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ABSTRACT

ENTANGLEMENT AND INVARIANCE OF QUBIT-QUBIT,
QUBIT-QUTRIT AND QUTRIT-QUTRIT QUANTUM STATES

The present thesis is devoted to studies of entanglement properties of pure two-
qubit, qubit-qutrit and two-qutrit states. Entanglement is essentially non-classical char-
acteristics of composite quantum states and it plays a key point in quantum computation
and quantum information theory. To characterize entanglement of the states we use the re-
duced density matrix approach, which relates entanglement of pure composite state with
mixed reduced density matrix. Von Neumann entropy of the reduced density matrix and
the linear entropy, as squared concurrence are used to quantify entanglement. By using
the unitary one qubit and one qutrit gates we show invariance of entanglement under the
transformations. This allows us to construct continuously parametrized set of the same
level entangled states. We apply the results for calculation of purification for given mixed
state and for finding maximally entangled minimum of average energy for two-qubit spin

XYZ model in magnetic field.

v



OZET

KUBIT-KUBIT, KUBIT-KUTRIT VE KUTRIT-KUTRIT KUANTUM
DURUMLARININ DOLANIKLIGI VE DEGISMEZLIGI

Mevcut tez, saf iki kiibit, kiibit-kiitrit ve iki kiitrit durumlarinin dolaniklik 6zel-
liklerinin incelenmesine ayrilmistir. Dolaniklik, esasen bilesik kuantum durumlarinin
klasik olmayan bir 6zelligidir ve kuantum hesaplamasinda ve kuantum bilgi teorisinde
onemli bir rol oynar. Durumlarin dolanikligini karakterize etmek i¢in, saf bilesik durumun
dolanikligini karigik azaltilmis yogunluklu matrisle iligkilendiren azaltilmig yogunluk ma-
trisi yaklagtminmi kullaniniz. Azaltilmis yogunluk matrisinin Von Neumann entropisi ve
karesel eszamanlilik olarak dogrusal entropi, dolamklig1 6lgmek igin kullanilir. Uniter bir
kiibit ve bir kiitrit kapilarint kullanarak, doniistimler altinda dolaniklifin degismezligini
gosteririz. Bu, ayni seviyedeki dolanik durumlarin siirekli olarak parametrelendirilmis
kiimesini olusturmamizi saglar. Sonuglari, verilen karigik durum i¢in arittmanin hesaplan-
mas1 ve manyetik alanda iki kiibit spin XYZ modeli i¢in ortalama enerjinin maksimum

dolasik minimumunu bulmak i¢in uyguluyoruz.



TABLE OF CONTENTS

LIST OF FIGURESI . ... ix

CHAPTER 1. INTRODUCTION] 1

4

[2.1." Representations of One Qubit Quantum States|...................... 4

[2.2. One Qubit Quantum Gates|................coooiiiiiiiiiiiiiiian. 6

2.1, Pauli Gates|. ... 7

[2.2.2. Hadamard Gate and Phase-Shift Gatel............................ 9

[2.3. Unitary Transformation of One Qubit States| ........................ 10

[2.4. Universal Gates and Universality of One Qubit Computation| ...... 11

[CHAPTER 3. SEPARABLE AND ENTANGLED TWO QUBIT STATES] .......... 14
[3.1. Two Qubit States| ...t 14

[3.2. Separable and Entangled States|...................... 14

[3.3. Linear Dependence and Determmant|................................. 16

[CHAPTER 4. ENTANGLEMENT OF PURE TWO QUBIT STATEY] ............... 18
. 1. Density Matrix|...........ooo i 18

4.2. Reduced Density Matrix|.................. 18

Maximal Value of Concurrencel.................ccoooiiiiiiiiiin 21

{4.3.1. Optimization Probleml|................... ..., 21

[6.1. Unitary One Qubit Transformation|..........................oe. 29
[6.2. One Qubit Unitary Gate Acting on Two Qubit States|............... 31
[6.3. Unitary One Qubit Gates and Concurrence.......................... 32
[6.4.  Action of Unitary Transformation on Two Qubit States|............. 35

vi



[6.4.1. Maximally Entangled Two Qubit States| ......................... 39

[CHAPTER 7. QUBIT-QUTRIT QUANTUM STATES]| ........ccooviiiiiiiinn. 50
[7.1. Qutrit Quantum States| ............oiiniiiiiii i 50

[7.2. One Qubit and One Qutrit States|..................c.covviiiiii... 50

[7.3. Separable and Entangled Qubit-Qutrit States|........................ 51

[7.4. Qubit-Qutrit Entanglement| .................... ... 54

[7.5. Density Matrix|..............o 54

[7.6. Reduced Density Matrix|................oo i 54

[/.7. Maximal Value of Concurrencel...........................ooi.. 60

[7.8. Entanglement Invariance Under Unitary Transformations|.......... 64

[CHAPTER 8. TWO QUTRIT QUANTUM STATES] .........ccoviiiiiiiiiinn. 68
[8.1. Two Qutrit States|.........cooouiiiiiii e 68

[8.2. Separable and Entangled States|............................. 68

[8.3. Entanglement of Pure Two Qutrit State|.............................. 71

[8.3.1. Density Matrix| ...... ..o 71

[8.3.2. Reduced Density Matrix|....................ooiiiiiiLL. 72

8.4, Maximal Value of Concurrencel. ..., 82

[8.4.1. Optimization Problem|........................ ..., 85

CHAPTER 9. PURIFICATION AND ENTANGLEMENT

[9.1. Equations of Purification|........................... 98
9.1.1. Qubit-Qubit Case:|............coiiiii 99
[9.1.2. Qubit-Qutrit Case:|.............o i 99
[9.1.3. Qutrit-Qutrit Case:| ..........ooiiriiiiiii i 101

[9.2. Diagonal Reduced Density Matrix| ............................ 102




APPENDICES| ... .o 112

[APPENDIX A. LINEAR ENTROPY FOR pa] -.vvovviiiiiiiiiiiiiiie 112
[APPENDIX B. LINEAR ENTROPY FOR pg| ...ouvoviiiiiiiiiiiiiiiii e, 116
[APPENDIX C. ENTANGLEMENT OF PURE TWO QUTRIT STATE] .............. 119

viil



LIST OF FIGURES

Figure Page
(2.1 "The Bloch Sphere|...... ... 7
MO XXXIMOMEL .. ... 107
10.2 XXZMOE ... 108
10.3 XYZ MO . ..o 108

iX



CHAPTER 1

INTRODUCTION

The entanglement of quantum states as non-classical and non-local correlation has
been introduced by E. Schrodinger in 1935 (Schrodinger 1935, 555-63) and discussed
in (Schrodinger 1936, 446-52). He was motivated by Einstein-Podolsky-Rosen (EPR)
paradox (Einstein, Podolsky, and Rosen 1935, 777-80).

Experimental test, which was performed with entangled pair of photons (Aspect,
Grangier, and Roger 1981, 460-63), showing violation of Bell’s inequalities, opened lab-
oratory investigation of entanglement. Alain Aspect, John Clauser, and Anton Zeilinger
received the 2022 Nobel Prize in Physics for their work on quantum entanglement of
photons. The entanglement becomes a key point in quantum information theory, quantum
computers, quantum networks, secure quantum cryptography. Quantum superdense cod-
ing enables the transmission of two bits of classical information by manipulating a single
entangled qubit out of a pair (Benenti et al. 2018}, 7). Another utilization of entanglement
is the process of teleporting quantum states (Benenti et al. 2018, 7), which enables the
transmission of the quantum state from one system to another, even if they are physically
far from one other.

The typical ingredient of entanglement applications is the EPR pair, described
by two qubit maximally entangled Bell states. Due to entanglement, it is not possible
to assign individual states to both subsystems, but only mixture, determined by reduced

density matrix. If composite system of Alice and Bob is associated with Bell state

_ 10410y + [1)al1))
) = 7 ,
CNOT lip)liy) = lio)lio + 11),

mod 2, where iy, i; = 0, 1. By Hadamard H gate and CNOT gate possible to generate all
four, maximally entangled Bell states from computational states.

The qubit state as unit of quantum information can be realized as a state in the
Hilbert space of a two-level quantum system, corresponding to a binary position system
with a base of two. In more realistic physical hardware, the quantum information unit

is associated with multi-level quantum system. The qutrit quantum state for three-level



quantum system, the ququad quantum state for four-level quantum system and the qu-
dit quantum state for generic d-level quantum system. This requires higher dimensional
Hilbert space and allows a more wide range of applications.

The Von Neumann entropy describes the entanglement properties of pure two
qubit states, characterized by the linear version of this entropy, and denoted by the real
number 0 < C < 1, which is referred to as the concurrence. The entanglement of real
qubit states (the rebit states) can be calculated from the reduced density matrix (Wootters
1998 2245-48). The geometrical interpretation of the concurrence as the doubled area of
the parallelogram, which is determined by two one qubit vectors, is straightforward and
is associated with the two qubit states (Parlakgoriir and Pashaev 2019, 3).

Similar geometric ideas were applied to concurrence of a real two-qutrit states
and a relation between maximally entangled two-qutrit states and Pythagoras’ theorem
for tetrahedron areas, as de Gua’s theorem was established in (Pashaev, Oktay K. 2023,
93-104).

In this thesis we are going to study entanglement characteristics of qubit-qubit,
qubit-qutrit and qutri-qutrit states and corresponding invariance properties. The main
tool of study is the reduced density matrix and the concurrence. Invariance properties of
concurrence for two-qubits, qubit-qutrit and two-qutrit states, which are subject of present
thesis, are important, since they allow to count the set of the pure states with the same level
of entanglement. This allows from one side, to describe the wide set of purification states,
associated with some reduced density matrix, and equally entangled. From another side, it
allows to describe physical characteristics of these states in connection with entanglement.
In (Pashaev and Giirkan 2012, 13) the set of maximally entangled two-qubit coherent
states was constructed. In the limiting case the states reduce to the Bell states and for
average energy function of XYZ model Hamiltonian, demonstrate a two- and three-qubit
phase space’s finite-energy localized structure with local extreme points.

The structure of the thesis is as follows. In Chapter 2 we review basic quantum
computations for one qubit states, one-qubit quantum gates and universality of one qubit
computations. In Chapter 3 we introduce separable and entangled two-qubit states, linear
dependence of characteristic states and corresponding determinant relation. Chapter 4
is devoted to description of entanglement by reduced density matrix. The mathematical
optimization problem for description of maximal value of the concurrence is described
and solved. In Chapter 5 we define entanglement of a pure state in terms of the von
Neumann entropy and concurrence. Chapter 6 is dealing with invariance of concurrence

and entanglement under one-qubit unitary gates. In Chapter 7 we describe entanglement



of qubit-qutrit states and invariance under unitary, one-qubit gates and one-qutrit gates.
Entanglement and concurrence invariance of two qutrit states is subject of Chapter 8. In
Chapter 9 we illustrate our results by application for purification of reduced density matrix
for mixed states. In Chapter 10 we apply the set of maximally entangled two qubit states
to minimize energy average for XYZ spin model in magnetic field. In Conclusions we

briefly discuss results of the present thesis.



CHAPTER 2

QUBIT QUANTUM STATES

2.1. Representations of One Qubit Quantum States

Bits are the basic elements of information in classical computing, denoted as either
0 or 1. They can only exist in one state at a time. A qubit, sometimes referred to as a
quantum bit, is the fundamental unit of information in quantum computing.(Benenti et
al. 2018, 98) The quantum bit is the quantum equivalent of the conventional binary bit
and is realized via the use of a two-state device. There are two basis states for the qubit,
|0) and [1) in Hilbert space.

According to quantum mechanics, any system of this kind may be expressed in
a superposition of states. Generally, the state of a qubit is characterized by sum of two

vector in C?,

Co
Iw>=60|0>+clll>=( ] (2.1)

Cl

corresponding to the computational basis in this space

oo oef)

Let |i/) and |¢) are two states and |¢)" is the hermitian one qubit state,

W) = col0) +ci 1),
o) = do|0) +dy 1),
@)™ = (el = do0l + (1],
(@ | ) = doco + dicy.



The computational basis vectors are both normalized and orthogonal, making them or-

thonormal,

0]0)=1=([1),0[1)=0=(1]0).

The normalization condition allows us to understand the geometric interpretation of a

qubit state, as shown below:

WLy =leol® +lerf* = 1, (2.2)

giving

lcol® + lei]* = 1,

where coefficients |cy| = @¢ + iBy and |c;| = @ + i, are complex numbers.It corresponds

to the unit sphere by following demonstration. In real variables, equation

ag+ai+ B+ =1,

describes the unit sphere in four dimensional real space S* € R*, where (ay, a1,80,81) €
R*. The unit sphere S* is reduced to S* € R? , by using global phase identification. In

polar representation of a complex numbers,

co = rpe® and c; = ri ¥,

the state is written

W) = ro€ 10) + rie 1)

in terms of four real parameters ry, 1, @9, ¢1. A quantum state remains unchanged, when



it is multiplied by any number of unit norm. e,
e—isﬁohb) = e—iwo . (roewol()) + rlei¢1|1>) = rol0) + rlei(‘p'_%)H).

Then, the state is characterized by only one parameter ¢ := ¢; —¢(. Also, we have the unit
circle constraint r(2)+r% = 1. By using the parametric representation of this circle ry = cos g
and r; = sin g, and substituting into the state, we obtain the equivalent repsentation of |y/)

0 - 0
) = cos §|O) + ¢’# sin §|1>'

Definition 2.1 A representation of a state that contains one qubit is called the Bloch

sphere
0 .0
) = 16, ¢} = cos 510) + sin S e¥|1), (2.3)

where

In equation any point (6, ¢) in S2, on the Bloch sphere corresponds to quantum state
and vice versa. The unit vector on the sphere jumps to the north or south poles, when
the generic qubit state is measured, and the associated qubit state collapses to the |0) or
|1) state, with the relevant probabilities. The probabilities are entirely determined by the

angle 6 :
1. The probability of obtaining the state |0) is denoted as py = |0 | ¥)I* = cos® §
2. The probability of obtaining the state |1) is denoted by p; = [{1 | Y)* = sin’ g.

An addition of these probabilities is one : py + p; = cos’ g + sin’ g =1.



11)

Figure 2.1. The Bloch Sphere

2.2. One Qubit Quantum Gates

2.2.1. Pauli Gates
The Pauli gates are important operations for quantum states(Benenti et al. 2018,
103).

Definition 2.2 The matrix representation of the Pauli gates X, Y, and Z are given with

respect to the computational basis.

e The property of the X gate is that it rotates the Bloch Sphere as much as the «

radians around the X axis and makes the values |[0) — |1) and |1) — |0).

01
X=o0;= .
1 0

(2.4)



The X gate operates as

R Rt R

X|0) = (1), X[1) =10).

or

Similar to the X gate, Y gate rotates the Bloch Sphere. However, unlike the previous

gate, this time the Y axis is rotated and makes the states |0) — —i|l1) and [1) — i|0).

L VRS S o) R B YR PO

or
Y|0) =ill), YI[I)=—il0).

Similarly to the Pauli X and Y gates, rotation by Z gate is done on the Bloch Sphere.
This time, the rotation is about the Z axis and makes the states |0) — |0) and
1) = —I1).

zmz[l 0].

The Z gate operates as

SRR N N R



or
Z10) =10),  Z|1) = —|1).

Also, squared of Pauli gates gives us the identity matrix.

X*=y=7'=1

2.2.2. Hadamard Gate and Phase-Shift Gate

Definition 2.3 (Benenti et al. 2018, 103)The Hadamard gate transforms a qubit from the
basis states |0) and |1) into a state that is equally composed of both states, creating a

superposition. The Hadamard gate performs the following transformations:

10y +11)

0) — ,
10) NG

and

10y —11)
V2

1) —

In this case, the matrix of the Hadamard gate is as follows:

L1
SN2l -1 )

The output of computational basis states, applied to the Hadamard gate is

1 (1 1 1 0Y + [1)
H|0) = — = = ,
o \/5(1 —1](0] V2 v
1 1 0 _
H|1>:L :|0> |1>E|_>.
V211 -1 )1 \2



Thus, the computational basis states {|0),|1)} become transformed into the Hadamard ba-
sis states {|+), |-)}.

Definition 2.4 (Benenti et al. 2018, 103) The phase-shift gate is

1 0
R.(6) = [ ) }
0 ¢

On computational basis, the Phase-Shift gate acts as

1 0 1
R.(0)0) = ( Y [ ] =10},
0 ¢ 0
( 1 0 ] 0 ] .
R.(O)|1) = . = e"”[1),
0 €° 1

where 6 is any real number.

2.3. Unitary Transformation of One Qubit States

Definition 2.5 A unitary transformation is represented by a 2 X 2 unitary matrix

b
U= eSUQ2)
-b a
and
Ut = a -b ’
b a
so that

UuU' =

jal? + 16 0 , .10
R X (7 D) ,
0 laP+1bl 01

where |a]> + |b|> = 1. Then UU" = UTU = 1.

Properties of unitary transformation :

10



1. UUT=U'U =1
2. detU =1

Here we apply this transformation to two one qubit states [/) and |¢).

Let

W) = col0) + bol1)

and

o) = bol0) + byl1).

Then, calculating Hermitian inner product to [v) and |p) we get,

(plry = boco + bicy.

By applying the unitary transformation U|y) = |¢) , due to (Y|y) = lcol? + |c1)? = 1,

we find

(plpy = WIUTUI) = 1,

where we have used unitary condition U'U = UUT = I.

2.4. Universal Gates and Universality of One Qubit Computation

It is possible to generate an arbitrary one qubit gate applying a sequence of the
Hadamard and phase gates. The property is referred to as the universality of gates and
calculations on one qubit (Benenti et al. [2018|, 117). This demonstrates that using a set
of universal gates, it is possible to convert any one qubit state to any other arbitrary qubit
state.

Let |¢) is the generic one qubit state. Firstly we apply Hadamard and phase-shift

11



gates to basis state |0):
T 0 9 . 9 .
Ry (5 ; ¢) HRAOH0) = & (cos $10) + sin 5el9"|1>),
or
T
Re (5 +¢) HROHI0) = ).

For two arbitrary qubits

1)

0, .6 .
—|0) + sin —e'*'|1),
coszl) smze [1)

vr2)

cos %|o> + sin %eiwzm,
appyling this circuit

R (5 +0a) 1R, 600 R, (5 — )iy = @37 (cos 210y +-sin Zey)
up to global phase we get relation

Re(5 +2) HR, 02 - 00 HR (-2 — 01 )l = o).

This transformation enables the generation of arbitrary one qubit |y,) from arbitrary qubit

).

Furthermore, the Hadamard and phase gates can be utilized to represent X, Y, and Z gates

as follows.

12



Proposition 2.1 The Pauli gates can be decomposed as

X = HR,(mH.
Rz(g)HRZ (n)HRZ(
Z = Rz(ﬂ').

2

)

13



CHAPTER 3

SEPARABLE AND ENTANGLED TWO QUBIT STATES

In this chapter, we will examine what are the qubit-qubit states, the separability of

these states by using the tensor product, and the linear dependence.

3.1. Two Qubit States

Definition 3.1 (Benenti et al. 2018, 111) The generic qubit-qubit state |¢) is defined as
) = co0l00) + co1|01) + ¢10[10) + c11|11), (3.1

where normalization condition for state |i) is

Wy = lcool® + leorl* + lerol* + leni* = 1. (3.2)

3.2. Separable and Entangled States

Definition 3.2 (Benenti et al. 2018, 111) If [¥) = o) @ 1) = |Wo)ly1) where |), W)
are one qubit states, then |i) is called as separable two qubit state. If not, then the state is

entangled.

Any generic two-qubit state can be represented by two one-qubit states, by using the left

and the right decompositions.

1. The left decomposition is

) =10) ® (cool0) + co1[1)) +[1) ® (c10l0) + c111))
lpo) lp1)
=10) ® o) + [1) ® |ep1)- (3.3)

14



where, |@g) = cpol0) + co1|1) and |¢;) = ¢10|0) + ¢14]1).

2. The right decomposition is

1) = (cool0) + c10l1)) ®I0) + (c0110) + c11[1)) ®[1)
W0 w1
= o) ®10) + ly1) ®11) (3.4)

where, |o) = c0l0) + c10/1) and [f1) = c0110) + c131]1).

An arbitrary two-qubit state can be written in both forms (3.3) or (3.4).

Theorem 3.1 An arbitrary two qubit state ) is separable if and only if, the one qubit
states |@g) and |¢1) or ) and |y) are linearly dependent.
Proof

1. Let |po) and |p;) are linearly dependent,

lpo) = Algy).

Then

)

0)Aler) + 1) Aer)
(A0) + 1)) ler)

and it is separable.

2. Let i) is separable, and may be expressed as the following form

)y = (aol0) + ail1)) (bol0) + by|1)) .

15



Then

apbol00) + apb|01) + a;by|10) + a,b,|11)
= a0l0) (bol0 + b[1)) + ail1) (bol0) + b1[1))

leo) = ao (bol0 + by1)),

1) = ai(bol0 + byl1)).

)

So, the states a;|py) = aple;) are linearly dependent.

Corollary 3.1 If |p,) and |p,) are linearly independent, then |i/) is not separable.

It is entangled.

3.3. Linear Dependence and Determinant

Lemma 3.1 Let

€00
loo) = coolO) + coill) = ,

Co1

C10
lor) = ciol0) +ciill) =

C11

States |¢o) and |¢;) are linearly dependent if and only if

Coo €10
det{ ] =0.
Co1 Ci1

16



Lemma 3.2 States |i)o) and |y/;)

C10

W) = cool0) + croll) = [ oo ]

Co1
|l//1>:6‘01|0>+011|1>:( ]

C11

are linearly dependent if and only if

Coo Col
det[ } = 0.
Cio C11

Corollary 3.2 States |¢g) and |¢;) (o) and |)) are linearly dependent if and only if the

real number

_ A~ |[€00  Co1

cC=2 =0.

Coo Col
det
Cilo C11

Corollary 3.3 If C # 0, then |¢y) and |p;) (o) and |¢)) are linearly independent and

Clo C11

state |y) is entangled.

17



CHAPTER 4

ENTANGLEMENT OF PURE TWO QUBIT STATES

4.1. Density Matrix

It is possible to formulate quantum mechanics through state vectors, and more

general, by density operator or density matrix concept.

Definition 4.1 (Benenti et al. 2018, 81) The density operator for two qubit state [iy) from
H, ® Hp Hilbert space is expressed as

p o= WXyl= ) cylijy Y Crpti j| (4.1)
i,j=0,1 iy
= > ey i .
ij P

Properties of Density Matrix
L tr(p) = tr(l){yl) = 1
2. tr(p*) = 1 means that the state p is pure.

3. tr(p*) < 1 means that the state p is mixed.

4.2. Reduced Density Matrix

The reduced density matrix is a very useful, important formalism used for the
identification and analysis of subsystems of composite quantum systems.

For subsystem A, the reduced density operator is written as

1

pa=trsp) = > sk |plip

k=0

18



where trg(p) is called the partial trace.

For generic two qubit state

1

trap) = ) wik | p 1K)

k=0
DD ey liva ali' Y nkl s 57 )
Okj

Pa

inj v,y k

DD iy lida ali'l ) Gdiu

ij i k
|

(5]-1-/

D0 ciery lia ali'loy

ij i

DU cifery lida acil

i

5j'k

So, the reduced density matrix is written as

pa = D) et liva adil (4.2)
joil

or in explicit form

lcool* + lcorl*  cooCor + co1Cin
pa = 4.3)

1000 + c11¢o1  lciol* + lenl?

Properties of Reduced Density Matrix

1. p} = pa
This provides that all eigenvalues of p, are real and eigenstates for distinct eigen-

values are orthogonal.

2. tr(pa) =1 &= |cool* + lcot* + lerol* + leni* = 1.

19



We’ll show that the state i) is separable or entangled state in the following way. First,

we calculate

2 2
2 2 2 2 2
trpy = (|Coo| + |corl ) + (|Clo| + lenl )

+ 2 (cooCio + coicr1) (Coocio + CoiCi1)
and squared normalization condition (3.1,

4 4 4 4
I = Jeool” + lcoil” + lciol” + el

+

2 2 2. 2 2. 2
2|coollcor]” + 2lcool“lerol” + 2leool“leril

+

2 2 2 2 2 2
2]coil"lerol” + 2leoillenl” + 2leiol el

Taking difference

2 — . —_— - . . —
Irpy — 1 =2 (cooc11C10C01 + €01€C10C00CTT — C00C00C11C11 — C01C01C10C10)

we get

2

C C
-2 = 2 ™. (4.4)
Cio €1

Definition 4.2 The real number C is called the concurrence

c=2[ (4.5)
Cio C11

Then, the relation (#.4)) becomes

1
1 = trp} + ECQ.
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This relation between concurrence and reduced density matrix provides criterium for

entanglement of pure state [y/):
1. C =0if and only if 7rp3 = 1 and reduced state is pure state.

2. C #0if and only if 7rp% < 1 and reduced state is mixed state.

4.3. Maximal Value of Concurrence

Proposition 4.1 The level of concurrence, denoted as C,is bounded from above by max-
imum value

max C = 1.

Proof By definition
C = 2|cgoci1 — coicrol-
Let coo = |coole™™, cor = lcoile™, c19 = lciole™®, c11 = |ele™", then
C = 2llcoollctil = leorllerole™],
where @ = (g, + @19 — @go — a11). It gives
C* = 4(lcooPlen + 2lcorPlerol = 2lcoollenlicorllerol cos @)

Since | cos a| < 1, the concurrence is bounded

CZ

IA

2 2 2 2
4 (lcool’lenn? + 2leorPlerol” + 2leoolleniliconliciol)

4 (Icoolleri] + leorllerol) -

To evaluate this inequality we formulate following optimization problem.
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4.3.1. Optimization Problem

We define an optimization problem to find the maximal value of concurrence.
Then, we have to solve this problem with constraints, which becomes the Lagrange mul-
tiplier problem.
Let denote |coo| = ro0, |co1l = o1, |c10l = 710 and |cqy| = r1;. The maximal value problem

takes the form

F (ro0, To1, 110, 11, A) = 4 (roorn + Foi710)” + /1[ Z Irij* = 1J, (4.6)
ij=0,1

where ry, 711, o1, '10 are positive real numbers and A is Lagrange multiplier.

Critical points of this function are determined by equations

oF
— =0, ,j=0,1
(9rl-j bJ
and
oF
— =0.
01
The last one gives constraint.
>omf =1
i,j=0,1

For critical points we have the system,

4 (roor11 — roir0) 1 = Argo,
4 (roor11 — roiro) oo = Aryi,

4 (roor11 — ro1r10) rio = Aror,

4 (roor11 = ro1ro) ro1 = Aryo.

This gives relations

Yoo = T11, o1 =110

_ 2 2
A = _(roo + rm),
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and our function now becomes

F=d(d+n) + 23+ - 1),

with constraint

2rg +1gy) = L.

By parametrizing ryy = % cosf and ry; = \/LE sinf, we have equation of the circle

r?)o + r(%l = % In this parametrization,
2 1
_ 2 2\ _ 4L
F = 4(r00 + ”01) = 44 =1.

This implies that C*> < 1 and max C = 1. O

Corollary 4.1 The concurrence

is bounded real function,

Thus, at the boundaries of C,the value C = 1 represents maximally entangled state and
C = O represents separable states.

We may demonstrate this situation using an example.
Example 4.1 For the Bell state

1

00) +1(11)),
\/§(| ) +111)

) =

we have C = 1 and this state is the maximally entangled state.
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CHAPTER 5

QUANTUM ENTROPY AND ENTANGLEMENT

In information theory, entropy is considered to be a measure of the amount of
information lost along the way during the exchange between a recipient and the source of

information.

5.1. Von Neumann and Shannon Entropy

Von Neumann’s entropy is the basis of the theory of information and allows the
calculation of quantum information contained in a system (Benenti et al. 2018, 252),

(Wootters 1998, 2245).

Definition 5.1 (Benenti et al. [2018], 252) If we have a reduced density matrix, we may
calculate its Von Neumann entropy to find the entanglement by using the following for-

mula:

Ejy = —tr(palog, pa).

It is connected with the concurrence. To find this relation with consider eigenvalue prob-

lem for p,.

Definition 5.2 (Benenti et al. 2018, 248) The Shannon entropy of random variable X
taking values xi, x,, ..., x, with probabilities Ay, Ay, ..., 4, satisfying 4; + L+...+ 4, =1

is
E=-) (llog ).

These two entropies are related.
Let

[Poo Pol ] ( Poo  Po1 J
pA = = o .
P10 P11 Po1 P11
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Now, we can write the characteristic equation for p, as follows:

det|py — A =0
or in explicit form
-4
Poo_ por | _ 0
P pn—A4

Then, the characteristic equation becomes

22 = Apoo + p11) + pooprr — loil* = 0

trpa detpy

or
A2 —(trpa) A + detp, = 0.
Since, for reduced pure state trp4, = 1 we have
A2 —A+detpy =0.

Then

1 1
/11’2 = Ei Z—detpA
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and also

2
PooP11 = lpPoil

2 2 2 2
(|C00| + |coil )(|Clo| + lenl )

= (cooc11 — Co1C10) (Coocn - 001010)

detpA

or in explicit form

2

Coo Col
detpA =
Cio C11
Then we have lemma.
Lemma 5.1
2
Conp C
i, - 00 Col
Cio Ci1
Corollary 5.1 Due to Definition 4.2
2
oo Corf| _ 1 o2
C10 C11
and
det 1C2
e = -
Pa )

(5.1)
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Proposition 5.1 Eigenvalues of p, are

1+ VI=C2

1=~
2

. 1-Vi-C2

2= .
2

If C = 0 (separable states) then, 4; = 1,4, = 0.

If C = 1 (maximally entangled states) then, 4, = % = A,. So we proved the following

Proposition 5.2 Von Neumann entropy of generic two qubit state (3.1)) is

1 1+ V1 -C? 1-VIl-C?
Ex= 5|0+ VI=Chlog, ——— =+ (1 - V= C?)log, ————

where C is the concurrence @) For separable states, since C = 0, we have E, = 0.

Also, for maximally entangled states for C = 1 and we have E, = 1.

Here are some examples.

Example 5.1 All of the Bell states

100y +]11)

01) £110
1B). = @y, = 2210

V2o V2o

have C = 1, which means they are maximally entangled states. We can see this from the

concurrence formula in the following determinant form:

> o
s o

Then the entropy is E4 = 1.

Example 5.2 Let
_100) + €|01) + [11)

le) )
V2 + €2
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where (€|e) = 1. The concurrence

1 €
C=2 V2+€2 V2+e2| — 2
0 1 2+é
o

and the entropy is

E, = —%((1 + V1= C?)log, (1+ V1 - C?) + (1 - V1= C?)log, (1 - V1-C?)).
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CHAPTER 6

INVARIANCE OF ENTANGLEMENT UNDER UNITARY
ONE-QUBIT TRANSFORMATIONS

The unitary transformation, performed by unitary operator, is a linear transforma-

tion that preserves the Hermitian inner product.

6.1. Unitary One Qubit Transformation

Let’s consider a unitary operator U that acts on the one-qubit |) vector. The

tranformed vector shown as i) is given by

Uly) = ),

where UU" = I and it confirms that the Hermitian inner product is preserved under a
unitary transformation (J|) = (Y|y).

The operation of the unitary transformation on p, is as follows:
UlpYlU"™ = Upa U = pa = XPI.

Since every Hermitian matrix may be transformed into a diagonal matrix using a unitary

transformation:

exists such U that
. A1 0 :
Pa = = UpAU .
0 A
Then
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1. trps = trps =1,

2

C C
2. detpy =detpy =1 =~

Cio C11

From first two properties, characteristic equations for both matrices are the same

A% — trpad + detpy = 0,
A = trpad +detpy = 0,

which implies that p4 and p4 should have the same eigenvalues.

Let

iy = Ulepi)

and

(UpAU") iy = Al

—_———

PA

Then we have

/5A|lﬁi> = /1i|l//i>-

Lemma 6.1 The reduced density matrices p4 and g4 have the same eigenvalues.

Proof It follows from characteristic equation in determinant form

det|p, — Al =0
= det|U'p,U - AU'U| = 0.
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Then, if we take a common parenthesis

= det|U" (- AU =0

= det U' det|py — AlldetU =0

= detU'detU det|py — Al = 0.
N e’

det UT det U=det I=1

Thus, we have the same eigenvalues

= det|py — Al = 0.

Corollary 6.1 The concurrence C is invariant under unitary transformation U:

detpa = %2 and detp, = %2 , and we get

c=C.

Proof This follows from identification detp, = %2, detp, = %2

6.2. One Qubit Unitary Gate Acting on Two Qubit States
Let

co0l00) + co1|01) + ¢10/10) + ¢14[11)
10} ® (c0l0) + co1]1)) + 1) ® (c10l0) + c11]1))

)

decomposed as

W) = 10) ®o) + (1) ® ).
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Acting by unitary (2 X 2) matrix on one qubit states |i/y) and [y), we have

Ulpo) = o) and Uln) = ).

This transformation preserves Hermitian inner products

Wil 1y = il ;).

Here U = | _
-b a
state as follows:

] is the unitary matrix, and as a result we have transformed two qubit

) = 10) ® o) + 1) ® 1)

6.3. Unitary One Qubit Gates and Concurrence

Let

10)alro)s + [1)alf1) 8
l©0)4l0Y8 + l@1)all) 5.

)

Normalization condition implies

W) =1 = olgo) + Wilr) = {polpo) + {piler).
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The density matrix for this states

or

Iy )<l
(I20)410)8 + l@1)al1)B) (a{ol 0 +4 {¢1lp{1])

ie)
Il

P = 1034 aO[(I0rs BWol) + 1004 a1 (IW0)B BY1])
+ D4 a0l ()8 5BWol) + [1)a o<1 (1) 8511 -

The corresponding reduced density matrices are

Then, we have

Irpa

trep = po)a aleol + le1)a aleils
trap = Wo)s sWol + ¥ 1)5 5{Y1l.

LA

PB

4€0lgo)e0l0)a +4 (Ligo)gol1)a +4 (Ol ){p110)a +4 (L1 }p111)a
(0l0X{Olepo) + ol 1){1leo) + {@110)(Ole1) + (@1]1){Llep1)
(ol (1001 + [1)T]) o) + 1] (10)CO0] + [1)(1]) lep1),

—_— — ~—_—  ——

1 1

and due to normalization

trpa = {@oleo) + {pilpr) = 1.
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Similar way

Irpp

Wol0XOlro) + ol L){Llgro) + (W1l0)O0l1) + (¥ [1){LIr1)
= (Yol (10XO1 + [1)C1]) o) + il (10)CO1 + [1)CTD) 1),
[ — [ ——

1 1

and

trpg = Wolo) + Wlyr) =1

To find the determinant, we represent pp in matrix form

(coolOXcor1[1)) (Cool0YCo1[1)) + (c10l0)ci1[1)) (C10l0)C11]1))
10301 (Ieool” + Ie1ol®) + 10)1] (cooZor + c10Z11)

[1)<0[ (co1Coo + c11C10) + [1){1] (|Cm|2 + |C11|2) .

PB

+

Then we have following matrix form

op = lcool® + le10l* cooor + C10511] ((l//()h//o) ('J/l|l//o>]
5 = =
Woly1)  Yly)

Co1Co0 + €11€10  lcorl* + leni

and by using relations

2 2
Wolo) = lcool”™ + lciol
(Wnlgo) = cooCor + croCii
(Woly1) = co1Coo + €11C10
2 2
Wiy = leoil” + leul,

BOW0)W0l0)s +5 (1o)Wol )5 +5 Oy 1)W110)5 +5 (1)W1l s
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we get

detpp = (WolboXwilw) — Kolyri)P.

By using the Cauchy-Schwarz Inequality,

Wolbo)Wlyny = Kol )

we conclude that, detpp > 0. The same result we have for matrix ps > 0.

So we proved the Lemma.
Lemma 6.2 detp, > 0, detpg > 0.

Proposition 6.1

2

Wolo)  Wilo)
Wol) il

coo €
2 o— o4 4||Co0 Cor

Clo C11

From Corollary C? = 2detp,. This is invariant under transposition |if;) < [¢;).

C? = 2detp, = 2det p.

6.4. Action of Unitary Transformation on Two Qubit States

Let U is 2 x 2 unitary transformation, which satisfies UU' = I. When transforma-

tion U is applied to |¢) and i), we have

Ulpo) = o)
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and

Uly1) = ).

The Hermitian inner product is invariant under unitary transformation

Wil )y = WlU U, = Wl ;).

Then

so that, we have

x
Il
P!

Let
) = 10)o) + D)
= [0)® Ulo) + 1) ® Uly1)
= (I U)(0)o) + [1H1))
[y
then
Wy = (IeU)W).
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Under this unitary transformation, C = C, where in explicit form

a b 0 O

1 0 U 0 -ba 0 O
0 1 0 U 0 0 a b
0 b a

Then we proved following result.

Proposition 6.2 The concurrence C = C, is invariant under unitary transformation

) = I ® U) ).

Theorem 6.1 The concurrences of two two-qubit states, connected by unitary transfor-
mation U = U; ® U,.
Thus,
) = (U ® Us) y)
are equal.

Proof Let transformed density matrix is

po= WX

(U1 ® Un) )yl (U) ® Uy)'

(U1 @ U2) (10010} + D)l ») (OKol + (11 ) (Uy @ Un)'
5 = (U10X0IU}) (Ualwo)wolU])

(U UT) (Ualyn g U

(T110)AIUT) (Ualro)wn|US)

(UI1X0IU7) (Ualy 1 Yol US)

i)
I

+

+

+
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Since Uslo) = tho) and Uslyr1) = |1), we have

Then we check

Irap

so that, we can write

+

+

+

S
+ o+

+

e

1)1

e

ol

1rAp

(U110X01U7) (1dr0) o)
(U] ) (19)401)
(U0X11TT) (10X 101)
(U101 (1))

(0]U410) 0|U/10) + (1]U, |0y (O[U 1)
N——— \ , V\ ,
a a by —by

O[UL 1) C1|UT10) + (11U, 1) (LU 1Y

—_— T —
by B a ai

(0[U410) <1|1U10) + (1]U, [0y (1{UT 1)
—_——
ai by —-b; ap

(O[U4 1) <0|U10) + (1]U, 1) CO[U 1)
N———

~—— 5/—/‘/_/
by ap a —b

o) ol | lasl® + by
N’

+

W | larl? + by
N, e’

+

|&0><11Z| 111[31 - 1_71611
N ——

+

W1 oWl | bray — @b |.
—_———
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Thus, we have

Pr = [WoXWol + 11 )|
U (o) ol + b Yy ) UL,

Irap

and we get

P = UzPBU;

Here, we have

trpp = trpg,

detpp = detpp,

C = C,
= U;®U,.
O
Concurrence is the same C = C, when
W) = U, @ Usly).

Corollary 6.2 The maximally entangled states with C = 1, are related by transformation
W) = Uy ® Usly).
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6.4.1. Maximally Entangled Two Qubit States

As we have seen U; ® U, transformation preserves the concurrence and entangle-

ment. If we apply it to Bell state (C = 1),

|00) + [11) 1
U1 ® Uy)) ——F—— = —= (U1l0)U,[0) + U1I11)U»[1)) .
1 N N 1 1
. b a by .
By using U, = and U, = _ , we find the maximally entangled (C = 1)
—bl a _b2 a
state.

1
V2
+ (azbl - allsz) 101) — (a2131 - albz) 110)].

W) = —[(@iaz +b1b2)100) + (@@ + biby) (1)

This state can be rewritten as
) = cool00) + c11[11) + c1101) + ¢10[10),

where the numbers

aja; + bib, _ aoby — aib, J _
Coo=———= > Cuu=Con Co=—_ =, and <cj = —Coi.
V2 V2
Then we have the following Proposition.
Proposition 6.3 Normalized two qubit state in the form
) = c00l00) + Cool11) + ¢01|01) — Co1[10) (6.1)

where (Y|¢) = 1, is maximally entangled state, C = 1.
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Proof Normalization condition implies
lcool” + [Eool* + Icorl” +1 = Eo* = 1,
or
2 21
lcool™ + Ico1|” = 5 (6.2)
From another side concurrence for state (6.1)) is

Coo Coi
C =2 det =2 (Icool? + lcor ),

—Co1  Coo

and due to (6.2))

Definition 6.1 Matrix

Cio Ci1

C‘: \/E[COO 001]

we call the concurrence matrix.

Proposition 6.4 The concurrence is equal

¢ =2lder| ™ | = |det ]

10 C11

Corollary 6.3 For maximally entangled state the concurrence matrix is the unitary
matrix in S U(2).
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Proof Indeed for ll matrix C is

A 2 2 b
oo V2w V2o T Plesue)
—~V2&y  V2&y -b a
~———

|det €| = lal + 6] = 1 = |det U]

because detC = 2 (Icool2 + |c01|2) and it is equal 1 due to normalization.

And due to these
CCT=CC =1
unitary condition.

Comments 1: For two qubit state (6.1)) the normalization condition |cool* + |c1* = § leads

to maximal value of entanglement
C =2 (leoof + leorP?) = 1.

Comments 2: Form of state (6.2)) implies that |a|* + |b|> = 1 for all unitary transformation

a b
U= { ; ) produces maximally entangled state C = 1 of the form
-b a

Wy = —= (al00) + al11) + bl01) - B|10}).

R
V2

Example 6.1 Let
_ |00} +[11)

V2

Then we can apply (I ® U) to state /), we have

)

1ouwy = Luoy+ Lo

V2 V2
0 - 1
% (al0) - BI1)) + '72 (bl0) + 1))
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and we get

a a -b b
—100 —|11 —|01 —|10
Y LY L L
al00) + all11) N —B|01> + b|10)

V2 V2

Then, normalization condition gives us

0 . . .
laf* + b =1 — a = cos Ee"”“ b = sin §e'

and
b, 0 ei‘/’al()()) + e_iSOzlll 1> . 9 _e—icpb|01> + eitpbll())
[er) 08 — + sin — ’
2 V2 2 \2
up to phase
lfy = cos 0100) + e Pl D) +sind —e7|01) + €|10)
\2 2 V2 )

2@, =A+u+tn A=-g,xm

-2, =1  p=¢yE7n

—2¢,=3nr,m1 A+u=0,2n.
Then

0 (100) — e'Por—voo+e10-¢00)|1 1) .0 [ F0e0|0]) + eiPr0—90)|10)
W)y = cos— + sin — ,
2 V2 2 V2

where ©o; — @o0 = 4, Y10 — Yoo = U, 1s the form of maximally entangled two qubit state

0100) = 11y . eM01) +eH]10)
— Sin — .
2 vz 2 2

) = cos (6.3)
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The concurrence for this state is

[

5

Cos 5 Si“iei/l

C = 2|,% N
Sn3gin S0 3 i)
V2 2

6 . ., 0 .
‘— cos? = _ gin? Ee’(““)

6 6
= coszi + sinzi = 1.
If 6 = 0, then o
|00) — &“*|11)
) = .
V2
If 6 = «, then

e01) + e*|10) 101y + € #=10)
= = e .
V2 V2

For state (6.3)) we have generalized Bell states.

)

07 100) — e F11) . e 01 + e [10)
COS — = .

> N + sin > % (6.4)

A+

_._IM g - _ LR il __ . . 6 l/l;/“l — . 6 _ZA;H h
Leta =ie™"2> coss anda = —ie'? cos5,b = —isinze' 2 and b = isinJe "2 so that

NI

. g _idm . A .. g A . i
icosye 2|00y —ie' 2 [11) isinze 2 |01) +ie72 [10)
+
V2 V2
al00) + a|11) N —b|01) + b|10)

V2 V2o

i)

Theorem 6.2 All maximally entangled state are of the form

0100) — e MI11Y . 6€401) + e*[10)

|y = cos > 7 + sin 5 N

or up to global phase,

_al00y +allly  —bl01) + b|10)
) = 7 + N ,
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and it can be represented as

|00) + |11)
) =URU) ———.
V2
One more form of this state is
6100) +|11) . 0e7*01) — e*(10)

Iw):coszT+sm2 \/5

In following examples we calculate action of H ® H gate on Bell states.

Example 6.2
100) + [11) H|0) ® H|0) + H|1)® H|1)
HoH) — 7 _
(H®H) 7 %
y |hy) ®1hy) +1ho) @ |ho)
V2
111 . 1 L1 1 . 1
o220 ) 21 (=
(1 1) 1
- o] 2 oo i
2V2 (|1 |-1 V210 V2
L1 1 1
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Example 6.3

|00y —[11) _ H|0)® H|0) — H|1) ® H|1)

(H® H) N
_ el —1h)®lh-)
V2
1 [1f1 1 111 1
=)L)
(1 1] 0
o (| = oy +110)
~ 22| -]l vz w2
1) L1 0
Example 6.4

|01) + [10) H|0)® H|1) + H|1) ® H|0)

V2 V2
lh) ®1h-) + 1h-) ® |hy)

(H® H)

1
0| 100)—|11)
0 V2
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Example 6.5

(H®H)

01) —]10)

H|0)® H|1) — H|1) ® H|0)

V2

V2
lhi) ®1h-) —1h-) ® |hy)

< 1)l

1 ||-1
221 1

V2

Due to above examples we have proposition.

Proposition 6.5

11
00+ 111

V2
o 00— 11D

H®

H

S

-1
He gt —110)

S

He HlOl) +110)

S

W

|00y + [11)

V2

|01) + [10)

V2

V2

00) —|11)

V2

J)

_101) —10)

__loh) - 1oy
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Example 6.6

1
|00) + €#|11) B L 0
V2 V2|0
e
1+ cos £
00 |11 1 1|1 -¢* o 1 |—isin%
(H®H)M - - 6. _ g LTI
V2 V221 - e V2 —isin %
1+ cos £
[ @100y +11) . . ¢|01) +]10)
= ez|coS-——— —I1sm—-——————|;
2 V2 2 V2
cos & _l.sin%
gy~ 2 47 i
_l.sm§ ﬁ
V2 V2
1 ¢
= 2§(c052§+sin5):1
Example 6.7
W) = [00) + |11) + €|01)
V2 + €2
1 e ) 1
C = 2 V2+€2 ‘/24—7 — —
1 2+é e
0 = < 1+
2+€
1 1 —€
HHl) = =
2\+e| €
2—€
1 € € € €
- 1+ 2)100y = S101)+ £110) + (1= £)111y)
V2+€2(( 2|>2|>2|> 2|>
C~, _ 1 1+§ —g _ 2
T2+ é 1_§_Z+62
c=C
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Example 6.8 Let arbitrary two qubit state i) is

)

co0l00) + co101) + ¢10/10) + c14[11)
[0Mero) + 1)),

where [iho) = cool0) + corl1) and 1) = ¢10|0) + c11|1). Then

)

H® Hy)

U (N g ey s
2 (1 YTz

L1®L11
V21 V211 -1

1|1 Coo + Co1
= |® +
211 Coo — Col

1
2

Co0

Co1

1
-1

® H|yr1)
+L 1 ®L 1 1 Clo
V2(-1) V2|1 =1)len

Cio + €11
®
Cio — C11

1
E[(Coo + co1 + c10 + ¢11)100) + (coo — o1 + c10 — €11) [01)

(coo + co1 — c10 — ¢11) [10) + (coo — co1 — c10 + c11) [11)].

Then concurrence C written as follows:

O

Thus, we get

1
= > [Hicalien] - dicarlien

cootcortciotcin €00—Co1tC10—C11
2 2 2
€00tCo1—=C10—C11 €00—Co1=C10tC11
2

2'Coocn - COICIO‘

1
O

|

49



CHAPTER 7

QUBIT-QUTRIT QUANTUM STATES

7.1. Qutrit Quantum States

Definition 7.1 Every vector in C? can be expressed as a superposition of three vectors,

Co
) = col0) + cill) + 2l2) = [ ¢y |,

(6]

where |0), |1) and |2) are computational basis states in matrix forms,

1 0 0
0y =10, H=]1], 2)={0],
0 1 1

and normalization condition is

2 2 2
lcol” + leil™ + lea|” = 1.

7.2. One Qubit and One Qutrit States

Definition 7.2 The generic qubit-qutrit state [) is defined as

[y = cool0)I0) + co1l0)1) + cp2|0)|2)
+ ¢l DI0Y + e [DIL) + ci2[1)]2),

(7.1)

(7.2)
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where (W) = 1 = [cool* + lcorl* + lcoal* + lcrol* + leni* + |enl* = 1.

7.3. Separable and Entangled Qubit-Qutrit States

An arbitrary generic qubit-qutrit state is separable if

1) = le)2 ® s,

where |¢), and |y); are one qubit and one qutrit states, respectively.
To find separability criterium we use the left and right decomposition of states ([/.2)).

1. The left decomposition is

) = c00l00) + coil01) + c2102) + c10l10) + ¢11[11) + c12[12)

10} (co0l0) + co1|1) + €212)) +[1) (€10]0) + c11[1) + ¢12]2))

o) l1)

Then, we get

) = 10go) + Dler). (7.3)
where the pair of one qubit states |¢g) = cool0) + co1l1) + c0212) and |¢1) = ¢10l0) + c11]1) +
c1212).

Corollary 7.1 An arbitrary qubit-qutrit state |¢) is separable if and only if states |¢,) and

lo1) are linearly dependent.

Proof

1. Let |po) and |¢;) states are linearly dependent,

lpo) = Alpr).
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Then

0) ® Alpr) + 1) @1e1)
A0y +11)® le1)

qubit qutrit

)

and it is separable.

2. Let [y) = |qubit) ® |qutrit) is separable.
Then

) = (colO) + cill)) lp)
= ¢olO)p) + 1l D)
)y = 10) (colep)) +1) (c1le))
~—— ~——

o) ler)

If we define state |pg) as follows

¢
o) = —lo1),
(&1

then we can say states |¢g) and |¢;) are linearly dependent.

Corollary 7.2 If |p,) and |¢;) are linearly independent, then the state is not separable. It

is entangled.

Now, we have examined another side of decomposition.

2. The right decomposition is

co0l00) + co1|01) + €2[02) + ¢19[10) + c11]11) + ¢12[12)

(c00l0) + c10l1)) [0} + (co110) + c11 1) [1) + (c02l0) + c12]1)) [2).
o) 1) lr2)

)

52



Then, we get

Wy = 1o)l0) + Wl + 2)12), (7.4)

where three one qubit states are defined as [y) = (col0) + c10l1)), 1) = (c010) + c11]1))
and |y2) = (c2/0) + c12|1)).

Corollary 7.3 An arbitrary qubit-qutrit state [) is separable if and only if states |), |¢/1)
and |y,) are linearly dependent and related as |) = A1|1) = A |,).

Proof

L. Let [r) = [0)|0) + [r1)[1) + [vh2)I2) and [¢ho), [¢b1) and |y2) are linearly dependent,

1) = Ailyo),

lrn) = Aalibo).
Then,

100210} + A1 o) (1) + Aalbo)l2)
[0y (10) + A1) + A212))

)

and it is separable.

2. Let [y) = |qubit) @ |qutrit) is separable.
Then

) = ) ®(col0) + c1ll) + c2l2))
= coly) 10) + cily) 1) + c2lx) [2)
—— —_—— ——
o) 1) 2)
) = Wodl0) + rill) + |2)]2)

and |Yo), 1) and |i,) are linearly dependent, and |y) = A1|r1), [Wo) = Ar).
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Corollary 7.4 If |y), [1) and |p,) are linearly independent, then it is not separable.
It is entangled.

An arbitrary qubit-qutrit states can be written in both forms (7.3) or (7.4).

7.4. Qubit-Qutrit Entanglement

Let i) is the generic qubit-qutrit state,

W) = c0l0)|0) + co1l0)T) + c2l0)[2) + c10]1)I0) + cpi|DIT) + c12|1I2)
= (col0) + c10[1))10) + (co1l0) + el 1) [1) + (co2|0) + €12]1)) [2)
W)= W)y + )l + 2)12),

where |9) = cool0) + cioll), Y1) = c0110) + c11]1) and [p2) = c2|0) + c12]1).

7.5. Density Matrix

For qubit-qutrit state |y/), the density operator can be written as

p o= WXyl
= (%)) + W)I1)s + [¥2)12)8) (ol 5O + (Y1 |s(1] + (2| 5(2])
= o)Wl (1005 {0 + o)1l (10)5 (11) + [tho)<¥2l (10)5 5(2)
+ [ )Wol (11)s 50D + [l (11)s (1D + )Wl (115 5(20)
+ 1)l (1205 0D + o)Wl (12)5 (1D + 2 )2l (12)5 5(2D) -
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7.6. Reduced Density Matrix

For generic qubit-qutrit states, we can express the reduced density operator for

subsystem A in the following form:

pa = trgp ={0lp|0) + (1lp|1) + (2|p|2)
= |o)Wol + W)Wl + ) Wol,

and trace of this density matrix is

tr ([o)Wol + i XYl + 2 )yl
Wolgo) + Wilr) + Walr) = 1. (7.5)

Irpa

The squared reduced density matrix is written as

(go)ol + i Xyl + [2)aD) (o) ol + i)l + ) yal)
o)X olwolbo) + o) Kolyri) + o XXwalKeol2)
W Xbolkyri o) + ) K ) + [ XKy l2)
W2 Xolalpo) + )i Kalypn) + [ XeaKipalipa)

e
Ny
Il

+ Il

+

or in explicit matrix form

Wolvo) Woly)  (Wolvr2)
Pa = [Wildo) Wlv) (ol |
Wnalbo) Wnlp)  (alr)

where (), [1) and |i/,) are basis.
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Then, we calculate trace of squared reduced density matrix (See Appendix [A])

oy = [Wolbodl + Kwolw)F + [wolw)l?
+ Kalwo)l® + Kyl + Kol
+ Kyalgodl® + Kol )P + Kalya)I,

and squared normalization condition ([7.5))

1 = Kolwo)* + [ i) + Kalad® + 2¢olpo) i)
+2Wolo )Wl + 2{d I Xyali).

Taking difference
L—trph = 2(WolwoXyilvn) — Kwolwn)P)
+ 2 (olwoXwalyn) — Kolw)lP)
+ 2(Wil)Walwa) = Ky ly)P)
or
] 2 A [Woldo)  Wolyn) Wolbo)  (Woly2) Wilg)  Wily2)
—trpy, = 2 +2 +2 ,
Wilgo) Wlyn) Walo)  Yalp2) Walgr)  Waly2)
we get (see Appendix [A)
2 2 2
1—trpi _ 2C00 Co1 2C00 Co2 26‘01 Co2
Clo Ci1 Clo C12 Ci1 Cn2
where the partial concurrences are defined as
Co=2" .cp=2|"" " and cp=2" . (7.6)
Clo €11 Clo C12 Ci1 C12
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As aresult we have

1- trpi = (C(Z)1 + C(Z)2 + C%Z) =

N =

1
2
giving the relation
2 1,
trpy + EC =1. (7.7)
Therefore, the total concurrence C satisfies
C* =C}, +Cj, + Ch,,

or

C= s +Ch+C2,

This way we get following proposition.

Proposition 7.1 For qubit-qutrit state ((7.2)), the total concurrence C is equal

C = |C| = 2+|Coi? + [Coa? + IC1a P,

where the concurrence vector

C = (Co1, Coa, Ca).

In a similar way we decompose

) = 10eo) + D)

57



in terms of two qutrit states |pg) = cool0) + co1|1) + c2|2) and |¢1) = ¢10]0) + c11]1) + ¢12/2).

Then

[l = (10)lgo) + [1)le1)) (COKeol + (1Ke1)
0X<0I(10){ol) + 1011 (Ie0){e1])
[1)XO0I(1){@ol) + [1)<T](le1){e1])

i
Il

+

or in explicit form

_ (|‘Po><900| |s00><901|]
ler ol leorenl)

We can demonstrate also that, for subsystem B, the reduced density matrix is

pp = trap = lwo)eol + @1 )¢l

and trace of this matrix is

trpg = 1 = {@oleo) + {piler) = 1.

Then, the squared reduced density matrix is

P = leoX@ol@olgo) + 1 X@ileiler)
+  |poX@il{e1leo) + le1){wol{eoler)

and the trace of this matrix is equal

troy = Keolo)® + Kl + Kerlgo)* + Kol )P
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The squared normalization condition gives

1 = Keolpo)* + K1l + 2{@oleoX(@iler)-

Then, by taking difference

1—trpy = 2poleoXeiler) — 2Kgolen)
— (@oleo)  {poler)
(eileo) (eiler)
we get (See Appendix [B)
2 2 2
Coo € Coo € Cco1 €
1—trp% _ 5 00 Col ’ 00 Co2 ) 01 Co2 ’
€10 C11 Clo C12 11 C12
where we define the same concurrence vector (7.6))
Coo C Coo € Col €
Cor =2 00 01,C02:2 00 Co2 and Cyp =2 01 02'
Cio C11 Clo C12 11 C12
So, we have
1 —trp} = 1 (G +Ch + Ch) = lea
2 2

Thus, this gives the same relation

1
trpy + 5c2 = 1. (7.8)
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Comparing equations ((7.7) and we get identity

Keoleo)l* + Kerle) P + 2lpole1)?
= Kolgo)® + Kyl ) + Kalya)I?
+ 2ol + 2Kyolp)* + 2Ky )l

= 1p;

trpy

= trp; = trpg.

7.7. Maximal Value of Concurrence

Proposition 7.2 For generic state

) = cool00) + co1|01) + 2102) + ¢19[10) + c11]11) + ¢12]12),

max C = 1.
Proof
[y = 10)4 (coolO) + coill) + coal2)) +[1)a (c10l0) + c11l1) + c1212))
lo) le1)
= (co0l0) + c10/1)) 10) + (co1|0) + c11[1)) [1) + (c0210) + c12[1)) [2),
o) 1) [pr2)
and
p = 0o} + [1le1) (O[K{wol + (1{p1])

(10)10) + [Wr)I1) + [¥2)12)) (rolKO] + < 1] + (w22,
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and the reduced density matrices are

pa = trgp = [Yo)Wol + i)Yl + [Y2){yal,
pe = trap = lpo)ol + lp1 X1l
Then,
ps = (cool0) + c10/1)) (€0o{O0] + C10{1])
+  (c0110) + c1111)) (€01 {0l + €11 <1])
+  (c0210) + c12l1)) (€02(0] + C12(1)) ,
or in explicit form
v ( lcool® + lcoi* + lcoal*  cooCio + corcn + coaia
B = )
C10Co0 + €11€10 + €122 1ol + leni? + leral?

Due to pg = pg, exists unitary transformation which can diagonalize pg as

where A;, A, are real numbers.

To find 4;, A4, we should solve characteristic equation.

lop — Al =0
00 — A4 po
=
po pu—A4
= 1> — Atrpg + detpg = 0.
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Since trpp = 1 we have
A2 — A+ detpy =0,

so, we get

1
+ [ = —detpa.

/11,2 = 4

| =

Since, pp = pg = A;, A, are real, and as follows

1
deth < Z
The transformation implies,
_ A4 0
P = PB = >
0 A
20
2 ~2 1
Pe ™ Pp = ;
B B 0 /1%

trpy = trpy = 22 + 3.

and
I.trop=1=>4+4 =1
2. detpg = 1C* = C* = 4detpg
3. detpp = detpp = 411,
So, C? = 41,1, and
B+5+20h =0 +)° =1

2

C
ﬁtrpé+7:l.



Now we can show that max C = 1. We have two relations

/11 + /7.2 = 1,
C? =42, ,,

and we need to find critical points of function

F(/l], /12,/1) = 4/11/12 - /l(/l] + /12 - 1)

Taking partial derivatives

OF
— =0=2> 1 +4 =1,
8/1 1 2
oF 1
=4 —1=0> A =2,
EY 2 274
OF A
— 4 -A1=0=> 1, =2,
ol ! !

this gives 4; = A,, and then
1
/ll+/12:1$2/11:1$/11:/12:§.

Finally, we get

11

Z=4-—-=1.
max C 73
Example 7.1 Let
|00) + |11)
) = ——7"
V2
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is pure Bell state. Then cyy = ¢11 = L and as follows C = 1.

\@7
Example 7.2 Let
|00) + |12)
) —_—.
V2
Then the concurrence is
2 2 2
Coo C Coo € col €
c: o= 4 00 Col 00 Co2 01 Co2 '
Clo C11 Clo C12 i1 C12

Since, cop = ¢12 = % and all others are O, then, C = 1.

7.8. Entanglement Invariance Under Unitary Transformations

Here we are going to show invariance of entanglement under unitary transforma-

tion of special form.

Proposition 7.3 The concurrence C = C, is invariant under unitary transformation

1y = (In ® Up) ),

where U € S U(3) is arbitrary one qubit unitary gate.

Proof
(Ix ® Up) ) = 10) (Uglpo)) +I1) (Ugle:))
———— ————
[®0) |@1)
Since

(@ol@o) = {@oleo) (@1l@1) = (pile1)

(@ol@1) = {poler)  (@1l@o) = {@ileo)
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Then, C = C.

Proposition 7.4 The concurrence C = C, is invariant under unitary transformation

) = (Ua ® I) ),

where U, € S U(2) is arbitrary one qubit unitary gate.

Proof
(Ua®Ip) W) = (Ualwo))10) + (Ualyri)) 1) + (Ual2)) 12)
so that
7Y = WWoI0) + F)IL) + [d)12).
Due to
Wildyy = WU U ;) = Wil ).
Then,

O]
Il
P

Proposition 7.5 The concurrence C = C, is invariant under unitary transformation

) = (Ua® Up) ).

where U, € SU(2), Ug € SU(3).

65



Proof Let i) is qubit-qutrit state and (U, ® Up) acts on this state, we have

WUa® Up)ly) = (Ual0)) (Uslpo)) + (Uall)) (Ugler)) ,

where U, = [ a[; ]f , U4l0) = al0) — b|1) and Uy|1) = b|0) + a|1).
-b a
Then,
) = (alo) - BI1)) (Uslgo)) + (I0) + 1)) (Usler))

0) (@Uslgo) + bUsler)) +11) (~bUslpo) + aUsler))

|S06> |¢3>

where |¢) = aUslpo) + bU,lg1) and |¢}) = ~bUslgo) + aUsgler).

We have the following inner products

@olee) = ((wolU}a+ (@1lU}B) (@Uslgo) + bU 1))

= lal*(eoleo) + 1bI*(@1le1) + ab{@oler) + ab{eil@o)
@@ = b polgo) + lal*(@iler) — ablpilpo) — ablgoler)
(@olery = —ab{polgo) + ableiler) — b*(eileo) + a*(woler)
(Pilgo) = —ab{polgo) + ablerler) — b*(poler) + a*(@ilgo).

We write (U ® Up) [¥) in matrix form

(@ol@o) la> ab  ab bl ({goleo)
7 = (@1l@1) _ —ab @ -b* ab ||(eiler)
(@ol®1) —ab -b* @ ab |[{eoler)
(@11%0) b*>  —ab —ab |al*)\{p1l@o)

Then

W) =

i [<¢o|¢o> <¢1|¢0>)
(Pol@1)  (@1l@r)

_U,GTU = U, ((900|900> (301|<P0>] —_
(pole1) {piler)
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where, G is Gram matrix.

o

GE[<¢0|¢0> <901|900>)
(<P0|<P1> <901|901>

and

G =

(@ol@o) <¢1|¢o>]
A

Then, transformation U, ® Up generates

G' =U,G'U & G = (U)'"GWU).

Since

det GT = det G

and

det GT = det G
= det G = det G.

Thus, we have C = C.
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CHAPTER 8

TWO QUTRIT QUANTUM STATES

8.1. Two Qutrit States

Definition 8.1 Let |¢) is the generic two-qutrit state in the following form

c00l00) + co1101) + ¢2/02)
ci0l10) + ci1[11) + ¢12]12)

)

—+

+

€20120) + ¢21121) + ¢22/22),

where normalization condition for state |y/) is

2 2 2 2 2 2 2 2 2
W) = lcool”™ + lcorl™ + lcoal” + Iciol” + lenil” + leial” + leaol” + leai|” + lexnl™ = 1.

8.2. Separable and Entangled States

(8.1)

(8.2)

Definition 8.2 If ) = |¢) ® |y), where |¢) and |y) are the one qutrit states, then i) is

separable. If not, then the state is entangled. An arbitrary generic two qutrit state (8.1))

can be represented by three one qutrit states. For these representations we use the left and

the right decompositions.
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1. The left decomposition is

|0) (c00l0) + co1ll) + cp2l2))
leo)

1) (c10l0) + c11|1) + ¢1212))
ler)

12) (c2010) + c21[1) + €22]2))

lp2)

)

+

+

and we can write

) = 10eo) + [Dler) + 12)l¢2),

where,

loo) = coolO) + co1ll) + cal2),
lo1) = c10l0) + c1il1) + ¢1212),

lp2) = c20l0) + c21|1) + c22]2).

2. The right decomposition is

(cool0) + ciol1) + €2012)) 10)
o)
(co1l0) + cii[1) + c2112)) [1)

[err1)
(c2|0) + ciall) + ¢2212)) 2)
[er2)

)

+

+

and we can write

Wy = o)) + Il + 2)12),

where,

o) = cool0) + cioll) + c202),

1) = c0110) + ci1l1) + c212),

(8.3)

(8.4)
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[02) = co2|0) + cial1) + €20]2).
An arbitrary two qutrit states can be written in both forms (8.3) or (8.4).

Theorem 8.1 An arbitrary two qutrit state |y) is separable if and only if one qutrit states
loo), lo1) and |g2), or [o).l¥1) and [,) are linearly dependent.

Proof

1. Let [o), 1) and |¢,) are linearly dependent,

Ailpo)

lp2) = Aaleo).

1)

Then,

)

0)l@o) + il Dlgo) + 2]2)lpo)
(10) + 4|1) + 4212)) o)

and it is separable.

2. Let i) is separable, and can be written as

W) = (al0) + aill) + ax|2)) (bolO) + by|1) + b[2))
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Then

) €00l00) + co1101) + 02|02) + €10[10) + c11[11)

+ c12[12) + 20|20) + 21121) + €22122)

= apbpl00) + apb,|01) + apb,|02) + a,by|10) + a;b|11)
+  a1b|12) + ab0|20) + a,by|21) + axb,|22)

= al0) (bol0) + bil1) + b2|2))

+ ai|1) (bol0) + bil1) + b2|2))

+ a2[2) (bol0) + bi[1) + b,2))

loo) = aol0) (bolO) + bi|1) + b2]2)) = cool0) + co1l1) + co2l2)
lory = aill) (bol0) + bi|l) + b]2)) = ¢10[0) + c11]1) + c12]2)
lp2) = as|2) (bolO) + bi|1) + b2|2)) = c20[0) + c21]1) + €22/2)
lpo) = aolx)
lo1) = A1 | o) .
So, the states  |p;) = a;ly) = are linearly dependent.
lp2) = Az o)
lp2) = asly)

8.3. Entanglement of Pure Two Qutrit State

8.3.1. Density Matrix

Definition 8.3 For two qutrit state [i/), the density matrix is given by

2 2
Wl = > ciflify D e

i.j=0 =

2 2
20D eugnlii i

i,j=0i".77=0

i)
Il

(8.5)
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or by (8.5)) in terms of one qutrit states

(10¥aleo)s + 11)ale1)s + 12)ale2) ) (aCOls{ol +a (1a{e1l +a (2p{e2D)

(10%4 a€0D U0y B¢pol) + (1004 aC1D) (I00)s B{e1]) + (1004 4C2D) (I0)5 B(P2])
(114 40D (125 5¢pol) + (11)a aC(1D (1) B{e1]) + (11)a 4C2D) (I@1)5 5(2])
(12)4 40D (@275 B{pol) + (124 aC1D) (0205 ¢@1D) + (1204 4C2D) (l2)5 B{@2]) -

ie)
|

+

+

In explicit matrix form in Alice computational basis {|i)4}, where i = 0, 1,2

leo){wol lwoX{eil  lpo){epl
PB =l Xeol leiXerl e {e] (8.6)
[ ) @ol lo2X{e1l  l2) ol

8.3.2. Reduced Density Matrix

1. Proposition 8.1 For subsystem B, we can write the reduced density matrix as

ps = tra(p) = leo)s B{pol + l1)8 B{@1l + l¥2)B B¢,

where trs(p) is called the partial trace, and

trop = {@olpo) + {piler) + (palp2) = 1.

Proof Due to the reduced density matrix is following form

P8 = lpoXwol + lei )1l + lg2){¢al.
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Trace of pp is

Irpp

and it gives

B0 1 pp |0+l 1pp| 1)p+5<21p5|2)p
B$0lw0){p0l0)5 +5 (Llwo)wol1}5 +5 (2lpo)¢ol2)p
BO0lp1){(@110)5 +5 (Lpi1 )Xe1l1)s +5 Clei Xe112)5
B0lp2){(@210)5 +5 (L2 )2l 1)5 +5 lg2){@212)5
(¢0l0)5 5{Olpo) + {pol1}p {llpo) + (Pol2)5 B(2lpo)
(@110)5 p(Olp1) + (1l 1)p s{1lp1) + (p112)5 B(2lp1)
(210)5 B{O0lp2) + {@a2l1)p B(1lg2) + (¥2]2)p p(2lep2)
(ol (10)0 + [1)T] + 12)€2]) lo)

I

(@il (10)0] + | 1){T] + [2)¢2]) 1)

1

(@21 (1001 + [1)CT] + 12)€20) lep2)
1

(@olpo) + {pile1) + (@2lp2)

tropg = 1= {@olpo) + {piler) + {palpz) = 1.

Then, the squared reduced density matrix is

2
D (il oleiel

i,j=0
lo){@ol{@oleo) + lwoX@il{@ilwo) + leo){L2l{ealeo)

lo{@ol{@oler) + o Xei1l{eiler) + le{eKealer)
l2){@ol{@ole2) + l2){p1l{@1lp2) + lp2)X@2[{pale).
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The trace of this matrix is equal

oy = Keoleo) + Kerlen)l” + Kealea)
+ (900|901>2 + <¢0|‘P2>2 + <<P1|900>2
+ {@ile2)” + (@2lpo)’ + (paler)’
= Keolpo) + Kerlen)l? + pal)

+ 2ol + 2Keolga)l” + 21l

and the squared normalization condition gives

1 = (polgo) + {piler) + {palga))?
Keoleo)® + Kl + [Kgalea)l?

+

2{poleoX@iler) + 2{@oleo){@2le2) + 2{p1lp1 ){@alp2).

Then, by taking difference

1 - trpj, (Kolpo)l* + Keilp) P + Keala)?
+  2polpo){@iler) + 2{poleo){palea) + 2{p1le1 Xw2le2))
- |<900|900>|2 - |<<,01|‘,01>|2 - |<¢2|€02>|2

— 2U@olen)l? = 2 @ole2)l* = 2Kerlea)
(@oleo)  {oler) (@oleo)  {polepa)
(pileo) <eiler) (@2lpo)  {palea)

(eiler) eile)

= 2 +2 +2

We have following relation

1
1 - trph==C3

2
2
=1 = trpé+73
= Cs = 2(1-trp3)
2
(pilei)  pile))
i =2y s

o Kejlen  <ejle;)

(aler) (@alead|
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When i = j, the diagonal terms in the sum cancel each other. For of-diagonal terms

with i < j, finally we get

szg _ 4 (@ilgi <‘;0i|‘10j>’
0=i<j (pjleiy (pjle;)

where |p;) = Z?:o cijlj). For generic two-qutrit states, we can express

2

ps = trA(p)—Z Atk 1p s

Z Z ¢ v i Z i 2R

3 cirlive sl |Z 6@ 7

ij iy

A/—/

6jj'

Z Z ciiCryliys B0

ij i

DD cirilivn i

i

The Hermitian inner product

ilg) = ch, <J|ch]|1>—zaufc,,ckj

A/—/

6jj’

or

= ZE‘jckj = Z(CT)jickj
J

J
Z (i = (CCh,

J

(i | ox)
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where matrix (C)i; = ¢, and

Coo Co1 Co2
C=lcio cu cn (8.7)

C C21 €22

and
Coo Cio C20
Ct=lcoi e ¢l
Cn Cr2 €22
We define the Gram matrix,

(G)ij = <<Pi|90j>,

so that
G' = CC.

Then we have 2 X 2 minors of Gram matrix

(pilei)  Leile;) _ (CCH; (ééT)ij

M," = A A o~ .
! ile (oilen|  [(ECH; (ECH;;

(8.8)

By explicit calculations we have

2 2 2 — — — — — —
lcool” + lco1]” + lcoal €00C10 + CO1CT1 + €02C12  €00C20 + CO1C21 + C02C22

GT =| .. — — — 2 2 2 — — —
€10C00 + C11C01 + c12¢02  lcrol” + [er1]” + leral €10C20 + €C11C21 + €12C22

— — — — — — 2 2 2
€20C00 + €21C01 + €22C02  €20C10 + C21C11 + €22C12  eool” + [e21]” + |e2al
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Then,

lcool? + lco1* + lcoal>  coocio + corir + coaCiz

Mo — — — 2 2 2
€10C00 + Cc11C01 + c12¢02  lcrol” + ler1l” + leral

2 2 2 2 2 2
(lcool + lcot|” + lcoal )(|C10| + el +|C12|)

— (cooc10 + co1c11 + coac12) (C10C00 + €11C01 + €12C02)
2 2 2

Coo €01 Coo  Co2 cor Co2
2 +2 +2

c10 €11 c10 €12 11 C12

2 2 2 — — —
lcool” + lco1]” + |coal €00C20 + €01C21 + C02C22
Mo> = — — — 2 2 2
€20C00 + C21C01 + ¢22C02  leaol” + le21]” + eaal

2 2 2 2 2 2
(Icool” + cor * + lcoal®) (leao + lear* + le2al?)

— (cooC20 + co1C21 + €02€22) (€20C00 + €21Co1 + €22C02)
2 2 2

€00 Co1 coo  Co2 co1 €02
+2 +2

20 €21 Cc20 €22 21 €2
and

lcrol? +lenl? + leial*  e10c20 + cricar + c1acn
M = — — F_ 2 2 2
€20C10 + C21C11 + €22C12  leaol” + [e21]” + |eaal

2 2 2 2 2 2
(|CIO| + lenl” + leial )(lczol + lea1” + leanl )
— (c10c20 + c11€21 + €12022) (€20C10 + €21C11 + €22€12)

2 2 2

Clo €11 cl0 C12 C11 C12
= 2 +2 +2

20 €21 20 €22 1 €22
Thus, we have
o _ 15 2 2 =
1 —trpp = E(M01 + Mgy, + M7,) = ECB’
due to relation
2 1o
trpp + EC =1. (8.9)
Therefore, the total concurrence Cp is equal

2 2 2
Cp = Mg + My, + My,

or

_ 2 2 2
Cp = \/Mm + M02 + M12'
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2. In a similar way we decompose

W) = Wo)l0) +lnll) + [¥2)12)

in terms of three qutrit states |) = cool0)+ciol1)+c2012), [¥1) = co1l0)+ci1|1)+c2112)
and [y2) = c2|0) + c12|1) + c22/2).
Then,

(0)al0)5 + W1)al1)5 + W2)al2)B) (a{bols{O +4 (Wilp(1] +4 (W2l(20)

(0)a aol) (1075 50D + (o)a a1 (1035 51D + (Wo)a aC2l) (10)5 5(2])
(124 aol) (11)5 50D + (174 a¥iD) (11)g 51D + (W14 4002 (11)5 5(2)
(224 aol) (1205 5€OD + (224 a¥1D (12) 51D + (W2)a 4002 (12)5 5(2D)

i)
Il

+

+

or in matrix form for B-basis

[o){ol o)Wl o)l
p = W)l Xyl Wiyl (8.10)
[ )Wol W)Xl ) ]

For subsystem A, the reduced density operator gives us

pa = trg(p) = Wora alWol + Wi1)a altil + [¥2)a aial,

where trg(p) is called the partial trace, and

trapa = Wolbo) + (Wilr) + Walya) = 1.
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Then, the squared reduced density matrix is

2
D Wi Ll

i,j=0

o) WolKeolo) + o) lilo) + o) W2 l{valibo)
[ X Wolkeol1) + W)XnlKlrn) + [ XKzl
W2 X WrolKealpro) + W) K lfa) + o)oKl )

and the trace of this matrix is equal

2
IrapPs

Kool + Kl + [Galy)l®

+ (Wolw1) + Wolwa)* + Wi lo)

+ (Yil2) + Walo) + (Walr)

= KWolwo) + Kyl )P + Kyl

+ 20 oly D)l + 2ol + 21 )l

The squared normalization condition gives

+

(Wolpo) + (Wildn) + (Walya))?
[Kolbo)* + [y i) + Kl )
20olgo) Wil + 2{dolpo)ala) + 201 [ )ala).

Then, by taking difference

1 —traps

Kolo)® + Kl )P + [l

2olo)Wiln) + 2olpo)alba) + 2l ){Yala)
Kolo)® = K D = [l

2ol )P = 20oly)l” = 2Ky ly)

2

Wil Wl
Wl  Wnalpr)

Wolvo)  Wola)
Wnlpo) Wnlyr)

Wolo)  (olvr1)
Wilgo) Wil

+2 +2

’
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we have following relation

1
1 — tryol = EC%
C2
=1 = trApf‘ + 7*‘

=C, = 2(1-1trup})

2 . . .
Ci — 22 <WZ|Wz> (%l%) .
2o [l (Wil

The diagonal terms with i = j in the sum cancel each other.For of-diagonal terms

with i < j, we get

2

42

(%W > <¢z|'//1>
Pl Yl )

where ;) = Z?:o ¢jil j». The Hermitian inner product is

Z(J lcji Z cikliy = Z 0y CriCik

\_\/_..../
6]/

2.7 = (¢

J

Wi l i)

or
Wilwy = (C7C),,
where matrix (C) = cjr, and

Coo Co1 Cp2
C=lcio cu cn

Cy C21 C22

(8.11)
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and
Coo Ci0 C20
C'=|coi ci1 |-

Cz Ci2 C»

We define the Gram matrix,
(G)ij = Wiy,

so that

Then we have 2x2 minors of Gram matrix

Wilyy  Wilg | (€0 (CIO);

Mij = A A A A >
Wilwy Wilyp|  |(CTO)ji (CTO)j;

By explicit calculations we have

2 2 2 — —d — 3 — —
lcool” + lc1ol” + le20l C00C01 + C10C11 + €20C21  CpoCo2 + C10C12 + €20C22

GT =|&1coo + Tiic10 + ToT 2 2 2 o i 23t
01C00 + C11C10 + C21€20  |co1l” + |c11|” + leail co1C02 + C11C12 + €216

— i — — — — 2 2 2
C02C00 + C12C10 + C22C20  C02C01 + C12C11 + C20C21  coal” + [c12]” + |e2al
Then

u lcool? + le1ol? + lea0l>  Coocor + Coct + Caoca1
01 =

— — — 2 2 2
co1Co0 + Cr1c10 + C21¢20  lco1l” + ler1]” + leail

2 2 2 2 2 2
(Icool® + lerol + leaol®) (Icon * + leril® + leai )

— (cooco1 + croci1 + c20¢21) (Co1coo + C11C10 + €21€20)
2 2 2

Co0  Co1 oo Col Clo €11
+2 +2

2
1o €11 €20 €21 €0 €21

2 2 D — — —
lcool” + lc10l” + |20l €00C02 + C10C12 + C20C22

C02C00 + C12c10 + 20 el + lenal? + leaf?

2 2 2 2 2 2
(lcool + lcrol” + lexol )(lcozl + lc1al +|sz|)

— (cooco2 + croc12 + €20¢22) (Coac00 + C12C10 + €22€20)
2 2 2

co0 €02 coo  Co2 Cl0 C12
2 +2 +2

10 €12 C0 €22 €0 €22

81



and

lco1l? + lenl? + lea1* Corcon + Criciz + Carex

My =

Coaco1 + Caci1 + cmcar el + lenal + leaf?

2 2 2 2 2 2
(|601| + lenl” + leail )(lcozl + lc1al +|sz|)

— (corco2 + crici2 + €21¢22) (Coaco1 + C12€11 + €22€21)

2 2

o1 Co2 co1 €02 Cl1
= 2 +2 +2

11 C12 C21 €22 €21

Thus, we have

2
12

(&))

1 1
1-trp} = 5(Mg1 + M3, + Mi,) = EC/Z"

due to relation
tro2 1 o
oy +=Cy = 1.
2
Therefore the total concurrence C4 is equal
2 _ 2 2 2
Ci = Mg + Mg, + My,

or

_ 2 2 2
Cy = \/Mm + Mg, + M7,.

Comparing equations and (8.12) we get identity
l‘er% = l‘l’Apﬁ.
Thus,

CA = CB‘

(8.12)
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8.4. Maximal Value of Concurrence

Let generic two qutrit state is decomposed in two different ways

(co0l0) + ciol1) + €2012)) 10)
2);

+ (co1l0) + ciil1) + 1 12) 1)
ler1)

+ (c2l0) + cial1) + ¢2212)) 12)

)
= [o)l0) + I + 2)I2)

= 10) (cool0) + co1l1) + c2|2))
lpo)

+ 1) (c10l0) + ci1]1) + ¢1212))
1)

+ 12) (c20l0) + c21|1) + c22[2))

lp2)
= |0)lwo) + [Dle1) + 12)le2).

)

Then, corresponding density matrix is

(I0)al0)p + [W1)all) + W22 al2)B) (altbolgCO| +4 W1lp{1] +4 (Y2lp(2])
(10X aleo)s + 11 ale1)s + 12)ale2)8) (a{0la{@ol +4 (1la{e1l +a 2lp{eal) .

i)
Il

For the reduced density matrices we have

pa = tre(p) = [o)Wol + W)Yl + W)Wl

and

o = tra(p) = leoXwol + o1 Xe1l + lp2){eal.
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For the last one

(cool0) + co1]1) + cp2l2)) (Coo€0l + Coi{1] + c2(2])
(c10l0) + c11|1) + €1212)) (€10€0] + 11 (1] + €12€2])

(€20l0) + c21[1) + €2212)) (€20€0] + 21 1] + 22€2])

PB

+

+

in explicit form we get

2 2 2 — - — — — —
lcool” + lco1] + |conl CooC10 + Co1C11 + Co2C12 CooC20 T+ Co1C21 + C2C22
_ |= — — 2 2 2 = — —
PB = |coocio + Coici1 + Copcia  lcrol” + lennl” + e C10C20 + C11C21 + C12C22 |-

— -— -— — — — 2 2 2
CooC20 + Co1C21 + Co2C2p  C1oC20 + C11C21 + C12C2 lcaol” + lca1]” + |eaal

Trace of this reduced density matrix is

2 2 2 2 2 2 % 2 2
trpg = |cool” + lcotl™ + lcoal™ + lerol” + lenil” + [eral” + leaol” + leai|” + len|™ = 1.

Due to the self-adjointness of density matrix, exists an unitary transformation, which can

diagonalize pp as

A4 0 O
ﬁB: O AZ 0 P}
0 0 A
and
/lf 0 0
a=lo 2 ol (8.13)
0 O /lg

84



where A;, A, and A5 are real numbers. Then,

trpp = A+ +A3= 1,
detpg = 414245,
troy = A7+ A5+ 45,

and
1—trpy = 2L+ 43 + ,03).

We define C concurrence according to (8.9),

Cs
7 = 2(/11).2 + /11).3 + /12).3)

or
= C2 =401 + 143 + 1, A3).

In order to determine the maximum value of concurrence, we establish the following

optimization problem.

8.4.1. Optimization Problem

To find maximal value of concurrence, we must find a solution to the following
optimization problem with constraint, which becomes the Lagrange multiplier problem.

Find 4, 4», 43 satisfying equation

A+ hL+A43=1
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and giving maximal value for Cj

C: =4 A+ 125 + ,13).

The variational function takes the form

F(/l],/lz,/?g,/l) = 4(/11/12 + /11/13 + /12/13) + /l(/ll + /12 + /13 - 1),

where A is Lagrange multiplier.

Critical points of this function are determined by equations

oF

ﬁ = /11+/12+/13—1:>/11+/12+/l3:1,
oF

— = 4L+A43)+42=0,
o (A2 + 43)

oF

— = 44 +A3)+1=0,
on (A1 + 43)

oF

— = 44+ ) +1=0.
o (41 + 22)

This gives 4; = A, = A3, and then
1
/11+/12+/l3:1:>3/11:1:>/11:/12:/l3:§.
Therefore, we have

1 1 1 4
2 A Qb+ [+ b)) =4|-+ =+ ===
Cy (A Ay + 145 + A A3) 9+9+9 3

:>CB:

&l

Finally, we get following proposition.
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Proposition 8.2 Maximal value of concurrence for two-qutrit states, defined by (8.9) is

max C =

A

Example 8.1 Let

00) + [11) +]22)
V3

)

is pure state. Then coy = ¢;; = ¢» = == and as follows C = =

7 . This is maximally

S

entangled two qutrit state.

8.5. De Gua’s Theorem

A tetrahedron with all three face angles at a single vertex being right angles is
called a trirectangular tetrahedron. When this occurs, the area formula becomes as be-
tween orthogonal vectors, every scalar products are zero.

Let areas of faces are

1 1 1
Agor = =Agt,  Asp = =Aw,  Asnn = =Ap,
AOL ) 01 A02 2 02 Al2 ) 12

and the area square of the face opposite tot the origin is
TN I 4
A= Z("o’ﬁ + 1oty + 1715). (8.14)

For area of corresponding parallelogram faces we have

2 _ =2 - _ 2.2
2 5> a2 _ 22
Ay, = |r0 X r2| =ryrs,
2 > =212 _ 22
Ap, = |r1 X r2| =rr;.
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Therefore, the relation between parallelogram areas is
A% = A} + AG, + AT, (8.15)

A tetrahedron can be represented by the three-dimensional analogue of Pythagoras’ theo-
rem, known as De Gua’s theorem. The square of the face area , which is located opposite
the right-angle corner the trirectangular tetrahedron is equal to the total of the squares of

the areas of the other three faces:

2 42 2 2
AL = Ao + Ak T ALl

Then, given a maximally mixed state, this statement comes from (8.14) and (8.15)), since
Anor = Aor = 2 lrollril,  Ano2 = Aoz = 3 [rol Il Asiz = Ap = 3 |ril 2] .

Hence, we have demonstrated a relationship between De Gua’s theorem, which is the
Pythagorean theorem extended to a tetrahedron, and the maximally entangled two-retrit

state (Pashaev, Oktay K. 2023, 93—-104).

8.6. Entanglement Invariance Under Unitary Transformations

Proposition 8.3 The concurrence C’ = C, is invariant under unitary transformation
') = (Ux ® Ip) W),

where UU" = I and U, € S U(3) is arbitrary one qutrit unitary gate.
Proof Let
1) = 10)l0) + )Ly + [¥2)12)
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and

W) = (Ua®Ip) = Ulpo)l0) + Uly)|1) + Uly)I2)
oo 0) + WDIL) + 13)12)

where |y}) = Ul).

The concurrence C? is

2

G =4y

O=i<j

Wil Wil ;)
Wilgy il

Since
Wil = WU UL, = Wil
we have
e = 4 i il Wil _ o
Rt (4 AR A
Thus,

CA:CA

Proposition 8.4 The concurrence C’ = C, is invariant under unitary transformation

') = Iy ® Up) ),

where UU" = I and U, € SU(3) is arbitrary one qutrit unitary gate.
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Proof Let
) = 10)lo) + [1)le1) + 12)102)

and

') (Ia @ Up) ) = 10)Ulpo) + [1)Ulgr) + [2)Uler)

0)lep) + DIt + 12)1¢5)

where |¢!) = Uly;). The concurrence Cé is

2
C; = 4

O=i<j

(pileiy  {pilej)
(pjleiy (pjlep

Due to
(eilp)) = (GIUTUlYy = (@il
we have
o - 42 e e _ o
o=i<; (5l {&le’)
Thus,

CB = CI,B

Proposition 8.5 The concurrence C’ = C, is invariant under unitary transformation

W) = (Ua® Up) ¥),

where UU" = I and Uy, Uy € S U(3) are arbitrary one qutrit unitary gates.
Proof Let
) = 10)alwors + [1)ale1)s + 12)ale2) s,
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where

cool0) + coill) + cnl2),

o)

l1) c10l0) + ciil1) + c1212),

lpa) = 20|0) + ca1ll) + c22]2).

Then, applying unitary transformation

") (Ua® Up) Y

= (Ual0)4) (Uglpors) + (Uall)a) (Upler1)p) + (Ual2)4) (Uglp2)s)

where

Ualk)a

Z 531U Z 1A (k)
2 2
Z Z<s|UA|l>|s>A U

s=0 [=0

and k =0,1,2 and ZI%:O |k)k| = I, we have

Mo 1Mo 1D I

Ualkya (Usler)s)

l

")
2

ACSIUAID alsYa aCllk)a @ (Uler)s)
0 \,-—/

Ol

2
>, 2, 4(6lUAIAIS) ® (Uslgin)

k=0

2
(59 | D (SIUAI) (Unlpids) |-
k=0

Il
[«

N

l¥)a
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Here

|‘P;>A

|90;>A

A<‘P;|

and for the inner product we get

2 2
AKeles = Y0 BelUsUsleos(sIUARKTAID.
—,————

2
D GSIUAUslee)s
k=0

2
D UL Ul
1=0

2
> U s(elU,

=0

=0 k=0

B{piler)p

The Gram matrix G is defined as the inner product matrix

Then,

G, =

ts

:> GlT -

G = (@iler).

(Ua)sk Gl{l (Uj\)lt
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The concurrence

2

02:22

i,j=0

222:det

i,j=0

(pilen)  pile))
(pjlen) pjle))
Gi Gy
Gi Gyl

The determinant of Gram matrix elements the (ij) minor is

GG -GGy = (UaG"U}) (UaG"U}) = (UG"U}) (UaGU})

WEgp ji ij ji

2
= Z (U GLy (UZ)“(UA)jk’ G/Z/I(U/Ta)

kLK T'=0
- (Upi Gy (UZ)U WU Gper (U:\)z'i)

lj

2
= Z (Un)ix (Un) jue [GIZI/GI{/I - Gl{lGl{’I’] (U;)lj (Uj\)z/i'

k,Lk'I'=0

Then, we have

G; G} 2 G Gt
= WaaWape | T WU
Gy Gyl wir=o Guy Gu,
Finally, the concurrence
2
G. G

C’2 — 22 i ij

=[Gy G

2 2 Glz, GZI . .
= 22 Z i (UA)a(Un) jir (U DU i
i=0kik =0 |Grr Gy

2 2 T T
le’ le

Il
\S)

YU UDUD U e
i,j=0k,Lk’,I'=0 Gk'l' Gk’l

2 2

A D
T T ( A A)l'k( A A)lk"
i,j:O k,l,k/ I'=0 Gk/l/ Gk,l ﬁ/—/\_ p
'k "

Sag
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Therefore,

Thus, we have

2 T T
G G
194 kl
kLK, I'=0 Gk’l’ k'l

2 T T

2 le/ G
T

k,I=0 Gk’l’ Gk’l

ki )
, Orkope = C~.
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CHAPTER 9

PURIFICATION AND ENTANGLEMENT

For given quantum system A, which is describes by density matrix p4 it is pos-
sible to introduce another system, the B-system(an ancillary system), so that the state of

composite system i) is a pure state, and

pa = Trely)yl.

The procedure is called the purification (Benenti et al. 2018}, 91). It allows relates a pure
state ) with density matrix p, and it allows to work with pure states instead of density
matrix.

Here we should notice, that procedure of purification is not unique, and could exist more
than one ancillatory systems and pure states |{), [¥2), ..., leading to the same reduced
density matrix p4. Since trpf1 determines level of mixture for state ps in form of the
concurrence C, the purified states /1), [/2), ... should have the same level of entangle-
ment and equal concurrence. This leaded us to study invariance of concurrence for two

qubit(qutrit) pure states in chapters [0 [7.8]and [8.6]

Combinet system A+B is described by generic pure state,

Wy = ) cilidalids, 9.1)

where {|i)4} is basis set for Hilbert space H4 and {|j)p} for the space Hp. The density

matrix of the state is

p o= > etuplidalids @15 92)

ij i
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Let given density matrix for state A is
pa = D (eadirlida aCi). 9.3)

Then, the pure state /) as purification of p4 satisfies

pa = Tralp)ul = skl
k
= > sk >0 cutnplida ali'lackljds 5 s
k ij i,
pa = D D ciEeplida a1 D W sk 1)
i,j .j k
1
Siv

JJ

pa = D) cunlida alil. (9:4)
ij 1

Comparison of (9.3) and (9.4) implies that

a)ir = Zcij@'j~ 9.5)

J

This equation can be rewritten in matrix form

Pa)ir = ZCU(CT)]‘I" 9.6)

J

or
o4 = CC (9.7)

where C is matrix of coefficients |l The matrix elements (p,);; are considered as given
and the goal is to determine corresponding matrix C, by solving quadratic equations
or (9.7). These equations always can be solved for sufficiently large system B.
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Example 9.1 (Benenti et al. |2018, 92) Let for spin—% system A the density matrix p, is
known. Then it is sufficient to add the second spin-% system, for purification of p4. Due

to (9.6) we need to solve the system of equations

Pa)oo = |Coo|2 + |001|2 (9.8)
e = lewol +len 9.9)
©Ea)o1 = (Pa)io = cooCio + Co1Cr1 (9.10)

Simplest solution is : c¢o; = 0. It implies

2
(Pa)oo = lcool™,

(Pa)o1 = CooC1o,

2 2
e = lerol” + lenl”.

_ (o _ (Ao
Ciop = — Cl0 = —C s
Coo €00
04)
coo = V(@ao = cio = ©a)or (9.11)

N
\/(pA)ll _ el — \/(pA)OO(PA)u —|(ea)o1l

|C00|2 (PA)00
o= detpy ¢ 1
! (pA)OO 2 \/(pA)OO-

Example 9.2 Let

1

1 1
Pa = 51004 4C0] + 514 acll (9.12)

so that (p4)o0 = 3. (0411 = 3. (a)o1 = 0.

iz, c11 = . The purified state

1. The first solution: By choosing c¢ig = 0, and ¢y = 7
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is the first pair of Bell states

1
W) = @(|O>A|0>Bi|l>A|1>B)-

2. Another solution: We choose cop = 0

1
(PA)oo = 3= lcoi %,

1 2 2
(ea)1 = = = leiol” + lenl’s
2
and

4 2
cici1=0=>c;=0=|c;|"=0

1
= (P = 5 = |Clo|2

1 1 +1
|C01|2 = =3 |C10|2 ==z —C1=Co=—=-

2 2 V2

The purified state is the second pair of Bell state

1
W) = @(IOMIDBiIl)AIO)B).

It shows that the Bell states are purifications of state A and their are maximally entangled
states. Now, if we apply unitary transformations to the states, preserving entanglement,

we will get the set of purified states, corresponding to given state p4.



9.1. Equations of Purification

9.1.1. Qubit-Qubit Case:

Let p4 = CCT, where

A Coo Col o Coo Cio
C = C'=
Ci0 Ci1 Co1 Ci1

and the normalization condition is
2 2 2 2
lcool” + lenil™ + lcoil™ + leol” = 1.

Then,

s = lcool® + lcorl®  coo€ro + 001511) 3 [(PA)OO (PA)Ol]
A — - ’
(Pa)io ()11

1000 + 1101 lenl* + lerol?

and the equations are

2 2
lcool” + lcoil™ = (Pa)oos
2 2
lcul™ + el = (eairs
cooCi0 + o111 = (pa)oi-

Particular solution in this case was discussed in above examples (9.1) and (9.2). Ap-
plications of unitary transformations from Chapter 6, to any solution of these equations,

provide the family of purified states, with the same level of entanglement.
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9.1.2. Qubit-Qutrit Case:

Let

Coo Cio

A Coo Co1  Co2 At _ _

C= > C'=|co c¢n

Clo C11 C12 _ _

C2 C12

Then,
lcool® + lcor* + Icoal? C1o + Co1C11 + CooC
A AT Coo Col1 Co2 Cp0C10 T Co1C11 T Cp2C12
cC' = Pa =

C10€o0 + C11Co1 + €12C02  lerol* + leni* + lepaf?

and the equations are

2 P 2
lcool” + lcoil™ + lcoal”™ = (Pa)oos

2 2 2
lciol” + lcul™ + el = (eai1s
Co0C10 + €o1C11 + Co2Ci2 = (Pa)or-

Example 9.3 Let

1
pa=3 (10)4 a€0] + [1)4 AC1]) .

1. We choose

1
Coo = C11 = $,

and all other terms are zero

cor =cpp=cip=cpp=0.
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The purified state is the Bell state

B |00) +]11)
i) = —\/§ .

2. We choose
1

Coo =C12 = —=»
V2

and all other terms are zero

cor =cop =cjp=cy; =0.

The purified state is the Bell state

100) +]12)
Wr2) —\/E .

Both purified states [if;) and |i/,) are max entangled qubit-qutrit states with C = 1. In this

case unitary transformations from Section 7.8 can give the set of purified states.

9.1.3. Qutrit-Qutrit Case:

Let
Coo Col Cx Coo Cio C20
A Ar = _ —
C= Cio C11 Ciz2|» C'= o1 C11 €21
Cy €21 C» Cop Cip Cx
Then,
2 2 2 - - ~ ~ - -
lcool”™ + lcoil”™ + lcoal CooC1o + Co1C11 + Co2C12 CopCa0 t+ Co1C21 + C2C22
_ - - - 2 2 2 - ~ -
Pa = |cioCoo + C11Co1 + C12C02 1ol + lenil” + ez C10C20 + €11C21 + C12C22

~ - ~ ~ ~ ~ 2 2 2
€20Co0 + €21Co1 + €02Cp2  C20C10 + C21C11 + €2Cr2  |c20l” + |c21]” + |eaal
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and the equations are

lcool” + leorl” + lcoal = (Pa)oo,
letol® + I +lenl = (s
lcaol® + lea1 P + el = (pa)n,
Co0C10 + Co1C11 + C2C12 = (Padors
C00C20 + C01C21 + C2C2 = (Pa)o2,
CloC20 + C11C21 + C12C22 = (Pa)12-

Example 9.4 Let
1 1 1
= —|0)0] + =|1){1]| + =12)¢2|.
Pa 3)|><|+3|><|+3|><|

By choosing cop = ¢1; = ¢ = %, and all other terms are 0. The purification state is

_ 100y + [11) +[22)
7 .

)

Then, the state is maximally entangled state with C = % Unitary transformations from

Section 8.6 can generate the set of purified states for two qutrit case.

9.2. Diagonal Reduced Density Matrix

For reduced density matrix in diagonal form
pa = Z Pilida a(il,

where }; p; = 1, for purification it is sufficient to have for B system the same state space
as system A (Benenti et al. 2018, 93). The purification for this density matrix is given by

state

W)= >, VPiliali)s.
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This form of pure state coincides with Schmidt decomposition.
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CHAPTER 10

ENERGY MINIMIZATION FOR MAXIMALLY
ENTANGLED STATES

Here we are going to apply our maximally entangled two-qubit states to minimize
the average energy in two interacting spins models. It was shown in Chapter 6, Theorem

6.2, that all maximally entangled two-qubit states have the form

al00) +al11y  —=b|01) + b|10) 1 |-b
= - 10.1
Y i v AR (10-)
,C_l_

where |a|* + |b|> = 1. Hamiltonian of XYZ model for two spins in homogeneous magnetic

field B and non-homogeneous one b is

1
H = E[JXX®X+JyY®Y+JZZ®Z+B+Z®I+B_I®Z],

where J,, J,, J; are constants(exchange integrals) and B. = B =+ by. By calculating tensor

products

we have Hamiltonian

J.Z+ B, +B.Z J X —iJ,)Y
J X +iJ,)Y -J.Z—-B,I+B_Z

1
2
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or in matrix form

J.+ B, + B_ 0 0 I —J,
1 0 ~J,+B, - B._ Jo+J 0
H=- < Y . (10.2)
2 0 Jo+J, ~-J.— B, +B_ 0
T = Jy 0 0 J.- B, - B_|

We are going to find the average energy in state (10.1):

(WIHly) = E
as function of a & b. Applying

(J,+B,+B.a+J.a
| |(=J.+B.-B.)(=b)+J.b

2V2 | J.(=B) + (~J. — B, + B)b|’
Ja+(J.- B, - B)a

Hlyr) =

where J, =J,+J_, B, +B_=2B, B, — B_ =2by, or

(J,+2B)a+J.a
1 |(=J, +2bo)(=b) + J,b
V2| —=J.b + (=J, — 2by)b
J_a+(J.-2B)a

we get

1
(WIHW) Z{(Jz +2B)al® + J_a* + (—J, + 2by)|b]* - J.b*
— 0P = (J, +2b)bP + J_a* + (J. - 2B)|al*}
1
= Z{(JZ + 2B + J.22B)|al* + (—J. + 2by — J, — 2by)|b*

+ J.(a*+3®) - J.(B*+ D)
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or
(WHW) = %{JZ(Ialz —1b?) + J_(a* + @) - J.(b* + b))

Leta = |ale’¥*, b = |ble’* then,

a+a = l|a (e + e %) = 2lal* cos 2¢,,

b* +b* = 2|b]*cos2¢y,,

1
WIHW) = ~{J(laP + bP) + 2J_laP cos 2¢, — 27| cos 2¢,.

4

Since |al* + [b* = 1, we can choose |a| = cos § and |b| = sin &, where 0 < 6 < 7. Then,
lal* = |b* = cos? g — sin? g = cos 0,
and
WIHW) = %{JZ cos 6 + 2J_ cos’ g cos2¢, —2J, sin’ g cos 2¢p}.
We have another form by using 1 + cos 8 = 2 cos? g and 1 — cos 6 = 2 sin’ g
WIHW) = éll{JZ cos@ + J_(1 +cosb)cos2¢, —J,(1 —cosB)cos2¢,}.

This gives the energy as function

E = <¢|H|¢> = E(Qﬂa, QDb’Q)’
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of the maximally entangled states parameters

cos gei‘/’“

1 |—sinZe ¥ 0 €%a|00) + e~ %|11) . 6 —e **|01) + ¥*|10)
|¢>:— 2 ) =<CO0S — + sin — ,
V2| sin ge"f”’ 2 V2 2 V2

cos e

where 0 < ¢, <2n, 0< ¢, <21, 0 <O < 7.
In Figures 10.1, 10.2 and 10.3 we plot the energy surface for maximally entangled states

in special cases.
10.1. Particular Cases
I. XXXmodel J,=J,=J,=J_=0 & J,=2J,

1
E = Z{JZ cos @ —2J.(1 —cosB)cos2¢,} = EG, pp)

Figure 10.1. XXX Model
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2. XXZmodel J,=Jy,=J_=0 & J,=2J,

1
E(pp,0) = Z{Jz cos @ — 2J,(1 — cosB) cos 2¢,}

Figure 10.2. XXZ Model

3. XYZ model

Figure 10.3. XYZ Model
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CHAPTER 11

CONCLUSIONS

In present thesis we studied entanglement characterization for pure qubit-qubit,
qubit-qutrit and qutrit-qutrit states and invariance properties of the entanglement. En-
tanglement quantification of the sates was performed by using reduced density matrix
approach, the linear entropy and the von Neumann entropy. It was shown that the linear
entropy plays the role of the concurrence square, and it is a simpler characteristic of entan-
glement, than the von Neumann entropy. In all three cases we studied unitary one-qubit or
one-qutrit gates, and show invariance of entanglement under these transformations. This
allowed us to describe the continuum parametrized set of the states with the same level
of entanglement. The results were applied to construct the set of purification states from
the given mixed state, described by density matrix. In addition, for two-qubit spin XYZ
model in magnetic field we used the set of maximally entangled states as trial states for

average value of the energy and found local minima occurring in the energy.
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and

PA

APPENDIX A

LINEAR ENTROPY FOR py4

= Y)Yl

= poXhol (10)5 50D + o)yl (10)5 (1) + [fo)yr2l (10)5 5(20)
+ ol (1)s 50D + )Xyl (11)s s(1D + I Xpal (11)5 5(20)
+ 2ol (12)5 50D + [2)X¢nl (12)5 s{11) + W2 ){thal (12)5 5(20)
= trep = (0lpl0) + (1lp|1) + (2lpI2)

= oXWol + W)l + )Wl

trpa = a{0l0al0)a +4 (1loal1)a
= a(0lo)Wol0)a +4 Ol1)<Y110)a +4 Olr2)(¥210)4
+  alllpo){ol1)a +a (Lp1)1l1)a +a (1p2){Yal1)a
= (¥0l0)a aC0lpo) + Woll)a a(lltpo)
+ Wl0)a aC0ly1) + Will)a a(lly1)
+ ¥210)4 aC02) + (Wall)a a(Lly2)
= Yol (1034 a0l + 1134 aC1]) ltho)

1
+ Wil (1004 a0l + 114 aC1D) 1)

1
+ W2l (1004 a0l + 114 4C1]) [¥2)

1
1rpa Wolo) + Wil) + Walgr) = 1.
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Then, the squared reduced matrix is

= |go)Wol{Wolwo) + o)W1 Kwolr1) + o) {W2Kebol2)
oo Yol lro) + WK ) + [ )l )
2 X Wol<albo) + o )i [{alifn) + o )l {ialra).

Do
+

+

Then, we calculate trace of pi

trpg = tr (Wo)Wol) Wolo) + tr (o)) Woly) + tr (o) {wal) (Wolth2)
+ tr ([ )Xwol) @nlo) + tr (1 )Xynl) Sl + tr (W Xal) (g la)
+ 1 ([W2)Xwol) Walo) + tr (W2 )Xunl) Wl + tr (W2 )Xval) (Yaly2)
= Wnlwo)Xvlo) + olg1)Wol1) + ol ){Woly2)
+ Wl o) + Wl )Waln) + il )y o)
+  (Walpo)Wolpo) + (ol )W) + Wal2)Walia)

trox = Kolwo)l + Kioly )P + [ol)?
+ Kyalwo) + Kyl ) + Krolw2)?
+ [Walgo) + [l )P + [l

and squared normalization condition

1 = Kolbo)l* + [l + Kalad® + 2¢olbo) w1
+2Wolo) W2l + 2{d I X o).

Taking difference

2 (WolwoXgilvn) = Koly)F)
2 (WolwoXalvn) — Kirol2)P)
2 (Wl Xalin) = Ky l2)P)

1 — trp}

+

—+
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or

5 Wolwo)  Woly1) Wolwo)  (Wol2) Wil Wly2)
l—trpy, = 2 +2 +2 .
Wilgo) Wl Walgo)  (Wal2) Walp)  Wala)
Let
Wiy = (Ol + (11En) (cofl0) + c1l1))
= CoiCoj + C1iC1;j
Then we checked

Wildiy Wil ;)

= Wil il ) — Wil i X i1y
Wildiy jly;)

= (|C0i|2 + |Cli|2) (|00j|2 + |C1j|2) - (EOiCOj + Eliclj) (COiEOj + Cliflj)
= |COi|2|COj|2 + |COi|2|C1j|2 + |Cli|2|COj|2 + |Cli|2|01j|2

- |C0i|2|C0j|2 - |C1i|2|clj|2 — C0iC0jC1iC1j — C1iC1;C0iCoj

= €0iC0iC1jC1j = C0iC0;C1iC1j — C1iC1iC0;Coj — C1iC1C0iCoj

= CoiC1j (COiclj - chCli) + C1iCoj (COjcli - COiclj)

= (COiCIj_COjCIi) (501'51]'—511'50]')

2
Coi  Coj

Cli Cij

and we get

Wolo)  Woly1) Coo  Col
Wilbo) nlyr) Clo €11 ’

Wolo)  (Woly2) coo Co
Wlbo) (Wl clo Cn|

Wol)  olya) Col Co2
Wil nlya) o Cn|
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Thus, we have

2 2 2

Coo Col Coo Co2 Cor Cop2
1—trpy = 2 +2 +2

o C11 Clo C12 11 C12
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APPENDIX B

LINEAR ENTROPY FOR pp

p = W)yl
= [0XO0IClgoX{wol) + 10)(LI(Ipo)¢1])
+  [IXO0ICe1{eol) + [1){LI(e1 @1 1)
ps = trap =g (Olpl0)p +5 (1lol1)p
= lpoXgol + le1){e1l,

and trace of reduced density matrix is

80lo50)5 +5 (Llpsl1)5 +5 (2lps2)5

= p(O0lpoX¢ol0)s +5 (Lo )Xol 1) s +5 (2leo)pol2) s

= p(0le1X@110)5 +5 (L1 Xe111)p +5 Cle1X¢112) 8

= {¢0l0Ys {Olpo) + {pol1)p B{llpo) + {(¥0l2)5 B(2lpo)

+ {110y B(Olp1) + {p111)p {llp1) + {p112)5 B2lp1)

= (ol (10)0] + [1)T] + [2)C2]) lo) + 1l (10XO + [1)C1] + 12)C2]) lep1)

I I
= {@oleo) + {piler)

Irpp

tropg = 1= {polpo) + {pile1) = 1.

Then, the squared reduced density matrix is

05 = leoX@oll@olgo) + o1 X@ilerler)
+  |poXX@il{eileo) + le1){wol{woler)
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and the trace of this matrix is equal

troy = Keoleo)® + Keilen)l* + Keilgod* + Kol ).

The squared normalization condition gives

1= |(¢P0|¢P0>|2 + |<‘;01|‘,01>|2 + 2{poleo){@iler)-

Then, by taking difference

L—trpp = 2eolgo)eiler) — 2Keole)l’
_4 (@olgo) <poler)
(pileo) <piler)
Let
(pilep) = (Oleoi + (11e17) (cojl0) + c1l1))
= CpiCoj *+ C1iC1;
Then we checked
(polpo) = lcool* + lcorl* + lcoals
(piler) = |C10|2 + |011|2 + |C12|2,
{polp1) = Coocio + Corcii + CoaCio,
{@ilpo) = cooCio + Co1Cr1 + Co2Cia2.
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Applying this conditions

1 — trp}

Thus, we have

1—trpy = 2

) {poleo) {eoler)
(eileo) {eiler)

) lcool? + lcoil* + lcoal>  Eoocio + Corcit + Coacin
CooC10 + Co1C11 + CoaCra  lerol* + leni* + lerf?

2 2 2 2 2 2
2((|Coo| + leor + lcoal®) (Ierol® + len + lenal?)

(Cooc1o + Corci1 + Coac12) (CooCro + Co1C11 + 602512))
2Alcool*lerol* + leool’lenil® + leoolPleral* + leorPlerol®
lcotlPlenil® + leoi Pleial + lcoalPlerol® + lcoalleri?
|Coz|2|C12|2 - |COO|2|CIO|2 - |C'01|2|C11|2 3 |Coz|2|012|2
€00€10€01C11 — €00€10€02€12 — C01€11€00C 10
C01C11€02C12 — C02€12€00C10 — C02C12C01C11}
{€00C00C11C11 + CooCooC12C12 + Co1€01C10C10
€01€01€12C12 F C02€02€10C10 + C02€02€11C11
€00C10€01€C11 — €00€10€02C12 = C01€11€00C 10
Co1C11C02C12 — C2€12C00C10 — C02€12€01C11}
2{CooC11 (cooC11 — C10C01) + CooC12 (CooC12 — C10C02)
Co1C10 (Co1C10 — C11€00) + Co1C12 (Co1C12 — C11C02)
C02C10 (Co2C10 — C12C00) + Co2C11 (Co2C11 — C12C01)}
2{(CooC11 — Co1C10) (CooC11 — C10C01)

(CooC12 — C02C10) (CooC12 — C02€10)

(Co1C12 — €o2C11) (corc12 — Cr1€02)}

2 2 2
Coo Col Coo Co2 Cor Co2
+2 +2

Cio C11 Cio C12 i1 C12
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APPENDIX C

ENTANGLEMENT OF PURE TWO QUTRIT STATE

Definition C.1 For two qutrit state |i/), the density operator is

2 2
Wl = > cifliy D e

i,j=0 i",j/=0

2 2
Z Z cijCi LI 1.

i,j=01,j’=0

i)
Il

The density operator for generic two qutrit state is

p = (0)algo)s + |Dale1)s + 12)alp2)5) (aOls{@ol +a (1ls{@1] +4 (2ls{p2l)

(1074 40D (o) 5{pol) + (1004 aCLD) (lp0)s B{1]) + (1004 4C2D (I0)5 B(@2])
(1194 40D (1) B¢pol) + (11)a aC1D) (0125 B{e1]) + (11)a 4C2D) (I@1)5 5(@2])
(12)4 40D (@278 B{pol) + (124 aC1D) (25 (@1D) + (1204 4C2D) (l2)5 B{¥2])

—+

+

or in explicit matrix form

looX{@ol  1poXeil  leo){eal
P = eXeol o)1l o1 )Xeal
loa )Xol |2 @il )Xol

For subsystem B, the reduced density operator in the following form

o5 = tra(p) = leo)s (ol + l1)8 B{@1| + |02)B B{P2]

where tr4(p) is called the partial trace.
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For generic two qutrit state

PB

2
= tra(p) = ) atklp | k)

k=0

= 2> el 51 ) alkdia ali Vo
= o
kj 'k

ij . k

= > > cuplive 51 ) 0k

ij i k
———
6"/

JI
= > ctrrlivs 5165

ij i

D2 cenivn 50|

T

So the reduced density matrix is expressed as

P8 = lpoXwol + le) @1l + le2){¢al,

and trace of reduced density matrix is

Irpp

B0 1 pp |0 +5(11pp| 1)p+5<21p5|2)p
84010 ){0l0) +5 {1lpo){pol 1) +5 (2lpo){pol2) s
BO0lp1){(@110)5 +5 (Lo Xe1l1)s +5 Clei Xe112)p
B0l@2 X210 5 +5 (L2 X2l 1)p +5 Cl2X@2[2) 5
(@0l0)s B(Olo) + (wol 1) B{1lp0) + (@ol2)5 B(2lpo)
(@110)5 p(Olp1) + {p1l 1) 5111} + (@112)5 B(2le1)
(210Y5 B{O0lp2) + {2l1)p B(llg2) + (¥212)5 5(2lep2)
(ol (10)€01 + [1)T] + 12)€2]) lo)

I
(@1 (J0XO] + [1)CT] + [2)€2)) |1
I
(2] (10)0] + [1)T] + [2)€2]) lp2)
1

(@olpo) + {pile1) + (@alp2)
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and it gives

tropg = 1= {@oleo) + {@ilp1) + {palpr) = 1.

Then, the squared reduced density matrix is

and the trace of this

2
D @il el

i.7=0
= lpoXwollpolpo) + lpoXwilKe1leo) + lwoX@al{ealpo)

+  lei{@olleoler) + o1 XeiKetler) + Lo Xe2l{ealer)
+  lp2a)Xpol{@olp2) + lp2)X@i1Keilp2) + lw2 X2l palp2)

matrix is equal

Keolgo)l* + Keilp) P + Kealga)?

trpp
+ (ol + (ole2)? + (@ileo)?
+ {pilpa)? + (palpo)? + (alpr)?
= Keoleo) + Kerlonl® + Kealeo)l
+ 2Keolenl® + 2l @ole)* + 211l

The squared normalization condition gives

+

(polpo) + (piler) + {pale2))
|<()00|()00>|2 + |<901|901>|2 + |<<P2|<P2>|2

2{poleoX@iler) + 2{@oleo){@2lp2) + 2{@1le1 X@alps).
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Then, by taking difference

1 - trp} (Kol + Kerlen)l + Kealea)l?

+

2{poleo){eiler) + 2{@oleo){@ale2) + 2{pil1 ){@2lp2))
|<‘,00|‘,00>|2 - |<<;01|901>|2 - |<902|902>|2

2ol = 2Kpole2)l* — 21 l@a)?
) {poleo) {oler) {poleo) {ole2) (o1l {eile2)
+2 +2
(eileo) {eiler) (palpo)  {palpa) (palo1)  {palpa)

where the pair of one qubit states

loo) = coolO) + corll) + co2l2)
lo1) = ci0l0) + ciill) + c1212)
lpa) = c20l0) + c21ll) + c22]2).

By calculating hermitian inner product we get,

{polpo) = lcool” + lcoi* + Icoal®
(ilery = leiol +lenl® + lenl?
(p2lp2) = leaol® + leai* + el
{polp1) = <Coocio + Corc11 + CoaC12
{polp2) = Cooca0 + Co1Ca1 + Co2C22
{pileo) = Crocoo + Ciicor + Cracom
{pilp2) = croca0 + Crica1 + C12e22
{p2lpo) = 2000 + C21C01 + C22C02
{p2le1) = Ca0c10 + Ca1C11 + C2C12
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and then,

1 - trp}

lcool? + Ico1|* + lcoal?

C10Co0 + C11C01 + C12C02

|Coo|2 + |C01|2 + |Coz|2

C20Co0 + €21C01 + C22C2

lciol® + leni* + lenal

C0C10 + C21C11 + C22C12

CooC10 + Co1C11 + Co2C12
lc1ol® + leni* + leral?
Co0C20 + Co1C21 + Co2C22
lc20l® + lea1 P + lexal?
C10C20 + C11€21 + C12C02

lcaol* + lear* + leaal?

2 2 2
C C C C C C
_ 5 00 Col ) 00 Co2 40 01 Co2
Cilo C11 Cilo C12 C11 C12
{@oleo) {oler)
{eileo) {eiler)
2 2 2
C C C C c C
+ 9 00 Col 49 00 Co2 ) 01 Co2
C (21 C €2 C 22
{@oleo)  {polepa)
(alo)  {palpa)
2 2 2
c c c c c c
+ 9 10 C11 49 10 C12 49 11 12
C (21 Co 1 22
(eiler) {eile2)
(palo1)  {palpa)
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where the partial concurrences are defined as

As a result we have

and giving relation

C12

Coo Coi

Cilo C11

Coo Col

C (21

Cio Ci1

C (21

Co0
+2

C10

Co0
+2

€20

C10
+2

€20

Co2

C12

Co2

C2

C12

(&%)

+2

+2

+2

Co1

11

Co1

&)

C11

&)

Co2

C12

Co2

C»

C12

C2»

1 1
L-trpp = 5(Co +Cg +Cpy) = 5C°

trpy +

1
—C*=1.
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