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ABSTRACT

DEVELOPING WAVELET-BASED
POST-PROCESSING TECHNIQUES FOR

SOLID-STATE QUANTUM SENSING APPLICATIONS

Ekrem Taha Güldeste
Ph.D. in Physics

Advisor: Ceyhun Bulutay
August 2024

Spin manifolds of defect centers formed in semiconductor hosts having extended
coherence times and optical accessibility are ideal candidates for quantum infor-
mation and high-precision quantum sensing applications. For such platforms the
quantum state can be compromised due to hyperfine-mediated couplings with
the environmental nuclear spin bath (NSB) and the photon shot noise (PSN)
entailed to the optical spin readout. The primary aim of this thesis is to employ
well-established wavelet analysis techniques for exploring underlying quantum
processes as well as suppressing classical and quantum noises. First, I investi-
gate the NSB behavior with synchrosqueezed wavelet transform which reveals
the time-frequency dynamics simultaneously, and hence locations and orienta-
tions of spinful nuclei relative to the central spin. Next, I tailor a wavelet-based
approach, which I name as the template margin thresholding (TMT) method, to
combat PSN for negatively-charged nitrogen-vacancy centers (NV−) in diamond.
Unlike the conventional frequency-based filters, TMT has an unfair advantage
as it facilitates on-resonant frequency band denoising of the photoluminescence
(PL) acquired. I show that the wavelet-based denoising can enhance the signal-
to-noise ratio by an order of magnitude as I computationally demonstrate on
NV-center magnetometry. However, the TMT-method starts to lose its advan-
tage for high-time-budget applications due to inferior scaling with respect to the
standard quantum limit, which is remedied by modifying TMT into a different
framework.

Keywords: nitrogen-vacancy centers, photon shot noise, NV− magnetometry,
wavelet based photon shot noise suppression, Ramsey magnetometry, Hahn echo
magnetometry.
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ÖZET

DALGACIK TEMELLİ İŞLEM SONRASI
TEKNİKLERİN KATI HAL KUANTUM ÖLÇÜMLEME

UYGULAMALARI İÇİN GELİŞTİRİLMESİ

Ekrem Taha Güldeste
Fizik, Doktora

Tez Danışmanı: Ceyhun Bulutay
August 2024

Yarı iletken malzemelerde bulunan kusur merkezlerinin spin serbestliği, uzun
eşevrelilik süreleri ve optik olarak ulaşılabilirliği sayesinde kuantum bilgi ve yük-
sek hassasiyetli kuantum öçümleme uygulamaları için ideal sistemlerden birisidir.
Fakat bu tür platformlarda kuantum durumların nükleer spin hamamı ile girdiği
en ince altyapı etkileşimleri ve optik okuma esnasında ortaya çıkan foton saçak
gürültüsü nedeni ile barındırdığı zarar vermektedir. Bu tezin başat amacı, iyi bi-
linen dalgacık analizi tekniklerini kullanarak bazı kuantum süreçlerini keşfetmek
ve bunun yanı sıra klasik ve kuantum gürültülerini baskılamaktır. İlk olarak, nük-
leer spin hamamı davranışları, zaman frekans dinamiklerini açığa çıkaran senkro-
nsıkıştırmalı dalgacık dönüşümü ile irdelenmiştir. Ve bu şekilde nükleer spin-
lerin merkez spine bağıl olarak uzaklık ve yönelimleri saptanmıştır. Sonrasında,
taslak sınır eşikleme (TSE) yöntemi olarak adlandırdığım, negatif yüklü nitro-
jen kusur merkezlerinde optik okuma sırasında açığa çıkan foton saçak gürültüsü
ile mücadele etmek için dalgacık tabanlı bir yöntem tasarlanmıştır. Geleneksel
frekans temelli filtrelerin aksine, TSE metodu toplanmış olan ışıma işaretini rezo-
nans frekans bölgesinde de gürültüden arındırmaya imkan sağlaması bakımından
bir hayli avantajlıdır. Dalgacık tabanlı gürültü giderme tekniğinin işaret-gürültü
oranını on kata kadar nasıl geliştirilebilineceği manyetik alan öçümlemesi özelinde
gösterilmektedir. Fakat, standard kuantum limitinden daha kötü ölçeklenmesin-
den ötürü, TSE metodu bu avantajını yüksek bütçeli işlerde kaybetmektedir. Bu
kaybın TSE metodunun başka bir yaklaşımla ele alınması sayesinde nasıl telafi
edildiği tezin son kısmında gösterilmektedir.

Anahtar sözcükler : nitrojen-deşik merkezleri, foton saçma gürültüsü, NV−

manyetometri, dalgacık tabanlı foton saçma gürültüsü baskılama, Ramsey
manyetometrisi, Hahn yankı manyetometrisi.
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Chapter 1

Introduction

There are three difficulties in authorship; to
write anything worth publishing, to find honest
men to publish it, and to find sensible men to

read it.
— Charles Caleb Colton

The spin manifolds of semiconductor defects are multifaceted platforms for
quantum metrology. However, their sensitivity is ultimately limited due to the
coupling with a spin reservoir, which is formed by nuclear spins in the host lattice.
Another fundamental limitation arises from the readout process of the physical
quantity of interest, which is interrogated by defect spin. This thesis first aims to
investigate the reservoir dynamics imprinted on the defect spin using a two-point
correlation function, and extract spatial information about the positioning of
the nuclear spins which can be silenced subsequently to improve the sensitivity.
Following this, the bulk of the thesis suggests a wavelet based post-processing
technique to suppress the shot noise entailed to the spin readout for negatively

The original version of the image above taken from the source [2].
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charged nitrogen-vacancy (NV−)

As for this introduction chapter, one of the main motives is to establish the
jargon that I use throughout this dissertation such as central spin, decoherence,
photon shot noise, standard quantum limit, etc., that may pop up suddenly in
the pages ahead. Additionally, with all due respect to those excluded, it serves to
give some credit to a selective portion of the quantum information and sensing
community whose works (among many others) helped me to understand the sport
that I do so far. Therefore, in this chapter, I briefly mention the works that
enlighten the spin dynamics of an electron confined in a semiconductor matrix
and the developments in nitrogen-vacancy-based sensing techniques.

1.1 Electron and nuclear spin interface

A spin degree of freedom hosted by a semiconductor material is widely adopted
across multiple fields from quantum computing [3, 4, 5], to quantum sensing
applications [6, 7] among with many others such as quantum simulation, atomic
clock transitions or time crystals [8, 9, 10]. These versatile areas of use originate
from the compliance of a rule set known as the DiVicenzo criteria [11], as they
possess well-isolated two-level systems with large coherence times [12, 13], and
can be harnessed at high fidelity [14, 15, 16]. From a computational perspective,
an electron spin confined in a semiconductor matrix that is coupled to a spin
reservoir can be categorized under the so-called Central Spin (CS) model [17].
This coupling is essentially driven by the hyperfine mediated interactions between
CS and the nuclear spin bath (NSB) [18, 19, 20, 21, 22]. Nuclear spin sites in the
host lattice are also coupled to each other through dipole-dipole (d-d) interactions
which overall form a bath for the CS [23], and, lead to a phase information loss
which is embedded in the off-diagonal entries of CS density matrix. While the
total effective magnetic field acting on the CS is known as the Overhauser field,
the back-action of the CS on NSB is called the Knight field [24]. The d-d induced
nuclear spin flips in NSB fluctuate the Overhauser field due to inhomogeneous
hyperfine couplings and hence polarization of the CS state is prone to leak out into
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the NSB [25, 26, 27, 28, 29]. The decoherence process is one of the main problems
that limit the operation capacity of CS [30, 31, 32, 33, 7]. There are many
approaches developed to combat the CS dephasing such as dynamical decoupling
techniques [34, 35, 36, 37, 38, 39] or selective dipolar spin decoupling [40]. On
the other hand, controlled polarization transfer from CS to a targeted proximal
nuclear spin via hyperfine coupling is beneficial as a quantum memory [41, 42,
43, 44].

In contrast to forming a reservoir to the CS, the nuclear spins are a prominent
choice for quantum registers in solid-state platforms due to their long-lasting co-
herence when compared to the electron spin degree of freedom [45, 46]. For dense
spin environments as in quantum dots, information registration can be achieved
through collective spin waves [47] and aggregated spin state transfer [48]. On
the other hand for sparse spin textures such as defect centers, this is executed
by embedding the CS information onto nearby nuclear spin [49, 50, 51, 52]. For
NV− centers, this is utilized for repetitive readout techniques for both proxi-
mate 13C [53], and nitrogen atoms [54, 55]. It is also noteworthy that the large
multiqubit spin register containing 10 spins is also realized [56].

The magnetic field imaging of nuclear spin environments or proximate struc-
tures is another field of research. In self-assembled InGaAs QD, the fingerprint
inherited to the nuclear spins through strain and electric quadrupole moments is
engineered to provide atomistic level structural information [57]. The defects are
widely used in nanoscale NMR imaging as distinguished probes with numerous
sensing and decoupling techniques [58, 59, 60, 61, 62]. From the very first quan-
tum sensing applications [63], imaging with defect centers has been realized with
approximately 10 nm resolution [64] and further improved with Fourier magnetic
imaging [65]. The efforts regarding the 3D nuclear spin bath construction also
need to be addressed [66, 67].

In all of these applications, a deeper understanding of the interplay between
CS and NSB is compulsory in addition to the intra bath dynamics of the host
material. Systems in which CS flips are suppressed due to large energy splitting
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can be considered under the pure dephasing model [21, 68]. There are diversi-
fied options available to get a grasp of the CS dynamics which is connected to
a spin reservoir such as pair correlation approximations [68, 69, 70], cluster ex-
pansion [71, 27], cluster correlation expansion (CCE) [72, 73] together with other
similar methods [21, 74, 75, 76, 21]. Among these, CCE keeps its unique place
thanks to its simplicity and versatility [77]. Notably, it is adapted to investigate
entangled spin qubits [78] and generalized for gaining insight into the longitudinal
relaxation of defects [79]. It is further employed in SiC divacancies [80, 81] and
very recently integrated to simulate dissipative spin baths dynamics [82].

1.2 Nitrogen-vacancy centers in diamond for

quantum sensing

NV− centers [83] are common point defects in diamonds with C3V point group
symmetry which consist of two unpaired electrons possessing a total spin-1 quan-
tum system [84] 1. With features like optical preparation and readout [85], and
long coherence times lasting up to a second [12] NV defects have garnered consid-
erable attention. They are a prominent option for probing the physical quantities
such as magnetic field textures [86], temperature [87, 88], strain [89], rotation [90],
or field sensing [6, 91, 92]. The room temperature manipulation of NV-centers
enable them to be used in various biomedical applications [93, 94].

The sensitivity of NV center is essentially bounded by two fundamental phe-
nomena, the first one is the T2 time which is characterized by the decoherence
process described in Sec. 1.1, and the second one is the photon shot noise (PSN)
associated with the optical spin readout. PSN diminishes with the square root
of the number of repeated measurements, a natural consequence of the central
limit theorem [95, 96]. This scaling (M1/2, where M is the number of repeated
measurements) is known as the standard quantum limit (SQL). Even though the

1There also exist a neutral NV center with single unpaired electron (NV0), however as this
thesis only focuses on NV−, sometimes I omit the charge part − when I refer to the negatively
charged NV’s.
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utilization of quantum mechanical sources such as entanglement of multiple spin
sensors can allow one to surpass SQL, in general, such systems suffer from fast
decoherence rates [33]. On the other hand, it has been claimed that SQL can be
surpassed by the use of classical resources [95, 97].

To improve the sensitivity of NV based quantum sensors there has been a
considerable amount of effort such as spin echo time enhancements [98], con-
trast improvement by excited-level anti-crossing [99], elevating spin collection
efficiency [100], spin to charge conversion [101, 102], charge noise suppres-
sion [103], nuclear spin polarization [104], employment of double-quantum tran-
sitions [105, 106]. This list can be appended with, covariance magnetometry
techniques [107], weak measurement protocols [108], and spin squeezing [109].
There are also Bayesian post-processing techniques available [110, 111, 112] along
with the time-resolved spin readout [113]. Moreover, increasing the gate fidelity
by noise filtering [16] or deep-learning boosted coherence protection [114] are also
available approaches for improving the NV-center performance.

1.3 Wavelets, but why?

The complex interplay between CS and spin reservoir requires advanced tech-
niques like wavelet analysis [115, 116] which is the preferred choice in this thesis.
As it is a well-established theory, and widely used in image compression, edge
detection, and signal denoising [117]. Additionally, it has played a significant
role in the detection of gravitational waves [118] and used in the fast detection of
temporal magnetic fields [119]. Recently, wavelet transform has been employed
to extract correlated noise in a metal-oxide-semiconductor device [120]. Fur-
thermore, the non-stationary characteristics of PSN [33, 7], limit the operation
capacity of conventional frequency-based filters where wavelet-based approaches
have an unfair advantage thanks to multi-axis resolution.
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1.4 Rest of this thesis

In Chapter 2, I provide a quick tour of the wavelet theory. Chapter 3 discusses
the NSB fluctuation analysis using synchrosqueezed wavelet transform, which
provides insight into the relative spatial configuration of spinful nuclei. The NV-
center-based DC and AC magnetic field sensing schemes are prescribed in Chap-
ter 4. Chapter 5 explains a wavelet-based filter to combat the PSN associated
with the optical spin readout of a single NV-center which I named as template
margin thresholding (TMT) method. Apperantly the TMT method starts to
lose its advantage in high-time budget applications. In Chapter 6, I address this
issue and modify the standard -TMT with a recursive- approach and show its
performance. Finally, in Chapter 7, I give some concluding remarks.
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Chapter 2

Tour de wavelet: a prologue

Science has never quite given man what he
desired, not even in applied science. Man

dreamt of wings; science gave him an easy chair
which flies through the air.

— Denis Gabor

This chapter is intended to provide a rudimentary understanding of wavelets
and not to drown the reader in the deep ocean of multi-resolution analysis. There-
fore, it includes some basic intuition about why wavelets are important for a non-
stationary signal analysis1, as well as some variations of wavelet transforms and
how to use them for signal enhancement. Even though the wavelet toolbox is
well-established for signal processing, feature extraction, image compression, and
many other branches of engineering, I believe this chapter might be a sight for
sore eyes for a signal processing rookie (such as myself) who would like to take a

The original version of the image above taken from the source [121].
1Here, what is meant by the non-stationary signal is that the signal has varying mean and

frequency features over time.
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Figure 2.1: Frequency and wavelet representation of a chirped signal, x(t).

glance at the wavelet theory. And of course, to make the following chapters more
accessible.

2.1 Time-frequency analysis

2.1.1 Short time Fourier transform (STFT)

The Fourier transform of a signal, x(t) can be expressed as,

X(f) =

∫ +∞

−∞
x(t)e−i2πftdt, (2.1)

where X(f) represents the signal in the frequency domain. As the standard
Fourier transform utilizes the kernel e−i2πft which extends to infinity in the time
domain, the frequency representation, X(f), does not carry any time information
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Figure 2.2: Time-frequency tiling of STFT (left) and DWT (right). STFT em-
ploys fixed windows, the DWT has varying window sizes that is, while for the
high-frequency region, the size of the window is small, low-frequency region win-
dow size is large.

as it is integrated out. The use of time-frequency localized kernels to understand
the behavior of non-stationary signals dates back to the 1940s. Instead of em-
ploying the standard Fourier transform, Denis Gabor multiplied the Fourier basis
functions with Gaussian windows to extract the time features of non-stationary
signals [117]. That is,

X(τ, f) =

∫ +∞

−∞
x(t)u(t− τ)e−i2πftdt, (2.2)

where u(·) is the window function. The transformed function X(τ, f) now pos-
sesses also a time tag, τ . Eq. (2.2) forms a basis for the short-time Fourier
transform (STFT) which is also known as the time-dependent Fourier transform.

2.1.2 Wavelet transforms

In the 1980s, the idea of STFT was extended with frequency-dependent win-
dows to analyze seismic signals [122]. These frequency-adapted windows provide
a superior multi-axis representation of the signals as they trade off finer time
resolution with a coarser frequency resolution to capture highly oscillatory com-
ponents of the signal and vice versa (see Fig. 2.1). It is possible to contrast the
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Figure 2.3: Mexican hat wavelet at different dilations a (upper panel) and trans-
lations (lower panel).

time-frequency tiles of constant and frequency-adapted windows in Fig. (2.2).

2.2 Continuous wavelet transform (CWT)

For a given signal, x(t), which has finite energy
(∫ +∞

−∞ |x(t)|2dt
)
< ∞, can be

mapped to the time-frequency domain as,

D(a, b) =
1√
a

∫ +∞

−∞
x(t)ψ∗

(
t− b

a

)
dt, (2.3)

where ψ(·) is the wavelet with scale parameter a and translation parameter b with
a normalization factor 1/

√
a. The wavelet function with scale a and translation

k is written as,

ψa,b(t) =
1√
a
ψ

(
t− b

a

)
(2.4)
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in general, ψa,b can have an imaginary part depending on the wavelet type, and
the complex conjugate of ψa,b is denoted by ψ∗

a,b. The scaling (dilation) parameter,
a is a real number and is inversely proportional to the frequency which squeezes
or stretches the wavelet. On the other hand, b translates the wavelet along the
time axis (see Fig. 2.3). Since Eq. (2.3) is an inner product, it is also possible to
express it by shorthand notation

D(a, b) = ⟨x(t), ψa,b(t)⟩ (2.5)

It should be noted that CWT is a highly redundant representation as a, b are
continuous parameters and Eq. (2.3) should be calculated for every value of a
given dilation and translation parameter. In general, representing a signal in
wavelet the domain does not require this laborious work and can be accomplished
utilizing Discrete Wavelet Transform (DWT) (see Sec. 2.3).

2.2.1 Synchrosqueezed wavelet transform (SWT)

The frequency axis resolution of the CWT can be improved by reassigning the
instantaneous frequencies of the D(a, b) through the synchrosqueezing wavelet
transform (SWT) [115]. The instantaneous frequency can be calculated as,

d(a, b) = −i(D(a, b))−1 ∂

∂b
D(a, b), (2.6)

with this instantaneous frequency, the SWT can be written as,

T (w, b) =

∫
A(b)

D(a, b)a−3/2δ (d(a, b)− w) da, (2.7)

where A(b) is the set of all possible scales a for which D(a, b) is non-vanishing
(i.e. A(b) = {a;D(a, b) ̸= 0}). Eq. (2.7) reallocates the instantaneous frequen-
cies by means of the Dirac delta function. As long as the frequency separation
condition is satisfied, it is possible to increase frequency axis resolution while
keeping time axis resolution intact as in Fig. 2.4. Even though the frequency
resolution gets sharpened significantly it is possible to apply synchrosqueezing
multiple times to increase frequency localization which is known as the multi-
synchrosqueezing transform [123]. It should also be noted that the frequency
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Figure 2.4: Continuous wavelet transform (upper panel) versus synchrosqueezed
wavelet transform of a chirped signal (lower panel) with the so-called bump
wavelet.

localization of both CWT and SST gets weaker in contrast to time localization
for increasing frequencies. This is because of the multi-axis tiling scheme which
is depicted as a cartoon in the right panel of Fig. 2.2.

2.3 Discrete wavelet transform (DWT)

In general, instead of utilizing the CWT, it is possible the represent a signal
with less non-vanishing coefficients in the wavelet domain. If set of wavelets
coefficients, constitute a frame, such that [124, 116],

AE ≤
∞∑

n=−∞

∞∑
n=−∞

|dj,k|2 ≤ BE, (2.8)
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Figure 2.5: Various discrete wavelet types with corresponding scaling functions.
From left to right, Haar, Daubechies-2, Symlet-4, Coiflet-5.

where, A and B are so-called frame bounds, and E =
∫ +∞
−∞ |x(t)|2 is some finite

signal energy, and dj,k is the discretized wavelet coefficients dj,k = ⟨x(t), ψj,k(t)⟩
with2,

ψj,k(t) = ψ

(
t− kb0a

j
0

aj0

)
/

√
aj0, (2.9)

so that the scale index j and the location index k are now integers instead of real
numbers with scale and translation parameters, a0 and b0. If the frame is tight
(A = B), then the signal, x(t) can be reconstructed without loss of information,

x(t) =
1

A

∞∑
j=−∞

∞∑
k=−∞

dj,k ψj,k(t). (2.10)

However, if A = B > 1 the frame is considered to be a redundant one, and it
is possible to find a frame in which A = B = 1 in which the family of wavelets
ψj,k form an orthonormal basis, and therefore can compactly represent the signal

2Wavelets represented by Greek letter ψ by convention. In the following Chapters, I also
represent the state vector with |ψ⟩. However, these two can be distinguished by notations
"⟨·|ψ⟩" and "⟨·, ψ⟩" where the former represent a state vector, and the latter displays wavelet.
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x(t). So that,

δj,j′δk,k′ =

∫ ∞

−∞
ψj,k(t)ψj′,k′(t)dt. (2.11)

If we choose a0 = 2 and b = 1 to dyadically grid the wavelet domain, it turns
out that there exists a fast algorithm to calculate DWT (see Sec 2.3.1) with
complexity of O(N) and it is cheaper than fast Fourier transform algorithm (FFT)
with complexity of O(N logN).

If the signal of interest, x(t) has some non-vanishing DC value, the sum-
mation requires infinitely many wavelets which are of different scales, since∫ +∞
−∞ ψj,k(t)dt = 0. To mitigate these infinite summations, another set of func-

tions can be defined, ϕj,k with a non-vanishing mean. These functions are called
the scaling functions which are orthogonal to wavelets functions at the same scale,

⟨ϕj,l, ψj,k⟩ =
∫ +∞

−∞
ϕj,l(t)ψj,k(t)dt = 0, (2.12)

yet they form a basis for the wavelets in the coarser scale [117, 116],

ψ0,0 =
∑
k

h1(k)
√
2ϕ0,0(2t− k), (2.13)

where h1(k) is the wavelet-dependent coefficient, and ϕ0,0 is the so-called, fa-
ther wavelet. From this father wavelet, it is possible to generate coarser scaling
functions as well,

ϕj,k = 2−j/2ϕ(2−jt− k), (2.14)

so that a function of interest with x(t) ̸= 0 can be expressed without requiring
an infinite sum of wavelets over different scales 3,

x(t) =
∞∑

k=−∞

cJ,kϕJ,k(t) +
J∑

j=0

∞∑
k=−∞

dj,kψj,k(t), (2.15)

where, cJ,k = ⟨x(t), ϕJ,k(t)⟩, are called as approximation coefficients, and, dj,k =

⟨x(t), ψj,k(t) are known as the detail (wavelet) coefficients. The decomposition in
Eq. (2.15) is known as discrete wavelet transform or DWT.
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Figure 2.6: Time and frequency representation of db 2 wavelet at different scales.
Red and blue lines represent the father and mother wavelets, respectively.

2.3.1 Fast wavelet transform (FWT)

For a discrete time series signal, S. Mallat has shown that DWT can be evaluated
using half-band-lowpass and half-band-highpass filters [125, 126],

cj,k =
∑
m

h0(m− 2k) cj−1,m, (2.16)

dj,k =
∑
m

h1(m− 2k) cj−1,m, (2.17)

3The overbar represents the time average of signal x
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where, cj,k (dj,k) is the approximation (detail) coefficient at the detail level j and
h0 and h1 are the lowpass and highpass filters respectively. It is important to
note that the argument 2k in Eqs. (2.16) and (2.17) is to execute the decimation
of the approximation and detail coefficients. The decimation throws away redun-
dant coefficients since the higher half of the frequencies are already represented
in the previous decomposition level and can be dropped without loss of infor-
mation which is guaranteed by the Nyquist sampling theorem. This operation
can be executed iteratively to reach a desired decomposition level and allows us
to separate the signal into dyadically gridded frequency chunks as illustrated in
Fig. 2.6.

2.3.2 Undecimated Wavelet Transform (UWT)

The decimation in Eqs. (2.16) and (2.17) disturbs the time invariance of the
signal which is mapped into the wavelet domain. Fortunately, it is possible to
recover time-invariance by moving to a redundant representation of the x(t) at
the expense of increasing computational complexity. This approach is widely
employed for denoising purposes and is called undecimated wavelet transform
(UWT)4. The UWT is a fast wavelet transform without the decimation.

2.4 Wavelet shrinkage

Wavelet shrinkage is a signal processing tool and a well-established method for
compression of images (JPEG2000) or voice signals (MP3). The idea behind
the wavelet shrinkage is to reassign values that are below a certain threshold
value for each detail level to make data representation more sparse in the wavelet
domain [127, 128, 129]. This approach is also used for the denoising of signals, if

4The undecimated wavelet transform is also called stationary wavelet transform or redundant
wavelet transform by the wavelet community.
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Figure 2.7: Common shrinkage methods: hard (blue), soft (red), and non-negative
garrote (yellow). The dashed line represents the threshold value, horizontal and
vertical axes are the detail coefficients before and after shrinkage, repectively.

it is disturbed by some noise source. For example,

dhard
j,k =

|dj,k|, |dj,k| > λj

0, |dj,k| ≤ λj
, (2.18)

is known as hard thresholding where λj is the threshold level for the jth detail
level. There are other types of shrinkage methods as well,

dsoft
j,k =

sgn(dj,k)(|dj,k| − λ), |dj,k| > λj

0, |dj,k| ≤ λj
, (2.19)

is called as soft thresholding, where sgn(·) is the signum function. Another pop-
ular choice is the shrinkage known as non-negative garrote [130],

dgarrote
j,k =

x−
λ2

x
|dj,k| > λj

0, |dj,k| ≤ λj

, (2.20)

these are depicted in Fig. 2.7
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Chapter 3

Nuclear spin fluctuations in spin

defects

All models are wrong, but some are useful.
— George E. P. Box

This chapter is adapted from our publication [131].

As a first use case of wavelets, in this chapter, I have discussed the dipole-dipole
(d-d) interactions of nuclear spin bath (NSB) which is imprinted on the central
spin (CS) on the semiconductor solid-state matrix via a two-point correlation
function. Each d-d induced contribution to the NSB dynamics is investigated
with various computational-axes introduced by the external DC field alignment.
The model is based on the Fermi-contact type hyperfine coupling between CS and
background nuclear spins. By employing the SST of a given NSB fluctuation, it
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Figure 3.1: Typical solid-state spin environment. While the red arrow displays
the quantization axis of the CS the blue arrow shows the displacement vector
between two nuclear spins. θhf is the angle between the [001] and quantization
axis, and θij is the angle between the quantization axis with displacement vector.
Rc is the d-d interaction radius.

is possible to extract information regarding the neighboring cluster alignments
and their relative positioning with respect to the CS.

3.1 Model Hamiltonian

The generic Hamiltonian for an electronic central spin (CS) that interacts with
the nuclear bath spins in the solid-state matrix can be written as,

H/ℏ = −γeB0Sz + S⃗ ·
∑

Aj I⃗
j −

∑
j

γjB0I
j
z +

∑
i<j

I⃗ i · Dij · I⃗j, (3.1)

where γe (γj) is the gyromagnetic ratio of central (nuclear) spin, B0 is the large
bias field applied along the quantization axis of the central spin (CS), so that
the effective Larmor frequency for central (nuclear) spin is ωcs = −γeB0 (ωj =
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−γjB0), the S and Ij are the spin operators for central and jth nuclear spin
site in the nuclear spin background, respectively, and Dij is the (d-d) coupling
between the ith and jth nuclear spin site.

For typical III-V quantum dots or Si:P donors, if the bias magnetic field B0

is large, the CS spin flip by hyperfine interaction is highly unlikely due to huge
energy mismatch [69, 132]. Therefore, nonsecular hyperfine interactions can be
safely dropped such that the hyperfine coupling becomes purely dephasing [133].
For a strong Zeeman interaction, adiabatic approximation allows us to drop the
secular terms of d-d interaction [134, 135], but for bias field around 10 mT, I am
going keep these terms in which the pure dephasing model for the CS is still valid
[21, 136] and investigate the adiabatic approximation case separately.

As long as the CS flip is suppressed, the Hamiltonian in Eq. (3.1) can be
conditioned on the CS states [137],

H± = P±β
z +

∑
i<j

I⃗ i · Dij · I⃗j, (3.2)

here, βz =
∑

j β
z
j =

∑
j AjI

j
z is the bath (Overhauser) operator, Aj and Ijz are

hyperfine coupling and the nuclear spin operator along the quantization axis (the
hf-axis) for the jth nuclear spin site. Here, I drop the Zeeman couplings of the
nuclear spins since they can be neglected for a relatively low bias field. The
P± = ⟨±|Sz|±⟩ with |±⟩ is the CS state along the quantization axis. The d-d
interaction can be expanded through the so-called dipolar alphabet [134, 135],∑

i<j

I⃗ i · Di,j I⃗
j =

∑
i<j

µ0

4π

ℏ2γiγj
|r⃗ij|3

(A+ B + C +D + E + F) , (3.3)

here, µ0 is the permeability of vacuum, and r⃗ij is the displacement vector that con-
nects nuclear spin sites i and j. These dipolar alphabet terms (A,B, C,D, E ,F)

can be written explicitly as,
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A = I izI
j
z (3 cos

2 θij − 1), (3.4a)

B = (I i+I
j
− + I i−I

j
+)

1− 3 cos2 θij
4

, (3.4b)

C = (I i+I
j
z + I izI

j
+)
(3
4
sin 2θij

)
e−iϕij , (3.4c)

D = (I i−I
j
z + I izI

j
−)
(3
4
sin 2θij

)
e+iϕij , (3.4d)

E = I i+I
j
+

(3
4
sin2 θij

)
e−2iϕij , (3.4e)

F = I i−I
j
−

(3
4
sin2 θij

)
e+2iϕij . (3.4f)

here, I+ and I− are spin creation and annihilation operators, θij and ϕij are polar
and azimuthal angles characterized by the quantization axis and r⃗ij; see Fig. 3.1.

The nuclear spin fluctuations interacting with a spin qubit can written as a
two-point correlation function,

C(t) = ⟨βz(t)βz(0)⟩ = ⟨eiHetβze−iHetβz(0)⟩ (3.5)

where He is the effective Hamiltonian which can be written by averaging Over-
hauser fields [137],

He =
|P+|+ |P−|

2
βz +

∑
i<j

I⃗ i · Dij · I⃗j (3.6)

3.2 Further model details

Hyperfine coupling of the spinfull nuclear site in the lattice is determined by
the proximity of nuclear spin to the CS. This Fermi-contact type coupling shows
dramatic variations depending on the wavefunction envelope of the electronic spin
degree of freedom and affects the decoherence process [20, 138, 139]. Throughout
this chapter, I consider that the hyperfine couplings distributed according to,

Ai = A0e
−r2i /L

2
0 , (3.7)

here, A0 is the maximum hf-coupling amplitude, ri is the distance between CS
and ith nuclear spin site, L0 is the electron confinement radius which is set to be
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3.4 nm. I choose, A0, 104 times larger than the d-d coupling of nearest neighboring
nuclear spins sites which can be written as,

Ed-d =
µ0

4π

ℏ2γiγj
(a0

√
3/4)3

, (3.8)

where a0 is the lattice constant in the diamond crystal. As a nuclear spin envi-
ronment, it is possible to consider a lattice box of dimensions 10 a0×10 a0×7 a0

so that there are 5600 nuclear lattice sites available. Since typical defect concen-
trations are low (just a few ppm levels) [140], a CS that is positioned at the origin
of such a box can safely mimic a realistic NSB. For group-IV semiconductors the
typical natural abundance of spinfull nuclear spin sites are ρ ≈ 0.05 for 29Si with
spin-1/2 [20], and ρ ≈ 0.01 for 13C which also has spin-1/2 [52]. Depending on
the host matrix considered the lattice constant, a0 is adjusted accordingly. To
simulate this type of NSB fluctuations the cluster correlation expansion (CCE)
is a suitable approach [137, 72, 73, 77]. I assume that the NSB is a thermal
ensemble with infinite temperature so that ρ = ⊗N

i Ii/2N where, Ii is the identity
matrix of ith nuclear spin.

3.3 Dipole-dipole transitions of a two spins cluster

In Fig. 3.2, the energy level diagram for the two nearest nuclear spin sites is
shown when they have exactly the same hyperfine couplings ∆hf = 0, and when
the displacement vector rij is along [111] direction so that the polar angle be-
tween the quantization axis and the displacement vector is θij = 54.7, the energy
level |mF = 0⟩ becomes 2-fold degenerate. This degeneracy is lifted when there
is a detuning between the neighboring hf-coupling constants and when the A in
Eq. 3.4 becomes non-vanishing, as these are the diagonal entries of the environ-
mental Hamiltonian. If these states are non-degenerate, then the zero-quantum
(0Q, ∆mF = 0) transitions become available through the B term which induces
total spin conserving transitions. As indicated by Fig. 3.2 there are also single-
quantum (1Q, ∆mF = 1) and double-quantum (2Q, ∆mF = 2) transitions that
are triggered by the dd-alphabet terms, C,D and E ,F terms, respectively.
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Figure 3.2: Energy level diagram for two nearest neighboring nuclear spin sites
under different ∆hf, θij values.

3.4 Time-frequency behavior

The two-point correlator, C(t) practically imprints the transitions with various
∆mF values, induced by the dd alphabet if not masked by the angle, θij. My
rationale was that the spectro-temporal behavior of the correlator can be uncov-
ered in the wavelet domain, through CWT-based techniques (see Sec. 2.2). For
this purpose, I have picked the bump mother wavelet as it has a better frequency
resolution [141]. However, before the wavelet transform analysis, I normalize the
correlator as,

C̄(t) =
C(t)− ⟨C(t)⟩t
C(0)− ⟨C(t)⟩t

, (3.9)

where, ⟨·⟩t denotes the time average. For the sake of simplicity it is convenient to
work with normalized time and angular frequency so that t̄ = tĀ and ω̄ = ω/Ā,
in which the mean value of hyperfine couplings sets the normalization parameter,
Ā =

1

N

∑
iAi.

In Fig. 3.3, two-point correlator of spin-1/2 nuclear spin sites are displayed
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Figure 3.3: Fourier transform (first column), continuous wavelet transform
(CWT) (second column) and synchrosqueezed wavelet transform (SST) (third
column) of two nuclear spin-1/2 correlator C(t) for θhf . The upper panel dis-
plays ∆hf = 0, whereas lower panel shows ∆hf = 0.01Ā.

in Fourier and wavelet domain. Thanks to the normalization, Ā the 1Q and 2Q
transitions can be identified at ω̄ = 0.5 and ω̄ = 1 respectively. The so-called
flip-flop terms due to the dipolar alphabet term, B, which typically occur near
ω̄ = 0 are not operative due to the alignment of the displacement vector with
respect to the hyperfine axis, θij = 54.7◦. It should be noted that when there is a
hf-coupling detuning (∆hf ̸= 0) the beating pattern appears due to the probability
amplitude interference (see Fig. 3.3 (e)). Furthermore, as discussed in Chapter 2,
the frequency localization gets weaker for high-frequency regions. However, for
the remainder of this chapter, I will employ SST as in Fig. 3.3 (c) and (f) to have
improved frequency resolution.
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Figure 3.4: The NSB fluctuations with Ā ≈ 13.5 MHz(a), σhf ≈ 0.25Ā, θhf =
54.7◦, ρ = 0.02, a0 = 0.54 nm and Rc = 2.7a0. Convergence of C̄(t) at different
CCE truncations. (b) time series representation of C̄(t) with CCE-4. (c), (d)
and (f) are the wavelet representation of the time series C̄(t) for CCE-2, CCE-3,
and CCE-4 respectively. Lastly (e) displays the power spectrum.
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3.5 Convergence of cluster correlation expansion

Since CCE truncates the d-d coupled nuclear spin bath with maximum cluster
size, the order of CCE should be decided according to the time scale of interest,
along with the cutoff radius Rc. To be able to parse long-time dynamics effec-
tively, one needs to increase CCE order as many body couplings start to dominate
the spin fluctuation dynamics. This is actually illustrated in Fig. 3.4 (a), while
the short-time dynamics well are described by CCE-2 (pair-correlations), They
start to deviate from high-order CCE calculations for the late-time spin fluctua-
tions. The other parameter that needs to be taken into account in determining
the maximum cluster size is ρ. The NSBs considered in this chapter are rela-
tively sparse in terms of spinfull nuclei [142], they are spatially isolated and CCE
calculation with relatively small (3-4) cluster size essentially suffice to get conver-
gent results. This can also be observed from comparing Fig. 3.4 (c), (d) and (f),
while two 1Q beatings which have the period Tb = 1/fb, due to small hf detuning
of proximite spin sites (see Fig. 3.2) visible in the wavelet domain for all CCE
orders, the beat around w̄ = 0.75 is captured by CCE-3 and CCE-4 simulations.

Apart from CCE cluster size, the other truncation that I briefly discussed in
Sec. 3.2 is the computational box size considered during the simulations. The hf
coupling rapidly drops after a few electron confinement radii, therefore, increasing
the computational box size does not change the patterns appearing in the wavelet
representation for the time scale of interest. Therefore, I confine the calculations
in this chapter to the NSB described in Sec. 3.2.

3.6 Hyperine axis dependence

The quantization axis introduced by bias field direction, determines the nuclear
spin noise accumulated in the CS state. To make quantum channels identifiable,
I turned on and off the transition inducing dd-alphabet terms B, C,D, E ,F and
distinguished them by colors in the left column of Fig. 3.5. The power spectrum
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Figure 3.5: Power spectrum and corresponding SSTs of NSB fluctuations under
different hf-axes for Ā ∼ 13.9 MHz, σhf ∼ 0.25Ā, N = 280, ρ ∼ 0.05, a0 =
0.54 nm, Rc = 2.0a0 with CCE order 3. While the left column displays the power
spectra, the right column displays the SSTs. The coarse-grained contributions
from dd-alphabet terms are shown with distinguished colors (B red line, C,D
green line, E ,F is the blue line.)

27



Figure 3.6: SST scalogram of the two-point correlator of various NSB realizations
for various θhf. Here distinct bath realizations are shown for each row with,
N = 56, ρ = 0.01, a0 = 0.35 nm, Rc = 2.5a0, Ā = 104 MHz, σhf = 0.12Ā. The
fifth column shows the spatial distributions of different realizations in which the
neighboring spin sites are encircled. The sixth column illustrates displacement
vectors of the nearest-neighbouring spin sites.

for 0Q, 1Q, and 2Q channels drastically changes according to the quantization
axis alignment. The behavior of this type is also illustrated in Ref. [27] for Hahn
echo magnetometry decay under the secular approximation.

For θhf = 0◦, the 0Q dephasing channel is highly suppressed as the term B is
significantly turned off which induces flip-flop transitions for nearest neighboring
spin clusters. As illustrated in SST scalograms, while some of the 0Q and 1Q
beatings become distinguishable as θhf deviates from 0◦, the 2Q channel shows
complex behavior for relatively high nuclear spin abundance ratio.
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3.7 Different nuclear spin bath realizations

Next, I would like to draw attention to different NSB spatial distributions with
relatively low spinfull nuclear abundance as in 13C isotope in diamond. The
features of the displacement vector that connects the nuclear spins within the
proximity are imprinted in SST scalograms depending on the hf-axis. To show
these features, I demonstrate different NSB realizations at each row in Fig. 3.6.
The spinfull nuclear spin sites are marked with dots, and neighboring spins up to
the fourth nearest neighboring spins are connected with distinct colors.

In the top row, there are no nearest neighboring nuclear site occurrences, and
all features imprinted are essentially due to the second and third nearest neigh-
boring spins. For the second row, there is only 1 nearest-neighbouring spin cluster
which is imprinted by θhf = 30◦ and θhf = 90◦. This beating pattern disappears
in the third column of Fig. 3.6, as the C and D vanishes in the dd-alphabet alpha-
bet. It should be noted that the cluster in the first realization has an identical
alignment to the 3rd cluster in the fourth realization and therefore has identical
beating patterns. The cluster in the third realization can be distinguished for
example, θhf = 30◦.

Overall, it is possible to distinguish the spatial positioning and orientation of
the spin clusters thanks to the good frequency resolution with SST. Since, the
Fermi-contact type of hf coupling depends on the spatial distance to the CS, the
beat or stripe pattern appearing in the scalogram yields the information regarding
the position and alignment.

3.8 High magnetic field regime

Now, I would like to focus on the 0Q transitions, of the last realization of Fig. 3.6
under the large magnetic filed regime with three nearest-neighbouring clusters.
In the left column, I have plotted spin-1/2 NSB, since there is a single transition
available for each spin cluster horizontal stripes appear in the scalogram. In the
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Figure 3.7: 0Q transitions of the fourth realization shown in Fig. 3.6 in large
magnetic field regime. While the left and right columns show spin-1/2 and spin-
3/2 realizations respectively. Each row displays specific θhf alignment.
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right panel, on the other hand, the beating patterns are visible for spin-3/2.

It is possible to extract information regarding the displacement vector align-
ment of the clusters. This can be achieved by first, calculating the SST of [001]
and [111] hf-axis directions, as the hf-axis aligned with the [001] direction the
first nearest-neighboring spin clusters has no contribution to the SST scalogram.
When the hf-axis aligned in [111] directions all of the first nearest neighboring
clusters contribute to the scalogram as indicated in the first row of Fig. 3.7 (see
the stripes/beatings around w̄ = 0.004, w̄ = 0.006 and w̄ = 0.015). Second,
arrange the hf-axis so that the angle between the displacement vector and hf-axis
is 54.7◦, and third repeat this process for each bond axis possible as indicated in
Fig. 3.7.

3.9 Noise resilience of coherence beating in the

wavelet scalograms

The model in Eq. 3.1 can be extended to cases for which quadrupolar interac-
tions are involved for I ≥ 1 [143], electron co-flip involved dynamic nuclear
polarization models [43] or long-range hyperfine interactions [136]. To show
the noise resilience of SST scalograms, I have disturbed the model Hamiltonian
with random telegraph noise (RTN) to account for the charge noise [144]. I have
introduced the stochastic Hamiltonian term,

Ξ(t) =
N∑
i=1

νiξi(t)I
i
z, (3.10)

to the eq. (3.6), here νi is the amplitude of noise with Gaussian random variable,
ξi is the binary switching function with rate Γ. It is possible to introduce the
parameter η = ν̄/Γ to characterize strong (η ≫ 1) and weak (η ≪ 1) coupling
regimes of RTN [145]. Again, the fourth realization of Fig. 3.6 is employed in the
3.8, in (b) and (d) we the weak coupling (η ≈ 0.01) which satisfies the Gaussian
limit [37, 144, 145] and strong coupling (η ≈ 100) regimes are used. The noisy
SSTs are denoised to a huge extent thanks to undecimated wavelet transform
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Figure 3.8: Fourth realization of Fig. 3.6 for θhf = 54.7◦. While (a) shows noiseless
SST, the weakly η ≈ 0.01 and strongly η ≈ 100 coupled RTN are displayed in (b)
and (c) respectively. The mean value for fluctuation coupled strength ν̄ and Γ
are chosen to be 1×10−2Ā and 10 kHz for strong coupling regime whereas 10−5Ā
and 100 kHz for weak coupling regime. The subplots (d) and (e) are associated
UWT filtered SSTs.
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(UWT) by Haar wavelet decomposition as can be observed from (d) and (e).
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Chapter 4

Magnetometry with a single

nitrogen-vacancy (NV) centers

Statistics is the grammar of science. A
scientific investigation should involve the

recognition and formulation of a problem, the
collection of data through observation and

experiment, and the creation and evaluation of
an explanatory model. Without data, you are
just another person with an opinion, but the
application of sound statistical principles can
turn data into useful information and thereby

into knowledge.
— Karl Pearson

The original version of the image above taken from the source [146].
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The two fundamental phenomena that limit the sensitivity of NV-based quan-
tum magnetometer are sensor decoherence and shot noise [33, 7]. While the
former is due to the environmental coupling of the spin sensor, the latter origi-
nates from the projective optical spin readout of the NV-center. This chapter,
first briefly discusses the dephasing mechanism due to nuclear 13C spins in the dia-
mond matrix with a single NV-defect. Then, describes the Ramsey and Hahn echo
magnetometry schemes for sensing of DC- and AC- fields, respectively. Moreover,
the framework to calculate the shot noise associated with the optical readout and
magnetic field estimators is also provided.

4.1 Decoherence mechanism of single NV centers

The NV-center spin Hamiltonian can be split into three parts,

H = HNV +Hint +Henv, (4.1)

here, HNV, is NV-center Hamiltonian which contains the electron and nitrogen
spin interactions, Hint, describes the coupling between the sensor spin with the
spinful nuclei in the semiconductor matrix, and Henv is the term which charac-
terizes the bath dynamics. Under bias magnetic field B⃗0, the Hamiltonian terms
can be written as [147],

HNV/ℏ = DS2
z − γeB⃗0 · S⃗ + ϵ(S2

x − S2
y)

− γN B⃗0 · I⃗ + I⃗ · P · I⃗ + S⃗ · A · I⃗ , (4.2)

Hint/ℏ =
N∑
i=1

S⃗ · Ai · I⃗i, (4.3)

Henv/ℏ = −γcB⃗0 ·
N∑
j=1

I⃗j +
∑
i<j

I⃗i · Dij · I⃗j, (4.4)

here, D is the zero field splitting, γe (γN) is the electron (nitrogen) gyromagnetic
ratio, ϵ is the strain induced anisotropy, P and A are the quadrupolar1 and hy-
perfine interaction tensors. The γc is the gyromagnetic ratio of the 13C isotope

1This term is available for 14N as it posses spin-1 system, whereas 15N izotope has spin-1/2.
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Figure 4.1: Typical single NV-defect aligned in the [111] diamond crystal, the θB
is the angle between bias magnetic field and [111] direction. Black arrows show
spinful 13C isotopes in the environment which contribute to the decoherence of
electron spin.

and D is the dipole-dipole interaction tensor. The spin operators, S⃗ and I⃗ are
designated for the electron and nuclear spins2.

It is a common choice to align the bias magnetic field along the NV-axis to
split the degeneracy of the |ms = ±1⟩ states. If the bias field is in the orders of ∼
10 mT the non-secular terms in the dipolar hyperfine interaction tensor inHint can
be dropped [148, 131]. The dominant hyperfine interaction with the NV-center
and the environment mainly consists of the dipolar part of the hyperfine tensor.
However, if there exists a proximate (< 1 nm) 13C nuclear site around the vacancy,

2The letters with and without subscripts (I⃗i, I⃗, Ai,A) stands for carbon and nitrogen related
operators and couplings.
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the contribution from the Fermi-contact term of the hyperfine coupling becomes
significant. Fortunately, since the typical Fermi-contact interaction radius is too
small, there might be only a few of these near -vacancy carbon sites and each
can be addressed individually by means of dynamical decoupling techniques [7].
Therefore, the main dephasing mechanism for a single NV-center is due to the
dipolar-hyperfine interaction type couplings, the fast oscillating terms can be
safely dropped.

To calculate the characteristic decoherence time, T ∗
2 , we consider randomly

distributed 1100 13C spin nuclei over the diamond lattice, which has a typical
natural abundance of 1%. Since the single NV-center T ∗

2 highly depends on the
spatial configuration of nuclear spin bath (NSB) [148, 149, 139], to mimic the
room temperature dynamics in which the NSB is completely thermalized, we av-
erage out 1000 nuclear spin initializations while keeping the spatial positions of
the 13C unchanged. Here, I consider NV-sensor which operate at the room tem-
perature and therefore assume that the environment is completely thermalized,
i.e. ρ ∝ ⊗Î3. Under these constraints, it is possible to extract the decay factor of
single NV-center χ(t) = e(−t/T ∗

2 )
p by a home-made generalized Cluster Correlation

Expansion (gCCE) [79, 80]. The χ(t) depend on the physical setting considered
for the single NV-center the decay factor has Gaussian profile (p = 2) whereas
for the ensemble dynamics p becomes 1 [7]. Even though it may seem possible
to calculate realistic photoluminescence (PL) streams by employing CCE-based
techniques on paper, it is an insufferably hard and unnecessary task for certain
CPU clusters. Therefore, after drawing the exponential decay factor from CCE
calculations, I prefer to inject the decay factor explicitly into the PL streams
calculated.

3To mimic the ensemble dynamics one need to seed the nuclear spin positions differently at
each realization.
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4.2 Interactions in rotating frame of reference

The Hamiltonian terms involved in the typical magnetometry scheme can be
written as,

HNV/ℏ = DS2
z − γeBbiasSz, (4.5)

H i
MW/ℏ = −γeBxSx cos(ωMWt+ ϕi), (4.6)

Hsense/ℏ = −γe(Bcalib +Bsense)Sz, (4.7)

where we drop the nitrogen degree of freedom and interactions that contribute to
the dephasing for simplicity. Here, H i

MW represents the microwave field Hamil-
tonian applied in the ith stage to flip the NV spin with amplitude Bx and fre-
quency, ωMW

4. The Hsense is the Hamiltonian that contains the sensing field,
Bsense which is aligned in the quantization axis of the NV-center and can be both
DC (time-independent) or AC (time-dependent). Depending on the sensing field
type magnetometry pulse scheme can be switched between Ramsey or Hahn echo
which are tabulated in Table 4.1 and 4.2. I also add the Bcalib field which can
also be on or off depending on the magnetometry scheme that I am in. Since,
HMW has explicit time dependence, it is appropriate to work in a rotating frame
of reference which can be achieved by standard mapping,

H̃ = U †
RotHURot + iℏU̇ †URot (4.8)

where, H̃ represents the Hamiltonian in the rotating frame, and URot =

exp[−iωRotSzt]. In general, H can be splitted into two parts: H = H∥ + H⊥,
such that [URot, H∥] = 0, [URot, H⊥] ̸= 0. If we plug URot = exp[−iωRotSzt] into
Eq. (4.8),

H̃ = H∥ − ωRotSz + U †
RotH⊥U. (4.9)

It should be noted that, both HNV and Hsense can be lumped into H∥, as they
both commute with URot. On the other hand, for the magnetometry stages
that the microwave field are turned on, there exists a non-vanishing H⊥ term
as [H i

MW, URot] ̸= 0. It is beneficial to calculate, H̃ i
MW = U †

RotH
i
MWURot,

H̃ i
MW/ℏ = −γeBx cos(ωMWt+ ϕi)U

†
RotSxURot, (4.10)

4The Hi
MW turned on and off depending on the stages shown in Table 4.1 and 4.2 to execute

unitary rotations on central spin.
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if we set, ωMW = ωRot = ω, and use the relation,

e+iωRottSzSxe
−iωRottSz = Sx cos(ωRott)− Sy sin(ωRott), (4.11)

then, the microwave Hamiltonian in the rotating frame of reference can be written
as,

H̃ i
MW/ℏ = −γeBx

2
[Sx cosϕi + Sy sinϕi] , (4.12)

where we dropped fast-oscillating terms. Therefore, using Eq. 4.9 for a generic
ith microwave stage the total Hamiltonian in the rotating frame reduces to,

H̃ i/ℏ = DS2
z − γeBzSz −

γeBx

2
[Sx cosϕi + Sy sinϕi]− wSz, (4.13)

if we tune w resonant with the splitting D − γeBz, the corresponding matrix
representation of the Hamiltonian, H̃ i/ℏ can be written as,

D − γeBz − w −γeBx

2
√
2
(cos(ϕi)− i sin(ϕi)) 0

−γeBx

2
√
2
(cos(ϕi) + i sin(ϕi)) 0 −γeBx

2
√
2
(cos(ϕi)− i sin(ϕi))

0 −γeBx

2
√
2
(cos(ϕi) + i sin(ϕi)) D + γeBz + w

 .

(4.14)
This 3×3 matrix is, in fact can be reduced to 2×2 since the |−1⟩ state is highly
off-resonant,

H̃ i/ℏ =

 0 −γeBx

2
√
2
e−ϕi

−γeBx

2
√
2
e+ϕi 0

 (4.15)

and is equivalent to, H̃ i/ℏ = Ωσ⃗.n̂/2, where, the term Ω = −γeBx/
√
2, known as

Rabi frequency and σ⃗ = (σx, σy, σz) and n̂ = (cos(ϕi), sin(ϕi), 0). Then, the effec-
tive time evolution in the rotating frame of reference, Ri(t) = exp

[
−iH̃ it/ℏ

]
=

exp

[
−iΩ

2
σ⃗.n̂t

]
, so that,

Ri(t) = Î cos
(
Ω

2
t

)
− iσ⃗n.n̂ sin

(
Ω

2
t

)
. (4.16)
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Let’s write the identity operator and spin Pauli matrices for convenience,

Î = |0⟩⟨0|+ |1⟩⟨0|,

σx = |1⟩⟨0|+ |0⟩⟨1|,

σy = i|0⟩⟨1| − i|1⟩⟨0|,

σz = |1⟩⟨1| − |0⟩⟨0|.

Then,

Ri(t) = cos

(
Ω

2
t

)
[|0⟩⟨0|+ |1⟩⟨0|]

− i sin

(
Ω

2
t

)
cos(ϕi) [|1⟩⟨0|+ |0⟩⟨1|]

+ sin

(
Ω

2
t

)
sin(ϕi) [|1⟩⟨1| − |0⟩⟨0|] .

Therefore, Ri
(
t =

π

2Ω

)
corresponds to π/2-pulse so that Ωt =

π

2
which reduces

to,
Ri

π/2 =
1√
2

[
|0⟩⟨0|+ |1⟩⟨1| − ieiϕi|0⟩⟨1| − ie−iϕi |1⟩⟨0|

]
(4.17)

On the other hand, Ri(t =
π

Ω
) corresponds to π-pulse and can be written explic-

itly,
Ri

π =
[
−ieiϕi |0⟩⟨1| − ie−iϕi |1⟩⟨0|

]
(4.18)

For field interrogation stages in which the NV-center freely evolves under the
sensing field in the rotating frame of reference, the sensor Hamiltonian can be
written by using Eq. (4.9)

H̃free = Hsense, (4.19)

therefore, the time evolution operator during the free precession,

U(ti, tf ) = exp

[
−i
ℏ

∫ tf

ti

H̃free(t)dt

]
(4.20)

4.3 DC-Magnetometry

For NV-center spin which is prepared in |0⟩, after the pulse sequence RI
π/2 −

U(0, τ)−RIII
π/2 with field interrogation time τ (see Table 4.1) the final spin state
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Figure 4.2: Visualisation of Ramsey magnetometry pulse scheme.

at the end of stage-III becomes,

|ψIII⟩ =
1

2

[
|0⟩ − ie−i(ϕI+θ)|1⟩ − e−i(ϕI+θ−ϕIII)|0⟩ − ie−iϕIII|1⟩

]
, (4.21)

where, ϕI and ϕIII are the phases of mw-pulse at corresponding pulse stages, and,

θ = −γeBDCτ, (4.22)

is the phase accumulated during the free precession time for the Hamiltonian,

Hsense/ℏ = −γeBDCSz, (4.23)

where, BDC = Bcalib +Bsense.

Stage I Stage II Stage III

Pulse Applied π/2 Free Evolution π/2

Hamiltonian (Lab Frame) HNV + H I
MW HNV + Hsense HNV + H III

MW

Hamiltonian (Rot Frame) H̃ I H̃free H̃ III

Unitary Evolution RI
π/2 U(τ) RIII

π/2

State |ψI⟩ |ψII⟩ |ψIII⟩

Table 4.1: Typical Ramsey magnetometry pulse scheme with free evolution time
τ , RI

π/2 − U(0, τ)−RIII
π/2.
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4.3.1 Ramsey optical readout

The optical spin readout contrast is one of the central parameters that deter-
mines the minimum detectable field captured by the NV-center along with the
decoherence and shot noise. The NV-sensor has a certain optical contrast due
to the non-radiative intersystem crossing (ISC) mechanism. The ±1 states are
approximately 30% less luminescent due to ISC transitions when compared to
the |0⟩ state which makes the optical spin readout process feasible. However, the
average number of photons emitted from |0⟩ and | ± 1⟩ states per experiment is
too small. Therefore, the spin readout process can be associated with the two
non-interfering light fields [7]. Thus, let’s connect states, |0⟩, |1⟩ to coherent states
|β⟩, |α⟩ respectively, then the photonic |ψ⟩ph state can be written as,

|ψ⟩ph =
1

2

[(
1− e−i(ϕI+θ−ϕII)

)
|0⟩ ⊗ |β⟩+

(
−ie−i(ϕI+θ) − ie−iϕII

)
|1⟩ ⊗ |α⟩

]
(4.24)

Then, the expectation value for photon number can be calculated as ph⟨ψ|N̂ |ψ⟩ph,
where N̂ = I ⊗ (â†â + b̂†b̂). Here â|α⟩ = α⟩ and b̂|β⟩ = β|β⟩ and â|β⟩ = 0 and
b̂|α⟩ = 0. Let’s set |α|2 = n1, |β|2 = n0. Then, the expected number of photons
can be written as,

⟨N̂⟩ = 1

4

(
|β|2 [2− 2 cos(Θ)] + |α|2 [2 + 2 cos(Θ)]

)
,

=
n0 + n1

2
+
n1 − n0

2
cos(Θ) (4.25)

where, Θ = ϕI −ϕII + θ is the total phase accumulated. The photon fluctuations,
∆N =

√
⟨N̂2⟩ − ⟨N̂⟩2 can also be calculated, by using the identity [â, â†] = 1,

first calculate,

⟨N̂2⟩ = n0(n0 + 1)

2
(cos(Θ) + 1) +

n1(n1 + 1)

2
(cos(Θ)− 1) , (4.26)

to arrive at the expression,

∆N =

√
n0 + n1

2
+
n1 − n0

2
cosΘ +

(n1 − n0)
2

4
(1− cos2(Θ). (4.27)
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4.3.2 Constructing the estimator for Ramsey magnetome-

try pulse scheme

For the sake of simplicity, let’s assume that the mw-phases in stage-I and stage-
III are ϕI, III = 0, if we inject the exponential decay factor χ(τ) to the expres-
sion (4.25), the average number of photons are given by,

⟨N̂⟩ = n0 + n1

2
+
n1 − n0

2
cos(Θ)χ(τ), (4.28)

for a certain value of the Θ, the response of the number of photons is maxi-
mized for a small change in the magnetic field. This value can be found by the

argmax

∣∣∣∣ ∂

∂BDC
⟨N̂⟩

∣∣∣∣. If we calculate the derivative,

∂

∂BDC
⟨N̂⟩ = n1 − n0

2
(γeτ) sin(−γeBDCτ)χ(τ), (4.29)

we can easily observe that when −γeBDCτ = πn/2, for odd integer values of n,
the above expression is maximized. We can assume that at this value of Θ, the
response to the magnetic field is almost linear so that the following expression is
valid,

δBDC

δ⟨N̂⟩
≈ 1∣∣∣∣∣ ∂⟨N̂⟩

∂BDC

∣∣∣∣∣
max

(4.30)

where, δBDC = Bsense = (Bsense +Bcalib)−Bcalib is the shift in the magnetic field,
similarly, δN = ⟨N̂⟩sense + calib − ⟨N̂⟩calib, is the change in the average number
of photons when there is a sensing field. By modifying the equation 4.30, it is
possible to construct the estimator for the sensing field,

Bsense = −cos(−γeBcalibτ)

γeτ
. (4.31)
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Stage I Stage II Stage III Stage IV Stage V

PA π/2 Free Evolution π Free Evolution π/2

HL HNV+H I
MW HNV+Hsense HNV+H III

MW HNV+Hsense HNV+HV
MW

HR H̃ I H̃free H̃ III H̃free H̃V

UE RI
π/2 U(0, τ) RIII

π U(τ, 2τ) RV
π/2

S |ψI⟩ |ψII⟩ |ψIII⟩ |ψIV⟩ |ψV⟩

Table 4.2: Hahn echo magnetometry pulse scheme with free evolution time τ ,
RI

π/2 − U(0, τ) − RIII
π − U(τ, 2τ) − RV

π/2. PA: pulse applied, HL: Hamiltonian in
the lab frame, HR: Hamiltonian in the rotating frame, UE: Unitary evolution, S:
sensor state right after the stage.

4.4 AC-Magnetometry

For NV-center initialized in |ψ⟩ = |0⟩, the final state right after the stage-V can
be written as

|ψV⟩ =
1

2

(
−e−i(ϕI−ϕIII+θ(τ,0)) − e−i(ϕIII−ϕV+θ(2τ,τ))

)
|0⟩

+
(
−ie−i(ϕIII+θ(2τ,τ)) + ie−i(ϕI−ϕIII+ϕV+θ(τ,0))

)
|1⟩],

where, ϕi is the phase of the ith microwave-field given in Eq.( 4.6). The θ(0, τ)
and θ(τ, 2τ) are accumulated phases during the stage-II and stage-IV, respectively
(these stages tabulated in 4.2) and can be written explicitly as,

θ(0, τ) =
γeBAC

ωAC
[cos(ωACτ)− 1] , (4.32)

θ(τ, 2τ) =
γeBAC

ωAC
[cos(ωAC2τ)− cos(ωACτ)] , (4.33)

for the sensing field Hamiltonian,

Hsense = −γeBACSz sin(ωACt). (4.34)
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4.4.1 Hahn echo optical readout

To mimic the optical spin readout process let’s connect the states |0⟩ and |1⟩ to
coherent light states [7], so that,

|ψ⟩ph =
1

2
[
(
−e−i(ϕI−ϕIII+θ(τ,0)) − e−i(ϕIII−ϕV+θ(τ,2τ))

)
|0⟩ ⊗ |β⟩ (4.35)

+
(
−ie−i(ϕIII+θ(τ,2τ)) + ie−i(ϕI−ϕIII+ϕV+θ(τ,0))

)
|1⟩ ⊗ |α⟩]

Then the expectation value for photon number can be calculated as ph⟨ψ|N̂ |ψ⟩ph,
where N̂ = I ⊗ (â†â + b̂†b̂). Here â|α⟩ = α⟩ and b̂|β⟩ = β|β⟩ and â|β⟩ = 0 and
b̂|α⟩ = 0. If we set the |α|2 = n1, |β|2 = n0, the expected value for the photon
number yields,

⟨N̂⟩ = n0 + n1

2
+
n0 − n1

2
cos(Θ), (4.36)

where Θ is the total phase accumulated,

Θ = ϕI − 2ϕIII + ϕV + θ(τ, 0)− θ(2τ, τ). (4.37)

Similar to the Ramsey magnetometry, there is an associated photon fluctuations
∆N =

√
⟨N̂2⟩ − ⟨N̂⟩2, which limits the sensitivity.

4.4.2 Constructing the estimator for Hahn echo magnetom-

etry pulse scheme

For simplicity let’s set ϕI = 0 and ϕIII = 0, so that we only sweep ϕV to collect
PL data. Then, the accumulated phase reduces to Θ = ϕV + θ(τ, 0) − θ(2τ, τ).
Furthermore, if we adjust interpulse duration time to be τ = 1/2fAC to maximize
the phase accumulated due to the AC-field the phases become,

θ(0, τ) =
−2γeBACτ

π
(4.38)

θ(τ, 2τ) =
2γeBACτ

π
(4.39)

Thus, the total phase accumulated due to the sensing field can be written explic-
itly,

ΘB = ϕV − 4γeBACτ

π
, (4.40)
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so that, if we introduce the decay factor due to decoherence to the ⟨N⟩B, it
becomes,

⟨N⟩B = nave +
n0 − n1

2
cos(ΘB)e

−χ(t). (4.41)

Let’s find out for which value of ΘB the expression
∣∣∣∣ ∂

∂BAC

⟨N⟩B
∣∣∣∣ is maximized,

∣∣∣∣ ∂

∂BAC
⟨N⟩B

∣∣∣∣ = n0 − n1

2

4γeτ

π
sin(ΘB)e

−χ(t), (4.42)

from the equation above it can be clearly seen that the expression
∣∣∣∣ ∂

∂BAC

⟨N⟩B
∣∣∣∣

is maximized at ϕV − 4γeBACτ

ϕ
=
nπ

2
where n is an odd integer. Therefore the

shift in the PL due to field amplitude BAC can be written approximately as,

δBAC

δ⟨N⟩
=

1

∂N/∂BAC
, (4.43)

it is important to note that here, δBAC = BAC − 0, and δ⟨N⟩ = ⟨N⟩B − ⟨N⟩0,
and ⟨N⟩B is the PL collected in the presence of BAC , whereas ⟨N⟩0 is the PL
collected when there is no sensing field. Therefore shift in the magnetic field can
be approximately written as,

BAC =
⟨N⟩B − ⟨N⟩0

n0 − n1

2

4γeτ

π
e−χ(t)

, (4.44)

when the condition ΘB =
nπ

2
is satisfied the expression above reduces to,

BAC =
−π cos (θV)

4γeτ
. (4.45)
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Chapter 5

Wavelet-based DC-field

magnetometry with a single

NV-center in diamond

Be precise. A lack of precision is dangerous
when the margin of error is small.

— Donald Rumsfeld

This chapter adapted from the preprint [150].

In this chapter, I introduce a Template Margin Thresholding (TMT) method to
combat with the photon shot noise (PSN). The approach utilizes a wavelet-based
shrinkage method tailored specifically to the PSN yet adaptable to other noise
sources if needed. TMT is a powerful technique as it provides on-resonant filtering
which is a thing that frequency-based filters inevitably fail to accomplish. I also
show some assets and liabilities of TMT filtering in Ramsey magnetometry of
DC fields.
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5.1 Parameter settings

For the DC-field sensing scheme, it is possible to employ the framework prescribed
in Table 4.1. Obtain a single data point along the PL time series requires the
execution of the following steps:

1. Calculate the transition (survival) probability of the state, |ψIII⟩ given in
Eq. (4.21), by projecting it onto |1⟩ (|0⟩) for a specific free evolution time
τ 1. That is,

p(τ) = |⟨1|ψIII(τ)⟩|2 = 1− |⟨0|ψIII(τ)⟩|2 (5.1)

2. According the to this p(τ), project the superposition state, |ψIII(τ)⟩ on to
either |0⟩ or |1⟩, by means of Bernoulli process [33].

3. Depending on the outcome of Step 2, draw a random sample from Poisson
distribution2,

P (k, ni) =
nk
i e

−ni

k!
, (5.2)

where k is the number of photons, and ni is the average number of photons
emitted from the state i. Therefore, P (k, n1) for example can be read as,
"Probability of observing k photons from the spin state |1⟩."

4. Record the sample drawn, and repeat the Steps 1.-4. M times.

While executing these steps for every single free evolution time, τ for some PL
interval, [ti, tf ] to obtain PL-time series we employ three fields. The first field
is the bias field (see Eqs. (4.2 - 4.4)), B0 = 40 mT is to split the degenerate
energy levels |± 1⟩. The second field employed is the Bcalib = 100 µT which both
designates the number of the fringes in the PL stream and extracts a reasonable
TMT-filter order that can be used when there is a sensing field. The third field
used is the sensing field, Bsense, which I aim to measure. Throughout this chapter,

1Similarly, For AC-magnetometry scheme a similar state vector (|ψV ⟩) can be obtained as
well (See Sec. 4.4)

2Since the average number of photons emitted per experiment is a low number, it is safe to
consider k = 1.
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I set this quantity to 0.5 µT to be able to assess the performance of the TMT
filter. Therefore, we assume that, Bsense ≪ Bcalib ≪ B0.

Moreover, I set the optical readout contrast,

C =
n0 − n1

n0 + n1

, (5.3)

to 0.2143 with the average number of photons observed by the photodetector per
repetition, nave = (n0+n1)/2 = 0.196 by relying on the experimental values [151].
I would like to note that since observing a photon from a single experiment is
a rare event due to small nave value, the light fields described in Sec. 4.3.1 and
4.4.1 |α⟩, |β⟩ are not correlated. The typical PL stream is collected for some time
duration, TI = tf − ti, with some sampling rate, fsample, so that the number of
data points in PL time series can be calculated by TIfsample with each data point
requires M independent repetitions. It is appropriate to define a parameter Mtf

to quantify the integration time as it quantifies the time required to calculate the
largest PL data in the stream.

5.2 Template margin thresholding (TMT)

After constructing the PL stream, by following the steps in Sec. 5.1, in the pres-
ence of both Bcalib and Bsense, I begin by determining the so-called template
frequency of PL,

R(ω) =

∫ tf

ti

N raw(t)K(t, ω)dt, (5.4)

where, N raw is the raw PL time series, and, K(t, ω), is the template waveform
and has a very similar structure with the Eq. (4.28),

K(t, ω) =
1

2

[
1 + cos(wt)e−(t/T2∗)p

]
, (5.5)

to find the template frequency argument that maximizes the function in Eq. (5.4),
as illustrated in Fig 5.1. While calculating the overlaps in Eq. (5.4), the DC offsets
are subtracted.
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Figure 5.1: Template frequency estimation. The red line represents the PL time
series acquired between the interrogation interval [ti = 0.97 µs, tf = 1.96 µs], with
the sampling frequency fsample ∼ 128 MHz and M = 25K. Blue and green lines
show template waveforms tried at different frequencies. The blue line maximizes
R(ω) and is assigned as a template frequency while ω∗ is the true value.

Next, by utilizing the characteristic photon fluctuations in Eq. (4.27), it is
possible to construct time-dependent upper and lower margins,

U(t) = K(t, ωtemp) + 10−β ∆N√
TIMfsample

, (5.6)

L(t) = K(t, ωtemp)− 10−β ∆N√
TIMfsample

, (5.7)

where, I call β as the filter order, and is introduced to tune the marginal dis-
tance. The time budget terms in the denominator are explicitly written since
the PSN diminishes by integration time dedicated for sensing protocol [33, 7]. It
should be noted that the photon fluctuations in Eq. 4.27 can be written for more
complex pulse magnetometry schemes [33] or when multi-frequency components
are involved such as when there is a bias field that is slightly misaligned from
NV-symmetry axis [152].
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Figure 5.2: TMT-shrinkage by means of hard thresholding (Eq. (5.10)). While
the blue lines represent the margins, the red dashed line is the raw PL in the
specific detail level j, and the yellow line represents the enhanced PL component
at this decomposition level.

5.2.1 TMT-shrinkage

By mapping the upper and lower margins in the Eqs (5.6) and (5.7) to the
wavelet domain up to the maximum decomposition level, J ,

UWT(U) = [dU0 , d
U
1 , . . . , d

U
J , c

U
J ], (5.8)

UWT(L) = [dL0 , d
L
1 , . . . , d

L
J , c

L
J ], (5.9)

for each detail level j, it is possible to construct the margins, lj,k = min(dUj,k, d
L
j,k)

and uj,k = max(dUj,k, d
L
j,k) (see Fig 5.2). With a similar approach described in

Sec. 2.4, we employ TMT-shrinkage such that,

Rhard
j,k =


draw
j,k , lj,k ≤ draw

j,k ≤ uj,k

uKj,k, draw
j,k > uj,k

lKj,k, draw
j,k < lj,k

, (5.10)

where, Rhard
j and draw

j represent the filtered and raw PL at the jth decomposition
level, respectively. I would like to note that, there might exist better shrinkage
methods [153], however, for the sake of simplicity I stick to Eq. (5.10). After
obtaining denoised PL component at each decomposition level, it is possible to
recover the time series signal through inverse UWT,

Nβ = IUWT[R0, R1, . . . , RJ , c
raw
J ], (5.11)
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where Nβ denotes the enhanced PL signal with the filter order β.

5.2.2 TMT flow

1. Begin with Raw PL,
⟨N⟩raw

2. Obtain template,
K(t, ωtemp)

3. Construct Margins,
U ,L

4. Undecimated
Wavelet Transform

5. Hard
Threshold

6. Inverse Undecimated
Wavelet Transform

Overall, the TMT method takes advantage of two pieces of information, first,
the template waveform that appears for the Ramsey magnetometry pulse scheme,
and second, the time-dependent photon shot noise profile. By utilizing this prior
knowledge, in the wavelet domain, the noise component of the PL is filtered
out. Of course, to retain the time information of noise and the template, I use
UWT which is defined in Sec. 2.3.2. The TMT method introduces a distinguished
approach when compared to the conventional frequency-based filtering methods
which originates from the fact that the conventional frequency filters (lowpass or
bandpass) cannot filter the noise at the signal band region to prevent true signal
components from attenuation. However, in the wavelet domain, it is possible
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Figure 5.3: Enhancement of PL stream given in Fig. 5.1 by means of hard thresh-
olding. Before the UWT, the PL was interpolated in the time domain so that the
Nyquist frequency became 256 MHz. While the horizontal axis shows the discrete
time index k, at each decomposition level the vertical axis shows the coefficient
amplitude. The inset in d6,k indicates the on-resonant PL enhancement.

to enhance a signal of interest both in near (d5,k, d7,k) and on (d6,k) resonant
frequency bands as illustrated in Fig 5.3. Moreover, the non-stationary behavior
of a given signal cannot be handled with care as I tried to make clear in Chap. 2.

I should also note that I use biortogonal 6.8 wavelet which is illustrated in
Fig. 5.4 as a mother wavelet among the crowded wavelet zoo. The main mo-
tivation behind choosing a mother wavelet should be the amount of support at
each decomposition level. Especially in the off-resonant band region the sparse
representation is required to have an effective margin thresholding as shown in
Fig 5.3.
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Figure 5.4: Biorthogonal 6.8 wavelet in time and frequency domain representation
up to a few detail levels.

5.3 Performance metrics

The points on the PL stream in which we constructed the estimators for the mag-
netic field in Sec. 4.3.2 and 4.4.2 are known as the slope detection (SD) points.
The quantities such as the sensitivity of the NV-center are determined according
to the error in the SD points along the PL stream [33, 7]. The average number
of photons in the raw PL time series signal is unbiased and a maximum likeli-
hood estimator at SDs. Therefore, the variance (precision) is the sole criterion
to determine the sensitivity of the NV-center, if the PL stream is not going to be
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processed. However, since the TMT method employs a priori knowledge (tem-
plate frequency), it is prone to introduce a bias to the estimation. To encapsulate
precision along with the accuracy of the estimate, the mean squared error (MSE)
is a suitable metric [154, 155],

MSE[Nβ(tq)] =
1

nexp

nexp∑
i=1

[Nβ
i (tq)−N∗(tq)]

2, (5.12)

here, MSE[Nβ(tq)] denotes the MSE of TMT-enhanced PL time series with filter
order β, N∗(tq) is the true value for the number of photons at the SD, and the tq
displays the time instance at qth SD point. The nexp is the number of different PL
stream realizations that are required for the empirical calculation of MSE. There
are q = 1, . . . , nSD number of available SDs which are marked by red crosses in
the PL time series in the inset of Fig. 5.5 (b). The MSE in Eq. (5.12) can be
written by means of bias and variance,

MSE[Nβ(tq)] = Bias[Nβ(tq)]
2 + Var[Nβ(tq)], (5.13)

where,

Bias[Nβ(tq)] =
∑
i

[Nβ
i (tq)−N∗(tq)]/nexp, (5.14)

Var[Nβ(tq)] =
∑
i

[Nβ
i (tq)−Nβ

i (tq)]
2/nexp, (5.15)

and the overbar represents the sample mean. In the figures shown in Sec. 5.4,
I set nexp = 2000. To be able to represent the goodness of the estimate with a
single value, I also take the average over the fringes for MSE value as, MSE[Nβ] =∑nSD

q=1 MSE[Nβ(tq)]/nSD.

5.4 TMT in action

It is beneficial to discuss the two fundamental limits introduced by TMT-filter.
The first limit is the high variance limit in which β → −∞, in this regime TMT-
enhanced estimates converge to the raw PL estimates since the marginal distance

55



Figure 5.5: For PL time series acquired between [ti = 0.97 µs, tf = 2.14 µs]
(nSD = 3) with sampling rate, fsample ∼ 128 MHz, the bias and variance trade-off
is shown as a function of filter order, β. The values that minimize the MSE are
marked with dots for each PL stream collected at various M values. (b) The
signal-to-noise ratio as a function of total integration time is plotted for the PL
time series acquired with different tf . While the dotted lines represent the raw
PL SNRs the triangled lines display the TMT-enhanced PL SNRs. The PL time
series acquired for ti = 0.97 µs, to tf values, 1.36 µs (blue), 1.75 µs (red), 2.14 µs
(yellow), 2.53 µs with fsample ∼ 128 MHz and each data point obtained at the
optimum filter order.

becomes infinitely large and therefore there will be no reassignment of the detail
coefficients of the PL streams in the wavelet domain. On the other hand, if
I let β → +∞ the marginal distance is going to become infinitely small, and
TMT-enhanced PL converges to the initial template function, K(t, ωtemp) and it
showcases the high-bias regime. Overall, there is a bias-variance trade-off that
needs to be considered while determining the filter order β. This trade-off can be
observed in Fig. 5.5 (a) as the contribution of both bias and variance to the MSE
is plotted as a function of filter order employed at different repetition numbers
M . It should also be noted that for certain filter orders βopt the MSE values are
minimized which are also marked with dots in Fig. 5.5 (a). I would like to refer to
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these points as, optimum filter orders as they give the maximum signal-to-noise
ratios (SNR) for the PL-time series.

I plot SNR values which are defined as the average shift due to the sensing field,
divided by the MSE, as a function of the integration time in Fig. 5.5. A typical
SNR can be fit to a form c(MTI)

α with respect to budget invested at fixed fsample.
Here, I refer to c and α as the prefactor and exponent, respectively. The distinct
optimum filter orders, βopt, possess different exponents which are all characteristi-
cally below the so-called Standard Quantum Limit (SQL, i.e. α < 0.5) due to the
bias contribution to the overall MSE. Nevertheless, the overall performance gain
is obtained thanks to large prefactors and the suppressed variance. The inferior
scaling of enhanced PL time series favors the low-time-budget applications of the
TMT method.

5.4.1 Some remarks on sub-SQL scaling of TMT

To be able to understand the inferior scaling characteristics of TMT, let’s focus
on a single SD point on the PL stream which is constructed over M repetitions.
Then, the estimator for N̂ can be written as sample mean,

N̂ =
1

M

M∑
i=1

Ni, (5.16)

here, Ni is the number of photons observed in the ith sample. The MSE of the
estimation can be written as,

MSE[N̂ ] = Var
[
N̂
]
+ Bias

[
N̂
]2
,

= Var

[
1

M

M∑
i=1

Ni

]
+ Bias

[
1

M

M∑
i=1

Ni

]2
,

=
1

M2
Var

[
M∑
i=1

Ni

]
+ Bias

[
1

M

M∑
i=1

Ni

]2
,
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since, raw PL, the estimation is an unbiased one, and hence MSE reduces to,

√
MSE =

1

M

√√√√ M∑
i=1

Var[Ni] =
1

M

√
Mσ2

raw =
σraw√
M
,

which corresponds to the standard error, here, we let Var[Ni] = σ2
raw for i =

1, . . . ,M since we assume that all repetitions have identical properties. Under this
condition, we arrive at the SQL scaling (

√
M). For enhanced PL, the standard

deviation is smaller than the raw PL’s standard deviation and therefore is not the
reason behind inferior SQL scaling (i.e. σTMT < σraw, where σTMT is the standard
deviation for TMT filtered PL SD point.). However, we have a non-vanishing bias
contribution to the overall MSE ϵ = Bias

[∑M
i=1Ni/M

]
which can be written in

terms of M with some exponent γ, that is, ϵ(M) = ϵ0M
γ. In this case, the square

root of the MSE can be written as,
√

MSE =
1

M
(Mσ2

TMT + ϵ20M
2γ)1/2,

=Mγ−1(M1−2γσ2
TMT + ϵ20)

1/2. (5.17)

To have an inferior SQL characteristic as indicated in Fig. 5.5 (b), the exponent
of the bias term should be somewhere in between 0.5 < γ < 1. For a typical
value M which is in general quite large, the expression in Eq. (5.17) practically
becomes Mγ−1ϵ0, which yields a sub-SQL scaling.

5.4.2 Comparing TMT with frequency-based filters

To benchmark TMT against conventional frequency-based filters, I employ a
sixth-order Butterworth lowpass filter, which has a maximally flat frequency re-
sponse in the passband. To neutralize the phase response of the Butterworth
lowpass filter, it is possible to apply forward-backward filtering so that the SD
points remain unaffected. Since PL streams are acquired in the rotating frame
of reference with calibration field 100 µT, the true PL has a central frequency
around 2.8 MHz. With the frequency resolution of 0.28 MHz for the PL time se-
ries collected for the interval [ti = 0.2 µs, tf = 3.7 µs], I set the corner-frequency
of the Butterworth filter to be 5 MHz. It should be noted that since the true
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Figure 5.6: SNRs of PL time series acquired at different sampling rates for fixed
TI = 3. µs with ([ti = 0.2 µs, tf = 3.7 µs]) which includes nine SD points. While
lines with circles and stars represent SNRs of raw and lowpass filtered PL streams,
the lines with triangle markers correspond to TMT-enhanced PLs.

signal frequency is not well isolated from the DC wall, it prevents a bandpass
filter from being able to operate at a desirably high order.

In Fig. 5.6, I have displayed SNRs of raw, lowpass, and TMT-enhanced PL
streams at the slope detection points for a fixed, TI at various sampling rates.
Along the same line from left to right, the number of repetitions M is doubled
starting from 25K to 1.6M. It can be observed that while the lowpass filter oper-
ates effectively at low M , SNR values at high M start to converge to the raw PL
performance, since increasing M practically lowers the shot noise floor in the fre-
quency representation. Moreover, for higher sampling rates the lowpass filtered
SNRs improve for the low time budgets as higher frequency components of PSN
are resolved and hence can be filtered out. The TMT-enhanced PL streams, on
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Figure 5.7: For fixed M = 25 K the normalized SNRs are demonstrated for
increasing PL durations from one SD ([ti = 0.2 µs, tf = 0.58 µs]) to 9 SDs
([ti = 0.2 µs, tf = 3.7 µs]) as shown by the insets. In each data point along the
horizontal axis, the PL time series is prolonged approximately by an amount of
0.38 µs. Each line corresponds to PL SNRs acquired for different sampling rates
(While the yellow is collected at fsample ∼ 32 MHz, red and blue lines are collet at
64 MHz, and 128 MHz, respectively.). Each data point is obtained for the filter
order that minimizes the MSE of the calibration PL time series.

the other hand, perform much better when compared to the conventional lowpass
filter. This is mainly because of the fact that with TMT it is possible to do a
signal enhancement not only off -resonant frequency band (as frequency-based fil-
ters do) but also near - and on-resonant frequency bands. In addition to resolving
high-frequency noise components similar to the lowpass filter case, increasing the
sampling frequency increases the accuracy of ωtemp prediction.
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5.4.3 Practical use of TMT-filter

The performance of the TMT-estimate is maximized when operated with the filter
order βopt as it is the filter order that minimizes the MSE. However, determining
βopt requires the true values for the average number of photons in the PL time
series, N∗(tq) which is an impractical task as it is the parameter we would like
to estimate. At this stage, the calibration PL time series becomes handy in
determining the optimal filter order when there is a sole calibration field in the
measurement. This filter order then can be used when there is an actual sensing
field introduced. Even though, this calibrated filter order is not guaranteed to be
the best option available when there is a sensing field, as long as the time budget
parameters are the same, it is expected to be close to this predefined filter order.
To support this idea, in Fig 5.7, I optimize the filter orders according to the
calibration field and then use them in the sensing. To make TMT-performance
improvement more illuminating to the naked eye, SNR of the TMT-filtered PLs
are normalized with respect to raw ones (i.e.

√
MSE[N raw]/MSE[Nβ]) at varying

sampling frequencies. This time, I increase the PL duration at fixed repetitions
M = 25 K which improves the performance of the TMT filter.

5.4.4 General Traits

Overall, it seems that long PL streams along with the low repetitions M it is
possible to achieve very large performance improvements for each slope detec-
tion point available. Especially when the sampling frequency is large (128 MHz)
an order of magnitude imporovement can be achieved. It should also be noted
that TMT-enhanced PL is an asymptotically consistent estimator as M → ∞,
ωtemp → ω∗ even if it is a biased one. In principle, for finite time budgets, the
only barrier that limits the performance of the TMT is the decoherence of the
NV-center, since the kernel in Eq. (5.4), prioritizes the early fringes more while
determining the template frequency, after some free evolution time, prolonging
the PL stream does not contribute to choosing a better template. Therefore, the
performance of the TMT method can be boosted further in purified NV-centers
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which have decoherence time around 90 µs [156], or T ∗
2 extended schemes by

spin-bath driving [7].
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Chapter 6

Recursive Template Margin

Thresholding

Team Radio: Ok Lewis, close that gap as
much as you can. It’s hammer time!

— Peter Bonnington

Throughout this chapter, I discuss how one can free thyself from the liabilities
introduced by the standard-TMT filter. Recall that the standard-TMT lost its
advantage in high-time budget applications. As elaborated in Sec. 5.4, this orig-
inates from the bias contribution of the TMT-enhanced PL estimate causing an
inferior SQL scaling. Here, I show that it is possible to keep bias contribution
under control by changing the philosophy in establishing the initial template and
adjusting the margins recursively. Then, I conclude with how this freshly forged
approach performs compared to the old friend (standard-TMT).

The original version of the image above has been taken from the source [157].
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6.1 Recursive TMT

1. Prior Estimation
Slope Detection

2. Construct Margins,
β → β + dβ

3. Undecimated Wavelet
Transform

4. Hard Threshold

5. Inverse
Wavelet Transform

6. Posterior Estimation
Enhanced PL

This time, instead of employing the kernel in Eq. (5.4), I begin with the or-
dinary SD estimation in which the PL response of magnetic field change is max-
imized. The template obtained from the kernel in standard-TMT introduces a
large bias and prevents TMT from operating at a desirably high filter order. To
mitigate this, I use the SD point as an initial template as it is a maximum like-
lihood estimate and hence is an unbiased one. Furthermore, it might be more
adaptable to the various waveforms when different sensing protocols are involved.
Next, margins, U ,L, are constructed according to this template. After, following
the standard procedure in UWT, thresholding, and calculating the inverse UWT,
another SD can be made on the enhanced PL series. This posterior measure-
ment can be used as a prior estimate in the next cycle. It is important to note
that at each iteration increasing the filter order by a very small amount provides
both prevention of bias from blowing up and narrowing the marginal distance
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Figure 6.1: Comparision of standard- (red dots) and recursive-TMT (blue di-
amonds) for PL stream collected as a function of last microwave phase with
BAC = 9 × 10−7, fAC = 0.5 MHz, fsample = 80 rad−1, M = 100K. The left, mid-
dle, and right panels display normalized SNR, standard deviation, and bias as a
function of the filter order employed.

effectively. Repeating this cycle a few times recursively lets us reach an optimum
filter order that minimizes the MSE.

6.2 Comparison with standard-TMT

To compare the performance of recursive-TMT with the standard-TMT, I have
considered an AC field with a Hahn Echo pulse scheme. The PL stream is acquired
by sweeping the last π/2 pulse phase from 0 to π. In the left panel of Fig. 6.1, I
display the normalized SNRs of standard- and recursive-TMT performances. The
performance of the TMT method can be further improved by using a recursive
approach. It is noteworthy that for the lowest filter order value, the performances
of both approaches coincide as it is the very first loop of the recursive-TMT, and
the filter order is quite low. In the middle and right pane, the standard deviation
and bias contribution to the MSE error are also displayed as a function of filter
order, respectively. While the bias drastically increases for standard-TMT for
high filter orders, the recursive method keeps the bias contribution essentially
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Figure 6.2: Histograms of the estimations drawn from, nexp = 2000, independent
PL streams collected as a function of last mw phase with BAC = 9 × 10−7,
fAC = 0.5 MHz at different sampling rates. Upper (M = 50 K) and lower
(M = 1.6 M) panels display the realizations at different repetitions. Yellow,
red, and blue bars represent the estimations obtained from raw, standard, and
recursive enhanced TMT data.

under control.

In Fig. 6.2, the histograms regarding the magnetic field estimations are dis-
played for nexp = 2000 independent realizations of PL streams obtained in low
(M = 50 K) and high time budget regime (M = 1.6 M). Increasing the sampling
rate directly reflects the performance of the recursive-TMT filter as expected.
The performance improvement persists for recursive-TMT at high-budget appli-
cations, while standard-TMT shows signs of wear and tear. Therefore, preventing
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Figure 6.3: Scaling of raw and recursive-TMT enhanced PL streams as a function
of number of repetitions at various sampling rates, with BAC = 9× 10−7, fAC =
0.5 MHz, fsample ∼ 20 rad−1 (yellow), fsample ∼ 40 rad−1 (red), fsample ∼ 80 rad−1

(blue), while crosses corresponds to raw PL dots represent recursive-TMT en-
hanced PL streams.

bias from rapid escalation by the recursive approach allows us to operate practi-
cally with SQL scaling as illustrated in Fig. 6.3.
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Chapter 7

Conclusion and outlook

Climb the mountain so you can see the world,
not so the world can see you.

— David McCulloug Jr.

Finally, let me briefly underline the things that I came to realize during my
PhD expedition:

First, continuous wavelet-based approaches can be utilized to extract informa-
tion about the spatial configuration of both single (stripe) and neighboring spin
sites (forming beat patterns) in CS confined in a semiconductor host material
provided that the dominant hyperfine coupling is of the Fermi-contact type. If
the reservoir is dilute, the displacement vector that connects neighboring spins
can be distinguishable to the eye that resides within a few neighboring shells.

Next, PSN is one of the fundamental constraints that limit the sensitivity of
the NV-center. Fortunately, it is possible to tailor a wavelet-based technique

The original version of the image above has been taken from the source [158].
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(template margin thresholding) to suppress it. Unlike the frequency-based con-
ventional filter, it allows to do on-resonant filtering without attenuating the true
signal. The method relies on the prior template and utilizes this information in
the wavelet basis in which PL of interest is represented in separate chunks of fre-
quency bands. Unfortunately, the TMT method loses its unfair advantage when
it comes to the high-time budget applications, due to the bias contribution to
the overall MSE which is commonly referred as inferior SQL scaling. Finally, I
managed to show that by changing the philosophy in determining the template
and updating the TMT filter order in small steps it is possible to reclaim the SQL
scaling.

7.1 Future work

TMT method can be adapted to different measurement protocols such as optically
detected nuclear magnetic resonance other than Ramsey or Hahn Echo magne-
tometry. Moreover, the settings in which multiple parameters are simultaneously
unknown such as magnitude and frequency require a joint estimation which might
be an interesting one that TMT can operate. In all of the scenarios described
above, the adaptation of TMT to the ensemble sensing is crucial in which various
non-uniformities are involved. Last, but not least, hopefully I will deploy the
TMT as a Python package (pytmt) for use by general public and generalize for
user defined margins to get rid of case-specific noises that may originate from the
technical equipment.
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