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ABSTRACT

BERTRAND AND MANNHEIM CURVES IN
THREE-DIMENSIONAL WALKER MANIFOLDS

Asmaa NACIRI
M.S. in Mathematics
Advisor: Biilent Unal

September 2024

We review the basic concepts of space curves, including curvature and torsion. We
examine special curves such as Mannheim and Bertrand in a three-dimensional
Euclidean space. We define Walker manifolds which are pseudo-Riemannian man-
ifolds with a parallel null distribution. Then we compute Christoffel symbols and
Levi-Civita connection components for an arbitrary three-dimensional Walker
manifold.

Finally, we derive the curvature and torsion of a regular curve on a three dimen-
sional Walker manifold. Then, we investigate necessary and sufficient conditions
for Mannheim curves in a strict three-dimensional Walker manifold. Moreover,
we also prove necessary and sufficient conditions of Bertrand curves in a three-

dimensional Walker manifold.

Keywords: Walker manifold, Mannheim curves, Frenet frame.
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OZET

UC BOYUTLU WALKER MANIFOLDLARINDA
BERTRAND VE MANNHEIM EGRILERI

Asmaa NACIRI
Matematik, Yiksek Lisans
Tez Danigmani: Biilent Unal
Eyliil 2024

Egrilik ve burulma da dahil olmak iizere uzay egrilerinin temel kavramlarim
gbzden geciriyoruz. Mannheim ve Bertrand gibi 6zel egrileri ii¢ boyutlu Oklid

uzayinda inceliyoruz.

Yari-Riemann manifoldlar: olan Walker manifoldlarini paralel sifir dagilimina
sahip manifoldlar olarak tanimliyoruz. Daha sonra Christoffel sembollerini
ve Levi-Civita baglant1 bilegenlerini keyfi i¢ boyutlu Walker manifoldlar1 ic¢in
hesapliyoruz.

Son olarak, diizenli bir egrinin egriligini ve burulmasim ti¢ boyutlu Walker
manifoldu tlizerinde elde ediyoruz. Daha sonra ii¢ boyutlu Walker manifoldlar:
tizerinde Mannheim egrileri i¢in gerek ve yeter sartlarini arastiriyoruz. Ayrica g
boyutlu Walker manifoldlar iizerinde tanimlanan Bertrand egrileri i¢in de gerek
ve yeter sartlar1 kanmithyoruz.

Anahtar sozcikler: Walker manifoldu, Mannheim egrileri, Frenet gergevesi.
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Chapter 1

Introduction

It is established that the existence of a parallel line field on a Riemannian man-
ifold leads to a local decomposition of the manifold into a direct product. This
characteristic also applies to semi-Riemannian manifolds if the line field is non-
degenerate, meaning it is generated by a non-null, locally defined vector field (see
[1], [2]). But, the geometric implications of the existence of a parallel degenerate
line field on a manifold are not well understood yet. A Walker structure refers
to a parallel degenerate plane field on a manifold. Many key differences between
Riemannian and semi-Riemannian geometries arise from the existence of Walker
structures. Walker found the canonical form for a space with a parallel field of
null planes in [3]. Moreover, Walker metrics are recognized as an effective tool for
creating interesting indefinite metrics that display diverse geometric properties
not given by any positive definite metrics, see[4]. Indefinite metrics are essen-
tial in several physical contexts, including classical cosmological models (general
relativity) and string theory, among others. Walker manifolds naturally emerge
in numerous physical contexts and serve as examples of extreme mathematical
cases [9] . Therefore, investigating properties of special curves on a Walker man-
ifold is highly insightful. In [4], Gningue, Ndiaye, and Nkunzimana examined
the geometry of biharmonic curves in a strict Walker 3-manifold and derived ex-
plicit parametric equations for both biharmonic curves and time-like biharmonic

curves. Additionally, they discussed the conditions under which a speed curve



qualifies as a slant helix in a Walker manifold.

General theorems of curves and surfaces in Euclidean space (or more gen-
erally in Riemannian manifolds) have attracted many studies. These studies
have significantly deepened our understanding of both local and global geometry
of Riemannian manifolds. This will be the approach we follow to study both
Bertrand and Mannheim curves. Bertrand curves trace back to Saint-Venant,
and have many applications in differential geometry, physics, biology.[15]. In[12],
Bertrand and Mannheim curves are studied in E3. Honda and Takahashi give
existence conditions of Bertrand and Mannheim regular space curves. Moreover,
they define Bertrand and Mannheim curves of framed curves and prove that they

are dependent on the moving frame.

In this thesis, we begin by introducing the Riemannian manifold theory guided
by [6]. After establishing the fundamental concepts like a semi-Riemannian man-
ifold, defined as a smooth manifold M endowed with a metric tensor g, we move
to section 2.2 where we define the curvature x and torsion 7 of a curve in the Eu-
clidean space. In section 2.3, we present the notion of a Frenet frame {T', N, B}
which is an orthonormal basis for IE3, and give the Frenet-Serret equations of
regular curves. In section 2.4, we introduce a Bertrand curve in E? as a space
curve whose principal normal aligns with the principal normal of another curve.
Moreover, we define Bertrand mates and give some properties related to their
curvature x and 7 torsion. As for section 2.5, we introduce Mannheim curves. A
Mannheim curve is characterized by having its principal normal line identical to
the binormal line of another curve. We provide a variety of characteristics of both
Mannheim and Mannheim partner curves in the subsections 2.5.1 and 2.5.2. Fur-
thermore, we introduce the concept of connections in a semi-Riemannian manifold
in section 2.6. The Levi-Civita connection is a unique affine connection on the
manifold M and is compatible with the metric. Finally in section 2.7, we define
the covariant derivative using the levi-civita connection and give a well-known

formula to calculate it.

In chapter 3, three-dimensional Walker manifolds are introduced. They are



pseudo-Riemannian manifolds with a parallel degenerate line field. The manifold
is referred to as a strictly Walker manifold if this line field can be generated by
a null vector ([2]), ([1]). In order to describe these Walker manifolds we use
a defining function f = f(x,y,z) and local coordinates {z,y,z}. The class of
Walker manifolds is extensive, based on the defining function f. The function
f = f(y, z) characterizes a strict Walker manifold. We define the Walker metric
in section 3.1, then give the Walker vector product and form an orthonormal basis
in section 3.2.([5]). In section 3.3, we compute the connections and Christoffel
symbols coefficients for a general three-dimensional Walker manifold and give the

Frenet frame equations. (see ([2]), ([9])).

Finally in chapter 4, we obtain the curvature s and torsion 7 for a regular
curve on any arbitrary three-dimensional Walker manifold. We then find x and
7 for the case of a strict Walker manifold and some other special cases, par-
ticularly, when one of the components of the curve a(t) = (a;(t), az(t), as(t))
is constant. Furthermore, we examine Mannheim curves on a Walker manifold
through studying Mannheim characterizing property for the spacial case when
as(t) = constant and the Walker manifold is strict, that is, when f = f(y, 2).
Moreover, we give the proof of Bertrand mates for two nondegenerate curves on

any three-dimensional Walker manifold.



Chapter 2

Preliminaries

In this section, we give fundamental concepts and definitions from semi-
Riemannian Geometry and Euclidean geometry. These concepts and results are
commonly found in various books like [6] and [11]. The definition we give for

curvature aligns with that of [6].

2.1 Manifold Theory

In this section, we present some fundamental concepts from general manifold

theory. In addition, we give some notational conventions.

In this study, we assume any manifold M is connected, Hausdorff, paracom-
pact, and smooth. T'p(M) represents the set of all tangent vectors to M at p € M.
T(M) denotes the set of all tangent vectors to M. I is an open and connected

interval in the set of real numbers.

A smooth section X of T'(M) represents a vector field in M. X(M) denotes
the collection of all vector fields in M. Suppose o : I — M is a smooth curve,
then the smooth mapping V' : I — T (M) such that V(t) € Ty (M) for all t € I,

4



where t is a parameter parametrizing the curve «, is called a vector field along

a. Denote by X(«) the set of all vector fields along .

Let M be a smooth manifold. A metric tensor g on M is a symmetric and
non-degenerate (0,2) tensor field with a constant index. The signature of g,
denoted by (r,s), indicates the number of negative eigenvalues (r) and positive

eigenvalues (s = n — r), where n is the dimension of the manifold.

If a smooth manifold M is equipped with a metric tensor g, then (M, g) is
called a Semi-Riemannian manifold. If g has no negative values, i.e, has index

zero, then (M, g) is a Riemannian manifold.

2.2 Curvature and Torsion of Curves

in Euclidean Space

In this section, we define the concepts of curvature and torsion for a curve in three
dimensional Euclidean Space. The definitions introduced here are compatible
with [11].

Let I be an open and connected interval in the set of real numbers.

A curve a(t) is a smooth map from an open interval I C R to the Euclidean
space R™ : «(t) : I — R™

A regular curve a(t) : I — R™ is a curve whose speed never vanishes, |o/(t)| # 0
for any t € I.

A regular curve v : I - R" is said to be degenerate or lightlike if (/(t), &/ (t)) =
0 where (,) denotes the Euclidean inner product.

We denote the velocity of the curve o by v(t), and its acceleration by a(t), i.e,
v(t) = (t), a(t)=da"(t).

t(t), n(t), and b(t) denote the unit tangent, the unit normal, and the unit
binormal vectors of the curve a, respectively.

The prime symbol (') denotes the first derivative with respect to the parameter



For two vectors u and v € R", u' denotes the orthogonal complement of u,

i.e, u = ul + u+ where ul is the projection of v in the direction of v.

Definition 2.2.1. Let a : I — R"™ be a regular curve. « has a curvature

Sfunction that is given as: k: I - [0, 00)

K(t) = : (2.1)

Proposition 2.2.2. Let o : [ - R" be a reqular space curve. Its curvature can

be expressed as: () )
v(t) X a(t

forallt e 1.

Proposition 2.2.3. Let a: I — R3? be a reqular space curve. Its torsion at t is

defined as: W), n()
—{'(t),n(t
fort € I such that k(t) # 0.

2.3 Frenet Frame in 3 Dimensional Euclidean

Space

In order to understand the geometry of a curve a in E?, we need to establish a
basis and define how this basis changes at each point along the curve. To achieve
this, we use the Frenet frame {T'(s), N(s), B(s)} which is an orthonormal basis

for E3 for each s where B =T x N.

Definition 2.3.1. Assume «a(s) : I — R? is a reqular space curve. Let s € I
such that k(s) # 0.



The basis {T(s), N(s), B(s)} of R? is called the Frenet frame at s, and is defined

as:

" Jat(s)] ()]

Where T'(s), N(s) and B(s) are the unit tangent, the unit normal, and the unit

binormal vectors at s, respectively.

2.4 Bertrand Curves in E?

In this section, our goal is to define Bertrand curves and give some of their prop-
erties in the three dimensional Euclidean space. Throughout this section, we

follow the definitions from the book [11] and the paper [12].

Let n(t) denote the principal normal vector of « at ¢.

k(t) and 7(t) represent the curvature and torsion of a curve « at ¢, respectively.

Definition 2.4.1. Let a and @ : I — R? be two non-degenerate curves.
If there exists a smooth function X : I — R such that a(t) = a(t) + A(t)n(t) and
n(t) = £n(t) for allt € I, then o and @ are called Bertrand mates.

We call o : I — R? a Bertrand curve if there exists another curve @ : I — R3

such that o and @ are Bertrand mates.

Assume that o and @ are Bertrand mates, thus they have the same principal
normal line for each point. Notice that, we can assume that n(t) = 7n(t) if we

consider —\ instead of A.

Example 2.4.2. Let a(t) be the following general helix:

aft) = (NF— 2, %(2@— 23, (VIti— 1)2>



It has the following Frenet frame:

t__( 1 \/2¢T17-—2/¢T17——1)

V1+t Vi+t O 1+t

B 20T+t —2 21+t V2J/1+t-2
S Y o AV e SV ey

b:<vT17—1 Witi—2 1 )

Vi+t ' Vi+t V14t

Now, consider the following curve:

a@y:<—2+¢+2¢1+ué%3v1+t—Ui2+2p—mﬂ+¢>

The frenet frame for a(t) is :

I

Vh+5t T VB+5t T 5+ 5t

o VT2 2-VIHE V2T -2
Y = Y AN

r_ WI+t—3 3V2/1+t—2 3—1+¢
N Vo +5t V5+ 5t /545t

since n =n, we say « and a are Bertrand mates.

__<1+\ﬂ+¢ 2M1+t—22¢1+t—1>

More details about the example above can be found in [17].

Lemma 2.4.3. Let o : I — R3 be an arc-length parameterized non-degenerate
curve. If a and @ are Bertrand mates, then A is a nonzero constant where X\ is

as mentioned in definition 2.4.1

Theorem 2.4.4. Let o : I — R? be an arc-length parameterized nondegenerate
curve. We assume 7(s) # 0 for all s € I and 0 is a nonzero constant. Then «
and @ are Bertrand mates with a(s) = «a(s) + on(s) if and only if there exists a

constant 5 such that Sk(s) + f1(s) = 1 and Br(s) — 07(s) # 0 for all s € 1.



The proof of theorem 2.4.4 can be found in the paper [12].

Proposition 2.4.5. Let o and @ : I — R?® be two different nondegenerate
curves. With the same assumptions in theorem 2.4.4, we assume that o and @
are Bertrand mates with &(s) = a(s)+dn(s) and dx(s)+ B7(s) =1 forall s € I,

where (3 is a constant. Then the curvature & and the torsion T of & are as follows:

_ |Br(s) = o7(s)| 1

o= @Erpre T @ e

Corollary 2.4.6. 7(s)7(s) is a positive constant.

(2.5)

Furthermore, dx(s) + B7(s) = 1 and Sk(s) —o7(s) = 0 for all s € I if and only
if k(s) =8/(6%+ %) and 7(s) = B/(6%+ 4%). Thus, «a is a helix up to congruence.

So, «(s) is given as follows:

% 5sin i Bs )
VOT+ B e+ g a2+ g2

After a straightforward computation, we find

a(s) = (6 cos

n(s) = (— COS(W)), — sin(ﬁ, 0)

Therefore,

Bs ),

a(s) = a(s) + An(s) = ((5 — A) cos — A)sin \/52 5 \/52 e

(8

S

where )\ is a constant.

Assume A = ¢, then @(s) = (0,0, 8s/4/6% + B2). So, @(s) is degenerate, i.e,
R(s) =0forall s € I.

Now, if A # 4, then n(s) = sgn(d — )\)( — cos \/{sir—ﬁw—sin \/52:—52,0), where
sgn(d —A)=11if 6 > A and sgn(d —A\) = —11if 6 < A

Thus, @(s) is nondegenerate and o and @ are Bertrand mates.




2.5 Mannheim Curves in E3

The results presented in this section are taken from [13].

2.5.1 Mannheim Curves

In this section, we introduce Mannheim curves and provide a few of their char-
acteristics in the three dimensional Euclidean space. We stick to the definitions
provided in [12].

Definition 2.5.1. If the principal normal line of a space curve « is the same as
the binormal line of another curve v for every point, then « is called a Mannheim

curve. a and 7y are called Mannheim partners.

C C*e
(I(S)J._.- S : ."'-.___ar*(s*).
vp he B*. '
[ o a._r‘J.- Ca% \
|
. -
o+

Figure 2.1: a(s) and *(s*) are Mannheim partners in F?
(G.S.Atalay, Surfaces Family with a Common Mannheim Geodesic Curve,

2018, p.157).

Theorem 2.5.2. The curvature k and torsion T of a Mannheim curve in E3

satisfy the following equation:

k= Ak +7%) (2.6)

A is a nonzero constant. [14]

10



Theorem 2.5.3. Let o be a Mannheim curve.
If a is a general helix, then « is a circular helix. The curvature and torsion of «

are then obtained in the following way:

M1+ )

___C4.
A1+ ¢?)

T =

where ¢ = i and X is the same as in theorem 2.5.2.

Proof. Since « is a general helix, we can write
T
—=c 2.7
- (27)

where ¢ is a constant.

« is a Mannheim curve, so its curvature x satisfies the following:

k= Ak +71%)

Substituting back in (2.7), we obtain the following expressions for the curvature

Kk and torsion T:

1
b= A1+ ¢2)’
. &
TN+ )

]

Theorem 2.5.4. A rectifying Mannheim curve a(s) has the following curvature

and torsion: .
k= 2.
A1+ (as +b)?)’ (28)

11




as+b
TN (a5 07 (29)

where \ is the same as in theorem 2.5.2 while a and b are constants such that

%zas%—b.

Definition 2.5.5. A Salkowski curve is a space curve characterized by a constant

curvature k and a non-constant torsion T.

Theorem 2.5.6. If a is a Mannheim curve, then « is not Salkowsk:.

Definition 2.5.7. An Anti-Salkowski curve is a space curve characterized by a

constant torsion T and a non-constant curvature k.

Theorem 2.5.8. If a is a Mannheim curve, then « is not anti-Salkowsk:.

2.5.2 Mannheim Partner Curves

Theorem 2.5.9. A Mannheim partner curve a(sy) in E? is a space curve whose
curvature ki and torsion 1 satisfy the following equation
dTl ]{?1
1= — = —(1+\7?). 2.10
T1 dSl )\( + ATy ) ( )

where s1 1S a parameter parameterizing .

Theorem 2.5.10. The curvature and torsion of a Mannheim partner curve oy

which 1s a general helix, are as follows:

51
by = e (2.11)
2s
\/ —e3 N2 4+ d
ce%
= (2.12)

c and d are real constants.

V —exeN2e2 +d
12



Proof. Let a; be a general helix. Then, the the ratio of the curvature x; and

torsion 77 is constant:

1
— =C
R1
SO,
T1 = CRq1

since oy is a Mannheim partner curve, it satisfies equation (2.10).
That is J y

. T1 1 2 9
T1=—=—(14+ X7

1 - \ (LéF 17)

Replacing 71 with ck; in the expression above, we obtain the following Bernoulli

differential equation:

R1
cA

We use the transformation z = k72 to get the next linear equation:

K1 + Aeks

2z
S — = =2\
z—i—>\c c

solving this linear equation, we obtain:

ky =

51
€ xe
[ 2
—exe \2c2 +d

multiplying x; with a constant, we obtain

51
CeAe

\/ —eE N2 +d

T =

[
Theorem 2.5.11. Let a; be a Mannheim partner curve.
If oy is a rectifying curve, then curvature and torsion are given as:
1
]{Zl = 2 5 7 (213)
\/—)\ (a51+b) + (as11h)(Z 2)

13



(as1 +0b)
d
\/—)\2(6181 + b)2 + W

T = (2.14)

d 1s a real constant

Theorem 2.5.12. Let oy be a Mannheim partner curve. If aq is a Salkowski

curve, then the curvature and torsion are given as follows:

]{?120,

tan(cs; + £)
3 .

T =

(2.15)

¢ and d are real constants

Theorem 2.5.13. Let oy be a Mannheim partner curve, then oy is not anti-

Salkowski curve.

2.5.3 Examples

Consider the following curve in IE3:

7% cos(v/2t) sint + 2 cos t sin(v/2t),
y(t) = 7% sin(v/2t) sint — 2 cost cos(v/2t),

\/Li sint

with the Frenet frame:

\/Lﬁ cos(v/2t) cost + sin(v/2t) sint
T = \/Lﬁ sin(v/2t) cost — cos(v/2t)sint |,
\}5 cos(t)
N cos(v/2t) sin(v/2t) _i)
V2o ov2 T2
\% cos(v/2t) sint — sin(v/2t) cost,
B = \/ig sin(v/2t) sint + cos(v/2t) cost, |,
\/ig sin(t)

14



We can find another curve 7(t) :

—/2 cos(v/2t) sint + 2sin(v/2t) cost,
—2 cos(\/ﬁt) cost — \/ﬁsin(\/ﬁt) sint, |,
V2sin(t),

with the following Frenet frame:

T_ (cos(ﬂt) sin(v/2t) L)
=\"vi v s

N = < — sin(v/2t), cos(v/2t), 0,)

F _ N cos(v/2t) _sin(\/ﬁt) 1
= Vi T VB Ve
such that

Therefore, v(t) is a Mannheim curve whose Mannheim partner curve is 7 [18].

15



2.6 Levi Civita Connection and The Covariant

Derivative

Definition 2.6.1. Assume M 1is a differentiable manifold.
We call a map V : (M) x X(M) — X(M) an affine connection in M if:

(i) VixigvZ = fNxZ +gVyZ;
(1)) Vx(Y +2Z)=VxY +VxZ;
(1)) Vx(fY)=X(f)Y + fVxY
for any X, Y, Z € X(M) and where f,g € C*(M,R).

The covariant derivative of Y along X is the vector field denoted by VxY .

Theorem 2.6.2. Let (M, g) be a semi-Riemannian Manifold and g is the metric
tensor on M.

The associated Levi-Civita connection V = V9 is defined as a unique symmetric
connection satisfying the following:

(1) V is torsion-free: VxY — Vy X = [X,Y].

(i1) V is Riemannian: (VxY,Z) +(Y,VxZ) = XY, Z) (Metric compatibility).

for all X,Y, 7 € X(M).

V satisfies Koszul formula:

16



2AVY, Z) = XY, 2V +Y(Z, X) = Z(X, Y )= (X, [Y, Z) + (Y, [Z, X])+(Z, [ X, Y]).

17



Definition 2.6.3. The Christoffel symbols are real-valued functions sz a

neighborhood U in a semi-Riemannian manifold M, such that:

Z I'%.0. (2.16)

where 1 < 1,7 <n and V 1s the Lem-szta connection of M.

Proposition 2.6.4. Based on the definition above, we can give the Christoffel

symbols as follows:

n

i1 af 99w | Ogi  Ogjk
o = 2 Zg <8xj 4 dxk Ozt ) (2.17)

=1

-1

where g = (g;;)~" are the entries of the canonical form of the metric tensor g.

[19]

Examples:

1 _1 11,9931 | Og1 _ 9933 13,9933 | 0933 _ 0933
F33_2 (8z+8z 8x>+0+g (8z+82 82)

b 1p g0t 01 0f of of of
F33_2 f<8z 0z 81:)+O+ <8z+8z 82)

0921 Ogn 0g12
31 o _
((% +a$ a:E)+0+0 0

3 _
FIQ_

1
B 9
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Chapter 3

Three Dimensional Walker
Manifolds

In this chapter, we give the definition of Walker manifolds and strict Walker

manifolds and give their curvature and torsion.

Let M be a pseudo-Riemannian manifold with signature (m,n). Assume the
tangent bundle can be written as TM = V; @ V, where the smooth subbundles
Vi and V5 are called distributions. This will then define two complementary pro-
jections my and o of TM onto Vi and V,. If Vj is parallel, i.e, V7 = 0, and the
metric restricted to V; vanishes identically, then V; is said to be a null parallel
distribution.

If a manifold admits a null parallel distribution, then it is called a Walker mani-
fold, and a strict Walker manifold if the distribution is spanned by a null vector
field [2],[9].
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3.1 The Walker Metric

Definition 3.1.1. A Walker manifold is a pseudo-Riemannian manifold M that

admits a parallel null distribution D.

A three-dimensional pseudo-Riemannian manifold M, which admits a null paral-

lel distribution, has a canonical form given by the metric tensor expressed as

0 0 1
gr=10 € 0],
10 f
with the inverse
—f 01
g7'=10 € o0f, (3.1)
1 00

where (z,y, z) are the local coordinates, f(x,y, z) is defined as a smooth function

on the manifold M, and € = £1. Note that we will consider € = 1 in this work.

Remark 3.1.2. The Walker metric of a three-dimensional manifold (M, g;) with

coordinates (z,y,z) can also be given in the following way:

g5 = dx - dz + edy® + f(z,y,2)dz". (3.2)

We assume that M is a three dimensional Walker manifold throughout this

study.
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3.2 The Cross Product

Definition 3.2.1. Let u and v be vectors in M.
The cross-product with respect to the Walker metric g5 is given by:

Uy Uz Ug
gi(uxyv,w) =det(u,v,w) = |v; vy w3, (3.3)

w; W2 w3

for any arbitrary vector w in M.

Proposition 3.2.2. The cross-product can be written explicitly as:

quU:< )Z—G

uy v Uz V2 U v Uz V2

—f j+ k. (3.4)

Ug V2 uz U3 us vs Uz Us

It is now possible to form an orthonormal frame on the manifold M with re-
spect to gr. Let u = (0,1,0) and v = (0,0, ——). Then

il
1
UXv= (—\/?,O,ﬁ).

We have |u| = |v| = |u x v| = 1. Here f was assumed to be positive f > 0, since

the case of f < 0 can be studied similarly. We finally have an orthonormal frame

1
€1 = —\/?(91 -+ ﬁ@, [ 8y, €3 = —@. (35)

Furthermore,

<€1,€1> = -1, <€27€2> =1, (63,€3> =1L

{e1, eq, €3} constitutes an orthonormal basis for T'(M).
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3.3 Connections and Curvature

We start with calculating the Christoffel symbols and the Levi-civita connection.
Using the (2.16) formula, we can compute the Christoffel symbols and find the

Levi-Civita connection.

Proposition 3.3.1. Using the formula given in 2.6.4,

i _1 & il 09w 8931 8gjk:
ij—§Zg <8xj +8:pk’ o2l |’

=1

the Christoffel symbols can be calculated, and the nonzero Christoffel symbols of

a Walker metric gy are found as:

1
1—%3 = Fél = §fd?7

1
F%?, = Féz = Efya

T = (7 + f£2)

1

F§3 = §fy7

1
Fg?) = _§fx

where fr, fy, and f. are, respectively, the first derivative of f w.r.t x, y, and z.

Proof. We can calculate the Christoffel symbols, using (2.16), in the following

1 1 uf 993 0ga  Ogos
Foy = 529 0x? + or3 Ol

=1

manner:

1 _
F23_

%( 11(ag3l+8921_ag23)+ 12<8932+8922_3923)+ 13(8933+8g23_8923)>

oy 0z Oz dy 0z 0Oy oy 0z 0z
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1

§fy7

1 — Jgsr  Ogs  Ogss
2 2
F33—§Zg <8x3+8x3_ ox!

=1

1
F23_

0z 9z Oz + +

2 _1 21 dg31  0gs1  Ogss 29 0932 8932_3933 23 0933 8933_8933
FB3_2 g * )+ <8z 0z dy )+ (82 0z 82)

€
Fg:% = __f Y-
In the same way, we can find all the other components I' “x of the Christoffel

symbols as mentioned above. O]

After finding the Christoffel symbols, we proceed to calculating the compo-

nents of the Levi-Civita connection.

Theorem 3.3.2. If V is the Levi-Civita connection of an arbitrary metric gy,

then its nonzero components are:

1
Vo0, = waa
1
540,

1 1
Vaﬁz = §(ffx + fz)ax + §fyay - éfxaz

Proof. Using (2.16) and 2.6.4, we can directly find all the components of the

ay = Z F]f28k7

ow
+ I'w?) 0y + [— e

- Vazay = 0.

Levi-Civita connection:

ow* ow
or +F12w ]8y+ [

vazay - [ a

+ me 10.,,
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ow?

0z

ow
0z

ow

Vo 0. = [ 2

+ Diw?] 0, + [ +F33w 10y + [— +F33w *19.,

1 1
— Vo0 = (3fuf + 50— 550y~ 5 il

— V3 _1 (ffx+fz) x efyay_fxaz

All the other components V5,05 of the Levi-Civita can be found in a similar

way. O

3.3.1 Frenet Frame Equations

In this section, we find the Frenet frame equations for a curve on a three di-
mensional Walker manifold. Let U be a vector field. Then there exist smooth

functions a1, as, and as such that:

U=aT(s)+ ayN(s)+ azB(s), (3.6)

where aq, as, and ag are functions of s and (T, N, B) is the Frenet frame of the

curve «. Recall that

T = T161 + T2€2 + Tgeg,
N = Nyey + Naep + Nses,
B = Bye; + Baey + Bses.

Differentiating (3.6) with respect to s, we find:

VTU = VT(CLlT + 0,2N -+ 0,38)
= VT(alT) + VT((ZQN) —+ VT(agB)
=a\T(s)+ a1VrT 4+ ayN 4+ aaVrN + a3B + a3V B.
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Recall that the covariant derivative with respect to a curve is calculated using

the following formula:

Vaz = Z( +ZF Az’ 0 o) )J’) O (3.7)

Therefore,

Tk |
o) = 3 (4 DA dw' oo alT)ﬂ)ak
k
agN xoa 4
agN :Z —|—ZF aQN)J>Bk

k

B)* |
r(asB) =" a*”’ +Zr i o agB)J>3k
k

After calculating the above covariant derivatives, we substitute them back into
VTU .

VU = a\T(s) + ayN(s) + a3 B(s) + a; [(T + ;fx(oz Ts+ 5Ty + faiTs)
+- fy(a 3+ oy Ty) + fza \T5)0, + (T — %fyang)ay + (T3 — fxa’Tg)
+as [(N + fx(a N3+ a4 Ny + fagN3) + lfy<0//N3 + a”Nz) + ifzag,Ng)éLC
+(N; - —fya”Nz)a + (N — fgc N3)0 } +ag [(B’ +5 fz(a B3 + o By
—|—fa 'B3) + fy(a Bs + o By) + §fza333)ax + (B — §f506333)8y + (B;

Therefore, the Frenet frame equations are found as:

1 1 1
VTT :(Tl/ + éfI(O/l/T?) —+ Oéng + fOéé’Tg) + éfy(ang -+ Oéng) + §szégT3)ax

1 1
(T = 5 £,08T3) 0, + (T = 5 fulTy ) 0.
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1 1 1
VN :<N{ + 5 Fo(@ Ny + QN + falNg) + 3 F, (0 No + a4 Na) + 5 fzongg) 8,

1 1
+ <Né — §fyong3) ay + (Né — §fz04gN3> 82.

1 1 1
VB =(Bl + £:(a{Bs + a§ By + fa}By) + 5 fy (0 By + 0 By) + 5 f0{ By ),

1 1

Theorem 3.3.3. Consider an arc-length parametrized curve a(s) : I € R —
(M, g5).

The trihedron {T'(s), N(s), B(s)}, where T(s) is the tangent, N(s) is the princi-
pal normal, and B(s) is the binormal vector, forms the Frenet frame of a. These

three vectors satisfy the Frenet formulas:

V1T (s) =€esk(s)N(s) (3.8)
VrN(s) =— ekT(s) — e37B(s) (3.9)
VrB(s) =em(s)N(s) (3.10)

where 7(s) and k(s) are, respectively, the torsion and the curvature of a.
with €1 = g¢(T,T), €2 = gf(N,N), and €3 = g¢(B, B). [4]
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Chapter 4

Bertrand and Mannheim Curves

on a Three Dimensional Walker
Manifold

4.1 Curves in 3 Dimensional Walker

Manifolds

In this chapter, we investigate Mannheim curves’ properties in the three dimen-

sional Walker manifold.

Recall that a space curve o : I — R3 is regular if and only if o/(t) # 0 for any
t € I, and non-degenerate if (o/(t),a/(t)) # 0 for all t € I.
!0

: r_ 10 10 " o__ /
Throughout this work, we take o = a)4- + ay5. + as5; and o' = Vo'

For a general parameter ¢, we have the following:

T(t) = N(t) =B(t) x T(t),  B(t) = +Z(t) (4.1)
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The curvature x and the torsion 7 of a regular nondegenerate space curve are

given as:

OOl e (0. (0),0"(0)
R A N Y O

(4.2)

4.1.1 Calculation of &

Let a = a(t) = 0418% T 0428% &S ag,%, be a regular nondegenarate curve in a 3-
dimensional Walker manifold (M, gy).
Then: o = VT

Applying the properties of the covariant derivative, we obtain:

0 0 0
o = VT(CVQ% + alza—y + aé&)
0 0 0
= VT(Oéia—m) + VT(O/za—y) + VT(%&)
/ / 6 / / 8 / / a
= alvﬁ(ala—x) + azv%(al%) +e agvﬁ(aga)
On the other hand, we know that o” components w.r.t a%’ a%’ and % can be
calculated using the following expression:
d?(2% o @) : d(z™ o a) d(z" o )
_ r =0 4.3
ot @ (43)

for 1 <:<3,and 1 <m,n < 3. [6]

hence,

o/’:Ang]B—JrC—
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Where:

d*(zoa) xooz)d(a:jooz)

A = I,
Z dt ’
Plyoa) xoa)d(xjoa)

B = Iz
o LT i
d*(zo0a) xoa)d(xjocx)

C= rs
Z dt ’

In these calculations, we take ¢ = 1. We obtain the following:

2 2

d2a1 dCYl dOz;g dCVQ dCYg 1 dOé3 1 dOég

A = Z L Z -
5 L + 5/ fa +5f{ |

dt dt i dt dt dt

2
d2043 1 dCYg
c=C%_Cpn(%e) .
dt? 2f < dt )
Next, we need to find o' x; o

o xpa =

(040/2’—%fyo/l(aé)Q—Oé’zoz’l’—fxa’lo/zaé—fy(o/z)QOéé—%(ffﬁfz)o/z(aé)?—f(aéaé,’—
LF () — ahall + 1, (a >>) x+(—0/1049,’+%fx(aé)%/l+aéa’1’+fxa’1(aé)2+

fyo(0)* + 5(F 1o+ f) o >3)a%+(aéa@f—%fzaamg)?—agag+%fy<ag>3)%-
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//| _

o' x;a| = \/g;(o/ Xpa ol xgal)

We need to find |o/(¢)]?:

0 /0
We know that o = o 5~ + g5, —i—agaz,

and since |o/(t)| = 4/g5(c, a)
we have |o/(t)] = /o) - o + (ah)? + f(ab)?
S0,

r(t) = | adlosagay — (a5)*al + of (af)” — 20/ abag] + af[apabay
—(a)?af+ai(ah)? +aos[5 fa0g(ah)? = 3 fy (ah) ol + T fufy(0h) + 5 fRab(ah)* —
fronazas] + aqag(fyas(ag)? — zllfy2(a3) — 3feciagas — (ffo + fz)(Oé “af +

1f2(0s)P o) +3fa0f (a5)? + 5 fulf fo + £2) (@) "] + ahas 3 faafapars + 3 fyaf ()

3

1o
fy(a2)2 3+ f:cfy(CVQ) ( 3)2 + fyonasal + lf2a/2(a3) 4f:r:(ffx + f2)ah (s
%fy(ffa:‘i‘fz)(a:&) _Effxfy(as) +ffy(0‘3)2 5+ (ffz+fz>043(042043 agay)]

(@SOS = af) + (FFe + L)l + Ha* (L + fz))]> + (wl e

(0%

)=
)3

<

— -

(05)* + f(aé)2>

4.1.2 Calculation of 7

The aim of this section is to find the general formula of the torsion 7 of a curve

on a three dimensional Walker Manifold. The first step is to calculate o (s).

Remark 4.1.1. In the specific case where z = o, the derivative z' = o repre-

sents the acceleration of the curve a.
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For a vector field z on «, it might be tempting to write z’ = V 2z and therefore
o = Vo Although z and o' are not vector fields on M, these equations can

be valid, but only at points a(t) where o/ (t) #0 [6].

Theorem 4.1.2. The covariant derivative with respect to a curve is given by the

following formula:

CY”/(S):VO/CV”:( il :Z{ ZF’“ dl‘ OOé ( /)j}ak (45)

We know that

Z=a"= [Ofi“rfx(O/fOééJrOﬁ%)+fy(0/2'043+0fza3) (f fot fo)ala+ 5 foo (0 —
3.fo(a5)?) +35 0l (o — 5 fo(af)? +lfxa3(a1+fmaloz3+fya2043 s(F ot f)(ag)’+
l(ffmJrJ"iz)Oéé(Oés—% (a8 + [0 = fyabhay — 5 fyag(ag — 5 fo(ad))] 5+ [ag —
frolas 2fxa3’(ozg - %fw(a3)2)]a%-

Similarly,
Q1) = o} + faolad + ool + fadal + fadof + fhabd + fabal
sfocdal — fiaf(ay)® + Sfyasaf — 1fyfaci(0s)® + 3 foafal + 3 florahaf

shefyababay + 1ff2(as)?af + (fofo(as)?al + 1ff2(a8)® — §ffi(as)*(ag)?
%ffo( ,,)3_§f2f2(043) (a 3)5]3% [y fy&3a3_§fy( ) 4fxfy<043)2 ”]%

off — frahaf — 4fo(af)? + 2 () 205) 2.

+ + 4+ +

The next step is to find g§(a’ x s a”, a™).

ﬁWXﬂﬂwﬁza%wh—%%+fM%)—%%@+awmé—
oy g (a3)3(ffx + [2)] — faojazagfay + 5 | + ajas[fias(agay +
)P — LAl 0d) + o0 — Fy () + 17 — 22 (00)?) + Sl —
frana ’”—2fya3a§’]+a2a3[fya’2”ag fyana ”’—I—fmfya2a3ozg(1—%fx) ooz’ +

/,(_fxfya2a3 fo20130é3—|—ff2(043) 3ff3<a3) +fxfzaé(%g+%_%fr)_
fRal(al + %) + falah) 2B fo + 22 12) — Sabod (fo + f£2)] + abaf[Efral(af —
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%fw(aé)Q)] + agag[2ffz(oz3) + f feasaz fo(O‘?)) |+ &3a3[¢ffxfy(¢fx
%3 — af)] +//O‘g[%a,,1/{y((a§ j}” — af) - a3 fyfz(% 7) + fofylag)*(—fas +
W pp, — S+ )+ 9, (0f)? - fwﬂ%ﬂ

Hence, the torsion 7 of a curve on a three dimensional Walker manifold is given

as follows:
As)
T(S) 3 B(S)v
where
A(s) = oflohaf - fal + ££,(ad)" ~ 2fafal] + a¥fafal - afaf + Vs,
// / , 1
4 2] - feotoadfoy + &+ L 1) 4 adolf2ah agaf + 30

2
-3 _fx( )2 //)+a( fxfy( )+ fzfy( ))—i——fxalz’/ag—fxa’zozg’

- —fyaé&g/] + b fyay'aly — fyahas' + fi fyahasal(l — 3f:1:) ffeaiay’
b al(E Lo + S Pl 20— R 4 fufoh( %4 D
- ) g «%+%%wmm%ﬁn+iﬁ» ;gwﬁ+ﬁm
- a;a;:[g (08— L F(ob)?)] + aad[2f f.(0h)* + f fuoal — £ fF2(04)]
T (e iy R P P 2 A@fz ~ o)
R P Y A (e i @)y

+ _fy(a/:z/)2 - fya,{(ag)Z]'
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_|_

+

e faffa — (") + ol o) ~ 2afalaf] + affajata’ - (ot

0 (0)7] + bl Fo0 (057 — 2 (050l + o Fufy(ab)* + 3 o (ah)’
fmmmﬁ+%%m¢m9—@ﬁw@—ﬂn%%% (Ffo+ F)(ah)af
L)+ B0 (05 + 2 FulFFa  £2)(04)] + 0[5 Feadlabol

© 10l (04)? — fy(ab)al + o fofy 0h)(0h)? + fyohabot + 3 fiab(oh)?
ithf+ﬁﬁéW@<+ZAU%f+LXaU4—1ﬁ&h() + Ihleb) ol
S(FFe + fo)ad (ool — abal)] + (05) [/ Fy 5 /u(0h)? — o) + (Ffu + £2)(of
(Pt )

For the special case, when the Walker manifold is strict, i.e, f, = 0, then the

torsion is found as :

oo — ol + £ f,(05)" — 2fafal] + o el — afof +

(@s) 1)

2
1
el laf () — 5 bl + bab (o) — o) + af (— oo
a// o / O[, 4 « 3
9 - Bt + ot —etal el - Sl g - By,

Sh) = faf(as)?).

oo~ (el + ()" ~ 2afofaf] + oot - (oo
0/1/(043) ] + 0410/2[ fy<053>204g] + 0410‘3[fy042<043> - Zf;(%,) fz(O‘:s)Qag]
o442 fyol (o el ool + g Fd&ﬂf+zhﬂm94
ffy( )2 5+ fzas(alzlaé - O‘z“z)] (a ) [ffy( fy(o‘s) - O/2/> +fz0/1/
A
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4.1.3 Special Cases

In this section, we investigate the x and 7 for some special cases of a curve on a
strict Walker manifold.

eCase 1: a(s) = (ay, ag, ag) where oy = constant and ay, ag # constant.

ro= Ay (fA(as)® - 2fatay) + Lfay(a)? + ajal(fatal — fahad +
o (— fRal(ag+5) — bl f.) + ol (— 5 £, £ (e + 4)) | + | agal (— fy(ah)af +
fyohasaly + 5fran(as)® + 11, f(a) + ff(as)’af + 3 f.as(aga) — asay)) +

(@) (3 F12(05)? = o+ Lap)?f2)].

ko= |ahah(—fy(ah)*af + fyahahal + %fia’z(ag)

(a)* + ff,(ah)%af +
I [CARRNCAL

1

fyf-
L fof(ofab—abof))+(ah) (11 £2(0)2— F fyof+ ]

eCase 2: The second case we study is when as = constant and aq,a3 #

constant.

9 (F(0)") + (=G, (g + 5)
(@) (3 20ty + 3 ah)2r2)]

T =

ko= |oq(af(e)? — 20{a508) + of (a](ah)?) + ofas(—3f;(a4)" — fa(ah)*af) +

(@) (A L204)? + alf. + 3l f2)]

N|=

+ [afas + f(aj)Y2.

eCase 3: a(s) = (ai, az, a3) where az = constant and oy, g # constant.
If i = constant, then o x; " = (}ofy — ahal) 2 + 08% +02.
Thus,
gila’ x o) = (105 —asay) -0+ €- 0+ f-0=0
that is |o/ x; o”| = 0. Therefore, this dot product is indefinite, and the vector
o x o is light-like.

This case is unstudiable since there is no valid Frenet frame.
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4.2 Mannheim Curves in Three Dimensional

Walker Manifolds

In this section, we investigate Mannheim curves on a three dimensional Walker
manifold. Recall that a Mannheim curve is a curve characterized by having its

principal normal line identical to the binormal line of another curve.

Definition 4.2.1. Let v and 7 : I — R?® be two non-degenerate curves. If
there ezists a smooth function A : I — R such that ¥(t) = v(t) + AMt)N(t) and
N(t) = £B(t) for allt € I, then v and 7 are called Mannheim mates.

v I — R? is called a Mannheim curve if there exists another nondegenerate

curve ¥ : I — R? such that v and % are Mannheim mates.

Recall that a regular curve is Mannheim if and only if the ratio 5 =

constant.

We calculate this ratio for a regular curve on a three dimensional Walker manifold:
We focus mainly on the special case when the second componenet function of

the curve v is constant.

Let v(s) = (a, az, a3) where ay = constant.

Then
K DS T I " I "1 \3
S = (RGIE ) (ol — o"ah)(e'af — ol — F(of)")
bGP IR+ 1) — 1 Fala)] = (o 4 fad) (o
o) (~ (08 F2 20 + Sof) — ool FF2E) + (o2 ).

We proceed to study an example of a Mannheim curve.
Let v(s) = (a, 2, sin(s)), and f(y,z) = ev.
The curve 7(s) will be a Mannheim curve if and only if 5% = constant.

So, let
K

A
K2+ 72
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After substituting the curvature and torsion expressions in the equation above,

we obtain the following nonhomogeneous nonlinear second order differential equa-

tion for « :

cos?(s)(a”)?42 cos(s) sin(s)a/a” —4e* cos ™ (s)(a/)>+(sin?(s)—12€* cos*(s))(a/)?

—(1623’ cos”(s) + 12e* cos™3(s))a’ = —%e?’y cos®(s) + 4e® cos?(s)

eCase 1: If the following condition holds 8 f% = cos®(s), then the equation

above becomes homogeneous. Solving for o numerically, we find the curve 7(s)

as shown in the following graphs:

alues(x)

sin_x_v

Figure 4.1: v(s) = (a(s), 2, sin(s))
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constant_value (2)

alues(x)

:’,_ggl.gﬂ 1.95 2.00 2.05 2.10
g = .0
5704 .
L]
0.8
I
06 !
0.4
0.2
0.0

Figure 4.2: v(s) = (a(s), 2, sin(s))
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eCase 2: The equation above is nonhomogeneous if 8 f? # cos®(s). We solve

for a numerically. The curve 7(s) is plotted in the following graphs:

3D Curve Plot of (a(x), 2, sin(x))

— (alx), 2,sin(x))

Figure 4.3: v(s) = (a(s), 2, sin(s))
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3D Curve Plot of (a(x), 2, sin(x))

— (a(x), 2, sin(x))

Q) 0.8
1o 1.90

Figure 4.4: v(s) = (a(s), 2, sin(s))

3D Curve Plot of (a(x), 2, sin(x))

— (alx), 2, sin(x))

sin(x)

Figure 4.5: v(s) = (a(s), 2, sin(s))
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4.3 Bertrand Curves in Three Dimensional

Walker Manifolds

In this section, we investigate Bertrand curves on a three dimensional Walker
manifold. Recall that a Bertrand curve is a space curve whose principal normal
aligns with the principal normal of another curve.

In section 4.3, we have seen that two curves o and @ are Bertrand mates if

and only if there exists a constant S such that
dk(s) + Br(s) =1,
and
Br(s) — d7(s) # 0.
To find this criteria for a regular curve a(s) = (ay, a2, a3) on a strict Walker

manifold. We replace the k(s) and the 7(s) with the curvature and the torsion

obtained for the special case when as = constant.

For the Walker manifold case, we find that two curves a and @ are Bertrand

mates if and only if there exists a constant § such that
dk(s) + pr(s) =1,

and

Br(s) + 61(s) # 0.

Theorem 4.3.1. Let o : I — R3 be an arc-length parametrized nondegenerate
curve. Assume 7(s) # 0 for all s € I and § is a nonzero constant. Then, o and @
are Betrand mates with a(s) = a(s)+0N(s) if and only if there exists a constant
B such that 6k(s) + B7(s) =1 and Br(s) + 07(s) # 0 for all s € I.

Proof. (=)
Assume that @(s) = a(s) + dN(s) and N(s) = N(s).
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Remark: Keep in mind that s does not represent the arc-length parameter for @.
We differentiate a(s) = a(s) + dN(s) w.r.t s :

a'(s) = a'(s) + 0N'(s)

here N’ = VN

From the frenet-Serret equations for the Walker manifold, we have:

|@(s)|T(s) = T(s)+6(—e1k(s)T(s) — esTB(s))
= T(s)—r(s)T(s) + o1(s)B(s)
= (1 =0r(s))T(s) + d7(s)B(s),

where ¢, = 1,e3 = —1.
From the assumption, we know that N(s) = N(s).

Therefore there exists a smooth function 6 : I — R such that:

<§(s)> _ <cos(9)(s) —sin(e)(s)> (B(s)> |
T(s) sin(f)(s)  cos(#)(s) T(s)

Then

[ (5)|(sin(s)B(s) + cos8(s)T'(s)) = (1 — dr(s))T(s) + o7(s)B(s),

hence,

| (s)|sinf(s) = d7(s),
|/ (s)]cos = 1 — dk(s),

which yields,
(1 —dk)sinf(s) — 67(s) cosB(s) = 0. (4.6)
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By differentiating (taking the covariant derivative of both sides):

T(s) =sinf(s)B(s) + cosO(s)T(s).
We have
VT = V(sin(s)B(s)) + Vr(cos 0(s)T(s))

By the third property of the covariant derivative (Leibniz Rule):

VAT = (T osin0)B(s) + sindV B + (T o cos 0)T(s) + cos OV T,
hence,

V7T = 6 cos0(s)B(s) +sin 0V B — ' sin 0(s)T'(s) + cos OV T.

Using the frenet-Serret equations we substitute V#T, VB, and V4T in the
equation above:

R(s)|a

(s)|N(s) =0 cosB(s)B(s) — 0'sin0(s)T(s) + (sinf7(s) + cosbr(s))N(s).
now, since N(s) = N(s), & must be zero. Therefore, 6 is constant.

We found earlier that |[@(s)|sinf = 07(s), and from the assumption we know

7(s) # 0. hence, sinf # 0.
We go back to equation (4.4) and divide by sin6:

TR S L

=0
sin # ’

dk(s) + 57‘(3)COS€ = 1.

sin 6

If we choose (8 as 8 = 6‘;";3, then:
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Ok(s) + pr(s) =1,

forall s e ]

Furthermore, we found that,

R(s)|a'(s)| = sinO7(s) + cos Ok(s),

R (s)] = 237 (57(s) + Bw(s))
since %(s) # 0, we have:
d7(s) + Br(s) # 0.

(«<=) Conversely, assume we can find a constant [ such that:
dk(s) + p1(s) =1, 07(s) + Br(s) # 0, and a(s) = a(s) + 0N (s) for every s € I.

We found earlier that [@'(s)|T(s) = (1 — 6x(s))T'(s) + 07(s)B(s),
So,

@ (s)[T(s) =p7(s)T(s) + 07(s)B(s)
=7(s)(BT(s) + 6 B(s)).

Taking the magnitude of both sides, we obtain:
@' (s)| = /0% + B2[7(s)].

We have
_ 1

T(s) = 59"(7(3))W

where sgn(7(s)) = 1if 7(s) > 0 and sgn(7(s)) = —1if 7(s) < 0.

(/BT(S) + 5B(3)),

By taking the covariant derivative of T(s), we find:
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Vr(BT(s) + dB(s))

(Vr(BT(s)) + Vo (5B(s)))

(BV1T + 6V B)

((Br(s) + 07(s))N (s))

from our assumption, we know Sr(s) 4+ 07(s) # 0,

hence,

for every s € I.

Thus, a and @ are Bertrand mates.
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