,b) = a)  flz, % b) £ ¢, ~Fa(h{T;e,b) = a),3a(f(z +1,2;b) = a) (
flz,Zb) # ¢, 3a(f(z +1,%:b) = a)
Va~=(f(z,7;6) = a), Ba(f(z + 1, ;b) = a)
a(f(0,7:0) =a)  —3a(f(z,&:6) = a),3a{f(z + 1, 2;b) = a)
da(f(z, L, E) =a}

Clit)

(%)

{Ind}

where we used (V) since ¢ is not free in the side formulas.

Theorem 2.3.4. The functions of input arguments only which are provably recursive

in ©1(;) — IND are exactly the £* functions.

Proof. The one way the Corollary 2.3.2 shows that all provable terminating re-
cursive functions of ©:(;) — IND are BCu function. The other way the Theorem
2.3.3 shows that all BCu functions are provable terminating recursive functions of

S1(;) - IND. By Theorem 1.3.8 we have that BCunormar = E.



Chapter 3

The Functional Interpretation of
PA(;)

The aim of this chapter is to develop a Gadel dialectica. style interpretion of the full
sheory of PA(;), using a BCu-version of higher type primitive recursive function-
als. Qur system of two-sorted higher-type Gédel primitive recursive functionals, is
denoted T(;), and the result is that every provably recursive function of PA() is
definable in T'(;). In the final section of this chapter we show explicitly that every
elementary function is definable in T'(; ). The converse, that every function definable

in T(;) is elementary, will be dealt with in the next chapter.

3.1 Godel’s System T°(;)

The Godel primitive recursive functionals were first given by Gadel in [9]. We now
define two-sorted higher-type Gadel primitive recursive functionals by using the
variable separation and in fact we follow closely the development by Shoenfield [23].

This two-sorted Godel system is denoted by 7°(; ) and has two crucial distinctions
o The composition is exclusively over output variables.
o The recursion is formulated over input variables.

as in PA(; ).

30
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Definition 3.1.1 (T'ypes). The types fall into two classes; input and outpul. They
are generated from two ground-types ¢ {(input) and o (output} using “—”, according

to the following inductive definition:
(a) o is an output type, and ¢ is the only input type.
(b) If 7 and ¢ are output types, then ¢ — 7 and ¢+ — 7 are output types.

Definition 3.1.2 (Functionals). A functional of type o — 7 is any mapping from
the set of functionals of type ¢ into the set of functionals of type 7. The objects
of type ¢ and o are natural numbers. These functionals constitute the mazimal
type-structure over N, which means: each type ¢ will have a stock of variables
v, @ o, o,... which are to be thought of as ranging over the set N, where Ny or
N, are sets of natural numbers, and N, _,, is set of functions defined from N, to N..

A functional will mean function of some type. We shall not always give the type
of a functional explicitly, but it is to be understood that whatever functionals we
write are properly typed, and context should make the typing clear.

We have three function constants:
1. Successor S of type 0 — o
2. Predecessor P of type 0 — o
3. Choice function C of typeo—o0—0—0

which are defined by their intending meaning as in the definition of BCu in Chapter
1, Section 1.3.

Definition 3.1.3 {Terms). The terms of T'(;) fall into two classes:

e [-terms. The only terms of type + are those built up from J-variables and the
constant 0 by (repeated) application of +1 or - 1. For notational convenience we
shall often denote an I-term simply 2 (although strictly-speaking it is an /-variable).

e O-terms. The output variables of type o are called O-variables, denoted by v°,
v%, ... with or without subscripts. The O-terms, denoted by 7, s, £ with or without

subseripts, are defined by the generalised inductive definition:
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{a} Every O-variable is an O-term.

(b} The constants 0, S, P, C are O-terms of type o, 0 =0, 0 =0, 0 =0 —

0 — 0 respectively.

(c) If £; and £y are O-terms of type o — 7 and 7 respectively, then the application

tit2 is an O-term of type 7.

(d) If ¢ is an O-term of type 7 all of whose variables occur among f-variables
T, ooy &y and O-variables vy, ..., vy, of type o1, ..., 0y, then we introduce a new

constant O-term f of type ¢ — ... — ¢t — 01 — ... = Oy, — T by composition

fr. Tpty.. Uy =1

(e) If g and h are constant O-terms of type 7 and ¢ — 7 — 7 respectively, then we

introduce a new constant O-term [ of type ¢ — 7 by the primitive recursion

f(0;0) = g(x;7)
fla+1,9) = h(z; flz 7))

Notations 3.1.4. Here and in the rest of the thesis, we shall adopt the following

notations whenever the context makes the arguments clear.

1. T'(;)-terms will be used for either I-terms or O-terms whenever there is no

confusion.

D

Denote the type of a term £ by writing ¢ : ¢ or sometimes 7.

3.  Parentheses will be omitted from types and terms according to the usual
conventions, by association to the right for types and association to the left

for terms. For examples,

poo—T = (0= (0—7)

tsr = ({ts)r)
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4. We shall write o4,...,0, — 7 for 07 — ... — o, — 7 which will also be
abbreviated by & — 7. Hence ¢ : & will mean £ = t,, ..., £, are of types

o1, ..., 0, Tespectively.

5. We shall omit to write the types with terms whenever the context makes the
arguments clear. In such a case every term, of course, has an appropriate

type. We shall do this just for the sake of brevity.

3.2 Two-sorted Generalised Formulas

The two-sorted generalised formulas are to be viewed as higher-type extensions of

%1 (; »-formulas in PA(; ).

Definition 3.2.1 (Generalised Formulas). To each PA(;}-formula A{Z;d) is

associated a generalised formula
AP = vi3vA' (7, 3,4, 7)

defined below, where A’ is quantifier free, and where @, ¥ are now lists of (possibly)
higher-type variables. That is, the variables range not just over the ground type of
natural numbers, but over higher function types, so that an 3 quantifier prefix can

be transformed into 3V by skolemization thus

VaduA (& & i, ) = 3fvad (%4, 7, f)
Systematic application of this idea will then transform any aritmetical formula into
a corresponding generalized formula.
Let B(#;@), C{Z:;d1) be any arithmetical formulas with generalised formulas
BY = w3vB'(£d,%,7), CPV = Vun3ui(’(Z;d1,41,01) respectively. Then the
definition of AP is by induction over the logical structure of the PA(; }-formula A,

as follows:
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(a) A is atomic = AP =A

—
—

(b) A=-B = AP =V[3u-B'(% 4,1, fi)
(c) A=BvVC = AP =vVYan 306 (B(T &, 4, 0) v C'(Z, d1, 1, 01))
(d) A=vbB = AP =Vbi30B'(#;d,b, 4, 7)

Where in clause (b), (=B)” can be shown by using skolemization

(-B)? = -BP
= —~(VuIuB/ (%, d, @, 7))
= —(3fVuB/(z;d, 1, fi))
= Vf3u-B(&: 8, @, f)

where f is a sequence of new variables of the appropriate types and fﬁ denotes the
finite lists f14, o, ..., fxif where k is the length of the list .

We therefore also can obtain (B — C)? classically as

(B— ()P (~Bv )P

= (-BY?vCP

= Vf3a-B(# 4, d, fi) V V350 (T; dy, 01, 17)
= VY300 (-B( 8,7, f3) V O (% al, ut, 01))

v s 3o (B2, 8, @, fi) — C'(Z; 41, 41, 57))

Note that V@be ... means Vaveve ..., similarly 3Gbe ... means IGAIE ... .

Definition 3.2.2 (Valid). We say that a generalised formula Vi3vA'(7; &, u, V) is
valid, if there are selection functionals F of the appropriate types such that for all
Z,d and 4, the formula A'(&; &, @, ¥) is true for ¥ = F#ad , when interpreted in the
maximal type-structure as explained in Definition 3.1.2.

Tt is valid in T(;) if the selection functionals I can be chosen so as to be definable

in 7{;). In this case we write
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3.3 PA(;)-functions Definable in 7°(;)

In this section we shall show that every provably recursive function of PA(;) is

definable in 7'(; ).

Theorem 3.3.1. Assume that PA(;) b A(Z;d). Then the generalised formula
AP =vi3rA(Z, @, 4, 7) 1s weakly valid in T(; ), in the sense that there are sequences
of functionals Fy, ..., B such that for all 3, @, 1 there is an i with
= A(Z,d, 4, FiZad)
Corollary 3.3.2. If f(%) is a provably recursive function of PA(;), then there is
a sequence of T(;)-definable functions g1, ..., g, such that for every I, there is an i
with gi(Z) satisfying the generalised formula of Ib(f(Z) = b). Hence for every I,
either
@ =q@), or .., or f{@)=g.(T)

But then, by methods similar to the proof of Corollary £.3.2, we obtain a definition
of fin T(;).
Proof of Theorem 3.3.1. Although for the purposes of cut-elimination it is useful
to formalise the logic underlying PA(;) in Tait-style, it is much more convenient
here to follow the treatment given in Shoenfield’s book [23], using & logic based on
the symbols =, Vv, ¥, —. The proof follows Shoenfield closely, but we consider just a
few of the main cases in order to show the roles played by the two sorts of variables.

Note that it is because of contraction, AV A F A, that we only obtain sequences

of functionals one of which satisfies the required generalised formula.
Case (Substitution Aziom). Assume that A is a substitution axiom
VoB(Z;a,b) — B(Z,d,1)
where ¢ is a basic term in accordance with the quantifier rules of PA(;). Let
'BP = Vi3gB'(;d,b, @, 7). Then by using Definition 3.2.1 we have
(-VbB(Z; @, b))° = Vi B'(Zd,b, 0, fbiir)
(B(z,a,t)P = YuIoB'(Z,a.t,4,7)

2L
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Hence (VbB(Z; @, b) — B(&;d,t))” will be

VFadbiiO(B (%, b, 10, fowi) — B'(&d,1,9,7)) (3.1)

and we must find a sequence of T'(;)-functionals F,, Fi, F, such that for all

%, d, f, i the following holds

=, — — — —

We can choose FpZdfu = ¢, Fiddfi = i and FuZd Fil = fti. Then we get
& B'(%.d,b, @, ftu) — B'(%,d,b,, fti)
which is a tautology, and so Fy, F,, F, satisfies (3.1).

Case (Cut). Assume that A is inferred by (Cut)-rule. Say that A is C'v D, and
is inferred from B VvV C and ~BV D by

BvC -8V D
cvD

(Cut)

Suppose that B = Vu3vi BU(&, @, 41,77), CF = Ywp3nC' (&, u,vz) and
= Yy Jw3 D' (T @, w3, v3). Then by using Definition 3.2.1 we have

(Bv Y = VajusFvive(B(Z;d,4d1,01) v C'(Z5a 'u_’))
(~BVD)? = Vfudau(-B(zd,u, f)v D ( U3, U3 ))
(Cv DY = Vigudwnol (4 d u,v) V D'(4 4, u3,v3))

By induction hypothesis both the left premise (B V C)P and the right premise
(—B v D)P are valid. Hence for the left premise we have a sequence of ()

functionals G’}, G’; such that for all #, @, U3, U1
= B(& &, 01, Criamyi) V C'(&; &, 10, GaZduyi) (3.2)
and for the right premise (~8 V D)Y? we have a sequence of 7'(; }-functionals

H,, 1T, such that for all #,d, f, 1

— — —

F DB/, d, HyZafis, fFUHZafum)) v D' (78,03, HaEd i)
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where we can put Gy @@ for f, then we get

-

= B (78, H#a(Gh Bauy)uy, Graa ( FiZa( G 3w )ik))
VD (; &, b, HyFd( G i i) (3.3)

We can also put H7a(G1Zdus)us for 47 in (3.2) , then then get

I=—|B’(5:';Ez’, \E3(G, *ug)u&Glazaug(Hlm(Glmué)ifg))

VO, 8, wy, GaZam (H2a( Gy dau)ul)) (3.4)
So from (3.3) and (3.4) our conclusion (C' Vv D)¥ will be
= O, 6,1, Gazaus( F2a(ChE@min i) V D' (F, 3,0, HoBd(Ghadu)us)

Thus if we define sequence of functionals 151, F‘; from already defined T°(; )-
functionals
Py =
Foaupis =

then for all 7, &, u3, uz we obtain

= O (F d, uQ,Flscaugug) v DN, @, ug,Fgf&’uE@)

Case (Ind). Remembering that induction is only allowed over the input variables,
and quantification is only allowed over the output variables. In this case we
shall omit the ground-type variables which play no active role here. Assume
that A{z; ) be inferred from A(0;) and A{z;) — A(z +1;) by the {Ind)-rule,

i.e.
A0y Alz) — Alz+ 1)
Afz;)
Let AP = V{27 A’ (x; 4, 7). Then by using Definition 3.2.1 we have

{(Ind)

(A0 )P = YaIgA'(0;d,9),
(A(z + 1;)P = Vo InA(z+ 1;41,0)
(Ala;) - Az + 1,)P = Viwda (A (=4, fa) — A'(z + L, 3))
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By induction hypothesis from the left premise (A{0;))? is valid. So we have

a sequence of T(:}-functionals G such that for all ¥
E A'(0; @, Gii) (3.5)

By induction hypothesis from the right premise (A(z;) — A{xz + 1;))” is also

valid. So we have a sequence of T'(; )-functionals H,, H, such that for all f, 7
A (z; By fls, FOFL ) — Al + 1590, Ha fud)
where we can put H; fi; for u} and u} = i, then we get
E Az @, f) — A'(z + 1,4, Hof 1) (3.6)
Let F have the defining equations

Fou = Gil
Flz+1d = Hya(Faid)

Hence {3.5) becomes
- A'(0; 4, Fog)
We can put new functionals FZ for f in (3.6) to obtain
E A4, F3) — A'(z + 1,7, Ho{ F2)T)
which becomes by using defining equation of F
F Az 4, Fzi) — A'(z + 1,7, F(z +1)0)
We now get, by induction on x,
= A'(x; 7, F71)

which implies that AP is valid.
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3.4 Elementary Functions Definable in 7°(;)

In this section we will show that every elementary function is definable in 7'(;). It
will be proven by using of two-sorted higher type functionals which are defined by

higher type iterations using composition.

Definition 3.4.1 (Pure Type). Starting from ground type o and using — we shall
describe the pure types by o =0 — 0, 0 =0 — o, 0" = o — o, oW =" — "

and so on. In general, it can be defined recursively as follows

o = o

SEHL R o)
for any k& € N.

Definition 3.4.2 (Type Level)}. The level of a type o, denoted by L{c), is induc-
tively defined as follows ‘

(b)  L{c — 7) = maz(L(o) + 1, L{7))
Special case that any pure type level can be obtained easily as follows
L{o™) = &
for any k£ € N.

Definition 3.4.3 (Composition). The composition operator, o, is only allowed
over the O-terms. Let f and g be functionals of the same type. Then the two

functionals compose to give a new one h as follows
h:=fog

with defining equation

hu = f(gqv)
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In particular, the n-times composition of f with itself,

is given by

ho = L(f((f)-)) = f7o.
S—

T

Definition 3.4.4 (Higher Level Iterator). For any & € N, we can define G of
type o*+% and H of type o+% by explicit definition as follows:

Glallf) =17
H(h)(g)(f) = g{(h)(g)(F))

where z, h, g, f are variables of type ¢, o®+2) o%+1) ol¥) respectively. Then we can

define the higher level iterator I of type ¢ — o+ by primitive recursion:

I0 = &
I{z+1) = H(lz)

s0 that
Iz(g)(f) =d"f (3.7)

Tt is easy to see that by induction on x:

~ Base case, 10(9)(f) = Glg)(f) = J.

— Induction case, assume that (3.7) is true. Then

Hz+1(g)(f) = HUz)(9)S)
= g((z)(g)(f))
= gl(9)*(/n
= ¢/

Notations 3.4.5. For sake of brevity and good view, in this section, we adopt the

following conventions:

1.  We shall use the type level k& to denote the corresponding pure type o,

except that type ¢, we use directly ¢ not its level instead.
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2. The type of the iterator is indicated by its superscript, for instance, [ Fr is
of type k.

3. We shall write I,, for In, then so I® denotes iterator n of type k.

Theorem 3.4.6. Sturting with the successor function S, and using higher type prim-

itive recursion we get the function

fi(nya) = a+ezpi(1)

for every fized number k. Such that all of these functions are definable in T'(;).

Proof. We know that the higher type iterator 7°*2 is defined by primitive recursion
for each type level k. So using these iterations we can define fiy(n;a) by explicit

definition.

fe(ria) = (I (IS (@)
where we took I} to be S and 12 to be a. We now start the proof using the higher
type iterators [*+? and [** in order to define function fy of type ¢+ — & + 1 by

explicit definition

folms ) = I3P2 10+
and using the higher type iterators I* we can define f; of type ¢ — & by
filns) = LI LY = (L)L

and so on. In general, using the iterators I5+2 k = 0,1, ... we can define function f;

of type ¢ — {k+ 1 — 1) by explicit definition for each 1 < k
flny) = 2L IS
We prove that for each i < &
Jilns) == (L3 et

It is easy to show by induction on @

— Base case, fy(n;) = [Fr2IF+t
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— Induction case, assume that the result of step 4 holds. Then using the iterator

X" we get
firs(n) = filny )5
_ (I:er')emp;(l)I?I:+1—¢I:—z'
ex'pf,,_(l]
_ 41—\ - 1L o s M ph—i

kt1—iyexpiti{1) rh—i
(In a)exp { )I'n, i

il

Hence putting i = k we obtain
Felni) = (L=,
where I} = S'. Then using the output variable a°, we get

flnia) = (I2)=r0(5)(a)
= ger ) g)
= a+ exptti(l)
as required. This completes the proof.

Notice that if we choose different values of n = n; at each step £ =0,1,2, ..., we

obtain the following function
L

(T et 1, 03 @) = (ZF) (5L ) (2 )(8M)(a) = @ g™
Theorem 3.4.7. Bvery elementary function is definable in T'(;).

Proof. We know that Kleene’s normal form theorem says that (see e.g. Borger [4],

Chapter C, Part II) every elementary function f(z) can be defined in form

flz)=Ulz,s)

where s bounds number of computable steps, U is a function in £2. We also know,
from Chapter 2, £2 = BCwu which means U is definable in T'(;). We proved in
the previous theorem that expf(x) bounds number of computable steps, that is,

s = expt(z) and s is definable in T(; ) for each fixed %. Hence
(@) = Uz, eap(z))

using substitution f(z) is definable in 7°(;). This completes the proof.



Chapter 4

Definable Functions in 7T'(;) are

Elementary

In this chapter we wish to prove the converse of the result of the previous chapter,
that is: every definable function in T'(;) is elementary. This will be proved by using

normalisation and transfinite “bounding” by means of infinite ferms.

4.1 Infinitary A-calculus

In order to analyse the complexity of the Godel system T'(;) we are going to embed
it in an infinitary A-calculus, denoted by 7°°°(;), due originally to Tait [26], which
allows us systematically to unravel the primitive recursions.

The infinite terms of 7°°(;) are obtained from T°(;) by three changes:

1. The substitution is replaced by A-abstraction.

2. The primitive recursion is replaced by “infinite sequencing”.

3. The finite lists F = FY, ..., F} are replaced by cartesian products (F, ..., F;).

Definition 4.1.1 (Types). In our new infinitary A-calculus T°°(; ), the types are
as in 1'(;), except that here we add the product types. An object of product type

o x 7 is an ordered pair consisting of an object of type ¢ and an object of type 7.

43
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Here again, the input type is only ¢ which is also input ground type as in 7°(; }, and
the output types are generated from input ground-types ¢ and output ground type

o using “—" and “x”, according to the following inductive definition:
{a) o is an output type, and ¢ is the only input type.
(b) If 7 and ¢ are output types, then ¢ — 7 and ¢ — 7 are output types.
{c¢} If 7 and ¢ are output types, then o x 7 is an output type.
Definition 4.1.2 (Type Level). The level of a type o, denoted by L{r), is defined

as in T(;), but here we have an extra clause for product type. Tt is inductively

defined by
(a) L{e)=L{1)=0
(b) L{oc — 7)=max(L(o)+ 1, L(7))
(¢) L{o x7)=max{L{c), L(T})
Detfinition 4.1.3 (Infinite Terms). In 7°°(; ), the variables and constants are the

same as in T'(;). The terms of the system 1'°(;) are, of course, of two-sorts:

o /™ terms. The input terms of 7°°(;) of type ¢ are called [*°-ferms and are

defined as in 7°(; ).

o O®-terms. The output terms of T=(;) are called O®-terms and are defined

inductively as follows:
(a) Any O%-variables and constants are O™-terms.

(b} Ift and s are O®-terms of fypes ¢ — T and ¢ respectively, then the application

ts is an O%-term of type 7.

(¢} If £ is an O-term of type 7 and v is an O%- variable of type g, then the

abstraction M.t is an O%-term of type o — 7.



CHAPTER 4. DEFINABLE FUNCTIONS INT(;) ARE ELEMENTARY 45

(d) If z is a I°°-term of type ¢ and ¢; is an O%-term of type ¢ for each 1 € N,
then the infinite sequence < t; >y ¢ 18 an O®-term of type o. (Note the

occurrence of the free input-term z here).

(e) If #; and t, are O*°-terms of type o and 7 respectively, then the pair (t,,%,)

is an O%-term of type ¢ x T.

(f) Tor each gy and oy, the new constants first projection my of type ay X gy — 71

and second projection my of type o1 X g2 — gy are O%-terms.

Notations 4.1.4. Whenever there is no confusion we shall use the following appre-

viations.
L. T°(;}-terme will be used for either I™-terms or O™ -terms.
2. < t; >z will be used for < {; >;en z dropping the subscripts 7 € N.
3. <ty >, will be used for < ¢, > z. |
4. 7r; will be used to denote either m; or m.

Definition 4.1.5 (Finite Sequence). A finite sequence (1, ., 1) is abbreviated

by £ which can be defined by the pair using the following convention of parenthesis

(t1,t2, oy ta) 1= (((t1, t2), 22). )y B

Therefore the first projection 7 and second projection 7, applied to a finite sequence
give '

mt = (t1,ta, ..t

mat = 4 '

So t; can be obtained for each 1 =1,2,...,1 by
tr=m and  # = m(riT)  for2 <<

where 7% is defined for each j = 1,2 recursively by

t+l
|

0
Tr.]'

07 =
1 +
Wﬂ;h

7 5 (ﬁéi{)

|
I
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Definition 4.1.6 {Valuation Function). Suppose that ¢ is any T°°(; )-term of
type o, containing free variables u, ..., uy of types a1, ..., o respectively. Then given
any assignment of functionals fi, ..., f}; (in the maximal type structure) to the free

variables 7, we define the value of ¢()
Vil = f]
which can be defined by induction over the build up of ¢ as follows:
(a) t=1u = Vuylu:=fl=F
{(b) t=c = V¢[ii ;= fl = ¢ where ¢ is any constant
(€ t=tt = Viwi=fl=Vild= vai=f)

-

(d) t=<tie = V<t o)z =nd=fl= Ve —n,

il

£

-

()  t=Avr = VOws)E = f] = F where F{g) = Vr(i = f,v =g
(£) t=(tnt) = Vot)ld=fl=Vt@:=fl,Vald:=f])

Definition 4.1.7 (Substitution). The formulation ¢[s/v] denotes the result of sub-
stituting s for v in ¢, assuming that v and s have same output-type. The substitution

is defined by induction on ¢ as follows,
(a) olsfe] = s
b)  ufs/v] =u for @ 5 v or u is a constant
() (tr)s/v] = (tls/oD)(rls/v])
(d)  (wt)s/v] = M.t
(&) (ut)[s/v] = Mutls/o] for u# v and w & FV(s) or v & FV(t)

() (Quwt)[s/v] = dw.tlw/u][s/v] for u £ vand u € FVV(S), and the new
variable w is not in FV(s) U FV ()

(8) < ti>p[s/v] =<tifs/v] >
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(h)  (t.ta)lsfv] = (tals/v] tals /)
where a variable v in a term ¢ is called bound if it is in a context Av.f, and otherwise
is called free variable. The set of free variable in ¢ is denoted by FV (t}. For further

information on A-calculus, see Hindley and Seldin [12].

4.2 Normalisation

In this section we shall first define a reduction mechanism whereby every redexes of
7°°(;) reduces to another term by reducing the rank of the term by at least one.

We then show that every term of finite rank reduces to a normal form with rank 0.

Definition 4.2.1 {(Term Level). The level of o term ¢ is the level of type of the
term ¢, denoted by L{t), that is

t:o = L{t)=L{o)

Lemma 4.2.2. [ft = Av.r, then we have the following
L{v) < L(t}

Proof. Itis easy to prove that if v: o and r: 7, then ¢ : 0 — 7. Hence

L{v} = L{o) by Def. 4.2.1
< L{g}+1
< maz(L(o)+ 1, L(7))
= Lioc—71) by Def. 4.1.2
= L{t) by Def. 4.2.1

Definition 4.2.3 (Redexes). The redezes are certain kinds of application terms

as defined by

() Abstraction-redez, {Auv.t)s
(I)  Seguence-redez, <>y s

(111)  Projection-redezes, mi{t1, te) or my <t >,
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Definition 4.2.4 (Rank). The rank of 1T°°(; )-term t, denoted by R(t), is defined

to be the supremum of type levels of all sub-terms of the form

Av.r in context  (Av.r)s oT
< t; >, incontext <& >y,8 or

7; incontext wj(fy,fa) or my <t >,

So the rank function R is defined from terms into numbers recursively by the fol-

lowing properties:
(a) R{)=0  iftis a variable or a constant
(by  R{dw.r)=R(r)

maz(R{t1), R{t2), L{t1)) if £ty is a vedex

(¢} Rltrlo) = .
maz{R(t1), R(ts)) otherwise

(d)  R(<t; >) = sup(R(t:))

(e)  R{(t1,te)) = maz(R(t1), R{tz))

Definition 4.2.5 (Rank-Reduction). A rank-reduced term t' is obtained from
t (with a reduction in the rank of the term by at least ome, if it is positive to
begin with) by the rank-reduction. The rank-reduction operator ¢ +~ ¢’ is defined

recursively as follows:
(3} tis a variable or constant = ' =1
{b)  t=vr =t = vy
(c) t=<ri> = t=<r>
(d}y t=rs o= =)

(&) t=(r,m) = =71y
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Definition 4.2.6. The notation (£s)* which is used above is defined as follows.

(a) (ts)* =ts if £s is not a redex
(B)  (Owr)s) = rls/]
(e)  (<m>u8)f =< (r8)" >4

. 3; if = (s1,%2)

@) (ms) =4 " ,
< (’."l'jS,,;)* >, i s=< 8 >,

Definition 4.2.7 (Normal). A term is said to be normal or to be in normal form,

if it does not contain any kind of redex. Thus if a term ¢ contains no redex its rank
is Q.
If a term ¢ reduces to a normal form ¢ after k-many times application of

rank-reduction, then this normal form of ¢ is abbreviated by ¥ and written by
t s ti¥]
We can define any normal ¢ with rank-reduction operator as follows
tol — ¢
il = (ghly

Lemma 4.2.8. Let ty,ty be any terms with finite rank and let v be o variable in

T(;). Then if maz(R(t1), R(ta), L(v)) = k we have the following property
R(ti[t2fv]) < &

Proof. The proof is by induction on construction of £:

Case 1. If #; is a variable or constant, then there are two sub-cases to consider:

1.1. If¢t; = v, then

R(vitz/v]) = R{t2) by Def. 4.1.7 — (a)

A

k given
1.2, If ¢y £ v, then

R(tta/v]) = R{t) by Def. 4.1.7 — (b)

IA
au

given
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Case 2. If t; = Au.r then there are three sub-cases to consider:

21. If w=wv, then

R((Mw.r)tafv]) = R{Avr) by Def. 4.1.7 — (d)
= R(t) given
< k given

2.2. Ifuz#vandud FV(ty) or v g FV(r), then

R{(Dwu.r)[tz/v]) = R{Aurlta/v]) by Def. 4.1.7 — (e)
= R(r[ta/v]) by Def. 4.2.4 — (b)
< k by ind. hyp.

2.3, Ifusvandu € FV(t) and new variable w is not in FV () UFV (r),

then
R((unr)[te/v]) = ROw.rlw/ul[ta/v]) by Def. 4.1.7 — (f)
= R{{r[w/u])[t2/v]) by Def. 4.2.4 — (b)
< k by ind. hyp.

where the variable w is a fresh one and by induction hypothesis we '
get R(r[w/u]) <k because R(w) < k since R{w) = 0, L(u) < k since
L{u) < L(t;) by Lemma 4.2.2 and R(r) < k since R{t;) = R(r) by
Definition 4.2.4-(b).

Case 3. If ¢t =< r; >,, then

R(< ri >z [tafv]) = B{<rilte/v] >s) by Def. 4.1.7 — (g)
= maz(B(rt2/v])) by Def. 4.2.4 — (d)
< k by ind. hyp.

where R(rs[t2/v]) < k by induction hypothesis because R(r;) < k for every
i since maz(R{r;)) = R(t1) by using Definition 4.2.4.
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Case 4. If t1 = ryrq, then this case falls info two subcases to consider:

4.1. Tf riry be a redex, then by using Definitions 4.1.7-(c) and 4.2.4-(c)

respectively

R{{rir)tafv]) = R{{rilta/v])(rat2/v]))
= max(R(rilt2/v]), R(r2ltafv]), Lir(t2/v]))
< k by ind. hyp.

where the application {(r([tz/v]}{r2|ta/?]) is a redex since 772 is a
redex, say 1 = v and £, is either an abstraction or an infinite-sequence
or projections. We have R(r1[t2/v]) £ k, R(re[tz/v]) < k by induction
hypothesis and L{ri[t2/2]} < k because L{r) < k, L(ry) < & since
L{ry) = L{rs) = L(v).

4.2. 1If r172 be not a redex, then the application term (ry[ta/v]}ra[t2/v])
may be not a redex. So in this case by using Definition 4.2.4-(c) we
get

R({rira)fta/v]) = R((raft2/v])(ra[t2/])
= maz(R(rifta/v]), R(ra[t2/v])
< k by ind. hyp.
Where if the term (ri[t2/v])(r2[t2/v]) may be a redex, then this case

is the same as the Cose 4.1. above.

Case 5. If t; = (r1,72), then

R{{ri,ra)lta/v]) = R{(rift2/v],ra2lt2/v])) by Def. 4.1.7 — (k)
= maz(R{r[t2/v]), R(ra[t2/v])) by Def. 4.2.4 — ()
< k by ind. hyp.

where we used the induction hypothesis because
R(r[ta/v]) <k,  Rlrafty/v]) <k by ind. hyp.

since maz(R(r), R(ry)) = R{t;) < k by Definition 4.2.4-(e).
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Lemma 4.2.9. Let t;, by be any T(; )-terms of finite rank and suppose the appli-
cation term tity is a redex. Then if R(tite) = k + 1 where R(t1) < k and R{ty) <k

we have

R((t:te)*) < k
Proof. Before starting proof we have to point out that since £14; is a redex we have
R(tits) = max(R{t1), R(t2), L{t1)) by Def. 4.2.4 — (¢}
which means max(R(l1), R(t2), L{t1)) < k-1 and more specifically we get
Liti)<k+1 (4.1)
Hence the proof runs by induction on construction of the term #;:

Clase 1. Tt #; is a variable or a constant (except 7}, then #;¢ can not be redex. If
ty = m;, then ;¢ can be a projection-redex whenever Iy is either a pair or

a sequence. So there are two sub-cases to consider:

1.1. If tag = (7"1,?"2), then

R((m;(r1,m2))*) = Rlry) by Def. 4.2.6 — (d)
< maz(R(ry), R(r2))
= R(t2) by Def. 4.2.4 — (e}
< k given

1.2. If ¢ty =< 7; >, then

R{{m; <1y >5)") = R{<(mr)" >,) by Def. 4.2.6 — (c)

= sup(R{{m;r)")) by Def. 4.2.4 — (d)

< k
since R((m;r;)*) < k whether the application term m;r; is a redex or
not.
— If the term is a redex, then it is true by induction hypothesis since
we have that L{w;) = L(t;) by Definition 4.2.1,and R(m;) = 0 and
sup(R(r;)) = R(ty) by Definition 4.2.4-(a) and (d) respectively.
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— If jr; is not a redex, then

R((mrY) = R(mmi) by Def.4.2.6
= maz(R{m;), R(r)) by Def.4.2.6 — (c)
= sup{R(r;)} since R{m;) =0
= R(ty) by Def.4.2.6 — {d)
< k given

Case 2. If t; = Av.r, then t;t; is an abstract-redex. So
R(({\v.r)ts)*) = R(r[ta/v]) by Def. 4.2.6 — (b)
< k by Lemma 4.2.8

where maz(R(r), R(ty), L{v)) € k because R(r}) < k since R(r) = Rity) by
Definition 4.2.4-(b), and L(v) < k since L(t1) < k+1by (4.1) and L(v) < &
since L{v) < L(t1} by Lemma 4.2.2.

Case 3. If t; =< r; >,, then i, i3 a sequence-redex.

R((< T > tg)*} = R(< (‘T‘{tg)* >m) by Def. 4.2.6 — (b)
= sup{R(ri2)*)) hy Def. 4.2.6 — (d)
< k
since R{(r;1,)*} < k whether the application term r;t; is a redex or not.
_ If the term is a redex, then it is true by induction hypothesis since for
every ¢ we have that L{r;) = L(t;) by Definition 4.2.1 and R(r;) = R{t)
by Definition 4.2.4-{d).

— Tfrity is not a redex, say 7; is a variable or constant (except m;, =1, 2),

then
R((T,‘;tg)*) = R('T'Ztg) by Def 4.2.6
= max{R{r:), R(t2)) by Def.4.2.6 — {c}
= R(t2) since R(r;) =0
< k given

Case 4. If t; = (ry,72), then {1t can not be a redex.
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Lemma 4.2.10. Let ¢ be any T(; )-term with o positive finite rank. In that case,

if t rank-reduces to t' as in Definition 4.2.5, then

R(t) < R(¥)

Proof. The proof goes by induction on the construction of £

Chage 1,

Case 2.

Case 3.

Case 4.

If t is o variable or constant, then this case is vacuously true.

If t = Av.s, then

R{(Av.s)} =

If t =< r; >, then

R((<ri>)) =

If ¢ = t-l_tg, then

R(w.s")
R(s")
R(s)
R{t)

R{< vl >;)
sup(R(r}))
sup{R(r:))
R{t)

R{(tita)) = R((t1¢5)7)

<

R(t:t2)

by Def. 4.2.5 — (b)
by Def. 4.2.4 — (b)
by ind. hyp.

by Def. 4.2.4 —{b)

by Def. 4.2.5 — (¢}
by Def. 4.2.4 — (d)
by ind. hyp.

by Def. 4.2.4 — (d)

by Def. 4.2.5 — (d)

by Lemma 4.2.9

where the application term ##, is a redex, if the term is not a redex, then

R({(tt2)")

Il 1

AN A

R((#1#5)")
R{{#1t5))
maz(R(t1), £(5))
max(R{t1), R(t2))

maz(R(t:1), R(t2), L(t1))

Rt1to)

by Def. 4.2.5 — (d)

by Def. 42.6 — (¢)

by Def. 4.2.4 — (¢}

by ind. hyp.

since t1t Is & redex

by Def. 4.2.4 — (c)
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Case 5. If t = (£, t2), then

R((t1,t2)) = R((t),%3)) by Def. 4.2.5 — {e)
= maz(R(t)), B(t,)) by Def. 4.2.4 — (e)
< maz(R{t;), R(t2)) by ind. hyp.
~ R(f) by Def. 4.2.4 - (e)

Theorem 4.2.11 (Normalisation). Every T°°(; )-term of finite rank reduces to a

normal form.

Proof. Let t be any T%(; )-term. If we continue the procedure of Lemma 4.2.10,

then R(t) strictly decreases and then we must eventually obtain a normal form.

4.3 Ordinal Notations

A knowledge of some of the theory of ordinals is required to examine the proof
complexity. In this section we wish to introduce some fundamental notions of the
theory of countable tree-ordinals < €y, not set-theoretic ordinals. We shall use the
lower case Greek letters o, 8,7, ... ,A,... with or without subscripts to denote the
ordinals, and %, 7, k,{,m,n, ... to denote ordinals < w or natural numbers.

For a more thorough analysis of tree ordinals see Fairtlough and Wainer [3].

Definition 4.3.1 {Tree Ordinal). The set of countable tree-ordinals, §2, is gener-

ated inductively according to the following rules:
{a) 0e8
) «e = a+l:=aU{a}el
() VYneN(,e) = i= s%e,zg()\n) €8

Where a + 1 is called successor of o, and A is called a limidt which is function from

N to ). An ordinal is a Hmit if it is neither 0 nor a successor.

Notations 4.3.2. Whenever there is no confusion we shall adopt the following:
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1. In the sequel we shall only be dealing with countable tree ordinals, and we

shall refer to them as ordinals.

2. We usually use sup(ay,) for sup(a,) by dropping off the subscripts n € N
neN

whenever it is possible.

Definition 4.3.3 (Ordinal Arithmetic). We would like to define arithmetical

operations addition, multiplication and exponentiation on the ordinals by recursion,

as follows.
Addition
a+0 = «
a+(B+1) = (a+p5)+1
a+Xx = supla+A,)
Multiplication
a-0 = 0
a-(8+1) = e fto
a-A = supla-A)
Exrponentiation
o = 1
ot = of
o = supla’)

Note that for all the above, it is straightforward to prove that associativity and
left-handed distributivity

a (f+y)=a-BH+a-v
for every «, 8 and +, holds, but right-side distributivity does not necessary holds.

Furthermore, they are not commutative.
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Definition 4.3.4 (Sub-Tree Ordering). For k& € N, the sub-tree {partial) ordering

<y, 18 the transitive closure of the following two rules for any tree ordinal «
((1.) a <o+l
(b) g < where o = sup(ay,)

Note that we are going to write @ =<, § tomean o« = or o <z f. Note also

that for all n, m € N we have (by identifying n with the tree-ordinal 0+ 1+1+...+1
n-times. )

M =<p N = m-<n

Definition 4.3.5 {Ordinal Height). The set-theoretical-height of tree ordinal o,
denoted by |al, is defined inductively by

(@) [0l=0
() fa+1]=lal+1
(c)  {Al = sup((Aa] + 1)
Note that for the ordinal numbers o and # we have that
a < 3= la] < [f]

Definition 4.3.6 {Slow-Growing Function). Let G, {a) be cardinality of the set
{8 : B+1 =, a}. Then we immediately get the Slow-Growing function G, : & = N

by the transfinite recursion

Gn(0) =0
Gnlao+1) =Ghr{a)+1
Gn(A) = Ga(h)

for each fixed n ¢ N.
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Lemma 4.3.7. We have the following arithmetical relations for each fized n € N

(2) Gula+ 8) = Gula) + Gu(B)
(47) Grla - B) = Gala) - Gu(8)
(i) Gale?) = (C{0))®

Proofs. All easily proved by induction on 3.

Remark 4.3.8. For each tree-ordinal there are many ~-incomparable tree ordinals
with the same set-theoretic height. For example, wy =< 0,1,2,...,n,... > I8 an
ordinal, w =< 1,2, ...,n 41, ... > is also an ordinal, and so on. In general, for each
increasing funct.ion f: N — N, there exist oy =< f(0), f(1), ..., f(n),... > where

ay = sup(f(n)), then by using definition of Slow Growing function
Gop = Gy = f(n)

and hence every such function already crops up at the first limit level in Q. Of
course, each tree ordinal has a set-theoretic ordinal-height. Some of these are more
natural then others, the most natural being wy and w. Set theoretically they are
the same because their height are same, but in the context of tree ordinals they are
different, and they are also incomparable under each relation <.

In this work we will be concerned with those ordinals which can be constructed
from

w = sup(n+1)

by addition, multiplication and exponentiation. It means that we chose <n+1>

as the fundamental sequence for w.

Lemma 4.3.9. If 8 is “structured tree-ordinal” in the sense that for every limit

sub-tree A of B there is a property ¥Ym,n.(m <n = An +1=,A), then

a=xf = Yn>k(Galo) < CGul(B))
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Proof. For all n > k, we can prove it by induction on j3:
Case 1. If 3 =0, it ig trivial.

Case 2. If 8 is a successor, then § = 8’ + 1. So o <3 ' and we have

Cola) < Gu(®) by ind. hyp.
< GR(f)+1
= G, +1) by Def. 4.3.6
= Gn(B)

Case 3. If 3 is a limit, then 5, <3 3. So o < S and we have

Gala) < Gnl(Be) by ind. hyp.
< GalBp+1)
< Galfn) since Bk + 1 < Bn
— G.(8) by Def. 4.3.6

Note that from now on all the tree-ordinals we construct will be “structured free-

ordinal’ as in this Lemma.

Definition 4.3.10 (Step-Down Relation). The step-down relation is the relation
a <, /3. It is defined inductively by

(a) a=<,a+l for any «
(b) oo =<,  where o= sup(o,)

(£) 7=o0, =<0 = v<0

Note that our work is based on this special sub-tree ordering <,, the reason is that

from the above Lemma 4.3.9 for all n € N we get

a =, 8 = Gula) <Gu(B)
@<, 8 = Gula) < Ga(0)

Lemma 4.3.11. Let oo, 3,7 be ordinals and let k be a positive natural number. Then

the following are true
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(i) a=f = yH+aseyt+ps
(‘Z’Z) a%oﬁ = k‘a%o}{)'ﬁ

In particular,

(i y=ov+8 with a=0=,0 in ()
() k<, k-8 with a=1=, 8 in {#)
Proofs.

(i). We can prove it by induction on £

Case 1. If 8 =0, it is trivial.

Case 2. If 3 is a successor, then 8= 8"+ 1. So a =, §" and we have

THa <o v+ by ind. hyp.
~o v+ (F+1) Dby Def 4.3.10 —(a)

Case 3. If B is a limit, then By <, 5. So & <, B and we have

v+a < v+ 5 by ind. hyp.
= {v+ B by Def. 4.3.3
< ¥+ B by Def. 4.3.10 — (b)

(ii). We can prove it by induction on 3

Case 1. If 3 =0, it is trivial.

Case 2. 1f 3 is a successor, then 8 = £ +1. So @ <, 3 and we have

Eoa <, k-f by ind. hyp.
<o k-0 +1 by Def. 4.3.10 — (a)
<o k-0 +k by ()

— k-(8+1)  byDef 433
= k-3
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Cuase 3. If 3 is a limit, then Gy <, 8. So a <, §; and we have

k-a <, k-0 by ind. hyp.
= {k-f)o by Def. 4.3.3
<o k-1 by Def. 4.3.10 — (b)

Definition 4.3.12 (Ordinal Function ). The ordinal function © on the tree-

ordinals is defined recursively as follows:

@) = 1
ela+1) = ola)+2 pla)+2- p(a)
w(A) = sup e(A)

The reason for this somewhat strange-looking function will become clear in Theorem

4.5.3. Tt is in fact abstract form of exponentiation.
Lemma 4.3.13. Let  be the function above. Then the following are true
) 1 <o plo} for every c.
(i5)  wla)+1 <, ela+ 1)
(1) o isalimit = @lo) <iela)  Jor everyi
() ax.8 = pla)=<p0)
Proofs.
(i). It is trivial.

(ii). For any « the proof directly is as follows

wla)+1 <, wlo)+2 by Def. 4.3.10 — (a)
< wla)+ 2 () by Lemmas 4.3.11 — {4i)
<o @la)+2 ola)+2 wla) by Lemma 4.3.11 — (4}
= la-t+1) by Def. 4.3.12

(iit). It is trivial.
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(iv). If & = 3 the proof is trivial. If @ <, 3 it is proved by induction on 3
Case 1. If § =0, it is trivial.
Case 2. If 3 is a successor, then 5 =F"+ 1. S0 a <, /" and we have

wla) <o {3 by ind. hyp.
<, ¢(#)+1 by Def 4.3.10 —{a)
<o 0B +1) by (i)
= () by Def. 4.3.12

Case 3. If 3 is a limit, then fy <, 3. So @ <, Fy and we have

pla) <o w{B) by ind. hyp.
<o @(08) by (i)
Lemma 4.3.14. Let G, be the slow-growing function, and let ¢ be as in the Defi-

nition 4.3.12. Then for every o we have
Galiple) = 57+

Proof. By induction on a:

Case 1. If « =0, it is trivial.

Case 2. If o is a successor, then oo = o/ + 1. So

Gulp(a’ + 1))

= Galpla) + 2 o) +2 - pld)) by Def. 4.3.12

= Gu(p(@)) + Gal2- () + Ga(2 - ¢(e')) by Lemma 4.3.7 — (1)
= 50n(e) 2. 5Gn(e) L 2. 5Ca(e) by ind. hyp.

= 5.50n) on natural numbers
= 5Gnla)+] on natural numbers
= 5Cnle’+1) by Def. 4.3.6

Case 3. If « is a limit, then o = sup (a,). So
= 5Gnlan) by ind. hyp.
= 5% by Def. 4.3.6
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4.4 Embedding

The aim of this section is to prove that every functional of 7°(;) is represented by a
term of T°(;} with an ordinal bound of set-theoretic height below w?.
In this section the types will not be written for sake of brevity, though, of course,

each term has an appropriate type.

Definition 4.4.1 (Majorization Relation). Let ¢ be a term of 7°°(;) and « be
a tree ordinal. The majorization relation t < «, reading “t is majorized by o, is

defined inductively as follows:
(a) ¢t isa variable or constant = {10
(b) ti<daq, ta<dag, g K0 = titz<<og+1
(¢c) r<af = Avraf+1
(d) V2Bt apfAB+1%,v) = <t;>x<dy, where = sup(y)
() tida, ty<da = (t,k)<da
(f) t<p, f<.a = taa
Note that as one can see casily from clause {(e) the following is true

fda <= t#H<a foreachi=1,..,1

Lemma 4.4.2. Let o and 8 be ordinals and let k be a positive natural number.

Then for a T*(; )-term t the following are true
(1) t<da = tga+pf
(1%) tda = tdf+a

{#i1) t<da = t<dk o
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Proofs.
{i). It is straightforward by Lemma 4.3.11-(i} and Definition 4.4.1-(f).
(ii). By induction on structure of the term ¢:

Clase 1. If ¢ is a variable or constant, then

t < 0 by Def. 441 — {a)
<, B by Def. 4.3.10 — (f}
<o O+a by (&)

Case 2. If t = Av.r where r <y and v+ 1 <, &, then

r<1f-+y by ind. hyp.

hence
Awr Q4 (B4 +1 by Def. 4.4.1 — (c)
= fB+{H+1) by Def. 4.3.3
<, B+« since v+ 1<, a

Case 3. If t = t1ty where t; <, tp <Ay and v <, ¥2 and v + 1 <, ¢, then

t1<9f8+v and ta<dfB+ 7y by ind. hyp.
and
B+m =<0+ by Lemma 4.3.11 — (i)
hence
tita 9 (B+72) +1 by Def. 4.4.1 — {b)
= BH{m+l) by Def. 4.3.3
<, B+« since v + 1 =, o

Case 4. Ift =< r; >, where Vi3d(r; <d Ad+1 =, ;) where +y is a limit, then

r,<Apg+4 by ind. hyp.
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and
Bt +1 <, B+(6+1) by Def. 4.3.3
<, G+% since & + 1 =, %
= {(B+9h by Def. 4.3.3
hence
t=<r; >, 4 B+ by Def. 4.4.1 — (d}
=, B+o since 7y =, @

Case 5. If t = (r1, 75} where r; <+ for each j = 1,2, then
Ty <0Gy by ind. hyp.

hence
{ri,re) < B+ by Def. 4.4.1 — (d)

=%, f+a since v =,

(iii). By induction on structure of the term &

Case 1. If ¢ is a variable or constant, then

ta 0 by Def. 4.4.1 — (a)
<o k-0 by Def. 4.3.10 - (f)

Case 2. If t = du.r where r <1 3, then

rdk-f by ind. hyp.

hence
Avr < k@41 by Def. 4.4.1 — (c)
a4 k-g+k by Lemma 4.3.11 — (i)
<o k- (B+1) by Def. 4.3.3
<, k-« since 8 +1 =%, &

Case 3. If t = tity where t; < 1, t2 < B2 and 41 <, 72, then

t1 <9k - [31 and fh<<k- ﬁg by ind. hyp.

65
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and
k-Bi <. k- By by Lemma 4.3.11 — (4¢)
hence
tita < k- 62 +1 by Def. 441 — {b)
<, k-Pa+k by Lemma 4.3.11 — {7)

= k- (fot+1) by Def. 4.3.3

=, ko since y2 + 1 s, o

Case 4. If t =< r; >, where Vi38(r; <3 A8+ 1 <, ;) where v is a limit,

then
r,<ak-g by ind. hyp.
and
k-BY+1 <, k-B+k by Lemma 4.3.11 — (%)
= k-{6)+1) by Def. 4.3.3
< k- gince 8+ 1 =, %
= (k-7v) by Def. 4.3.3
hence
t=<r; >, < k-7 by Def. 4.4.1 — (d)
<, k-« since v =<, &

Case 5. If t = (r1,72) where r; < 8 for each j = 1,2, then
r; <4k by ind. hyp.

hence
(ri,m) < k-3 by Def. 4.4.1 — (d)

=<, k-« since v =<, &

Theorem 4.4.3. For every fintle list of functionals F=F, .. F definable in T(;)
there is o term tg = (bry,...,tr) of T°°(;) such that for each i =1,..,(, the term

tr, represents functional Fy (the value of tg, is same as value of F;) and

tfﬁ(k-w)-m
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for some positive integers k and m. Here k is any number greater than or equal
to twice the mazimum length of any list of functionals defined, and m is the finite

number of the different definitions in the program of T'(; ) defining F.

Proof. We are going to prove it by induction on the definition of functionals of
T(;). When we get the system 7°°(;) from T(;), we replace the substitution and
primitive recursion by M-abstraction application and infinite sequence respectively.
So it is enough to show that the substitution and recursion in T'(;) are definable in

T(;). The other clauses of definition of T'(;} are clearly representable.

Case (Substitution). Let 7= (r1,...,m;) be a sequence of T'(; }-terms all of whose
variables occur among I-variables x1, ..., 2, and O-variables wq, ..., %, Then a

new sequence of constants F is defined by simultancous explicit definition
F(zy, ., Zpitin, o tig) =T

e Fi(1, ooy Tpi Ui, ooy Ug) = 15 fOr each 4= 1,2, .., L. If 7'is represented by tz,
then F is represented by T°°(; )-term tz = (tg., ..., tg) which will be as follows
by means of A-abstroction

tFi = Aul...uq.tri

for each 7 = 1, ...,I. Where the ¢; may be obtained by repeated application of
previously defined terms, each of which is already assumed to be represented
by a T°°(; )-term, hence when translated into T°°(;) we will have f,, </(k-w}-m.

Then for each ¢ = 1,2, ...,1

Mugte, < (k- w)y-m+1 by Def. 4.4.1-(c)

<, (k-w)-m+k-w since 1 <, k- w

thus using this procedure for w, 1, ..., 1, Zp, ..., T1 We get that
Mg, gt <0 (k- w) - (m+q+p)
So if we change m to m + ¢ + p we get the result as it is required

tF{Q(k-w)-m
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Case (Recursion). Let I-variable z and 7°(;)-terms G and H be given. Then a

new sequence of constants F is defined by simultaneous primitive recursion
Py = @
Fz+1) = Ha(Fz)
je foreachi=1,..1
F0) = G;
Fizx+1) = Huz(Fzkue. . Fz)

We assume that GG and H are represented by the 7°°(;)-terms tz and ty
respectively with 1o, < (k-w) me, ty, < (k w) my where m = max(me, mr)-

We now define T°°(; }-terms 5, = (81,5, ..., Si,n) recursively as follows for each
i=1,..,1
S0 =t
Simpt =t (810)(S2.0) - (80n)
The 811, S2.: - S1., Can be obtained from &,. Hence we get

5 = ta

- _ _ o I-1z -2z 0z

Fpey = tph(my ) {ma(m §n)).{ma{m]En))
Then Fz = {Fiz, ..., Fiz) is represented by the infinite term

tﬁx =< 8, > ¥

by means of infinite sequencing. Now we shall find an ordinal which majorizes
the &,. The proof runs by induction on n.
— Base case, n = 0. Then 8§y < (k- w) - m since 5, =tz and mg < m.

— Induction case, assume that s;, <1 (k-w) - m + 2In. Then we first get the

following
S <tk -w) m+2n by Def. 4.4.1-(¢)
7, < (k-w)-m+2n+1 by Def. 4.4.1-(b)
S<0, 0«0 by Def. 4.4.1-(a)

A=385.50<an <, (k -w) -m+2n by Def. 4.4.1-(b}

k)
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Hence we now can majorize 3,41 as follows
tgi < (k-w) - m+2n+1 by Def. 4.4.1-(b)

and then by Definition 4.4.1-(b)

tpa(ni 15,) < (k-w)-m+2n-+l+1

tgh (w28 (a7 7%5,)) < {k-w)-m+2n41+2

ta(mi ) (w725, )) . (me(nf5,)) < (krw)-mt2n+i+!
that is, we have got &hy1 <0 (k- w)-m+2{n+1).

Therefore by induction on n we have 8, <1(k-w)-m+2In where by the Definition

4.3.10
(k-wy-m+2n <, (k-w)-m+2n+1

<o (k-w) m+2n+2

we chose that w = sup(n + 1), then
sup((k-w) m+2n+1)) =k w) m+2-w
If we change & to 2] we get
<G>z < (k-w)-(m+1) by Def. 4.4.1 — (d)
So if we also change m to m + 1 we get the result as it is required
tg <k -w)-m

which completes the proof.

4.5 Ordinal Bounding

In this section we shall prove that the complexity of normalisation is at most super-

exponential.
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Lemma 4.5.1. Let t;,ty be T°°(;)-terms such that ty < oy and ta Q. Then
tl[tg/’u] < g + Qg
Proof. We shall prove it by induction on the construction of £5:

Case 1. If {7 = u, then this case falls into one of the following subcases according

to u:

1.1. If u=w, then

ultefv} = to by Def. 4.1.7 — (a)
< ap given
=, Qg+ o by Lemma 4.3.11 — (1)

1.2, Ifu v, then

ulte/v] = u by Def. 4.1.7 — (b)
< 0 by Def. 4.4.1 — {(a}
%o azt o by Remark 4.3.8 — 2.

Case 2. If t; = Mu.r and r < 3 where 8+ 1 =, 1, then this case also falls into one

of the following subeases according to w:
2.1. If w=w, then

(Av.r)lte/v] = Avr by Def. 4.1.7 — {d)

Hence

vy 4 G41 by Def. 4.4.1 — (¢)
Aur < e + ﬁ +1
<o Gzt oy by Lemma 4.3.11 — (¢}

22 Hu#vandud FVita) or ug FV(r), then

(Au.r)[te/v] = Murita/v] by Def. 4.1.7 — (€)

where

rlto/v] < a4 5 by ind. hyp.
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Hence

Awrltyfv] < on+ 841 by Def. 4.4.1 — ()

=, a2+ since F+1=, 0

2.3, Ifu#vand ue FV(¢) and a new variable w & F'V (t2) U FV(r),
then

(Au.r)[to/v] = Aw.rw/ul[ta/v)] by Def. 4.1.7 — (f})

where
rlw/ul < B by ind. hyp. and w <0
Hence
(rlw/u)lt2/v] < a2+ 8 by ind. hyp.
and then
Awrlw/ullte/v] < ap+F+1 by Def. 4.4.1 — (c)
e gty gsince G+1=,0

Case 3. Ift; =< r; >, and Vi38(r; 98N B+ 1 %, ;) where v is a limit and v <, o,
then
<1 >y [Ro/V) =< rifta /] > by Def. 4.1.7 — (g)

where fro each ¢ there is a 3 such that

rilte/v] <4 aat+ P by ind. hyp.
~, p+3+1 by Def. 4.3.10 — (a)
=, o +Y since B-+1=,v
= (ag +v) by Dei. 4.3.3

where sup{ag + v); = a2 + . Hence

<t /v] >z Q oty by Def. 4.4.1 — (d)

e G2t since 7y =, o1
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Cuase 4.

Case b,

Ifty=rsand r< B, $<8:, B <o B where 3+ 1<, ¢, then

(rs)[ta/v] = (r[t2/v])(s{t2/v]) by Def. 4.1.7 — (¢)

where
rlta/v] < ag + B, sfta/u] < on + B by ind. hyp.
and
ay + 1 <o @2+ P by Lemma 4.3.11 — {4)
Hence
(rlta/v]}(s[tz/v]) @ g+ By+1 by Def. 4.4.1 — {(b)

=<, g+ since Bo 4+ 1<, m
If t1 = (r1,m2) and r1 < 8, 79 <13 where § <, oy, then
(re, ro)lta/v] = (rilte/v], malte/v]) by Def. 4.1.7 — (&)

where

72
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rilta/v] < g + 5, Tolta/v] Qo + 8 by ind. hyp.
Hence
(rifte/v],melts/v]) < o+ 0 by Def. 44.1 — (f}

=, Gzt since 3=, oy

Lemma 4.5.2. Let ty,t5 be T )-terms with 4 < aq and ta <oy, Then if ity
18 @ redex we have

(ﬁlfg)* <] 2'052‘5‘2‘ 03]

Proof. We shall prove it hy induction on the construction of ¢;. Since tif; is a

redex, there are just three main cases:

Caose 1. Tf £ = 7; where j = 1,2, then #y¢, is a projection-redex. So there are two

subcases to consider, and we deal with them by sub-induction on %

1.1. If tg = (rq, 7o) with r; < 8 where j = 1,2 and § <, o, then

(mi(ry,ma))* = 75 by Def. 4.2.6 — (d)
<4 B given

(mi(ry,m)) < o since 3 =, o

(mi(r, ) < 2-a Lemma 4.4.2 — (41)
<, 2-ap+2-m by Def. 4.4.1 — (f)

1.2, If ty =< 7; >, with ¥i38(r; < A 8+ 1 <, ¥) where -y is a limit and

¥ <o @, then
(m; <1 >e)” =< (w5} > by Def. 4.2.6 — (¢)

where the term m;7; is a redex or not, for  =1,2 and for every i € N,

— If it is a redex, then

(mri)* < 2-8+2-0 by ind. hyp.
<, 2-041 by Def. 4.3.10 — (a)
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— If it is not a redex, then we get

(miri)" = mymy by Def. 4.2.6

where ‘
T o< 0 by Def. 4.3.10 — {a}
mo<d 2.0 by Lemma 4.4.2 — {41}
and
r o< 3 given
o4 2.3 by Lemma 4.4.2 — (41)

then
| mri<i2-8+1 by Def. 43.10 — (b)

So for the both sub-cases, we get that (7;7;)*<12.8+1. Here 2-+1+1 =
2. {8+ 1) =,2 7, and sup(2-v) =2 . Then

<{mr) > 4 247 by Def. 4.3.10 — {(b)
=, 20 since ¥ =, Qo

<, 2 09+ 2 07 Lemma 4.3.11 — (%)

Case 2. If t; = dw.r with r <1 where 841 <, o1, then {1t is an abstraction-redex.

{(Avrit)s = rlta/v] by Def. 4.2.6 — (b)
< g+ by Lemma 4.5.1
{((Avrite)* < 2 a2+2-0 by Lemma 4.3.11 — (i7)

<o 2 +2-04+2 by Def. 4.3.10 — (a}

=, 2-02+2 - gsince G41 <, a1

Case 3. If t1 =< r; >, with VidB(r; 9B8AB+1 <, vi) where v is a limit and v =, o1,

then t1t, is a sequence-redex.
(<1 >p ta)” =< (rita)” >4 by Def. 4.2.6 — (¢)

Tn this case, we shall look at whether the term rity is a redex or not, for

4=1,2 and for every ¢ € N.
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— If it is a redex, then

(rite)” Q@ 2-00+2-0 by ind. hyp.
~, 2-0p+2-3+1 by Def.4.3.10 ~ (a)

— If it is not a redex, then

(rita)* = mita by Def. 4.2.6

where

ry < by Def. 4.3.10 — (a)

r, < 2.4 by Lemma 4.4.2 — (74i)

o <A 2 apt2-8 by Lemma 4.4.2 — (44}
and

ty <4 Qo © piven

ta 4 2. by Lemma 4.4.2 — (7i4)

=, 2-a2t+2-0 by Lemma 4.3.11 — {44)

then

rita<12-ap+2-F+1 by Def. 4.3.10 — (b)

So for the both sub-cases, we get that (rif2)* <12-03+ 2 8+ 1. Here
2o+ 2 0+141 =2 +2-(8+1) <, 2- e+ 27y, and sup(2-ag+2-7;) =
2 a5+2 v Then

<(rita)* > QO 2 ay+2-7 by Def. 4.3.10 — (b)

=, 2'&24"2'0&1 Sincefyﬁoal

Theorem 4.5.3 (Ordinal Bounding). Lett be any T™(; )-term with positive finite
rank such that t <. Then t — t where the rank of t' s at least one less then the

rank of t, and the following result holds

t' <t pla)
where 18 the function defined in Definition 4.3.12.

Proof. We can prove it by induction over the construction of ¢:
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Case 1. If ¢ is a variable or constant where 0 <, «, then

t o= ¢ by Def. 4.2.5 - {a)
< 0 by Def. 4.4.1 — {a)
<, wla) by Remark 4.3.8 — 2

Case 2. i = lv.s with s < 5 where § +1 <, o, then

t = A& by Def. 4.2.5 — (b)

where
g < @(F) by ind. hyp.
Hence
M < @B+l by Def. 4.4.1 — (¢)
<, w(f+1) by Lemma, 4.3.13 — {41)
<o o) by Lemma 4.3.13 — (#v)

Case 3. If t =< r; >, with Vi38(r; A<BAL+ 1 =, 1) where v is a limit and v =, a,

then for every ¢

t=<r>zx by Def. 4.2.5 — (¢)

where
i< o(F) by ind. hyp.
and
o) +1 =<, @(+1) by Lemma 4.3.13 — (i)
<, wlvi) by Lemma 4.3.13 — {iv)
and
sup elw) = »y) by Def. 4.3.3
Hence
<ri>z < o) by Def. 4.4.1 — (d)

<. o{a) by Lemma 4.3.13 — (iv)

76
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Case 4. If t = tit, with t1 <1 By, t2 < B2, 51 <o P2 where 83 + 1 %, o, then

= (1115)" by Def. 4.2.5 — (d)

where
) <ae(B), th<ap(@) by ind. hyp.
Hence
() < 2-0(B)+2 w(b1) by Lemma 4.5.2
<o 2 (B2} +2-¢(Bs) since  (f1) <o ©(62)
(G < @(B)+2- (B +2-p(f) by Lemma 43.11 — (i)
= p(f+1) by Def. 4.3.12
<, (o) by Lemma 4.3.13 — (iv)

Case 5. If t = (t1, %) with t; <« 3 for each ¢ =1,2, where § <, &, then
= (t],t5) by Def. 4.2.5 — {d}
where for each 1=1,2

ti<ap(B)  byind hyp.

Hence
(t,th) < (F) by Def. 4.4.1 — {e)

<o (a) by Lemma 4.3.13 — (iv)

Theorem 4.5.4. Assume that t be any T(; }-term which has a positive finite rank
k and majorized by ordinal o. If the term t reduces to a normal form t® after
k-many times application of rank-reduction, then the complexity of normalisation is

majorized by the k-th iterate of v, thus
t < o*(a)

Proof. By the definition of rank-reduction, each reduction reduces the rank by at

least one, that is,
R < R(#) by Lemma 4.2.10

So the proof runs by induction on rank k:
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— Base case, if k=1, then (t™) = ¢ which gives that
t' < pla) by Lemma 4.5.3

— Induction case, assume that the reduction (1) = ¥ with t%~1 < ¢**(a).

Then
R A ) by ind. hyp.

= "o

This completes the proof as required.
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4.6 Complexity

In this final section of this chapter we shall prove that every T'(; }-definable function
is bounded by a super-exponential function ezpf for some fixed k. We then get
the result that every T(;)-definable function is elementary. This follows from the

embedding of T(;) into 7°°(;} and the normalisation of T°°(; )-terms.

Lemma 4.6.1. Suppose that {Z;@) is a normal term of type o in T(; ) which
contains only free variables T of ground type v and @ of ground type o. Then the

term t must have one of the following forms:
(I) A variable a or the constant 0
(IIY  Applications: Sty or Pty or Clotits
(IIT)  An infinite sequence <1; >,
where ty, th, ..., L, ... are themselves normal of type o.
Proof. By induction on construction of term ¢ of type o.

Case 1. If t is & variable a of type o or the constant 0 of type o, then we obtain the
form (I). But ¢ can not be variable z of type ¢ and can not be the constants

S or P or C or 7; because their types are wrong.
Case 2. The term t can not be an abstraction Av.s because the type is wrong,
Case 3. Tf ¢ be an infinite sequence < t; >, of type o, then we obtain the form (117).
Case 4. The term ¢ can not be a pair (¢1,%2) because the type is wrong.

Case 5. If ¢ is an application totits...t, of type o where ¢ not an application, then
we shall ook at the following sub-cases by induction on the construction of

term ty:
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5.1. The term ¢y must have function-type. So fp can not be a variable
because f contains no variables of function-type. However t, might
be S or P or (&. So we obtain the terms St;, Pt; and Ctitsts which
gives the form (£7). The term ¢ contains also the constants #; of

function-type but it can not be 5 see Case 5.5.

5.2, The term tp can not be an abstraction Av.s because then £ would not

be normal.

5.3. The term t; can not be an infinite sequence < ¢; >, because then ¢

would not be normal.
5.4. The term ¢, can not be a pair (r1,72) because the type is wrong.

5.5. It remains to show that ¢y can not be a constant 7. Here the 7 stands

for either m or 7. If £ = 7, then we have to look at #;.

The term t; can not be a pair or a sequence because then ¢ would not
be normal; and can not be a constant or a variable or A-abstraction
because the type would be wrong. The only possibility is that ¢; is
also an application term sp183...8,, of product-type where m > 0 as
before and s is not an application. We have to continue the procedure

by induction on the construction of term sq.

Again, there is only one possibility, namely so = #. Then by the same
argument, s; must be an application beginning with a 7. We can thus
continue indefinitely, contradicting the well foundedness of the term

t.

Remark 4.6.2. Any (even non-recursive) function f : N — N is representable in
T°°(;) by a normal term < n; >; where n; = f(i). However, the uniformity of the
embedding of T(;) into T°°(;) produces a term tp representing each 7°(; }-definable
functional F, which is clearly intuitively “computable’. In what follows we shall
not make this notion of “computable” any more precise, but we shall show how the

foregoing results provide slow-growing bounds on their computation-steps.
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Definition 4.6.3 (Computation Function). Let {{Z; @) be a computable term,
for example one which arises under the embedding F' to tp. Then the valuation
function Vi[Z = #;d = | needs a certain number of steps to compute, say by
a register machine. This number of steps, denoted #t(#;) can be defined by

induction over the constraction of the term.
(a) t=0ora =  #t{mm) =1

(b}  t=Stgor Pty = F(A;m) = #t(i;m) +1

il

(c) t=Chotrty = #t{Am) = #to(7; ) +max (Fty (7 nh), #12(7;7)) +1
Q) t=<ti>; = #HAm) = Ht,, (Tm) +1

Definition 4.6.4 (¢-Majorization Relation). Let ¢ be a term of 7°°(; } and let
¢ be as in Definition 4.3.12. Then the @-majorization relation t <1, @(ca) is defined

inductively as follows:
(a) ¢t isavariable or constant = t<,p(a) foranya.
(b) r<, 98, B+lea = dvr,pla)
(¢} ti<,pla), h<eplon), <.t <amtls,a = hixd, wlo)
(d) ViEdt <, o)A+ 1<om), Yoo = <>z w{a)
(&) tr<,pla), k=12 = (t,t) <y ola)
Note 4.6.5. The proof of the Theorem 4.5.3 actually gives that
tda = tdea)

Theorem 4.6.6 (Complexity Theorem). Let t(Z;d@) be a normal computable

term of type o, let Gy, be the slow-growing function, and let n = maz (7). Then
t<,o(a) = #t{Am) < Galela)

Proof. By the Lemma 4.6.1 the term ¢ is built up from one of the following forms:

a, 0, Sty, Pty, Chlohity, < t;>; Soitis enough to consider these forms:
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Case 1. If t =0 or a,, then

#i(m) = 1 by Def. 4.6.3-(a)
Galp(a))

IA

Case 2. 1f t = Sty or Pty where t5 <1, @(8) and 3 + 1 %, o, then

(M) = hto(im) + 1 by Def. 4.6.3 — (b)
< Galp(B)) +1 by ind. hyp.
= Gnlp(8)+1) by Def. 4.3.6
< Gulp(B+1)) by Lemma 4.3.13 — (i4)
< Grlp(a)) since 84 1=,a

Case 3. 1 t = Ctgtity where t;, <, () for each k =0,1,2 and 8 +1 <, @, then

F#t(17; M)
= (7 1)+ moaz(#t (0 W), #ta (7)) + 1 by Def. 4.6.3 - (c)
< Galp(B) + Gule(8) +1 by ind. hyp.
< Gal@(B)) + 2 Galp(8)) + 2 Galp(B)
= Gule(B) + 2 0(B)+2-p(B) hy Def. 4.3.6
= Guplp(B+1)) by Def. 4.3.12
< Galpla)) since B+ 1=,

Case 4. Let t =< t; >,, where Vi30(t; <1, @(8) A+ 1 <, ) where ~ is a limit and

¥ =, , then for i = ny,

UMY = At () + 1 by Def.A4.6.3 — (d)
< Galp(B)} +1 by ind. hyp.
= Gp(e(B)+1) by Def. 4.3.6
< Galp(B+1)) by Lemma 4.3.13 — (%)
< Galp(m;)) since  F+1 = Yoy
< Gulelrh) since  m; =1
< Galp(a)) since {7} <o pla)
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Corollary 4.6.7. Assume that t(Z,8) be a computable term and let n = max(7)

and m = maz{m). Then

t<dgp(a) = VHT = d:=m] <m+ Gulp(a))
Proof. By induction on the term ¢ same style proof as in provious Theorem 4.6.6.
Theorem 4.6.8. Every number-theoretic function [ definable in'I'(;) is elementary.

Proof. Putting all the foregoing work together, we obtain a T°°(; )-term ¢ and then

a normal t*) representing f(5%, %) such that
Step 1. t < {p-w) ¢ for some constant p and ¢, by Embedding Theorem 4.4.3.

Step 2. t—t' = ¢ <9p((p-w)-¢) by Ordinal Bounding Theorem 4.5.3.

Step 3. ¢t ¢¥ is a normal term, by Normalisation Theorem 4.2.11.
Step 4. tFl < *((p - w) - ¢) hy Theorem 4.5.4, where k = R(t).
Step 5. #tlH(7;, M) < G, {p*(a)) by Complexity Theorem 4.6.6,

where o= (p-w) - ¢.

Then f(7,7) is computable with in a number of steps bounded by

'_5(10(75 +1)g)
Gl (2 w) - @) = 5° ( k many 5)

which is an elementary function of 7. Since every function computable in an

elementary-bounded number of steps is itself elementary, we therefore have

Je &
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