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Asst. Prof. Uğur Çelikyurt
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ABSTRACT

Portfolio selection problem considers the optimal allocation of an investor’s wealth

among several risky assets within a market according to some objectives and constraints.

In the idealized Capital Asset Pricing Model (CAPM) world, every investor uses the

same mean-variance model of Markowitz and chooses the same efficient fund. CAPM

asserts that the efficient fund is identical with the market portfolio. However, due to

the violations of the assumptions of the mean-variance model, the efficient fund may

not be identical with the market portfolio.

The motivation of this thesis is to find the portfolio selection model that represents

investor behavior in hedge funds and US stock market. The portfolio selection models

we consider in this study can be classified into two categories: (i) Portfolio selection

with utility models, and (ii) Portfolio selection with prospect models.

For the utility based approach, we consider the portfolio selection models in

Çanakog̃lu and Özekici (2010). They focus on multiperiod portfolio optimization

problem for an investor with hyperbolic absolute risk aversion (HARA) utility. In this

model, asset returns depend on a stochastic market depicted by a Markov chain. We

follow the rolling-sample approach in order to evaluate the out-of-sample performance

of the portfolio selection models across hedge funds and US stock market datasets and

find the best model that represents the market portfolio for each dataset.

In the framework of prospect theory, we extend Taşkıncan (2014) by considering

prospect investors within a market consisting of multiple risky assets and one risk-

free asset. In our analysis, we use the piecewise linear and piecewise exponential

value functions under the assumption that asset returns have multivariate normal

distribution. We test the multiple risky asset prospect models for the US stock market

dataset and report the results.
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ÖZETÇE

Portföy seçim problemi, bir yatırımcının servetinin market içerisindeki çok sayıda

riskli varlığın arasında bazı amaç ve kısıtlara göre en iyi dağılımını göz önünde

bulundurur. İdealleştirilmiş Finansal Varlıkları Fiyatlama Modeli (FVFM) dünyasında

her yatırımcı Markowitz’in ortalama-varyans portföy modelini kullanır ve aynı etkin

fonu seçer. FVFM etkin fonun market portföyü ile aynı olduğunu ileri sürer. Fakat

ortalama-varyans modelindeki varsayımların ihlali nedeniyle etkin fon ve market

portföyü aynı olmayabilir.

Bu tezin motivasyonu hedge fonları ve Amerikan hisse senedi piyasasında yatırımcı

davranışlarını temsil eden portföy seçim modelini bulmaktır. Bu çalışmada göz

önünde bulundurduğumuz portföy modelleri iki kategoride sınıflandırılabilir: (i) Fayda

modelleri ile portföy seçimi, ve (ii) Umut modelleri ile portföy seçimi.

Fayda bazlı yaklaşım için Çanakoğlu ve Özekici (2010)’nin portföy seçim modellerini

dikkate almaktayız. Bu çalışmalarda HARA tipi fayda modeline sahip bir yatırımcının

çoklu zamanda portföy eniyileme problemine odaklanılmaktadır. Bu modelde varlık

getirileri Markov zinciriyle tarif edilmiş rassal markete dayanmaktadır. Portföy seçim

modellerinin örneklem dışı performanslarını hedge fonları ve Amerikan hisse senedi

piyasasında değerlendirmek için kayan örneklem yaklaşımını takip ediyoruz ve her veri

seti için market portföyünü temsil eden en iyi modeli buluyoruz.

Umut modeli çerçevesinde, Taşkıncan (2014)’ı çok sayıda riskli varlık ve bir risksiz

varlıktan oluşan market içerisinde umut modelini kullanan yatırımcıları göz önünde

bulundurarak genişletmekteyiz. Analizimizde, varlık getirilerinin çok değişkenli nor-

mal dağılıma sahip olduğu varsayımı altında parçalı doğrusal ve parçalı üstel değer

fonksiyonlarını kullanmaktayız. Amerikan hisse senedi piyasası veri seti için çok sayıda

riskli varlık içeren umut modelini test ediyor ve sonuçları raporluyoruz.
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Chapter 1

INTRODUCTION

Portfolio selection problem considers the optimal allocation of an investor’s wealth

among several risky assets within a market according to some objectives and constraints.

Long before the advances in the portfolio selection literature, the intuitive judgments of

people led them to diversification among their assets. As Markowitz (1999) highlights,

in The Merchant of Venice, Act I, Scene I, William Shakespeare has Antonio say:

My ventures are not in one bottom trusted,

Nor to one place; nor is my whole estate

Upon the fortune of this present year;

Therefore, my merchandise makes me not sad.

The lines of Shakespeare point out the idea of diversification in past centuries.

However, no academic research has analyzed the portfolio selection problem in a

mathematical framework until the famous publication of Harry Markowitz. Markowitz

(1952) is the first paper in modern financial economics to mathematically formalize the

idea of diversification of investments. The mean-variance portfolio theory of Markowitz

provides analytical solutions for the single period portfolio selection problem where the

investors consider the mean and variance of a portfolio’s return. As Markowitz states,

an investor wants to maximize expected return of a portfolio for a given amount of

portfolio risk, or minimize risk for a given expected return level.

The concept of mean-variance efficiency in Markowitz (1952) is one of the corner-

stones of Capital Asset Pricing Model (CAPM). CAPM is the idealized framework to

describe the relationship between risk and return. The model was developed in 1960s
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by Sharpe (1964), Lintner (1965) and Mossin (1966). Perold (2004) highlights the

following assumptions for CAPM:

(i) All investors are rational and risk-averse. They evaluate their portfolios in terms

of expected return and standard deviation of return over the same planning

horizon.

(ii) Capital markets are perfect in many aspects. There are no transaction costs or

taxes. Investors can short any asset, and hold any fraction of an asset. They

can borrow and lend at the risk-free rate.

(iii) All investors have access to the same set of financial securities.

(iv) Investors have the same estimates for expected returns, standard deviations of

returns and correlations among asset returns.

In the idealized CAPM world, every investor uses the same mean-variance portfolio

theory of Markowitz (1952). Since all investors have access to same securities, have the

same estimates about them, and solve the same optimization problem, they all have a

portfolio on the same efficient frontier. That portfolio is a combination of the risk-free

asset and the unique efficient fund of risky assets (denoted by F ). The composition of

fund F is identical for all investors. Moreover, the efficient fund used by all investors

is also called the market portfolio and it is denoted by M . The market portfolio can

be calculated without taking the optimization problem into account. The market is

already in equilibrium and the weight of an asset in the market portfolio is given by

the fraction of that stock’s market value relative to the total market value of all stocks.

The mean-variance criterion can be integrated with the expected utility approach

in either of two ways: (i) assuming that the asset returns have normal distribution, or

(ii) by using a quadratic utility function. However, both assumptions may be violated

in financial markets. The fact that asset returns exhibit fat tails and asymmetry that

cannot be explained by their means and variances alone makes the first assumption
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ineffective. Since different investors have different preferences, the utility functions

of all investors cannot be restricted to quadratic form. Due to the violations of the

assumptions of the mean-variance model, the efficient fund F may not be identical

with the market portfolio M .

The motivation of this thesis is to find the portfolio selection model that represents

investors’ behavior in the market. The portfolio selection models we consider in this

study can be classified into two categories: (i) Portfolio selection with utility models,

and (ii) Portfolio selection with prospect models.

For the utility based approach, we consider the portfolio selection models in

Çanakog̃lu and Özekici (2010). They extend the utility based approach to multiperiod

portfolio optimization by considering an investor with hyperbolic absolute risk aversion

(HARA) utility. The main feature of the model is that asset returns depend on a

stochastic market depicted by a Markov chain. They use dynamic programming to

obtain an explicit characterization of the optimal policy.

Expected utility theory is the most popular approach to the problem of choice under

uncertainty. However, in laboratory settings, preferences of people violate the axioms

of expected utility theory. Kahneman and Tversky (1979) come up with an alternative

model of risk attitudes using “prospect theory”. Under prospect theory, value is

assigned to gains and losses rather than to final assets. Kahneman and Tversky define

gains and losses relative to a reference point and investors’ risk sensitivity changes

with respect to that point. If the investor’s wealth level is less than the reference

point, which means a loss, then the investor shows risk-seeking behavior. If the

wealth level is greater than the reference point, then the investor’s attitude becomes

risk-averse. Taşkıncan (2014) investigates the choices of prospect investors in a market

that contains one risky and one risk-free asset. In our study, we consider prospect

investors within a market consisting of multiple risky assets and one risk-free asset.

In order to determine the portfolio selection model that represents the market

portfolio, we need to assess the potential gains that are realized by an investor. Hence,

we analyze the out-of-sample performance of the portfolio selection models we consider
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relative to performance of the market portfolio across hedge funds and US stock

market datasets. Following the methodology of DeMiguel et al. (2009), we compare

the out-of-sample performance of our portfolio models relative to that of the market

portfolio under three performance measures: (i) the out-of-sample Sharpe ratio, (ii)

the certainty-equivalent (CEQ) return for the expected utility of a mean-variance

investor, and (iii) the turnover for each portfolio model.

This thesis is organized as follows: Chapter 2 reviews some of the literature of

portfolio selection models on expected utility theory and prospect theory. In Chapter

3, we review portfolio selection with HARA utility functions in Çanakog̃lu and Özekici

(2010) and portfolio selection with prospect models. We describe our methodology to

evaluate the out-of-sample performance of the portfolio selection models we consider

in Chapter 4. Chapter 5 describes the datasets we consider in our study. In Chapter 6,

we compare the performance of the portfolio selection models considered in Chapter

3 to the benchmark market portfolios for each dataset listed in Chapter 5. Finally,

Chapter 7 presents the concluding remarks and suggestions for future research.
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Chapter 2

LITERATURE REVIEW

2.1 Utility Models

Mean-variance optimization concept developed by Markowitz (1952) has been the

cornerstone of modern portfolio theory. It is the first systematic model to explain

the trade-off between risk and return. In the single-period mean-variance model, the

objective is to maximize expected return of a portfolio for a given amount of portfolio

risk, or minimize risk for a given expected return level. The solution of the model

gives the set of efficient portfolios.

Expected utility theory, introduced by von Neumann and Morgenstern (1944), is

the leading model for making decisions under uncertainty. Markowitz (1959) addresses

the theory of decision making under uncertainty to interpret his approach of mean-

variance portfolio optimization. Markowitz’s papers initiated research on applications

of risk aversion measures and utility theory to portfolio selection. The risk aversion

measure suggested by Pratt (1964) and Arrow (1965) is the most commonly used

one. Mossin (1968), Merton (1969), and Hakansson (1971) consider different type of

utility functions in different settings for the maximization of the expected utility of

the terminal wealth.

The classical mean-variance model considers a single-period investment horizon.

However, investors plan their investments on a continuous basis. Mossin (1968),

Samuelson (1969), Elton and Gruber (1974), Bodily and White (1982), and Li and Ng

(2000) provide examples on multi-period portfolio selection models. Moreover, most of

the portfolio selection models in finance literature assume that returns of the assets

in different periods are not correlated. There are some models that consider asset

returns as serially correlated such as Hakansson and Liu (1970), Hernández-Hernández
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and Marcus (1999) and Bielecki et al. (1999).

Çakmak and Özekici (2006) model the mean-variance portfolio optimization prob-

lem in a multi-period setting where the parameters of the model including the mean

and covariance of the risky asset returns depend on the stochastic market, which

is an indicator of ongoing economic factors. The market process is depicted by a

Markov chain with finite state space and stationary transition matrix. They consider

a market consisting of one risk-free asset and several risky assets and formulate the

multi-period mean-variance model. They generate an auxiliary problem and solve it

using dynamic programming, which gives the same efficient frontier with the mean-

variance formulation. In the numerical illustration part, they show how this procedure

is applied. Çelikyurt and Özekici (2007) extend the research of Çakmak and Özekici

(2006) to different problems such as safety-first approach, quadratic utility functions

and coefficient of variation.

In this thesis, we apply multiperiod portfolio selection for several datasets, and

we follow the work of Çanakog̃lu and Özekici (2010). They consider the portfolio

optimization problem where the aim is to maximize the expected utility of investor’s

final wealth. In Çanakog̃lu and Özekici (2009), the utility function of the investor is

assumed to be exponential. As an extension to that work, Çanakog̃lu and Özekici

(2010) consider HARA utility functions including exponential, logarithmic and power

utility functions. They use stochastic market approach to construct correlation among

returns in different periods where random changes of market states are assumed to

form a Markov chain. They use dynamic programming and derive the optimal policies

and efficient frontiers.

2.2 Prospect Models

Under expected utility model, investors evaluate their final wealth positions. However,

numerous experiments show that behaviors of investors deviate from the implications

of expected utility theory. Kahneman and Tversky (1979) developed prospect theory in

order to deal with these deviations. In prospect theory, investors value their gains and
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losses rather than final absolute wealth. They define the value function on deviations

from a benchmark point. The fact that the value function is generally concave for

gains and convex for losses implies asymmetric risk averse behavior. In addition,

the value function is steeper for losses than for gains, which implies loss aversion.

Moreover, investors tend to overweight small probabilities and underweight large

probabilities. Tversky and Kahneman (1992) extend prospect theory by employing

cumulative decision weights. The new version of the model, cumulative prospect

theory, uses different weighting functions for gains and losses to transform cumulative

probabilities.

Following Kahneman and Tversky’s path-breaking publications, new models were

developed on portfolio choice under prospect theory. Gomes (2005) uses piecewise

power functions where the value function is concave for gains, convex for small losses

and concave again for large losses. De Giorgi and Hens (2006) use piecewise exponential

value function where their value function is more risk-averse than the piecewise power

function. Jin and Zhou (2008) consider portfolio selection problem in continuous time

under cumulative prospect theory. Pirvu and Schulze (2012) focus on the single-period

portfolio selection problem and find optimal portfolios for multiple risky assets that

have multivariate elliptical distributions.

Taşkıncan (2014) investigates the choices of prospect investors within a market

consisting of one risky and one risk-free asset. He shows the differences between

structures of the value functions and derives the solution of the portfolio optimization

problem. He finds that there is a mean interval for the return of the risky asset where

it is optimal not to buy or shortsell the risky asset. In this thesis, we extend Taşkıncan

(2014) by considering prospect investors within a market consisting of multiple risky

assets and one risk- free asset.
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Chapter 3

PORTFOLIO SELECTION MODELS

3.1 HARA Utility Models

Consider the multi-period portfolio optimization problem where the market consists

of one risk-free asset and m risky assets. The means, variances, covariances and

higher moments of the risky asset returns depend on the current state of a stochastic

market. We let Yn denote the state of the market in period n and assume that

Y = {Yn, n = 0, 1, 2, . . .} is a Markov chain with a discrete state space E and

transition matrix Q.

Suppose that the state of the market is i in period n. The risk-free asset has

known return rf(i) and standard deviation σf(i) = 0. The random vector of risky

asset returns is denoted by Rn(i) = (Rn
1 (i), Rn

2 (i), . . . , Rn
m(i)). We assume that the

random returns in consecutive periods are conditionally independent given the market

states. In other words, if k 6= n, then Rn(i) and Rk(i) are independent and identically

distributed random vectors. Therefore, R(i) = Rn(i) denotes the random return vector

in any period n to simplify the notation provided that the state of the market is i.

Let rk(i) = E[Rk(i)] denote the mean return of the kth asset in state i and

σkj(i) = Cov(Rk(i), Rj(i)) denote the covariance between kth and jth asset returns in

state i. The excess return of the kth asset in state i is Re
k = Rk(i)− rf (i). It follows

that

rek(i) = E[Re
k(i)] = rk(i)− rf (i) (3.1)

and

σkj = Cov(Re
k(i), R

e
j(i)). (3.2)

In our notation, rf(i) is a scalar and r(i) = (r1(i), r2(i), . . . , rm(i)), re(i) =
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(re1(i), re2(i), . . . , rem(i)) are column vectors for all i. For any column vector z, z′

denotes the row vector representing its transpose.

We define the matrix

V (i) = E[Re(i)Re(i)′] = σ(i) + re(i)re(i)′ (3.3)

for any state i. The covariance matrix σ(i) is positive definite for all i. Hence V (i) is

also positive definite.

We use Xn to denote the wealth of an investor at period n. The investor allocates

the vector u = (u1, u2, . . . , um) from his wealth to risky assets (1, 2, . . . ,m) and invests

the remaining wealth in the risk-free asset. The stochastic evolution of the investor’s

wealth is given by

Xn+1(u) = u′R(Yn) + (Xn − 1′u) rf (Yn) = rf (Yn) Xn + u′Re(Yn) (3.4)

where 1 = (1, 1, . . . , 1) is the column vector of all ones.

We let Ei[Z] = E[Z|Y0 = i] and V ari(Z) = Ei[Z
2]−Ei[Z]2 denote the conditional

expectation and variance of any random variable Z given that the initial market state

is i. We use z as a column vector and z′ as a row vector.

Assumptions of the model are:

a) Borrowing and lending is unlimited at the prevailing return of the risk-free asset,

b) Investors can short-sell all assets,

c) Capital additions or withdrawals cannot be made in the investment horizon,

d) There are no transaction costs or fees.
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3.1.1 Dynamic Programming with Utility Functions

A utility function U is a non-decreasing real function defined on the real numbers. As

a measure of absolute risk aversion, Pratt (1964) and Arrow (1965) suggest

r(x) = −U
′′(x)

U ′(x)
. (3.5)

Using (3.5) hyperbolic absolute risk aversion (HARA) is described by the absolute

risk aversion function

r(x) =
1

a+ bx
. (3.6)

HARA utility functions with an identical parameter b belong to the same class. Special

cases of the HARA utility functions are:

• b = 0 refers to constant absolute risk averison (CARA) where the utility function

has the exponential form

U(x) = c1 + c2 exp(−x/a).

• b = 1 refers to logarithmic utility function

U(x) = c1 + c2 ln(x+ a).

• Other values of b (b 6= 0 or 1) implies power utility function.

U(x) = c1 + c2

(
(x+ a)b

b

)
.

Let U(i, x) denote the utility function of an investor if the state of the market is i

and the wealth is x at the terminal time T . Çanakog̃lu and Özekici (2010) assume that

the return for the risk-free asset is same for all market states so that rf (i) = rf for all

i. They use dynamic programming to derive the optimal solution of the multiperiod
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portfolio selection problem. The investor maximizes his expected utility of terminal

wealth XT at terminal time T and solves

max
u

E[U(YT , XT ) | Y0 = i,X0 = x].

Define gn(i, x, u) as the expected utility when investment policy u is used in period

n and the optimal policies are used from period n + 1 to period T given that the

market state is i and investor’s amount of wealth is x at period n. Then, the problem

is

vn(i, x) = max
u

gn(i, x, u) (3.7)

where

gn(i, x, un) = E[vn+1(Yn+1, Xn+1(un))].

The dynamic programming equation (3.7) is written as

vn(i, x) = max
u

E[vn+1(Yn+1, Xn+1(u))]

= max
u

∑
j∈E

Q(i, j) E[vn+1(j, rfx+ u′Re(i))]

for n = 0, 1, . . . , T − 1 where the boundary condition is

vT (i, x) = U(i, x)

for all i. The optimal solution for the problem is found by solving the dynamic

programming equation (DPE) recursively.

3.1.1.1 Exponential Utility Function

The utility of the investor in state i is given by the exponential function

U(i, x) = K(i)− C(i)exp(−x/β) (3.8)
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with β > 0, C(i) > 0. In the case of exponential utility function, the measure of

absolute risk aversion is 1/β, and β is often called the risk tolerance.

Let the utility function of the investor be the exponential function (3.8) and suppose

that the risk-free return is independent of the market state. The optimal solution of

the DPE is

vn(i, x) = Kn(i)− Cn(i)e−x/βn . (3.9)

The optimal portfolio is

u∗n(i, x) = α(i)βn+1 (3.10)

where

βn =
β

rT−nf

, Kn(i) = QT−nK(i), Cn(i) = Q̂T−nC(i) (3.11)

and

Q̂(i, j) = E[exp(−α(i)′Re(i))]Q(i, j)

for all n = 0, 1, . . . , T − 1; and α(i) satisfies

E[Re
k(i) exp(−α(i)′Re(i))] = 0 (3.12)

for all assets k = 1, 2, . . . ,m and all i.

Equation (3.12) implies

E[(Rk(i)− rf ) exp (−α(i)′R(i))] = 0

and

E[Rk(i) exp(−α(i)′R(i))] = rfE[exp(−α(i)′R(i))]

or
E[Rk(i) exp(−α(i)′R(i))]

E[exp(−α(i)′R(i))]
= rf

for all assets k = 1, 2, . . . ,m. The proof for the derivation of the optimal solution can

be found in Çanakog̃lu and Özekici (2010).
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When the state of the market is i in period n, the total amount of money invested

in risky assets is

1′u∗n(i, x) = 1′α(i)βn+1 =
β

r
T−(n+1)
f

m∑
k=1

αk(i)

and the proportion of wealth invested in asset k is

wk =
αk(i)∑m
k=1 αk(i)

. (3.13)

The optimal solution of the problem has special properties. Equation (3.10)

indicates that the amounts of money invested in the risky assets only depend on

market state i and period n and they are independent of the investor’s wealth level

x. In contrast, equation (3.13) states that the proportion of wealth invested in a

risky asset is independent of time n and wealth x. The exponential investor considers

only the market state i while allocating his wealth among risky assets. However, the

composition of the risky assets is random since market states change in time.

The model incorporates the stochastic market approach which makes it more

realistic. But the transition matrix Q of the stochastic market does not affect the

structure of the optimal portfolio. In other words, the exponential investor is myopic

in the sense that he does not take future states of the market into consideration while

creating his portfolio. As it is indicated by (3.12), the optimal portfolio only depends

on the joint distribution of the risky asset returns.

3.1.1.2 Logarithmic Utility Function

The utility of the investor in state i is given by the logarithmic function

U(i, x) =

 K(i) + C(i) log(x+ β), x+ β > 0

−∞, x+ β ≤ 0

 (3.14)

with C(i) > 0. In the case of logarithmic utility function, the measure of absolute risk

aversion is r(x) = 1/(β + x) > 0 for all i. Similarly, the risk-free asset is assumed to
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be the same for all market states so that rf (i) = rf for all i.

Çanakog̃lu and Özekici (2010) showed that the optimal solution of the dynamic

programming equation is

vn(i, x) = Kn(i) + Cn(i) log(x+ βn). (3.15)

The optimal portfolio is

u∗n(i, x) = α(i)(rfx+ βn+1) (3.16)

where

βn =
β

rT−nf

, Kn(i) = QT−nK +

(
T−n−1∑
m=0

QmQ̂αQ
T−n−1−m

)
C, Cn = QT−nC (3.17)

and

Q̂α(i, j) = E [log(rf (1 + α(i)′Re(i)))]Q(i, j)

for all n = 0, 1, . . . , T − 1; and α(i) satisfies

E

[
Re
k(i)

1 + α(i)′Re(i)

]
= 0 (3.18)

for all assets k = 1, 2, . . . ,m and all i. Moreover, the proportion of wealth invested in

asset k is also given by (3.13).

The optimal solution of the logarithmic utility case has a similar structure with

the exponential utility case. Likewise, the risky composition of the portfolio is both

myopic and memoryless. However, equation (3.16) indicates that the amounts of

money invested in the risky assets depend on market state i, period n, and investor’s

wealth level x. The optimal policies for exponential and logarithmic cases are not

identical since (3.12) and (3.18) have different solutions.
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3.1.1.3 Power Utility Function

Let the utility of the investor be the power function

U(i, x) = K(i) + C(i)
(x− β)γ

γ
(3.19)

and Pratt-Arrow risk aversion ratio is r(x) = (1−γ)/(x−β) for all i so that b = 1/(1−γ)

and a = β/(γ − 1) in (3.6). We assume that the utility function is well-defined for all

possible values of x. For example, if (x− β) < 0 is possible, the values of γ < 1 are

excluded from the analysis. It is also important to note that γ and β are the same for

all market states i. Hence, the risk classification of the investor does not depend on

the stochastic market. We also let the risk-free asset be the same for all market states

so that rf (i) = rf for all i.

Çanakog̃lu and Özekici (2010) showed that the optimal solution of the dynamic

programming equation is

vn(i, x) = Kn(i) + Cn(i)
(x− βn)γ

γ
. (3.20)

The optimal portfolio is

u∗n(i, x) = α(i)(rfx− βn+1) (3.21)

where

βn =
β

rT−nf

, Kn(i) = QT−nK, Cn = Q̂T−n
α C (3.22)

and

Q̂α(i, j) = E [(rf (1 + α(i)′Re(i)))γ]Q(i, j)

for all n = 0, 1, . . . , T − 1; and α(i) satisfies

E
[
Re
k(i)(1 + α(i)′Re(i))γ−1

]
= 0 (3.23)
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for all assets k = 1, 2, . . . ,m and all i. Moreover, the proportion of wealth invested in

asset k is also given by (3.13).

Similar interpretations can be made for the optimal portfolio structure. As it is the

case for exponential and logarithmic utility, the risky composition of the power utility

portfolio depends only on the market state. But, the amounts of money invested in

the risky assets depend on market state i, period n, and investor’s wealth level x.

If γ = 1, the power utility function (3.19) is linear and the investor’s aim is to

maximize the expected terminal wealth. In this case, the optimal solution is trivial

since the investor will invest infinite amount of money in the asset (including risk-free

asset) with the highest expected return in any market state.

Another special case of power utility function is observed when γ = 2. In this

case, the utility function (3.19) has a quadratic form and there is a unique solution

satisfying the optimality condition (3.23) given by

E [Re(i)] + E [Re(i)α(i)′Re(i)] = 0

and the optimal solution is

α(i) = −V (i)−1re(i)

where the matrix of second moments is V (i) = E [Re(i)Re(i)′] = σ(i) + re(i)re(i)′ and

re(i) = E [Re(i)] is the expected value of the return vector at state i.

3.1.2 Computation of the Optimal Portfolio

The mean-variance criterion proposed by Markowitz (1952) considers the expected

returns and variance of returns for the computation of the optimal portfolio. However,

there is an unanimous conclusion that asset returns exhibit fat tails and asymmetry

that cannot be explained by their means and variances alone (Markowitz and Usmen

(1996), Peiro (1999), Harvey et al. (2010), Kolm et al. (2014)). The tails of the return

distributions affect the portfolio performance. Under moderate non-normality, mean-

variance framework yields a good approximation for expected utility maximization. In
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the case of large deviations from normality, mean-variance criterion is ineffective.

Using the methodology in Jondeau and Rockinger (2006), we incorporate higher

moments in our portfolio selection model by considering the Taylor series expansion of

the expected utility function. Jondeau and Rockinger (2006) consider the single-period

portfolio selection problem where the investor maximizes her expected utility U(W )

over her end-of-period wealth W . They assume that the initial wealth is equal to

one and the end-of-period wealth is given by W = 1 + rp with rp = α′R. They

approximate the expected utility by a Taylor series expansion around the expected

wealth E [W ] = W . The infinite order Taylor series expansion of the utility function is

U(W ) =
+∞∑
j=0

U (j)(W )
(W −W )j

j!
(3.24)

where U j(W ) is the jth derivative of the utility function atW . We take the expectations

and write

E [U(W )] = U(W ) + U (1)(W )E[W −W ] +
1

2
U (2)(W )E[(W −W )2]

+
1

3
U (3)(W )E[(W −W )3] +

1

4
U (4)(W )E[(W −W )4] +O(W 4)

where O(W 4) is the remainder for the first 4 moments.

The expected return, variance, skewness and kurtosis of the end-of-period return

are defined as

µp = E[rp] = α′r (3.25)

σ2
p = E

[
(rp − µp)2

]
= E

[
(W −W )2

]
(3.26)

µ3
p = E

[
(rp − µp)3

]
= E

[
(W −W )3

]
(3.27)
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κ4
p = E

[
(rp − µp)4

]
= E

[
(W −W )4

]
(3.28)

where r = E [R] .

Jondeau and Rockinger (2006) approximate the expected utility by the preference

function

E [U(W )] ≈ U(W ) +
1

2
U (2)(W )σ2

p +
1

3!
U (3)(W )s3

p +
1

4!
U (4)(W )κ4

p. (3.29)

In order to calculate the moments of the portfolio return, we need to define

the covariance, co-skewness and co-kurtosis matrices of asset returns. The m ×m

covariance matrix is

M2 = E[(R− r)(R− r)′] = σ (3.30)

consisting of elements

σij = E [(Ri − ri)(Rj − rj)] (3.31)

for i, j = 1, . . . ,m. The m×m2 co-skewness matrix is

M3 = E[(R− r)(R− r)′ ⊗ (R− r)′] = s (3.32)

where ⊗ stands for the Kronecker product and

sijk = E [(Ri − ri)(Rj − rj)(Rk − rk)] (3.33)

for i, j, k = 1, . . . ,m. Finally, the m×m3 co-kurtosis matrix can be expressed as

M4 = E[(R− r)(R− r)′ ⊗ (R− r)′ ⊗ (R− r)′] = κ (3.34)

with elements

κijkl = E [(Ri − ri)(Rj − rj)(Rk − rk)(Rl − rl)] (3.35)

for i, j, k, l = 1, . . . ,m.
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For instance, in the case of m = 3 assets, the resulting 3× 9 co-skewness matrix is

M3 =


s111 s112 s113

s121 s122 s123

s131 s132 s133

∣∣∣∣∣∣∣∣∣∣
s211 s212 s213

s221 s222 s223

s231 s232 s233

∣∣∣∣∣∣∣∣∣∣
s311 s312 s313

s321 s322 s323

s331 s332 s333

 = [S1·· S2·· S3··]

where “·” denotes all elements within the given index and thus Si·· is the short notation

for the m×m matrix {sijk}j,k=1,2,3 for all i = 1, 2, 3.

Similarly, the co-kurtosis matrix M4 of dimension m×m3 can be represented by

m2 Kij·· matrices with size m×m such that

M4 = [K11·· K12·· . . . K1m··| K21·· K22·· . . . K2m··| . . . |Km1··Km2·· . . . Kmm··].

where Kij·· denotes the m×m matrix {κijkl}k,l=1,2,3 for all i, j = 1, 2, 3.

Using these notations, Jondeau and Rockinger (2006) express the moments of the

portfolio return for a given portfolio as

σ2
p = E

[
m∑
i=1

αi(Ri − ri)(rp − µp)

]
= α′M2α,

s3
p = E

[
m∑
i=1

αi(Ri − ri)(rp − µp)2

]
= α′M3(α⊗ α),

κ4
p = E

[
m∑
i=1

αi(Ri − ri)(rp − µp)3

]
= α′M4(α⊗ α⊗ α).

3.1.2.1 Exponential Utility Function

For the exponential utility function U(x) = exp(−x), we can write (3.29) as

E[U(W )] ∼= exp(−W )

[
1 +

1

2
σ2
p −

1

6
s3
p +

1

24
κ4
p

]
.
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Loistl (1976) highlights the necessary conditions for the infinite Taylor series expansion

to converge to the expected utility. Type of the utility function affects the region of

convergence. The exponential utility function does not impose any constraints on the

wealth level. However, logarithmic and power utility functions converge for wealth

levels 0 < W < 2W .

Let’s consider the problem

max
α

E[U(W )] = max
α

E [exp (−(1 + α′Re))] . (3.36)

by taking W = 1 + α′Re. The first order condition for (3.36) is

E[Re
k exp(−α′Re)] = 0. (3.37)

Note that (3.37) is identical with the optimality condition of the exponential utility

case (3.12). Therefore, it is sufficient to take W = 1 + α′Re in the Taylor series

expansion in order to find the optimal portfolio for the exponential utility case.

For the exponential utility function U(x) = exp(−x), the Taylor series approxima-

tion becomes

E[U(1 + α′Re)] ∼= exp(−(1 + α′re))

[
1 +

1

2
σ2
p −

1

6
s3
p +

1

24
κ4
p

]
. (3.38)

If we take the gradient of (3.38) with respect to α, and set it equal to zero, we find

the first order conditions

−
(

1 +
1

2
σ2
p −

1

6
s3
p +

1

24
κ4
p

)
re +M2α−

1

2
M3(α⊗ α) +

1

6
M4(α⊗ α⊗ α) = 0. (3.39)
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3.1.2.2 Logarithmic Utility Function

When a similar analysis is done for logartihmic utility function U(x) = log(x), the

Taylor series approximation is

E[U(1 + α′Re)] ∼= log(1 + α′re)− 1

2(1 + α′re)2
σ2
p +

1

3(1 + α′re)3
s3
p −

1

4(1 + α′re)4
κ4
p.

(3.40)

The first order conditions for (3.40) are

[
1

(1+α′re)
+ 1

(1+α′re)3
σ2
p − 1

(1+α′re)4
s3
p + 1

(1+α′re)5
κ4
p

]
re − 1

(1+α′re)2
M2α + 1

(1+α′re)3
M3(α⊗ α)

− 1
(1+α′re)4

M4(α⊗ α⊗ α) = 0.

(3.41)

3.1.2.3 Power Utility Function

For the power utility function U(x) = xγ, we obtain the Taylor series approximation

E[U(1 + α′Re)] ∼= (1 + α′re)γ + 1
2
γ(γ − 1)(1 + α′re)γ−2σ2

p

+ 1
6
γ(γ − 1)(γ − 2)(1 + α′re)γ−3s3

p

+ 1
24
γ(γ − 1)(γ − 2)(γ − 3)(1 + α′re)γ−4κ4

p

which give the optimality condition

γ(1 + α′re)γ−1re + 1
2
γ(γ − 1)(γ − 2)(1 + α′re)γ−3σ2

pr
e + γ(γ − 1)(1 + α′re)γ−2M2α

+ 1
6
γ(γ − 1)(γ − 2)(γ − 3)(1 + α′re)γ−4s3

pr
e

+ 1
2
γ(γ − 1)(γ − 2)(1 + α′re)γ−3M3(α⊗ α)

+ 1
24
γ(γ − 1)(γ − 2)(γ − 3)(γ − 4)(1 + α′re)γ−5κ4

pr
e

+ 1
6
γ(γ − 1)(γ − 2)(γ − 3)(1 + α′re)γ−4M4(α⊗ α⊗ α) = 0.

(3.42)

In order to determine the optimal portfolio, we compute the sample covariance,

co-skewness and co-kurtosis matrices using the equations (3.31), (3.33) and (3.35) for
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a given historical dataset of monthly asset returns. Using the first order conditions

(3.39), (3.41) and (3.42), we compute the critical values for the optimal investment

ratio vector α for the single-period portfolio selection problem. We find the critical

values of α by using the “fsolve” function of matlab.

3.2 Portfolio Selection with Prospect Models

In Section 3.1, we considered models based on expected utility theory using HARA

utility functions. However, human behavior deviates from the implications of expected

utility theory. This deviation led to several alternative models of choice. Among

these models, the prospect model of Tversky and Kahneman (1992) is the outstanding

one. They propose cumulative prospect theory (CPT), which builds on experimental

findings on human judgment and decision-making behavior.

In this section, we consider the single-period portfolio optimization problem under

CPT. The market consists of one risk-free asset with known return rf and m risky

assets with random rate of returns R = (R1, R2, . . . , Rm). The investor allocates the

vector u = (u1, u2, . . . , um) from his initial wealth x0 to risky assets (1, 2, . . . ,m) and

invests the remaining amount x0 − u′1 in the risk-free asset. The investor’s terminal

wealth at the end of the period is given by

X = (x0 − u′1)(1 + rf ) + u′(1 +R)

or

X = x0(1 + rf ) + u′Re

where Re = R− rf is the vector of excess returns.

While evaluating the final wealth, the investor considers the risk-free reference

point xref = x0(1 + rf ) so that the deviation of wealth from this reference point is

X − xref = u′Re.
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Let rk = E[Rk] denote the mean rate of return of the kth asset and σkj =

Cov(Rk, Rj) denote the covariance between kth and jth asset returns. The excess

return of kth asset is Re
k = Rk − rf and rek = E [Re

k] = rk − rf .

In CPT, gains and losses are evaluated in a different way using different value

functions such as linear, power, exponential or others. Tversky and Kahneman (1992)

suggest the use of the piecewise power value function kinked at zero. Up to zero, the

value function is convex increasing. This part of the function is the loss part in which

the investor exhibits risk-seeking behavior. The part after zero is called the gain part

and in this part the investor exhibits risk-averse behavior. De Giorgi and Hens (2006)

propose the use of piecewise exponential value function.

We start our analysis by using the piecewise linear value function as our value

function under the assumption that asset returns have multivariate normal distribution.

After analyzing this model, we take the piecewise exponential value function into

consideration. Similarly, we assume that asset returns have multivariate normal

distribution.

3.2.1 Piecewise Linear Value Function

Portfolio optimization problem with piecewise linear value function and risk-free

reference point is

max
u

V (u) = E[v(u′Re)]

where v(x) has the form

v(x) =

 v+(x) = λ+x x ≥ 0

v−(x) = λ−x x < 0
(3.43)

with λ+,λ− > 0. Tversky and Kahneman (1992) suggest that λ− > λ+ and build their

research on this assumption. Likewise, we assume that λ− > λ+ in our analysis. The

shape of the piecewise linear function is illustrated in Figure 3.1.
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Figure 3.1: Piecewise linear value function (λ− = 14.7, λ+ = 6.52)

Multivariate Normal Return Model

We suppose that the excess return Re has multivariate normal distribution. For

the sake of simplicity in our expressions, we will introduce some definitions regarding

the standard normal distribution.

The standard normal density function is

ϕ(x) =
1√
2π
e−

x2

2

and the standard normal cumulative function is represented by

Φ(y) =

y∫
−∞

1√
2π
e−

x2

2 dx.

It is clear that ϕ is a symmetric function around zero, hence ϕ(x) = ϕ(−x). In

addition, Φ is the cumulative function of ϕ and

Φ(+∞) = lim
y→+∞

Φ(y) =

+∞∫
−∞

1√
2π
e−

x2

2 dx = 1.
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Since ϕ is symmetric, Φ(−y) = 1− Φ(y). We also define so that

Ψ(y) =

+∞∫
y

x√
2π
e−

x2

2 dx

or

Ψ(y) =
1√
2π

+∞∫
y2

2

e−tdt

or

Ψ(y) =

(
− 1√

2π
e−

x2

2

) ∣∣+∞
y

or

Ψ(y) =
1√
2π
e−

y2

2

or

Ψ(y) = ϕ(y).

Suppose that the excess return vector Re has multivariate normal distribution with

mean vector µ− rf and covariance matrix σ. Then, the objective function is

V (u) = E[v−(u′Re)1{u′Re<0}] + E[v+(u′Re)1{u′Re≥0}]

= λ−E[(u′Re)1{u′Re<0}] + λ+E[(u′Re)1{u′Re≥0}].

When the market consists of only one risky asset, we can analyze the value function

for u ≥ 0 and u < 0 separately and find a solution to the problem as it is done in

Taşkıncan (2014). Since u is a vector in our case, we find the value function by using

the information that u′Re is a normal random variable with mean µu and variance σ2
u.

It follows that

µu = E[u′Re] = u′re

and

σ2
u = u′σu.
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Let V−(u) denote the loss part and V+(u) denote the gain part of the objective

function. The loss part of the objective function is

V−(u) = λ−E[u′Re1{u′Re<0}].

Taking u′Re = µu + σuZ where Z ∼ N(0, 1), we obtain

V−(u) = λ−
−µu/σu∫
−∞

µu+σuz√
2π

e−
1
2
z2dz

= λ−µu
−µu/σu∫
−∞

1√
2π
e−

1
2
z2dz + λ−σu

−µu/σu∫
−∞

z√
2π
e−

1
2
z2dz

= λ−µu
−µu/σu∫
−∞

1√
2π
e−

1
2
z2dz + λ−σu

(
+∞∫
−∞

z√
2π
e−

1
2
z2dz −

+∞∫
−µu/σu

z√
2π
e−

1
2
z2dz

)
= λ−µuΦ(−µu

σu
)− λ−σuΨ(−µu

σu
)

= λ−µuΦ(−µu
σu

)− λ−σuϕ(µu
σu

).

For the gain part, we write

V+(u) = λ+E[u′Re1{u′Re≥0}].

Taking u′Re = µu + σuZ , we obtain

V+(u) = λ+
+∞∫

−µu/σu

µu+σuz√
2π

e−
1
2
z2dz

= λ+µu
+∞∫

−µu/σu

1√
2π
e−

1
2
z2dz + λ+σu

+∞∫
−µu/σu

z√
2π
e−

1
2
z2dz

= λ+µu

(
+∞∫
−∞

1√
2π
e−

1
2
z2dz −

−µu
σu∫

−∞

1√
2π
e−

1
2
z2dz

)
+ λ+σu

+∞∫
−µu/σu

z√
2π
e−

1
2
z2dz

= λ+µu

(
1− Φ(−µu

σu
)
)

+ λ+σuΨ(−µu
σu

)

= λ+µuΦ(µu
σu

) + λ+σuϕ(µu
σu

).
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Finally, the objective function is

V (u) = V−(u) + V+(u) = λ−µuΦ(−µu
σu

)− λ−σuϕ(µu
σu

)

+ λ+µuΦ(µu
σu

) + λ+σuϕ(µu
σu

).
(3.44)

This can be analyzed further for the problem max
u

V (u), but it is not in the scope

of this thesis. For the single risky-asset version of this problem, Taşkıncan (2014)

derives the optimal portfolio u∗ that maximizes (3.44). Suppose that the excess return

of the risky asset Re has the normal distribution with parameters µ and σ. For

λ = λ−/λ+ > 1, the optimal portfolio is:

1. If µ ≥ 0, then

u∗ =


0 µ < σx̄1

0 ≤ u∗ ≤ +∞ µ = σx̄1

+∞ µ > σx̄1

(3.45)

where x̄1 satisfies Φ(x̄1) + ϕ (x̄1) /x̄1 = 1/(1− λ).

2. If µ < 0, then

u∗ =


0 µ > σx̄2

−∞ ≤ u∗ ≤ 0 µ = σx̄2

−∞ µ < σx̄2

(3.46)

where x̄2 satisfies Φ(−x̄2)− ϕ (x̄2) /x̄2 = 1/(1− λ).

3.2.2 Piecewise Exponential Value Function

Portfolio optimization problem with piecewise exponential value function and risk-free

reference point is

max
u

V (u) = E[v(u′Re)]
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where v(x) has the form

v(x) =

 v+(x) = λ+(1− exp(−x/β)) x ≥ 0

v−(x) = −λ−(1− exp(x/β)) x < 0
(3.47)

with λ+,λ−,β > 0. Similar to the case of HARA utility functions, we define β as the

risk tolerance and 1/β is the absolute risk aversion. The shape of piecewise exponential

value function is illustrated in Figure 3.2.

Figure 3.2: Piecewise exponential value function (β = 1, λ− = 14.7, λ+ = 6.52)

Multivariate Normal Return Model

Suppose that the excess return Re has multivariate normal distribution with mean

vector µ− rf and covariance matrix σ. Then, the objective function is

V (u) = E[v−(u′Re)1{u′Re<0}] + E[v+(u′Re)1{u′Re≥0}]

= −λ−E[(1− eu′Re/β)1{u′Re<0}] + λ+E[(1− e−u′Re/β)1{u′Re≥0}].

Similar to the linear value function case, we use the information that Re′u is a normal

random variable with mean µu = E[u′Re] = u′re and variance σ2
u = u′σu.

Let V−(u) denote the loss part and V+(u) denote the gain part of the value function.
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If we analyze the loss part, we can write

V−(u) = −λ−E[(1− eu′Re/β)1{u′Re<0}]

= −λ−E[1{u′Re<0}] + λ−E[eu
′Re/β 1{u′Re<0}].

We take u′Re = µu + σuZ and obtain

V−(u) = −λ−E[1{µu+σuZ<0}] + λ−E[e(µu+σuZ)/β1{µu+σuZ<0}]

= −λ−E[1{Z<−µu
σu
}] + λ−eµu/βE[eσuZ/β1{Z<−µu

σu
}]

= −λ−
−µu/σu∫
−∞

1√
2π
e−

1
2
z2dz + λ−eµu/β

−µu/σu∫
−∞

1√
2π
eσuz/β e−

1
2
z2dz

= −λ−Φ(−µu
σu

) + λ−e(µu/β)+ 1
2
σ2
u/β

2
−µu/σu∫
−∞

1√
2π
e−

1
2

(z−(σu/β))2dz

= −λ−Φ(−µu
σu

) + λ−e(µu/β)+ 1
2
σ2
u/β

2
−((σ2

u/β)+µu)/σu∫
−∞

1√
2π
e−

1
2
x2dx

= −λ−Φ(−µu
σu

) + λ−e(µu/β)+ 1
2
σ2
u/β

2
Φ(− (σ2

u/β)+µu
σu

).

If we analyze the gain part, we obtain

V+(u) = λ+E[(1− e−u′Re/β)1{u′Re≥0}]

= λ+E[1{u′Re≥0}]− λ+E[e−u
′Re/β1{u′Re≥0}].

Likewise, using u′Re = µu + σuZ we get

V+(u) = λ+E[1{µu+σuZ≥0}]− λ+E[e−(µu+σuZ)/β1{µu+σuZ≥0}]

= λ+E[1{Z≥−µu
σu
}]− λ+e−µu/βE[e−σuZ/β1{Z≥−µu

σu
}]

= λ+
+∞∫

−µu/σu

1√
2π
e−

1
2
z2dz − λ+e−µu/β

+∞∫
−µu/σu

1√
2π
e−σuz/βe−

1
2
z2dz

= λ+(1− Φ(−µu
σu

))− λ+e−(µu/β)+ 1
2
σ2
u/β

2
+∞∫

−µu/σu

1√
2π
e−

1
2

(z+(σu/β))2dz

= λ+(1− Φ(−µu
σu

))− λ+e−(µu/β)+ 1
2
σ2
u/β

2
+∞∫

(σ2
u/β−µu)/σu

1√
2π
e−

1
2
x2dx

= λ+(1− Φ(−µu
σu

))− λ+e−(µu/β)+ 1
2
σ2
u/β

2
(1− Φ( (σ2

u/β)−µu
σu

))

= λ+Φ(µu
σu

)− λ+e−(µu/β)+ 1
2
σ2
u/β

2
Φ(µu−(σ2

u/β)
σu

).
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Finally, the objective function is

V (u) = V−(u) + V+(u) = −λ−Φ(−µu
σu

) + λ−e(µu/β)+ 1
2
σ2
u/β

2
Φ(− (σ2

u/β)+µu
σu

)

+ λ+Φ(µu
σu

)− λ+e(−µu/β)+ 1
2
σ2
u/β

2
Φ(µu−(σ2

u/β)
σu

).

(3.48)

Similar to the piecewise linear value function case, the optimal solution can be

found for the problem max
u

V (u). For the single risky asset problem, Taşkıncan (2014)

finds the optimal solution as:

1. If µ ≥ 0, then

u∗ =


0

f(µσ )
f(−µσ )

≥ λ

ū
f(µσ )
f(−µσ )

< λ
(3.49)

where ū is the unique positive value that satisfies

f
(
µ+σ2ū
σ

)
e2µū

f
(
−µ+σ2ū

σ

) = λ (3.50)

and f(x) = xΦ(−x)− ϕ (x) .

2. If µ < 0, then

u∗ =


0

g(µσ )
g(−µσ )

≥ λ

ū
g(µσ )
g(−µσ )

< λ
(3.51)

where ū is the unique positive value that satisfies

g
(
µ+σ2ū
σ

)
e2µū

g
(
−µ+σ2ū

σ

) = λ (3.52)

and g(x) = xΦ(x) + ϕ (x) .

In order to compute the optimal portfolios, we maximize the value functions

(3.44) and (3.48) in matlab by using the “fmincon” function. We report our

results for prospect portfolios in Chapter 6.
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Chapter 4

METHODOLOGY

We aim to evaluate the out-of-sample performance of the aforementioned portfolio

selection models across several datasets and to find the best model that represents the

market portfolio for each dataset. We consider the models with HARA class of utility

functions such as exponential, logarithmic and power (γ = 0.5, 0.7, 0.9, 1.1, 1.3, 1.5, 2

(quadratic), 4) and prospect models with piecewise linear and piecewise exponential

value function. In addition, we report the performance of the naively diversified

portfolio. We define naive diversification as allocating 1/m fraction of the investor’s

wealth to each of the m risky assets.

In line with DeMiguel et al. (2009) and Daskalaki and Skiadopoulos (2011), we

follow the “rolling-sample” approach in order to evaluate the out-of-sample performance

of the portfolios. To assess the magnitude of the potential gains that can actually be

realized by an investor, it is necessary to analyze the out-of-sample performance of

the strategies from the optimizing models. Given a dataset consisting of T monthly

asset returns, we choose an estimation window of K < T months. In each month

t > K, we use previous K observations to calculate the parameters (3.31), (3.33) and

(3.35) for optimal portfolio computation. Using these parameters, we compute the

optimal portfolio weights of the risky assets. These weights are used to compute the

out-of-sample return for period [t, t+ 1]. We repeat this process by adding the asset

returns of next period and removing the earliest returns, until we reach the end of the

dataset. This rolling-sample approach yields T −K monthly out-of-sample portfolio

returns for each dataset and for each portfolio selection model that we consider in our

study.

Suppose that the we have a dataset of monthly asset returns for the time period
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January 2003-May 2015 (T = 149) and we use an estimation window of K = 120

months. In order to compute the optimal portfolio for January 2013, we calculate

our parameters using the data during K = 120 months between January 2003 and

December 2012. Since the asset returns in January 2013 are realized, the out-of-sample

performance of the formed portfolio is evaluated. Then, for the computation of the

portfolio to hold in February 2013, we calculate our parameters using the data of

February 2003-January 2013 for K = 120 months. Similarly, we calculate the out-

of-sample performance of the portfolio by using the asset returns of February 2013.

We follow these steps until we reach the end of the dataset, May 2015. As a result,

we obtain T − K = 29 monthly out-of-sample returns. In Figure 4.1 and 4.2, we

illustrate the calculation of the portfolios for months January 2013 and February 2013

respectively.

Figure 4.1: Calculation of the portfolio for January 2013

Figure 4.2: Calculation of the portfolio for February 2013
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The models with HARA utility functions are multi-period portfolio selection models

and they depend on an external process that represents the stochastic market. In

parallel with our portfolio performance evaluation method, we suppose that the investor

selects static one-period optimal portfolio and rebalance the portfolio at the start of

each month. In other words, we consider the HARA utility models as single-period

models. This consideration does not contradict with the explicit characterization of

the optimal policy. As it is specified by (3.13), the risky composition of the portfolio

only depends on the market state.

Following DeMiguel et al. (2009) and Daskalaki and Skiadopoulos (2011), we use

three measures in order to evaluate the performance of the considered portfolio models:

Sharpe ratio (SR), certainty-equivalent (CEQ) return and portfolio turnover (PT).

4.1 Performance Measures

4.1.1 Sharpe Ratio

The Sharpe ratio, introduced by Sharpe (1965), is the ratio of the excess expected

return of an investment to the standard deviation of excess returns. The measure is

motivated by mean-variance analysis and Sharpe-Lintner Capital Asset Pricing Model.

We measure the out-of-sample Sharpe ratio of portfolio selection model c, defined as

the sample mean of out-of-sample excess returns µ̂c, divided by their sample standard

deviation σ̂c given by

ŜRc =
µ̂c
σ̂c
. (4.1)

To determine the effect of estimation error, we report the in-sample Sharpe ratio

for the mean-variance strategy. That is the case with no estimation error and it gives

the highest Sharpe ratio of all the strategies considered. We use the entire time series

of asset returns by taking the estimation window M = T . The in-sample Sharpe ratio
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is defined as

ŜRIS =
µ̂
′
ISŵ√

ŵ′ΣISŵ
(4.2)

in which µ̂IS and ΣIS are the in-sample mean and variance estimates and ŵ is the

vector of portfolio weights computed using these estimates.

We compare the Sharpe ratio of each portfolio selection model to the Sharpe ratio

of a benchmark portfolio. For each dataset, we select the corresponding market index

as the benchmark. In order to test whether the Sharpe ratios of two portfolio selection

models are statistically different, we employ the most commonly used method was

introduced by Jobson and Korkie (1981) and corrected by Memmel (2003), which

we refer as JKM-test. DeMiguel et al. (2009) examines the computation of the test

statistic in detail. For two portfolios g and h, with mean estimates µ̂g and µ̂h, variance

estimates σ̂g and σ̂h, and estimated covariance σ̂gh over a sample size of T −K, the

hypothesis

H0 :
µ̂g
σ̂g

=
µ̂h
σ̂h

is tested against the two-sided alternative. The test statistic is defined as

ẑJKM =
σ̂hµ̂g − σ̂gµ̂h√

ϑ̂
(4.3)

where

ϑ̂ =
1

T −K

(
2σ̂2

g σ̂
2
h − 2σ̂gσ̂hσ̂gh +

1

2
µ̂2
gσ̂

2
h +

1

2
µ̂2
hσ̂

2
g −

µ̂gµ̂h
σ̂gσ̂h

σ̂2
gh

)
and ẑJKM is asymptotically distributed as standard normal. However, this test may

not work if asset returns are far from normally distributed or autocorrelated. A more

generally valid test method for the comparison of the Sharpe ratios was introduced by

Ledoit and Wolf (2008). This procedure is robust to nonnormal and serially correlated

portfolio returns. Ledoit and Wolf (2008) propose to construct a studentized time
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series bootstrap confidence interval for the difference of the Sharpe ratios and conclude

that the two ratios are different if the obtained interval does not contain zero. Since

the proposed method is complex to implement, the authors made the programming

code available at http://www.econ.uzh.ch/faculty/wolf/publications.

html.

To assess the statistical difference of two portfolios in terms of Sharpe ratio, we

calculate the p-value of the JKM-test. If the p-value of the test is greater than the

significance level, we do not reject the null hypothesis and conclude that two portfolios

are identical in terms of their Sharpe ratios.

4.1.2 Certainty Equivalent Return

Certainty-equivalent return for a risky portfolio is the risk-free return such that the

investor is indifferent between that risk-free return and the stochastic return of the

risky portfolio. The CEQ return of portfolio selection model c is calculated as

ĈEQc = µ̂c −
γ

2
σ̂2
c (4.4)

where γ is the risk aversion parameter. This definition of CEQ in (4.4) is the

expected utility of a mean-variance investor. As DeMiguel et al. (2009) proposes, it is

approximately the CEQ of an investor with quadratic utility. Despite this fact, we

stick with the emprical literature and use (4.4) as the certainty equivalent for portfolio

selection model c. To assess the statistical difference of two portfolios, we calculate

the p-value of the test.

We follow DeMiguel et al. (2009) in our test statistic computation. Let υ =

(µh, µg, σh, σg) denote the vector of moments and υ̂ be the empirical counterpart from

a sample of size T −K. Let

f(υ) =
(
µ̂g −

γ

2
σ̂2
g

)
−
(
µ̂h −

γ

2
σ̂2
h

)
be the difference in the certainty equivalent of two strategies g and h. The asymptotic

http://www.econ.uzh.ch/faculty/wolf/publications.html
http://www.econ.uzh.ch/faculty/wolf/publications.html
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distribution of f(υ) is

√
T −K(f(υ̂)− f(υ)) −→ N(0,

∂f

∂υ

′

Θ
∂f

∂υ
) (4.5)

where Θ stands for

Θ =



σ2
g σg,h 0 0

σg,h σ2
h 0 0

0 0 2σ4
g 2σ2

g,h

0 0 2σ2
g,h 2σ4

h


.

4.1.3 Turnover

Turnover quantifies the amount of trading required to implement each portfolio

selection strategy. The portfolio turnover PTc for a strategy c is the average absolute

change in the portfolio weights over T − K periods and across m assets, which is

defined as

PTc =
1

T −K

T−K∑
t=1

m∑
j=1

(|wc,j,t+1 − wc,j,t+|) (4.6)

where wc,j,t and wc,j,t+1 are the optimal weights of asset j under strategy c at time t

and t+ 1 respectively. Note that wc,j,t+1 is the weight before rebalancing at time t+ 1.

Hence, |wc,j,t+1 − wc,j,t+| is the amount of trade needed for asset j at the rebalancing

point t+ 1.

4.2 Robustness Checks

In our benchmark case, we assume that:

i) The investor does not classify the historical performance of the securities with

respect to market states or regimes. In other words, the investor does not

consider the market as regime switching.
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ii) The estimation window is rolling.

iii) The length of estimation window is K = 120 months.

iv) The investor holds the portfolio for one month.

In order to compare the performance of the considered portfolio models with the

market portfolio, the benchmark case would not be sufficient to reach a conclusion for

a given dataset. To check the robustness of our result, we change the aforementioned

assumptions one by one and report Sharpe ratio, CEQ return and turnover for each

case.

In Table 4.1, we report the choices for the benchmark case and the alternative

case. Then, we explain each choice in detail.

Table 4.1: Benchmark case and alternative choices for robustness-check experiments

Choice Benchmark Tag Alternative Tag
Stochastic market approach Not regime-switching NotRS Regime-switching RS
Estimation window type Rolling Rolling Expanding Expanding
Estimation window length 120 months M120 60 months M60
Investment horizon period 1 month hp1 12 months hp12

4.2.1 Regime-switching Market

For the regime-switching application, we classify the states of the market by considering

the overall economic activity in US. Our discrete state space E consists of two states:

expansion and recession. We consider the following steps to compute the optimal

portfolio that the investor will hold for period [t, t+ 1].

1. For a given dataset, we classify the state of the market for each month in our

time-horizon T . In order to do this, we use Business Cycle Expansions and

Contractions data of National Bureau of Economic Research (NBER) and we

classify each month into two market states: expansion and recession. We explain

our classification procedure further in Chapter 5.
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2. Suppose that the market state is expansion (recession) at month t− 1. For the

calculation of parameters (3.31), (3.33) and (3.35), we consider the historical

asset returns at months that are just after the expansion (recession) months.

4.2.2 Estimation Window Type

In our benchmark case, we use rolling-sample approach, in which the earliest obser-

vation is dropped out when a new observation is added. In the expanding window

approach, we do not remove any observations when we add a new observation

4.2.3 Estimation Window Length

In the benchmark case, the length of the estimation window is K = 120 months. In

our experiment, we consider the case when the estimation window is K = 60 months.

4.2.4 Investment Horizon Period

We hold the optimal portfolio for one month in our benchmark case, since we work

with monthly asset returns data. Following DeMiguel et al. (2009), we consider a

holding period of one year and report the results.
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Chapter 5

DATA

In our study, we consider the emprical datasets in Table 5. We provide the

descriptive statistics for each dataset in Appendix A.

Table 5.1: List of datasets considered

# Dataset and source m Time Period Abbrevation

1
HFRI Indices
Source: Hedge Fund Research Website

4 01/1990-02/2014 HFRI

2
Credit Suisse Hedge Fund Indices
Source: CS Hedge Fund Indices Website

9 05/1994-11/2014 CSHF

3
Five industry portfolios
Source: Kenneth French Website

5 01/1990-02/2014 I5

4
Ten industry portfolios
Source: Kenneth French Website

10 01/1990-02/2014 I10

Alternative investments in general, and hedge funds in particular, have become

more and more important for the institutional investors, banks and the traditional

fund houses in recent years. Bali et al. (2013) reports that the hedge fund industry

had $39 billion of assets in 1990, whereas the assets under management had reached

$2.375 trillion in 2013. In such an immensely growing market, monitoring the historical

performance of hedge funds is significant for the investors’ optimal portfolio selection.

However, unlike mutual funds, it is not mandatory for individual hedge funds to

report their performance data to the public. In addition, a representative hedge fund

does not exist since each hedge fund manager has different trading strategies. These

drawbacks create a need for hedge fund index providers who collect performance

data from different hedge funds, construct hedge fund performance indices and make

them available for public. Each data provider has its own classification system, which
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assigns an individual hedge fund to a sub-strategy. The databases do not represent the

entire hedge fund universe, because some hedge funds may prefer not to disclose their

performance to a database. Moreover, each different data provider may cover different

segments of the market, which causes selection bias. There are also other types of

biases that hedge fund indices suffer, such as survivorship bias and backfill bias (see

Bali et al. (2013)). Considering the different index construction methodologies of

hedge fund providers and various data biases, we decided to test our portfolio selection

models across two hedge funds datasets, each obtained from different data providers.

We employ hedge fund indices of two leading data providers, Hedge Fund Research

(HFR) and Credit Suisse (CS), in our numerical analysis.

5.1 HFRI Hedge Fund Indices

HFR reports performance data for noninvestable indices which are called HFRI and

for investable indices which are named as HFRX. HFRI indices, which we employ

in our numerical work, reflect the performance of hedge funds that are not open to

new investors. HFRI indices are equally-weighted performance indices. HFR justify

this reporting style by claiming that equal weighting reduces any bias toward larger

funds. HFR divides the hedge fund into four main strategy categories and report

hedge fund indices for each category. These main strategy categories are event driven,

equity hedge, relative value and global macro. Event-driven funds attempts to take

the advantage of extraordinary corporate events such as mergers and restructurings.

Equity hedge funds take long positions in undervalued equities and short positions

overvalued equities. Relative value funds purchase a security that is expected to

appreciate, while simultaneously selling short a related security that is expected to

depreciate. Global macro funds place directional bets based on their analysis of

macroeconomic events. In practice, an investor cannot invest money in a hedge fund

index since the index is only a numerical representation of the underlying strategy. In

our study, we consider these four hedge fund indices as risky assets and suppose that

an investor can invest in each of the indices. As our market portfolio, we employ the
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HFRI Fund Weighted Composite Index which includes all HFRI Index constituents

and accounts for over 2200 funds. The data we consider span from January 1990 to

February 2014. Detailed information about HFRI Hedge Fund Indices can be found

on HFRI website https://www.hedgefundresearch.com.

5.2 Credit Suisse Hedge Fund Indices

In contrast with HFR hedge fund indices, CS hedge fund indices are asset-weighted.

In other words, the index performance is measured by weighting each hedge fund’s

return with the total assets that the fund has under management. The noninvestable

hedge fund indices provided by CS include a composite index named the Credit Suisse

Hedge Fund Index and 10 primary strategy categories. We employ this composite

index as our market portfolio. The strategy indices are event driven, long/short equity

hedge, equity market neutral, dedicated short bias, convertible arbitrage, fixed income

arbitrage, global macro, emerging markets, managed futures, and multi-strategy.

CS Hedge Fund Index reflects the performance of more than 400 funds and it

rebalances quarterly. The historical weights of the index show that dedicated short

bias strategies’ weight is approximately zero over the period 1994-2014. Hence, we

exclude dedicated short bias index from our analysis and we consider the remaining

nine hedge fund indices as our risky assets (plus the market portfolio, CS Hedge

Fund Index). The monthly returns we use in our analysis range from May 1994 to

November 2014. Further information on CS hedge fund indices can be accessed from

https://www.hedgeindex.com/.

5.3 Industry Portfolios

The industry dataset contains the excess returns on 10 industry portfolios in the

United States, which are created by Kenneth French. The 10 industries considered

are Consumer-Discretionary, Consumer-Staples, Manufacturing, Energy, High-Tech,

Telecommunication, Wholesale and Retail, Health, Utilities and Others. The data

consist of monthly excess returns from January 1990 to February 2014. As the

https://www.hedgefundresearch.com
https://www.hedgeindex.com/
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market portfolio, we consider the US equity market portfolio, MKT, which is the

value-weighted return on all NYSE, AMEX and NASDAQ stocks.

In addition to 10 industry portfolio, we also consider 5 industry portfolios in

the United States. The 5 industries considered are Consumer, High-Tech, Health,

Manufacturing and Others. The main reason for considering 5 industry portfolios is to

check the robustness of our portfolio selection models. Industry portfolios dataset can

be reached from http://mba.tuck.dartmouth.edu/pages/faculty/ken.

french/data_library.html

5.4 Other Data

In all datasets, we employ the one-month US treasury-bill rate as the risk-free rate.

In order to classify the states of the market for our regime-switching application, we

consider the US Business Cycle Expansions and Contractions data of NBER. The

organization determines the recession dates by analyzing the historical and on-going

business activity. Using the information we obtain from NBER, we classify the

market in two states: expansion and contraction. The data can be accessed from

https://www.nber.org/cycles.html.

http://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data_library.html
http://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data_library.html
https://www.nber.org/cycles.html
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Chapter 6

RESULTS FROM THE EMPIRICAL DATASETS

6.1 HARA Utility Models

In this chapter, we compare the performance of the portfolio selection models considered

in Chapter 3 to the benchmark market portfolios for each dataset in Table 5. For each

dataset, we report the in-sample and out-of-sample Sharpe ratios, the CEQ returns,

and the turnover values considering our robustness-check experiments. In all tables,

the portfolio selection strategies are listed in rows, while the columns correspond to

the experiments.

In order to determine which portfolio selection strategy leads to the market portfolio

in terms of Sharpe ratio, we calculate the p-value for the difference between the Sharpe

ratio of each strategy and that of the market portfolio. For the calculation of p-values,

we use the test statistic (4.3) of Jobson and Korkie (1981). The null hypothesis of the

test claims that the portfolio selection model and the market portfolio are identical in

terms of Sharpe ratio. Hence, we favor portfolio strategies with higher p-values. If

a strategy has high p-values across all experiments, that portfolio selection model is

good at representing the market portfolio. We follow a similar procedure to find the

identical portfolio selection model with the market portfolio in terms of CEQ return.

To calculate the p-value, we use the test statistic (4.5).

We report the p-values obtained from tests (4.3) and (4.5) in parentheses in each

Sharpe ratios table and CEQ returns table respectively. If the p-value is higher than

the significance level = 0.05, we write the value in bold.

We evaluate each dataset separately in order to find the best model that represents

the market portfolio.
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6.1.1 HFRI

6.1.1.1 Sharpe Ratios

The first row of Table 6.1 contains the Sharpe ratio of the market portfolio for each

experiment. As it is stated in Chapter 5, we employ HFRI Fund Weighted Index as

our market portfolio and calculate the Sharpe ratio using the monthly return data.

The second row corresponds to the Sharpe ratio of 1/m naive-diversification strategy.

This strategy is independent of data and requires no estimation or optimization.

The third row of the table reports the Sharpe ratio of in-sample mean-variance

strategy. This strategy gives the optimal portfolio with no estimation error and the

highest Sharpe ratio of all strategies considered. To calculate the in-sample Sharpe

ratio for the mean-variance strategy, we use the entire time series of asset returns by

taking the estimation window M = T = 290 for HFRI dataset. DeMiguel et al. (2009)

highlight that the difference between in-sample Sharpe ratio for the mean-variance

strategy and out-of-sample Sharpe ratio for the mean-variance strategy is a sign of

estimation error. In the remaining rows, we report the out-of-sample Sharpe ratios for

mean-variance model and exponential, logarithmic and power utility models. For our

benchmark case (NotRS Rolling M120 hp1), we take the length of estimation window

as M = 120. As a result, we obtain T −M = 170 months of out-of-sample returns.

For the HFRI dataset, we observe that there is a substantial difference between

in-sample Sharpe ratio for the mean-variance strategy and that of out-of-sample mean-

variance strategy. For our benchmark case, in-sample Sharpe ratio of mean-variance

strategy is 0.4866, while out-of-sample Sharpe ratio for the mean-variance strategy is

0.2923. Moreover, the out-of-sample Sharpe ratio for the sample-based mean-variance

strategy is less than that for the 1/m strategy. The estimation error is very large and

it erodes the gains from optimal diversification.

For the benchmark case, out-of-sample Sharpe ratio for 1/m naive-diversification

strategy is 0.2468 which is close to the market portfolio’s Sharpe ratio of 0.1820.

However, when we test the equality of Sharpe ratios of naive-diversification strategy

and market portfolio, the p-value we obtain is approximately zero. Note that the
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p-values are given in parenthesis for each case. Moreover, they are expressed in

boldface if the p-value is greater than 0.05 significance level. The reason for this

result is that the test statistic (4.3) is high since the covariance between out-of-sample

returns of 1/m diversification and market portfolio is high. Hence, we reject the null

hypothesis for this test.

For our benchmark case, the identical strategies to the market portfolio in terms

of out-of-sample Sharpe ratio are power utility models with parameters γ = 0.5, 0.7,

0.9 with p-values 0.30, 0.31, 0.31 respectively. With the p-value of 0.29, out-of-sample

Sharpe ratio of logarithmic utility portfolio is also identical with the market portfolio.

Out-of-sample Sharpe ratio of the market portfolio is 0.1820, whereas out-of-sample

Sharpe ratios of power utility models with parameters γ = 0.5, 0.7, 0.9 are 0.2549, 0.2549

and 0.2449 respectively. In addition, out-of-sample Sharpe ratio of the logarithmic

utility portfolio is 0.2569.

If we consider all seven experiments, we see similar results with our benchmark

case. Power utility models with parameters γ = 0.5, 0.7, 0.9 and the logarithmic utility

model are good at estimating the market portfolio in terms of Sharpe ratio. For all of

these models, we do not reject the null hypothesis of test (4.3) for six out of seven

experiments.

6.1.1.2 Certainty Equivalent Return

In Table 6.2, we report CEQ returns for HFRI dataset. The table shows that the

in-sample mean-variance strategy has the highest CEQ return. All portfolio selection

models (including 1/m naive-diversification rule) are identical with the market portfolio

in terms of CEQ return across all experiments. For the benchmark experiment, the

models with closest CEQ values to the market portfolio are mean-variance, power

γ = 1.3, and power γ = 1.5.
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6.1.1.3 Turnover

Table 6.3 reports absolute TO values for HFRI dataset. TO value for the benchmark

market portfolio is zero. In table 6.3, we see that TO values for 1/m naive diversification

model are the lowest among all portfolio selection models in all experiments. We also

observe that NotRS Rolling M60 hp1 experiment gives the highest TO values. Since

fewer months of historical data are used to estimate the model’s parameters in this

experiment and rolling-sample approach is used, the portfolio weights fluctuate a lot.

For the benchmark experiment, the lowest TO values are given by mean-variance,

power γ = 1.5 and γ = 4 strategies.
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6.1.2 CSHF

6.1.2.1 Sharpe Ratios

We report the Sharpe ratios for CSHF dataset in Table 6.4. For the CSHF dataset,

there is a significant difference between in-sample Sharpe ratio for the mean-variance

strategy and that of out-of-sample Sharpe ratio of mean-variance strategy, which is a

similar result to the HFRI dataset. For the benchmark case, in-sample Sharpe ratio of

mean-variance strategy is 0.4907, whereas out-of-sample Sharpe ratio of mean-variance

strategy is less than half, only 0.2710. Similar to our result for HFRI dataset, we

conclude that the effect of estimation error is large on out-of-sample performance.

Contrary to our results for HFRI dataset, out-of-sample Sharpe ratios for 1/m

naive-diversification strategy are the same with Sharpe ratios of the market portfolio

across all experiments.

For the benchmark case, all portfolio selection models are identical with the market

portfolio in terms of Sharpe ratio. Moreover, out-of-sample Sharpe ratios of some

strategies such as mean-variance strategy and power γ = 1.1 (out-of-sample Sharpe

ratios are 0.2710 and 0.2425, respectively) are very close to the Sharpe ratio of the

market portfolio of 0.2577. If we consider all experiments, the models that are identical

with the market portfolio in terms of Sharpe ratio are: (i) 1/m naive-diversification

strategy, (ii) power γ = 1.1, and (iii) power γ = 4.

6.1.2.2 Certainty Equivalent Return

The comparison of CEQ returns for CSHF dataset are reported in Table 6.5. The

highest CEQ returns belong to in-sample mean-variance strategy. Portfolio selection

models with exponential, logarithmic and power with γ = 0.5, 0.7, 1.5,and 4 utility

functions are identical with the market portfolio in terms of CEQ returns across all

experiments. For the benchmark experiment, the models with closest CEQ values to

the market portfolio are power γ = 0.5, power γ = 0.7, and power γ = 0.9 models.
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6.1.2.3 Turnover

In Table 6.6, we report TO values for CSHF dataset. Similar to the results for

HFRI dataset, 1/m strategy gives the minimum TO values in all experiments and

NotRS Rolling M60 hp1 experiment has the highest TO values. If we compare TO

values across portfolio selection models for the benchmark experiment, we see that

mean-variance strategy, power γ = 4 and exponential models give the lowest TO

values.
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6.1.3 I5

6.1.3.1 Sharpe Ratios

If we check Table 6.7 for I5 dataset, we see that the effect of estimation error is large

again. For the benchmark experiment, using mean-variance strategy give in-sample

Sharpe ratio of 0.2286, which is higher than out-of-sample Sharpe ratio of that strategy,

0.0941. Similar to our results for HFRI dataset, 1/m naive-diversification strategy is

not identical with the market portfolio in terms of Sharpe ratio for five experiments

out of seven.

For the I5 database, we observe that all portfolio selection strategies except 1/m

naive-diversification are identical with the market portfolio in terms of Sharpe ratio

across all experiments. However, in the industry dataset, there are only m = 5 assets.

As DeMiguel et al. (2009) indicate, choosing smaller number of assets implies fewer

parameters to be estimated and, therefore, less room for estimation error.

For the benchmark case, the models that have closest Sharpe ratios to the Sharpe

ratio of the market portfolio are exponential, mean-variance and logarithmic models

with Sharpe ratios 0.0908, 0.0941 and 0.0956 respectively, where the Sharpe ratio of

the market portfolio is 0.0668.

6.1.3.2 Certainty Equivalent Return

The comparison of CEQ returns for CSHF dataset are reported in Table 6.8. The

highest CEQ returns belong to in-sample mean-variance strategy. Portfolio selection

models with exponential, logarithmic and power with γ = 0.5, 0.7, 1.5,and 4 utility

functions are identical with the market portfolio in terms of CEQ returns across all

experiments. For the benchmark experiment, power γ = 0.5 and power γ = 1.3 models

have the closest CEQ returns to the CEQ return of the market portfolio.
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6.1.3.3 Turnover

In Table 6.9, TO for I5 dataset are reported. Similarly, 1/m naive diversification gives

the minimum TO values in all experiments. Among all experiments, NotRS Rolling

M120 hp12 experiment has the highest TO values. For the benchmark case, the lowest

TO values belong to power γ = 0.5, power γ = 0.7,and power γ = 0.9 models.
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6.1.4 I10

6.1.4.1 Sharpe Ratios

From Table 6.10, we observe that the results for I10 dataset are similar to the results

for I5 dataset in terms of Sharpe ratio. For benchmark case, in-sample Sharpe ratio

of mean-variance strategy is 0.2521, while out-of-sample Sharpe ratio for the mean-

variance strategy is 0.0466. The effect of estimation error on performance for I10

dataset is larger than that for I5 dataset.

Similar with the I5 dataset, 1/m naive-diversification strategy does not represent

the market portfolio in terms of Sharpe ratio in any of the experiments for I10 dataset.

For our benchmark experiment, power γ = 1.1, 1.3, and 1.5 models are good at

representing the market portfolio since they have higher p-values than the other

portfolio selection models. These power models are also identical with the market

portfolio in terms of Sharpe ratio across all experiments.

For the benchmark case, the models with closest Sharpe ratios to that of the

market portfolio are power γ = 1.1, power γ = 1.3, and power γ = 1.5 models with

Sharpe ratios 0.0542, 0.0561 and 0.0664 respectively, where the Sharpe ratio of the

market portfolio is 0.0668.

6.1.4.2 Certainty Equivalent Return

We report the comparison of CEQ returns for I10 dataset in Table 6.11. Similarly,

the highest CEQ returns belong to in-sample mean-variance strategy. None of our

portfolio selection models are identical with the market portfolio in terms of CEQ

returns across all experiments. For the benchmark experiment, the models with closest

CEQ values to the market portfolio are power γ = 0.9, power γ = 1.1, and power

γ = 1.3 models.
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6.1.4.3 Turnover

In Table 6.12, we report portfolio TO for I10 dataset. Similar to all other datasets,

1/m strategy gives the minimum TO values in all experiments. For this dataset,

NotRS Rolling M120 hp12 experiment gives the highest TO values across all experi-

ments. For the benchmark case, the lowest TO values are given by logarithmic, power

γ = 0.5 and power γ = 1.1 models.
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6.2 Prospect Models

In this section, we test the multiple risky asset prospect models in Chapter 3 for the

I5 dataset. We consider prospect models with piecewise linear value function and

piecewise exponential value function, and assume that excess returns of risky assets

have multivariate normal distribution. We comment on the effect of prospect models

on portfolio selection and compare our results with the findings in Taşkıncan (2014).

6.2.1 Piecewise Linear Value Function

In this subsection, we consider the prospect model with piecewise linear value function.

We compute the optimal portfolios for different loss aversion λ values. For our

numerical example, we use I5 data during K = 120 months between January 1990

and December 1999. Using the data, we calculate sample mean and covariance. The

estimated parameters for the multivariate normal distribution of the excess return are

re =



0.0066

0.0144

0.0098

0.0056

0.0083


and

σ =



1.7 1.5 1.5 1.1 1.8

1.5 2.8 1.5 1.2 1.8

1.5 1.5 2.6 1.0 1.7

1.1 1.2 1.0 1.1 1.4

1.8 1.8 1.7 1.4 2.4


× 10−3.

Optimal portfolios in Table 6.13 show that up to some critical value λc ∼= 2.1 value,

the solutions are unbounded (i.e, u∗i = ±∞), which means that one should buy or sell

a risky asset as much as he can. For loss aversion coefficient values greater that λc,
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the optimal solutions are zero. In other words, the investor invests all his money in

the risk-free asset. Our results are parallel with the single risky asset prospect model

of Taşkıncan (2014). From (3.45), we see that u∗ = +∞ up to a critical level of λ. For

greater λ values, u∗ becomes zero.

Table 6.13: Optimal portfolios calculated using piecewise linear value function

Loss aversion values (λ)
1.1 1.5 1.9 2.0 2.1 2.2 2.3

u∗consumer 2,98E+84 -1,76E+84 -2,34E+84 -2,87E+83 -9,93E-13 -1,00E-12 -4,16E-13
u∗hitec 6,30E+84 1,18E+85 7,75E+84 5,25E+83 1,53E-12 1,96E-12 1,02E-12
u∗health 5,85E+84 2,53E+84 2,31E+84 3,09E+83 6,05E-13 6,44E-13 1,09E-13
u∗manuf -3,10E+82 -6,54E+84 -3,43E+84 -1,80E+83 -1,86E-14 -9,09E-14 -2,76E-13

u∗other -9,40E+83 2,64E+84 -3,66E+83 -3,85E+82 1,29E-13 -3,72E-13 3,62E-13

6.2.2 Piecewise Exponential Value Function

Our aim is to show the effect of using piecewise exponential value function on optimal

portfolio selection. We use the same I5 data in Section (6.2.1) for parameter estimation.

Here, we calculate optimal portfolios for different risk tolerance β and loss aversion λ

values.

For risk tolerance β = 1, our results in Table 6.14 show that up to critical λc ∼= 2.1,

the optimal portfolio changes with respect to λ. However, an important observation is

that the composition of the risky portfolio is the same for different λ values. Moreover,

this risky composition of the portfolios is identical with that of mean-variance portfolios,

which we reported in Section 6.1. For loss aversion values λ > λc, the optimal solution

is to make no investments in risky assets and invest all the money in the risk-free asset.

Our results are similar to the results in Taşkıncan (2014). For the single risky asset

case, the optimal solution (3.50) is 0 or ū depending on λ. However in our multiple

risky asset case, u∗ changes depending on λ.

We change the risk tolerance to β = 0.5 to test its effect on optimal solutions. For a

given λ < λc, let the optimal solutions for β = 1 and β = 0.5 cases be u∗β=1 and u∗β=0.5

respectively, where both are 5×1 column vectors. We see that 2×u∗β=0.5 = u∗β=1,which
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implies that u∗β=1 and u∗β=0.5 are linearly dependent vectors. However, the composition

of risky assets for both cases are the same.

Table 6.14: Optimal portfolios calculated using piecewise exponential value function
for β = 1

Loss aversion values (λ)
1.1 1.5 1.9 2.0 2.1 2.2 2.3

u∗consumer -121,90 -19,45 -3,90 -1,56 -3,03E-12 -1,56E-13 -1,09E-12
u∗hitec 241,75 38,58 7,74 3,10 4,48E-12 1,38E-12 8,96E-13
u∗health 97,82 15,61 3,13 1,25 2,31E-12 2,76E-13 2,79E-13
u∗manuf -26,05 -4,16 -0,83 -0,33 -4,57E-13 2,54E-15 2,03E-13
u∗other -3,10 -0,49 -0,10 -0,04 -5,54E-14 -6,09E-13 3,09E-13
w∗consumer -0,65 -0,65 -0,65 -0,65 - - -
w∗hitec 1,28 1,28 1,28 1,28 - - -
w∗health 0,52 0,52 0,52 0,52 - - -
w∗manuf -0,14 -0,14 -0,14 -0,14 - - -
w∗other -0,02 -0,02 -0,02 -0,02 - - -
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Chapter 7

CONCLUSION

The main objective of this thesis is to find the portfolio selection model that

represents investor behavior in hedge funds and US stock market. We focus on two

categories of portfolio selection models in our study: (i) Portfolio selection with utility

models, and (ii) Portfolio selection with prospect models.

For the utility based approach, we consider the portfolio selection models in

Çanakog̃lu and Özekici (2010). They consider multiperiod portfolio optimization

problem for an investor with hyperbolic absolute risk aversion (HARA) utility. The

main feature of the model is that asset returns depend on a stochastic market depicted

by a Markov chain. Dynamic programming is used to find the optimal portfolios.

No distributional assumptions on asset returns are required as higher moments are

incorporated in the portfolio selection models by considering the Taylor series expansion

of the expected utility function.

We follow the rolling-sample approach in order to evaluate the out-of-sample

performance of the portfolio selection models across HFRI, CSHF, I5 and I10 datasets

and find the best model that represents the market portfolio for each dataset. We also

conduct experiments to verify the robustness of our results. Our results show that, for

the HFRI dataset, identical strategies to the market portfolio in terms of out-of-sample

Sharpe ratio are power utility models with parameters γ = 0.5-0.9. Numerical results

for the CSHF dataset imply that power utility models with parameters γ = 1.1 and

4 are good at representing the market portfolio in terms of Sharpe ratio. For the

I5 dataset, exponential, mean-variance and logarithmic models are identical with

the market portfolio in terms of Sharpe ratio. Finally, for the I10 dataset, portfolio

selection models that represent the market portfolio in terms of Sharpe ratio are
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power γ = 1.1-1.5 models. As an extension to our research, different datasets can be

analyzed to find the portfolio selection models that represent investor behavior for

those markets.

In the framework of prospect theory, we extend Taşkıncan (2014) by considering

prospect investors within a market consisting of multiple risky assets and one risk-

free asset. In our analysis, we use the piecewise linear and piecewise exponential

value functions under the assumption that asset returns have multivariate normal

distribution. We test the multiple risky asset prospect models for the I5 dataset and

report the results.

Optimal portfolios for piecewise linear value function show that up to some critical

loss aversion level, the solutions are unbounded and for greater loss aversion values,

the optimal solutions are zero. For the piecewise exponential value function, up to

some critical loss aversion value, the optimal portfolio changes with respect to loss

aversion level. However, the composition of the risky portfolio is the same for different

loss aversion levels. In addition, this risky composition of the portfolios is identical

with that of mean-variance portfolios. For loss aversion values greater than the critical

level, it is optimal to make no investments in risky assets.

Future research on this topic can be the further analysis of the optimal solutions

for the portfolio selection problem with piecewise linear and piecewise exponential

value functions. We concentrated on the case where excess returns of the risky assets

have multivariate normal distribution, but other cases with different distributions may

be considered.
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Table A.1: Descriptive statistics for the monthly return of HFRI indices

Event
Driven

Equity
Hedge

Global
Macro

Relative
Value

Market

Mean 0.94% 1.03% 0.94% 0.81% 0.89%
StDev 1.94% 2.62% 2.15% 1.25% 1.99%
Skewness -1.312 -0.260 0.573 -2.137 -0.689
Kurtosis 4.172 1.894 1.065 13.903 2.553
Minimum -8.90% -9.46% -6.40% -8.03% -8.70%
Maximum 5.13% 10.88% 7.88% 5.72% 7.65%
Median 1.24% 1.21% 0.72% 0.88% 1.08%
Q1 0.02% -0.55% -0.49% 0.35% -0.18%
Q3 2.03% 2.54% 2.03% 1.45% 2.08%
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Table A.3: Descriptive statistics for the monthly return of I5 indices

Cnsmr HiTec Hlth Manuf Other Market

Mean 0.93% 0.96% 1.06% 0.98% 0.86% 0.87%
StDev 4.04% 6.33% 4.47% 4.21% 5.30% 4.41%
Skewness -0.430 -0.460 -0.100 -0.700 -0.680 -0.680
Kurtosis 1.350 1.280 0.330 1.800 2.140 1.140
Minimum -14.85% -22.65% -12.26% -17.85% -21.35% -17.15%
Maximum 13.35% 19.98% 16.47% 13.58% 16.47% 11.35%
Median 1.26% 1.64% 1.34% 1.33% 1.51% 1.45%
Q1 -1.29% -2.18% -1.94% -1.34% -2.30% -1.75%
Q3 3.48% 4.60% 3.93% 3.68% 3.82% 3.80%
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