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ABSTRACT

In this thesis, we consider a healthcare system consisting of two healthcare centres
where one represents a public and the other a private service centre. Each centre is
modelled as an M/M/1 queue. Arriving patients have to be served at exactly one
of the two centres, provided that buffer sizes are infinite. We consider the waiting
cost per time unit spent in the system is a constant, and it is the same for both
centres. Furthermore, patients who join the private centre have to pay a fee, while the
public centre is free. We examine the system for decentralized and centralized settings
when the queues are either observable or unobservable. In the decentralized setting,
individuals act in order to minimize their own expected cost, while in the centralized
setting, there is a central authority which sends individuals to the servers in order to
minimize the expected cost of the whole system.

In the observable case in which the individuals know the length of the queues, we prove
that the optimal strategy is of a threshold type for both decentralized and centralized
settings. We derive mathematical formulas to calculate the observable decentralized
thresholds. A relationship between the thresholds in decentralized and centralized
settings is also derived.

In the unobservable case in which the queue length is not known, we prove the existence
of a unique symmetric Nash equilibrium for the decentralized case, and obtain explicit
expressions to find the optimal policies for both decentralized and centralized settings.
Finally, the results are extended to the systems which have finite waiting room capacity.
We implement our results numerically where MRI is considered as the health service.
The numerical part also included a sensitivity analysis on some performance measures

with respect to different parameters of our model.

v



OZETCE

Bu tezde bir devlet hastanesi ve bir 6zel hastane olmak iizere iki saglik merkezinden
olugan bir saglk sistemini dikkate aliyoruz. Her merkez M/M/1 kuyruk modeli ile
modellenmektedir. Buffer Kapasitesi sonsuz olmak sartiyla gelen hastalara sadece bir
merkez tarafindan hizmet verilmelidir. Sistemde birim zaman bekleme maliyetinin
sabit ve iki sistem ic¢in de aymi oldugunu dikkate aliyoruz. Buna ek olarak, devlet
hastanelerinin iicretsiz olmasina karsin, 6zel hastaneye katilan hastalar bir iicret
odemek zorundadir. Kuyruklarin gozlenebilir ve gozlenemez durumlar: i¢in sistemi
merkezi olmayan ve merkezi ortamlarda incelemekteyiz. Merkezi olmayan ortamda,
bireyler kendi beklenen maliyetlerini en aza indirmeye yonelik davranirken, merkezi
ortamda tliim sistemin beklenen maliyetini en az indirmek icin bireyleri hizmet birimine
gonderen merkezi bir otorite mevcuttur.

Bireylerin kuyruklarin uzunlugunu bildigi gézlenebilir durumda, hem merkezi olmayan
ortam hem de merkezi ortam icin en iyi stratejinin esik degere bagl strateji tipi
oldugunu kanithyoruz. Gozlenebilir ve merkezi olmayan esik degerlerini hesaplamak
icin matematiksel formiiller tiiretiyoruz. Merkezi olmayan ve merkezi ortamlarda egik
degerleri arasindaki iligki i¢in de formiiller elde ediyoruz.

Kuyruk uzunlugunun bilinmedigi gozlemlenemeyen durumda egsiz ve simetrik bir Nash
dengesinin varligin1 merkezi olmayan durum i¢in kanitlamakta ve merkezi olmayan ve
merkezi ortamda en iyi hareket tarzin1 bulmak icin agik ifadeler elde etmekteyiz.
Son olarak, sonuglar sonlu bekleme odasi kapasiteli sistemler i¢in genigletilmektedir.
Sonuclarimiz1 sayisal ¢oziimleme ile saglik sisteminin MRI olarak goz oniinde bu-
lunduruldugu duruma uyguluyoruz. Sayisal ¢coziimleme kismi, modelimizdeki farkh

parametrelere gore performans olgiitlerine duyarlilik analizi de icermektedir.
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Chapter 1

INTRODUCTION

In several countries the healthcare system includes both public and private sectors.
Public services are usually less expensive, but incur a higher waiting time on patients.
Moreover, private sectors usually provide more quality in comparison to the public
ones. So there is a trade-off for patients between cost and the combination of time
and quality.

Healthcare systems are varied in practice. Hospitals, clinics, specialists’ offices, and
diagnosis centres are a few examples of healthcare systems. In this work, we focus on
the effect of the waiting time, where we assume that both centres provide the same
quality of services. This assumption restricts the application of our results mostly to
diagnosis services. We consider one public and one private diagnosis centre each with
a single server and with the same quality of service. We measure the displeasure of
waiting by assuming a fixed cost for each unit of time patients spend in the system.
The public centre is assumed to provide a free service while to obtain service from the
private centre, patients have to pay a fee. Buffer sizes are infinite and as balking is
not allowed, patients have to be served at exactly one of the two centres.

We analyse the system from two perspectives. First, when patients decide which system
to join in order to minimize their own expected cost, which is called “decentralized
setting.” Second, when a central authority routes patients to public or private systems
in order to minimize the total expected cost of the system, which is called “centralized
setting.”

Many service systems can be considered as queueing type systems. Healthcare systems

are good examples of this type. In a first-come, first-served (FCFS) healthcare system,
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patients have to set an appointment and wait until the previous patients finish service.
We may have different number of servers, different queues with different capacities,
and all other factors which can be modelled in queueing systems. We can have both
observable and unobservable queues. In observable queues, the number of individuals
in the queue is known to everyone, while in unobservable queues, one is not informed
about the length of the queue before joining it. In healthcare systems many queues are
virtual queues in which individuals wait at home or other places rather than waiting
in a physical queue, so having an observable queue may be hard in practice.

In this study, we examine how the performance of a queueing system changes if we
set a central control to send individuals to different servers, instead of allowing them
to choose individually. A strategic individual in a service system decides in order to
maximize her own pay-off. Her action can affect other individuals’ strategy. The case
that all individuals in the system act their best responses to others’ strategies is called
a Nash equilibrium. The equilibrium behaviour of individuals versus the control of a
central authority in the system is a rich topic in queueing models. There are many
papers in this field. One of the most well known papers is the work of Naor [1] who
examines an observable M/M/1 queue and compares decentralized and centralized
optimal strategies, showing that in the decentralized optimal strategy, individuals
have negative externalities on others.

We also analyse the system from another point of view: the level of information. The
comparison between the efficiency of observable queues versus unobservable ones is
another rich topic in queueing models. To what extent can the efficiency of the system
be influenced by the level of information individuals may have? Is it always better to
have more information? The book of Hassin and Haviv “To queue or not to queue” 2]
is a comprehensive review on different queueing systems related to the equilibrium
behaviour of individuals in both observable and unobservable queues.

In the observable case, the optimality of a threshold type policy is proved both
for decentralized and centralized settings. Analysing the equilibrium behaviour of

individuals, we obtain mathematical formulas to calculate the public and private
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thresholds in the observable decentralized case. Then we compare the thresholds of
the individually optimal policy (decentralized) and those of socially optimal policy
(centralized). In the unobservable case, we prove the existence of a unique symmetric
Nash equilibrium in the decentralized case, and obtain explicit expressions to find the
optimal policy, both in decentralized and centralized settings.

The results are extended to the model with finite buffer. Finally, we illustrate our
results by using an example based on real data, and perform sensitivity analysis on
different performance measures with respect to different parameters.

The rest of this thesis is organized as follows. Chapter 2 presents the related literature
in this field. Chapter 3 describes the model and our assumptions. Chapter 4 discusses
both decentralized and centralized policies for the observable queues, and Chapter
5 does the same for the unobservable queues. Chapter 6 shows our results via a

numerical example of two MRI centres. Finally, Chapter 7 presents our conclusions.
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Chapter 2

LITERATURE REVIEW

Healthcare systems are among the most complicated systems. In 2012, yearly

healthcare related costs were at least $6.5 trillion (according to statistics from the
“World Health Organization”), or about 9.6 percent of global gross domestic product
(GDP), which makes it one of the largest industries in the global economy. On average,
the public share in healthcare is about 60 percent. This spending has a big influence
on the health outcomes. Besides spending large amounts of money, healthcare systems
are often inefficient and need reforms. Many of the problems in healthcare systems
are caused by misguided public intervention [3].
In this thesis, we analyse a simple model of a healthcare system in which a public and
a private centre coexist. We analyse the effect of having a central control to govern
both centres in comparison to allowing patients choose their servers individually. This
study can also help to compare the effects of putting more subsidy on the private
centre, in comparison to improving the public one.

The related literature is classified to four categories.

2.1 Mixed Healthcare Systems

The use of public and private health services has been studied in many different
literature. There are some papers which consider this problem from an economical
point of view. Regidor et al. [4] calculate the percentage of the use of public and
private healthcare services, such as general practitioner, specialist and hospital care,
according to three socio-economic criteria: educational level, social class, and income.
They use data from a sample of 18,837 Spanish subjects. They show that public

general practitioners and hospital services tend to favour the lower socio-economic
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groups, while there are no socio-economic differences in the specialist visit. The
inequities indicate an overuse of public services, or the willingness of people in high
socio-economic groups to use private services more.

Basu et al. [5] perform a review of research studies related to the performance of public
and private sector delivery in low and middle income countries. Their evaluation does
not support the traditional claim that the private sector is usually more efficient than
the public sector. Each system has its own strengths and weaknesses.

Buying private health insurance is also another factor which can be influenced by
many other factors in a healthcare system. Private insurance can also be seen as a
means to reduce the overuse of public healthcare services. Canta and Leroux [6] study
a healthcare system in which individuals with different incomes can choose between
public and private centres. The public centre is less expensive but it incurs a waiting
time depending on the number of people in the centre. In their study, they assume
that by purchasing the private insurance, individuals can reach waiting-free service.
Their objective is to find the optimal income taxation policy, both when the queue is
observable and when it is unobservable. They analyse the case in which the social
planner assigns agents to the public system, and also the case in which individuals
can choose between public and private options. They show that at the laissez-faire
the number of agents joining the public system is much higher in comparison with
the first-best optimum, which comes from the externality of individuals’ choice on
the waiting time. They also analyse the second best allocation when there is a social
planner which assigns agents to the public system. According to the first best, it is
more probable for low-income agents to be assigned to the public system, compared to
their high-income counterparts. In the case that there is no social planner, Canta and
Leroux show that only a linear income taxation with a subsidy on private insurance
can be used. They prove that in this case, if waiting times are not too high, the
optimal policy is that high-income agents pay a tax on the use of private facilities, so
they would redistribute resources toward low-income agents. For high waiting times,

encouraging individuals to buy private insurance is optimal.
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Another paper related to the effect of waiting time on the private insurance demand
is the work of Bonet [7]. He shows that the decision of purchasing private insurance,
depends on the quality of service in public agents, as well as the customer’s income,
socio-demographic characteristics and health status. For simplicity, Bonet measures
the quality of servers by the length of the time patients have to wait in the system.
Results indicate that as the quality of the public healthcare increases (waiting time
decreases), the probability of purchasing private health insurance decreases.

Johar et al. [8] also analyse the effect of waiting time on the decision to buy private
health insurance. They note that insurance demand is influenced by waiting time,
not waiting list. Waiting lists may represent technological advances which allow more
procedures to be done in a specific period of time. They extend their work [9] analysing
the effect of waiting time on the private insurance demand at the individual level,
modelling the individuals’ expected waiting cost as a function of their own conditions.
The data sets they use for modelling are from the NHS 2004-2005 and the NSW IWT
data 2004-2005. They show that it is the high probability of waiting for a long time,
not the expected waiting time, which increases the probability of buying the private
insurance. They claim that waiting time has no significant impact on the insurance

demand.

2.2 Observable Centralized Healthcare Models Analysed by MDP

There are many papers which use Markov decision process to analyse a healthcare
system. In these studies, the queues are observable and the objective is to maximize
the long run average or the discounted pay-off.

Hajek [10] studies the system of two interactive service stations (station 1 and 2), in
which the number of individuals in the system is known by everyone. The arrivals
of station 1 and station 2 are Poisson with rates A; and \,, respectively. There is
another Poisson stream of rate A\. An arriving individual at time ¢ is routed to station
1 with probability a(t) and to station 2 with 1 — a(t). Both stations’ service time

are exponential with rate p; and ps. There is also an extra server with exponential
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rate p which spends a proportion of service d(t) to station 1 and proportion 1 — d(t)
to station 2. The individual departs from the system after being served by one of
these three servers. There are two exponential servers with rate v; and v, at station 1
and 2. If these servers complete their service, the individual is routed to the other
station with probability r2(¢) for station 1, and 79 (t) for station 2, and otherwise it
remains in the same station. Hajek establishes the existence of optimal controls in a
Markovian network with two service stations and linear costs. The optimal controls
have a switching curve structure in both finite horizon and long run average cost
problems.

The paper also analyses some special cases to obtain previously studied models. When
A1, A9, and p are the only non-zero parameters, then the model turns into the service
priority problem. Harrison [11] shows that the optimal policy of a service priority
problem, even with non-exponential service, is a fixed priority policy. There are other
similar studies by Gittens [12], Nash [13], Whittle [14], and Varaiya et al. [15]. The
related problem in which two server works on a single queue is analysed by Lin and
Kumar [16].

If A1, v1, and py are the only non-zero parameters, then the model turns into a control
problem for tandem queue. Sobel [17] has proved that in such systems the long run
average cost is minimized by a full-service policy, even for more general networks, when
the service time distribution is non-exponential, and for arbitrary arrival processes,
when the holding cost per customer is equal in both queues. Rosberg et al. [13] prove
the existence of an optimal policy with switching structure, when the holding cost per
customer in the second queue is larger.

Finally, if A\, A1, Ao, p1, and po are the only non-zero parameters, then the model turns
into a routing problem. Assuming equal service-time distribution for both stations,
Winston [18] and Weber [19] have shown that joining the shortest queue is the optimal
policy.

The centralized observable case of our work could be considered as a special case of

this model when A, p1, and uo are the only non-zero parameters, if there was no fee
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for joining the private centre. Even in our model in which there is a fee for joining
the private centre, we prove the existence of an optimal strategy and show that this

strategy is of a threshold-type.

2.3 Equilibrium Behaviour of Individuals and Socially Optimal Behaviour

Equilibrium behaviour of customers can substantially influence the efficiency of a
queueing system, so it is important to analyse the system based on each individual’s
attitude.

An alternative viewpoint is to assign a central authority to determine the policy in
order to maximize the pay-off for the whole system. The degree of central control is
an important factor in many service systems. We can analyse the effect of allowing
individuals to choose service providers by calculating the price of anarchy, which
quantifies the inefficiency created by choice. Price of anarchy is defined as the ratio
of the cost of the worst possible Nash equilibrium to the cost of the social optimum
solution. All these factors could be analysed both in observable and unobservable
queues.

Equilibrium behaviour in different queueing models are studied in Hassin and Haviv’s
book [2]. The book is a comprehensive survey which contains related literature in this
field. It also classifies different queueing models, identifies their results and analyses
how they relate to each other.

For the observable case of our study, a related work is Naor’s paper [1] in which he
analyses a queueing model where customers arrive in a Poisson stream at a service
station with exponential service time. The queue is observable, and each customer
is aware of the monetary reward of getting service, and also the waiting cost per
unit of time. A customer has two alternatives: joining the queue, or balking. Naor
analyses both individual and social optimization. In the individual optimization case,
each customer decides to join the queue or balk, only based on maximizing her own
pay-off. In the social optimization case, the objective is to maximize the overall

pay-off [20]. Naor shows that there is a threshold for the number of customers who
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join the queue, both in the decentralized and centralized setting, and the threshold of
the decentralized case is greater than the threshold of the centralized one. In other
words, in the decentralized setting, individuals have negative externalities on others.
In the observable part of our study, there are two parallel queues for public and private
centres. Balking is not allowed, there is no reward (we assume that the reward of
obtaining the service is equal for both centres, and also for all patients.), and there is
a fee for joining the private centre. We extend Naor’s results to a two dimensional
queueing model, where we have two parallel servers. We prove that in the observable
decentralized setting, for a given number of patients in the private/public centre,
we have a threshold for the number of patients in the public/private centre. The
same result is established for the observable centralized setting, by the use of MDP
models. The public thresholds for the decentralized case is greater than or equal to the
centralized one, and the private thresholds are smaller than or equal to the centralized
setting.

There are papers which consider a queueing model which consists of a common queue
served by two exponential servers. A related work is [21]. The arrivals are Poisson, and
the service rates are different for each server. The length of the queue is observable.
It is shown that an optimal policy exists which minimizes the average sojourn time
of individuals in the system, and it is of a threshold-type. The individuals should be
sent to the faster server whenever it is available, while they should be directed to the
slower server if and only if the queue length exceeds a certain threshold value.
Another part of our work, the unobservable case, is related to the work of Burnetas
and Georgiou [22] who analyse an unobservable system of two parallel Markovian
single server queues with positive rewards and possibility of balking without any cost.
Each customer decides whether to enter the system, and which of the queues to join
to maximize her own pay-off. They formulate the system as a symmetric game played
by all customers and show that a unique Nash equilibrium strategy exists, and they
give an explicit expression for that. They also analyse the social optimization case in

which the objective is to maximize the pay-off for the whole system. They show by a
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numerical example that the proportion of the customers entering the system is lower
in the socially optimal strategy.

In their model, they don’t consider any cost for balking and this assumption makes
their results different from ours. If we assume that all individuals who obtain the
service have the same reward, and we also assume a high cost for balking, still the
results are different. In the case that the reward of receiving service from the two
centres are equal with a large value which prevents individual to balk from the system,
the results in [22] and our results would be similar. In the unobservable case of our
study, we also prove the existence of a unique symmetric Nash equilibrium in the
decentralized setting, and a unique optimal strategy for the centralized setting.
Another relevant work for unobservable systems is Knight and Harper’s study [23] who
use routing games to calculate and compare the optimal solution and Nash equilibrium
of a system of multiple unobservable queues with a single server where balking is
allowed with a specific cost. They analyse the effect of allowing individuals to choose
the service producer individually, by calculating the price of anarchy. It is shown that
as the worth of getting service increases, the price of anarchy increases up to a point.
They also show that the price of anarchy is low in an already inefficient system, so
in these systems, letting individuals choose their servers is not considerably different
from the social optimal solution.

The unobservable section of our work examines a specific model in which we deal with
two M/M/1 models. So we analyse one special case of [23] in more detail. We find the
structure of strategies in both decentralized and centralized cases.

Another paper which studies a system of two parallel M/M/1 servers is the work of
Gue et al. [24]. They examine a self-financing two-tier queueing system, containing a
free and a toll service. Arrivals are Poisson and the service time for both servers are
exponentially distributed. Balking and reneging are not allowed. They assume that
the capacity of the free server is fixed, and the capacity of toll server has to be built.
Customers are identical, with the same waiting cost per unit of time. The length of the

queue is unobservable, so customers have to choose between the free service and the
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toll service based on the fee for joining the toll service and their expected waiting cost
in each of the queues. They solve the system for the optimal capacity and fee of the
toll service. They also characterize the solution’s properties. As free-service capacity
increases, the expected waiting time for both free and toll service also increases, which
leads to a lower welfare. This result is analogous to the Downs-Thomson paradox in
transportation economics.

This study is relevant to the unobservable part of our work with a finite buffer. In
our study, all system parameters such as the buffer sizes of the queues, fee, waiting
cost, and the arrival and service rates are fixed. We also consider a blocking cost,
when the buffer is full. The individual’s strategy in equilibrium is analysed, then we
compare it with the social optimal strategy. We show by a numerical example that if
we increase the buffer size of the free server, which is the public centre in our case, the
total expected cost rate increases for the unobservable decentralized setting. We also
show that the total expected cost for the unobservable centralized setting is decreasing
in the buffer size of the free centre.

Another paper which considers a paradox of congestion in a queueing network is [25]. Tt
is shown that in a congested queueing network, increasing the capacity would increase
the mean transit time for individuals.

There are also some papers which compare the results of the two cases of observable
and unobservable queues, or analyse the effect of getting more information about
the number of individuals in the system. A related paper of this type with a game-
theoretical point of view is by Hassin and Roet-Green [26] in which they analyse an
unobservable single server queue with Poisson arrivals and exponential service time.
Customers have three choices of joining the queue, balking, or inspecting the queue
length and then decide to join or not. They consider the waiting cost, the cost of
inspecting the queue length, and also the revenue of receiving service. Once a customer
knows the queue length, she would obey the threshold strategy as in Naor’s observable
queue. Using the topological properties of the set of strategies in this game, they prove

the existence and uniqueness of equilibrium in a two dimensional strategic game.
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They conduct a sensitivity analysis on the preference of the customers to inspect the
queue, and also on their willingness to join the queue after inspecting with respect to
the revenue and cost of getting information. They also show that the ratio of waiting
cost and the rate of service, leads to nonmonotonic behaviour. When the ratio is low,
customers are more willing to join the queue without inspecting, when it is high, they
tend to balk, and in between, customers would prefer to inspect the queue.

Many studies have been done related to routing policies in queueing systems. For
example, in [27], they suppose two similar exponential servers with one arrival stream
and only one queue. They show that in the observable case, in which the queue length
at both servers are known, the optimal strategy is to route individuals to the shorter
queue. While in the unobservable case, provided that the initial distribution of the
two queue size is the same, the optimal strategy is to alternate between queues. These
optimal strategies are independent of the statistics of the job arrival.

There are also some papers which work on the trade-off between the speed of service
and its quality in a queueing system. Anand et al. [28] study a queueing system in
which customers can choose whether or not to join a queue based on their self-interest.
Considering the dependency between the service quality and service duration, they
analyse the equilibrium behaviour of customers, the service rate, and also the pricing
decisions. They have argued that the results from traditional queueing models are not
applicable to their model when there is a relationship between the service quality and

the service duration.

2.4 Scheduling Models in Healthcare

Many papers work on scheduling models in healthcare. Several studies consider the
probability of “no-shows”, in which a patient would cancel the appointment in the
last minutes, or just doesn’t show up. Green et al. [29] study the appointment system
as a single server queueing model. They demonstrate that considering the “no-show”

probability in a model has a significant impact on the performance of the system.

There are many papers which study different classes of customers arriving to the



Chapter 2. Literature review 13

system. Among those is the work of Xu et al. [30] which analyse the system of two
stations with two parallel servers in each station. They assume two classes of customers
with mutually independent Poisson arrivals. Class-1 customers have to receive service
from station 1, but class-2 customers can be served by any of the stations. The service
time is exponentially distributed with a common rate. The holding cost per unit of
time for class-1 customers is assumed greater than or equal to the holding cost for
class-2 customers. The objective is to minimize the expected discounted (or the long
run average) holding cost by dynamically assigning customers to idle servers. The
optimal policy is to assign a class-j customer to an idle server in station j, whenever
possible, and a class-2 customer should be assigned to an idle server in station 1 only
when there is no class-1 customer waiting, and the number of customers waiting in
queue 2 exceeds a threshold. Furthermore, this threshold increases in the number of
busy servers in station 1.

Another relevant paper which considers two classes of customers is by Suk and
Cassandras [31]. They study the dynamic scheduling problem for a queueing system
with two classes of customers with finite queue capacity, competing for service at a
single station. The cost is assumed to be linear in the number of customers in the
queues, and there is also a blocking cost for each queue. They show that if the blocking
cost of each queue is greater than or equal to the holding cost, then the optimal policy
is characterized by a switching curve. If for one of the queues, the blocking cost is
less than the holding cost, and for the other queue it is greater than or equal to the
holding cost, a fixed priority rule is optimal. Suk and Cassandras examine an extreme
case, when the blocking cost of one queue is sufficiently larger than the other, whereas
the holding cost of that queue is smaller than the other. In this case, the optimal
policy is of a threshold-type policy.

A more general case was studied by Baras et al. [32], in which the optimality of pc-rule
was shown for expected long run average and expected discounted criterion, over both
finite and infinite horizons. A more recent study on an M/M/c queue with two priority

classes is [33].
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Chapter 3

MODEL

This study analyses a healthcare system with two parallel centres, one public and
one private. The two centres offer different service rates at different fees. Specifically,
the private centre offers a faster service as compared to the public one and charges
a fee f > 0 while the public centre is free. Each centre is assumed to operate with
a single server and exponentially distributed service time. The service rates for the
public and private centres are denoted by p; > 0 and us > 0, respectively. Patients
join the system according to a Poisson process with rate A > 0. The buffer sizes for
both queues are infinite. An arriving patient either joins the public-centre queue or the
private-center queue so balking is not allowed. Moreover a patient who joins a queue
does not leave it until her service is completed, i.e., reneging is not allowed. For each
patient, the waiting cost per time unit spent in the system, whether waiting or being
served, is ¢ > 0. We assume that the reward of receiving service from both centres is
the same for all patients. As it doesn’t have any effect on individuals’ choice, we only
consider the costs. The parameters are known to everyone. The main assumptions on

the parameters are:
(A1> H1 < f2,
(A2) A < pn + pio-

(A1) implies that the private server is faster. Practically, in some healthcare centres,
this assumption may not hold. Sometimes private centres perform more tests and
the doctors in these centres spend more time for each patient rather than the public
centres. In this work, we focus on the diagnosis facilities and assume that in the

private centre, tests can be done faster. Assumption (A2) prevents having a queue
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with an infinite length. The model is shown in Figure 3.1.

Public(p,)
Private(u,)

Figure 3.1: Model

v

We analyse this model in decentralized and centralized settings, and also in ob-
servable and unobservable cases.
In the observable decentralized setting with infinite buffer, individuals observe the
length of the queues and then choose between joining the public and the private centre
in order to minimize their own expected cost. In the observable centralized setting,
there is a central authority who observes the number of individuals in each centre and
sends the arriving patients to either of the public or the private centres to minimize
the expected cost of the whole system.
In the unobservable setting with infinite buffer, the objective is to find the optimal p,
which is the probability of joining the public centre. As balking is not allowed, the
probability of joining the private centre is 1 — p. In the unobservable decentralized
setting, individuals act in order to minimize their own expected cost in the symmetric
simultaneous-move game. We prove the existence of a unique symmetric Nash equilib-
rium, and derive explicit expressions for finding p. In the unobservable centralized
setting, a central authority decides on the optimal p in order to minimize the expected
cost of the whole system. In this case, we also find explicit expressions to find the
optimal p.

To extend our model to the system with finite buffer, we consider a blocking cost (cp)
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for each individual who encounters a full system. The buffer sizes for the public and
the private centres are denoted by m; and mso, respectively. We extend our results in
the observable case to the model with finite buffer. In the unobservable case, we show
via a numerical example that our results hold for the model with finite buffer under

some conditions.
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Chapter 4

OBSERVABLE CASE

This section analyses the situation where the number of patients in each centre

can be observed by the decision maker at any point in time.

4.1 Decentralized Setting with Infinite Buffer

In the decentralized setting, the state of the system is the number of patients waiting
in each centre, which we denote by (ny,ny) with integer n; > 0 for ¢ = 1,2. In this
case, arriving patients choose which centre to join with the objective of minimizing
their individual expected costs. An arriving patient that observes n; patients in the
public centre and ny patients in the private centre (both including those in service)

incurs an expected cost of

c(ny+1
Ci(my) = M, (4.1)
M1
if she joins the public centre, and
c(ng +1
Cafn) = f + 2222 (42)
2

if she joins the private center.

To minimize her expected cost, she will choose the public centre if C}(n;) < Cs(na),
and the private centre if Cy(ny) > Cy(ns2). This particular strategy assumes that the
patient chooses the public centre if indifferent. Other optimal strategies are those that
assign different probabilities to joining the public centre in case of indifference.

A strategy is a Nash equilibrium strategy if and only if no player could increase her
expected pay-off by deviating from that strategy [34]. Let pS(n1,na) be the equilibrium

probability of joining to the public centre when there are n; patients in the public
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centre and ny patients in the private centre. The equilibrium strategy for this patient
is

1 ifnlS(TLQ-I-l)%—l—%m—l, (4.3)

po(ni,ng) =

0 ifny > (ng+ 1) + Lpy — 1.
This implies that for any given ny, there is a threshold n(ny) such that the patient
joins the public centre if ny < ny(ny) and the private centre otherwise. Analogously,
for any given ny, there is a threshold ny(n;) such that the patient joins the public
centre if ny > ny(ny) and the private centre otherwise. The following theorem states

this result and defines the thresholds.

Theorem 1. In the observable decentralized setting with infinite buffer, an arriving
patient that observes ny and ny patients in the public and private centres, respectively,
joins the public centre if ny < ny(n2) and the private centre otherwise, or equivalently
the public centre if no > no(ny) and the private centre otherwise. The integer thresholds

ni(ng) and na(ny) are given by:

ni(ng) = {(nz + 1)% + {m - 1J , (4.4)
na(ny) = L(nl 12— %MJ | (4.5)

Consequently, the equilibrium strategy (4.3) can then be expressed as a threshold
strategy:

1 if ny S nl(ng),
po(ni,ng) = (4.6)
0 if ny > nl(ng),

or equivalently,

1 if N9 Z TLQ(?’Ll),
po(ny,ng) = (4.7)
0 if ng < ng(nl).
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Corollary 1. (i) For fized ns, ny(ng) is independent of A\, nonincreasing in ¢ and ps,
and nondecreasing in f and p.
(ii) For fized ny, na(ny) is independent of \, nonincreasing in f and py, and nonde-

creasing in ¢ and fis.

Proof. To prove that for fixed ny, ny(ny) is nondecreasing in ps, we can write equation

(4.5) as

o= (o3 o

For (ni +1),- — % > 0, na(ny) is nondecreasing in ps, and for (ng + 1)~ — { < 0,
ne(ny) is defined as 0, so the proof is complete. Other results of Corollary 1 can be

deduced directly from (4.4) and (4.5). O

The purpose of the rest of this section is to understand the dynamics of the
observable decentralized system where each arriving patient adopts the equilibrium

strategy p¢. To do this, let

n1(0) + 1 for k =1,
(4.8)

3
—
Il

ny (n§’1)+1 for k=2,3,...,

and
nk =ny(nt) fork=1,2,3,.... (4.9)

The numbers n¥ and n§ stand for the switching levels for the public and private
centres respectively. The transition rates between the states change at these points,
so for calculation purposes, these points require special attention when setting the
steady-state equations of the system. To illustrate this phenomenon, note that all
arriving patients go to the public centre on the set of states {(ni,ns) : ny < nj — 1}
and to the private centre on the set of states {(ny,na) : ny > n},ny < ni}. Figure 4.1

exhibits this structure in a general form.
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L

Public i ;
1 Private

1 2 3 4 M

Figure 4.1: Optimal Policy in Observable Decentralized Setting

The following theorem provides an explicit representation of switching levels.

Theorem 2. For any k € {1,2,...}, the switching levels n¥ satisfy:

nk = k—1+{iu1+ﬂJ, (4.10)
¢ 2
i o (e L)1) oy

Proof. First note that if (4.10) holds, then by (4.5) and (4.9), we have:

nk =ny(nf) = KkJr Em + &D P zuzJ ;

H2 1o C

so (4.10) implies (4.11). To show (4.10), first note that for k = 1, by definition (4.8),

nj can be written as follows:

ny =n1(0)+ 1= Lﬂ—l—iul—lJ—l—l:k—l—i—{im—kﬂJ,
H2 € c M2

Hence (4.10) is true for k = 1, which starts the induction. Suppose (4.10) holds for
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some k > 1, which is the induction hypothesis, implying that (4.11) holds for k. Then

nftt = nl(n§)+1:HKkJrFulnt&D@—imJJrl}ﬂJrim—l
c H2 Hr M2 C
= ({1 [ ] - o] o
L C 125 M1 C 125 C
([ ) )
L ¢ H2 B C M2 C
= ]{—F\‘éMl—F%J—%/M—F%‘FéMlJ:k’—i—\‘éﬂl“‘%J,

| +1

where the first equality follows from (4.8), the second from (4.4) and (4.11), and the

rest from the properties of floor function and assumption p; < po. Similarly,

nlfH > \‘{(k-i- \\i,lh—F&J) &—iﬂz—l—i-l}&-i-z/hJ
c 2 M1 C H2 €
= Lk‘f‘ Lim—i‘ﬂJ _iﬂl+iN1J =k+ FulﬂL&J -
c L2 c c c {2
Hence nftt =k + Hul + %J , which completes the proof. O

Theorem 2 allows calculating all switching levels by using the model parame-
ters i, po, f,c. Corollary 2 describes the changes in switching levels as the model

parameters change.

Corollary 2. Fork=1,2,...,

(i) n¥ and n& are independent of \.

(ii) n¥ is nondecreasing in f and py, and nonincreasing in ¢ and fis.

Proof. Parts (i) — (4) immediately follow from (4.10)-(4.11). O

The monotonicity results stated in Corollary 2 are intuitive, since one would expect
the customers to prefer the public centre more if the private service is accompanied
with a higher fee, if the waiting cost is lower, if the public centre offers service at a

higher rate, or if the private centre has a lower service rate. The following corollary of

Theorem 2 establishes the relations between n¥ and n¥*1, nk and n*! nk and nk.
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Corollary 3. For k € 1,2, ..., the switching levels n¥ satisfy:
(i) nftt =nk 41,
(ii) nk + L J <kt <k g

(iii) 1+ |45t | <l < |l |,

(iv) If nk > nk for some k > 1, then nstt > nktt,

Proof. Part (i) immediately follows from (4.10). To show (i7), we have:
nhtt = Kk+ Fuﬁ“lD @+@—iu2J > nj + L@J :
& M2 M1 H1C H1

n'é“ (k+ {iu1+ulJ)&+&—zuz<n2+l+&
c M2 M1 H1

which proves (ii). To show (iii), we have:

k
nk < Kkjtiuﬁ’“)&—iugJ = LEJH,
M2/ p1 € 2

(o ) 52

and

which completes the proof of (iii). Finally, since n¥™! = n¥ + 1 and by (ii),

n’gﬂzn’;—i—{&J >nk4+1>nk4+1=nhtt,

M1

where the second inequality follows since py < po and the third inequality from
nk > nk. U

To assess the performance of the system in the long run, we need steady-state
probabilities. If a finite stationary distribution exists, it has to satisfy the steady-state
equations (see the Appendix). The following theorem proves the stability of the system
under (A2), i.e., A < g + po.
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Theorem 3. In the observable setting, under (A2), the system is stable, so the queue

size for both public and private centres are finite.

Proof. By contradiction, suppose that the arrival rate to the public centre is greater
than p1. Let the public arrival rate be p; + €, so the private arrival rate would be
A — 1 — €. In this case, the expected waiting time in the public centre goes to infinity,
while in the private centre, the expected waiting time is finite. As the objective is
to minimize the expected cost, this case never happens, and individuals tend to join
the queue which has a smaller waiting time, rather than the unstable queue. So the
assumption does not hold and the system is stable. U

For queueing systems with two dimensional states, finding a closed-form expression
for the steady-state probability distribution is usually difficult, unless the system
have a product form solution. Resing and Ormeci encounter the same problem for a
tandem queue with a shared server [35]. To find an approximation for these probability

distribution, we consider systems which have a finite capacity room.

4.2 Decentralized Setting with Finite Buffer

Let m; and msy be the buffer sizes for the public and private centres, respectively.
The introduction of buffer size into the model affects only the switching levels at the

boundaries, when at least one of the buffers is full.

Theorem 4. In the observable decentralized setting with finite buffer, an arriving
patient that observes ny and ny patients in the public and private centres, respectively,
joins the public centre if ny < ni(ny) and the private centre otherwise, or equivalently
the public centre if ny > no(ny) and the private centre otherwise. The integer thresholds

ni(ng) and na(ny) are

(na) min{{(ng—i—l)’;—;qL%,ul—lJ ,ml—l} for ng # mo, (4.12)
ni1{(no = .
m; — 1 for ng = ma,
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and

na(ni) = wmin { Unl + 1)% B é’LLQJ ’m2} for my # m, (4.13)

Mo for ny = my.

The steady-state equations for this case are the same as the model with infinite buffer,
except at the boundaries (see the Appendix).

Figure 4.2 shows the structure of switching levels on a numerical example with finite
buffer. In this example, the switching levels are 4, 5, and 6 for the public centre and

1, 3, and 4 for the private centre.

4.3 Centralized Setting with Infinite Buffer

In the centralized setting, there is an authority that makes the decision for every
patient with the objective of minimizing the total discounted cost of all patients,
i.e., the sum of waiting costs and the fees for joining the private centre. Under the
observability assumption, the authority can choose a policy that depends on the
number of individuals in each centre. The system can be modelled as a Markov
decision process. We let the state of the system be (ny,ns) with integer n; > 0 for
1=1,2. C (n1,n2) is the minimum total discounted cost of the system when n; and
no patients are in the public and private centres, respectively, over an infinite horizon.
To obtain a discrete-time model, we assume (without loss of generality) that A + py +
to + B = 1, where 3 is a positive scalar, and can be interpreted as the rate of the
system’s failure.

For n; > 0 and ny > 0, the optimality equation is

C(ny,n2) = Amin {é (ny 4 1,n9), f +C (n1,ny + 1)} (4.14)
+ Mlé ((TLl — 1)+, TLQ) + Mgé (711, (TLQ — 1)+)

+ ¢(ng + ng)
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This model was analysed in [36] when the waiting costs in the two centres are different
and there is no fee (f). Here, we have the same waiting cost for both centres, and
a positive fee for joining the private queue. We employ value iteration to prove the
structure of the optimal policy. To that end, let C, (n1,n2) be the minimum expected
discounted cost when there are n; patients in the public and ny patients in the private
centre, and there are ¢ transition epochs remaining in the horizon, with ég(nl, ny) = 0.

For ny > 0 and ny >0

Colnima) = Amin{Coy(ni+1,m3), f+Coy(nima+ 1)} (415)
+ iy ((n = 1), ny) + 112G (n1, (ng — 1)*)

+ c(m + TLQ)

[36] shows that C; converges to C' as t — oc.
The difference between the expected discounted cost of joining the public centre, and

the private centre in state (ny,ny) is defined as:
A(nl,ng) = é(nl -+ 1,712) — C’(nl,ng -+ 1) — f

Lemma 1. A(ny,ny) is nondecreasing in ny for each fixed ne, and nondecreasing in

ne for each fixed n,.

Proof. We prove that A;(nq,ns) is nondecreasing in n; for each ny and ¢ by induction.

The proof is the same for the monotonicity in ns.
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The claim holds for ¢t = 0 since Ag(ny,n2) = 0. Suppose it holds for ¢ > 0, then

Aii(n,ng) = Cia(ny +1,n5) — Cogq(ng,ng + 1)
= Amin {é’t(nl +2,n5), f + Ci(ng 4+ 1,n9 + 1)}
+  11Ci(ny, ny) 4+ paCi(ny + 1, (ng — DY) + ¢(ng + ng + 1)
— Amin {C’t(nl +1,n0 4+ 1), f + Cy(ny, g + 2)}
+ mCi((ny — )" g + 1) + paCy(ny, ma) + c(nyg +ng + 1)
" {Cy(nl,@) —Cyl(ny — 1) ng + 1)]
2 | Culnr +1, (m2 = 1)) = G, m)|
A [min {C’t(nl +2,n9), f + Cy(ny +1,ng + 1)}]
— A [min {C’t(nl + 1,00+ 1), f + Cy(ny, ng + 2)}]

+ o+

From the induction hypothesis the first and the second terms are monotonically

nondecreasing in n;. The remaining terms can be written as

-é't(nl +1,ny+ 1)+ f+ min {C’t(nl +2,n9) — C’t(nl +1,ny+1)— f, OH
Cy(ny +1,ns + 1) + min {0, f4Cny,ng +2) = Cy(ng + 1,n9 + 1)}}

A

A

A :min {a(n1 +2,m0) — Cylny + 1,ma +1) — f, OH
A

A

:max {0, Gyl +1,n0 +1) — Clny,ng +2) — fH TS

[min {A}(n; +1,n),0} + max {0, Al (ni,no + 1)} + f]

Since Ay(ny 4+ 1,n2) and A;(ny,ny + 1) are nondecreasing in ny by the induction
hypothesis, the same is true for the preceding expression. Since Ay, 1(n1,ng) converges
to A(ny1,na), A(ng, ng) must be nondecreasing in ny. O

The following theorem proves the optimality of a threshold type policy.

Theorem 5. In the observable centralized setting with infinite buffer,
(1) Given ngy, there is a threshold ni(ng) such that it is optimal to assign an arriving

patient to public centre if ny < niy(ng) and to the private centre otherwise.
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(ii) Given ny, there is a threshold na(ny) such that it is optimal to assign an arriving

patient to the private centre if ny < fia(ny) and to public centre otherwise.

Proof. It follows from Lemma 1. O

In the observable centralized case, we also define switching levels as the points
where the transition rates between the states change. These points are useful to derive
the steady-state equations. 7% and 75 are the switching levels for the public and the
private centre, respectively. In the following corollary, the relationship between 7%

and 2! is shown.

Corollary 4. The differences between two consequent switching levels of the public

centre is always 1. Accordingly, it =k + 1.

Proof. We prove that if the authority sends the patient to private centre in state

(n1,m2), it also sends her to private centre in state (n; + 1,n + 1).

Clni4+1,n5) >Clny,ng+ 1)+ f=Clny+2,n5+1) >C(ny+ 1,00+ 2) + f
By Lemma 1, A(ny,ns) is nondecreasing in both ny and ng, so

Clni+2,ny+1) —C(ny+1,n3+2)— f>C(ny +1,n9) — Cny,ng + 1) — f

which is a sufficient condition for the claim, and the proof is complete. 0
To explore the effects of different parameters such as ¢, f, A\, p1, and uo, we
introduce A} (n1,ns) which is the difference in the expected discounted cost of joining

the public and the private centres in state (ni,ns), with respect to the parameter ~.
Alyi(ni,ng) = C~Yt+1 (n1+1,m9,7) — ét-i—l (n1,n2 +1,7)

Lemma 2. Given (ny,ny), A/ (n1,ng2) is nonincreasing in vy = ¢, us and nondecreasing

inﬁy:f>)‘7,ul'
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Proof. We prove that A} is monotone in « by induction. It is true for ¢ = 0. Suppose

it is true for ¢ > 0 and consider

AL, = ét+1 (ny + 1,n9,7) — é’t+1 (ny,ma + 1,7)
= Amin{é’t(n1+2,n2,7),é’t(n1+1,n2+1,7)—l—f}
+ 1 Cy (ny,n9,7) + p2Cy (m +1,(ny — 1)*,7) +c(ny+ng+1)
— )\min{é’t(nl+1,n2~|—1,”y),ét(n1,n2+277)+f}
e (n1—1)" ne+1,7) — 112Cy (ny, a2, 7y) — e(ny +no + 1)
= [ét (n1,m2,7) = Cy ((n1 — 1)+a"277)}
+ [ Ci (n1+1,(na — )", y) = G (nl,ng,’y)]
T Amm{ (m+2,m2,9) , Co (1 + Lmy + 1,9) + f }

- )\mm{C’t(nl+1,n2+1,7),ét(n1,n2+2>7)+f}

From the induction hypothesis the first and second terms are monotone in . The

remaining can be written as:

A :min{ét(nl—irQ,nz,’y)—C’t(nl—l—l,n2+1,fy)—f,0}+6~‘t(n1+1,n2+1,’y)+f}
— A :min{(), Cy(ni,na+2,7)—Ci(m +1,np+1,7) + f} +Cy (ny +1,n5 + 1,7)]
= A :min {C’t(nl +2,n9,7) — Ci(ny 4+ 1,0y + 1,7) — f,O} + f}
+ A :max{a(nl—i—l,ng-ﬁ-l,’y) —ét<7’l,1,n2+2,")/) _faOH

Since A} (ny+1,ny) and A} (ny, ny+ 1) are monotone in v by the induction hypothesis,
the same is true for the preceding expression. As each term of A}, (ny, ny) is monotone
in (n1,n2), the induction proof is complete. O

The effect of changes in each parameter of our model to the observable centralized

thresholds are shown in the next corollary.

Corollary 5. The public switching level ¥ is nondecreasing in f, wy, and X\, and

nonincreasing in ¢ and fis.
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The private switching level il is nondecreasing in c, ys, and X, and nonincreasing in

f and ;.

Proof. As the public and private switching levels are dependant of A(ny,ns), the

results in this corollary can be deduced by Lemma 2. U

The thresholds and switching levels in the observable decentralized setting are
independent of A (by Corollary 1), while for observable centralized setting they are
nondecreasing in A (by Corollary 5). This result is intuitive, as in the decentralized
case, the arrival rate does not affect the decision of individuals. The patients decide
which queue to join with the objective of minimizing their own expected cost. However,
in the centralized setting, the central authority sends individuals to either of the public
or the private centres to minimize the total expected cost of the system.

Long-run Average Cost

Another way to analyse the dynamic model is by using the long-run average costs. In
our model, the Markov chain is a uni-chain because under stability conditions, (0,0)
is always reachable from all states. By [37], the long-run average costs converge to the

minimum expected discounted costs of the system.

4.4 Centralized Setting with Finite Buffer

Suppose that the buffer size for the public centre is mq, and it is msy for the private

centre. The blocking cost is cg, which occurs when the system is full.
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The optimality equations for the model with finite buffer

C(ny,ns) = Amin {C* (1 + L,na), £+ C (n1,ns + 1)} (4.16)

+ mC ((n1 = 1%, ng) + 1C (n1, (ny — 1)*)
+ c(ny+mng) for 0 <ny <my and 0 < ny < my

C (my,ny) = Mf+C(my,ny+1)) (4.17)
+ mC (m1 — 1,m9) + pC (my, (ng — 1)T)
+ ¢(my +ng) for 0 < ng < my

C(ni,my) = AC(ny+1,my)) (4.18)
+ mC ((n1 = 1)%,ma) + paC (ny,my — 1)
+ ¢(ng +mg) for 0 <mny <my

C(my1,my) = Aep (4.19)

+ M1é(m1 —1,mg) + ,uzé (m1,mg — 1) 4 c(my + my)

The following theorem states that the model with finite buffer also has a threshold-type
optimal policy.

Theorem 6. In the observable centralized setting with finite buffer, there is a threshold
type optimal policy.

(1) Given ng, there is a threshold ny(ng) such that it is optimal to assign an arriving
patient to public centre if ny < niy(ng) and to private centre else.

(11) Given ny, there is a threshold nio(ny) such that it is optimal to assign an arriving

patient to private centre if ng < nig(ny) and to public centre otherwise.

Proof. The proof is similar to the case with infinite buffer. To complete the proof,
we only need to check the boundaries, which are the states (m,ny) and (ny,ms).
According to Theorem (5), if joining the public centre is the optimal strategy in state
(n1,n9), it is also the optimal strategy in state (n; — 1,m3). This is always true for
state (nq, m2) where the private centre is full and the patient is sent to the public

centre. Equivalently, this theorem implies that if joining the private centre is the
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optimal strategy in state (n; — 1,ns2), it is also the optimal strategy in state (nq,ns).
In (my,nsy), as the public centre is full, the individual is sent to the private centre.
Theorem (5) also shows that if the optimal strategy in state (nq,ns) is joining the
private centre, it is also the optimal strategy in state (ni,ng — 1). This is always
true for state (mq,ns) where the public centre is full and the patient is sent to the
private centre. Equivalently, this theorem implies that if the optimal strategy in state
(ny,me — 1) is to join the public centre, it is also the optimal strategy in state (ny,ns).
In (ny,m2), as the private centre is full, the individual is sent to public centre. O
In the numerical examples, we apply relative value iteration to find the average
cost in the centralized setting. The thresholds for a numerical example are shown in

Figure 4.3.

4.5 Centralized vs. Decentralized Setting

In this section, we derive a relationship between the public and the private thresholds.

The following theorem states this relationship.

Theorem 7. In the observable setting,
(i) For any ny > 0, ni(ng) > nq(ne).

(i1) For any ny > 0, fa(ny) > na(ny).

Proof. First note that if (i7) holds, then (7) is also true. (i7) implies that for any state
(n1,n9), whenever private is preferable in the decentralized setting, it is also preferable
in the centralized setting. Equivalent to (i), which implies that for any state (n,ns),
whenever public is preferable in the centralized setting, it is also preferable in the
decentralized setting.

To prove (ii), we have to prove the statement below:
ny + 1 N9 + 1

c . > c p +f:>é(n1+1,n2)>é(n1,n2+1)+f
1 2
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It will be sufficient to show the following:

A A 1 1
C’(n1+1,n2)—C’(n17n2+1) Zc(n1+ _n2+ )

M1 M2

Defining Cy(ny, ny) as

~ 1 1
Co(nth):C(?n—f- _n2+ )
H1 K2

We have

C

1 1
ny + >CTZ2+

~ ni+1 ny+1
+f:>Co(n1,n2):c< ! _ = >>f
M1 M2

M1 M2

The claim holds for C’O(nl, ns), and by Lemma 1, ét(nl + 1,n9) — C’t(nl, ng + 1) is

increasing in ¢, so the proof is complete. 0

4.6 Numerical Example

To clarify the model and show the thresholds, we analyse a simple numerical example.
We assume that the buffer size for the public centre is 6 (m; = 6), and it is 4 for the
private centre (ms = 4). The remaining parameters of the problem are A =4, u; = 2,
o =3,¢c=05 f=1 cg=2.

The optimal policy for decentralized and centralized settings are shown in Figure 4.2
and Figure 4.3 respectively. According to these figures, we can see how the policy
changes from decentralized setting to the centralized one. As we proved in Theorem 7,
the public thresholds for centralized setting are smaller than the decentralized setting,
while private thresholds are bigger. The comparison of public and private thresholds
for decentralized and centralized settings are shown in Figure 4.4 and Figure 4.5.

We calculate the expected total cost rate in the system as below:

C=c (Z Z.7Ti7j + Z]‘Wi’j) + f>\7rp + >\CB7Tm1,m2
i J
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Table 4.1: Observable Decentralized vs. Observable Centralized- Example with
Parameters A\=4, u1=2, us=3, ¢c=0.5, f=1, cg=2, m1=6, mo=4

Decentralized | Centralized | % of Change
Probability of Joining Private 0.454 0.532 14.6%
Probability of Blocking 0.055 0.031 -77.4%
Public Expected Waiting Time 1.892 1.174 -61.2%
Private Expected Waiting Time 0.684 0.714 4.2%
Served Patients’ Expected Cost Rate 4.503 3.988 -12.9%
Total Expected Cost Rate 4.942 4.234 -16.7%

while 7, is the probability that an individual joins the private centre.
Served patients’ expected cost rate is the expected cost of individuals who joined the

system, either in the public or private centre:

CS =cC (Z Z.7Ti,j + Zj'/ri,j) + f>‘7rp
i J

The expected waiting cost per person at the public centre is

Ly

le)\_p7

where p is the probability of joining the public centre, and L; is the expected number
of individuals in the public centre per unit time.

The expected waiting cost per person at the private centre is

Ly

Wy = ——2
2T M1-p)

where Ly is the expected number of individuals in the private centre per unit time.

Table 4.1 shows some changes from decentralized setting to the centralized one in the
observable case. We can see that moving from decentralized setting to the centralized
one, the total expected cost rate, the cost rate of those who joined the system, and
the blocking probability decrease, while the probability of joining the private centre

increases. From Theorem 7, we know that for each ny, ns(n;) is greater than or equal
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to na(ny). Equivalently, the thresholds for the private centre in the centralized setting
are greater than or equal to the ones in the decentralized setting.

In the centralized setting the probability of joining the private centre is higher, but the
central control reduces the cost by balancing the system. Furthermore, the expected
waiting time per person in the public centre is lower in the centralized setting in

comparison to the decentralized one, while for the private centre, it is higher.
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Figure 4.2: Optimal Policy in Observable Decentralized Setting- Example with Pa-
rameters A=4, =2, us=3, c=0.5, f=1, cg=2, m;=6, my=4

Figure 4.3: Optimal Policy in Observable Centralized Setting- Example with Parame-
ters A=4, u1=2, us=3, ¢=0.5, f=1, cg=2, m;=6, my=4
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Figure 4.4: Comparison of Public Thresholds in Observable Decentralized and Cen-
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tralized Settings
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Chapter 5

UNOBSERVABLE CASE

This chapter assumes that the decision makers (whether individuals or the central
authority) cannot see how many patients are present in each centre at the time of the
decision. Practically, it is hard to make the queues observable in healthcare services,
so many healthcare systems are unobservable. As before, we assume that balking is

not allowed, individuals who join the system do not renege, and
(A1) w1 < po,

(A2) A <1+ pio

5.1 Decentralized Setting with Infinite Buffer

In the decentralized setting, patients individually decide which centre to attend
without observing the number of patients in each centre. This can be modelled as
a simultaneous-move game between patients. Let I'(\, uy, po, f) denote the game
that corresponds to the unobservable decentralized model with parameters A, 1, po, f.
Each patient chooses a probability p € [0, 1] to visit the public centre. Balking is not
allowed, so the patient goes to the private centre with probability 1 — p. The expected
cost resulting from choosing p is the sum of the expected waiting cost and the fee
charged by the centre chosen. This section restricts attention to symmetric strategy
profiles.

Let C(p,q) denote the expected cost of a patient who chooses to visit the public
centre with probability 0 < p < 1 while all other patients choose to visit it with

probability 0 < ¢ < 1. In this case, the arrivals to the public and private centres form
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two independent Poisson processes with rates g\ and (1 — ¢)\, respectively.

C(p,Q)Zp( +(1-p) <f+ ° ) (5.1)

(1 — qA)*) (2 — (1= q@)A)*

A strategy p € [0, 1] is a best response to ¢ € [0, 1] if
C(p,q) < C(p'.q) forallp’ €[0,1]. (5.2)
The equations (5.1) and (5.2) yield the following best-response point-to-set mapping

,
1y i a=r < gamasone

BR(q)

{0} if ('ul_cq)\)Jr > f + (M2_(lc_q)>\)+7 (53)

| 01] if o=t = T+ oo

A symmetric strategy profile that assigns p* to every patient is a (symmetric) Nash

equilibrium of T'(\, 1, pe, f) if p* € BR(p*).

Theorem 8. Under the assumptions (A1) and (A2), T'(\, 1, pia, f) has a unique

symmetric Nash equilibrium pL. In particular,

1 1 _f
L rres v
I .
I op1 1 f 11
Pu 40~ Gar < < G
where
—2c+ f (N4 p1 — p2) + /42 + f2(pn 4 p2 — A)?
2N
and p! € (0,1).
Proof. If (m—+)+ - 1%2 < L, then (5.3) implies 1 € BR(1), so pl, = 1 is a symmetric

Nash equilibrium. If -t — ( > L, then (5.3) implies 0 € BR(0), so p, =0 is a

1
p2—=A)t
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symmetric Nash equilibrium. In the remaining case,

1 1 f 1 1

P 7Y o PR s (5:6)

1 ¢ BR(1) and 0 ¢ BR(0) cannot be equilibrium strategies, so an equilibrium strategy

(if there exists any) must satisfy

; — f + ¢
(= piN*F 7 (m2 = (L= PN T

First note that for the equality to hold, either both denominators must be zero or

both must be positive. The former implies that
pr <pA and pp < (1 —p)A

Adding the two inequalities yields p; + g2 < A which contradicts (A2). Hence if there

exists a solution of (5.6), this solution should satisfy

C —f—|— C
p1 — pA po — (L —p)X\’

H1 Z p/\7
p2 = (1= p)A
Equivalently,
)\2 _ -\ — A
g(p)Epr2+)\ S (p2 C/M )+2}p+{,u2—,u1—/\—ful(’uc2 ) —0.
The solution is a Nash equilibrium if it is in the interval (1 — £, 54) N [0, 1].
Case 1: puy < A < pp. In this case, (1 — &2, 5) N [0,1] = [0, &]. Also the condition
L . 1 i . .
T <% implies

/~L2—>\—M1—£M1(M2—)\)<07
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so the constant term of g(p) is negative. Since the coefficient of the quadratic term is
positive, g(p) has a unique positive root, which is indeed p!, given by (5.5). Furthermore,

since ¢g(0) < 0 and

g(%>=u1+u2—k>0

by (A2), the unique solution p. is in the interval (0,5) and is a Nash equilibrium.
Case 2: A\ < py < pig. In this case, (1 — £2,£)N[0,1] = [0,1]. Also the condition

PNEAD)
f 1 1 - .
L« —— — = implies
c H1—A M2 p

{Mz(ﬂl—A)—M2+M1—>\<07

SO

90) = L= ) 4 Xt >0

Since g(0) < 0 and g(1) > 0, the unique solution p! is in the interval (0,1) and so is a
Nash equilibrium.
Case 3: p1 < pp < A. It is already shown that g(&) > 0.

g<1—%>zk—uz—u1<0

by (A2), so g(p) must have a unique root in (1 — £2, &L).
Note that p! < *ZC”(H’”’“3?&20”(“1*“2”\) = KL is the largest root of g(p), so

pr € (1 — &2, &) is a Nash equilibrium.

This completes the proof of existence of a symmetric Nash equilibrium for all possible

cases. To show uniqueness for the rest of the cases, note that if f >

_ 1
™ )\) ) then

p1 > A, s0 pe > A and 0 ¢ BR(0). In this case, f > o= ﬁ, so g(p) has a negative

constant term and g(1) < 0, so the unique positive root of g(p) is greater than 1. If

L L1 __ then fo > A, the constant term and the coefficient of the linear term
c T op (2=t

in g(p) are both positive, so g(p) does not have any positive roots. O

The following Corollary states the monotonicity of p! in different parameters of

the model.
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Corollary 6. The equilibrium probability of joining the public centre, pl is increasing

mn f and py, and decreasing in ¢ and ps.

Proof. Let z = < and write (5.5) as

f
1 2 1 2
h(%/ﬁb/ﬁz):—Z+§()\+M1—M2)+ z +1(M1+M2—/\)-
Then
dh
Fppe) _ 2 g

dz V22 k2
where k = %(,ul + p12 — A), so pl is decreasing in %, increasing in f and decreasing in c.
To show monotonicity in g and po,

dh(z, pu, p12) :_1+ (4 pa = N) _ 5 (1 + iz — N)

e Y A UV [P

1 k
- (1-— ) <o,
2< \/z2+k2)

dh(z7l’L17M2) :l‘i‘ i(ﬂ1+u2_>\)

dyin 2 \/22+%(M1+M2—)\)2

> 0,

where the last inequality follows from (A2). O
The following example illustrates nonmonotonicity of pl in A.

Example: Let p; =2, us =3, f =1, c = 0.5. Then p! ~ 0.427 for A = 4, p! ~ 0.4
for A = 5, and pf ~ 0.451 for A = 6.

The monotonicity results stated in Corollary 6 are intuitive. As the rate of service in
the public centre, or the fee of joining the private centre increases, a higher proportion
of patients tend to join the public centre. On the other hand, as the rate of service
in the private centre, or the waiting cost per unit time per person increases, the
probability that patients join the public centre decreases. A higher waiting cost per
unit time implies a higher displeasure for waiting, so more individuals tend to pay the

fee and join the private centre instead of waiting more in the public one.
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5.2 Decentralized Setting with Finite Buffer

In reality, several healthcare systems have a limited buffer. When the number of
patients in the system reaches to a specific number, new arrivals are not admitted to
the system. These patients have to go to other healthcare centres, or take the risk of
not being treated. In both cases, the cost of being blocked is considerable. Suppose
that the buffer size of the public centre is mq, and it is msy for the private centre.
The blocking cost is assumed to be cp. As reneging is not allowed, once a patient
is blocked at one centre, she cannot join the other centre. Similar to the case with
infinite buffer, this situation can be modelled as a simultaneous-move game between
patients, and each patient acts in order to minimize her expected cost.

To calculate the expected cost of an individual, and also the total expected cost rate
of the system, we use the formulas for M/M/1/c queues [38]. For a queue with buffer

size N, the expected number of individuals in the system per unit of time is

N+1
L—_P (N +1)p (5.7)
1—p 1— pN+1 ’

where p = ﬁ The probability that an arrival is blocked is

_PN(1—p)

PN = 1——pN+1’ (5.8)

and the effective arrival rate, which is the rate of arrivals of those who could enter the

system 1is
By Little’s Law,
L
W=z
A

If individuals join the public centre with probability p, then the arrivals to the public
and private centres form two independent Poisson processes with rates Ap and A\(1—p),

respectively.
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Using equation (5.7), the expected number of individuals per unit time in the public

and private centres are

7 1-— <u_11)>
ma+1
A(1—p) (ms + 1) (A(ZM) 2+
Lo(p) = — 12 : 5.11
2(]9) 1_ A(1—p) 1_ </\(1_p)>m2+1 ( )
B2 T

respectively. Using Little’s law, the expected waiting time per person in the public

and private centres are

RN 0 S o

Wi(p) = (= pm) Ap< B 2_]10> (1_ <%>m> T (1_ (Hm) , (5.12)
Wa(p) = A(l—i)Q((f)—pm) (5.13)
S (-0 e ()™
e T =)
respectively.

Let C1(g) and Cy(q) be the expected cost of joining the public and the private centres,
respectively. Then

Ci(q) = [1 — pB,(q)] cWi(q) + pB,(¢)cB,

Co(q) = [1 = pp,(9)] [Wa(q) + f] + pB,(q)cB,-
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Letting pp, and pp, be the blocking probabilities for the public and the private centres,

respectively, we have

C(p,q) = p[(1 = pp,(9)cWi(q) + pB, (¢)cBl+(1-p) [(1 = pB,(q))(cWa(q) + f) + pB,(q)cB,)

A strategy p € [0, 1] is a best response to ¢ € [0, 1] if
Cp,q) < C(p'.q) forallp’ €[0,1].

The best-response point-to-set mapping is then

(1} if (1) < Cy(1),
BR() = { {0} if C1(0) > Cy(0),

[0, 1] if Ci(q) = Ca(q),

which is equivalent to

({1} it B0 ()2 <

BR(q) =

c
c I c

P

(5.14)

(5.15)

(5.16)

(5.17)

| 0,1] if ¢H2 4 pp, (p)es = 5285 + £ (1= pp,(p)) + Pra(P)c-

Theorem 9. Under the assumptions (A1) and (A2), (X, pa, pa, f) has a symmetric

Nash equilibriuvm pl. In particular,

;

Lo B ps ()2 - <L

Lq(

. c 1
Pl me (i - —PB(O)%> < % < —)+PB1(1)

(5.18)
¢cg 1
c w2’
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where pl is the root of the equation below

mi1+1 mi
e 70
- B mi1+1 =
f1 — Ap ap )™ _ (&) 1
Ap (1 - (2) ) 1= (G
mao+1
1 (ma +1) <—A(L§p)>

C —

= N=8) ) (1 - (M)MH)

2
(A(l—p))mz <1 _ A(l—p)) 1— (xu—m)mz
H Iz H
‘B 2 mz-&-i + f :

1 — </\(1*P) ) matl

u2

and p! € (0,1).

Proof. If 24 + pp, (1) — L < L, then (5.17) implies 1 € BR(1), so p}, = 1 is a

C

symmetric Nash equilibrium. If 5— (L — L00) —pB(O)C%> > L then (5.17)

1-pB,(0)) \ 1
implies 0 € BR(0), so pf = 0 is a symmetric Nash equilibrium. In the remaining case,
! 1 L(0) CBz) [ Li(1) CB 1
— | ———— —ps(0)— | <= < ——+pp(1)— - —,
T G~ a0 ) < < P 02 -

1 ¢ BR(1) and 0 ¢ BR(0) cannot be equilibrium strategies, so an equilibrium strategy

(if there exists any) must satisfy

Li(p)

C)\—p + pB, (p)CB =c

Ly(p)
Mi—p H/( ) +pep)es. (5.19)

If equation (5.19) has a unique root in the interval of (0,1), the proof is complete.
The existence and uniqueness of this root is not proved, although we did not see any

counterexample. O
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5.3 Centralized Setting with Infinite Buffer

This section assumes the presence of a central authority that sets a policy to be
adopted by every individual in the system. In the unobservable case, the authority
does not observe the state of each centre prior to assigning individuals to the public
and private centres. The objective of the authority is to minimize the total expected
cost of all patients visiting the system. Let C' (p) denote the total expected cost if every
incoming patient chooses the public centre with probability 0 < p < 1 and the private
one with probability 1 — p. Since the interarrival and service times are exponentially

distributed,

o =2 () + 00 U )| O

Theorem 10. Under (A1) and (A2), the unique minimizer of C(p) on the interval
[0,1] s

£ w1 [
L dayyr e so
s 1 p f
pu - 0 Zf w1 ((M2_§\)+)2 > c’ (521)
S el pp o f w1
Py Zf M1 ((pa—X)+)? < ¢ < (1 —M)+)? H2’

where p is the unique nonnegative root of the fourth-degree polynomial

h(p) = = (1 — pA) (2 — (L = P)A)* — pa(p2 — (L = p)A)” + pa(pn — pA)>. (5.22)

Q=

and p3 € (0,1).

Proof. First consider the case where u; > A. Differentiating (5.20) with respect to p
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gives:
@ =c H1 . 15) B
dp [(Nl —pA)? (g — (1 - p))\)Q} 1, (5.23)
dQCN'(p> _ o9 L s
2 2cA [(m — ) + (o= (1 —p))\)3] : (5.24)

Under assumption (A1), (5.24) is strictly positive for p € [0, 1], so (5.20) is strictly
convex and has a unique minimizer in the interval [0, 1]. The unique minimizer is
pY = 0 if (5.23) is nonnegative at p = 0, p5 = 1 if (5.23) is nonpositive at p = 1.
Otherwise, the minimizer is in the interior (0, 1), found by equating (5.23) to zero,
which yields the equation (5.22).

A

If iy < A < po, then C’(p) is strictly convex in p € [0, #—1] and equals infinity on

pE [;%1’ 1} , S0 its unique minimizer is

. 1 I
0 if Hy (M2*2>\)2 -
Py = (5.25)
S 2 i f 1 p
DPu & (0, 71) lf - > lTl (H2*2)\)27

where p? is the unique nonnegative root of the fourth-degree polynomial (5.22).
If 11y < A, then C(p) is strictly convex in p € [1 -5, %} and equals infinity in the

rest of the interval [0, 1], so its unique minimizer is

S H2 /~L1)
=ps€e|l——F,— 5.26
where p? is the unique nonnegative root of the fourth-degree polynomial (5.22). U

Example: Free Private Centre. Letting f = 0 in (5.22) gives

h(p) = pa(pn — pA)? — pa(pe — (1 = p)A)*.
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For 1 > A, h(p) = 0 has the unique solution:

) s AV (VT = Vi) _
e A( ﬁﬂ)

Hence when the private centre provides free service at a faster rate than the public

< % (5.27)

one, the central authority assigns the majority of the patients to the private centre.

In particular, it assigns all the patients to the private centre, i.e., po = 0 if and only if

_ _ = K2
A= o — /e Let a = ,/#f > 1, then

oS = A =P + o
“ AMa+1) 7

which is decreasing in o > 1. This implies that as the gap between the service rates
of the public and the private centre increases, the proportion of patients visiting the

private centre increases.

5.4 Centralized Setting with Finite Buffer

Suppose that the buffer size for the public centre is mq, and it is ms for the private
centre. The blocking cost is c¢g. By (5.8) and (5.9), The effective arrival rate for the

public centre is

(Bymi(1 — 22)

M) = (1) (5:29)

H1
The effective arrival rate for the private centre is

(M)mz(l _ M)

(1 ) B2

Aa(p) = (L —p)A (1 EyR=y— ) : (5.29)
H2

The total expected cost rate is

TC(p) = c(Li(p) + L2(p)) + fA2(p) + Aesps(p), (5.30)
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and the blocking probability for the system is

pB = pps, + (1 —p)ps,, (5.31)

where pp, and pp, are the probabilities that the public centre and the private centre
are blocked, respectively. These probabilities can be calculated by (5.8).
In this case, the total expected cost function is not always convex. If it is convex, by

Theorem 10, we have a unique minimizer of 7’C(p) on the interval [0, 1].

5.5 Centralized vs. Decentralized Setting

Example: Similar to the previous case, suppose that m; = 6, my = 4, and the
remaining parameters are A\ =4, uy =2, uo =3, c=0.5, f =1, and cg = 2.

Table 5.1 shows some changes from decentralized setting to the centralized one in the
unobservable setting. As it was mentioned, the total expected cost function is not
necessarily convex. For this numerical example, it is convex as it is shown in Figure

5.1, so we can use our results to find the optimal answers.
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Table 5.1: Unobservable Decentralized vs. Unobservable Centralized- Example with
Parameters A\=4, u1=2, us=3, ¢c=0.5, f=1, cg=2, m1=6, mo=4

Decentralized | Centralized | % of change
Probability of Joining Private 0.205 0.591 65.3%
Probability of Blocking 0.308 0.099 -211.1%
Public Expected Waiting Time 1.443 1.352 -5.8%
Private Expected Waiting Time 0.449 0.649 44.5%
Served Patients’ Expected Cost Rate 3.294 3.965 16.9%
Total Expected Cost Rate 5.758 4.756 -21%

Total Expected Cost Rate

1 1 1 1 Il
0.1 02 03 04 05 og 07 08 08 1

46 1 1
0

Probability of Joining the Public Centre

Figure 5.1: Total Expected Cost in Unobservable Setting- Example with Parameters
A=4, 11=2, =3, c=0.5, f=1, cg=2, m=6, mo=4

According to Table 5.1, the centralized setting sends a higher proportion of patients
to the private centre to make the whole system more balanced. In the centralized case,
the probability of blocking and the total expected cost rate are also lower, as in this
case the objective is to minimize the total expected cost.

It can also be seen that in the centralized setting, the expected waiting time for each

individual who joins the public centre is less than the decentralized setting, while
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the expected waiting time per person in the private centre is higher. This happens
because the centralized setting utilize the private centre more in order to decrease
the probability of blocking. Sending more patients to the private centre also leads to

a higher expected cost rate of the patients who enter the system and obtain the service.
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Chapter 6

APPLICATION

As diagnostic imaging facilities are considered as one of the most wide-spreading
and expensive healthcare technologies, it becomes increasingly important to manage
the use of these resources in a more efficient way. In this chapter we consider a public
and a private centre, each equipped with one MRI machine.

Green et al. [29] examine the management of MRI facility. They consider several
patient types: inpatients, outpatients, and emergency patients. Each type has its own
revenue, waiting cost, probability of arriving, and the penalty for not being served
during one day. They design the outpatient appointment schedule, and establish a
policy for admitting patients into the service.

We use some data from [29], and estimate other parameters. We then perform a
sensitivity analysis to understand the effect of parameters on the whole system.
Green et al. assume that there are N identical service slots for each MRI machine per
day. In each slot the arrival of each type of patients has a Bernoulli distribution with
a specific probability according to the type of the patient. In our case, we assume that
all patients are “outpatient”.

In the base case, we consider the parameters as below:

A =29, puy =15, puo = 20, ¢ = 120, cg = 5000, f = 300, m; = my = 50.

According to [29], we consider 20 slots of 45 minutes for each MRI machine in the
private centre, and 15 slots of the same length for public centre. The arrival rate is

calculated as

(20 + 15)(0.84) = 29.4 ~ 29
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where 0.84 is the outpatient arrival probability from [29], which means in each slot an
outpatient arrival could happen by a Bernoulli distribution with probability 0.84. So
the arrival of the day is the sum of 35 Bernoulli slots which is a Binomial distribution
with the mean of 29.4. We round the mean to 29.
The waiting cost per day is calculated based on [29] as

30000

=2 — 120
250

where 30000 is the average annual salary in dollars, and 250 is the number of working
days in a year.

The expected cost of an MRI test is $1000, which we assume on average 70% of this
amount will be paid by the insurance, so each individual has to pay the fee of $300 to
enter the private centre (f = 300).

The blocking cost is assumed to be $5000 which is higher than the corresponding
holding cost if the patient was not blocked.

Finally, we assume that the buffer size of each centre is 50. We choose these buffer
sizes so that the probability of blocking is neglectable for the system in different cases.
The Base Case

We consider three performance measures: The probability of joining the private
centre, the probability of blocking, and the total expected cost rate. The performance
measures for the base case are shown in Table 6.1. For this case, the expected waiting
cost rate is also calculated, so we can see which amount of the total expected cost rate

is caused by waiting in the system.

Table 6.1: Base Case

Obs.Decent | Obs.Cent | Unobs.Decent | Unobs.Cent

Prob of joining private 0.483 0.498 0.459 0.552
Prob of Blocking 0.000 0.000 0.026 0.000
Expected Waiting Cost Rate | 4882.739 835.924 4308.069 1252.327

Total Expected Cost Rate 9085 5170.98 12097.887 6062.733




Chapter 6. Application 54

The total expected cost rate function for the unobservable case is shown in Figure
6.1. For all cases of this chapter, this function is convex, so we can find the optimal

solution in these cases by using our results.

¥ 10

Tatal Expected Cost Rate

1 1 1 1 1
] 01 nz 03 04 05 0B 07 08 09 1

0 1 1

Prabability of Joining the Public Centre

Figure 6.1: Total Expected Cost in Unobservable Setting- Base Case

According to the numbers in Table 6.1, as it was expected, the observable centralized
case has the lowest total expected cost rate. It is shown that in all numerical examples
of this chapter, the optimal case is the observable centralized case, which has the
lowest total expected cost rate. The unobservable centralized setting, and observable
decentralized setting have the second and the third lowest costs, respectively. The
worst case is the unobservable decentralized one.

In the observable decentralized, and unobservable decentralized settings, the proportion
of patients who join the private centre is less than the optimal proportion, while in
the unobservable centralized case, the central authority sends more individuals to the
private centre in comparison to the optimal case.

The probability of blocking is almost 0 for all cases, except for the unobservable
decentralized setting. Another observation is that the ratio of the total expected

waiting cost rate and the total expected cost rate is lower in the centralized cases. As
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the probability of blocking is neglectable in these cases, the most proportion of the
total expected cost rate is caused by paying the fee to join the private centre.

To perform the sensitivity analysis on the parameters A, uy, f, ¢, and mqy, we decrease
and increase the base case values by approximately 15%. We also perform the sensitivity
analysis on cg and increase it to 15% and 30% of its base value.

Sensitivity Analysis with respect to A

We perform the sensitivity analysis for two values of A\, 25 and 34.

Table 6.2: Performance Measure for A\ = 25

Obs.Decent | Obs.Cent | Unobs.Decent | Unobs.Cent
Prob of joining private 0.4 0.424 0.377 0.492
Prob of Blocking 0.000 0.000 0.027 0.000
| Total Expected Cost Rate | 7540.78 | 3785.05 | 10177.695 | 4545.388 |

Table 6.3: Performance Measure for A = 34

‘ ‘ Obs.Decent ‘ Obs.Cent ‘ Unobs.Decent ‘ Unobs.Cent ‘
| Prob of joining private | 0.553 | 0.565 | 0532 | 0573 |
| Prob of Blocking | 0005 | 0.002 | 0029 | 0009 |
| Total Expected Cost Rate | 13581.5 | 9564.43 | 15755.047 | 11796.237 |
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Figure 6.2: Sensitivity Analysis on Probability of Joining Private Centre with respect
to A

16000 —
B 14000 e
% 12000 A - = 4= Ohservable
a - / Decentralized
5| -
— 10000 —& >
o & A =g =0Dbservable
ﬁ —
o B000 - o Centralized
o v -~
Y sooo - «ssfe s Unobservable
] - 3
+ | Decentralized
F 4000 +—fge——
i || i3bsErVE DI
2000 T T T T T T T T T T 1 Centralized
25 29 34
A

Figure 6.3: Sensitivity Analysis on Total Expected Cost with respect to A

As ) increases, the probability of joining the private centre, the probability of
blocking, and the total expected cost rate increase. According to Figure 6.2, for the
unobservable centralized setting, the rate of increasing in the probability of joining

the private centre with respect to A is higher for lower values of A. In this case, as
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the system becomes more congested, increasing the arrival rate has a smaller effect
on increasing the probability of sending a patient to the private centre. For the
other three cases, the rate is almost constant. In Figure 6.2, we can also see that
in the unobservable centralized case, the probability of sending individuals to the
private centre is considerably higher than the remaining cases, and as A increases, the
differences of the four cases become smaller. According to Figure 6.3, for higher values
of A, the rate of changes in the total expected cost rate, with respect to A is higher.
In other words, for an already congested system, increasing the arrival rate leads to
a higher increase in the total expected cost rate, in comparison to the cases with
lower arrival rates. In Figure 6.3, we can also observe that for lower arrival rates, the
difference between the total cost rate of the observable centralized and decentralized
cases are smaller than the other cases, but as A increases, this difference also increases.

As X increases, the system’s load which is calculated as

B A
’ M1+ pi2

changes from %—i =0.714 to g—i = 0.829, and then to % = 0.971.
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Sensitivity Analysis with respect to

We perform the sensitivity analysis for two values of p;, 13 and 17.

Table 6.4: Performance Measures for p; = 13

Obs.Decent | Obs.Cent | Unobs.Decent | Unobs.Cent

| | | | | |
| Prob of joining private | 0.552 | 0.566 | 0529 |  0.603 |
| Prob of Blocking | 0000 | 0.000 | 0024 | 0000 |
| Total Expected Cost Rate | 9390.1 | 5987.65 | 12679.13 | 7018.875 |

Table 6.5: Performance Measures for p; = 17

Obs.Decent | Obs.Cent | Unobs.Decent | Unobs.Cent

Prob of joining private 0.414 0.433 0.389 0.495
Prob of Blocking 0.000 0.000 0.028 0.000
| Total Expected Cost Rate | 8893.66 | 4503.12 | 11605.67 | 5360.716 |
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Figure 6.4: Sensitivity Analysis on Probability of Joining Private Centre with respect
to
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Figure 6.5: Sensitivity Analysis on Total Expected Cost with respect to py

As iy increases, the probability of joining the private centre increases, while the
probability of blocking, and the total expected cost rate decrease. According to Figure
6.10, for the probability of joining the private centre, the rate of decreasing with

respect to p; is almost constant, as the system’s load does not change significantly.

As iy increases, the load of the system changes from 132320 = 0.879 to 152520 = 0.829,

and then to 172320 = 0.784. According to Figure 6.11, for the total expected cost rate,

the rate of decreasing with respect to p; is almost the same for all cases, except for
the observable centralized setting. For the observable centralized setting, which is the
optimal setting, increasing the public service rate has a small effect on reducing the

total expected cost of the system.
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Sensitivity Analysis with respect to f
We perform the sensitivity analysis for two values of the insurance coverage, 60% and

80%. So different values of f would be 200 and 400.

Table 6.6: Performance Measures for f = 200

Obs.Decent | Obs.Cent | Unobs.Decent | Unobs.Cent
Prob of joining private 0.483

0.51 0.472 0.559
| Prob of Blocking | 0000 | 0.000 | 0016 | 0000 |
| Total Expected Cost Rate | 6259.47 | 3717.14 | 8886.775 | 4451418 |

Table 6.7: Performance Measures for f = 400

‘ ‘ Obs.Decent ‘ Obs.Cent ‘ Unobs.Decent ‘ Unobs.Cent ‘

| Prob of joining private | 0483 | 0497 | 0447 | 0546 |
Prob of Blocking 0.000 0.000 0.037 0.000
Total Expected Cost Rate 11962.5 6613.9 15195.983 7655.166
06
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Figure 6.6: Sensitivity Analysis on Probability of Joining Private Centre with respect
to f
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Figure 6.7: Sensitivity Analysis on Total Expected Cost with respect to f

As the private centre’s fee increases, the probability of joining the private centre
decreases (for the observable decentralized case, the amount of decreasing is too small.),
while the probability of blocking and the total expected cost rate increase. According
to Figure 6.6, changes in the value of f has a small effect on changing the probability
of joining the private centre, especially for lower values of f. From Figure 6.7, the
effect of f is more significant in the decentralized settings, when individuals choose to

minimize their own expected cost.
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Sensitivity Analysis with respect to c

We perform the sensitivity analysis for two values of ¢, 100 and 140.

Table 6.8: Performance Measures for ¢ = 100

‘ ‘ Obs.Decent ‘ Obs.Cent ‘ Unobs.Decent ‘ Unobs.Cent ‘
| Prob of joining private | 0483 | 0497 | 0458 | 0549 |
| Prob of Blocking | 0000 | 0.000 | 0027 | 0000 |
| Total Expected Cost Rate | 9083.09 | 5031.28 | 11551.392 | 5851.735 |

Table 6.9: Performance Measures for ¢ = 140

Obs.Decent | Obs.Cent | Unobs.Decent | Unobs.Cent

Prob of joining private 0.483 0.502 0.461 0.555
Prob of Blocking 0.000 0.000 0.025 0.000
| Total Expected Cost Rate | 9216.08 | 5308.52 | 12636.305 | 6269.64 |
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Figure 6.8: Sensitivity Analysis on Probability of Joining Private Centre with respect
to ¢
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Figure 6.9: Sensitivity Analysis on Total Expected Cost with respect to ¢

As the waiting cost per unit of time increases, the probability of blocking, the total
expected cost rate, and the probability of joining the private centre increase (for the
observable decentralized case, the amount of increasing is too small.). According to
Figure 6.8, the changes in the probability of joining the private centre with respect
to ¢ is too small. From Figure 6.9, the total expected cost also doesn’t change
significantly with respect to ¢. According to this figure, the total expected cost rate of
the unobservable decentralized setting, which is the least optimal case, has the highest
rate of change with respect to c. The lowest rate of change belongs to the observable

centralized setting, which is the optimal case.
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Sensitivity Analysis with respect to m,

We perform the sensitivity analysis for two values of my, 40 and 60.

Table 6.10: Performance Measures for m; = 40

‘ ‘ Obs.Decent ‘ Obs.Cent ‘ Unobs.Decent ‘ Unobs.Cent ‘
| Prob of joining private | 0483 | 04938 | 0459 |  0.554 |
| Prob of Blocking | 0000 | 0.000 | 0028 | 0000 |
| Total Expected Cost Rate | 9082.32 | 5170.98 | 11422543 | 6073.718 |

Table 6.11: Performance Measures for m; = 60

Obs.Decent | Obs.Cent | Unobs.Decent | Unobs.Cent
Prob of joining private 0.483 0.498 0.46 0.552
Prob of Blocking 0.000 0.000 0.024 0.000
| Total Expected Cost Rate | 9084.91 | 5170.98 | 12785453 | 6060.578 |
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Figure 6.10: Sensitivity Analysis on Probability of Joining Private Centre with respect
to my
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Figure 6.11: Sensitivity Analysis on Total Expected Cost with respect to m;

As the buffer size of the free centre increases, the probability of blocking decreases.
According to Figure 6.10, the probability of joining the private centre doesn’t change
considerably (It increases for all cases except the unobservable centralized case).
According to Figure 6.11, the total expected cost rate is almost constant with respect
to my for all cases, except for the unobservable decentralized case. In this case, as we
increase the buffer size of the free centre, the expected waiting time in that centre

increases and leads to an increase in the total expected cost rate of the system.
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Sensitivity Analysis with respect to cp

We perform the sensitivity analysis for two values of cg, 7500 and 10000.

Table 6.12: Performance Measures for ¢g = 7500

‘ ‘ Obs.Decent ‘ Obs.Cent ‘ Unobs.Decent ‘ Unobs.Cent ‘
| Prob of joining private | 0483 | 0.498 | 0.47 | 0553 |
| Prob of Blocking | 0.000 | 0.000 | 0018 | 0000 |
| Total Expected Cost Rate | 9085.07 | 5170.98 | 11845.204 | 6065.996 |

Table 6.13: Performance Measures for cg = 10000

Obs.Decent | Obs.Cent | Unobs.Decent | Unobs.Cent
Prob of joining private 0.483 0.498 0.477 0.554
Prob of Blocking 0.000 0.000 0.014 0.000
| Total Expected Cost Rate | 9085.15 | 5170.98 | 11663.767 | 6069.074 |

As the probability of blocking is almost 0 in both observable cases, and also in the
centralized unobservable case, the performance measures do not change considerably. In
the unobservable decentralized setting, as the blocking cost increases, the probability of
joining the private centre increases, the blocking probability and also the total expected
cost rate decrease. The unobservable decentralized setting send a lower proportion
of individuals to the private centre, in comparison to the optimal case (observable
centralized). As the blocking cost increases, more patients tend to join the private
centre to avoid the high cost of being blocked, so the probability of joining the private

centre approaches to the optimal probability, and the total expected cost rate decreases.
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Chapter 7

CONCLUSIONS

In this thesis, we analyse a healthcare queueing system of two parallel M/M/1
servers, one public and one private. Both queues have infinite buffer sizes. The
individuals have to obtain service from either of the public or the private centre. We
analyse the system in both decentralized and centralized settings. In the decentralized
setting, individuals act in order to minimize their own expected cost, while in the
centralized setting, there is a central authority who sends individuals to the servers in
order to minimize the total expected cost of the system. We perform our analysis for
both observable and unobservable queues.

We show that in the observable case, both in the decentralized and centralized settings,
the optimal policy exists, and it is of a threshold type policy. We find a mathematical
formula for calculating the thresholds in the observable decentralized case. The rela-
tionship between the thresholds in the decentralized and centralized setting is also
examined. We prove that for each fixed number of patients in the public centre, the
private thresholds are greater in the centralized setting, and for each fixed number of
patients in the private centre, the public thresholds are greater in the decentralized
setting. This implies that in the decentralized case, after some points, the arrivals
who join the public centre have negative externalities on others.

In the unobservable case we establish the existence of a unique optimal strategy and
show its structure in both decentralized and centralized cases.

We extend our results for the observable case to the model with finite buffer. For the
unobservable case, we were not able to extend all results, but we show that the results
are applicable under some conditions. Then, the sensitivity analysis is performed on

some performance measures for all four cases with respect to different parameters of
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the model.

This work can be extended in several directions. Some assumptions can be relaxed,
for example we can consider balking and reneging with a positive probability. We can
also relax the assumption that the service rate in the private centre is greater than the
public centre and generalize the model. Because in some instances, the private server
spend more time for each patient. It is also possible to assume different qualities for
the centres and model the differences in qualities by considering different rewards of
receiving service and different waiting costs for each centre. It can also be extended
to two parallel M/M/m servers. We may consider different classes of customers with
respect to their income, or prioritize the individuals with respect to their emergency
levels.

The results of this study would direct the decision makers to decide on the ways they
can improve the healthcare system with a limited budget. The effect of improving
the public centre could be compared to the effect of assigning more subsidy for the
private centre, based on the expenditure which is needed for each case. Moreover, the
consequences of centralization and making the queues observable could be analysed

and compared.
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Appendix

Steady-State Equations for the Observable Decentralized Case with Infi-

nite Buffer

AT 5 = H1Tiy1j + M2 i1 ifi=j5=0
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(AN + po)mij = Ay + pomijp1 + AT jo1 + g, if i = nk Tl =nk

(A + po)mij = A i1+ foTi jy1 + [Tt if i > nitt j =nk

D> mi=1

j=0 i=0
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Steady-State Equations for the Observable Decentralized Case with Finite

Buffer

AT = Ty + HoTiji

A+ )T ; = paTigaj + HoTij41

A+ H2) T4 5 = U1Ti41,5

)\7rz—1 ,J + H1T41,5 + M2 541

A + H1)T 5 = )\71—1—1 J + M2 41

(

( )
(A =+ pa)mi

( )i,
(A )i 5 = pig1j + pomi i

(At 1+ pio) iy = A1 + faTignj + HoTijy1

(A iy + p2) iy = AT + iy

(At 1+ pio) iy = AMiaj + AT jo1 + i1y + 2T

(A + po)mij = A o1 + paTig1j + Mo jt1

(A p1 + po)mij = Amiz1j + Aot + g

()\ + M1 + ,u2>7rzj )\772—1 ] + /\7sz 1+ H1T041,5 + 2T 541

(A + )iy = pomi j1

(AN + po)mij = Ay i1 + pomij1

(At 1+ po) iy = Ay j + A o1 + Hami

(p1 + po) iy = Ami1j + AT i1
mo mi

2D miy=1

j=0 i=0

ifi=j=0
ifi=0,1<j<ma
ifi=0,j=ma
if1<i<nli<mi,j=0
if1<i=mi<n},j=0

ifnl <i<mi,j=0

if1<i<nb <mi,nb ™t <j<nk <ma

or1§i<nlf+l—1§m1,j:n§<m2

k—

if1§i<n’f<m1,n2 k

1<j:m2<n2

or1§i<nlf+171§m1,j:n§:m2

ori:nlf+1—1:m1—1,j:n’2“:m2,
_ mlfn%jtl
me = ng

ifi:nlf<m1,n§71<j<n§§m2

ifn’f<i<m1,n§_1§j<n§§m2

k—1

ifnlf§i<m1,n2 k

<j=m2 <ng

k41 . .
ornlJr §2<m1,]:n’2“:m2

ori:nlf+1—1<m1—1,j:n§:m2

ori=n"l —1=my —1,j =nk =ma,
—nit1

ma # ny nit

ifi:nlf+1 <’rn1,n’2C <j§n§+1 < ma

. k+1 c_ ok
ori=n;" " —1<mi,j=ng <m2

ifi=my #nf,j=0

ifi = ml,nl;_l <j< ng,j < ma,
1

. - 1

j<ny? et

oo - k—1 . .
1fz:n’f:m1,n2 <j§n§,j<m2

ifi=miy,7 =m2
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