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ABSTRACT

Master of Science Thesis

APPLICATIONS OF GENERALIZED GUGLIELMO NUMBERS

Bahadir YILMAZ

Zonguldak Biilent Ecevit University
Graduate School of Natural and Applied Sciences

Department of Mathematics

Thesis Advisor: Prof. Dr. Yiiksel SOYKAN
June 2024, 105 pages

In this thesis, we define generalized Gaussian Guglielmo numbers, dual generalized Guglielmo
numbers, hyperbolic generalized Guglielmo numbers, and dual hyperbolic generalized
Guglielmo numbers. Moreover, we define recurrence relations, generating function, sum
formulas, matrix formulation, Simpson’s formula, and some identities on these numbers. We

summarize the chapters, given in the thesis, as follows.

In Chapter 1, we present some basic definitions, recurrence relations, Binet’s formulas, matrix
formulation, and sum formulas related to generalized Guglielmo numbers. In addition, we give
some properties about Gaussian numbers, dual numbers, dual hyperbolic numbers and make a
literature search about Gaussian numbers, dual numbers, hyperbolic and dual hyperbolic

numbers.

In Chapter 2, we define Gaussian generalized Guglielmo numbers in detail, and focus on four

specific cases: Gaussian triangular numbers, Gaussian triangular-Lucas numbers, Gaussian

il



ABSTRACT (continued)

oblong numbers, and Gaussian pentagonal numbers. In addition, we present some identities and
matrices related to these sequences, as well as recurrence relations, Binet's formulas, generating
functions, Simpson's formulas, and summation formulas. This chapter includes our original

study.

In Chapter 3, we introduce the generalized hyperbolic Guglielmo numbers. We delve into
various specific instances, including hyperbolic triangular numbers, hyperbolic triangular-
Lucas numbers, hyperbolic oblong numbers, and hyperbolic pentagonal numbers. We present
Binet's formulas, generating functions and summation formulas for these numbers.
Furthermore, we provide Catalan's and Cassini's identities and matrices associated with these

sequences. This chapter consists our original study.

In Chapter 4, we investigate the generalized dual hyperbolic Guglielmo numbers and then
various special cases are explored (including dual triangular numbers, dual triangular-Lucas
numbers, dual oblong numbers, and dual pentagonal numbers). Binet's formulas, generating
functions, and summation formulas for these numbers are presented. Additionally, Catalan's
and Cassini's identities are provided, along with matrices associated with these sequences. This

chapter includes our original study.

In Chapter 5, the generalized dual hyperbolic Guglielmo numbers are introduced. Various
special cases are explored (including dual hyperbolic triangular numbers, dual hyperbolic
triangular-Lucas numbers, dual hyperbolic oblong numbers, and dual hyperbolic pentagonal
numbers). Binet's formulas, generating functions and summation formulas for these numbers
are presented. Moreover, Catalan's and Cassini's identities are provided, along with matrices

associated with these sequences. This chapter includes our original study.
Keywords: Gaussian Generalized Guglielmo numbers, Dual Generalized Guglielmo numbers,
Hyperbolic Generalized Guglielmo numbers, Dual hyperbolic Generalized Guglielmo

numbers.

Science Code: 403.01.01
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OZET

Yiiksek Lisans Tezi

GENELLESTIRILMIS GUGLIELMO SAYILARININ UYGULAMALARI

Bahadir YILMAZ

Zonguldak Biilent Ecevit Universitesi
Fen Bilimleri Enstitiisii

Matematik Anabilim Dal

Tez Damismani: Prof. Dr. Yiiksel SOYKAN
Haziran 2024, 105 sayfa

Bu tezde, genellestirilmis Gaussian Guglielmo sayilarini, dual genellestirilmis Guglielmo
sayilarini, hiperbolik genellestirilmis Guglielmo sayilarini1 ve dual hiperbolik genellestirilmis
Guglielmo sayilarini tanimlandi. Ayrica, bu sayilar iizerine rekiirans bagmtilari, tireteg
fonksiyonu, toplam formiilleri, matris formiilasyonu, Simpson formiilii ve bazi1 6nemli ifadeleri

tanimlandi. Tezde verilen boliimleri su sekilde 6zetlenebilir.

Birinci boliimde, genellestirilmis Guglielmo sayilarina iligskin temel tanimlamalari, rekiirans
bagintisini, Binet formiillerini, matris formiilasyonunu ve genellestirilmis Guglielmo sayilari
ile ilgili baz1 6zellikleri sunuldu. Ayrica, Gaussian sayilar, dual sayilar, dual hiperbolik sayilar
hakkinda bazi 6zellikler verildi ve Gaussian sayilar, dual sayilar, hiperbolik ve dual hiperbolik

sayilarla ilgili bir literatiir aragtirmasi yapildu.

Ikinci boliimde, Gaussian genellestirilmis Guglielmo sayilarini detayli olarak tamimlandi ve

Gaussian ticgensel sayilar, Gaussian tiggensel-Lucas sayilari, Gaussian dikdortgen sayilar ve



OZET (devam ediyor)

Gaussian besgen sayilar olmak tizere dort 6zel say1 dizisine odaklanildi. Ayrica, bu dizilerle
ilgili baz1 ifadeler ve matrisler, bu dizilerle ilgili rekiirans iligkileri, Binet formiilleri, {irete¢
fonksiyonlari, Simpson formiilleri ve toplam formiilleri sunuyoruz. Bu bdliim, orijinal

calismalar igerir.

Uctinci bolimde, genellestirilmis hiperbolik Guglielmo sayilarmi tanitildi. Hiperbolik
ticgensel sayilar, hiperbolik ticgensel-Lucas sayilari, hiperbolik dikdortgen sayilar ve hiperbolik
besgen sayilar gibi cesitli 6zel durumlart ele aliyoruz. Bu sayilar i¢in Binet formiilleri, lirete¢
fonksiyonlar1 ve toplam formiillerini sunuyoruz. Ayrica, bu dizilerle iliskilendirilmis Catalan

ve Cassini ifadelerini ve matrisleri sunuyoruz. Bu béliim, orijinal sonuglar igerir.

Dordiincti boliimde, genellestirilmis dual Guglielmo sayilarini arastirarak ¢esitli 6zel durumlart
inceliyoruz (dual ticgensel sayilar, dual tiggensel-Lucas sayilari, dual dikdértgen sayilar ve dual
besgen sayilar dahil). Bu sayilar i¢in Binet formiilleri, iirete¢ fonksiyonlar1 ve toplam formiilleri
sunuldu. Ek olarak, bu dizilerle iliskilendirilmig Catalan ve Cassini ifadelerini ile bu dizilere ait

matrisleri elde ediyoruz. Bu boliim, orijinal bilgiler igerir.

Besinci boliimde, genellestirilmis dual hiperbolik Guglielmo sayilari tanitildi. Cesitli 6zel
durumlar elde edilir (dual hiperbolik {iggensel sayilar, dual hiperbolik iicgensel-Lucas sayilar,
dual hiperbolik dikdortgen sayilar ve dual hiperbolik besgen sayilar dahil). Bu sayilar i¢in Binet
formiilleri, trete¢ fonksiyonlar1 ve toplam formiilleri verildi. Ayrica, bu dizilerle
iligkilendirilmis Catalan ve Cassini ifadelerini ve matrisleri sunuldu. Bu boliim, orijinal

calismalar igerir.
Anahtar Kelimeler: Gaussian Genellestirilmis Guglielmo sayilar, Dual Genellestirilmis
Guglielmo sayilar, Hyperbolic Genellestirilmis Guglielmo sayilar, Dual hyperbolic

Genellestirilmis Guglielmo sayilar.

Bilim Kodu: 403.01.01

Vi



ACKNOWLEDGEMENTS

First, I would like to begin by expressing my sincere thanks and gratitude to my supervisor,
Prof. Dr. Yiikksel SOYKAN. I am greatly indebted to him for his invaluable research advice,
guidance, and support. His encouragement and support have instilled in me the belief that I
have a contribution to make to our broader understanding of Mathematical Science. I hope |

may have the chance to benefit from his knowledge and experience when I start my Ph.D.

Second, I would like to express my deepest gratitude to my parents for bringing me into this
world, believing in me, and placing their trust in my abilities. Additionally heartfelt thanks to
my unwavering wife, who has been a constant source of support and companionship throughout

my journey.

I dedicated this thesis to my beloved family and cherished children Omer YILMAZ and Defne
YILMAZ.

vii






TABLE OF CONTENTS

Page
APPROVAL OF THE THESIS: ... oottt i
ABSTRACT ..ttt ettt ettt ettt e st e eeees il
OZET ..ttt v
ACKNOWLEDGEMENTS ..ottt vii
TABLE OF CONTENTS ...ttt s ix
LIST OF TABLES ... oottt ettt e e xiii
LIST OF SYMBOLS AND ABBREVIATIONS. ......ooiiiiiiiieiieeeeieee e XV
CHAPTER 1 INTRODUCTION .....ooutiiiiiiiieieieniesiteieeitetet ettt sttt 1
1.1 GENERALIZED GUGLIELMO NUMBERS .......ooiiiiiiiiieiiseieee e 2
1.1.1 Sum formulas for generalized Guglielmo numbers...........ccoeeeerirevieeieenieeieereene. 4
1.2 MATRIX FORMULATION ....oooiiiiiiieieeiesie ettt 6
1.3 SOME SPECIAL NUMBERS ......ootiiiiiiietesete et 7
1.3.1 GaUSSIAN NUIMDETS ....ceutiiiiiiieiieiesiieie ettt ettt e e e et e bt enteeaeeseeeneeennan 7
1.3.2 Hyperbolic MUMDETS. .......ccuiiiiieiieeiieiieeie ettt 9
1.3.3 DUAI NUMDETS ...ttt ettt 11
1.3.4 Dual hyperbolic NUMDETS.........ccc.coviiriiriiriiiiieeeeece e 13
1.3.5 Other special MUMDETS. ........ccciiiriieiieiieeii ettt ettt e esseestaeeseeaee e 15
CHAPTER 2 GAUSSIAN GENERALIZED GUGLIELMO NUMBERS.........ccccoeiieienee. 17
2.1 DEFINITION AND PROPERTIES ......cooieiioieiieieeeeeeeeee et 17
2.1.1 Binet's Formula For Gaussian Generalized Guglielmo Numbers.............c..ccocv.n. 19
2.1.2 Generating Function For Gaussian Generalized Guglielmo Numbers..................... 20
2.2 SOME IDENTITIES CONNECTING GAUSSIAN GUGLIELMO NUMBERS........ 21
2.3 SIMPSON'S FORMULA FOR GAUSSIAN GENERALIZED GUGLIELMO
NUMBERS ...ttt ettt ettt et 26

X



TABLE OF CONTENTS (continued)

Page
2.4 SUM FORMULAS FOR GAUSSIAN GENERALIZED GUGLIELMO NUMBERS 27
2.4.1 SUM OF SQUATES ....eoviieiiieciieeiieeie ettt ettt ettt be et e ese e saeebeeseeenseensaeenseenseans 29
2.5 MATRIX FORMULA OF GAUSSIAN GENERALIZED GUGLIELMO
NUMBERS ...ttt sttt ettt 31
CHAPTER 3 HYPERBOLIC GENERALIZED GUGLIELMO NUMBERS.............ccc......... 35
3.1 DEFINITION AND PROPERTIES ......couioiiiiieieieeseee e 35
3.1.1 Binet's Formula For Hyperbolic Generalized Guglielmo Numbers ........................ 38
3.1.2 Generating Function For Hyperbolic Generalized Guglielmo Numbers................. 39
3.2 GETTING BINET’S FORMULA FROM GENERATING FUNCTION OF
HYPERBOLIC GENERALIZED GUGLIELMO NUMBERS ........ccccociviiviiiiinee. 41
3.3 SOME IDENTITIES FOR HYPERBOLIC GENERALIZED GUGLIELMO
NUMBERS ...ttt ettt ettt et ene e 43

3.3 LINEAR SUMS FOR HYPERBOLIC GENERALIZED GUGLIELMO NUMBERS 46
3.4 MATRICES RELATED WITH HYPERBOLIC GENERALIZED GUGLIELMO

NUMBERS ...ttt ettt ettt ebeeae s s e 51
CHAPTER 4 DUAL GENERALIZED GUGLIELMO NUMBERS.........ccccectiiiiiiiienennn 55
4.1 DEFINITION AND PROPERTIES ......c.coiiieieieieeeceeeeteeetee e 55
4.1.1 Binet's Formula For Dual Generalized Guglielmo Numbers...........c.cc.ccceeveerereennenn. 58
4.1.2 Generating Function For Dual Generalized Guglielmo Numbers .........c..cccccecuenee 59
4.2 DRIVING BINET’S FORMULA FROM GENERATING FUNCTION OF DUAL
GENERALIZED GUGLIELMO NUMBERS ......ccocoiiiiiiiieeeeeeeeeeee e 60
4.3 SOME IDENTITIES FOR DUAL GENERALIZED GUGLIELMO NUMBERS....... 62
4.4 LINEAR SUMS FORMULAS FOR DUAL GENERALIZED GUGLIELMO
NUMBERS ...ttt ettt st 66
4.5 MATRICES RELATED WITH DUAL GENERALIZED GUGLIELMO
NUMBERS ...ttt ettt ettt ebeeae s ne e 71



TABLE OF CONTENTS (continued)

Page
CHAPTER 5 DUAL HYPERBOLIC GENERALIZED GUGLIELMO NUMBERS............ 75
5.1 DEFINITION AND PROPERTIES .....cccoiiiiiiiiiiniieceeeeeeeee e 75
5.1.1 Binet's Formula For Dual Generalized Guglielmo Numbers............ccccceeceeeiiennnnnn. 80
5.1.2 Generating Function For Dual Generalized Guglielmo Numbers .........c..ccccceceeeee 81
5.2 OBTAINING BINET’S FORMULA FROM GENERATING FUNCTION OF DUAL
GENERALIZED GUGLIELMO NUMBERS ......cccooiiiiiiieieeeeeee 82
5.3 SOME IDENTITIES FOR DUAL GENERALIZED GUGLIELMO NUMBERS....... 84
5.4 LINEAR SUMS FORMULAS FOR DUAL GENERALIZED GUGLIELMO
NUMBERS ..ottt sttt 88
5.5 MATRICES RELATED WITH DUAL GENERALIZED GUGLIELMO
NUMBERS ...ttt ettt ettt ettt 92
CHAPTER 6 CONCLUSION ......oottiitiiiiiiieieeste sttt sttt sttt ettt 97
REFERENCES ...ttt sttt ettt sttt enea 101
CURRICULUM VITAE ..ottt 105

xi






No
Table 1.1.

Table 1.2.

Table 2.1.
Table 2.2.
Table 2.3.

Table 3.1.
Table 3.2.
Table 3.3.
Table 3.4.
Table 3.5.
Table 4.1.
Table 4.2.
Table 4.3.
Table 4.4.
Table 4.5.
Table 5.1.
Table 5.2.
Table 5.3.
Table 5.4.
Table 5.5.

LIST OF TABLES

Page
A few generalized Guglielmo numbers with positive subscript and negative
SUDSCTIPL. .veeutiieiieeiie et et e et et e et et e ebeeesteesseeesseesseessseenseaasseensaessseenseassseenssensseeseanns 3
The limited values of the unique third-order Triangular, triangular-Lucas, oblong
and pentagonal numbers with positive and negative indices............occvereeerreeereennnens 4
The first few generalized Gaussian Guglielmo numbers with positive subscript .. 19
The first few generalized Gaussian Guglielmo numbers with negative subscript.. 19
Special cases of Gaussian generalized Guglielmo numbers with positive and
NEZALIVE SUDSCIIPLS ...ievvieiieeiieeiiietieeiie et eetteeteeeeteebeeesteeseeeeaeeseaasseeseeesseenseensseennes 20
A few dual generalized Guglielmo numbers...........cccceoveviiiiniiinieninicneccicee 38
Hyperbolic triangular NUMDETS .........c.eeviieiiieriieiieiieeie et 39
Hyperbolic triangular-Lucas nUmbeTs............cccccovieririiiniiineiiiniineciccieneeieeeee 39
Hyperbolic oblong MUMDBETS ........cccveriiiiiieiiieiieciie ettt eeeeeve e e 39
Hyperbolic pentagonal nUMDbETS ...........cccociiviiiiniiiiniiiniiecieeeceeeeeeee 39
Some dual generalized Guglielmo numMbers ..........cccoeevviieiiieniieiiecieeieeeee e, 58
Dual triangular NUMDETS. ......cocuiriiiiiiiiieieceeeeee s 58
Dual triangular-Lucas MUMDETS.........c.ocoiieiieriiiiieiieeieeee e 58
Dual 0blong NUMDETS ........cooiiiiiiiiieiie ettt 59
Dual pentagonal NUMDETS. ........cc.ccciiriiiiiieeiieiieeie ettt eee b e sereebeessne e 59
A few dual hyperbolic generalized Guglielmo numbers..........cccccoceeveeriinceiennenne. 78
Dual hyperbolic triangular NUMDETS..........ccveriiiiieiieciieiece e 79
Dual hyperbolic triangular-Lucas numbers...........ccceecverieneriiniencnieniccciceee, 79
Dual hyperbolic oblong NUMDETS ..........cceeevieriiiiieiieeiieee e 80
Dual hyperbolic pentagonal NUMDBETS.........ccceeviirieniriiniiicicceceee 80

Xiil






SYMBOLS

IS

S 3E

GWh
GTa
GHx
GOn
Gpn
DW,
DT,
DH,
DO
Dpn
HW,
HT,
HH,
HOy

n

Pn

PO DD

LIST OF SYMBOLS AND ABBREVIATIONS

: n-th generalized Guglielmo numbers

: n-th triangular numbers

: n-th triangular-Lucas numbers

: n-th oblong numbers

: n-th pentagonal numbers

: n-th Gaussian generalized Guglielmo numbers

: n-th Gaussian generalized triangular numbers

: n-th Gaussian generalized triangular-Lucas numbers

: n-th Gaussian generalized oblong numbers

: n-th Gaussian generalized pentagonal numbers

: n-th dual generalized Guglielmo numbers

: n-th dual generalized triangular numbers

: n-th dual generalized triangular-Lucas numbers

: n-th dual generalized oblong numbers

: n-th dual generalized pentagonal numbers

: n-th hyperbolic generalized Guglielmo numbers

: n-th hyperbolic generalized triangular numbers

: n-th hyperbolic generalized triangular-Lucas numbers
: n-th hyperbolic generalized oblong numbers

: n-th hyperbolic generalized pentagonal numbers

: n-th dual hyperbolic generalized Guglielmo numbers
: n-th dual hyperbolic generalized triangular numbers

: n-th dual hyperbolic generalized triangular-Lucas numbers
: n-th dual hyperbolic generalized oblong numbers

: n-th dual hyperbolic generalized pentagonal numbers

XV






CHAPTER 1
INTRODUCTION

In this chapter, we give some fundamental definitions of generalized Guglielmo numbers
as well as reccurance relation, Binet’s formulas, generating functions, sum formulas and
some properties related to Gaussian numbers, hyperbolic numbers, dual numbers, dual
hyperbolic numbers, quaternions, octonions, and sedenions that are utilized throughout

the thesis.
1.1 GENERALIZED GUGLIELMO NUMBERS

First, we give the recurrence relation of generalized Guglielmo numbers.
The generalized Guglielmo sequence {W,, },>0 = {W,,(Wy, W1, W) },.>0 is defined by the

third-order recurrence relation as
W, = 3W,_1 —3W,—a + W, _3 (1.1)

with the initial values Wy, W1, W5 not all being zero.
The sequence {W,,},>0 can be extended to negative subscripts by defining

W_p=3W_@-1) = 3W_(n_2) + W_(n_3)

for n = 1,2,3,.... Hence, recurrence (1.1) is true for all integer n. Soykan has conducted
a study on this particular sequence, for more details, see [41].

Third order recurrence relations has been studied by many authors, for more detail see
6,11,14,16,17,30,34,36,37,39,40,46,51,52].

Next, we present Binet’s formula of generalized Guglielmo numbers.

Theorem 1.1 [41, Theorem 1] Binet the formula of generalized Guglielmo numbers can

be presented as follows:

Wn = Al + AQ’I’L + A3n2 (12)



where Ay, As and Az are given as

A = W, (1.3)
Ay = %(—W2 L4y — 3W), (1.4)
Ay — %(m oW + W), (1.5)
1.€.,

W, =W, + %(—WQ + AW, — 3Wo)n + %(Wg —2W, + Wo)n?. (1.6)

Next, we present some values of the generalized Guglielmo numbers in the following Table

1.1.

Table 1.1. A few generalized Guglielmo numbers with positive subscripts and negative

subscripts.
n W, w_,
0 W Wo
1 Wi 3Wo — 3Wh + Wy
2 W, 6Wo — 8W + 3W,
3 Wy — 3W1 + 31, 10Wy — 1504 + 6W,
4 3Wo — 8W5 + 61, 15Wy — 24W1 4 10W,
5  6W,— 151, + 10Ws 21W, — 35W; + 15,
6  10Wp —24W; + 15W,  28W, — 48W; + 21,
7 15Wy — 35W +21W,  36W, — 63W; + 28W,
8  21Wy —48W; + 28W,  45W, — 80W; + 36,
9  28Wp —63W; +36W,  55Wy — 99W; + 451,
10 36Wy — 80W; +45W,  66W, — 12017 4 551,
11 45Wy — 99, + 55W,  T8Wy — 143W; + 6611,
12 55W, — 120W; + 66Wy  91W, — 168W; + 781,

13 66W, — 143W; + 78W,  105W, — 195W5 + 91W,
Now we define four particular cases of the sequence {W,,} as follows: the triangular se-

quence {7}, },>0, the triangular-Lucas sequence {H,,},>0, the oblong sequence {O,,},>¢
and the pentagonal sequence {p, },>o are defined, respectively, by the third-order recur-

rence relations;

Tn - 3Tn—1 - 3Tn—2 + Tn—3> To - O,Tl - 1,T2 - 3, (17)



Hn = 3Hn—1 - 3Hn—2 + Hn—3>
On - 30n—1 - 30n—2 + On—37

Pn = 3pn—1 - 3pn—2 + Dp—3,

Oy =0,0, =2,0, =6,

po=10,p1 =1,ps = 5.

H0:3,H1 :3,H2:3,

(1.8)
(1.9)

(1.10)

The sequences {7},}n>0, {Hn}n>0, {On}n>o and {p,},>0 can be extended to negative

subscripts by defining,

1,
H_,
O-p

P—n

3T (n-1) — 3T _(n—2) + T (n-3),
3H_(n-1) = 3H_(n—2) + H-_(n-3),
30-(n-1) = 30_(n-2) + O—(n-3),

3p—(n—1) - 3p—(n—2) + P—(n-3),

for n =1,2,3, ... respectively. As a result, recurrences (1.7)-(1.10) hold for all integer n.

Binet’s formula of triangular, triangular-Lucas, oblong and pentagonal sequences can be

written as
n(n+1)
T, = 2=
2
n 37
O, = n(n+1),
1
Dn = §n(3n—1).

Next, we have some values of the Triangular and Triangular-Lucas, oblong and pentagonal

numbers as the following Table 1.2.

Table 1.2. The limited values of the unique third-order Triangular and Triangular-Lucas,

oblong and pentagonal numbers with positive and negative indices.

n 012 3 4 5 6 7 8 9 10 11 12 13
7, 0 1 3 6 10 15 21 28 36 45 55 66 78 91
T, 01 3 6 10 15 21 28 36 45 55 66 78
H, 3 3 3 3 3 3 3 3 3 3 3 3 3 3
H_, 33 3 3 3 3 3 3 3 3 3 3 3
O, 0 2 6 12 20 30 42 56 72 90 110 132 156 182
O_, 0 2 6 12 20 30 42 56 72 90 110 132 156
p, 0 1 5 12 22 35 51 70 92 117 145 176 210 247
Den 2 7 15 26 40 57 77 100 126 155 187 222 260




1.1.1 Sum formulas for generalized Guglielmo numbers

Now we give some sum formulas about generalized Guglielmo numbers that we need the

rest of the thesis.

Proposition 1.2 For the generalized Guglielmo numbers, we have the following formu-

las:

(@) Yor oWk =15 (n+1)((2n? — 2n) Wa — 2(2n® — 5n) Wy + (2n* — 8n + 12) Wy) .
(b) Yo Wit1 = 15 (n+ 1) ((2n% 4 4n) W5 — 2 (2n® +n — 6) W + (2n? — 2n) W) .
() Do Wiie = 15 (n+1) ((2n* 4 10n 4 12) W — 2 (2n? + Tn) Wi + (2n + 4n) W) .
(d) Sy Wiss = & (n+ 1) (202 + 16n + 36) Wy — 2(2n% + 13n + 18) Wy + (202 + 10n + 12) Wp) .
(e) éow'“‘l = L(n+1)((n? — 4+ 6) Wa — (2% — 11n + 18) Wy + (n? — Tn + 18) Wo).
Proof. For the proof, see Soykan [41]. [

Proposition 1.3 For the generalized Guglielmo numbers, we have the following formu-

las:
(a) YopoWar = 55 (n+ 1) ((8n2 — 2n) Wy — 2 (8n? — 8n) Wy + (8n? — 14n + 12) Wy).
(b) ZZ:O W2k+1 = % (n + 1) (WQ (8n2 + 1071) — 2W1 (8712 +4n — 6) + W() (8n2 — 2n))
(€) YohioWartz = 15 (n+ 1) ((8n* 4 22n + 12) W2 —2 (8n? + 16n) Wi+ (8n? + 10n) Wy).
(d) >op_o Wosrs = 15 (n+ 1) ((8n* + 34n + 36) W — 2 (8n? + 28n + 18) W,

+ (8n% + 22n + 12) ).
(€) Yo Wakra = 15 (n+ 1) ((8n® 4 46n + 72) W5 —2 (8n? + 40n + 48) W1+ (8n” + 34n + 36) Wy).
(f) > Wop1 =3 (n+1)((4n® — Tn+6) Wy — 2 (4n* — 10n + 9) Wy + (4n? — 13n + 18) Wy) .

k=0

Proof. The proof can be found in Soykan [41]. OJ

4



Proposition 1.4 For the generalized Guglielmo numbers, we have the following formu-

las:

(@) DoroWop =15 (n+1) ((2n* 4 4n) Wa — 2(2n® + Tn) Wi + (2n° + 10n + 12) W).
(b) Y r o Wopi1 = 15 (n+ 1) ((2n* — 2n) Wa — 2(2n? + n — 6) Wi + (2n? + 4n) W).
(€) Y oWopio =15 (n+1)((2n* — 8n + 12) Wy — 2 (2n* — 5n) Wi + (2n? — 2n) Wy).

(d) ZZ:O W_k+3 = % (n + 1) ((2712 — 14n + 36) W2—2 (27”&2 —1ln+ 18) W1+(2n2 —8n + 12) W())

Proof. The proof is provided in Soykan [41]. O

Proposition 1.5 For the generalized Guglielmo numbers, we have the following formu-

las:
(@) Y0y Wook = & (n 4 1) ((8n% + 10n) Wy — 2 (8n2 + 16n) Wi + (8n2 4 22n + 12) Wp).
(b) S Wogkpr = & (n+ 1) ((8n — 2n) Wy — 2 (8n% + 4n — 6) Wy + (8n? + 10n) Wp).
(©) Yo Weakre = 15 (n+ 1) ((8n* — 14n + 12) Wy — 2(8n® — 8n) W,
+(8n% — 2n) Wp).
(A) Y0 Woogys = 35 (n+ 1) ((8n> — 260 + 36) Wo—2 (8n — 200 + 18) Wy+(8n> — 14n + 12) Wy).
(€) YpoWaka = 15 (n+1) ((8n2 4 46n + 72) W5 —2 (8n* + 40n + 48) Wi +(8n* + 34n + 36) Wy).

Proof. See Soykan [41] for validation . [J

Proposition 1.6 For the generalized Guglielmo numbers, we have the following formu-

las:

(a) SWP =2A,
k=0

120

where

Ay = 4WE(6n* — 21n3 + 11n% + 19n) — WE(—6n* + 613 + 4n? — 4n) + WZ(6n* — 36n° +
8612 — 1161 + 120) + 2WWo(6n* — 21n3 + 21n% — 6n) + 2W Wo(—12n* + 27n3 + 3n? —
18n) — 2WoW1((12n* — 57n® + 87n% — 42n).



(b) W =
k=0

120

where

Ay = WE(6n* — 36n3 + 86n? — 116n + 120) + 4WE(6n* — 51n® + 161n% — 251n + 270) +
W2(6n* — 66n° + 296n% — T16n + 1080) + 2WeWa(6n* — 51n° + 17102 — 3060 + 360) —
QWL W (120 — 8713 + 23702 — 342n +360) — 2Wo Wi (1204 — 1170 4+ 447n% — 8821 + 1080).

(c) kZ_OWka—l =220

240

where

0y = WE(12n* —42n3 +42n? — 12n) + 8W2(6n* — 36n> + 6612 — 36n) + W (12n* — 102n® +
34202 — 612n + 720) + AW Wi (6n* — 3603 + 7602 — T6n + 60) — 2W, Wa(24n* — 1140 +
154n? — 64n) — 2WW1(24n* — 174n3 + 454n? — 544n + 360).

(d) Wi Wiy = 550
k=0

240

where

y = 8W2(6n — 66n3 4 27602 — 5761 + 720) + W2(12n* — 102n® + 342n2 — 612n + 720) +
W2(12n% — 162n3 + 882n2 — 2532n + 4320) + 4W, W (6n* — 6613 + 286n2 — 646n + 900) —
2, W (24nt — 23403 + 874n? — 1684n + 2040) — 2Wo W1 (24n* — 294n3 + 1414n2 — 3484n +
5040).

(f) kzo Wil s = 210y

240

where

Q3 = WZ(12n* — 72n3 + 132n% — T2n) + 8WE(6n* — 51n3 + 141n? — 141n) + W(12n* —
13203+ 552n% — 11520+ 1440) + AWy Wa(6n* — 510 + 15102 — 1961+ 180) — 20, Wa(24n* —
174n3 + 394n2 — 304n) — 2WoWy(24n* — 234n3 + 814n? — 1264n + 960).

Proof. For the proof see Soykan [41, Theorem 41]. [J

1.2 MATRIX FORMULATION

Finally, we give the following proposition for the matrix A which is used in the matrix

formulation throughout the thesis.



Proposition 1.7 We define the square matriz A of order 3 as

-3
0
1

N

Il
o = W
o o =

such that det A = 1. Note that( using triangular numbers {T,} ), the following identity is

true

Tn+l _3Tn + Tn—l Tn
A" = Tn —3Tn_1 + Tn_g Tn—l . (111)
Tn—l _3Tn—2 + Tn—3 Tn—2

Proof. For the proof see [40].

1.3 SOME SPECIAL NUMBERS

In this section, we give some information about Gaussian numbers, hyperbolic numbers,
dual numbers, dual hyperbolic numbers and other special numbers and some fundamental

properties related to these numbers. Moreover, we give literature search on these numbers.

1.3.1 Gaussian Numbers

Gaussian numbers, generally known as Gaussian integers, are a subset of the complex
numbers. A complex number is expressed in the form a + bi where a and b are arbitrary
real numbers, and 7 is the imaginary unit such that > = —1. Gaussian integers are
a specific type of complex number. In other word, z is a Gaussian integer such that
z = a + bi where a and b are arbitrary integers.

Next, we give some information about Gaussian sequences from the literature.

First, we give some Gaussian numbers with second-order recurrence relations.

e Horadam [26] introduced Gaussian Fibonacci numbers and defined by
GF, =F,+1iF, 4

where F,, = F,_1 + F,_2, Fo = 0, F; = 1 (in fact, he defined these numbers as

GF, = F, +iF,,1 and he called them as complex Fibonacci numbers.).



e Pethe and Horadam [35] introduced Gaussian generalized Fibonacci numbers by
GFn:Fn—i_iFn—lv

where Fn = Fn—l + Fn_g, FO = O, F1 = 1.

e Halici and Oz [25] studied Gaussian Pell and Pell Lucas numbers by written, re-

spectively,

GP, = P,+iP,_1,

GQn = Qn+ZQn—1

where Pn = 2Pn—l +Pn—2> PO = 07 Pl =1 and Qn == 2Qn—1+Qn—2a QO = 27 Ql = 2.

e Asc and Giirel [1] presented Gaussian Jacobsthal and Gaussian Jacobsthal Lucas

numbers given by, respectively,

GJ, = J,+iJ,1,

Gjn = Jn+1jn

where J, = J,_ 1 +2J, 2, Jo =0, Jy =1and j, = jp1+ 2Jn_2, Jo =2, j1 = L.
e Tasq [47] introduced and studied Gaussian Mersenne numbers defined by

GM,, = M, +iM,_,

where M, = 3M, 1 —2M,,_o, My =0, M; = 1.

e Tagq [49] introduced and studied Gaussian balancing and Gaussian Lucas balancing

numbers given by, respectively,

GBn = Bn+iBn—1>
GCn = Cn+710n—1

where Bn = 6Bn_1 — BJn_Q, B() = 0, Bl =1 and Cn = 6Cjn_1 — Cn_z, C() = 1,



e Ertas and Yimaz [18] studied Gaussian Oresme numbers and defined them as
GS, =5, +iS,-1
where oresme numbers are given by S, = 5,1 — ;115”_2, So =0, 51 = %
Now, we present some Gaussian numbers with third-order recurrence relations.

e Soykan, et all [42] presented Gaussian generalized Tribonacci numbers given by
GW, =W, +iW,_4

where W, = W,,_1 + W, _5 + W,,_3, with the initial condition Wy, Wy, W5.

e Taga [48] studied Gaussian Padovan and Gaussian Pell-Padovan numbers by writ-

ten, respectively,

GP, = P,+1iP,

GR, = R,+1iR,

WherePn:Pn_2+Pn_3, P():l, Plzl, P2:1, anan:2Rn_2+Rn_3, R():l,
Rlz]., R2:1

e Cerda-Morales [13] defined Gaussian third-order Jacobsthal numbers as
GJp=Jp+idy

where Jn = Jn—l + Jn_g + 2Jn_3, Jl = 0, JQ = 1, Jg =1.

Next, we present some special numbers such as Gaussian numbers, hyperbolic numbers,
dual hyperbolic numbers used throughout the thesis and we give some properties of these

numbers.

1.3.2 Hyperbolic Numbers

Hyperbolic functions and numbers find applications in various branches of engineering,
such as electrical engineering (e.g., transmission lines), control systems (e.g., system dy-

namics), signal processing (e.g., filter design), and diverse fields of engineering physics,



including special relativity, wave propagation, fluid dynamics, optics, and heat conduc-
tion. It’s important to note that while hyperbolic numbers have interesting mathematical
properties, their adoption in practical applications depends on the specific problem at
hand and whether they offer advantages over other number systems in a given context.

Hyperbolic (double, split-complex) numbers, [43], Split-complex numbers, also known as
hyperbolic numbers, extend the real number system with a new element j, where j2 = 1.

Hyperbolic numbers are defined by,
H={h=a+jb:a,beR, j>=17j+# %1},

Next we give some proporities on two hyperbolic numbers, h; = a + jb and hy = ¢ + jd,

as

hl‘l'hg = (a+b)+](c+d),
hi.hy = (ac+ bd) + j(ad + be),

hl = a—jb
hi_ (ac—bd) + j(cb — ad)
hy 2 — d2 ’

hy = hyifonlyifa=candb=d,
(h1,hg) = (ac+bd)+ j(bc+ ad),
the norm of hy is ||h] = +/]a® — b2,
if ’aQ — bz‘ > 0, h; is named spacelike vector,
if ‘aQ — bz‘ < 0, h; is named timelike vector,
if |a®>—b*| = 0, hy is named null(light-like) vector.
Note that{R? H, (,)} is called Lorentz plane and showed as R?. There is an isomorphism

relationship between the Lorentz plane and hyperbolic numbers. For more detail see [53]

Next, we present some information on hyperbolic numbers presented in literature.

e Aydin [2] presented hyperbolic Fibonacci numbers given by

E, = F, 4+ hFyq, (h®=1)

where Fibonacci numbers are given by F,, o = F,,1 + F,, with the initial conditation

F():O,Flzl.
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e Soykan and Tagdemir [45] studied hyperbolic generalized Jacobsthal numbers given
by

V,, =V, + hVi

where generalized Jacobsthal numbers are V,,. o = V,,, 1 + 2V, with the initial conditation

Vo=a, V1 =0.

e Tag [50] studied hyperbolic Jacobsthal-Lucas sequence written by

HJI, = Jo+ hdp

where Jacobsthal-Lucas numbers given by J,.o = J,11+2J,, with the inintial conditation

J0:2,J1:1.

e Dikmen and Altinsoy, [15] studied on third order hyperbolic Jacobsthal numbers

given by

3
I = I+ nd,
> . (3
iD= 0P+

where Jacobsthal numbers, respectively, given by JB = (3)1 + Jqsg_)Q + 2J,(L3_)3, J(§3) =

n—

3 3 -(3 (3 -(3 (3 -(3 -(3 -(3
0, 7 =1, B =1, 517 = 2+ 525+ 2305, 480 = 2,47 =1, i = 5.

n—2

1.3.3 Dual Numbers

Dual numbers were first introduced by W.K. Clifford in 1873. This intriguing concept has
numerous applications, including screw systems, modeling plane joints, iterative methods
for displacement analysis of spatial mechanisms, inertial force analysis of spatial mecha-
nisms, and more.

Here is some general information about the applications of dual numbers.

e Engineering and Physics: Used in electrical engineering and control systems. Ap-
plied in wave analysis and signal processing. Utilized in mechanical engineering for

vibration analysis, among other applications.

11



e Mathematics and Geometry: Alongside complex numbers, dual numbers contribute
to the extension of mathematical structures. Employed in geometry to represent

various transformations.

e Computer Science: Found in graphics and image processing. Used in robotics and

control systems for modeling and analysis.

e Finance and Economics: Applied in risk analysis and financial engineering. Utilized

in option pricing and portfolio management.

e Optimization Problems: Used for finding solutions to optimization problems. Acts

as a tool in linear programming and decision-making models.

e Quantum Mechanics: Employed in quantum computers and quantum mechanics for

mathematical representation.

As discussed in [20], dual numbers extend the real number system by introducing a new

element ¢, where €2 = 0. Dual numbers is defined as follows:
D={d=a+ecb:abeR,e*=0,¢e#0}.

Let D={d=a+¢eb:a,b€ R,e*=0,e # 0}C R x R is a set called dual numbers and we

define following process on I for every dy = = + 2%, ds =y +y*c € D as

+ ¢ DxD—D, di+dy=(x+2%)+(y+ye)=(+y)+ (@ +y)e,
DxD— D, d-dy=(v+2%) (y+y'e)=ay+ (vy" +a7y)e,

d = (x+2ze)=(y+y'e)=dyifonlyif z =2" y=y"
Using the above expressions we have the following definitions,

e (D, +) is an abelian grup,

(D, +, ) is commutative ring (where for every d € ) we have d -1 = d so that 1 is

unit element on - process),

(D, +,-) is not field because for every d € D such that there is no element d - d’ =
d-d=1

12



the D is a vector space on R,
D= {a + 0¢ : a € R},which is subspace of D, is isomorph R,
(1,¢) is basis of D,

for every d = (z + 2*¢) € Dsuch that d = (x —z%e) e D, & = (L +2

T
d-d=2z%(d) =d

for every d; = x + 2*c, dy = y + y*'c € D,(y #0), & = (% + ) e D, (B) =

(%)’ (di + ds) = (di +d) and (d; - d2) = (dy - do).

For more detail see [53].
Next, we give some information with dual sequences presented in the literature.

e Aydn [3] studied Dual Jacobsthal Quaternions as

QJien = Jin + i1 Jksns1 + t2Jkins2 + i3Sk

where J, = J,_1 +2J,_0, Jo =0, J; = 1.

e Giirses, et all [21] studied dual-generalized complex Fibonacci and Lucas numbers,

respectively, as

fn - Fn+an+l+5Fn+2+jEFn+3a

En - Ln +jLn+1 + ELn+2 +j€Ln+37

where Fibonacci and Lucas numbers, respectively, given by F,, = F,,_1 + F,,_2, F; = 0,

F1:17 Ln:Ln—1+Ln—27 L0:27 L, =1

1.3.4 Dual Hyperbolic Numbers

A hypercomplex system, in mathematical and geometric contexts, denotes a system that
extends the principles of complex numbers. These systems exhibit intriguing algebraic
properties and are often explored due to their applications in physics and engineering.
Dual hyperbolic numbers can be used to represent rotations in a plane that is different

from the plane represented by complex numbers. In particular, they are used in the study
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of the conformal group of the Minkowski plane, which plays a role in the study of special
relativity. In physics, dual hyperbolic numbers can be used to represent quantities that
involve both spatial and temporal components, similar to hyperbolic numbers. They can
also be used in the study of quantum mechanics, where they can represent operators that
act on quantum states. Overall, dual hyperbolic numbers provide a mathematical frame-
work for dealing with quantities that exhibit both rotational and exponential behavior in
a different context than hyperbolic numbers, making them a useful tool in certain areas
of mathematics and physics.

A dual hyperbolic number, specifically belonging to the hyperbolic number system, is a
particular kind of hypercomplex number. A dual hyperbolic number is defined by

q = (ap + jai) + e(ag + jaz) = ag + jay + eas + €jas

where ag, a1, as, a3 are real numbers.

The set of all dual hyperbolic numbers are usually denoted by
Hp = {ao + jai + eay + €jas : ag, a1, a,a3 €R, 2 =1,j # +1,e2 = 0,¢ # 0}.

The {1,j,¢,¢ej} is linear independent and Hy = sp{l,j,e,ej} so that {1,j,¢,¢j} is a
basis of Hp. For more detail see [5].

The next properties are true for the base elements {1, j,,ej} (commutative multiplica-
tions):

le = glj=j 2=ce=(je)’=0, j*=jj=1

ej = j& elef) =(ej)e=0,jlej) =(ej)j=¢
where € denotes the pure dual unit (¢ = 0,& # 0), j denotes the hyperbolic unit (j2 = 1),
and ¢j denotes the dual hyperbolic unit ((je)? = 0).

Next we present product of two dual hyperbolic numbers, ¢ = ag + ja; 4+ €as + jeas and

p = bo +]b1 + Sbg +j€b3, giVGIl by
qp = aobo+a1b1+j(aob1 +a1bo) +e(agba + asbo + a1 b3+ asby ) + je(aobs + arbs +azby +boas)

and the addition of dual hyperbolic numbers is defined as componentwise.
It is known that the dual hyperbolic numbers form a commutative ring, real vector space
and an algebra. Every dual hyperbolic number doesn’t have an inverse so that Hy is not

field. For more detail see [5].
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Next, we give some information related to dual hyperbolic sequences presented in the

literature.

e Soykan, et all [44] presented dual hyperbolic generalized Pell numbers are given by

Vi, =V + iViir + Vo + jeViia

where generalized Pell numbers are given by V,, =2V, 1 +V,, o5, Vo =a, V1 =b (n > 2)

with the initial values V4, V; not all being zero.

e Cihan, et all [4] studied dual hyperbolic Fibonacci and Lucas numbers are given by,

respectively,

DHF, = F,+ jFp1+¢cFpo+ jeFpis,

DHLn = Ln +jLn+1 + €Ln+2 +j5Ln+3

where Fibonacci and Lucas numbers, respectively, given by F,, = F,,_1 + F,,_2, Fy = 0,

F1:17 Ln:Ln—1+Ln—27 L0:27 L, =1

e Soykan, et all [45] studied dual hyperbolic generalized Jacopsthal numbers given by

T = Ju+ jwer + e gz + jeduia
where B, =6B,,_1 — B,_2, Bo =0, B; = 1.
e Brod, et all [8] studied dual hyperbolic generalized balancing numbers as
DHB, =B, + jB,i1+€Byio+ jeB.3
where J, = J,_1+2J,_ 2, Jo =a, J1 =b.

1.3.5 Other Special Numbers
Now, we give some special numbers and their properties mentioned in the literature.
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e Quaternion numbers, non-commutative examples of hypercomplex number systems,
are a four-dimensional extension of complex numbers. They are expressed as ag +
1a1+ jas+ kas, where ag, a1, as,a3 € R, and i, j, and k are the quaternion units that
satisfy specific multiplication rules. For more detail see [23]. Quaternion numbers

are defined by

Ho = {q = a¢ + iay + jay + kas : ag, ay, as, a3 € R,i*> = j* = k* = ijk = —1}.

e Octonions is a set, every element of the set linear combinations of unit octonions

{e; :1=0,1.2,...,7}, doneted as @. Octonions defined by,

7
0=/ E aie; : a; € R ege; = ejeg = €;, e;ej = —0;5€0 + €ijk€k }
i=0

where e, = 1, 0;; is Kroneker delta (equal to 1 if and only if i = j), € is an anti-

symmetric tensor. For more detail see [28]

e Sedenions is a set, every element of the set linear combinations of unit sedenions
{e; :1=0,1.2,...,15}, presented by S. It can be seen from here that every sedenion

can be written as
15

E ;€4

i=0

where a; is real number. For comprehensive details, see [39].
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CHAPTER 2
GAUSSIAN GENERALIZED GUGLIELMO NUMBERS

In this chapter, we define Gaussian generalized Guglielmo numbers and present some

properties such as reccurance relations, Binet’s formula and generating function.

2.1 DEFINITION AND PROPERTIES

Gaussian generalized Guglielmo numbers {GW,, },,>0 = {GW,,(GWy, GW1, GW3)},50 are
defined by

GW, =3GW,_1 —3GW,_o + GW,,_3, (2.1)
with the initial conditions

GWy =Wy +i(3Wy — 3Wy + W), GWy = W,y +iWy, GWy = Wy + il

not all being zero. The sequences {GW,, },>o can be extended to negative subscripts by

defining
GW_, = 3GW_(n_1) - 3GW_(n_2) + GW_(n_g) (2.2)

for n = 1,2,3,.... Thus, recurrence (2.1) hold for all integer n. Note that for all integers

n, we get
GW, =W, +iW,_4. (2.3)

At this point, the characteristic equations of (2.1) has been sighted as

=32 +3r—1=(z—1)>=0.

Now, by using (2.3), we can write the Gaussian generalized Guglielmo numbers.
The first few generalized Gaussian Guglielmo numbers with positive subscript and nega-

tive subscript are presented, respectively, in the Table 2.1 and Table 2.2.
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Table 2.1. The first few generalized Gaussian Guglielmo numbers with positive subscript.

n GW,
0 Wo +i(3Wy — 3W; + Ws)
1 Wi + iW

2 Wy +1W;

3 Wy — 3W1 + 3Ws + i,
4
5

3Wo — 8Wy + 6Wo + i(Wy — 3W; + 3Ws)
6Wo — 15W; + 10Ws + i(3W, — 8W; + 6Ws)
6 10W, — 24W; + 16W5 + i(6WWy — 150, + 10W5)

7 15Wo — 35W5 + 21W5 + i(10Wy — 24W; + 15W5)
Table 2.2. The first few generalized Gaussian Guglielmo numbers with negative subscript.

n GW_,
Wo +i(3Wy — 3W; + Wa)
3Wo — 3Wy + Wy +i(6Wy — 8W; + 3Ws)
6Wy — Wy + 3Wa + i(10Wy — 15W; + 6113)

10W, — 15W; + 6W, + i(15W, — 24W; + 10Ws)

15Wo — 24W, + 10W, + i(21W, — 35W; + 15W5)

21W, — 35W; + 15W; + i(28W, — 48W; + 21WW5)
)
)

28W, — 48W1 + 21W, + (36 — 63W; + 28,

36Wo — 63W7 + 28W5 + i(45Wy — 80W; + 3615
Gaussian triangular numbers, GW,, : GW,,(0,1,3 + i) = GT,, are defined by

N B S N S =

GT, =3GT,1 —3GT, 2+ GT,_3 (2.4)
with the initial values

GIy =0,GT; =1,GTy, = 3 +i.

Gaussian triangular-Lucas numbers, GW,,(3 + 3i,3 + 3i,3 + 3i) = GH,,, are defined by
GH, =3GH, 1 —3GH, ,+GH,_3 (2.5)
with the initial values

GHy=3+3i,GH; =3+ 3i,GHy = 3 + 3i.

Gaussian oblong numbers , GW,,(0, 2,6 + 2i) = GO,,, are defined by

GO,, = 3G0,_1 —3GO,_3 + GO,_3 (2.6)

18



with the initial values

GOy =0,G0O, =2,GOy = 6+ 2i.

and Gaussian pentegonal numbers, GW,,(2i, 1,5 + i) = Gp,,, are defined by

Gp, = 3Gpn_1 — 3Gpp_o + Gp,_3

with the initial values

Gpo = 2Z,Gp1 = 1,Gp2 =5+1.

Remember that for all integers n, we have

GTn = Tn_'_iTn—lv

GHn = Hn+iHn—1,

GOn = On_l'ion—la

Gpn = pn"—ipn—l-

(2.7)

The first few values of Gaussian triangular numbers, Gaussian triangular-Lucas numbers,

Gaussian oblong numbers and Gaussian pentegonal numbers with positive and negative

subscript are given in the Table 2.3.

Table 2.3. Special cases of Gaussian generalized Guglielmo numbers with positive and

negative subscripts.

n 0 1 2 3 4 3 6 7
GT, 0 1 3+t 6+ 31 10+6: 15+410: 21 +152 284 21¢
GT_, ? 1+3:  3+4+6: 64100 10415 15+21: 214 28
GH, 343 3+3i 3+3 343 3+ 3 3+ 3 3+ 31 3+ 31
GH_, 3+3i 3+3 3+3 3+ 3 3+ 3 3+ 31 3+ 31
GO, 0 2 6+2¢ 12461 20412 30+20¢ 42+ 30¢ 56+ 42
GO_, 2t 2460 6412¢ 12+20: 20+ 300 304420 42+ 561
Gpy, 2 1 o+t 12+5: 224120 35+22¢ 51+35¢ 70+ 51
Gp_,, 247 T+150 15+26c 26+40¢ 40+57¢ ST+ 77 77+ 100¢

2.1.1 The Binet’s Formula For The Gaussian Generalized Guglielmo Num-

bers

Next, we present The Binet’s formula for the Gaussian generalized Guglielmo numbers.
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Theorem 2.1 The Binet’s formula for the Gaussian generalized Guglielmo numbers is
GW, = (Wo + L(—=Wa +4W, — 3Wo)n + 2 (Wa — 2W + Wo)n?) 4+ i(Wo + 5 (—Wo + 4W; —

Proof. The proof follows from (1.6) and (2.3). O

The previous Theorem gives the following results, as special cases.

Corollary 2.1 For all integers n, we have following identities:

(a) GT, = sn(n+1) +i(zn(n—1)).
(b) GH, =3+ 3i.
(c) GO, =n(n+1)+in(n—1).

(d) Gp,=3n(3n—1)+i(5(n—1)(3n—4)).

2.1.2 The Generating Function of Gaussian Generalized Guglielmo Numbers

The next theorem presents the generating function of Gaussian generalized Guglielmo

numbers.

Theorem 2.2 Let fow, (z) = > 0  GW,a" denote the generating function of Gaussian

generalized Guglielmo numbers. Then,

[e.9]

n=0

B 1— 3z + 322 — 23 '

(2.8)

Proof. Using the definition of Gaussian Guglielmo numbers, and substracting = f(z),
22 f(x) and 23 f(x) from f(x) we obtain

(1 =3z +32% — 2°) fow, () = (1 — x)* 3277, GW,a”
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So that we get,

(1—x)? i GW,z" = i GW,z" — 3x i GW,x™ + 322 i GW,x" — 23 i GW,z",

n=0 n=0 n=0 n=0 n=0
= f: GW,z" —3 f: GW,z" +3 i GW,x"t% — f: GW,x" "3,
n=0 n=0 n=0 n=0

= Z GW,z" — 3 Z GW,_1x" + 3 Z GW,,_ox™ — Z GW,_3z",
n=0 n=1 n=2 n=3
= (GWy + GWiz + GWar?) — 3(GWox + GWia?) 4+ 3GWoa®

+3 (GW, = 3GW, 1 + 3GW,_5 — GW,,_3)",
n=3

= GW() + GWLT + GW2$2 — 3GWO$ — 3GW1$2 + ?)GWO.TQ,
= GWO + (GWl — 3GW())$' aly (GW2 — 3GW1 + 3GWQ)Z)§'2,

and rearranging above equation, we get (2.8). O

Theorem 2.2 yields the following outcomes as special cases,

T + 122
for.(@) = 1—3x+ 322 — a3’
Fon (1) = (3+3i)2?— (6+6i)x+3+3i
GHn B 1 — 32+ 322 — 23 ’
2ix? + 2z
feo.(2) = 1 — 3z + 322 — 2%’
for (1) = (24 Ti)x* + (1 — 6i)x + 2i
Pn - )

1—32+ 322 — 23

2.2 SOME IDENTITIES ABOUT RECCURENCE RELATIONS OF GAUSSIAN
GENERALIZED GUGLIELMO NUMBERS

In this section, we present some identities involving Gaussian triangular, Gaussian triangular-

Lucas, Gaussian oblong, Gaussian pentegonal numbers.

Theorem 2.3 The following equations hold for all integer n

1 3 3
GTn - §G0n+3 - §G0n+2 + §GOTL+17 (29)
GOn = 2GTn+3 - 6GTn+2 ‘I‘ 6GTn+1, (210)
—2 10 1
GT, = EGan + 2—7Gpn+1 + 2—7Gpm (2.11)
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—4 20 2
GO, = 2_7Gpn+2 + 2_7Gpn+1 + 2—7Gpm (2.13)

Gpp = GOpys — 3GO,.1 + ;GOn. (2.14)

Proof. To proof identity (2.9), we can write GT,, = aGO, 3 + bGO,, 2 + ¢GO,,.; and

solve the system of equations we get,

GTy, = aGO3+ bGOy + cGOy,
GT' = aGO4+ bGOs + cGOs,
GT, = aGOs5+ bGO4+ cGOs.

Then, we obtain a = %, b= —%, c= % The other identities can be found similarly. [

Lemma 2.4 ([19])We assume that f(x) = > a,x™ is the generating function of the
n=0
sequence {ay tn>0. Then the generating functions of the sequences {aay, }n>0 and {asn11}n>0

are stated as

o) = S g = SRS

and

(VE) — f(=/D)
2/

= /
fa2n+1 (*T) = Za/2n+1xn =
n=0

respectively.

Below, we detail the generating functions for the even and odd-indexed generalized

Guglielmo sequences as provided by the theorem.

Theorem 2.5 The generating functions of the sequence GWs,, and GWs,,.1 are provided

by
. GW() + (GW2 — 3GWO)£L’ + (6GWO - 8GW1 + 3GW2)$2
Jowa, (@) = 1—3x+ 322 — 23 ’ (2.15)
GW, + (GWy — 6GW, + 3GWo)x + (3GWy — 3GW, + GWs) 22
fowp () = —— (G : 2) + 36 : )t (2.16)

1—3x+ 322 — a3
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Proof. We only proof (2.15). From Theorem 2.2 we can obtain following identities:

GWO — ﬁ(GWl — 3GWO) +x (3GWO — 3GW1 + GWQ)
fGWn(\/E) = 3 :
3r+3yr+ a2 41

GWO + \/E (GWl — 3GW()) +x (3GW0 — 3GW1 + GWQ)
3Vr—3r+x2 —1

Thereby, using Lemma 2.4 identity (2.15) can be proved. The other identity can be found
similarly. [J

From Theorem 2.5, we get the following corollary.

Corollary 2.2

(a)
o 1= BT g PO
(b)
()
o) = L )= S
(d)
Fonn (1) = (7+15i) 2® + (5 — 5i) & + 24 and o, (1) = (2 + 7i) 2% 4 (94 5i) = + 1

1—3z+ 322 — 23 1—3x+ 322 — a3

From Corollary 2.2, we can obtain the following corollary which presents the identities

on Gaussian Guglielmo sequences.

Corollary 2.3

(a) 3+1)GHaypo+ (1+3i)GHapg = (3+3i)G1Tyy, — (6 +6i)GTop_o + (34 3i)GTop—4.
(b) 2iGTy, 4 + (6 4+ 60)GToy o + 2GTs, = (34 1)GOqy 1 + (1 + 3i1)GOy,,_3.

(C) (7 + 15Z)GT2n_4 + (5 — 57:)GT2n_2 + QZGTQn = (3 + 'i)Gpgn_Q + (]. —+ 37:)Gp2n_4.
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(d) (343))GOs_s — (6+6i)GOs—s+ (3+3i)GOsp = (24 6i)GHap_s+ (6 + 2i) G Hapy_s.

(e) (7 -+ 15i)GH2n_4 + (5 — 5i)GH2n_2 + 2iGHy,, = (3 + 3i)Gp2n_4 — (6 + 6i)Gp2n_2 +
(3 + 3i)Gp2n.

(F) (7+15i))GOg,_4 + (5 — 51)GOqy,_5 + 2iGOsy, = (24 61)Gpay_s + (6 + 20)Gpay_o.
(g) i GHap 3+ (3+3i)GHoy 1+GHap iy = (3430)G Ty, 3—(6+60)GToy 1+ (3+31) GTop s 1 -
(h) iGHypy 4+ (3+3i)GHyy o+ GHoy, = (3+30)GTon_3— (646i)G Ty, 1+ (34 31) GToy 1.
(1) 1GOgp—4 + (34 3i)GOqy,—2 + GOy, = (24 61)GT3y—3 + (6 + 20)GTo), 1.

(3) iGpan—3 + (3 + 3i)Gpan—1 + Gponi1 = (24 7i))GTop—35 + (94 5i)GTop—1 + GTopy1.

(k) (3+31)GOq,_35— (64 6i)GOqy,_1 + (34 31)GOgyy1 = 2iGHay_3+ (6 + 6i)GHap, g +
2GH2n+1-

(1) 2iGpan—3 + (6 4+ 6i)Gpan—1 + 2Gpans1 = (24 7i)GO2n—3 + (9 + 51)GOgy,—1 + GOgp41.

Proof. From Corollary 2.2, we obtain

(34 i)z + (14 30)2) fom,, = (34 3i) — (6 + 6i)x + (3 + 30)2°) far,-
The LHS (left hand side) is equal to

LHS = (3+i)z+(1+3i)x ZGHan

= (3+i)x ZGHM +(1+3i)x ZGHM

n=0

= (3+14) Y GHya"™ + (14 3i) Z GHoypa™*?

n=0 n=0

= (341)Y GHypox" + (1+3i) Y GHyyya"

n=1 n=2

= (34+1)(3+3i)x + i((:& +4)GHyp o+ (1 + 31)GHyy )2

n=2
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whereas the RHS (right hand side) is equal to

RHS = ((3+3i)— (64 6i)x+ (3 + 3i)x ZGTM

= (3+ 3) ZGTM —(6+6zxZGTgnx + (3 + 3i)z ZGTM

n=0 n=0

= (343i)) _ GToua" — (6+6i) Y GToua™" + (3 + 3i) Z GTy,z"+?
n=0 n=0 n=0

= (3+3i) ZGTM — (6+ 60) ZGTQn 22" + (3 + 3i) ZGT2n sz
n=0

= 3+49)(B+3)z+ Z((za + 30)G Ty — (6 + 61)GTon_2 + (3 + 3i)GTap_s)x"

n=2
Comparing the coefficients and the proof of the first identity (a) is done. We can present
other identity similarly. [J
We can get an identitiy related to Gaussian Guglielmo numbers and triangular numbers

given below.
Theorem 2.6 For all integers m,n the following identity holds:
GWm—i—n = Tm—lGWn+2 + (Tm—S = 3Tm—2)GWn+l + Tm—QGWn-

Proof. First, we assume that m,n > 0. the Theorem 2.6 can be proved by mathematical

mduction on m. If m =0 we get
GW, =T 1GW,i0+ (T3 — 3T _5)GW, 11 + T_2GW,

which is true since T 1 = 0, T o = 1,T_3 = 3. We assume that the identity given holds
form < k. Form=k+ 1, we get
GWistyn = 3GWigp — 3GW,pp1 + GWipp—s
= 3(Tp1GWyio+ (T3 — 3Tj—2)GWyiq + T _oGW,,)
—3(Ty—2GWio + (Ti—g — 3Ty 3)GW,y1 + T _sGW,)
+(Th—3GWyio + (Thh—5 — 3Tj—a) GWi i1 + Tim s GW,,)
= (BTp1—3T) o+ Tk 3)GWyio+ ((3T—3 — 3T—a + Ti_5)
—3(3Ty—2 — 3Ty—3 4+ Ti—a))GWpi1 + (3Tk—2 — 3Tj—3 + T}—a)GW,,
= TpuGWyio+ (T2 — 3Tj1)GWyi1 + T, 1GW,

= To1)-1GWhio + (Ties1)-3 — 3T (ks 1)—2) GWag1 + Tl 1)—2GW,.

25



Consequently, by mathematical induction on m, this proves Theorem 2.6. The case m,n <

0 can be proved similarly. [J

For n > 0, m > 0 and taking GW,, = GT,, or GW,, = GH,, or GO,, = GW,, or GW,, =
Gp,,, respectively, we get,

GTm+n = Tm—lGTn+2 + (Tm—3 - 3Tm—2)GTn+l + Tm—QGTn>
GHm+n - Tm—lGHn+2 + (Tm—?) - 3Tm—2)GHn+l + Tm—QGHna
G0m+n = Tm—lGOn+2 + (Tm—3 - 3Tm—2>GOn+1 + Tm—QGOru

Gpm+n - Tm—len—l—Q + (Tm—3 - 3Tm—2)Gpn+1 + Tm—QGpn-

2.3 SIMPSON’S FORMULA FOR GAUSSIAN GENERALIZED GUGLIELMO
NUMBERS

In this section, we present Simpson’s formula of generalized Gaussian Guglielmo numbers.
This is a special cases of [38, Theorem 4.1]. We give the proof by calculating determinant

and using Binet’s formula of Gaussian generalized Guglielmo numbers.

Theorem 2.7 (Simpson’s formula of generalized Gaussian Guglielmo numbers)

For all integers n, we can write following equality

GWn+2 GWn—H GWn
CGWir  GW,, GW,_; | = —(GWy — 2GW; + GW>)®.
GW, GW,_1 GW,_,

Proof. Using Theorem 2.1 we can obtain

GWn+2 GWn—H GWn
CWopr GW, GW,y | = i((1=)Wo—(2=20) Wi+ (1) Wy)’
GW, GW,_1 GW,_,

= —B(1—0)3(Wy — 2W, + Wh)?

= (=i — P (W — 2W; + W)

= —(1 40P (Wo — 2W, + Wy)?

= —(Wo — 2W, + Wa +i(Wy — 2W; + W5))?
= —(GWy — 2GW; + GW;)*. O
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From the Theorem 2.7, we get the following Corollary.

Corollary 2.4 For all integers n, we get the following identities.

GTTH-? GTn—H GTn
(@) | GT,,, GT, GT,, |=2(1-1).
GT, GT.,. GT._,

GHn+2 GHn-‘rl GHn
(b) GHn+1 GHn GHn—l =0.
GH, GH,, GH,

GOn+2 G0n+1 GOn
(©) | GO,.1 GO, GO,_, | =16(1—1).
GOn GOn—l GOn—Q

Gpny2 Gpny1  Gpn
(d) | Gpurr  Gpn  Gpuy | =541 —1).
Gpn Gpn—l Gpn—2

2.4 SUM FORMULAS FOR GAUSSIAN GENERALIZED GUGLIELMO
NUMBERS

In this section, we identify some sum formulas of generalized Gaussian Guglielmo num-

bers.

Theorem 2.8 For all integers n > 0, we have sum formulas given below

(2) GWi =1 (n+1) (n(n—)Wa = (20— 5)Ws + (0% —dn -+ 6)Wo) + & (n -+ 1) (n* -
kzl(;z +6)Wy — (2n* — 11n 4+ 18)W; + (n? — Tn + 18)Wp)i.

(b) Y GWo, = ¢ (n+1) ((4n? — n) Wo—8(n? — n) Wi+(4n? — Tn + 6) Wy)+3 (n + 1) ((4n*—
k=0
n+ 6)Wsy — 2(4n* — 10n + 9)W; + (4n* — 13n + 18)Wy)i.

() Y GWapyr = ¢ (n+1) ((4n® + 5n) Wo—2 (4n* + 2n — 3) Wi+(4n? — n) Wo)+¢ (n + 1) ((4n?
k=0
n)Wa — 8(n? — n)Wy + (4n* — Tn + 6)Wy)i.
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Proof. From (2.3) we can write the following sum formulas.

ZGWk = ZWk +1 ZWk—la
k=0 k=0

k=0
ZGW% = ZWQk +1 ZWZk—la
k=0 k=0 k=0
ZGWQkH = ZW%H +1 ZWQk-
k=0 k=0 k=0

Using Proposition 1.2 and Proposition 1.3, the proof has been done easily.[]

The previous theorem gives the following Corollary.

Corollary 2.5

(a) kzijoGTk:én(n+2)(n+1)+%n(n—1)(n+1)i.
(b) éeﬂk:3(n+1)+3(n+1)z’.

(c) kz;aokzgn(n+2)(n+1)+§n(n—1)(n+1)z'.
(d) :;(Jka:%nQ(n—l—l)Jr%(n+1)(—3n+n2+4)i.

Next, we give sum formulas which are given by even subscripts.

Corollary 2.6

(a) iGTgk = 1n(4n+5) (n+1) + tn(n+1) (4n — 1)i.

(b) S GHy =3(n+1)+3(n+1)i

k=0

() Y GOy, =3 (8n* +10n) (n+ 1) + ¢ (8n* —2n) (n+ 1) 1.
k=0

(d) Y Gpy=3n(dn+1)(n+1)+ 1 (n+1)(=5n+4n*+4)i.
k=0

Next, we give sum formulas which are given by odd subscripts.

Corollary 2.7
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(@) X GTopr1=:(n+1)(4n* +11n+6)+ tn(4n+5) (n+1)i.
k=0

(b) Y GHyy1=3(n+1)+3(n+1)i.
k=0

(€) 32GOuyr = L (n+1) (8n2 +22n + 12) + L (8n2 + 10n) (n + 1)1
k=0

(d) Y Gpops1 =3 (n+1)(12n° + 21n + 6) + & (12n* 4 3n) (n + 1) 4.
k=0

2.4.1 Sums of Squares

Theorem 2.9 For all integers m and j with Wy, W1, Wy are the initial values of (1.1),

we have the following sum formulas for generalized Gaussian Guglielmo numbers

- n+1

;ng -t
where W, ¢, v and ¥ are ¥ = — v + 10,
¢ = Wi(12n* — 42n3 + 42n% — 12n) + 8W3E(6n* — 36n> + 66n* — 36n) + WZ(12n* — 102n3 +
342n? — 612n + 720) + AW Wy (6n* — 36n® + 76n* — 76n + 60) — 2W, Ws(24n* — 114n° +
154n? — 64n) — 2WoW1(24n* — 174n3 + 454n? — 544n + 360),
v = WZ(6n* — 36n3 + 86n* — 116n + 120) + 4W32(6n* — 51n3 + 161n? — 251n + 270) +
WE(6n* — 66n® + 296n% — 716n + 1080) + 2WWo(6n* — 51n + 171n% — 306n + 360) —
2W W (12n* —87n3 4 237n? — 342n + 360) — 2Wo W1 (12n* — 117n3 + 447n% — 882n + 1080),
¥ = W2(12n* — 42n3 + 42n% — 12n) + 8WE(6n* — 36n + 66n? — 36n) + W2 (12n* — 102n° +
342n? — 612n + 720) + 4WWo(6n* — 36n® + 76n* — 76n + 60) — 21, Wa(24n* — 114n° +
154n? — 64n) — 2WoW1(24n* — 174n3 + 454n? — 544n + 360).

- 1
> GWGW)y = 530 T D (1 = X) +i(I's + 2T5))
k=0

where A\, A1, I't and I’y are

A = W2(12n* — 42n3 4 42n2 — 12n) + 8WE(6n* — 36n3 4 66n? — 36n) + WZ(12n* — 102n3 +
342n? — 612n + 720) + AW Wy (6n* — 36n® + 76n* — 76n + 60) — 21, Wa(24n* — 114n° +
154n? — 64n) — 2WW1(24n* — 174n3 + 454n? — 544n + 360),

Ay = 8WE(6n* — 6613 + 27612 — 576n + 720) + W2 (12n* — 102n3 + 342n? — 612n + 720) +
WE(12n* — 162n® + 882n? — 2532n + 4320) + 4W Wy (6n* — 661 4 286n? — 646n + 900) —

29



QW Wo(24n — 23403 + 874n? — 1684n +2040) — 2Wo W (24n* — 294n3 + 1414n? — 3484n +
5040),

[y = WZ(12n* — 72n3 + 132n? — 72n) + 8WE(6n* — 51n3 4 141n? — 141n) + WE(12n* —
13208 + 55202 — 11520+ 1440) + AWy W, (60° — 5103 + 15102 — 1960+ 180) — 2V, Wa(24n* —
174n? + 394n? — 304n) — 2WoW,(24n* — 234n3 + 814n? — 1264n + 960),

[y = W2(6n* — 36n3 + 86n? — 116n + 120) + 4W2(6n* — 51n® + 161n% — 251n + 270) +
W2(6n* — 66n° + 296n% — T16n + 1080) + 2WeWa(6n* — 51n° + 17102 — 3060 + 360) —
QW1 W (120* — 8Tn® +237n% — 3421 + 360) — 2Wo Wi (120 — 11703 + 447n* — 8821 + 1080).

Proof: From (2.3) we can write the following sum formulas.

SEWE = Y W= W 420y Wil
k=0 k=0 k=0 k=0

ZGWkGWk_l = Z(Wka—l — WieaWi—2) + iZ(Wka—2 +WE).

k=0 k=0 k=0
Using Proposition 1.6, the proof can be done. []

The previous theorem provides the following corollary.

Corollary 2.8

(a) éoaw 12 (1)’ +i(E (n+ D) n(n—1) 2n+1) (n+2)).

(b) éoeﬂ,g — 18i(n + 1).

(c) kz;GOZ 2 (n+ 12 i (n+1)n(n—1)2n+1) (n+2)).

(d) ké)GpZ = 1(3n— ) (n+1) (—n + 3n% + 4)+i(L (n+ 1) n (n — 1) (—45n + 54n? — 26)).
(e) ki_oGTkGTk_l — 12 (n 1) (n—1) +i(En(n— 1) (n+1) (32 - 7).

(f) :;0 GH.GHy 1 = 18i (n+1).

(8) SC0G0 =0 (0= 1) (n+1)+i(En (n—1) (n+ 1) (3% = 7))

(h) Y GpGpr—1 = 1 (Bn—=T7)(n+1)(=4n+3n® +8) + i(55 (n + 1) (27Tn* — 1170% +
k=0
167n2 — 107n + 120).
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2.5 MATRIX FORMULATION OF GAUSSIAN GENERALIZED GUGLIELMO
NUMBERS

In this section, we present by introducing the following lemma, which serves as a foun-
dational result for our study. Later, we proceed to define some fundemental formulas

related to matrix formulation of GW,,.

Lemma 2.10 Forn > 0 the following identity is true

n

GWso 3 -3 1 GW,
GWei | =11 0 0 GW; (2.17)
GW,, 0 1 0 GW,

Proof. The identity (2.17) can be proved by mathematical induction on n. If n =0 we

obtain
0
GW,y 3 -3 1 GW,
G W1 = 1 0 0 G W1
GW, 0 1 0 GW,

which is true. We assume that the identity given holds for n = k. Thus, the following

identity is true:

GWiss 3 -3 1 GW,
GWy, 0 1 0 GW,
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For n =k + 1, we get

k+1 k
3 -3 1 GWs 3 -3 1 3 -3 1 GWs
1 0 0 avy | = |1 0 o0 1 0 0 GW,
01 0 GW, 0 1 0 0 1 0 GW,
3 -3 1 GWiso
=11 0 o Wit
0 1 0 GW,,

3GWiio — 3GWis1 + GW),

= GWia
GWiit
GWiys
= GWiia
GWisa

Consequently, by mathematical induction on n, the proof is completed. [

We define

GW, GW, GW,
New = | GW, GW, GW_; [, (2.18)
GWy GW_; GW_,

GWn+2 GWn+1 GWn
Eew =1 GW,.. GW, GW,, |- (2.19)
GW, GW,.1 GW,_,

Now, we have the following theorem with Ngyw and Egy .

Theorem 2.11 Using (1.11) Ngw and Egw, we get

A"Naw = Egw.
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Proof. Note that using (1.11), we get

A" New

where

a1
Q12
ai13
Q21
Q22
Q23
as1
asz2

a33

Thy1 =31, +7T,1 T, GW, GW,
= T, —3T,1+T,2 T, GW; GW,
Th1 -3, o+T, 3 T, o GWy GW_,4
ail Gi2 aig
= Q21 Q22 Q23
as31 Q32 0433

GWoToi1 + GWy (To_y — 3T}) + GWoTh,
GWiT, 1 + GWy (T — 3T,) + GW_1T,,
GWoTuis + GW_y (Ty_y — 3T,) + GW_o Ty,
GWoT, + GWy (Ty_s — 3Tp_1) + GWoTy_1,
GWAT, + GWy (Ty—o — 3T)_1) + GW_1T)u_1,
GWoT, + GW_y (T — 3Tp_1) + GW_sTp_1,
GWoTy_1 + GWy (Th_y — 3Th_s) + GWoT_o,
GWi Ty + GWy (Tp_s — 3Tp_s) + GW_1T_s,

GWoTh 1 + GW_ (T3 — 3Tp_2) + GW_sTj_».

Using the Theorem 2.6, the proof is done. [

GW,
GW_4
GW_,

By taking, GW,, = GT,, with GTy, GTy, GT in (2.18) and (2.19), GW,, = GH,, with
GHy, GHy, GH, in (2.18) and (2.19), GW,, = GO,, with GOy, GOy, GO, in (2.18) and
(2.19), GW,, = Gp,, with Gpg, Gp;1, Gps in (2.18) and (2.19) respectively, we get:

341

Ngr = 1
0
3+ 3
3+ 3
3+ 31

Neu =

1 0 GTio

0 i . Eer=| GT,4

i 14 3i GT,
343 3+3 GH,o
3+3i 3430 , Eecn = | GH,y
3+3i 3+3i GH,
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GT,
GT,1
GHy1
GH,
GH,_

GT,
GT,1
GT,_»

GH,
GH,
GH, -



6+2i 2 0 GOpnio GO,y GO,
Nco = 2 0 2 , Eco=1| GO, GO, GO,
0 2 2+6i GO, GO,—1 GO,
5+1 1 21 Gpnie Gpni1  Gp,
Ng, = 1 20 24T . Eep=1| Gpoy1 Gpn  Gpn
20 2471 T+ 151 Gp, Gpn_1 Gpn_o

From Theorem 5.10, we can write the following corollary.
Corollary 2.9 The following identities are holds.

(a) A"Ngr = Egr.

(b) A"Ngy = Egy-

(b) A"Ngo = Ego.

(C) AnNGp = EGp.
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CHAPTER 3

HYPERBOLIC GENERALIZED GUGLIELMO NUMBERS

In this section, we define hyperbolic generalized Guglielmo numbers then we present

generating functions and Binet formulas for them.

3.1 DEFINITION AND PROPERTIES

We now investigate hyperbolic generalized Guglielmo numbers over H. The nth hyper-

bolic generalized Guglielmo number is

HW, = W, + jW, 1 (3.1)

with the initial values HWy, HW7, HW,. (3.1) can be written to negative subscripts by

defining,

HW_ = W_y 4 jW_pi1 (3.2)

so that (3.1) is true for all integers n.

Now we define some extraordinary cases of hyperbolic generalized Guglielmo numbers
named the nth hyperbolic triangular numbers, the nth hyperbolic triangular-Lucas num-
bers, the nth hyperbolic oblong numbers and the nth hyperbolic pentegonal numbers and
give them below.

The nth hyperbolic triangular numbers HT,, = T,, + 51,1, with the initial values as

HTy = To+ jTq,
HT, = T, + j1s,

HTQ == TQ—I—jTg
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The nth hyperbolic triangular-Lucas numbers H H,, = H, + jH,, .1 with the initial values
as

HHy, = Hy+ jH,,

HH, = H;+ jH,,

HH2 = H2 +]H3

The nth hyperbolic oblong numbers HO,, = O,, + jO,,,1 with the initial values as

HOy = O+ jOr,
HO; = O+ 70,
H02 = 02+j03

The nth hyperbolic pentegonal numbers Hp,, = p,, + jp,+1 with the initial values as

Hpy = po+jp1,
Hp, = pi+jpo,
Hp, = po+ jps.

For hyperbolic triangular numbers (taking W,, = T,,, To = 0, T} = 1, T = 3) we derive

HTy = j
HT, = 1+3j
HT, = 3+6j.

for hyperbolic triangular-Lucas numbers (taking W,, = H,,, Hy = 3, H; = 3, Hy = 3) we
get

HHy, = 3+3j,

HH, = 3+ 3j,

HHy, = 3+43j.

for hyperbolic oblong numbers (taking W,, = O,,, Oy = 0, O; = 2, O = 6) we have
HOO - 2],

HO, = 246y,

HO, = 6+ 12,
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and for hyperbolic pentegonal numbers (taking W,, = p,, po = 0, p1 = 1, po = 5) we

deduce
HpO - j>
Hp, = 145,

Hp, = 54125

So, using (3.1) the following identity can be expressed for non-negative integers n,
HW, =3HW,_1 —3HW,_» + HW, 3. (3.3)
Hence for the negative integers n the sequence { HW,, },>o can be deduced as

HW_,, =3HW_(,_1) — SHW_(,_2) + HW_(,_3),

forn =1,2,3, ... by using (3.2). Consequently, recurrence (3.3) holds for all integer n.
In the Table 3.1, we present the first few hyperbolic generalized Guglielmo numbers with
positive subscript and negative subscript.

Table 3.1. A few hyperbolic generalized Guglielmo numbers

n HW, HW_,

0 HW, HW,

1 HW, 3HW, — 3HW, + HW,
2 HW, 6HW, — 8HW, + 3HW,
3 HWy — 3HW, + 3HW, 10HW, — 16HW; + 6 HW,
4 3HW,—-8HW;+6HW,  15HW, —24HW; + 10HW,

5 G6HW,—16HW, +10HW, 21HWy — 35HW, + 15HW,

6 10HW,—24HW, 4+ 15HWy 28HW, —48HW, + 21HW,
Remember that

HWy = Wy + jWh,

HW, = Wi+ jWs,

HWy = Wy + jWs.

A few hyperbolic triangular numbers, hyperbolic triangular-Lucas numbers, hyperbolic
oblong numbers and hyperbolic pentegonal numbers with positive subscript and negative

subscript are given, respectively, in the following Table 3.2, Table 3.3, Table 3.4 and Table
3.5.
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Table 3.2. hyperbolic triangular numbers Table 3.3. hyperbolic triangular-Lucas numbers

n HT, HT., n HH, HH_,
0 j 0 3+3j

1 1+43j 0 1 3+43j 3+3j
2 346 1 2 3+3j 3+3j
3 6+10j 3+ 3 343/ 3+3j
4 10+15] 6+3j 4 343 3+3j
5 15+21j 10+ 65 5 3+3j 3+3j

Table 3.4. hyperbolic oblong numbers  Table 3.5. hyperbolic pentegonal numbers

n HO, HO_, n Hp, Hp_,
0 27 0 J

1 246j 1 1455 2

2 6+12j 2 2 54125 T7+2j
3 124205 6+2j 3 124225 1547y
4 204305 12465 4 224355 26+ 155
5 30+425 204125 5 3545157 40+ 26j

Now, we will give Binet’s formula for the hyperbolic generalized Guglielmo numbers and

in the rest of the study the following notations are used:

Observe that the following identities are obtained:

~2

a’ = 242y,
5= 1
ag = 1+7.

3.1.1 The Binet’s Formula For The Hyperbolic Generalized Guglielmo Num-

bers

Theorem 3.1 (Binet’s Formula) For any integer n, the nth hyperbolic generalized Guglielmo

number is
HW, = (A1d + B(As + A3)) + (GAs + 2BA3)n + GAsn® (3.6)
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where @, B are shown as (3.4)-(3.5).

Proof. Using Binet’s formula given below

W, = A; + Aon + Asn?,

of the generalized Guglielmo numbers, A;, Ay, A, are given (1.3), (1.4), (1.5). We get

= (A(G+ 1)+ (A + A3)) + (1 +5)Ay + 2jAs)n + A3 (j + 1) n?
= (A0 + B(As + A3)) + (@A + 2BA5)n + aAzn®. O

As special cases, for any integer n, the Binet’s Formula of nth hyperbolic triangual number

is given below

HT, = %(5 + (a + 28)n + an?), (3.7)
the Binet’s Formula of nth hyperbolic triangular-Lucas number is given below

HH, = 3a, (3.8)

the Binet’s Formula of nth hyperbolic oblong number given below

HO, = B+ (a+28)n + an? (3.9)

and the Binet’s Formula of nth hyperbolic pentegonal number given below

Hp, = %(26 + (68 — a)n + 3an?). (3.10)

3.1.2 The Generating Function of Hyperbolic Generalized Guglielmo Num-

bers

The next step is to provide the generating function for the hyperbolic generalized Guglielmo

numbers.

Theorem 3.2 The generating function for the hyperbolic generalized Guglielmo numbers
18

. HWO+ (HW1 —3HWO>SL’+ (HW2 —3HW1+3HW0)$2

Jrw () = (1 — 3z + 322 — 23) ' (3:11)
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Proof. Let
n=0

be generating function of the hyperbolic generalized Guglielmo numbers. Then, using the
definition of the hyperbolic generalized Guglielmo numbers, and substracting xg(x) and
2?g(x) from g(z), we get

(1 =3z +32* —2%) faw(x) =1 —2)3> 00 HWa".

So that

(1—x)3§:HW:U” = f:HWx”—3x§:HWx”+3x2§:HWx”—x?’iHWx”

n=0 n=0 n=0 n=0 n=0
= iHW&:"—?)iHWx"H+3iHWx”+2—iHWx”+3
n=0 n=0 n=0 n=0

= > HWa"—3> HWa"+3) HWa"—) HWa"
n=0 n=1 n=2 n=3
= (HWO + HWl.’II + HWQ.’IIQ) — 3(HW$ + HWLTQ) + 3HW0$2

+ > (HW, —3HW,_y +3HW,_5 — HW, _3)a"
n=3

= HW() + HWL'E + HWQZBQ — 3HW().I’ — 3HW11’2 + 3HW()I’2

= HWy+ (HWy — 3HWy)x + (HWy — 3HW, + 3HW)2>.

Note that using the recurrence relation HW,, = 3HW,,_; — 3HW,_» + HW,,_3 and rear-
ranging above equation, we get (3.11). O
As special cases, the generating functions of the hyperbolic triangular, triangular-Lucas,

oblong and pentegonal numbers are written by

B Jtx
Jaw, (@) = (1 -3z + 322 —a3)’
o (z) = (3+3j) + (=6 —6j)x + (3 + 3j) 2?
FH (1 — 3z + 322 — 23) ’
B 2) + 2%
fro.(x) = (1 -3z + 322 —23)’
oo (z) = J+ (1+2j)x + 222
Pn -

(1 -3z + 322 —a3)’
respectively. [
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3.2 GETTING BINET’S FORMULA FROM GENERATING FUNCTION
OF HYPERBOLIC GENERALIZED GUGLIELMO NUMBERS

Our next step involves exploring Binet formula of hyperbolic generalized Guglielmo num-

ber {HW, } utilizing generating function fgw, ().
Theorem 3.3 (Binet formula of hyperbolic generalized Guglielmo numbers)
HW, = (A1d + B(As + As)) + (@A + 2BA3)n + GAzn?. (3.12)

Proof. We write

i g HWo (HW: = 3HWo)o + (HW, = 3HW: + 3HWy)a? -
n=0 \ N (1 — 3z + 322 — 23) .
dl d2 d3
B : 3.14
Q-2 (-22 d-2p (3.14)
So that
N dl d2 d3
HW,a" =
nz:; ’ (1_x)+(1—$)2+(1—x)3
il =2+ do(l—x) +dy
N (1—a) '
Then, we get

HW()—'—(HWl —3HW0)SII+(HWQ—3HW1 —|—3HW0)SL’2 = (dl +d2+d3)+(—2d1—d2)$+d11’2.

If we equalize the coefficients of the same degree terms of x in the above equation, we

obtain

HWO == dl —|— dg —|— dg, (315)
HW1 - 3HWO - —2d1 - dg,
HWy — 3HW, +3HW, = d;.

If we solve system of equations (3.15), we get

d1 = 3HWO—3HW1+HW2
dy = SHW, —3HWy—2HW,.
d3 - HW()—2HW1—|—HW2
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Thus (3.14) can be written as

f: HW, 2" = d; ix" + ds i(n +1)z" + ds f: Wﬂl,
n=0 n=0 n=0 n=0

2+ 3n+2
= ) (di+dy(n+1)+ dg%)x”,

n=0
[eS)

1 1
— Z(HWO + 5(—HW2 +4HW, — 3HWy)n + 5(HW2 — 2HW, + HWy)n?)a".
n=0

As a result, we get the following identity

HW, = A, + Ayn + Agn?

where

A = HW,,

— 1

A2 = —(—HW2+4HW1—3HWO),

2
1 —_— —_—
Ay = J(HWy = 2HW, + HW).

Take note that the following equalities holds:
Ay = HW, (3.16)
= Wo+ W,
= (L)W G5 Wa AW, — 3W0)) + (3 (Wa — 210, + W)
— QA+ B(Ay + As).
Ay = %<_HW2 +4HW, — 3HW,) (3.17)
= %((—3Wo + AWy — Wa) + (=W + Wy)
= (1) (5(~Ws + 417, — 3W))
(5 (W, — 23 + W)
— (@A, + 2B As).

—~ 1
Ay = S(HW, = 2HW, + HWY) (3.18)

1 .
= 5((W2 —2Wy + W) + (W — 21 + W)

== ZL\A3
Using (3.16), (3.17) and (3.18), we get

HW, = (MA@ + B(As + Ag)) + (@As + 28A5)n + @Agn?. O
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3.3 SOME IDENTITIES FOR HYPERBOLIC GENERALIZED GUGLIELMO

NUMBERS

We now provide some special identities concerning the hyperbolic generalized Guglielmo

sequence { HW,, }. The following theorem gives the Simpson’s formula for the hyperbolic

generalized Guglielmo numbers.

Theorem 3.4 (Simpson’s formula for hyperbolic generalized Guglielmo numbers) For all

integers n we have,

HW, ., HW,., HW, HW, HW,
HWn+l HWn HWn_l = HWl HWO
aw, HW,1 HW,_ o HW, HW_

HW,

HW_
1 HW_

1

2

(3.19)

Proof. For the proof we use mathematical induction. For n = 0 identity (3.19) is true.

Now we obtain (3.19) is true for n = k. We prove that (3.19) is true for n = k + 1.

Thus,we write the identity given below,

HWio HWiey HW, HW, HW, HW,
HWk+1 HWk HWk_l = HW1 HW() HW_1
HW, HWy._y HWjy_ o HWy, HW_; HW_,

For n =k + 1, we get

HWiys HWiio HWig

3HWso — 3HWisr + HW,,

HWk+2 HWk-H HWk = 3HWk+1 — 3HWk + HWk_l

HWyy HW, HWi 4

HWy o
= 3| HWya
HW,
HW,
+| HWj_4
HW),

HW, o
HWj 1
HW,

HWio
HWi
HW,

HWiye HWiia

= HWj 1

HW,,

HW,,  HWjy_4
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SHW), —3HWj_1 + HW),_o

HWyq
HW,
HW,,_4

HWiq
HW,
HWj
HW,
HWj
HWj_s

HWiyo
HWia
HW,

-3

HWyq
HW,
HW,,_4

HWi
HW,
HW)_q

HWi s
HWi
HW,

HWy 1
HW,
HW,_4



Thus, the proof is completed.[]

From Theorem 3.19 we get following corollary.

Corollary 3.1

HT,.» HT,.. HT,
(a) HTn+1 HTn HTn—l = _4(j + 1)
HT, HIT,, HT, ,

HHn+2 HHn+l HHn
(b) | HH,., HH, HH, ,|=0.
HH, HH, , HH, ,

H0n+2 H0n+l HOn
(¢) | HO,, HO, HO, , |=—32(j +1).
Hon HOn—l On—2

Hpni2 Hppyr  Hpn
(d) Hpn-H Hpn Hpn—l = _1080 + 1)
Hpn Hpn—l Hpn—?

Now, we define Catalan’s identity of hyperbolic generalized Guglielmo numbers.

Theorem 3.5 (Catalan’s identity) For all integers n and m, the following identity holds

HW, i HW,, .y — HW? = —2m*(Q(A5 — 2A1 A5 + Ay Az + 2n Ay A3) (3.20)

—A3(Q — 2na + m*a — 2n*a — 2)).
Proof. By using the Binet Formula we get
HW, = (Aj@ + B(As + Ag)) + (@As + 28A45)n + GAzn?,

The proof is completed. [
As special cases of the above theorem, we give Catalan’s identity of hyperbolic triangular,
Lucas-triangular, Oblong, pentagonal numbers.

Next, we present Catalan’s identity of hyperbolic triangular numbers.
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Corollary 3.2 (Catalan’s identity for the hyperbolic triangular numbers) For all integers
n and m, the following identity holds:

1
HT, mHT, ,, — HT? = 5m?(—a — 4na + m*a — 2n*a — 2)

Proof. Taking HW,, = HT,, in Theorem 3.5, we achieve the desired result. [

Now we show Catalan’s identity of hyperbolic triangular-Lucas numbers.

Corollary 3.3 (Catalan’s identity for the hyperbolic Lucas-triangular numbers) For all

integers n and m, the following identity holds:
HH, . .HH,_ ,, — HH? = 0.

Proof. Taking HW,, = HH,, in Theorem 3.5, we acquire the desired result.. [

Following this, we provide Catalan’s identity of hyperbolic oblong numbers.

Corollary 3.4 (Catalan’s identity for the hyperbolic oblong numbers) For all integers n
and m, the following identity holds:

HOuinHOy—py — HOZ = 2m* (—@ — 4nd + m°a — 2n°a — 2) .

Proof. Taking HW,, = HO,, in Theorem 3.5, we obtain the result we’ve been seeking. []

In the next step, we detail Catalan’s identity of hyperbolic pentegonal numbers.

Corollary 3.5 (Catalan’s identity for the hyperbolic pentagonal numbers) For all integers
n and m, the following identity holds:

1 ~ ~ ~ ~
Hppom Hppm — Hpi = §m2 (11a — 12na + 9m2a — 18n%a — 18)

Proof. Taking HW,, = Hp,, in Theorem 3.5, we get the result we have been seeking. [
Note that for m = 1 in Catalan’s identity, we get the Cassini’s identity for the hyperbolic

generalized Guglielmo numbers. Hence,we present corollary given below.

Corollary 3.6 (Cassini’s identity for the hyperbolic generalized Guglielmo numbers) For

all integers n, the following identities holds:
(a) HT,, . .HT,,_, — HT? = —an? — 2an — 1.
(b) HH,,.HH,  — HH? = 0.
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(c) HOuy1HO, 1 — HO? = —4 (n*a + 2na + 1) .
(d) Hp,1Hp, 1 — Hp? = —9an? — 6an + 10a — 9.

Theorem 3.6 Let n and m be integers, T,, is triangular numbers, the following identity

18 true:
HWm+n - Tm_lHWn+2 + (Tm_g - 3Tm_2)HWn+1 + Tm_gHWn. (321)

Proof. First we give the proof for n > 0. For n > 0 the Theorem 3.6 can be proved by

mathematical induction on m. If m = 0 we get
HWn - T_lHWn+2 + (T_3 - 3T_2)HWn+1 —|— T_QHWn

which is true by seeing that 71 = 0,7 5 = 1,7 3 = 3. We assume that the identity
given holds for m = k. For m = k + 1, we get

HWsryon = 3HWaix — 3HWix 1 + HWyir o
= 3(Th1 HWois + (Ty_g — 3T o) HWpsr + Tho HW,)
—3(Ty— s HWs + (Tys — 3T_3) HWiy + Thos HW,,)
(T3 HWoio + (Tyes — 3Toa) HWsr + Thoa HW,,)
= (3Ty_1 — 3Th o+ To3) HWya + (3Th3 — 3T4_s + Tir_s)
—3(3Th—2 — 3Tj_s + T ) HWis1 + (3Th—s — 3Th_s + Toa) HW,
= T HWs + (Thes — 3Ts_1) HWyi1 + Tt HW,

= Ty 1HWipo + (Trg1y-3 — 3T g1y —2) HWig1 + Tiy1y—2 HW,,.

Consequently, by mathematical induction on m, this proves Theorem 3.6. For n < 0, the

proof can be done similarly. [J

3.4 LINEAR SUM FORMULAS FOR HYPERBOLIC GENERALIZED GUGLIELMO
NUMBERS

Below, we detail the summation formulas of the hyperbolic generalized Guglielmo num-
bers with positive and negative subscripts.
First, we will introduce the formulas that allow us to find the sum of hyperbolic general-

ized Guglielmo numbers.
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Theorem 3.7 For n > 0, hyperbolic generalized Guglielmo numbers have the following

formulas:

(a) >, Wk = %(n + )((=n + jn® + 2jn + n )Wy + (65 + 5n — 2jn? — jn — 2n?)
Wi+ (—4n + jn? — jn + n? + 6)Wp).

(b) 0 Wa = L (n+1) ((—n+4jn>+ 5jn + 4n2 )Wy + (6] + 8n — 8jn® — 4jn — 8n2)W;
+ (=7Tn + 4jn* — jn + 4n? 4+ 6)W).

(c) Do War1 = S (n+1)((6] + 5n + 4jn® + 11jn + 4n®)Ws + (6 — 8jn® — 165n —
8n? — An)Wy + (—n + 4jn® + 5jn + 4n?)Wy).

Proof.
(a) Note that using (3.1), we get
DU ST ST
k=0 k=0 k=0
and using Proposition 1.2, the proof can be easily conducted.

(b) Note that using (3.1), we get
ZHW% = ZW% +jZW2k+1
k=0 k=0 k=0

and using Proposition 1.3, the proof can be easily accomplished.

(c) Note that using (3.1), we get
Z HWop 1 = Z W1+ Z Wk 42
k=0 k=0 k=0

and using Proposition 1.3, the proof can be done easily. [

As a special case of the Theorem 3.7 (a), we present following corollary.

Corollary 3.7

(&) Yoo HT: =5 (n+1) (65 + (55 + 2)n + (j + 1)n?).
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(d) > HHy=(3j+3)(n+1).

(€) YpoHOw = ;(n+1)(12j + (105 + 4)n + (25 + 2)n?).

(d) Xio Hpe = 5 (n +1) (6] + 9jn + (3] + 3)n?).

As a special case of the Theorem 3.7 (b), below, we outline the following corollary.
Corollary 3.8

(@) Yo HTo =% (n+1)(6j 4 (5+ 11j)n + (4 + 4j)n?).

(b) > p o HHy =(3j+3)(n+1).

(€) Yh_oHOo, =% (n+1) (125 + (10 4 22j)n + (8 + 8;)n?).

(d) Y o Hpow = 5 (n+1) (65 + (3+21j)n + (12 + 125)n?).

As a special case of the Theorem 3.7 (c), the following corollary follows.
Corollary 3.9

(@) YhoHTopr = 5 (n+1) ((6 +18)) + (11 + 17j)n + (4 + 4j)n?).
(b) > p_o HHapr1 = (3j +3)(n+1).

(€) Yo HOg1 =5 (n+1) (124 365) + (22 + 345)n + (8 + 8j)n?).
(d) Y o Hpowr = g (n+1) ((6 +305) + (21 + 395)n + (12 + 125)n?).

Now, we give the formula that yield the summation formulas of the generalized Guglielmo

numbers with negative subscripts.

Theorem 3.8 For n > 1, hyperbolic generalized Guglielmo numbers have the following

formulas:

(@) Yr o HW_p = ¢ (n+1)((2n + jn® — jn +n* )Wy + (6§ — Tn — 2jn® — jn — 2n?)
Wi + (5n + jn? + 2jn + n? + 6)Wp).
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(b) Sp o HW_ g = 3 (n+1) ((5n + 4jn* — jn + 4n* )W + (6] — 16n — 8jn® — 4jn —
8n?)Wy + (11n + 4jn? + 5jn + 4n? + 6)Wy).

(€) Do HW o441 = é (n+1)((6] —n+4jn? — Tjn + 4n?)Ws + (—4n — 8jn® + 8jn —
8n? + 6)W1 + (5n + 4jn? — jn + 4n*)).

Proof.
(a) Note that using (3.1), we get
YDULEED SUSEED ps
k=0 k=0 k=0
and using Proposition 1.4, the proof can be easily carried out..
(b) Note that using (3.1), we get
Z HW_g, = Z W+ Z W ki1
k=0 k=0 k=0
and using Proposition 1.5, the proof can be easily established..
(c) Note that using (3.1), we get
Z HW _gp41 = Z W ok +7J Z W k42
k=0 k=0 k=0
and using Proposition (1.5), the proof can be easily shown. [J
As a special case of the Theorem 3.8 (a), we deduce the following corollary.
Corollary 3.10
(@) Yo HTp = 5 (n+1) (6] + (=1 — 4j)n + (1 + j)n?).
(d) >or_ HH ,=3j+3)(n+1).
() Yo HO =3 (n+1)(12) + (=2 — 8j)n + (2 4 2j)n?).
(d) Yo Hpi =35 (n+1)(2j + (1= 2j)n+ (1 +j)n).
As a special case of the Theorem 3.8 (b), we derive the following corollary.
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Corollary 3.11

(@) Yoh o HT 9 =3 (n+1)(6j 4 (=1 = T7j)n+ (4 +4j)n?).

(b) > o HH 5, =(3j+3)(n+1).

(€) YroHO o, =3 (n+1)(6j+ (=1 —T7j)n+ (4+4j)n?).

(d) Yp o Hpor =5 (n+1)((65) + (9 — 95)n + (12 + 12j)n?).

As a special case of the Theorem 3.8 (c), we establish the following corollary.
Corollary 3.12

(@) DopgHT 951 = § (n+1) (6 + 18)) + (=7 — 13j)n + (4 + 4j)n?).
(b) > o HH 9p11 = (3 +3)(n+1).

() Yo HO gpp1 =35 (n+1)((6+185) + (=7 — 13j)n + (4 + 4j)n?).
(d) Yh o Hp-ars1 =3 (n+1) ((6 +305) + (=9 — 27j)n + (12 4 12j)n?).

We will now provide a different theorem that allows us to calculate the finite sum of

Gaussian numbers.

Theorem 3.9 For every integer n, hyperbolic generalized Guglielmo numbers have the

following formula:

n(n+1) +aA3n(n+ 1)(2n + 1).

6

> HW, = (4@ + B(Az + As))(n+ 1) + (@A; +254s)
k=0

Proof. The proof can be done easily by using identity (3.6).

Next we can get the following corollary by using Theorem 3.9.

(8) Sr o HT, = L(B(n+ 1) + (a +28)2nt) | grothenil)y
(b) ZZ:O HH, =3a(n+1).

(C) ZZZO HOn _ /))(n + 1) + (Oﬁ + 25) n(n2+1) + an(n+1)6(2n+l)‘

(d) Y0 Hp, = 1(28(n+1) + (68 — o) 20l 4 3onimtl@ntl)y
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3.5 MATRICES RELATED WITH HYPERBOLIC GENERALIZED GUGLIELMO
NUMBERS

In this section, first we give the following Lemma and define matrices formulation related

with Hyperbolic Generalized Guglielmo Numbers.

Lemma 3.10 For all integers n the following identity is true

n

HW, 3 -3 1 HW,
HW, 1, 1 0 0 HW,
HW, 0 1 0 HW,

Proof. First, we consider n > 0. Lemma 3.10 can be given by mathematical induction

onn. If n =0 we get

0

HW, 3 =31 HW,
HW1 - 1 0 0 HW1
HW, 0 1 0 HW,

which is true. We assume that the identity given holds for n = k. Thus the following
identity holds.

HWi. 3 -3 1 HW,
HWi. 1 0 0 HW,
W, 0 1 0 HW,
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For n =k + 1, we get

k+1

S =W
=
o O =

HW,
HW,
HW,

3 -3
1 0
0 1
3 =3
1 0
0 1

S = W

1

0

0
HWiio
HWi

k

-3 HW,
0 HW,
1 HW,

HW,,

3HWss — 3HW, 1 + HW,

HWyys
HWi o
HWy

HWyio
HWy iy

If we get n < 0 the proof can be done similarly. Consequently, by mathematical induction

on n, the proof is completed. [

Theorem 3.11 If we define the matrices Ngw and Egw as follow

HW, HW;
Nuyw = Hw, HW, )
HW, HW_;
HW, o HW,.y HW,
Epw = HW,., HW, HW,, |,
HW, HW,_y HW,_,

then the following identity is true:

A"Npgw = Enw.
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Proof. Using (1.11), we can derive

Too1 —3T,+T,1 T, HW, HW;
A"Npw = T, 3T, 1+T,o Th HW, HW,
Ty =31y —o+Th 3 T, HW, HW_;

11 A2 13

- Q21 d22 Q23

a31 Q32 433

where

apn = GHWLT, .1+ HWy (T,—1 — 3T,,) + HW,T,,

as = HWIT, 1+ HWy(T,,-1 — 3T,,) + HW_,T,,

ay = HWoThsr + HW 1 (T — 3T,) + HW Ty,

4y = HWyT, + HWy (Ty_s — 3T 1) + HWoT)_1,

asg = HWIT,+ HWy (T2 —3T,,—1) + HW_ 1T, _,
ass = HWYT,+HW_1 (T,,—o —3T,,—1) + HW_ 5T, 1,
a5 = HWyTy 1+ HWy (Ty g — 3Th o) + HWoT) s,
32 = HWIT, o+ HWy(Ty s — 3T o) + HW 1\ Ty_s,
ass = HW T,—1+ HW_1(T,,—3 — 3T, o) + HW_oT,, 5.
Using the Theorem (3.6) the proof is done. [

From Theorem 3.11, we can write the following corollary.

Corollary 3.13

(a) Let the matrices Nyt and Eyr be defined as following
HT, HIT, HTy
NHT = HT1 HT() HT_l ’
HT, HT_, HT_,

HT,., HT,., HT,
Eyr=1| HT,., HT, HT,, |,
HT, HT, , HT, »
such that the following identity is true for A”, Nyr, Eyr,

AnNHT = EHT7
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(b) Conside that the matrices Nyo and Eyo are defined as following

HO, HO; HO,
NHO - HOl HOO HO_l ;
HOy, HO_; HO_,

H0n+2 H0n+1 HOn
EHO = H0n+l HOn HOn—l )
HO, HO,, HO,_»

such that the following identity is true for A", Ngo, Eno,

A"Nypo = Epo.

(c) The matrices Nyy and Egy are defined as following

HH, HH, HH,
NHH = HH1 HHO HH_l ;
HH, HH_, HH_,

HHn-‘rZ HHn—H HHn
Eww=| HH,,, HH, HH, |,
HH, HH,, HH, 4

such that the following identity is true for A", Ny, Exn,

A"Nyy = Egy.

(d) We assume that the matrices Ng, and Ey, are defined as following
Hpy Hpr  Hpo

Nup=| Hpir Hpy Hp_i |-
Hpy Hp_, Hp_,

Hppio Hppsr  Hpy
Epp = Hpny1 Hpn  Hppa |
Hp, Hppy Hpns
such that he following identity is true for A", Ny, En,p,

A"Ny, = Epp.
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CHAPTER 4

DUAL GENERALIZED GUGLIELMO NUMBERS

In this chapter, we define dual generalized Guglielmo numbers then we present reccurance

relation, generating functions and Binet formulas.

4.1 DEFINITION AND PROPERTIES

We will now explore dual generalized Guglielmo numbers on Hyp.The nth generalized
dual Guglielmo numbers, with DW,, DW;, DW, being the initial conditions, are defined

as follows

DW,, = Wy, + W1 (4.1)

Furthermore (4.1) can be described to negative subscripts by defining,

DW_y =W+ eW_ni (4.2)

So the identity (4.1) holds for all integers n.

Now we define some special cases of dual generalized Guglielmo numbers. The nth dual
triangular numbers, the nth dual triangular-Lucas numbers, the nth dual oblong numbers
and the nth dual pentegonal numbers, respectively, can be seen below.

The nth generalized dual triangular numbers DT,,, with DTy, DTy, DT5 being the initial

conditions, are given by the following expressions
DT, =T, +cT, 1

where

DTy =Ty + Ty, DTy =T, + €Ty, DT =T + €T5.
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The nth generalized dual triangular-Lucas numbers DH,,, with DHy, DH;, DH5 being

the initial conditions, are expressed as follows

DH, = H,+j Hy11

where

DHy= Hy+¢ H,DH, = Hi+¢ Hy,DHy, = Hy+¢ H;s.

The nth generalized dual triangular numbers DO,,, with DOg, DO, DO5 being the initial

conditions, are described by the following definitions
DO, =0, +¢0,.1

where

DOy = Oy + 01, D01 = O1 + €03, DOy = O3 4 €0s.

The nth generalized dual triangular numbers Dp,,, with Dpg, Dp;, Dps being the initial

conditions, are defined as follows

Dpn = pn + €Pnia

where

Dpo = po + ep1, Dp1 = p1 + €pa, Dpz = p2 + €ps.

For dual triangular numbers, taking W,, =1T,,, To =0, T} = 1, T5 = 3, we have

DTy = 3¢, DT} =1+ 6¢, DT, = 3 4 10¢,

for dual triangular-Lucas numbers, taking W,, = H,,, Hy = 3, H; = 3, Hy = 3, we derive
DHy=3+43¢,DH, =3+ 3¢, DHy; = 3 + 3¢,

for dual oblong numbers,taking W,, = O,,, Oy = 0, O; = 2, O, = 6, we obtain

DOy = 6e,D0; =24 122, DOy = 6 + 20¢,

and for dual pentegonal numbers, taking W, = p,,, po = 0, p1 = 1, p» = 5, we deduce
Dpo = 5¢,Dpy = 1+ 12¢, Dpy = 5 + 22¢,
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Thus, by using (4.1), we can establish the following identity for non-negative integers n,
DW, =3DW, 1 —3DW,_o+ DW, 5. (4.3)
Hence the sequence { DW,,},>0 can be given as
DW_,, = 3DW_(,_1) — 3DW_(_2) + DW_(;,_3),

for ne{1,2,3....} by using (4.2). Accordingly, recurrence (4.3) is true for all integer n.
In the Table 4.1, We provide the initial dual generalized Guglielmo numbers with both
positive and negative subscripts.

Table 4.1. Some dual generalized Guglielmo numbers

n DW, DW_,

0 DWW, DWj

1 DWW, 3DWy — 3DW, + DW,

2 DW, 6DWy — 8DW; + 3DW,
3 DW, — 3DW; 4+ 3DW, 10DWy — 15DW; + 6 DWW,
4 3DW, —8DW;+6DW,  156DWy — 24DW; + 10DW,

5 6DWy—15DW; +10DWy  21DW, — 35DW; + 15DW,

6 10DWy —24DW, + 15DWy  28DW,y — 48DW; + 21 DWW,y
remember that

DWy = Wy+eW,
DWy = Wi +eWs,
DWy = Wy 4 eWs.
Some dual triangular numbers, dual triangular-Lucas numbers, dual oblong numbers, and
dual pentagonal numbers with positive or negative subscripts are presented tables which

is given below .

Table 4.2 Dual triangular numbers Table 4.3. Dual triangular-Lucas numbers

n DT, DT, n DH, DH_,
0 € 0 3+3¢

1 143 0 1 343 34 3¢
2 3+6¢ 1 2 3+3 3+3¢
3 6410 3+¢ 3 3+3 3+ 3¢
4 10415 6+ 3¢ 4 343 3+ 3¢
5 15+21le 10+ 6¢ 5 343 3+3¢




Table 4.4 Dual oblong numbers  Table 4.5. Dual pentegonal numbers

n DO, DO_, n Dp, Dp_,
0 2e 0 €

1 2+6¢ 1 1+45¢ 2

2 6+12¢ 2 2 5412 742
3 12420 642 3 12422 154 7¢
4 20+30e 12+ 6¢ 4 22435 26+ 15¢
5 30442 20+ 12¢ 5 35+5le 40+ 26¢

Now, we will establish Binet’s formula for the dual generalized Guglielmo numbers, and

for the remainder of the study, we will utilize the following notations:

a=1+e¢, (4.4)
B=e. (4.5)
Note that the following identities are true.
@& = 142,
~2

= 0,
as = B.

4.1.1 The Binet’s Formula For The Dual Generalized Guglielmo Numbers

Next theorem gives us the Binet’s Formula of the dual generalized Guglielmo numbers.

Theorem 4.1 (Binet’s Formula) For any integer n, the nth dual generalized Guglielmo

number can be expressed as follows

DW, = (@A; + B(As + As)) + (aAy + 28A3)n + aAsn® (4.6)
where &, 3 are given as (4.4)-(4.5).

Proof. Using Binet’s formula given below

W, = Ay + Aon + Asn?

of the generalized Guglielmo numbers, Ay, Ay, Ay are given (1.3), (1.4), (1.5) we get

= A+ Agn + Agn® + (A + Ay (n 4+ 1) 4 As (n 4 1)%)e

—  (QA; + B(Ay + As)) + (@Ay + 28 As)n + GAsn®.
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This proves (4.6). O
As special cases, for any integer n, the Binet’s Formula of nth dual triangual number is

expressed as

DT, = %(5 + (@ +28)n + and), (4.7)
the Binet’s Formula of nth dual triangular-Lucas number is defined as

H, = 3a, (4.8)
the Binet’s Formula of nth dual oblong number is stated as

DO, = 25 + (& + 25) n+ an?, (4.9)

and the Binet’s Formula of nth dual pentegonal number given as

Dp, = %(23 + (63 - a) n + 3an?). (4.10)

4.1.2 The Generating Function of Dual Generalized Guglielmo Numbers

Next, we will introduce the generating function of the dual generalized Guglielmo num-

bers.

Theorem 4.2 The generating function for the dual generalized Guglielmo numbers is

4.11
(1 — 3z + 322 — 23) (4.11)

fow, (7)

Proof. Let the generating function of the dual generalized Guglielmo numbers is given

below
n=0

Following that, by utilizing the definition of the dual generalized Guglielmo numbers, and
substracting xg(z) and x?g(z) from g(z), we get

(1 =3z + 322 — 2%) fapw, (x) = (L —x)® D07, DW,a".
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Hence

(1—2x)? i DW,x" = f: DW,x" — 3z i DW, 2" + 32 i DW, z" — 23 f: DW,z"
n=0 n=0 n=0 n=0

n=0

= i DW, x" — 3 i DW, 2"t +3 i DW, a2 — i DW, z"+3
n=0 n=0 n=0 n=0

— Z DW,z" — 3 Z DW, 2"+ 3 Z DW,, 2™ — Z DW,, 2"
n=0 n=1 n=2 n=3
= (DWy + DWyz + DWaa?) — 3(DWax + DWyz?) + 3GWoz®

+Y (DW,, = 3DW,_y + 3DW,,_5 — DW,,_3)z"
n=3

= DW() + DWll' + DWQIIZ’Q — 3DWO£U — 3DW1!)§'2 + 3DWQI’2
= DWy+ (DWy — 3DWy)x + (DWy — 3DW, + 3DWy)a®.

Note that we use the recurrence relation DW, = 3DW,_y — 3DW,_5 + DW,,_5. We
rearrange equation which is given above then we obtain (4.11). O
As specific cases, the generating functions of the dual triangular, triangular-Lucas, oblong

and dual pentegonal numbers are given by

(j + 3c+ 6j¢) + (1 — 8je — 3e) x + (e + 3je) 22

fr, (@) = (1 — 3z + 322 — 23) ’

fo (@) (3+3j+35—|—3j€)+(—6—6j—65—6j5)x+(3+3j—|—35+3j€):c2’
" (1 =3z + 322 — 23)

fo(z) = (27 + 62 + 12j¢) + (2 — 16je — 6¢) x + (2¢ + 6j¢) x27
n (1 -3z + 322 — 23)

o (n) — (j+55+12j5)+(1+2j—35—14j5)93+(2+6+5j5)x2’

(1 =3z + 322 — 23)

respectively. [J

4.2 DRIVING BINET’S FORMULA FROM GENERATING FUNCTION
OF DUAL GENERALIZED GUGLIELMO NUMBERS

Next, we will explore the Binet formula for the dual generalized Guglielmo numbers

{DW,} by utilizing generating function fpw, ().
Theorem 4.3 (Binet formula of dual generalized Guglielmo numbers)
DW, = (@A) + B(As + As)) + (@A + 28A3)n + aAsn?. (4.12)
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Proof. We write

00 . . 2
— (1 -3z + 322 — 23)
d d d
= e N (4.14)

(1—2) (Q1-2)2 (1-—2x)3
di(1—x2)* +dy(1 —z) +d3‘

TR (4.15)

then, we get
DWO -+ (DWl — 3DWO)SC—|— (DW2 —3DW1 +3DWO)SIJ2 = (dl +d2 —|—d3) + (—2d1 — d2)$+d1$2.
If we equalize the coefficients of the same degree terms of = in the above equation, we get

DWO - dl + dg + d3, (416)
DW1 - 3DWO — —2d1 — d2,
DW2 - 3DW1 -+ 3DWO = dl.

If we solve system of equation (4.16) we obtain

di = 3DWy—3DW; + DWs,
d2 - 5DW1 - 3DWO - QDWQ,
d3 - DWO - 2DW1 + DWQ

Thus (4.14) can be given as

n=0 n=0 n=0 n=0
0 2
+3n+2
n=0

= 1 1

n=0

Hence, we get

DWn = 21 + ZQ’I’L + 2{3712

Al - DVV,
1
A2 = 5(—DWQ —I— 4DW1 - 3DWO),

1
Ag - é(DWQ - 2DW1 —I— DWO)
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Note that the following equalities given below are true:

A = DW, (4.17)
= Wyo+elW;
— (LWt e(%(—w2 LA, — 3)) + (g)(%(w2 — W+ W)
= QA; + BAy +FAs.

1
Ay = 5(~DWs+4DW: - 3DWy) (4.18)
1
= 5((—3W() + 4W1 — Wg) + E(—Wo + Wg)

~ o+ g)(%(—m AW, — 3Wy)) + (W — 201 + W)
— (@A, + 2B As).

1
A; = 5(DW, —2DW, + DWy) (4.19)

1
= §<<W2 — 2W1 —+ W()) + €(W2 — 2W1 =+ W())
— 5A3

Using (4.17), (4.18) and (4.19) , we get

DW,, = (@A, + BAz +7A3) + (aAs + QBA?,)TL +aAsn?. O

4.3 SOME IDENTITIES FOR DUAL GENERALIZED GUGLIELMO NUM-
BERS

We will now introduce some specific identities for the dual generalized Guglielmo se-
quence {DW,,}. The next theorem gives the Simpson’s formula for the dual generalized

Guglielmo numbers.

Theorem 4.4 (Simpson’s formula for dual generalized Guglielmo numbers) For all inte-

gers n we have,

DW,., DW,., DW, DW, DW, DW,
DWn+1 DWn DWn_l = DW1 DW() DW_1 . (420)
DW, DW,_1 DW,_» DWy DW_y DW_4
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Proof. First we assume that n > 0. For the proof, we use the mathematical induction on
n. For n = 0 identity (4.20) is true. Now we take (4.20) is true for n = k. Thus,we get

the following identity

DWiis DWisr DWi DW, DW, DW,
DWk+1 DVV]C DWk—l - DWl DW() DW_1
DWW, DWy_1 DWjy_s DWy DW_y DW_,

For n = k + 1, we have

DWiys DWiio DWipy 3DWiyo — 3DWjyp1 + DWWy, DWipe DWigy
DWyio DWWy DWW, = 3DWy 1 —3DWp+ DWy_y DWy1 DW,
DWiyvy DWi  DWiy 3DW,, —3DW,_1 + DW,_y DWW, DW._,

DWyie DWipe DWipy
= 3| DWiy1 DWiyw  DW
DW,  DW, DW;_,

DWipn DWiio DWigy DWW, DWigyo DWiy
~3| DW, DW., DW, +| DWoy DWi., DWi
DW,_. DW, DW._, DW,_o DW, DW,_

DWyye DWypr DWW
= | DWyy1y DW, DW,4
DWWy,  DWy_1 DWjy_s

Note that if we consider n < 0 the proof can be conducted similarly. Thus, the proof is
concluded. OJ

From Theorem 4.20, we get following corollary.
Corollary 4.1

DTn+2 DTn+1 DTn
(@) | DT,.1 DT, DT, |=-(e+1).
DTn DTn— 1 DTn—Q

DTn+2 DTn—H DTn
(b) DTn+1 DTn DTn—l =0.
DT, DT, DT, -

63



DOn+2 D0n+l DOn
(¢c) | DO,,1 DO, DO, |=-83c+1).
DO, DO, DO, ,

Dpn+2 Dpn+1 Dpn
(d) Dpn-H Dpn Dpn—l = _27(38 + 1)

Dpn Dpn—l Dpn—2

Now, we define Catalan’s identity of dual generalized Guglielmo numbers.

Theorem 4.5 (Catalan’s identity) The following identity is true considering all integers

n and m

DWism DWWy — DW? = m?(A2 (2’5 +@m? — 2an? — 4nB) (4.21)
~24x45 (B +@n) — @ (A3 - 241 43)).

Proof. The proof can be done easily using identity (4.12). O
As special cases of the above theorem, we give Catalan’s identity of dual triangular,
Lucas-triangular, Oblong, pentagonal numbers.

We present Catalan’s identity of dual triangular numbers.

Corollary 4.2 (Catalan’s identity for the dual triangular numbers) The following iden-

tity is true considering all integers n and m
1. ~
DT, DT, — DT? = —m2(—é—1a2 (—=2n+m® —2n® — 1) + Bn).

Proof. If we get DW,, = DT,, in Theorem 4.5, we acquire the desired outcome. []

We give Catalan’s identity of dual triangular-Lucas numbers.

Corollary 4.3 (Catalan’s identity for the dual Lucas-triangular numbers) For all integers

n and m, the following identity holds:
DH,.,DH,_,, — DH? = 0.

Proof. If we get DW,, = DH,, in Theorem 4.5, we achieve the desired result. [J

We give Catalan’s identity of dual oblong numbers.
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Corollary 4.4 (Catalan’s identity for the dual oblong numbers) The following identity is

true considering all integers n and m:
DO,y DOn s — DO? = —m? (—52(—2n Tm?2—om? 1)+ 4Bn) .

Proof. If we get DW,, = DQO,, in Theorem 4.5, we reach the goal we aimed for. [

We give Catalan’s identity of dual pentagonal numbers.

Corollary 4.5 (Catalan’s identity for the dual pentegonal numbers) The following iden-

tity is true considering all integers n and m:
1 . ~
Dprim Dpp—m — Dp} = ZmQ(a2 (6n 4+ 9m? — 18n° — 1) — 1283 (3n — 2)).

Proof. If we get DW,, = Dp,, in Theorem 4.5, we obtain the result required. [J
By setting m = 1 in Catalan’s identity, we have Cassini’s identity for the dual generalized

Guglielmo numbers. Thus, we present the following corollary.

Corollary 4.6 (Cassini’s identity for the dual generalized Guglielmo numbers) For all

integers n, the following identities holds.

(a) DT,41 DT, — DT? = 1a* (—2n — 2n?) — Bn.

(b) DH,,1DH, , — DH?> =0.

(c) DO,1DO, 1 — DO? = a*(—2n — 2n2) — 4f3n.

(d) Dp,i1Dp,_1 — Dp? = 1a®6n — 18n> + 8 — 35 (3n — 2)).

Theorem 4.6 We assume that n and m are integers, T, is triangular numbers, the

following identity is true:
DWm+n - m—lDWn+2 + (Tm—S - 3Tm_2)DWn+1 + Tm_QDWn. (422)

Proof. The Theorem 4.6 can be proved by mathematical induction on m. First we take

n,m=0.If m=0 we get
DWn — T_lDWn+2 + (T_3 - 3T_2)DWH+1 + T_QDWn
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which is true by seeing that 71 = 0,752 = 1,7 35 = 3. We assume that the identity
given holds for m = k. For m =k + 1, we get

DWisty4n = 3DWyoyr —3DWiip1 + DWiig o
— 3(Ty 1 DWiss + (Ts_5 — 3Ts_2) DWys1 + Tp_oDW,,)
—3(Ty_sDWiss + (Ts_s — 3Ts_s) DWrsr + Ty_sDW,)
(Te sDWy s + (To_s — 3Ts4)DWrss + Ty 4 DW,)
— (3Ty1 — 3Ty s+ Ty _5)DWinso + ((3Ty_5 — 3Ts s + Tps5)
_3(3Ty 5 — 3Ty 5+ Ts_4))DWi 1 + (3T 5 — 3Ti_5 + Ts_s) DW,
— T,DWiyso+ (Th_s — 3Ty )DW, o1 + T DW,

= Tutr1)-1DWiio + (Ter1)—3 — 3Tk 1)—2) DWii1 + Tii1)—2DW,.

The other cases on n,m the proof can be done easily. Consequently, by mathematical

induction on m, this proves Theorem 4.6. [

4.4 LINEAR SUM FORMULAS FOR DUAL GENERALIZED GUGLIELMO
NUMBERS

In this section, we give the summation formulas of the generalized Guglielmo numbers
with positive and negatif subscripts.
Now, we will introduce the formulas that allow us to find the sum of dual generalized

Guglielmo numbers.

Theorem 4.7 Forn > 0, dual generalized Guglielmo numbers have the following formu-

las:

(@) Yio DWi = ¢(n+ 1)((—n + en® + 2en 4+ n* )W, + (66 + 5n — 2en?® — en — 2n?)
Wi+ (—4n + en? — en + n? + 6)Wp).

(b) >p_o DWoy, = ¢ (n+ 1) ((—n+4en®+5en+4n?) Wy + (66 +8n—8en? —4den—8n*) W)
+ (=Tn + 4en? — en + 4n? + 6)W,).

(€) Ypo DWaryr = ¢ (n+1) ((6e + 5n + 4en® + 1len + 4n*)Ws + (6 — 8en® — 16en —
8n? — An)W, + (—n + 4en? + Sen + 4n?)Wy).
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Proof.

(a) Note that using (4.1), we get
ZDWk = ZWk+€ZWk+1
k=0 k=0 k=0

and using Proposition 1.2, the proof can be easily accomplished

(b) Note that using (4.1), we get
Z DWy, = Z Wor + € Z Wakt1
k=0 k=0 k=0

and using Proposition 1.3, the proof can be easily carried out.

(c) Note that using (4.1), we get
Z DWapi1 = Z Wak1 +¢ Z Wop+2
k=0 k=0 k=0

and using Proposition 1.3, the proof can be easily demonstrated. [

As a special case of the Theorem 4.7 (a), we outline the following corollary.
Corollary 4.7

(@) >or_o DTy, = ¢ (n+1) (6 + (5e + 2)n + (e + 1)n?).

(d) >r_(DH, = (3¢ +3)(n+1).

() Yo DOy, = g(n+1)(12e + (10e + 4)n + (2¢ + 2)n?).

(d) Yr_oDpr = ¢ (n+1) (6 +9en + (3¢ + 3)n?).

As a special case of the Theorem 4.7 (b), the following corollary follows.
Corollary 4.8

(@) >op_g DT, = % (n+1) (6c + (54 1le)n + (4 + 4e)n?).

(b) Yr yDHa = (3c+3)(n+1).
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(€) Yr_o DOz = % (n+1) (122 + (10 + 22e)n + (8 + 8e)n?).

(d) Yo Dpor = 5 (n+1) (6c + (34 21e)n + (12 4 12¢)n?).

As a special case of the Theorem 4.7 (c), we present following corollary.
Corollary 4.9

(@) Yo D1 = g (n+1) (64 18¢) + (11 + 17e)n + (4 + 4e)n?).
(b) > o DHops1 = (3e +3) (n+1).

() Yo DOsi1 =3 (n+1) (12 + 36¢) + (22 + 34e)n + (8 + 8)n?).
(d) Y i_oDpors1 = % (n+1) ((6 4 30e) + (21 + 39¢)n + (12 + 12¢)n?).

Now, we present the formula that yield the summation formulas of the generalized

Guglielmo numbers with negative subscripts.

Theorem 4.8 Forn > 1, dual generalized Guglielmo numbers have the following formu-

las:

(@) Yh o DW_ = ¢ (n+1)((2n + en® — en 4+ n*)Ws + (6e — Tn — 2en?® — en — 2n?)
Wi+ (5n + en? + 2en + n? + 6)W).

(b) Y i o DW_gr = 3 (n+1)((5n + 4en® — en + 4n?)Ws + (6 — 16n — 8en® — den —
8n* )W + (11n + 4en? + ben + 4n® + 6)W).

(€) Ypio DW_gpi1 = (n+1) ((6e —n +4en? — Ten + 4n*)Ws + (—4n — 8en® + 8en —
8n? + 6)W; + (5n + 4en? — en + 4n*)Wy).

Proof.
(a) Note that using (4.1), we get

Z DW_, = Z W_+¢ Z W ki1
k=0 k=0 k=0

and using Proposition 1.4, the proof can be easily executed.
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(b) Note that using (4.1), we get
i DW_o, = i W_op + ¢ i W_oki1
k=0 k=0 k=0
and using Proposition 1.5, the proof can be easily carried out.
(c) Note that using (4.1), we get
i DW_gp41 = i W gkp1 +¢€ i W oo
k=0 k=0 k=0
and using Proposition 1.5, the proof can be done easily. [
As a special case of the Theorem 4.8 (a), we get the following corollary.
Corollary 4.10
(@) Yp o DT, =5 (n+1)(6c+ (=1 —4e)n+ (1 +¢)n?).
(b) >hoDH y=3Bc+3)(n+1).
(€) YhoDO_ =1 (n+1)(12e + (=2 — 8&)n + (2 + 2¢)n?).
(d) >p_oDpr =35 (n+1)(2+ (1 —2¢)n+ (14 ¢)n?).
As a special case of the Theorem 4.8 (b), we have the following corollary.
Corollary 4.11
(@) Yop_g DT o, = ¢ (n+1)(6c + (—1 — Te)n + (4 + 4e)n?).
(b) > oDH o9, =Bc+3)(n+1).
(€) YpoDO_o =3 (n+1)(6e + (=1 —Te)n + (4 + 4e)n?).
(d) YpoDp_or =g (n+1)((6e) + (9 — 9e)n + (12 + 12e)n?).
As a special case of the Theorem 4.8 (c), we derive the following corollary.

Corollary 4.12
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(@) Yo DT op1 =5 (n+1)((6+18¢) + (=7 — 13e)n + (4 + 4e)n?).
(b) i o DH sp1=(3c+3)(n+1).
() Yo DO gpi1 =13 (n+1)((6418e) 4+ (=7 — 13e)n + (4 + 4e)n?).

(d) Ypo Dp-sis1 =g (n+1)((6+30e) + (=9 — 2Te)n + (12 4 12¢)n?).

We will now provide a different theorem that allows us to calculate the finite sum of dual

generalized Gaussian numbers.

Theorem 4.9 Let x,y, m are integers. the following sum formula are true:

= - ~ ~ ~ 1
Z DWiykry = (@A;+ B(As+ A3))(m+ 1) + (s + 25A43) (m + )(xm + 2y)
k=0
+aAs (m;— D (xzm(%; +1 + 2xym + 2y°)
Proof. For the proof we use Binet’s formula of dual generalized guglielmo numbers and
we write
Y DWarsy = Y (GAI+ B(As+ A3)) + @Ay +2843) Y (wk +y) +dAs Y _(ak +y)?
k=0 k=0 k=0 k=0
- ~ - ~ (m+1)
= (aA; + B(Ay + A3))(m + 1) + (aAy + 28A43) (xm + 2y)
+aA; (m;— D (me(2n; +1) + 2zym + 2y°).

Thus, the proof has been completed. [

From the Theorem 4.9 we can write the following corollary.

Corollary 4.13

(a) ZZL:O DT:ck:+y — 3(m+1)+(%&_‘_5) (mg-l) (xm+2y)+5(mf) (x2m(27§+1) +2xym+2y2).
(b) S DHypyy = 3a(m + 1),

(€) S0 o DOuryy = 28(m+1) + (2a +28) 7 (xm + 2y) + @ T (22224 4 9gym +
297).

(d) 0 o Dpursy = B(m+1)+(—1a+38) " (zm+2y) 4+ 3a T (22 2C0H 4 9ym 4
297).
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4.5 MATRICES RELATED WITH DUAL GENERALIZED GUGLIELMO
NUMBERS

In this section, we give matrix formulations related to dual generalized Guglielmo Num-

bers. Thus, we give following lemma.

Lemma 4.10 For all integers n the following identity is true

n

DW,.» 3 -3 1 DW,
DW,. | =1 0 o DWW,
DW,, 0 1 0 DW,

Proof. First, we get n > 0. Lemma 4.10 can be given by mathematical induction on n.

If n =0 we get
0
DW, 3 -3 1 DW,
DWw, =11 0 O DWW,
DW, 0 1 0 DW,

which is true. We assume that the identity given holds for n = k. Thus the following

identity is true.

DWy.» 3 -3 1 DW,
DWiy 1 0 0 DW,
DW, 0 1 0 DW,
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For n =k + 1, we get

k1 k
3 =3 1 DW, 3 =3 1 3 =3 1 DWW,y
1 0 0 DWW, = 1 0 0 1 0 0 DWW,
0 1 0 DW, 0 1 0 0 1 0 DW,
3 -3 1 DWiis
=11 0 0o]| bW
0 1 O DWWy,
3DWi,s — 3DWysy + DWW,
= DWiia
DWya
DWiis
= DWyi2
DWia

If we get n < 0 the proof can be done similarly. Consequently, by mathematical induction

on n, the proof is completed. [

Theorem 4.11 If we define the matrices Npw and Epw as follow

DW, DW, DW,
Npw = | DW, DW, DW., |,
DW, DW_; DW_,

DW,ys DW,., DW,
Epw = | DW,., DW, DW,_,
DW, DW,_, DW,_,

then the following identity is true:

A"Npw = Epw.
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Proof. Using (1.11), we obtain the following identities

Too1 —3T,+T,1 T, DW, DWW, DW,
A"Npw = T, 3T, 1+T,o Th DW, DW, DW_, [,
T =31 o+Ty 3 Th DWy DW_y DW_,

aix a2 a3

- A1 Q22 (A23

a31 32 Q33

where

apn = DWLT, .1 + DWy (T,,-1 — 3T,,) + DW,LT,,

aa = DWAT, 1+ DWy(T,,—1 —3T,,) + DW_1T,,

a3 = DWoT,1+DW_y(T,,—y —3T,) + DW_,T,,

asgy = DWLT, + DWy(T,,—o —3T,—1) + DWT,, 1,

ass = DWAT, + DWy(T,,—2 —3T,,—1) + DW_T, 4,
ass = DWoT, +DW_y(T,—o —3T,—1) + DW_,T,, 1,
azy = DWLT, 1+ DWy(T,_3 —3T,_2) + DWoT, o,
aszy = DWAT, 1+ DWy(T—3 —3T,—2) + DW_1T,_ o,
ass = DWoT,1 +DW_y(T,,—3 —3T,,_2) + DW_5T,, .
Using the Theorem 4.6 the proof is done. [J

From Theorem 4.11, we can write the following corollary.

Corollary 4.14

(a) We assume that the matrices Npr and Epr are defined as following
DT, DIy DIy
NDT = DT1 DTQ DT_1 )
DIy, DI, DI,

DT,., DT,., DT,
Ery=| DT,.n DI, DT, |,
DT, DT, , DT,
such that the following identity is true for A™, Npr, Epr:

AnNDT = EDT;
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(b) We assume that the matrices Npy and Epy are defined as following

DH, DH, DH,
NDH = DH1 DHO DH_1 ’
DHy DH_, DH_,

DH,., DH,., DH,

Epyw=| DH,., DH, DH,, |,

DH, DH,, DH, »

such that the following identity is true for A", Npg, Epg:

A"Npg = Epn.

(c) We assume that the matrices Npo and Epo are defined as following

DO, DO; DO,
NDO = DOl DOO DO_l 5
DOy, DO_; DO_,

DO,i» DO,.1 DO,
Epo=| DO,y DO, DO, |,
DO, DO,_; DO,_,
such that the following identity is true for A", Npo, Epo:

A"Npo = Epo.

(d) We assume that the matrices Np, and Ep, are defined as following

Dps,  Dpy Dpy
Npp,=| Dpr Dpo Dp_i |
Dpy Dp_1 Dp_s

Dpypio Dpny1 Dpn

Epp=| Dpny1  Dpn  Dpp

Dpn Dpp1 Dpps

such that the following identity is true for A", Np,, Ep,:

A"Np, = Ep,.
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CHAPTER 5
DUAL HYPERBOLIC GENERALIZED GUGLIELMO NUMBERS

In this chapter, we define dual hyperbolic generalized Guglielmo numbers then we present

generating functions and Binet formulas for them.

5.1 DEFINITION AND PROPERTIES

We now investigate dual hyperbolic generalized Guglielmo numbers over Hy. The nth

dual hyperbolic generalized Guglielmo number is
W, =Wy + Wt + eWpo + jeWirs. (5.1)

with the initial values WO, /V[71, Wg. (5.1) can be written to negative subscripts by defining,

W =W+ Wi + W oo + jeW_pis. (5.2)

So identity (5.1) holds for all integers n.

Now we define some special cases of dual hyperbolic generalized Guglielmo numbers.
The nth dual hyperbolic triangular numbers, the nth dual hyperbolic triangular-Lucas
numbers, the nth dual hyperbolic oblong numbers and the nth dual hyperbolic pentagonal

numbers, respectively, are given as

The nth dual hyperbolic triangular numbers T, n="T,+ 73T 11+ €T, o+ jeT, 3, with the
initial values as

0 = T() —|—jT1 + €T2 +j€T3,
1 = T1 —|—sz + €T3 +j€T4,

9 = TQ +jT3+€T4 —I—ngg).
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The nth dual hyperbolic triangular-Lucas numbers I;Tn =H,+jH,1 +eHpio+ jeH, 3

with the initial values as

ﬁo = Hy+ jH, +¢cHy + jeHs,
H1 = H1—|—jH2—|—€H3—|—j€H4,

~

H2 = H2 —|—jH3 + €H4 —|—j€H5.

The nth dual hyperbolic oblong numbers 6n = O, + J0n11 + 0,40 + jeO,, 13 with the

initial values as

Oo = Oo +j01 -+ 802 +j803,
61 = 01+ JO3 4 €03 + jeOy,

9 = 02 ‘|—j03 + 604 ‘|‘j€05.
The nth dual hyperbolic pentagonal numbers p,, = p, + jPns1 + EPnio + JEPu3 With the
initial values as

Po = Dpo-+Jp1+epe + jeps,
D1 = p1+Jjp2+eEps+ jeps,

P2 = p2+ Jps+eps+ jeps.

For dual hyperbolic triangular numbers (taking W,, = T,,, 7o = 0, Ty = 1, T5 = 3) we

obtain

0o = J+3&+06je,
1 = 1+ 35+ 6¢+ 10y¢,

L = 3465+ 10e + 15je.

For dual hyperbolic triangular-Lucas numbers (taking W,, = H,,, Hy = 3, H; = 3, Hy = 3)

we obtain

Hy = 3+3j+3c+3je,
H, = 343j+ 3¢+ 3y,

Hy = 3435+ 3¢+ 3je.
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For dual hyperbolic oblong numbers (taking W,, = O,,, Oy = 0, O; = 2, O3 = 6) we
obtain

Oy = 2j+6e+ 12j¢,

O = 2465+ 12 + 20j¢,

Oy = 6+ 125+ 20e + 30je.

For dual hyperbolic pentagonal numbers (taking W,, = p,, po = 0, p1 = 1, po = 5) we
obtain

po = J+5e+12je,

P = 1+45j+ 12+ 22je,

Pr = 5+12j + 22 + 357e.

So, using (5.1) we can write the following identity for non negative integers n,

—~

W, = 3W,_1 — 3W,_g + W,_s. (5.3)
Hence the sequence {/W\n}nZO can be given as
W = 3W_ (1) = 3W_ () + W3,

for n =1,2,3, ... by using (5.2). As a result, recurrence (5.3) holds for all integer n.
In the Table 5.1, we present the first few dual hyperbolic generalized Guglielmo numbers
with positive subscript and negative subscript.

Table 5.1. A few dual hyperbolic generalized Guglielmo numbers
n W, W,

0 Wy WO

1 W, 3Wo — 3W, + W

2 Ws 6Wo — 8W; + 31,

3 Wo—3W,+3W,  10W, — 15W, + 6W,

4

5

6

3Wy — 8W, +6W,  15W, — 24T, + 10W,
6Wo — 15W, + 101, 21W, — 350, + 15TV,
10W, — 24T, + 15W,  28W, — 48TV, + 21TV,

Remember that
Wg = Wo —|—jW1 + EWQ +j€W3,
Wl = W1 —|—jW2 —+ €W3 +j€W4,

—~

W2 = W2 +]W3 + EW4 +j€W5.
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A few dual hyperbolic triangular numbers, dual hyperbolic triangular-Lucas numbers,
dual hyperbolic oblong numbers and dual hyperbolic pentagonal numbers with positive
subscript and negative subscript are given in the following Table 5.2, Table 5.3, Table 5.4
and Table 5.5.

While writing the tables given below, we give some negative and positive values for n.
By using Th, = Ty + jThs1 + eTpso + jeThrs,

where

To=0,T1=1,T, = 3.

We get a few dual hyperbolic triangular numbers in the the following tables.

Table 5.2. Dual hyperbolic triangular numbers

n T, T,

0 Jj+ 3¢+ 6j¢

1 1+ 35 + 6¢ + 10j¢ €+ 3je

2 3+65+10e + 15j¢ 1+ ge

3 64105 + 15 + 21j¢ 3+

4 10+ 155 + 21e + 28j¢ 6+3j)+¢

5 15+215+4 28+ 36je 10465 + 3¢ + je

By using ﬁn =H,+jH, 1 +cH, 0o+ jeH, 3,

where

Hy=3, H =3, H, = 3.

We get a few dual hyperbolic triangular-Lucas numbers in the the following tables.

Table 5.3. Dual hyperbolic triangular-Lucas numbers

~

n

H,

H.,

Gt = W N = O

3437 + 3¢ + 3j¢e
3437 + 3¢+ 3j¢e
3437 + 3¢+ 3j¢e
3437 + 3¢ + 3j¢e
3437 + 3¢+ 3j¢e
3437 + 3¢+ 3j¢e

3437 + 3¢+ 3je
3437 + 3¢+ 3je
3437 + 3¢ + 3j¢e
3437 + 3¢+ 3je
3437 + 3¢+ 3je

By using O, = O, + JOni1 + €010+ 760,43,

where

00:0,01:2,02:6.
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We get a few dual hyperbolic oblong numbers in the the following tables.

Table 5.4. Dual hyperbolic oblong numbers

~ ~

n O, o_,

0 25 + 6 + 12j¢

1 2465+ 12¢ + 205¢ 2e + 6j¢

2 6+125 + 20e + 305¢e 2+ 2y

3 124207 + 30e +42j¢ 6+ 2y

4 20+ 305 + 42¢ 4 5675¢ 12+ 65 + 2¢

5 30+42j5 +56e + 725 20+ 125 4 6 + 2j¢

By using pn = pn + jPn+1 + EPnt2 + jEPn+3,

where

po=0,p1 =1, ps =5

We get a few dual hyperbolic pentegonal numbers in the the following tables.

Table 5.5. Dual hyperbolic pentegonal numbers

~

n Dn P—n

0 J +5e +12j5¢

1 1+575+12e+22j¢ 2+e+9je

2 54125 +22¢ + 35j¢ 7T+ 25+ je

3 12+ 225 + 35¢ + 51j¢ 15475 + 2¢

4 224355+ 51le +70je 26+ 15j + Te + 2j¢
5 3545154 70 +92je 40+ 265 + 15 + Tje

Now, we will settle Binet’s formula for the dual hyperbolic generalized Guglielmo numbers

and in the rest of the study, we use the following notations:

a = 1+j+e+je, (5.4)
B = j+2 +3je, (5.5)
v = j+4e+9je. (5.6)
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It is important to note that we have the following identities:

~2

o = 2425+ 4e +4je,
~2

= 1+ 6¢ + 4je,
7% = 14 18¢+ 8je,

aB = 1+j+6¢c+6je,
a7 = 1+j+ lde + +14je,

By = 1+6je+ 12.

5.1.1 The Binet’s Formula For The Dual Hyperbolic Generalized Guglielmo

Numbers

Next theorem gives us the Binet’s Formula of the dual hyperbolic generalized Guglielmo

numbers.

Theorem 5.1 (Binet’s Formula) For any integer n, the nth dual hyperbolic generalized

Guglielmo number is

Wy = (@A) + BAy + 7As) + (@A + 2BAs)n + GAsn? (5.7)
where @, B, 3 are given in (5.4)-(77).

Proof. Using Binet’s formula given below

W, = A; + Aon + Asn?

of the generalized Guglielmo numbers, A;, Ay, Ay are given (1.3), (1.4), (1.5), we get

—~

W, = Wo+ W1 +eWhio+ 7eWiis
= A+ A+ Asn® + (A1 + Ay (n4+ 1) + A3 (n+1)°)j 4+ (A1 + Ay (n +2) + As (n +2)%)e
+(A; + Ay (n+3) + A (n + 3)%)je
= (QA; + BAy +FAs) + (@As + 2BA3)n + GAsn®.
This proves (5.7). O

As special cases, for any integer n, the Binet’s Formula of nth dual hyperbolic triangular

number is given below
~ 1
T, =5((8+7) + (a+28)n+an?), (5-8)
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the Binet’s Formula of nth dual hyperbolic triangular-Lucas number can be seen below
H, = 3a, (5.9)
the Binet’s Formula of nth dual hyperbolic oblong number can be presented below

On = (B+7) + (a+28)n + an?, (5.10)

and the Binet’s Formula of nth dual hyperbolic pentegonal number is shown below

Pn = %((—5 +37) + (68 — a)n + 3an?). (5.11)

5.1.2 The Generating Function of Dual Hyperbolic Generalized Guglielmo

Numbers

Next, we present generating function of the dual hyperbolic generalized Guglielmo num-

bers.

Theorem 5.2 The generating function for the dual hyperbolic generalized Guglielmo

numbers is
/Wo + (Wl = 3W0)$ Sl (WQ —3 3/W1 + 3W0)l'2
= = ) 5.12
fi, () (1 — 3z + 322 — 23) (5.12)
Proof. Let

[ (@) = Zﬁf\nx"
n=0

be generating function of the dual hyperbolic generalized Guglielmo numbers. Then, using

the definition of the dual hyperbolic generalized Guglielmo numbers, and substracting

xf (v), 2% f (v) and 2° f (v) from fg (7), we get

(1 -3z + 32 — x?’)fGWn(x) = i W,a" — 3 i W,a" + 312 i W™ — 2 i W,a"
n=0 n=0 n=0 n=0
= io: /ann -3 io: ann—l—l + 3 f: Wn.fl?n+2 — f: Wn.fl?n+3
n=0 n=0 n=0 n=0

= f: an” -3 f: /Wn_lx” +3 f: /Wn_Qx" — f: /Wn_gx"
n=0 n=1 n=2 n=3
= (/Wo + /Wlx + W2x2) — 3(1/1//\0x + Wle) + 3GWyz?
EST, - 81T,y 4 81T, W)
n=3
— Wy + Wiz + Waa? — 3Woz — 3Wya? + 3Woa?
= Wo+ (W) — 3Wo)a + (Wy — 3W, + 3Wy)a>.
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Note that we use the recurrence relation /Wn = S/Wn_l — 3/Wn_2 + /Wn_g. Rearranging
above equation, we get (5.12). O

As special cases, the generating functions of the dual hyperbolic triangular, triangular-
Lucas, oblong and dual pentegonal numbers are given by

(j + 3+ 65¢) + (1 — 8je — 3e) x + (¢ + 3je) x*

LG (1 —3x+ 322 — 23) ’
(3+3j+3c+3je)+ (—6 — 6j — 6 — 6je) x + (34 3j + 3¢ + 3je) 2

/a,(®) (1 =3z + 322 — 23) ’
(27 + 62 + 12j¢e) + (2 — 16je — 62) z + (2¢ + 6j¢) 22

/,(®) (1 =3z + 322 — 23) ’

o (n) — (j—|—5€+12j5)+(1+2j—35—14j€)x+(2+€+5j5)x2’

(1 =3z + 322 — 23)

respectively. [

5.2 OBTAINING BINET’S FORMULA FROM GENERATING FUNCTION
OF DUAL HYPERBOLIC GUGLIELMO NUMBERS

We next investigate Binet formula of dual hyperbolic generalized Guglielmo number {Wn}

by using generating function fz (z).
Theorem 5.3 (Binet formula of dual hyperbolic generalized Guglielmo numbers)
W, = (@A1 + BAy +7A3) + (@A + 2B A5)n + aAsn’ (5.13)

Proof. We write

io:ﬁ/\ o= /Wo + (Wl — 3Wg)$ + (WQ — 3W1 + 3Wo)l’2 (5 14)
A (1 — 3z + 322 — 23) '
. dl d2 dS
T T A (s
So that
>\~ dl dg dg
W,a" =
2t = gt Aot TP

di(1—x)2+dy(1— ) +ds
(1—2)? '

Then, the following equality can be derived

/Wo + (/Wl - 3/W70)$ + (Wz — 3W1 + 3Wo)$2 = (dy + dy + dg) + (—2dy — da)x + dya?.
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If we equalize the coefficients of the same degree terms of x in the above equation, we get

/W() - dl—l—dg—l—dg, (515)
W, —3W, = —2d; — ds,

Wy —3W, +3W, = d.

If we solve system of equations (5.15), we obtain

dy = 3Wy—3W, + W,
dy = 5W, —3W, — 21,
dg - /W() - 2/Wl + /WQ.

Thus (5.14) can be given as

Zan = dIZx —i—ng(n—Fl)x —l—dngx,
n=0 n=0 n=0 n=0
= 24+ 3n+2
- Z(d1+d2(n+1)+d3%)x”,
n=0
— I = 7% 579 I = (7 L TA7 N\ 2 o1
= > Mo+ o (= Wa+ 4y = 3Wo)n + (W — 21 + Wo)n?)a".
n=0

Hence, we get

—~

W, = A; + Agn + Agn?

Al = ‘//1709

1 —~ —~ —~
Ay = 5(—W2 + 4W; — 3Wy),
— 1 —~

Az = §(W2 — 2, + Wp).

Note that the following equalities given below are true:

—

A, = W, (5.16)
— Wo+ jWy +eWy + je(Wo — 3W; + 3W5)
= (I4+j+e+je)Wo+(j+2+ 3j5)(%(—W2 + 4, — 3W))

i+ e 4 9j2) (5 (W — 210, 4 W)

= aA + BA2 + 7 As,
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1 — — —
1 1
= 5((—3Wo + 4W1 — W2> —|—j<§<—Wo + Wg))
+e(Wo — W5 + 3Wh) + je(3W, — 8W) + 5WW3))

1

— N |

+2(j + 2e + 3je)
- (&\Ag —I— 2/3143),

(
%(m W+ W)

A = =(Wy—2W, + W) (5.18)

1
2
_ %((W2 LW+ W) (W — 2V + W)

+e(Wy — 2W5 + W) + je(Wo — 2W; + W)
= QAs.

Using (5.16), (5.17) and (5.18) , we get

/Wn = (A, + BAz +7A3) + (aAs + QBAg)TL +aAsn? O

5.3 SOME IDENTETIES FOR DUAL HYPERBOLIC GUGLIELMO NUM-
BERS

We now present some special identities for the dual hyperbolic generalized Guglielmo se-
quence {Wn} The following theorem gives the Simpson’s formula for the dual hyperbolic

generalized Guglielmo numbers.

Theorem 5.4 (Simpson’s formula for dual hyperbolic generalized Guglielmo numbers)

For all integers n we have,

Wn-&-Z Wn-&-l /Wn WQ Wl WO
Wn-s-l /Wn Wn_1 = W1 Wo W_l . (5.19)
Wn /Wn— 1 Wn—? /WO W— 1 /W—2

Proof. First we assume that n > 0. For the proof we use mathematical induction. For
n = 0 identity (5.19) is true. Now we suppose that (5.19) is true for n = k. We prove
the (5.19) is satisfied for n = k + 1. Thus,we write the identity given below,

Wive Win Wy We W, W
Wk+1 Wk qu = W1 Wo W—l
Wi Wisr Wi Wo Woi Wy
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For n =k + 1, we get
Witz Wipe Wi 3SWiyo — 3Wia + Wi Wi Wi

Wk-‘r? Wk-ﬁ-l /Wk = 3Wk+l_3wk+/m7k—l /Wk-i-l Wk

e~~~

Wk-i—l /Wk Wk—l 3/M7k_3wk—l+/m7k—2 Wi Wi
Wive Wisa Wi Wis1 Wisa Wi
=3 Wk+1 Wk-ﬁ-l /Wk -3 /Wk Wkﬂ /Wk
We Wi Wi Wit Wi Wi
Wi Wiz Wi
| Weer Wi Wi

Wk 2 /Wk Wk -1

Wive Wipr Wi
— Wk+1 Wk Wk—l
Wi Wi1 Wi_s

Note that if we take n < 0 the proof can be done similarly. Thus, the proof is completed

O
From Theorem 5.19, we get following corollary.

Corollary 5.1

= —4(3e+1)(j + 1).

(b) -ﬁn+1 _E’n ]/—\In—l - 0
ﬁn An—l An—2
6n+2 6n+1 671

(©) | Onsr On Ony | =326+ 1)(j +1).
677, 677,—1 677,—2

5. Doy | =—108(3e+1)(j+1).
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Now, we define Catalan’s identity of dual hyperbolic generalized Guglielmo numbers.

Theorem 5.5 (Catalan’s identity) For all integers n and m, the following identity holds:

e~~~

WoimWom — W2 = m2(A2 (m 4B 1 @m? — 2% — 46716) (5.20)
20z Ay (B +n) — @ (343 - 234,45)).

Proof. Using the Binet Formula given below

W, = (@A, + BA; + FAs) + (A + 28As5)n + GAsn>.

The proof is completed. [J

As special cases of the above theorem, we give Catalan’s identity of dual hyperbolic
triangular, Lucas-triangular, Oblong, pentagonal numbers.

We present Catalan’s identity of dual hyperbolic triangular numbers.

Corollary 5.2 (Catalan’s identity for the dual hyperbolic triangular numbers) For all

integers n and m, the following identity holds:

A~ ~ ~,

1 B PN . Y2 P
nam Ty — T2 = Zm2((_a2 — 2ap + 2a7y — 452) — 2an (a + 25) +a* (m? — 2n?)).

n

~

Proof. Taking W\n =T » in Theorem 5.5, we achieve the desired result. [J

We give Catalan’s identity of dual hyperbolic triangular-Lucas numbers.

Corollary 5.3 (Catalan’s identity for the dual hyperbolic Lucas-triangular numbers) For

all integers n and m, the following identity holds:

Proof. Taking W\n = ﬁn in Theorem 5.5, we achieve the required result. [
We give Catalan’s identity of dual hyperbolic oblong numbers.

Corollary 5.4 (Catalan’s identity for the dual hyperbolic oblong numbers) For all inte-
gers n.and m, the following identity holds:

OrnimOnm — OF = m2((—a% — 240 + 267 — 48 ) — 2an (a+ 23) +a2% (m? — 2n%)).

Proof. Taking W\n = 5n in Theorem 5.5, we have the result that aimed for. [J

We give Catalan’s identity of dual hyperbolic pentagonal numbers.
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Corollary 5.5 (Catalan’s identity for the dual hyperbolic pentagonal numbers) For all

integers n and m, the following identity holds:

o~ < 1 . e PO -~ (S "
PrtmPnom — P2 = Zm2((—a2 +6a3 + 18a7 — 3662) + 6an (a — 66) +9a* (m* — 2n?)).

Proof. Taking W\n = D, in Theorem 5.5, we obtain the required result. [J

Note that for m = 1 in Catalan’s identity, we get the Cassini’s identity for the dual

hyperbolic generalized Guglielmo numbers.hence,we present corollary given below.

Corollary 5.6 (Cassini’s identity for the dual hyperbolic generalized Guglielmo numbers)

For all integers n, the following identities holds:

~ ~ ~ o~ ~2 . o~ -
(@) T Tha = T7 = —5((@8 — @y + 26°) + n(@ + 2ap) + a*n?).
(b) ﬁn—&-lﬁn—l i ﬁg = 0

~ ~ ~ o~ ~2 . o~ N
(¢) 04410,-1 — 02 = =2((af — a7y + 28 ) + n(a® + 2a5) + a*n?).

(d) ﬁn-&-lﬁn—l - ]/9\?1 - _%((—452 — 321,\3 — 96/’? —+ 1832) + 3”(6&3 _ a\?) + 9&27,1’2).

Theorem 5.6 Suppose that n and m be positive integers, T,, is triangular numbers, the

following identity is true:

—~

Wm+n - m—an+2 + (Tm—S - 3Tm—2)Wn+1 + Tm—ZWn- (521)

Proof. The Theorem 5.6 can be proved by mathematical induction on m. If m = 0 we

get

/Wn = T—1Wn+2 +(T-3 — 3T—2)Wn+l + T—QWn
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which is true by seeing that 71 = 0,752 = 1,7 35 = 3. We assume that the identity
given holds for m = k. For m =k + 1, we get
/W(k+1)+n = 3/Wn+k - 3Wn+k—1 + /Wn-i-k—Z
= (T iWiss + (Thes — 3T )Wy + Tyo W)
—3(Th_oWso + (Thos — 3Tho—5) Wosr + Ths W)
H(ThosWoso + (Thes — 3Tha) W1 + Ty aW)

—

= (3Tj—1 — 3Tj—2+ Tj—3)Wiio + ((3Th—3 — 3Tj—a + T—5)
—3(3Ty—2 — 3Tj—3 + Tk—4))Wn+l + (3Ty—o — 3T}—3 + Tk—4)Wn

= TkWn+2 + (T2 — 3Tk—1>wn+1 + Tk—1Wn

= T(k+1)—1Wn+2 + (T(k+1)—3 — 3T(k+1)—2)w\n+1 + T(k+1)—2wn-

Consequently, by mathematical induction on m, this proves Theorem 5.6. [J

54 LINEAR SUM FORMULAS FOR DUAL HYPERBOLIC GUGLIELMO
NUMBERS

In this section, we give the summation formulas of the dual hyperbolic generalized
Guglielmo numbers with positive and negatif subscripts.
Next, we present the formulas which give the summation of the dual hyperbolic general-

ized Guglielmo numbers.

Theorem 5.7 For n > 0, dual hyperbolic generalized Guglielmo numbers have the fol-

lowing formulas:

(a) > W, = $(n+ 1)((—n + 6 + 18je + bne + jn® + n’c + 2jn + n® + 8jne + jn’e)
Wy + (65 + 5n — 18je — Tne — 2jn* — 2n?e — jn — 2n* — 13jne — 2jn’e) Wy + (—4n +
6jc + 2ne + jn? + nc — jn + n? + 5jne + jn’c + 6)Wy).

(b) S0 War = & (n+ 1) (—n+6e+18je+11ne+4jn>+4n2e+5jn-+4n’+17jne+4jn)
Wy + (6 + 8n — 18je — 16ne — 8jn* — 8n?e — 4jn — 8n? — 28jne — 8jne)W;
+ (=Tn + 6je + bne + 4jn? + 4n’e — jn + 4n® + 11jne + 4jn%e + 6)Wy).

(€) 1 Wakss = & (n+1) (6] + 5n + 182 + 365 + 17ne + 4jn? + 4ne + 11jn + 4n? +
23jne + 4jne)Wy + (6 — 18 — 48jc — 28ne — 8jn? — 8n’e — 16jn — 8n* — 40jne —
8jn’e — 4n)Wy + (—n + 6e + 18je + 11ne + 4jn? + 4n’c + 5jn + 4n? + 1Tjne
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+4jn2€)W0) .
Proof.

(a) Note that using (5.1), we get
DI SRS SITNEES SUTRES S
k=0 k=0 k=0 k=0 k=0

and using Proposition 1.2, the proof can be easily handled.

(b) Note that using (5.1), we get
Z Way = Z Way, + Z Waks1 +€ Z Wapio + je Z War3
k=0 k=0 k=0 k=0 k=0

and using Proposition 1.3, the proof can be easily resolved.

(c) Note that using (5.1), we get
Z Wakt1 = Z Wak1 +J Z Waksa +€ Z Wakys + je Z Wak+a
k=0 k=0 k=0 k=0 k=0

and using Proposition 1.3, the proof can be done easily. [

As a special case of the Theorem 5.7 (a), the following corollary hold.

Corollary 5.7

(@) YioTh =L (n+1)((6+ 182 +36j¢) + (5j + 8¢ + 11je + 2)n + (j + & + je + 1)n?).
(b) S Hy = (3j+3c+3je+3)(n+1).

(c) > Oy = £(n+1)((12j436e+72je) 4 (105 +16c+22je +4)n+(2j + 2 +2je+2)n?).
(d) Y oDk =3 (n+1)((6]+30e +72je) + (182 + 95 + 27je)n + (3j + 3c + 3+ 3je)n?).
As a special case of the Theorem 5.7 (b), we present following corollary.

Corollary 5.8

(@) o Tor = L (n+ 1) ((6+18¢+367)+ (5+17e+115+23je)n+(4+4j +4e+4je)n?).
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(b) S Hop = (3j 4+ 3¢ +3je +3) (n+1).

(€) S0y Oo = £ (n+ 1) (12 + 362 + 72j) + (10 4 22j + 34e + 46je)n + (8 + 8j + 8 +
8je)n?).

(d) YpoPok = g (n+1)((65 430+ 72je) + (3+21j + 39 +57je)n+ (124 12j 4 12e +
12je)n?).

As a special case of the Theorem 5.7 (c), we have following corollary.

Corollary 5.9

(@) > or Topor1 = & (n+1)((6418j +36c+60je) + (114175 + 23 +29je)n+ (4 +4j +
4e + 4je)n?).

(b) Y0y Hopr1 = (3j + 3+ 3je +3) (n+ 1).

(€) Y0 o Om1 = L (n+1) (12 + 36 + 722 + 120j¢) + (22 + 462 + 34j + 58je)n + (8 +
87 + 8¢ + 8j&)n?).

(d) Yh oDkt = ¢ (n+1) ((6+ 305 + 72¢ + 132je) + (21 + 39j + 57e + 75je)n + (12 +
125 + 12e 4+ 12je)n?).

Now, we present the formula which give the summation formulas of the generalized

Guglielmo numbers with negative subscripts.

Theorem 5.8 For n > 0, dual hyperbolic generalized Guglielmo numbers have the fol-

lowing formulas:

(a) S0 W, = 2 (n+1)((2n+6e+18je —4ne+ jn* 4+ n’ec — jn+n® — Tjne + jn’e) W+
(65 — Tn — 18je + 5ne — 2jn* — 2n%e — jn — 2n? + 11jne — 2jn%e)W1 + (5n + 6je —
ne + jn® + n%e + 2jn + n® — 4jne + jn*e + 6)Wy).

(b) S0 Woop = L (n+ 1) ((5n+6e+18je — Tne+4jn? +4n%e — jn+4n? —13jne+4jne)
Wy + (65 — 16n — 18jc + 8ne — 8jn? — 8n%c — 4jn — 8n? + 20jne — 8jn’e)W; +
(11n + 6je — ne + 4jn? + 4n’c + 5jn + 4n? — Tjne + 4jn%e + 6)Wy).
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(c) Dors Woojpsr = & (n+1) ((6j—n+18:+36je—13ne+4jn’+4n’*e —Tjn+4n*—19jne+
47n2e)Wy + (20ne — 18¢ — 48je — 4n — 8jn? — 8n’ec + 8jn — 8n? + 32jne — 8jnc + 6)
Wi+ (5n + 6¢ + 18je — Tne + 4jn? + 4n’e — jn + 4n? — 13jne + 4jn’e) ).

Proof.

(a) Note that using (5.1), we get
Z W_ = Z W_p+J Z W_j+e Z W_jyo + Je Z |
k=0 k=0 k=0 k=0 k=0
and using Proposition 1.4, the proof can be easily handled.

(b) Note that using (5.1), we get
Z W_op = Z W+ Z Woari1+e Z Woaki2 + je Z W_opy3
k=0 k=0 k=0 k=0 k=0
and using Proposition (1.5) the proof easily can be done .

(c) Note that using (5.1), we get
Z W op1 = Z W gks1+J Z W gkio +€ Z W k43 + je Z W _oj4a
k=0 k=0 k=0 k=0 k=0
and using Proposition 1.5, the proof can be easily completed. [

Next, we give different sum formulas of the dual hyperbolic generalized Guglielmo num-
bers.

As a special case of the Theorem 5.8 (a), we have the following corollary.

Corollary 5.10

(@) Y oTr=1(n+1)((6j+18e+36je) + (—1—4j —Te —10je)n+ (1+ ]+ +je)n?).
(b) S H = (3j+3+3je+3)(n+1).

(€) S 0O =1 (n+1)((12) +36¢ +72j) + (—2 — 8j — 14e — 20j)n + (2 + 2j + 25 +
2je)n?).

(d) Yo Pk = % (n+1)((2] + 10e + 24je) + (1 — 25 — 5e — 8je)n + (1 + j + & + je)n?).
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As a special case of the Theorem 5.8 (b), we obtain the following corollary.

Corollary 5.11

(@) Yo T o = = (n+1)((6j + 18 +36je) + (—1—7j — 13 — 19je)n+ (4 +4j + 4e +
4je)n?).

(b) S H_ o= (3j+3c+3je +3) (n+1).

(c) > O o = $(n+1)((65 +18c +36jc) + (=1 —7j — 13e — 19je)n+ (4 + 45 + 4 +
4je)n?).

(d) Yh_oD-2k = 5 (n+ 1) ((65+30e+72je) + (9 —9j —27e —45je)n+ (12 + 125 + 12c +
12je)n?).

As a special case of the Theorem 5.8 (c), we present the following corollary.

Corollary 5.12

(@) S0y Toopes = L (n+ 1) (6 + 18j + 362 + 60jz) + (=7 — 135 — 19 — 25j2)n + (4 +
47 + 4e + 4je)n?).

(b) S0 H gpi1 = (3 + 3 +3je+3) (n+1).

(©) Y0y O sps = L (n+ 1) ((6+ 18 + 36 + 60je) + (—7 — 13j — 19 — 25je)n + (4 +
4j + 4e + 4je)n?).

(d) Yh_oP-2k+1 = g (n+1) (64305 + 72 + 132je) + (—9 — 27j — 45¢ — 63je)n + (12 +
125 + 12e + 12je)n?).

5.5 MATRICES RELATED WITH DUAL HYPERBOLIC GUGLIELMO
NUMBERS

In this section. we give some fundemental matrix formulations related with dual hyper-

bolic generalized Guglielmo Numbers. First, we give following lemma.
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Lemma 5.9 For all integers n the following identity is true

— n —

Woso 3 -3 1 W,
W, |=11 0 o0 w,
W, 0 1 0 W

Proof. First, we get n > 0. Lemma 5.9 can be given by mathematical induction on n. If
n =0 we get

0

W, 3 -3 1 W,
w, =11 0 o W,
W, 0 1 0 W,

which is true. We assume that the identity given holds for n = k. Thus the following

identity is true.

k

Wit 3 -3 1 W,
Wea |=11 0 0 w,
W, 0 1 0 W
For n =k + 1, we have
k+1 ko,
3 -3 1 W 3 -3 1 3 -3 1 W
1 0 0 Wl =110 0 1 0 0 W,
0 1 0 W 0 1 0 0 1 0 W,
3 -3 1 Wiso
= |1 0 0 Wi
0 1 0 W,
3Wk+2 - 3/Wk+l + W
= sz
Wit
Wk+3
= Wk+2
/Wkﬂ

If we obtain n < 0 the proof can be done similarly. Consequently, by mathematical

induction on n, the proof is completed. [
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Theorem 5.10 If we define the matrices Ny and Ey; as follow

Wo W, W,
W W W |,
Wo Woi Wy

Wn+2 Wn+1 Wn
Wpae W, Wiy

e~~~

Wn Wn—l Wn—2

then the following identity is true:

A"Ne = E

W.

Proof. Using (1.11), we obtain the following identities

A" Ny

where

a1 =

Q12 =

13 =

Q21 =

Q2 =

Q23 =

az; =

asza =

aszz =

Tpir —3T+To T Wy W,
= T, -3L,1+T,o T, Wl WO
T =312+ Th 3 T, WO /W—l

aix a2 a3

- A1 Q22 (A23

a31 32 Q33

GWoT i1 + Wy (Tyoy — 3T, + Wo T,

Wi Tp1 + Wo Ty — 3T,) + W1 T,
WoTper + Wi (Ty_y — 3T0) + W_oTy,
WaTy + Wi (Thes — 3T0_1) + WoTh_1,
WAT, + Wo (Ty_s — 3T0_y) + W_1 T\,
WoT, + Wt (Tos — 3Tper) + WoT_1,
WoT, 1 + Wi (Thaes — 3Tys) + WoTh_s,
WiTy_1 + Wo (Thes — 3Tp_s) + W_1Tp_s,
WoTo 1+ Wy (Th_g — 3T 2) + W_sT .

Using the Theorem 5.6, the proof is done. [

From Theorem 5.10, we can write the following corollary.
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Corollary 5.13

(a) We assume that the matrices Ns and Ex are defined as following

T, T, Tp
N T — fl j—\'() f—l 5
To T4 T,

T\n+2 T\n—&-l T,

By = fn+1 fn fn—l
T, Tooy Thes
such that the following identity is true for A", Nz, Ex:

Y

A"N; = Ej,

(b) We assume that the matrices Ny and Eg are defined as following

O, 01 Oy
N6: 61 50 0O, )
Oy O O_y

such that the following identity is true for A", Ng, Eg:

A"Ng = Ep.

(c) We assume that the matrices N and Ez are defined as following

H, H, H,
Nﬁ = ﬁl [/170 ﬁ_l )
Hy H., H_,

Hn+2 Hn+1 Hn
Eﬁ = Hn+1 Hn Hn—l )

~ ~ ~

Hn Hn—l Hn—2
such that the following identity is true for A", Ng, Eg:

A"Ng = Eg.
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(d) We assume that the matrices Ny and E5 are defined as following

P2 N 0
Nﬁ: P Do D-1 )
Po D-1 D2

ﬁn+2 ﬁn+1 ﬁn
Eﬁ = ﬁn-ﬁ-l ﬁn ﬁn—l
]/)\n ﬁn—l ﬁn—Q

such that he following identity is true for A", N5, Ep:

A"N; = E;.
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CHAPTER 6

CONCLUSION

In chaper 1, we provided some basic properties that are needed for the rest of the thesis.
These include the third-order sequence, often denoted as the (r; s; t) sequence, defined by
Gy, = T'Gyp_1+ Sa,_o+ta,_3 where r, s and t are constants, and the initial values ag, a; and
as are given. In subsection 1.1, we gave the recurrence relation of generalized Guglielmo
numbers. In Theorem 1.1, we presented the Binet formula of generalized Guglielmo
numbers. Table 1.1 showed a few generalized Guglielmo numbers with positive subscripts
and negative subscripts. In identities (1.7)-(1.10), we presented the reccurrence relations
of four special cases called triangular, Lucas-triangular, oblong and pentagonal sequences.
Table 1.2 presents some values of the unique third-order Triangular and Triangular-Lucas,
oblong and pentagonal numbers with positive and negative indices. In subsection 1.1.1,
we showed some linear sum formulas about generalized Guglielmo numbers. In subsection
1.2, we presented some matrix formulations related to generalized Guglielmo sequence.
In subsection 1.3 we presented some information about Gaussian numbers, hyperbolic
numbers, dual numbers, dual hyperbolic numbers and other special numbers and some
fundamental properties related to these numbers. Moreover, we gave a literature search

on these numbers.

In chapter 2, we defined generalized Gaussian Guglielmo sequences and four special cases
called Gaussian triangular numbers, Gaussian triangular-Lucas numbers, Gaussian oblong
numbers and Gaussian pentagonal numbers. In Table 2.1 and Table 2.2, we presented the
first few generalized Gaussian Guglielmo numbers with positive subscripts and negative
subscripts. In Table 2.3, we showed some special cases of Gaussian generalized Guglielmo
numbers with positive and negative subscripts. In Theorem 2.1, we defined the Binet’s
formula for the Gaussian generalized Guglielmo numbers. In Theorem 2.2, we defined
the generating function of Gaussian generalized Guglielmo numbers. In Theorem 2.3,

we presented some identities involving Gaussian triangular, Gaussian triangular-Lucas,
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Gaussian oblong, Gaussian pentagonal numbers. In Theorem 2.5, we detailed the generat-
ing functions for the even and odd-indexed generalized Guglielmo sequences. In Theorem
2.7, we presented Simpson’s formula of generalized Gaussian Guglielmo numbers. In The-
orem 2.6, we defined an identitiy related to Gaussian Guglielmo numbers and triangular
numbers. In Theorem 2.8 and Theorem 2.9, we defined some sum formulas of general-
ized Gaussian Guglielmo numbers. In Theorem 5.10, defined some fundemental formulas

related to matrix formulation of GW,,.

In chapter 3, we defined hyperbolic generalized Guglielmo numbers then we present gen-
erating functions and Binet formulas for them. In the Table 3.1, we presented the first
few hyperbolic generalized Guglielmo numbers with positive subscripts and negative sub-
scripts. In Table 3.2-Table 3.5, we presented a few hyperbolic triangular numbers, hyper-
bolic triangular-Lucas numbers, hyperbolic oblong numbers and hyperbolic pentagonal
numbers with positive subscripts and negative subscripts. In Theorem 5.1, we defined the
Binet’s formula for the hyperbolic generalized Guglielmo numbers. In Theorem 3.2, we
provided the generating function for the hyperbolic generalized Guglielmo numbers. In
Theorem 3.3, we defined the Binet formula of hyperbolic generalized Guglielmo number
{HW,} utilizing generating function fx, (x). In Theorem 3.4, we defined the Simpson’s
formula for the hyperbolic generalized Guglielmo numbers. In Theorem 3.5, we defined
Catalan’s identity of hyperbolic generalized Guglielmo numbers. In Theorem 3.6, we
defined an identitiy related to hyperbolic generalized Guglielmo numbers and triangular
numbers. In Theorem 3.7, Theorem 3.8 and Theorem 3.9, we defined some summation
formulas of the hyperbolic generalized Guglielmo numbers. In Theorem 3.11, we defined

matrices formulation related with Hyperbolic Generalized Guglielmo Numbers.

In chapter 4, we defined dual generalized Guglielmo numbers then we present recurrence
relation, generating functions and Binet formulas. In the Table 4.1, we provided the ini-
tial dual generalized Guglielmo numbers with both positive and negative subscripts. In
Table 4.2-Table 4.5, we presented some dual triangular numbers, dual triangular-Lucas
numbers, dual oblong numbers, and dual pentagonal numbers with positive or nega-
tive subscript. In Theorem 4.1, we defined the Binet’s Formula of the dual generalized
Guglielmo numbers. In Theorem 4.2, we introduced the generating function of the dual

generalized Guglielmo numbers. In Theorem 4.3, we explored the Binet formula for the
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dual generalized Guglielmo numbers {DW,,} by utilizing generating function fpw, ().
In Theorem 4.4, we defined the Simpson’s formula for the dual generalized Guglielmo
numbers. In Theorem 4.5, we defined Catalan’s identity of dual generalized Guglielmo
numbers. In Theorem 4.6, we defined an identitiy related to dual generalized Guglielmo
numbers and triangular numbers. In Theorem 4.7, Theorem 4.8 and Theorem 4.9, we de-
fined some summation formulas of the dual generalized Guglielmo numbers. In Theorem

4.11, we defined matrix formulations related to dual generalized Guglielmo Numbers.

In chapter 5, we define dual hyperbolic generalized Guglielmo numbers then we present
generating functions and Binet formulas for them. In the Table 5.1, we presented the first
few dual hyperbolic generalized Guglielmo numbers with positive subscripts and negative
subscripts. In the Table 5.2-Table 5.5, we presented dual hyperbolic triangular numbers,
dual hyperbolic triangular-Lucas numbers, dual hyperbolic oblong numbers and dual
hyperbolic pentagonal numbers with positive subscripts and negative subscripts. In The-
orem 5.1, we defined the Binet’s Formula of the dual hyperbolic generalized Guglielmo
numbers. In Theorem 5.2, we defined generating function of the dual hyperbolic gen-
eralized Guglielmo numbers. In Theorem 5.3, we investigated Binet formula of dual
hyperbolic generalized Guglielmo number {/Wn} by using generating function fg (z).
In Theorem 5.4, we defined the Simpson’s formula for the dual hyperbolic generalized
Guglielmo numbers. In Theorem 5.5, we defined Catalan’s identity of dual hyperbolic
generalized Guglielmo numbers. In Theorem 5.6, we defined an identitiy related to dual
hyperbolic generalized Guglielmo numbers and triangular numbers. In Theorem 5.7 and
Theorem 5.8, we defined some summation formulas of the dual hyperbolic generalized
Guglielmo numbers. In Theorem 5.10, we defined some fundamental matrix formulations

related with dual hyperbolic generalized Guglielmo Numbers.
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